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Abstract

There are many aspects to consider when designing system identification exper-
iments in control applications. Input design is one important issue. This thesis
considers input design both for identification of linear time-invariant models and
for stability validation.

Models obtained from system identification experiments are uncertain due to
noise present in measurements. The input spectrum can be used to shape the model
quality. A key tool in input design is to introduce a linear parametrization of the
spectrum. With this parametrization a number of optimal input design problems
can be formulated as convex optimization programs. An Achilles’ heel in input
design is that the solution depends on the system itself, and this problem can be
handled by iterative procedures where the input design is based on a model of the
system. Benefits of optimal input design are quantified for typical industrial appli-
cations. The result shows that the experiment time can be substantially shortened
and that the input power can be reduced. Another contribution of the thesis is a
procedure where input design is connected to robust control. For a certain system
structure with uncertain parameters, it is shown that the existence of a feedback
controller that guarantees a given performance specification can be formulated as
a convex optimization program. Furthermore, a method for input design for mul-
tivariable systems is proposed. The constraint on the model quality is transformed
to a linear matrix inequality using a separation of graphs theorem. The result in-
dicates that in order to obtain a model suitable for control design, it is important
to increase the power of the input in the low-gain direction of the system relative
to the power in the high-gain direction.

A critical issue when validating closed-loop stability is to obtain an accurate
estimate of the maximum gain of the system. This problem boils down to finding the
input signal that maximizes the gain. Procedures for gain estimation of nonlinear
systems are proposed and compared. One approach uses a model of the system
to design the optimal input. In other approaches, no model is required, and the
system itself determines the optimal input sequence in repeated experiments.
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Chapter 1

Introduction

Models of systems are fundamental in all scientific fields and applications includ-
ing for example mechanical systems, industrial processes, economics and biological
systems. With models, we can analyze systems and predict their behavior.

1.1 System versus Model

A system is a set of entities which act on each other, for example the human body,
a distillation column or the Swedish economy.

A mathematical model describes the behavior of the system in mathematical
language. A model can be used to answer questions about the system and can be
constructed from physical knowledge of the system. Models can also be constructed
from experimental data, and this is the topic of this thesis.

1.2 Modelling Based on Experimental Data

System identification concerns the construction and validation of mathematical
models of dynamical systems from experimental input/output data. In experiments
the system reveals information about itself in terms of input and output measure-
ments. The information content in the data depends on how the experiment is
designed, and it is important that the information is relevant for the intended
model application, for example control design or simulation.

When a model is to be constructed from data, there are several aspects that
interact with each other. Choice of model structure is one important aspect. Ex-
perimental settings is another issue, and questions that have to be answered are for
example

• What quantities or signals are suitable as inputs and outputs?

• What duration of the experiment is appropriate?

1



2 CHAPTER 1. INTRODUCTION

• How often could measurements be made?

• If the system is under feedback control, is it best to collect data under open-loop
or closed-loop operation?

• How should excitation signals be chosen?

Practical constraints of varying kind put a limit on experimental settings. In
industrial practice, time is money. Experimental modelling can be time consum-
ing due to large time constants and many controllable input signals. Therefore,
collecting data samples for identification can be expensive. Some signals can be
difficult to measure and the possibility to obtain time series data can be limited.
Another practical problem that engineers face is the limited capacity in actuators.
Furthermore, it might be difficult to do experiments under certain circumstances.
For example, it can be prohibited to disturb or interrupt normal production, and
an industrial process can be unstable in open-loop operation.

1.3 Thesis Outline and Contributions

The topic of this thesis is input design in a system identification framework with
the objective to construct models suitable for control design. In input design the
problem is to choose excitation signals for the experiment. It is a very broad topic
and it is of course impossible to cover all aspects in one thesis.

In Chapter 2, an overview of research on experiment design for control is pro-
vided. Input design is an important aspect of experiment design.

Chapter 3 summarizes basic properties of prediction error (PE) system identi-
fication and input design, and these ideas will be used in the remaining chapters.

In Chapter 4, applications of a framework for input design are presented. The
framework has previously been published by Henrik Jansson and Håkan Hjalmars-
son. The systems considered are linear single input single output (SISO), and this
work is based on

M. Barenthin, H. Jansson and H. Hjalmarsson. Applications of mixed
H∞ and H2 input design in identification. In Proceedings of the 16th
IFAC World Congress, Prague, Czech Republic, July 2005.

In Chapter 5 input design is connected to robust control. This study was pub-
lished in

M. Barenthin and H. Hjalmarsson. Identification and control: joint
input design and H∞ state feedback with ellipsoidal parametric uncer-
tainty. In Proceedings of the 44th IEEE Conference on Decision and
Control, Seville, Spain, December 2005.

An input design procedure for multiple inputs multiple outputs (MIMO) systems
is treated in Chapter 6. Xavier Bombois proposed the original idea to the author
and the work resulted in the joint paper
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M. Barenthin, X. Bombois and H. Hjalmarsson. Mixed H∞ and H2

input design for multivariable systems. In Proceedings of the 14th IFAC
Symposium on System Identification, Newcastle, Australia, March 2006.

Chapter 7 considers gain estimation for model validation. The work presented
was published in three papers. The first is

M. Barenthin, H, Mosskull, B. Wahlberg and H. Hjalmarsson. Valida-
tion of stability for an induction machine drive using power iterations.
In Proceedings of the 16th IFAC World Congress, Prague, Czech Repub-
lic, July 2005,

where Henrik Mosskull contributed with his extensive knowledge of the induction
machine drive process. The second paper is

M. Barenthin, M. Enqvist, B. Wahlberg and H. Hjalmarsson. Gain
estimation for Hammerstein systems. In Proceedings of the 14th IFAC
Symposium on System Identification, Newcastle, Australia, March 2006,

which, among other things, presents a new method based on resampling developed
by Martin Enqvist. The third paper is

B. Wahlberg, H. Hjalmarsson and M. Barenthin. On optimal input
design in system identification. In Proceedings of the 14th IFAC Sym-
posium on System Identification, Newcastle, Australia, March 2006,

where the author in particular developed numerical examples.
Chapter 8 summarizes the thesis, and proposals for future work are given.





Chapter 2

Optimal Experiment Design in

System Identification

In system identification, experiment design has received particular interest. The
objective of this chapter is to give an overview of important aspects and research
in the field. Among good references for system identification are [28, 56] and [70].

2.1 Time-Invariant Linear Systems

A causal time-discrete stable linear time-invariant (LTI) system can be described
by

y(t) =
∞∑

k=1

gku(t− k) (2.1)

where {u(t)} is the input signal and {y(t)} is the output signal. The sequence
{gk}∞k=1 is the impulse response of the system, and it holds that

∑∞
k=1 |gk| < ∞.

By introducing the delay operator

q−1u(t) = u(t− 1) (2.2)

the system can be written

y(t) = Go(q)u(t) (2.3)

where the complex-valued function Go(q) =
∑∞

k=1 gkq
−k is the transfer function.

According to (2.1) the output can be calculated exactly if the input is known.
However, this is in reality unrealistic since there are always additional external
signals beyond our control that affect the system, for instance measurement noise
in sensors. Here we denote such effects by a stationary noise process {v(t)} with
zero mean, covariance function

5
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rk = E{v(t)vT (t− k)}, (2.4)

and (power) spectrum

Φv(ω) =

∞∑

k=−∞

rk e
−jωk. (2.5)

Then we have

y(t) = Go(q)u(t) + v(t). (2.6)

Similarly, the spectrum of the process {u(t)} is denoted Φu(ω). A cross spectrum
between two stationary processes {s(t)} and {w(t)} is defined as

Φsw(ω) =

∞∑

k=−∞

rsw
k e−jωk, (2.7)

where

rsw
k = E{s(t)wT (t− k)}. (2.8)

A sequence of independent identically distributed random variables with a cer-
tain probability density function is called white noise.

2.2 The Experiment Design Problem

The problem is to construct a model, G, that describes some properties of interest
of the system Go through experimental data. In Fig. 2.1 the procedure from exper-
iment to model application is illustrated. Here r denotes the reference signal. A
finite data set containing N samples of data, rN , uN , yN , is obtained in an experi-
ment on Go. The model is parametrized by a vector θ and its estimate is denoted
θ̂N . The model application, for instance control design, is formalized as f(G) with
corresponding quality measure Q(f(G)). The problem is to choose r, the controller
Fy to be used in the experiment and the experiment length N . If the experiment is
performed in open-loop, i.e. Fy = 0, then the problem is to design u. Also, it must
be determined how often measurements are to be made. Keeping Fig. 2.1 in mind,
different aspects of experiment design will now be discussed.

2.3 Model Accuracy

The model error Go − G contains variance errors and bias errors. Variance errors
are due to the noise v and bias errors are due to the fact that G perhaps is not able
to capture the complete dynamics of Go. In this thesis we will focus on variance
errors.



2.3. MODEL ACCURACY 7

PSfrag replacements

Experiment on the system:

Go

r u

v

y

Fy

ΣΣ

Application f(G)Quality measure Q(f(G))

Accuracy Go −G

Data rN , uN , yN

Model G(θ̂N )

⇓

⇓

⇓
⇔

⇔

Figure 2.1: The procedure from experiment on the system to model application.

Parameter estimates

A common approach to determine θ̂N is to pick the minimizer of the squared pre-
diction error (PE),

θ̂N = arg min
θ

1

2N

N∑

t=1

(y(t) − ŷ(t, θ))2, (2.9)

where ŷ(t, θ) is the one-step ahead predictor [56, 86]. PE identification will be
treated more in detail in Chapter 3.

Let PN denote the covariance matrix of θ̂N . An early observation was that PN

can be shaped by the inputs used in the experiment, see e.g. [51, 63, 28, 100]. In
particular, much attention has been on P−1

N , which is the so called Fisher informa-
tion matrix. The reason is that P−1

N can be shaped by u, and we will return to this
fact many times in this thesis.

We will now introduce the covariance matrix of the asymptotic distribution of
the parameter estimate as the experiment length increases,

P = lim
N→∞

NPN . (2.10)
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Examples of scalar measures that have been used as criteria for parameter accuracy
are

A-optimality: Tr(P )

E-optimality: λmax(P )

D-optimality: det(P ).

If a linear model is flexible enough to capture the true dynamics, then for open-
loop identification for estimates based on the criterion (2.9) it holds that

P−1(θo) =
1

2πλo

∫ π

−π

Fu(ejω, θo)Φu(ω)F ∗
u (ejω, θo)dω +Ro(θo), (2.11)

where θo is the vector that parametrizes Go [56]. Furthermore, Ro, Fu and Fe

depend on θo and the noise covariance λo. We will return to this expression in
Chapter 3. From (2.10) and (2.11) some important observations can be made:

• The inverse of the covariance matrix is an affine function of the input spectrum.
We can therefore use Φu to shape P−1.

• The covariance of the model estimate will decay as 1/N , so the estimate improves
as the number of data increases.

• If Φu is large, then P−1 is also large. This implies that the more input power is
used the better the estimate.

• P depends on the true system itself (through θo). This property will turn out to
be an Achilles’ heel in experiment design.

The fact that the input spectrum can be used to shape the covariance has been
very important from an input design perspective and it has been widely applied,
see e.g. [28, 16, 31, 7, 41].

Model variance

For control applications, it is common to have frequency by frequency constraints
on the model error and therefore it is interesting to analyze model accuracy in terms
of the variance of G. In the previous section it was noted that u can be used to
shape the covariance of θ̂N . The mapping θ̂N → G(θ̂N ) is, in general, nonlinear.
One way of avoiding this problem has been to rely on assumptions of large data
lengths and also large model orders. For large data lengths, the well-known Gauss’
approximation formula leads to a linear approximation of the mapping from the
parameter covariance to the variance of the model,
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Var (G(ejω, θ̂N )) ≈ 1

N

dG∗(ejω, θo)

dθ
P
dG(ejω, θo)

dθ
. (2.12)

If also the model order, i.e. the dimension of θ, is large the variance approximation
presented in [55],

Var (G(ejω, θ̂N )) ≈ n

N

Φv(ω)

Φu(ω)
, (2.13)

is obtained where n is the model order. We will return to the expression (2.13)
many times in this thesis. In Chapter 3 it will be treated more in detail and also
the closed-loop version will be provided. A similar expression for MIMO systems
is given in [98].

The variance approximation (2.13) became the center of interest for many years
due to its simplicity, and examples of this will be provided later in this chapter. A
fundamental aspect is that it was derived under the assumption of high order models
and it has been shown that its accuracy can be poor for low order models. Variance
expressions which are not asymptotic in the model order have been developed in
[96, 67].

2.4 Model Application and Quality Measures

Closely connected to model accuracy is the issue of intended model application
f(G).

Identification for control

Early research in the 1960’ies and 1970’ies tried to use the input signal to improve
the parameter estimates through P−1, c.f. Section 2.3. However, the intended
model application is not addressed in this approach. This thesis considers iden-
tification for control design, and therefore the input design will be related to the
closed-loop performance. This means that f(G) is a model based controller used
to control Go. An example of a quality measure Q(f(G)) is

∫ −π

−π

W (ω)Var(G(ejω, θ̂N ))dω, (2.14)

where the weight W can be chosen to reflect relevant quality measures for simula-
tion, prediction and control, see [55]. Now an overview over some other important
Q(f(G)) that relate to control design will be given.
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Quality constraint in open-loop identification for IMC

An example of model based control design is Internal Model Control (IMC) [65].
The identified process model is placed in parallel with the process, see Fig. 2.2. The
difference between the process output and the simulated model output is fed back
to the controller KIMC, which is designed based on G. This means that f(G) is here
represented by KIMC, and the guidance rule is to let KIMC be an approximation
of G−1. Assume that after G has been identified, we know that will use the signal
uc(t) as the control input to the process (the simulation input to the model). The
spectrum of uc(t) is denoted Φc

u and the simulation error is

ec(t) = (G(q, θ̂N ) −Go(q))u
c(t). (2.15)

Before the control scheme can be set up, the model has of course to be identi-
fied. Therefore an open-loop identification experiment will be carried out with the
objective to identify G. A suitable model quality criterion for the input design is
to minimize the averaged variance of (2.15), see [99, 104]. This objective can be
formulated by choosing W = 1

2π
Φc

u in (2.14), which gives us

1

2π

∫ −π

−π

Φc
u(ω)Var(G(ejω, θ̂N ))dω. (2.16)

There is also a closed-loop version of this criterion, see e.g. [104]. We will come back
to input design for IMC in Section 2.6, where it will be discussed how the input
spectrum in the experiment, Φu, should be chosen to minimize (2.16) when high
order models are used. In Chapter 3 it will be illustrated that criteria with struc-
ture (2.14) can be written as weighted trace criteria in P , so called L-optimality:
Tr [WP ]. Furthermore, it will be shown that L-optimal problems can be formu-
lated as convex constraints in P−1. The connection to input design is that through
(2.11), we are able to shape P−1 with Φu. This fact will be used for input design
for a process control application in Chapter 4.

Quality constraints based on H∞-norms

The H∞-norm of the stable transfer function G(ejω) is defined as

‖G‖∞ ≡ sup
ω∈[0,2π]

∥
∥G(ejω)

∥
∥ , (2.17)

where ‖ · ‖ is the maximum singular value.
A model quality measure that has been used in input design for control, see

[31], is the so called worst-case ν-gap introduced in [23]. This measure takes the
form of a H∞-norm. It is an extension of the ν-gap which is a distance measure
between two transfer functions [92].
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Figure 2.2: Internal model control scheme.

In [8], an upper bound on a weighted H∞-norm of closed-loop transfer functions,

∥
∥
∥
∥
Wl

( 1
1+GK

G
1+GK

K
1+GK

GK
1+GK

)

Wr

∥
∥
∥
∥
∞

, (2.18)

is used as model quality measure. Here K denotes the controller and Wl,Wr are
frequency dependent weights. This constraint can be formulated as a convex con-
straint in P−1.

In this thesis we will focus on the weighted relative error ∆(θ) defined by

∆(θ) = (Go −G)G−1T, (2.19)

where T is a weight function. This measure has been been used for input design for
control purpose in [41]. Constraints on both the variance of ∆ and its H∞-norm can
be formulated as convex constraints in P−1 and this fact will be elaborated on in
Chapters 3-6. When T is equal to the designed complementary sensitivity function,
‖∆(θ)‖∞ has been considered as a relevant measure of both robust stability and
robust performance, see [65, 103, 35]. For example, ‖∆(θ)‖∞ < 1 is a classical
robust stability condition.

Input design for NMP zeros, unstable poles and time delays

Other examples of control relevant quality measures are non-minimum phase (NMP)
zeros, unstable poles and time delays. Systems with such properties are inherently
difficult to control and the closed-loop performance is limited. Input design for
estimation of zeros is treated in [62]. Variance expressions for unstable poles in
closed-loop identification are provided in [60].
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2.5 Closed-loop Experiment Design

An important issue is how to design the controller Fy to be used in the experiment.
The usefulness of the closed-loop version of the asymptotic variance expression
(2.13) for input design has been shown in [58, 24, 34, 21, 106]. In [24] optimal
experiment design based on (2.13) was considered with the objective of minimizing
(2.14). If the model will be used to design a controller that minimizes the variance of
y, the optimal experiment design is to perform the identification experiment under
closed-loop operation with Fy being the minimum variance controller. This clearly
illustrates that the optimal design is to let the experiment reflect the intended model
application. The problem with that result, as with the most optimal experiment
results, is that the design depends on the system to be identified. However, in [34]
it is shown that the result in [24] holds even for the case when the system is not
known in advance. The contribution [32] considers input design for estimation of
the parameters in a minimum variance controller where the variance expression is
not asymptotic in the model order. It is shown that the optimal choice of controller
parameters depends on the model structure.

In practical applications, open-loop experiments are not always possible due
to safety regulations or costs associated with interrupting normal operation. The
engineer may not be allowed to replace an existing controller with a controller that
would yield more informative data. Some drawbacks of closed-loop identification
are treated in [33]. Feedback can both hide and amplify the effect of a "bad" model
and a badly tuned controller might give less useful information than a well-designed
open-loop experiment. A model that is not very good in open-loop might be good
for the design of the closed-loop, or vice versa. This fact is particularly relevant for
MIMO systems and will be discussed in Section 2.11.

2.6 Design of Inputs

The focus of this thesis is input design for open-loop experiments. This is the
problem of designing u when Fy = 0, c.f. Fig.2.1. In Section 2.3 it was illustrated
that Φu can be used to shape the model accuracy through P−1. Furthermore, in
Section 2.4 model quality measures Q(f(G)) that can be parametrized linearly in
P−1 were provided. Hence, Φu can can be used to shape Q(f(G)).

The signals u and y can be subject to time domain constraints, such as bounds
on the amplitudes. There can also be frequency wise constraints on Φu. Relevant
objectives, which will be used in this thesis, are to keep the power of the input and
output signals small and the experiment time short, see e.g. [10, 105]. In Section 2.3
it was pointed out that high input power and large N improve parameter estimates.
However, long and powerful experiments may be in contrast with practical and
economical constraints and this aspect is discussed in Section 2.7.

In [63] it was shown that all achievable information matrices P−1 can be con-
structed using a finite number of sinusoids. This has been used for optimal input
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design and typically the number of frequencies corresponds to the number of param-
eters to be estimated [19, 28, 100]. However, such inputs are sensitive to the prior
knowledge of the system needed to solve the input design problem. One approach
to avoid this has been to rely on the variance approximation for high order mod-
els (2.13). An example of such an approach is the input spectrum that minimizes
(2.16),

Φu(ω) = µ
√

Φc
u(ω)Φv(ω), (2.20)

where µ is a constant adjusted such that the maximum allowed input power is used
[99, 104]. It implies that more input power should be distributed at frequencies
where the control signal and the disturbance are large.

Recently it has been shown that a wide range of input design problems are
equivalent to convex programs, see [53, 31, 41, 8, 5]. The key tool is a linear
parametrization of the input spectrum,

Φu =

∞∑

k=−∞

ck Bk, (2.21)

where {ck}∞k=−∞ are coefficients and {Bk}∞k=−∞ are basis functions. This method-
ology can handle input design problems for finite order models and will be treated
more in detail in Chapter 3. The ideas will also be used for input design in Chap-
ters 4-6. Using this input spectrum parametrization parametrization, both power
constraints and frequency by frequency constraints on signals can be expressed as
linear constraints in {ck}. Also P−1 becomes a linear matrix equality (LME) in
{ck} through (2.11).

In some cases the input design is insensitive to over and under-modelling, [33,
36], and this implies that the input can be used to hide irrelevant properties of the
system. For example, if the goal is to identify the static gain of a finite impulse
response (FIR) model, the optimal input is a constant signal, regardless of the order
of the true system. In [62] it is shown that if the objective is to identify NMP zeros,
the optimal input is independent of the system order and can be characterized by a
first order autoregressive (AR) filter with its pole equal to the mirrored NMP zero.

2.7 Experiment Design in Industrial Practice

Designing experiments in industrial practice, practical constraints are typically in
conflict with theoretical requirements. In Section 2.3 it was noted that more in-
formation about the system is obtained by using a very long and powerful input
signal. This is relevant for industrial processes which typically have slow dynamics
and high level disturbances. On the other hand, the cost of the experiment becomes
low by keeping the experiment time short and the signals small. From an industrial
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and economical perspective, the test data must lead to a suitable model within an
acceptable time period in order to deviate as little as possible from normal oper-
ation [75]. Today, modelling is the most time consuming and expensive part of
model based control design [69]. Another important issue in industrial applications
is whether to collect data in open-loop or closed-loop operation. This was discussed
in Section 2.5. Furthermore, industrial processes often have a large scale complex
structure and may exhibit nonlinear behavior [105].

The experiment procedure must be user friendly to attract industrial interest
since most control engineers are not identification experts. Quoting [105]:

A desired identification technology should be able to provide simple guidelines
for good identification tests and when test data are collected, to carry out various
calculations automatically without the necessity of user intervention.

This discussion highlights the trade-off between the desire of obtaining a good
model and the desire of reducing costs associated with the experiment.

So called plant-friendly experiment design involves a compromise between de-
mands of theory and demands of practice, see e.g. [76, 50]. The constraints on the
designed input signal are in line with industrial demands, which often involve time
domain constraints on signals.

System identification methods are widely used in process industry and substan-
tial economical benefits due to reduced test time have been reported. For example,
identification methods in MPC (Model Predictive Control) applications can reduce
experiment time by over 70% [105, 101]. In Chapter 4, benefits of optimal input
design are quantified in terms of shortened experiment time and reduced input
power.

Modelling of industrial processes is not the only field where there are numerous
practical experimental issues to take into consideration. In the next section the
attention will move to biological systems.

2.8 Experiment Design in Systems Biology

Systems biology is about modelling and analysis of intracellular processes, see
e.g. [48, 78, 87, 18]. Modelling of genes, proteins and cells networks is important
in order to understand diseases and to develop medicines.

An experimental technique used to study gene activity is microarrays. Gene
activity can change e.g. due to changes in external inputs, such as alcohol con-
centration or toxic substances. Measuring input/output data can give information
about how different genes are connected. In Fig. 2.3 a microarray is shown.1 The
brightness of the spots corresponds to the gene activity and can be translated into
numerical values.

1The figure is included with permission from Biomathematics and Statistics Scotland
(http://www.bioss.sari.ac.uk/index.html).
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Figure 2.3: Microarray.

Micorarrays highlight typical problems associated with experiment design in
systems biology. Humans have approximately 27000 genes and they are connected
to each other. This means that typically in microarray experiments there is one
input (e.g. the alcohol concentration) and 27000 outputs. Assume now that we are
interested only in one gene and let us denote that gene X. On the microarray it can
only be seen whether the input results in an increase or decrease in the activity of X.
Let us assume that the bright spots show that the activity increases. However, it is
not possible to see whether this increase is caused by the input directly or indirectly
by another gene, Y . Furthermore, it is not practically possible to separate genes
and put them into test tubes. Nevertheless, let us make an intellectual experiment
and assume that we could separate X. Then the result of that experiment would
show us that X is not affected by the input since Y is absent. The conclusion
from this discussion is that it is important how we delimit the experiment, but
delimitation may not be feasible with laboratory techniques available today.

There are limited possibilities to obtain time series data from gene networks.
Theoretically it is possible to do a microarray experiment every ten minutes, but
it is expensive.

In biological systems, modelling errors are very difficult to quantify. The gene
activity that results in the bright spots is typically nonlinear and the uncertainty
in the output data is large. The quality of the measurements is poor due to low
signal to noise ratio and measurements errors.

2.9 Time Domain Properties of Inputs

There are many possible realizations corresponding to one spectrum, see e.g. [44].
As was pointed out in Section 2.7, time domain properties on u and y are im-
portant in industrial practice. Plant-friendly design often involves binary signals,
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i.e. signals with constant amplitude. Certain spectra can be exactly realized by
generalized binary noise (GBN) signals [89]. However, to the author’s knowledge it
is an unsolved problem to find an exact binary realization of any spectrum. Several
approximative procedures are available, see for example [28] and references therein.

Periodic inputs have some advantages. For example, they allow estimates of the
noise level of the system and an error free transformation of the time domain mea-
surements to the frequency domain [56]. Sinusoids are frequently used to identify
nonlinear distortions [70, 79]. Advantages of random phase multisine signals are
discussed in [77].

Designing input signals in time domain facilitates design of signals under am-
plitude constraints, see e.g. [94]. The following section deals with input design in
time domain in statistics.

2.10 Input Design in Statistics

Experiment design in statistics considers mainly systems without controllable in-
puts and static systems, i.e. systems where the present output does not depend on
previous inputs and outputs. However, some results have been used for input design
of dynamical systems, see e.g. [11, 47, 19]. An overview of methods in statistical
experiment design is provided in [94].

Several important results in system identification, such as (2.13), are in fre-
quency domain and rely on large data lengths. Large experiment lengths are easier
to handle with a frequency domain approach since with a time domain approach
the number of variables to design would equal the number of time samples, see
e.g. [28]. For large N , computational complexity therefore becomes an issue. On
the other hand, by using time domain approaches it is more straightforward to
include amplitude constraints on the signals.

The following example from [94] will be used to highlight some typical differences
between experiment design in, on one hand, system identification and, on the other
hand, statistics.

Example 2.1. Consider the system

y(t) = p∗1e
−p∗

2
t + p∗3e

−p∗

4
t + ε(t), (2.22)

where the ε(t) are independently identically distributed N (0, σ2). Assume that twelve
observations are to be performed to estimate p1, p2, p3 and p4. The problem is to
determine the vector tD of the twelve D-optimal sampling times. The parameters
p1 and p3 appear linearly in the model response, and thus have no influence on
tD. Prior values of p2 and p4 are chosen and the problem is solved with Federov’s
algorithm [19]. This is an iterative procedure that in 19 iterations converges to the
solution tD = (0, 0, 0, 0.9, 0.9, 0.9, 3.8, 3.8, 3.8, 14.4, 14.4, 14.4). �

The example points out some typical differences between the statistical approach
and the system identification approach. The system is static and has no controllable
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inputs, while system identification most often deals with dynamic systems with
controllable inputs. Time domain design is used and the number of samples is
low (only 12). System identification procedures often analyze frequency domain
properties and rely on large data lengths. Another difference concerns the time
between measurements. A common assumption in system identification is that
measurements are made with constant time interval. In the above example, the
sampling times are the very outcome of the experiment design!

There are also similarities between the two approaches. The design depends on
unknown system parameters for which prior estimates are calculated. This problem
was briefly noticed in Section 2.3 and will be discussed further in Section 2.13.

2.11 Experiment Design for MIMO Systems

The main difference between SISO and MIMO systems is that in the MIMO case
the different channels interact and therefore the system is said to be input direction
dependent. The directions can be obtained at each frequency by the singular value
decomposition of Go,

Go(e
jω) = U(ejω)Σ(ejω)V ∗(ejω), (2.23)

where U and V are unitary matrices and Σ is a diagonal matrix containing the
singular values {σi} of Go in decreasing order2. The singular values are defined as
σi =

√
λi, where λi are the eigenvalues of G∗

oGo. Now, consider a system with two
inputs and two outputs. Then we write

U = (u u), Σ = (σ σ), V = (v v) (2.24)

and

Gov = σ u, Gov = σ u, (2.25)

where σ and σ are the maximum and minimum gain of Go (in terms of the 2-norm)
respectively. The condition number of Go is given by σ/σ. The vectors v and
v denote the corresponding high-gain and low-gain input directions respectively.
Similarly, the output directions are represented by u and u. The plant is strongly
dependent on the direction of the input if the condition number is large (>> 1) in
some frequency range. Such plants are said to be ill-conditioned.

SISO identification procedures applied to MIMO systems often lead to poor
models for control design since direction properties of the system are not captured

2Since we are considering dynamical systems, the singular value decomposition will in general
be frequency dependent. However, for simplicity of notation, the frequency dependence is omitted
in this section.
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by such procedures. For ill-conditioned systems, the open-loop dynamics tend to be
dominated by the high-gain direction. This makes it difficult to identify a reasonable
model for the low-gain direction, which becomes important in the design of feedback
[37].

A simple two step open-loop test method for ill-conditioned plants is suggested
in [104]. In the first step, uncorrelated inputs are used, which results in good
estimation of the high-gain direction. In the second step, correlated signals are
used to improve the low-gain direction model.

Approaches to MIMO identification for generalized FIR systems have been pre-
sented in [16, 50] where the performance objective has the structure (2.14). In this
thesis, input design for MIMO systems is treated in Chapter 6, where open-loop
identification is considered. Also closed-loop has been considered a viable approach
to MIMO system identification [37, 104].

2.12 Robust Experiment Design for Control

Models obtained by system identification are uncertain due to the random noise
present in the output measurements. The characterization of the noise induced
model uncertainty is an ellipsoidal set in the model parameter space,

Uθ = {θ : N(θ − θo)
TP−1(θ − θo) ≤ χ}, (2.26)

and this fact will be treated more in detail in the next chapter. Robust control deals
with control of uncertain systems, see e.g. [103, 85]. Among important contributions
on the synthesis of controller design and parametric uncertainty is [72], where a
convex parametrization of all controllers that simultaneously stabilize a system for
all norm-bounded parameters is given. An alternative approach to this problem
is presented in [25]. The article [6] presents a procedure where the first step is
to determine the set of controllers for which the nominal performance is somewhat
better than the desired robust performance. It is then tested whether all controllers
in the set stabilize all systems in the model set. For the performance criterion, a
similar test is presented. The stability test is equivalent to computing the structured
singular value of a certain matrix. In [73] the design specification is that the closed-
loop poles should be inside a disc with a given radius ρ < 1. The objective is to
find the controller that maximizes the volume of an ellipsoidal model set such that
the closed-loop poles satisfy the design objective for all models in the set. In [43]
an iterative procedure for robust H2 state feedback controllers is presented. An
input design procedure that connects robust control and input design is presented
in Chapter 5.

2.13 Sequential Input Design

A fundamental issue in experiment design is that the solutions typically depend on
the system itself, which of course is unknown. An optimal input design procedure
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robust to a certain initial parametric uncertainty is proposed in [29]. The system
is time-continuous and has one unknown parameter, which can take any value in a
compact set. The proposed robust optimal input is band-limited "1/f" noise.

A common approach to handle the dependence on the unknown system is se-
quential procedures, illustrated in Fig. 2.4. The input design is altered on-line as
more information becomes available. In the first step, an experiment is performed
on the system using any excitation signal and in the second step a model is con-
structed using the experimental data. In the third step, an input signal is designed
based on the model obtained in Step 2. This input is then used in a new experiment
and we are back to Step 1, etc.

PSfrag replacements

Input signal Data

Model
Step 3: input design

Step 1: experiment

Step 2: modelling

Figure 2.4: Sequential input design.

Sequential approaches to experiment design have been shown useful, [34, 54, 22],
and will be illustrated on applications in Chapter 4. Similar procedures have been
considered useful also in statistics, [94], and systems biology [45, 15]. Sequential
input design is used in adaptive dual control, where the self-tuning controller has
dual goals [20]. First, the controller must control the process as well as possible.
Second, the controller must provide input signals that are sufficiently exciting in
order to get information about the system. There is usually a conflict between the
two objectives.

2.14 Input Design for Stability Validation

Now we will leave the construction of models and focus on model validation. Once a
model of a (perhaps nonlinear) system has been identified a typical model validation
problem in control applications is to ensure that the unmodelled dynamics will not
cause closed-loop instability. A critical issue when studying closed-loop stability
properties is to obtain an accurate estimate of the loop gain of the unmodelled
dynamics [46]. The problem boils down to finding the input signal that maximizes
the gain. The L2-gain for a system with input u(t) and output y(t) is defined as

β = sup
u6=0,u∈L2

‖y‖
‖u‖ . (2.27)
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Here the norm ‖ · ‖ for a signal x(t) is defined as

‖x‖ =

√
∫ ∞

0

x2(t)dt <∞ (2.28)

and this space is denoted L2. A lower bound for β can be found using any pair of
input/output signals. However, the problem is how to design the input signal so
that the gain estimate is close to β. This means that the gain estimation problem
in fact boils down to input design. The design depends on the system itself and
to cope with this fact, the input design can be based on a model of the system,
c.f. Section 2.13. Another possibility is to use methods where no model of the system
is required, i.e. to estimate the gain based on input/output data. Such a procedure
is the so called power iterations, suggested in [33]. Briefly, this method uses the
system itself in repeated experiments to generate inputs suitable for estimating β.
Gain estimation is discussed in Chapter 7, where applications and examples are
presented. One of the applications is an induction machine drive for rail vehicle
propulsion studied in [66], where the stability validation of the closed-loop system
is inspired by a methodology proposed in [79].

2.15 Input Design for Nonlinear Systems

The focus of this chapter has been on linear models. However, the previous section
introduced us to input design for nonlinear systems where the property of interest
for modelling is the gain of the system.

Design of multilevel perturbation signals for identification of nonlinear systems
is treated in [2, 3]. For nonlinear systems, where little structure is known in ad-
vance, it is particularly important with an input design that excites the system
as intelligently as possible. It is very common to use regressor based models,
e.g. y(t) = ϕT

NL(t)θ where the elements of ϕNL(t) are made up of nonlinear trans-
formations of past inputs and outputs [82]. Conceptually, what the model does is
that it extrapolates the observed pairs (y(t), ϕNL(t)) to regions in the ϕNL space
where there are no observations. This points to that in order to obtain a reliable
model, the experiment should span the ϕNL space over the whole intended oper-
ating range. The importance of this has been recognized in [102] where adaptive
control for a particular model structure is considered. Adaptive input design to this
end can be achieved by using feedforward control based on the identified model.

A key challenge is to find computationally feasible solutions to nonlinear optimal
experiment design problems. Here relaxation methods, e.g. sum-of-squares, can be
instrumental, c.f. [71, 61].

2.16 Conclusions

Optimal experiment design is about finding the operating conditions that provide
the most informative data for modelling. The road from experiment to model ap-
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plication is summarized in Fig. 2.1. Design variables are the controller Fy, the
experiment length N and the reference signal r. The signals are subject to con-
straints, for example power constraints and amplitude constraints. The case Fy = 0,
i.e. open-loop identification, corresponds to the problem of determining the input
signal u. The experiment should reflect the intended model application, f(G), and
its quality measure, Q(f(G)). This leads to the observation:

Experiment design problems are optimal control problems!

This is in fact a rather obvious and old observation that can be found in early
contributions, see [51, 63, 28, 100]. For computational simplification a common
approach used in system identification is to rely on large data lengths and also
large model orders. Under such asymptotic assumptions, input design problems
can be formulated as tractable optimization programs. A fundamental issue in
experiment design is that the designs depend on the true system, and this problem
can be handled e.g. using sequential procedures. In this chapter we have also
discussed practical and economical constraints in experiment design. An important
example of such an aspect is that the experiment time is limited.





Chapter 3

System Identification Preliminaries

In the previous chapter experiment design was discussed from a rather broad per-
spective. The remainder of this thesis considers input design for open-loop system
identification. Referring to Fig. 2.1, this means that Fy = 0 and the problem is
to design uN . The objective of this chapter is to present basic assumptions in PE
system identification and to give an introduction to a framework for optimal input
design. The ideas presented here will be used in the remaining chapters of the
thesis.

3.1 Model Structure

We will consider system identification in the PE framework [56, 86]. The set of
models, denoted M, are time-discrete dynamical LTI,

M : y(t) = G(q, θ)u(t) + v(t) (3.1)

v(t) = H(q, θ)e(t), (3.2)

where {y(t)} is the output signal, {u(t)} is the input signal and {e(t)} is zero mean
white noise with variance λo. The transfer functions G(q, θ) and H(q, θ) are rational
with H(q, θ) stable, monic and minimum phase. We write

G(q, θ) =
q−nkB(q, θ)

A(q, θ)
, H(q, θ) =

C(q, θ)

D(q, θ)
, (3.3)

where

A(q, θ) = 1 + a1q
−1 + . . .+ ana

q−na (3.4)

B(q, θ) = b1 + b2q
−1 + . . .+ bnb

q−nb+1 (3.5)

C(q, θ) = 1 + c1q
−1 + . . .+ cnc

q−nc (3.6)

D(q, θ) = 1 + d1q
−1 + . . .+ dnd

q−nd (3.7)

23
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and the vector of unknown parameters is

θ = [a1, . . . , ana
, b1, . . . , bnb

, c1, . . . , cnc
, d1, . . . , dnd

]
T
. (3.8)

All the functions and signals in (3.1)-(3.2) are scalar, but PE identification is
also applicable to MIMO models. The underlying system does not have to be linear
and can be of higher order than the model, defined by (3.1)-(3.2). Suppose that the
true system obeys

S : y(t) = Go(q)u(t) +Ho(q)e(t). (3.9)

Here Go and Ho are stable filters and the spectrum of the additive noise satisfies
Φv(ω) = |Ho(e

jω)|2λo. If there exists a parameter vector θo for which Go(q) =
G(q, θo) and Ho(q) = H(q, θo), then the system S can be completely described by
model set M, i.e.

S ∈ M. (3.10)

The condition (3.10) is of theoretical interest because many nice results on asymp-
totic properties of the estimate can be derived under that condition. However, it
is in most cases not a realistic condition since systems in practice often are of high
order or nonlinear. In Chapters 4-6 of this thesis it is assumed that (3.10) holds.
However, in Chapter 7 we will assume that the system dynamics is not captured by
the model, i.e. S /∈ M, and the goal is to study the maximum gain of the (perhaps
nonlinear) model error dynamics.

3.2 The Prediction Error Method

In the PE method, the objective is to estimate the parameter vector that minimizes
a quadratic function of the prediction error. More specifically, the estimate based
on N observations of input/output data, denoted θ̂N , fulfils (2.9) where the one-step
ahead predictor ŷ(t, θ) is given by the stable filter

ŷ(t, θ) = H−1(q, θ)G(q, θ)u(t) + [1 −H−1(q, θ)]y(t). (3.11)

3.3 Properties of Model Estimates

The model error Go −G(θ̂N ) consists of two types of errors. The first is bias errors
due to discrepancy between true system and model class, corresponding to S /∈ M.
The second type is variance errors due to the random noise term in (3.9).

When the model is flexible enough to capture the true dynamics, i.e. S ∈ M,
the estimate θ̂N converges, under mild assumptions, to the parameters of the true
system as N → ∞. It holds that
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√
N(θ̂N − θo) → N (0, P (θo)) as N → ∞ (3.12)

P−1(θo) =
1

λo

E
[
ψ(t, θo)ψ

T (t, θo)
]

(3.13)

ψ(t, θo) =
d

dθ
ŷ(t, θo), (3.14)

where N denotes the Normal distribution [56]. Under the assumption that the data
is collected in open-loop, i.e. u and e are independent, it follows using (3.12)-(3.14)
that

P−1(θo) =
1

2πλo

∫ π

−π

Fu(ejω, θo)Φu(ω)F ∗
u (ejω, θo)dω +Ro(θo), (3.15)

Ro(θo) =
1

2π

∫ π

−π

Fe(e
jω, θo)F

∗
e (ejω, θo)dω, (3.16)

where Fu(ejω, θo) = H−1(θo)
dG(θo)

dθ
and Fe(e

jω, θo) = H−1(θo)
dH(θo)

dθ
. A similar

expression to (3.15) can be derived for closed-loop identification, see e.g. [9]. For
FIR systems (A(q, θ) = C(q, θ) = D(q, θ) = 1), the distribution of

√
N(θ̂N − θo)

can be calculated exactly also for finite N . Furthermore, P−1 does not depend on
θo.

For large data lengths, an approximative variance expression is given by (2.12).
If also the model order, i.e. the dimension of θ, is large the well-known variance
approximation (2.13) is obtained. For closed-loop identification we have

Var
(
G(ejω, θ̂N )

H(ejω, θ̂N )

)

≈ n

N
Φv(ω)

(
Φu(ω) Φue(−ω)
Φue(ω) λo

)−1

. (3.17)

In open-loop operation, where Φue = 0, the estimates G and H are asymptotically
uncorrelated, even when they are parametrized with common parameters. Then

Var (G(ejω, θ̂N )) ≈ n

N

Φv(ω)

Φu(ω)
, (3.18)

Var (H(ejω, θ̂N )) ≈ n

N
|Ho(e

jω)|2. (3.19)

The expressions (3.15) and (2.12) are important for finite order model input
design since by choosing Φu suitably we are able to shape P−1, and with that the
variance of G. In the remaining sections of this chapter we will use these ideas in
a framework for input design for finite order models.
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3.4 A Framework for Optimal Input Design

The remainder of this chapter is a summary of the frameworks for optimal input
design presented in [31, 41, 8, 39] and references therein. Subject to investigation
in this thesis is open-loop identification of systems that can be captured by linear
finite order models, i.e. S ∈ M. The case S /∈ M is treated in [5].

The input design problems will be transformed to convex problems. The key
idea is to introduce a linear parametrization of the input spectrum and exploit
the fact that Φu can be used to shape P−1 through (3.15). Power constraints and
frequency by frequency constraints on the input and output signals can be written as
affine constraints in the components of P−1. Also, several model quality constraints
can be written as affine functions of P−1, and the model quality can therefore be
shaped by Φu, c.f. Section 2.4. The framework summarized here will be used in
applications in Chapter 4 and the ideas will also be employed in Chapters 5-6.

3.5 Parametrization of Input Spectra and P
−1

Consider the multiple input case, where the input has nu components, u ∈ R
nu×1.

By a suitable change of basis in the spectrum definition (2.5), we can write the
input spectrum as

Φu(ω) =
∞∑

k=−∞

ck Bk(ejω) (3.20)

for some proper stable rational basis functions {Bk}∞k=−∞ that span L2. We have
that B−k = B∗

k and Bk(e−jω) = B∗
k(ejω). Furthermore, for the coefficient matrices

ck ∈ R
nu×nu we have c−k = cTk . They must be such that

Φu(ω) ≥ 0,∀ω (3.21)

for (3.20) to define a spectrum.

One example of {Bk} is Laguerre functions [93]. Another example is Bk =
e−jωk, which corresponds to an FIR spectrum, and in this case {ck} corresponds
to autocorrelations {rk}, c.f. (2.5). This parametrization was first introduced and
used for input design in [54]. With (3.20) in (3.15), the matrix P−1 becomes an
affine function of {ck}, which are optimization variables in the input design problem.
However, it is computationally impractical to use an infinite number of parameters
in the optimization program. There are two approaches to handle this, either a
finite parametrization or a partial correlation parametrization.
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Finite spectrum parametrization

In finite spectrum parametrizations, the spectrum expansion is truncated and we
work with the positive real part,

Φu(ω) = Ψ(ejω) + Ψ∗(ejω) (3.22)

Ψ(ejω) =

M−1∑

k=0

c̄k Bk(ejω) (3.23)

Condition (3.21) is ensured via the following lemma.

Lemma 3.1. Let {A,B,C,D} be a controllable state-space realization of Ψ(ejω).
Then there exists a Q̃ = Q̃T such that

(
Q̃−AT Q̃A −AT Q̃B

−BT Q̃A −BT Q̃B

)

+

(
0 CT

C D +DT

)

≥ 0 (3.24)

if and only if Φu(ω) ≡∑M−1
k=0 c̄k

[
Bk(ejω) + B∗

k(ejω)
]
≥ 0, ∀ω. �

Proof: This is an application of the Positive Real Lemma [97, 95]. �

In the following example it is illustrated that the condition (3.24) can be for-
mulated as a linear matrix inequality (LMI).

Example 3.1. The positive real part of an FIR spectrum with 3 parameters is
Ψ(ejω) = 1

2r0+
∑2

k=1 rk e
−jωk. A controllable state space realization for the positive

real part is

A =

(
0 0
1 0

)

, B =
(
1 0

)T
, C =

(
r1 r2

)
, D =

1

2
r0. (3.25)

Hence (3.24) is an LMI in Q̃, r0, r1 and r2. �

Any spectrum can be approximated to any demanded accuracy provided that
the order M is sufficiently large. However, when M becomes too large, computa-
tional complexity becomes an issue. Notice that (3.22) corresponds to white noise
when M = 1.

Partial correlation parametrization

In the partial correlation approach, no truncation of the spectrum expansion is
introduced. However, only the M first autocorrelation coefficients are determined
in the design. The basis functions {Bk} can be chosen such that the number of
coefficients needed to parametrize P−1 is no longer infinite, but will depend on the
order of the system. In Chapter 6 it will be illustrated how this is performed using
a parametrization with structure
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Bk(ejω) = L(ejω)e−jωk, L(ejω) > 0. (3.26)

Example 3.2. Consider the FIR system y(t) = θ1u(t− 1) + θ2u(t− 2) + e(t). An
FIR parametrization is used for Φu, i.e. L(ejω) = 1. Equation (3.15) gives

P−1(θo) = P−1 =
1

λo

(
c0 c1
c1 c0

)

. (3.27)

It is noted that P−1 does not depend on the system parameters. Furthermore, P−1

is an LME in c0 and c1, even though Φu can be infinitely parametrized. �

In partial correlation parametrizations, we design the sequence c0, c1, ..., cM−1.
However, we must ensure that there exists an extension cM , cM+1, ... such that the
positivity constraint (3.21) holds. First, let us consider the case where {ck} are
autocorrelations {rk}. A necessary and sufficient condition for the existence of
such an extension is that the Toeplitz matrix








r0 r1 . . . rM−1

rT
1 r0 . . . rM−2

...
...

. . .
...

rT
M−1 rT

M−2 . . . r0








(3.28)

is positive definite [30, 14, 52]. Notice that this condition is an LMI in r0, r1, ..., rM ,
and hence a convex constraint. This means that the partial expansion

M−1∑

k=−(M−1)

rke
−jωk (3.29)

will not necessarily define a spectrum itself, but is constrained such that Φu is pos-
itive. Now let us consider the more general case when the basis functions are given
by (3.26). Since L > 0, it must hold that

∑

k cke
−jωk is also positive, and hence the

positivity constraint on the Toeplitz matrix (3.28) applies to the parametrization
(3.26) as well.

3.6 Confidence Regions of Parameter Estimates

Models obtained from system identification experiments with noise present in out-
put measurements are uncertain. If S ∈ M and N → ∞, the model lies in the
ellipsoidal confidence region

Uθ = {θ : N(θ − θo)
TP−1(θ − θo) ≤ χ} (3.30)

with probability specified by Pr(χ2(n) ≤ χ), where n denotes the number of pa-
rameters [56]. The parameter χ2(n) denotes the χ2-distribution with n degrees of
freedom.
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3.7 Model Quality Measures

This section deals with model quality measures Q(f(G)), c.f. Fig. 2.1. The frame-
work can handle basically two types of constraints. The first is based on the ellip-
soidal confidence region (3.30) and the second is in terms of the variance of G.

Quality measures based on the ellipsoidal confidence region

Consider the weighted relative error ∆(θ) defined by (2.19). A reasonable objective,
as discussed in Section 2.4, is to design the identification experiment such that ∆(θ)
becomes small for all models in the uncertainty set (3.30),

|∆(θ)| ≤ γ, ∀ω, ∀θ ∈ Uθ, (3.31)

which is the same thing as

‖∆(θ)‖∞ ≤ γ, ∀θ ∈ Uθ. (3.32)

It is possible to formulate constraints in H∞ such that the quality constraints
is valid for all models in (3.30) using methods from convex optimization [12]. In
[40] it is shown that the constraint (3.32) can be formulated as a convex constraint
in P−1.

Quality measures based on the model variance

Constraints in terms of the variance of G, such as (2.16), can be written as L-
optimality problems, c.f. Section 2.4. If N → ∞, we obtain for (2.16) that

1

2π

∫ −π

−π

1

N

d∗G(ejω, θo)

dθ
P
dG(ejω, θo)

dθ
Φc

u(ω)dω ≤ α (3.33)

⇔ Tr
[

1

2π

∫ −π

−π

1

N

dG(ejω, θo)

dθ
Φc

u(ω)
d∗G(ejω, θo)

dθ
dωP

]

≤ α (3.34)

⇔ TrWP ≤ α (3.35)

where

W =
1

2π

∫ −π

−π

1

N

dG(ejω, θo)

dθ
Φc

u(ω)
d∗G(ejω, θo)

dθ
dω. (3.36)

In the first step the approximative variance expression (2.12) was used. Generally,
the weighted trace problem

TrW (ω)P ≤ α, ∀ω (3.37)

W (ω) = V (ω)V ∗(ω) ≥ 0, ∀ω (3.38)

P ≥ 0 (3.39)
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is equivalent to

α− TrZ ≥ 0 (3.40)
(

Z V ∗(ω)
V (ω) P−1

)

≥ 0, ∀ω, (3.41)

which is an LMI in P−1 and Z. This constraint is infinite dimensional in ω. How-
ever, it can be replaced by a finite dimensional constraint by applying the Positive
Real Lemma [41]. An alternative is to sample the constraints over the ω-axis.

3.8 Parametrization of Signal Constraints

The framework can handle constraints on the input power. Using the parametriza-
tion (3.20), the signal power constraints

1

2π

∫ π

−π

Φu(ω)dω ≤ αu (3.42)

1

2π

∫ π

−π

Φy(ω)dω ≤ αy. (3.43)

can be rewritten as convex finite constraints in terms of {ck}, which the following
example illustrates.

Example 3.3. For an FIR spectrum the total input power is 1
2π

∫ π

−π
Φu(ω)dω = c0.

The constraint (3.42) becomes c0 ≤ αu. �

With a finite spectrum parametrization, also frequency by frequency constraints
on Φu,

ρu(ω) ≤ Φu(ω) ≤ βu(ω) (3.44)

ρy(ω) ≤ Φy(ω) ≤ βy(ω), (3.45)

that are rational functions of ejω, can be written as convex constraints in {ck} using
Lemma 3.1, just as for condition (3.21).

3.9 Realization of Input Signals

In Chapters 4-6 of this thesis the solution to the input design problem is an input
spectrum. There are many possible realizations corresponding to one spectrum,
c.f. Section 2.9. The approach for realization used in this thesis is to filter white
noise through a linear filter. For finite spectrum parametrizations an FIR filter can
be used given that a state-space realization of the positive real part of the spectrum
is available. When using partial correlation parametrizations an AR filter can be
constructed using the Yule-Walker equations [86]. For more details on realization
of input spectra, see [41] and references therein.



3.10. OPTIMIZATION SOFTWARE 31

3.10 Optimization Software

The input design problems considered in the framework are transformed to finite
dimensional convex optimization programs. The optimization software used in this
thesis is the LMI parser YALMIP, see [59], with solver SeDuMi.

3.11 Conclusions

In this chapter basic properties and assumptions of system identification in the
PE framework have been summarized. An overview of a methodology for optimal
input design has been given. With this framework, the input design problem can
be transformed to a convex optimization program.





Chapter 4

Applications of Input Design

The purpose of this chapter is to examine more closely what the frameworks for
optimal input design presented in the previous chapter have to offer to application
areas.

4.1 Introduction

In process industry, a traditional test method for experiments is a series of step
tests carried out manually [105]. An advantage is that control engineers can learn
about the process in an intuitive manner. Problems associated with such tests is
the cost due to time and manpower as well as low information content in the data,
especially for multivariable dynamics. Other standard identification input signals
are pseudo random binary (PRBS) signals, which are periodic deterministic signals
with white-noise-like properties, see e.g. [88].

In this chapter benefits of optimal input design are quantified and compared
to the use of standard identification input signals for some common and important
application areas of system identification. Also, the optimal design is compared to a
design for high order models. Two SISO benchmark problems are considered. The
first, in Section 4.3, is taken from process control and the second, in Section 4.4,
deals with control of flexible mechanical structures. Usually the comparison be-
tween different input signals is in terms of confidence bounds, see e.g. [24, 21, 81].
However, for industrial applications perhaps more relevant measures are excitation
level and experiment time, treated e.g. in [8, 76]. For the two applications in this
chapter two aspects of input design will be treated:

(1) The first aspect is input design based on knowledge of the true system. Possible
benefits of optimal input design are quantified. The use of input signals with
optimal frequency distribution is compared to the use of PRBS signals. For
the process control application the optimal design will also be compared to
a design based on a high order model variance expression. The benefits will
be quantified in terms of saved experiment time and in possible reduction

33
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of input excitation. Since process modelling may be very time consuming,
possible time savings by using an optimal strategy for the considered process
model are illustrated. Here the time it takes to obtain a certain quality of the
model is measured and compared for different inputs when the input power
is held constant. For the mechanical system, the experiment time is in many
cases not an issue. Instead, possible savings in the level of input excitation
with an optimal strategy are studied.

(2) Optimal input designs in general depend on the unknown true system, as
pointed out in Chapter 3. This is typically circumvented by replacing the
true system with some estimate in the design procedure. But there exist
very few hard results on the sensitivity and the robustness of these optimal
designs with respect to uncertainties in the model estimate that is used in
the design. The objective of the analysis is to present input design in a more
realistic setting and to enlighten some robustness issues regarding the design.
A practical procedure is presented where an initial model estimate is used in
the design instead of the true system, c.f. Section 2.13. The procedure has
two steps and in the first step an initial model is estimated based on a PRBS
input. In the second step, an input design based on this estimate is applied to
the process. This adaptive approach is compared to an approach which only
uses PRBS as input. The comparison is based on Monte-Carlo simulations in
order to study the average gain in performance.

4.2 Input Design Problem

In this chapter, two types of model quality measures are considered. The first,
which takes the form of a H∞-norm, is based on the ellipsoidal confidence region
of the parameter estimate defined by (3.30). The second is formulated in terms
of the variance of the model estimate and takes the form of a H2-norm. System
identification in the PE framework is considered. A full-order model structure is
assumed (S ∈ M) and hence only variance errors occur.

Input design based on the uncertainty region region

The model quality measure considered is related to the control application. More
specifically, the constraint is to bound the H∞-norm of the relative error ∆(θ),
c.f. (3.32). Two different optimization criteria are considered. The first is to mini-
mize the power of the input signal and the second is to minimize the power of the
output signal. A frequency by frequency constraint on Φu can be included.
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The input design problem for minimizing the input power is formally posed as

minimize
Φu,αu

αu

subject to |∆(θ)| ≤ γ, ∀ω,∀θ ∈ Uθ
1
2π

∫ π

−π
Φu(ω)dω ≤ αu

0 ≤ Φu(ω) ≤ βu(ω)
0 ≤ Φy(ω) ≤ βy(ω)

(4.1)

and for minimizing the output

minimize
Φu,αy

αy

subject to |∆(θ)| ≤ γ, ∀ω,∀θ ∈ Uθ
1
2π

∫ π

−π
Φu(ω)dω ≤ αu

1
2π

∫ π

−π
Φy(ω)dω ≤ αy

0 ≤ Φu(ω) ≤ βu(ω)
0 ≤ Φy(ω) ≤ βy(ω),

(4.2)

where Uθ is defined by (3.30) and χ corresponds to a 95% confidence region,
i.e. Pr(χ2(n) ≤ χ) = 0.95. For example, in the process control application the
number of parameters is n = 4 and we have χ = 9.49. Furthermore, γ = 0.1 and
the weight T appearing in ∆(θ), c.f. (2.19), will be a discretization of T̃1 or T̃2

where

T̃1(s) =
ω2

0

(s2 + 2ξω0s+ ω2
0)

(4.3)

T̃2(s) =
ω4

0

(s2 + 2ξω0s+ ω2
0)2

(4.4)

with the damping ξ = 0.7. The parameter ω0 will be used to change the bandwidth
of T̃1 and T̃2.

The input design problems (4.1) and (4.2) are non-convex and non-trivial op-
timization problems. However, using the framework for optimal input design pre-
sented in Chapter 3 they can be rewritten as convex optimization programs. In
this chapter a finite FIR parameterization of the input spectrum is used,

Φu(ω) =
M−1∑

k=0

rk cos(kω). (4.5)

A white spectrum corresponds to M = 1. This means that the spectral power
distribution is constant over all frequencies.
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Input design based on variance expressions

Another control relevant model quality measure is the averaged variance expression
(2.16) used for open-loop tests in IMC. The input design problem is posed as

minimize
Φu,α

α

subject to 1
2π

∫ −π

−π
Var(G(ejω, θ̂N ))Φc

u(ω)dω ≤ α
1
2π

∫ π

−π
Φu(ω)dω ≤ αu

Φu(ω) ≥ 0, ∀ω.

(4.6)

In Section 3.7 it was shown that this model quality constraint can be written
as an LMI. The remaining constraints in (4.6) are formulated as LMI:s using the
ideas presented in Sections 3.5 and 3.8.

The solution to (4.6) will for the process control application be compared to
the design for high order models, see (2.20). The application has ARX structure,
i.e. the plant is defined by (3.9) with

Go(q) =
B(q)

A(q)
, Ho(q) =

1

A(q)
. (4.7)

With the given complementary sensitivity T , the input signal is u = T
G
r, where r is

the reference signal. Therefore the spectrum of the control signal is Φc
u = |T |2|A|2

|B|2 Φr.

The noise spectrum is Φv(ω) = λ0
1

|A|2 . Therefore, for the ARX case, the optimal
input for IMC (2.20), based on the high order variance expression, equals

Φu(ω) = µ

√

λ0
|T (ejω)|2
|B(ejω)|2 Φr. (4.8)

4.3 A Process Control Application

The main objective of this section is to give a flavor of the usefulness of using
optimal input design for identification of models for process control design. The
process plant is on ARX structure (4.7) with A(q) = 1− 1.511q−1 + 0.5488q−2 and
B(q) = 0.02059q−1 + 0.01686q−2. The sampling time is 10 seconds and e(t) has
variance 0.01. This is a a slight modification of a typical process control application
considered in [84]. The process has a rise time of 227 seconds and consequently,
as the process response is slow, collecting data samples for the identification takes
long time. Therefore the objective of using optimal input design for this plant is to
keep the experiment time to a minimum.
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Minimum input power

Here we will solve the input power minimization problem (4.1) and compare the
experiment time required for an optimal input design to achieve a certain quality
constraint with the corresponding time required for a white noise input. The op-
timal input design will be based on knowledge of the true system. In reality, of
course, this is not a feasible solution since the true system is unknown. However,
the motivation for this analysis is to investigate what could in the best case be
achieved with optimal input design.

The optimal design is based on a data length of Nopt = 500. Furthermore, the
order of the spectrum is M = 30 and T is a discretization of T̃2 defined in (4.4).
There are no frequency by frequency bounds βu(ω) or βy(ω) on the spectra. In the
comparison the power of the white input is normalized to be equal to the power
of the obtained optimal input. The data length of the white input has then been
increased until 95% of the obtained models satisfy |∆| ≤ 0.1. This data length
is denoted Nwhite and the ratio Nwhite/Nopt is plotted in Fig. 4.1 for different
bandwidths of T . This example shows that the white input requires about 10 times
more data to satisfy the quality constraint, which is a quite substantial amount of
data. In other words, the optimal experiment takes less than one and a half hour
compared to almost 14 hours with a white input. The input spectrum corresponding
to bandwidth 0.0324 rad/s of T is shown in Fig. 4.2.
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Figure 4.2: Process control application. Input power minimization. Solid line:
optimal input spectrum. Dashed line: transfer function T . Dash-dotted line: open-
loop system.

Optimal input design in practice

To handle the more realistic situation where the true system is unknown, we will
replace the optimal design strategy by a two-step procedure. In the first step an
initial model is estimated based on a PRBS input. This model estimate is used as
a replacement for the true system in the input minimization design problem (4.1).
The obtained suboptimal solution is then applied to the process in the second step.
This adaptive or sequential approach is compared to an approach which only uses
PRBS as input. The two strategies are illustrated in Fig. 4.3. The main objective is
to investigate whether there are any benefits of using a suboptimal design approach
or not. The comparison is based on Monte-Carlo simulations in order to study the
average gain in performance.

First consider the two-step adaptive input design approach. A PRBS with length
Ninit = 300 and amplitude 3 is used to estimate an initial model estimate G of the
true system. This model is used for input design based on (4.1) with no frequency
wise upper bound on the input spectrum and experiment length Nopt = 500. This
strategy is compared to the approach where a single set of PRBS is used in each
Monte-Carlo run. For the comparison’s sake the amplitude of the the PRBS is tuned
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Figure 4.3: Two strategies for input design. (a) The ad hoc-solution. A PRBS is
used for the entire identification experiment as input signal. (b) Adaptive input
design. The input data set is split in two parts. The first part, a PRBS, is used for
identification of an initial model estimate. The second part is an, with respect to
the initial model, optimally designed input.

so that the signal has the same input power as the average power of the input in
the two-step approach. After 1000 Monte-Carlo simulations with different noise
realizations, 98.3% of the models with the two-step procedure satisfy ‖∆‖∞ ≤ 0.1.
With an experiment length of N = 3600, 96.4% of the models satisfy the constraint
for the PRBS approach.

One realization of the input sequences for both strategies are plotted versus time
in hours in Fig. 4.4. We clearly see that the experiment time when input design is
involved is less than 2 hours and 15 minutes, but more than 10 hours for the PRBS
input. We conclude that for the considered quality constraint, the experiment time
can be shortened substantially when the suboptimal design is used.

Minimum output power

Now the output power minimization problem (4.2) based on knowledge of the true
system is considered. There are no frequency by frequency bounds on the spectra.
Here M = 20, αu = 50 and the bandwidth of T is 0.0324 rad/s. The resulting spec-
trum is shown in Fig. 4.5. The difference compared to the input power minimization
is that more input spectral power is allocated at high frequencies. The intuitive
explanation is that high frequency content of the input spectrum is attenuated by
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Figure 4.4: Process control application. Input power minimization. Above: the
input sequence not involving optimal input design. Below: the input sequence
when involving optimal input design. The first part of the signal is used to identify
an initial model estimate.

the low pass plant and hence the "cost" in the output spectrum is low. The input
power constraint is active, i.e. the power of the input spectrum equals αu. The
input spectral power at the resonance frequency of Φu, at ≈ 0.15 rad/s, increases
with αu while the power allocated at other frequencies is almost unchanged. A
frequency by frequency constraint βu(ω) on Φu could be introduced to avoid large
amplification at certain frequencies. Because of the resonance frequency of the in-
put spectrum, the design is sensitive to the model parameters used in the input
design. Sensitivity to model estimates in the design is discussed more in the next
section.

For a white input spectrum, the experiment length must increase to Nwhite =
3160 in order for (4.2) to have a feasible solution. This implies that the experiment
time becomes more than 6 times longer.
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Figure 4.5: Process control application. Output power minimization. Solid line:
optimal input spectrum. Dashed line: transfer function T . Dash-dotted line: open-
loop system.

Minimum variance

We will now consider the design problem (4.6) based on model variance and IMC
design. The problem is solved for M = 30 and αu = 50. The solution shows
that the two first constraints in (4.6) are both active. The optimal spectrum is
shown in Fig. 4.6 together with the control signal spectrum Φc

u used in the design.
For comparison the input spectrum for high order design (4.8) is shown in the
same figure. The scaling factor µ is determined so that that the power of the
inputs is equal. We see that both spectra have low pass structure. It is interesting
to investigate how much the experiment length using (4.8) must be increased to
achieve the same averaged variance as the spectrum based on the solution to (4.6).
The comparison is based on (3.35) and indicates that the experiment time increases
with a factor between 2 or 3.

4.4 A Mechanical System Application

In this section, input design is applied to a resonant mechanical system. The system
is represented by a slightly modified version of the half-load flexible transmission
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Figure 4.6: Process control application. Thick solid line: optimal input spectrum
for minimum averaged variance. Thin solid line: optimal input spectrum (4.8)
based on high order variance expressions. Dashed line: control input spectrum Φc

u.

system proposed in [49] as a benchmark problem for control design. It has been
used for input design illustrations in [7]. The system is defined by the ARX struc-
ture (4.7) with B(q) = 0.10276q−3 + 0.18123z−4 and A(q) = 1 − 1.99185q−1 +
2.20265q−2 − 1.84083q−3 + 0.89413q−4 and e(t) is white noise with variance 0.01.
The system describes the dynamics of three pulleys, and the sampling time is 0.05
seconds. The input is the reference signal for the axis position of the first pulley.
The output is the axis position of the third pulley. Here the order of the input
spectrum is M = 30.

The experiment time is not an issue for this system. Therefore, the objective of
the design is to obtain an input that, for a given data length, has as low excitation
level as possible.

Minimum input power

Here we will solve the input power minimization problem (4.1) for the resonant
mechanical system and the optimal design will be based on the true system. The
weight function T is a discretization of T̃1 defined in (4.3). The data length is 500
for the optimal design as well as for the white input. The reason is that we will
compare excitation levels rather than experiment times.
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First, consider the optimal input design when there is no upper bound imposed
on the input spectrum. The input power αu,opt for the optimal input is plotted
versus the bandwidth of T in Fig. 4.7. It is clear that the input excitation increases
with increasing bandwidth of T . This has to do with the definition of ∆. When
the bandwidth increases the relative error around the first resonance peak starts to
dominate in ‖∆‖∞ and more input power has to be injected. The optimal spectra
for low and high bandwidth, respectively, are plotted in Fig. 4.8 and Fig. 4.9. Here
we see that the input spectral power is concentrated around the first resonance
peak for high bandwidths.

Let αu,white be the required input power for a white input to achieve the specified
model quality. The ratio αu,opt/αu,white is plotted versus the bandwidth of T
in Fig. 4.7. We can conclude that when the total power is compared there are
certainly benefits obtained using an optimal strategy compared to the white input,
especially for high bandwidths where the white input requires about ten times the
power required for the optimal design. This is due to the large impact of the first
resonance peak and the capability of the optimal design to distribute much spectral
power around this peak and less for other frequencies.

In mechanical applications exciting the resonant modes may damage the equip-
ment. The optimal input design method can handle frequency wise conditions on
the spectra, see βu(ω) and βy(ω) in (4.1). This possibility is now used. A frequency
wise upper bound on the input spectrum which restricts the possibility to inject
spectral power around the first resonance peak is included in the design problem.
The upper bound and the obtained spectrum is shown in Fig. 4.10. This is a
good illustration of the impact of the first resonance peak on the required input
power. With this restriction we need about 14 times more power than without the
bound. So there is a delicate trade-off between demanding a small relative model
error around the resonance peak, the possibility to excite this frequency band and
required total input power.

Input design in a practical situation

In this section, the parameters of the true system are assumed to be unknown. As
for the process application this situation will be handled by replacing the optimal
design procedure by an adaptive two-step approach. For the mechanical system,
the two-step adaptive approach goes as follows. A PRBS with length Ninit = 300
and amplitude 0.5 is used for the estimation of the initial model G. An input is
designed based on G using (4.1) with Nopt = 500. This strategy is compared with
the approach using a single set of PRBS data of length 800, i.e. the data lengths
are equalized. The signal power of the PRBS is set to 6 times that of the two-stage
suboptimal input in each Monte-Carlo run. One realization of the input sequences
for both strategies are plotted versus time in Fig. 4.11. For 1000 Monte-Carlo
simulations, 92.3% of the obtained models from the two-step procedure passed
the constraint ‖∆‖∞ ≤ 0.1. The corresponding figure for the PRBS approach was
91.8%. Thus the input excitation for the PRBS approach needs to be about 6 times
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Figure 4.7: Mechanical system application. Input power minimization. The input
power αu,opt (�) and the ratio αu,opt/αu,white (O) as functions of the bandwidth of
T .

the optimal input power to produce equally good models. We conclude that for
the given quality constraint, the excitation level of the input signal can be reduced
significantly using the illustrated suboptimal input design.

Sensitivity of the optimal design

It was illustrated in the previous section that the input design performed well even
when the true system was replaced by an estimated model. However, some caution
must be taken. In this section we will illustrate, by means of an example, that the
optimal input design method may be sensitive to the quality of the initial model.

Let us again consider the mechanical system. Assume that the true system is
unknown, but that we have a preliminary model G that deviates from the true
system Go. The magnitude plots of G and Go are shown in Fig. 4.12. Now assume
that the true system is replaced with G in the minimum input power design problem
(4.1). The resulting suboptimal input spectrum is plotted in Fig. 4.12 together with
the optimal input spectrum based on Go. The bandwidth of T is 8 rad/s.
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Figure 4.8: Mechanical system application. Input power minimization, low band-
width of T . Solid line: optimal input spectrum. Dashed line: transfer function T .
Dash-dotted line: open-loop system.

We see from Fig. 4.12 that the input spectral power is differently distributed for
the suboptimal design compared to the optimal one. However, the spectral power
is in both cases concentrated around the first resonance peak. This is completely
in line with the earlier observations where it was recognized that it is effective to
inject spectral power around the first resonance peak for high bandwidths of T .
However, an input design that concentrates the spectral power around a resonance
peak may be very vulnerable with respect to bad model estimates of this peak. The
model G is one such example. For example, out of 100 Monte-Carlo identification
experiments, only 23 of the obtained models with the suboptimal design achieve the
quality constraint ‖∆‖∞ < 0.1. Optimally it should be at least 95%. We conclude
that it is important that the initial experiment captures the resonance peaks of
importance. The reason why the suboptimal procedure in Fig. 4.11 performed well
is probably that the initial experiment with the PRBS signal excited these peaks
yielding proper initial model estimates.



46 CHAPTER 4. APPLICATIONS OF INPUT DESIGN

10
3

10
 2

10
 1

10
0

10
1

 120

 100

 80

 60

 40

 20

0

20

40

m
a
g
n
itu

d
e
 (

d
B

)

frequency  (rad/sec)

-

-

-

-

-

-

- - -

Figure 4.9: Mechanical system application. Input power minimization, high band-
width of T . Solid line: optimal input spectrum. Dashed line: transfer function T .
Dash-dotted line: open-loop system.

Minimum output power

In the previous discussion we saw that minimizing the input power typically lead
to excitation of the resonant modes. We saw that one possibility to avoid this
is to introduce frequency by frequency constraints βu(ω) and βy(ω) on the input
and output spectra respectively. However, now we will instead consider the output
power minimization problem (4.2) with the upper bound on the input power αu =
0.6. Here T is a discretization of T̃2 with low bandwidth (1.6 rad/s). There are no
frequency by frequency bounds on the spectra. The resulting spectrum is shown in
Fig. 4.13. The difference compared to the input power minimization is that now
the input spectral power is not allocated at the resonance peaks, but instead at
frequencies near the peaks. The intuitive explanation is that input with frequency
content equal to the the resonance peaks is amplified by the resonant mechanical
system and hence the "cost" in the output spectrum is high for those frequencies.
The input power constraint is active, i.e. the power of the input spectrum equals
αu. The resonance frequencies in Φu increase with αu while the the spectral power
allocated at other frequencies is almost unchanged. Also here, the design is sensitive
to the model parameters used for the input design.
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Figure 4.10: Mechanical system application. Input power minimization, high band-
width of T . Thick solid line: optimal input spectrum. Dashed line: transfer function
T . Dash-dotted line: open-loop system. Thin solid line: upper bound on Φu.

For a white input spectrum, the maximum input power must increase to αu =
0.9 in order for (4.2) to have a feasible solution. This implies that the input exci-
tation increases with factor 1.5.

4.5 Conclusions

In this chapter possible benefits with optimal input design in identification have
been illustrated and quantified for two applications. Optimally designed input
signals have been compared to the use of white signals. For the process control
application the optimal design was also compared to an optimal design procedure for
high order models. The results show significant benefits with optimal input design.
Either the experiment time can be shortened or the input power can be reduced.
Through Monte-Carlo simulations it is illustrated that there are advantages also in
the case where the true system is replaced by a model estimate in the design.
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Chapter 5

Integrating Robust Control

Synthesis and Input Design: H∞
State Feedback Control

This chapter is part of the wide-spread effort to connect system identification in
the PE framework and robust control theory. Models obtained from system iden-
tification experiments are uncertain due to random noise in output measurements.
One obstacle in connecting control with models generated from PE identification is
that very few control design methods are able to directly cope with the ellipsoidal
parametric uncertainty regions that are generated by such identification methods.
Here a sufficient condition for the existence of a H∞ state feedback controller, which
accomodates for ellipsoidal parametric uncertainty, for the multiple inputs single
output case is presented. This control synthesis method is then integrated with
input design.

5.1 Introduction

The contribution of this chapter is that it takes one step further in closing the
gap between system identification and robust control. Subject to investigation are
model structures which are linear in the uncertain parameters. Such model struc-
tures include systems with uncertain zero locations but known pole locations, so
called fixed denominator structures, or equivalently fixed basis function expansions,
[68], such as Laguerre and Kautz models. The assumption is that the parametric
uncertainty is ellipsoidal, c.f. (3.30). In Section 5.2 one of the main contributions is
presented. It is shown in Theorem 5.2 that the existence of a solution to a certain
LMI implies the existence of a state feedback controller that guarantees both robust
stability and performance for this uncertainty structure. It is also shown that the
solution to this LMI can be used to find a set of robust controllers. The result
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extends the sufficiency part of the state feedback H∞ problem for time-discrete
systems (see e.g. [83]) to systems with ellipsoidal parametric uncertainty.

In the second main contribution in this chapter, presented in Section 5.3, the
above control synthesis method is linked to system identification. The problem
considered is to design a suitable input signal for the identification experiment such
that the above state feedback synthesis method is able to guarantee given perfor-
mance specifications for all models that are inside the confidence region resulting
from the identification. This means that with, e.g., 95% probability the perfor-
mance specifications will be satisfied for the true system. Using the framework for
optimal input design presented in Chapter 3, the input design problem is equivalent
to solving a convex optimization program.

5.2 Robust State Feedback Control with Ellipsoidal

Uncertainty

Problem definition

Consider the LTI system

x(t+ 1) = Ax(t) +Bu(t) +Dpw(t) (5.1)

y(t) = C(θ)x(t) +Byu(t) (5.2)

where x ∈ R
n, y ∈ R

ny , u ∈ R
nu , w ∈ R

nw , A ∈ R
n×n, C ∈ R

ny×n, B ∈ R
n×nu ,

Dp ∈ R
n×nw and By ∈ R

ny×nu . All matrices are known except C(θ), which is
linearly parametrized by a vector θ ∈ R

n which, in turn, is known to lie in the
ellipsoidal set

Uθ =
{
θ : (θ − θo)

TR(θ − θo) ≤ 1
}
. (5.3)

The quantities θo and R ∈ R
n×n which define the ellipsoid can for example orig-

inate from PE identification of θ, c.f. (3.30), a fact which we will come back to
in Section 5.3. Here the case where the system (5.1)-(5.2) is controlled by a state
feedback controller u = Kx is considered. Denote the closed-loop transfer function
from the disturbance w to the output y by

T (q, θ) = (C(θ) +ByK)(qI −A−BK)−1Dp. (5.4)

The ultimate objective is to characterize all feedback gains K for which

‖T (θ)‖∞ < γ, ∀θ ∈ Uθ (5.5)

A partial answer will be provided in this chapter in that an LMI which provides a
sufficient condition for the existence of such gains will be derived. The condition
can be used for control design.
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State feedback H∞ control

The main result in this chapter is based on the following LMI characterization of
the state feedback H∞ problem when θ is known1.

Theorem 5.1 (Theorem 7.3.1 in [83]). Assume that

BT
y [C By] = [0 I] (5.6)

and that the state variables x are measurable without noise. Then the following
statements (i), (ii) and (iii) are equivalent.

(i) There exists a (static) feedback controller u = Kx which stabilizes the system
and yields ||T ||∞ < γ, where γ > 0 is a scalar.

(ii) There exists a matrix X ∈ R
n×n, X > 0 such that

X > DpD
T
p (5.7)

(
X −AXAT −DpD

T
p + γ2BBT AXCT

CXAT γ2I − CXCT

)

> 0. (5.8)

(iii) Now define Y ≡ γ2X−1. There exists a matrix Q̃ > 0 such that the Riccati
equation

Y = ATY A−ATY E(ETY E + J)−1ETY A+ CTC + Q̃ (5.9)

has a solution satisfying Y > 0 and

||DT
p Y Dp|| < γ2, (5.10)

where

E ≡ [B Dp] , J ≡
[
Inu

0
0 −γ2Inw

]

. (5.11)

All such controllers are given by

K = −(BT P̃B + I)−1BT P̃A+ (BT P̃B + I)−
1

2LQ̃
1

2 (5.12)

where L is an arbitrary matrix such that

||L|| < 1 (5.13)

and P̃ ≡ (Y −1 − 1
γ2DpD

T
p )−1 > 0.

�

Proof: See [83]. �

1The θ dependence is omitted below as θ in this case plays no role.
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Existence of stabilizing controller

Now the equivalence between (i) and (ii) in Theorem 5.1 will be extended to the
case with parametric uncertainty in θ given by the ellipsoidal set (5.3). It is then
shown how to minimize the upper performance bound γ using convex optimization.

We will restrict attention to the case when

C = C(θ) =

(
θT

0

)

∈ R
ny×n (5.14)

This assumption effectively means that only one of the system outputs is included
in the objective. Any number of inputs can be included (through By).

Theorem 5.2. Consider the system (5.1)-(5.2) where C is given by (5.14). Fur-
ther, assume that the conditions in Theorem 5.1 hold. Then (ii) below implies (i).

(i) There exists a (static) feedback controller u = Kx which stabilizes the system
and yields ||T (θ)||∞ < γ for all θ ∈ Uθ.

(ii) There exists a matrix X ∈ R
n×n, X > 0 and τ ∈ R, τ > 0 such that

X > DpD
T
p (5.15)

and




−X + τR XAT τRθo

AX M 0
τθT

o R 0 γ2 − τ(1 − θT
o Rθo)



 > 0, (5.16)

where M = X −AXAT −DpD
T
p + γ2BBT .

�

Proof: See Appendix A. �

The minimum performance bound γ for which the sufficient condition in The-
orem 5.2 provides a positive answer to the question of an existence of a robust
controller can be obtained from the following convex program.

minimize
γ2,τ,X

γ2

subject to γ2 > 0, X −DpD
T
p > 0,

X > 0, τ > 0, and (5.16).

(5.17)

Control design

Theorem 5.2 provides a sufficient condition for the existence of a robust state feed-
back controller for ellipsoidal uncertainty. Now it will elaborated on how to com-
pute such a state feedback. The key is (iii) in Theorem 5.1. Starting with X and
τ satisfying the conditions in (ii) in Theorem 5.2, define Y ≡ γ2X−1 and

Q̃(θ) = Y −ATY A+ATY E(ETY E + J)−1ETY A− θθT . (5.18)
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Then for a particular model corresponding to the parameter vector θ, all controllers
satisfying ||T (θ)||∞ < γ are given by (5.12):

K(θ) = −(BT P̃B + I)−1BT P̃A+ (BT P̃B + I)−
1

2L(θ)Q̃
1

2 (θ) (5.19)

where all quantities that are θ-dependent are indicated. We see that the choice
L(θ) = 0 results in

K(θ) = −(BT P̃B + I)−1BT P̃A (5.20)

which is a gain matrix independent of θ and hence valid for all θ ∈ Uθ. This is
thus one solution to the robust state feedback H∞ problem. However, any valid K
for which L̃ ≡ L(θ)Q̃

1

2 (θ) is θ-independent also has the desired properties. Since
for each θ, Q̃(θ) is given by (5.18), L(θ) has to satisfy L(θ) = L̃Q̃− 1

2 (θ). But the
norm constraint (5.13) on L(θ) has to be satisfied. This leads to the following set
of controllers

{K = −(BT P̃B + I)−1BT P̃A+ (BT P̃B + I)−
1

2 L̃ : sup
θ∈Uθ

‖L̃Q̃− 1

2 (θ)‖ < 1} (5.21)

which all result in (5.5), i.e. they solve the robust state feedback H∞ problem with
ellipsoidal uncertainty.

5.3 Input Design for Robust State Feedback Control

Problem definition

Consider the system (5.1)-(5.2) and let u ∈ R. Assume that no information about
the parameters θ is available. So we would like to design a system identification
experiment in open-loop using input/output measurements to obtain an estimate
for θ and characterize the uncertainty region of the estimate. It will be assumed
that the input load disturbance w is absent in the identification experiment but
that white measurement noise is present in the measured output (which is the first
element of y(t) in (5.2)), resulting in the following LTI input/output model

y(t) = G(q, θ)u(t) + e(t) (5.22)

where the transfer function G is parametrized as

G(q, θ) = θT (qI −A)−1B (5.23)

and the white noise e has variance λo. We remark that the absence of input load
disturbances is not unrealistic. For rolling mills, e.g., this assumptions corresponds
to running the experiment without material entering the rolls.
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Input design problem

For the system (5.22) the inverse covariance matrix (3.15) becomes

P−1(θo) = P−1 =
1

2πλo

∫ π

−π

Fu(ejω)Φu(ω)F ∗
u (ejω)dω (5.24)

where Fu(ejω) = (ejωI −A)−1B. Note that P−1 is independent of the true param-
eter vector θo since (5.23) has unknown variables only in the numerator, c.f. Exam-
ple 3.2. When the model G is obtained from an identification experiment it will lie
in the uncertainty set (3.30) whose size and shape is determined by the covariance
matrix P . In fact Uθ in (3.30) corresponds to (5.3) with

R = N
P−1

χ
. (5.25)

However, in Section 5.2 the matrix R was assumed to be known. In the sequel a
new degree of freedom is opened up using P−1 as a variable in the input design
problem.

Assume that an identification experiment for (5.22) will be designed before
closing the loop with the feedback controller K. For all models in the model set
defined by (5.3), we would like the closed-loop properties given in (5.5) for a given
specification γ > 0. The objective is to find the input signal with least power
that enables us to to find a state feedback gain K (through the procedure given in
Section 5.2) such that (5.5) is fulfilled. The input design problem is formally stated
as

minimize
Φu,α

α

subject to ||T (θ)||∞ < γ, ∀θ ∈ Uθ
1
2π

∫ π

−π
Φu(ω)dω ≤ α

Φu(ω) ≥ 0, ∀ω

(5.26)

Parametrization of the quality constraint

The problem (5.26) is a non-trivial optimization problem. It will now be shown
that the problem can be written as a convex optimization program. This involves
a linear parametrization of the input spectrum, described in Section 3.5. Here
the partial correlation approach is used, which means that the input spectrum is
infinitely parametrized. However, by choosing basis functions Bk(ejω) = e−jωk

(corresponding to an FIR spectrum), P−1 depends only on a finite number of
spectrum coefficients {ck}, c.f. Example 3.2. The following lemma holds.

Lemma 5.1. Statement (ii) in Theorem 5.2 is equivalent to the following state-
ment. There exists matrices X > 0, R̃,X ∈ R

n×n and τ > 0, τ ∈ R such that

X −DpD
T
p > 0 (5.27)
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and




−X + R̃ XAT R̃θo

AX M 0

θT
o R̃ 0 γ2 − τ + θT

o R̃θo



 > 0. (5.28)

�

Proof: The proof follows by introducing

R̃ ≡ τR (5.29)

in Theorem 5.2. �

The key idea for the input design is the variable transformation from R = N P−1

χ

to R̃ according to (5.29). Define

c̃k ≡ τck, ∀k. (5.30)

We have that P−1, and with that also R, is a linear function of {ck}. This
implies that R̃ is a linear function of {c̃k}. This in turn implies that the quality
constraint in (5.26) corresponds to an LMI in X, {c̃k} and τ . Furthermore, having
τ > 0, the spectrum positivity constraint in the partial correlation approach is
equivalent to the positivity of a Toeplitz matrix,








c̃0 c̃1 . . . c̃M−1

c̃1 c̃0 . . . c̃M−2

...
...

. . .
...

c̃M−1 . . . . . . c̃0







> 0, (5.31)

c.f. (3.28), which also is an LMI in {c̃k}. Once {c̃k} and τ are determined, {ck} are
calculated as ck = c̃k/τ, ∀k. The input design will therefore be performed in the
variables {c̃k}.

Parametrization of power constraints

In Section 3.8 it was illustrated how power constraints on the input spectrum can
be formulated as finite-dimensional affine functions of the sequence {ck}. These
constraints can be transformed to hold also for {c̃k}, which the following example
illustrates.

Example 5.1. Consider the FIR spectrum in Example 3.3 with power constraint

c0 ≤ αu. (5.32)

For the sequence {c̃k} defined by (5.30) the constraint therefore becomes

αuτ − c̃0 ≥ 0. (5.33)

The smallest feasible αu can be found be a line search. �
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Numerical illustration

Consider a SISO system with

A =

(
0 0
1 0

)

, B =

(
1
0

)

, Dp =

(
1
0

)

, By = 0 (5.34)

and

C = θT =
(
θ1 θ2

)
=
(
2 1

)
. (5.35)

The sampling time is 1 second. The objective is to control the impact of the
load disturbance w on both the output y and the input u. Therefore we augment
the output with the input, resulting in new system matrices By = (0 1)

T and C
according to (5.14). This configuration satisfies (5.6). Neglecting the input load
disturbance, the system is from an identification point of view given by

y(t) = (2q−1 + q−2)u(t) + e(t) (5.36)

where the white noise e has variance λo = 1. The ultimate objective is to design a
state feedback controller such that

‖T‖∞ < γ (5.37)

where γ = 2.16. As the system parameters are unknown, an identification experi-
ment of length N = 400 will be performed and the problem is to design the input
such that (5.37) holds for the true system in closed-loop. Assume that the system
identification experiment is performed in open-loop with the no load disturbance
(w = 0) but with measurement noise. Consider only the first output. The two un-
known parameters are estimated in the experiment. With the FIR input spectrum
parametrization, P−1 depends only on the first two input spectrum coefficients c0
and c1. So even if the input spectrum is infinitely parametrized, the matrix R̃
contains a finite number of parameters. The parametrization of P−1 and the signal
power constraint together with Lemma 5.1 implies that solving (5.26) is equal to
solving the following problem.

minimize
α,c̃0,c̃1,...,c̃M−1,τ,X

α

subject to X > 0, X −DpD
T
p > 0, τ > 0,

ατ − c̃0 ≥ 0, (5.28) and (5.31).

The smallest feasible α, which is obtained by a line search, is the optimal solution
to this optimization program. The first M = 20 autocorrelations are solved for
and the input is realized as AR filtered white noise, c.f. Section 3.9. In Fig. 5.1
the optimal input spectrum is shown. We see that more energy has to be injected
at higher frequencies. In order to illustrate that the designed input fulfills the
constraint, 100 Monte-Carlo runs of the identification experiment (5.36) are shown
in Fig. 5.2 together with the designed uncertainty set Uθ. We clearly see that the
input performs well, since 95 of the 100 runs are inside Uθ.
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Figure 5.1: The optimal input spectrum.

5.4 Conclusions

In this chapter system identification is connected to robust control. A sufficient
robust stability and robust performance condition for a system with uncertain zero
locations is derived. The condition is expressed as an LMI and the solution is used
to generate a set of feedback gains for which the closed-loop system gain satisfy the
performance specifications. This robust control synthesis method is also linked to
system identification. It is shown that the problem of finding an input such that
the resulting models fulfil a certain H∞ performance criterion is equivalent to a
convex optimization program.
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Chapter 6

Input Design for MIMO Systems

So far in this thesis we have focused on SISO systems. However, most industrial
systems have multiple inputs and outputs. The topic of this chapter is input design
for MIMO systems. Control of such systems requires models that capture the
direction properties of the system discussed in Section 2.11.

6.1 Introduction

This chapter presents an open-loop input design procedure for identification of
MIMO systems. The model quality constraint is formulated as the H∞-norm of an
approximation of the weighted relative model error defined in (2.19). Section 6.2
introduces the system and modelling assumptions. In Section 6.3 the input design
problem is formulated, and in the three subsequent sections it is shown how the
input design problem can be converted to a convex optimization program. The
input spectrum parametrization is treated in Section 6.4. In Section 6.5 the con-
cept of linear fractional transformation (LFT) is introduced and this will be used in
Section 6.6, where the model quality constraint is formulated as LMI:s using a sepa-
ration of graphs theorem. The procedure is applied to a model of an ill-conditioned
heat exchanger in Section 6.7.

6.2 The MIMO System

MIMO LTI systems with output y(t) ∈ R
ny×1 and input u(t) ∈ R

nu×1 are consid-
ered. The model is parametrized by a vector θ ∈ R

n×1 and obeys the time-discrete
linear relation

y(t) = G(q, θ)u(t) +H(q, θ)e(t), (6.1)

where the system dynamics is G(q, θ) = A(q, θ)−1B(q, θ) and the noise dynamics is
H(q, θ) = C(q, θ)−1D(q, θ). Here A(q, θ), B(q, θ), C(q, θ) and D(q, θ) are matrices
of polynomials in q−1. Furthermore, A(q, θ) and C(q, θ) are diagonal ny × ny

matrices, which means that for each output signal, the denominator polynomial is

61



62 CHAPTER 6. INPUT DESIGN FOR MIMO SYSTEMS

the same for all inputs. The matrix D(q, θ) is ny × ny and B(q, θ) is ny × nu. In
(6.1), e(t) ∈ R

ny×1 is zero mean white noise with covariance E{e(t)eT (t)} = Λo.
Furthermore, the model structure (6.1) is globally identifiable.

For identification of (6.1), the PE framework is used and the one-step ahead
predictor for y(t) is computed analogously to the SISO case, see Chapter 3. It
is assumed that the model is flexible enough to capture the true system, i.e. the
modelling error is due to variance error only (S ∈ M). In this case, the inverse
covariance matrix of the identified parameter vector is asymptotically (N → ∞)
given by

P−1 = EΨ(θo)Λ
−1
o ΨT (θo), Ψ =

d

dθ
ŷ, (6.2)

see [56]. This property gives, as will be shown in Section 6.4, that P−1 is an affine
function of the input spectrum and this fact will be exploited for the input design.
When a model G(q, θ), H(q, θ) is obtained from an identification experiment it will,
as discussed in previous chapters, lie in the ellipsoidal parametric confidence region
Uθ defined by (3.30).

6.3 Input Design Problem

The problem considered is to find the input spectrum with least power such that
some given performance constraint holds for all models in Uθ. The main differ-
ence compared to previous chapters is that here the input spectrum is a nu × nu-
dimensional matrix and that the different input channels might be correlated. The
definitions of the spectrum remain unchanged, c.f. Sections 2.1 and 3.5. As-
sume that the model quality constraint is formulated in terms of a functional
Q(f(G(q, θ))) ≡ Q(q, θ). The input design problem considered in this chapter
is stated formally as

minimize
Φu,α

α

subject to Tr
(

1
2π

∫ π

−π
Φu(ω)dω

)

≤ α

Φu(ω) ≥ 0, ∀ω

‖Q(θ)‖∞ < γ, ∀θ ∈ Uθ.

(6.3)

Remark 6.1. In (6.3) more constraints could be added, provided that they can be
formulated as LMI:s in P−1. �

In the following three sections, the input design problem (6.3) will be reformu-
lated as a convex optimization program. One of the key tools will be the framework
for optimal input design presented in Chapter 3.
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6.4 Parametrization of the Input Spectrum

The input spectrum is parametrized using the partial correlation approach. In order
to obtain a finite parametrization of P−1, the basis functions have the structure
given by (3.26). This will be illustrated in Section 6.7.

With the parametrization, the positivity and power constraints on Φu become
finite affine constraints in the input spectrum matrices {ck}, c.f. Sections 3.5 and
3.8 respectively.

Once the optimal {ck} have been determined via LMI optimization, the whole
input spectrum can be realized as AR filtered white noise using a methodology in-
volving the resolution of the Yule-Walker equations for MIMO systems [86], c.f. Sec-
tion 3.9.

6.5 Linear Fractional Transformation

To formulate the model quality constraint ‖Q(θ)‖∞ < γ to an LMI, we will have
to introduce LFT:s, see e.g. [103]. Consider a model of a plant with 2 inputs and
2 outputs,

G(q, θ) =
1

1 + ZT
Dθ

(
ZT

1 θ ZT
2 θ

ZT
3 θ ZT

4 θ

)

, H(q, θ) =
1

1 + ZT
Dθ

I2, (6.4)

which is on the standard form (6.1) with

ZD =
(
q−1 0 0 0 0

)T
(6.5)

Z1 =
(
0 q−1 0 0 0

)T
(6.6)

Z2 =
(
0 0 q−1 0 0

)T
(6.7)

Z3 =
(
0 0 0 q−1 0

)T
(6.8)

Z4 =
(
0 0 0 0 q−1

)T
. (6.9)

The model G(q, θ) can written as an LFT of θ,

G(θ) =

(
ZT

1 ZT
2

ZT
3 ZT

4

)(
θ 0
0 θ

)[

I −
(
−ZT

D 0
0 −ZT

D

)(
θ 0
0 θ

)]−1

, (6.10)

depicted in Fig. 6.1.

6.6 Parametrization of the Performance Constraint

The quality constraint on the estimated model should reflect the intended model
application, for example control design. In previous chapters different control rele-
vant model quality constraints have been discussed. In this chapter the constraint
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Figure 6.1: LFT representation of G(θ).

is expressed in terms of the H∞-norm of Q(θ) and in this section it is shown that
the constraint ‖Q(θ)‖∞ < γ, ∀θ ∈ Uθ, can be expressed as an affine constraint
of P−1. In order to do this, we will have to restrict our attention to functions
Q(q, θ) ∈ RH

ny,Q×nu,Q
∞ which are LFT:s of G(q, θ). An example of such an LFT,

which will be used for the numerical illustration in this chapter, is

Q(q, θ) = (Go(q) −G(q, θ))Go(q)
−1T (q). (6.11)

This expression is an approximation of the weighted relative error defined by (2.19),
the H∞-norm of which has been considered as a relevant criteria for closed-loop
performance and stability, c.f. Section 2.4.

Let us first perform the following normalization which will simplify the reason-
ing. Introduce θ̃ = θ − θo and ñ = min(nu,Q, ny,Q). The uncertainty set (3.30)
becomes then

Uθ̃ =
{

θ̃ : θ̃TRθ̃ ≤ 1
}

, (6.12)

where R ≡ NP−1

χ
. Now since the performance Q(θ) is assumed to be an LFT of

G(θ) and G(θ) is itself an LFT in θ (and thus in θ̃), we have that Q(θ) is an LFT
in θ̃. Consequently, for some matrix of transfer functions

M(ejω) =

(
M11(e

jω) M12(e
jω)

M21(e
jω) M22(e

jω)

)

∈ C(ñ+ny,Q)×(nñ+nu,Q) (6.13)
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that can easily be deduced, Q(θ̃)
γ

can be written as follows:

Q(θ̃)

γ
= M22 +M21Θ̃(I −M11Θ̃)−1M12, (6.14)

where

Θ̃ ≡








θ̃ 0 . . . 0

0 θ̃ . . . 0
...

. . .
0 . . . θ̃








∈ R
(ñn)×ñ. (6.15)

This LFT can also be represented in a block diagram as shown in Fig. 6.2. In
this figure, Q(θ̃)

γ
is the transfer function between ũ2 and ỹ2.

PSfrag replacements Θ̃

M

ũ1

ũ2

ỹ1

ỹ2

Figure 6.2: LFT representation of Q(θ̃)
γ

.

The following lemma shows that the constraint ‖Q(θ̃)‖∞ < γ, ∀θ̃ ∈ Uθ̃, can be
expressed in terms of internal stability of the LFT in Fig. 6.3.

Lemma 6.1. Consider the LFT (6.14) represented in Fig. 6.2 with M a stable
matrix of transfer functions and Θ̃ as defined in (6.15). Then, ‖Q(θ̃)‖∞ < γ,∀θ̃ ∈
Uθ̃ if and only if the system [M Munc] with Munc as defined in Fig. 6.3 is stable

∀θ̃ ∈ Uθ̃ and ∀F ∈ RH∞, ‖F‖∞ ≤ 1. �

Proof: See [103]. �

The LFT representation was introduced in order to apply a separation of graphs
theorem, which now will be stated.

Theorem 6.1 (Separation of graphs). Suppose that the assumptions in Lemma 6.1
hold and consider Fig. 6.3. Then ‖Q(θ̃)‖∞ < γ, ∀θ̃ ∈ Uθ̃ if and only if there exists
A(ω) = A∗(ω) such that the following two inequalities hold,
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Figure 6.3: Rewritten LFT representation for Q(θ̃)
γ

.

(
I

Munc(e
jω)

)∗

A(ω)

(
I

Munc(e
jω)

)

≥ 0, ∀ω ∈ [0, 2π] , ∀θ̃ ∈ Uθ̃, ∀‖F‖∞ < 1,

(6.16)

and
(
M(ejω)

I

)∗

A(ω)

(
M(ejω)

I

)

< 0, ∀ω ∈ [0, 2π] . (6.17)

�

Proof: Lemma 6.1 provides the equivalence between ‖Q(θ̃)‖∞ < γ and stability
of the diagram in Fig. 6.3. The remainder of the proof is then given by [80] (and
[26]). �

In the following lemma, some structure for A(ω) in Theorem 6.1 is introduced.

Lemma 6.2. Suppose that the assumptions of Theorem 6.1 hold. Then ‖Q(θ̃)‖∞ <
γ, ∀θ̃ ∈ Uθ̃ if there is a matrix S(ω) ∈ R

ñ×ñ, S(ω) = ST (ω) > 0, ∀ω and a scalar
τ(ω) > 0, ∀ω such that

M∗(ejω)A1(ω)M(ejω) +M∗(ejω)V (ω) + V ∗(ω)M(ejω) −A2(ω) < 0, ∀ω ∈ [0, 2π]
(6.18)

where

A1(ω) =

(
S(ω) 0

0 τ(ω)Iny,Q

)

, (6.19)

A2(ω) =

(
S(ω) ⊗R 0

0 τ(ω)Inu,Q

)

, (6.20)
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V (ω) =











jpT
11(ω) jpT

12(ω) . . . jpT
1ñ(ω) 0

jpT
12(ω) jpT

22(ω) . . . jpT
2ñ(ω) 0

...
...

. . .
...

...

jpT
1ñ(ω) . . . . . . jpT

ññ(ω)
...

0 . . . . . . . . . 0











+

+











0 p̃T
12(ω) . . . p̃T

1ñ(ω) 0
−p̃T

12(ω) 0 . . . p̃T
2ñ(ω) 0

...
. . .

. . .
...

...

−p̃T
1ñ(ω) . . . . . . 0

...
0 . . . . . . . . . 0











, (6.21)

plm(ω), p̃lm(ω) ∈ R
n×1 (6.22)

and ⊗ denotes the Kronecker product. �

Proof: The LMI (6.18) is obtained by introducing a special structure for A(ω)
in Theorem 6.1 such that (6.16) holds. It is easily seen that the choice

A(ω) =

(
A1(ω) V
V ∗ −A2(ω)

)

(6.23)

satisfies (6.16) ∀θ̃ ∈ Uθ̃, ∀‖F‖∞ < 1. By simply inserting (6.23) in (6.17) we obtain
(6.18). �

Remark 6.2. The LMI (6.18) is a function of frequency. In the optimization
program a frequency grid is introduced and (6.18) is solved at each frequency. �

In the input design problem, R is an unknown variable to be solved for. Note
that condition (6.18) is not linear in R since that would require S(ω) to be a fix
matrix. Therefore the structure on A(ω) in Lemma 6.2 is further constrained for
the input design problem. In Section 6.7, S(ω) = I, ∀ω is used. The structure on
A(ω) implies that the solution to the input design problem becomes conservative
and this issue is discussed further in Section 6.7.

One approach to handle the conservatism could be the following iterative proce-
dure inspired by the so called D-K Iterations [103]. The idea is to iteratively search
for an input spectrum with less power, i.e. with a smaller matrix R. In a first step,
the matrix S(ω) is fixed as proposed above and (6.18) is solved for R and τ(ω).
Denote Ropt the optimal covariance matrix obtained in this first step. In a second
step, a line search will be performed over a parameter λ < 1 to obtain the smaller
value of λ for which there still exist S(ω) and τ(ω) such that (6.18) is fulfilled with
R = λRopt. Denote Sopt(ω) the value for S(ω) found with this smallest λ and let
us go back to the first step where S(ω) is now fixed to Sopt(ω) etc.
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6.7 Numerical Illustration

The input design problem (6.3) will now be solved for a plant that can be modelled
by (6.4). It is a slightly modified discretized version of a heat exchanger in [38] with
sampling time 40 seconds. This process is ill-conditioned, i.e. the directionality is
strong. The output signals are the outlet temperatures and the inputs are the inlet
flow rates. The true system is described by

θo =
(
−0.6703 0.6178 −0.5885 0.5885 −0.6178

)T
. (6.24)

Assume that the white noise on each output channel is independent and has variance
λo = 0.2. The weight function T appearing in the quality measure (6.11) has
diagonal structure. A singular value plot of the true system Go and T is shown in
Fig. 6.4.
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Figure 6.4: Singular value plot. Solid line: the true system Go. Dashed line: the
weight function T .

The input spectrum parametrization used is (3.26) with L(ejω) = |1+θ0,1e
−jω|2.

With this parametrization both P−1 and Tr
(

1
2π

∫ π

−π
Φudω

)

can be written as affine

functions of c0 and c1, uniquely. The matrix P−1 is computed using (6.2) and the
number of data samples is N = 1000. The parameter χ is specified so that the
estimates are in the uncertainty set with 95% probability and the performance
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bound used is γ = 0.1. The designed input spectrum is plotted in Fig. 6.5. The
high-gain direction of the input spectrum is parallel to the low-gain direction of the
plant for all frequencies. This supports the results in both [37] and [16], where it is
suggested that the input should perturb the low-gain direction in order to obtain
a good model for control.
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Figure 6.5: Singular values for the optimal input spectrum.

Having applied the designed input spectrum to the true system, a model is
identified and its covariance matrix is estimated. Based on this covariance matrix,
the uncertainty ellipsoid is constructed. The largest value of ‖Q(θ)‖∞ within this
ellipsoid is is equal to 0.1. As was expected, the performance constraint is thus re-
spected. This result could make us conclude that there is no conservatism. However,
we can nevertheless not be sure that the designed spectrum is the cheapest possible
to ensure that the identified ellipsoid entirely lies in the set {θ : ‖Q(θ)‖∞ < γ}.
To illustrate this, in Fig. 6.6, level curves of ‖(Go −G(θ))G−1

o T‖∞ are plotted with
the confidence region in the plane θ1 − θ2. Based on this figure, we can conclude
that it is perhaps possible to identify with a smaller input power and still meet the
performance constraint. Indeed, the identified ellipsoid in Fig. 6.6 does not seem
the largest possible within {θ : ‖Q(θ)‖∞ < γ}, at least not in the θ1 − θ2 plane.
This (possible) conservatism is due to the fact that (6.18) is only a sufficient condi-
tion with the matrix S fixed and could be e.g. reduced with the iterative procedure
suggested in Section 6.6. On the other hand the uncertainty ellipsoid in Fig. 6.6
can not be rotated arbitrarily because of the positivity constraint of the Toeplitz
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matrix (3.28), which guarantees that Φu(ω) ≥ 0,∀ω.
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Figure 6.6: Solid lines: level curves for ‖(Go −G(θ))G−1
o T‖∞ in the θ1 − θ2-plane.

Dashed line: the uncertainty ellipsoid. The design constraint is γ = 0.1.

As in Chapter 4, the designed input is now compared to a white input in terms
of experiment length N . For the white input, the two signal components are inde-
pendent, and for such a spectrum the parametrization obey

c0 =

(
c0,11 0

0 c0,22

)

, ck = 0 if k 6= 0. (6.25)

For comparison, the variance of the white input signal is tuned so that it has the
same power as the optimal. In order to achieve the same value for the objective
function α in (6.3) for the white input and the designed input, the experiment
length for the white input increases to N = 1912. Thus, with a white input signal
of 1921 samples we have the same model quality as with a designed input of 1000
samples. This means that if a white input is used, 21 hours must be spent collecting
the data compared to 11 hours for the designed input.

The input design depends on the true system itself. This contradiction can be
handled as in Chapter 4, where a two-step adaptive procedure was used. In the
first step, an initial model is estimated. In the second step a suboptimal input,
designed based on the model estimated in the first step, is applied to the system.
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6.8 Conclusions

This chapter presents a procedure for optimal input design for MIMO systems
where variance errors are the only concern. The procedure handles both H2 and
H∞ constraints. By a linear parametrization of the input spectrum, the input
design problem is formulated as a convex optimization program. The procedure is
applied to a heat exchanger and the objective is to identify a good model for control
with least input power. The result shows that the low-gain direction of the plant
is amplified the most by the input spectrum. The designed input is compared to
a white input signal and the result shows that experiment time is saved using the
proposed method.





Chapter 7

Gain Estimation for Stability

Validation

The topic of this chapter is model validation. This means that we have constructed
a linear model of a (perhaps nonlinear) system. The validation problem is now
to validate whether unmodelled dynamics will cause closed-loop instability. The
critical issue when validating stability is to obtain an accurate estimate of the
gain of the nonlinearity and the problem boils down to designing the input that
maximizes the gain. In this chapter approaches to input design for gain estimation
of nonlinear systems are presented.

7.1 Introduction

The L2-gain for a system with input u(t) and output y(t) is defined by (2.27) and
(2.28). The critical issue is to find the input signal that maximizes the gain of the
system. For linear systems, the maximizing input is a sinusoid corresponding to the
maximum gain of the system and the problem therefore simplifies to finding this
frequency. For nonlinear systems, however, this might not be the case. From (2.27)
it is clear that an estimate which is a lower bound for the gain will be obtained by
computing the ratio ‖y‖/‖u‖ for any input u. However, it is not at all clear what
input should be used in order to get an estimate close to the actual gain.

The gain estimation problem can be formally posed as the optimization problem

max
u∈U

∫∞

0
y2(t)dt

∫∞

0
u2(t)dt

subject to

ẋ(t) = hx(x(t), u(t)), x(0) = x0 (7.1)

y(t) = hy(x(t), u(t))

U = {u :

∫ ∞

0

u2(t)dt ≤ C, C <∞}.

73
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Note that for nonlinear systems the gain may be dependent on C. The problem
(7.1) is hard to solve even if the system dynamics is known. In general the true
dynamics ẋ(t) = hx(x(t), u(t)) is not known, which of course makes the problem
even more complicated.

The gain estimation problem can be handled with approximative procedures.
One approach to simplify (7.1) is first to identify a model of the system and use the
model for input design. We will call this approach model based gain estimation.
A suboptimal solution to (7.1) can be found by restricting the optimization to a
certain class or structure of input signals, i.e. a subset of U . One such class is
sinusoids of finite length. Another approximative procedure is to use methods that
do not require any model of the system.

The topic of Section 7.2 is gain estimation based on models. Sections 7.3 and
7.4 consider gain estimation procedures where no model of the system is required
and where few prior assumptions on the input are made. In Section 7.3 the so
called power iterations method, suggested in [33], is presented. Briefly, this method
uses the system itself in repeated experiments to generate input signals. Section 7.4
presents a method to estimate the gain for memoryless nonlinear functions without
a model of the system. The procedure exploits the particular properties of a non-
dynamic system computing the gain from each input component and resampling the
components that give the smallest individual gains. The procedures are illustrated
on a Hammerstein system in Section 7.5, and in Section 7.6 the power iteration
method is applied to an industrial application.

7.2 Model Based Gain Estimation

One way of estimating the gain of an unknown system would be to first estimate
a model of the system and then try to solve (7.1). Then (7.1) can be simplified by
relaxing the constraint u ∈ U which gives the relaxed gain estimation problem

min
u

∫ ∞

0

[
−y2(t) + λu2(t)

]
dt

subject to

ẋ(t) = hx(x(t), u(t)), x(0) = x0 (7.2)

y(t) = hy(x(t), u(t)),

where λ is tuned to satisfy
∫∞

0
u(t)dt ≤ C < ∞. For LTI systems the solution to

(7.2) is a sinusoid and in fact for such systems the problems (7.1) and (7.2) are
equivalent [64]. To the author’s knowledge, there is today no result that quantifies
the duality gap resulting from this relaxation for linear time-variant and nonlinear
systems. For LTI systems, the solution to (7.2) is the static state feedback u(t) =
Kx(t) and the poles of the closed-loop system are close to the imaginary axis
corresponding to the maximizing frequency. The sinusoidal input signal has not
finite energy and has to be truncated to formally solve the optimization problem.
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Thus, for LTI models we have a knowledge of the structure of the input. If
a model of the system is available this knowledge can be exploited in order to
restrict the search for the optimal input to a subset of U . In the LTI case this
subset is sinusoidal signals, which means that the only parameter to optimize is the
frequency. We will look more closely at this approach in Section 7.5.

Let us now consider a linear but time-periodic system. There exists a rather
complete optimal control theory for such systems, see [4, 90].

Example 7.1. The objective is to find an approximative solution to (7.1) for a
system corresponding to a continuous time second order linear time-periodic system,
see [74],

ẋ(t) = A(t)x(t) +Bu(t) (7.3)

y(t) = Cx(t) (7.4)

where

A(t) =

(
0 1

−(1 − 2β cosωpt) −2ζ

)

, (7.5)

B =

(
0
1

)

, C =
(
1 1

)
(7.6)

and ωp = 2, ζ = 0.2, β = 0.2, by solving (7.2). For this example the state feedback
is time-variant, u(t) = K(t)x(t). The feedback is obtained by numerically solving
a Riccati-equation and the result is that the optimal solution is a sinusoid with
frequency 1 rad/s. For comparison the gain has also been estimated using a method
to be introduced in Section 7.3 (the power iterations method). That method gives
the same solution as (7.2). �

7.3 Gain Estimation with Power Iterations

In the procedure described in the previous section a model of the system was avail-
able. Let us now instead consider a gain estimation method that requires no model
and no particular structure of the input. The method subject to investigation is the
power iterations where iterative experiments on the system are used to obtain a gain
estimate. The iterations produce monotonically increasing gain estimates for LTI
systems and the convergence point can be made arbitrarily close to the system gain
by using long enough experiments. The method is inspired by linear systems and
for such systems, it can be proved that the input converges to the maximizing input
signal, i.e. a sinusoid corresponding to the maximizing frequency. However, in [33]
it is illustrated, by way of a simulation example, that power iterations may also be
useful for certain nonlinear systems. One such system is provided in Example 7.3.

The method is called power iterations due to its close connection with the power
method, used in linear algebra to iteratively compute an approximation of the
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largest eigenvalue of a symmetric matrix. The power method appears in many
standard books on matrix analysis, see e.g. [27]. Now the method is described for
the linear case.

The L2-gain of finite data time-discrete LTI systems

Consider the LTI system (2.1). In practical experiments, the input and output to
the system are always sequences of finite length, in this thesis denoted uN and yN

respectively, where

uN =
(
u(1) u(2) . . . u(N)

)T
(7.7)

yN =
(
y(1) y(2) . . . y(N)

)T
. (7.8)

In matrix representation the relation between the finite input and the output there-
fore is

yN = GuN (7.9)

where

G =










0 0 0 . . . 0
g1 0 0 . . . 0
g2 g1 0 . . . 0
...

. . .
. . .

. . .
...

gN−1 . . . g2 g1 0










(7.10)

Now we would like to obtain an estimate of the L2-gain of the system (2.1). An
input sequence of finite length gives an underestimation of the gain since it holds
that

‖y‖
‖u‖ ≥ ‖yN‖

‖uN‖ (7.11)

Thus for the system (2.1) with a finite input sequence of length N a lower bound
for the L2-gain can be calculated according to

max
uN

‖yN‖
‖uN‖ = σ(G) =

√

λmax(G∗G) (7.12)

Here σ denotes the maximum singular value and λmax the eigenvalue of largest
modulus. Therefore what we now would like to calculate is the largest eigenvalue
of the matrix G∗G and the corresponding eigenvector, which is the input sequence
that maximizes the gain calculated in (7.12). A procedure to estimate the largest
eigenvector is the power method, which will now be described.
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The power method

The objective of the power method is to estimate the largest eigenvalue of G∗G.
Therefore define the symmetric matrix

AG = G∗G (7.13)

and let λmax be the eigenvalue of AG with largest modulus and vmax its corre-
sponding eigenvector with length 1. The power method can be used to find an
estimate of vmax and λmax in the following way. Starting with vector v0, calculate
vk+1 = AGvk/‖AGvk‖ for k = 0, 1, 2, .... The iterations converge to vmax and an
approximation of the largest eigenvalue is λmax ≈ vT

k AGvk. For convergence the
initial vector v0 must have a component in the direction of vmax. A white input
sequence is chosen as initial vector in order to ensure this property.

The power iterations

The power iterations method is a practical implementation of the power method.
Consider a system with input u(t) and output y(t). The power iteration algorithm
is as follows:

(1) Let k = 0 and select an arbitrary input sequence
{
uk

}N

t=1
with ‖uk‖ = η.

(2) Perform experiments where the input sequence uk(t) is applied to the system
and the output yk(t) is measured.

(3) Calculate the gain β̂ = ‖yk‖/η.

(4) Let uk+1(t) = yk(−t)/β̂.

(5) Let k = k + 1 and go to Step 2.

The reversal of time in Step 3 is a mere technicality that has to do with mul-
tiplying with the adjoint matrix, compare with Equation (7.13). In particular,
nonlinear systems have the property that the gain may be dependent on the norm
of the input signal. Therefore, in Step 1 different norms η may give rise to more or
less accurate gain estimates and it is often a good idea to try several values of η.
Here, as an illustration of the method, a linear example is first presented.

Example 7.2. Consider a linear system with magnitude plot shown in Fig. 7.1.
We see that the maximum gain occurs at ω ≈ 1 rad/s. As initial input, a

white noise sequence of length N = 200 and variance 1 is applied. Then, 10 power
iterations are performed. The gain estimate versus iteration number is shown in
Fig. 7.2. We see that the gain increases monotonically to a lower bound for the
true gain of the system. The gap to the true gain can be made arbitrarily small by
increasing the experiment time suitably.

The output in the last iteration is shown in Fig. 7.3. Clearly, this is approxi-
mately a sinusoid with frequency around ω = 1 rad/s.
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Figure 7.1: Example 7.2. Magnitude plot of the frequency response.

Now consider the case where a white disturbance with variance 2 is added to
the output, which means that the signal to noise ratio is below one. In Fig. 7.4 the
gain versus iteration number is plotted. The output in the last iteration as well as
the disturbance is plotted in Fig. 7.5. We see that despite the disturbance, the gain
converges to the lower bound for the true gain of the system.

�

For nonlinear systems there is at present no theoretical support for power iter-
ations. They produce, of course, lower bounds to the induced gain but nothing is
known about their accuracy. An interesting observation is that if the iterations do
not converge to a sinusoid, the system must be nonlinear. Here, a simulation exam-
ple that encourages the use of power iterations for nonlinear system is presented.

Example 7.3. Consider the nonlinear continuous-time system with input u and
output y defined by

y = ∆ν(u) ⇔
{ ż = y, z(0) = 0
y = ν(u− z),

(7.14)
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Figure 7.2: Example 7.2. Solid line: the gain versus power iteration number.
Dashed line: the true gain of the system.

where ν(x) is defined by

ν(x) =
{ x− sign(x), |x| > 1

0, |x| ≤ 1.
(7.15)

The system is depicted in Fig. 7.6. The L2-gain from input to output is less or equal
to 1 [42]. A white signal of length N = 500 and with variance 1 is applied as the
initial input. Then, 35 power iterations are performed. The gain estimate versus
iteration number is shown in Fig. 7.7. We see that the gain increases monotonically
to a lower bound for the true gain of the system.

The output in the last iteration is shown in Fig. 7.8. Clearly, this is neither a
sinusoid nor a white signal. �

An extension to the power iterations method is to allow the signal norm η to
vary from one iteration to the other. Basically, Steps 2 and 3 in the power iterations
algorithm are modified. In Step 2 input signals with different norms are applied
to the system and in Step 3 the resulting gains are computed and compared. The
input signal that gives the highest gain is chosen. The modifications are:

(2) Perform experiments where the m+2 input sequences uk, a0uk, a1uk, ..., amuk

are applied to the system. The coefficients {ai}m
i=0 are scalars. The m+2 out-
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Figure 7.3: Example 7.2. The output after 10 power iterations versus time.

put sequences yk,uk
(corresponding to the input uk), yk,a0uk

(corresponding
to the input a0uk), etc., are measured.

(3) Calculate the gains

β̄ =

(‖yk‖
η

,
‖yk,a0uk

‖
‖a0‖η

, ...,
‖yk,amuk

‖
‖am‖η

)

. (7.16)

Let β̂ = maxi β̄i.

Step 3 means that a new degree of freedom, namely the input signal norm, is intro-
duced. The approach will be illustrated on a Hammerstein system in Section 7.5.

7.4 Gain Estimation Based on Resampling

Since the power iterations method originally was inspired by linear systems, it
does not exploit any particular nonlinear properties of a system. In this section,
a procedure for gain estimation based on resampling is presented. The method is
intended for memoryless nonlinearities and it can be applied to an unknown system
without first estimating a model. The idea behind this new approach is to use an
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Figure 7.4: Example 7.2. Solid line: the gain versus power iteration number in case
of an output disturbance. Dashed line: the true gain of the system.

iterative method where the components in the input signal that give the smallest
contributions to the gain estimate are replaced with new, more or less randomly
chosen signal components. This resampling procedure guarantees that the method
will exploit the amplitude dependency of the nonlinearity, since an input component
corresponding to a small gain of the true system will have a higher probability of
being replaced, also if the output signal is corrupted by noise. The number of
components replaced decreases for each iteration. The algorithm is as follows:

(1) Let k = 0 and select a random input sequence
{
uk

}N

t=1
.

(2) Perform an experiment where the input sequence uk is applied to a system
ϕ(uk). The output yk is measured.

(3) Calculate the gain β̂ = ‖yk‖/‖uk‖.

(4) Calculate the component wise gain αk = yk./uk.

(5) Replace the components of
{
uk

}N

t=1
corresponding to the r(k) smallest com-

ponents of αk by a random sequence.

(6) Let k = k + 1 and go to Step 2.
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Figure 7.5: Example 7.2. Solid line: the output in case of an output disturbance
after 10 power iterations versus time. Dotted line: the output disturbance.

Here, it is assumed that the maximum gain is attained when u(t) and ϕ(u(t)) have
equal signs, but the method can easily be adjusted to the general case. In Step
5, the function r(k) is a decreasing function. In the next section, the method is
applied to Hammerstein systems and there

r(k) =

⌊
N

2 log(log(k + 1) + 1)

⌋

(7.17)

is used. The new signal components are taken from a white, Gaussian process with
zero mean.

7.5 Gain Estimation of Hammerstein Systems

In this section the gain estimation approaches previously described in this chapter
are applied to Hammerstein systems, i.e. linear systems with a static nonlinearity at
the input, see Fig. 7.9. Much work has been done on identification of Hammerstein
systems, see e.g. [1, 17]. Here the focus is on estimating the gain.
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Figure 7.6: Example 7.3. The nonlinear system.

Model based gain estimation with sinusoidal inputs

For the Hammerstein system, the method of describing functions, see [46], motivates
the search for maximizing input within the class of sinusoids with amplitude C and
frequency ω,

u(t) = C sin(ωt). (7.18)

Denote the describing function of the static nonlinearity ϕ(·) by

Yϕ(C) =
Aϕ(C)eiφ(C)

C
. (7.19)

Hence, |Yϕ(C)| = Aϕ(C)/C, which is frequency independent, is the ratio of the
amplitudes after and before the nonlinearity. The amplitude C that maximizes
|Yϕ(C)| is obtained by simply differentiating |Yϕ(C)| and putting the derivative
equal to zero.

The describing function approach is based on Fourier series expansions. If Go

is low pass it will damp overtones and the input u(t) = C sin(ωt) results approxi-
mately in the output y(t) = Aϕ(C)|Go(iω)| sin(ωt + φ(C) + ψ(ω)). In words, the
approximation is that the sinusoidal input results in a sinusoidal output with same
frequency, but with different amplitude and phase.

The input signal has the prior structure given by (7.18), and the variables that
we will search for are the amplitude C and the frequency ω. The linear system
decides the frequency and the nonlinearity decides the amplitude. The frequency
corresponds to supω

∣
∣Go(jω)

∣
∣ and the amplitude to supC |Y (C)|. The class of inputs

U in the gain estimation problem (7.1) is now restricted to sinusoids, and the
procedure therefore gives a lower bound of the L2-gain [91].

Since a model of the complete system is needed in this approach, it cannot be
applied directly to a completely unknown system. Instead, this gain estimator can
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Figure 7.7: Example 7.3. Solid line: the gain versus power iteration number.
Dashed line: the true gain of the system.

be a useful tool when a model of a Hammerstein system is analyzed. If both the
nonlinearity and the linear part are known, it is easy to calculate an upper bound on
the gain as the product of the gain β1 of ϕ and the gain β2 of Go. However, for Go,
the maximum gain is attained for a sinusoidal input while for ϕ, the maximum gain
is attained for a signal with a fixed amplitude, e.g. a random binary signal. Hence,
there is no guarantee that the upper bound β1β2 will be close to the true gain of
the Hammerstein model. The describing function gain estimator can be used to
construct a lower bound on the model gain. In this way, more information about
the actual gain can be obtained. If the sinusoidal signal (7.18) with the chosen
values of C and ω is applied as input to the model, the gain estimate β̂ = ‖y‖/‖u‖
is a lower bound of the true gain.

An alternative model based approach is the use of square wave signals. The
amplitude is chosen to maximize the gain of the nonlinearity and the period time
corresponds to the maximizing frequency of the linear filter.

Example 7.4. Consider the Hammerstein system given by

Go(s) =
ω2

0

s2 + 2ξω0s+ ω2
0

, (7.20)
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Figure 7.9: Hammerstein system. The static nonlinearity is ϕ(·) and the linear
system is Go(s).

where ω0 = 10, ξ = 0.5, and the memoryless nonlinearity

ϕ(u) =







2u− 0.1u5 + 2u3, |u| ≤ 4.4271,
12.3317, u > 4.4271,
−12.3317, u < −4.4271,

(7.21)

which is illustrated in Fig. 7.10.
The describing function of (7.21) is for |C| < 4.4271

Yϕ(C) = 2 +
3C2

2
− C4

16
, (7.22)

which is maximized for C = 3.464. For the linear part we have supω |Go(jω)| =
|Go(j7)|. Applying the input signal u(t) = 3.464 sin(7t) with N = 1000 samples
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Figure 7.10: Example 7.4. Solid line: the nonlinear function (7.21). Dashed line:
upper/lower bound for the gain.

to the Hammerstein system gives the gain estimate β̂ = 12.5758. Notice however
that this estimate is based on a knowledge of the true system. The gain estimate is
sensitive to model errors in the nonlinearity, because |ϕ′′(u)| is large. For example,

if there is a 15% error in C and ω, then β̂ = 11.6806.

Since a model of the Hammerstein system is available, an upper bound for the
gain can be computed. For memoryless nonlinearities it is possible to obtain lower
and upper bounds (k1 and k2 respectively) for the gain if

ϕ(0) = 0, k1 ≤ ϕ(u)

u
≤ k2, u 6= 0, (7.23)

for some positive numbers k1 and k2. Upper and lower bounds for the gain are
shown in Fig. 7.10, and it is noted that the largest gain is 12 at u = 3.1623. For
the linear part we have |Go(j7)| = 1.15 and thus an upper bound for the gain of
the Hammerstein system is 1.15 × 12 = 13.8. Notice that this bound is possibly
conservative. Applying a square wave input with peaks ±3.1623 and period 2π/7

results in the gain β̂ = 12.4149. �

This example shows that the gain estimate is sensitive to model errors. Let us
therefore now turn to procedures where no model of the system is required.
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Gain estimation with power iterations

Example 7.5. (Example 7.4 continued) The gain of the system is estimated using
the power iterations method. In Fig. 7.11, the gain versus number of iterations is
plotted for two cases with N = 1000. In the first case, the power iterations method
has been used on the nonlinear part (7.21) of the Hammerstein system only, while
in the second case, the method has been used for the entire system. The initial input
to the iterations is uniformly distributed white noise and has the same L2-norm as
a binary input signal with amplitude 3.1623 (corresponding to the largest gain of
ϕ). We see from the plot that the gain estimate is well below the (known) upper
bound 13.8 calculated in Example 7.4 and that, in particular, the iterations perform
poorly for the nonlinearity. Also experiments with other energy contents on the
initial input signal resulted in poor gain estimates. From this example, it seems
that the power iterations method gives a poor gain estimate for systems containing
a static nonlinearity where |ϕ′′(u)| is large or varies much.
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Figure 7.11: Example 7.4. The gain versus number of power iterations. Upper plot:
only the nonlinear part (7.21) of the system. Lower plot: the entire Hammerstein
system.

In the above experiment, the input signal norm was fixed. However, a better
result is obtained by letting the input signal norm vary from one iteration to another,
c.f. Section 7.3. The result from the modified power iterations, with m = 1, a0 = 0.9
and a1 = 1.1, is plotted in Fig. 7.12. It is clear from the figure that the gain estimate
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is higher, i.e. more accurate, if the input norm is allowed to vary. This example
shows a situation where the gain in the power iterations method does not converge
monotonically to a lower bound of the true gain. However, the method is useful since
we obtain a more accurate gain estimate compared to the use fixed input norm.
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Figure 7.12: Example 7.4. The gain versus the number of iterations using the
modified power iterations method. Upper plot: only the nonlinear part (7.21) of
the system. Lower plot: the entire Hammerstein system.

�

Remark 7.1. In the above example, also the case when the initial input to ϕ(·)
is the optimal input (for example a constant or binary signal of amplitude 3.1623)
has been tested. In this case, the power iterations do not change from the initial
input signal and the gain resulting from this experiment is therefore constant 12.
An interesting observation is that when the amplitude is perturbed to 3.1623 ± ε
for some small ε, the power iterations do not change from the initial input signal
either. �

Gain estimation with the resampling method

The method based on resampling described in Section 7.4 cannot be used directly on
an unknown Hammerstein system since knowledge about the linear part is required.
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However, the method removes the necessity to model the complete nonlinear system
before estimating its gain.

From Bussgang’s theorem, see [13], it follows that the linear part of a Hammer-
stein system can be modelled without considering the nonlinearity by applying a
Gaussian input and estimating, for example, an output error model by minimizing
a quadratic cost function [56]. The output signal can be inverse filtered in order to
calculate an estimate ẑ(t) of the intermediate signal z(t) = ϕ(u(t)). If the linear
model is a good approximation of the linear part of the system, it will be possible to
explain most of the correlation between u(t) and ẑ(t) with a memoryless nonlinear
function. The gain of this function can be estimated with the resampling method.

Example 7.6. (Example 7.4 continued) The resampling method is applied to the
nonlinear part of the Hammerstein system. Fig. 7.13 shows the gain of (7.21)
versus the number of iterations for this method and it can be seen that a better
gain estimate is obtained than with the power iterations method. However, the
resampling method is not suitable for the dynamic linear part. Hence, in order to
estimate the gain of the complete system using this method, the linear subsystem
has to be modelled or identified first.
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Figure 7.13: Example 7.4. The gain versus the number of iterations using the
method based on resampling for (7.21).

�
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7.6 Industrial Application: Validation of Stability for an

Induction Machine Drive Using Power Iterations

In this section the power iterations method is used for validation of closed-loop sta-
bility properties of a nonlinear induction machine drive for rail vehicle propulsion.
The objective is to obtain an accurate estimate of the loop gain of the unmodelled
nonlinear dynamics of the drive. In [66] sinusoids were used to excite the system.
However, it is desirable to find an input which maximizes the gain for such a nonlin-
ear system. Here the gain estimate, and hence the stability validation, is improved
using inputs generated by the power iterations.

The induction machine drive

Here a summary of the description of the induction machine drive and the modelling
procedure in [66] is provided. The drive with voltage source inverter, induction
machine and RLC-network is shown in Fig. 7.14.
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Figure 7.14: Induction machine drive.

Here ud(t) is the DC-link voltage, id(t) is the DC-link current and e(t) is the
supply voltage. The signal k(t) represents the control of the converter. Further-
more, ωM denotes the mechanical rotor speed. The nonlinear relation between the
voltage and the current is modelled by

id(t) = G(q)ud(t) + vNL(t) (7.24)

where G is a linear model and vNL is the unmodelled nonlinearity. In fact, vNL is
a function of ud according to

vNL(t) = g̃(ud(t)). (7.25)

The RLC-circuit is in Laplace domain described by

Ud(s) = ZE(s)E(s) − ZDC(s)Id(s) (7.26)
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where

ZE(s) =
1

LCs2 +RCs+ 1
, (7.27)

ZDC(s) =
Ls+R

LCs2 +RCs+ 1
. (7.28)

Combining Equations (7.24)-(7.26) gives the feedback system shown in Fig. 7.15.
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Figure 7.15: Model of the induction machine drive.

As discussed in [66], the transfer function

−ZDC(q)/(1 +G(q)ZDC(q)) (7.29)

is stable and the stability of the system in Fig. 7.15 is equivalent to stability of the
system in Fig. 7.16.

The approach taken is inspired by the work in [79], on identification of the
stability of feedback systems in the presence of nonlinear distortions. Denoting the
output from the linear filter in Fig. 7.16 by w(t), we have

w(t) = − ZDC(q)

1 +G(q)ZDC(q)
vNL(t). (7.30)

If

‖w‖ ≤ β‖ud‖ + αd, (7.31)

where 0 ≤ β < 1, the small-gain theorem implies that the closed-loop system is
stable [46]. The constant αd can be used to model off-sets and external L2 signals
[57]. The goal of the power iterations is thus to get an accurate estimate for β.
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Figure 7.16: Induction machine drive: equivalent closed-loop system.

Experimental setting

The gain β in (7.31) is estimated through experiments done on an industrial
hardware-in-the-loop simulator at Bombardier Transportation, Sweden. First, si-
nusoidal inputs are used. The results are then compared to the use of the power
iterations method. An indication of the operating conditions are given by the fol-
lowing data:

DC-link capacitance C = 0.004 F
DC-link inductance L = 0.005 H
DC-link resistance R = 0.04 Ohm
Nominal DC-link voltage 1700 V
Nominal motor speed 29 Hz

The resonance frequency of the input filter is given by ω0 = 1/
√
LC and the

damping factor by ζ = R
√
C/(2

√
L). The damping factor for the system in the

example will be around 0.02 and the resonance frequency equals 35.5 Hz. The
properties of the drive depend e.g. on the motor speed and torque load. Here we
have evaluated the system at 100 different motor speeds between 5.8 and 47.85 Hz
at equidistant increments. The torque has been set to zero.

The linear transfer functions G are estimated in the frequency range 10 to 180
Hz. The model error vNL(t) is calculated in open-loop from the measured voltage
and current. The gain from ud to w is then estimated as

β̂ =
‖w‖
‖ud‖

. (7.32)

Experimental results using sinusoidal input

The objective both of the analysis in [66] and in this section is to validate if the
unmodelled nonlinearity causes instability. However, in [66] the choice of input
sequence was done with physical insight of the system rather than in a systematic
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way. By studying the magnitude plot of the linear transfer function (7.29) plotted
in Fig. 7.17 we can assume that an input signal with energy around the frequency
which corresponds to the maximum gain of the linear transfer function will give high
gain. Therefore, as a qualified estimate of the maximizing input signal, sinusoidal
signals with frequency equal to the resonance frequency were used in [66] to excite
the system.
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Figure 7.17: Induction machine drive: magnitude plot of (7.29) as a function of
motor speed. The high gain peaks around the resonance frequency of the transfer
function occur at low motor speed.

Fig. 7.18 shows the experimental results of the estimated stability gains as a
function of motor speed. The result shows that the gains are well below one. It
should be noticed that the controller of the motor has been carefully designed to
optimize stability and performance.

Experimental results using power iterations

Now a more systematic approach to estimating β will be used, namely the power
iterations method. A white initial input disturbance sequence of DC-link voltage
ud(t) with zero mean and variance 1 multiplied with amplitude 84.8 V was used.
All input sequences applied to the system have been normed so that they have the
same norm as the sinusoidal input sequence. To avoid tripping the system, the
amplitude of the input sequence was limited to 200 V. The number of iterations in
the power method for each motor speed was 19.
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Figure 7.18: Induction machine drive: estimated stability gains β̂ as a function of
motor speed for sinusoidal input.

In Fig. 7.19, the gains after zero and 19 iterations for all motor speeds are
shown. Note that the gain after zero iteration is the gain from a white noise input.
The gain is below one for all speeds and therefore the small gain theorem implies
that we have stability margin. In Fig. 7.20 the gain versus iteration number for
the motor speeds 7.5, 34 and 44 Hz are shown. We see that after a few iterations
the gain has increased and converged at speeds 34 and 44 Hz. However, for motor
speed 7.5 Hz, the gain does not change in the iterations. This is the case for all
speeds lower than 30 Hz.

We see, comparing Figs. 7.18 and 7.19, that at low motor speeds, the power
iterations give about the same maximum gain compared to the case where the
input is a single sinusoid. We also see that for low motor speeds the gain does
not change, no matter the number of iteration. This implies that the gain of the
system at these operating points is the same, whatever the choice of input. A most
likely explanation for this is that the model error vNL(t) is small in comparison
to disturbances in the system. These disturbances are e.g. due to measurement
offsets. At higher motor speeds however, the power iterations give input sequences
that result in higher gain. This in turn suggests that the model error is large in
comparison to the disturbances at high speeds.

It can be concluded that for low motor speeds, the power method does not result
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Figure 7.19: Induction machine drive: estimated stability gains β̂ calculated with
power iterations as a function of motor speed. Dash-dotted line: the gain after zero
iteration (white noise input). Solid line: the gain after 19 iterations.

in higher gain than for sinusoidal inputs. This is probably due to the dominating
stator frequent disturbances at these operating points. For high motor speeds
however, we see that the input sequences generated by the power iterations give
higher gain. These input sequences have a much broader frequency spectrum than
sinusoidal signals.

Since there is no theoretical proof that power iterations converge to the true
maximum gain for nonlinear systems and since there is an input amplitude con-
straint in the experiments described in this section, one cannot be sure that the
true maximum gain of the loop in Fig. 7.16 has been reached. However one can
conclude that at high motor speeds the power iterations result in a higher gain
than sinusoidal inputs. This implies that the power iterations method yields an
improved gain estimate.

7.7 Conclusions

In this chapter different approaches to gain estimation have been compared and
discussed. The approaches are fundamentally different in terms of structure and
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Figure 7.20: Induction machine drive: estimated stability gains β̂ versus iteration
number in the power method at different motor speeds (Hz). Dash-dotted line: 7.5
Hz. Dashed line: 34 Hz. Solid line: 44 Hz.

prior knowledge of the system. The power iterations method has the advantage that
is does not require a model of the system. The drawback is the lack of theoretical
proof for convergence for nonlinear systems. For static nonlinearities, the method
based on resampling is more suitable, since it is tailored for the static properties of
the system. The approaches were compared for Hammerstein systems. The power
iterations method was applied to an industrial induction machine drive and the
result shows that this method results in a more accurate estimate of the gain than
using just sinusoidal inputs.



Chapter 8

Summary and Future Work

This final chapter briefly summarizes our results, and outlines possible directions
for future work.

8.1 Summary

Input design problems are optimization problems

Input design problems correspond to optimal control problems. However, the prob-
lems are usually non-convex and an important focus of this thesis was to transform
the problems to convex problems that we can solve.

For linear systems, the input spectrum can be used to shape the inverse covari-
ance matrix of the parameter estimate. A number of model quality constraints
can be formulated as linear functions of this matrix. By introducing a linear
parametrization of the input spectrum the input design problem can be reformu-
lated as a convex problem.

In Chapter 4, optimal input design was illustrated on applications and the
results show significant benefits using optimized designed inputs. Either the exper-
iment time can be substantially shorted or the input power can be reduced.

The results presented in Chapter 5 are part of the wide-spread effort to connect
system identification in the PE framework and robust control theory. A sufficient
robust stability and robust performance condition for a system with uncertain zero
locations was derived. The condition takes the form of an LMI.

An input design procedure for MIMO systems was presented in Chapter 6. The
results indicate that in order to obtain a model suitable for control design, it is
optimal to inject most of the input power in the low-gain direction of the system.

In Chapter 7, gain estimation for stability validation was considered. For nonlin-
ear systems, lower bounds of the gain can be found experimentally with procedures
where the system itself generates suitable inputs. One such procedure, the power
iterations method, was used to improve the stability validation of an industrial
induction machine drive for rail vehicle propulsion.
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The input design problem depends on the system

The Achilles’ heel in input design is that the design depends on the true system
itself. To handle this problem sequential or adaptive procedures can be used, where
the design is based on a model of the system. The estimate is then improved as
more information about the system becomes available. This approach was shown
to be useful for applications in Chapter 4. For gain estimation of nonlinear systems
considered in Chapter 7, procedures that require no model of the system can be
used.

8.2 Future Work

Input Design for nonlinear systems

Approaches for obtaining suboptimal solutions to the gain estimation problem were
proposed in Chapter 7. Procedures to improve these lower bounds of the gain are
among possible subjects for future research.

In Chapter 7 the only system property which is modelled is the gain, and it
would be interesting to explore procedures for modelling other system properties.
A brief discussion on input design for nonlinear systems together with references is
given in Section 2.15.

Integration of robust control and input design

The results presented in Chapter 5 hold for systems with unknown zero locations.
Extension to systems with unknown pole locations is highly desirable.

Input design for closed-loop MIMO identification

It would be interesting to extend the results on MIMO input design presented in
Chapter 6 to closed-loop identification. In the proposed method, some assumptions
may lead to conservativeness, and it should be further investigated how conservative
the results are.

Input design in practice

Experiment design problems often depend on the true underlying system. Sec-
tion 4.4 provided a brief analysis of the sensitivity of a design based on an initial
model. It would be useful to further investigate this issue in order to design more
robust experiments.

An interesting branch in input design is the so called plant-friendly design dis-
cussed in Chapter 2. For future research, a challenge is to continue the work on
formulating industry relevant experimental settings into a mathematical framework.
This includes for example time domain constraints on the input signal. Realization
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of arbitrary signal spectra subject to time domain constraints, such as e.g. binary
valued signals, should be explored.

Another important challenge is to communicate and transfer ideas presented
in this thesis to industries where system identification is used for modelling. The
study presented in Chapter 4 can be seen as step towards demonstrating practical
benefits of optimal input design. An appealing challenge is to collect the methods
presented in this thesis in a user friendly software toolbox.

An issue for future work is to extend this analysis to the MIMO approach
presented in Chapter 6 and to illustrate possible advantages compared to standard
industrial test methods.

Computational aspects

Computational tools open up possibilities for solving the rather complex optimiza-
tion problems that arise in experiment design efficiently. For example, one possi-
bility is to use ideas from MPC to handle constraints on input and output signals.
Interesting techniques are relaxation methods, such as sum-of-squares (c.f. Sec-
tion 2.15), and the S-procedure (c.f. Theorem 5.2 in Chapter 5) as well as ideas
from semi-definite programming.

Another computational aspect concerns the Positive Real Lemma, c.f. Sec-
tion 3.5, that can be used to transform frequency wise constraints to LMI:s. A
reformulation would be useful since the existing formulations of these constraints
are computationally costly.

Under-modelling

In Section 2.6 it was reported that in some cases the optimal input is insensitive
to over and under-modelling. This is an interesting topic for future research, and
it also has strong relevance for nonlinear systems.

Identification of control relevant system properties

Input design for NMP zeros was treated in [62], and it would be interesting to
study input design for other control relevant properties, e.g. unstable poles and
time delays.
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Appendix A

Proof of Theorem 5.2

Proof: To begin with, suppose that we are able to prove that a fix matrixX satisfies
the conditions in (ii) in Theorem 5.1 for all θ ∈ U . This implies that for all θ ∈ U ,
Y = γ2X−1 is a valid positive definite solution to the Riccati equation (5.9) which
satisfies the constraint (5.10) in (iii) in Theorem 5.1. From (iii) in Theorem 5.1 it
then follows that, for each θ ∈ U , the set of controllers satisfying the performance
requirement is given by (5.12) with Y = γ2X−1. By taking L = 0 we get a state
feedback K which depends only on Y which is independent of θ, i.e. we have found
a θ-independent state feedback K which satisfies (i) in our theorem.

It will now be proven that the existence of a matrix X and scalar τ satisfying
the conditions in (ii) in the theorem is equivalent to the existence of a matrix which
satisfies the conditions in (ii) in Theorem 5.1 for all θ ∈ U . The proof will also
show that X is such a matrix.

First the inequality (5.8) is reformulated. From (5.14), we have

γ2I − C(θ)XC(θ)T =

(
γ2 − θTXθ 0

0 γ2

)

. (A.1)

as well as

AXC(θ)T =
(
AXθ 0

)
. (A.2)

Define M ≡ X −AXAT −DpD
T
p + γ2BBT . Equations (A.1)-(A.2) then give that

(5.8) can be expressed as




M AXθ 0
θTXAT γ2 − θTXθ 0

0 0 γ2



 > 0 (A.3)

which is equivalent to
(

M AXθ
θTXAT γ2 − θTXθ

)

> 0. (A.4)
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The Schur complement formula gives that (A.4) is equivalent to

M > 0 (A.5)

and

γ2 − θTXθ − θTXATM−1AXθ > 0. (A.6)

Note that (A.6) can be written as

(
θ
1

)T (−X −XATM−1AX 0
0 γ2

)(
θ
1

)

> 0. (A.7)

We thus have shown that (5.8) is equivalent to (A.5) and (A.7).
Now we consider the uncertainty region (5.3) and note that it can be written

(
θ
1

)T (−R Rθo

θT
o R 1 − θT

o Rθo

)(
θ
1

)

≥ 0. (A.8)

This means that we would like (A.7) to hold for all θ for which (A.8) holds.
Therefore, (A.7) and (A.8) will be combined using the S-procedure (see [12]) which
provides the following equivalence. Let T0, T1 ∈ R

n×n be symmetric matrices. Then
the following two conditions are equivalent:

• ζTT0ζ > 0 ∀ζ 6= 0 such that ζTT1ζ ≥ 0.

• ∃τ ∈ R, τ ≥ 0 such that T0 − τT1 > 0, provided that there is some ζ0 such that
ζT
0 T1ζ0 > 0.

For (A.8) we have that θ = θo results in a strictly positive left-hand side. Hence
the S-procedure implies that that conditions (A.7) and (A.8) are equivalent to the
conditions

τ ≥ 0 (A.9)

and
(
−X −XATM−1AX 0

0 γ2

)

− τ

(
−R Rθo

θT
o R 1 − θT

o Rθo

)

> 0. (A.10)

Of course (A.10) can be rewritten as

(
−X −XATM−1AX + τR −τRθo

−τθT
o R γ2 − τ(1 − θT

o Rθo)

)

> 0. (A.11)

The Schur complement formula gives that (A.11) is equivalent to
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γ2 − τ(1 − θT
o Rθo) > 0 (A.12)

and

−X −XATM−1AX + τR− τ2Rθoθ
T
o R

γ2 − τ(1 − θT
o Rθo)

> 0. (A.13)

Another use of the Schur complement gives that (A.13) and (A.5) are equivalent
to

(

−X + τR− τ2RθoθT
o R

γ2−τ(1−θT
o Rθo)

XAT

AX M

)

> 0. (A.14)

Note that (A.14) is linear in X but not in τ . We would like it to be linear in τ
as well. Therefore let us start by rewriting (A.14) as

(
−X + τR XAT

AX M

)

−
(

τ2RθoθT
o R

γ2−τ(1−θT
o Rθo)

0

0 0

)

> 0 (A.15)

which can be rewritten as
(
−X + τR XAT

AX M

)

−
(
τRθo

0

)

1
γ2−τ(1−θT

o Rθo)

(
τ(Rθo)

T 0
)
> 0. (A.16)

The Schur complement formula then gives that (A.16) and (A.12) are equivalent
to





−X + τR XAT τRθo

AX M 0
τθT

o R 0 γ2 − τ(1 − θT
o Rθo)



 > 0, (A.17)

which is linear in both X and τ . Note that for the condition (A.17) to hold we
cannot have τ = 0, since that would contradict the condition X > 0. Therefore
condition (A.9) changes to τ > 0. This together with (A.17) are the conditions in
(ii) and this therefore concludes the proof. �


