
Subgrid-scale modelling for large-eddy

simulation including scalar mixing in rotating

turbulent shear flows

by

Linus Marstorp

April 2006
Technical Reports from

Royal Institute of Technology
KTH Mechanics

SE-100 44 Stockholm, Sweden



Akademisk avhandling som med tillst̊and av Kungliga Tekniska Högskolan i
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mixing in rotating turbulent shear flows

Linus Marstorp
KTH Mechanics, SE-100 44 Stockholm, Sweden

Abstract

The aim of the present study is to develop subgrid-scale models that are relevant
for complex flows and combustion. A stochastic model based on a stochastic
Smagorinsky constant with adjustable variance and time scale is proposed. The
stochastic model is shown to provide for backscatter of both kinetic energy and
scalar variance without causing numerical instabilities. A new subgrid-scale
scalar flux model is developed using the same kind of methodology that leads
to the explicit algebraic scalar flux model, EASFM, for RANS. The new model
predicts the anisotropy of the subgrid-scales in a more realistic way than the
eddy diffusion model. Both new models were tested in rotating homogeneous
shear flow with a passive scalar. Rogallo’s method of moving the frame with
the mean flow to enable periodic boundary conditions was used to simulate
homogeneous shear flow.

Descriptors: Turbulence, large-eddy simulation, subgrid-scale model.

iii



Preface

The thesis contains the following papers:

Paper 1. Linus Marstorp, Geert Brethouwer & Arne V. Johansson. Stochas-
tic SGS modelling in rotating homogeneous shear flow with a passive scalar. To
be submitted

Paper 2. Linus Marstorp, Geert Brethouwer & Arne V. Johansson. A
new model for the subgrid passive scalar flux. To be submitted

Paper 3. Linus Marstorp, Geert Brethouwer & Arne V. Johansson. A
code for large eddy simulation of rotating homogeneous shear flow with passive
scalars. Technical report

Division of work between authors
The project was initiated and defined by Arne Johansson and Geert Brethouwer.
The work was performed by Linus Marstorp under the supervision of Arne Jo-
hansson and Geert Brethouwer. The large eddy simulations were performed by
Marstorp. The papers were written by Linus Marstorp and reviewed by Arne
Johansson and Geert Brethouwer.

iv



Contents

Abstract iii

Preface iv

Chapter 1. Introduction 1

Chapter 2. Filtered equations 2

Chapter 3. Important features of τij and qj 3

Chapter 4. Subgrid scale models 5

4.1. The Smagorinsky model 5

4.2. Dynamic Smagorinsky model 5

4.3. Scale similarity model 6

4.4. Approximate deconvolution model 7

4.5. Stochastic models 7

4.6. Transport equation models 8

Chapter 5. Summary of Papers 9

5.1. Paper 1 9

5.2. Paper 2 10

5.3. Paper 3 11

Acknowledgements 14

Paper 1 15

Paper 2 33

Paper 3 49

v





CHAPTER 1

Introduction

The nature of turbulent flows is chaotic and three-dimensional with a wide
range of the scales of motion. Predictions of (Newtonian) turbulent flows re-
quire numerical solution of the Navier-Stokes equation. Unfortunately, direct
numerical simulations of the Navier-Stokes equations demand very high resolu-
tion. All scales, even the smallest scales of motion, have to be resolved in order
to capture the correct physics of the flow. A less computationally expensive
approach is to solve the Navier-Stokes equations in the mean sense. This is
usually referred to as a Reynolds averaged Navier-Stokes, RANS, approach.
The RANS approach provides for mean statistics, such as the mean velocity
profile and the mean turbulence kinetic energy, but all turbulent fluctuations
have to be modelled. The subject for this study is a third approach; Large
Eddy Simulation, LES, which captures the dynamics of the largest turbulence
length scales and only requires modelling of the smallest scales of motion.

The aim of the present study is develop models for LES with passive scalars.
A passive scalar is mixed by the flow, but it has no effect on the flow. It can
represent, for example, small temperature fluctuations or a pollutant carried
by the flow. Knowledge of passive scalar mixing is also a first step towards
the understanding of reactive flows, where the mixing of species plays an im-
portant role. At a later stage, the LES models will be implemented in codes
for numerical simulations of turbulent flows in complex geometries, such as the
wall-jet code developed by Ahlman et al. (2006)
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CHAPTER 2

Filtered equations

A Large Eddy Simulation is an under-resolved numerical simulation of the
Navier-Stokes equations in which only the large length and time scales are re-
solved, and in which the influence of the non-resolved scales has to be modelled.
To remove the scales smaller than a prescribed filter scale ∆, a filtering opera-
tion is applied to the Navier-Stokes equation. The filter can be represented by
a convolution

ũ(x, t) =

∫

R3

G(x − y)u(y, t)dy (2.1)

which commutes with the differential operator. The filtered Navier-Stokes
equations are

∂ũi

∂t
+ ũj

∂ũi

∂xj
= −1

ρ

∂p̃

∂xi
+ ν∇2ũi −

∂τij

∂xj

∂ũi

∂xi
= 0

∂θ̃

∂t
+ ũj

∂θ̃

∂xj
=

ν

Pr
∇2θ̃ − ∂qj

∂xj

(2.2)

where ũi and θ̃ denote the filtered velocity and passive scalar respectively, and
p̃ is the pressure. Ωi is the system rotation vector, ν is the viscosity, and Pr
is the Prandtl number. The sub-grid scale, SGS, stress, τij = ũiuj − ũiũj , and

the SGS scalar flux, qi = ũiθ − ũiθ̃, have to be modelled in order to close the
system of equations.
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CHAPTER 3

Important features of τij and qj

In incompressible turbulent flows kinetic energy is produced by the mean veloc-
ity gradients (shear). The kinetic energy is then transferred from large energetic
eddies to smaller eddies through an energy cascade governed by nonlinear inter-
actions. The viscous forces become important at the smallest scales of motion.
They dampen the turbulent fluctuations and kinetic energy is dissipated. In
LES, the dissipative scales are not resolved and modelling is needed in order to
produce an energy cascade. One of the basic demands on an SGS model is that
it produces the correct amount of mean energy and scalar variance dissipation.
Thereby the mean turbulence kinetic energy and the scalar variance develop in
a proper manner. The energy cascade in LES is sketched in figure 3.1.

κ

E
(κ

)

Large energetic
scales

Subgrid
scales

Energy transfer

Figure 3.1. Sketch of the kinetic energy spectrum E(κ) in LES.

Although the energy transfer, or SGS dissipation, is positive on average, it
varies spatially and temporary with intermittently negative values. Negative
SGS dissipation is referred to as backscatter, and it is significant in turbulent
flows, see Piomelii et al. (1991) or Cerutti and Meneveau (1998). Piomelli et
al. found the probability of backscatter to be approximately 50% in turbulent
channel flow.
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A realistic description of the energy transfer between the resolved and SGS
also involves a proper description of the anisotropy of the mean energy trans-
fer. Experiments by Kang and Meneveau (2001) have shown that the mean
kinetic energy transfer becomes isotropic, i.e. equal in all directions, whereas
the mean scalar ’energy’ transfer stays anisotropic when the filter scale is de-
creased. A correct description of the anisotropy of the energy transfer requires
advanced SGS modelling.
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CHAPTER 4

Subgrid scale models

SGS models for LES are in general simpler than Reynolds stress models for
RANS with reference to the number of transport equations involved. Most
SGS models belong to the class of zero-equation models. However, the resolved
velocity and scalar fields in LES provide valuable information that can be used
to improve the model predictions.

4.1. The Smagorinsky model

The widely known Smagorinsky (1962) model is an eddy viscosity model which
reads

τij = −2νT Sij (4.3)

where Sij is the resolved rate of strain and where the eddy viscosity, νT , is
constructed from the filter length scale ∆ and a velocity scale ∆|Sij |, such that

νT = (Cs∆)2|Sij | (4.4)

where |Sij | = (2SijSij)
1/2 and Cs > 0 is a model constant. The model is

stable and computationally inexpensive. Moreover, a constant Smagorinsky
constant, Cs, is consistent with the Kolmogorov theory for the energy cascade
in isotropic turbulent flows Pope (2000). However, the Smagorinsky model
has several known deficiencies. One example is that with Cs > 0 the SGS-
dissipation is strictly positive, i.e. there is no backscatter. Another example
is that the model constant has to be damped in near wall regions. The latter
problem is also associated with eddy viscosity models for RANS.

The corresponding SGS model for the passive scalar is the eddy diffusion model

qi = − νT

PrT

∂θ̃

∂xi
(4.5)

Like the Smagorinsky model, the eddy diffusion model does not provide for
backscatter. Another deficiency is its inability to predict the anisotropy of the
scalar variance SGS dissipation, as pointed out by Kang and Meneveau (2001).

4.2. Dynamic Smagorinsky model

In the dynamic Smagorinsky model developed by Germano et al. (1991), infor-
mation about the resolved scales is used to estimate the Smagorinsky constant.
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According to the Germano identity the difference between the SGS stress eval-
uated at two different filter scales is

τ ∆̂
ij − τ̂∆

ij = ̂̃uiũj − ˆ̃ui
ˆ̃uj (4.6)

where the hat operator denotes an explicit test filter at larger filter width,
∆̂ > ∆. By replacing the real SGS stress by the modelled stress and by
assuming scale invariance of the Smagorinsky constant the following relation is
obtained

−2C2
s

(
∆̂2| ˆ̃S| ˆ̃Sij − ∆2 ̂|S̃|S̃ij

)
= ̂̃uiũj − ˆ̃ui

ˆ̃uj (4.7)

Germano originally proposed to compute the model constant as

C2
s =

〈LijS̃ij〉
〈MijS̃ij〉

Lij = ̂̃uiũj − ˆ̃ui
ˆ̃uj

Mij = −2(∆̂2| ˆ̃S| ˆ̃Sij − ∆2 ̂|S̃|S̃ij)

(4.8)

where the brackets 〈〉 denote averaging in homogeneous directions. Lilly (1992)
proposed the more widely used procedure, C2

s = 〈LijMij〉/〈MijMij〉, which is
a least-square solution to (4.7) minimising the error 〈Lij − C2

s Mij〉.

Averaging in homogeneous directions according to (4.7) is not possible in com-
plex geometries that lack such directions. In that case, time averaging is an
option, but it is not consistent with Galilean invariance unless it is implemented
in a Lagrangian frame of reference. Meneveau et al. (1996) developed such a
Lagrangian dynamic model with averaging along path lines. Without the av-
eraging the dynamic model provides for backscatter but the model constant
yields excessively large fluctuations and it can easily become unstable.

With the dynamic approach, the Smagorinsky constant is adjusted to the local
flow conditions. The model provides for a correct near wall scaling, and it can
be applied to flows containing both laminar and turbulent regions. Variations
of the dynamic approach have been applied to a wide range of SGS models. A
recent example is the three coefficient nonlinear dynamic model developed by
Wang and Bergstrom (2005).

4.3. Scale similarity model

In the scale similarity model developed by Bardina et al. (1983), the SGS stress
is assumed to be similar to the one constructed by the resolved velocity field
and an explicit test filter with equal or larger filter scale

τij = ̂̃uiũj − ˆ̃ui
ˆ̃uj (4.9)
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In (4.9) the hat-operator denotes the test filter with, ∆̂ ≥ ∆. The correla-
tion coefficient with the real SGS stress is higher for the scale similarity model
than for the Smagorinsky model (Liu et al. (1994)), and the model provides for
physical backscatter of turbulent energy. However, the scale similarity model
does not provide for enough dissipation and is usually used in an ad hoc combi-
nation with a Smagorinsky term, which provides for additional dissipation and
stabilises the simulations. An example of such a mixed model is the dynamic
mixed model proposed by Zang et al. (1993)

It is a straightforward process to extend the scale similarity model for the
SGS passive scalar flux

qi =
̂̃
uiθ̃ − ˆ̃ui

ˆ̃
θ (4.10)

For instance, Calmet and Magnaudet (1997) applied the dynamic mixed model
proposed by Zang et al. (1993) to LES of mass transfer in a turbulent channel.

4.4. Approximate deconvolution model

The approximate deconvolution model, ADM, by Stolz and Adams (1999) be-
longs to the group of velocity estimation models. In the ADM, the full unfiltered
velocity is estimated by an approximate defiltering operation

ui ≈ u∗

i = QN ? ũi

QN =
N∑

ν=0

(I − G)
ν ≈ G−1

(4.11)

where the star operator denotes a convolution and QN is an N-order approxi-
mation of the inverse filter kernel G−1. The SGS stress is then computed from

the definition τij = ũ∗

iju
∗

ij − ũ∗
ij ũ∗

ij . With N = 0, the ADM corresponds to
the scale-similarity model.

Like the scale similarity model, the ADM does not dissipate an adequate
amount of energy. In order to model the energy transfer from resolved scales
to the SGS an additional relaxation term −χ(I − QN ? G) ? ũ is added to the
right hand side of equation (2.2). This is equivalent to an explicit filtering of
the resolved velocity field at each time step. The model coefficient, χ, can be
determined by a dynamic approach. LES of turbulent channel flow has shown
a significant improvement over results obtained with the dynamic Smagorinsky
model.

4.5. Stochastic models

The SGS models described so far depend on the resolved quantities in a de-
terministic way. However, the nature of the smallest turbulent scales appears
as partly random to the resolved scales. The real sub-grid scale stress tensor
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contains stochastic noise that cannot be modelled by any deterministic sub-
grid-scale model.

Stochastic sub-grid modelling has been treated by several authors. Leith
(1990) supplemented the Smagorinsky model by random SGS stresses calcu-
lated as the rotation of a stochastic potential. Schumann (1995) also modelled
the stochastic behaviour of the SGS scales by adding random SGS stresses to
the Smagorinsky model. Alvelius and Johansson (1999) proposed a stochastic
model consisting of a modified Smagorinsky constant

C ′2
s = C2

s (1 + X) (4.12)

where X is a stochastic process with prescribed variance and timescale. Sto-
chastic modelling offers control of the magnitude and the time scale of the
backscatter that could otherwise lead to numerical instabilities. See Chapter
5.1 for further details.

4.6. Transport equation models

Reynolds stress models including transport equations are frequent in RANS.
They account for history effects and are able to accurately predict complex flows
of interest in engineering applications. The same approach can be adopted to
LES. In analogy with Reynolds decomposition, the full unfiltered velocity can
be decomposed as

ui = ũi + u
′

i (4.13)

where u
′

i is the fluctuating SGS velocity. If (4.13) is inserted into the definition
of the SGS stress we have

τij = Lij + Cij + Rij

Lij = ˜̃uiũj − ũiũj

Cij = ˜̃uiu
′

j + ˜̃uju
′

i

Rij = ũ
′

iu
′

j

(4.14)

where Lij is the Leonard stress, Cij is the cross stress, and Rij is the SGS
Reynolds stress. Transport equations can be derived for either the complete
SGS stress, or for some of the component parts. For example, Chaouat and
Schiestel (2005) developed a three-equation SGS model based on the transport
equations for the SGS Reynolds stress, the SGS kinetic energy, and the dissi-
pation rate of the SGS Reynolds stress. Their model accurately describes the
anisotropy of the turbulence field and it captures transition phenomena.

In Paper 2 we present a model based on a modelled transport equation for
the complete SGS flux, see Chapter 5.2
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CHAPTER 5

Summary of Papers

The performance of the new SGS models presented in Paper 1 and Paper 2
were tested in rotating homogeneous shear flow, which is an excellent case
for developing and testing subgrid scale models. The simple geometry of the
flow enables the use of the accurate spectral methods which makes it easy to
separate SGS model features from the numerical errors. At the same time,

x

x
x

U

Ω
1

3

2

x2

Figure 5.1. Mean velocity profile and coordinate system. The
frame rotates along the x2-axis.

the complication of a mean shear and and system rotation makes the flow
physically interesting. The geometry of rotating homogeneous shear flow is
illustrated in figure 5.1. U1 is the only non zero mean velocity component
and there is an imposed constant mean velocity gradient directed in the x3-
direction, Si = Sδi3. The frame rotates along the x2-axis at the angular velocity
Ω. A constant mean scalar gradient can imposed in any direction.

5.1. Paper 1

In Paper 1, the stochastic model by Alvelius and Johansson is extended to a
SGS scalar flux model. The stochastic model provides for backscatter of both
kinetic energy and scalar variance, as can be seen from figure 5.2, and it pre-
dicts more realistic fluctuations at the smallest resolved scales compared to the
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Figure 5.2. PDF of the subgrid energy dissipation, dashed
line, and scalar variance dissipation, solid line, according to
the stochastic Smagorinsky model.

Smagorinsky model. The time scale of the stochastic process is adjustable and
it is concluded that backscatter represented by locally negative eddy viscos-
ity does not cause numerical instability as long as it only occurs during short
periods of time.

5.2. Paper 2

In Paper 2 a new explicit SGS scalar flux model is developed using the same
kind of methodology that leads to the explicit algebraic scalar flux model,
EASFM, developed by Wikström et al. (2000) for RANS. The new model is
based on a modelled transport equation in which the unknown terms are mod-
elled in the same way as in the EASFM, but with filtered quantities instead of
Reynolds averaged quantities. In analogy with the EASFM, an equilibrium as-
sumption is imposed in order to obtain an explicit model. The resulting model
can be written as a mixed model including an eddy diffusion type of term, and
the model includes information about both the resolved rate of strain, Sij , and
rotation rate tensors.

The new explicit model is validated in rotating homogeneous shear flow with
an imposed constant passive scalar gradient. The new model responds to ro-
tation in a more realistic way than the eddy diffusion model. For example,
the direction of the mean SGS scalar flux predicted by the new model depends
strongly on the rotation number with a significant subgrid flux component in
the streamwise direction at the rotation numbers R = 0 and at R = −1/2,
whereas the eddy diffusion model predicts a direction which is almost aligned
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Figure 5.3. The direction in degrees of the mean SGS
scalar flux at three different rotation numbers. New model,
solid line; eddy diffusion model, dashed line.

with the transverse direction and does not depend to a significant degree on
the system rotation, see figure 5.3. The new explicit model also provides for
a better description of the magnitude and anisotropy of the mean scalar vari-
ance dissipation compared to the eddy diffusion model and the mixed similarity
model.

5.3. Paper 3

In Paper 3, we describe a code for large eddy simulations of homogeneous shear
flow with a constant mean passive scalar gradient. The use of periodic boundary
conditions requires a transformation to a frame that moves with the mean
flow. The code uses a pseudo-spectral technique. All spatial derivatives are
accurately calculated in Fourier space, while the nonlinear terms are calculated
in physical space. The aliasing errors that arise from the computation of the
nonlinear terms are removed using a combination of truncation and phase shifts.
The time advancement is performed in Fourier space using a third-order low
storage Runge-Kutta method.
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