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SUMMARY IN SWEDISH  

Denna studie fokuserar på numerisk modellering av vätskeflöde och transport 
av lösta ämnen i frakturer med ojämna väggar samt fraktur-matrissystem, med 
det huvudsakliga syftet att undersöka effekterna av frakturernas ytjämnhet på 
flödes- och transportprocesser i bergsfrakturer. Både 2D och 3D modeller 
skapades utifrån laser skannad tomografi av ett verkligt bergartsprov av granit, 
för att överväga de realistiska egenskaperna hos ytan och potentiell skrovlighet. 
Flödet simulerades genom att lösa Navier-Stokes ekvationer (NSE) och 
transporten modellerades genom att lösa advektion-dispersion ekvation (ADE) 
i hela domänen av fraktur-matrissystemet, inklusive diffusions process i 
matrisen. Sådana direkta simuleringar resulterade i detaljerade flödes- och 
koncentrationsfält för att kvantitativt kunna analysera flödet och 
transportbeteendet. En detaljerad analys av upplösningen av ytjämnhet, 
komplexa flödesmönster (dvs kanalisering, tvärgående och virvelströmmar), 
effektiv advektiv flödesöppning, effektiv transmissivitet, effektiv dispersivitet, 
uppehållstid, transport motstånd och specifik yta visade signifikanta effekter av 
realistiska ojämna frakturväggar på vätskeflöde och lösta transportprocesser i 
bergssprickor. Resultaten visar att ytjämnhet och skjuvningssystemsorsakade 
asperitetskontakter avsevärt förbättrar olinjäritet och komplexitet av flödes- 
och transportprocesser i frakturer med ojämna väggar samt fraktur-
matrissystem. Ytråheten orsakar också intrång av flöde i tvärgående frakturer 
vilket ökar blandingen av lösta ämnen i korsningarna. Därför är ytjämnhet av 
frakturerna en viktig källa till osäkerhet i tillämpningen av sådana förenklade 
modeller som kubisk lag (CL) för vätskeflöde och analytiska lösningar för 
transport av lösta ämnen i bergsfrakturer. Studien har ökat förståelsen för 
realistiska flödes- och transportprocesser i naturligt sprucket berg. Resultaten 
är användbara för modellvalidering/förlängning, 
osäkerhetsanalys/kvantifiering och design av laboratorieexperiment i samband 
med olika tillämpningar av flöde och transport i bergsfrakturer. 
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ABSTRACT  

This study focuses on numerical modeling of fluid flow and solute transport in 
rough-walled rock fractures and fracture-matrix systems, with the main aim to 
investigate the impacts of fracture surface roughness on flow and transport 
processes in rock fractures. Both 2D and 3D fracture models were built from 
laser-scanned surface tomography of a real granite rock sample, to consider 
realistic features of surface tomography and potential asperity contacts. The 
flow was simulated by directly solving the Navier-Stokes equations (NSE) and 
the transport was modeled by solving the advection-dispersion equation 
(ADE) in the entire domain of fracture-matrix system, including matrix 
diffusion process. Such direct simulations provided detailed flow and 
concentration fields for quantitatively analysis of flow and transport behavior. 
The detailed analysis of surface roughness decomposition, complex flow 
patterns (i.e., channeling, transverse and eddy flows), effective advective flow 
apertures, effective transmissivity, effective dispersivity, residence time, 
transport resistance and specific surface area demonstrated significant impacts 
of realistic fracture surface roughness on fluid flow and solute transport 
processes in rock fractures. The results show that the surface roughness and 
shear displacement caused asperity contacts significantly enhance nonlinearity 
and complexity of flow and transport processes in rough-walled fractures and 
fracture-matrix systems. The surface roughness also causes invasion flows in 
intersected fractures which enhance solute mixing at fracture intersections. 
Therefore, the fracture surface roughness is an important source of uncertainty 
in application of such simplified models like cubic law (CL) for fluid flow and 
analytical solutions for solute transport in rock fractures. The research 
conducted advances our understanding of realistic flow and transport 
processes in natural fractured rocks. The results are useful for model 
validation/extension, uncertainty analysis/quantification and laboratory 
experiments design in the context of various applications related to fracture 
flow and transport. 

Key words: Rough-walled rock fractures; Nonlinear flow; Solute 
transport; Navier-Stokes equations; Matrix diffusion; Uncertainty.  

1. INTRODUCTION  

1.1. Motivations 

Modeling of fluid flow and solute transport 
in fractured rocks is an important topic in 
many branches of geosciences and 
hydrogeological engineering practices, such 
as risk and safety assessment for 
groundwater contamination, projects of 
oil/gas reservoir storage, geothermal 
extraction, geological disposal of radioactive 
wastes and carbon dioxide (Bear et al. 1993; 
Neuman 2005; Tsang et al., 2015). 

It is known that all the natural rocks are 
fractured to some extent with complex 
discrete fracture networks (DFN), due to in-

situ conditions of lithostatic stress, fluid 
pressure, tectonic forces, thermal loadings or 
geochemical reactions (The Committee on 
Fracture Characterization and Fluid Flow, 
U.S. National Research Council, 1996). 
These fracture networks provide dominant 
pathways for fluid flow and solute transport 
processes. A fundamental understanding of 
flow and transport in single/discrete 
fractures and intersections is essential for 
upscaling analysis and uncertainty 
quantifications in modeling of flow and 
transport in such complex DFN of fractured 
rocks (e.g., Witherspoon et al., 1980; 
Zimmerman and Bodvarsson 1996). 
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Natural rock fractures are not voids with 
smooth surfaces, but contain complex 
surface roughness affected by both physical 
and chemical processes of weathering 
conditions as well as displacements in 
geological history. Such complexity of 
surface roughness causes significant 
uncertainties and difficulties for 
quantification of flow and transport 
behaviors in natural rock fractures (e.g., 
Brown 1987; Thompson and Brown 1991; 
Brown et al., 1995; Nicholl et al., 1999; Lee 
et al., 2014). 

Motivated by aforementioned importance of 
modeling fluid flow and solute transport in 
rock masses with rough-walled fractures, 
this thesis focuses on impacts of fracture 
surface roughness upon fluid flow and 
solute transport in single rough-walled rock 
fractures and discrete fracture-matrix 
systems. At present, direct and detailed 
measurements of flow and transport in real 
rough-walled rock fractures in laboratory 
experiments are still difficult, time-
consuming and costly. In-situ experiments of 
large sized rough-walled fractures are still 
unavailable due to technical difficulties. With 
the advances of computational technology, 
especially the computational fluid dynamics 
(CFD), numerical modeling becomes an 
efficient and reliable approach that can 
extract detailed flow and transport features 
in rough-walled rock fractures 
mathematically. Therefore, impacts of 
surface roughness on flow and transport 
processes in fractured rocks can be 
estimated quantitatively and efficiently. 
Hence, uncertainties existing in DFN 
modeling or in-situ experiments for fractured 
rock masses can be estimated with higher 
reliability.   

This thesis presents six studies on numerical 
modeling of fluid flow and solute transport 
in rock fractures. The first study (Paper I) 
presents an advanced method for 
characterizing the rock surface roughness 
and developed a numerical model to 
simulate nonlinear flow in 2D rock fractures. 
The second paper (Paper II) presents 
numerical modeling results of shear 
enhanced nonlinear flow in 3D rock 

fractures. The third study (Paper III) 
presents impacts of special assumptions 
adopted in classical analytical solutions of 
solute transport in fracture-matrix system. 
The fourth study (Paper IV) presents 
comparison between classical analytical 
solutions and numerical simulations of 
solute transport in 3D rough-walled 
fracture-matrix system. The fifth study 
(Paper V) presents comparison between 
Reynolds and Navier-Stokes equations in 
modeling of advection-dominated transport 
in rough-walled fractures. The sixth and final 
study (Paper VI) presents numerical 
modeling results of invasion flow enhanced 
solute mixing at rough-walled fracture 
intersections. 

1.2. Objectives and thesis layout 

The general objectives of this study are to 
investigate impacts of fracture surface 
roughness upon fluid flow and solute 
transport processes in single rock fractures 
and discrete fracture-matrix systems 
theoretically, in order to advance our 
understanding and to identify the sources of 
uncertainties in modeling of fluid flow and 
solute transport in fractured rocks using 
DFN methods.  

The specific aims related to the main 
objective are summarized as follows: 

 To develop numerical models for 
modeling the effect of surface roughness on 
fluid flow in rock fractures, including 
realistic surface roughness representation 
and accurate numerical simulations of 
nonlinear fluid flow processes in rock 
fractures (Paper I).  

 To investigate the impacts of surface 
roughness and shear-caused contacts on 
nonlinear fluid flow behaviors in rough-
walled fractures, and to explore 
transmissivity features of rough-walled 
fractures in 3D (Paper II). 

 To compare numerical modeling results 
with widely used analytical and simplified 
numerical models, thus to quantify potential 
uncertainty in application of those simplified 
models (Papers III, IV and V). 



Numerical modeling of fluid flow and solute transport in rock fracturs 

 

3 

 

 To investigate the impacts of surface 
roughness on solute transport in rough-
walled fracture-matrix systems, with detailed 
demonstration and analysis of effective 
dispersion coefficients, spatial variations of 
concentration distributions and specific flow 
areas (Papers IV and V). 

 To investigate fluid flow and solute 
mixing at 3D rough-walled fracture 
intersections (Paper VI).  

The content of this thesis is organized as 
follows:  

 The motivations and objectives are 
introduced in Chapter 1.  

 Literature reviews on roughness 
characterization, fluid flow and solute 
transport in rock fractures, as well as solute 
mixing at fracture intersections are 
presented in Chapter 2. 

 Chapter 3 presents the basic theory and 
modeling methods used in this study, 
including basic assumptions, roughness 
decomposition method, governing equations 
of flow and transport, and analytical as well 
as numerical solution methods. 

 The simulations and modeling results of 
roughness decomposition, nonlinear flow 
and solute transport in fracture-matrix 
systems, as well as invasion flow and solute 
mixing at fracture intersections, are 
presented in Chapter 4. 

 Five important issues related to the 
current study are discussed in Chapter 5. 

 In Chapter 6, the main conclusions were 
summarized. Based on the outstanding 
issues in this topic, some recommendations 
are proposed for future studies.  

2. LITERATURE REVIEW  

Modeling of fluid flow and solute transport 
in rock fractures has become a major 
research topic in recent decades because of 
sustained interest in geosciences and 
geological engineering applications. Many 
theoretical, experimental and numerical 
studies have been implemented to obtain 
fundamental understandings of flow and 
transport phenomena in single rock 
fractures. The state of the art of this thesis 

focuses on aspects of surface roughness 
characterization, fluid flow and solute 
transport in rock fractures, as well as solute 
mixing at fracture intersections. 

2.1. Characterization of rock fracture 
surface roughness  

Roughness characterization is an important 
topic in rock mechanics, because the 
fracture surface roughness significantly 
affects hydraulic and mechanical behavior of 
fractures and fractured rock masses. 
Numerous models have been put forward to 
characterize the fracture surface roughness, 
such as joint roughness coefficient (JRC) 
(Barton 1973), fractal theory (Mandelbrot 
1983; Xie 1993; Turcotte 1997) and spectral 
analysis (Hough 1989). Besides, a large 
number of statistical parameters or 
functions, such as root-mean-square values 
(RMS), Z2 (related to local slope of profiles), 
Z3 (related to profile skewness), Z4 (related 
to profile kurtosis), inclination angles, auto 
correlation functions (ACF), structure 
functions (SF), and general random field 
theory have been used to quantify the 
surface roughness of rock fractures (Tse and 
Cruden 1979; Belem et al., 2000; Lanaro 
2000; Fardin et al., 2001; Gadelmawla et al., 
2002; Ge et al., 2014). For fluid flow 
analysis, however, the above techniques and 
parameters are not sufficient to represent 
the geometric composition at different levels 
of asperity wavelengths and amplitudes 
(ISRM, 1978; Jing et al., 1992; Kana et al., 
1996; Belem et al., 2000). The reason is that 
the above roughness parameters lack needed 
uniqueness. Therefore, a method that can 
overcome such difficulties needs to be 
developed.  

The roughness of rock surfaces is often 
better represented by asperity geometries at 
different scales with continuously changing 
frequencies of asperity heights and shapes 
(related to their wave lengths), which have 
different effects on the mechanic and 
hydraulic behavior of rock fractures (ISRM, 
1978; Jing et al., 1992; Kana et al., 1996; 
Belem et al., 2000). The International 
Society of Rock Mechanics (IRSM) defined 
the roughness of rock fractures (joints or 
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faults) on two scales: i.e., larger-scale 
waviness (often called primary roughness) 
and smaller-scale unevenness (secondary 
roughness) (ISRM, 1978). Following this 
conceptual understanding, a primary and 
secondary asperity concept model was put 
forward for explaining the stress-
deformation of rock fracture during shear 
testing (Jing et al., 1992; Kana et al., 1996). 
The primary asperities (i.e., the waviness) 
were defined by the dominant and larger 
scale overall wavy surface undulation. The 
secondary asperities (with high order of 
asperity height frequencies) were defined by 
randomly distributed smaller-scale 
unevenness of asperities superimposed on 
the primary waviness profiles (surfaces).  

In flow and transport processes, the 
secondary roughness of asperities also plays 
a significant role, due to the fact that the 
secondary roughness increase the specific 
areas of fracture surfaces and changes the 
local effective advective fluid flow and mass 
transport paths. In order to consider such 
local scale geometric effects for 
investigations of hydro-mechanical and 
transport process in natural rock fractures, 
new mathematical tools for quantitative and 
unique roughness characterization are 
required. 

2.2. Fluid flow in rock fractures 

Traditionally, fluid flow in a single rock 
fracture was assumed as a laminar flow in a 
conceptual model of fracture formed by two 
smooth parallel plates, following the cubic 
law (CL), expressed as 

𝑄 = −𝑤
𝑔𝜌𝑒3

12𝜇

𝜕ℎ

𝜕𝑥
                                    (1) 

where 𝑄 (m3/𝑠) is the flowrate, w(m) is the 

width of fracture,  𝑔 (m/s2) is the 

gravitational acceleration,  𝜌(kg/m3) is the 
density of fluid, e(m) is the distance 
(aperture) between the two parallel plates, 
 𝜇 (Pa ∙ s) is the viscosity of fluid, and  
𝜕ℎ 𝜕𝑥⁄  is the hydraulic gradient. The CL is 
the analytical solution of Reynolds equation 
derived from linearization of Navier-Stokes 
equations (NSE) (Snow 1965; Witherspoon 
et al., 1980; Zimmerman and Bodvarsson 
1996). In consideration of fracture surface 

roughness, it is common to assume that the 
CL model is locally applicable, named as 
local cubic law (LCL). In such a case, the 
fracture space is discretized with segments 
or meshes based on surface topography 
data. The CL and LCL models have been 
widely applied for modeling fluid flow in 
rock fractures due to its simplicity (e.g., 
Witherspoon et al. 1980; Detwiler and 
Rajaram 2007). However, many 
experimental and numerical studies have 
proven that the CL and LCL models are not 
able to provide adequate representation of 
realistic fracture surface roughness and 
associated nonlinear flow behaviors, limited 
by its fundamental assumptions (e.g., Oron 
and Berkowitz 1998; Brush and Thomson 
2003; Yeo and Ge 2005; Lee et al., 2014; 
Wang et al., 2015).  

Zimmerman et al., (1991) deduced an 
analytical solution of fluid flow in 2D 
fractures by considering small scale 
roughness and using the perturbation 
expansion method. This solution was 
extended for fracture profiles composed by 
superposition of two sinusoidal components 
with different frequencies and amplitudes, 
and even higher order approximations to the 
NSE (Zimmerman and Bodvarsson 1996; 
Federico 1997; Sisavath et al., 2003). In 
consideration of inertial effects, Basha and 
El-Asmar (2003) deduced an asymptotic 
solution for idealized fractures, i.e., mated, 
mirror, flat-bottom and misaligned walls 
with sinusoidal variations. These analytical 
solutions provided inspirational 
demonstrations of the impacts of small scale 
roughness and inertial effects on fluid flow. 
However they are still not readily generalized 
to be applied for natural rock fractures. 

In addition to theoretical developments, 
many modified LCL models or empirical 
transmissivity models were also developed 
to improve the representation of geometry 
conditions with the traditional LCL 
approach. This was undertaken by 
considering local roughness parameters 
and/or weak inertial impacts of flow. For 
instances, Ge (1997) proposed a modified 
model considering the tortuosity of flows in 
rough fractures. Oron and Berkowitz (1998) 
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re-examined critical assumptions of LCL 
and analytically discussed the importance of 
local geometry, tortuosity and contact 
effects. Wang et al., (2015) developed a 
modified LCL model to consider impacts of 
tortuosity, local roughness and weak inertial 
terms through an empirical correction 
factor, C, obtained from numerical 
investigations on 2D symmetric wedges. 
These modified models improved the 
performance of LCL to some extent in 
applications, but they are still largely limited 
by simplifications on natural fracture surface 
roughness and possible non-laminar flow 
conditions. 

In order to advance our understanding of 
fluid flow in rock fractures with more 
realistic representation of surface roughness 
and full consideration of inertial effects, 
numerical simulations by directly solving the 
non-simplified NSE in 3D are needed.  

The first integrated laboratory experiments 
testing fluid flow in a replica sample of rock 
fracture and numerical modeling by solving 
the NSE in 3D was reported in Zimmerman 
et al. (2004) and Al-Yaarubi et al. (2005). 
Weak inertia regimes were found for 
Reynolds number (Re) in the range between 
1.0 and 10.0, where the normalized hydraulic 
transmissivity nonlinearly decreases with 
increasing Re. Cardenas et al. (2007; 2009) 
investigated fluid flow and solute transport 
in 2D rough-walled fractures by solving 
steady state NSE. It was concluded that the 
surface roughness and inertial term 
significantly affected the fluid flow and 
caused tailing in solute transport processes. 
Crandall et al. (2010) simulated fluid flow in 
a series of rough-walled fractures by solving 
NSE in 3D and found that the transmissivity 
decreased with the increase of the surface 
fractal dimensions. Xiong et al. (2011) 
reported integrated laboratory experiments 
and 3D numerical modeling results of flow 
in rough-walled rock fractures, which 
considered the impacts of shear 
displacement on the transmissivity of 
fractures. Wang et al. (2015) implemented 
numerical simulations of flow in 3D rough-
walled fractures by solving NSE, and 
proposed a modified LCL through an 

empirical correction factor. Lee et al. (2014) 
reported laboratory experimental results 
with observations of nonlinear flow field in 
rough-walled fractures, including detailed 
eddy flow regions caused by surface 
roughness. Nonlinear flow in single fractures 
and fracture networks were also reported in 
recent experimental and numerical studies 
by Develi and Babadagli (2015), Zhou et al., 
(2015), Chen et al. (2015a), Liu et al., (2016) 
and Li et al., (2016).  

These experimental and numerical studies 
generally illustrated the impacts of surface 
roughness and weak inertial effects on the 
flow in natural rock fractures. However, the 
impacts of variable aperture space and 
contacts with mechanical effects, as well as 
strong inertial effects on nonlinear flow, 
such as channeling, transverse and eddy 
flows, still remain largely unstudied in 
adequate detail.  

In summary, most of the published studies 
on fracture flow were based on much 
simplified fracture surface topography 
and/or specific flow conditions (e.g., low Re 
numers for insignificant nonlinearity). 
Quantitative analysis of integrated rough 
surface geometry and flow velocity fields 
were rarely presented in most of the 
previous publications. The uncertainties in 
generalized transmissivity models for flow in 
natural rock fractures are still open 
questions. Therefore, systematic 
investigations of realistic surface roughness 
and inertial effects on flow in natural rock 
fractures are still needed. 

2.3. Solute transport in fractured 
rocks 

Solute transport in fractured rocks involves 
many transport mechanisms. The key 
transport mechanisms include solute 
advection and dispersion in the fracture, 
matrix diffusion from the fracture into the 
rock matrix, fracture surface and matrix 
sorption, decay and chemical reactions 
(Bodin et al., 2003a; 2003b).  

In past decades, many analytical and semi-
analytical solutions have been developed to 
model solute transport through a single 
fracture contained in a porous rock matrix 
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(fracture-matrix systems), such as Neretnieks 
(1980); Tang et al. (1981), Sudicky and Frind 
(1982), Cvetkovic et al. (1999), Zhan et al. 
(2009), Liu et al. (2011), Roubinet et al. 
(2012). Particularly, Tang et al. (1981) and 
Sudicky and Frind (1982) deduced widely 
used analytical solutions for modeling solute 
transport in the fracture-matrix system with 
full considerations of abovementioned 
transport mechanisms. In their analytical 
solutions, the fracture was idealized as a pair 
of smoothed parallel plates with a constant 
aperture and a constant flow velocity derived 
from the CL. It leads to a much simplified 
system composed of two sub-models: a one-
dimensional fracture model in the direction 
along the fracture and another matrix 
diffusion model in the direction 
perpendicular to the fracture length 
direction. These analytical solutions have 
played important roles for advancing our 
knowledge of solute transport processes in 
fractured porous media, and have been 
extensively used and extended in modeling 
of solute/contaminant transport in fractured 
rock systems (e.g., Liu et al. 2011; Zhao et al. 
2011). However, considering the complex 
fracture surface roughness in reality, the 
geometry and velocity conditions are far 
more complicated than the assumptions 
adopted in most of the analytical solutions. 
Cvetkovic et al. (1999) developed an 
analytical model to deal with advection-
dominated chemical transport in natural 
fractured rocks with rough-walled fractures. 
It was found that the effective specific 
surface area, as the correlation between 
travel time and transport resistance, controls 
the mass exchanges on the fracture-matrix 
interfaces (e.g., matrix diffusion and surface 
sorption). The travel time and transport 
resistance are calculated through Lagrangian 
particle tracking method; therefore, reliable 
flow fields are essential for implementing 
this approach.  

Apart from the development of analytical 
models, many field and laboratory 
experiments of solute transport in fractured 
rocks also have been implemented (e.g., 
Neretnieks et al., 1982; Detwiler et al., 2000; 
Bauget and Fourar 2008; Boschan et al., 

2009; Trivedi and Babadagli 2009; Lee et al., 
2015). However, field and laboratory 
experiments are often costly and suffering 
from difficulties and uncertainties in direct 
measurements. Therefore, numerical 
simulations have been used to investigate 
effects of fracture surface roughness on 
solute transport in single rough-walled 
fractures,  such as in Thompson and Brown 
(1991), Yeo (2001), Cardenas et al., (2007, 
2009), Wang and Cardenas (2014). These 
studies generally illustrated the importance 
of surface roughness on flow and transport 
processes. However, most of these studies 
were still based on simplified models by 
ignoring nonlinear/inertial term in 
governing equations (i.e., using the Stokes or 
Reynolds equations) (Thompson and Brown 
1991), and/or using 2D geometry models 
(e.g., Yeo 2001; Wang and Cardenas 2014), 
which have significant drawbacks in 
representation of realistic flow in natural 
fractures. To obtain realistic flow fields for 
modeling of transport processes, the full 
NSE and 3D fracture models should be 
adopted. At present, direct simulations by 
solving NSE for 3D fractures with complex 
geometry conditions is still a challenging 
task that demands considerable 
computational resources and simulation 
efforts. Only few studies successfully 
implemented direct modeling of flow and 
transport in 3D rock fractures by solving 
NSE so far (e.g., Wang et al., 2015; Wang et 
al. 2016). However, these numerical studies 
only considered flow and/or transport in a 
single fracture, i.e., mass exchanges and 
interactions between fracture and rock 
matrix were ignored.  

Grisak and Pickens (1980) simulated the 
solute transport in a 2D fracture-matrix 
system by using the finite element method. 
However, the fracture was still represented 
by the smoothed parallel plate model and 
the flow field was also obtained by using CL, 
such that roughness of fracture surfaces and 
related complex flow were ignored. 
Numerical studies reported in Kennedy and 
Lennox (1995), Esposito and Thomson 
(1999), Kumar (2008), Renu and Kumar 
(2012), followed the same assumptions as 
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adopted in analytical models. The transport 
equation in the fracture-matrix system was 
solved separately, through a combined 
stepwise procedure. Therefore, such 
numerical models are still considered as an 
oversimplification similar as that adopted in 
analytical models.   

In summary, in order to validate analytical 
models and quantify potential uncertainties 
caused by the surface roughness, further 
studies, especially using reliable 3D 
numerical simulations based on more 
realistic physical and geometrical 
assumptions are needed. 

2.4. Mixing at fracture intersections 

Different fluids and solute mix along the 
fracture flow paths, especially at fracture 
intersections, which significantly affect the 
solute transport processes in fractured rocks 
(Johnson et al. 2006). To deal with solute 
mixing at fracture intersections, two 
traditional approaches, complete mixing and 
streamline routing, have been widely 
adopted in the literature for modeling the 
diffusion-dominated and advection- 
dominated transport processes (e.g., Wilson 
and Witherspoon, 1976; Hull and Koslow, 
1986; Robinson and Gale, 1990).  

However, many experimental and numerical 
studies have shown that the redistributions 
of solute at fracture intersections are based 
on a mixing ratio that depends on the Péclet 
number (Pe) of solute transport processes 
(Philip, 1988; Park and Lee, 1999; Johnson 
and Brown, 2001; Gruber 2001; Li 2002; 
Mourzenko et al. 2002; Park et al. 2001; Hu 
et al. 2005; Hellou and Bach, 2011; Johnson 
et al. 2006; Zafarani and Detwiler, 2013). In 
consideration of irregular geometry 
conditions of natural fracture intersections, 
various numerical models using lattice gas 
method (e.g., Stockman et al. 1997), lattice 
Boltzmann method (e.g., Gruber 2001; 
Stockman et al. 2001), finite element 
methods (e.g., Kosakowski and Berkowitz, 
1999; Li et al., 2016) and smoothed particle 
hydrodynamics (e.g., Zou and Jing, 2013) 
were developed to model fluid flow and 
solute transport at fracture intersections. 

These studies generally showed Pe-
dependent features of the mixing ratio and 
the application range of the two models (i.e., 
complete mixing and streamline routing 
models) for solute mixing at fracture 
intersections. However, most previous 
studies were based on the simplified 2D 
intersection models formed by smooth 
parallel plates, so that the effects of rock 
fracture surface roughness as well as 
associated 3D effects on flow and transport 
were ignored. As pointed out by Johnson 
and Brown (2001) and Johnson et al. (2006), 
the fluid flow through rough-walled 
fractures leads to flow channelization which 
enhances the solute mixing compared to the 
intersecting 2D parallel plates models. 
Moreover, most analytical and numerical 
studies simplified the flow patterns as 
governed by the Reynolds or Stokes 
equations, based on assumptions of local or 
general validity of the cubic law for fluid 
flow in fractures, so that the simulated flow 
fields may contain uncertainties, especially 
for the natural 3D rough-walled fractures 
(e.g., Kosakowski and Berkowitz 1999). Last 
but not least, almost all of above studies do 
not consider the matrix diffusion process in 
natural intersecting rock fractures, which 
plays a significant role in solute retardation 
in fractured rocks (e.g., Neretnieks, 1980). 
Therefore the interactions between matrix 
diffusion and mixing at fracture intersections 
are still open issues. 

2.5. Summary of outstanding issues 
and research motivations 

According to above literature reviews, four 
main outstanding issues remain in modeling 
of fluid flow and solute transport in rock 
fractures are summarized as follows: 

 For the characterization of fracture 
surface roughness, proper description of the 
rock fracture surface roughness for analysis 
of flow and transport is still a challenging 
issue, due to its non-stationary features and 
lack of data from in-situ measurements of 
natural fractured rocks. It causes important 
uncertainties in flow and transport processes 
in natural rock fractures.  
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 Due to combined effects of surface 
roughness and inertial forces, the flow and 
transport behaviors in natural rough-walled 
fractures are still open issues, especially for 
nonlinear flows with complicate transport 
mechanisms. The current transmissivity and 
transport models require to be validated 
through direct simulations by solving NSE. 
However, it demands more reliable data of 
surface roughness and computational 
efforts. 

 The fluid flow and solute transport 
processes in natural rock fractures also 
coupled with many other physical and 
chemical processes, such as mechanical 
deformation, thermal transport and various 
chemical reactions.  However, laboratory or 
in-situ experiments are still unable to provide 
adequate data for reliable modeling, 
calibration and verification of the complex 
coupled stress-flow-transport processes in 
adequate size of rough-walled rock fractures. 

 Due to difficulties in representation of 
real fractures in large scale fractured rocks as 
limited by computational recourses, direct 
simulation of fluid flow and solute transport 
in field scale of fracture networks with 
consideration of realistic surface roughness 
is still a challenge.  

It is not possible to solve or investigate all of 
these challenging issues in the current thesis. 
However, as pointed out in Chapter 1.2, the 
main objectives of this thesis will focus on 
direct modeling of fluid flow and solute 
transport in rough-walled rock fractures 
which in one way or another addresses the 
above mentioned issues. The intention is to 
advance our understanding of realistic flow 
and solute transport in natural rock fractures 
and identify the potential uncertainty in 
upscaling of these processes for fractured 
rocks.  

3. THEORY AND 

METHODOLOGY  

The theory and methods used in this thesis 
are: wavelet analysis of rock fracture surface 
roughness (developed in Paper I), numerical 
solution of NSE (developed and applied in 
Papers I, II, IV, V and VI), advection-

dispersion equation (developed and applied 
in Papers III, IV and V) and Reynolds 
equations (developed and compared with 
NSE in Papers IV and V), analytical models 
of solute transport in fracture-matrix 
systems (used in Papers III and IV) and 
Lagrangian particle tracking for modeling 
the advection-dominated transport 
(developed and used in Paper V). These 
methods are introduced in more details in 
the following sections. 

For simplicity, the study is based on the 
following assumptions: 

 The fluid, i.e., groundwater, was assumed 
to be an incompressible Newtonian viscous 
single phase fluid;  

 No gravity effects included due to the 
small size of geometry models; 

 No thermal effects were included at this 
stage;  

 The rock matrix concerned is a fully 
saturated homogenous granite, but with zero 
flow velocity due to its low permeability 

compared with other type of rocks;  

 The solute is conservative and only two 
key transport mechanisms of advection and 
dispersion in the fracture, and molecular 
diffusion from fracture into the rock matrix 
were considered. 

3.1. Roughness decomposition by 
wavelet analysis 

Based on the understanding of multi-level 
features of the rock fracture surface 
roughness, the spectral methods, such as 
wavelet analysis, have a unique advantage 
that can separate the different frequencies of 
surface topographic information from the 
original measured data and provide a unique 
and quantitative characterization of the 
surface roughness at the different frequency 
scales (Chae et al., 2004; Khoshelham et al., 
2011; Mehrishal and Sharifzadeh, 2013). 
Compared to the Fourier transform, in 
which signals are represented as a sum of 
stationary sinusoids, the wavelet analysis is 
more suitable for analyzing the non-
stationary roughness of rock fracture 
surfaces (Sifuzzaman et al., 2009), and has 
been used in the field of surface 
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characterization in mechanical engineering 
(e.g., Chen et al., 1999; Josso et al., 2002; 
Palmer and Hall, 2012). Therefore, the 
wavelet analysis was used to decompose the 
multi-level features of rock fracture surface 
roughness in this study.  

In practical applications, for convenience 
and for reducing redundant calculations, 
only several relevant scales or levels need to 
be considered, which is called discrete 
wavelet transform (DWT). In the process of 
DWT, the decomposition can be performed 
in a level-by-level procedure, known as the 
Mallat’s pyramidal algorithm (Mallat 1989), 
shown in Fig. 1.  

In the process of decomposition, the 
original profile is split into two different 
frequency scales. One is the low-frequency 
scale called the approximation coefficients 
(A1) which represents the primary waviness 
profile. Another one is the high-frequency 
scale called detail coefficients (D1) which 
represents the detail roughness. Then, the 
approximation coefficients (A1) are adopted 
as the original profile and repeat above 
decomposition at the next level. The 

number of decomposition levels depends on 
both the quality of the originally scanned 
surface topography data and application 
requirements (Pradhan and King, 2006).  

3.2. Numerical modeling of flow and 
transport 

The governing equations of general fluid 
dynamics are NSE. For the isothermal, 
incompressible single Newtonian fluid, the 
NSE can be written as  

𝛻 ∙ 𝒖 = 0                                             (2) 
𝜕𝜌𝒖

𝜕𝑡
+ (𝜌𝒖 ∙ 𝛻)𝒖 − 𝛻 ∙ (𝜇𝛻𝒖) = −𝛻𝑃    (3) 

where 𝜌(kg/m3), 𝒖 (m/s), 𝑃 (Pa), 𝜇 (Pa ∙ s) 

and 𝑡 (s) denote the density of a fluid, the 
velocity vector, the pressure, the viscosity 
coefficient and time, respectively. The two 
equations are mass conservation equation 
and momentum conservation equation 
respectively.  

The governing equation of considered 
transport processes in the fractured rocks 
can be expressed by the general advection-
dispersion equation (ADE) without source 
terms, written as 

Fig. 1 Decomposition of a roughness profile by the discrete wavelet 
transforms by Mallat’s pyramidal algorithm. 
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𝜕𝜃𝐶

𝜕𝑡
+ 𝒖 ∙ 𝛻𝐶 − 𝛻 ∙ 𝜃𝐷(𝛻𝐶) = 0            (4) 

where 𝐶 (kg/m3), 𝑡(s), 𝒖 (m/s), 𝐷(m2/s) 

and  𝜃 denote the volumetric solute 
concentration in fluid phase, the time, the 
fluid velocity, the dispersion coefficient and 
the rock matrix porosity, respectively. For 
the fracture, with accurate velocity field 
obtained by solving NSE, its dispersion 

coefficient 𝐷 is the molecular diffusion 

coefficient 𝐷∗ of solute in the fracture fluid 
(i.e., water), expressed as 𝐷 = 𝐷∗.  

For the porous rock matrix, the diffusion 
coefficient is then equal to the effective 
diffusion coefficient. It was defined to be 
related to the matrix tortuosity (τ), written as 
𝐷 = 𝜏𝐷∗ as in Tang et al. (1981).  

The NSE and ADE are a set of partial 
differential equations without generally valid 
analytical solutions for fluid flow in natural 
rough-walled rock fractures. An 
unstructured finite volume method (FVM) 
code was developed to produce numerical 
solutions. Unstructured FVM meshing was 
adopted due to the needs to represent 
complex geometry of the rough profiles of 
rock fracture model with a high degree of 
details. This FVM code can be used only for 
2D simulations at its current stage, as 
demonstrated by simulations presented in 
Papers I and II.   

For solving the NSE, the fractional step 
projection method was used as the time 
integration scheme in this code (e.g., Kim 
and Moin, 1985). At each time step, an 
approximate pressure field (from the results 
of previous time step) was used for solving 
the momentum conservation equation (Eq. 
3) to yield an intermediate fluid velocity 
field. Then a Poisson equation of pressure 
was solved with the divergence of the 
intermediate velocity field as the source term 
for a pressure correction. The pressure 
correction result was then used to correct 
the intermediate velocity field to satisfy the 
continuity equation after several steps of 
iteration. For solving the ADE, a total 
variation diminishing (TVD) scheme was 
used to discretize the advection term, in 
order to increase the numerical stability 
(Darwish and Moukalled, 2003). 

For the sake of efficiency and convenience, 
the commercial finite element software of 
COMSOL Multiphysics (COMSOL, 2016) 
was employed to solve the steady state NSE 

and ADE for 3D simulations presented in 
Papers III, IV, V and VI. 

The Reynolds equation, simplified from 
NSE, has been widely applied in modeling 
of fracture flow. In order to quantify 
uncertainties in using such simplified flow 
model, the Reynolds equation was also used 
to simulate fracture flow in this study. The 
Reynolds equation is written as 

𝜕

𝜕𝑥
𝑇𝑥

𝜕𝑃

𝜕𝑥
+

𝜕

𝜕𝑦
𝑇𝑦

𝜕𝑃

𝜕𝑦
= 0                          (5) 

where 𝑇𝑥and 𝑇𝑦 are the transmissivity in the 

x- and y- directions, respectively. They were 
estimated from LCL. A finite element 
method (FEM) code was developed to 
obtain numerical solution of Reynolds 
equation, for comparison with NSE results 
in Papers V and VI. 

3.3. Analytical models of solute 
transport in fracture-matrix system 

Analytical models have been widely applied 
to model large scale transport problems in 
fractured rocks. Direct numerical modeling 
is often inapplicable in such cases, limited by 
computational capacity. However, numerical 
simulations can identify the impacts of 
oversimplifications adopted in analytical 
models. Therefore, it is important to 
compare numerical simulations with 
analytical results. On one hand, the 
numerical models/codes can be properly 
verified; on the other hand, uncertainties in 
application of analytical models can be 
understood and estimated. For this purpose, 
the classical solution of solute transport in a 
fracture-matrix system deduced by Tang et 
al. (1981) as well as Sudick and Frind (1982) 
were compared with direct numerical 
modeling results, as presented in Papers III 
and IV.  

In order to analytically solve the transport 
equation in the fracture-matrix system, the 
general transport equation (Eq. 4) for the 
whole domain of the fracture-matrix system 
is often written as two separate transport 
equations: one for the fracture and another 
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for the matrix. In the two analytical models 
(Tang et al. 1981; Sudick and Frind 1982), 
the two separate transport equations were 
simplified as two one-dimensional equations 
for solute transport in fracture and diffusion 
in matrix, respectively. The illustration 
model is shown in Fig. 2.  

For the transport processes considered in 
this study, the two equations were written as 

𝜕𝐶𝑓

𝜕𝑡
+ 𝑢

𝜕𝐶𝑓

𝜕𝑥
− 𝐷𝑓

𝜕2𝐶𝑓

𝜕𝑥2 −
𝜃𝐷𝑚

𝑏

𝜕𝐶𝑚

𝜕𝑧
|𝑧=±𝑏 = 0 (6) 

𝜕𝐶𝑚

𝜕𝑡
− 𝐷𝑚

𝜕2𝐶𝑚

𝜕𝑧2 = 0                                    (7) 

where 𝐶𝑓(kg/m3), 𝐶𝑚(kg/m3) and 𝐷𝑓(m2/

s), 𝐷𝑚(m2/s) are the concentration and 
dispersion/diffusion coefficient in the 

fracture and matrix, respectively. 𝑢 is the 
constant velocity in the fracture, b is the half 

aperture, 𝜃 is porosity of the matrix, 𝑡 is 

time and 𝑥, 𝑧 is the spatial coordinate in the 
flow (longitudinal or horizontal) and 
transverse (vertical) direction, respectively. 
The fracture dispersion coefficient is defined 
as (Bear, 1972) 

𝐷𝑓 = 𝛼𝐿𝑢 + 𝐷∗                                    (8) 

where 𝛼𝐿(m) is the longitudinal dispersivity. 

Initially, no solute was assumed in the 
fracture-matrix system (𝐶 = 0 at 𝑡 = 0). The 
boundary conditions in Tang et al, (1981) are 
expressed as 𝐶𝑓(𝑥 = 0, −𝑏 ≤ 𝑧 ≤ 𝑏, 𝑡) = 𝐶0, 

𝐶𝑓(𝑥 = ∞, 𝑧, 𝑡) = 0, 𝐶𝑚(𝑥, 𝑧 = ±∞, 𝑡) = 0. 

At the interface between the fracture and 
matrix, the boundary condition is 𝐶𝑓(𝑧 =

±𝑏)  = 𝐶𝑚(𝑧 = ±𝑏).  

The difference in Sudicky and Frind (1982) 
is the thickness of the rock matrix that is not 
infinite as in Tang et al., (1981), but with 
finite thickness, B. The boundary conditions 
on the bounded matrix, which were set as a 
concentration gradient free 

condition  
∂𝐶𝑚

∂z
(x, z = ±B, t) = 0, instead of 

zero concentration 𝐶𝑚(x, z = ±∞, t) = 0 for 
the infinite matrix domain used in Tang et 
al., (1981). Such gradient free boundary 
conditions on the matrix edges represent the 
case of transport in a system of discrete 
multiple-parallel fractures, with the finite 
intervening porous matrix. The closed-form 
solutions were deduced through Laplace 
transform. The detailed solution and 
procedures can be found in Tang et al., 
(1981) and Sudicky and Frind (1982).   

3.4. Lagrangian approach for 
modeling of advection-dominated 
transport 

Due to the relatively small diffusion 
coefficient of solute (commonly 

around 10−9m2/s), the transport in rock 
fractures are often dominated by the 

Fig. 2 Conceptual model of fracture-matrix system and boundary conditions used in 
analytical solutions. 
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advection, which causes difficulties in 
numerical solution through continuum 
Eulerian methods, such as finite element and 
finite volume methods. To deal with 
advection-dominated chemical transport in 
natural fractured rocks with rough-walled 
fractures, the Lagrangian random quantities 

of travel time 𝜏, transverse displacement η, 

transport resistance 𝛽 and effective specific 

surface area 𝜔 along flow trajectories have 
been put forward using the Lagrangian 
approach in Dagan et al., (1992) and 
Cvetkovic et al., (1999). In this study, the 
Lagrangian approach developed by 
Cvetkovic et al., (1999) was also adopted to 
explore the advection-dominated transport 
quantities in 3D rough-walled fracture-
matrix system, as presented in Paper V. 

In this approach, the flow trajectory is 
described by the Lagrangian position vector 
as a function of 
time 𝑿(𝑡) = [𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡)]. The residence 

time 𝜏 for a particle from release point (Y = 
0) to the control plane (Y = L) is defined by 

𝜏 = ∫
𝑑𝑦

𝒖𝑦[𝑿(𝜏(𝑦))]

𝐿

0
                                 (9) 

According to the analytical solution of the 
transport model, another random parameter, 
named as transport resistance is the 
controlling parameter for the retention due 
to mass exchanges on the fracture-matrix 
interfaces (Cvetkovic et al., 1999). The 

transport resistance  𝛽(𝜏) is defined as 

𝛽 = ∫
𝑑𝜏′

𝑏[𝑋(𝜏′)]

𝜏

0
                                 (10) 

It is seen that the residence time 𝜏 and 

transport resistance  𝛽 are correlated 
random parameters. If the aperture is 

constant, then the residence time 𝜏 and 
transport resistance  𝛽 are connected by the 
‘flow-wetted surface’ or ‘specific surface 
area’, which is defined as 1/b (Moreno and 
Neretnieks 1993; Wels et al., 1994), then 𝛽 =
𝜏/𝑏.  For the rough-walled fractures, the half 

aperture 𝑏[𝑋(𝜏′)] at each travel step 𝜏′ is 
varying spatially. An effective specific 

surface area 𝜔 can be obtained from the 

statistical correlation between 𝜏 and 𝛽, in 
form of (Cvetkovic and Frampton, 2012; 
Cvetkovic and Gotovac, 2013) 

𝜔 =
1

𝑏eff
 ;      𝛽 = 𝜔𝜏                          (11) 

A particle tracking code was developed to 
calculate the flow trajectories and associated 
transport quantities (i.e., residence time, 
transport resistance and specific surface 
area). The transport of Lagrangian particle is 
following the motion equation, written as 

𝑑𝑿(𝑥,𝑦,𝑧)

𝑑𝑡
= 𝒖(𝑥, 𝑦, 𝑧)                        (12) 

where 𝑿(𝑥, 𝑦, 𝑧) and 𝒖(𝑥, 𝑦, 𝑧) are vectors of 
position and velocity for each particle, 
respectively. The classical fourth-order 
Runge-Kutta integrator (RK4) was used to 
solve Eq. 12, expressed as 

𝑿𝒏+𝟏 = 𝑿𝒏 +
𝟏

6
(𝒌𝟏 + 2𝒌𝟐 + 2𝒌𝟑 + 𝒌𝟒) (13) 

with 

 𝒌𝟏 = 𝒖𝒏∆𝑡 

 𝒌𝟐 = 𝒖𝟏
𝒏+𝟏∆𝑡 

 𝒌𝟑 = 𝒖𝟏
𝒏+𝟏∆𝑡  

 𝒌𝟒 = 𝒖𝟏
𝒏+𝟏∆𝑡 

where 𝒖𝟏
𝒏+𝟏, 𝒖𝟐

𝒏+𝟏 and 𝒖𝟑
𝒏+𝟏 are velocity 

vectors corresponding to the points 𝑿𝒏 +
𝒌𝟏

𝟐
, 

𝑿𝒏 +
𝒌𝟐

𝟐
 and 𝑿𝒏 + 𝒌𝟑, respectively. 

For the explicit scheme of RK4, its solution 
accuracy and computing efficiency are 

largely dependent on the time step ∆𝑡. The 
adaptive time step based on the well-known 
Courant-Friedrichs-Levy (CFL) condition 
was used in this study, expressed as 

∆𝑡 ≤
∆𝑥

𝑢
                                                (14) 

where ∆𝑥 is a characteristic length 
approximated by the mesh size. For 
tetrahedral meshes, we estimate it as the 

cubic root of mesh volume (∆𝑥 = √𝑉
3

) in 
this code. 

4. SIMULATION AND RESULTS  

This chapter begins with a brief summary of 
simulation settings for numerical modeling, 
including physical parameters, initial and 
boundary conditions adopted in this study. 
Then results of roughness decomposition by 
using wavelet analysis and modeling results 
of nonlinear flow in both 2D and 3D 
fractures, transport in fracture-matrix system 
as well as solute mixing at fracture 
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intersections were presented in the following 
sub-chapters. 

4.1. Simulation settings  

For comparison, the dimensionless 
parameters of Reynolds numbers (Re) and 
Péclet numbers (Pe) were used to describe 
the flow and transport conditions in 
simulation settings. The common definitions 
of Re and Pe are written as  

Re =
𝜌�̅��̂�

𝑊𝜇
=

𝜌𝑄

𝑊𝜇
                                   (15) 

Pe =
�̅��̂�

𝑊𝐷
=

𝑄

𝑊𝐷
                                   (16) 

where �̅�(m/s) is the average velocity, �̂�(m) 
is the characteristic length approximated by 
the mean fracture aperture, 𝑊 (m) is the 

width of fracture, Q (m3/s) is the volumetric 

flowrate, 𝜌 is the density and 𝜇 is the 
viscosity of fluid.  

Unless specified otherwise, the common 
parameters used in simulations are 
summarized in Table 1. 

The fracture models were discretized with 
triangular elements in 2D and tetrahedral 
elements in 3D due to their high flexibility in 
representation of complex surface 
roughness. The resolution of meshes was 
determined through a mesh-size sensitivity 
analysis procedure, in order to reach mesh-
independency of the simulation results. 

In modeling of fluid flow, the initial 
condition for all models were set as filled 
with water with zero velocity and zero 
pressure. The inlet boundary conditions 
were specified with different values of 

constant flowrates, Q (m3/s) or velocity, u 
(m/s), and the outlet boundary condition 

was set as zero pressure, i.e., P = 0 Pa. The 
rest of fracture surfaces were set as no fluid 
flow and non-slip walls, i.e., u = 0 m/s. 

In modeling of solute transport, no solute 
was assumed in the domain (𝐶 = 0 at 𝑡 = 0). 
At the inlet of fracture, the boundary 
condition was set as constant concentration 

(𝐶 = C0 = 1kg/m3). All the rest boundaries 
were set as constant concentration or 

gradient free (𝒏 ∙ ∇𝐶 = 0, where 𝒏 is normal 
vector of boundary).       

For convenient comparison of the results, 
the concentration was normalized as 𝐶′ =
𝐶/𝐶0 and the time was normalized as 
𝑡′= 𝑡/𝑇, where 𝑇 is the mean residence time 
for fluid flow through the fracture (𝑇 = 𝐿/𝑢, 
L is the length of fracture, u is the averaged 
flow velocity in the fracture).   

4.2. Fracture surface and roughness 
decomposition (Paper I) 

In order to represent realistic features of 
rock fracture surface roughness, a granite 
rock surface was laser-scanned and used as 
the parent surface. It was used to build 
rough-walled fracture models for roughness 
characterization, fluid flow and solute 
transport modeling. The size of rock 
specimen is 0.1 m in width and 0.2 m in 
length. Its topographical data is obtained 
through 3D laser scanning with an interval 
of 0.2 mm in both X- and Y-axis with an 
accuracy of ±20 µm and a resolution of 10 
µm (Koyama et al. 2008). The topography of 
this fracture surface was presented in Fig. 3.  

The 2D fracture model was formed by two 
adjacent vertical profiles along the X-axis 

Table 1 Parameter values used in simulations. 

Parameter Note (unit) Value 

Gravitational accelerate coefficient 𝑔(𝑚/𝑠2) 9.8 

Water density 𝜌(kg/m3) 0.9997 × 103 

Water viscosity 𝜇(Pa ∙ s) 1.307 × 10−3 

Molecular diffusion coefficient 𝐷∗(m2/s) 2.03 × 10−9 

Rock matrix porosity 𝜃(-) 0.01 

Rock matrix tortuosity  τ(-) 0.1 

Injection concentration 𝐶0(kg/m3) 1.0 
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direction, as shown in Fig. 4. To avoid 
unwanted contacts of asperities on the two  

profiles so that fluid flow will not be 
blocked, the upper profile was lifted up by 
1.0 mm in the Z-axis direction, leading to a 
mean value of mechanical aperture of 0.94 

mm due to slight differences between the 
two profiles in geometry.  

The upper and lower profiles of the fracture 
surfaces were decomposed by using wavelet 
analysis. After testing calculations from the 
wavelet families by comparing the likelihood 

Fig. 3 3D topography of the scanned rock surface. 

Fig. 4 The 2D fracture model with the upper and lower profiles. 
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of white noises of detailed high frequency 
information after decomposition 
(MATLAB, 2016), the Daubechies’ wavelet, 
‘db8’, was selected as the mother wavelet in 
this study. The original rough surface was 
decomposed and reconstructed by eight 
levels of decomposition profiles. The eight 
levels of decomposition profiles of the 
upper surface are shown in Fig. 5, noted by 
A1 to A8 and D1 to D8, respectively.  

At each level of decomposition, the 
approximation profile represents the 
primary undulation/waviness geometry, and 
the detail profile represents the small-scale 
unevenness, i.e. the stationary secondary 
roughness. The decomposed profiles are 

used to reconstruct the primary and 
secondary roughness profiles, in a similar 
way as defined in ISRM definition (ISRM, 
1978).  

How to determine the cut-off level of 
frequency between the primary and 
secondary roughness profiles is a crucial 
issue in the reconstruction roughness 
profiles. A criterion was proposed in this 
study based on the fact that the overall 
variance of the primary roughness profiles 
should be approximately the same as the 
original measured profile, so that the 
dominating features of the waviness of the 
original profile can be maintained.  
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Fig. 5 Eight levels wavelet decomposition of the roughness (upper surface of the 
fracture model in Fig.4). 
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Figure 6 shows the optimal cut-off level 
appeared at the level 4 for separating the 
primary and secondary profiles, because the 
variances start to drop down largely at 
level 4. Therefore, the fourth level of the 
approximation profile was determined as the 
primary roughness, and the sum of level 1 
to 4 of the detail profiles were used to form 
the secondary roughness. 

4.3. Nonlinear flow in rough-walled 
fractures (Papers I and II) 

4.3.1. Effective hydraulic aperture (Paper I) 

Two 2D models, one without the secondary 
roughness and the other with the secondary 
profiles superimposed over the primary 
profile were created to simulate fluid flow, 
as presented in Paper I.  

The effective hydraulic aperture was 
calculated to analyze the nonlinear flow 
behavior of fracture flow.  Figure 7 shows 
the comparison of normalized hydraulic 
apertures in the two models. The hydraulic 

aperture is about 75% of its mean 
mechanical aperture when the Re ≤ 10.0 for 
the original model, but 85% of that for the 
primary model. There is around 10% 
difference of the hydraulic aperture, which is 
the geometric effect of secondary roughness. 
When Re > 10.0, the hydraulic apertures in 
both models showed significant decreases. It 
was caused by the combined effects of 
inertial term in NSE and rough fracture 
surface geometry.  

The hydraulic aperture estimated by 
assuming validity of the CL is a roughly 
averaged parameter. Considering the 
potentially different dominated transport 
mechanisms in different flow regimes, 
quantitative analyses of the effective 
hydraulic apertures with separated regions of 
advective flows and eddy flows are required. 
Therefore, an effective hydraulic aperture 
was proposed in this study. It is defined by 
the average thickness of the effective 
advective flow regions where the fluid is not  

Fig. 6 Variance values of the reconstructed upper and lower profiles of the 
fracture mode against the decomposition level, with zero noting the original 
data before decomposition. 
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Fig. 7 Effective hydraulic apertures as a function of Re. 

Fig. 8 Algorithm for determining the effective advective flow aperture and 
eddy flow aperture. 
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trapped in eddies. It can be quantitatively 
determined from the velocity and vorticity 
profiles on cross-sections of the fracture. 
The procedure is shown in Fig. 8, where the 
velocity and vorticity profile at a cross-
section when Re = 1000.0 was taken as an 
example for demonstration.  

Initially, the main positive flow area (where 
the x-components of velocity are positive) is 
defined by segment AB from the x-
component of velocity profile (the blue 
curve) shown in Fig. 8. Then, the norm of 
vorticity vector (|∇ × 𝑼|) representing the 
curl extent of streamlines is used to 
determine the boundary of eddies, since it 
changes monotonicity from increase to 
decrease at the boundary of eddies (shown 
as point C in Fig. 8). The effective advective 
flow aperture can then be determined by the 
distance defined of segment AC.  

Accordingly, the other part of the whole 
aperture, defined by segment CD, represents 
the eddy flow aperture.  

Figure 9a-b represent the effective advective 
flow aperture and eddy flow aperture, 
superimposed over the profiles of the 
mechanical fracture aperture, for the original 
model with Re=100.0 and 1000.0, 
respectively.  For comparison, the same 

profiles of the primary model for Re=1000.0 
is presented in Fig. 9c.  

The decrease of effective advective flow 
aperture is caused by the increasing eddy 
flow region areas when Re increases from 
100.0 to 1000.0. The decrease of the 
correlation coefficients between mechanical 
aperture and effective advective flow 
aperture in the primary and original models 
from 0.8480 to 0.7856, with Re=1000.0, is 
caused by the more complicate eddy flows 
due to secondary roughness.  

4.4.2 Time-dependent behavior (Paper I) 

In the original model when Re = 1000.0, the 
flow velocity was found fluctuating within a 
small range at the magnitude of 1~6×10-5 

m/s. This fluctuation is caused by time-
dependent changes of eddy flow, shown in 
Fig. 10. 

It is obvious that the numbers, sizes, shapes 
and locations of eddy flow regions are 
changing with time. This time dependent 
behavior may not affect the overall mean 
flowrate of the fracture model due to 
relatively low velocity in the eddy zones, but 
it may increase the complexities and 
uncertainties in simulating the mass 
transport processes in the eddy flow regions.  
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Fig.9 Profiles of mechanical aperture, effective advective flow aperture and eddy flow 
aperture for original model with (a) Re=100.0 and (b) Re=1000.0; and (c) primary model 
with Re=1000.0. 
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4.4.3 Channeling, transverse and eddy flows 
in 3D models (Paper II) 

Two 3D fracture models, one with and one 
without the shear-caused asperity contacts 
were created for simulations. The first 
model, M1, was built by a numerical ‘lift’ 
step that simply extruded the scanned 
surface up in the vertical height direction (Z-
direction) by 0.65 mm (Fig. 11a). Therefore, 
the vertical aperture of the model M1is a 
constant of 0.65 mm, without asperity 
contacts at all. The second model, M2, was 
created numerically by a ‘shear’ step along 
the horizontal length direction (X-direction) 
with a displacement of 1.0 mm, after the 
same ‘lift’ step used in model M1 (Fig. 11b). 
This ‘numerical shear’ step create a 
numerical 3D fracture model with changing 
apertures formed by the unmatched upper 
and lower surfaces, with shear dilations at 
asperity contacts.  

The streamlines of flow fields when Re = 
400.0 are shown in Fig. 12, to illustrate 
overall trends of pathways of fluid flow 
through the 3D rough-walled fracture 
model, with contour maps presenting the 
norms of the velocity magnitude field.  

The flow streamlines of model M1 (Fig. 12a 
and b) were generally homogenous with 
paralleled lines along the principal flow 
direction. However that of model M2 were 
much channelized with significant tortuosity, 
dominated by the locations of the contact 
spots created by shear, despite the fact that 
the topography of the wall surfaces of the 
two models are identical. The streamlines of 
model M2 (Fig. 12c and d) clearly 
demonstrated the complicate channeling 
flow along the preferential paths, around the 
contact spots and the widely distributed 
eddy flows around the contact spots. 

  

(a) 4000 time steps, t=0.00685 second               (b) 6000 time steps, t=0.01030 second

(c)  8000 time steps, t=0.01374 second              (d) 10000 time steps, t=0.01719 second

Fig. 10 Streamlines at the section x = [0.023m, 0.025m] of the original model when 
Re=1000.0, at different time steps. The contour maps represent the x-component 
velocity (m/s). 
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Fig. 11 3D fracture models: (a) M1 with constant aperture and (b) M2 with variable 
apertures and contacts. 

M1 

M2 
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Eddy flows were found at sharp corners on 
the upper surface with large asperities in 
model M1. This type of eddy flow is not like 
the closed-streamline eddy flows observed in 
2D models (see Fig. 10), but a local whirling 
backflow with open streamlines towards the 
main flow direction.  

Two examples of zoomed-in streamlines of 
eddy flows were presented in Fig. 13. The 
most significant differences of eddy flow 
features between the two models are the 
locations and geometrical features. In model 
M1, the eddy flow streamlines occurs at the 
low velocity zone of the sharp corner of the 
upper surface (Fig. 13a and b), showing 
continuous open streamlines in 3D into and 
out of the sharp corner with a strong 
whirling motion in the vertical direction 
(Fig. 13a). Its formation mechanism shows a 
similarity with typically eddy flow in sharp 
corner of rough surfaces observed in Fig. 10 
and also in previous experimental 
investigations (e.g., Lee et al., 2014). In 
model M2, the eddy flows mostly located in 

horizontal directions behind the contact 
spot, occupying much larger space sizes and 
more complicated streamline shapes (Fig. 
13c and d). Such complicated eddy flows in 
both model M1 and M2 cannot be well 
represented by any 2D models. More 
comprehensive discussion is given in the 
Paper III. 

4.3.4 Effective transmissivity with local 
apertures (Paper II) 

According to LCL, each interval of surface 
roughness can be recognized as a local flow 
cell, and the local transmissivity then can be 
expressed as a function of local apertures. 
The LCL based effective transmissivity can 
be inversely evaluated from flow and 
pressure fields obtained by solving NSE. 
Following the correction of aperture 
considering the vertical tortuous flow along 
the mid-surface in Ge (1997) and the 
definition of harmonic mean of adjacent 
apertures in Nicholl et al., (1999), the 
effective transmissivity of the two fracture 
models for different Re were calculated and 
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Fig. 12 Streamlines of flow in the 3D fracture models with Re=400.0, (a) model M1 and 
(c) model M2; (b) and (d) is the top view of (a) and (c), respectively. 
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(a)

Contacts Contacts

(b)

(c) (d)

Fig. 13 Enlarged zoomed-in views of  complex features of flow streamlines in 3D, 
around a large asperity of sharp corner on the surfaces of the fracture, of the two models 
when Re = 400.0: (a) Streamlines of model M1 without contact spot, vertical view in 
direction perpendicular to the horizontal X-Y plane (birds view); (b) horizontal front 
view of model M1 along the direction perpendicular to the  vertical Y-Z plane; (c) 
Streamlines of model M2 around a large asperity contact spot in the vertical direction 
perpendicular to the horizontal X-Y plane (birds view) and (d) horizontal front view of 
model M2 along the direction perpendicular to vertical Y-Z plane. 
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presented in Fig. 14. The theoretical relation 
between transmissivity and apertures based 
on the LCL (the blue curve) was also plotted 
in Fig. 14 for comparison. The transmissivity 
values of model M1 stop at aperture value of 

0.65 mm (shown in green dots in Fig. 14), 
because of the constant vertical aperture 
(0.65 mm) of model M1. 

When Re = 0.4 (Fig. 14a), the scatter plots 

(a) 

(b) 

Fig. 14 Scatter plots of effective transmissivity with apertures: (a) Re = 
0.4 and (b) Re = 400.0. 
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of local effective transmissivity versus local 
apertures for both fracture models M1 and 
M2 are strongly correlated. The scatter 
points were generally following the trends of 
LCL model results (blue curves), but show 
increasing deviations with increasing 
aperture values. It indicates that the effective 
transmissivity of the 3D rough-walled 
fractures cannot be fully represented by a 
deterministic function of aperture. In 
addition, the result of LCL (blue lines) in 
Fig. 14a is generally close to upper bond of 
effective transmissivity point clouds, 
indicating that the LCL approach generally 
overestimated the transmissivity of fractures. 
The main reason is that the LCL model 
cannot fully capture impacts of channeling 
and transverse flows in the other horizontal 
direction (i.e., X-direction in this study). 
When Re = 400.0 (Fig. 14b), the mean 
effective transmissivity points spread widely 
with larger range of deviations and increased 
transmissivity values with increasing Re, 
indicating the failure of LCL approach with 
highly nonlinear flow fields.  

4.4. Solute transport in fracture-
matrix systems (Papers III, IV and V) 

4.4.1 Limitations of  analytical solutions 
caused by special assumptions (Papers III 
and IV) 

Due to their simplicity and theoretical 
basics, analytical models (Tang et al. 1981; 
Sudicky and Frind 1982) for solute transport 
in a fracture-matrix system are widely used 
in academic researches and industrial 
applications. However, in addition to 
ignoring the surface roughness, these 
analytical models are also based on the 
following special assumptions: (1) the solute 
in the fracture is assumed as fully mixed in 
the transverse and vertical directions; (2) the 
horizontal matrix diffusion along the 
fracture length is ignored; and (3) the 
concentration gradient in the vertical 
direction along the fracture-matrix interface 
is assumed as constant. The importance of 
these three special assumptions as well as 
the impacts of surface roughness was 
investigated in Papers III and IV. For the 
first assumption, it may be acceptable in 2D 

models but will not be valid in 3D natural 
rock fractures. In 2D models, the flow and 
transport in the transverse direction is 
ignored. Due to the much smaller apertures 
relative to the fracture length in rock 
fractures, the assumption of full solute 
mixing across the aperture width (in the 
vertical direction) is generally acceptable 
according to the Taylor dispersion and 
dynamic dispersion theory (Taylor 1953; 
Dentz and Carrera 2007; Wang et al. 2012). 
However, in a 3D fracture, the solute is not 
fully mixed along the transverse direction 
due to the heterogeneous geometry 
structures and flow field (especially when Pe 
> 1.0). Such feature was illustrated in Fig. 
15, showing concentration field in 3D 
fracture-matrix model. When Re = 0.001, 
the concentration flame is generally 
homogenously spread in the flow direction 
(Y-axis). In contrast, when Re = 1.0, the 
concentration flame is highly discretely 
spread along the fracture without being fully 
mixed. Figure 16 presents the comparison 
between simulation results and the analytical 
solution by Sudicky and Frind (1982). The 
simulation result is generally consistent with 
the analytical solution only in the case of 
Re = 0.001. In cases of Re = 0.05 and 1.0, 
the simulated complementary cumulative 
distribution function (CCDF) curves show 
much stronger dispersive features with 
earlier arrivals and heavier tailings than the 
analytical results. For 3D rough-walled 
fractures, the dispersive features in 
advection dominant transport processes is 
beyond the first assumption of full mixing in 
the fracture in the transverse direction (X-
axis). This is the main reason for the 
differences between simulation results and 
analytical solution. This assumption is also 
the main reason for the uncertain 
dispersivity values, which may result in low 
accuracy of the analytical solution in 
applications. 

The second assumption is another important 
source of uncertainty in application of the 
analytical solutions, especially for the 
prediction of concentration distribution in 
the matrix. According to this assumption,  



Numerical modeling of fluid flow and solute transport in rock fracturs 

 

25 

 

  

X [mm]

Y [mm]

Z 
[m

m
]

(a)

X [mm]

Y [mm]

(b)

Z 
[m

m
]

Fig. 15 Concentration distribution in the fracture-matrix model when t= 1.0 T: (a) low 
flowrate, Re = 0.001; and (b) high flowrate, Re = 1.0. 
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Fig. 16 Complementary cumulative distribution function curves at the outlet of fracture. 
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the matrix concentration gradients in the 
horizontal directions are all assumed as zero, 
implying that the matrix diffusion 
penetration line should be straight and 
parallel to the horizontal plane. However, in 
reality, this straight matrix diffusion 
penetration line is rarely realized, especially 

when the surface roughness is considered.  

The contour map of concentration for a 
cross-section was plotted in Fig. 17, to show 
the concentration distribution feature in the 
matrix.  To further quantitatively compare 
the simulated results with the analytical 
solution (the red curve), concentration 
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Fig. 18 The Z-axis direction of concentration gradients along the 
upper fracture-matrix interface (Z=b) when t=100 d, with varying 
(a) Pe numbers and (b) matrix porosity. 
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profiles (blue curves) along the vertical 
distance from the upper fracture surface on 
this cross-section were also presented in 
Fig. 17.  

The contour map show obvious 
diffusion/penetration zones around the 
fracture where the concentration in the 
fracture is close to 1.0, following the 
patterns of surface roughness, but with 
much smoother iso-surface/line than the 
structure of surface roughness. The 
simulated results of concentration profiles 
(blue curves) in the matrix show a strong 
spatial variability around the theoretical 
solution (the red curve) by Sudicky and 
Frind (1982) (Fig. 17). It illustrates the 
deficiencies of the analytical solution in 
modeling of such uncertain variations in a 
real rough-walled fracture-matrix system.  

The last assumption required in building the 
mathematical models for deriving the 
analytical solutions that affects the precision 
order in the differential equation (Eq. 5), is 
discussed in the Paper III. This assumption 
is potentially another issue of uncertainty in 
the analytical solution, depending on the 
values of the concentration gradient in the 

Z-direction along the fracture-matrix 
interface. Figure 18 shows the concentration 
gradient distributions in the Z-direction 
along the length of the fracture-matrix 
interface through numerical simulations of a 
2D fracture-matrix system model.  

As shown in Fig. 18, when Pe number is 

high (Pe ≥ 0.5) (Fig. 18a) and matrix 
porosity value is small (𝜃 ≤ 0.01) (Fig. 18b), 
the concentration gradient curves in the z-
direction along the fracture-matrix interface 
were close to being constant in this 
simplified fracture model. When matrix 
porosity is large (𝜃 > 0.01) and Pe number is 
small (Pe < 0.5), the concentration gradient 
in the Z-direction along the fracture-matrix 
interface were not constant but decrease 
continuously along the fracture length.  

4.4.2 Effective dispersion coefficient of  the 
fracture (Paper IV) 

With the more realistic simulation of solute 
transport in this rough-walled fracture-
matrix model, its effective dispersion 
coefficients can be reversely estimated 
through the least square curve fitting of 
simulated results by using the analytical 
solution. The value of dispersion coefficient 

Fig. 19 Effective dispersion coefficients varying with the mean velocity in 
fracture. 
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leading to the minimum of 
residues/differences between fitted curve 
and simulated results is estimated as the 
effective dispersion coefficient. The 
obtained effective dispersion coefficients 
against the mean velocity are plotted in 
Fig. 19.  

The effective dispersion coefficients (blue 
circles) show a strong linear relation with the 
mean velocity, which agrees well with the 
linear fitting by using Eq. 8, with square of 

correlation coefficient 𝑅2 above 0.99. 
According to the physical meaning of Eq. 8, 

the coefficient of 4.5× 10−4 is estimated as 
the longitudinal dispersivity for this fracture. 

4.4.3 Flow-dependence of  transport: 
comparison of  NSE and Reynolds equations 
(Paper IV and V) 

In addition to analytical models, the 
Reynolds equation is also widely applied in 
modeling of flow and transport in rock 
fractures, due to its simplicity and ability to 
account for surface roughness by using LCL. 
The results of flow and advection-
dominated transport by comparison of NSE 
and Reynolds equations were presented in 
this Section, in order to quantify the 
uncertainties in modeling flow by Reynolds 
equation.  

Figure 20 presents spatial distribution of the 
relative differences of local velocity in the 
fracture models M2, for Re = 0.001. The 

relative differences of local velocity 𝜉𝑈 is 
defined as 

 𝜉𝑈 =
𝑈𝑁𝑆𝐸−𝑈𝑅𝐸

𝑈𝑁𝑆𝐸
× 100%            (17) 

  

Fig. 20 Differences of local velocity between NSE and Reynolds equations, Re = 0.001. 
The white voids represent the shear caused contacts. 
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Fig. 21 CDF and CCDF of residence time. 

Fig. 22 Scatter distributions and correlation between residence time τ and 
transport resistance β. 
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where 𝑈𝑁𝑆𝐸 and 𝑈𝑅𝐸 are the normal velocity 
solved by NSE and Reynolds equation, 

respectively. Note that 𝑈𝑁𝑆𝐸  is not the 
original modeling result but linearly 
interpolated from the 3D velocity fields by 
solving NSE, because of different meshes 
used in solving NSE and Reynolds equation.  

The comparison of local velocity showed 
significant relative differences between 
results of NSE and Reynolds equations. The 

values of 𝜉𝑈 were in the range from -215% 
to 60%. Particularly, the areas near the shear 
induced contacts show relatively higher 
differences.  

The importance of such differences in the 
local velocity consequently affecting flow-
dependent transport behaviors were 
demonstrated through analysis of the 
Lagrangian transport quantities (i.e., 
residence time, transport resistance and 
specific surface area).  In order to calculate 
these transport quantities for comparison of 
NSE and Reynolds equations, around 5000 
particles were assigned on the inlet boundary 
surface of model M2 for 3D particle 

tracking with NSE results and 2D particle 
tracking with Reynolds equation results, 
respectively. Figure 21 presents the 
cumulative distribution function (CDF) and 
complementary cumulative distribution 
functions (CCDF) of the residence time of 
the particles.  

The CDF and CCDF of the residence time 
by NSE and Reynolds equations both show 
obvious multi-rate flow and tailing transport 
features in the fracture model M2. It is 
caused by preferential channeling flows in 
the fracture due to the heterogeneous 
structure of fracture surface roughness and 
asperity contacts. The CDF and CCDF of 
the residence time by NSE show more 
dispersive features than the results by 
Reynolds equation, where the CDF show 
the particles arrive earlier but the CCDF 
show longer tailings. 

Figure 22 presents scatter distributions of 
the residence time τ and transport resistance 
β. The scatter points of the τ and β generally 
illustrate a strong linear relationship between 
the residence time and transport resistance, 

[%
] 

Fig. 23 Boxplot of relative differences for the effective specific surface area ω. 
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which is a consequence of their strong 
dependence on the fracture aperture. For 
idealized smooth parallel plate model, the 
deterministic slope (specific surface area) 
1/b = 3076.9 for the mean aperture 
2b = 0.65 mm was found in this study. Such 
deterministic specific surface area shows a 
good fitting (the black line) for the scatter 
distributions of the residence time τ and 
transport resistance β. Similarly, because 
dispersion is neglected when using the 
Reynolds equation in this study, the ranges 
of residence time τ and transport resistance 
β by NSE are wider than that by the 
Reynolds equation.  

In order to quantitatively analyze and 
compare the uncertainties in specific flow 
area of the rough-walled fractures by using 
NSE and Reynolds equation, the relative 
differences with the effective specific flow 

area 𝜔 were calculated and presented in 
Fig. 23. The relative differences defined 

as 
𝜔𝑖−𝜔

𝜔
× 100%, where 𝜔𝑖 is specific surface 

area of the i-th trajectory and 𝜔 = 3076.9.  

The distribution of relative differences with 
the effective specific surface area by NSE 
and Reynolds equation both show obvious 
positive skewness with positive extreme 
values, which is caused by the hetergenous 
flow in the fracture. This result indicates that 
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Fig. 24 The rough-walled fracture intersection model. 
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the Reynolds equation can capture the 
surface roughness caused uncertainties of 
flow-depentent specific surface area as NSE.  

In summary, the heterogeneous flow in the 
fracture caused by surface roughness results 
in important uncertainties in the specific 
surface area which is controling mass 
exchanges on the fracture-matrix interfaces. 
Although the Reynolds equation also can 
capture the preferential channeling flow in 
the fracture, there are important differences 
in local velocity fields compared to the NSE 
result. More importantly, neglecting 
dispersion when using the Reynolds 
equation for modeling of transport generally 
enhanced uncertainty in predicting water 
residence time distributions.  

4.5. Invasion flow enhanced mixing 
at fracture intersections (Paper VI) 

4.5.1 Invasion flow patterns 

The 3D rough-walled fracture intersection 
model was created from the fracture model 

M2. Two pieces of fracture (20 mm in the 
length and 10 mm in the width) were cut 
from the model M2 and intersected at the 
right angle, shown in Fig. 24.  

Figure 25 presents flow streamlines in the 
fractures for Pe = 0.1, as the representative 
result of flow patterns at the intersection. 
Due to the same constant flowrate on inflow 
branches( 𝑄1 = 𝑄2 = 𝑄) and the same mean 
apertures of each bench, the flowrate at the 
outflow branches are almost equal ( 𝑄3 ≅
𝑄4 ≅ 𝑄). In order to clearly show the flow 
redistribution at the intersection, the flow in 
different inflow branches 1 and 2 were 
differentiated with different colors, i.e., red 
and black for branches 1 and 2, respectively. 

The continuous flow streamlines from 
inflow to outflow branches show significant 
invasion flow patterns at the intersection. A 
small amount of the red streamlines from 
the inflow branch 1 were invaded into the 
outflow branch 3. A similar amount of the 
black streamlines from the inflow branch  2 
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Fig. 25 Streamlines showing complex flow patterns at the intersection: overall 
asymmetric channeling flow behavior and invasion of fluid from inflow branch 1 to 
outflow branch 3, and inflow branch 2 to outflow branch 4. 
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Fig. 26 Concentration distributions for different Pe numbers when t = 2T, (a) 
Pe = 0.1; (b) Pe = 1; (c) Pe = 10; (d) Pe = 100; (e) Pe = 200 and (f) Pe =500. 
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were also invaded into the outflow branch 4. 
This means that the flow itself is mixing at 
the rough-walled intersection because of the 
irregular fracture surface roughness and 
irregular geometry shapes at the intersection. 
Such invasion flow cannot be predicted by 
using 2D intersection models based on the 
smooth parallel plate conception through 
the cubic law for modeling of fracture flow.  

4.5.2 Concentration distribution 

In order to illustrate concentration 
distribution features and the interaction 
between matrix diffusion and mixing 
processes for different Pe values in the 3D 
fracture-matrix system with fracture 
intersection, the distributions of solute 

concentration fields when 𝑡 = 2T, for Pe = 
0.1, 1, 10, 100, 200 and 500, were presented 
in Fig. 26. 

For Pe = 0.1 (Fig. 26a), the solute spread 

almost homogeneously along the branch 1 
to branches 3 and 4 with generally uniform 
evolution of matrix diffusion process from 
the fracture into the matrix, since the 
diffusion plays a dominant role in transport 
for small values of Pe (i.e., Pe < 1). When 
the Pe values increase from 1 to 500 (Fig. 
26b-f), the corresponding concentration 
fields gradually show much higher 
concentration in branch 4 than that in 
branch 3, indicating that the mixing at the 
fracture intersection reduces with increasing 
Pe. In particular, when Pe is relatively high 
(i.e., Pe > 10), the concentration fields in 
fracture branches 3 and 4 show strong 
channelization following the invasion flow 
paths shown in Fig. 25. Therefore, the 
mixing process at the rough-walled fracture 
intersection is highly Pe-dependent. The 
matrix diffusion process may affect the 
mixing and concentration distributions in 

Fig. 27 Comparison of mixing ratio as functions of Pe. 
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the entire fracture-matrix system when Pe is 
relatively small (i.e., Pe ≤ 1). More 
importantly, the mixing invasion flows 
significantly enhance the solute mixing 
process when Pe is relatively high (i.e., 
Pe > 1). 

4.5.3 Mixing ratio 

The mixing ratio (𝑀𝑟) is widely used to 
describe the mixing behaviors at the fracture 
intersections in literatures (e.g., Stockman et 
al., 1997; Johnson et al. 2006; Zafarani and 
Detwiler, 2013), defined as 

 𝑀𝑟 = 
𝐶3

𝐶3+𝐶4
                                      (18) 

where 𝐶3 and 𝐶4 are the mean concentration 
at the outlet on branch 3 and 4, respectively. 
The mixing ratio for different Pe between 

0.1 and 500 when 𝑡 = 5T were calculated 
and presented in Fig. 27. For comparison, 
earlier studies applying the same equal 
flowrate boundary conditions as this study 
by Berkowitz et al. (1994), Stockman et al. 
(1997), Park and Lee (1999), Li (2002) and 
Zafarani and Detwiler (2013) were also 
plotted in Fig. 32. These earlier studies were 
based on the 2D simplified geometry model 
without considering the fracture surface 
roughness. 

As shown in Fig. 27, all the mixing ratios 
decrease ranging from 0.5 to 0 with the 
increases of Pe from 0.1 to 500, but they are 
generally differ from each other. In 
particular, results obtained from this study 
yield much higher mixing ratio values than 
all of abovementioned earlier studies, 
especially for Pe > 10. In addition, unlike 
earlier studies where the mixing ratio 
gradually decreases toward an asymptotic 
value of 0 with increasing Pe, the mixing 
ratio of this study decreases toward an 
asymptotic value of 0.24. Such important 
differences quantitatively illustrate that the 
invasion flow patterns due to the 3D 
fracture surface roughness significantly 
enhance the solute mixing process at the 
natural fracture intersections. Further studies 
of flow and transport at 3D fracture 
intersections are clearly needed however for 
a more general evaluation of these 
dependencies. 

5. DISCUSSION  

The numerical modeling results generally 
demonstrated significant impacts of surface 
roughness on fluid flow and solute transport 
in single rock fractures and discrete fracture-
matrix systems. The methodology of surface 
roughness decomposition, FEM, FVM and 
particle tracking codes can be readily applied 
or easily extended for modeling of more 
complicate flow and transport processes in 
rough-walled domains, such as multiphase, 
multicomponent and reactive transport 
problems.  

The detailed analysis of surface roughness 
decomposition, nonlinear flow behaviors 
(i.e., channeling, transverse and eddy flows), 
effective advective flow apertures, effective 
transmissivity, complex transport behavior 
(i.e., dispersive transport and variations in 
concentration profiles), effective dispersion 
coefficient and dispersivity generally 
exposed the significant impacts of realistic 
fracture surface roughness on flow and 
transport. These results advance our 
understanding of realistic flow and transport 
processes in natural fractured rocks, and can 
help for model validation/extension, 
uncertainty analysis/quantification and 
laboratory experiments design. 

Furthermore, six important issues and 
potential impacts of fracture surface 
roughness on flow and transport in 
fractured rocks at large scales are discussed 
in more details in the following sections. 

5.1. Critical Re number (Papers I 
and II) 

In natural state and engineering projects, the 
state of fluid flow through fractured rocks 
may vary from laminar to turbulent flows, 
depending on the both hydraulic gradients 
and fracture geometry conditions. The Re 
numbers ranging from 0.001 to 1000 
simulated in this study cover both laminar 
flow and complicated eddy flow regimes as 
reported in literature (e.g., Li et al., 2008; 
Xiong et al., 2011; Zhang and Nemcik 2013; 
Quinn et al., 2013; Javadi et al., 2014; Chen 
et al., 2015a; Zhou et al., 2015; Ji and Koh 
2015; Chen et al. 2015b).  



Numerical modeling of fluid flow and solute transport in rock fracturs 

 

37 

 

In applications, the transition of flow from 
laminar to turbulent is important to 
engineers because it largely determines the 
validity of CL and LCL. Therefore, the 
critical Re or hydraulic gradients for the 
fracture flow transition between linear and 
nonlinear regimes have been intensively 
investigated before. The critical Re values 
vary in different publications, indicating that 
no constant critical Re exist for general 
fracture flow, due to the different fracture 
geometry structures (i.e., aperture spaces and 
surface roughness) adopted in the literature.  

The common definition of Re is dependent 
on the characteristic length that is often 
given as the mean aperture. However, the 
mean aperture represents the total scale of 
fracture aperture distributions, which is a 
poor representation of the characteristic 
length for rough-walled fractures. In fact, 
eddy flows often occur at local scales around 
sharp asperities of the surfaces or asperity 
contacts as shown both in this study (see 
Fig. 10 and 13) and experimental 
observations (e.g., Lee et al., 2014; Lee et al., 
2015). Therefore, critical Re number 
defining the flow regime transition is 
subjective to the specific fracture geometry 
(especially the local aperture structures and 
surface roughness), hydraulic and 
mechanical conditions of the problem 
concerned in the applications. 

5.2. Eddy flows (Papers I and II) 

The eddy flows, as shown in Fig. 10 and 13, 
is an important nonlinear flow behavior in 
rock fractures studied in this thesis. It is 
caused by both complex geometry 
conditions (i.e., surface roughness and shear 
caused asperity contacts) and inertial forces 
in cases of high Re values. Such eddy flows 
in rock fractures may occur in pumping and 
slug tests, hydraulic projects and mining in 
conditions of high hydraulic heads (e.g., 
Quinn et al., 2013; Chen et al., 2015a). 

For solute transport, such eddy flow induces 
relatively slow flow zones that will increase 
the spatially multi-rated of solute transport 
in the fracture. As reported in Boutt et al., 
(2006), Cardenas et al., (2007) and Lee et al., 
(2015), the eddy flow results in longer tailing 

of residence time curves of transport. In 
consideration of fluid/solute-rock 
interactions, such as matrix diffusion, 
surface sorption and chemical reactions, the 
eddy flows may cause more uncertainties, 
because of potentially different dominant 
transport mechanisms between eddy flow 
zones and other advective flow areas. 
Particularly, in nonlinear flows with 
relatively high Re values, the eddy flow 
would be developed into time-dependent 
turbulent flows, as shown in Fig. 10, with 
changing sizes and shapes. It will bring more 
difficulties and uncertainties in modeling of 
flow and transport in fracture networks. 

 The concept of effective advective flow 
aperture developed in Paper I is an attempt 
to quantitatively analyze the eddy flow areas 
in conceptual 2D fracture models. As shown 
in Fig. 9, the effective advective flow 
aperture is correlated with surface roughness 
and Re values. Its connection with surface 
roughness, Re and transport behaviors needs 
to be further explored and extended in 3D 
studies.   

5.3. 3D effects (Papers II, IV, V and 
VI) 

This thesis exposed the importance of 
modeling flow and transport in 3D, through 
comparison with 2D simulations and 
simplified transport models in 2D. Due to 
the difficulties in solving the NSE for 
modeling flow in 3D rough rock fractures 
with complicate geometry conditions, many 
studies simplified the 3D rock fractures into 
2D problems by ignoring the vertical flow in 
Z-axis direction (e.g., Koyama et al. 2008), 
or ignoring the transverse flow in X- or Y-
axis direction (e.g., Cardenas et al. 2007 and 
Paper I). Although such simplified 2D 
fracture models provided some important 
conceptual understandings of surface 
roughness effects on flow complexity and 
impacts on transport processes in fractured 
rocks, the 2D models have significant 
limitation as described in Paper II.  

In the simplified 2D fracture models by 
ignoring vertical flows (in Z-axis direction), 
the significant impacts of mid-surface 
roughness or the vertical tortuosity could 
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not be considered. Similarly, in the 
simplified 2D fracture models representing a 
vertical cross-section of fracture by ignoring 
flow in one horizontal direction (transverse 
flows in X- or Y-axis direction), it is not 
possible to consider the impacts of 
mechanical loading caused contact spots 
between two surfaces of the fracture model. 
It is also unable to model the nonlinear 
eddy, channeling and transverse flow. 
Particularly, the comparison results of eddy 
flows presented in Paper II indicates that the 
ideal eddy flows of closed-streamline in 2D 
rock fracture models are most likely caused 
by the 2D assumptions, but may not exist in 
real 3D rough-walled rock fractures due to 
complex geometry conditions.  

For solute transport, such 3D effects of 
transverse flow consequently result in 
preferential transport paths which also 
cannot be described by using simplified 2D 
models. The mixing invasion flow presented 
in Paper VI is also caused by the 3D effects, 
which cannot be observed in simplified 2D 
models. Therefore, it is important to 
consider such 3D effects in modeling or 
upscaling analysis of flow and transport in 
natural rock fractures, because any 
simplification of fracture flow and transport 
from 3D to 2D cannot fully represent 
realistic flow and transport behavior. 

5.4. Impacts of shear (Papers II, IV 
and V) 

It has been recognized that the shear 
process affects the flow behaviors because it 
changes the aperture structures (e.g., Yeo et 
al., 1998; Koyama et al., 2008). In this study, 
two 3D fracture models, M1 without and 
M2 with the shear caused asperity contacts, 
were created for simulations, such that the 
shear effects were demonstrated by 
comparing results between the two models. 

Although only a relatively small shear 
displacement (1 mm) was implemented in 
the model M2, it causes significant changes 
in the fracture geometry structure, including 
aperture space variation and contact spots. 
The results of flow streamlines shown in 
Fig. 12, eddy flow patterns shown in Fig. 13, 
and effective transmissivity distribution 

shown in Fig. 14 demonstrate significant 
differences in the two fracture models. The 
flow patterns in model M2 are much more 
complicated than that of model M1, 
indicating that the shear process significantly 
enhances the nonlinearity of flow in 3D 
rough-walled fractures.  

The solute transport processes are directly 
dependent on flow patterns. Therefore, the 
enhanced nonlinear flow fields affect the 
transport. Such impacts were illustrated in 
the dispersive transport behavior in the 
fracture, shown in Fig. 15 and 16. For the 
transport process in fracture-matrix systems 
based on model M2, the changes of aperture 
structures not only affect the flow field, but 
also largely influence the specific surface 
area. The significant variations in the 
concentration profiles of the matrix shown 
in Fig. 16, and the variabilities in the 
distributions of residence time, transport 
resistance and specific surface area shown in 
Fig. 22 and 23 demonstrated that the 
heterogeneous flow caused by the surface 
roughness and shear process caused 
important uncertainties in solute transport in 
the fracture-matrix systems.    

Note that the shear process considered in 
this study is a numerical shear step, not 
based on the real laboratory shear tests. 
Therefore, the impacts of rock deformation, 
shear caused gouge particles, as well as 
multiple shear steps are not studied due to 
time limitation (e.g., Zhao 2013; Neretnieks 
2014). The subject might be an important 
issue for further study, which requires 
supporting from reliable laboratory shear 
test data. 

5.5. Uncertainties in analytical 
transport models (Papers III and IV) 

In addition to the uncertainty caused by 
geometrical simplification of 2D models, as 
discussed in Chapter 5.3, many transport 
models (especially the classical analytical 
solutions) are based on three special 
assumptions that may also cause important 
uncertainties, especially when long time and 
large size of the rock mass with huge 
number of fractures are involved in 
applications. 
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 As shown in Fig. 15, the assumption of full 
mixing across the fracture aperture is not 
realistic in 3D rough-walled rock fractures, 
because of transports following the 
preferred flow channels, especially for 
advection-dominated transport with high Pe 
values. In this case, using this assumption 
would underestimate the dispersion in the 
fracture. 

The assumption of ignoring transverse 
diffusion in the rock matrix is essential in 
developing classical analytical solutions. It 
fails to describe the variations in 
concentration profiles in the rock fractures, 
especially for cases with relatively strong 
matrix diffusion (with large porosity or large 
effective diffusion coefficients of the rock 
matrix) and relatively long transport times, 
such as in risk assessments of nuclear waste 
isolation. In addition, it may also cause more 
uncertainties in applications with additional 
interaction processes between fluid/solute 
and rock matrix (such as sorption, 
precipitation and dissolution processes), 
depending on solute and rock properties. 

 As illustrated in Fig. 18, the assumption of 
constant concentration gradient in the 
vertical direction along the fracture-matrix 
interface may cause uncertainties for cases 
of low Pe in the fracture and large porosity 
of the matrix, where the transport is 
dominated by the diffusion process. In 
practice, it is suggested to compare results 
with numerical simulations considering 
fracture roughness effects, as a preliminary 
evaluation before large scale DFN modeling 
based on CL and analytical solutions. 

5.6. Enhanced mixing at fracture 
intersections (Paper VI) 

The invasion flows at 3D rough-walled 
fracture intersection were demonstrated in 
this thesis (see Fig. 25). Such invasion flows 
consequently increase the solute mixing at 
the intersection, which cannot be observed 
in simplified models as presented in the 
literature (see Fig. 27).  

Note that the DFN models have been 
widely applied for upscaling modeling of 
flow and transport in fractured rocks (e.g., 
Zhao et al., 2011; Frampton and Cvetkovic, 

2011). However, limited by detailed data and 
challenging computational costs, the 
fractures in most of DFN models are still 
based on simplified geometry structures, i.e., 
smooth parallel plates. Therefore, these 
DFN models cannot capture the invasion 
flow and associated enhanced mixing 
behavior, which will underestimate the 
mixing ratios at fracture intersections, 
especially for advection-dominated transport 
processes. Consequently, it may cause 
significant uncertainties in modeling of mass 
transport by overestimation of dispersion in 
fractured rock. 

6. CONCLUSIONS AND FUTURE 

STUDY  

6.1. Main Conclusions 

This thesis deals with the modeling of fluid 
flow and solute transport in single/discrete 
rough-walled rock fractures and fracture-
matrix systems. The results generally 
illustrated the significant impacts of fracture 
surface roughness on the fluid flow and 
solute transport. The main conclusions from 
this study are summarized as follows: 

 The wavelet analysis for roughness 
decomposition and criteria for determining 
the cut-off level of height frequency 
between the primary and secondary 
roughness is an effective tool for proper 
representations of the multi-scale features of 
rock fracture surface roughness. The 2D 
FVM codes were developed to solve the 
NSE and ADE, which proved to be a robust 
approach to model the nonlinear fluid flow 
and solute transport in rock fractures as well 
as fracture-matrix systems. These codes can 
be extended to 3D without major 
mathematical difficulties and can be used to 
simulate more complicated mass and energy 
transport processes in the future.    

 The mechanical processes, especially the 
shear process, caused variable aperture 
structures and asperity contacts, which 
further enhances the nonlinearity of flow, 
resulting in complicated channeling, 
transverse and eddy flows in 3D rough-
walled fractures. Such complicated flow 
behavior is rarely reported in previous 
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studies in adequate details. It is important to 
apply 3D fracture models for quantifying of 
fluid flow and solute transport in rough-
walled rock fractures, because the 2D 
fracture models have fundamental 
limitations in representing of complex 
transverse flow and transport.  

 The strong inertial effects represented by 
Re is another potentially important factor 
for the nonlinear flows in rough-walled 
fractures. It may even cause time-dependent 
(dynamic) flow with changing shape of 
eddies, when Re is relatively high (1000 in 
this study). In addition, Re is not an 
independent and unique factor that 
determines the nonlinear flow behavior, but 
is always combined with specific geometrical 
conditions (surface roughness and aperture 
structures). Such combined effects may lead 
to additional uncertainties in the relationship 
between transmissivity and aperture. 

 The surface roughness induces flow 
heterogeneity, which consequently affects 
the transport processes in the fracture-
matrix systems. It could cause strong 
dispersion (solute spreading following 
preferential flow channels) in the fracture, 
and leads to possible variations or 
uncertainties of concentration profiles in the 
matrix, due to both flow heterogeneity in the 
fracture and transverse diffusion in the 
matrix that is typically ignored in the 
analytical solutions. The special assumptions 
of full mixing across the width of aperture 
and ignorance of transverse diffusion in the 
matrix are essential in analytical solutions, 
but they may become important sources of 
uncertainties in applications when the 
transport in the fracture is dominated by 
advection and the matrix diffusion is 
relatively strong.  

 The invasion flow at natural rough-walled 
fracture intersections may significantly affect 
the solute mixing process. Such effect on 
mixing cannot be properly described by 
simplified fracture models built from 
smoothed parallel plates. The mixing 
behavior is also shown to be dependent on 
the flow direction at the intersection, due to 
dependence of invasion flow patterns on the 

flow directionality. Therefore, it is important 
to consider fracture surface roughness, 
invasion flow patterns and flow 
directionality in modeling of solute transport 
in fractured rock. 

6.2. Impacts on flow and transport in 
fractured rocks 

This thesis focused on modeling of flow and 
transport only in single fractures, discrete 
fracture-matrix system and single fracture 
intersections, but they are the basic elements 
of large scale DFN in fractured rocks, for 
many applications in geoscience and geo-
engineering projects. Therefore, the surface 
roughness will cause more difficulties and 
uncertainties in modeling of flow and 
transport in natural large scale fractured rock 
masses. It is because there are a large 
number of fractures with different sizes (i.e., 
length, width and aperture space), shapes, 
orientations and surface roughness, which 
will directly affect the coupled thermal-
hydraulic-mechanical-chemical (THMC) processes 
in the fractured rock including solute 
transport.  In most cases, the large number 
of fractures are not evenly distributed but 
randomly intersected inside of rock masses. 
It results in more complicated fracture 
networks that will affect the reliability of 
DFN modeling results. 

At present, due to lack of measured data on 
fracture surface roughness at field scales and 
limitations of current computational 
capacity, the impacts of surface roughness 
have not been directly and adequately 
considered in most of DFN models, as 
shown in the literature. Therefore, the 
surface roughness caused nonlinear flow, 
shear induced asperity contacts, uncertainty 
in transport quantities and enhanced mixing 
at fracture intersections could not be 
properly represented. This may lead to 
possible failure of such simplified modeling 
of fracture flow and transport phenomena 
for a variety of applications involving geo-
environment safety, such as mining, 
geothermal extraction, reservoir engineering 
and geological projects.  

In particular, many projects such as 
geological disposal of carbon dioxide and 
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radioactive wastes, often involve long-term 
(i.e., hundreds or even million years) flow 
and transport in fractured rocks at large 
scales (i.e., kilometer scales). In such cases, 
the impacts of time-dependent fracture 
surface roughness behavior will become a 
more important issue for improving the 
reliability of numerical simulations. In 
addition, the rock surface roughness is 
inherently scale-dependent. It exists at 
different scales from the micrometer level of 
rock grain sizes to the kilometer level of 
geologic faults. Such combined 
spatiotemporal scale effects of surface 
roughness in fracture networks will bring 
more challenges in modeling flow and 
transport in fractured rocks for 
performance/risk assessments of such 
energy and environment involved 
engineering projects.  

To sum up, the importance of the impacts 
of surface roughness may vary with the 
objectives and requirements of each project. 
It is advised to evaluate such impacts 
according to specific geological and 
hydraulic conditions as well as physical and 
chemical properties of the rocks, in specific 
projects.  

6.3. Future study 

Although the results obtained in this study 
led to some important findings in the 
modeling of fluid flow and solute transport 
in fractured rocks, many open questions and 
challenging issues still remain. The following 
studies are recommended for the future.  

 The characterization of rock fracture 
surface roughness is still a fundamental and 
challenging issue, affecting many important 
subjects in geosciences. Limited by the small 
size of rough surfaces of rock fracture 
samples in laboratory testing, the scale 
effects on the rock fracture roughness 
characterization was not analyzed in this 
study. The representative character of 
roughness of rock fracture surfaces (e.g., the 
amplitude of primary and secondary 
roughness) depends on sample sizes, rock 

types, in-situ weathering conditions and etc., 
which needs to be studied in future.  

 Only single phase fluid and conservative 
solute were considered in this study, but 
flow and transport in natural fractured rocks 
also involves multiphase (e.g., water, gas, oil 
and etc.), multi-physics (e.g., mechanical, 
thermal, chemical effects) and 
multicomponent flows and transport 
mechanisms, depending on specific physical, 
chemical and geological conditions. Impacts 
of surface roughness on these coupled 
phenomena needs to be further investigated. 

 The fluid flow and solute transport 
behaviors in large scale rough-walled DFN 
models need to be better treated and 
evaluated. The impacts of surface roughness, 
invasion flow and enhanced mixing 
behaviors as well as associated uncertainty 
propagations in large scale of DFN models 
should be studied further, especially in 3D. 

 For solute mixing at fracture 
intersections, only a simple orthogonal 
intersection with the ‘continuous’ type of 
flow was investigated in this study. 
However, in natural fractured rocks, the 
aperture of each fracture, intersection angle, 
inflow ratio and the flow types may varying 
spatially, depending on local geological and 
hydraulic conditions. How these factors 
affect the invasion flow patterns and mixing 
processes are important topics that require 
further study. 

 In-situ and laboratory experiments with 
reliable and detailed measurements of 
surface geometry, fluid velocity evolution 
and mass/energy transport 
property/parameter changes are 
fundamentally important to validate and 
verify the numerical models. Detailed 
measurements of complex flow patterns 
such as eddy flow evolution and solute 
transport behavior in real rock fractures and 
fracture-matrix systems are still challenging 
issues expected to be further studied in the 
future.  
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