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Abstract

This thesis concerns computer simulation of diffusional processes in alloys. The main
focus is on the development of simulation techniques for diffusion in single-phase domains,
but also diffusion controlled phase-transformations and interfacial processes are discussed.

Different one-dimensional simulation techniques for studying the Kirkendall effect are
developed and analyzed. Comparisons with experimentally observed marker migration
show good agreement for small shifts and comparisons with observed Kirkendall porosity
show reasonable agreement under the assumption that a certain supersaturation is needed
before the vacancies coalesce into pores.

A convenient approach in simulations of kinetics is to use thermodynamic software, e.g.
Thermo-Calc, to calculate thermodynamic quantities, e.g. chemical potentials, required
in the simulation. The main drawback with such an approach is that it will generate a
large amount of additional computational work. To overcome this problem a method that
decreases the amount of computational work has been developed. The new method is based
on artificial neural networks (ANN). By training the ANN to estimate thermodynamic
quantities a significant increase in computational speed was obtained.

By calculating the dissipation of available driving force due to diffusion inside migrat-
ing interfaces an approach for including the effect of solute drag in computer simulations
of grain growth and phase transformations has been developed. The new method is based
on an effective interfacial mobility and simulations of grain growth have been performed
in binary and ternary systems using experimentally assessed model parameters.

Keywords: Diffusion, Kirkendall effect, Phase transformations, Random walk, Solute drag,
Interfacial mobility
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Chapter 1

Introduction

The microstructure in crystalline solids is closely related to the physical properties
of the material. Knowledge about how to control the evolution of microstructure
during processing is thus of fundamental importance. Traditionally a large amount
of experiments are carried out to study the relation between different processing
parameters and the observable microstructure. Also mathematical models play an
important role. The last 40 years the development of mathematical models and
simulation techniques has progressed at a rapid pace, much due to the development
in computer technology and computer science. Today computer simulations of the
evolution of microstructure are frequently applied as a supplement or complement
to experiments. Even though experimental studies are often necessary to take the
full complexity of a problem into account computer simulations are in most cases
cheaper to perform and may also predict various properties that are difficult to
measure.

A small change in the average or local composition of the material may cause a
dramatic change in microstructure and mechanical properties. For example, local
formations of chromium rich carbides may result in a decrease in corrosion resistance
in the chromium-depleted zones. It is thus of importance to be able to predict
changes in local composition, i.e. the temporal evolution of concentration fields.
One of the mechanisms that make concentration fields evolve in time is diffusion.

For a long time it has been known that atomic motion occurs due to diffusion.
Diffusion is the process by which atoms or molecules, are transported from one part
of a system to another by random motion. The early work on diffusion was in the
field of kinetic theory where it was observed that gases, initially separated, tend to
mix even if stirring and convection could be avoided. For diffusion in condensed
state the first theoretical work was the phenomenological treatment by Fick [1]
who, by realizing the analogy between heat transfer and diffusion, stated that the
diffusional flux of a component is proportional to the concentration gradient of the
same component. Later Darken [2, 3] applied the theory suggested by Onsager
[4, 5, 6] for liquids to crystalline solids. According to the Onsager multicomponent
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2 CHAPTER 1. INTRODUCTION

extension of Fick’s law the diffusional flux is proportional to a linear combination
of forces.

Different models and simulation techniques are available for simulating diffusion.
Most such models result in systems of partial differential equations that are difficult
to solve analytically. Thus numerical solutions must be applied and finite difference
and finite element methods are well established to solve such problems.

The equilibrium state of a material is determined by the thermodynamic prop-
erties. The field of thermodynamics was developed in the 19th century, and the
theoretical basis for equilibrium thermodynamics was established by Gibbs [7, 8].
In the study of phase transformations in materials the equilibrium state is predicted
by thermodynamics. The last 30 years the CALPHAD technique [9] has been de-
veloped. Based on assessed thermodynamic data and minimization of the Gibbs
energy the CALPHAD method is capable of predicting phase equilibrium and equi-
librium thermodynamic properties of a system. The Thermo-Calc software [10]
utilizes the CALPHAD technique and has been developed at the Royal Institute of
Technology, Stockholm.

A powerful approach when simulating diffusion and diffusion controlled phase
transformations is to use thermodynamic software, e.g. Thermo-Calc, to calculate
thermodynamic quantities and phase equilibria in combination with software that
solves the diffusion equations. Examples of such software are DICTRA [11, 12],
based on the sharp interface approach, and MICRESS [13], based on the phase-
field approach.

The purpose of the present research is to contribute to the development of
simulation techniques for diffusion processes in alloys. Powerful simulation tech-
niques are essential for predicting the evolution of the microstructure in complex
alloys. The main focus is on simulation techniques for multicomponent diffusion
in single-phase materials, but also diffusion controlled phase transformations, grain
boundary diffusion and different fields of applications are studied.



Chapter 2

Diffusion in alloys

The final state of a material is determined by thermodynamic equilibrium. One
of the mechanisms that bring a system closer to equilibrium is diffusion. Diffusion
may be described as a random motion of atoms in the system. In this chapter the
fundamental theory of diffusion in alloys will be reviewed.

2.1 Diffusion in one-phase alloys

Inspired by the theory of heat conduction Fick [1] formulated his well-known law
for the diffusional flux. According to the so-called Fick’s first law, the diffusional
flux for a binary system may be expressed as

JA = −D
∂cA

∂z
(2.1)

where D is the diffusion coefficient and cA the concentration of element A.
The concentration of an element is a conserved quantity, and thus the temporal

evolution of the concentration field is governed by the continuity equation

∂c

∂t
= −

∂J

∂z
(2.2)

The equation of continuity applied on the diffusional flux is often referred to as the
diffusion equation or Fick’s second law. In his theory of diffusion in liquids, Onsager
[6] expressed the diffusional flux as a linear function of forces. This is commonly
referred to as the Onsager multicomponent extension of Fick’s second law and may
be expressed as

Jk = −
N−1
∑

j=1

Dkj

∂cj

∂z
(2.3)

where Jk is the flux of component k and N the total number of components. It
was recognized early that the diffusion coefficient is temperature dependent. The
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4 CHAPTER 2. DIFFUSION IN ALLOYS

temperature dependence of the diffusion coefficient is usually expressed by Arrhe-
nius’ law. The diffusion coefficient is also dependent on concentration, and the
importance of the concentration dependence in metallic systems was recognized a
long time ago, see e.g. the work by Mehl [14]. Analytical solutions to the diffusion
equation exist when the diffusion coefficient is assumed constant and for simple
geometries, see e.g. Ref. [15]. For the more general case, when D varies with
temperature and composition, analytical solutions exist for special cases only.

2.2 Frames of references and the Kirkendall effect

When studying diffusion the fluxes may be expressed in different frames of ref-
erences, leading to different diffusion coefficients. One way to define the fluxes is
relative the plane over which the net flux of atoms vanishes. This frame of reference
was first suggested by Matano and is often called the Matano frame of reference.
Other frequently used names are number-fixed frame of reference or laboratory-
fixed frame of reference. If the fluxes are expressed relative the number-fixed frame
of reference only one diffusion coefficient is needed in a binary system. Such a
diffusion coefficient will describe mixing of the elements and is called the interdiffu-
sion coefficient or the chemical diffusivity. Another choice of reference frame is to
express the fluxes relative inert markers in the crystalline lattice. This is referred
to as the lattice-fixed frame of reference or as the Kirkendall frame of reference.
The lattice-fixed frame of reference will result in two different diffusion coefficients
for a binary system, one for each element. Such diffusion coefficients are called
individual or intrinsic diffusion coefficients. In the literature the name lattice dif-
fusion coefficient has also appeared. The relation between the interdiffusion and
intrinsic diffusion coefficients was investigated for binary systems by Darken [16]
who derived the following relation

D̃ = cBDA + cADB (2.4)

where D̃ is the interdiffusion coefficient and DA and DB the individual diffusivities.
The choice of frame of reference, in diffusion experiments or in computer sim-

ulations, depends to a large extent on the purpose of the study. In studies of the
so-called Kirkendall effect the lattice-fixed frame of reference is the only possible
choice. On the other hand, if the purpose is to evaluate the rate of mixing of the
components the natural choice would be the number-fixed frame of reference.

In 1947 Smigelskas and Kirkendall published their famous paper on diffusion
in copper and brass [17]. When annealing a diffusion couple consisting of a 70-30
brass core (70% Cu and 30% Zn) and a layer of electroplated copper they observed
a shrinkage of the brass core. They concluded that Zn diffuses faster than Cu
in brass, leading to a net mass flow over the initial interface, i.e. what became
known as the Kirkendall effect. Earlier theoretical work on diffusion in alloys was
based on the assumption that diffusion occurs by ring mechanisms or by a direct
exchange of atoms, but the results from Smigelskas and Kirkendall was a direct
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support of a vacancy mechanism. A vacancy mechanism for diffusion had earlier
been suggested by Huntington and Seitz [18] in the case of self-diffusion. It deserves
to be mentioned that results indicating a higher diffusivity of zinc than copper in
brass had been reported by Kirkendall already in 1942 [19]. More historical details
about the Kirkendall effect can be found in Ref. [20].

The Kirkendall effect will cause lattice planes to grow or shrink due to the
creation or annihilation of vacancies. This will lead to dislocation climb and a
displacement of lattice planes. If the dislocation climb occurs only in directions
orthogonal to the diffusion direction the lattice plane migration occurs in a direction
parallel to the diffusion direction. On the other hand, if the dislocations are not
oriented orthogonal to the diffusion direction the lattice planes may migrate in
directions non-parallel to the diffusion direction. Thus a one-dimensional treatment
of the Kirkendall effect must be considered as an approximation. For diffusion zones
that are small compared to the size of the sample it has been shown that a one-
dimensional treatment of the Kirkendall shift may be a good approximation [21],
but for diffusion zones that are large compared to the sample size the Kirkendall
shift may lead to lateral deformations of the material, e.g. bending of thin sheets
[21, 22]. In such cases a one-dimensional treatment is insufficient. In paper II

different methods for calculating the Kirkendall shift in one dimension are developed
and discussed.

Figure 2.1: Kirkendall porosity in a Fe/Fe-30.9at%Ni diffusion couple (Fe on top
and Fe-30.9at%Ni at bottom) annealed for 400 hours at 1500K.



6 CHAPTER 2. DIFFUSION IN ALLOYS

The difference in individual diffusion coefficients may also give raise to large local
concentrations of vacancies that condense into pores. Such porosity is referred to
as Kirkendall porosity and has been observed frequently, e.g. [23, 24]. In Fig. 2.1
Kirkendall porosity in a Fe/Fe-Ni diffusion couple is shown. The maximum amount
and spatial location of the Kirkendall porosity may be predicted by calculating the
fraction annihilated vacancies for each spatial location. This has been done by
e.g. Höglund and Ågren [25] and Matan et al. [26]. In the papers II and IV the
maximum amount of Kirkendall porosity is calculated for different systems, showing
reasonable agreement with experimental data. One of the main problems with such
calculations is to define conditions for when the annihilated vacancies will condense
into pores, e.g. see paper II.

2.3 Diffusion coefficients and atomic mobilities

The force acting on a diffusing element may be identified as the negative gradient of
the partial molar free energy, i.e. the negative gradient in chemical potential. The
force acting on the diffusing element will give rise to a drift velocity. If the drift
velocity is calculated relative inert markers, i.e. the lattice-fixed frame of reference,
the diffusional flux is expressed as

Jk = −
1

Vm

Mkxk

∂µk

∂z
(2.5)

where xk is the mole fraction of element k, Mk the atomic mobility, µk the chemical
potential, Vm the molar volume and z the spatial coordinate.

For a multicomponent system the chemical potential is a function of the N − 1
independent components 1. The flux Jk is thus expressed as

Jk = −
1

Vm

xkMk

N−1
∑

j=1

∂µk

∂xj

∂xj

∂z
(2.6)

where the quantity ∂µk/∂xj is frequently referred to as the thermodynamic factor.
By comparing Eqs. (2.3) and (2.6) the relation between the atomic mobilities and
the diffusion coefficient is identified as

Dkj = xkMk

∂µk

∂xj

(2.7)

where the diffusivities Dkj are the individual (intrinsic) diffusivities. In a binary
system the relation between the individual and the chemical diffusivities is obtained
by the Darken relation, i.e. Eq. (2.4). For a multicomponent system a general re-
lation between the different diffusivities and fluxes may be derived by transforming
the fluxes between the different frames of references

1One component can always be eliminated since
∑

N

i=1
xi = 1
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J
′

k = Jk − xk

N
∑

n=1

Jn (2.8)

where J ′ denotes the fluxes calculated in the number fixed frame of reference and
J the fluxes calculated in the lattice-fixed frame of reference.

From Eq. (2.7) it is seen that N atomic mobilities are needed for describing
the N(N − 1) individual diffusion coefficients in an N component system. The
N different fluxes in the lattice-fixed frame of reference may be transformed to
N − 1 fluxes relative the number-fixed frame of reference. The total number of
interdiffusion coefficients will in that case be (N − 1)2.

Equation (2.7) also reveals the possibility to divide the diffusion coefficients into
two parts, one kinetic and one thermodynamic part where the thermodynamic part
consists of the thermodynamic factor. In computer simulations of diffusion it is of-
ten convenient to divide the diffusion coefficient into a kinetic and a thermodynamic
part and calculate the thermodynamic factor using thermodynamic software.

2.4 Simulation software

Several thermodynamic software packages are available today and one example is
Thermo-Calc [10]. The software package Thermo-Calc has been developed at KTH
in Stockholm during the last 25 years. It is based on thermodynamic data assessed
by the CALPHAD technique [9] and numerical minimization of the Gibbs energy.
The assessed data are stored in thermodynamic databases, and several databases
for different materials exist.

In the same way as assessed thermodynamic data is stored in databases as-
sessed atomic mobilities may be stored in kinetic databases. This was first sug-
gested by Andersson and Ågren [27], and today several kinetic databases exist.
The software package DICTRA [11, 12] developed at KTH in Stockholm and at
the Max-Planck Institute für Eisenforschung in Düsseldorf, solves the multicompo-
nent diffusion equation in multiphase regions and is coupled to Thermo-Calc and
kinetic databases. The DICTRA software has been widely and successfully applied
to simulate diffusion and diffusion controlled phase transformation in multicompo-
nent materials the last decade.

An approach that has been applied in the appended papers is to use one of the
Thermo-Calc programming interfaces [28] to access thermodynamic data to be used
in simulations. Thermo-Calc has different programming interfaces which enables
interaction with the Thermo-Calc kernel from programs written in computer lan-
guages like e.g. C, FORTRAN, JAVA and MATLAB. This approach is convenient
when calculating diffusion coefficients using Eq. (2.7). In that case the thermo-
dynamic factors are calculated by Thermo-Calc and returned to the simulation
software where the diffusion coefficients are calculated and used in simulations of
diffusion. In this thesis the programming interfaces for MATLAB and FORTRAN
[29, 30, 31] has been applied frequently.
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2.5 Random walk simulations

A particle moving in an irregular and apparently random way is considered to be
in a so-called Brownian motion. Diffusion considered as a Brownian motion was
investigated in the framework of random walk by Einstein in 1905 [32]. In this
section it will be discussed how diffusion, described as a random walk, can be mod-
elled using the theory of stochastic differential equation (SDE). For mathematical
details the reader is referred to e.g. Refs. [33, 34].

A Markov process is a stochastic process where the conditional probability of a
certain step is determined entirely by the most recent condition, i.e. the so-called
no-memory condition. This implies that the state and the history of a system, e.g.
the path of a particle, in a Markov process is determined by the following relation

t1 ≥ t2 ≥ ... ≥ tn (2.9)

p(x1, t1;x2, t2; ...;xn, tn) = p(x1, t1|x2, t2)...p(xn−1, tn−1|xn, tn)p(xn, tn) (2.10)

where p denotes the probability density functions. For a continuous sample path
it can be shown that the time evolution of the probability distribution is given by
the Fokker-Planck equation

∂p(z, t|y, t′)

∂t
= −

∑

i

∂

∂zi

(

Ai(z, t)p(z, t|y, t′)
)

+
1

2

∑

i,j

∂2

∂zi∂zj

(

Bijp(z, t|y, t′)
)

(2.11)
The process described by the Fokker-Planck equation is normally referred to as a
diffusion process where A is a drift term and B a diffusion term.

In one dimension the Fokker-Planck equation is written as

∂p(z, t|y, t′)

∂t
= −

∂

∂z

(

A(z, t)p(z, t|y, t′)
)

+
1

2

∂2

∂z2

(

Bp(z, t|y, t′)
)

(2.12)

By writing the one-dimensional diffusion equation, i.e. Eq. (2.2), in the same form
as the Fokker-Plank equation and by identifying p as the mole fraction xk we get
[35]

∂xk

∂t
= −

∂

∂z

(

(

−
∑

j 6=k

Mk

∂µk

∂xj

∂xj

∂z
+

∂

∂z

(

Mkxk

∂µk

∂xk

))

xk

)

+
1

2

∂2

∂z2

(

2Mk

∂µk

∂xk

x2
k

)

(2.13)
where the diffusional fluxes are expressed relative the lattice-fixed frame of refer-
ence. It can be shown that the spatial location zk(t) of a stochastic quantity that
has the probability distribution p(zk, t) obeys the so-called Itô differential equation

dzk(t) = A(zk(t), t)dt +
√

B(zk(t), t)dW (t) (2.14)
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where W denotes a stochastic variable. Remebering that the temporal evolution of
the probability distribution for a continuous sample path is given by the Fokker-
Plank equation it is realized that the Itô SDE is complementary to the Fokker-Plank
equation, and the coefficients A and B in Eq. (2.14) are equivalent to the coefficients
A and B in the Fokker-Plank equation (2.12).

The Itô SDE is solved numericaly using the Forward Euler scheme

zi+1
k = zi

k + Ai
k∆t +

√

Bi
k∆tN (2.15)

where N is a normally distributed stochastic variable with mean 0 and variance
1. In the so-called random walk technique space is kept continuous and a number
of discrete mass carriers (walkers) are introduced, i.e. matter is discretized. By
moving each walker the distance ∆z according to Eq. 2.15 the system is evolved in
time with time-step ∆t.

In the limit of an infinite number of walkers and when ∆t → 0 the solution of
Eq. (2.15) will converge to the solution of the diffusion equation, i.e. Eq. (2.2).
Normally a large number of walkers are required for high resolution in the random
walk technique. Together with the explicit integration, i.e. Eq. (2.15), this implies
a lot of computational work. The main advantage is that space is kept continuous
and it is thus easy to apply the random walk method in several dimensions and for
complex geometries. The random walk technique has been applied by e.g. Larsson
[35] and Schwind [36], and in papers I-III.

2.6 Direct solution in the lattice-fixed frame of reference

Traditionally computer simulations of diffusion are carried out in the number-fixed
frame of reference. Such simulations will not give any direct information about the
Kirkendall effect. Thus it would be of interest to be able to carry out simulations
directly in the lattice-fixed frame of reference, especially since this also would sim-
plify the calculation of the diffusion coefficient matrix when Eq. (2.7) is used for
calculating the diffusion coefficients.

In the lattice-fixed frame of reference the net flux of the components will give
raise to a migration of the inert markers in the crystalline lattice. Thus tracking
of the markers is necessary and the continuity equation will not generally apply
for a fixed computational cell. This is discussed in more details in paper IV and
a method for simulating diffusion directly in the lattice-fixed frame of reference
is suggested. The new method is based on numerical solution of Fick’s first law
in the lattice-fixed frame of reference and a spatial coordinate, z̃, that follows the
crystalline markers. In terms of the new spatial coordinate Fick’s first law is written
as

Jk = −Mkck

∂µk

∂z̃
(2.16)
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where ck is the concentration of element k. The temperal evolution of z̃ is governed
by

∂z̃

∂t
= −Vm

N
∑

k

Jk, z̃(0) = z (2.17)

where Vm denotes the molar volume and z is equal to the fixed spatial coordinate,
i.e. the length coordinate expressed in the number-fixed frame of reference. In Eq.
(2.16) the content of element B is expressed in terms of concentration in a small
volume element. Note that such volume elements, or calculation cells, are shrinking
or expanding in accordance with the creation or disappearance of lattice sites. This
implies that the molar content of one element in a calculation cell may increase
or decrease even if the flux of that element is zero. Due to this the continuity
equation, with respect to the spatial coordinate z̃, can only be applied when the
concentration is used as composition variable. In paper IV a modification of the
continuity equation is presented, which enables simulations to be performed with
the commonly used mole-fraction as a composition variable.

One of the advantages with this method is that it gives direct information
about the Kirkendall effect. By comparing the spatial coordinate z̃ with the fixed
coordinate z a measurement of the Kirkendall shift and the risk for pore formation
may be obtained. Such work is presented in paper IV.



Chapter 3

Diffusion controlled phase

transformations in alloys

Phase transformations in alloys are normally divided into three parts, nucleation,
growth and coarsening [37]. In this thesis the main focus will be on growth in solid
state.

3.1 General theory

A diffusion controlled phase transformation may be considered as a moving bound-
ary problem. In a moving boundary problem the boundary conditions are often
a part of the solution. Such problems are frequently referred to as free boundary
problems or Stefan problems, due to the work by Stefan [38] on heat conduction.

When studying solidification Stefan calculated the one-dimensional temperature
distribution by assuming that the temperature at the solid/liquid interface was
always equal to the equilibrium value. Thus local equilibrium was assumed at
the interface. The same approach was taken by e.g. Gulliver, Scheil and Hayes-
Chipman [39] for calculating the temporal evolution of the concentration fields
during solidification. For solid-state transformations this so-called local equilibrium
hypothesis has been frequently applied the last 60 years, and much of the early work
are due to Zener [40] and Darken.

The rate of a diffusion controlled phase transformation is determined by the
transport of alloying elements between the parent and the product phase, but also
by the mobility of the interface. Under some conditions massive phase transfor-
mations will occur, i.e. the product phase grow with the same composition as the
parent phase. The transformation rate is thus limited by the interfacial mobility.
The interfacial velocity, see e.g. Christian [37], may be written as

v = M∆G (3.1)

11
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where v is the interfacial velocity, M the interfacial mobility and ∆G the available
driving force. The migration of the interface is assumed to be a thermally activated
process, and thus the mobility M is modeled using an Arrhenius expression. For
recent attempts to determine the interfacial mobilities see e.g. [41] or the recent
work by Hillert and Höglund [42].

In binary systems two different kinds of partitionless transformations occur [43]:
diffusionless and quasi-diffusionless transformations. The diffusionless transforma-
tion, e.g. the martensitic transformation, occur without local equilibrium at the in-
terface and with different mechanisms than in diffusion controlled transformations.
The quasi-diffusionless transformation, e.g. the massive transformation, may occur
under conditions close to local equilibrium but with a spike in composition in front
of the interface.

In multicomponent alloys where one alloying element, e.g. an interstitial, dif-
fuses much faster than the others the new phase may grow without changing the
composition with respect to the slow diffusing elements, e.g. the substitutional
elements. This was first discussed by Hultgren [44] in 1947 and the local condition
at the interface during such partly partionless transformation was called parae-
quilibrium. Another possibility is that the phase transformations occur without
partitioning of e.g. the substitutional elements but under full local equilibrium.
This is possible if there is a spike in composition in front of the migrating boundary
and is often referred to as quasi-paraequilibrium or NPLE (non partitioning local
equilibrium).

3.2 The sharp interface approach

One approach frequently applied, and implemented into the software package DIC-
TRA, is the sharp interface approach. Based on the assumptions that the phase
boundary is physically sharp and that local equilibrium always prevails at the in-
terface, the sharp interface approach has proven successful in simulations of phase
transformations in complex alloys.

In the sharp interface approach the temporal evolution of the concentration
field of the N − 1 independent elements is normally calculated by solving Fick’s
second law in each phase using the number-fixed frame of reference. At the phase
boundary the equilibrium concentration is assumed, i.e. interfacial reactions are
assumed to consume a negligible amount of driving force. To conserve mass, flux
balance conditions are introduced for the N−1 independent fluxes at the migrating
interface

Jα
k − Jβ

k =
v

Vm

(xα
k − xβ

k) (3.2)

where v is the interfacial velocity, xα
k the mole fraction of element k in the α region

and xβ
k the mole fraction in the β region adjacent to the interface.
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In Eq. (3.2) the equilibrium contents xα
k and xβ

k may be calculated from phase
diagram data. After calculating the fluxes Jα

k and Jβ
k the interfacial velocity v

is known. By updating the position of the phase boundary with v∆t the moving
boundary problem may be solved. The technique described above is applied by the
software package DICTRA.

The sharp interface approach is sometimes considered equivalent to the local
equilibrium hypothesis. This is not necessarily the case because full local equilib-
rium does not need to be fulfilled at the boundary. In fact, any condition can be
introduced at the boundary. For example, growth under paraequilibrium conditions
may be simulated by introducing the variable ui, defined as

ui =
Ni

∑

s∈S Ns

(3.3)

where N denoted the number of moles and S the set of non-partitioning elements.
The paraequilibrium condition is then expressed as

µ
(1)
i = µ

(2)
i , ∀i ∈ I (3.4)

u(1)
s = u(2)

s , ∀s ∈ S (3.5)

where 1 and 2 denotes the different sides of the interface and I the set of partitioning
elements.

The effect of interfacial processes may also be incorporated into sharp interface
modelling. One such example is the recent investigation of γ → α transforma-
tion in TRIP steels by Saha et al. [45]. Under the assumption of growth under
paraequilibrium conditions they compared results from DICTRA simulations with
experiments. They found that DICTRA predicted the near-interface carbon con-
tent to a value almost three times larger than what was observed experimentally.
They explained that by considering the dissipation of driving force due to interfacial
processes. By assuming an interfacial mobility they could calculate the dissipation
of Gibbs energy as a function of temperature. The effect of finite interfacial mobil-
ity could then be simulated by adding the dissipated energy ∆Gdiss to the Gibbs
energy of ferrite. They also made the important remark that the main difficulty
in such simulations is the uncertainties in information about the magnitude on the
phase boundary mobility. Some authors have used the value suggested by Hillert
in 1975 [46] for the ferrite/ferrite grain boundary mobility in pure iron also to
model the mobility of the austenite/ferrite phase boundary. Recent results, e.g.
[42, 47, 48], indicate that this may be inadequate. It must be noted that for grain
growth in pure iron, several evaluations of the grain boundary mobility shows a
value close to what was suggested by Hillert, see e.g. Ref. [49] or paper VII.
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3.3 The phase-field approach

The phase-field method, e.g. see Refs. [50, 51, 52, 53, 54], has frequently been
applied to study the evolution of microstructure the last decade. In the phase-field
method, the interface between different phases or grains is defined as a finite region
with a gradual variation in physical properties, i.e. the interface is diffuse in nature
[50]. The position of the interface, and the state of system, is given by the so-
called phase-field variable φ(x, t) which varies smoothly from zero to one over the
interface.

The total energy, or some other thermodynamic state function, of the system
is given by a functional F . For an isobarothermal system the functional F may be
expressed as

F =

∫

Ω

(

f(c, φ) +
ǫ2

2
∇φ
)

dΩ (3.6)

where f is the Gibbs energy density, c the concentration and Ω the domain, e.g.
the volume of the system. The phase-field variable is a non-conservative quantity,
and its temporal evolution is postulated to obey the Allen-Cahn equation [55]

∂φ

∂t
= −Mφ

δF

δφ
(3.7)

where Mφ is a kinetic parameter playing the role of an interfacial mobility. The
equation above is sometimes also referred to as the time-dependent Landau-Ginzburg
equation. The concentration of element k, ck, is a conserved quantity and the time
evolution is thus governed by the continuity equation

∂c

∂t
= −∇J (3.8)

To obtain an expression for the flux of element k the Onsager linear law of irre-
versible thermodynamics is applied

J = −L′′∇

(

δF

δc

)

(3.9)

The solution of Eqs. (3.7)−(3.9) then yields the microstructural evolution of
the system. Usually the conditions are such that analytical solutions are not avail-
able and numerical solutions have to be applied. Different phase-field models exist,
with different descriptions of the energy density f and different definitions of the
properties at the interface. The main advantage with the phase-field method is the
possibility to simulate complex morphologies, e.g. precipitation of Widmanstätten
ferrite [56], the evolution of γ′ precipitates in Ni-Al [57] or dendritic solidification
in 3D [58]. Another advantage with phase-field is that deviations from local equi-
librium may be treated without any extra effort [59, 60]. In the appended paper V

different interfacial descriptions are discussed and a method for taking the effect of



3.3. THE PHASE-FIELD APPROACH 15

Table 3.1: Chemical composition in weight-percent

Cr Mn Ni Mo N C
21.5 5 1.5 0.3 0.22 0.03

solute-drag into account in phase-field simulations of grain growth in multicompo-
nent systems is developed.

The potential of the phase-field method is also shown in recent simulations by
the present author and coworkers [61]. In that work grain growth and phase trans-
formations during continuous cooling from 1100◦C in a duplex stainless steel was
simulated using assessed thermodynamic and kinetic quantities. The composition
corresponds to the average composition of grade LDX 2101 and is shown in table 3.1,
but Mo and C was neglected in the simulation due to their expected small influence
on the simulation result. Also the increase from five to seven components would
have generated a large amount of extra computational work and was not possible
with the available computational resources. All thermodynamic quantities, includ-
ing the driving force for α → γ transformation was taken from the Thermo-Calc
software using the coupling between the phase-field software and Thermo-Calc [62].
The concentration and temperature dependent interdiffusion coefficient matrix, in-
cluding off-diagonal terms, was calculated using the DICTRA software and used in
the phase-field simulations. In Fig. 3.1 the initial microstructure is shown togheter
with the simulated microstructure at 900◦C after continuous cooling with the cool-
ing rates 1,2 and 5 K/s. The concentration fields of Cr and N are shown in Figs.
3.2 and 3.3. In Figs. 3.4 and 3.5 the variation in concentration along the black
lines in Figs. 3.2 and 3.3 are shown.

Figure 3.1: The initial microstructure at 1100◦C is shown to the left followed by
simulated microstructure at 900◦C after continuous cooling with cooling rates 1, 2
and 5 K/s. The austenitic grains are in white and the ferritic grains in brown.
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Figure 3.2: Concentration Cr at 900◦C after continuous cooling with cooling rates
1, 2 and 5 K/s.

Figure 3.3: Concentration N at 900◦C after continuous cooling with cooling rates
1, 2 and 5 K/s.
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Figure 3.4: Concentration Cr calculated along the black lines in Fig. 3.2.
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Figure 3.5: Concentration N calculated along the black lines in Fig. 3.3.

Another aspect of phase-field modelling is investigated in paper VII where
experimentally observed microstructures were used as input to simulations of grain
growth. By varying the interfacial properties in the simulation experimentally
observed growth rates could be reproduced. Thus the grain boundary mobility
could be estimated from simulations. This is sometimes referred to as inverse
modelling.
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3.4 A unified treatment of the Kirkendall effect and a

phase transformation

In the previous chapter it was discussed how the diffusion equation could be solved
directly in the lattice-fixed frame of reference. This is discussed in detail in paper
IV, and it is shown that by modifying the continuity equation both concentration
profiles and the Kirkendall shift are obtained from the same simulation. Inspired
by previous studies on the migration of phase boundaries [63] Larsson et al. [64]
suggested that the displacement of the phase boundary could be obtained by the
same type of operation as the Kirkendall shift. By applying reaction-rate theory
a modified flux expression was derived. It was further illustrated how that flux
expression together with the modified continuity equation from paper IV and Eq.
(2.17) will automaticly yield the migration of the phase boundary. One interesting
consequence of this is that no flux balance equations need to be solved over the
phase boundary and the migration rate of the phase boundary will be obtained
directly by solving Eq. (2.17). This further implies the possibility to study and
predict transformations which occur under conditions far from local equilibrium.
For a more detailed describtion of this new procdeure the reader is referred to Ref.
[64].

3.5 Increasing the computational speed

Some simulation techniques, e.g. methods based on random walk or the phase-
field method, result in a large amount of computational work. The requirement
of effective numerical methods is thus fundamental. Some aspects of numerical
solutions are discussed in paper III.

The earlier discussed approach for coupling simulation software to thermody-
namic software, e.g. Thermo-Calc, will in many cases increase the computational
work since function calls between the simulation software and the thermodynamic
software are necessary for each spatial location and time-step. If the simulation
technique applied for the kinetic simulation is time-consuming, e.g. random walk
or phase-field, methods for decreasing the amount of computational work in the
thermodynamic calculations are necessary. One such example is the phase-field
software MICRESS [13]. In general the phase-field method does not require ther-
modynamic properties calculated at equilibrium, but with the interface definition
by Steinbach et al. [13, 54], this is necessary. In the software MICRESS a local lin-
earization scheme [62] has been successfully applied to decrease the computational
work when calculating equilibrium thermodynamic quantities. By calculating the
slopes of the liquidus and solidus surfaces at the equilibrium compositions for each
interface computation cell, a local linearization of the phase diagram is obtained.
This linearized phase diagram is then used for extrapolating equilibrium tempera-
tures, compositions and driving forces.
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Figure 3.6: A perceptron with one input layer, one hidden layer and one output
layer.

Even though the local linearization technique has been successfully applied when
calling thermodynamic software from kinetic software a more effective, accurate and
versatile method would be desirable. In paper I a method based on artificial neural
network (ANN) is presented and applied in simulations of bulk diffusion. Artificial
neural networks [65] is a computational technique inspired by the functioning and
organization of biological neurons. Today ANN is considered as a standard compu-
tational tool and its main advantage is the ability to reveal complex relationships
in large data sets. In materials science ANN has been used mainly for predicting
mechanical properties, see e.g. [66, 67] but also for predicting transformation be-
haviours in materials [68]. Different types of ANN exist, but in this thesis only
so-called perceptrons will be considered. A perceptron [69], also referred to as a
layered feed-forward network, is a network where the information is propagated in
one direction only and where the processing nodes are arranged in different layers.
In Fig. 3.6 a perceptron with one input layer, one hidden layer and one output
layer is shown. At the input layer information, i.e. numerical values, are presented
to the network. The numerical values are then multiplied by some weights ω and
propagated to the hidden layer. In the hidden units arithmetic operations are per-
formed, and after multiplying by the weights W, the information is passed to the
output layer. For a perceptron with N input nodes, J hidden units and K output
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nodes this may be expressed as

yk = θk +

J
∑

j=1

Wjktanh
(

θj +

N
∑

n=1

ωnjxn

)

(3.10)

where xn are input values, yk output values and θk,θj additional weights.
By comparing the results at the output layer with the desired set of results,

normally referred to as the trainingset and here denoted by t, an error is formulated
as e.g.

E =
1

2

S
∑

s=1

K
∑

k=1

(tsk − yk)2 (3.11)

By finding the sets of weights that minimizes the error E the ANN is trained to
reproduce the values in the trainingset t. The procedure of minimizing the error
E is normally referred to as a training algorithm. The training algorithm applied
for perceptrons is called Backpropagation of Error [70]. For more details about
different types of ANN and training of multilayer perceptrons the reader is referred
to e.g. Ref. [65].

In the approach for increasing the computational speed in kinetic simulations
presented in the appended paper I an ANN is trained to estimate thermody-
namic quantities. The trainingset is generated using thermodynamic software, e.g.
Thermo-Calc. In many cases it is sufficient to only train the network once, i.e.
before the kinetic simulation. The structural parameters of the network, i.e. the
number of layers and nodes, and the weights are then stored on file and used by
the ANN whenever a thermodynamic quantity need to be estimated. In that way
the thermodynamic software is not used during the simulation, all work is done by
the ANN and a significant increase in computational speed is expected.

In the more general case the ANN is trained during the kinetic simulation. To
still achieve a significant gain in computational speed efficient numerical methods
for minimizing the total error E are necessary. This is further discussed in paper I.



Chapter 4

Solute drag and dissipation of

Gibbs energy due to diffusion

In the middle of the last century it was frequently observed how small amounts of
impurities could decrease the rate of recrystallization dramatically, e.g. [71, 72].
This phenomenon was first referred to as impurity drag and later on the name solute
drag was introduced. In this work the name solute drag will be used exclusively.

4.1 General theory

The first theoretical treatment of solute drag was given by Lücke and coworkers
[73, 74], who proposed that this phenomenon was due to attraction forces between
segregated atoms and the grain boundary. Some years later Cahn [75] presented
his treatment of solute drag and predicted two different modes corresponding to
high or low interfacial velocities. The equation proposed by Cahn is valid for grain
growth only, and steady-state was assumed over the grain boundary.

Another approach was taken by Hillert and Sundman [76] who considered the
dissipation of driving force due to diffusion inside and ahead of the migrating in-
terface. They argued that the migration of the interface will cause parts of the
driving force to dissipate due to solute diffusion. By neglecting sideways diffusion
the dissipation of driving force may be expressed as

∆Gdiff
m = −

Vm

v

N−1
∑

n=1

∫ λ

−λ

Jn

∂φn

∂z
dz (4.1)

where 2λ is the thickness of the interface, N the number of components and φn

the interdiffusion potential. By applying a steady state solution inside the interface
Hillert and Sundman calculated the solute drag in grain growth and phase trans-
formations. They also showed that their model was equivalent to the model by
Cahn in the case of grain growth. The dissipation model by Hillert and Sundman

21
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has recently been developed further by Odqvist et al. [77, 78], and recently Hillert
presented a new formulation of Cahn’s solute drag equation which makes the solute
drag and the dissipation approach equivalent also for phase transformations [79]. It
should be noted that the solute drag models mentioned here are one-dimensional.

4.2 Simulation of solute drag in grain growth

Large scale computer simulations of grain growth in two or three dimensions using
Monte Carlo, Molecular Dynamics or phase-field methods have been frequently
reported, see e.g. Refs. [80, 81, 82]. Only in a few cases has the effect of solute
drag been taken into account [82, 83].

Even though no long-range diffusion occurs in the bulk, diffusion might occur
in the grain boundary due to segregation of alloying elements. One of the key
properties in the Hillert-Sundman dissipation model is the diffusional properties at
the grain boundary. Already in 1927 diffusion of Th along W grain boundaries was
observed by Clausing [84]. Ten years later Langmuir calculated the grain boundary
diffusion coefficient in the same system to a value 1000 times larger than the bulk
diffusivity. Through a large amount of experimental work the last 50 years grain
boundary diffusivity data for many systems are available in the literature, see e.g.
Refs. [85, 86].

The dissipation of Gibbs energy due to diffusion inside and ahead of the grain
boundary decreases the available driving force for grain boundary migration. For
pure grain growth the driving force stems from the increased pressure due to the
curvature of the boundary, i.e.

∆Gm/Vm = σ
( 1

r1
+

1

r2

)

(4.2)

where r1 and r2 denotes the principal radii of curvature and σ the surface energy.
When neclecting the effect of solute drag the migration of a grain boundary is
normally modeled as a thermally activated process using equation (3.1). To model
grain boundary migration, with or without taking the effect of solute drag into
account, information about the grain boundary mobility and the surface energy is
thus important. In paper VII this is discussed further, and isotropic grain boundary
mobilities are determined for Fe, Fe-1.9%Mn and Fe-1.9%Cu.

In the appended paper V a method for including the effect of solute drag in
computer simulations of grain growth is proposed. The new method is based on
the dissipation approach and an effective mobility Meff which is a function of the
ordinary grain boundary mobility M0, the total driving force and the dissipation
of Gibbs energy due to solute drag is introduced

Meff = M0
−P σVm − (∆Gdiff − Dchem)

−P σVm

(4.3)

In the equation above −P σVm denotes the driving force that stems from the in-
creased pressure due to curvature and Dchem denotes the chemical driving force.
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The segregation of alloying elements to the migrating grain boundary will give raise
to a difference in chemical potential at the different sides of the grain boundary,
which will act as the chemical driving force Dchem. In papers V and VI the ef-
fective mobility approach was applied in phase-field simulations of grain growth.
The effective mobility was, for given bulk and interfacial properties, calculated as
a function of the available driving force. By substituting the kinetic parameter Mφ

in the phase-field equation, i.e. Eq. (3.7), by the effective moblility Meff the effect
of solute drag was taken into account.





Chapter 5

Summary of appended papers

A summary of the appended papers follows below, including motivation of the work
and main conclusions. The contributions of the present author to the papers are
also stated.

5.1 Paper I

H. Strandlund “High-speed thermodynamic calculations for kinetic simulations”,
Comp Mater Sci 29(2004), 187-194

The work reported in this paper was initiated in order to develop an efficient pro-
cedure for decreasing the amount of computational work when coupling thermody-
namic software to kinetic software. Especially there was a need for decreasing the
computational time in phase-field simulations and simulations based on the random
walk technique. A technique based on artificial neural networks was presented, and
special attention was paid to find efficient and stable training procedures for the
ANN. The new approach was applied to simulations of bulk diffusion using two
different techniques - random walk and numerical solution of Fick’s second law in
the number-fixed frame of reference. The main conclusion from this work was that
a significant increase in computational speed may be obtained using the new ap-
proach, although special care must be taken if the network is trained during the
kinetic simulation.

The present author did all the work.

5.2 Paper II

H. Strandlund and H. Larsson “Prediction of Kirkendall shift and porosity in bi-
nary and ternary diffusion couples”, Acta Mater 52(2004), 4695-4703

25
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The Kirkendall effect may give rise to porosity in e.g. joints of materials or may
cause lateral deformations in thin sheets. Knowledge about how to model this effect
is thus important. Inspired by recent simulation work by Höglund and Ågren [25]
and observations of Kirkendall porosity [23, 24] simulation techniques was devel-
oped and applied to simulate the one-dimensional Kirkendall shift and porosity. An
approximate analytical solution method, a method based on the work by Höglund
and Ågren and a method based on distribution functions were investigated. Simu-
lation results were compared to experiments, showing reasonable agreement.

The present author did the modelling, implementations and simulations con-
cerning the Höglund-Ågren method and the analytical method. The present author
wrote a majority of the report.

5.3 Paper III

H. Strandlund and H. Larsson “Diffusion process simulations - an overview of dif-
ferent approaches”, Defect and Diffusion in Metals An annual Retrospective - VII
233-234(2004),97-113

This work was initiated as a response to an invitation to write a contribution
to “Defect and Diffusion in Metals An annual Retroperspective - VII”. The pur-
pose was to give an overview of some of the simulation techniques available for
simulating diffusional processes, and to study their different possibilities and limi-
tations. The techniques considered in this work were the sharp interface approach,
the phase-field method, the random walk method and the ANN technique for in-
creasing computational speed. Also various issues related to implementation of
the different approaches were discussed. The main conclusion was that no method
should be considered as superior, they all have areas of applications where they are
favourable.

This work was initiated together with Larsson. The present author wrote parts
of the report and performed the simulations concerning Kirkendall shift in Ni-Cr-
Al, Kirkendall porosity in Ni-Cr-Al, γ → α transformation in Fe-C-Mn and the
ANN calculations used in the carburization simulation.

5.4 Paper IV

H. Strandlund and H. Larsson “Simulation of diffusion by direct solution in the
lattice-fixed frame of reference”, Met Trans A (Accepted, 2005)

The work presented in this paper is a part of a project initiated by Larsson. The
purpose of the project was to develop a new simulation method for diffusion con-
trolled phase transformations where the Kirkendall effect is taken directly into
account and the migration of the phase interface is obtained directly by inspecting
the fluxes acting over the phase boundary. In this paper the theory for simulation
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of bulk diffusion is considered. By introducing a spatial coordinate which follows
the marker migration the simulation is carried out directly in the lattice-fixed frame
of reference. Information concerning the Kirkendall effect is a direct outcome of
the simulation, and the calculation of the diffusion coefficient matrix is simplified
since no transformations between the different frames of references are needed.

The theory was developed in collaboration with Larsson. The present author
made all implementations and simulations, and wrote the report.

5.5 Paper V

H. Strandlund, J. Odqvist and J. Ågren, “An effective mobility approach to solute
drag in computer simulations of migrating grain boundaries”, submitted manuscript

The phase-field method has been frequently applied to study phase transformations,
grain growth and recrystallization the last decade. Despite that, not many studies
about the effect of solute drag have been performed using the phase-field method.
The purpose of this project was to develop a procedure for taking solute drag into
account in phase-field simulations of grain growth. The new approach is based on
an effective grain boundary mobility and the recent work by Odqvist et al. [78].
It is shown that the method may be applied independently of how the properties
of the phase-field is defined and in multicomponent systems. Example simulations
from grain growth in Fe-Ni and Ni-Cr-Fe are presented.

The calculation procedure was developed in collaboration with Odqvist and
Ågren. The present author implemented the effective mobility into phase-field
software, made all simulations and wrote the report.

5.6 Paper VI

H. Strandlund, J. Odqvist and J. Ågren, “Computer simulations of solute drag in
grain boundary migration and phase transformations”, submitted manuscript

The simulation approach developed in paper V is in this work applied in phase-field
simulations of grain growth. Comparisons with previous modelling work [87] and
experimental data from a bicrystal experiment [88] are made. The quantitative
agreement between experiment and simulation is good. Computer simulations of
solute drag in phase transformations are also discussed.

The present author performed the simulations and wrote the report in collabo-
ration with Odqvist. Ågren supervised the work.

5.7 Paper VII

H. Strandlund and J. Ågren, “Grain growth in Fe, Fe-Cu and Fe-Mn - experiments
and simulations”, submitted manuscript
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In simulations of grain growth knowledge concerning the grain boundary mobility
is essential. This work was initiated to evaluate grain boundary mobilities for pure
iron and for binary alloys to be used in simulations. Grain growth experiments were
performed for pure iron, Fe-1.9wt%Mn and Fe-1.9wt%Cu. Average grain boundary
mobilities were evaluated and phase-field simulations using initial microstructure
from light optical microcopy were performed. The evaluated grain boundary mobil-
ities for pure iron were compared to earlier work. Comparisons with the equation
suggested by Hillert [46] were also made, showing a small deviation, which is in
accordance with the work by Vandermeer and Hu [49]. The potential use of the
phase-field method for so-called inverse modeling was also investigated, showing
good potential for problems with small number of degrees of freedom

The present author planned the work, made the experimental work, performed
the simulations and wrote the report. Ågren supervised the work.



Chapter 6

Concluding remarks

In this work different computational techniques for simulation of diffusional pro-
cesses in alloys have been investigated, and new simulation approaches have been
suggested. For one-phase materials methods for simulating the Kirkendall effect
in one dimension have been studied. Such models have been shown to be able to
reproduce experiemental observations for small diffusion distances compared to the
size of the material, e.g. see paper II and III or Ref. [21]. When studying the
Kirkendall effect in 2 or 3 dimensions the phase-field method is a natural choice.
Such work has been performed by Wu et al. [89, 90]. Another interesting possibility
would be to extend the simulation approach presented in paper IV to more than
one dimension. In principle that should be straightforward, but from a numerical
and programming point of view probably challenging.

The main strength with the phase-field method is the possibility to study mor-
phological evolution in 2D and 3D. Some phase-field models are also capable of
taking deviations from local equilibrium into account, e.g. [60]. Also the effect
of elastic fields are treated in some phase-field models, e.g. [57]. This makes
phase-field to the most versatile simulation method available today for studying
phase-transformations. The main drawback with the phase-field method is mainly
that it involves a large amount of computational work. For example, each of the
simulations of transformations during continuous cooling in duplex stainless steels
presented in chapter 3 took about one week to perform on a modern work station.

In many cases the morphological evolution is not of primary interest, instead the
amount of phases and concentration profiles are asked for. In such cases software like
DICTRA which utilizes the local equilibrium approach in one dimension is useful,
especially since the computational work is very small compared to the phase-field
method. The main problem with software based on the local equilibrium approach is
that many transformations occur under conditions far from local equilibrium. How
paraequilibrium or a finite interface mobility could be introduced in a software like
DICTRA was discussed in chapter 3. Also solute drag may be taken into account
by using the dissipation of Gibbs energy approach. That could be done either by
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using the approach by Odqvist [77] or by using an effective mobility in the same
way as was done in paper V for grain growth. One other interesting approach
would be to use the method proposed by Larsson et al. [64]. That method is
capable of simulating transformations which occur far from local equilibrium and
is computationally fast.

In paper V the dissipation approach was used for calculating an effective mobil-
ity which takes the effect of solute drag into account. Simulations of grain growth
were performed in binary and ternary systems using the phase-field method and
the effective mobility. The simulations showed a qualitatively reasonable behavior
and in paper VI the model was verified quantitatively.

The solute drag and dissipation theory predicts a low velocity region, corre-
sponding to a large dissipation of Gibbs energy due diffusion, and a high velocity
region where the dissipation due to friction dominates. Between the low and high
velocity regime a physically unstable transition region exists. Some interesting com-
ments have been made by Hillert [91]. First he stated that is not possible to claim
quantitative agreement with experiments since theoretical predicitions depend on
the assumptions about variations of properties in the interface, something for which
there is no direct experimental information. Secondly he stated that experimental
results seem to fall on either the high or low velocity regime but there seems to be
no direct experimental evidence for the transition between the two regimes in one
experiment.

Not much work about solute drag in grain growth or phase transformations has
been reported for multicomponent systems. One interesting possibility for multi-
component systems is that if the individual grain boundary diffusional mobilities
differ significantly in magnitude several stable growth regimes and transition ranges
may exist. According to the knowledge of the present author this has not been theo-
retically or experimentally verified. A continuation of the studies initiated in paper
V would thus be interesting.
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