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Abstract

This thesis presents the results of an experimental study on single-charge effects in
nanoscale Josephson junctions and Cooper pair transistors (CPTs).

In nanoscale Josephson junctions the charging energy EC becomes significant at sub-
Kelvin temperatures and single-charge effects, such as the Coulomb blockade of Cooper
pair tunneling, influence the transport properties. In order to observe charging effects in a
single Josephson junction, the impedance of the electromagnetic environment surrounding
the junction has to be larger than the quantum resistance (RQ = h/4e2 ' 6.45 kΩ).

In this work the high impedance environment is obtained by biasing the sample un-
der test (single Josephson junction or CPT) with four one-dimensional Josephson junction
arrays having SQUID geometry. The advantage of this configuration is the possibility of
tuning in situ the effective impedance of the electromagnetic environment. By applying a
magnetic field perpendicular to the SQUID loops, the Josephson energy EJ of the SQUIDs
is suppressed, resulting in an increase of the measured zero bias resistance of the arrays of
several orders of magnitude (104 < R0 (Ω) < 109). This bias method enables the measure-
ment of the same sample in environments with different impedance.

As the impedance of the environment is increased, the current-voltage characteristics
(IVCs) of the single Josephson junction and of the CPT show a well defined Coulomb block-
ade feature with a region of negative differential resistance, signature of the coherent tun-
neling of single Cooper pairs.

The measured IVCs of a single Josephson junction with SQUID geometry in the high
impedance environment show a qualitative agreement with the Bloch band theory as the
EJ/EC ratio of the junction is tuned with the magnetic field. We also studied a single non-
tunable Josephson junction with strong coupling (EJ/EC > 1), where the exact dual of
the overdamped Josephson effect is realized, resulting in a dual shape of the IVC, where
the roles of current and voltage are exchanged. Here, we make for the first time a detailed
quantitative comparison with a theory which includes the effect of fluctuations due to the
finite temperature of the environment.

The measurements on CPTs in the high impedance environment showed that the
Coulomb blockade voltage is modulated periodically by the gate-induced charge. The gate-
voltage dependence of the CPT changes from e-periodic to 2e-periodic as the impedance of
the environment is increased. The high impedance environment reduces quasiparticle tun-
neling rates, thereby restoring the even parity of the CPT island. This behavior suggests
that high impedance leads can be used to effectively suppress quasiparticle poisoning.
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Chapter 1

Introduction

The microelectronics industry, constantly aiming for smaller and faster compo-
nents, has developed sophisticated techniques that have enabled the fabrication of
novel devices with size of the order of a few hundred nanometers. These nanos-
tructures are mesoscopic1 objects which represent the link between the bulk matter,
described by the principles of classical physics, and the microscopic world of in-
dividual atoms, which obeys the laws of quantum mechanics. At the mesoscopic
scale, quantum effects become relevant due to the small sizes involved, but semi-
classical models can still be applied.

A well known mesoscopic device is the tunnel junction that consists of two
nanoscale metallic electrodes separated by a thin insulating layer. The transport
through such a junction is based on the quantum mechanical phenomenon of tun-
neling, which allows electron transmission through classically forbidden regions.
In a tunnel junction the electrons tunnel from one electrode to the other in a dis-
crete manner, enabling the measurement of effects originating from the transport
of single charges.

This thesis presents an experimental study of single-charge effects in nanoscale
Josephson junctions circuits. A Josephson junction is a tunnel junction with
superconducting electrodes, where the transport properties are dominated by the
tunneling of Cooper pairs. The capacitance C of the tunnel junction sets the size of
the charging energy EC = e2/2C, which represents the amount of energy needed
to charge the junction electrodes with one electron. In the case of superconducting
tunnel junctions, the Josephson energy EJ , which accounts for the tunneling of
Cooper pairs between the two junction electrodes, also comes in to play.

In a tunnel junction, single-charge effects manifest themselves as Coulomb block-
ade of tunneling, which results in the suppression of the tunneling current until
the voltage that biases the junction is large enough to overcome the charging en-
ergy EC . In order to observe single-charge effects in a Josephson junction, the
charging energy has to be of the same order or greater than the other relevant en-

1Meso is Greek for "middle".

1
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ergy scales, namely the Josephson energy EJ and the thermal energy kBT , where
kB = 86.17 µeV/K is the Boltzmann constant and T the temperature of the system.
The size of a tunnel junction fabricated by electron beam lithography can easily be
made of the order of (100 × 100) nm2, which results in a capacitance of approxi-
mately 10−15 F and in a charging energy of the order of 100 µeV. For junctions with
such a small capacitance, the condition EC À kBT is fulfilled for temperatures
below 1 K, which today are routinely obtained by the modern dilution refriger-
ators. Nanoscale Josephson junctions also satisfy the condition EC ' EJ , since
the Josephson energy decreases with the junction size. Moreover, to avoid the
charging effects being washed out by quantum fluctuations, the charging energy
of the junction must exceed the quantum energy uncertainty ∆E & ~/∆t associ-
ated with the life time of the charge on the junction. This requirement implies that
the resistance seen by the junction capacitance (i.e. the parallel combination of the
junction tunneling resistance and any shunting impedance Z(ω)) has to be greater
than the quantum resistance RQ = h/(2e)2 ' 6.45 kΩ. Thus, the electromagnetic
environment surrounding the junction plays a fundamental role in the observation
of single-charge effects.

Conventional Josephson junctions have sizes in the range of (0.1 × 0.1) mm2,
resulting in EJ > EC , and are measured in a low impedance environment, where
the condition Re[Z(ω)] ¿ RQ is satisfied. In this case, charging effects are negligi-
ble and the classical Josephson effect is realized [1]. The Josephson junction shows
the typical superconducting behavior, with a current-voltage (I-V) characteristic
characterized by a supercurrent branch at vanishing voltages.

When nanoscale Josephson junctions are considered (EC ' EJ ), charging ef-
fects can be measured if the junction is coupled to a high impedance environment
such that Re[Z(ω)] À RQ. This requirement is necessary in order to avoid the fast
discharge of the junction capacitance through the biasing circuit. The realization of
a high impedance environment represents a challenge from an experimental point
of view since, at the relevant frequencies for the junction dynamics (ω ≈ 1011 s−1),
the leads connected to the sample have a characteristic impedance of the order of
the free space impedance Z0/2π ' 60 Ω, which is significantly smaller than the
quantum resistance. Due to the difficulties in constructing a high impedance en-
vironment, only few experimental studies have addressed the topic of charging
effects in a single Josephson junction.

In the experiments presented in this thesis the high impedance environment
is obtained by biasing the single Josephson junction with four one-dimensional
Josephson junction arrays having SQUID geometry. The great advantage of this
bias configuration is that the impedance of the environment can be tuned in situ
by simply applying a magnetic field perpendicular to the SQUID loops. When a
small-capacitance Josephson junction is measured in a high impedance environ-
ment, the supercurrent in the I-V curve of the junction is replaced by a Coulomb
blockade feature with a region of negative resistance, which is the signature of the
coherent tunneling of single Cooper pairs through the junction [2, 3]. The tunnel-
ing of Cooper pairs occurs with frequency fB = 〈I〉/2e, known as Bloch oscilla-
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tions frequency, which is proportional to the junction current. More formally, the
competition between the two energy scales EJ and EC reflects the commutation
relation between the charge Q on the junction electrodes and the phase difference
ϕ of the two superconducting electrodes, i.e. [Q, ϕ] = 2ie. The study of a sin-
gle Josephson junction in a high impedance environment offers the possibility to
experimentally explore the duality between phase and charge. This duality is re-
vealed through the measurement of I-V characteristics where, depending on the
EJ/EC ratio of the junction and on the electromagnetic environment, the roles of
current and voltage are exchanged.

The duality between phase and charge, voltage and current, can be exploited
for the realization of a new current standard. In the last decades there has been
a growing trend in metrology toward the implementation of standards based on
quantum properties and fundamental constants [4]. Today the voltage standard is
based on the Josephson effect, which relates voltage to frequency only using fun-
damental constants, through the relation V = (h/2e)fJ , where V is the junction
voltage and fJ the frequency of the Josephson oscillations. Since the frequency can
be measured with great accuracy 2, it is advantageous to define physical quantities
only in terms of frequency and natural constants. After the discovery of the quan-
tum Hall effect [6], the resistance standard was also redefined in terms of funda-
mental constants through the expression for the quantum resistance h/e2. In this
context, it would be natural to base the current standard on the straightforward
definition of current as charge per unit time I = e/t = ef . In the last few years,
important results have been achieved in the measurement of current by counting
single electrons [7, 8], but the current levels are still too low to be used as current
standard. From a fundamental point of view, the great achievement would be to
realize a current standard exploiting the duality between current and voltage in a
Josephson junction, that is through the relation I = 2ef . By irradiating a small-
capacitance Josephson junction in the Coulomb blockade state with microwaves
of appropriate frequency f , one should be able to phase-lock the frequency of the
Bloch oscillations to the external signal and measure a step in the I-V curve at the
current value I = 2ef . In this way, the current standard could be defined with an
experiment which is the exact dual to that used for the realization of the voltage
standard. The signature of the phase-locking of Bloch oscillations has been ob-
served in the I-V curve of an irradiated Josephson junction, but so far a clear step
at the current I = 2ef has not been measured.

In this thesis, the high impedance environment has also been employed to
study single-charge effects in small-capacitance Cooper pair transistors (EC '
EJ ). In the past years, such a single-island device has typically been investigated
in a low impedance environment, where the charging effects lead to a periodic
modulation of the supercurrent with the charge induced on the island by the gate.
The I-V curve of a CPT embedded in a high impedance environment is charac-
terized by a region of Coulomb blockade, which modulates with the gate charge.

2The uncertainty in the cesium atomic clock developed at NIST is 5× 10−16 [5].
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Furthermore, the study of a Cooper pair transistor is interesting in the light of the
recent progresses accomplished in the field of quantum computation, where it has
been demonstrated that such a device can be used as building block of a solid state
quantum bit [9–11]. Essential for this application is the ability to inhibit the exci-
tation of quasiparticles, which give rise to dissipation and thereby decoherence.
In our experiments we show that the tunneling of quasiparticles is suppressed as
the impedance of the electromagnetic environment is increased. These observa-
tions indicate new possible approaches for controlling quasiparticle poisoning in
superconducting quantum circuits.



Chapter 2

The dynamics of a Josephson
junction

A single Josephson junction displays a superconducting or an insulating behavior
depending on the ratio between its two characteristic energies, the Josephson en-
ergy EJ and the charging energy EC , and on the impedance of the electromagnetic
environment. In this chapter, the theoretical models describing the dynamics of a
Josephson junction in a low and high impedance environment for different EJ/EC

ratios are described.

2.1 The Josephson effect

In a superconductor the electrons bind together to form Cooper pairs which are
bosons with charge 2e [12, 13]. All the Cooper pairs in the boson condensate
are in the same quantum state and can be described by a single wave function
ψ =| ψ | exp iϕ, with phase ϕ. A Josephson junction is created when two supercon-
ducting electrodes are separated by a thin insulating layer (≈ 10 Å). Due to the
small thickness of the insulating barrier, the wavefunctions of the two electrodes
can overlap, allowing the tunneling of Cooper pairs.

In 1962 Josephson predicted in his pioneering paper [1] that a supercurrent

IS = ICsinϕ (2.1)

should flow at zero voltage between the two electrodes of a superconducting tun-
nel junction. In this relation, which describes the so-called DC Josephson effect,
ϕ = (ϕ2 − ϕ1) is the phase difference of the wavefunctions of the two electrodes
and IC is the critical current, that is the maximum supercurrent that the junction
can support before switching to the dissipative state. At zero magnetic field the
critical current is given by the Ambegaokar-Baratoff relation [14]

IC =
π∆(T )
2eRN

tanh
∆(T )
2kBT

, (2.2)

5
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where RN is the normal state resistance of the junction and ∆(T ) is the supercon-
ducting gap.

When a voltage is applied across the Josephson junction, the gauge-invariant
phase difference ϕ = (ϕ2 − ϕ1) will evolve according to

dϕ/dt = 2eV/~, (2.3)

resulting in a linear increase of the phase ϕ with time. As a consequence, an oscil-
lating supercurrent develops across the junction IS = ICsin[2πfJ t + ϕ(0)], charac-
terized by the frequency

fJ =
2e

h
V. (2.4)

This phenomenon, known as the AC Josephson effect, was already predicted in
the original Josephson paper [1]. Equation (2.4) links voltage and frequency only
through fundamental constants (e and h) and today the value 2e/h has been adop-
ted as frequency-to-voltage conversion 1.

The energy stored in the junction is given by the integral
∫

ISV dt. After sub-
stituting the Josephson relations, the integral results in the expression

E =
~IC

2e
(1− cosϕ) = EJ(1− cosϕ), (2.5)

where EJ indicates the Josephson coupling energy. In the low temperature limit,
eq. (2.2) reduces to IC = π∆(0)/2eRN , and the Josephson energy can be simply
calculated using the relation

EJ =
RQ∆(0)

2RN
. (2.6)

The Shapiro steps

If an AC drive with frequency fAC is superimposed to the DC voltage that biases
the junction, resonances will appear in the junction current-voltage (I-V) character-
istic at voltages V = n(h/2e)fAC , where n is an integer number. These resonances,
measured for the first time by Shapiro in 1964 [15,16], are due to the phase-locking
of the current oscillations to the AC drive, and manifest themselves as current
spikes in the I-V curve. From 1972 the measurement of the so-called Shapiro steps
has been utilized to realize and maintain the voltage standard.

The SQUID

A Superconducting Quantum Interference Device (SQUID) is obtained when two
Josephson junctions are connected in parallel by a superconducting wire, as schema-
tically shown in fig. 2.1. When a magnetic flux Φ threads the SQUID loop, the

1The frequency-to-voltage coefficient is KJ = 2e/h = 483597.9 GHzV−1 [4].
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 I
 B

I   sin(ϕ )C1 1

I   sin(ϕ )C2 2

Figure 2.1: Schematic of a Superconducting Quantum Interference Device
(SQUID) consisting of two Josephson junctions in parallel.

total current flowing through the SQUID shows a periodic behavior. This effect
is related to the phenomenon of quantum interference between the phases ϕ1 and
ϕ2 of the two junctions. The gauge-invariant phase difference can be expressed as
(ϕ1−ϕ2) = 2πn+πΦ/Φ0, where Φ0 = h/2e = 20.6 Gµm2 is the flux quantum. The
Josephson energy, which is directly related to the supercurrent through eq. (2.5), is
modulated as well by the magnetic field according to

EJ = EJ0|cos(πΦ/Φ0)| = EJ0|cos(πBAloop/Φ0)|, (2.7)

where EJ0 is the Josephson energy at zero magnetic field and Aloop is the area
of the SQUID loop. This relation is valid under the conditions that the critical
currents of the two junctions are the same IC1 = IC2, and that the inductance of
the loop Lloop is so small that the flux induced by the supercurrent flowing in the
ring can be neglected. The latter condition can be expressed as

Lloop < LJ = Φ0/2πIC , (2.8)

where LJ represents the Josephson inductance. A SQUID can therefore be con-
sidered as a single Josephson junction of capacitance 2C and tunable Josephson
coupling. The Josephson coupling is fully suppressed when Φ = Φ0/2.

2.2 Phase and charge dynamics of a Josephson junction

The Hamiltonian of an unbiased Josephson junction can be written as [2, 3, 17, 18]

H(Q,ϕ) = EC
Q2

e2
− EJcosϕ, (2.9)



8 CHAPTER 2. THE DYNAMICS OF A JOSEPHSON JUNCTION

where the charge on the electrodes Q and the phase ϕ across the junction are
quantum conjugate variables obeying the commutation relation [ϕ, Q] = 2ei. The
first term in eq. (2.9) represents the electrostatic energy of the junction, where
EC = e2/2C is the charging energy of a junction with capacitance C and the sec-
ond term accounts for the tunneling of Cooper pairs. The dynamics of a Josephson
junction is determined by the ratio between the two energy scales EJ and EC and
by the frequency-dependent impedance Z(ω) of the electromagnetic environment
coupled to the junction.

The environment of a Josephson junction consists of the electronics at room
temperature and of the measurement leads, including the bonding wires and the
pads connected to the junction. The bias circuitry and the measurements leads ac-
count mostly for the low frequency response of the environment, while the last few
millimeters of on-chip leads are responsible for the high frequency behavior of the
environment. A low impedance environment is obtained when Re[Z(ω)] ¿ RQ,
where RQ = h/(2e)2 ' 6.45 kΩ is the quantum resistance for Cooper pairs, while a
high impedance environment is characterized by Re[Z(ω)] À RQ. For frequencies
of the order of the plasma frequency, ωp = (8EJEC)1/2/~ ≈ 1011 s−1, which de-
fines the range of relevant frequencies for the junction dynamics, the impedance
Z(ω) is dominated by radiation phenomena and the leads typically show an impe-
dance of the order of the free space impedance Z0/2π =

√
µ0/ε0/2π ' 60 Ω. At

high frequencies, the parasitic capacitance of the leads behaves as a voltage source,
removing instantaneously the charge transferred through the junction [19, 20].
Thus, if no special effort is put in engineering the electromagnetic environment,
the junction sees a low impedance environment at high frequencies.

The diagram of fig. 2.2 summarizes the properties of a Josephson junction in
different environments for various EJ/EC ratios [3, 17, 21]. For simplicity we
consider a frequency-independent environment described by a linear resistor R
(Z(ω) = R). In the case of a Josephson junction with EJ/EC À 1 in a low impe-
dance environment (upper-right corner of fig. 2.2), the wavefunction describing
the system is strongly localized near a minimum of the Josephson potential and
the phase ϕ behaves as a classical variable, while the charge Q fluctuates strongly.
This situation is usually found in conventional Josephson junctions and is well de-
scribed by the classical phase dynamics (section (2.3)). In these conditions, the I-V
curve of the Josephson junction shows the typical superconducting behavior with
a supercurrent peak at vanishing voltages.

When the EJ/EC ratio increases and R ' RQ, the quantum fluctuations of the
phase become important and a theoretical description of incoherent tunneling of
single Cooper pairs can be applied to calculate the I-V curve of the junction with
EJ ¿ EC (section (2.5)). The theory predicts that the supercurrent peak moves to
higher voltages opening a Coulomb gap in the I-V curve.

When the charging energy is further increased, the wavefunction spreads sub-
stantially and the uncertainty in ϕ becomes comparable to the level spacing in
the Josephson potential. At this point the charge Q behaves as a classical variable
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Figure 2.2: The Schmid diagram [21] summarizes the properties of a Josephson
junction for different environments and values of the EJ/EC ratio.

and the dynamics of the system can be described using the charge representation
(section (2.6)). In this case single-charge effects are observable if the junction is em-
bedded in a high impedance environment (lower-left corner of fig. 2.2). This last
requirement is essential to insure that the charging effects arising from the small
size of the junction are not washed out by the parasitic capacitance of the biasing
leads. In this situation, the I-V curve of the junction shows a voltage peak at near
zero current, signature of the Coulomb blockade of Cooper pair tunneling.

As one moves toward the upper-left corner of the diagram of fig. 2.2, the charge
is affected by strong quantum fluctuations. This region of the diagram has so
far not been systematically investigated neither theoretically nor experimentally,
leaving open questions on the effect of dissipation at the quantum level on the
charge dynamics of the junction.

2.3 Classical phase dynamics

When the condition for the low impedance environment is realized (R ¿ RQ) and
the junction parameters are such that EJ ≥ EC , the charging effects are negligible
and the dynamics of the junction can be expressed in terms of the phase ϕ, which
behaves as a well defined classical variable. An intuitive and powerful model
to describe the classical behavior of a Josephson junction is the Resistively and
Capacitively Shunted Junction (RCSJ) model.
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a) b)

Ib R C Vb

R

CV V

I I

Figure 2.3: Schematic of the circuits discussed in the RCSJ model. a) Current-
bias configuration. b) Voltage-bias configuration. The two biasing schemes are
equivalent if Vb = RIb.

The RCSJ model

The classical description of the RCSJ model [12,13,17] considers a Josephson junc-
tion biased by an ideal current source and shunted by a capacitor C and a resistor
R, as sketched in fig. 2.3a. The ideal Josephson element accounts for the fraction of
current flowing through the superconducting channel and obeys the first Joseph-
son relation (eq. (2.1)). The capacitive channel describes the displacement current
due to the geometric shunting capacitance C of the junction, and the resistive chan-
nel represents the dissipation due to the environment. In this simple model, the
dissipation is assumed to be linear and frequency independent. The RCSJ model
is traditionally described using a current bias scheme, but the voltage-bias con-
figuration of fig. 2.3b is closer to a real experimental setup. The two biasing con-
figurations are equivalent if the bias current Ib and the bias voltage Vb satisfy the
relation Vb = IbR [22]. Thus, the results obtained for a current-biased junction can
be easily adapted to the case of the voltage-bias configuration.

Assuming a current-biased junction, the time dependence of the phase ϕ across
the junction can be obtained by equating the bias current Ib to the total current

Ib = ICsinϕ +
V

R
+ C

dV

dt
, (2.10)

where V indicates the voltage drop across the junction. In the voltage-bias config-
uration the circuit equation can be written as:

Vb = RICsinϕ + V + RC
dV

dt
. (2.11)

By using the second Josephson relation (eq. (2.3)), the second order differential
equation obtained for both the biasing configurations reads

Ib

IC
=

Vb

ICR
= sinϕ +

dϕ

dτ
+ Q2 d2ϕ

dτ
, (2.12)
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Figure 2.4: Sketch of the Ib-V curve of a current-biased Josephson junction (see
fig.2.3a) for different values of the damping parameter. a) Overdamped limit Q ¿
1. b) Underdamped limit Q À 1. c) Intermediate damping Q ∼ 5.

where the time is rescaled according to the relation τ = 2πRICt/Φ0. In eq. (2.12), Q
represents the quality factor, defined as the square root of the Stewart-McCumber
damping parameter β. The damping parameter can be expressed as

Q2 = β =
2π

Φ0
ICCR2 = π2

(
R

RQ

)2
EJ

2EC
. (2.13)

As long as Ib ¿ IC , for any values of Q, eq. (2.12) has a static solution, with
ϕ = sin−1(Ib/IC). When Ib > IC the junction switches to a finite voltage state and
only time-dependent solutions exist. When the junction is in the voltage state, the
behavior of the Ib-V curve is determined by the value of the damping parameter.
Two extreme limits for a Josephson junction are identified depending upon the
value of the damping. It can be useful to express the quality factor as the ratio of
two characteristic times of the junctions Q2 = τRC/τJ .

In the limit of overdamped phase dynamics, realized for Q ¿ 1, the time for the
charge on the capacitor to relax (τRC ) is much shorter than the time for the phase
to evolve (τJ ). After the switching of the junction to the voltage state, most of the
current will flow across the resistor. The phase will then start to evolve, which
in turn means that the current, and therefore the voltage, will oscillate in time
with the Josephson frequency fJ = 2e〈V 〉/h. In this regime the Ib-V curve of the
junction will be non-hysteretic, as shown in fig. 2.4a.
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Figure 2.5: The motion of a particle in a washboard potential is analogous to the
dynamics of the phase in the RCSJ model.

In the underdamped phase dynamics limit, obtained for Q À 1, the capacitance
of the junction is not negligible and plays a role in the dynamics of the junction.
When Ib > IC the junction switches to the voltage state and the average voltage
due to the DC current will be 〈V (t)〉 = IbR. When the bias current is reduced, the
junction will stay in the voltage state, following the same curve as for the increas-
ing bias because the state of the junction is controlled by the RC-time constant of
the circuit. This explains why the Ib-V characteristic in the underdamped limit is
hysteretic, as shown in fig. 2.4b. In the intermediate regime, depicted in fig. 2.4c,
the amount of hysteresis depends on the value of the damping parameter.

An intuitive way of explaining the behavior of the I-V curve of the junction for
different values of Q is provided by the analogy with the motion of a particle in a
tilted washboard potential. In fact, eq. (2.12) describes the dynamics of a particle
with mass proportional to C and position ϕ in a washboard potential, under the
effect of a viscous drag force proportional to R−1. The tilt of the washboard is
controlled by the bias current. As long as Ib < IC , the particle sits in a minimum
of the washboard, as shown in fig. 2.5. In the physics of Josephson junctions, this
situation corresponds to the supercurrent branch of the Ib-V curve. When Ib > IC ,
the tilt is large enough to allow the particle to overcome the minimum and enter
in the running state. At this point a voltage is built across the junction and the
phase ϕ increases steadily at the rate 2eV/~. When Ib is reduced, the particle will
be retrapped in a minimum of the potential at a current Ir < IC , which depends
on the damping parameter Q. If the particle has a large mass, as in the case of
junctions with large capacitance, the friction will stop the particle at a lower value
of the retrapping current Ir than in the case of small-capacitance junctions.

By using the equivalence between the current and voltage bias configurations,
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Figure 2.6: Sketch of the I-V curve of a voltage-biased Josephson junction (see
fig. 2.3b) for different values of the damping parameter Q. The letters A, B, C and
D indicate the points where the load line intercepts the I-V curves. The dashed
lines show, for the cases Q À 1 and Q ∼ 5, the regions where the I-V characteristic
of the junction is not observable.

the I-V curve of the junction can be calculated from the Ib-V curve by simply re-
defining the current axis as I = Ib − V/R, where V and I are the voltage and
current across the junction. A sketch of the I-V curve of a voltage-biased junction
for different values of Q is shown in fig. 2.6. In the overdamped case (Q ¿ 1) all
the points of the I-V curve are observable because the load-line 1/R never crosses
the curve. Thus, in the overdamped case the I-V curve of the junction does not
have a switching instability. On the contrary, in the underdamped limit the I-V
curve has an "instability region" (dashed lines in fig. 2.6), where the differential
conductance of the junction is larger than the slope of the load-line, hindering the
observation of that section of the I-V curve [23]. This instability region is responsi-
ble for the hysteretic behavior of the I-V curve of the junction. In fig. 2.6 the points
A and C represent, respectively for the case Q ∼ 5 and Q À 1, the points where
the curve switches to the voltage state, and the points B and D indicate the last
points where the curve is observable before switching to the zero-voltage current
state.

2.4 Thermal fluctuations of the phase in the overdamped limit

In this section the influence of thermal noise on a Josephson junction with over-
damped phase dynamics (Q ¿ 1) is considered. At finite temperature the resistor,
which represents the impedance of the environment, gives rise to Nyquist noise,
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leading to a diffusive behavior of the phase ϕ [23–28]. In the presence of phase
fluctuations the DC Josephson effect is modified and the supercurrent at zero volt-
age is replaced by a peak at small but finite voltages. In order to include the contri-
bution of the thermal fluctuations in the I-V curve of a Josephson junction, a noise
current term In is added to the bias current in eq. (2.10). The Nyquist noise is due
to the random thermal fluctuations of the electrons in the resistor and obeys the
relation [29]

〈In(t)In(t + τ)〉 =
2kBT

R
δ(τ), (2.14)

where δ(τ) is the δ-function and T is the noise temperature.
In the washboard potential picture, the thermal noise causes random fluctua-

tions on the tilt of the washboard. The particle trapped in a minimum can there-
fore absorb enough energy, of the order of kBT , to escape before the critical tilt is
reached. Due to the damping, the particle will be trapped in the next minimum
of the washboard potential, from where it can escape again once gained enough
energy. This series of escaping and retrapping processes leads to a finite average
velocity of the particle in the tilted washboard, corresponding in the RCSJ model
to a diffusive behavior of the phase and to a supercurrent with a peak at finite
voltages.

The problem of the thermal noise in a Josephson junction with overdamped
phase dynamics was treated for the first time in 1968 by Ivanchenko and Zil’ber-
man [24, 25]. When Q ¿ 1, the second derivative of the phase in eq. (2.12) can be
neglected and the phase dynamics is described by the Langevin equation

2e

~
(Ib + In) =

2e

~
ICsinϕ +

dϕ

dt

1
R

, (2.15)

where In is the fluctuating current due to the noise in the resistor. From eq. (2.15)
the Cooper pair current in presence of thermal fluctuations can be expressed in an
analytical form as

〈I〉 = ICIm
(

I1−iβΦ0Ib/2π(βΦ0IC/2π)
I−iβΦ0Ib/2π(βΦ0IC/2π)

)
, (2.16)

where β = 1/kBT is the inverse of the noise temperature, Φ0 = h/2e is the flux
quantum and Iν(z) is the modified Bessel function of argument z and complex
order ν. As shown in fig. 2.7, the thermal fluctuations of the phase suppress the
critical current and transform the supercurrent branch in a supercurrent peak.

Although the analytical result of eq. (2.16) has been known for quite some time,
the supercurrent peak was only recently measured in a small-capacitance Joseph-
son junction embedded in a careful engineered low impedance environment [30].
In that experiment, the junction was effectively voltage-biased and all the points
on the I-V curve were stable, enabling the measurement of a supercurrent peak
instead of a supercurrent branch.
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Figure 2.7: I-V characteristic of a Josephson junction with overdamped phase dy-
namics for different temperatures. The curves from top to bottom correspond to
βΦ0IC/2π = ∞, 10, 3 (eq. (2.16)).

2.5 Quantum fluctuations of the phase: the P(E) theory

When the dimensions of the junction are reduced and the quantum effects can-
not be neglected, a quantum mechanical description of the junction and of its
interaction with the electrodynamic environment is necessary. Such a descrip-
tion is provided by the so-called "P(E) theory" [19, 22, 31, 32]. This theory was
developed for small-capacitance normal junctions and then it has been extended
to the superconducting case by considering the Josephson coupling as perturba-
tion (EC À EJ ). The P(E) theory considers a voltage-biased junction coupled to an
arbitrary environment of impedance Z(ω). The environment is modeled as an infi-
nite series of harmonic LC-oscillators, as introduced by Caldeira and Leggett [33].
Due to the quantum fluctuations of the phase, a supercurrent at zero voltage is no
longer possible however, a Cooper pair current can still flow if the environment
is able to absorb the energy 2eVb gained by a Cooper pair that tunnels through
the junction biased by a voltage Vb. The tunneling process is described by the
function P (E), which represents the probability that the tunneling Cooper pair
transfers the amount of energy E to the environmental modes, which are consid-
ered in equilibrium before the tunneling event. To calculate the supercurrent, the
forward (

−→
Γ (Vb)) and backward (

←−
Γ (Vb)) tunneling rates are calculated using the

golden rule [22, 31, 32]. The forward tunneling rate can be written in the form

−→
Γ (Vb) =

πE2
J

2~
P (2eVb), (2.17)
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Figure 2.8: I-Vb curve of a voltage-biased Josephson junction coupled to a resistive
environment (Z(ω) = R) for different values of R/RQ. The peak in the I-V curve is
sharpening with increasing R/RQ = 2, 20, 100. The figure is reproduced from [32].

where P (2eVb) (or P (−2eVb) in the case of the backward tunneling rate
←−
Γ (Vb)) is

a gaussian-like function representing the probability that the energy 2eVb of the
tunneling Cooper pair is absorbed (or provided) by the environment. This proba-
bility depends on the impedance of the environment Z(ω) and on the temperature
and is calculated as Fourier transformation

P (E) =
1

2π~

∫ +∞

−∞
dtexp

[
J(t) +

i

~
Et

]
(2.18)

of the phase-phase correlation function

J(t) = 2
∫ +∞

−∞

dω

ω

Re[Zt(ω)]
RQ

e−iωt − 1
1− e−~ω/kBT

. (2.19)

In the last expression, Zt(ω) = 1/(iωC+Z−1(ω)) is the total impedance seen by the
pure tunneling element of the junction and it is given by the parallel combination
of the junction capacitance C and the environment impedance Z(ω). Finally the
supercurrent can be expressed as [19, 22, 31, 32]

IS = 2e[
−→
Γ (Vb)−←−Γ (Vb)] =

πeE2
J

~
[P (2eVb)− P (−2eVb)]. (2.20)

The range of validity of this theory depends on the bias voltage and on the electro-
magnetic environment. In the high impedance limit, the result of eq. (2.20) is valid
as long the condition EJ ¿ EC(RQ/Z(ω))1/2 is satisfied. In the low impedance
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case the perturbative analysis breaks down at low voltages, where the condition
EJ ¿ 1/P (2eVb) is no longer satisfied [22].

In the simplest case treated by the P(E) theory, the junction environment is
represented by a pure ohmic resistor (Z(ω) = R). In the low impedance case
(R ¿ RQ), the function P (2eVb) is peaked at Vb = 0 and the I-V curve of junction
displays a supercurrent peak at vanishing voltages. For finite temperatures the
results of the P(E) theory in the low impedance environment [31] coincide with
those obtained by Ivanchenko and Zil’berman for the phase diffusion in a junction
with overdamped phase dynamics.

When the impedance of the environment is increased, the charging effects be-
comes observable. When R > RQ, the function P (2eVb) is peaked around the
voltage Vb = EC/2e, where EC = (2e)2/2C is the charging energy corresponding
to a single Cooper pair. The tunneling of Cooper pairs is now determined by the
interplay between the energy supplied by the voltage source (2eVb) and the charg-
ing energy of the junction. When the two energies are the same, the condition
for tunneling is satisfied and the I-V curve shows a supercurrent peak centered
around the value Vb = e/C. As shown in fig. 2.8, the peak becomes sharper as the
impedance of the environment is increased.

The experiments performed on single Josephson junctions with EC À EJ , cou-
pled to an ohmic environment such as R > RQ, were able to reproduce the predic-
tions of the P(E) theory and show the effects of the strong quantum fluctuations
on the Cooper pair current [34]. The measured I-V curve displayed a region of
Coulomb blockade of Cooper pair tunneling for voltages smaller than Vb = e/C,
followed by a current peak due to the incoherent tunneling of Cooper pairs.

2.6 The energy band picture: the dynamics of the quasicharge

When the case of small-capacitance Josephson junctions in a high impedance en-
vironment is realized, the phase is no longer well defined due to quantum fluctu-
ations. In this situation the charge, which is the quantum conjugate of the phase,
behaves as a classical variable and a description of the junction in terms of the
(quasi) charge dynamics is established [2, 3, 18, 35–39]. Using the commutation
relation [ϕ,Q] = 2ei, the charge can be expressed as Q = (2e/i)∂/∂ϕ and the
Hamiltonian (2.9) becomes

H = −4EC
∂2

∂ϕ2
− EJcosϕ. (2.21)

Due to the analogy with the Hamiltonian of a particle in a periodic potential, the
eigenstates of Hamiltonian (2.21) are given by Bloch functions [2, 3, 18]

ψn,q(ϕ + 2π) = ei2πq/2eψn,q(ϕ), (2.22)

where n denotes the order of the eigenstates and the parameter q is named qua-
sicharge in analogy with the quasimomentum of a particle in a periodic lattice [40].
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The quasicharge is a continuous variable given by q =
∫

I(t)dt, where I is the cur-
rent flowing through the junction.

The energy levels En(q) are energy bands with periodicity 2e, since the first
Brillouin zone extends over −e ≤ q ≤ e. As shown in fig. 2.9, the form of the en-
ergy bands is determined by the ratio between the two energy scales of the junction
EJ and EC [2, 3, 18]. In the nearly free electron limit, realized when EC À EJ , the
energy bands are approximately given by parabolas of equation En(q) ≈ q2/2C,
with gaps of amplitude ∆En ≈ EC(EJ/EC)n/nn−1, which open at the boundary
of the Brillouin zones. In this limit the gap between the two lowest energy bands,
∆E1, is given by the coupling energy EJ . In the tight-binding limit EJ À EC ,
the bands are narrower than in the nearly free electron limit and separated by
gaps of larger amplitude. In this case the ground state energy band is given by
E0 = −δ0cos(2πq/2e), where

δ0 = 16
(

EJEC

π

)1/2 (
EJ

2EC

)1/4

exp

[
−

(
8EJ

Ec

)1/2
]

(2.23)

is the width of the energy band. In the tight binding case the energy gap to the
first excited band is ∆E1 = (8EJEC)1/2 = ~ωp.

To describe the quasicharge dynamics of a small-capacitance Josephson junc-
tion in a high impedance environment we follow the approach developed in [2,
3, 37]. In the theory, the junction is current-biased by a high impedance resistor
R À RQ, which represents the impedance of the environment. Furthermore, it is
assumed that the superconducting gap ∆ satisfies the condition ∆ À [EC , kBT ],
so as to neglect the contribution of quasiparticle tunneling.
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Figure 2.10: a) Sketch of the Ib-V curve of a Josephson junction with EJ < EC in
a high impedance environment (Z(ω) = R À RQ). The dotted lines divide the
curve in three regions: Coulomb blockade (CB), Bloch oscillations (BO) and Zener
tunneling (ZT). b) From the relation I = Ib − V/R, the I-V curve of the junction is
obtained. VC and IZ indicate respectively the critical voltage and the Zener current
of the junction.

If the quasicharge is increased adiabatically (d(q/2e)/dt ¿ ∆E1/~), the system
stays in the ground state following the lowest energy band. In this single band
approximation, the time evolution of the quasicharge is described by the Langevin
equation

dq

dt
= Ib + In − 1

R
V, (2.24)

where Ib is the bias current and In a random noise component induced by the
ohmic environment. V represents the voltage across the junction and is given by
the derivative of the lowest energy band, i.e. V = dE0/dq. When the current
fluctuations are negligible (In = 0), the quasicharge is a well-determined classical
variable and the Ib-V curve of the junction can be analytically calculated by av-
eraging in time the Langevin equation for the quasicharge. The I-V characteristic
of the junction can be obtained from the Ib-V curve by recomputing the current
according to the relation I = Ib − V/R (fig. 2.10).

Coulomb blockade of Cooper pair tunneling

For a current bias smaller than a threshold current IC = max[dE0/dq]/R, eq. (2.24)
has a time-independent solution of the form q = (e/π)arcsin(Ib/IC). This implies
that all the current will flow through the resistor, building a voltage 〈V 〉 = IbR
constant in time across the junction. The stationary solution for the quasicharge re-
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Figure 2.11: Dependence of the critical voltage VC of a Josephson junction on the
EJ/EC ratio. The curve reproduces results obtained by A. B. Zorin [41].

sults in a Coulomb blockade region in the I-V curve of the junction, where Cooper
pairs are hindered from tunneling until the critical voltage VC =max[dE0/dq] is
reached (region CB of fig. 2.10). The value of the critical voltage depends on the
ratio EJ/EC according to the relations [3, 18]

VC =
{

e/C for EJ/EC ¿ 1
πδ0/e for EJ/EC À 1 (2.25)

In general the critical voltage can be expressed as VC = e/CB , where C−1
B =

d2E0/dq2 is the Bloch capacitance related to the curvature of the lowest energy
band [35, 42, 43]. Recently, the Bloch capacitance has been measured directly with
a resonant circuit technique [44]. In the case of junctions with small Josephson
energy the Bloch capacitance coincides with the junction capacitance, while for
the case of large coupling energy CB indicates a renormalized capacitance, with a
value dependent on the amplitude of EJ . Figure 2.11 shows the dependence of the
critical voltage on the ratio EJ/EC [41]. In the weak coupling limit, realized when
EJ/EC ¿ 1, VC is independent of EJ/EC , while for large Josephson coupling the
amplitude of VC decreases exponentially.

Bloch oscillations

When the bias current exceeds the critical value, the Langevin equation for the
quasicharge has a periodic time-dependent solution which results in oscillations
of the voltage across the junction with frequency [2, 3, 37]

fB =
1
2e

(Ib − 〈V 〉/R). (2.26)
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The frequency of these oscillations, known as Bloch oscillations, can be expressed
in terms of the current flowing through the junction as fB = 〈I〉/2e. During each
period of the Bloch oscillations exactly one Cooper pair tunnels through the junc-
tion. The regime of Bloch oscillations corresponds in the I-V curve of the junction
to a region of differential negative resistance, signature of the time-correlated tun-
neling of single Cooper pairs (BO region of fig. 2.10). The crossover between the
Coulomb blockade and the back-bending region in the I-V curve defines the so
called "Bloch nose" feature.

The phenomenon of the Bloch oscillations can be intuitively understood by
considering the Josephson junction and its environment as a RC-circuit where R
represents the ohmic environment and C the junction capacitance. The plots of
fig. 2.12 show the time dependence of the voltage of a junction with EJ < EC for
different values of the voltage bias Vb = IbR. For Vb ≤ VC , the junction capacitance
is charging up through the resistor and there is no time dependence of the junction
voltage for t À RC (fig. 2.12a). This condition corresponds to the Coulomb block-
ade region in the I-V curve of the junction. When Vb ≥ VC single Cooper pairs
start to tunnel with frequency fB resulting in a periodic charging and discharging
of the junction capacitance through the resistor (fig. 2.12b). Since the frequency
of the Bloch oscillations increases with the current, at larger bias voltage the time
dependence of the voltage shows a sawtooth-like behavior (fig. 2.12c). This means
that the value of the average voltage decreases for increasing currents, giving rise
to the back-bending feature in the I-V curve. It is interesting to observe that the
presence of the Bloch nose is due to the finite value of the resistance R, represent-
ing the impedance of the environment. In the ideal case, realized for R = ∞, the
voltage across the junction would oscillate with 〈V 〉 = 0 and the I-V curve would
jump from the Coulomb blockade state to the zero voltage current. The last panel
of fig. 2.12 refers to the regime of Zener tunneling, described later in the chapter.

Figure 2.13 shows the dependence of the voltage across the junction on the
quasicharge for different values of the ratio EJ/EC . When EJ/EC ¿ 1, the be-
havior of the voltage can be described by a sawtooth function of the quasicharge,
representing the charging of the junction capacitance interrupted by the tunneling
of a single Cooper pair. When EJ/EC À 1, the voltage can be approximated by a
sinusoidal function of the type V = VCsin[(2πq)/2e], where 2πq/2e is the rescaled
quasicharge [45].

If the junction is biased by a current which is the sum of a DC and an AC com-
ponent of the type Ib = IDC + IACsin(2πfACt), the Bloch oscillations can phase-
lock to the frequency of the applied AC signal. In the I-V curve of the junction
the locking of the Bloch oscillations to the external signal would appear as steps of
constant current at I = 2e(n/m)fAC , where n and m are integer numbers. These
constant current steps are dual to the Shapiro steps observed in irradiated Joseph-
son junctions with classical phase dynamics. The experimental realization of the
phase-locking of the Bloch oscillations would allow the measurement of the time-
correlated tunneling of single Cooper pairs and possibly lead to the determination
of a new current standard. In fact, in the expression for the Bloch oscillations
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frequency, the current is related to the frequency only through the charge of the
electron that is a fundamental constant. Since the frequency can be measured with
great precision [5], it would be beneficial to define the current through the relation
I = 2efAC . So far a clear current step in the I-V curve of an irradiated Josephson
junction in the Coulomb blockade state has not been measured, but the signature
of the phase-locking of the Bloch oscillations has been observed in the differential
resistance of the junction [46–48].

Zener tunneling

When the bias across the junction is further increased and/or the junction is bi-
ased non-adiabatically, the system can be excited to higher energy bands through
a Zener tunneling process [49]. In the limit EJ ¿ EC the Zener tunneling prob-
ability between the band of order n − 1 and the band of order n is given by the
relation [18, 38, 50]

PZ = exp
[
−π

8
∆En

2

nEC

e

~Ib

]
= exp

[
−IZ

Ib

]
, (2.27)

where IZ is the Zener breakdown current and ∆En is the energy gap between the
bands n and n − 1. For junctions with EJ ¿ EC , the energy gaps between bands
of higher orders are smaller than the gap between the first two bands, leading to
a rapid increase of the Zener tunneling probability with the band order. When
Zener tunneling processes become relevant, the I-V curve of the junction shows a
crossover from the back-bending feature to a dissipative state, where the voltage
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across the junction increases with the current (region ZT in fig. 2.10). This behavior
is schematically depicted in fig. 2.12d, where the time dependence of the voltage
across the junction is shown at large bias. Here, the Bloch oscillations are inter-
rupted by Zener processes, which result in a temporary build-up of the junction
voltage and therefore in an increased value of the average voltage 〈V 〉. In the tight-
binding limit EJ À EC , the gaps between the energy bands are larger than in the
free electron limit, hence Zener tunneling processes are less probable to happen at
the same current level. The I-V characteristic of the junction with EJ À EC will
therefore show a complete back-bending to the zero voltage current.

Our experiments on a single Josephson junction with SQUID geometry in a
high impedance environment, presented in chapter 6 and in the appended paper
I, show how the amplitudes of the Zener current and critical voltage of the junction
vary with the EJ/EC ratio, in qualitative agreement with the Bloch band theory.

2.7 Thermal fluctuations of the quasicharge in the overdamped
limit

In this section the effect of thermal fluctuations on the I-V characteristic of a Joseph-
son junction with overdamped quasicharge dynamics is considered. This regime,
realized when EJ ≥ EC and R À RQ, is of great interest because represents a
situation exactly dual to the overdamped phase dynamics studied by Ivanchenko
and Zil’berman, described in section (2.4) [24, 25].

Using duality arguments [51], Beloborodov et al. [42] have calculated the I-V
curve of a Josephson junction in the overdamped quasicharge regime in the pres-
ence of thermal noise. As in the case analyzed by Ivanchenko and Zil’berman,
the noise in the resistor is frequency-independent and is characterized by the tem-
perature T . For a bias current less than the Zener breakdown current, the I-V
characteristic of the junction can be expressed in a form dual to that of [25, 30] as

〈V 〉 = VCIm
[
I1−iβeVb/π(βeVC/π)
I−iβeVb/π(βeVC/π)

]
, (2.28)

where β = 1/kBT is the inverse of the noise temperature and Iν(z) is the modified
Bessel function of argument z and complex order ν.

Figure 2.14 shows how the critical voltage of the junction is progressively sup-
pressed for increasing temperatures. The I-V curves of fig. 2.14 have exactly the
same functional form as those presented in fig. 2.7, but the roles of current and
voltage have been reversed. In the case of Josephson junctions with overdamped
phase dynamics, the phase is a well defined variable that diffuses under the effect
of thermal noise. In the case of Josephson junctions with overdamped quasicharge
dynamics, the thermal fluctuations lead to a diffusive behavior of the quasicharge.
This result represents an interesting consequence of the relation between the two
conjugate variables phase and charge.
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In chapter 6 and in the appended paper I we present an experimental verifi-
cation of the phase and charge duality through the measurement of I-V curves of
junctions with overdamped quasicharge dynamics, which allow for a quantitative
comparison with the theory here presented.

2.8 Phase and charge duality

As discussed in the previous sections, the non-commutation relation between phase
and charge in a Josephson junction leads to the existence of two complementary
regimes. In one regime, the phase is a well defined variable and the I-V curve of
the junction shows a supercurrent peak at vanishing voltages, with a tail at finite
voltages originating from the Josephson oscillations with frequency fJ = 2e〈V 〉/h.
In the complementary regime, the charge behaves as a classical variable and the
I-V characteristic shows a voltage peak at vanishing currents and a tail at finite
currents corresponding to the Bloch oscillations with frequency fB = 〈I〉/2e. The
duality between phase and charge can be clearly seen when Josephson junctions
with overdamped dynamics are considered. For junctions with overdamped qua-
sicharge dynamics the current and the voltage can be expressed in the charge rep-
resentation as {

V = VCsinχ
I = (2e/2π)dχ/dt

(2.29)

where χ = (2π/2e)q is the normalized quasicharge [45]. Here, the voltage is re-
lated to the quasicharge and the current to the derivative of the quasicharge in the
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same way as the current and the voltage are related to the phase and its derivative
in the Josephson relations (eqs. (2.1) and (2.3)). The relations of eq. (2.29) can be
therefore considered dual to the Josephson relations, where the roles of phase and
charge, current and voltage, have been exchanged.



Chapter 3

The Cooper pair transistor

The Cooper pair transistor (CPT), also known as superconducting single-electron
transistor (S-SET), is one of the most studied single-charge devices. As shown in
the schematic of fig. 3.1, a Cooper pair transistor consists of two small-capacitance
Josephson junctions in series, with a gate electrode coupled through the capaci-
tance Cg to the island formed between the two junctions. The superconducting
island of the CPT is disconnected by the two tunnel junctions from the low impe-
dance leads, allowing the investigation of single-charge effects even in a low impe-
dance environment. The potential of the CPT island is modulated by the voltage
Vg applied to the gate electrode, leading to a periodic dependence of the I-V curve
on the gate charge Qg = CgVg.

In the past years, a large effort has been devoted to investigate the CPT in a low
impedance environment [52–61]. The experiments performed in this regime were
mostly dedicated to study the modulation of the supercurrent flowing through the
CPT with the gate-induced charge. When the transport through the CPT is only
due to the tunneling of Cooper pairs, this modulation should have a period 2e.
However, in many experiments the 2e-periodicity was spoiled by the transfer of
quasiparticles to or from the island and an e-periodic behavior of the I-V curve
was observed.

In this thesis we present an experimental study of the CPT in a high impe-
dance environment. Due to the difficulty in designing an effective high impe-
dance environment, only few experiments have probed this regime [62–66]. When
a CPT is embedded in a high impedance environment, the charging effects man-
ifest themselves as modulation of the Coulomb blockade voltage with the gate-
induced charge.

This chapter, after a brief review of the CPT in a low impedance environment,
describes the behavior of a CPT in the high impedance case. In the last section the
problem of "quasiparticle poisoning" is discussed.
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Figure 3.1: Schematic of a Cooper pair transistor in an ohmic environment (Z(ω) =
R). When R ¿ RQ (R À RQ), the CPT is embedded in a low (high) impedance
environment. Q1(2) indicates the charge and ϕ1(2) the phase difference across junc-
tion 1(2). I1 and I2 indicate the currents flowing through each junction of the CPT,
and Ig the displacement current from the island to the gate.

3.1 Cooper pair transistor in a low impedance environment

We consider a CPT embedded in a frequency-independent environment, Z(ω) =
R, represented in fig. 3.1 by two ohmic resistors. When R ¿ RQ the CPT is in
a low impedance environment, while for R À RQ a high impedance environ-
ment is realized. For simplicity we assume a symmetric Cooper pair transistor,
consisting of two identical junctions with capacitance C1 = C2 = C and normal
state resistance RN1 = RN2 = RN . The Josephson energy of the CPT is given
by EJ = Φ0IC0/2π, where IC0 = IC1 = IC2 is the maximum supercurrent, or
critical current, flowing through the CPT. The charging energy of the CPT island
is defined as ECΣ = e2/2CΣ, where CΣ = 2C + Cg ≈ 2C is the capacitance of
the island in the limit Cg ¿ C. As shown in fig. 3.1, Q1(2) indicates the charge
and ϕ1(2) the phase difference across junction 1(2). For the moment we neglect
the contribution of quasiparticles by assuming that the superconducting gap ∆ is
large compared to all the relevant energy scales (kBT,EC , EJ ). Let φ = (ϕ1 + ϕ2)
be the overall phase of the CPT and φg = (ϕ1 − ϕ2)/2 the phase of the island. The
two phases φ and φg are conjugate to the total charge transferred through the de-
vice Qφ = (Q1 + Q2)/2 and to the total island charge Q = Q1 −Q2 + Qg and obey
the commutation relations [φ,Qφ] = [φg, Q] = 2ei.

The Hamiltonian of an unbiased symmetric CPT in the limit Cg ¿ C can be
written as [59, 67]

H =
4ECΣ

e2
Q2

φ +
ECΣ

e2
(Q + Qg)2 − 2EJcos(φ/2)cos(φg). (3.1)

The first term of the Hamiltonian describes the charging energy associated with
the total charge across the series combination of the two CPT junctions. The second
term accounts for the electrostatic energy of the island that sees the two junctions
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Figure 3.2: Modulation of the critical current of a CPT with the gate-induced
charge Qg for different EJ/ECΣ ratios. The figure is reproduced from [63].

in parallel. The last term describes the effective Josephson coupling energy of the
CPT, which depends not only on the overall phase φ, but also on the phase of the
island φg.

In the case of a CPT embedded in a low impedance environment, the overall
phase φ is a well defined variable while the charge Qφ fluctuates. In analogy with
the case of a single Josephson junction, the I-V curve of a CPT in a low impedance
environment is characterized by a supercurrent feature at vanishing voltages. The
dependence of the Josephson coupling term of eq. (3.1) on φ and φg results in a
periodic behavior of the CPT supercurrent IS both in the bias phase, with period-
icity 2π, and in the gate charge, with periodicity 2e [12,35,59,63]. In the absence of
quasiparticles, the critical current of the CPT, IC(Qg) = maxφ[(IS(φ, Qg)], has a 2e-
periodic dependence on the gate charge, as shown in fig. 3.2 [63]. For a CPT with
EJ À ECΣ , the charging effects due to the quantization of the charge on the island
are negligible and the critical current IC is not modulated by the gate charge. In
this case, the maximum critical current flowing through the two junctions is given
by IC0. For small-capacitance junctions, where ECΣ ≥ EJ , the critical current
shows a strong dependence on the gate-induced charge with periodicity 2e. Here,
the maximum critical current is obtained for Qg = (2n + 1)e and is equal to IC0/2,
while for Qg = 2ne the critical current falls to a value of order IC0EJ/ECΣ [35,53].
Thus, the CPT in a low impedance environment behaves as a single Josephson
junction with an effective gate voltage dependent critical current.
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3.2 Cooper pair transistor in a high impedance environment

When the conditions for the high impedance environment are realized, that is R À
RQ, the phase φ is no longer a well defined variable and the supercurrent flowing
through the CPT is destroyed by quantum fluctuations. As a consequence of the
phase-charge duality, the CPT in the high impedance case is well described in
terms of (quasi)charge dynamics. Instead of a supercurrent feature, the I-V curve
of the CPT in a high impedance environment shows a Coulomb blockade voltage
which modulates with the gate-induced charge [62–65].

The Hamiltonian (3.1) can be rewritten in terms of the variables Q1(2) and ϕ1(2)

as

H =
EC

e2
Q2

1 +
EC

e2
Q2

2 +
2EC

e2
(Q1 −Q2)Qg − EJcos(ϕ1)− EJcos(ϕ2), (3.2)

where EC = e2/2C is the charging energy of a single junction in the CPT. This
Hamiltonian is that of two single Josephson junctions coupled by a term contain-
ing the gate charge Qg . For small gate capacitance, Cg ¿ C, the coupling term can
be neglected.

Thus, to describe a CPT in the high impedance environment one can extend
to a two-dimensional case the Bloch band theory used to explain the dynamics of
a single Josephson junction [2, 3]. For small coupling, the energy spectrum of the
CPT in the high impedance environment will consist of two-dimensional Bloch
bands in which the quasicharges q1 and q2, describing the dynamics of the two
junctions, evolve in time. The quasicharges of the two junctions are defined as
q1(2) =

∫
I1(2)dt, where I1 and I2 are the currents flowing through each junction

(fig. 3.1). When Cg ¿ C, the lowest energy band of the CPT is approximately
given by the sum of the lowest energy bands of the two single junctions, that is
E0(q1 + q2) ' E0(q1) + E0(q2). In fig. 3.3 the lowest energy band for a CPT with
EJ ¿ EC is plotted in the space spanned by the two quasicharges. The conserva-
tion of current results in the constitutive relation I1 = I2 + Ig, where Ig indicates
the displacement current flowing from the island to the gate. From this relation
follows the condition q1 − q2 = Qg, which constrains, for a fixed gate charge,
the quasicharges to a diagonal trajectory in the two-dimensional Bloch band. A
change in the gate voltage induces a shift in the trajectory of the two quasicharges,
as shown in fig. 3.3.

Following the analogy with the one-dimensional case, the voltage across the
CPT can be expressed via the derivative of the lowest energy band along the diag-
onal direction as V = dE0(q1, q2)/dq, where q = (q1 + q2)/2 is the quasicharge of
the CPT [62–64]. The CPT voltage depends on the quasicharge q and on the gate
charge, as shown in fig. 3.4 [63]. When the gate charge is an integer number of
Cooper pairs Qg = 2ne, the energy-charge relation of the CPT is identical to that
of a single Josephson junction, and the voltage V (q) is a 2e-periodic function of
the quasicharge (solid line in fig. 3.3). For these gate charges, the Bloch oscillations
in the two CPT junctions are in phase and single Cooper pairs tunnel simultane-
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Figure 3.3: Lowest Bloch energy band for a CPT in the case EJ ¿ EC . For fixed
Qg, the quasicharges q1 and q2 evolve in times following a diagonal trajectory. The
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Figure 3.4: Dependence of the CPT voltage on the quasicharge for different values
of the gate charge Qg . The figure is reproduced from [63].
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Figure 3.5: Dependence of the critical voltage of the CPT on the gate charge Qg for
different values of EJ/EC . The figure is reproduced from [63].

ously through the two junctions. As the gate charge moves toward a non-integer
number of Cooper pairs, the energy-charge relation is modified and V (q) becomes
e-periodic in the quasicharge when Qg = (2n + 1)e (dotted line in fig. 3.3). For
these values of Qg the Bloch oscillations in each junction are out of phase and the
Cooper pairs tunnel sequentially through the two junctions of the CPT [63].

In the absence of quasiparticles, the maximum Coulomb blockade voltage of
the CPT, or critical voltage VC = maxq[V (q, Qg)] has a 2e-periodic dependence on
the gate charge. According to the band diagram of fig. 3.3, the maximum critical
voltage is obtained when the slope of the lowest energy band is maximized, that
is when the condition Qg = 2ne is realized, while the minimum critical voltage
is reached for gate charges Qg = (2n + 1)e. Thus, a CPT in the high impedance
environment behaves as a single Josephson junction with an effective gate voltage
dependent critical voltage. The critical voltage of the CPT depends on the EJ/EC

ratio of the single junctions as described by the Bloch band theory. In fig. 3.5 the
theoretical prediction for the modulation of the CPT critical voltage with the gate
charge is shown for different EJ/EC ratios [63]. The value of the critical voltage
diminishes as the EJ/EC ratio increases, since the width of the energy bands is
exponentially suppressed for large Josephson coupling. In the large coupling limit
EJ À EC , the energy bands of the two junctions in the CPT can be approximated
by a sinusoidal function and the energy band of the CPT becomes flat at Qg =
(2n + 1)e, resulting in a modulation of the critical voltage to zero at these gate
charges. For a CPT with EJ ¿ EC , the critical voltage at Qg = (2n + 1)e reaches
the minimum, but is not completely suppressed.

In the large coupling limit, the modulation of the critical voltage of the CPT
with the gate charge has the same functional form as the modulation of the criti-
cal current of a SQUID induced by the magnetic field. In the case of a CPT (two
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Josephson junctions in series) in the high impedance environment, the critical volt-
age is a 2e-periodic function of the gate charge, while in the case of a SQUID (two
Josephson junctions in parallel) in the low impedance environment, the critical
current is a Φ0-periodic function of the magnetic flux threading the SQUID loop.

In the high impedance case, the I-V curve of a CPT, or single Josephson junction
with tunable critical voltage, can be calculated from the Langevin equation for the
quasicharge, introduced in section (2.6) [2,3]. When Qg = 2ne, the I-V curve of the
CPT is the same as that of a single junction, schematically shown in fig. 2.10. When
the current biasing the CPT is such that the critical voltage of the CPT is overcome,
Cooper pairs start to tunnel across the two junctions and the CPT voltage oscillates
with frequency fB = 〈I〉/2e, where I is the current flowing through the CPT. At
this point the I-V curve of the CPT is characterized by a back-bending region,
where the average CPT voltage decreases for increasing current. When the bias
current is further increased, Zener tunneling to higher energy bands can occur
leading to dissipation and an increase of the average CPT voltage [18]. For large
bias current, when Zener processes are relevant, quasiparticle tunneling can no
longer be neglected and the 2e-periodic modulation of the I-V curve with the gate
charge is spoiled by the transfer of quasiparticles to or from the island.

The results of our experiments on CPTs in a high impedance environment are
presented in chapter 6 and in the appended papers II and III. These measurements
show that the I-V curve of the CPT follows qualitatively the theoretical predic-
tions of the Bloch band theory and demonstrate the periodic modulation of the
Coulomb blockade voltage with the gate-induced charge.

3.3 Quasiparticle poisoning

The 2e-periodic modulation of the critical current and of the critical voltage of the
CPT with the gate-induced charge is strongly affected by the presence of unpaired
quasiparticles on the CPT island. The effect of the so-called "quasiparticle poison-
ing" leads to an e-periodic modulation of the I-V characteristic of the CPT. If the
rate of tunneling of unpaired electrons on to the island is large compared to the es-
cape rate of quasiparticles from the island, all the quasi-static measurements of the
CPT properties will be e-periodic in the gate charge. Both equilibrium and non-
equilibrium quasiparticles contribute to the "poisoning" of the 2e-periodic mod-
ulation of the I-V curve. While equilibrium quasiparticles can be controlled by
choosing appropriate sample parameters, the effects of non-equilibrium quasipar-
ticles are more difficult to control experimentally.

The phenomenon of poisoning from equilibrium quasiparticles has been exten-
sively studied both theoretically and experimentally [53–58, 60, 68, 69]. The elec-
trostatic energy of the island of the CPT can be written as E = (ne + Qg)2/2CΣ,
where ne is the number of extra charges on the island, and consists of a set of
parabolas as indicated in fig. 3.6. If the number of excess charges is odd, there
is an electron that cannot be paired, remaining as quasiparticle excitation on the
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Figure 3.6: Ground state energy of the island of the CPT as function of the gate
charge Qg . The upper and lower sets of parabolas correspond respectively to an
odd or even number of electrons on the island. a) When F0 > ECΣ the island has
even parity. b) When F0 < ECΣ the tunneling of quasiparticles is energetically
favorable at Qg = (2n + 1)e and the parity of the island becomes odd.

island. The "odd" electron raises the energy of the system by an amount equal to
the superconducting energy gap ∆ and therefore the ground state energy of the
island is higher when the parity of the island is odd than when is even [68]. More
formally, the free energy difference between the odd and even states of the island
in the low temperature limit can be expressed as [55]

F0 ≈ ∆− kBT ln(Neff ). (3.3)

Here, Neff is the number of quasiparticle states available for thermal excitation,
given by Neff ≈ 2V ρ0

√
2∆kBT , where V is the volume of the island and ρ0 the

normal-metal density of states per unit volume. In order to maintain the even
parity of the island and the 2e-periodicity of the I-V curve, the energy F0 has to be
larger than the charging energy of the island (fig. 3.6a). In the case F0 < ECΣ , the
odd parity states are available near Qg = (2n+1)e, and the e-periodic modulation
of the I-V curve is established. For temperatures of the order of the crossover
temperature, defined as T ∗ = ∆/kBln(Neff ), the free energy difference F0 goes
to zero and the CPT will show an e-periodic behavior. For a CPT with aluminum
junctions, where the island has a volume of the order of 10−21 m3, the number
of available states is Neff ≈ 104 and the crossover temperature is approximately
250 mK [55].

The tunneling of quasiparticles in a superconducting island has also been in-
vestigated by studying the kinetics of the system [70]. In this case the rate of tun-
neling between the island and the leads of the odd unpaired electron is compared
to the tunneling rate Γ of the Neff electrons involved in the pairing. The tunneling



3.3. QUASIPARTICLE POISONING 35

rate of the unpaired electron can be expressed as γ ≈ Γe∆/kBT /Neff [70]. Accord-
ing to the theory, parity effects are observable as long the tunneling rate of the odd
electron is relevant, that is when γ ≥ Γ. From the condition γ = Γ the crossover
temperature T ∗ can be obtained. The advantage of this method is that it can be
extended to the case of non-equilibrium quasiparticles.

Although equilibrium quasiparticles can be suppressed by experimentally real-
izing the condition ∆ > ECΣ , an e-periodic behavior of the CPT is often observed.
In this case it is believed that non-equilibrium quasiparticles are responsible for
the poisoning of the 2e-periodicity of the CPT. Once excited by a noise source
that is not in thermal equilibrium with the island, non-equilibrium quasiparticles
can randomly tunnel in to the island and change its parity. Few methods have
been developed to reduce the effects of non-equilibrium quasiparticles. It has been
shown that the poisoning from non-equilibrium quasiparticles can be suppressed
when normal metal leads, acting as quasiparticle traps, are connected close to the
CPT [53, 54, 60]. The idea is that the quasiparticles decay in energy when enter-
ing the metal and therefore cannot enter again the superconductor. It has also
been proved that the careful filtering of the biasing lines reduces the effects of
non-equilibrium quasiparticles. A more recent study [61] demonstrated how the
profile of the superconducting gap of the island and of the electrodes of a CPT
may dramatically influence the effect of non-equilibrium quasiparticles. When the
superconducting gap of the island is higher than the gap of the electrodes, a po-
tential barrier is obtained that reduces the lifetime of the unpaired quasiparticles
on the island.

Our measurements on CPTs in a tunable environment show a crossover from
an e-periodic to a 2e-periodic behavior of the CPT as the impedance of the electro-
magnetic environment is increased.





Chapter 4

Josephson junction arrays

Josephson junction arrays have been extensively studied in the last few decades. In
particular, small-capacitance Josephson junction arrays have represented an ideal
system to study the superconductor-insulator (SI) quantum phase transition be-
cause the array parameters can be accurately determined and directly related to
theoretical models [71]. Most of the theoretical work on Josephson junction ar-
rays has been focused on the determination of a phase diagram that maps out for
which values of the parameters EJ and EC the array shows a superconducting
(Josephson effect) or an insulating behavior (Coulomb blockade). For this pur-
pose two-dimensional (2D) Josephson junction arrays have been extensively in-
vestigated both theoretically and experimentally [72–76]. The SI quantum phase
transition has also been modeled and measured for the case of one-dimensional
(1D) Josephson junction arrays [77–81].

1D arrays of Josephson junctions in the insulating state and 1D arrays of nor-
mal conducting tunnel junctions are interesting systems because they enable the
measurement of single-charge effects. In fact, each junction in the array is discon-
nected from the low impedance leads by the high resistive neighboring junctions
and therefore the single junctions in the array can be considered current-biased
even though the array itself is voltage-biased. A voltage-biased 1D array of nor-
mal conducting or superconducting junctions displays time correlation in the tun-
neling of single electrons or single Cooper pairs. In this chapter, the model de-
scribing 1D arrays of normal conducting tunnel junctions and its extension to the
superconducting case is introduced. The main results of measurements showing
time-correlated tunneling of single electrons and Cooper pairs are also reviewed.

In the experiments presented in this thesis, 1D arrays of Josephson junctions
have been mostly used as biasing lines for Josephson junction circuits. This bias
configuration has enabled the realization of the high impedance environment nec-
essary to observe single-charge effects in isolated Josephson junctions and Cooper
pair transistors. A simple model for the impedance of a 1D Josephson junction
array is derived in the last section of the chapter.
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Figure 4.1: Schematic of a 1D array of normal tunnel junctions. C indicates the
capacitance of one junction in the array and C0 the capacitance of each electrode
to ground.

4.1 The charge soliton model

The simple electrostatic model describing a 1D array of N À 1 small-capacitance
normal junctions takes into account only the interactions of each island with the
nearest neighbors through the junction capacitance C and the self-capacitance C0

of each electrode to ground (fig. 4.1) [35, 36, 82–84]. If an extra charge is placed on
the kth electrode of a long array, a potential distribution

ϕk = −e/Ceff (4.1)

is generated. The capacitance Ceff indicates the effective capacitance seen by one
island far from the edges of the array. When the condition C À C0 is realized, as
in the experimental case, Ceff ≈

√
4CC0. The potential ϕk can be considered as a

charge soliton which extends over 2Λ junctions, where

Λ =
√

C/C0 (4.2)

is the decay length of the potential when C À C0 [35, 36, 82–84]. It has been
shown [85] that a large decay length, or soliton length, reduces the effect of the
random background charges, because any potential due to random offset charges
will be averaged over Λ. The soliton moves through the array by tunneling with-
out changing its form. Solitons (or antisolitons) of the same sign repel each other
and they are attracted to the edges of the array depending on the polarity of the
bias.

As the voltage biasing the array exceeds a threshold voltage, a soliton is in-
jected in the array. In the case of a long array, where the condition N À Λ is real-
ized, the threshold voltage is given by Vt ≈ e/

√
CC0 [83, 84]. Due to the Coulomb

repulsion, solitons keep approximately a constant distance inside the array during
their motion, forming a quasi Wigner lattice that moves as a whole toward the end
of the array [35, 36]. Thus, the current flow can be described by a moving train
of uniformly spaced solitons. This space correlation in tunneling events results in
turn in time-correlated single electron tunneling (SET) events with characteristic
frequency fSET = 〈I〉/e.

The charge soliton model has been extended to the superconducting case to de-
scribe the insulating state of 1D Josephson junction arrays. For Josephson junction
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Figure 4.2: Potential distributions corresponding to two charge solitons with dif-
ferent lengths Λ. Solid line Λ = 15, dashed line Λ = 5.

arrays, the formation of Cooper pair solitons has been predicted as solution to a
sine-Gordon like equation describing the time evolution of the quasicharge in the
array [45, 86–89]. A detailed derivation of the model can be found in [45, 87]. This
model was able to explain the hysteretic behavior observed around the threshold
voltage in the I-V characteristic of long voltage-biased 1D Josephson junction ar-
rays [80,87,90]. The bistable region can be explained by a kinetic inductance [43,87]
associated with the movement of one excess Cooper pair in the array that gives rise
to the charge soliton. The kinetic inductance represents the inertia of the Cooper
pair soliton and is responsible for the hysteretic behavior of the array in the same
way as the large capacitance in an underdamped Josephson junction leads to a
hysteretic I-V curve of the junction (section (2.3)).

In analogy with the case of the single charge soliton, the length of the Cooper
pair soliton can be expressed as ΛS =

√
C∗/C0 [86], where C∗ = 2e/2πVC is the

effective capacitance and VC is the critical voltage of one junction in the array. The
potential distribution with width 2ΛS is the result of a localized charge quantum
in the array. The dependence of ΛS on VC indicates that the length of the Cooper
pair soliton is determined by the EJ/EC ratio of the junctions in the array. For
EJ/EC ¿ 1, the critical voltage of a junction is VC ' e/C and ΛS is of the same
order of the single charge soliton length. For EJ/EC À 1 the amplitude of the
critical voltage is exponentially suppressed and the Cooper pair soliton length in-
creases due to the delocalization of the charge. In this case the I-V curve of the
array will not show a Coulomb blockade region but a supercurrent branch at van-
ishing voltages.

For bias voltages larger than the threshold voltage, Cooper pair solitons are
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injected in the array. The threshold voltage can be expressed in the case of long
Josephson junction arrays as VtS

≈ 2e/
√

C∗C0 [86]. The motion of the Cooper pair
soliton lattice in the array results in the generation of coherent Bloch oscillations
with frequency fB = 〈I〉/2e [35,36]. Time-correlated tunneling events are expected
both in the case of normal and superconducting tunnel junction arrays. However,
while the SET oscillations are a consequence of the Coulomb blockade of tunneling
and describe the coherence of single electrons, the Bloch oscillations represent the
quantum behavior of the condensate of Cooper pairs which is a single macroscopic
object.

4.2 Measurement of time-correlated tunneling events

The time correlation of tunneling events was detected for the first time by Dels-
ing et al. in 1989 by phase-locking to an external microwave signal the single-
electron oscillations of an array of small-capacitance Josephson junctions with
EC À EJ [91]. By irradiating the array with a signal of frequency f , it is pos-
sible to impose a time correlation on the system, forcing one single electron to
tunnel for each period of the external signal. The signature of the oscillations is
the appearance of plateaus in the I-V curve of the array at the currents I = enf .
In the experiments reported in [91], the current steps were clearly observed only
in the differential resistance of the array. Only very recently real-time observation
of time-correlated single electron tunneling has been achieved [8]. In that experi-
ment a small-capacitance Josephson junction array with EC À EJ was coupled to
a sensitive charge detector, consisting of a radio-frequency single electron transis-
tor. The I-V curve of the electrometer was modulated by the charge induced on the
island by the array, resulting in a modulation of the reflected power. In this way
the SET-oscillations of the electrons tunneling out the array were detected in real
time. In principle one could imagine to perform the same type of measurement
on Josephson junction arrays with EC ' EJ and possibly measure real-time Bloch
oscillations.

Experiments on phase-locking of Bloch oscillations have been performed in
long Josephson junction arrays with EC ' EJ , where a radio-frequency signal
was applied to a gate capacitively coupled to the central island of the array [90,92].
These experiments clearly demonstrated the time-correlated transport of Cooper
pairs, but the current step at I = 2ef was visible only in the differential resistance
of the array.

In chapter 6 the results of preliminary experiments on phase-locking of Bloch
oscillations in Josephson junction arrays are reported.

The turnstile and the single-electron pump

The turnstile and the single-electron pump are devices able to produce a current
clocked by an external periodic source. These devices show time-correlated tun-
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Figure 4.3: Schematics of the turnstile (a) and of the single-electron pump (b).

neling events, but unlike the case of voltage-biased arrays or current-biased single
junctions, the correlation is induced by an external signal applied to the gates.

A turnstile consists of an array of junctions with a gate electrode capacitively
coupled to one island in the middle of the array (fig. 4.3a). The array is biased
by a DC voltage and an AC voltage with frequency f is applied to the gate. The
gate voltage induces a periodic modulation of the potential of the island which is
coupled to the gate. In each period 1/f , a single charge is transferred through the
device with a current I = ef . The AC cycle should last long enough to let the tun-
neling events to happen with high probability, i.e. the period 1/f has to be larger
than the RC constant of the junctions in the array. The first successful turnstile
experiment was performed by the Delft group in 1990 and in that occasion cur-
rent plateaus in the I-V curve of the turnstile were measured up to frequency of
40 MHz [93]. The limitation in the turnstile operations are mostly due to thermally
activated tunneling events and cotunneling, which is the process of simultaneous
tunneling across several junctions.

The minimal single-electron pump consists of three junctions and two gates
capacitively coupled to the two islands (fig. 4.3b). By applying an appropriate
sequence of synchronized phase-shifted signals with frequency f to the two gates,
a current of amplitude I = ef can flow through the device even in the absence of
a DC bias voltage. The first measurements on single electron pump showed that
electrons could be pumped at frequency of several MHz [94, 95]. Although the
single-electron pump cannot be used as a current standard due to the low current
levels, it is used as a part of the capacitance standard [96] for the extreme accuracy
provided as electron counter. In fact, the seven-junction pump developed at NIST
can be operated as electron counter with an error per pumped electron of 15 parts
in 109 [7]. By increasing the number of junctions in the pump N À 3, and hence of
gates (N−1), the rate of cotunneling is drastically reduced and the performance of
the device is enhanced. However, the large number of gates makes the operation of
the pump more complex. Another way of suppressing cotunneling is to embed the
the pump in a high impedance environment. It has been shown that the accuracy
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Figure 4.4: a) Schematic of a 1D SQUID array. b) Equivalent lumped element in
the limit of small currents I ¿ IC .

of a three-junction pump is substantially increased when the device is surrounded
by a high impedance environment [97, 98].

The pumping of Cooper pairs has thus far not been really successful. The few
experiments performed have demonstrated the existence of current plateaus at
I = 2ef for currents up to 10 MHz, but these regions of constant current are ex-
tremely noisy and smeared out [95]. The accuracy of the pumping of Cooper pairs
is limited by several factors, in particular cotunneling events [99], Zener transi-
tions and quasiparticle poisoning.

The pumping of Cooper pairs has been predicted, and to some extent mea-
sured, in a single-island device named Cooper pair sluice [100, 101]. This de-
vice consists of a single superconducting island, which acts as a sluice chamber,
connected to two large SQUIDs and capacitively coupled to a gate electrode. A
Cooper pair current can be pumped through the sluice by periodically and adi-
abatically modulating both the gate charge and the Josephson coupling of the
SQUIDs with a synchronized sequence.

4.3 Impedance model for a 1D Josephson junction array

In the experimental work reported in this thesis, one-dimensional Josephson junc-
tion arrays have been mostly used as biasing lines for single Josephson junctions
and Cooper pair transistors. The arrays are fabricated in close proximity (≈ 1 µm)
of the device under test, determining the effective impedance seen by the sample
at high frequency. Furthermore, the biasing arrays have a SQUID geometry to en-
able the tuning in situ of the effective impedance of the environment. With this
bias configuration, an effective high impedance environment is achieved and the
measurement of charging effects in a single Josephson junction is possible. A more
detailed description of the properties of the SQUID arrays as a tunable electroma-
gnetic environment is presented in chapter 5.

In this section, a simple model for the frequency-dependent impedance of a
1D Josephson junction array is derived [80]. As shown in fig. 4.4a, a 1D SQUID
array can be represented as a network of Josephson junctions with tunable EJ ,
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Figure 4.5: Real part of the impedance of a 1D Josephson junction array modeled
as in fig. 4.4b. a) The dashed lines represent the impedance of an infinite array and
the solid lines the impedance of a 70-junction array terminated with 100 Ω load.
The parameters used in the model are similar to those of the measured arrays:
C = 2.7 fF, LJ = 1 nH, C0 = 0.01 fF,

√
L0/C0 = 50 Ω. b) Detail of the modes of a

70-junction array with C ' C0 and terminated with 100 Ω load.
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where each island is coupled to ground through the self-capacitance C0. Due to
the non-linearity, the SQUID arrays are difficult elements to model and so far we
have not performed a systematic characterization of their high frequency behav-
ior. In this model we consider only the limit of small currents I ¿ IC , where
the Josephson current-phase relation can be linearized [80] and the Josephson
junction is equivalent to the parallel combination of the Josephson inductance
LJ = φ0/2πIC = φ2

0/4π2EJ [17] and the junction capacitance C. In the model,
the effect of the distributed inductance of the line L0 is taken into account.

Figure 4.5a shows the calculated frequency-dependent impedance for an infi-
nite array and an array consisting of 70 junctions terminated with a 100 Ω load. The
junctions parameters used in the model are similar to those of the measured arrays.
The infinite array represents the case of an infinite loss-less transmission line with
characteristic impedance Re[Z(ω)] =

√
LJ/C0 up to the frequency ωp = 1/

√
LJC,

representing the plasma frequency of one junction in the array. Due to the junction
capacitance, the impedance of the array does not have real values for frequencies
between ωp and ω = 1/

√
L0C, and a gap opens in the transmission of the array.

For frequencies larger than ω = 1/
√

L0C, the infinite line has a characteristic impe-
dance

√
L0/C0, determined by the distributed capacitance and inductance C0 and

L0.
The behavior of the finite array shows a finite set of resonances with width de-

pending on the terminating impedance. The number of resonances increases with
the number of junctions and in the case of an infinite array the resonances form
a dense set of modes with impedance much larger than Z0. The model therefore
suggests that longer arrays are more suited to provide the high impedance envi-
ronment necessary to measure charging effects in a single junction. Figure 4.5a
shows how the modes of the finite array accumulate at the plasma frequency. It
is interesting to consider the impedance of the array when the capacitance of the
junctions is reduced, i.e. C ' C0, which is however not a realistic case for experi-
ments. In this situation, illustrated in fig. 4.5b, the plasma frequency ωp increases
and the resonances become equally spaced at low frequencies (ω < ωp), represent-
ing the standing waves in the transmission line.



Chapter 5

Experimental techniques

In this chapter the procedures for the sample fabrication and the measurement
techniques are presented. It is shown how SQUID arrays can be employed to
create a tunable electromagnetic environment for Josephson junction circuits. The
chapter also describes the experimental techniques used to measure single Joseph-
son junctions and Cooper pair transistors biased by Josephson junction arrays. In
the last section the setup for high frequency measurements on Josephson junction
arrays is presented.

5.1 The realization of a high impedance environment

To observe charging effects in an isolated Josephson junction not only a large
charging energy is needed, but it is also essential to embed the junction in a high
impedance environment at all the frequencies. This requirement is necessary to
avoid the fast discharge of the charge on the junction electrodes through the ex-
ternal circuit. The achievement of a high impedance environment is a challenge
from an experimental point of view since, in the frequency range relevant for the
junction dynamics (ωp ≈ 1011 s−1), the impedance Z(ω) of the biasing circuit is of
the order of the free space impedance Z0/2π ' 60 Ω. The ratio Z0/2πRQ can be
expressed through the fine structure constant α as

Z0/2π

RQ
=

4
π

e2

~c
=

4
π

α α ≈ 1
137

, (5.1)

where c is the speed of light in vacuum. The relation (5.1) indicates that Re[Z(ω)] <
RQ is a very fundamental constraint and that the conditions for the realization of
a high impedance environment are not naturally met.

A few methods have been developed to realize an effective high impedance
environment for small-capacitance Josephson junctions. A well developed tech-
nique consists on using on-chip resistors to increase the impedance of the leads.
The resistors, usually made of chromium or chromium alloys, have to be located

45
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as close as possible to the junction to avoid the shunting effect of the leads ca-
pacitance. The resistance of such chromium strips, with lengths typically of the
order of 50 µm, is in the range of 10 − 250 kΩ. This method has been used suc-
cessfully by several groups to study single-charge effects in single Josephson junc-
tions [34,46–48,102,103] and CPTs [62–64], the superconductor-insulator transition
in a single Josephson junction [104] and the effect of Cooper pair cotunneling in
Cooper pair transistors [105] and single-electron pumps [97, 98]. In other exper-
iments [106], the high impedance environment was achieved by using arrays of
Josephson junctions as biasing leads, disconnecting in this way the single junction
under test from the low impedance environment of the measurement leads.

One drawback of the methods discussed so far is the inability of tuning in situ
the impedance of the environment. The first example of tunable high impedance
environment for a Josephson junction device has been reported in [76], and con-
sisted of a two-dimensional electron gas (2DEG) located approximately 100 nm
underneath the sample. The resistance of the 2DEG can be tuned in situ by apply-
ing a voltage to a back gate in contact with the gas. This type of environment has
been used to study the superconductor-insulator transition in a two-dimensional
Josephson junction array [76] and to measure the effect of dissipation in a Cooper
pair transistor [66].

In this thesis, the high impedance environment for single junctions and Cooper
pair transistors is created by nanoscale SQUID arrays [65, 107, 108]. The main ad-
vantage of this method is the possibility of tuning in situ the effective impedance of
the leads, simply by applying a magnetic field perpendicular to the SQUID loops.
In this way the resistance of the leads can be varied of several orders of magni-
tude, enabling the investigation of the same device in different electromagnetic
environments.

5.2 Sample fabrication

The two major steps in the manufacture of small-capacitance Josephson junction
circuits are the realization of the resist mask by electron beam lithography and
the fabrication of the tunnel junctions by shadow evaporation technique. Details
about the fabrication procedures and the parameters used in the different stages
of the sample fabrication can be found in Appendix A.

Electron beam lithography

The starting point for the fabrication of the mask is a Si/SiO2 chip with size of
approximately (5 × 5) mm2, coated with two different layers of positive resist.
The mask is patterned by electron beam lithography exposing the chip to a beam
of electrons accelerated by a voltage of 25 kV. The lithography system used is a
Raith Turnkey 150, which is built around a Scanning Electron Microscope (SEM),
manufactured by LEO Electron microscopy Ltd. The electron beam lithography is
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Resist mask

Al layers tunnel junctions

~ 600 nm

Figure 5.1: Schematic of the shadow evaporation technique. The aluminum is
evaporated at the two angles±α through the resist mask. The tunnel junctions are
formed by the overlap of the two metal layers.

used to define both the fine structure of the pattern, that is the actual Josephson
junction circuit, in one write-field of (100 × 100) µm2 and the large features like
the pads with an area extending over several write-fields of size (1 × 1) mm2. To
expose patterns larger than one write-field, the Raith system is equipped with a
laser interferometric stage that can move stitching adjacent write-fields with an
accuracy of approximately 60 nm.

After the exposure, the resists are developed in chemicals that dissolve only the
exposed areas. The two layers of resist can be developed selectively, so that a large
undercut in the bottom layer can be obtained. In the regions where the bottom
layer is completely removed, the top layer between adjacent exposed areas forms
a suspended bridge of resist. The developed chip is then cleaned with oxygen
plasma using a Reactive Ion Etch system (PlasmaLab 80 plus from Oxford Plasma
Technology) to remove all the residues of resists and insure a good adhesion of the
metal to the substrate during the evaporation.

Shadow evaporation technique

The aluminum (Al) tunnel junctions are formed using the shadow evaporation
technique [109]. By evaporating aluminum through the free-standing resist mask,
the pattern is projected in to the substrate. The placement of the projection de-
pends on the angle of evaporation. When the metal is evaporated from two dif-
ferent angles, an overlap between the two projections is obtained (fig. 5.1). By
choosing properly the angles of evaporation, a junction of the desired dimensions
is formed. For our samples, the two angles are symmetric with respect to the
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2 µm

CPT

Figure 5.2: SEM image of a CPT sample. The CPT (in the center) is biased by four
SQUID arrays.

normal incidence (±α in fig. 5.1). The aluminum films are deposited in an UHV
deposition system with base pressure 10−9 mbar. Between the first and the second
aluminum layer, pure oxygen is let into the chamber to create the oxide barrier
of the tunnel junction. The thickness of the insulating barrier, and therefore the
tunneling resistance of the junction, depends on the pressure and time of the ox-
idation process. After the evaporation the chip is put in a solvent to remove the
resist mask.

SEM images of the measured samples

Figure 5.2 shows a SEM micrograph of a CPT sample, consisting of a CPT (in
the center) biased by four SQUID arrays. The arrays are located close to the
CPT (about 1 µm) in order to prevent the shunting effect of the leads capacitance
and provide an effective high impedance environment. Each array consists of 70
SQUIDs with an area of ≈ 0.06 µm2 and an effective loop size of ≈ 0.18 µm2.
The CPT layout is such that the island and the leads are created in two separated
aluminum depositions, allowing the use of different parameters during the two
evaporations. The two junctions of the CPT have a total nominal area of 0.02 µm2

or 0.04 µm2 depending on the sample. A list of the parameters of the CPT samples
is presented in table 6.2.

The SEM images of fig. 5.3 show the two configurations of the single junction
samples. In the first layout (fig. 5.3a), four SQUID arrays are biasing a single junc-
tion having SQUID configuration. The single SQUID junction is designed to have
a loop area about 10 times larger than the loop area of the SQUID arrays. In this
way it is possible to modulate the Josephson energy of the single SQUID, while
inducing only small variations in the impedance of the environment. The nominal
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Figure 5.3: SEM micrographs of the single junction samples. a) A single SQUID
junction is biased by four SQUID arrays. b) Two SQUID arrays and two single
junction arrays bias a non-tunable single junction.

size of each junction in the single SQUID is 0.02 µm2. Each SQUID array consists of
60 junctions and has the same layout as the arrays of the CPT samples. Figure 5.3b
shows a different configuration for the single junction sample. Here the single
junction is not tunable and is biased by two SQUID arrays and two single-junction
arrays. As will be explained in more detail in the next section, this configuration
facilitates the measurement of the voltage across the single junction when the bi-
asing leads become highly resistive. The non-SQUID arrays consist of 16 junctions
each with a nominal area of 0.01 µm2 while the single junction in the center has an
area of ≈ 0.02 µm2.

Figure 5.4 shows the different configurations tested for the array samples. The
samples consist of an array of 240 SQUIDs capacitively coupled to two high fre-
quency gates. The aim of the experiments on Josephson junction arrays is to phase-
lock the coherent Bloch oscillations of the array to the signal applied to the gates.
The two layouts (fig. 5.4a-b and fig. 5.4c) differ in the junctions size and in the type
of coupling to the gates. In the first configuration, each SQUID has a nominal area
of 0.06 µm2, while in the second layout the area is 0.03 µm2. As shown in fig. 5.4b,
in the first configuration the two gates are coupled to two adjacent islands in the
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Figure 5.4: SEM images of the array samples. The samples consist of an array of
240 SQUIDs coupled to two high frequency gates. a) and b) In this design the
two gates are coupled to two adjacent islands in the middle of the array. c) In this
configuration the two gates are separated by 10 islands.
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5 mm
hf1

hf2

Figure 5.5: The sample is glued on a PC board with 20 connectors for DC lines
and 2 MMCX connectors for coaxial cables. The PC board is designed to match
the impedance of the coplanar waveguides of the chip. In the close-up the two
coplanar waveguides of an array sample are shown in more detail.

middle of the array. To increase the coupling between the high frequency signals
and the array, the islands are extended with a finger-like structure. In the layout
of fig. 5.4c the two gates are separated by 10 islands. Here the coupling between
the array and the high frequency signals is much weaker than in the previous con-
figuration and it is not localized to a single island. The purpose of this design
is to investigate how the soliton length affects the phase-locking of Bloch oscilla-
tions. In fig. 5.5 the layout of the two high frequency lines of an array sample is
shown in more detail. The high frequency signal is applied to the central strip
of the coplanar waveguide and the two adjacent strips are grounded. In order to
conduct high frequency signals without reflections, the coplanar waveguides are
designed to have constant impedance. The characteristic impedance of the central
strip is determined by the permittivity of the substrate and by the ratio between
the width of the strip (S) and the distance of the ground planes from the strip (W ).
To obtain an impedance of 50 Ω with silicon substrates, the width S has to be twice
the distance W [110].

5.3 Measurement techniques

The chips are glued on a specially designed Printed Circuit (PC) board 1 and the
sample leads and the coplanar waveguides are connected to the board through
aluminum bonding wires. Figure 5.5 shows the PC board used for the measure-
ment of samples with high frequency lines. The PC board is designed to match
the impedance of the coplanar waveguides of the chip. A similar board without

1The printed circuit board is designed by J. Walter, Nanostructure Physics.
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Figure 5.6: The sample, represented by the single junction in the center, is biased
by four Josephson junction arrays that enable a four-point measurement. Two
arrays are used to apply a symmetric bias and measure the current, while the other
pair of arrays is used to measure the voltage across the sample VS = VA − VB .

connectors for the coaxial cables is used to measure single junctions and CPT sam-
ples. The sample is then placed in a RF-tight copper box, which is mounted in to
the cryostat in thermal contact with the mixing chamber.

The 3He-4He dilution refrigerator used for the measurements is a Kelvinox
AST-Minisorb from Oxford Instruments, with a base temperature of 15 mK. As
cooling principle in the millikelvin range, this system exploits the difference in
entropy of 3He and 4He [111].

The cryostat is equipped with 10 DC leads and 2 coaxial cables made of a
Cu/Ni alloy (cupronickel). The DC leads consist of twisted pairs of constan-
tan wire which act as fairly good microwave filters, attenuating 35 dB/GHz up
to 2 GHz, above which a background level of -80 dB is measured with an open
cryostat. Additional room temperature RC filters were used to suppress low fre-
quency noise. No cold filters were implemented during the experiments reported
in this thesis. However, in the high impedance case, the biasing arrays are so
largely impedance miss-matched to the transmission line impedance, that they
themselves should behave as filters, protecting the sample under test from the
electromagnetic fluctuations guided to the sample via the leads.

SQUID arrays as biasing leads for single Josephson junctions and CPTs

The I-V characteristics of single junctions and CPTs are measured in a four-point
configuration. A sketch of the measurement scheme is presented in fig. 5.6. One
pair of arrays is used to apply a symmetric bias and the other pair is employed to
measure the voltage across the sample. The arrays are biased by two waveform
generators (HP 33120A) with frequencies in the range 0.1-1 Hz and amplitudes
between 500 µV and 40 mV. The current through the sample can be measured
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Figure 5.7: a) Magnetic field dependence of the zero bias resistance R0 of two
biasing SQUID arrays. b) I-V curves of two biasing SQUID arrays for two values
of the magnetic flux Φ. When Φ = 0, R0 ≈ 5 kΩ (black curve), when Φ = Φ0/2,
R0 ≈ 50 MΩ (gray curve). The data refer to sample SQUID1 (see table 6.1).

directly with a current amplifier. For the measurement of the current, two different
instruments are used depending on the range of the bias signal. When a large bias
voltage is applied to the arrays, a current preamplifier with variable sensitivity
(modified Stanford Research System SR570) is used, while in case of small bias,
a home-built amplifier based on a low noise operational amplifier (Burr-Brown
OPA111) with a feedback resistor Rf of 100 MΩ or 1 GΩ is employed. The choice
of the voltage amplifier is crucial when small voltages, of the order of few µV,
are measured through high impedance leads. For this type of measurements the
voltage amplifiers need to have a high input impedance and a low input current.
In our experiments we tested two different high impedance (1012 Ω) differential
amplifiers, Burr-Brown INA110 and Burr-Brown INA116. We found that better
results were obtained when the amplifier INA116, which has a lower input current
(3 fA), was used. Since the impedance of the voltage leads can be in the GΩ range,
even such small input current in the amplifier can lead to voltages comparable
with the blockade voltage of the single junction, making the measurement of the
voltage over the junction impossible.

The number and the resistance of the junctions in the biasing arrays play an
important role in determining the I-V curve of the sample. In a few measure-
ments, the CPTs were biased by arrays made of 200 SQUIDs, and in this case it
was observed that, when the arrays become too resistive (R0 À 100 MΩ) with a
defined Coulomb blockade region, a symmetric I-V curve of the CPT with a well
developed back-bending was difficult to measure. The configuration of fig. 5.3b
facilitates the measurement of the sample voltage. Here, the two single-junction
arrays are the biasing leads and the two SQUID arrays are the voltage leads. The
non-tunable arrays show a strong Coulomb blockade feature at all magnetic fields
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Figure 5.8: a) I-V curve of the two biasing SQUID arrays of sample SQUID1 (see
table 6.1) at B = 0. b) Corresponding I-V curve of the single SQUID junction.

and therefore provide a good current bias for the single junction. The voltage
probes can be tuned to the optimal point to provide the necessary high impedance
environment and yet make the measurement of the voltage possible. Typically, the
zero bias resistance of the voltage leads is of the order of 200− 600 kΩ.

A four-channel oscilloscope (Tektronix TDS5104 Digital Phosphor Oscilloscope)
is used to record simultaneously the I-V curves of the biasing lines and of the sam-
ple. The four channels of the oscilloscope (V1, V2, V3, V4) are connected respectively
to the output of the two bias voltages (V1, V2), to the output of the current ampli-
fier (V3) and to the output of the voltage measured across the sample (V4). The
current across the circuit can be calculated as I = V3/Rf , the voltage across the
sample is given by VS = V4 and the voltage drop across the two biasing arrays is
V = V2−V1−V4. The scope is programmed to acquire the traces of the four chan-
nels during one complete sweep of the bias voltages. The traces are recorded in the
high resolution mode, which means that the scope averages all samples (5 GS/s)
taken during an acquisition interval (typically 20 ms) to create a record point. The
data are then sent via GPIB to the computer. With this method, the measurement
of the I-V curves of both the sample and the two arrays can be performed simulta-
neously.

In general the SQUID arrays cannot be described by a linear impedance model,
but for the purpose of discussion we can characterize the impedance of the biasing
lines by their frequency-independent zero bias resistance R0. Strictly speaking
the zero bias resistance of the arrays represents only the DC component of the
impedance of the environment. As the magnetic field is increased, the SQUID
arrays undergo a superconductor-insulator quantum phase transition [71, 77–81].
Due to the periodic dependence of the Josephson energy of the SQUID on the
magnetic flux threading the loop (eq. (2.7)), this transition occurs at several values
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Figure 5.9: I-V curve of sample CPT4 (see table 6.2) for two different gate charges
when an asymmetric voltage is applied to the biasing arrays (a) or a symmetric
configuration is used (b).

of the magnetic field, resulting in a periodic modulation of the zero bias resistance
R0, as shown in fig. 5.7a. The double-peak feature in the modulation of R0 is due
to the difference in loop size between two adjacent SQUIDs. For the measured
biasing arrays, the difference in loop size is estimated to be approximately 7%.

The SQUID configuration allows the tuning in situ of R0 over several decades
(104 < R0 (Ω) < 109). An example is reported in fig. 5.7b, where the I-V curve
of the two biasing SQUID arrays of sample SQUID1 (see table 6.1) is presented
for the values of the magnetic field corresponding to the minimum and maximum
value of R0. In this case the zero bias resistance varies between 5 kΩ and 50 MΩ.
For all the measured SQUID arrays, the supercurrent branch has a finite slope with
a zero bias resistance of the order of 5-30 kΩ and the measured critical current is
about 50% of the theoretical Ambegaokar-Baratoff value. A better filtering may
decrease the noise from room temperature acting on the SQUID arrays and lead to
an increase of the measured critical current.

The SQUID arrays represent extremely non-linear bias resistors for the sample
under test, especially when they are in the superconducting state. An example of
the influence of the non-linear load line on the I-V curve of the sample is shown in
fig. 5.8, where the I-V characteristics of the two biasing SQUID arrays and of the
single junction of sample SQUID1 are plotted at zero magnetic field. The zero bias
resistance of the supercurrent branch of the arrays provides a fairly good voltage
bias for the single junction, until the arrays switch to the voltage state. At this
point the junction is practically current-biased. The change in the slope of the
load line makes difficult to observe sharp features in the I-V curve of the single
junction, like the supercurrent branch or the superconducting gap. Furthermore,
the sampling of the supercurrent branch of the SQUID arrays is not dense and
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Figure 5.10: In this configuration the voltage across the sample is measured by two
voltage amplifiers. This configuration enables the measurement of the common
mode voltage VC = VA +VB and of the voltage drop across each of the two biasing
arrays VA1(A2) = Va(b) − VA(B).

therefore the I-V curve of the single SQUID contains only few points in the low
voltage region. When the arrays are in the insulating state, they provide a good
current bias for the sample. The current bias, together with the high impedance
environment, is the key element for the measurement of features in the I-V curve
of a single junction that otherwise would be impossible to observe, like the region
of negative differential resistance due to the coherent tunneling of single Cooper
pairs.

Common mode voltage and symmetry of the bias

In the measurements of a CPT it is important that the two arrays used as current
leads are biased symmetrically. Figure 5.9 shows the I-V curve of sample CPT4
(see table 6.2) when an asymmetric or a symmetric bias is applied to the biasing
SQUID arrays. In the asymmetric configuration, one array is biased and the other
one is grounded. As a consequence, the stray capacitance between the island of
the CPT and the grounded array is charged by the applied voltage, behaving as a
sort of gate that gives rise to the periodic oscillation of the I-V curve visible at large
bias (fig. 5.9a). This modulation disappears when the CPT is biased symmetrically,
as shown in fig. 5.9b.

In our measurements, the two biasing arrays may be slightly different and
therefore the bias applied to the sample is not exactly symmetric. The asymmetry
of the bias gives rise to a non zero common mode voltage across the sample. To
better observe the influence of this common mode signal on the I-V curve of the
sample, the measurement configuration shown in fig. 5.10 is used. Here, the arrays
are biased by two channels of a Keithley QUAD voltage source and two voltage
amplifiers are employed to measure each the output at one side of the sample (VA

and VB in fig. 5.10). The values of the current and of the voltages VA and VB are
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Figure 5.11: The bias voltages can be optimized depending on the I-V curve of
the biasing leads. The black and the gray curves represent the two bias voltages
when the supercurrent of the biasing SQUID arrays is maximum (a) and when it
is suppressed (b). The data refer to sample SQUID1 (see table 6.1).

read by three multimeters Keithley 2000 DMM and then sent to the computer via
GPIB. The software calculates the voltage across the sample VS = VA − VB , the
common mode signal VC = VA + VB , the voltage drop across the two biasing ar-
rays VA1(A2) = Va(b) − VA(B) and then plots the I-V curves of the sample and of
the two biasing arrays. In this way it is possible to monitor the difference between
the I-V curves of the two biasing arrays, and thus the dependence of the common
mode signal on the impedance of the leads. A special software was written to ex-
plore the influence of the common mode voltage on the I-V curve of the sample 2.
The program computes for each bias point the value of the common mode voltage
VC and through a PID algorithm, which uses VC as error signal, calculates the next
values for the two bias voltages that minimize VC . This program is also able to
interactively change the form of the sweep of the two biasing voltages depending
on the I-V curves of the biasing arrays. Here, a second PID algorithm computes
the values of the two biasing voltages Va and Vb so as to keep constant the step
in current. An example is presented in fig. 5.11, where the two bias voltages are
shown when the biasing SQUID arrays have a maximum supercurrent (fig. 5.11a)
and when the supercurrent is suppressed by the magnetic field (fig. 5.11b). With
these optimized bias sweeps, it is possible to compensate for the non linearity of
the arrays and obtain an equally dense number of points in all the regions of the
sample I-V curve. This program was tested on single junction samples to investi-
gate if the suppression of the common mode voltage modifies the features in the
junction I-V curve. Figure 5.12 shows the amplitudes of the common mode signal
when the common mode regulator in the program is turned off or on. By measur-

2The LabView program is written by J. Gudat.
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Figure 5.12: Amplitude of the common mode signal when the common mode reg-
ulator is off (a) and on (b). The inset shows the I-V curve of the measured sample
in both cases. The data refer to sample SJ2 (see table 6.1).

ing the I-V curve of the sample before and after the suppression of the common
mode voltage, it was possible to clearly show that the charging effects and the
Bloch nose feature in the I-V curve are not due to the common mode signal but to
the differential voltage across the junction.

High frequency measurements on Josephson junction arrays

In the array samples, the I-V curve of the array is measured using a two-point con-
figuration. One end of the array is biased by a waveform generator (HP 33120A)
and the other end is connected to the current amplifier (SR570). The outputs of the
waveform generator and of the current amplifier are connected to the two chan-
nels of a digital oscilloscope (Tektronics TDS3052) that records the I-V curve of the
array.

The high frequency signals applied to the two gates have same frequency and
amplitude but a variable phase difference. In particular, when the two signals are
out of phase, the common mode signal induced by the two gates cancels out and
only an effective differential voltage is applied across the array. Two types of signal
generators are used depending on the frequency range. Two Agilent 33250 arbi-
trary frequency generators were employed for frequencies up to 80 MHz. These
generators can be phase-locked, so that the dephasing between the two signals can
be easily controlled. For higher frequencies, a signal generator (Agilent E8247C)
with a maximum output of 20 GHz was used. In this case, the output of the gen-
erator was divided and two coaxial cables with different lengths were connected
between the generator and the cryostat to obtain two separated signals with a dif-
ference in phase. To measure the frequency-dependent modulation of the phase
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difference between the two cables, a transmission curve of the two recombined
signals was taken with a network analyzer. The minima and the maxima in the
transmission curve correspond respectively to the frequencies where the signals
fed to the two coaxial cables are out of phase or in phase. Thus, by properly choos-
ing the frequency, any relative phase between the two signals can be obtained.





Chapter 6

Summary of results

In this chapter the main results of measurements performed on single Josephson
junctions, Cooper pair transistors and Josephson junction arrays are presented.
The first two sections describe in more detail the results presented in the appended
papers I, II and III. In the last section, some preliminary results of measurements
on Josephson junctions arrays are presented.

6.1 Measurements on single Josephson junctions

The experiments on single Josephson junctions are focused on junctions with large
coupling energy (EJ ≥ EC) in a high impedance environment, where the condi-
tions for overdamped quasicharge dynamics are realized. In this situation the
exact dual of the overdamped Josephson effect is obtained, and the measured I-V
curves allow for a quantitative comparison with a theory which takes into account
the finite temperature of the environment.

The SEM images of the measured single junction samples are presented in
fig. 5.3. The sample referred to in the text as SQUID1 has the configuration of
fig. 5.3a, consisting of a single SQUID junction biased by four SQUID arrays. Sam-
ples SJ1 and SJ2 consist of single non-tunable junctions biased by two SQUID ar-
rays and two single-junction arrays (fig. 5.3b).

In table 6.1 the parameters of the measured single junction samples are listed.
The charging energy of the junction is calculated from the expression EC = e2/2C,
where the capacitance C is estimated from the junction area using a specific ca-
pacitance of 45 fF/µm2. RN indicates the normal state resistance of the junction,
calculated from the slope of the I-V curve at large voltage bias. From the resistance
RN the Josephson energy is calculated as EJ = RQ∆/2RN , where ∆ ≈ 200 µeV is
the superconducting gap of aluminum. The last column in the table indicates the
normal state resistance rN of one junction in the biasing leads. In the case of sam-
ple SJ1 and SJ2, rN is the resistance of a single junction, while for sample SQUID1,
rN indicates the resistance of one SQUID junction.

61
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Sample C EC RN EJ EJ/EC rN

(fF) (µeV) (kΩ) (µeV) (kΩ)
SQUID1 1.8 45 2.8 200 4.5 2
SJ1 0.9 90 2.4 270 3 8.7
SJ2 0.9 90 3.1 210 2.3 7.5

Table 6.1: Characteristic parameters of the single junction samples.

I-V curve of a single Josephson junction in a high impedance
environment

Figure 6.1 shows how the I-V curve of sample SJ2 is modified as the impedance of
the environment is increased. Since the single junction is not tunable, the changes
in the I-V curve are only due to the effect of the electromagnetic environment.
The corresponding I-V characteristics of the current leads, consisting of the two
single-junction arrays, are shown in fig. 6.2a. Due to the small size of the junc-
tions, these arrays show a well defined Coulomb blockade region, providing an
effective current bias for the single junction under test. The zero bias resistance R0

of the current leads has a constant value of the order of 1 MΩ. The two SQUID ar-
rays are used as voltage leads and their I-V curve, shown in fig. 6.2b, can be tuned
from the superconducting state to the insulating state by applying a magnetic field
perpendicular to the SQUID loops. As the supercurrent of the voltage leads is sup-
pressed, the impedance of the electromagnetic environment seen by the junction is
progressively increased. When the voltage leads show a supercurrent feature, the
I-V curve of the single junction displays a superconducting-like behavior with no
signature of single-charge effects (fig. 6.1a). For larger values of the environment
impedance, a region of Coulomb blockade opens in the I-V curve of the junction
(fig. 6.1b). This Coulomb blockade feature is fully developed when the zero bias
resistance of the voltage leads is of the order of 400 kΩ, as shown in fig. 6.1c.

The behavior of the I-V curve of the junction in fig. 6.1c can be qualitatively
understood from the Bloch band theory presented in section (2.6) [2, 3, 18]. For
a bias current lower than the threshold value, no current flows through the junc-
tion and the I-V characteristic displays a Coulomb blockade region. When the
threshold voltage, indicated by Vt in fig. 6.1c, is overcome, the Cooper pairs start
to tunnel with a frequency proportional to the biasing current and Bloch oscilla-
tions take place. In the I-V curve of the junction, the regime of Bloch oscillations
corresponds to the region of negative differential resistance, which is the signa-
ture of the coherent tunneling of single Cooper pairs. When the bias current is
further increased, processes of Zener tunneling to higher energy bands take place,
leading to dissipation and increased voltage across the junction. In fig. 6.1c, IZ

indicates the measured Zener current, defined as the current level where the I-V
curve shows a crossover from the back-bending region to a dissipative state.

The measured threshold voltage is smaller than the critical voltage VC ≈ 40 µV
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Figure 6.1: I-V characteristic of sample SJ2 for increasing impedance of the electro-
magnetic environment. For all three curves the current leads have the same
zero bias resistance (R0 ≈ 1 MΩ) while the zero bias resistance of the voltage
leads (SQUID arrays) is increased with the magnetic field: a) R0 ≈ 30 kΩ, b)
R0 ≈ 100 kΩ, c) R0 ≈ 400 kΩ. In panel c), IZ and Vt indicate respectively the
measured Zener current and Coulomb blockade threshold voltage.



64 CHAPTER 6. SUMMARY OF RESULTS

-4 -2 0 2 4
-20

-10

0

10

20

 

 

I 
(n

A
)

V (mV)

-4 -2 0 2 4
-20

-10

0

10

20

 

 
I 
(n

A
)

V (mV)

a) b)

Figure 6.2: I-V characteristics of the biasing arrays of sample SJ2 corresponding
to the I-V curves of fig. 6.1. a) I-V curves of the non-tunable current leads (R0 ≈
1 MΩ). b) I-V curves of the tunable voltage leads. From top to bottom the values
of the zero bias resistance are R0 ≈ 30, 100, 400 kΩ.

expected according the theoretical predictions [41]. The discrepancy between the
two values can be due to the thermal noise affecting the system, as will be ex-
plained later in more detail. The suppression of the critical voltage of a single
Josephson junction in a high impedance environment was already observed by
Watanabe et al. in similar experiments [107, 108]. Watanabe suggested that the
difference between the experimental and theoretical critical voltage may be due to
the small value of the specific capacitance used to determine the junction parame-
ters. A specific capacitance in the range of 100 − 200 fF/µm2 was suggested in
order to take in to account the shunting effect of the biasing leads.

The measurements on single junctions with SQUID configuration allow for a
systematic study of the I-V curve of the same single junction as it is tuned from
strong coupling (EJ > EC) to weak coupling (EJ < EC) with the magnetic field.
An example of the periodic modulation of the supercurrent of the SQUID array
and of the single SQUID junction of sample SQUID1 with the magnetic field is
shown in fig. 6.3. The period of the single SQUID is of the order of 16 G, while the
period of one SQUID in the array is approximately 120 G. When the supercurrent
of the arrays is suppressed, the Josephson coupling of the single SQUID can be
fully modulated without inducing changes in the I-V curve of the biasing leads.
As the zero bias resistance of the biasing arrays becomes of the order of 10 MΩ,
charging effects become observable in the I-V curve of the single SQUID junction.
Figure 6.4 shows the I-V curve of the single SQUID at two different values of the
ratio EJ/EC for the same high impedance environment (R0 ≈ 10 MΩ). The curves
A and B correspond respectively to the maximum and minimum values of EJ , as
determined from the periodicity of the single SQUID (fig. 6.3). For curve A the
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Figure 6.3: Modulation of the supercurrent of the biasing SQUID arrays (large
period) and of the single SQUID junction (small period) of sample SQUID1 with
the magnetic field. The bias voltage is fixed at 0.1 mV for the SQUID array and
at 50 µV for the single SQUID. The circles A and B indicate the maximum and the
minimum in the periodicity of the single SQUID corresponding to the I-V curves
of fig. 6.4.

calculated ratio is EJ/EC = 4.5, while for curve B is EJ/EC ≤ 0.2. In the plots
of fig. 6.4, curves A and B both show a Coulomb blockade feature, followed by
a back-bending region due to the Bloch oscillations. The differences between the
two curves are qualitatively understood from the energy diagram shown in the
inset of the figure. The critical voltage is determined by the shape of the lowest
energy band according to the relation VC = max[dE0(q)/dq]. For large Josephson
coupling, the amplitude of the lowest energy band decreases exponentially, ex-
plaining why curve A has a smaller blockade voltage than curve B. Furthermore,
the gap between the lowest and first excited energy band strongly depends on the
EJ/EC ratio of the junction. For large Josephson energy, the gap between the first
two energy bands is much larger than for small EJ and therefore, in the large cou-
pling limit, the transition to higher energy bands will occur at larger bias current.
This effect can be clearly seen in the I-V curves of fig. 6.4. For curve B we measure
a Zener current IZ ' 0.5 nA, while for curve A the measured value is IZ ' 10 nA.
The Zener current measured for curve B, where the condition EJ/EC ¿ 1 is real-
ized, agrees with the value for the Zener breakdown current predicted by theory
when EJ/EC ¿ 1, i.e. IZ = πE2

J/8~EC ≈ 0.6 nA [18]. In the case A, the large
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Figure 6.4: I-V characteristic of sample SQUID1 for two values of the EJ/EC ratio:
A) EJ/EC = 4.5, B) EJ/EC ≤ 0.2. For both curves the biasing SQUID arrays
have the same zero bias resistance R0 ≈ 10 MΩ. The inset shows the two lowest
energy bands of a single junction calculated for EJ/EC = 2 (dashed line) and
EJ/EC = 0.2 (solid line).
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Figure 6.5: I-V curve of sample SJ1 at different temperatures (points) and the theo-
retical predictions (solid lines). In the fit VC = 30 µV. From left to right the cryostat
(fitting noise) temperatures are: T = 50 mK (160 mK), 250 mK (260 mK), 300 mK
(400 mK).

Josephson coupling energy of the SQUID junction enables the measurement of an
I-V curve with a complete back-bending to a zero voltage current. To the best of
our knowledge, these are the first measurements on single Josephson junctions to
show I-V characteristics which realize the exact dual of the overdamped Josephson
effect.

Thermal fluctuations in a Josephson junction with overdamped
quasicharge dynamics

The measurement of Josephson junctions with overdamped quasicharge dynam-
ics (EJ/EC > 1 and Re[Z(ω)] À RQ) allows for a quantitative comparison with a
theory which is the exact dual to the model used to describe thermal fluctuations
in a Josephson junction with overdamped phase dynamics [24, 25]. As presented
in section (2.7) [42], the I-V curve of a junction with overdamped quasicharge dy-
namics in the presence of thermal fluctuations is characterized by a diffusive be-
havior of the quasicharge, which is dual to the phase diffusion in the overdamped
Josephson effect. The model for quasicharge diffusion considers a frequency in-
dependent environment represented by a resistor R, which is characterized by
gaussian noise with temperature Tnoise [42]. In our experiments, the biasing ar-
rays generate more complicated fluctuations, but for the purpose of comparison
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Figure 6.6: Noise temperature as determined from fitting to theory [42] vs. cryostat
temperature.

we can describe the arrays by only the parameter R, which represents the theoret-
ical effective frequency-independent impedance seen by the single junction.

Figure 6.5 shows the measured I-V curves (points) and the theoretical fits (solid
lines) of sample SJ1 at fixed magnetic field (B = 262 G) and various temperatures.
A good agreement between measurement and theory is obtained using one value
of the parameter R, while adjusting the noise temperature for the best fit. The
value of the fitting resistance R = 150 kΩ compares rather well with the measured
zero bias resistance R0 ≈ 200 kΩ of the voltage probes (SQUID arrays) at the
considered magnetic field. For the theoretical curves, the value VC = 30 µV was
used, in good agreement with the estimated critical voltage VC = 28± 7 µV [41].

The fitting temperatures, representing the noise temperatures of the resistor
and therefore of the environment, differ substantially from the temperatures mea-
sured at the mixing chamber of the cryostat. In some sense this experiment acts
as noise thermometry, where the junction "measures" the temperature of the en-
vironment. Figure 6.6 shows a comparison between the noise temperature and
the temperature measured at the mixing chamber. In the region between 175 mK
and 250 mK, the two temperatures coincide, but below and above this interval the
noise temperature is higher than the actual cryostat temperature. The saturation
of Tnoise at low temperature indicates the existence of residual noise with an ef-
fective temperature around 175 mK in the measurement system. This excess noise
may be a consequence of inadequate filtering of the measurement leads. In the
experiments reported in [30], where the I-V curve of a single Josephson junction
with overdamped dynamics was measured, the residual noise at low tempera-
ture could be avoided only using appropriate on-chip filtering. A better filtering
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Figure 6.7: Temperature dependence of the measured threshold voltage for three
sets of data (symbols) and theoretical predictions for VC = 30± 5 µV (lines) when
Tcryostat = Tnoise = T .

might indeed decrease the noise from room temperature which acts on the bias-
ing arrays. Another possible source of excess noise is represented by shot noise in
the current biasing arrays. These arrays have a strong Coulomb blockade, where
charge transport is discrete and shot noise is expected. The discrepancy between
Tcryostat and Tnoise above 250 mK can be due to effect of quasiparticle tunneling.
This temperature is close to the estimated cross over temperature for the odd-
even free energy difference for the islands in the arrays, above which quasiparticle
tunneling in the arrays becomes relevant, contributing to excess noise. The noise
reduces the measured threshold voltage below the predicted critical voltage. In
fig. 6.7 the measured threshold voltage for different magnetic fields is plotted as
function of the cryostat temperature. The solid lines and the dotted lines represent
the theoretical predictions for VC = 30 ± 5 µV in the case Tcryostat = Tnoise = T .
Although there is a discrepancy between the noise temperature and the cryostat
temperature, it is remarkable that this simple model, which ignores the frequency
dependence of the array impedance, gives the correct order of magnitude of the
blockade voltage and very accurately reproduces the shape of the I-V curve. A
more complex model, which includes the frequency dependent impedance of the
arrays, as well as additional sources of noise, may give better results but at the
price of more parameters.
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Sample C EC RN EJ EJ/EC rN Gate
(fF) (µeV) (kΩ) (µeV) (kΩ) effects?

CPT4 0.8 100 12 55 0.55 4 Yes
CPT5 0.5 160 2.8 230 1.4 2 No
CPT6 0.75 106 5.2 125 1.2 1.8 Yes
CPT7 0.5 133 21 30 0.22 8.5 Yes
CPT8 0.8 100 1.5 430 4.3 1.1 No
CPT9a 0.55 145 11.5 56 0.38 3.1 Yes
CPT9b 0.55 145 8.2 80 0.55 3 Yes

Table 6.2: List of a few characteristic parameters of the measured CPT samples.

6.2 Measurements on Cooper pair transistors

In this section the main results of measurements performed on Cooper pair transis-
tors in a high impedance environment are presented. We show how the Coulomb
blockade voltage is modulated by the gate charge and describe how the impedance
of the environment influence the parity of the CPT island.

As shown in the SEM image of fig. 5.2, the samples consist of a CPT biased by
four SQUID arrays. Table 6.2 lists the characteristic parameters of the measured
CPT samples, assuming symmetric CPTs with identical junctions. The capacitance
C and the charging energy EC = e2/2C are calculated for a single junction in
the CPT. The capacitance of the CPT island can be determined as CΣ = 2C +
Cg ≈ 2C, since the gate capacitance Cg , is always much smaller than the junctions
capacitance. For the measured CPTs the values of the gate capacitance, estimated
from the gate-induced modulation of the I-V curve in the normal state, are of the
order of 10 aF. In table 6.2, RN refers to the normal state resistance of one junction
in the CPT, from which the Josephson energy EJ is calculated, and rN indicates the
normal state resistance of a single SQUID in the biasing arrays. For all the samples
except CPT4, the biasing arrays are formed by 70 SQUIDs. In the case of sample
CPT4 each array consists of 200 SQUIDs. The last column in table 6.2 indicates for
which samples it was possible to observe gate effects in the I-V curve of the CPT.

I-V curve of a Cooper pair transistor in a high impedance environment

The I-V curve of a CPT in the high impedance environment shows the same fea-
tures observed in the I-V characteristic of a single Josephson junction. In fig. 6.8
the I-V curve of sample CPT9a is shown for increasing values of the magnetic
field and thus of the impedance of the environment. When the biasing arrays
are in the superconducting state (R0 ≈ 50 kΩ), the I-V curve of the CPT shows a
supercurrent-like feature. When the biasing leads become highly resistive (R0 >
500 kΩ), a Coulomb blockade feature appears in the I-V curve of the CPT. For sam-
ple CPT 9a, the back-bending region of the I-V curve is fully developed when R0 ≈
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Figure 6.8: a) I-V characteristic of the two biasing SQUID arrays of sample CPT9a
for different magnetic fields. The calculated values for R0 are: light-gray curve
R0 ≈ 50 kΩ, dark-gray curve R0 ≈ 500 kΩ, black curve R0 ≈ 20 MΩ. b) Corre-
sponding I-V characteristics of the CPT.

20 MΩ. As shown in fig. 6.8a, at the magnetic field value corresponding to R0 ≈
20 MΩ, the biasing arrays are not completely in the insulating state but still show
a residual supercurrent.

In fig. 6.9 the I-V characteristics of three different CPT samples in the high
impedance limit are shown. These curves were taken at the same value of the
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Figure 6.9: I-V curves of three different CPT samples for the same value of the zero
bias resistance of the biasing leads (R0 ≈ 20 MΩ). Black curve: CPT9a, EJ/EC =
0.38. Light-gray curve: CPT6, EJ/EC = 1.2. Dark-gray curve: CPT8, EJ/EC =
4.3.

zero bias resistance of the biasing leads (R0 ≈ 20 MΩ), in order to compare how
the EJ/EC ratio of the samples determines the character of the I-V curve. As for
a single Josephson junction, the size of the Coulomb blockade voltage depends
on the EJ/EC ratio of the CPT junctions. When the EJ/EC ratio is reduced, the
slope of the first energy band in the two-dimensional Bloch band diagram (fig. 3.3)
becomes steeper and thus the value of the Coulomb blockade critical voltage in-
creases. For small EJ/EC ratio, the energy gap to the second band is of the order
of EJ , increasing the probability for Zener tunneling processes at low current lev-
els. The I-V curves of fig. 6.9 follow qualitatively these theoretical predictions.
The largest Coulomb blockade voltage is measured for sample CPT9a which has
the smaller EJ/EC ratio, while the sample with the larger Josephson coupling
(CPT8) shows the smaller threshold voltage and an I-V curve with a complete
back-bending to a zero voltage current.

Figure 6.10 shows the I-V curve of sample CPT9b for different temperatures.
The effect of thermal fluctuations becomes noticeable for Tcryostat ≈ 200 mK, when
the Coulomb blockade feature in the I-V curve of the CPT starts to be smeared
out. This behavior suggests that the system is affected by a noise temperature
of the order of 200 mK, which suppresses the threshold voltage of the Coulomb
blockade. When the cryostat temperature is approximately 500 mK, the Coulomb
blockade voltage is completely suppressed.



6.2. MEASUREMENTS ON COOPER PAIR TRANSISTORS 73

-60 -40 -20 0 20 40 60
-1.0

-0.5

0.0

0.5

1.0

 

 

I 
(n

A
)

V (µV)

Figure 6.10: I-V characteristic of sample CPT9b for different cryostat temperatures.
Black curve T = 70 mK, light gray curve T = 300 mK, dark gray curve T =
500 mK.

Environment-induced parity effect in a Cooper pair transistor

In a small-capacitance CPT surrounded by a high impedance environment, the
effects of the gate-induced charge on the island are observable as modulation of
the Coulomb blockade voltage [62–64]. An example is presented in fig. 6.11, where
the I-V curve of sample CPT9a is shown for two values of the gate charge Qg . The
two curves correspond to the maximum and minimum value of the measured
Coulomb blockade threshold voltage. According to the band diagram of fig 3.3,
the maximum threshold voltage is obtained when Qg = 2ne, while the minimum
value is reached for Qg = (2n + 1)e. As shown in fig. 6.11, the Coulomb blockade
feature is not completely suppressed as the gate voltage is swept, in qualitative
agreement with the theoretical predictions for the case EJ/EC < 1 [63]. In samples
CPT5 and CPT8, characterized by EJ/EC > 1, we did not observe any modulation
of the I-V curve with the gate voltage. In the large coupling limit, the size of the
Coulomb blockade voltage is strongly reduced by the large effective capacitance
of the junctions, however, according to theory [63], the Coulomb blockade voltage
should be completely suppressed at gate charges Qg = (2n + 1)e. The absence of
gate effects can be due to asymmetry in the CPT junctions, which may contribute
to the suppression of the modulation of the Coulomb blockade voltage.

The tunability of the biasing leads allows us to study how the parity of the
CPT island depends on the impedance of the electromagnetic environment. In all
the CPT samples where gate effects were measured, we observed a clear transition
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Figure 6.11: I-V curve of sample CPT9a for two values of the gate-induced charge.
Black curve Qg = 2ne, gray curve Qg = (2n + 1)e.

from an e-periodic to a 2e-periodic modulation of the I-V curve as the effective
impedance of the environment is increased. Figure 6.12 shows how the Coulomb
blockade voltage of sample CPT9a is modulated with the gate-induced charge for
increasing values of the zero bias resistance of the biasing leads. The voltage mod-
ulations of fig. 6.12 are measured at constant bias current Ib = 5 pA. When no
magnetic field is applied and the SQUID arrays provide a low impedance envi-
ronment for the CPT, the modulation of the I-V curve is e-periodic, indicating that
the system is affected by quasiparticle poisoning. The e-periodic oscillation of
the blockade voltage persists until R0 ≈ 1 MΩ, where the I-V curve of the CPT
(fig. 6.12a) is characterized by a Coulomb blockade feature which is not yet fully
developed. The e-periodicity of the CPT is not surprising considering that no
quasiparticle traps are located close to the CPT and that the noise temperature of
the system, Tnoise ≈ 200 mK, is of the same order of the crossover temperature for
the e-2e transition. For our samples the crossover temperature is estimated to be
T ∗ ≈ 250 mK [55]. The experimental results show that the quasiparticle poisoning
occurs at gate charges Qg = (2n + 1)e. This behavior can be explained by con-
sidering the equilibrium energy diagram of the CPT island, schematically shown
in fig. 6.13. For temperatures of the order of the crossover temperature, the free
energy difference F0 = ∆ − kBT ln(Neff ) is smaller than the island charging en-
ergy ECΣ = e2/2CΣ, and the odd parity states are accessible at Qg = (2n + 1)e. At
these gate charges, the system will be poisoned by the excess quasiparticle which
sits on the island in the lower energy state. As shown schematically in fig. 6.13,
the availability of the odd states results in an increase of the CPT critical voltage at
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Figure 6.12: A,B,C: Gate-induced voltage oscillation of sample CPT9a for increas-
ing values of the zero bias resistance of the biasing SQUID arrays. The bias current
is fixed at Ib = 5 pA. a,b,c: Corresponding I-V curves of the CPT. (A,a) R0 ≈ 1 MΩ,
(B,b) R0 ≈ 5 MΩ, (C,c) R0 ≈ 40 MΩ.

Qg = (2n + 1)e, in agreement with the experimental observations which showed
a peak in the measured blockade voltage at these gate charges.

As the impedance of the environment is further increased, the periodicity of
the gate-induced modulation shows a transition from e-periodic to 2e-periodic
(fig. 6.12B,b). The 2e-periodicity is fully established when the I-V curve of the CPT
displays a Coulomb blockade region followed by the characteristic back-bending
feature (fig. 6.12C,c). To explain in a qualitative way the observed impedance-
dependent parity effect, we can consider how the tunneling rates for quasiparti-
cles are affected by the impedance of the environment. In order to restore a stable
2e-periodic behavior, near the critical gate values Qg = (2n + 1)e, the transition
rate from odd to even parity (Γoe) has to be enhanced compared to the transition
rate from even to odd parity (Γeo). When the condition Γoe À Γeo is realized, the
system will most often be in the even parity state and the effect of quasiparticle
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Figure 6.13: Ground state energy of the CPT island, where the odd parity states
are lifted by the free energy difference F0(∆, T ). The critical voltage for the CPT is
shown for even parity (solid lines) and odd parity (dotted lines). When F0 < ECΣ ,
the odd parity states are energetically favored at Qg = (2n + 1)e, resulting in an
increase of the critical voltage.

poisoning will be negligible in the long time scale of the measurement. The tran-
sition rate Γoe is driven by the recombination of pairs, where an energy equal to
the superconducting gap is gained in the process. In a low impedance environ-
ment, the rate Γeo is driven by the gain in charging energy that occurs near the
gate charges Qg = (2n + 1)e, where the odd parity state has lower charging en-
ergy. However, in the high impedance environment, this latter rate is suppressed
because the gain in charging energy is not large enough to cause an excitation of
the environment. The suppression of the transition rate from even to odd parity in
the high impedance environment can be qualitative understood in the context of
P(E) theory, where the effect of the environment on the tunneling rates for single
electron transistors is considered [22]. In the high impedance case, the probability
P (E) for the environment to absorb the energy E is sharply peaked at the energy
EC , which has the effect of decreasing the rate for transitions where the change
in charging energy is less than EC . Considering both the superconducting energy
gap and the charging energy, we can argue that in the high impedance case there
is a suppression of the transitions from even to odd parity, symbolically shown
in fig. 6.13 by the arrows. As the impedance of the environment is increased, the
energy gain in these transitions is not enough to excite the environment and there-
fore Γeo → 0 as T → 0. In order to observe a stable 2e-periodic modulation of the
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Figure 6.14: Measured gate voltage dependence of the I-V curve of sample CPT9a
in the high impedance environment (R0 ≈ 20 MΩ).

Coulomb blockade voltage it is sufficient that Γeo ¿ Γoe.
Figure 6.14 shows how the I-V characteristic of sample CPT9a is modulated by

the gate voltage in the high impedance environment. The 2e-periodic behavior is
clearly distinguishable in the oscillation of the Coulomb blockade voltage while
in the back-bending region of the I-V curve, where processes of Zener tunneling
become relevant, an e-periodic component appears [18]. In fig. 6.15 the e-2e tran-
sition of the voltage modulation as a function of the bias current is shown in more
detail. The 2e-periodic oscillation is fully developed at low bias currents, where
the Coulomb blockade of Cooper pair is realized (fig. 6.15A). For currents of the
order of 60 pA, the voltage modulation starts to show an e-periodic component
(fig. 6.15B), and a complete e-periodic behavior is established for Ib > 100 pA
(fig. 6.15C). The current level where the e-periodic peak appears in the voltage
modulation is close to the measured value of the Zener current, IZ ≈ 75 pA. Dur-
ing Zener processes, the system is excited to higher energy bands, leading to a
temporary build-up of the CPT voltage to a level close to the superconducting
energy gap. In this situation, Josephson-quasiparticle tunneling cycles [112] can
occur and the 2e-periodic modulation of the I-V curve is spoiled.

6.3 Measurements on Josephson junction arrays

The aim of the measurements on Josephson junction arrays was to detect time cor-
relation of tunneling events with a phase-locking type of experiment [35,36,90–92].
By irradiating a Josephson junction array with a microwave signal, one should be
able to phase-lock the frequency of the Bloch oscillations of the array to the exter-
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Figure 6.15: Gate-induced voltage oscillation for sample CPT9a at different bias
currents. The zero bias resistance of the biasing SQUID arrays is R0 ≈ 20 MΩ. The
I-V curve of the CPT for this value of R0 is shown in fig. 6.8.

nal signal. The signature of the locking of the oscillations is the appearance of a
plateau in the I-V curve of the array at a current I = 2ef , where f is the frequency
of the external signal. Previous experiments on 1D Josephson junction arrays ca-
pacitively coupled to one gate electrode showed a weak but clear signature of such
effect in the differential resistance of the arrays [90, 92]. In this section we present
some preliminary results of experiments performed on 1D Josephson junction ar-
rays capacitively coupled to two gates. So far we have not been able to observe the
characteristic signatures of the phase-locking of Bloch oscillations and more exper-
iments are necessary to clearly understand why no current steps are observed in
the I-V curve or in the differential resistance of the array.

The experiments have been carried out on samples having two different con-
figurations. The SEM images of the measured samples are presented in fig. 5.4.
In both configurations the sample consists of an array of 240 SQUIDs capacitively
coupled to two gates electrodes. In the layout of fig 5.4a the two gates are coupled
to two adjacent islands in the middle of the array, while in the design of fig. 5.4c,
the two gates are separated by 10 islands. The two-gate configuration permits to
apply two AC voltages to the gates with a known phase difference. In particular,
when the signals are out of phase, the common mode voltage induced by the two
gates is suppressed and only an effective differential voltage is applied across the



6.3. MEASUREMENTS ON JOSEPHSON JUNCTION ARRAYS 79

Sample C EC RN EJ EJ/EC

(fF) (µeV) (kΩ) (µeV)
A1 2.7 30 1.5 430 14.3
A2 2.7 30 2.4 268 9
A3 2.7 30 9.9 65 2.2
A4 2.7 30 11.3 57 2
A5 1.35 60 22.2 29 0.5
A6 1.35 60 5.7 110 1.9

Table 6.3: Characteristic parameters of the measured array samples.

array.
Table 6.3 lists the characteristic parameters of the measured array samples. Ar-

rays A1 and A2 have the configuration shown in fig. 5.4c, while samples A3-A6
have the layout presented in fig. 5.4a. The parameters in the table refer to a sin-
gle SQUID in the array and are determined in the same way as described for the
single junction samples. For all the measured arrays the condition C À C0 is
realized, as the stray capacitance C0 is of the order of 10−17 F. This value is cal-
culated by dividing the capacitance of a strip Ca = εeffL/[2ln(8L/W )], having
the array dimensions (L ≈ 100 µm, W ≈ 1 µm), by the effective number of junc-
tions N/2 = 120. The effective dialectric constant for the type of substrate used is
εeff = 4.4 [86].

I-V curve of a 1D Josephson junction array

Figure 6.16 shows the I-V characteristic of array A4 at zero magnetic field. In the
large scale figure, at a voltage of approximately 100 mV, it is possible to distinguish
the signature of the superconducting gap corresponding to V∆ ≈ N2∆/e, where
N indicates the number of SQUID junctions in the array. In the central region of
the I-V curve, shown in more detail in the close-up of fig. 6.16, another gap opens
with an amplitude of approximately 0.3 mV. This nearly zero current region is due
to the Coulomb blockade of Cooper pair tunneling. The Coulomb blockade fea-
ture is clearly visible at zero magnetic field for samples A3, A4, A5 and A6. In the
other array samples, for which EJ/EC > 1, the superconducting character dom-
inates and their I-V curves at zero field show a supercurrent branch at vanishing
voltages.

The tunability of the SQUID arrays enables the study of the dependence of
the Coulomb blockade threshold voltage with the magnetic field. The threshold
voltage in a 1D Josephson junction array can be interpreted as the injection volt-
age for Cooper pair charge solitons [80, 86]. When the bias voltage overcomes the
threshold value, the current flows through the array generating coherent Bloch
oscillations with frequency fB = 〈I〉/2e. In the soliton picture the current I is
described by a moving train of uniformly spaced solitons. As the magnetic field
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Figure 6.16: I-V characteristic of sample A4 at zero magnetic field. V∆ indicates
the measured value of the superconducting gap of the array. In the close-up the
region of Coulomb blockade of Cooper pair tunneling is shown in detail.
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Figure 6.17: As the magnetic field is increased, the EJ/EC ratio of the array is
suppressed and the Coulomb blockade threshold voltage is enhanced. Here, the
I-V curve of sample A3 is shown for magnetic field values between 35 G and 45 G
(0.3 < Φ/Φ0 < 0.4).

perpendicular to the SQUID loops is increased, the Josephson coupling is progres-
sively suppressed and the charging effects become more evident, resulting in an
enhancement of the threshold voltage. Figures 6.17 and 6.18 show how the thresh-
old voltage of array A3 varies with the magnetic field. The dependence of the
Coulomb blockade voltage on the Josephson energy results in a periodic modula-
tion of the threshold voltage with the magnetic flux Φ threading the SQUID loop.
When half flux quantum penetrates the SQUID loops, the Josephson coupling is
fully suppressed and the threshold voltage reaches the maximum value. In the
magnetic field range of fig. 6.18, the measured threshold voltage of sample A3 is
maximized at B ≈ 55, 160 G, in agreement with the estimated period of modula-
tion of the array (≈ 110 G). The threshold voltage for a long array with N À ΛS in
the limit EJ ¿ EC can be expressed as Vt ≈ 2e/

√
CC0 [86]. The calculated theo-

retical value, Vt ≈ 3 mV, is of the same order of the measured maximum threshold
voltage (fig. 6.18). When one flux quantum threads the SQUID loops, the Joseph-
son coupling is maximized and the threshold voltage is at the minimum value.

In fig. 6.19 the effect of thermal fluctuations on the I-V curve of array A3 is
shown. As the temperature is increased above 200 mK, the Coulomb blockade
feature is progressively smeared out until is completely suppressed for tempera-
tures around 350 mK.
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Figure 6.18: Modulation of the measured threshold voltage with the magnetic field
for sample A3.

The I-V curves of all the measured arrays did not show the hysteretic behavior
around the threshold voltage and the clear region of negative differential resis-
tance that were observed in other experiments on similar samples [80, 87, 90]. In
those experiments a hysteretic behavior of the I-V curves was measured mostly in
arrays where gold leads were used as quasiparticle traps.

Phase-locking experiments on Josephson junction arrays

The results presented in this section refer to samples having the configuration of
fig. 5.4a, in which the two gates are coupled to neighboring islands, but similar
results were also found for array samples with gates shifted by 10 islands.

The lowest frequency of the signal applied to the gates was chosen such that an
eventual step in the I-V curve of the array could be easily distinguished from the
Coulomb blockade feature. The upper limit was set by the frequency correspond-
ing to current levels for which the Zener tunneling becomes relevant. Depending
on the parameters of the different samples, the frequency range of the signals ap-
plied to the gates was between 15 MHz and 2 GHz, corresponding to currents in
the interval 5 pA-0.6 nA.

Figure 6.20 shows the I-V characteristic of sample A3 for three different am-
plitudes of the signal applied to the two gates. In this case the two gate signals
have a frequency of 50 MHz and a phase difference of 180◦. The gate voltages
were attenuated by 40 dB attenuators at the top of the cryostat and the maximum
amplitude of the signals applied to the gates after attenuation was 60 mV. For sig-
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Figure 6.19: I-V curve of array A3 for different cryostat temperatures T =
20, 150, 250, 350 mK. The Coulomb blockade feature is progressively suppressed
for increasing values of the temperature.
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Figure 6.20: I-V curve of sample A3 at B = 41.5 G for increasing amplitudes of
the gates signals. The two AC signals have a frequency of 50 MHz and a phase
difference of 180◦. For decreasing values of the Coulomb blockade voltage the
amplitudes of the gate signals are V = 1, 6.5, 12.5 mV.
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Figure 6.21: I-V curve of sample A3 at B = 57 G when the signals applied to the
gates have the same frequency (f = 15 MHz) and amplitude (V = 6 mV) but
different phase. For decreasing values of the Coulomb blockade voltage the phase
difference is 180◦, 140◦, 90◦, 0◦.

nals with amplitudes lower than 1 mV, the I-V curve of the array is not affected
by the AC voltages applied to the gates. When the amplitude of the signals is fur-
ther increased, the Coulomb blockade feature is progressively smeared out until
it becomes fully suppressed for gate signals of the order of 10 mV. No indication
of a current step at I ≈ 16 pA was detected for any amplitude of the applied sig-
nals neither in the I-V curve of the array nor in its derivative. The same type of
I-V curves was observed for all the measured arrays, regardless of configuration,
frequency of the gate signals, or magnetic field value. The same behavior was also
observed in experiments where only one gate was used to irradiate the array. Nev-
ertheless, the arrays are sensitive to the phase difference of the two gate signals.
Figure 6.21 shows the I-V characteristic of sample A3 when two signals having the
same amplitude but different phase are applied to the gates. The smearing of the
I-V curve is more pronounced when the two gates are in phase, indicating that
the out of phase configuration effectively suppresses the common mode signal
induced by the two gates.

The reasons why phase-locking effects are not observed in any of the measured
samples are not yet fully understood. In earlier experiments [90,92], a current step
was observed in the differential resistance of voltage-biased arrays that showed a
hysteretic I-V characteristic around the threshold voltage. Probably in our mea-
surements, due to the insufficient filtering of the biasing leads, the excessive noise
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reaching the sample prevents the observation of a sharp Coulomb blockade volt-
age and therefore of any high frequency signature in the I-V curve. A better fil-
tering is a fundamental requirement to enhance the quality of the measured I-V
curves. Furthermore, the design of the samples can be improved to obtain a more
effective coupling between the array and the high frequency signals.
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Conclusions

The results of an experimental study on the effect of high impedance environment
on the transport properties of small-capacitance Josephson junctions and Cooper
pair transistors (CPTs) have been presented.

The high impedance environment is obtained by biasing the sample under test
(single Josephson junction or CPT) with four one-dimensional SQUID arrays. The
main advantage of this configuration is the possibility of tuning in situ the effective
impedance Z(ω) of the electromagnetic environment. By applying a magnetic field
perpendicular to the SQUID loops, the arrays undergo a superconductor-insulator
quantum phase transition, which results in an increase of the measured zero bias
resistance of the arrays of several orders of magnitude (30 kΩ < R0 < 1 GΩ).

The study of small-capacitance Josephson junctions in a tunable electroma-
gnetic environment offers the possibility to experimentally investigate the rela-
tion between the two conjugate variables describing the dynamics of a Josephson
junction, the phase and the charge. The duality between phase and charge is re-
vealed through the measurement of I-V characteristics where the roles of current
and voltage are exchanged, depending on the EJ/EC ratio of the junction and on
the impedance of the electromagnetic environment.

As the impedance of the biasing leads is increased (Re[Z(ω)] À RQ), the super-
current that characterizes the I-V curve of a Josephson junction in the low impe-
dance limit is destroyed by quantum fluctuations of the phase. At this point the
I-V characteristic of the junction exhibits a sharp Coulomb blockade feature with a
region of negative differential resistance, evidence of the time-correlated tunneling
of single Cooper pairs.

The study of a single Josephson junction with SQUID geometry has enabled
the systematic investigation of the I-V characteristic of the same single junction as
it is tuned from strong coupling (EJ > EC) to weak coupling (EJ < EC) with the
magnetic field. Our results are in qualitative agreement with the predictions of the
Bloch band theory.

We also measured non-tunable single Josephson junctions in the strong cou-

87
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pling limit, where the exact dual of the overdamped Josephson effect is realized.
Our experiments, the first to probe this regime, have enabled the measurement
of I-V curves showing a complete back-bending to a zero voltage current. Such
I-V curves allow for a quantitative comparison with a theory which is dual to
the model for phase diffusion in Josephson junctions with overdamped phase dy-
namics. Although there is a discrepancy between the measured and the fitting
temperature, the agreement between experiments and theoretical predictions is
remarkable, considering that the theory ignores the frequency dependence of the
arrays impedance. This minimal theoretical model, in which the environment is
described by a linear resistor with gaussian noise, gives the correct order of mag-
nitude of the Coulomb blockade voltage and very accurately reproduces the shape
of the measured I-V curves.

The next step in the experiments would be to try to phase-lock the frequency of
the Bloch oscillations to an external AC drive. The aim of such a measurement is
to observe the dual of the Shapiro steps by detecting a step in the I-V curve of the
junction at a current I = 2ef , where f is the frequency of the AC drive. We have
performed some preliminary phase-locking experiments on long one-dimensional
Josephson junction arrays capacitively coupled to two high frequency gates, but
so far no current step has been detected in the I-V curve of the arrays. A better
filtering and a more effective coupling between the array and the high frequency
signals may improve the measurements.

The measurements on CPTs in a tunable environment demonstrated how the
I-V curve of the CPT is modified as the impedance of the environment is in-
creased. Starting from a superconducting-like I-V curve at low impedance, a well
defined Coulomb blockade region with a back-bending I-V curve develops when
Re[Z(ω)] À RQ. The Coulomb blockade voltage of the CPT is periodically mod-
ulated by the gate-induced charge. We also showed that the gate-voltage depen-
dence of the CPT changes from e-periodic to 2e-periodic as the impedance of the
environment is increased. The experimental results indicate that the high impe-
dance environment suppresses quasiparticle tunneling rates, thereby restoring the
even parity of the island. This behavior suggests that high impedance leads can
be used to effectively suppress quasiparticle poisoning.
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Appendix A

Sample fabrication

This appendix describes the detailed procedure of the sample fabrication process
and the parameters used to manufacture the samples presented in this work.

Substrate preparation

The starting point for the sample fabrication is a 3 inches silicon wafer with a
thickness of 250 µm covered with a layer of 1 µm SiO2. Two layers of positive
resist are then spanned on the substrate using the following procedure:

• Bottom layer: Spin on resist PMGI SF7 at 2000 rpm to obtain a thickness of
about 500 nm. Bake for 10 min on a hot plate at 180 ◦C

• Top layer: Spin on resist ZEP 520 diluted with Anisol (1:2) at 2000 rpm to
obtain a thickness of 90 nm. Bake on a hot plate at 180 ◦C for 10 min.

The wafer is then cut in chips with size of approximately (5 × 5) mm2. The chips
are sonicated in MilliQ water for a few minutes to remove the silicon fragments
created while cutting the wafer.

Electron beam lithography

The pattern to expose by electron beam lithography is divided in two sections: the
fine structure and the pads. For CPT and single junction samples, the fine structure
consists of the CPT, or the single junction, and the biasing arrays. In the case of
the array samples, the fine structure is given by the array itself and the portion
of high frequency lines close to the array. The fine structure and the pads have
different requirements in resolutions and therefore are exposed in two different
steps using different settings. To obtain the optimal exposure of the resist, it is
necessary to perform dose-tests to calculate the right amount of electron charge
per unit area. For the samples presented in this work these are the optimized
exposure parameters:
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• Fine Structure:
Aperture: 7.5 µm
Write Field: (100× 100) µm2

Step size: 0.004 µm
Dose: 100 µC/cm2

• Pads:
Aperture: 120 µm
Write Field: (1.5× 1.5) mm2 or (1× 1) mm2 for the array samples
Step size: 0.216 µm
Dose: 60 µC/cm2

Development of the chip

The optimized times for the development of the two resists are:

• Top layer: 1 min and 15 s in p-xylene. Blow dry with nitrogen.

• Bottom layer: 3 min and 30 s in MF322 diluted with MilliQ water (3:2). Rinse
in MilliQ water and blow dry with nitrogen.

• Right before the evaporation clean the chip in the RIE with an oxygen plasma
with a power of 10 W at a pressure of 5×10−5 mbar for 15 s.

Shadow evaporation

• Evaporate 250 Å of aluminum at an angle of -10◦ at a rate of 2− 4 Å/s.

• Oxidize for 5− 10 min at a pressure of ≈ 4− 10×10−2 mbar.

• Evaporate 350 Å of aluminum at an angle of +10◦ at a rate of 2− 4 Å/s.

• Lift off: Dip the chip in Microposit Developer 1165 in a water bath at 55 −
60 ◦C. Rinse in MilliQ water and blow dry with nitrogen.
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