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Abstract

Noise is often viewed as something unfortunate and unavoidable, however with the de-
velopment of Stochastic Resonance (SR) theory it has been shown to have beneficial
effects in many non-linear systems. We have explored the SR phenomenon via numerical
simulations of two such systems. The first one is a one-dimensional Brownian particle
in a bi-stable potential and the second a simple model of a signal neuron both subject
to a periodic input signal. We have investigated the system responses for different input
signal frequencies and noise levels in order to determine both an optimal noise level and
any dependencies upon the input signal frequency.

Brus anses ofta vara någonting icke-önskvärt och oundvikligt, men med utvecklingen
av teorin om Stokastisk Resonans (SR) så har det visats att det medföra gynnsamma
effekter i många icke-linjära system. Vi har undersökt SR fenomenet via numeriska
simuleringar av två sådana system. Det första är en endimensionell Brownsk partikel
i en bi-stabil potential och den andra en enkel modell av en signal neuron som båda
utsätts för en periodisk signal. Vi har undersökt systemens respons för olika frekvenser
hos insignalen och olika värden på bruk nivån för att på så sätt bestämma en optimal
brusnivå och avgöra hur denna beror av frekvensen hos insignalen.
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Chapter 1

Introduction

Noise in a system is usually viewed as something undesirable if perhaps unavoidable.
However with the development of the Stochastic Resonance theory this view has begun
to change. Stochastic resonance (SR) is a phenomenon present in certain nonlinear
systems subject to a weak perturbation such that if some optimal level of noise is added
to the system it will boost the effect of the perturbation.

The idea was originally thought up in an attempt at explaining the periodic nature
of the earths ice ages [1]. The argument was that a low temperature climate and a
high temperature climate both represent locally stable states. The modulation of the
eccentricity of the earths orbit around the sun would result in a modulation of the solar
constant at the surface and thus a modulation of the temperature. This modulation
of the temperature in itself is insufficient to induce a transition from one stable state
into another. However internal fluctuations coupled with the nonlinear nature of the
system and the weak modulation could together induce transitions between states, with
an average periodicity matching that of the weak modulation.

While subsequent studies indicate that this is not in fact the mechanism responsible
for the periodicity of the ice ages, SR has been shown to have very real effect in other
systems. The effect has been demonstrated in many kinds of systems systems ranging
from bi-stable potentials [2] [3], to applications in optics [4] and laser physics [5]. The
effect is also present in biological systems such as in the mechanoreceptors of a crayfish
[6] or signal neurons [7] and in chemical systems [8]. It can also be found in quantum
mechanical systems [9], however we will not consider any such in this investigation. We
will instead be looking at two different systems, first the case of a Brownian particle in
a bi-stable potential and second a simple model of a signal neuron.

The Brownian particle system has been studied a lot in the past and its simplicity
makes it a good system to use for an introduction into the SR phenomenon. We will
investigate the system numerically and use it to demonstrate a few of the different ways
with which one can quantify the SR effect.

The application of SR theory to a signal neuron is a particularly interesting topic
because of the inherently noisy nature of the signals that they are subjected to. We
will use a simple neuron model to numerically investigate the optimal noise level for
such a system for different frequencies of the input signal. It is our intention that this
investigation of different frequencies will provide a quantitative indication of how well
the system might respond to an aperiodic signal.
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Chapter 2

Background Material

Quartic Double Well

The most classic example of a system exhibiting SR is a Brownian particle inside a so
called quartic double well potential V (x) = b

4
x4 − a

2
x2, an example of which is shown in

Figure 2.1. In a system like this the input signal is considered to be the forcing F (t) of
the particle. The output signal of the system might be considered to be the either the
continuous position x, a discretized position corresponding to the left or right well or it
might be taken as the time-spacing between two consecutive transitions between wells.

The equation of motion for such a particle is, as described in [11] can be written as

m
d2x

dt2
= −mγdx

dt
− dV

dx
+ F (t) +R(t). (2.1)

Here γ represents the viscous friction and R(t) is the zero-mean random forcing respon-
sible for the Brownian motion.

First we might consider the case of a deterministic system, i.e R(t) = 0. In order
to move from one well into the other the particle would need to surmount a potential
barrier ∆V = a2

4b
. With a non-zero friction term, a sufficiently weak forcing will ensure the

particle is unable to transition between wells. This is the kind of signal we are interested
in, as a stronger signal could induce transitions without the added noise.

The effect of the coupling between a weak forcing and a noisy environment can be
illustrated in many ways. One of the simpler ways is to consider a particle moving in
phase with a sinusoidal forcing. If now the Brownian motion were to momentarily also
work in phase with the forcing then the particle would gain an extra energy boost. This
might cause the particle to gain energy sufficient to escape one of the wells.

A slightly different explanation is illustrated in Figure 2.1. The forcing can bring the
particle near the top of the potential barrier but not across it. The Brownian motion
will mean the future location of the particle is uncertain. The red smear represents the
probability density for the possible locations after some short time ∆t. Therefore closer
the weak force brings the particle to the peak or the higher the noise intensity the more
this smear will overlap the peak and hence the higher the probability of a transition.

FitzHugh-Nagumo Neuron Model

The neuron voltage refers to the voltage across the neuron membrane. The membrane is
permeated by channels which are able to allow ions to cross the membrane. One type of
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Figure 2.1: In a) we see a deterministic particle subject to a weak force at rest at the peak of
its trajectory such that its velocity is zero. In b) we illustrate the same situation for a Brownian
particle, its current velocity is zero but the random nature of its acceleration means its position
after a short time ∆t is unknown and might be described by the shaded region.

channel is the voltage-gated channel, this allows a voltage-dependent flow of ions across
the membrane. A sufficiently strong change in the voltage can activate the channels
which will let ions pass through the membrane. This stream of ions constitutes a burst
of current through the neuron. This current across the membrane causes the voltage to
drop again which in turn closes the channel [12].

The model we have used to describe the working of the neuron is a so called FitzHugh-
Nagumo neuronal model [13]. This model describes a relation between the neuron voltage
variable v and the recovery variable w.{

εdv
dt

= f(v)− w + Sin(t)
dw
dt

= c1v − c2w − b
(2.2)

The term f(v) is a cubic polynomial in v and Sin(t) represents the noisy input signal. The
timescale for v is typically assumed to be fast, which is achieved by selecting a sufficiently
small ε. The recovery variable w serves to coerce the system back to the ground-state
after firing. This is the variable that describes the current through the voltage-gated
channel. The second of Equations 2.2 can be integrated such that

w(t) = w(t0)e−c2(t−t0) +

t∫
t0

e−c2(t−τ)
(
c1v(τ)− b

)
dτ. (2.3)

This shows that the parameter c2 sets the timescale for the decay of the recovery variable.
The w also serves to reduce the likelihood of the neuron firing several times within a short
time-span.

This model has only one stable state and is an example of an excitable system. An
excitable system is a system that has a stable ground state and one or more unstable
excited states, in our case just a ground state and one excited state. Once in the excited
state the system will quickly relax back to the ground state, resulting in a sharp peak
in the state variable. In this way a signal will be converted into a series of peaks, called
action potentials, and information is encoded in the time-spacing between two such peaks.
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Figure 2.2: This figure shows a schematic view of an action potential produced by a weak periodic
modulation. The peak coincides with the first maximum of the modulation, it can also be see
that the second maximum of the modulation yields no peak.

As shown in the example of Figure 2.2 above the time spent in the excited state is
much shorter than the time between maximum of the modulating signal. The effect of
the recovery variable w is also shown in the dip in the state variable v a short time after
returning from the firing state.

Signal to Noise Ratio

One of the measures we will use for the two models is the Signal to Noise Ratio (SNR),
for which the the spectral density Sd [10] will be needed. The spectral density of some
variable x(t), t ∈ [0, T ] is defined as

Sd(f) = lim
T→∞

|x̂T (f)|2

T
, (2.4)

where x̂T denotes the Fourier transform of the variable x computed for t ∈ [0, T ] and
since in our simulations T = Tmax is finite an approximation is used

Sd(f) ≈ |x̂(f)|2

Tmax
. (2.5)

Once Sd has been calculated one can identify the dominant frequencies of the original
variable x by looking for peaks in Sd. The SNR is now defined as the height of these
peaks above their surroundings. In [dB] this becomes

SNR = 10 · log10

(
Speak
Sbase

)
, (2.6)

where Speak is the absolute value of the peak height and Sbase an estimated value for the
base of the peak.
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Chapter 3

Investigation

We will be studying two separate occurrences of the SR phenomenon. The first model
we will study is that of a Brownian particle in a double well potential. This is a simple
model that serves well to illustrate the effect and how to quantify it.

The second model we look at is that of a neuron in a noisy environment. Previous
studies have shown that noise plays an important role in the workings of the neuron. We
will investigate how changing the model parameters effects the systems ability to follow
periodic and, to a limited extent, also aperiodic signals.

3.1 Quartic Double well
The first problem we are studying is that of a Brownian particle inside of a bi-stable
potential V (x) = b

4
x4 − a

2
x2, subject to a periodic forcing F (t) = A0sin(ωt). Using

this potential we will explore the SR phenomenon and look at a few different ways of
quantifying the SR effect and investigate what effect a change in frequency has on these,
which can be seen as a measure of how well a system like this might respond to an
aperiodic signal.

3.1.1 Model

The equation of motion for the Brownian particle in this potential, using Equation 2.1
where the forcing is set as F (t) = A0sin(ωt) and R(t) =

√
2mγkBTζ(t), can now be

written as

m
d2x

dt2
= −mγdx

dt
− dV

dx
+ A0sin(ωt) +

√
2mγkBTζ(t). (3.1)

Here the term mγ dx
dt

describes the friction of the system, the term dV
dx

describes the non-
linearity of the system, the factormγkBT is a measure of the intensity of the noise and ζ(t)
is a zero-mean Gaussian white noise process with correlation function 〈ζ(t)ζ(s)〉 = δ(t−s).

3.1.2 Analytical Calculations

In an effort to reduce the number of free parameters in the model scaled variables are
introduced as

x = xmx1, t =
t1
γ
, ω = γω1 (3.2)
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such that x1, t1 and ω1 are now all dimensionless and use these to derive a dimensionless
form of equation 3.1.

The length scale xm is selected to be the location of the potential minimum, which
will mean the magnitude of x1 is of order 1. The parameter xm is found by using the
criterion dV

dx
|x=xm = 0, which yields xm =

√
a
b
. Using this we also rewrite

dV

dx
= (bx3 − ax) = xm(bx2

mx
3
1 − ax1) = axm(x3

1 − x1) (3.3)

Finally using the relation ζ( t1
γ

) =
√
γζ(t1) and introducing the new parameters

U =
a

mγ2
, A =

A0

mγ2
·
√
b

a
, D =

√
2
bkBT

amγ2
(3.4)

Equation 3.1 is transformed into

d2x1

dt21
= −dx1

dt1
− U(x3

1 − x1) + Asin(ω1t1) +Dζ(t1). (3.5)

This leaves four free parameters U, A, ω & D to investigate and from here on the index
from the scaled variables will be dropped.

The parameter U will be proportional to the height of the potential barrier the particle
will have to cross and this will hence set an upper limit for A, because we want the signal
to be weak. The height of the barrier we get by integrating the term U(x3 − x) with
respect to x and evaluating it for x = 1 which yields a barrier height ∆V = 1

4
U .

In order to derive a relation between U and A we instead imagine the potential as
time-dependent such that the periodic forcing term is part of the potential

V (x, t) = U
(1

4
x4 − 1

2
x2
)
− Axsin(ωt). (3.6)

This will yield equation 3.5 when differentiated with respect to x, and since we have to
assume that A is small relative to U the location of the potential minimum will still be
approximately x = 1, the same as with the time-independent potential. We still have
that V (0, t) = 0 for all t and so we get the approximate time-dependent barrier height

∆V ≈ V (0, t)− V (1, t) =
1

4
U + Asin(ωt). (3.7)

Here we can see that since |sin(ωt)| ≤ 1 we get the approximate limit A ≤ 1
4
U in order

for the barrier height ∆V to be greater than zero for all t. To this end we will in our
investigation chose U = 5 and A = 1

10
U = 0.5.

In the case that ω is selected to be the natural frequency of the potential well the
parameter A would have to be chosen A� 1

4
U in order to prevent transitions at a zero

noise level. This is not quite valid for our choice of parameters and as such regular
resonance effects may also show up in the results.

3.1.3 Numerical Simulation

For the numerical simulation we are using the so called Leap-Frog method. We first
write v = dx

dt
in order to obtain a system of coupled first order differential equations.
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Figure 3.1: This figure shows the particle position (system response) in blue for one realization
of the stochastic noise. The sinusoidal input signal normalized to unit amplitude is shown in
red. In this example the signal frequency is f = 0.04 and the noise intensity D = 1.2.

x is then defined at times corresponding to an integer n times the time-step ∆t such
that xn = x(n∆t) and the velocity v defined at times corresponding to a half-integer
n + 1

2
times the time-step ∆t such that vn+ 1

2
= v([n + 1

2
]∆t). This will allow us to now

approximate differentiation using central differences such that

xn+1 ≈ xn + ∆t vn+ 1
2

(3.8)

vn+ 1
2
≈

(2−∆t)vn− 1
2
− 2U(x3

n − xn)∆t+ 2Asin(ωtn)∆t+ 2Dζn
√

∆t

2 + ∆t
. (3.9)

For one single realization of the noise ζ a typical system response will look something
like that shown in Figure 3.1. Here we can see that while the transitions appear to have
a maximum probability of occurring near a peak in the signal as expected, it is also clear
that the system response is not a sinusoidal function of time.

The first property we will be looking at is the spectral density Sd(f) as described in
section 2. However before calculating Sd we will need to ignore the motion of the particle
while inside of one of the wells such that x will only take the discrete values {−1, 1}
corresponding to the left or the right potential well.

If we do not do this, then even for a zero noise level the calculated Sd will still show
a peak at the frequency of the input signal because the particle is still oscillating at the
bottom of the well whereas the frequency that we are interested in, the frequency of
transitions between wells, will actually be zero.

Because of the stochastic nature of x, using just one noise realization means Sd will
also be prone to random fluctuations. To limit this effect Sd is calculated for 50 different
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Figure 3.2: This figure shows an example of the spectral density plotted versus the frequency and
averaged over 50 different noise realizations with D = 1.2. A sharp peak can be seen at f = 0.04,
which matches up very well with the input signal frequency fin = 1

25 .

realizations of the noise. The ensemble average S(f) = 〈Sd(f)〉 is then calculated for
each frequency. An example of S(f) is shown in Figure 3.2. The dominant frequencies in
the transitions between wells can now be identified by looking for peaks in the spectrum.
The SNR is then calculated for the peak corresponding to the frequency of the input
signal.

The background noise level we will define as as a mean value of S(f) via

log10

(
Sbase

)
=

1

2∆f

(∫ f++∆f

f+

log10

(
S(f)

)
df +

∫ f−

f−−∆f

log10

(
S(f)

)
df

)
(3.10)

where f± denotes the frequency at the estimated upper and lower ends of the peak
centered at fpeak and 2∆f is the length of the interval over which the average is calculated.
In the calculations below parameter values f± = fpeak ± 0.01 and ∆f = 0.005 will be
used. With discrete data this corresponds to a geometric mean value and we chose to
use this because a visual inspection revealed that the arithmetic mean did not provide a
very reliable estimation of Sbase, especially for low frequencies.

In the simulations parameter values U = 5, A = 0.5, ∆t = 10−2 will be used. The
system is simulated for 1000 time-units, which will give us a frequency spacing of 10−3

after calculating the Fourier transform and should be sufficient to resolve any peaks in
the spectral density.

3.1.4 Results

The result of the SNR calculation for one frequency f = 0.04 is shown in Figure 3.3. Here
the SNR is negligible for low values of the noise factor D and decreases for high values of
D with a wide maximum in between. The plot in Figure 3.4 is obtained by calculating
similar curves for several different frequencies. This figure shows that the input signal
frequency also appears to influence the SNR, most notably there is a maximum near
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Figure 3.3: This figure shows the calculated SNR for the frequency f = 0.04. A maximum is
exhibited for D ≈ 1.2.

f ≈ 0.44. This appears to coincide with the peak in the residence time distribution as
seen in the bottom left plot of Figure 3.9. For frequencies higher than this the SNR drops
off to become almost independent of the noise factor D.

The next approach we will consider is to try to curve-fit a sinusoidal function to
the system response. To this end we use the same simulations as above for 50 different
realizations of the noise term and at every point in time take the ensemble average
position of the particle 〈x〉 as the system response. This time we will not be filtering out
the motion inside the wells and instead use the continuous position, since the motions
inside the wells for D = 0 will only yield a small amplitude. An example of 〈x〉 can be
seen in the Figure 3.5 and the system response has clearly taken on a more sinusoidal
form.

Using the ensemble average trajectory 〈x〉 we calculate the least square fit of the
function u(t) = a0sin(ωt− φ). The angular frequency ω is the same as that of the input
signal, because 〈x〉 is expected to have the same periodicity as the input signal. The
amplitude a0 and phase-lag φ of the fit can now be considered as indicators of an optimal
noise level, where a high amplitude and low phase lag would be indicative of a good noise
level. For a single frequency f = 0.02 the calculated fit parameters a0 and φ are shown
in Figure 3.6 plotted versus the noise intensity D.

The fit-amplitude a0 is there negligible for low values of D, exhibits a sharp maximum
forD ≈ 1.1 and then decreases again asD increases. The curve of the phase-lag φ exhibits
a similar behavior with a negligible value for low D, a maximum for D ≈ 0.8 followed
by a decrease as D increases. While ideally the phase-lag should be as small as possible,
the peak in the amplitude clearly demonstrates the potential benefits of the added noise.

Calculating the fit-parameters for different values of the input signal frequency yields
the plots shown in Figure 3.7. These show that the fit-parameters appear to be heavily
dependent upon the input signal frequency. We will have more to say on the possible
limitations of this method, as well as the likely reason for the bump in the amplitude
plot seen for D = 0, f ≈ 0.5, in section 3.1.5.

The third method we consider is to calculate and compare the residence time proba-
bility distributions for a number of different input signal frequencies and noise intensities.
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Figure 3.4: In this figure we see the SNR plotted versus the input signal frequency f and the
noise factor D. The overall maximum is observed for D ≈ 1.2 up to a frequency f ≈ 0.5, for
frequencies greater than this the SNR flattens out and becomes almost independent of D whereas
for frequencies lower than 0.5 the SNR instead appears almost independent of f .
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Figure 3.5: This figure shows the average trajectory of the simulated particle for 50 different
realizations of the noise term, the sinusoidal input signal is again shown in red. The signal
frequency is here f = 0.04 and the noise factor D = 1.2 as in Figure 3.1.
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Figure 3.6: These two plots shows an example of how the fit-parameters (left) a0 and (right) φ
vary as a function of the noise factor D for the frequency f = 0.02.
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Figure 3.7: This figure shows (left) the calculated amplitude of the the fit function and (right)
the corresponding phase lag in radians, both as a function of both the noise factor and the input
signal frequency.
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Figure 3.8: This figure shows an example of a residence time histogram for a noise factor
D ≈ 0.98 and frequency f = 0.2, corresponding to the top right plot in Figure 3.9. The counts
in the first bins can be disregarded because they are unreasonably high. They are likely the result
of random noise induced transitions. The dominant peak at ∆t

Tω
= 1

2 shows that this is to be
considered as a good noise level.

The residence time is defined as the time between two transition events.
A transition is most likely to occur at a time of maximum forcing, given that a

transition is possible (i.e only a left transition for a particle in the right well). For a
sinusoidal forcing with frequency ω, the time between maximum forcing to the right and
maximum forcing to the left can be written as ∆t = t2 − t1 where sin(ωt1) = 1 and
sin(ωt2) = −1. This yields ω(t2 − t1) = (2n + 1)π for some integer n. Which can be
further simplified to ∆t = (n+ 1

2
)Tω where Tω = 2π

ω
.

Thus by normalizing the residence times with the signal period Tω we see that for
an optimal noise level the residence times should exhibit peaks centered on ∆t

Tω
= n + 1

2
,

independent of the frequency. When considering the optimal noise level the relevant
peak is the one at n = 0 as this indicates transitions at two consecutive maximum of the
forcing. A tall and narrow peak centered on ∆t = 1

2
Tω would therefore be indicative of

a good noise level.
The histograms are calculated with 120 bins equally spaced between 0 and 9, an

example of which is shown in Figure 3.8. In order to make possible a comparison between
different input frequencies we will normalize the bin-counts bi such that we instead obtain
a probability distribution

pi =
bi∑
k

bk
. (3.11)

A higher frequency might otherwise yield higher peaks since we are simulating the system
for a fixed time rather than a fixed number of cycles.

The residence time distribution is calculated as above for different values of the noise
factor D. These calculated residence times are shown in density plots. The density plots
are constructed letting shades of gray represent the height of the bars in the calculated
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Figure 3.9: This figure shows a density plot of the residence time distributions as a function of
the noise factor D, for four different examples of the input signal frequency f .

histograms. For each specific value D0 of the noise factor the probability of a specific
residence time can be estimated by looking at how the gray mass is distributed along the
∆t
Tω

axis. This kind of plot does not provide any absolute values for the probabilities but
an optimal noise level can be identified by looking for a distinct dark spot centered on
∆t
Tω

= 1
2
.

The calculated residence-time distributions are shown in Figure 3.9 for four different
input signal frequencies f . The top two plots show the residence time for low frequencies.
These two plots show that for noise levels D in the range [1, 1.5] the residence time
distribution exhibits a distinct maximum centered on ∆t = 1

2
Tω. However for the higher

two frequencies the plot provide no clear indication of any optimal noise level in this
interval. For the frequency f = 0.38 a distinct maximum centered on ∆t = 1

2
Tω is

observed for D > 2. This maximum should not be viewed as an indication of an optimal
noise level, as at this noise level the stochastic motion drowns out the periodic forcing.
Rather it corresponds to the most probable residence-time for a purely noise induced
transition.

3.1.5 Discussion

The results of our calculation of the SNR, as can be seen in Figure 3.4, indicate that the
optimal noise level for this system is D ≈ 1.2 for frequencies f ≤ 0.5. For frequencies
greater than this the SNR flattens out to become almost independent of the noise factor
D. A likely explanation for this observed upper limit in the frequency is that the fre-
quency has become so fast that the particle does not have time to settle inside the new
well after a transition before the signal starts forcing it to move back again.

Regarding the curve-fit method used to measure the fit of the system response to
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a sinusoidal function there are a few caveats to consider. The first thing we note by
looking at the plot of the fit-amplitude shown in Figure 3.7 is that it appears to be
heavily frequency dependent, we also note that as the input frequency goes to zero the
fit-amplitude increases drastically. This effect can be explained by the fact that, since
the time spent near a maximum in the forcing is inversely proportional to the frequency,
as the frequency goes to zero the transition probability will approach unity, which would
cause the fit-amplitude to approach 1.

We also see that for a negligible noise factor there is still a peak in the fit-amplitude
for frequencies f ≈ 0.5, this peak is likely the result of regular resonance. To show this
we can calculate the natural frequency ωn of the small scale oscillations inside the well via
a second order Taylor expansion and approximate the potential as a harmonic oscillator

V (x) ≈ V (−1) +
1

2
V ′′(−1)(x+ 1)2 = V0 +

1

2
ω2
n(x+ 1)2. (3.12)

We can now identify ωn =
√
V ′′(−1) and with the parameter U = 5 we get V ′′(−1) = 10

and ωn =
√

10 ≈ π = 2π 1
2
which is a good match to the observed peak in the amplitude.

Secondly we will also consider the plot showing the calculated phase-lag, we can
see that this too exhibits a maximum for some intermediate value of D for frequencies
f ≤ 0.5 and flattens out to become almost independent of D for higher frequencies.
While a maximum in the phase-lag is something undesirable, it is not quite as big of a
problem as would be a weak amplitude since it could more easily be compensated for.

While a curve-fit at first seemed like one of the most intuitive measures, the method
has turned out to be very frequency dependent which means it is difficult to compare the
results obtained for different frequencies. This might also become a problem if we were
to try to apply an aperiodic signal since the amplitude of the fit would now vary with
the frequency as well as the noise level.

As for the distribution of residence times that can be seen in Figure 3.9, while it
does show some adherence to the expected values of ∆t = (n + 1

2
)Tω for the frequencies

f = 0.1 and f = 0.2 this is lost for higher frequencies. One possible reason for this is that
our choice of the parameter U was too low, as this sets the magnitude of the potential
barrier height. A steeper potential barrier would likely have provided sharper peaks in
the residence-time histogram as this would have reduced the relaxation time in the wells.
Another way in which we might have improved the residence time distribution could be
to use a different method to decide whether a transition has occurred. The method used
above was simply to calculate the time between two events such that x1 < 0 and x2 > 0
or vice versa. However if the particle is oscillating near x = 0 this method will yield
unusually high bin-counts for short residence times.

3.2 Signal Neuron
The second problem we will be looking at is that of simulating a signal neuron system
subject to signals with different frequencies in order to find out what effect a change in
frequency has on the optimal noise level and the system behavior as a whole.

15



3.2.1 Model

For this problem we are using a so called FitzHugh-Nagumo neuronal model, as described
in section 2, with parameter values similar to the one used in [7]. It is a set of coupled
first order stochastic differential equations governing the dimensionless voltage v of the
neuron. 

εdv
dt

= v(v − a)(1− v)− w + Sin(t) + η(t)
dw
dt

= v − w − b
τ dη
dt

= −η +
√

2Dζ(t)

(3.13)

The first equation depends on the parameter a, this parameter correlates to the the
threshold that v has to surmount in order to enter the firing state. In the second equation
we have the parameter b which is used to set the magnitude of the of v in the rest-state,
since when we have w = dw

dt
≈ 0 then this will enforce v ≈ b. Finally the third equation

takes the Gaussian process ζ with correlation function 〈ζ(t)ζ(s)〉 = δ(t−s) and transforms
it into an Ornstein-Uhlenbeck process, which is a stochastic process η with correlation
function 〈η(t)η(s)〉 = D

τ
e−
|t−s|
τ .

3.2.2 Numerical Simulations

For this problem we will use the Euler-Maruyama method to solve the equations nu-
merically, approximating differentiation with forward differences will now allow us to
transforms equation 3.13 into the recursive relations

vn+1 ≈ vn + ∆t
ε

(vn(vn − a)(1− vn)− wn + Sin(n∆t) + ηn)

wn+1 ≈ wn + ∆t(vn − wn − b)
ηn+1 ≈ ηn + ∆t

τ
(−ηn +

√
2 D

∆t
ζn)

(3.14)

For our investigation we will be using a signal function Sin(t) = A0sin(ωt/2)2 for some
fixed amplitude A0 and variable angular frequency ω. We chose to use this type of signal
here because we are in this problem only interested in a signal that can induce firing
events, but not suppress them as would be the case for a A0sin(ωt) signal. We have
chosen to set the parameters a = 0.5, b = 0.1, ε = 0.005, τ = 0.01 and ∆t = 10−3.

For this problem, unlike the previous one, there is no simple geometric relationship
that can be used to determine a limiting value for A0 such that the signal is guaranteed
to be weak. In order to determine this value we run a number of simulations of the
system with a noise factor D = 0 to find a maximum value such that the signal alone is
insufficient to cause a firing-event. This value was found to be approximately Alim ≈ 0.09
and A0 = 0.035 will be used in the investigation below.

A series of plots showing the typical behavior of a simulated time-series of the variables
v and w for one realization of the noise term ζ are shown in Figure 3.10. The sub-threshold
signal Sin(t) scaled to unit height is shown in red.

3.2.3 Results

The first measure considered is the SNR. In order to do this the small scale fluctuations
in the voltage variable v have been ignored such that it only takes the values {0, 1}
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Figure 3.10: This figure shows an example of the result of a simulation of the variables v and
w for a noise factor D = 6 · 10−6, as well as the input signal of frequency f = 7

20 shown in red.
The top plot shows the continuous plot of v, while in the middle plot we have ignored the small
scale variation and assigned the value {0,−1} depending on whether the voltage v is below or
above the threshold 0.5 (as indicated in black in the first plot) so as to obtain a square wave.
The bottom plot shows the refractory variable w and it shows that after each triggered action
potential there is a sharp increase in w followed by an exponential decay back to w ≈ 0.

corresponding to the rest-state and the firing-state. This is done for the same reason as
in the previous problem. Using this filtered time-series we calculate the Fourier transform
v̂ and Sd(f) for 10 different realizations of the noise factor. The spectral density is then
taken as an ensemble average S(f) = 〈Sd(f)〉. We estimate the value at the base of the
peaks in the same manner as in Equation 3.10, the result of which can be seen in Figure
3.11. This plot shows that the SNR quickly rises to a maximum and then drops off slowly
as the noise factor increases.

For each input signal frequency the rest time distribution was also calculated. This
is the probability distribution of the times spent in the rest-state in-between two firing-
events. It is calculated in the same manner as the residence time distribution was calcu-
lated for the previous model. In order to do this we first needed to define the time of the
firing-event, since the events will now cover several points in time. For simplicity this
time will be defined as the moment when v increases past the threshold 0.5. This will be
a fair approximation since we are looking at differences in time, so long as the time-span
between peaks is much greater than the variation in the width of the peaks themselves.

We can note that the results differ slightly from the results for the quartic double
well. The peaks are now centered on integer values of the signal period rather than the
half-integer values we saw previously. This difference is explained by the fact that in the
neuron model the signal will have a maximum probability of inducing a firing-event when
the signal term sin(ω

2
t)2 = 1, and using a similar argument as for the quartic double well

we get the expected residence times ∆t
Tω

= n for some integer value n.
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Figure 3.11: Here we see the calculated SNR plotted versus both the input signal frequency f
and the noise factor D, the SNR for the lowest value of D = 0 has been excluded since no firing
events were triggered and as such there were no peaks in the spectral density.
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Figure 3.12: This figure show density plots of the magnitude of the rest-time distribution, plotted
versus both the rest-time and the noise factor D, for four different examples of the input signal
frequency.
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3.2.4 Discussion

The calculation of the SNR indicates that the optimal noise level for this system is
D ≈ 10−5. This value appears to be fairly frequency independent, although for low
frequencies a distinct maximum of the SNR is hard to discern.

The result of the rest-time distribution also indicates an optimal noise level D ≈ 10−5

for frequencies f ≤ 1. However for frequencies greater than this the probability density
at ∆t ≈ Tω is shifted towards higher D. This means that for a noise level D = 10−5 there
have been no peaks with time-spacing equal to the signal period. The reason for this
lack of peaks is the refractory variable w. As indicated in Equation 2.3 the characteristic
timescale of the decay of w is c−1

2 . In the simulations we the parameter value c2 = 1 and
as such this timescale becomes equal to 1.

It was therefore unexpected to see that the calculated SNR not only appears to be
monotonically increasing with the frequency but the maximum at D ≈ 10−5 also grew
sharper as the frequency increased past 1. This would seem to contradict the rest-time
distribution which shows that for this noise level no peaks were produced with the correct
periodicity.

While we have been unable to come up with a definitive explanation for this contra-
diction we have identified two possible causes. It is possible that the contradiction is due
to the definition of the firing-time, as when the frequency increases the rest-times will
become of the same order as the width of the peaks in v which would affect the rest-time
distribution. It is also possible that the discretization of v prior to Fourier transformation
is the cause. This will filter out some of the noise as well and the estimation of Sbase
might therefore be too low resulting in an overestimation of the SNR.

This last explanation is motivated by a look at the plots of the spectral density for
frequencies f > 1. They show that as the frequency increases both the peak height and
background noise decrease. A plot of the absolute value of the peak heights Speak is shown
in Figure 3.13. The plot shows that the height of the peaks starts to drop for frequencies
greater than 1 which indicates that the frequency of the system response starts to deviate
from the frequency of the input signal.
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Figure 3.13: This figure shows a plot the value of the spectral density evaluated at the frequency
f of the input signal plotted versus both the input frequency and the noise factor.
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Another property of the neuron system we noticed is that it appears to have a shorter
memory than the previous system with the quartic double well potential. This is likely
due to the fact that with the neuron system the signal is only trying to move the system
in one direction, up into the firing state. This is different from the quartic double well
where the signal can move the particle in two directions but could only actually induce
a left→ right transition if the particle is in the left state and vice versa.

This short memory is an indicator that a neuron system would more easily be able to
follow an aperiodic signal than the quartic double well, since if the signal period is longer
than the refractory period then a peak in the signal should have no trouble inducing
a firing event. However aside from manually looking at the resulting plot after each
simulation to determine its fit to the input signal, which would be impractical to say
the least, we have not figured out a way of applying any of the methods used above to
measure the SR effect when the input signal frequency is not constant.
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Chapter 4

Summary and Conclusions

In this investigation we have been looking at two systems, one bi-stable system and
one excitable system and have been able to show that both of these do exhibit the SR
phenomenon. We have also been able to determine an optimal noise levels for both of
these systems.

For the bi-stable system the three measures indicated slightly different optimal noise
levels. The SNR indicated an optimal noise level D ≈ 1.2 for frequencies f ≤ 0.5.
For frequencies greater than this the benefit of added noise decreased sharply. For low
frequencies (f ≈ 0.1) the curve-fit method indicated an optimal noise level D in the
range [1.2, 1.5]. However as the frequency is increased the amplitude of the curve-fit
drops sharply and no clear maximum can be discerned. The residence time distribution
also indicated a frequency dependent optimal noise level D in the range [1.1, 1.5] for
frequencies f ≤ 0.25. Of these three methods the SNR appears to be the most reliable
as it exhibits the least frequency dependence.

With the definition of the parameters U , A & D as set in Equation 3.4 we return to
the original system parameters a, b, A0, γ and m. The potential parameter U yields

U =
a

mγ2
= 5. (4.1)

The amplitude A0 of the forcing then need to satisfy

A0 = 0.5mγ2

√
a

b
= 0.1 ·

√
a3

b
. (4.2)

Using the optimal noise level indicted by the SNR method the corresponding optimal
temperature can now be expressed as

Topt ≈ 0.72
amγ2

bkB
= 3.6 · a

2

bkB
. (4.3)

In the case of the excitable system the optimal noise level was with the SNR method
determined to be D ≈ 10−5 for all frequencies. With the rest-time distribution the
optimal noise level was also determined to be D ≈ 10−5 for signal frequencies f ≤ 1. For
frequencies f > 1 the plots of the rest-time distribution show that the noise level needed
to induce peaks with the correct frequency increases as the frequency increases. Because
of this lack of agreement between the two methods the results obtained for frequencies
f > 1 are considered to be unreliable.
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However comparing our calculated rest-time distributions for low frequencies to a
rest-time histogram presented in [7], the shape of the distribution appears to be a good
match. The histogram presented in this article was obtained by measuring the rest-time
intervals of auditory nerve fibers in a cat.

Our investigation of different signal frequencies were intended to in a limited sense
indicate how well the respective systems might respond to an aperiodic signal. If we
limit ourselves to signals of constant amplitude but variable frequency such that S(t) =
A0sin

(
ω(t)t

)
on some time interval I. Then if ω(t) varies slowly enough it might be

approximated as a constant frequency ωk on a sub-interval Ik. Now if the sub-interval Ik
is long enough for the system to loose all memory of its state in interval Ik−1 then the
results obtained above would be approximately valid on each of these sub-intervals Ik.
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