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till offentlig granskning för avläggande av teknologie doktorsexamen den 12 juni
2006, klockan 13.00 i sal C1, Electrum, Isafjordsgatan 22, Kista.

c© Omar Al-Askary, June 2006

Tryck: Universitetsservice US-AB



Abstract

In this thesis we present the concept of concatenated multilevel codes. These codes
are a combination of generalized concatenated codes with multilevel coding. The
structure of these codes is simple and relies on the concatenation of two or more
codes of shorter length. These codes can be designed to have large diversity which
makes them attractive for use in fading channels. We also present an iterative
decoding algorithm taylored to fit the properties of the proposed codes. The itera-
tive decoding algorithm we present has a complexity comparable to the complexity
of GMD decoding of the same codes. However, The gain obtained by using the
iterative decoder as compared to GMD decdoing of these codes is quite high for
Rayleigh fading channels at bit error rates of interest.
Some bounds on the performance of these codes are given in this thesis. Some
of the bounds are information theoretic bounds which can be used regardless of
the code under study. Other bounds are on the error probability of concatenated
multilevel codes.
Finally we give examples on the implementation of these codes in adaptive coding
of OFDM channels and MIMO channels.
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Chapter 1

Introduction

1.1 Background

Reliable data communication on wireless channels is a very challenging task that
involves many different problems. In contrast to fixed line communication channels,
radio channels are usually described as space, time and frequency varying channel
[1, p. 1]. This is due to the severe conditions that a transmitted signal is subject to.
Radio communication systems should be tolerant to the effect of fading of the signal
due to propagation over multipaths or due to shadowing. The incoming signal may
also suffer from Inter Symbol Interference (ISI) due to multipath propagation of
the signal. Also, the wireless channel is very noisy due to interference from other
communication systems and the background noise.

Mobile data communication is even more challenging. In addition to the prob-
lems above that are common to all wireless systems, there are further considera-
tions. For example, a moving mobile unit might lead to total change of the channel
conditions which requires continuous measurement and updating of the Channel
State Information (CSI) and adaptation of the coding/modulation strategy to the
new conditions. There are also some requirements that stem from the nature of
the services in mobile communications. One of these requirements is that the mo-
bile units should be small and energy efficient. Therefore, there is relatively little
margin for energy consuming extensive signal processing.

The current demand on higher reliability in mobile communications, the scarcity
of suitable radio spectrum and the demand on higher data rates that approach
those for fixed broadband communications puts a lot of pressure on developing
new methods that can utilize the bandwidth much better. This means that the
transmission rates should approach Shannon’s [2] capacity of the bandwidth limited

1



2 Chapter 1. Introduction.

wireless channel.

Channel coding is one of the main tools that increase the transmission reliability
at higher data rates.

Recent results in coding theory such as turbo codes [3] and Low Density Par-
ity Check Codes (LDPC) [4] showed that for the Additive White Gaussian Noise
(AWGN) channel with BPSK modulation, it is possible to virtually approach the
channel capacity using suboptimal iterative decoding methods, e.g., turbo decod-
ing, that are much less complex than maximum likelihood decoding of the same
code.

On fading channels, however, the problem of approaching the capcity of the
fading channel is more difficult. In [5], Hall and Wilson studied turbo codes of
varying lengths with BPSK modulation on the Rayleigh fading channel. They have
shown that code lengths of at least 1000 BPSK symbols and 8 decoding iterations
are required to come as close as 2.5 dB away from the channel capacity at bit error
probabilty of 10−5. In order to come even closer to the capacity threshold, the
code length should be increased as well as the number of decoding iterations.

For practical purposes, there are many other factors that limit the choice of
code length and decoder complexity. In general, mobile wireless communications
require code lengths of about 1000 symbols and the complexity of decoding should
be kept at a reasonable level in order to limit the time delay and save battery
time. Therefore, reliable high data rate communication at 3-5 dB away from the
capacity thresholdis presents a very good alternative to existing commercial coding
techniques if the decoding complexity and code length are kept small.

Thefefore, an interesting question is to find coding and decoding schemes that
are practical for use in wireless communication systems from the point ov view of
complexity and length. These codes may not have the same sensational perfor-
mance of other codes that are recently investigated such as turbo codes and LDPC
codes. However, they can be used in applications where the complexity and length
of the codes are very important.

1.2 Communications over the wireless channel

The subject of reliable communications over the wireless channel is almost as old
as the subject over the wired channel. However, wireless communications is much
harder for theoretical analysis than wired communications. Also, until the 1970’s,
the greatest investments and technical achievements in wireless communications
came from research in the military which had greater needs for wireless communi-
cations. The research of wireless communications for civilian puposes accelerated
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at the end of the 1970’s when the concept of mobile communications started to
reach the mass consumer market.

As mentioned above, the severity of wireless communications is much greater
than that for AWGN channels. For AWGN channels, one can use a rule of thumb
for designing good codes and that is: to make the distance between the codewords
as large as possible, or, alternatively, to make the number of codewords at small
Euclidean distance as small as possible. However, for fading channels, this rule of
thumb does not apply. The method used for tackling the severity of wireless chan-
nels is mainly the diversity in communication [6, Chapter 5]. Simply put, diversity
in communication means sending a copy of the message, or part of a copy, on
diferent paths or channels in order to increase the reliability. This can be achieved
by diversity in carrier frequency, space diversity, by coding or a combination of all
methods. In this work we concentrate mainly on diversity by coding.

1.3 Channel coding and concatenated codes

The concept of concatenated codes is a good way to obtain long and powerful
codes by using simple constituent codes. The first class of codes of this kind are
product codes. They were first presented by Elias in [7]. In their simplest form,
product codes can be represented as a set of matrices such that each row in these
matrices is a codeword in one constituent code and each column is a codeword
in another constituent code. These codes had a very significant role in providing
many theoretical results in coding theory. For instance, in [7], Elias constructed
multidimensional product codes that, asymptotically, have a non-vanishing rate
and non-vanishing fractional minimum distance1. The product codes constructed
by Elias were the first example of codes with such asymptotic property. The idea
of product codes was later developed into the concept of concatenated codes by
Forney [8] [9], Blokh and Zyablov [10], and Zyablov and Zinoviev [11] [12].

Even though the minimum distance of product codes is much smaller than the
minimum distance of optimal codes2 of comparable length, the error correcting
potential of product codes is quite large. In order to illustrate this capability,
we observe some of the characteristics of product codes. One important property
of product codes is burst error correction. All error patterns that are restricted
to a number of rows less than half the minimum distance of the column code or
a number of columns less than half the minimum distance of the row code are
correctable.

1Fractional minimum distance is the ratio between the minimum distance and the length of
the code.

2We mean by optimal code, the code that has the maximum possible minimum distance in
comparison with all other codes of the same length and rate.
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Also, for random errors, if the number of errors in each row does not exceed
half the minimum distance of the row code then these errors are correctable. This
is true, in a similar fashion, for the case of errors not exceeding half the minimum
distance of the column code in each column. Needless to say, a received message
with such error patterns is still closest to the original sent codeword, since every
other codeword is even further from the received message. Therefore, a Maximum
Likelihood (ML) decoder is also capable of correcting these error patterns.

We also observe that the covering radius 3 of product codes is, usually, much
greater than half the minimum distance of the code, see Cohen et al [13, page 17]
and [14]. This means that even when the error exceeds half the minimum distance
of the code, there is still a possibility to correct all the errors when using an ML
decoder. This definitely does not mean that it is possible to correct all such errors,
rather, it means that not all such errors are uncorrectable. Thus, random error
patterns such that the number of errors in some rows and some columns exceed half
the minimum distance of the row code or the column code, respectively, might still
be correctable using a maximum likelihood or near maximum likelihood decoder. A
bounded minimum distance decoder, on the other hand can never correct random
errors of this type. It is this improvement in error correction that the algorithms
introduced in this thesis posses and which makes them superior to other algorithms
like Generalized Minimum Distance (GMD) decoding, [8], with a slight increase in
complexity.

Multilevel codes were first presented by Imai and Hirakawa [15]. A deep in-
vestigation of the properties of multillevel codes and other generalizations was
given by Calderbank in [16]. Their idea was to encode different levels of a band-
width efficient modulation schemes by different block codes with different error
correction capabilities. The modulation constellation is first partitioned into sub-
constellations and block codes with varying minimum distances are used to encode
each sub-constellation. The choice of the block code is, often, made based on the
minimum Euclidean distance of the sub-constellation in question. This is an al-
ternative approach to Trellis Coded Modulation (TCM) presented by Ungerboeck
[17].

Forney was the first to propose concatenated codes [9]. The aim was to find a
code that approaches the channel capacity with practical decoding complexity that
increase polynomially with the length of the code [18]. The proposed code was a
concatenation of a relatively short inner code with an outer long Reed-Solomon
code [19, p. 295]. The codes were shown to be very powerful indeed. Later, it
was shown by Blokh and Zyablov in [20] that concatenated codes that satisfy the
Gilbert-Varshamov lower bound do exist, see [19, pp. 306-315], which is a further
proof of the high error correction capability of these codes.

3The covering radius of a linear code can be defined as the maximum Hamming weight of a
correctable error pattern from the all zero codeword.
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Generalized concatenated codes are, as evident by their name, a further gener-
alization over concatenated codes. The main difference between these codes and
ordinary concatenated codes is that several different codes are used for encoding
the rows and columns instead of restricting oneself to only one code for the rows
and one code for the columns.

Concatenated codes are efficient in wireless communication channels for two
reasons. The first reason is that they have comparatively high minimum distances.
The other reason is interleaving. Interleaving is, in general, used to transform burst
errors into random errors which then can be corrected by forward error control
codes. Concatenated codes, on the other hand, have the proper structure for burst
error correction without the need for extra interleaving.

1.4 Related work

The concept of a multilevel code need not be the exact definition of multilevel
codes by Imai [15]. In multilevel coding schemes, the signal space is partitioned
into several partitions and each partitions level is encoded separately by a different
block code. Woerz et al [21, 22] studied different multilevel codes that combine
both convulutional codes and block codes in the different levels and improved
the multistage decoder to include reliability information from the previous stages.
Wachsmann et al in [23] studied multilevel codes with turbo codes used for each
level with design rules for these codes.

Hagenauer et al [24] and Pyndiah [25] studied product with higher level mod-
ulation and turbo decoding.

The difficulty of designing codes for the fading channel was noted and addressed
by many researchers. The basic idea is to increase the diversity of the code in use.
As an example we refer to [26] and [27] where interleaving was used to solve this
problem.

The subject of Generalized concatenated codes were introduced by Zinoviev
[11]. Generalized concatenated codes can be viewed as binary matrices with the
rows and columns belonging to many different block codes.

Herzberg et al [28] presented a coding scheme that they cal ”Concatenated
Multilevel Block Coding”. However, the concatenated codes are used separately
for each level.

In all the previous work, the multilevel codes were either constructed such that
each level is separate from the others or that all the levels have the same code.
This is where the difference lies as compared to our proposed codes.
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1.5 Contribution and outline of the thesis

1.5.1 Proposed concatenated multilevel coding scheme

In this thesis, we address the problem of fading in wireless channels by proposing a
specific generalized concatenated coding scheme that we call Concatenated Multi-
level Codes. These codes combine a multilevel code in one dimension with another
code in a second dimension. It is possible to design these codes in such a way
to have characteristics well suited for communication over fading channels. The
codes presented in this thesis are based on binary cyclical codes as their building
blocks. However, non-binary cyclical or non-cyclical codes can just as well be used
to construct concatenated multilevel codes. The decoding of the proposed codes
can be performed by any decoding method for decoding concatenated codes such
as GMD decoding or using a decoding algorithm suited for these codes presented
in this thesis. However, our results show that the decoding algorithm we propose
is much more efficient for decoding these codes especially for fading channels. The
complexity of the proposed decoding algorithm is greater than, nonetheless still
quite comparable to, that of GMD decoding.

The methods used for designing the codes bear great similarities to the ideas
presented by Wachsmann et al in [23] with some modifications that take into con-
sideration the channel type and decoding complexity.

1.5.2 Possible role of the proposed codes

The thesis concentrates mainly on the issue of highest possible performance for a
given low complexity of decoding. We concentrate mainly on the decoding complex-
ity of these codes since, we claim, that decoding requires much higher complexity
than encoding. The systems targeted for possible application are the current wire-
less systems where approaching the channel capacity is, usually, of less importance
than the processing delay, energy consumption or integrated circuit chip size. We
also believe that the proposed concatenated codes are a good alternative to mul-
tilevel codes based on block codes without further concatenation. We also believe
that the proposed codes are a good alternative to conventional convolutional codes
currently in use and trellis codes that rely on convolutional codes. The reason is
that the decoding complexity measured by number of operations is of the same
order or less than that for Viterbi decoding for convolutional codes. This, however,
is only half the truth. The choice of a coding scheme includes many issues that
are not quite related to the complexity measured in number of operations. The
choice of the codes is, usually, dependent on the standardization issue, backward
compatibility, flexibility of design and availability of experts in the field. Unfor-
tunately, the proposed codes fair less than well regarding the subjects above than
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the codes currently used. Replacing dominant designs reqires huge improvement
in performance or decreased cost.

However, the proposed codes have much better chance to compete in systems
operating in the unlicensed band and in emerging technologies where high reliability
in communication for a slight increase in complexity is favored. We extend the
definition to include coding on parallel channels that have different levels of quality.

1.5.3 Detailed contributions

The main contributions of the thesis can be summarized as follows:

1. A coding scheme, concatenated multilevel codes, that are a subclass of gen-
eralized concatenated codes where the modulation is combined with the code
in order to obtain a Euclidean code with good error correction capabilities
especially in fading channels.

2. A new iterative decoding algorithm for the proposed codes and for generalized
concatenated codes in general, with a tunable complexity. The enhancement
of the performance of the proposed codes in combination with the proposed
decoding algorithm may not be justified for AWGN channels where a gain of
2-3 dB is noticed. However, for Rayleigh fading channels, the gain is much
greater than their performance with GMD decoding of the same codes. The
complexity of the proposed decoding algorithm is greater, but still compara-
ble, to GMD decoding.

3. A set of information theoretic tools to bound the performance of the proposed
codes. They include bounds on the capacity of the constellation used for
transmission. A specific contribution here is that the effect of error in the
CSI is included in the study.

4. Another tool is bounds on the error probability of these codes when used in
certain channels. These bounds are different from the usual union bounds on
the error probability that require the detailed Euclidean distance spectrum
[29, p. 144] of the codes. The proposed bounds require the weight distribution
of constituent codes instead, since the detailed Euclidean distance spectrum
of the proposed codes is very hard to obtain4.

5. To show, through detailed examples, the potential of these codes for use in
fields in communications other than the, conventional, one path communica-
tion channels. These channels may be OFDM channels or MIMO channels
or others.

4Until writing this thesis, the only method the author knows of to find the detailed distance
spectrum is by exhaustive search.
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1.5.4 Scope of the thesis

The thesis is made up, in addition to the introduction and conclusions, of three,
more or less, self-contaiend parts. Part I gives some information theoretic bounds
on the rate of certain modulation constellations, especially in presence of imperfect
CSI. Part II includes a deeper explanation of the subject of concatenated codes and
presents a definition of concatenated multilevel codes, their decoding and bounds
on their performance. Part III deals with the question of design of concatenated
multilevel codes and especially for the Rayleigh fading channels and some examples
of the performance of these codes. Some other practical implementations, such as
using concatenated multilevel codes for OFDM modulations and MIMO channels,
are also included in Part III. The thesis is structured in such a way that it is
possible to read the Parts independently with some references between them. The
separation between the parts was made according to the problem that we intend to
elevate at the time. For Part II, the main idea is to provide some tools to evaluate
the performance of, and to assist in designing, these codes. These tools are general
and can be used for any other kind of code that utilizes multilevel modulation and,
therefore, they were put in a separate part. For Part I, we intend to define the
proposed codes and their related subjects, e.g., related codes, bounds, and even
more important, an iterative decoding algorithm tailored for these codes. The main
theme that we give in Part III is that, given a certain channel, how can we use
the ideas in the previous two parts to design a concatenated multilevel code and a
decoder that has an acceptable complexity.

Throughout almost all the thesis, there will be a code example that we will often
return to for treatment from different views. We will present a certain concate-
nated multilevel code, the [63, 45, 7] BCH, [63, 57, 3] BCH, [63, 57, 3] BCH, 8PSK
multilevel code concatenated with the [63, 51, 5] BCH code, all binary. This code
example is presented at the beginning and will be investigated from the point of
view of design, performance and error bounds in different chapters in the thesis.

The following is a more detailed review of different chapters and the related
papers or work for each one.

1. Chapter 1: Introduction. This chapter.

2. Chapter 2: The basic preliminaries. Presentation of the system model and
definition of related subjects such as coding and modulation.

3. Chapter 3: The constellation capacity concept is presented and the question
of the effect of imperfect CSI on this capacity is answered. Also, a possible
way to choose a constellation that is more robust to imperfect CSI is posed.
The chapter is basically the same as that presented in [30].

4. Chapter 4: Upper and Lower bounds on the constellation capacity that con-
sider the case of CSI error are presented here.
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5. Chapter 5: A simple, two state, link adaptation method is introduced where
the transmitter either transmits or not depending on the CSI. In addition,
the possibility that the receiver ignores certain symbols that undergo deep
fading is studied.

6. Chapter 6: A presentation and formal definition of concatenated multilevel
codes and related codes. The characteristics of the proposed codes are shown
and a some methods for decoding them are given.

7. Chapter 7: A presentation of an iterative decoding algorithm for product
codes and its generalization to the proposed concatenated codes. The basic
ideas in this chapter were presented in [31] [32].

8. Chapter 8: The iterative decoding algorithm presented in Chapter 7 is inves-
tigated through simulations to check its correctness and gain as opposed to
GMD decoding.

9. Chapter 9: Bounds on the block error probability are presented where the
main contribution here is that the weight distribution of the concatenated
code need not be known. Rather, what is required for the bound is the
weight distribution of the constituent codes. This chapter is an extension on
the work published in [33].

10. Chapter 10: A method for choosing the parameters of the concatenated mul-
tilevel codes is presented by utilizing the information given in Chapters 9
and 3. The choice of the decoder and the decoder complexity needed is also
discussed by using the information presented in Chapter 7.

11. Chapter 11: The chapter presents several examples of concatenated multi-
level codes performance by using the iterative decoder and a GMD decoder.
The effect, on bit error rate, of decoder complexity, correlation in time and
imperfect CSI is investigated by use of simulation. Also, a measurement of
the average decoding complexity is presented.

12. Chapter 12: This chapter deals with a special case of implementing concate-
nated multilevel codes where the multilevel is separate subchannels instead of
a modulation constellation. The main idea is to devise an adaptive code con-
struction algorithm which, while keeping the complexity of the system to a
minimum, results with great performance gains as compared to conventional
systems. The chapter is basically the same as [34].

13. Chapter 13: In a similar manner as that in Chapter 12, the levels are not dif-
ferent partitions of a modulation constellation. Rather, they are the different
equivalent parallel channels in a MIMO channel. The chapter is an extension
to the work presented in [35] and is basically the same as in [36].

14. Chapter 14: The conclusions, remarks and further research possibilities are
stated.
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The following publications are closely related to the thesis. They are, however,
not included:

• [37] is an introduction and analysis of the iterative decoding algorithm for
product codes. The decoding algorithm is essentially the same one used in
the current thesis with some modifications.

• [38] is closely related, in terms of idea and method of solution, to Chapters 12
and 13. However the difference lies in that it addresses only the possibility
of adaptive modulation without coding.

• [39]. The paper proposes a coding scheme for PAPR reduction of coded
OFDM signals. The coding scheme is compatible for use within the concate-
nated multilevel coding scheme proposed in this thesis.



Chapter 2

Preliminaries

In this chapter, we present the system model used in this work. We explain what
we mean by fading channels, coding and modulation. We give the basic definitions
of certain concepts that are required to understand what follows and to set the
limit on the scope of the thesis. In the end we relate some information regarding
studying the performance by simulation.

The content of this chapter is compiled from text books such as Proakis [40],
Ahlin and Zander [6] and MacWilliams and Sloane [19] and many others.

2.1 System Model

We first describe and define the system that we are investigating in the thesis.
This system will be the platform for comparing different decoding algorithms both
in performance and complexity. In the thesis we will only consider linear binary
codes. The algorithms and the analytical results, however, are easily extended to
non-binary codes, linear or non-linear.

2.1.1 Channel model

Consider the system shown in Figure 2.1. We assume a frequency non-selective
fading channel. LetX be the sent signal and let Y be the received signal. Assuming
a slowly varying channel where the channel coefficients are constant over at least
one symbol interval, the received signal sample during the i:th symbol interval can

11
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Encoder Modul−
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Figure 2.1: Model of the system used in the thesis

be written as:
yi = aixi + zi, (2.1)

where xi, ai and zi are, respectively, the transmitted symbol, the fading coefficient
and the noise in the channel. We assume that the sequence of multiplicative coef-
ficients, {ai} is independent of both the sequence of transmitted symbols {xi} and
the noise sequence {zi}. We also assume that {ai} is ergodic and therefore, we can
investigate the stochastic channel output given as:

Y = AX + Z, (2.2)

where, both A and Z ∼ Nc(0, 1/2), i.e., complex Normal distribution. We further
denote the average energy per symbol is restricted to Es.

The model that we use for analysis, is a statistical, time uncorrelated, fading
model with Gaussian noise. This model is a good approximation of an interleaved
flat fading channel with only limited delay spread and where the received signal is
the sum of many signal components [6, p. 136].

When the channel state information is available at the receiver, we model it as:

A′ = A+W, (2.3)

where: W ∼ Nc(0, σ
2
w) represents the error in the channel estimate.

It is quite rare for wireless channels to be time invariant. Therefore, a time vari-
ant fading model should be used for simulation purposes. The Doppler frequency
shift [6, p. 125], denoted by fD and is equal to:

fD =
v

c
fc,

where, v is the velocity of the mobile, fc the carrier frequency and c is the prop-
agation speed. The Doppler shift, or Doppler spread, marks the spread in signal
frequency at the receiver due to mobility. A very simple and efficient model is
Jake’s model [41] [42, p. 251]. Jake’s method is a way to simulate the fading
process based on the sum of independent oscillators.
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2.1.2 Channel estimation

In wireless communication systems, the channel estimation is performed by trans-
mitting a training sequence [43] [44], i.e., a sequence of symbols that are known to
the receiver in advance. This sequence of symbols is used to estimate the param-
eters of the channel. For example, a Pseudo Random (pn) sequence can be used.
Let the number of symbols in the training sequence be equal to Q. Assuming that
the fading is very slow, then, without loss of generality we can assume that the
training sequence begins at time i. We can rewrite 3.1 as:

yi = axi + zi, i ∈ 1, . . . , Q

I.e., we assume that the fading coefficient is constant during the transmission of the
current packet. Since we know the values of the transmitted symbols x1, x2, . . . , xQ,
then, we can calculate an estimate of the fading coefficient denoted by â as follows:

â =
1

Q

Q∑

i=1

(
a+

zi

xi

)
(2.4)

= a+
1

Q

Q∑

i=1

zi

xi
.

Since we assumed that a is constant during the transmission period, and that the
noise i complex normal, then we deduce that the channel estimate â is a sample,
a realization, from a random variable, A′, with complex normal distribution that
has:

E(A′) = a (2.5)

V (A′) =
V (Z)

QEs
=

1

QSNR
,

where E and V are, respectively, the expectation and variance of a random variable
and SNR is the signal to noise ratio at the receiver.

We deduce from 2.5 that in the case of very slow fading, we can assume the error
in estimation to be complex normal and that its variance is inversely proportional
with the length of the training sequence and the signal to noise ratio.

The fading is, usually, not constant during the transmission, which is usually
the case in practical systems. In this case the estimate will also experience errors
due to the variations of the channel. As the channel is modeled as Rayleigh, this
extra error will also be complex Gaussian and we should expect an estimate having
a variance larger than that given in (2.5). For an ML decoder that has access to
CSI, it tries to select the sequence {x̂} that minimizes the following metric:

N−1∑

i=0

|yi − a′ix̂i|2 =

N−1∑

i=0

|a′i|2 |y′i − x̂i|2 , (2.6)
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where N is the length of the transmitted sequence. Hence, it does not need to
do the above equalization before detection. Alternatively, a sub-optimum decoder
may directly use the new samples in computing its metric as

N−1∑

i=0

|y′i − x̂i|2 . (2.7)

It is clear that the decoder of (2.6) takes full advantage of the CSI and is better
than the decoder of (2.7).

2.1.3 Modulation

As seen in the Figure 2.1, the encoder receives a message m from the source or
the sender. We assume that there is a one to one mapping, bijection, between the
codewords and the messages, it is always possible to find an estimation of the sent
message as long as the decoder can produce some estimation x̂ of the codeword.

The encoder encodes m to a codeword x. The modulator modulates each binary
symbol in the codeword to a constellation S in the Euclidean space using a certain
mappingM, related to the used modulation. E.g., for coherent BPSK modulation
the mapping MBPSK is as follows:

MBPSK : {0, 1} → {+1,−1}
0 7→ +1
1 7→ −1

. (2.8)

We write:

u =MBPSK(x), (2.9)

to denote that the symbols of the codeword x are modulated one by one using the
mapping shown in 2.8.

As another example, consider 8PSK modulation with Gray mapping M8PSK.
The constellation is S = {s0, s1, s2, s3, s4, s5, s6, s7}. The mapping is done as fol-
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lows:

s0 7→ M8PSK(000) = 1

s1 7→ M8PSK(001) = (1 + 1ı)/
√

2

s2 7→ M8PSK(010) = (−1 + 1ı)/
√

2

s3 7→ M8PSK(011) = 1ı

s4 7→ M8PSK(100) = (+1− 1ı)/
√

2

s5 7→ M8PSK(101) = −1ı

s6 7→ M8PSK(110) = −1

s7 7→ M8PSK(111) = (−1− 1ı)/
√

2.

In our discussion we will remove the subscript from the mapping notationM when
there is no possibility of confusion.

The output from the modulator is a codeword u with average energy per coded
symbol equal to Ec.

Ec = REb,

where Eb is the average energy per uncoded information bit and R is the rate of
the code after modulation and is equal to:

R = qRC ,

where, RC is the rate of the binary code before modulation. The channel adds an
error matrix, e to the codeword x as follows:

v = e + u,

where, the elements of e are i.i.d. complex Gaussian variables with zero mean and
variance N0/2 per dimension. In the case of BSC, v, u and e are binary vectors. In
this case, the demodulator demodulates each symbol vij in the received sequence,
using the following rule:

yij = arg min
s∈S

d2
E(s,vij) (2.10)

The matrix y is then decoded to the binary matrix x̂ using some decoder for the
proposed concatenated codes.

For soft decision decoding the following definition is required. The squared
Euclidean distance between two sequences, v and w of length n, in the R

n Euclidean
space, is given as follows:

d2
E(v,w)

△
=

n∑

i=1

|vi − wi|2. (2.11)

A soft decoder is capable of utilizing the information about the reliability of the
symbols in the received sequence in order to return an estimation of the sent code-
word that is closer to the received message than that returned by the hard decoder.
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Unless we state differently, we use a definition for the reliability of a symbol in
the following manner. Let the received complex valued symbol be v and let s ∈ S
be a point in the constellation we wish to calculate its reliability. Let s̃ be defined
as:

s̃
△
= arg min

s′∈S\s
d2

E(v, s′)

We denote the reliability by ̺. The reliability of s is:

̺(s) = exp(|v − s|2 − |v − s̃|2). (2.12)

The idea behind the definition above is quite similar to symbol reliability used
for GMD decoding of lattices used by Forney and Vardy [45] where the reliability
is taken to be the distant to the closest point divided by the distant to the next
closest point.

The demodulator and the channel decoder cooperate. In this case, the soft
received vector v is used directly by the channel decoder. Each member in the
matrix v can be written as:

vi,j =M(xi,j) + ei,j , ∀i ∈ {1, . . . ,m}, j ∈ {1, . . . , n}. (2.13)

where M is the modulation function given in (2.8). In matrix form, it can be
written as:

v =M(x) + e (2.14)

When a hard decoder is used in a AWGN channel and if coherent BPSK is used,
the transition probability of the BSC is given by, [46, p. 500] [6, p. 161]:

p = Q

(√
2RCEb

N0

)
, (2.15)

where RC is the rate of the code used and Q is defined as, [46, pp. 150-151]:

Q(x) =

∫ ∞

x

1√
2π
e−

t2

2 dt. (2.16)

For higher level modulation an exact closed form expression for the symbol error
probability does not generally exist. However, very tight bounds and approxima-
tions exist that can be utilized. For further information we refer to [6, Chapter
4].

A maximum likelihood decoder returns the codeword that has the greatest
probability of being sent given the received message. Formally, for a received
message v, the ML estimation, x̂ML of this received message is a codeword in the
code C such that for any other codeword x′ ∈ C the following is true:

P (x′|v) < P (x̂ML|v),
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where P (·|·) is the conditional probability. In memoryless channels with Gaussian
noise, the ML solution coincides with the codeword that has the least Euclidean
distance between its modulated image and the received sequence, i.e.,:

d2
E(M(x′),v) ≥ d2

E(M(x̄),v).

In soft decoding a certain received sequence, we say that one received symbol is
more reliable than another symbol in the same sequence if the squared Euclidean
distance between the received symbol and its estimate is smaller than the squared
Euclidean distance of the second symbol and its corresponding estimate. This def-
inition of reliability of the received symbols in the same sequence is important for
soft decision decoding of the constituent codes of the product code using General-
ized Minimum Distance decoding [8] or Chase decoding [47].

2.1.4 Channel coding

The aim of introducing channel coding to communication systems is to eliminate,
or greatly reduce, the errors introduced by the channel. All codes are, basically,
a preselected subset of sequences from the total space of signal sequences. For
example, if the signal alphabet is binary signaling, Galois field, [48, p. 19], F2 =
GF (2), then, we can select a code C of length n to be:

C ⊂ F
n
2 .

The rate of the code is taken as:

RC = log2

|C|
2n
.

The signal space need not be binary. The signal alphabet can be selected from a
non-binary Galois field or from a real or complex field. In the latter case, when
the code symbols are taken from real or complex fields, these codes are sometimes
called Euclidean codes. Examples of Euclidean codes used in communication are:
Trellis codes, multilevel codes, spherical codes [49], and lattices [50].

For Euclidean codes, an important property is the minimum squared Euclidean
distance of the code defined as:

d2
{min,E}

△
= min

c,c′∈C
d2

E(c, c′), (2.17)

where, d2
E is the squared Euclidean distance between two points in the Euclidean

space.

For Euclidean codes the aim is basically to choose the codewords in the code
in such a way that they are far away from each other in order that the probability
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of an error that leads to error in decoding is very small. In the, more conventional
theory, of design of Euclidean codes, the codewords are chosen to be as far away
from each other as possible to minimize the probability of error. However, other
practical issues makes such a choice of codewords not always the best choice. This
is due to problems of scalability, complexity of decoding and decoding beyond the
minimum distance which calls for other methods of designing the code.

Trellis codes [17] and multilevel codes [15], also known as coded modulation,
are two methods for designing Euclidean codes that work well with the practical
limitations shown above. Trellis codes utilize convolutional codes [29] as their
building blocks while multilevel codes use block codes instead.

In this work we propose a Euclidean code, referred to as a concatenated multi-
level code, very close in construction to multilevel codes with some enhancements.
The building blocks for the proposed code are binary, narrow sense [19, p. 203],
BCH codes.

2.2 Channel capacity

In order to evaluate the performance of the codes and decoders used in the system,
the channel capacity, see Cover and Thomas [51, pp. 183-223] and Johannesson
[52, p. 50], can be used for comparison. The channel capacity for BSC is:

C
△
= 1− h(p), (2.18)

where p is the transition probability of the channel and h is the binary entropy
function defined as:

h(x)
△
= −p log2 p− (1− p) log2(1− p), (2.19)

In certain cases it is good to compare the performance of codes in terms of signal
to noise ratio instead of the transition probability. If we assume that the channel
used was AWGN channel, the modulation is BPSK and that hard decoding was
used for each bit.

The probability of error for each bit will be:

p = Q(

√
2RcEb

N0
), (2.20)

where Rc is rate of the code and Q is as defined in(2.16),

In the case of band-limited AWGN channels, the rate, R, of the code used is
limited from above as follows, [51, p. 250], [52, pp. 208-211]:

R ≤ C
△
= log2(1 +

P

N0W
) bits per sample, (2.21)
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where P is the power of the signal, N0 is the power spectral density of the noise
and W is the bandwidth of the channel. The definition of the channel capacity
in (2.21) is sometimes called If we assume that a code of length n and rate R is
used and that sending one codeword over the channel requires T seconds, then, the
signal power can be written in terms of information bit energy, Eb, as:

P =
EbnR

T
.

The receiver needs at least n samples to decode the message and there are at most
2WT samples of the signal received in time T , each of which has a noise of variance
N0/2. The ratio P/N0W can be written in terms of the information bit energy to
noise ratio Eb/N0 as follows:

P

N0W
=

EbnR

N0TW
(2.22)

=
2EbnR

2N0TW

= 2R
Eb

N0
,

where R should be equal to the capacity of the channel in order to obtain equality
in (2.21). A more detailed discussion on the channel capacity can be found in [51,
p. 250], [52, pp. 208-211] and [40, pp. 380-387,399].

The subject of channel capacity for fading channels and for finite-input infinite-
output channels will be discussed in more detail in Part I.

2.3 Evaluating the performance of codes

The analysis of the different claims made in this thesis can be put in two cat-
egories. The first method of analysis used is the direct mathematical analytic
approach, wherein the system model is simplified using appropriate assumptions
which results with a much simpler model. The simpler model might give a lower
bound, pessimistic, estimate of the real system performance. Alternatively, the
simpler model might be closer to the ideal case than the actual model, which will
give an upper bound, optimistic, estimate of the performance. The main advan-
tage with the analytical approach is that, by using the much simpler models, the
estimation can be done by solving one or a set of simple equations. In certain cases
the solution will be a simple closed form expression which can be used directly. In
other cases there is no closed form solution and we, thus, have to rely on numer-
ical methods and mathematical packages such as Matlab R©, Mathematica R© and
Magma [53] to find the solution.
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The other method of of analysis, as opposed to the analytic approach, is by
relying on the results of simulation of the system under investigation. This is
usually done by the Monte Carlo method [54, p. 38] [55, p. 220]. In order for the
results obtained by simulation to be reliable, the number of samples investigated
should be large enough in order to ensure a narrow confidence interval. The length
of the confidence interval can be written as [56, pp. 119-138]:

Iσ = [p̂− ασ, p̂+ ασ],

where p̂ is the estimated probability of the required event, α is a constant chosen
according to the required confidence and σ is the standard deviation of the ran-
dom variable in question. Simply put, the confidence interval is the interval in
probability that the actual probability value lies within with a high probability.
I.e.,

P{p ∈ Iσ} = Aα,

where Aα is a constant reflecting the confidence, e.g., Aα = 95%. For example, if we
assume that the event under test has Bernouli distribution and for 95% confidence,
the confidence interval becomes:

p̂± 1.6449

√
p̂(1− p̂)
N

,

where N is the total number of samples. Using the equation above we can state
a rule of thumb that for 95% confidence interval, we need about 1000 occurrences
of the event in order to result with an interval that is within 0.1p̂. In all the
simulations results presented in this thesis, unless we state otherwise, the target
confidence interval is of order 0.1p̂.

An equally important value to consider when simulating is a stop criteria. The
event might have very low probability that it requires a huge number of samples
for it to even occur, let alone have a significant number of occurrences enough to
satisfy the target confidence interval. Therefore, a limit on the maximum number
of samples required to set an upper bound on the estimated occurrence of an event
should be made. Assume, as above, that the event of interest has a Bernoulli
distribution with probability p. The probability that out of N samples the event
in question will occur at least once is:

P{event occurring} = Aα = 1− (1− p)N .

If we set the probability above to be greater than a certain constant, Aα, say 99%
and solve the equation above to find an upper estimate on p we obtain the following:

p ≤ p̂ = 1− (1−Aα)1/N .

In other words, for a total number of samples equal to 500 and for Aα = 99%, the
upper bound on the probability of the desired event is, approximately, equal to
0.01 if the desired event never occurs through all the 500 samples.
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All the simulations were performed using Matlab R©. The parts of the simulation
that require intensive calculations are implemented in C-language and linked to
Matlab R©.





Part I

Information theoretic aspects
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Chapter 3

Capacity of the Rayleigh
fading channel with error in
CSI

3.1 Introduction

An effective method to increase the throughput of systems is to use trellis codes or
multilevel codes. I.e., a combination of some type of coding with a bandwidth effi-
cient modulation scheme. This is also true in mobile radio communications where
there is increasing demand on more reliable communication and higher data rates.
It is therefore interesting to know what are the limits for such coding/modulation
methods. The use of concatenated multilevel codes or other codes based on turbo
codes like TTCM and LDPC assisted multilevel codes allows for data rates ap-
proaching the capacity of the fading channel.

When analyzing a communication system, it is usually considered that the
Channel State Information (CSI) is perfectly known at the receiver only or both
at the transmitter and the receiver. This is actually not far from the truth for the
current systems. However, since the current demand is to achieve higher bit rates
at the same signal to noise ratios or, alternatively, to achieve the same data rates at
a lower signal to noise ratios, then, the assumption of perfect CSI at the transmitter
and receiver becomes untrue [57]. In this work we study the case where the CSI is
known at the receiver only. We are interested in the mutual information for a finite
input, i.e., equiprobable signal constellation, and infinite output Gaussian channel
with Rayleigh fading. We call this mutual information constellation capacity since

25
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it depends only on the form of the input signal constellation and the power of
the Gaussian noise in the channel. The constellation capacity was studied for
Gaussian channels by Ungerboeck in [17] under the name trellis code capacity and
by Wachsmann et al [23] by the name multilevel code capacity. We choose the name
constellation capacity since this value is a characteristic of the shape of the signal
constellation and not the code used in combination with it.

The question of the capacity of the Rayleigh fading channel was first introduced
and discussed by Ericson [58]. Ericson assumed that the receiver had full Channel
State Information (CSI) available. Taricco et al [59] and later Shamai et al [60]
studied the capacity of Rayleigh fading channel without CSI. Lapidoth et al [61]
studied the effect of error in CSI estimation on the capacity of the fading channel
with Gaussian signal distribution. It is, however, hard to motivate the assumption
that the transmitted signal has a Gaussian distribution since this distribution does
not maximize the mutual capacity for the fading channel with error in CSI.

Most of the research mentioned above, except [61], concentrate on maximiz-
ing or bounding the channel mutual information between the transmitted signal
and received signal without any restrictions on the probability distribution of the
transmitted signal. While this is the correct definition of the channel capacity as
given by Shannon, it is seldom the case in practical systems. In practical systems,
the transmitted signal is chosen from some specific bandwidth efficient modulation
such as PSK or QAM in combination with some kind of code that chooses the
symbols with equal probabilities. Therefore, we try here to numerically estimate
the constellation capacity of the most used modulation schemes and investigate
the effect of error in CSI on this capacity. In our work below, we assume that the
receiver uses an optimal decoder and, in a way similar to that in [61], the receiver
believes it has the correct CSI and is oblivious to the error in the estimation. How-
ever, unlike [61], the transmitter is confined to using finite signal constellations in
order to make the model closer to practical systems. Ungerboeck [17] studied the
capacity of finite input infinite output channel with Gaussian noise. We try here to
find the capacity of the finite input infinite output Rayleigh fading channel when
there is partial information of the CSI.

3.2 System model

3.2.1 The Rayleigh fading channel

Let X be the sent signal and let U be the received signal. The received signal
sample during the i:th symbol interval is modeled as follows:

yi = aixi + zi, (3.1)
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where xi, ai and zi are, respectively, the transmitted symbol, the fading coefficient
and the noise in the channel all at time i. We assume coherent detection and the
sequence of multiplicative coefficients, {ai} is independent of both the sequence of
transmitted symbols {xi} and the noise sequence {zi}. We also assume that {ai}
is ergodic and therefore, we can investigate the stochastic channel output given as:

Y = AX + Z, (3.2)

where, both Ai and Zi ∼ Nc(0, 1/2). We will also assume that the average energy
per symbol is restricted to Es in all our calculations.

Assume that the receiver has access to some information about the channel
state information or more precisely, that the receiver has access to the CSI with
some error. Let us denote the estimate of the fading at the receiver by:

A′ = A+W, (3.3)

where: W ∼ Nc(0, σ
2
w). The reason why we model the error in estimation as

complex Gaussian is, as explained in 2.1.2, due to the fact that the additive noise
is a white noise process.

The receiver compensates the change in the amplitude of the signal by dividing
the received signal by the estimate of the fading. The model will then become:

Y ′ =
Y

A′
=

A

A′
X +

Z

A′

= BX + V. (3.4)

This compensation for the fading is similar to implementing a one-tap Zero Forcing
Equalizer (ZFE) [6, p. 210]. We will, from now on, refer to this compensation as
scaled output. The main purpose of such arrangement is to prevent clipping of the
signal or that the signal will have a very low amplitude that prevents detection.
However, since the receiver has access to the CSI estimate, then, it can use the
CSI for optimal, i.e., Maximum Likelihood (ML) or near ML, soft decoding. Alter-
natively, the decoder may ignore the estimate totally and works only with y′ and
thus has lower complexity but with suboptimal performance. In our modeling, we
assume the channel estimation part and the scaling part to be part of the channel
and not the receiver. Thus we refer to the channel that provides the decoder with
both y′ and a′ as a channel with optimal decoder and a channel that provides the
decoder only with y′ as scaled output channel.

The scaled output channel is actually a more realistic model than methods that
assume perfect CSI at the receiver or perfect phase delay compensation that is
called decoding without access to CSI [5]. The scaled output channel bears some
similarity to channel inversion in [62]. However, Channel inversion is a method
for the transmitter to adapt to the fading on the channel. We, on the other hand,
concentrate on the case when the CSI is known only at the receiver. Since we
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are interested in finding what is the maximum achievable rate by using multilevel
codes, then, we are restricted in choosing the PDF of the transmitted signal to:

fX(x) =

q∑

i=1

αiδ(x− xi),

q∑

i=1

αi = 1. (3.5)

Furthermore, since the types of codes investigated in this work are all linear, then,
the probability that the transmitter will choose anyone of the signal points will be
equal. Therefore, we will restrict the PDF of the transmitted signal even more by
assuming:

αi =
1

q
, ∀i ∈ 1, 2, . . . , q. (3.6)

We also define the average signal energy of the signal constellation as:

Es
△
=

1

q

q∑

i=1

|xi|2. (3.7)

There exists some multilevel coding methods where certain signal points in the con-
stellation are, in average, chosen more than others. However, all such arrangements
are non-linear and are therefore, out of the scope of this work.

3.3 Capacity calculation

The capacity of the channel can be found by maximizing the mutual information
[51, p. 18] between X and Y . I.e.,:

C = max
fX

I(X;Y )

= max
fX

∫

y

∫

x

fXY (x, y) log2

fY |X(y|x)
fY (y)

dx dy. (3.8)

Assume that the complex variables can be written as follows:

A = A1 + ıA2

X = X1 + ıX2

Z = Z1 + ıZ2

A′ = A′
1 + ıA′

2

W = W1 + ıW2

B = B1 + ıB2,

where ı =
√
−1 Let fA denote the probability density function (PDF) of A and let

fA′ denote the PDF of A′. Since both A and W are complex Gaussian, then, A′
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will also be complex Gaussian. More precisely:

A′ ∼ Nc(0, σ
2
w +

1

2
).

For the case of Gaussian input, i.e. X ∼ Nc(0, σ
2
x), then, the maximization over

all possible PDF’s of X can be dropped and the capacity of the channel will be,
as given by Lapidoth1 et al [61, (27)]: Assuming that both the channel and input
distribution are ergodic and therefore, the mutual information can be correctly es-
timated by estimating the entropy of the input distribution and conditional entropy
of the channel on the input [63].

I(X;Y,A′) = E

[
log

(
1 +

Es|A′|2
1 + Esσ2

w

)]
. (3.9)

The capacity for the input cases, discrete input and Gaussian input, will be
evaluated and compared in Section 5.

The PDF of the new multiplicative variable B in (3.4) can be found as follows
[64, p. 23]:

fB,W (b, w) = fA,A′(
a

a′
, a′ − a)J, (3.10)

fB(b) =

∫

w

fB,W (b, w)dw.

where J is the Jacobian give by:

J = |d(a, a
′)

d(b, w)
| =

∂a1

∂b1
∂a2

∂b1

∂a′
1

∂b1

∂a′
2

∂b1
∂a1

∂b2
∂a2

∂b2

∂a′
1

∂b2

∂a′
2

∂b2
∂a1

∂w1

∂a2

∂w1

∂a′
1

∂w1

∂a′
2

∂w1

∂a1

∂w2

∂a2

∂w2

∂a′
1

∂w2

∂a′
2

∂w2

It is easy to verify that the model is asymptotically correct for the cases σ2
w → 0,

i.e., no error in the estimation and σ2
w →∞, i.e., total lack of information. This is

done by noticing that in case where σ2
w → 0, The PDF of A′ approaches that of a

delta Dirac impulse at A′. When σ2
w →∞, the PDF of A′ approaches a horizontal

line that crosses the vertical axis at 1
π2(1/2+σ2

w)2 .

1Actually, in [61, (27)], the result is calculated for the Generalized Mutual Information (GMI)
which has a slightly different definition than for the capacity of the channel. The definition of
the GMI is the rate at which no reliable transmission can be achieved at higher rates and reliable
communication is possible at rates lower than the GMI. However, the two concepts are so close
to each other that we consider it possible to interchange the two without great abuse of the
underlying theory.
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It is also interesting to find the PDF of the scaled noise variable, Z ′. This is
found for the case when there is no error in the estimation, in a method similar to
(3.10) as follows:

fZ′(z) =
1

π(1 + |z|2)2 . (3.11)

The distribution is very similar to the Cauchy distribution [64, p. 176]. Indeed, the
Cauchy distribution is obtained by dividing two uncorrelated normal distributed
random variables. In our case Z ′ is obtained by dividing two complex normal ran-
dom variables. We will, therefore, continue to refer to this distribution as complex
Cauchy for simplicity. The complex Cauchy distribution shares some properties
with Cauchy distribution, e.g., They both do not have a variance. However, unlike
the Cauchy distribution, the complex Cauchy distribution has a mean. We refer to
Appendix B for a description of the properties of the complex Cauchy distribution.

The fact that the complex Cauchy distribution has no variance makes it difficult
to find bounds on the channel capacity by using information theoretic techniques
such as maximizing the entropy by a normal distribution with the same variance
as that in the distribution at hand [51, p. 234].

We, therefore, will concentrate on finding numerical solutions to the mutual
information for both the scaled output case and the optimal decoder case.

3.3.1 Mutual information for optimal decoder

In the case of optimal decoding, i.e., when the decoder uses the values of the fading
as well as the scaled output y′. We need to find the mutual information:

I(X;Y ′, A′). (3.12)

In order to be able to do that we have to find fY ′|A′X(y′|a′, x). We first notice
that:

fY ′|A′WX(y′|a′, w, x) ∼ Nc(
(a′ − w)x

a′
,

1

2|a′|2 ). (3.13)

We also notice that:

fW |A′(w|a′) =
fA′|W (a′|w)fW (w)

fA′(a′)
=
fA(a′ − w)fW (w)

fA′(a′)
. (3.14)

The conditional PDF fY ′|A′X(y′|a′, x) is found by multiplying (3.13) by (3.14) and
then integrating over w to get the marginal PDF of y′. This is done as follows:

fWY ′|A′X(w, y′|a′, x) = fY ′|A′WX(y′, a′, w, x)fW |A′(w|a′) (3.15)

=
|a′|2( 1

2 + σ2
w)

π2σ2
w

eQ(a′,w′,x,y′,σ2
w).
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where Q(a′, w′, x, y′, s) is a quadratic polynomial on w′ given as:

Q(a′, w′, x, y′, s) =
|a′2|

1 + 2σ2
w

− |a′ − w|2 − |w|
2

2σ2
w

− (w2x1 − a1x2 + w1x2 + a2(u
′
1 − x1) + a1y

′
2)

2

− (w1x1 − a2x2 + w2x2 + a1(y
′
1 − x1) + a2y

′
2)

2, (3.16)

where, we used the notations in (3.9) to expand the complex variables. The ex-
pression for fWY ′|A′X(w, y′|a′, x) is quite cumbersome. It is however, possible by
completing the squares to re-write Q(a′, w′, x, y′, σ2

w) as a sum of two quadratic
polynomial one of which depends on w′ and the other polynomial depends only on
the other variables. Thus, fWY ′|A′X(w, y′|a′, x) can be written as:

fWY ′|A′X(w, y′|a′, x) = γeQ1(a
′,w′

1,x,y′,σ2
w)eQ2(a

′,w′
2,x,y′,σ2

w)eQ3(a
′,x,y′,σ2

w).

where γ is a polynomial in a′, x and y′. Q1 and Q2 are quadratic polynomials in
w1 and w2 respectively. Thus, by integrating over w and simplifying we get:

fY ′|A′X(y′|a′, x) =
|a′|2(1 + 2σ2

w)

π(1 + 2σ2
w(1 + |x|2))e

−
|a′|2(1+2σ2

w)|y′− x
1+2σ2

w
|2

1+2σ2
w(1+|x|2) (3.17)

=
|a′|2
2πσ2

y

e
−

|a′|2|y′−x′|2

2σ2
y ,

where we denoted:

σ2
y =

1 + 2σ2
w(1 + |x|2)

2(1 + 2σ2
w)

, (3.18)

and denoted:
x′ =

x

1 + 2σ2
w

. (3.19)

It should be noted that the same result is obtained by noticing that y can be written
as:

y′ = x− w

a′
x+

z

a′
.

Since both W |A′ and Z are complex normal, then, Y conditioned on A′ is also
complex normal. The expectation of Y conditioned on A′ = a′ and X = x is equal
to X/(1+2σ2

w) and its variance is equal to the sum of the variances of W
a′ x and Z

a′ .
This leads us back to the same result.

Since the receiver has access to both the received signal and estimation of the
CSI, then, the mutual information can be written as:

I(X;A′, Y ′)
a
= H(A′, Y ′)−H(A′, Y ′|X) (3.20)

b
= H(A′) +H(Y ′|A′)−H(A′|X)−H(Y ′|A′,X)
c
= I(X;Y ′|A′)

d
=

∫

a′

∫

xy′

fA′(a′)fXY ′|A′(x, y′|a′) log
fY ′|A′X(y′|a′, x)
fY ′|A′(y′|a′) .
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where, (a) is by definition of mutual information [51, p. 22], (b) is by the chain rule
for entropy, (c) is due to independence between A′ andX and (d) is by the definition
of entropy. As seen from the equation above, evaluating the mutual information
requires two double integrations on the complex domain. A closed form solution is,
generally, not possible for discrete input channels. However, numerical integration
methods are quite efficient due to the smoothness of these functions.

3.3.2 Mutual information in scaled output channel

For the case of the scaled output, i.e., equivalent to using a one-tap ZFE, we need
to evaluate the mutual information between the transmitted signal and the scaled
output only without direct use of the fading information:

I(X;Y ′). (3.21)

In order to solve (3.8), we have to find fY ′|X(y′|x). This is done by multiplying
(3.13) by fA′(a′) and integrating over a′. The joint PDF conditioned on X is:

fA′Y ′|X(a′, y′|x) = fY ′|A′X(y′|a′, x)fA′(a′).

The joint PDF, fA′Y ′|X(a′, y′|x), can be written as:

fA′Y ′|X(a′, y′|x) = γ′|a′|2eQ′(|a′|2,x,y′,σ2
w),

where, γ′ is a polynomial in x, y′ and σ2
w and Q′ is quadratic polynomial in |a′|2

x, y′ and σ2
w. We recognize this to be a form of Rayleigh distribution and thus

integrating over a′ will give us:

fY ′|X(y′|x) =
1 + 2σ2

w(1 + |x|2)
π(1 + |x− y′|+ 2σ2

w|y′|)2
(3.22)

We see that fY ′|X(y′|x) is complex Cauchy. This was expected since Y ′ conditioned
on X is obtained by dividing a complex normal stochastic variable AX + Z by
another complex normal variable, A′. The same result in (3.22) can be reached by
following the discussion in Appendix B. The mutual information between Y ′ and
X is found by numerically solving (3.8) since a closed form solution is very hard
in the case of discrete channels. It should be noted, however, that the solution
requires only one numerical integration on the complex domain.

3.4 Optimizing the constellations by genetic algo-

rithms

Ericson proved in [58] that when perfect CSI is known at the receiver, the prob-
ability distribution of the signal that provides the maximum mutual information
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Input: A set L0 of constellation points in the complex space and σw

denting the standard deviation of the estimation error.
Output: A set Lend of constellation points in the complex space and a real

value Iend the constellation capacity of A set Lend at the given
estimation error.

Variables: Y = {Y} a finite set with cardinality T of random matrices of1

complex normal elements such that |Y| = |L0|. A set L = {L} of cardinality
T such that |L| = |L0|.;
initialization;2

i← 1.;3

Set the tolerance tol;4

begin5

while e > tol do6

i← i+ 1;7

L← Y + Li−1; Generate the children of the survivor constellation.8

The average power of the children are kept the same as the parent;
Li ← arg maxL′∈L C(L′);9

e← |C(Li)− C(Li−1)|;10

end11

end12

Figure 3.1: Genetic algorithm

and thus the capacity is the normal distribution. When the CSI is totally unknown
at the receiver, Shamai et al [60] proved that optimum distribution is a discrete
distribution that is different for different value of the signal to noise ratio. The
question what is the optimum probability distribution of the signal for the channel
with error in CSI and for different values of signal to noise ratios is difficult to
answer in general. We try, on the other hand, to answer a simpler question. We
try to maximize the mutual information given by (3.8), between the input and the
output of the channel by considering all possible signal constellations of a certain
number of signals. The PDF of the received signal is changed accordingly by using
(3.17) for the optimal decoder channel and (3.22) for the scaled output receiver
channel. To explain in more detail, assume that we consider the family of all signal
constellations of cardinality q where all signal points have equal probability. We
try to find the maximum mutual information that can be obtained of this family
of constellations. We use a genetic algorithm [65], [66] to find a constellation that
maximizes the mutual information. It is evident that the result is actually a lower
bound and not the actual maximum even though it is a good lower bound.

In Figure 3.1 we show the genetic algorithm used to find the constellation that
has a constellation capacity approaching the maximum that can be obtained from
this family of constellations.
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In the results given in this work, we added one more limitation to the structure
of the constellations that maximize the mutual information. The limitation is
that the constellation should be made of pairs of points such that each pair is
symmetrical around the origin. There was no noticeable difference between the
results for the case when this limitation was removed and the results when it was
added. This symmetry makes the constellations easier to understand and to have
an idea about their meaning.

3.5 Numerical results and discussion

As mentioned above, we investigate the constellation capacity for the some of the
popular modulation methods such as PSK and QAM. We, therefore, compare the
constellation capacities of these modulation methods with the maximum possible
mutual information that can be achieved by a constellation of the same cardinality
obtained using the genetic algorithm above.

We begin by comparing the constellation capacities for the optimal decoder and
the scaled output channel for different types of modulation and estimation error.
In Figure 3.2 we see the constellation capacity for QPSK modulation for the two
channel types. We notice that for both channels there exists a certain upper value

0 2 4 6 8 10 12 14 16 18 20
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

SNR dB

C
 b

its
/tr

an
sm

is
si

on

 

 

Optimal
Scaled

σ
w

=0.75

σ
w

=0.5

σ
w

=0.25

σ
w

=0

Figure 3.2: The constellation capacity of QPSK for the optimum decoder, (3.12)
and the scaled output channel (3.21).

that the capacity approaches. This upper value decreases when the error in esti-
mation is increased. For the case when there is no estimation error, the capacity
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for both channels approach the maximum bit rate that can be obtained by using
QPSK modulation, i.e., 2 bits/transmission. However, when the estimation error
increases, the constellation capacity for the scaled output channel is affected much
more severely than for the optimal receiver. The same observations are made for
the other modulation types such as 8PSK in Figure 3.3, 16QAM in Figure 3.4
and 32QAM in Figure 3.5. We now compare the constellation capacities for cer-
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Figure 3.3: The constellation capacity of 8PSK for the optimum decoder, (3.12)
and the scaled output channel (3.21).

tain modulation types with the maximum possible constellation capacity that can
be obtained for any constellation that of the same cardinality as the modulation
method under study. We first investigate the case for the optimal decoder. In
Figure 3.6 we see a comparison between the constellation capacity of the QPSK
modulation and the maximum possible constellation capacity of a four signal point
constellation obtained using Algorithm 3.1. In Figure 3.7 we see the comparison
between the constellation capacity for 8PSK modulation and the maximum possible
constellation capacity of an 8 signal constellation. In Figures 3.8 and 3.9 the same
comparison is made for 16QAM modulation and the 32QAM modulation respec-
tively. We notice that the upper limit on the constellation capacity is much greater
for the maximum possible constellation capacity acquired via the genetic algorithm
in Algorithm 3.1 than that for the usual modulation methods investigated. The
maximum constellation capacity seems to approach the bandwidth efficiency of the
constellation for no error estimation case. I.e., the maximum achievable constel-
lation capacity seems to approach log q, where q is the number of signals in the
signal constellation. It is quite clear from the figures above, that the QAM mod-
ulation is less prone to the error in the CSI. The explanation to that can be made
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Figure 3.4: The constellation capacity of 16QAM for the optimum decoder, (3.12)
and the scaled output channel (3.21).
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Figure 3.5: The constellation capacity of 32QAM for the optimum decoder, (3.12)
and the scaled output channel (3.21).
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Figure 3.6: The constellation capacity of QPSK for the optimum decoder, (3.12)
compared to Algorithm 3.1.
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Figure 3.7: The constellation capacity of 8PSK for the optimum decoder, (3.12)
compared to Algorithm 3.1.
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Figure 3.8: The constellation capacity of 16QAM for the optimum decoder, (3.12)
compared to Algorithm 3.1.
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Figure 3.9: The constellation capacity of 32QAM for the optimum decoder, (3.12)
compared to Algorithm 3.1.
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through an observation of the constellations obtained via the genetic algorithm.
In Figure 3.10 we see the 16-signal constellation that has the highest constellation
capacity at SNR = 20 dB and σ2

w = 0. I.e., there is no error in the CSI. the signal
points of the constellation that achieves the highest capacity are, almost, uniformly
spread, i.e., the signal points of optimal constellation try to be positioned as far
away as possible from each other. When the error in CSI increases the constellation
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Figure 3.10: Signal constellation obtained by Algorithm 3.1. SNR = 20 dB, σ2
w = 0

points should be moved to obtain higher constellation capacity. In Figure 3.11 we
see the 16-signal constellation that has the highest constellation capacity at SNR
= 0 dB and σ2

w = 0.25. In Figure 3.12 we see the 16-signal constellation that
has the highest constellation capacity at SNR = 0 dB and σ2

w = 0.75. It is clear
that when estimation error increases, it better if the signals in the constellation are
spread over different levels of power. When the error in CSI is too high it is better
for the signals to accumulate at two levels in what resembles an On-Off keying
modulation. The same observation is made for the case when the signal to noise
ratio is equal to 20 dB. In Figures 3.13 and 3.14 we see the 16-signal constellation
that has the highest constellation capacity at SNR = 20 dB and σ2

w = 0.25 and
σ2

w = 0.75 respectively. Since QAM constellation are much better spread over the
signal space than PSK modulation does, then, the constellation capacity of QAM
modulation will better approach that of the maximum constellation capacity that
can be achieved.

Finally, we compare the maximum achievable constellation capacity for a 32
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Figure 3.11: Signal constellation obtained by Algorithm 3.1. SNR = 0 dB, σ2
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Figure 3.12: Signal constellation obtained by Algorithm 3.1. SNR = 0 dB, σ2
w =
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Figure 3.13: Signal constellation obtained by Algorithm 3.1. SNR = 20 dB, σ2
w =

0.25
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Figure 3.14: Signal constellation obtained by Algorithm 3.1. SNR = 20 dB, σ2
w =
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signal constellation obtained using the genetic algorithm with the generalized mu-
tual information using (3.9) for a Gaussian codebook on a Rayleigh channel with
the same kind of error in the CSI as considered above. This comparison is shown
in Figure 3.15 for different CSI error levels. We notice that the generalized mutual
information and the maximum achievable constellation capacity decrease in similar
fashions with increasing error in the CSI. However, for high values of variance in
the CSI error and high signal to noise ratios, the optimal 32 signal constellation
obtained using the algorithm in Figure 3.1 performs better than a Gaussian code-
book. This was expected since it was already proven by Shamai et al [60] that when
there is no CSI available the optimal distribution of the signal variable is discrete
and the capacity increases asymptotically with log log of the signal to noise ratio.
The case when there is no CSI available at the receiver corresponds in our model
(3.3) to an error in the CSI with variance σw →∞. We see from (3.9) that the mu-
tual information approaches zero when σw → ∞ and using a Gaussian codebook.
Therefore, for very high error in the CSI, (3.9) will have less value in understanding
the channel characteristics than the numerical estimation using Algorithm 3.1
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Figure 3.15: The maximum possible constellation capacity of 32 signal constellation
compared with mutual information of a Gaussian codebook.



Chapter 4

Bounds on the capacity of
the Rayleigh fading channel
with error in CSI

In Chapter 3 we presented numerical estimation of the constellation capacity for
finite input fading channels. Even though the numerical integration to obtain the
capacity is rather simple, it is interesting to find simple closed form bounds on the
constellation capacity. This is interesting both from the point of view of better
understanding the effect of the error in the CSI and the shape of the constellation
on the capacity. In [67] Baccarelli derives some upper and lower bounds on the
constellation capacity for the Rayleigh fading channel. However, in [67] it was
assumed that there is perfect knowledge of the CSI at the receiver. This perfect
estimation of the CSI is impossible in practice. Furthermore, as shown in Chapter 3,
the error in the CSI becomes more obvious when we try to transmit at rates closer
to the channel capacity. Therefore, in this chapter, we try to include the effect of
error in CSI estimation in the bounds on the constellation capacity.

We give lower bounds and upper bounds for both types of receivers. I.e., the re-
ceivers denoted in Chapter 3 by the optimal receiver and the scaled output channel
given in (3.12) and (3.21) respectively.

The channel model is the same as that given in (3). It will also be assumed
that non of the signal points is situated at the origin or at an infinitesimally small
distance from the origin. The average signal energy, Es, is as given in (3.7).

It should be noted that any upper bound on the constellation capacity for the
channel with optimal receiver is an upper bound on the constellation capacity for

43
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in CSI.

scaled output channels. Conversely, any lower bound on the constellation capacity
for the scaled output channel is a lower bound on the constellation capacity for the
channel with optimal receiver.

4.1 The Rayleigh fading channel with error in CSI

and an optimal receiver

In order to find bounds on the constellation capacity of a constellation S, where
S has the form in (3.5) and (3.6), we have to seek bounds on the mutual informa-
tion I(X;Y ′A′) which we denote by C(S) by bounding the expression for mutual
information given in (3.20) which we give here below for the sake of clarity:

I(X;A′, Y ′) = H(X)−H(X|A′Y ′)

= H(X|A′)−H(X|A′Y ′)

= I(X;Y ′|A′)

=

∫

a′

fA′(a′)

∫

xy′

fXY ′|A′(x, y′|a′) log
fY ′|A′X(y′|a′, x)
fY ′|A′(y′|a′)

△
=

∫

a′

fA′(a′)C(S|A′) (4.1)

where H is the differential entropy and where we denote by C(S|A′) the mutual
information given A′. The PDF of A′ was moved outside the inner integral since
it is assumed that it is independent X and Y ′. The bounding technique we use
is to find an upper bound and a lower bound on C(S|A′) and then find the final
expression by averaging over A′. This technique is similar to and based on the
work in [67]. The only new addition in the following to that in [67] is including the
error in CSI in the final expressions.

4.1.1 Upper bound for the Rayleigh fading channel with op-
timal receiver

As mentioned above, we should try to upper bound the expression:

C(S|A′) =

∫

xy′

fXY ′|A′(x, y′|a′) log
fY ′|A′X(y′|a′, x)
fY ′|A′(y′|a′) . (4.2)

The conditional PDF, fY ′|A′X(y′|a′, x) is given in (3.17) and is:

fY ′|A′X(y′|a′, x) =
|a′|2
2πσ2

y

e
−

|a′|2|y′−x′|2

2σ2
y , (4.3)
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where, σy is given in (3.18) and x′ is given by (3.19).

For a specific value of x, e.g., xi we denote:

σ2
i

△
=

1 + 2σ2
w(1 + |xi|2)

2(1 + 2σ2
w)

(4.4)

x′i
△
=

xi

1 + 2σ2
w

. (4.5)

The conditional PDF, fY ′|A′(y′|a′) is obtained by averaging fY ′|A′X(y′|a′, x) over
x and thus, by using (3.5):

fY ′|A′(y′|a′) =

∫

x

fX(x)fY ′|A′X(y′|a′, x)

=
1

q

q∑

i=1

fY ′|A′X(y′|a′, xi). (4.6)

As seen from the above expressions, an attempt to find a closed form expression of
the mutual information by trying to find the entropies, H(Y ′|A′X) and H(Y ′|A′)
will fail due to complicated expression of fY ′|A′(y′|a′).

We simplify the expression of C(S|A′):

C(S|A′) =

∫

xy′

fXY ′|A′(x, y′|a′) log
fY ′|A′X(y′|a′, x)
fY ′|A′(y′|a′)

=
1

q

q∑

i=1

∫

y′

fY ′|A′X(y′|a′, xi) log
fY ′|A′X(y′|a′, xi)

1
q

q∑

j=1

fY ′|A′X(y′|a′, xj)

= log q − 1

q

q∑

i=1

EY ′|X=xi
log


1 +

q∑

j=1

j 6=i

fY ′|A′X(y′|a′, xj)

fY ′|A′X(y′|a′, xi)




. (4.7)

We commence to try to find an upper bound as follows:
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C(S|A′)
a
≤ log q − 1

q

q∑

i=1

EY ′|X=xi
log


1 + (q − 1)




q∏

j=1

j 6=i

fY ′|A′X(y′|a′, xj)

fY ′|A′X(y′|a′, xi)




1
q−1




b
= log q − 1

q

q∑

i=1

EY ′|X=xi
log


1 + (q − 1)




q∏

j=1

j 6=i

σ2
i

σ2
j

e

−|y′−x′
j |2|a′|2

2σ2
j

+
|y′−x′

i|
2|a′|2

2σ2
i




1
q−1




c
= log q − 1

q

q∑

i=1

EY ′|X=xi
log




1 + (q − 1) e

1
q−1

q∑

j=1,j 6=i

−|y′−x′
j |2|a′|2

2σ2
j

+
|y′−x′

i|
2|a′|2

2σ2
i

+log
σ2

i

σ2
j




d
≤ log q − 1

q

q∑

i=1

log




1 + (q − 1) e

EY ′|X=xi

0

B

@

1
q−1

q∑

j=1,j 6=i

−|y′−x′
j |2|a′|2

2σ2
j

+
|y′−x′

i|
2|a′|2

2σ2
i

+log
σ2

i

σ2
j

1

C

A




=log q − 1

q

q∑

i=1

log




1 + (q − 1) e

1
q−1

q∑

j=1,j 6=i

−|x′
i−x′

j |2|a′|2

2σ2
j

+log
σ2

i

σ2
j



, (4.8)

where (a) in (4.8) above is due to the geometric mean - arithmetic mean inequality.
(b) and (c) are by using (4.3) and simple manipulation respectively. (d) is due to
the convexity of log(1 + ex). It is easily seen that when σ2

w = 0, i.e., no error in
CSI, the expression in (4.8) devolves to that given in [67].

We now try to remove the condition on A′ in (4.8). Direct numerical integration
is of course possible and simple due to the smoothness of the function. However, we
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try to find a closed form solution. We first notice that since ex is always positive,
then, we can perform Taylor’s series expansion on log(1 + x) around x = 0. This
is given as:

log(1 + x) = −
∞∑

k=1

(−1)kxk

k
. (4.9)

By performing this expansion on (4.8) we have:

C(S|A′) ≤ log q +
1

q

q∑

i=1

∞∑

k=1




(1− q)k

k
e

k
q−1

q∑

j=1,j 6=i

−|x′
i−x′

j |2|a′|2

2σ2
j

+log
σ2

i

σ2
j




△
= log q +

1

q

q∑

i=1

∞∑

k=1

γk e
−k|a′|2αi+kβi , (4.10)

where:

γk
△
=

(1− q)k

k

αi
△
=

1

q − 1

q∑

j=1,j 6=i

|x′i − x′j |2
2σ2

j

βi
△
=

1

q − 1

q∑

j=1,j 6=i

log
σ2

i

σ2
j

.

The reason behind writing the expression above as an infinite series is that it is
relatively easy to integrate the terms of the series with respect to a′ as will be
shown.

In what follows we denote the variance of A′ by σ2
a′ where:

σ2
a′

△
= 1/2 + σ2

w.
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The constellation capacity is obtained by removing the condition on A′. I.e.:

C(S) =

∫

a′

fA′(a′)C(S|A′)

≤ log q +
1

q

q∑

i=1

∞∑

k=1

γk

∫

a′

fA′(a′)e−|a′|2αik+βik

= log q +
1

q

q∑

i=1

∞∑

k=1

γke
βik

∫

a′

1

2πσ2
a′

e−|a′|2/(2σ2
a′ ) e−|a′|2αik

= log q +
1

q

q∑

i=1

∞∑

k=1

γke
βik

1

1 + 2σ2
a′αik

= log q +
1

q

q∑

i=1

(
∞∑

k=1

(1− q)k

k
eβik −

∞∑

k=1

2σ2
a′αi

1 + 2σ2
a′αik

(1− q)keβik

)

= log q − 1

q

q∑

i=1

log(1 + (q − 1)eβi)

+
1

q

q∑

i=1

(2σ2
a′αie

βi)(q − 1)

(1 + 2σ2
a′αi)

2F 1

(
1 + 1

2σ2
a′αi

, 1

2 + 1
2σ2

a′αi

; (1− q)eβi

)
, (4.11)

where 2F 1 is the Hypergeometric function [68, p. 555]. It should be noted that
when there is no error in CSI, the upper bound in [67] is obtained.

For very high SNR, the value αi approaches infinity when there is no error in
CSI. However, this is no longer true when there is error in the CSI, i.e., σ2

w 6= 0.
Then:

ᾱi
△
= lim

SNR→∞
αi =

2

(q − 1)(1 + 2σ2
w)

q∑

j=1,j 6=i

|xi − xj |2
2σ2

w|xj |2
. (4.12)

Therefore, we can give an upper bound on the constellation capacity at high SNR
as:

C(S) ≤ log q − 1

q

q∑

i=1

log(1 + (q − 1)eβi)

+
1

q

q∑

i=1

2σ2
a′ ᾱi

1 + 2σ2
a′ ᾱi

log(1 + (q − 1)eβi). (4.13)

where we made use of the identity:

2F 1

(
1, 1
2

; z

)
= − log(1− z)

z
.

And that:

2F 1

(
1 + p, 1
2 + p

; z

)
≤ 2F 1

(
1, 1
2

; z

)
, ∀p ≥ 0.
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This proves that the constellation capacity at high SNR will not only be limited
by the number of signal points in the constellation. Rather, the error in the CSI
will decrease the maximum possible capacity for a certain constellation.

4.1.2 Lower bound for the Rayleigh fading channel with op-
timal receiver

We now turn to the problem of finding a lower bound on the constellation capacity.
We start from the expression for the cutoff-rate given in [69, p. 317]:

C(S|A′) ≥ − log
1

q2

q∑

i=1

q∑

j=1

e

|x′
i−x′

j |2|a′|2

8σ2
j . (4.14)

Therefore, the lower bound is found by averaging over a′:

C(S) ≥ − log
1

q2
Ea′




q∑

i=1

q∑

j=1

e

|x′
i−x′

j |2|a′|2

8σ2
j




≥ − log
1

q2

q∑

i=1

q∑

j=1

Ea′

(
e

|x′
i−x′

j |2|a′|2

8σ2
j

)

= − log
1

q2

q∑

i=1

q∑

j=1

4σ2
j

4σ2
j + σ2

a′ |x′i − x′j |2

= − log
1

q2

q∑

i=1

q∑

j=1

2(1 + 2σ2
w)(1 + 2σ2

w(1 + |xj |2))
2(1 + 2σ2

w)(1 + 2σ2
w(1 + |xj |2)) + |xi − xj |2

,(4.15)

where the last inequality is due to the convexity ∪ of the function log(1 + z). The
resulting lower bound approaches log q for high SNR in the case of perfect CSI.
However, when there is an error in the CSI, i.e., σw 6= 0, then, the denominator
in the sum term will not approach zero for high SNR and hence the constellation
capacity will be limited by the error in the CSI and will approach:

C(S) ≥ − log
1

q2

q∑

i=1

q∑

j=1

2(1 + 2σ2
w)

2(1 + 2σ2
w) +

|xi−xj |2

1+2σ2
w|xj |2

, (4.16)

4.2 The scaled output channel with error in CSI

In order to find bounds on the constellation capacity of a constellation S for the
scaled output channel, we have to seek bounds on the mutual information I(X;Y ′)
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which we denote by C∗(S) by bounding the expression for mutual information
given in (3.21) which we give here below for the sake of clarity:

I(X;A′) = h(Y ′)− h(Y ′|X)

=

∫

xy′

fXY ′(x, y′) log
fY ′|X(y′|x)
fY ′(y′)

. (4.17)

We first restate the conditional PDF fY ′|X(y′|x) given in (3.22):

fY ′|X(y′|x) =
1 + 2σ2

w(1 + |x|2)
π(1 + |x− y′|2 + 2σ2

w|y′|)2

=
1 + 2σ2

w(1 + |x|2)
π(1 + 2σ2

w)2(
1+2σ2

w(1+|x|2)
(1+2σ2

w)2 + |y′ − x′|2)2

△
=

a2

π(a2 + |y′ − x′|2)2 , (4.18)

where we manipulated the expression in the last equality in order to conform with
the expression in Appendix B and x′ is given in (3.19). The PDF of y′ will then
be:

fY ′(y′) =
1

q

q∑

i=1

fY ′|X(y′|xi). (4.19)

We now commence with finding an upper bound on the constellation capacity in
the same way as for the optimal receiver above.

4.2.1 Upper bound on the channel capacity for the scaled
output channel

We begin by writing the expression for the constellation capacity using (4.18) and
(eq:fYpScaled).

C∗(S) =
1

q

q∑

i=1

∫

y′

fY ′|X(y′|x) log
fY ′|X(y′|xi)

1
q

q∑

j=1

fY ′|X(y′|xj)

= log q − 1

q

q∑

i=1

∫

y′

fY ′|X(y′|xi) log


1 +

q∑

j=1

j 6=i

fY ′|X(y′|xj)

fY ′|X(y′|xi)




△
= log q − 1

q

q∑

i=1

∫

y′

fi(y
′) log


1 +

q∑

j=1

j 6=i

fj(y
′)

fi(y′)


, (4.20)
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where we used fi(y
′) to denote fY ′|X(y′|xi) for simplicity. By observing (4.18) and

(4.19) we see that the term under the summation in (4.20) can be written as:

log


1 +

q∑

j=1,j 6=i

1
fi(y′)
fj(y′)


 ,

The following lemma will help us on the way:

Lemma 4.1 Let fi(y), fj(y) be two PDF’s on the domain D. Then:

∫

D

fi(y) log

(
1 +

fj

fi

)
≥
∫

D

fi(y) log

(
1 +

√
fj

fi

)
.

Proof: Let Di ⊂ D be defined as:

Di = {z ∈ D|fi(z) > fj(z)}.

Let D̄i = D\Di. The integration above can be written as:

∫

D

fi(y) log

(
1 +

fj(y)

fi(y)

)
=

∫

Di

fi(y) log

(
1 +

fj(y)

fi(y)

)
+

∫

D̄i

fi(y) log

(
1 +

fj(y)

fi(y)

)

(a)

≥
∫

Di

fi(y) log

(
1 +

√
fj(y)

fi(y)

)
+

∫

D̄i

fi(y) log

(
1 +

fj(y)

fi(y)

)

=

∫

D

fi(y) log

(
1 +

√
fj(y)

fi(y)

)
+

∫

D̄i

fi(y) log

(
1 +

1 + fj(y)/fi(y)

1 +
√
fi(y)/fj(y)

)

(b)

≥
∫

D

fi(y) log

(
1 +

√
fj(y)

fi(y)

)
+

∫

D̄i

fi(y) log

(
1 +

fi(y) + fj(y)

fi(y) +
fi(y)fj(y)

2

)

(c)

≥
∫

D

fi(y) log

(
1 +

√
fj(y)

fi(y)

)
,

where, (a) is due to the fact that
√
x ≤ x, ∀x ≥ 1. (b) is by the arithmetic mean

- geometric mean inequality. Inequality (c) is obtained by noticing that the last
term in the right hand side is always greater than 0 when fj(y) > fi(y). 2

The function:

log

(
1 +

∑

k

1

zk

)
(4.21)

is ∪ convex. This can easily be proven by taking the second partial derivative of
(4.21) and check the sign of the result. Therefore, by using Lemma 4.1 and (4.21),
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the constellation capacity can be upper bounded as:

C∗(S) ≤ log q − 1

q

q∑

i=1

log


1 +

q∑

j=1

j 6=i

1

EY ′|X=xi

√
fi(y′)
fj(y′)




△
= log q − 1

q

q∑

i=1

log


1 +

q∑

j=1

j 6=i

1

g(x′i, x
′
j)


, (4.22)

where x′ are as given in (3.19) and g(x′i, x
′
j) is given by:

g(x′i, x
′
j) = EY ′|X=xi

√
fi(y′)

fj(y′)

=
a2

i + a2
j + |x′i − x′j |2
2aiaj

(4.23)

where ai and aj are the corresponding scalar coefficients in fi(y
′) and fj(y

′) re-
spectively. It should be mentioned that the function g implicitly depends on σw

although we suppressed this dependence since there is no confusion regarding this
matter.

4.2.2 Lower bound on the channel capacity for the scaled
output channel

In order to find a lower bound on the capacity for the scaled output channel, we
try to find an equivalent to the cut-off rate for Gaussian channels. We do that by
returning to the definition as given in [69, pp. 299-320]:

P (E) < 2R P2(E) < 2−n(Rc−R), (4.24)

where P (E) is the average error probability, P2(E) is the average pairwise error
probability between two different codewords, n is the length of the code, Rc is a
lower bound on the capacity and R is the code rate used in the system. What
(4.24) means is that when the code rate is less than Rc, then the error rate can be
made arbitrarily small by using a longer code. In the case of Gaussian channels,
Rc is the cut-off rate and is found by upper bounding the average error probability
and then taking the logarithm [69, pp. 303]. It should be noted, however, that
unlike AWGN channels, the pairwise error probability between two codewords is
not only dependent on the Euclidean distance between them. Rather, it depends
on the codewords themselves.

It is clear that what we have to find is an upper bound on the pairwise error
probability. Unfortunately, using the standard methods to bound the probability
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of the tail of the PDF by using the moments of the PDF e.g., Chernoff bound, is
not possible with the complex Cauchy distribution since it does not have a second
moment. Therefore, we use a different way to bound the pairwise error probability.
The upper bound on the pairwise error probability we introduce is similar to lower
bounding the Voronoi regions [70] of the signal points of the constellation under
study. In our case, however, the probability density function is not a real metric
in the mathematical sense. We start by assuming that we have a code of length
two, i.e., each codeword comprises of two points chosen from the constellation S.
Let these two codewords be x1 = (x11, x12) and x2 = (x21, x22) respectively. Then,
the event that the decoder choses x2 when x1 is sent when the received message is
y = (y1, y2) occurs when:

P (x1|y) < P (x2|y)

⇒ P (y|x1) < P (y|x2)

⇒ P (y1|x11)P (y2|x12) < P (y1|x21)P (y2|x22)

⇒ fY |X(y1|x11)fY |X(y1|x11) < fY |X(y1|x21)fY |X(y2|x22) (4.25)

where we used both Bayes’ formula [64, p. 6] and the fact the channel is memoryless
to obtain the last inequality. Equivalently, (4.25) can be written as:

log
fY |X(y1|x11)

fY |X(y1|x21)
+ log

fY |X(y2|x21)

fY |X(y2|x22)
> 0. (4.26)

This means that we can write a function in y1 and y2 that defines the decision
regions, [69, p. 79], of the two codewords. I.e., Let M ⊂ C2 be the decision
region for codeword x1. The pairwise probability of error given that x1 is sent can
be found by integrating fY |X(y1|x11)fY |X(y2|x12) over the complement of M i.e.,

M∗ △
= C2\M . This can be written as:

P2(E|x1) =

∫

(y1,y2)∈M∗

fY |X(y1|x11)fY |X(y2|x12). (4.27)

The integration in (4.27) is, in general, very hard to solve in closed form. However,
by finding a lower bound on M , it is possible to simplify the integration above.
If both terms in (4.26) are greater than zero, then the inequality will be valid.
Therefore, a lower bound on M can be the Cartesian product of two regions which
define a lower bound on the decision regions for x11 and x12 respectively. Let
M1,M2 ⊂ C be the decision regions for x11 and x12 respectively and let Ḿ1 ⊂M1

Ḿ2 ⊂M2 be subsets of these regions. I.e., if y1 ∈ Ḿ1 then:

log
fY |X(y1|x11)

fY |X(y1|x21)
> 0,

and if y2 ∈ Ḿ2 then:

log
fY |X(y2|x12)

fY |X(y2|x22)
> 0,
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respectively. Then, Ḿ = M1 ×M2 ⊂M . Therefore (4.27) can be bounded as:

P2(E|x1) ≤
∫

(y1,y2)∈Ḿ∗

fY |X(y1|x11)fY |X(y2|x12)

P2(E|x1) ≤
∫

y1∈M∗
1

fY |X(y1|x11)

∫

y2∈M∗
2

fY |X(y2|x12). (4.28)

The bound for the case when the length of the codeword is n instead of two as
above is similar and the upper bound on the pairwise error probability is given as:

P2(xi,xj) ≤
n∏

k=1

P2(xik, xjk), (4.29)

where:

P2(xik, xjk) =

∫

yk∈M∗
k

fY |X(yk|xik).

An upper bound on the pairwise error probability, P2(x1, x2), i.e., the probability
that the detector chooses x2 when x1 is sent is found by rewriting (4.25) for the
two symbols only and using (4.18) as the PDF. The detector correctly chooses x1

instead of x2 if the following inequality holds:

fY |X(y|x1)

fY |X(y|x2)
> 1 (4.30)

Lemma 4.2 The inequality in (4.30) is valid for all y such that |y| ≤ |η|, where
η ∈ C is a point where the boundary of the decision region of x1 crosses the straight
line between x1 and x2. I.e.,

a2
2 + |η − x2|2
a2
1 + |η|2 =

a2

a1

Proof: It should be noted that η should exist since, otherwise, the decision region
of x1 will either include x2 or exclude x1 both of which are impossible. Without
loss of generality, we can assume x1 = 0 since the ratio of the two PDF’s only
depends on the distance between y and the two symbols. By inserting (4.18) in
(4.30) and proceeding with bounding we have:

fY |X(y|x1)

fY |X(y|x2)
> 1

a2
2 + |y − x2|2
a2
1 + |y|2 >

a2

a1
(4.31)

Since η lies on the straight line between x1 and x2, then, |η−x2|2 = (|η|−|x2|)2.
By using the triangle inequality and the fact that |y| ≤ |η| we have:

|x2| − |y| ≤ |x2 − y|.
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But |y| ≤ |η|, then,

|x2 − η| = |x2| − |η| ≤ |x2| − |η| ≤ |x2 − y|.

Therefore,

a2
2 + |y − x2|2
a2
1 + |y|2 >

a2
2 + |η − x2|2
a2
1 + |η|2 >

a2

a1
.

2

Lemma 4.2 means that the disk of radius |η| around x1 is a subset of the decision
region of x1. We shall from now on denote by |ηij | as the radius of such a disk
corresponding to the decision region around xi in relation to xj . The value of |ηij |
is simple to obtain using the quadratic formula [71]. However, the expression is
quite cumbersome and is given as:

|ηij | =





|x′
i−x′

j |

2 if ai = aj

ai|x
′
i−x′

j |

ai−aj
−
√
aiaj

(
1 +

(
|x′

i−x′
j |

ai−aj

)2
)

if ai > aj

ai|x
′
i−x′

j |

ai−aj
+

√
aiaj

(
1 +

(
|x′

i−x′
j |

ai−aj

)2
)

if ai < aj

(4.32)

Where x′i is as given in (4.4). The value of the upper bound on P2(xi, xj) is now
easily found by integrating fY ′|X(y′|xi) on all the region outside the circle of radius
|ηij | and xi at its center and is:

a2
i

a2
i + |ηij |2

. (4.33)

We now return to the problem of finding an upper bound on the average pairwise
error probability in the same way as in [69]. Since we assume that all the points in
the constellation are equally probable, then the average pairwise error probability
can be bounded as:

P2(E) < E

n∏

k=1

(P2(xi, xj))

=

n∏

k=1

E (P2(xi, xj))

<


 1

q2

q∑

i=1

q∑

j=1

a2
i

a2
i + |ηij |2




n

. (4.34)
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The lower bound on the capacity can now be written as:

C∗(S) < − log
1

q2

q∑

i=1

q∑

j=1

a2
i

a2
i + |ηij |2

, (4.35)

which conforms with (4.24).

4.3 Examples and Discussion

We now present some examples of the bounds compared with the actual value of
the constellation capacity. In Figure 4.1 we see the constellation capacity for QPSK
modulation for the optimal receiver and σw = 0 case along with both the upper
bound and the lower bound.
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Figure 4.1: The upper and lower bounds on constellation capacity for the optimal
receiver case.

In Figure 4.2 we see the constellation capacity for QPSK modulation for the
scaled output receiver for tow different values of CSI error. For both the optimal
receiver case and the scaled output receiver case, the upper bound and the lower
bound follow the trend of the capacity. In the case when there is no error in the CSI,
both the lower bounds and the upper bounds have little discrepancy as compared
to the actual capacity. However, when there is error in the CSI, the discrepancy
increases.
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Figure 4.2: The upper and lower bounds on constellation capacity for the optimal
receiver case.

The upper bound for the optimal receiver channel relies on using the hyperge-
ometric function which, although simple in definition, requires either using tables
or some advanced programming to implement. The lower bound for the optimal
case, however, is very simple and can simply be implemented.

For the scaled output receiver, both the lower bound and the upper bound are
very simple to implement since they rely on double finite sums.





Chapter 5

Capacity of the fading
channel with silence and the
ignoring receiver

The method of link adaptation [72] is used in order to utilize the channel as best
as possible. This is done by using a variable rate-variable power adaptive coding
scheme. The channel state information is estimated at the receiver and is sent
back to the transmitter to choose the transmission power and code rate for a
specific CSI. By adapting the code rate and the transmission power according to
the channel conditions, higher spectral efficiency is obtained. One simple method
of power adaptation that is used is to stop transmitting when the channel is in deep
fading. This way, the transmitter will save power and, at the same time, refrain
from adding more interference to the channel. The receiver will receive a signal
with varying signal to noise ratio. However, the instantaneous SNR will never be
less than a certain threshold. We denote this channel by a channel with silence.
The main feature of such a method of transmission is that the average SNR is
the same as for the non-adaptive case even though the instantaneous SNR varies
between zero and some value that is greater than the average SNR. In case of error
in the CSI estimate, the transmitter uses the estimate of the channel instead of the
correct value of the CSI. In the latter case, the instantaneous SNR might be below
the predetermined threshold with some probability.

A different channel model can be thought of as follows: The receiver considers
the part of the signal when it is in deep fading as unreliable and thus is ignored.
In practice, this is done by considering the unreliable symbols as erasure symbols.
We call such a channel as a channel with an ignoring receiver. It is easy to see the
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relation between the two types of channels which can be shown by the following
discussion. The transmitter might have a certain restriction on the maximum power
that can be used. Therefore, when the channel is in deep fading, the transmitter
stops transmitting and saves power this way. However, when the channel condition
is good, the transmitter transmits at the same power that is used in the case of no
adaptation and, therefore, the average SNR will be lower than the previous case.
However, the resulting effect perceived by the decoder is the same.

In this chapter we investigate the constellation capacities of the channel with
silence and the channel with ignoring receiver for the cases when an optimal decoder
is used (3.12) and the case of scaled output receiver (3.21), where, as explained in
Chapter 3, we mean by an optimal decoder the decoder that returns an estimate
of the sent codeword based on both the received message and the estimate of the
CSI. As opposed to a scaled output receiver channel where the estimate of the sent
codeword is made based only on the message scaled with the fading coefficient.

In the case of CSI estimation error, the transmitter relies on the the channel
estimate to decide when to transmit and when not to. This is because both the
transmitter and the receiver have no access to the actual CSI. The transmitter and
receiver assume that the CSI estimate is perfect and use this information to decide
if the channel is good or bad. The same applies for the case of the ignoring receiver.
The receiver decides to ignore parts of the message based upon the CSI estimate
which might contain error, for the same reason above.

The channel model is the same as that given in (3).

It will also be assumed that non of the signal points is situated at the origin or
at an infinitesimally small distance from the origin. The average signal energy, Es,
is as given in (3.7).

Since we take the noise to be complex Gaussian with variance equal to 1/2
per dimension, the signal to noise ratio will be equal in value, but not in unit,
to the average energy of the transmitted signal. Also, as we mentioned above we
assume the fading coefficient to be complex Gaussian with variance equal to 1/2
per dimension. As a consequence, the average signal energy at the transmitter and
the receiver will be equal in the absence of noise.

In Figure 5.1 we see an illustration of the three possible ways to use the channel
estimate A′ discussed above. In (a) in the figure, we see the method discussed in
Chapter 3, were no link adaptation or erasure is performed. If the decoder uses the
scaled, or equalized, message, Y ′ directly without access to A′, the receiver will be
what we call in Chapter 3 the Scaled Output Channel. If the decoder has access
to A′ as shown in the figure by the dashed line between the Estimator box and
the Receiver box, then, the decoder will be what we call in Chapter 3 the Optimal
Decoder.
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The channel with ignoring receiver is shown in (b) in Figure 5.1, where the
signal is transmitted with constant power while the receiver decides to ignore part
of the received message depending on some preselected truncation threshold, α,
on the absolute value of the estimated fading parameter, A′. In (c), the channel
with silence is shown where the transmitter chooses to stop transmission when
the absolute value of the fading parameter decreases below a certain truncation
threshold α.

Transmitter Channel

Estimator

X Receiver
Y = A X + Z

Optimal decoding

Transmitter X Channel Receiver

Estimator

Y = A X + Z

Optimal decoding

(b)

(a)

(c)

Transmitter Channel

Estimator

X Receiver
Y = A X + Z

Optimal decoding

|A′| < α

|A′| < α

A′

A′

A′

Y ′

Y ′

Y ′

Y/A′

Y/A′

Y/A′

A

A

Figure 5.1: Three different channel models to use the channel estimate.

The idea of using QAM signaling with variable rate and variable power was
introduced by Webb et al in [72, 73]. The question of estimating the channel
capacity for the Gaussian input channel when optimal channel adaptation is used
was studied by Goldsmith et al in [62] when full CSI information is known both
at the transmitter and the receiver. The method used in [62] for estimating the
capacity is “water filling” [51, pp. 250-253] in time domain. In [74] the question of
power and rate link adaptation for M-QAM was studied from the point of view of
Bit Error Rate (BER) performance. The effect of CSI error on the capacity of the
channel was investigated by Lapidoth and Shamai in [61] and by Goldsmith and
Yoo for MIMO channels in [75].
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5.1 Constellation capacities for the channel with

silence and for the ignoring receiver with an

optimal decoder

We try here to estimate the constellation capacity for the channel with silence and
the channel with an ignoring receiver for the case when an optimal decoder is used.

The first thing that we need is to characterize the new fading parameter that
results from shutting down the transmission during certain periods. Since the effect
on the fading parameter is similar for the case of the channel with silence as for the
case of the ignoring receiver, we will always assume the first case and the result will
be similar for the ignoring receiver case. Assuming that the channel shuts down
when the absolute value |a′| of a sample from A′ is less than α, then the PDF of
the new fading parameter Aα will be:

fAα
(a) =

fA′ (a)
1−F|A′|(α) if |a| > α

0 otherwise
(5.1)

The PDF of A′, as shown in Chapter 3, is complex normal, A′ ∼ Nc(0, 1/2 + σ2
w).

F|A′| is the CDF of the absolute value of the fading coefficient and is equal to:

F|A′|(α) = P (A′ ≤ α) =
αe−α2/2σ2

a′

σ2
a′

, (5.2)

where, σ2
a′ is the variance of A′.

5.1.1 The channel with silence and an optimal decoder

We now return to (3.12) in order to find the constellation capacity for the channel
with silence. We rewrite it here:

C(S)
△
= I(X;AαY

′)

= F|A′|(α)

∫

a

fAα
(a)C(S|Aα) + (1− F|A′|(α))

∫

a

fAα
(a)C(S|Aα)

=

∫ ∞

α

fA′(a)C(S|Aα)da, (5.3)

where, the first term of the right hand side of the second equation in (5.3) is equal
to zero since fAα

(a) = 0,∀a < α.

Therefore, the only difference between the method of solution here and that in
Chapter 3 is the difference between the PDF of Aα and A′. It is, however, very
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hard or impossible to obtain a closed form solution to the integration above and,
therefore, we have to rely on numerical solutions of the constellation capacity. In
Figure 5.2 we see the constellation capacity of QPSK for the channel with silence
for four different values of the variance of the error in CSI.
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Figure 5.2: constellation capacity for the channel with silence and optimal decoder
for QPSK modulation

It is interesting to see that the gain in capacity is very little compared with
the case where no adaptation is made. This agrees with the results in [62] for the
Gaussian input channel. This means that it is possible to come very close to the
capacity of the channel with silence by using long codes when practically possible.

The values of the optimal threshold, α, i.e., the value under which the transmit-
ter decides to stop transmitting when the fading parameter is less than this value
is shown in Figure 5.3. It is interesting to see that when the error in CSI is large
e.g., σw ≥ 0.5 , then, it is more advantageous to be silent even when the absolute
value of the fading coefficient is as high as 0.7.

5.1.2 The channel with ignoring receiver and an optimal de-
coder

When an optimal decoder is used there will be no gain in the capacity by truncating
(or, equivalently, erasing) the part of the message that undergoes deep fading. This
is easily seen from (5.3) where the ignoring part of the message will always give
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Figure 5.3: The threshold for silence vs. SNR.

less mutual information than if the whole message is used even if some of it is
unreliable. However, in practical systems, the detector cannot by certain of the
output from the channel and thus returns an erasure symbol for this part. The
study of the achieved constellation capacity when an optimal decoder is used is
significant from this point of view.

In Figure 5.4 we see the constellation capacity of QPSK for the channel with
ignoring receiver for four different values of the variance of the error in CSI. The
truncation threshold α used, is the same threshold that maximizes the constellation
capacity in the case of the channel with silence to obtain the values in Figure 5.2.

It is interesting to see that the constellation capacity of the channel with ignor-
ing receiver is not much less than the case when all parts of the message are used.
This result can also give some indication on what parts of the message that can be
erased without great loss of information.
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Figure 5.4: constellation capacity for the channel with ignoring receiver with QPSK
modulation and optimal decoder

5.2 Constellation capacities for the channel with

silence, ignoring receiver and a scaled output

decoder

In order to obtain the capacity we use the fundamental definition:

C = max
fX

I(X;Y ′)

= max
fX

∫

y′

∫

x

fXY ′(x, y′) log2

fY ′|X(y|x)
f ′Y (y′)

dx dy′, (5.4)

where the PDF, fY ′|X is found by multiplying fY |AαX(a′, x), which is the same
as fY ′|A′X(y′|a′, x) given (3.17), by fAα

(a′) given in (5.1) and integrating over a′.
The result is given below:

fY ′|X(y′|x) =

∫

a′

fY ′|AαX(y′|a′, x)fAα

=
(1 + 2σ2

w(1 + |x|2)) exp( α2g(x,y′)
(1+2σ2

w(1+|x|2)) )

πg(x, y′)2
+ α2/π, (5.5)
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where, g(x, y′, α) is given by:

g(x, y′)
△
= 1 + |x− y′|+ 2σ2

w|y′|. (5.6)

The effect of cutting the bad part of the channel is very obvious on fY ′|X . Below
is a comparison between the 1-dim distribution fY ′|X for the case when α = 0 vs.
the case when α = 1.5.
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What is evident from Figure 5.2 is that the increase in the truncation parameter
α results in less spreading of the PDF over the domain. This results with higher
certainty at the receiver in estimating the received symbol which results in higher
capacity of the system although there is no information transmission sometimes.

5.2.1 The channel with silence with a scaled output decoder

The idea of a channel with silence, as explained previously, is that the transmitter
stops sending data when |Ã| < α and uses this “conserved energy” when the channel
is good.

Unfortunately, there is no closed form solution to 5.4 and, therefore, we have to
rely on numerical solutions of the integral. We have to find fY |X(y|x) for any α.

In Figure 5.5 we see the constellation capacity for the channel with silence for
four different values of the variance of the error in CSI.

It is interesting to see that the gain in capacity is very little compared with
the case where no adaptation is made. This agrees with the results in [62] for
the Gaussian input channel. This means, in a similar way to that of the optimal
receiver, that it is possible to come very close to the capacity of the channel with
silence by using long codes when practically possible.
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Figure 5.5: constellation capacity for the channel with silence and optimal decoder
for QPSK modulation

The values of the optimal threshold, α, i.e., the value under which the transmit-
ter decides to stop transmitting when the fading parameter is less than this value
is shown in Figure 5.6.

5.2.2 The channel with ignoring receiver and a scaled output
decoder

In Figure 5.7 we see the constellation capacity for the channel with ignoring receiver
for four different values of the variance of the error in CSI. The truncation threshold
α used, is the same threshold that maximizes the constellation capacity in the case
of the channel with silence in Figure 5.5.

The most important observation on Figure 5.7 is that for the scaled output
channel with an ignoring receiver, it is possible to acquire higher constellation ca-
pacity by ignoring the part of the message which is enduring high fading, i.e., of
very low reliability. This can be explained by returning to Figure 5.2 and maintain-
ing that even though part of the message is lost when ignored, the receiver gains
more by knowing that the rest of the message has high reliability.
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Figure 5.6: The threshold for silence vs. SNR for scaled output receiver
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Figure 5.7: constellation capacity for the channel with ignoring receiver with QPSK
modulation and optimal decoder
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5.3 Discussion

From the results for the channel with silence we see that it is possible to obtain
some gain in total rate by switching off the transmission when the quality of the
channel degrades below a certain level. This is a simple form of adaptation similar
to that presented by Goldsmith et al in [62]. However, it is maintained that the net
gain in rate is very small especially for high signal to noise ratios which is the same
conclusion in [62]. This is true regardless of the CSI error even though the net
gain in rate increases slightly when the CSI error increases. This is true for very
large codes, i.e., of length much greater than the coherence time which means that
the long transmission block captures the ergodicity of the channel. This, however,
does not apply for the opposite case when the channel is almost constant during
the transmission of one codeword. We, however, do not consider the latter case in
this chapter.

Even though the gains in terms of capacity are minor as we shown, the greatest
benifit from refraining to transmit maybe to decrease the total interference in a
multiuser channel. If all the users of the channel behave in the same way, and stop
transmission when the gain is very little, the decrease in interference will benefit
all the users in the end.

The results for the ignoring channel show that the receiver can actually ignore,
erase, a rather large part of the received sequence, the part that undergoes severe
fading, without affecting the total rate that can be achieved. With increasing error
in the CSI estimate, an even larger part of the sequence can be ignored without
much effect. This is interesting since it gives a guideline as to how the decoder can
be designed to erase the symbols that suffer high fading. The consequences are
mainly to improve the performance of the decoder with less complexity.
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Chapter 6

Definition of Concatenated
Multilevel Codes

In this chapter we try to present the basic concepts regarding the definition of con-
catenated multilevel codes, their characteristics and suitable decoding algorithms.
We also touch on the subject of complexity of using concatenated multilevel codes
in communication systems. We hope that by presenting and partly analyzing the
alternative methods of decoding, we will be able to motivate the proposed concate-
nated codes and for devising a new decoding algorithm that can be used with these
codes.

Much of the information in this chapter is compiled from articles and results
of other researchers, e.g., Elias [7], MacWilliams and Sloane [19], Forney [8] [76],
Zinoviev [11], Zyablov and Zinoviev [12], Ericson [77], Imai and Hirakawa [15] and
Pyndiah [25].

As a starting point for this chapter, we explain product codes which are closely
related with the proposed concatenated codes. A little explanation of generalized
concatenated codes will follow before we present and define the proposed multilevel
concatenated codes. We also present alternative methods for decoding such codes.

73
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6.1 Product codes and concatenated codes

Product codes

Product codes are serially concatenated codes [19, pp. 568-571]. They were first
presented by Elias in 1954 [7]. The concept of product codes is very simple and
powerful at the same time where very long block codes can be constructed by using
two or more much shorter constituent codes. Consider two block codes A′ and B′
with parameters [n, kA, dA] an [m, kB , dB ], respectively1. The rates of the codes A′

and B′ are denoted by RA and RB, respectively, and are equal to:

RA =
kA

n
,RB =

kB

m
.

The product code C is obtained from the codes A′ and B′ in the following manner:

1. place kA × kB information bits in an array of kB rows and kA columns.

2. coding the kB rows using the code A′. Note that the result will be an array
of kB rows and n columns.

3. coding the n columns using the code B′.

The construction of the product code C with constituent codes A′ and B′ is il-
lustrated in Figure 6.1. The parameters of the resulting product code will be

Checks on Columns

rows

Checks
  on

Checks
  on
Checks

n

m

kA

kB

Figure 6.1: Construction of product codes

1We follow MacWilliams and Sloane’s notations, [19], where n, kA and dA are, respectively,
the length, dimension and minimum Hamming distance of the code A′ and m, kB and dB are,
respectively, the length, dimension and minimum Hamming distance of the code B′.
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[mn, kAkB , dAdB ] and its rate will be equal to RARB. Therefore, we can construct
long block codes starting by combining two short codes.

Another, and more general, definition of product codes is as follows. For the
same codes A′ and B′ defined above, the product code C is an [mn, kAkB , dAdB ]
code whose codewords can be represented by all m×n matrices such that each row
and each column of these matrices are members of the codes A′ and B′ respectively.
Note that this definition is valid for all constituent codes over any alphabet, linear
or non-linear.

Let GA and GB be the generator matrices of the codes A′ and B′ respectively.
The generator matrix for the code C can be obtained from the generator matrices,
GA and GB , of the constituent codes by taking the Kronecker product, denoted
by ⊗, of the two matrices, see MacWilliams and Sloane [19, pages 421 and 568],
as will be shown. Let GA be the generator matrix of the code A′ and let GB be
the generator matrix of the code B′. The generator matrix of the product code C,
denoted by GC is equal to:

GC = GB ⊗GA,

where the Kronecker product between two matrices, L and M of dimensions a× b
and c× d respectively, is defined as follows:

L⊗M △
=

L11M L12M . . . L1bM

L21M L22M . . . L1bM
...

...
. . .

...

La1M La2M . . . LbaM

,

where the resulting matrix will have dimensions ac× bd. We, therefore, denote the
product code C by:

C = A′ ⊗ B′.
It is worth noting that we change the order of codes in the product code operation
notation above as compared with the definition of the Kronecker product of two
matrices. We do this for the sake of clarity when describing the decoding algorithm
in this thesis.

Another useful description of product codes is that given in [37] and restated
here. This description allows us to devise a ML decoding algorithm for product
codes later on. Let A′ be an (n,N, dA) binary code and let A, be the code that
can be represented by the set of all m × n matrices such that each row in these
matrices is an element of the code A′. In a similar manner, let B′ be an (m,M, dB)
binary code and let B, be the code that can be represented by the set of all m× n
matrices such that each column in these matrices is an element of the code B′. The
code A can also be defined as the m-fold Cartesian product of the code A′ with
itself, and the code B can be defined as the n-fold Cartesian product of the code B′

with itself. Let the code C be the product code obtained from the codes A′ and B′.
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It is quite clear that C can also be described as the intersection of the two codes A
and B as given below:

C = A′ ⊗ B′ = A ∩ B. (6.1)

If the two codes A′ and B′ were chosen to be simple codes in terms of decoding
complexity, the codes A and B will also have low decoding complexity. We will use
this fact in designing the algorithm.

When there is no possibility of misunderstanding, we will simply denote the
parameters of a product code as [m, kB , dB ] × [n, kA, dA], meaning that for the
product code in question, the constituent codes for the columns and the rows have
parameters [m, kB , dB ] and [n, kA, dA] respectively.

A codeword c in the product code can either be generated by multiplying a
kAkB long binary vector with the generator matrix for C or by using the following
identity:

c = GT
BuGA,

where u is a kB × kA binary matrix and GT
B is the transpose of the matrix GB .

The codeword c will then be an m× n binary matrix.

The minimum distance of the resulting product code will also be much larger
than the constituent codes A′ and B′. However, the fractional minimum distance
of the product code will be much smaller than the fractional minimum distance
of both the constituent codes as will be shown. Let δA and δB be the fractional
minimum distances of the codes A′ and B′, respectively, defined as follows:

δA
△
=

dA

n
,

δB
△
=

dB

m
,

δC
△
=

dAdB

mn
.

Clearly, the following is correct:

δC = δAδB < δA, δB .

This decrease in the fractional minimum distance makes these codes less interesting
in classical coding theory. In classical coding theory, great interest and effort is
put into finding long codes with large fractional minimum distance. There are
many other constructions of concatenated codes that result with codes of lengths
comparable to product codes but with much larger fractional minimum distance.
An example of such codes is Justesen codes, see [78] or [19, pp.306-315].

A very important characteristic of concatenated codes is the Hamming weight
distribution [19, p. 40] of the codes and their Euclidean distance spectrum [29, p.
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144]. These characteristics are very important for determining the error correction
capability of the codes by using different bounds. Unfortunately, we were unable
to develop any method that determines these parameters with acceptable effort.
The only possible method we can think of is exhaustive search of all the codewords
in the code.

6.2 Proposed concatenated multilevel codes

We now give a proper definition of concatenated multilevel codes. Let m,n, q ∈ N
such that q divides m. Let A′

1 ⊂ A′
2 ⊂ . . . ⊂ A′

q be binary block codes with
parameters [n, kA1, dA1], [n, kA2, dA2], . . . , [n, kAq, dAq], respectively. Also, let the
binary code B′ have parameters [m, kB , dB ]. Let the generalized concatenated
code C be the set of matrices such that each row of the first m/q block of rows is a
codeword in A′

1 and each row in the following m/q block of rows is a codeword in
A′

2 and so on. Also, each column in these matrices is codeword in the code B′. The
concatenated multilevel code C̃ is constructed by joining q rows from each block and
use this group to modulate a q-level bandwidth efficient modulation scheme, e.g.,
PSK or QAM. We denote by A′ the resulting Euclidean code, i.e., the multilevel
code obtained by combining q-rows and modulating them.

Each codeword in the concatenated multilevel code can then be represented
by a m/q × n matrix of complex elements such that each row is a member in the
multilevel code A′ and each column, after demodulation and rearranging the bits,
is a codeword in B′. We shall henceforth say, for the sake of simplicity, that each
row in a codeword, c ∈ C̃ is a codeword in A′ and each column is a codeword in
B′ even though this is only correct after demodulation and rearranging. Figure 6.2
gives an example of a concatenated multilevel code where q = 3 in this example.

The proposed codes before modulation are actually a subclass of generalized
concatenated codes [11]. The main contribution in the proposed codes is the
method of commbining the binary symbols to generate a signal chosen from some
type of modulation scheme. All the properties of generalized concatenated codes
apply for the proposed codes. However, the proposed codes have some unique
properties.

6.3 Properties of concatenated multilevel codes

The rate of the multilevel code A′ will be:

RA =

∑q
i=1 kAi

n
,
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Figure 6.2: Constructing a three level multilevel code from a GCC.

and the rate of the column code B′:

RB =
kB

m
,

The rate of the proposed codes can be calculated by counting the number of in-
formation symbols in a codeword. It can be shown that the rate of these codes,
before modulation is:

RC = RB

∑q
i=1RAi

q
− (1−RB)

q−1∑

i=1

(RAq −RAi). (6.2)

For high rate codes, this can be approximated to be:

RC
<≈ RB

∑M
i=1RAi

q
. (6.3)

It should be noted that there is no strict condition on the constituent codes
to be binary codes. The constituent codes can be chosen over any finite field as
long as they satisfy the conditions for constructing generalized concatenated codes.
The reason that we chose to present the definition for binary codes is for simplicity
of explanation. In this thesis we concentrate mainly on using binary BCH codes
[19, p. 257-293]. Decoding BCH codes up to half their minimum distance can
easily be done using Berlekamp-Massey algorithm [79, p. 176-204] or the Euclidean
algorithm [80] [19, p. 362-369].
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In order for an error correcting code to be useful in data transmission, the
rate of the code should be less than the capacity of the channel used. This is
clear from Shannon’s channel coding theorem [2]. However, the parameters of the
constituent codes of the concatenated multilevel code should be chosen in such a
way to approach this capacity with the least possible complexity. Following the
work of Wachsmann [23], the individual rates of a multilevel code should be chosen
so that the rate of each level’s code is equal to the capacity of an equivalent channel.
This way, if each level in the multilevel code is error-free, then the whole codeword
is error-free.

Proposition 6.1 Concatenated multilevel codes can be constructed by direct sum
of q product codes.

Proof:

c = GT
B(u1GA1 + u2GA2 + · · ·+ uqGAq)

= GT
Bu1GA1 +GT

Bu1GA2 + · · ·+GT
Bu1GAq

= GT
B1u1GA1 +GT

B2u1GA2 + · · ·+GT
Bqu1GAq

= c1 + c2 + . . .+ cq,

where, GBl, l ∈ [1, q] is the generator matrix of the code Bl that is obtained
from B′ by shortening all coordinates from 1 to kB except for those with index
i ∈ [(l − 1)m + 1, lm]. Therefore, a codeword in the concatenated code C can be
written as a sum of q codewords of q different product codes. Consequently, the
concatenated code C can be considered as the direct sum of q different product
codes. 2

Corollary 6.2 For the concatenated multilevel code C, any codeword c ∈ C can be
written as a sum of q codewords c1 ∈ C1, c2 ∈ C2, . . . , cq ∈ Cq where, Cl, l ∈ [1, q]
are product codes constructed as:

Cl = A′
l B′l, l ∈ [1, q],

where, A′
l is as given previously and B′l is a code obtained from B′ by shortening

the first (l − 1)m coordinates of B′.

Proof: By Proposition 6.1, it is possible to construct C by direct sum of q
product codes, A′

1 × Bs
1,A′

2 × Bs
2, . . . ,Aq × Bs

q . However, Bs
l ⊂ B′l, where B′l is the

code obtained from B′ by shortening the first (l − 1)m coordinates (as opposed to
shortening all coordinates excepts those that lie in [(l− 1)m+1, lm] to obtain Bs

l ).
This means that A′

l × Bs
l ⊂ A′

l × B′l, which completes the proof. 2

Since the proposed codes are a subclass from generalized concatenated codes,
some properties are taken directly. The minimum distance of the resulting binary
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code can be found by using [19, p. 591] [81] and following Corollary 6.2:

dC ≥ min{dA1dB1, dA2dB2, . . . , dAqdBq} (6.4)

The minimum squared Euclidean distance (2.17), however, is somewhat harder
to obtain. The problem can be simplified, however, by searching through code-
words of minimum Hamming weight codewords of the codes C1, C2, . . . , Cq−1 after
modulation. After finding the codewords that have the minimum squared Eu-
clidean distance to the all-zero codeword, we can, then, take the minimum of the
results. This is because any codeword that results from a combination of code-
words from the the codes C1, C2, . . . , Cq−1 will result with a codeword of greater
Hamming weight and, therefore, greater squared Euclidean distance with the all
zero codeword.

The effective length of the concatenated multilevel code, Leff , [82], [83, p.
161], is defined as the minimum number of uneqaul symbols, without regard to
their value, between any two codewords of the concatenated multilevel code2. The
effective length of a code is a very important property of the code when used
on fading channels [83]. In a way similar to that used for finding the minimum
Euclidean distance, we search the codewords that have minimum Hamming weight
for all the subcodes before modulation and then taking the minimum of all the
results. In general, a computer search is required to obtain Leff . However, for
simple cases, it is possible to obtain it by checking all possiblities manually.

Example 6.1 We illustrate the previous discussion with an example. Assume
that we used three BCH codes, A′

1, A′
2 andA′

3 with parameters [63, 45, 7], [63, 57, 3],
[63, 57, 3] respectively, to construct the multilevel code A′ using 8PSK modulation
and Gray mapping. We then use A′ with the [63, 51, 5] BCH code B′ to construct
the concatenated multilevel code C̃. The rate of A′ is:

RA =
57 + 57 + 45

63
≈ 2.524,

and the rate of B′ is:

RB =
51

63
≈ 0.8095.

The rate of the concatenated multilevel code C̃ is:

RARB =
51

63

57 + 57 + 45

63
≈ 2.0431,

This code has a minimum Hamming weight before modulation equal to 15 and has
block length of 1323 8PSK symbols. The number of non-zero symbols between

2It is clear that this definition is exactly the same as the minimum Hamming distance between
any two codewords for the concatenated multilevel code. However, we use Leff to mark the
relationship with trellis codes.



6.4. Methods for decoding concatenated codes. 81

any two codewords, Leff , is at least 10 8PSK symbols. The minimum squared
Euclidean distance for this code is 15× 0.585× Ps = 8.8Ps, where Ps is the power
of the signal.

6.4 Methods for decoding concatenated codes

Many decoding algorithms for decoding concatenated codes were presented since
their introduction by Elias in 1954. The most obvious method of decoding is the
one suggested by Elias himself for decoding product codes in his original work [7].
In Elias’s algorithm, the rows in the received message are decoded using a decoder
for the code A′ that decodes up to half the minimum distance of A′. The columns
of the resultant matrix are then decoded using a decoder for the code B′ that
decodes up to half the minimum distance of B′. It can easily be shown that such
a decoder can correct only up ⌊(dAdB)/4⌋, see Elias [7] and Ericson [77].

6.4.1 Generalized Minimum Distance Decoding

Decoding concatenated codes up to half the minimum distance is somewhat simple
and can be achieved by using a variant of the GMD decoder introduced by Forney,
see [8]. A GMD decoder was first suggested by Forney as a method of decoding
block codes in a way that makes use of the soft information coming from the chan-
nel while still using an algebraic decoder that can only use the hard interpretation,
i.e., zero or one for each symbol, of the symbols from coming from the channel.
The simplest definition of the term Generalized Distance, dGD, between two se-
quences, is the sum of the distances between the symbols in the two sequences
without consideration to what distance metric is used between these symbols. For
example, if the distance between the symbols was taken to be the Hamming dis-
tance, then, the generalized distance is the Hamming distance between the two
sequences. Similarly, if the distance between the symbols is Euclidean distance,
then, the generalized distance between the two sequences will be the summation of
the absolute Euclidean distances of the corresponding symbols in the two vectors,
and so on.

The term Generalized Minimum Distance is an expression presented by Forney
[8] which applies to decoding a concatenation of codes. The term refers to the
minimum correctable generalized distance between a vector in the Euclidean space
and a codeword in the code used in transmission using the algorithm presented
by Forney. For a code with minimum Hamming distance equal to d, concatenated
with some modulation method, e.g., PSK or QAM, the Generalized Minimum
Distance is proportional to d. In this specific case, it is also possible to use the
square Euclidean distance instead of the Generalized Distance as a metric when
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performing GMD decoding algorithm with exactly the same results.

It was later shown by Forney [9], Blokh and Zyablov [20] and Zyablov and
Zinoviev [12], that the GMD decoding algorithm can be used for a whole class of
codes called concatenated codes including product codes.

GMD decoding of product codes assumes that there exists separate decoders
for both the row code and the column code that can correct all errors up to half the
minimum distance of the respective code. As a first step the GMD decoder decodes
each row in the received matrix up to half the minimum distance of the row code
and stores the result. Then, each column of the resultant matrix is decoded up to
half the minimum distance for the column code. The GMD decoder, then, starts
to successively erase the least reliable rows two by two as long as the number of
erased rows is less than the minimum distance of the column code. The columns
are re-decoded each time two rows are erased and the result is stored. In the end
the GMD decoder chooses from the different results, the codeword that is closest
to the received matrix. It can be shown that GMD decoding can correct all error
patterns of Hamming weight less than half the minimum distance of the code, see
Forney [8], Blokh and Zyablov [10] and Ericson [77]. However, the GMD decoding
algorithm can decode many other patterns and some burst errors with Hamming
weight that is greater than half the minimum distance of the product code.

The GMD decoder of product codes can be made to take into consideration the
soft information of the symbols from the channel. This is simply done by decoding
the rows using a GMD decoder for the rows instead of a decoder that corrects up
to half the minimum distance of the row code.

6.4.2 Maximum Likelihood Decoding

As shown in Section 2.1, the ML solution in memoryless Euclidean channels is
the modulated image of the codeword that is closest to the received message. One
simple, and obvious, method to obtain the ML solution would be to compare all the
distances between the codewords in the code and the received message and pick the
codeword that is closest to the received message. Needless to say, such a method
is very time consuming and is impractical except in certain cases of very short
codes. Viterbi, [84], introduced a decoding algorithm for decoding convolutional
codes that makes ML Decoding practically feasible. Later, Forney, [76], showed
that the Viterbi algorithm is actually a dynamic algorithm for finding the shortest
path between the first node and the last node in a certain type of graphs called the
trellis of the code.

A trellis T representing a code U of length n is a graph composed of a finite
set of vertices, V , a finite set of labeled edges, E and a set of labels L where the
label set is the alphabet of the code. The vertices can be partitioned into disjoint
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sets, V0, V1, . . . , Vn, where we call i the time. The trellis is such that for each
subset Vi there are edges connecting the vertices in Vi with the vertices in Vi−1 and
connecting the vertices in Vi with the vertices in Vi+1, and no other edges exist.
I.e., we can find paths of labeled edges connected by vertices starting from the first
set of vertices V0 and ending in the last set of vertices Vn. For such a trellis, each
path, sequence of edges, of length n going through the vertices is a codeword in
the code U , see Vardy [85].

In 1974, Bahl, Cocke, Jelinek and Raviv [86], showed that linear block codes
can also be represented by a trellis and presented a method for constructing it. The
construction given by Bahl et al. was later shown by McEliece, [87] to be minimal,
where we mean by minimal that when comparing the minimal trellis T with any
other trellis representations, T ′, of the same code, the number of vertices at each
time i is less in T than that in T ′. The definition of minimal trellis is important
when discussing the subject of decoding complexity.

In order to further illustrate what is meant, we show, as an example, the trellis
representation of the [7, 4, 3] Hamming code in Figure 6.3. The method used for
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[7, 4, 3] Hamming code

Figure 6.3: Trellis of the [7, 4, 3] Hamming code.

constructing the minimal trellis above, is the same method introduced by Bahl et
al. mentioned above. By observing the trellis of the [7, 4, 3] Hamming code, it is
clear that most of the attractive features in Viterbi decoding on the trellises of
convolutional codes are missing in the case of block codes. For example, it can be
seen that the number of vertices in the trellis of the Hamming code are different for
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each time. Also, the edge connections between the vertices are very complicated
and different for each time. This is true for almost all classes of non-trivial and
famous block codes of interest, e.g., BCH codes, alternant codes, Reed-Muller codes
and many more. On the other hand, the trellises of convolutional codes are very
simple meaning that the number of states in a subset of vertices at a certain time is
equal to the number of vertices in a subset at almost any other time in the trellis.
Also the connection of edges between the vertices of a subset at a certain time
to the vertices of the subset in the previous time, is identical to almost any other
connection of edges at any other time in the trellis. However, in the trellises of
convolutional codes, the first few subsets of vertices in the trellis and the edges
between them are different in number and form from those in the rest of the trellis.
Also, The last few subsets of vertices in the trellis and the edges between them are
different in number and form from those in the rest of the trellis. A much more
detailed explanation of trellises of convolutional codes can be found in [29].

It can be shown that the number of operations needed for performing Viterbi
decoding on a trellis T with vertices V and edges E is equal to:

2|E| − |V |+ 1,

see Vardy [85]. It can also be shown that the number of edges in a trellis is closely
related to the number of vertices. Therefore, taking the number of vertices in the
trellis as the complexity measure between trellises is appropriate. An upper bound
on the logarithm of the maximum number of vertices at any time in a trellis of an
[n, k] binary linear code is the famous Wolf bound [88], which states:

log2 Vi ≤ min {k, n− k}, i ∈ {1, 2, . . . , n}.

In the case of Maximum Distance Separable (MDS) codes, equality is achieved. It
was shown by Vardy, [85], that this bound is actually very good, meaning that in
most cases, the logarithm of the maximum number of vertices at any time, is very
close to the Wolf bound.

It can easily be shown that for a product code with parameters [m, kB , dB ] ×
[n, kA, dA], the Wolf bound looks like:

log2 Vi ≤ min {kAkB , (n− kA)kB , kA(m− kB), (n− kA)(m− kB)},
i ∈ {1, 2, . . . ,mn}. (6.5)

The proof of this claim is done by observing the generator matrix of the product
code that is generated by taking the Kronecker product of the generator matrices
of the constituent codes that both have a minimal span form. For the definition
and construction of minimal span form generator matrices we refer to Kschischang
and Sorokine [89] and Vardy [85].

There is some work done in the area of investigating trellis constructions of
product codes and Viterbi decoding on them. However, the discussion above shows
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that the complexity of Viterbi decoding on the trellis of product codes is exponen-
tially increasing with the size of the code. Therefore, we believe that Maximum
Likelihood Viterbi decoding on the trellis of product code is not practical except
in cases of very short codes or product codes with very high, alternatively, very
low rate. This belief is shared by many prominent researchers in this area which
supports our conviction.

6.4.3 Turbo Decoding

We mentioned in Chapter 1 that Glavieux and Berrou were the ones who introduced
turbo decoding in 1993, [90]. The decoding algorithm was designed to iteratively
decode a parallel concatenation of two convolutional codes using a Maximum Apos-
teriori Probability (MAP) soft decoder of the constituent convolutional codes. The
decoder introduced by Bahl et al. [86], is a modification of the MAP algorithm
in such a way that it becomes directly implementable in decoding on a trellis rep-
resentation of the code. MAP decoding on the trellis utilizes a Viterbi-like stage
that perform decoding from the start of the trellis and forward or from the end of
the trellis and backward. It was later shown by Wiberg, [91], that this algorithm
is a subclass of algorithms that were later called the Forward-Backward algorithm,
see Forney [92]. MAP decoding has a complexity comparable to that of Viterbi
decoding. It can be shown that it requires a total number of operations that is
almost four times that required by Viterbi decoding.

The original form of the MAP decoder dates back to Hartmann and Rudolph
[93] and Battail [94]. We will try to give a quick presentation of the straight
forward implementation of this algorithm. I.e., our explanation does not include
the modification that makes it implementable on trellises. Let a binary code U
with parameters [n, k, d] be used for decoding. Let the received sequence be y and
the result from the decoder be x̂. The MAP decoder returns a real value for each
symbol x̂i that can be evaluated as follows:

L(x̂i) = ln

∑

x∈U,xi=0

n∏

l=1

P (yl|xl)

∑

x∈U,xi=1

n∏

l=1

P (yl|xl)

, (6.6)

where L is the log-likelihood function of the symbols in x̂. The binary values of
the symbols in x̂ are found by setting each symbol x̂i to zero if its log-likelihood
function was greater than zero. Alternatively, the symbol is set to one if its corre-
sponding log-likelihood function was less than zero.

In turbo decoding, the received sequence is MAP decoded on the first con-
stituent code and the real values obtained from MAP decoding are used, without
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mapping the results to binary symbols, as input for MAP decoding in the next
stage to MAP decode on the second constituent code. The procedure is repeated
in the following iterations using the real values returned by the MAP decoder in
the previous iteration.

The same result for the MAP decoder can be obtained by decoding on the dual
of the code, [19, p. 26]. Decoding on the dual code is more efficient for decoding
codes with very high rate. This is because the number of codewords in the dual
code of a high rate code is much less than that for the original code. The form of
MAP decoding on the dual code can be obtained by performing the discrete Fourier
transform or the Hadamard transform on (6.6). This was first shown by Rudolph
and Hartmann [93] and later by Battail et al. [94]. We prefer, however, to present
it in the form shown be Hagenauer [24]. For the AWGN channel, the soft value for
each symbol returned by MAP decoding on the dual code can be given as follows:

L(x̂i) = ln
P (yi|xi = +1)

P (yi|xi = −1)
+ ln

∑

x∈U⊥

n∏

l=1,l 6=i

tanh(
Lchyl

2
)xl

∑

x∈U⊥

(−1)xi

n∏

l=1,l 6=i

tanh(
Lchyl

2
)xl

, (6.7)

where Lch is a constant that depends on the signal to noise ratio of the channel.
Hagenauer et al. [24] described and showed that it is possible to use turbo decoding
on product codes using MAP decoders on the constituent codes. They also gave
quite an extensive explanation and comparison between using MAP decoding on
the trellis of the constituent codes, using (6.6) or using (6.7).

It should be noted that, indeed, in the case of convolutional codes, the MAP
decoder on the trellis of the code as introduced by Bahl et al. [86], would mean
great decrease in complexity as compared with (6.6). This is due to the fact that in
convolutional codes, the maximum number of vertices at any time in the trellis is
much less than the total number of codewords in the convolutional code. However,
in block codes, the maximum number of vertices at any time in the trellis of the code
will be, using Wolf’s bound, of the same order of the total number of codewords of
either the original code or the dual code. Therefore, MAP decoding on the trellis
of block codes will not necessarily result in a decrease in decoding complexity. This
is a major obstacle toward using good block codes instead of convolutional codes
in systems that incorporate turbo decoding except in very limited cases when the
size of the code is very small or when the constituent codes are very simple.

In order to solve the problem with complexity of MAP decoding the constituent
codes, many suggestions were made. Hagenauer, [95] [96], presented a soft output
algorithm called the Soft Output Viterbi Algorithm (SOVA), that approximates
MAP decoding, Lucas [97] presented an iterative algorithm that approximates
MAP decoding on the dual code were only the minimum weight codewords of
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the dual code are used. Pyndiah [25], suggested another approximation for MAP
decoding of the constituent codes where a Chase II decoder is used to obtain a
list of codewords that are closest to the received sequence and then (6.6) is imple-
mented using only this subset of codewords instead of the whole code. In a Chase
II decoder, the f least reliable bits in the received sequence are identified and then,
all 2f error patterns that have one’s in these f bits and zeros elsewhere, are added
to the received sequence and decoded using a BMD decoder. In the original work of
Chase [47], f is chosen to be equal to ⌊(d− 1)/2⌋, where d is the minimum distance
of the code. Pyndiah, however, uses another variant were f is chosen to be much
larger than that suggested by Chase. Choosing a larger f is done in order to obtain
a much larger set of codewords to be used in the approximated MAP decoder.

6.4.4 Discussion of different decoding methods

All the decoding methods discussed above can be implemented for use with the
proposed codes. However, the practicality of using these decoding methods vary
greatly with the size of the code in use. Maximum likelihood decoding can only be
used with very short codes since the complexity grows exponentially with the size
of the code.

The complexity of turbo decoding using MAP decoding of the constituent codes
grows exponentially with length of the constituent codes. In effect the complexity
grows exponentially with the square root of the concatenated code. This translates
to huge decrease in complexity. However, the complexity is still very high for long
codes. Approximations to MAP algorithm, as given by Pyndiah [25] result with
huge decrease in complexity at the cost of lower performance. However, Pyndiah’s
method is still very complex especially for codes with moderately high minimum
distance.

GMD decoding of concatenated multilevel codes requires very low complexity.
This decoding method decodes all errors of weight less than half the minimum
distance. However, GMD decoding fails to decode most of the error patterns of
weight greater than half the minimum distance, even though it can correct some
of these patterns. GMD decoding performs very well if the minimum distance of
the concatenated code is very large, i.e., close to the maximum possible value.
However, if the minimum distance is not very large, most of the error correction
potential lies in correcting error patterns slightly greater than half the minimum
distance.





Chapter 7

Iterative decoding of
concatenated multilevel
codes

Let us assume that a certain code was used for data transmission on a certain
channel. It is quite clear that Maximum Likelihood decoding can, by definition,
be achieved by comparing the distances between the received vector and all the
codewords in the code and choosing the codeword closest to the received message.
This, however, is not practical unless the cardinality of the code is very small.
Therefore, what is needed is a method for excluding from the comparison set, those
codewords that are far from the received message or, equivalently, excluding error
patterns with low probability, thus keeping the average number of comparisons to
a minimum. In this chapter, we show that the problem of excluding error patterns
from the check set is equivalent to the problem of designing efficient algorithms for
sorting the weights of these error patterns, a problem that one is usually confronted
with in the design of computer algorithms. To solve this problem, the algorithm
that we propose takes advantage of certain features in the structure of multilevel
concatenated codes. The decoding algorithm is tailored to the properties of the
proposed concatenated codes accordingly. In this chapter, we start by explaining
the algorithm for binary linear product codes and analyze their performance when
used with Binary Symmetrical Channel. The main difference between using the
proposed decoding algorithm for product codes and using it for decoding multilevel
concatenated codes lies in decoding the constituent codes. Decoding the constituent
codes of multilevel concatenated codes will be presented in a separate section in
this chapter. The complexity of decoding is also discussed and a comparison with
Viterbi decoding is given.

89
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7.1 A maximum likelihood decoder for product

codes

As shown in Section 6.4, Viterbi decoding on the trellis of product codes is very
complex. We present a maximum likelihood decoder which is the main idea behind
this thesis. We first give a definition for the list decoder, ξe for a code V ⊂ F

n
2 . Let

u ∈ F
n
2 be the received vector, then, we say that ξe(u,V) is the list of all codewords

in V with Hamming distance from u equal to or less than e, ordered according to
their distance from u. If e was equal to n, then the result will be all the codewords
in the code ordered according to their distance from u. We call e the decoding
radius of the list decoder. Let the product code C given in (6.1) be used for data
transmission and let y and x̂ be, respectively, the received matrix and the codeword
in C that is closest to y. In the case of BSC, the covering radius ρ(C) is equal to the
maximum Hamming weight of all error patterns that are uniquely corrected using
a ML decoder. Let A be a list of all the codewords in A with Hamming distances
from y less than or equal to ρ(C) listed in an ascending order using their Hamming
distances dH from y. When list decoding beyond the covering radius of a code,
the problem of ties occur. In order to avoid this problem, certain rules should be
followed to uniquely decide which one of two or more vectors is closer to y, even
though they have the same Hamming distance from y. It is easy to see that x̂ will
be a member of A since x̂ is an element in A. In a similar manner, let B be a list
of all the codewords in B with Hamming distance from y less than the covering
radius of C listed in an ascending order using their Hamming distances from y and
the same set of rules for solving ties used before. The ML estimation, the codeword
x̂, will also be a member of this list. It can also be proved that the codeword x̂

will be the first member of the list A that is also a member of the code B. This is
true because, otherwise, there has to exist a codeword in C that is closer to y than
x̂ which contradicts the assumption that x̂ is the codeword in C that is closest to
y. Therefore, the decoding can commence by beginning from the top of the list A,
picking one word at a time, and checking to see if it is also a codeword in B. If it
is, the algorithm stops and returns it as the correct answer, otherwise, it picks the
next word in A, which is even further from y and so on. An alternative variant
would be to jump between the two lists, looking for a valid codeword in both the
lists. This is illustrated by Figure 7.1, where ML decoding can be performed by
checking each member of A beginning from the first, to see if it also was a member
of the code B. Alternatively, one can jump between the two lists, checking the
members at increasing distance. The algorithm above can be applied to any block
code, since any block code can be described as an intersection of two other codes.
It is obvious, however, that unless one of the two codes or both have very simple
list decoding algorithms, the algorithm will not be feasible. In the case of product
codes, however, list decoding on A or B can be done by list decoding the rows and
columns respectively as follows: For the received message y, we use a complete list
decoder ξn(yi,·,A′) for each of the rows i of y. Thus, we can generate a list of
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A
△
=

a1

a2

...

x̂
...

af

, B
△
=

b1

b2

...

x̂
...

bg

dH(ai,y) ≤ dH(aj ,y),∀i < j, dH(bi,y) ≤ dH(bj ,y),∀i < j

Figure 7.1: List decoding of the codes A and B.

all the codewords in A sorted according to their Hamming distance from y. Even
though complete list decoding of the rows can result in a complete list decoder for
A as discussed above, this is neither practical nor is it simple to analyze due to
the impossibility of constructing complete list decoders for the constituent block
codes. A more practical method would be to use a list decoder for the rows with a
limited decoding radius to generate a short list using the candidate codewords for
each row. If after checking this short list, a valid codeword in the product code is
not found, the decoding radius of the list decoder for the rows is increased, thus
resulting in an even longer list of matrices that can be checked.

7.2 Iterative low complexity decoding

We now present an iterative, low complexity, decoding algorithm for the proposed
codes. We explain the algorithm when used on product codes. The implementa-
tion of the proposed decoding algorithm on concatenated multilevel codes is quite
similar with the exception of decoding the constituent codes. In our analysis and
evaluation of the decoder, we concentrate mainly on the case when the decoding ra-
dius of the list decoder for the rows and columns is less than the minimum distance
of these codes. This is because it results with huge decrese in decoding complexity
as will be shown in Section 7.6.

We assume, as we did in the previous section, that the product code C = A ∩ B
is used, where A is the code represented by all m×n matrices with rows codewords
in the [n, kA, dA] code A′ and B is the code represented by all m×n matrices with
columns codewords in the [m, kB , dB , ] code B′. Also, let the received matrix be
y. The iterative decoder we present, needs only two different list decoders, one for
the rows and the other for the columns implemented in hardware or software. The
incoming message goes through the decoder and the output is fed back to the same
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decoder, which is quite common for all iterative methods. It is, however, easier
to analyze the decoder by imagining that there exists a series of similar decoders
cascaded one after the other, processing the data from the previous stage. This is
illustrated in Figure 7.2. Decoding of the received matrix y is performed by using a
decoder for the rows, φ, and a decoder for the columns, ψ. The result is re-decoded
at each stage.

StagelStage1

y

b(0) b(1) b(l−1) b(l)a(1) a(2) a(l)

i(0) i(1)i(1) i(2) i(l−1) i(l)i(l)

j(0)j(0) j(1)j(1) j(l−1)j(l−1) j(l)

φφφ ψ ψ

Figure 7.2: Decoding stages of the iterative decoder

Each stage is comprised of two functions, φ which is mainly a decoder for
the code A and ψ which is a decoder for the code B. We begin by explaining
the different variables shown in the figure above. At stage l, for example, the
suggested solution to the decoding problem from function φ is the matrix al which
is a codeword in the code A. This matrix is processed by function ψ which gives its
suggestion for the solution of the decoding problem in matrix bl which is a member
of the code B. The matrix bl is, in turn, processed by the function φ in stage l+ 1
and so on. At stage l, for example, the variables il and jl are simply as follows:
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i0
△
= 0,

il
△
= D(al,y), l = 1, 2, . . .

j0
△
= 0,

jl △
= D(bl,y), l = 1, 2, . . . , (7.1)

where D is some distance measure appropriate for the channel used. The function
φ checks the incoming matrix bl−1 to see if it also is a member of the code A. If
it is, φ returns this matrix as the solution for the decoding. In a similar manner,
the function ψ checks the matrix al to see if it also is a member of the code B.
If it is, ψ returns this matrix as the solution for the decoding. Otherwise, those
two functions process the incoming matrices in the following way: Included in each
of the functions φ and ψ is a decoder similar to that shown in Algorithm C.3,
one for the rows and the other for the columns, respectively. Therefore, two lists
are associated to each stage, namely, Al and Bl the first generated at φ and the
second at ψ. Each row of each member of the list Al is one of the candidates of
the list decoder of the rows for the corresponding row in y. This can be written as
a Cartesian product as follows:

Al =
m∏

h=1

ξeA
(bl−1

h,·,A′), (7.2)

where eA is the decoding radius of the list decoder of the rows implemented in
φ. In a similar manner, each column of each member of the list Bl is one of the
candidates of the list decoder of the columns for the corresponding column in y

and the list Bl can be written as follows:

Bl =

n∏

h=1

ξeB
(al

·,h,B′), (7.3)

where eB is the decoding radius of the list decoder of the columns implemented in
ψ. The matrices al and bl are chosen from those lists in the following manner:

al = arg min
a′ ∈ Al

D(a′, y)>min(il−1,jl−1)

D(a′, y)

bl = arg min
b′ ∈ Bl

D(b′, y)>min(il,jl−1)

D(a′, y) (7.4)

In other words, the function φ at stage l, chooses the member of the list Al that is
closest to y, but at a distance greater than the solutions suggested in the previous
stages, namely, min(il−1, jl−1). Similarly, the function ψ at stage l, chooses the
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Input: m× n matrix a of real numbers and an integer number maximum-
number-of-iterations.

Output: m× n matrix x̂ of binary numbers.
; Initialization;1

i = 0, j = 0.;2

if y ∈ C then3

x̂ = y;4

Stop;5

end6

b = y;7

while l ≤ maximum-number-of-iterations do8

if b ∈ A then9

x̂ = b;10

Stop;11

end12

(a, i) = φ(b, i, j);13

if a ∈ B then14

x̂ = b;15

Stop;16

end17

(b, j) = ψ(a, i, j);18

l = l + 1;19

end20

Figure 7.3: The iterative, suboptimal algorithm for decoding product codes.

member of the list Bl that is closest to y, but at a distance greater than the
previous suggested solutions in the previous stages, namely, min(il, jl−1).

In Figure 7.3 we show the complete decoding algorithm.

From the definition of the two functions φ and ψ above, it is easy to see that at
each stage, l, the two lists Al and Bl associated with this stage are, respectively,
subsets of the two lists A and B shown in Figure 7.1 for the maximum likelihood
algorithm. It is not certain, however, that the maximum likelihood codeword will
be chosen as the result in the end. The decoder given in Figure 7.3 might miss the
maximum likelihood codeword, x̂ because of the following reasons:

• The maximum likelihood codeword is not a member of neither Al nor Bl for
all the stages.

• For any stage l that the maximum likelihood codeword x̂ is a member of Al,
the distance D(x̂, y) is less than min(il−1, jl−1).

• Similarly, for any stage l that the maximum likelihood codeword x̂ is a mem-
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ber of Bl, the distance D(x̂, y) is less than min(il, jl−1).

The fact that the decoder might miss the maximum likelihood codeword affects
not only the performance of the decoder, it also means that the algorithm does
not always converge to an answer. This is quite unfortunate and therefore the
choice of the maximum number of iterations is of crucial importance. Furthermore,
the decoder must be able to manage the cases where no valid codeword is found
after the maximum number of iterations is reached. Ad hoc solutions may be
implemented to solve the last problem, for example, the decoder may return a
failure message or the decoder may choose any codeword of the list generated at
this stage and uses it to return the information symbols. In this work we choose the
closest codeword when the aim is to estimate the bit error rate and return an error
message when trying to estimate the block error rate. Even though it is not certain
that the algorithm converges, it is possible, however, to say something about the
probability of convergence. We begin by presenting the following proposition:

Proposition 7.1 Let A be the code represented by all m × n matrices with rows
codewords in the [n, kA, dA] code A′ and let B be the code represented by all m× n
matrices with columns codewords in the [m, kB , dB ] code B′. Let the product code
C = A ∩ B, be used in combination with Algorithm 7.2 shown in Figure 7.3 for
decoding. Also, let the decoding radius of the list decoder of the rows, eA, and the
decoding radius of the list decoder of the columns, eB, be equal to or greater than
ρ(A′) and ρ(B′), the covering radii of A′ and B′, respectively. Let the sent codeword
be x and the received matrix be y. Define:

I △
= {i|i ∈ {1, 2, . . . ,m},D(xi,·, yi,·) >

dA

2
}

J △
= {j|j ∈ {1, 2, . . . , n},D(x·,j , y·,j) >

dB

2
}. (7.5)

If |I| < dB/2 and |J | < dA/2, then, the decoder will converge after a sufficient
number of iterations.

Proof: Let the sent codeword be the all zero matrix. Since eA and eB are equal to
or greater than ρ(A′) and ρ(B′), respectively, then, the event that the list decoders
for the rows and columns cannot produce any solution is not possible for all stages
of decoding. In accordance with Figure 7.2, let al and bl be the outputs from
functions φ and ψ respectively for stage l. Due to the conditions imposed by the
proposition, the matrix a1 will have less than dB/2 rows that are not zero and the
rest of the rows in the matrix are zero. Therefore, the all zero matrix will be one
of the members of the list B1 associated with the first stage. The matrix b1, in its
turn will have less than dA/2 columns that are not zero. This means that the all
zero matrix will be a member of the list A2 associated with the second stage. The
function φ in stage 2 either chooses the all zero matrix as the result or there exists
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some other codeword in A that is closer to y than the all zero matrix. The same
argument applies for all stages in decoding. This means that unless there exists
some other codeword in C that is closer to y than the all zero matrix, the decoder
will either choose the zero matrix or some other valid codeword, i.e., it converges.

2

It is easy to see that when a BSC, with transition probability p, is used, the
probability that, at least m − dB/2 rows have a number of errors less than dA/2,
is greater than the following expression:




dB/2∑

i=0

(
n
i

)
pi(1− p)n−i




m−dB/2

, (7.6)

Similarly, the probability that at least n− dA/2 columns have a number of errors
less than dB/2, is greater than the following expression:




dA/2∑

i=0

(
m
i

)
pi(1− p)m−i




n−dA/2

, (7.7)

We can thus say that the probability of convergence is of the same order as the
expressions given in Equations (7.6) and (7.7). An exact expression, however, is
quite cumbersome and would not add much to understanding the process.

7.3 Error correction capability of the suboptimal

algorithm

As explained in the previous section, the iterative algorithm only approaches max-
imum likelihood performance when the decoding radii for the list decoders of the
rows and the columns are very large and for unlimited number of operations. It
is possible, however, to analyze its performance concerning certain types of error
patterns. In this section we give some results regarding the error correction capa-
bility of the iterative algorithm given some restrictions on the list decoders of the
constituent codes.

We begin by considering burst errors. As in Section 7.1, we define burst errors as
a very long pattern of errors that occupy less than ⌊dA/2⌋ columns or, alternatively,
less than ⌊dB/2⌋ rows. We present the following proposition:

Proposition 7.2 Let A be the code represented by all m × n matrices with rows
codewords in the [n, kA, dA] code A′ and let B be the code represented by all m× n
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matrices with columns codewords in the [m, kB , dB ] code B′. Let the product code
C = A ∩ B, be used in combination with Algorithm 7.2 shown in Figure 7.3 for
decoding. Also, let the decoding radius of the list decoder of the rows, eA, and the
decoding radius of the list decoder of the columns, eB, be equal to or greater than
dA/2 and dB/2 respectively. Then, the decoder can correct all burst errors covering
less than dA/2 columns or all burst errors covering less than dB/2 rows.

Proof: Let us assume that the all-zero codeword was sent and that the received
matrix is y and start by proving the proposition for the case where the burst covers
less than dA/2 columns. Since for each row the all-zero solution will be the closest
candidate in A′ to the corresponding row in y, then, the all-zero codeword will be
the first member of the list boldmath A1 associated with the first stage. Thus the
all-zero codeword will be chosen as the correct answer. Now, let us assume that
the burst covers less than dB/2 rows. Then, the solution from the function φ in the
first stage, i.e., a1, will have errors in less than dB/2 rows. Since for each column,
the all-zero solution will be the closest candidate in B′ to the corresponding column
in y, then, the all-zero codeword will be the first member of the list B1 associated
with the first stage. Thus the all-zero codeword will be chosen as the correct
answer in the following stage. This is illustrated in Figure 7.4. The figure shows
the correction of burst errors that are contained in less than dA/2 columns (left
picture) or burst errors contained in less dB/2 rows (right picture). The parameters
eA and eB are the decoding radii of the list decoders of the rows and the columns
respectively. 2
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Figure 7.4: Correction of burst errors.
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Besides the ability to correct burst errors, the previous proposition points out the
fact that correcting burst errors requires at most one iteration. It can also be noted
that, if the decoding radii of the list decoders of the rows and the columns are equal
to or greater than ρ(A′) and ρ(A′) respectively, then the decoder can correct some,
but not all, burst errors that cover more than dA/2 columns or dB/2 rows.

The next type of errors to consider is when the number of errors is less than half
the minimum distance of the product code. The theorem below states that, given
some conditions, the decoder can correct all errors less than half the minimum
distance:

Theorem 7.3 Let A be the code represented by all m × n matrices with rows
codewords in the [n, kA, dA] code A′ and let B be the code represented by all m× n
matrices with columns codewords in the [m, kB , dB ] code B′, such that the covering
radii for the codes A′ and B′ are less than dA and dB respectively. Let the product
code C = A ∩ B, be used in combination with Algorithm 7.2 shown in Figure 7.3
for data transmission. Also, let the decoding radius of the list decoder of the rows,
eA, and the decoding radius of the list decoder of the columns, eB, be equal to or
greater than dA−1 and dB−1 respectively. Then, the decoder can correct all error
patterns of Hamming weight less than half the minimum distance, dAdB, of the
product code.

Proof: The proof is similar to the proof of Proposition 7.2. Since the decoding
radii of the list decoders for the rows and columns are equal to or greater than
the covering radii of the codes A′ and B′ respectively, the lists of candidates for
the rows and columns will never be empty for all the stages of decoding. Let the
sent codeword be the all-zero matrix and let the received message be the matrix
y. There will be four cases to consider:

1. Let the number of errors in each row be less than or equal to dA − 1 and let
the number of errors in each column be less than or equal to dB−1. Since the
decoding radius of the list decoder for the rows is equal to dA− 1, the list Ai

associated with stage i will contain the all-zero codeword. Similarly, the list
Bi associated with stage i will contain the all-zero codeword. Therefore, the
decoder will, eventually, return the all-zero codeword as the correct solution
since there are no other codeword in the code C closer to y than the all-zero
codeword.

2. Let us assume that the number of errors in some rows in y are greater than
dA−1. Even though the lists Ai might not contain the all-zero codeword for
all stages i, the lists Bi will contain the all-zero codeword for all stages i of
decoding and the decoder will eventually return it as the correct solution.

3. In a similar manner, let us assume that some columns in y contain more than
dB − 1 errors and that the number of errors in all the rows are less than or
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equal to dA − 1. In this case all the lists Ai for each stage i will contain the
all-zero codeword.

4. The last possibility is that some rows contain more than dA − 1 errors and
some columns contain more than dB−1 errors. The output from the function
φ in the first stage, i.e., the matrix a1, will have errors contained in at most
dB − 1 rows. This means that the all-zero codeword will be a member of the
list B1 generated at ψ. The matrix b1, in its turn, will have errors contained
in at most dA − 1 columns which means that the all-zero codeword will be
contained in the list A2. Therefore, the matrices ai and bi decoded at each
stage i will be similar to either the second case or the third case and the
all-zero codeword will be contained in either list Ai or in list Bi for each
stage i of decoding and the decoder will eventually return it as the correct
answer.

Figure 7.5 below illustrates the different cases of the proof. The four different cases
of the theorem are when the number of errors in each row and in each column is
less than or equal to dA − 1 and dB − 1 respectively, (upper left), the number of
errors in some columns is greater than dB − 1, (upper right), the number of errors
in some rows is greater than dA − 1 (lower left) and when the number of errors
in some rows and in some columns exceed dA − 1 and dB − 1 respectively, (lower
right). 2

The analysis above deals with hard decision decoding of the received matrix y.
It can also be proved that, instead of using a list decoder for the rows and a list
decoder for the columns with decoding radii equal to or greater than dA − 1 and
dB − 1 respectively, a bounded half the minimum distance decoder that can return
the erasure symbol can also be used. We do not prove this for the hard decision
case, however, and content ourselves by proving it for the case of soft decision
decoding, since the proof contains the case of hard decision decoding. When soft
decision decoding is used, the problem of list decoding the rows and columns can be
simplified a bit by using a suboptimal list decoder, for example a GMD decoder,
see Forney [8] or a Chase III decoder, [47]. By suboptimal, we mean that it is
not necessary that the list returned by these decoders is actually the closest set
of candidates to the received message and, even more, in some cases the list of
candidates will be empty and therefore an erasure symbol ∆ is returned. These
algorithms, however, can correct all errors provided that the distance of the received
message does not exceed the square of half the minimum Euclidean distance of the
code. We denote the Euclidean distance between two vectors by dE and it can
easily be seen that if the mapping {0, 1} 7→ {1,−1} is used to map the symbols
from from F2 to R, then for any code with minimum Hamming distance d, the
normalized minimum squared Euclidean distance is 4d and the square of half the
minimum Euclidean distance of this code will be d. The low complexity of such
decoders, however, makes them attractive from the practical point of view. We can



100 Chapter 7. Iterative decoding of concatenated multilevel codes.

Bd 

d A

Bd 

d A

Bd 

d A

Bd 

d A

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��
��

��
��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��
��

��
��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��
��

��
��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��
��

��
��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��������������������������������������

��������������������������������������

��������������������������������������

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

������������������������������

��������������������������������������

��������������������������������������

��������������������������������������

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

������������������������������

��������������������������������������

��������������������������������������

��������������������������������������

��������������������������������������

��������������������������������������

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

������������������������������

��������������������������������������

��������������������������������������

��������������������������������������

��������������������������������������

��������������������������������������

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

������������������������������

Figure 7.5: Proof of Theorem 7.3.
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thus define a GMD list decoder as follows:

ξgmd
△
= {The set of all solutions returned by GMD algorithm} ∪ {∆}. (7.8)

The erasure symbol should also have a distance from the received message and,
assuming that we are decoding the received message v ∈ R

n on the [n, k, d] code U .
Let V be the list of codewords returned by the GMD decoder except the erasure.
I.e.,:

V = ξgmd(v,U)\{∆}. (7.9)

We choose the following distance for the erasure symbol:

d2
E(∆,v) =

{
d if V = {}
max{d2

E(V ,v) ∪ {d}}+ δ otherwise
(7.10)

where d2
E(V ,v) is the set of distances of the members of V from v and δ is a

constant very small in comparison to d. The importance of the constant, δ is only
shown when the real values from the channel are quantized and it can be considered
to be zero when the precision is infinite.

The meaning of 7.10 in words is: if the GMD decoder fails to return any code-
word, the distance of the erasure symbol will be set equal to the square of half the
minimum Euclidean distance of the code. Otherwise, the distance of the erasure
symbol to the received message is set to be slightly larger than the distance of the
candidate that is farthest from the sent message. This is done in order to ensure
that at each stage of the iterative decoder shown in Algorithm 7.2, the list of can-
didates for each row and each column are exhausted before giving up and trying
the erasure symbol.

The GMD decoder needs to have some information about the reliability of the
binary symbols and we choose the following method: at each stage, l, in decoding,
the reliability of each binary symbol in the matrices al and bl is inversely propor-
tional to the distance of this bit to the corresponding entry in the received matrix y.
I.e., if the squared Euclidean distance d2

E(al
i,j ,yi,j) is greater than d2

E(al
i,h,yi,h),

where j and h are not the same, then, the bit al
i,j is more unreliable than the bit

al
i,h. We show that this arrangement is also good and that the iterative decoder

that uses GMD decoders for the rows and for the columns, can correct up to the
square of half the minimum Euclidean distance of the product code. In the fol-
lowing discussion we assume, as shown in the discussion in Section 2.1, that the
following mapping for each coordinate is used:

0 7→ 1

1 7→ −1 (7.11)

If the sent codeword is c, each element in the received matrix y will be a real
variable equal to ±1 and some noise of real value added to it as shown in Section 2.1.
We present the following theorem:
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Theorem 7.4 Let A be the code represented by all m × n matrices with rows
codewords in the [n, kA, dA] code A′ and let B be the code represented by all m× n
matrices with columns codewords in the [m, kB , dB ] code B′. Let the product code
C = A ∩ B, be used in combination with Algorithm 7.2 shown in Figure 7.3 for data
transmission. Also, let the list decoders for the rows and for the columns be ξgmd

defined in (7.8). Then, the decoder can correct all error patterns provided that the
squared Euclidean distance between the received vector and the sent message is less
than the square of half the minimum Euclidean distance of the product code, i.e.,
when the square of the Euclidean distance between the received message and the
sent message is less than dAdB.

Proof: Without loss of generality, assume that the sent codeword is the all-zero
codeword and the received, real valued, matrix is y. Assume that the first dB

rows are farthest from the corresponding rows in the sent codeword, i.e., for all
i ∈ {1, . . . , dB} and j ∈ {dB + 1, . . . ,m}, the following is correct:

d2
E(yi,·,0) ≥ d2

E(yj,·,0). (7.12)

Assume that the distances of the first dB rows in y to the all-zero n vector, are
slightly less than dA, then the row decoder will find the correct candidate for all the
rows and the all-zero matrix will be obtained as the correct solution. We should
keep in mind that the all-zero matrix will be missed by the column decoder only if
more than dB/2 rows are at a squared Euclidean distance greater than dA, since,
otherwise, the GMD decoder for the columns will always include the all-zero vector
as a candidate for each of the columns. Let us begin by assuming that the list of
candidates for each row consist of, at most, one candidate in addition to the erasure
symbol. Now, suppose that the distance of the first row to the all-zero vector is
equal to dA +δ1, then, in the worst case, one of the first dB rows, let it be the dB :th
row, has a distance to the all-zero vector less than dA − δ1. Let the rest of the
distances of the first dB rows to the all-zero vector be dA. But this means that even
if the all-zero vector was not included in the list returned by GMD decoding the
first row, the distance of the nearest candidate for the first row to its corresponding
row in y will be greater than dA−δ1, which is greater than the distance of the dB :th
row to the all-zero vector. Therefore, if the column decoder doesn’t find the all-zero
matrix first and return it as the correct answer, the iterative decoder will eventually
choose the erasure symbol for the first dB − 1 rows and the all-zero vector for the
last row. The result of GMD decoding the columns of the previous arrangement
will be the all-zero matrix. Now, let the first ⌊dB/2⌋ rows have distances from the
all-zero vector equal to dA + δi. Then, the sum of the distances of these rows to
their closest candidate is greater than dBdA/2−

∑dB/2
i=1 δi. But this means that the

sum of the distances of the rest of the dB rows, i.e., rows dB/2 + 1 to row dB , to

the all-zero vector is less than dBdA/2 −
∑dB/2

i=1 δi. This means that the iterative
decoder will eventually replace the first dB/2 rows by erasures, since they are less
reliable than the remaining rows, and thus, the GMD decoder for the columns will
return the all-zero matrix as the result. If the list of candidates for each row can
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include more than one solution instead of at most one candidate in addition to the
erasure symbol, then, the result will be similar, since the iterative decoder searches
through all different combinations of the different candidates. 2

The previous theorem indicates that the performance of the iterative algorithm, in
the worst case, degenerates to that of GMD decoding of the product code. The
fact that the decoders for the rows and for the columns contain a list instead
of a single candidate in addition to the erasure symbol, increases the probability
that the sent codeword will be found among the members of the lists Al and Bl

associated with each stage l of decoding. Furthermore, the iterative algorithm is
more inclined to return an answer for each row or column instead of giving up and
returning the erasure symbol, which decreases the probability of there being so
many erasures that the GMD decoder for each row or each column cannot handle.
It is also clear that Algorithm 7.2 can correct many other patterns with a square
Euclidean distance greater than the square of half the minimum Euclidean distance
of the code. The number of correctable error patterns increases when the decoding
radii of the list decoders for the rows and the columns are increased. For example,
if the number of errors in each row and in each column is less than eA and eB

respectively, such that, eA > ⌊dA/2⌋ and eB > ⌊dB/2⌋. Then the decoder can
correct the correctable error patterns of this type. By correctable we mean that
there does not exist any other codeword in the product code that is closer to the
received matrix than the sent codeword.
If we consider the case of hard decoding of the incoming message, then, with a slight
modification of Theorem 7.4, we prove that all error patterns of weight less than
half the minimum distance of the product code are correctable using the iterative
algorithm. This is a much stronger result than that presented in Theorem 7.3 which
demands that the list decoders for the rows and for the columns have a decoding
radius equal to or greater than dA − 1 and dB − 1 respectively. The difference
between the two theorems is that in Theorem 7.3, unlike Theorem 7.4, the list
decoders of the rows and for the columns are not allowed to return the all erasure
symbol as a member of the list of candidates for each row or each column.
It was mentioned above that another suboptimal decoder can be used, based on
the Chase III decoder.

It was shown by Nilsson, see [98], that the performance of the Chase III decoder
is at least as good as the GMD decoder for binary codes. Therefore, this decoder
can be used as a suboptimal list decoder for the rows and columns instead and the
performance will be at least as good as that shown in Theorem 7.4.
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7.4 Decoding the constituent codes

As mentioned in Section 7.2, the constituent codes of a product code can be decoded
either by GMD decoding or Chase III decoder. The same kind of decoding can be
used for decoding the constituent codes of the concatenated multilevel codes we
propose in this thesis. The GMD or Chase III decoder rarely finds more than
one or two codewords, one of which is within the minimum Euclidean distance
sphere around the specific row or column. In some cases those decoders are not
able to decode the row or column in question at all. This limited number of valid
codewords is, however, a disadvantage to the proposed iterative algorithm. The
iterative decoder does not perform well when some of the rows or columns are
undecodable. Therefore, we present a decoder different than the GMD decoder
and with adjustable complexity that addresses this issue.

Assume that a certain constellation, S = {s1, s2, . . . , sq} was used for modu-
lation and that all the points in the constellation have equal probability of being
transmitted. Let the received matrix before demodulation be r and we need to list
decode the rows or columns of this matrix as explained in Section 7.2. Let us con-
centrate on one specific row in the received matrix denoted by v = (v1, v2, . . . , vn).
The elements of the n long row vector v are, as explained in Section 6.2, complex

numbers. For each element, vi, of the vector, we define q, values, s
(j)
i ∈ S as

follows:

s
(1)
i = arg min

s∈S
d2

E(s, vi)

d2
E(s

(j)
i , vi) ≤ d2

E(s
(k)
i , vi), j ≤ k ≤ q.

The demodulator should be constructed in such a way that instead of returning
only the closest point in the signal constellation, it returns a list of all points in the
signal constellation ordered according to their distances from the received symbol.

The idea now is to generate l vectors, u(1), u(2), . . . , u(l) such that:

u(1) = arg min
u∈Sn

d2
E(u, v)

d2
E(u(j), v) ≤ d2

E(u(k), v), j ≤ k ≤ l.

Each vector u(i) is then mapped back to a q×n binary matrix y(i) such that each
column in this matrix is the binary representation of the corresponding symbol in
u(i). I.e.,:

u(i) =M(y(i)).

This matrix is then decoded in a way similar to multistage decoding [15] [16]. The
multistage decoder starts by decoding the lowest level of the multilevel code using
a hard decision decoder. After each level is decoded, the symbols for the the next
level are detected again from the original complex vector. However, only a subset of
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the constellation S is used where the binary bits from the lowest levels are assumed
to be correct. In order to illustrate, assume that S is the 8PSK constellation, and
such that:

s1 7→ M(000)

s2 7→ M(001)

s3 7→ M(010)

s4 7→ M(011)

s5 7→ M(100)

s6 7→ M(101)

s7 7→ M(110)

s8 7→ M(111),

as shown in Section 2.1. If the bit in the first level, i.e., the leftmost bit in the binary
vector representation, was decoded to a 0, then, only the subset {s1, s3, s5, s6} is
used to detect the next symbol and so on. An alternative method to multistage
decoding is to decode the different rows of each matrix yi separately without any
regard to the results from the previous levels. We noticed from simulations, that
multistage decoding gives better results when the number of vectors to be decoded,
i.e., u(1), u(2), . . . , u(l) is small, i.e., l ≈ dA1. However when the number of vectors
is high l > dA1, then, the performance of the two methods is almost identical.

If a certain column of the received matrix is to be decoded, then, there will
be no need for a multistage decoder. The list of vectors, u(1), u(2), . . . , u(l) are
mapped to their corresponding binary representation and are decoded one by one
and the list of valid results are returned as the solution.

We have not explained how the generation of the set of vectors u(1), u(2), . . . , u(l)

is done. It might seem that generating this list is of exponential complexity. This,
however, is only true if the length of the list required is l = qn, i.e., all the possible
vectors. On the other hand, since we are only interested in a list of vectors with a
length of the same order as the minimum distance of the constituent code, then, it
is possible to obtain the result with a complexity of at most nl log2 l comparisons
and 2nl additions, where, n is the length of the vector and l is the required length
of the list returned. The way that we use to decrease the complexity is by observ-
ing that the constituent codes themselves are concatenated codes. For example,
the row code is a made up of the concatenation of the q-leveled block code with a
Euclidean code, i.e., the modulation constellation. In the case of the column code,
it is made up of concatenating a binary block code with the Euclidean code, the
modulation constellation. Therefore, it is possible to use Algorithm C.3 to generate
a list of vectors of predetermined size and decode the vectors in this list using a
decoder for the binary codes. The complexity of decoding the constituent codes
is dominated by the algebraic decoding of the constituent codes. In this thesis,
the complexity of generating the list of vectors was kept to small fraction of the
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complexity of algebraic decoding the codes by limiting the size of the list of vectors
generated.

We call the probability that the sent codeword is not a member of the list of
codewords returned a list decoding algorithm, the probability of list error. As will
be shown shortly, the probability of list error for the proposed method is much less
than the same probability for other methods like GMD decoding of BCH codes [79],
Chase III and Chase II [47]. This probability is illustrated for the [63, 36, 11] BCH
code with coherent BPSK in Figure 7.6 for AWGN channels and in Figure 7.7 for
Rayleigh channels. In the above mentioned figures, GMD decoding of BCH codes
is omitted since its performance is very similar to, or less than, Chase III, [98]. It
can be seen in Figures 7.6 and that the proposed method has a gain of about 0.7
dB compared with Chase II decoding and about 1.2 dB compared to Chase III on
AWGN channels. For Rayleigh channels, the gain is even more, it ranges to about
3 dB. It should be noted, however, that this gain does not reflect the conventional
coding gain of correcting all the errors in a message. This is simply because the
sent codeword might not be the maximum likelihood codeword. The proposed
method for decoding the constituent codes is appealing to our purpose in the way
that it tries to find a set of codewords that includes the sent codeword with very
high probability, even though the sent codeword is not the maximum likelihood
solution. The block error probability was actually found to be quite similar to that
for Chase II decoding.

7.5 Increasing the speed of convergence

In order to reduce the number of iterations in the iterative decoding algorithm,
it is possible to perform a simple search of the list of candidate codewords in
stages φ and ψ. In order to explain the way it is done it is easier to explain it for
product codes instead of for concatenated multilevel codes. The generalization of
the method to the proposed concatenated codes is straight forward. Assume that
for the product code:

C = A ∪ B = A′ × B′

where A′ and B′ are the row and column constituent codes with parameters
[n, kA, dA] and [m, kB , dB ] respectively. A is the code defined as the set of ma-
trices such that all rows are codewords in A′ and similarly B is the code defined
as the set of all matrices such that all columns are codewords in B′ as defined in
Section 6.1. Also, let the Support [19, p. 177] of a matrix be the set of pairs of
numbers each of which points to the position of one and only one non-zero position
in the matrix. More formally, for a matrix x of dimension m×n, the support of x

is given by:

Supp(x) = {(i, j)|yi,j 6= 0} (7.13)
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Figure 7.6: Decoding stages of the iterative decoder
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In order to proceed further, let us define I and J of a matrix as, respectively, the
set of rows and columns that are not zero. Formally, for a matrix x:

I(x)
△
= {i|xi,· 6= 0} (7.14)

J (x)
△
= {j|x·,j 6= 0} (7.15)

The search in a list created by φ or ψ is similar to that done in Section 7.1
to find the maximum likelihood codeword. In order to explain that method we
go back to Figure 7.1. Without loss of generalization, assume that for iteration
stage l, the list Al defined in (7.2) and created by function φ, is searched for the
output matrix al to be fed to the function ψ. Instead of using (7.4) to choose the
output of φ, the following method is used that is much similar to what is described
in Section 7.1 to search for the maximum likelihood codeword. Instead of looking
for an element of the list Al, whose elements are codewords in the code A, that is
also a codeword in the code B and thus choosing it as the desired codeword, the
criteria are slightly loosened up. The search is instead for the member of the list
such that the number of columns that are codewords in the column code B′ is the
largest compared to all other members of the list. More formally:

al = arg min
a∈Al

|J (a)| (7.16)

In the same manner, the matrix bl in the successive function ψ is chosen as the
member of the list Bl such that the number of rows that are codewords in the row
code A′ is the largest compared to all other members of the list. I.e.,:

bl = arg min
b∈Bl

|I(b)| (7.17)

It is true that this search adds more complexity per iteration compared to (7.4).
However, the total gain in complexity reduction due to the decrease of total number
of iterations makes this method presented here more attractive especially at low
signal to noise ratios, i.e., the closer the communication data rate is to the channel
capacity. At high signal to noise ratios, the advantages of this method become very
limited.

The addition in complexity required for performing (7.16) and (7.17) can be
calculated as follows. Since the complexities of binary addition and binary mul-
tiplication are comparable with each other1, we will refer to the complexity with
binary multiplications or additions. Assume that the elements of the list Al are
checked one by one starting from the first element to determine the number of
columns in the matrix that are codewords in B′. This is done by multiplying the
matrix with the parity check matrix for B′. The result will be a binary matrix with

1Addition requires one XOR gate and multiplication requires one AND gate.
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dimensions (m−kB)×n such that some of the columns are all zero, indicating that
the corresponding columns in a being tested, are codewords in B′. The number
of these columns is calculated by binary summation of all the elements of each
column to find out which columns are all-zero and then calculating the number of
these columns. This means that for each time a member of the list Al is tested,
one binary matrix multiplication is performed, which translates to, at most,

2mn(m− kB)

binary multiplications and additions. For ψ, the elements in Bl should be multi-
plied by the parity check matrix for A′ and the multiplication requires

2mn(n− kA)

binary multiplications and additions. The total added complexity will then be:

OP(ListSearch) ≤ 2mn


(m− kB)

∑

l∈[1,N ]

|Al|+ (n− kA)
∑

l∈[1,N ]

|Bl|


 , (7.18)

whereN is the maximum number of iterations allowed and OP the the total number
of operations.

The number of operations given by (7.18) is truly large, however, it is actually
small in comparison with the complexity required for list decoding the rows or
columns to be shown in the next chapter. It is, however, possible to reduce the
number of operations even more by utilizing the properties of the list of candidates.
Without loss of generality, we consider the list Al. Each element is made up of a
combination of certain candidate codewords for each row. The sequence of matrices
generated by multiplying the parity check matrix of B′ by all the elements of a list
A can be written as:

HBAl = HB(a(1),a(2), . . . ,a(|Al
|)) (7.19)

= HB(a(1),a(2) − a(1), . . . ,a(|Al
|) − a(1)), (7.20)

where, we denoted by a(i) the i:th member of the list. We were able to write the
second equation above after noting that all members of the lists are codewords in
A and thus their sum, or difference in this case, is also a codeword in A.

This means that instead of multiplying HB by each and every one of the mem-
bers of the list, it is possible to:

1. multiply HB by a matrix made up of the first candidate for each of the rows
returned by the list decoder and store the resultant matrix, call it S0

2. Multiply HB by matrices made up of zeros except for one row which contains
the difference between the first candidate in a certain row and one of the
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other candidates for each one of the candidates. Store the results, Sij where,
i refers to the row and j refers to the candidate number.

3. For each one of the members of the list Al, add the corresponding matrices
Si,j to the matrix S0.

Each member will have almost the same rows as the member before it except for
some that would change, as shown by the explanation of the decoding algorithm
presented in Section 7.2. This means that the element of modified list given in
(7.20) will have zero’s in all the rows except for a few. If we assume that for
each row there are two candidates to choose from then, the maximum number of
non-zero rows can never exceed log2 |Al| by following the binomial theorem.

The first operation requires 2mn(m−KB) binary additions and multiplications.
The second operation is equivalent to vector cross product and requires (m−KB)n.
The third operation at most (m − kB)n log2 |Al|. Therefore, the total number of
operations is reduced to:

OP(ListSearch) ≤ n(m− kB)(2m+ 1)N + n(m− kB)
∑

l∈[1,N ]

log2 |Al|

+m(n− kA)(2n+ 1)N +m(n− kA)
∑

l∈[1,N ]

log2 |Bl|, (7.21)

where it is evident that the complexity is reduced from a factor of |Al|, |Bl|, to a
factor of log2 |Al|, log2 |Bl|.

Another important part is that when using high rate codes for the constituent
codes, which is our case, the complexity is reduced greatly.

In this thesis we use this method of search to speed up the iteration stage.
To limit the complexity, we use a pragmatic approach where we limit the the
cardinality of the list in each iteration in such a way that the maximum number of
operations required does not exceed 10% of the total number of operations required
for the iteration.

7.6 Complexity of decoding

The main advantage of the iterative algorithm, presented in Section 7.2, over the
basic, optimal decoding algorithm, presented in Section 7.1, is that in the iterative
algorithm, the complexity of the list decoders for the rows and the columns are
set to, predetermined, fixed values. Thus, the complexity of each stage in the
iteration does not exceed some value that is considered acceptable from the point
of view of implementation. The maximum number of iterations is also fixed to
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a value such that the delay in decoding is as small as possible. There exists,
however, minimum requirements on the performance of the list decoders, which
means that the complexities of the list decoders for the rows and for the columns
cannot be less than certain values. We proved in Theorem 7.4, that in order for the
iterative decoder to be able to correct all errors up to half the minimum distance
of the product code, the decoding radii of the list decoder for the rows and the list
decoder for the columns, both should be greater than half the minimum distance
of the row code and half the minimum distance of the column code, respectively.
Furthermore, these list decoders should be able to correct both errors and erasures
due to the fact that the previous stage may not be able to find any solution for
some rows/columns and, thus, returns erasure symbols for the whole row/column
to the next stage. We assume, therefore that the decoding radius for the list
decoder for the rows is set to a fixed value, ẽA, and the decoding radius for the
list decoder for the columns is set to a fixed value, ẽB , greater than ⌊(dA − 1)/2⌋
and ⌊(dB − 1)/2⌋ respectively. We then try to estimate the complexity of decoding
in terms of the number of operations required by the list decoder for the rows,
OP(ξẽA

), and the number of operations needed by the list decoder for the columns,
OP(ξẽB

). We give special interest to the case when the list decoders for the rows
and for the columns are GMD decoders. We investigate both the average and
maximum number of operations required for decoding the received message. We
also investigate the average and maximum size of storage memory needed.We will
use the same notations and concepts as the previous sections. We assume, as we
did before, that the [n, kA, dA] code A′ and [m, kB , dB ] code B′ are the constituent
codes of the product code C. Let A be the set of all m × n matrices with rows
codewords in A′. Also let B be the set of all m×n matrices with columns codewords
in B′. And, evidently, the product code C can be written as an intersection of A
and B, as was shown in Section 7.1. Let the channel used for transmission be a
BSC with transition probability p and let the received matrix be y. Let us imagine
that two different decoders of the basic algorithm type, Algorithm C.3, were used
to decode y. The first decoder decodes y on the code A. The second decoder
decodes y on the code B. Let the lists A and B be the lists associated with the
first decoder and the second decoder respectively, as explained in Section 7.1. Let
LA(p) and LB(p) be the average position of maximum likelihood codeword in A

and B respectively as functions of p. We will use these notations frequently in our
discussion.

We have to estimate the average position of the sent codeword in the list A,
which we denote by L, as a function of the transition probability p. We know
that when a BSC is used, the Hamming distance of any row in the sent codeword
to the corresponding row in the received matrix will have a binomial distribution.
Without loss of generality, we assume that the situation that the sent codeword
is the all zero codeword. Consider first the case when the number of errors in a
certain row is equal to i where i ≤ e. The all zero codeword will be contained in
the sphere of radius i surrounding the received vector for this specific row. The
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number of codewords in the sphere of radius i surrounding the vector will be less
than α2i(A′), where αj is the number of codewords of weight j or less in the code
A′, as defined in Section 7.1. If all the codewords in the sphere of radius 2i were
ordered according to their distance from the received vector, then, we see that the
order of the all zero row vector will be less than the total number of codewords in
the code A′of weight equal to or less than 2i. On the other hand, if the number of
errors in the specific row i was greater than the decoding radius of the list decoder,
e, then, the all zero codeword will not be a member of the list of candidates for
this row. The total number of candidates will be, on the average for all codewords,
less than α2e(A′). If we take the average over all error weights up to n we get::

LA(p) ≤
[

eA∑

i=0

α2i(A′)P (n, i, p) +

n∑

i=eA+1

α2e(A′)P (n, i, p)

]m

,

LB(p) ≤
[

eB∑

i=0

α2i(B′)P (m, i, p) +
m∑

i=eB+1

α2e(B′)P (m, i, p)

]n

.

(7.22)

A mentioned in the beginning of the section we investigate both the average and
maximum number of operations required for decoding the received message. We
also investigate the average and maximum size of storage memory needed. Recall
Figure 7.2 and consider stage l in decoding y using Algorithm 7.2. Let Al and Bl

be the lists associated with functions φ and ψ respectively for stage l. As explained
in Section 7.2, Al and Bl are subsets of the lists A and B, respectively. We start
by noticing that, since for the first stage the decoder checks the first member of the
list only, then the cardinality of both A1 and B1 will not exceed 1. Similarly for
stage two, the decoder only checks the members of the lists which are the second
nearest codewords to y in A2 and B2, respectively. In general, we can write the
following:

|Al| ≤ l ; |Bl| ≤ l , l = 1, 2, . . . . (7.23)

Let the average number of iterations needed to find the maximum likelihood code-
word be Iavg(p). We conclude from (7.23) that the average number of iterations
need not exceed the average order of the maximum likelihood codeword in lists A

and B. I.e.,
Iavg(p) ≤ min [LA(p), LB(p)] . (7.24)

An important reduction in complexity is obtained if the decoding radii of the
list decoder of the rows and the list decoder of the columns are less than dA and
dB , respectively. We present the following two propositions that show this fact
both for the BSC and the Euclidean channel:

Proposition 7.5 Let the code U with minimum distance d be used for transmission
on a BSC and let the received vector be y. If y ∈ U , then the list of codewords
returned by the list decoder ξe(y,U) will have only one member, that is y, iff e < d.
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The proposition above is self explanatory and its proof is a simple matter of observ-
ing that there cannot exist any codewords in a sphere of radius less than d around
any codeword in the code. The following proposition applies for the Euclidean
channel and is less obvious:

Proposition 7.6 Let the code U with minimum distance d be used for transmission
on a Euclidean channel with noise. Let the received vector after demodulation be
y. If y ∈ U , then the list of codewords returned by the GMD decoder ξgmd(y,U)
will have only one member, that is y.

Proof: The GMD decoder successively erases the least reliable symbols in y up
to d−1 symbols and decodes the resulting vector afterward. Since y is a codeword
in U , then, erasing any combination of d− 1 or less symbols and decoding using a
Bounded Minimum Distance decoder will result with the same input vector, y. 2

Despite the simplicity of the propositions above, their impact on lowering the de-
coding complexity is great. To explain this matter, assume that the decoding radii
of the list decoders of the rows and the columns are less than dA and dB , respec-
tively. Let us observe a certain row in the received matrix and, without loss of
generality, let this row be the first row. Imagine a situation where the function
φ in stage l decodes the first row to a certain codeword v in A′. If the function
ψ in the same stage does not affect the first row, i.e., the first row in the matrix
entering stage l + 1 is still v, then the function φ in stage l + 1 cannot change the
first row because any other solution will have a distance of at least dA which is
greater than the decoding radius of the list decoder of the rows. The same is true
if φ does not affect the result for some columns from the previous stage, then, the
function ψ cannot alter the solution for these columns. This means that, except for
the first stage, only the rows/columns that were altered in the previous iteration
need to be re-decoded. Therefore, the decoder can be designed so that φ returns a
binary vector of length n showing which columns that were affected in the process.
The function ψ will use this vector to decide which columns to re-decode. The
function ψ in its turn will return a binary vector of length m that shows which
rows that were altered. The function φ in the next stage will in its turn use the
vector returned by ψ to decide which rows to re-decode. This will lower the number
of re-decoded rows/columns dramatically. The second effect that Propositions 7.5
and 7.6 will have on the complexity is as follows. Let the matrix a be undergoing
processing by function φ. If one of the rows of a was a codeword of the row code
A′, then, the GMD decoder for the rows will perform only one BMD decoding
operation, e.g., Berlekamp-Massey decoding, on this row instead of ⌊(dA + 1)/2⌋
BMD decoding operations. Thus, the complexity of decoding is lowered if some of
the errors are corrected in some rows by the previous stage. The exact impact on
the complexity of decoding, however, is very hard to estimate and, therefore, we
discuss it further in Chapter 11 as part of the simulations study.
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We will try here to bound the complexity of Algorithm 7.2. We begin by noting
that the first limitation on complexity is the maximum number of iterations allowed
by the decoder. We can therefore say that if the total number of iterations was
limited to Imax, then, the maximum number of decoded rows will be bounded by:

mImax, (7.25)

and the maximum number of decoded columns will be bounded by:

nImax. (7.26)

The average number of decoded rows or columns is much harder to compute. It
is possible, however, to bound these entities for the case when the total number of
errors is less than dAdB/2, (the minimum distance of the product code). The worst
case condition in terms of complexity of decoding is when all the errors are located
in a rectangle, up to permutation of the rows and the columns, of dimensions less
than or equal to dB × dA as shown in Figure 7.8 below. This is because an error in
decoding the rows contributes to an error in decoding the columns and vice versa.
When decoding such an error pattern, all the rows and all the columns are decoded
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Figure 7.8: Worst case of an error pattern of weight < dAdB

2

in the first iteration. However, starting from the second iterations, the total number
of decoded rows and decoded columns at each iteration will not exceed dA and dB

respectively. We can therefore say that, if the number of errors is less than half
the minimum distance of the product code, then, the average number of decoded
rows and columns will be less than:

m+ n+ (Imax − 1)(dA + dB). (7.27)
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We can therefore say that the maximum number of operations needed to decode
the rows and the columns for all iterations will be less than:

[mOP(ξẽA
) + nOP(ξẽB

)]Imax. (7.28)

where OP(ξẽA
) and OP(ξẽB

) are, respectively, the complexities of list decoding
a row and a column up to ẽA and ẽB . When the number of errors is less than
⌊((dAdB − 1)/2)⌋, then, the total number of operations will be less than:

[m+ (Imax − 1)dB ]OP(ξẽA
) + [n+ (Imax − 1)dA]OP(ξẽB

). (7.29)

If GMD decoders were used as list decoders for the rows and for the columns, then,
a similar bound on the complexity can be written by replacing the complexity of
the list decoders for the rows and for the columns by the complexity of the GMD
decoder for the respective case.

We now turn to the problem of the storage memory needed for decoding. The
average memory needed to store the candidate results for each row will be:

MemA
avg ≤ mn2kA−n

ẽA∑

i=0

(
n
i

)
. (7.30)

For the rows and:

MemB
avg ≤ mn2kB−m

ẽB∑

i=0

(
m
i

)
. (7.31)

for the columns. Since decoding the rows and the columns occur consecutively, it
is possible to reuse the same storage space to store the result for the rows and then
for the columns. Therefore, the average storage memory needed will be :

Memavg ≤ max (MemA
avg,MemB

avg), (7.32)

where ẽA and ẽB are, respectively, the decoding radii of the list decoder for the
rows and the list decoder for the columns. We now consider the case when GMD
decoder for the row code A′ and the column code B′ are used instead of a list
decoder. The GMD decoder for the rows returns a list of length less than or equal
to ⌈(dA + 1)/2⌉ of candidate codewords from A′ for each row. Similarly, the GMD
decoder for the columns returns a list of length less than or equal to ⌈(dB + 1)/2⌉
of candidate codewords from B′ for each column. The average memory needed for
storing the intermediate results will, in this case, be:

Memavg ≤ max (m

⌈
dA + 1

2

⌉
, n

⌈
dB + 1

2

⌉
), (7.33)

Even though the number of operations needed for sorting the lists at each stage
of the iteration is very small in comparison to the number of operations needed for
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decoding the rows and the columns at each stage as shown in the previous section,
we discuss below the number of operations needed for sorting. Since the size of the
lists Al and Bl is less than or equal to l as shown in (7.23), then, for stage l, the
number of operations needed for sorting one of the two lists will be of the order
l log l. Therefore, the number of operations needed for sorting the lists will be:

OP(list) ≤ 2

Imax∑

l=1

l log l, (7.34)

which is obviously much less than the number of operations needed for list decoding
the rows and the columns for all the iterations.

7.7 Simple measure of the decoding complexity

We present here a simple method to estimate the complexity of the proposed algo-
rithm without many details. We do that both in terms of the order of complexity
and the maximum number of multiplications.

The complexity of Berlekamp-Massey decoding is O(nd) as shown in Section7.6.
Since list decoding the constituent codes requires performing the B-M decoding l
times, where l is the length of the list, the complexity of list decoding the con-
stituent codes is O(ndl). Let us assume that a product code with the same con-
stituent codes [n, k, d] is used. For decoding the columns a complexity of order
O(n2dl) is required. The same order of complexity is required for the rows, i.e., the
total complexity is of order O(2n2dl) for one iteration. If the maximum number
of iterations is Imax, then, the complexity of decoding the product code is of order
O(2n2dlImax). As a special case, assume that GMD decoding is used for decoding
the product code. The list of candidates for each row or column will be l = d/2
and the number of iterations is equal to one. Therefore, the complexity will be of
order O(n2d2).

Let the total length of the product code be N = n2. The minimum distance of
the product code is Dprod = d2. This means that the complexity of GMD decoding
of product codes is of order O(NDprod).

The complexity of decoding per bit is obtained by dividing the total number of
operations by the length of the code. Thus, the number of operations per binary
bit is of order O(Dprod)

This means that while the complexity of GMD decoding grows linearly with
the minimum distance. This opens the opportunity for using product codes or
concatenated codes that have rather large minimum distance.

It should be noted that recent research in the subject of algebraic decoding
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of cyclical codes, including BCH codes, show that it is possible to obtain all l
candidates in parallel for each row or column with a complexity of order O(nd)
instead of order O(nld) as given above, [99] [100] [101] [102]. However, since such
decoders are not yet in commercial widespread use, we will only rely on the results
based on B-M decoder which is widely adopted and understood.

An alternative method to estimate the complexity is by counting the maximum
number of operations that are dominant in complexities. In the case of decoding
concatenated codes using GMD decoding or the iterative algorithm presented in
this thesis, the operation that is most complex is multiplication in the finite field,
GF (2p), where n = 2p − 1 for a binary BCH code.

The maximum number of GF (2p) multiplications required for B-M decoding
is equal to 2t2 − 2t + 1 [103] [37]. If the number of B-M decodings required for
each row and each column is equal to l and maximum number of iterations is equal
to Imax, then, it is possible to state that the maximum number of multiplications
required is equal to 2Imaxl

√
N(2t2 − 2t + 1), where t = ⌊(d − 1)/2⌋ and N = n2

as given above. As a special case, assume that GMD decoding is required, then,
Imax = 1 and l = t + 1, which means that for GMD decoding, the maximum
number of multiplications is less than 2

√
N(t + 1)(2t2 − 2t + 1) and the number

of operations per bit is equal to 2(2t3 − t2 + 1)/
√
N . As an example, consider

product codes, choosing n = 63 and d = 7 would result in a product code of length
N = 3969 and D = 49 and a total rate for the product code of 0.51. The maximum
number of GF (26) multiplications required for GMD decoding is thus, 104/63 < 2
multiplications per transmitted bit. It should be noted that a similar result can be
obtained by considering types of concatenation other than product codes.

It is clear from the example above that the number of operations required for
decoding concatenated codes is very small. One of the factors that affect the ef-
ficiency of GMD decoding is the operations performed in GF (2p). Since these
operations are different from operations in the real field, they have to be imple-
mented in hardware2. This implementation, however, is not flexible, since every
finite field requires its dedicated hardware for operations. Therefore, in designing
any new communication system that uses concatenated code, the code and decoder
should be tailored to that specific application.

2Addition is a simple XOR operation. However, multiplication and division is either performed
by lookup tables or Euclid’s algorithm for very large fields.



Chapter 8

Performance of the iterative
decoding algorithm

We try here to investigate the performance in terms of the bit error probability of
the iterative decoding algorithm presented in Chapter 7 in BSC and AWGN chan-
nels. We include the results for both product codes and concatenated multilevel
codes. When short codes are used, then decoding the constituent codes with rather
high complexity, i.e., large number of candidates for each row or column, is possible
even in practice. On the other hand, when long codes are used, then the complexity
of decoding the constituent should be constrained as much as possible in order to
keep the overall complexity of decoding within acceptable limits. For BSC chan-
nels, product codes with relatively short constituent codes were used. For AWGN
channels, rather long codes are used with GMD decoding of the constituent codes.
More examples of decoding Product codes using the proposed iterative decoder are
given in [37].

8.1 Product codes on BSC

As mentioned above, we first investigate the situation when the product codes
used are simple and small in size but with high complexity in the decoder. The
maximum number of iterations was preset to never exceed 14 iterations. The list
decoder for the rows and for the columns is a variant of Chase II decoder, [47]. In
each iteration, for each row or column, the bits that were flipped in the previous
iteration are considered to be the bits with lowest reliability. All possible error
vectors with a support contained by the positions of the lowest reliability bits
are added to the corresponding row or column and then the resultant vectors are
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decoded. The different results of decoding a row or column are taken to be a list
of candidates for this specific row or column.

Example 8.1 The first example we look at is the [225, 121, 9] product code
whose constituent code for both the rows and the columns is the [15, 11, 3] Hamming
code. The channel is chosen to be AWGN channel and hard decoding of the received
symbols is assumed. The simulation results are shown in Figure 8.1. In order
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Figure 8.1: Average bit error rate of [15, 11, 3]× [15, 11, 3] product code.

to appreciate the results, we also show in the same figure the simulation results
for using another code of similar rate and comparable length, namely, the binary
[255, 139, 31] BCH code. The chosen BCH code has a rate equal to 0.545 which is
almost the same as the rate of the product code of 0.537 and thus, the two codes
have the same bandwidth efficiency making the comparison fair. The BCH code is
used to decode the same sequences as the product code using a Berlekamp-Massey
decoder which decodes up to half the minimum distance of the code, namely, up to
15 errors. We see however that, in spite of the fact that the minimum distance of
the BCH code, namely 31, is much greater than that of the product code, namely
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9, the performance of the product code is better than that of the BCH code for
low signal to noise ratios. When the signal to noise ratio in the channel is greater
than 5 dB, the BCH code begins to outperform the product code.

There are many objections to comparing the performance of the product code to
that of the BCH code above. The main objection is that it is very hard to compare
the complexity of the BCH decoder to the complexity of the proposed iterative algo-
rithm. It would seem like comparing apples with oranges. We, therefore, give some
comments about the complexity for decoding the product code used in this example
as compared with decoding the BCH code. The decoder for the [255, 139, 31] BCH
code is a Berlekamp-Massey decoder which incorporates polynomial operations in
the Galois Field GF (28), see Clark and Cain [104, pp. 205-214] and Blahut [79,
pp. 176-204]. The iterative decoder for the [15, 11, 3] × [15, 11, 3] product code
incorporates list decoders for the columns and the rows which are simply the same
Hamming decoder. There are many different realizations of Hamming decoders
but for the sake of comparison we mention one, Berlekamp-Massey decoder, which
uses polynomial operations in the Galois Field GF (24). Even though polynomial
operations in GF (28) are much more computationally demanding than GF (24),
list decoding the rows and the columns of the product code demands repeating the
same decoding operation many times for the same row or column after deliberately
adding a certain error pattern each time, as done in Chase II decoding. However,
when the number of errors in each row or column is small, the number of flipped
bits will also be small which means that the error patterns added to each row or
column before decoding will be small. For example, in the first iteration when
decoding the rows, each row will have at most one flipped bit. This means that,
in average, when decoding the columns, there will be, at most, one flipped bit in
each column. Thus, only one more error pattern is added to each column before
decoding.

Another way to evaluate the performance of the product code is to compare it
with the theoretical channel capacity of the equivalent binary symmetrical channel
given in Equation (2.18). We see that a channel with signal to noise ratio equal to
about 1.84 dB with hard decoding is equivalent to a BSC with transition probability
equal to about 0.1. This channel would have a capacity equal to 0.537. Compared
to the performance of the product code in the example, a signal to noise ratio of
about 5 dB is required in order for the bit error ratio not to exceed 10−4.

When a bounded minimum distance decoder for the [15, 11, 3]× [15, 11, 3] prod-
uct code is used with hard decoding to decode the same sequences instead of the
iterative decoder, the results would be much worse. It is estimated that a signal to
noise ratio equal to 8 dB is required in order to have bit error rate equal to or less
than 10−4 after decoding.
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8.2 Product codes on AWGN channel

We now turn to the other simulation strategy where we use large codes while
keeping the complexity of the list decoders of the rows and columns to a minimum.
The constituent codes of the product codes under investigation were chosen to be
BCH codes of different rates. The modulation used on the channel is coherent
BPSK and the channel is AWGN. As mentioned earlier, the complexity of the list
decoders for the rows and the columns were kept to a minimum in order to limit
the total complexity of the iterative decoder to a level comparable to that of GMD
decoding of the same product code. Therefore, the list decoders for the rows and
for the columns were chosen to be Chase III decoders which have almost the same
complexity and performance as that of GMD decoders of the BCH codes. Even
more decrease in the complexity of the iterative algorithm is achieved by making a
further restriction on the algorithm where the number of candidates for each row
or column is always limited to at most two instead of ⌊(dA − 1)/2 + 1⌋ for the rows
and ⌊(dB − 1)/2 + 1⌋ for the columns. This way, the length of the list of matrices
that should be checked at each iteration will be much lower than in the non-limited
case. The total number of iterations is also limited to six iterations at most which
was considered comparable to the total number of iterations needed for the GMD
algorithm where it requires decoding the rows and then, at most, ⌊(dB − 1)/2 + 1⌋
successive erasures of the least reliable rows and re-decoding the columns.

The maximum number of iterations was set to be six iterations at most. If the
decoder cannot find any valid codeword after completing the iterations, the decoder
chooses from the list of matrices in the last stage, the matrix that is closest to the
received matrix and uses the information symbols in this matrix as the final result
of the decoder.

Example 8.2 We now turn to investigate the performance of another product
code, namely the [16129, 12769, 25] which has the [127, 113, 5] BCH code as the
constituent code for both the rows and the columns. This code has a rate equal to
0.79 and the results for the simulation are shown in Figure 8.2. As in the previous
example, the iterative algorithm has a coding gain of about 1.5 dB as compared to
the case of GMD decoding the same product code. The theoretical, least possible
signal to noise ratio that is required for reliable communication with a 0.79 rate
code, by using (2.21), is equal to 1 dB. This means that the performance of the
iterative decoder is about 3.5 dB away from the theoretical limit for a given bit
error rate equal to 10−5.

The previous two codes were chosen to prove the feasibility of the algorithm
for large codes. In data transmission systems, the size of the packets transmitted
each time is much smaller than 16 kbits. For example, the Internet protocol, see
[105], has a recommended packet size ranging between 512 Bytes and 1500 Bytes.
In the case of Internet protocol over the wireless channel where the resources are
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Figure 8.2: Bit error rate for [127, 113, 5]× [127, 113, 5] code on AWGN.
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limited, see [106], the restriction is more severe so as not to cause high latencies in
transmission. The rates of the codes used in applications are also less than that of
the two codes above. The length of the error correcting code should be comparable
to the size of the packets in order to avoid high latencies in transmission caused by
the extra time needed for decoding. We therefore chose two more product codes
with size 63× 63 which has a more implementable size of about 4 kbits.

Example 8.3 Let us consider the [3969, 2025, 49] product code which has the
[63, 45, 7] BCH code as the constituent code for both the rows and the columns. The
rate of this code is equal to 0.51 and the simulation results are shown in Figure 8.3.
Simulation results in the case of GMD decoding of the same code are also included
in the figure for comparison. We notice here that a coding gain of about 1 dB,
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Figure 8.3: Average bit error rate for the [63, 45, 7]× [63, 45, 7] product code.

as compared to GMD decoding, is obtained. By using (2.21) we find that the
theoretical, least possible signal to noise ratio required for reliable communication
for a code with rate 0.51 is, a little above 0 dB. This means that the performance
of this product code is about 4 dB away from the theoretical limit at a required
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bit error rate equal to 10−5. In comparison with the results in Figure 8.2, this is
a degradation of about 0.5 dB which we believe is caused by decreasing the size of
the code.

Example 8.4 As a fourth code we consider the [3969, 1521, 81] product code
which has the [63, 39, 9] BCH code as the constituent code for both the rows and
the columns. The code has the same block length as in the previous example,
however, with a lower rate of 0.38. The error correction capability for this code is
also higher than that of the code considered in the previous example.

Simulation results for the average bit error rate when using the iterative or GMD
decoding is illustrated in Figure 8.4. As expected, with decoding algorithms, the
coded system outperforms the uncoded system. We also notice that the iterative
decoder outperforms the GMD decoder by about 1.5 dB at a bit error rate of
10−5. By using (2.21) we find that the theoretical, least possible signal to noise
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Figure 8.4: Average bit error rate for the [63, 39, 9]× [63, 39, 9] product code.

ratio required for reliable communication with rate 0.38 is, about −0.39 dB. This
means that the performance of this product code is about 3.5 dB away from the
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theoretical limit at bit error rate equal to 10−5 after decoding.

8.3 A concatenated multilevel code on the AWGN

channel

The last example we give is of a the performance of the proposed decoding algorithm
in combination with the concatenated multilevel code presented in Example 6.1.
We will not explain the choice of decoder complexity and the parameters of the
code and leave that to Chapter 10. We present the performance of this code in
combination with a GMD decoder and an iterative decoder with a list decoder for
the rows and columns of about the same complexity of a GMD decoder of the same
constituent codes and a maximum number of iterations less than 20. To show the
significance of the complexity of the iterative decoder, we show the performance of
this code in combination an iterative decoder using a list decoder for the rows and
columns of about four times the complexity of a GMD decoder of the constituent
codes and a maximum number of iterations less than 200. We also show the bit
error performance of an uncoded 8PSK system. The result is shown in Figure 8.5. It
can be seen from the figure that the performance of the iterative decoder decreases
by not more than 0.5-1 dB after decreasing the complexity of the of the proposed
decoder. The gain as compared to the performance when a GMD decoder is used
is about 3dB. The complexity of the iterative decoder with maximum number of
iterations equal to 20 at signal to noise ratio 6.5 dB was measured to be twice that
required by a GMD decoder. More about the complexity in Chapters 10 and 11.

8.4 Concluding remarks

We can make some general comments regarding the results in the previous exam-
ples. The first conclusion is that the new algorithm always performs better than
GMD decoding of the same code for all rates and block lengths. The difference in
coding gain between the new iterative algorithm and GMD decoding is between
1.5−3 dB depending on the complexity of the iterative decoder. We should remem-
ber that both algorithms incorporate a Berlekamp-Massey decoder which means
that the hardware used for the two algorithms is almost the same. The difference
in complexity arises from the successive use of these decoders.

The other observation is that the gain from using the iterative decoder compared
with the GMD decoder is higher for the concatenated multilevel code example
than that for product codes. The only explanation we can afford is to say that
the concatenated multilevel code was better constructed to achieve a higher gain
when using the iterative decoder. However, we leave the discussion regarding the



8.4. Concluding remarks. 127

2 4 6 8 10 12 14

10
−4

10
−3

10
−2

10
−1

Eb/N0

P
b

 

 
200 iterations
20 iterations
6 iterations
GMD decoding
uncoded 8PSK

Figure 8.5: Average bit error rate for concatenated multilevel code with rate 2
bits/transmission.



128 Chapter 8. Performance of the iterative decoding algorithm.

construction of concatenated multilevel codes to Chapter 10.



Chapter 9

Bounds on the block error
probability

In Chapter 2 we presented the definition of concatenated multilevel codes and
their properties. In this chapter, we use the properties of these codes to find upper
bounds and lower bounds on their block error probability when using a Maximum
Likelihood Decoder (MLD). There already exists very good upper bounds on the
block error probability that generally apply to all codes, e.g., [107], [108], [109],
[110] and [111]. However, all these methods require very good knowledge of the
weight distribution [19, p. 40] of the code. In the case of concatenated multilevel
codes, the weight distribution is very hard to obtain. Therefore, we present a
bound that relies on the parameters and weight distributions of the constituent
codes instead. the weight distributions of the constituent codes are much easier to
obtain than that for the concatenated code.

Also, there exists very good lower bounds which require good knowledge of the
weight distribution of the code, e.g., [112] and [113]. We will present a much simpler
bound that depends only on the minimum Euclidean distance of the concatenated
multilevel code.

9.1 Upper bounds on block error probability for

product codes

An upper bound that is widely used for block error probability is the half minimum
distance bound which is a rather loose bound. However, the simplicity of the bound
makes it very attractive especially for high signal to noise ratios where the bound
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becomes tighter.

Another bound that is usually used is the union bound. We will try to present
what can be considered as an upper bound on the union bound that, unlike the
union bound, does not require the full knowledge of the weight distribution of the
code. Rather, the new bound requires knowledge of the weight distribution of the
constituent codes instead.

The union bound suffers from some limitations of which the most important is
that it exaggerates the error probability for very low signal to noise ratios. Since
the bound proposed in this chapter is even is a bound on the union bound, then
this deficiency will be even greater. We believe, however, that the bound is still
important in many applications where the working SNR’s are in the medium range.
In other words, it is tighter than half the minimum distance bound but looser than
the union bound and the other bounds that require detailed knowledge of the
weight distribution of the product code.

The bound we present is essentially the same as presented in [33] and [37] for
product codes in Binary Symmetrical Channels (BSC). The bound presented here,
however, is adapted for concatenated multilevel codes on AWGN and Rayleigh
fading channels. Also, it is not related to a certain type of decoder as given in [33]
and [37].

Let Fs be a vector space over a field and assume that a linear code C ⊂ Fs,
of cardinality N is used for forward error correction over a noisy channel. Let the
codeword x be sent and a message y be received. The union bound for probability
of block error given codeword x sent can be written as:

P (E|x) ≤
N∑

i=1

P2(x, ci), (9.1)

where P (E|x) is the error probability given the sent codeword is x and P2 is the
piecewise error probability, [69, p. 301], between x and ci. When the code used
is linear, then, the average block error probability is equal to that in (9.1). The
codeword x can then, wlg, then be chosen to be the all-zero codeword 0.

Let

Ci ⊂ C, i = 1, 2, . . . , l

be disjoint subcodes of C. Then, the union bound (9.1) can be rewritten as:

P (E|0) ≤
∑

c∈C1

P2(0, c) +
∑

c∈C2

P2(0, c) + . . .+
∑

c∈Cl

P2(0, c). (9.2)

Now, assume that the received message may have a certain property λ which can be
e.g., Euclidean distance to the sent codeword or any other property. Let Gλ ⊂ Fs
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be the subset of the space where all the members have property λ. The error
probability can be written as [107]:

P (E) = Pr(E|y /∈ Gλ)Pr(y /∈ Gλ) + Pr(E|y ∈ Gλ)Pr(y ∈ Gλ)

≤ Pr(E ,y /∈ Gλ) + Pr(y ∈ Gλ). (9.3)

The inequality above is similar to the bounding techniques used in [107]. However,
the choice of the property λ is different here from those used in the reference.

Now, assume that the property λ is chosen in such a way that the the event of
choosing a codeword c ∈ Cl instead of 0 cannot occur unless the received message
fulfills property λ, i.e., y ∈ Gλ. Then, combining (9.2) and (9.3) we can write:

P (E|0) ≤
∑

c∈C1

P2(0, c,y /∈ Gλ) +
∑

c∈C2

P2(0, c,y /∈ Gλ) + . . .

+
∑

c∈Cl

P2(0, c,y /∈ Gλ) + Pr(y ∈ Gλ), (9.4)

where P2(0, c,y /∈ Gλ) is the pairwise error probability calculated only over the
space y /∈ Gλ). Clearly it is possible to have an upper bound on (9.4) as follows:

P (E|0) ≤
l−1∑

i=1

KiPmax(0, Ci,y /∈ Gλ) + Pr(y ∈ Gλ), (9.5)

where Ki ≥ |Ci| and:

Pmax(0, Ci,y /∈ Gλ)
△
= max

c∈Ci

P2(0, c,y /∈ Gλ).

Therefore, our task is now reduced to bounding the number of codewords in each
subcode Ci and the other task is to upper bound the pairwise error probability of
the codewords in these subcodes.

Until now, we have not mentioned anything about the how the partition of the
mother code C into the subcodes Ci is made or what is the property λ. We will
explain this when we get in more detail regarding the bound for product codes as
will be shown.

As explained in Chapter 6, the product code C is obtained from the codes A′

and B′ with parameters [n, kA, dA] an [m, kB , dB ], respectively. The construction
of the product code C = A′ ⊗ B′ is illustrated in Figure 6.1, which we show here
again. The parameters of the resulting product code will be [mn, kAkB , dAdB ] and
its rate will be equal to the multiplication of the rates of A′ and B′. This way, we
can construct long block codes starting by combining two short codes.

The shape of the codeword with minimum weight dadB in the product code is
a rectangle, up to permutation of the rows and columns, Appendix A. Therefore,



132 Chapter 9. Bounds on the block error probability.

Checks on Columns

rows

Checks
  on

Checks
  on
Checks

n

m

kA

kB

Figure 9.1: Construction of product codes

if we assume that the all-zero codeword was sent and the received message was
decoded as a codeword of minimum weight, then,m− dB rows and n− dA columns
will be zero, i.e., equal to the corresponding rows and columns in the sent codeword.
In a similar manner, any other non-zero codeword will have some all-zero rows and
some all-zero columns. Let the number of non-zero rows in a codeword c ∈ C be
I(c) and is defined as:

I(c) = |{i ∈ (1,m)|wH(ci,·) 6= 0}|,

where, wH is the Hamming weight [19, p. 8]. In a similar manner we can define
J(c) to be the number of non-zero columns in the codeword c as:

J(c) = |{j ∈ (1, n)|wH(c·,j) 6= 0}|.

The numbers of non-zero rows and columns are used as the method to partition
the product code into subcodes defined as follows:

Ci j = {c ∈ C|I(c) = i, J(c) = j}. (9.6)

The numbers of the non-zero rows and columns are also used as the property λ,
i.e., at what numbers of non-zero rows and columns should we consider such event
to always lead to an error.

Therefore, our two tasks are now simplified to give an upper bound on the
cardinality of these subcodes. The other task is to give an upper bound on the
pairwise error probability between the all-zero codeword and each of these subcodes.

Before we begin with accomplishing these tasks we present the following defi-
nitions.
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The weight distribution of a code [19, p. 40] denoted by Ai is the number of
codewords in the code with Hamming weight equal to i. Let αi be the number of
codewords in any code D with Hamming weights equal to or less than i. I.e.,

αi(D) =

i∑

j=0

Aj(D) (9.7)

The support of a codeword is the set of non-zero positions or coordinates in the
codeword. The support of a code, or any set of vectors for that matter, is the union
of the supports of all its codewords. For product codes and concatenated codes we
will denote the support of a codeword by a set of pairs such that each pair denotes
the row and column in the matrix that is non-zero.

The generalized Hamming weights of the code D with dimension k, see [114],
are defined as:

di(D)
△
= min

E
|Supp(E)|, i = 1, 2, . . . , k, (9.8)

where the minimum is taken over all linear sub-code E ⊆ D that have dimension
i. For convenience, we assume:

d0(D)
△
= 0,

by definition. It is clear that d1(D) = d(D), i.e., the minimum distance of the code.
Let A′⊥ be the dual code of the code A′. We define the sequence d⊥1 , d

⊥
2 , . . . , d

⊥
kA

to be the generalized Hamming weights of the dual code. Let A∗ be an [n∗, k∗A, d
∗
A]

code obtained by shortening some of the coordinates of A′, see MacWilliams and
Sloane [19, page 29].

It is possible to use bounds on the generalized Hamming weights presented in
[114] instead of the actual values since these bounds on the Hamming weights are
very tight.

We also define the constructing rectangles of a product code C = A′ ⊗ B′ as all
codewords that have the shape, up to permutations of the rows and columns, of
a rectangle. A constructing rectangle is denoted as t = (a,b), where a ∈ A′ and
b ∈ B′ are, respectively, the only non-zero codeword in the rows and columns of
the codeword t ∈ C.

Any codeword in the product code can be described as a sum of a finite set of
constructing rectangles as shown in Appendix A. We call a set of such constructing
rectangles a constructing set of this codeword. We define a minimal set for a
codeword in a product code as a set of constructing rectangles such that if:

c =
∑

t∈T

t,
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where, T is the minimal set of c. Then for any other constructing set T ′ of the
codeword c we have: ∑

t∈T

Supp(t) ≤
∑

t′∈T ′

Supp(t),

Lemma 9.1 Let the product code C be constructed from the codes A′ and B′ with
parameters [n, kA, dA] and [m, kB , dB ] respectively. Let Ci j be a subcode of C as
shown in (9.6). Let ra

1 be a number such that:

ra(i) = max{r ∈ (1, n)|dr(A′) ≤ i}.

In a similar manner, let rb be a number such that:

rb(i) = max{r ∈ (1,m)|dr(B′) ≤ i}.

Let:
r(i, j)

△
= min(rb(i), ra(j)). (9.9)

Let:

W (i, j)
△
=

(
i∑

k=dA

j∑

l=dB

Ak(A′)Al(B′)
)
. (9.10)

Then:

|Ci j | ≤ W (i, j) (9.11)

< (αi(A′)αj(B′))2r(i,j)2 (9.12)

Also,
|Ci j | ≤W (i, j)r(i,j). (9.13)

Proof: Classical Pigeon Hole Principle [115, Section 2.2.2]. Without loss of
generality, we consider the rows. Let the number of constructing rectangles be
equal to r, then, there are r distinctive non-zero rows in the matrix. Each one
of these rows is a non-zero codeword in A′. if these codewords are added to each
other, the result will be a codeword with a Hamming weight j or less. Let SA be
the set of sets of r codewords with support, Page 133, that spans j coordinates.
I.e., each member s ∈ SA is a set of r codewords and such that |Supp(s)| = j.
Let TA be the set of codewords from A′ of support spanning j or less coordinates.
The sum of codewords of any member of S results with a codeword of Hamming
weight j or less. Therefore,

|SA| ≤ |TA| =
j∑

k=dA

Ak(A′).

1The sequence {ra(i)} is also called the Dimension-Length Profile [85]. However, we will not
use this name since the concept is equivalent with the generalized Hamming weights.
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In a similar manner, the number of sets of column codewords that span a support
of i coordinates will be:

i∑

l=dB

Al(B′).

By choosing any member v ∈ SA and a member u ∈ SB, i.e., we have two sets
each of cardinality r of codewords from A′ and B′. The total number of different
constructing rectangles 133 that can be generated from r different row codewords
and r different column codewords will be r2.

Since a codeword that spans certain set of rows, I and a certain set of columns
J can be constructed from any combination of the constructing rectangles that
are contained in the same rows and columns, then, the total number of codewords
in the product code that have supports contained in I and J . Since there are at
most:

i∑

k=dB

Ak(B′),

codewords in A′ that cover i or less rows and at most

j∑

k=dA

Ak(A′),

codewords in B′ that cover j or less columns, the total number of codewords in the
product code will be less than that given in (9.11).

In order to prove (9.13), it is sufficient to observe that in order to generate a
codeword in the product code that covers at most i rows and j columns we can
take any combination of codewords from B′ that cover less than i rows which is at
most:

i∑

k=dB

Ak(B′)r(i,j),

with any number of combinations of codewords from A′ that cover less than j rows
which is at most:

j∑

k=dA

Ak(A′)r(i,j),

which proves (9.13) 2

It should be noted that in (9.10), we suppressed the dependence of W on the
product code itself since there is no confusion. We should also note that both
(9.11) and (9.13) can be used depending on which of them gives better results. It
is also possible to take the minimum of the two values.
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We now present a very simple lemma that is important for the coming discus-
sion:

Lemma 9.2 Let the product code C be constructed using A′ and B′. Let c ∈ C be
any non-zero codeword covering m∗ non-zero rows and n∗ non-zero columns. The
Hamming weight of this codeword is:

wH(c) > max(m∗dA, n
∗dB)

Proof: In each one of the m∗ non-zero rows there should exist at least dA ones.
Therefore, the Hamming weight of c is at least m∗dA. Similarly, its Hamming
weight should be at least n∗dB . 2

The following lemma gives us for a product code the number of codewords that
fulfill the requirements by Lemma 9.2. The same result can be found in [116] and
[117]

Lemma 9.3 Let the product code C be constructed using A′ and B′. Let Ci j =
{c ∈ C|wH(c) = I(c)J(c)}. I.e., Ci j is the subcode which contains all codewords
that cover i non-zero rows and j non-zero columns and each codeword can be shaped
as a rectangle up to permutation of the rows and columns. Then,

|Ci j | = Ai(A′)Aj(B′).

Proof: For each constructing rectangle, the non-zero rows are the same. There
are exactly Ai(A′) codewords in A′ with Hamming weight exactly equal to i. In the
same way there are exactly Aj(B′) codewords in B′ with Hamming weight exactly
equal to j. By combining any two such codeword from A′ and B′ we get different
codewords in the product code which proves the lemma. 2

The following lemma describe which codewords in the product code are construct-
ing rectangles. I.e., have the shape of a rectangle up to the permutation of rows
and columns.

Lemma 9.4 Let the product code C be constructed using A′ and B′. Let c ∈ C be
a non-zero codeword such that it contains exactly i non-zero rows and j non-zero
columns. If r(i, j) = 1, where, r is as defined in (9.9), then, the codeword c is a
constructing rectangle with Hamming weight ij.

Proof: Without loss of generality, assume that rb(i) = 1 ≤ ra(j) which makes
r(i, j) is then equal to one. Let I be the set of non-zero coordinates, i.e., the
support of the codeword in the code B′. Since we assumed that rb(i) = 1, then, by
the definition of rb, there can be at most one codeword in B′ that has exactly |I| = i
non-zero coordinates. Therefore, it is impossible for another constructing rectangle
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to exist sharing the same i rows and j columns. In other words, all columns will
either be zero or will have ones in I coordinates which makes up a rectangle of
weight ij. 2

The content of the following lemma is based on the properties of product codes
and their weight distribution. A more detailed discussion about the weight distri-
bution of product codes can be found in [116] and [117].

Lemma 9.5 Let the product code C be constructed using A′ and B′. Let x ∈ C be
a non-zero codeword with Hamming weight:

wH(x) < w
△
= 2dAdB − 2⌊dA

2
⌋⌊dB

2
⌋, (9.14)

The shape of the codeword will be that of a rectangle up to permutation of the rows
and columns.

Proof: The minimum weight codewords in the product code have the shape
of a rectangle, up to permutation of the rows and columns, with which sides are
either minimum weight codewords from A′ and B′ or the all zero vector. If a
codeword c is made up of adding two constructing rectangles, each of which is
a minimum weight codeword in the product code, then, since two constructing
rectangles cannot overlap by more than:

⌊dA

2
⌋⌊dB

2
⌋,

ones, the weight of such a codeword will be at least:

wH(c) = 2dAdB − 2⌊dA

2
⌋⌊dB

2
⌋. (9.15)

If the constructing rectangles for the codeword c were not minimum weight code-
words, then, the Hamming weight of c will, by using Lemma 9.2, be even greater
than that in (9.15). 2

Lemma 9.6 For the product code C constructed as A′⊗B′ with parameters [n, kA, dA]
and [m, kB , dB ]. Let c ∈ C and let T be a minimal constructing set of the codeword
c and let the function g be defined as follows:

g(T)
△
=

∑

(a,b)∈T

|Supp(a)||Supp(b)|
2

. (9.16)

If wH(c) ≤ ωA, where ωA is defined as:

ωA
△
=

dAdB

dA − 2
(n− kA − r′) (9.17)
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where, r′ is an integer such that:

d⊥r′+1 ≥ n−
ωA

dB
, d⊥r′ < n− ωA

dB
,

then the Hamming weight of c will lower bounded as:

wH(c) ≥ g(T)

In a similar manner, let wH(c) ≤ ωB, where ωB is defined as:

ωB
△
=

dAdB

dB − 2
(m− kB − r′′)

where, r′′ is an integer such that:

d⊥r′′+1 ≥ m−
ωB

dA
, d⊥r′′ < m− ωB

dA
,

then the Hamming weight of c will lower bounded as:

wH(c) ≥ g(T) ≥ |T|⌊dAdB

2
⌋.

Proof: See Appendix A 2

Corollary 9.7 For the product code C constructed as A′ ⊗ B′ with parameters
[n, kA, dA] and [m, kB , dB ]. Let c ∈ C Let the codeword c cover m∗ non-zero rows
and n∗ non-zero columns. If wH(c) < max(ωA, ωB), then, there exists a construct-
ing set T′, not necessarily a minimal constructing set of c such that:

wH(c) ≥ g(T′). (9.18)

Also, for the codeword c, let T be a minimal constructing set of the codeword c.

wH(c) ≥ max{g(T),m∗dA, n
∗dB} (9.19)

≥ max{|T|⌊dAdB

2
⌋,m∗dA, n

∗dB}. (9.20)

Proof: For the c, we can find a minimal constructing set T such that (9.18)
is valid by Lemma 9.6. Inequality (9.19) is obtained by including the result from
Lemma 9.2. 2

A summary of the previous lemmas is:

1. They give an exact estimate of the number codewords with a any Hamming
weight less than w . This is given in (9.15) and, also, have a certain number of
non-zero rows and non-zero columns, Lemma 9.5, Lemma 9.4 and Lemma 9.3.
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2. They give an upper bound on the number of codewords that have a certain
number of non-zero rows and non-zero columns regardless of their Hamming
weight, Lemma 9.1

3. Give a lower bound on the Hamming weight of any codeword that has a
certain number of non-zero rows and non-zero columns, Lemma 9.2.

4. For all Hamming weights less than ωA or ωB , it is possible to give an lower
bound over the Hamming weight of a codeword in the product code that may,
or may not, exist, i.e., a pseudo-codeword, only by knowing the Hamming
weights of the codewords inA′ and B′ that are used to construct the codeword
in the product code, Lemma 9.6.

What is left is to find an upper bound the pairwise error probability that is, only,
inversely proportional with Hamming distance between the two codewords. This
bound is different for different channel types.

The following theorem illustrates the upper bound that is obtained using the
above lemmas. It can be considered as an upper bound on the union bound and
thus possible to use for any memoryless channel provided it is possible to find an
upper bound on the pairwise error probability that depends only on the Hamming
distance between codewords.

Theorem 9.8 Let the product code C be constructed using A′ and B′ with param-
eters [n, kA, dA] and [m, kB , dB ] respectively. Let the all zero codeword be sent over
noisy memoryless channel. The block error probability, PE , can be bounded as:

PE ≤
d2(B

′)−1∑

i=dB

n∑

j=dA

Ai(A′)Aj(B′)PD(ij)

+

m∑

i=d2(B′)

d2(A
′)−1∑

j=dA

Ai(A′)Aj(B′)PD(ij)

+

m∑

i=d2(B′)

n∑

j=d2(A′)

PD (max{w, idA, jdB}) W (i, j)U (ω −max{w, idA, jdB})

+Pω

where, Pω is the probability that the Hamming distance between the received message
and the maximum likelihood codeword is equal to or greater than ω. PD is an upper
bound on P2(c

′, c) that depends only on, and non-increasing in, dH(c′, c). w,
r(i, j), W (i, j) and αi are as defined by (9.15), (9.9), (9.10) and (9.7) respectively.
The function U is the unit step function defined as:

U(i− j) △
=

{
1 if j < i
0 otherwise



140 Chapter 9. Bounds on the block error probability.

Proof: By (9.5), it is possible to give an upper bound on PE by partitioning the
product code into subcodes Ci j made of codewords that have exactly i non-zero
rows and j non-zero columns. The first two terms in the rhs of the inequality
is proven by Lemma 9.3, Lemma 9.4 and Lemma 9.5. Thus the first two terms
accounts for all the codewords shaped as a rectangle. Therefore, all the other
non-zero codewords in the product code are made up of two or more constructing
rectangles and have a Hamming weight greater than, or equal to, w.

The third term is a summation over all possible codewords that contain exactly
i ≥ d2(B′) non-zero rows and j ≥ d2(A′) non-zero columns and have a Hamming
weight greater than, or equal to, w and less than ω. Lemma 9.1 gives an upper
bound on the number of such codewords. The Hamming weight of a codeword that
contains exactly i non-zero rows and j non-zero columns is lower bounded using
Corollary 9.19.

The fourth term assumes that all patterns of ones with weight greater than ω
are rejected by the decoder to be undecodable. 2

Comments about Theorem 9.8

It should be noted that the choice of ω is not essential for the validity of the
theorem. It is possible to choose any value of ω and the bound can still be used.
However, By Lemma 9.1, we see that for codewords that contain a large number
of non-zero rows and non-zero columns, the upper bound on their total number
would be loose and the estimate very exaggerated. At the same time, The lower
bound on the Hamming weight of these codewords becomes very loose and thus,
the bound on the pairwise error probability will also be loose. It should also be
noted that it is possible to exchange ωA with ωB depending on which one gives a
tighter bound.

9.1.1 A special case: Bound on the error probability for hard
decoding and suboptimal decoder

Suboptimal decoding

We now consider a suboptimal decoder with respect to a maximum likelihood
decoder that was presented in [32]. Let y be the received matrix and let ĉ be the
maximum likelihood codeword. Maximum likelihood decoding can be performed
by list decoding the received matrix y over the code A up to ρ(C), the covering
radius of C. We then sort the set in a list according to their distances from y,
and commence by checking each member of the list, beginning from the top, to
see if it is a member of the code B. If it was, this codeword will be returned as



9.1. Upper bounds on block error probability for product codes. 141

the maximum likelihood solution. List decoding of the code A can be done by
list decoding the rows of the matrix y over the code A′ and taking the Cartesian
product of all the sets. Now, let us restrict the decoder in such a way that the
list decoder for the rows can only decode up to e errors and let the list of such
codewords be called A∗. This way, any error pattern that has e or more errors in
one row or more cannot be corrected. Let us call the maximum likelihood decoding
algorithm Algorithm 1 and the suboptimal version Algorithm 2.

Lemma 9.9 Let the product code C △
= A ∩ B be used with the decoder µ presented

in Algorithm 2 introduced above for decoding. Let the decoding radius e of the list
decoder for the rows be less than dA and let the received matrix be y. If all the
following:

1. The Hamming weight of the error in each row in y is less than e.

2. The Hamming weight of the total error is less than ωA/2, where:

ωA
△
=

dAdB

dA − 2
(n− kA − r′), (9.21)

where r′ is an integer satisfying:

d⊥r′+1 ≥ n−
ωA

dB
, d⊥r′ < n− ωA

dB
. (9.22)

3. The support of every constructing rectangle in y with dimensions f ×g where
g ≤ 2e contains less than fg/4 errors.

is correct, then, the decoding will be error-free.

Proof: See Appendix A 2

We are now ready to give an upper bound on the probability of block error for
product codes when the decoder described above is used:

Theorem 9.10 Let the product code C △
= A ∩ B and the Algorithm 2 be used for

data transmission on a BSC. Let the decoding radius for the list decoder of the
rows be e, where e is less than min(dA, dB) and let the transition probability for the
channel be p. The probability for block error, PE , in decoding is upper bounded as
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follows:

PE ≤ 1−
(

e∑

i=0

(
n
i

)
pi(1− p)n−i

)m

+

2e∑

i=dA

βi(A′)

m∑

j=dB

βj(B′)
⌊w(dA,dB)/2⌋∑

h=⌈ij/2⌉

P (p, h, i, j, 2)

+

2e∑

i=dA

βi(A′)

m∑

j=dB

βj(B′)
ωA/2∑

h=⌊w(dA,dB)/2⌋+1

P (p, h, i, j, 4)

+
mn∑

i=ωA/2

(
mn
i

)
pi(1− p)mn−i, (9.23)

where βi is the number of codewords that have weight equal to i, [19, pp. 40]. The
function P (p, h, i, j, l) is the probability that the received matrix y has h errors and
such that at least ⌈ij/l⌉ errors are contained in a rectangle of dimensions j × i as
shown below:

P (p, h, i, j, l) =

(
mn
h

)
ph(1− p)mn−h

ij∑

g=⌈ij/l⌉

(
h
g

)(
mn− h
ij − g

)

(
mn
ij

) . (9.24)

Comments about Theorem 9.10

Before presenting the proof of the theorem, we give some explanation about the
meaning of this theorem. The theorem says that an error event can occur in two
cases: The first is when the sent codeword is not a member of the list of matrices
that will be checked. The probability of this event is given in the first row of
Inequality (9.23). The second event that may lead to an error is that even though
the sent codeword is a member of the list there exists another codeword in the list
that is closer to the sent codeword. A bound on the probability of the event that
there exists another codeword in the list can be given by dividing this event into
three sub-events. The first sub-event is when the number of errors added by the
channel is greater than ⌈dAdB/2⌉ and less than:

dAdB − ⌊
dA

2
⌋⌊dB

2
⌋. (9.25)

For error patterns of this error weight, the only way for an error to occur is an error
leading to codeword which has the shape of a rectangle. The second sub-event is
when the weight of the error pattern exceeds that given in (9.25) and smaller
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than ωA/2. Under the conditions imposed by the theorem, an error pattern with
such weight that may lead to an error in decoding should have at least ⌈ij/4⌉
errors contained in the support of a constructing rectangle of dimensions less than
i × j. For error patterns of weight exceeding ωA/2, the theorem does not give
any prediction whether an error pattern of weight greater than ωA/2 will cause a
decoding error or not, rather, it assumes that all error patterns of such weight will
cause an error.

Proof: Let the sent codeword be the all-zero codeword and the received matrix
be y. Using Lemma 9.9, The Event of error might occur if one of the following
conditions is satisfied:

1. The all-zero codeword is not a member of the list A∗.

2. The all zero codeword is a member of the list A∗ but there exists in A∗

another codeword in C that is closer to y than the all-zero codeword.

The second event above can be further partitioned and the total event of error can
be written in the following way:

1. The all-zero codeword is not a member of the list A∗.

2. The all zero codeword is a member of the list A∗. There exists in A∗ another
codeword in C that is closer to y than the all-zero codeword. The weight of the
error pattern is greater than ⌈dAdB/2⌉ but less than dAdB − ⌊dA/2⌋⌊dB/2⌋.

3. The all zero codeword is a member of the list A∗. There exists in A∗ another
codeword in C that is closer to y than the all-zero codeword. The weight of
the error pattern is greater than dAdB − ⌊dA/2⌋⌊dB/2⌋ but less than ωA/2.

4. The all zero codeword is a member of the list A∗. There exists in A∗ another
codeword in C that is closer to y than the all-zero codeword. The weight of
the error pattern is greater than ωA/2.

The probability that the all-zero codeword is not a member of the list A∗ Plist is
given by:

Plist = 1−
(

e∑

i=0

(
n
i

)
pi(1− p)n−i

)m

. (9.26)

The probability of the fourth event can be bounded by the probability that the
error pattern is greater than ωA/2 which is

mn∑

i=ωA/2

(
mn
i

)
pi(1− p)mn−i.
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The second event can be bounded in the following manner: If there exists in A∗ a
codeword in C other than the all-zero codeword, then, the number of ones in each
row of this codeword cannot exceed 2e. Therefore, using Lemma 9.5, there has to
exist in y at least ⌈ij/2⌉ ones located in the support of at least one constructing
rectangle of dimensions less than j × i.

The third event can be bounded in the following manner: If there exists in A∗

a codeword in C other than the all-zero codeword, then, the number of ones in each
row of this codeword cannot exceed 2e. Therefore, using Lemma 9.9, there has to
exist in y at least ⌈ij/4⌉ ones located in the support of at least one constructing
rectangle of dimensions less than j × i.

The probability that a specific rectangle of dimensions j× i in y contains g ones
given that the Hamming weight of y is h, is similar to the probability of picking ij
balls from an urn containing h black balls and mn − h white balls and such that
g balls of the chosen ij are black. See, for example, Hines et al [118, page 30] and
Blom [119, page 30]. The probability of this occurring will then be:

(
h
g

)(
mn− h
ij − g

)

(
mn
ij

) . (9.27)

The probability that the Hamming weight of y is equal to h given that the
transition probability is p, is:

(
mn
h

)
ph(1− p)mn−h.

The number of constructing rectangles with dimensions j×i is equal to βi(A′)βj(B′).
By multiplying with this number and by summing over all the probabilities of dif-
ferent Hamming weights of y, we prove the second and the third term in (9.23).

2

The bound given in the theorem above is an upper bound on probability of block
error for product codes since the decoding algorithm used for proving the theorem
is suboptimal in comparison to a ML decoder.

It should be noted that the second term of the bound sum up the probabilities
that more than half the symbols in some rectangle in the received matrix are in
error. It can be checked, however, that the dominant probability is that a rectangle
of dimensions exactly equal to dB × dA has ⌈dAdB/2⌉ errors. The probability that
a rectangle of greater dimensions with more than half of its symbols in error is
much lower. The same is true for the third term of the bound.
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Since the bound on the block error probability makes use of the union bound,
some peculiarities might be noticed in the value of this bound. For example, for very
high transition probability, the value of the bound might exceed 1 which makes the
bound useless. Also, when the decoding radius approaches the minimum distance
of the row code, dA, the bound on probability that at least one rectangle contains
dAdB/4 ones becomes higher than it should, since the probability of more than one
rectangle containing dAdB/4 ones at the same time becomes very high.
It is clear that the bound requires that we have some information about the weight
distribution of the constituent codes, but it is always possible to use some bounds
on the weight distribution.

In order to investigate the practicality of using the basic decoding algorithm
shown above, several examples of systems are given to illustrate the possibilities
and limitations of implementing the algorithm. It can easily be shown, [37] that
the complexity of the list decoder of the rows will increase exponentially when the
decoding radius becomes greater than the minimum distance of the code. There-
fore, we will assume in the following examples a decoding radius of the list decoder
less than or equal to dA − 1.

Example 9.1 Consider a simple case where the constituent codes of the prod-
uct code are the same and are the [8, 4, 4] extended binary Hamming code. The
rate of this code is 0.25 and, using the bound on the probability of block error
given in Theorem 9.10 and, taking for example a transition probability equal to
0.05, the upper bound on the probability for block error when the decoding radius
of the list decoder for the rows is equal to 3 will be equal to 0.03. The half the
minimum distance bound predicts a block error probability of about 0.044 for the
same transition probability. For transition probabilities less than 0.04, the half the
minimum distance bound is better than the new bound.

Example 9.2 If we use an even larger code, for example, if we use the extended
binary Golay code as a constituent code, the resultant product code has a rate equal
to 0.25. The transition probability used is the same as in the example above and
a decoding radius for the rows equal to 5. The upper bound on the probability of
block error will be 0.023. The half the minimum distance bound predicts a block
error probability less than 0.23.

Comparing the two examples above, we see that increasing the size of the code
and the minimum distance can result with better performance, as expected, even
though the decoding radius of the list decoder for the rows is slightly greater than
⌊(dA − 1)/2⌋ for the two codes. In the following example we investigate the different
terms in the bound given in Theorem 9.10 and how the bound on the error varies
for different decoding radii.

Example 9.3 In Figure 9.2, we compare the bound on the same code but with
different decoding radii for the list decoder of the rows. The bounds are given as
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a function of the signal-to-noise ratio Eb/N0. This is done in order to appreciate
the improvement of the bound measured in dB in comparison to half the minimum
distance bound. Assuming coherent BPSK BPSK modulation in AWGN channel,
the transition probability for such a system can be written as:

p = Q(

√
2RCEb

N0
), (9.28)

where Eb/N0 is the signal to noise ration per symbol, RC the rate of the code and
Q is the Q-function defined in [40, p. 40]. Also, in the same graph, simulation
results for turbo decoding of the same product code are included, [3] [24]. Soft
decoding of rows and columns was performed using MAP decoding, see Bahl et
al [86] on the dual codes of the constituent codes, see Battail et al [94] and [120],
Berkmann [121], Hagenauer [24] and Riedel [122]. The number of iterations chosen
is 10 in order to be as close to optimum decoding as possible. It can be seen
that the bound on block error is much better than the half the minimum distance
bound for almost all the span of signal to noise ratio and closer to the results of
turbo decoding of the product code. Only at very high signal to noise ratio is the
half the minimum distance bound better than the new bound. We should keep in
mind, however, that in practice, the interesting region of block error probability is
between 10−3 and 10−2, see Furuskär [123, p. 18] and the references therein.

From the previous examples we see that increasing both the size and the min-
imum distance of the constituent codes might result in better performance. This
leads to the question of what might happen in the asymptotic case if we continue to
increase the size and minimum distance of the code. The first observation is that if
the number of errors in each row were less than half the minimum distance for the
row code, then it would be sufficient to use a bounded minimum distance decoder
instead of a list decoder for the rows and the maximum likelihood codeword will be
the first element in the list A∗. In practice, a bounded minimum distance decoder
for the rows will not be sufficient. Instead, a dA/2+1 list decoder can be used. For
very large product codes, i.e., when the length of the constituent codes approach
infinity, the transition probability of the channel should not exceed:

p <
dA

2n
.

This is much larger than the transition probability predicted by using the half
minimum distance bound which is less than dAdB/2mn.

It should be noted that other bounds on the probability of block error can also be
used. For example, if the weight distribution of the product code was known, then
it is possible to use a bound similar to Viterbi’s bound, [84] or Meeberg’s bound,
[124], as shown in [125]. Such bounds, however, require full or very good knowledge
of the weight distribution of product codes. The bound presented in this thesis,
on the other hand, only requires some knowledge on the weight distribution of the
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Figure 9.2: Comparison between the new upper bound and half the minimum
distance bound.

constituent codes. The new bound also requires some knowledge on the weight
hierarchy of the row code in order to evaluate the value of ωA. It is, however,
possible to bound the value of ωA without knowing the weight hierarchy of the
row code as shown in Appendix A. In all the work in this chapter, we rely on the
bounds on the weight hierarchy, i.e., generalized Hamming weights given in [114].

9.1.2 Implementation of the bound for BPSK modulation
on AWGN channels

In order to apply the bound in the case of AWGN channel we use Theorem 9.8.
We need, however, to find an upper bound on the pairwise error probability, P2,
that depends only on the Hamming distance between the codewords. The AWGN
channel can be modeled as:

Y = X + Z,
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where, in our case, the input to the channel, X, is random variable chosen from
{√Es,−

√
Es}, where Es is the average power used per coded symbol. The noise

is modeled as as Gaussian with spectral density, N0, equal to 1. This is done to
simplify the calculations so that the signal to noise ratio, SNR, is actually equal to
Es in value.

The pairwise error probability between two codewords c and c′ can be written
as [83, p. 92]:

P2(c
′, c) = Q(

√
dH(c′, c)Es

N0
) = Q(

√
dH(c′, c)Es), (9.29)

The rest of the bound in Theorem 9.8 is left without further change. The following
corollary uses the information above to prove the bound for AWGN channels.

Corollary 9.11 Let the product code C be constructed using A′ and B′ with pa-
rameters [n, kA, dA] and [m, kB , dB ] respectively. Let the all zero codeword be sent
over noisy memoryless channel. The block error probability, PE , can be bounded
as:

PE ≤ min
ω




d2(B′)−1∑

i=dB

n∑

j=dA

Ai (A′)Aj (B′)Q
(√

ijEs

)

+

m∑

i=d2(B′)

d2(A′)−1∑

j=dA

Ai (A′)Aj (B′)Q
(√

ijEs

)

+
m∑

i=d2(B′)

n∑

j=d2(A′)

Q
(√

(max{w, idA, jdB})Es

)
W (i, j) U (ω −max{w, idA, jdB})

+

mn∑

i=ω/2

(
mn
i

)
Q
(√

Es

)i (
1−Q

(√
Es

))mn−i


 ,

where, w is as defined in (9.14) the minimum is taken over w ≤ ω ≤ mn.

Proof: The proof follows directly from the previous discussion and from Theo-
rem 9.8. The final term on the rhs of the inequality comes from calculating the
probability that at least ω bits in the received message were flipped. Noticing that
Theorem 9.8 is valid for any choice of w < ω < mn, the minimization over ω
follows. 2

Example 9.4 We repeat Example 9.3 with the exception that soft decision
decoding is used on AWGN channel. A comparison is made with MAP decoding
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simulation with 10 iterations and BMD bound. The result is shown in Figure 9.3.
The confidence interval, see Section 2.3, for the simulation for all points is ±0.01. It
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Figure 9.3: Comparison between the new upper bound and half the GMD bound
for a product code.

is clear that the new bound reflects the performance of product codes much better
when decoding beyond the minimum distance is performed. We can also see that
the new bound crosses the simulation of MAP decoding. However, we should keep
in mind that MAP decoding is not optimal and that the confidence interval of the
last simulation point is rather large in comparison.

9.2 Application to concatenated multilevel codes

It has been shown that Concatenated multilevel codes have a lot in common with
product codes. We will try here to use this relationship in order to give an upper
bound on the block error probability for concatenated multilevel codes.
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In a way similar to what we do to partition product codes, we partition the
concatenated multilevel code into Subcodes according to the number of non-zero
rows and non-zero columns. However, in the case of concatenated multilevel codes,
the partitioning is even more detailed to include what part of the codeword ma-
trix does the non-zero rows and non-zero columns exist. To give a more rigorous
definition, let Il(c) be defined as:

Il(c) = |{i|ci,j 6= 0,∀i ∈ [(l − 1)m/q,m], j ∈ [1, n]}|, l ∈ [1, q], (9.30)

In a similar manner we can define J(c) to be the number of non-zero columns in
each block of the codeword c as:

Jl(c) = |{j|ci,j 6= 0,∀i ∈ [(l − 1)m/q,m], j ∈ [1, n]}|, l ∈ [1, q]. (9.31)

In words, Il(c) is the number of non-zero rows in c starting from the l:th block of
m/q rows and downwards. In a similar manner Jl(c) is the number of non-zero
columns in c starting from the l:th block of m/q rows and downwards.

We now define the subcode:

C(i1,j1),(i2,j2),...,(iq,jq) = {c ∈ C|Il(c) = il, Jl(c) = jl,∀l ∈ [1, q]}. (9.32)

It is clear that all these subcodes of the concatenated code C are disjoint and that
C is equal to the union of all these partitions.

It is now possible to write the block error probability given the transmitted
codeword is the all zero codeword, for the concatenated code as:

PE|0 ≤
∑

(i1,j1),(i2,j2),...,(iq,jq)

PE(i1,j1),(i2,j2),...,(iq,jq)|0,

where, PE(i1,j1),(i2,j2),...,(iq,jq)|0 is the probability that the all-zero codeword is trans-
mitted and one of the codewords in C(i1,j1),(i2,j2),...,(iq,jq) is closer to the received
message than the all-zero codeword.

Therefore, the task is now simplified to the following:

1. Find an upper bound on the number of codewords that have a specific number
of non-zero rows and non-zero columns in each block of m rows.

2. Find a lower bound on the detailed Hamming weight of a codeword, i.e., the
Hamming weight of different q blocks of m rows in a codeword, that have a
specific number of non-zero rows and non-zero columns in each block of m
rows.

3. Find an upper bound on the pairwise error probability that only depends on,
and non-decreasing with, the Hamming distance between the codewords.
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We will treat each one of the above tasks separately. The first task to tackle is
the cardinality of the subcodes of the concatenated code.

We first start with some definitions. Let Bl be the code obtained from B′ by
shortening the first (l − 1)m coordinates. We will assume, with a slight abuse of
the definition of shortening, that the code Bl is of length qm with the first (l−1)m
coordinates all equal to zero2.

Let ral be a number defined as:

ral(i) = max{r ∈ (1, n)|dr(A′
l) ≤ i}. (9.33)

In a similar manner, let rbl be a number such that:

rbl(i) = max{r ∈ (1, qm)|dr(B′l) ≤ i}. (9.34)

Let:

rl(i, j)
△
= min(rbl(i), ral(j)). (9.35)

Also, let Wl be defined as follows:

Wl(i, j)
△
=

i∑

t=dAl

j∑

u=dBl

At(A′)Au(B′). (9.36)

Lemma 9.12 Let the codes A′
1 ⊆ A′

2 ⊆ . . . ⊆ A′
q and the code B′ be used to con-

struct the concatenated code C as shown in Chapter 2. Let C(i1,j1),(i2,j2),...,(iq,jq) ⊂ C
be a subcode as shown in (9.32), then:

|C(i1,j1),(i2,j2),...,(iq,jq)| ≤
q∑

l=1

[
Wl

(
q∑

t=l

it , jl

)
q∏

k=il

2rk(
Pq

t=l
i,jk)

]

△
= AC ((i1, j1) , (i2, j2) , . . . , (iq, jq)) . (9.37)

Proof: Consider the case where il, jl 6= 0 and ih, jh = 0,∀h 6= l. All constructing
rectangles in this subcode will have sides from the codes A′

l and B′l. I.e., the
codeword is a member of the product code A′

l×B′l. Therefore, the total number of
codewords that belong to this specific subcode will be as given in the claim above
by using Lemma 9.1. If we now assume that ih, jl, ih, jl 6= 0, where l 6= h ∈ [1, q],
then, by using Corollary 6.2, the codeword can be described as the sum of two
codewords one belonging to two different product codes, A′

l × B′l and A′
h × B′h

which proves the claim for this case also. The general case is proven by induction.
2

2The usual definition of shortening [19, page 29] results with a code that is shorter than the
original code. However, in our discussion, we have little use of removing the shortened coordinates.
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Next, is the question of finding a bound on the detailed Hamming distance of a
codeword given the number of non-zero rows/columns in each block of consecutive
m rows. The aim is to combine the knowledge about the Hamming weight of a
codeword in a product code with the fact that the concatenated multilevel code
is a direct sum of q different product codes. The basic idea is to use Lemma 9.2
for the different blocks. First, let si be matrix obtained from c by setting all the
entries to zero except those located in the i:th block of rows. Therefore:

c =
∑

i∈[1,q]

si.

and
wH(c) =

∑

i∈[1,q]

wH(si).

We call the Hamming weights of the q blocks of m rows the detailed Hamming
weight of the codeword c.

Lemma 9.13 For the concatenated code C with constituent codes A′
1,A′

2, . . . ,A′
q

for the rows and B′ for the columns. Let c ∈ C be any non-zero codeword covering
(i1, j1), (i2, j2), . . . , (iq, jq) pairs of non-zero rows and columns in each block of m
rows. The Hamming weight of the il:th block of this codeword, til

, is bounded as:

wi
△
= wH(til

) > max((il − il+1)dAl, (jl − jl+1(dB − il+1)). (9.38)

where we set iq+1 = jq+1 = 0.

Proof: The proof is the same as that in Lemma 9.2. The first part of the right
hand side part of (9.38) is obvious, since each row in block l will have dAl or more
ones and there are exactly il − il+1 non-zero rows in block l. For the second part,
the number of ones in each column is at least dB . If il+1 ≥ dB , then, in the worst
case, all rows in blocks 1, 2, . . . , l are zero. However, if il+1 < dB , then, all il rows
in block l will be non-zero. In the latter case, the number of ones in each one of at
least jl − jl+1 columns in block l will be greater or equal to dB − il+1. 2

The last task is to find a lower bound on the Euclidean distance between a codeword
that has a certain detailed Hamming distance and the all-zero codeword.

Let C be a q-level concatenated multilevel code of size qm × n and let C̃ be
the Euclidean code obtained from C by modulating all the codewords using some
bandwidth efficient modulating scheme. There will be, in general, 2q different
symbols, s0, s1, . . . , s2q−1, in the multilevel code. Without loss of generality (w.l.g.),
let s0 be the symbol denoting modulation of the all-zero symbol. Let c ∈ C be a
codeword in the concatenated code and let c̃ be its modulated counterpart. Also,
Let 0̃ denote the modulated counterpart of the all-zero codeword. Assume that
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we know the detailed Hamming weight of the codeword c given as w1, w2, . . . , wq.
The squared Euclidean distance d2

E(c̃, 0̃) can be written as follows:

d2
E(c̃, 0̃) =

2q−1∑

i=1

ζid
2
E(s0, si),

△
=

2q−1∑

i=1

ζi∆
2
i ,

where, ζi is the number of si symbols in c̃ and ∆i denotes the Euclidean distance
between si and s0. The task now is to lower bound the Euclidean distance above
by using the detailed Hamming distance. W.l.g., assume that the subscript of si is
obtained by natural mapping of the q:bits used to modulate the symbol, e.g., for
q = 2, the following mapping is used:

00 7→ 0

01 7→ 1

10 7→ 2

11 7→ 3

It should be noted that this mapping above has nothing to do with the partitioning
of the modulation constellation by e.g., Gray mapping or Natural mapping, since
the latter affects the squared Euclidean distance between the symbols and not the
notation of the symbols.

We assume that the rightmost bit in the q:bits symbol comes from the first
block of m rows, the second bit comes from the second block of m rows and so on
in way similar to that shown in Figure 6.2. For any non-negative integer T ∈ Z∗

let υ(T ) be the binary vector representation of T . Denote by υ(T, i), i ∈ [1, q] the
i:th bit from the right.

It is now possible to right down the relation between ζi and the detailed Ham-
ming weight wj as follows:

wj =
2q−1∑

i=0

υ(i, j)ζi, ∀j ∈ [1, q]. (9.39)

The proof of the equation above is straight forward and is easily shown by noticing
that each specific non-zero entry in the codeword can be included in one and only
on modulated symbol.

Unfortunately, the way back from the detailed Hamming weights to the number
of modulated symbols is not as simple since two different codewords may have the
same Hamming weight but different Euclidean distances from the modulated all-
zero codeword. However, the following a lower bound can be found by convex
optimization techniques [126, p. 146] as given in the following lemma.
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Lemma 9.14 Let the codes A′
1 ⊆ A′

2 ⊆ . . . ⊆ A′
q and the code B′ be used to

construct the concatenated code C as shown in Chapter 2. Let c ∈ C be a codeword
in the concatenated code and let c̃ be its modulated counterpart. Let wi, i ∈ [1, q],
denote the detailed Hamming weights of the c. Also, Let 0̃ denote the modulated
counterpart of the all-zero codeword. The squared Euclidean distance between the
two codewords is lower bounded by the values ζi that minimize the following linear
programming problem:

Minimize d̂(w1, w2, . . . , wq)
△
=

2q−1∑

i=1

ζi∆
2
i . (9.40)

Given the constraints:

ζi ≥ 0

wj =
2q−1∑

i=0

υ(i, j)ζi,∀j ∈ [1, q].

Proof: Proof by negation. Assume there exists a codeword c′ with the same
detailed Hamming weights as w1, . . . , wq. The codeword c′ has a different number
of symbols si, i ∈ [1, 2q − 1], i.e., the number of symbols in the codeword that
are not s0. Assume that the squared Euclidean distance of this codeword to the
modulated all-zero codeword is less than that given by (9.40). This Euclidean
distance should be a feasible solution since c′ is a valid codeword and thus the
linear program should find this solution which is a contradiction. 2

We should also bound the probability that the error added by the channel is
so large that the received error matrix, i.e., after demodulation, span more than
i rows or j columns. If we assume that the all zero matrix was sent, then, after
demodulation the transmitted will be an m/q×n matrix such that all symbols are
M(0) = s0. Let the received matrix be y. Let Lk, k ∈ [1, 2q − 1] be:

ζk = |{ỹi,j = sk|∀i, j}|.

As shown in (9.39), the detailed Hamming weights of y are equal to

wj =

2q−1∑

i=0

υ(i, j)ζi, ∀j ∈ [1, q].

Therefore, if we identify all possible detailed Hamming weights such that a pattern
with these weights can be arranged such that it covers j + 1 columns and each
non-zero column has more than dB ones. Alternatively, all patterns that have
the above mentioned detailed weights, have a support covering i+ 1 rows and the
non-zero rows in the first block of m/q rows have dA1 ones, in the second block
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dA2 ones and so on. Let us call set of these weights Ω. The set Ω is found by
computer search over all possible q-tuple of weights (w1, w2, . . . , w3) that satisfy
the conditions above.

The probability that the received pattern will contain more than i non-zero
rows or more than j non-zero columns can now be written as:

Pi,j ≤
∑

ζ1,ζ2,...,ζ2q−1

(
mn/q

ζ1, ζ2, . . . , ζ2q−1

)
×

Q(
√
zeta1∆1 + ζ2∆2 + . . .+ ζ2q−1∆2q−1),∀(w1, w2, . . . , wq) ∈ Ω,(9.41)

where
( )

is the multinomial coefficient. It is now possible to state the upper bound
on the block error probability formulated as the theorem below:

Theorem 9.15 Let the codes A′
1 ⊆ A′

2 ⊆ . . . ⊆ A′
q and the code B′ be used to

construct the concatenated code C as shown in Chapter 2. Let C̃ be the modulated
counterpart of the code. The block error probability for this code is upper bounded
by:

PE ≤ min
i,j




∑

i≥i1≥i2≥...≥iq

∑

j≥j1≥j2...≥jq

AC((i1, j1), (i2, j2), . . . , (iq, jq))×

Q(d̂(w1, w2, . . . , wq)) + Pi,j

)
, (9.42)

where, wi:’s are obtained by (9.38) and Pi,j is given in (9.41).

Proof: The proof is similar to that in Corollary 9.11. We make use of Lemma 9.12
to find an upper bound on the number of codewords, Lemma 9.13 to find a lower
bound on the detailed Hamming weight of codewords with specific number of non-
zero rows and columns in the different q blocks of m rows and finaly, Lemma 9.40
to lower bound the Euclidean distance between the codewords in the subcodes
C(i1,j1),...,(iq,jq). The total number of codewords in these subcodes also cannot the
number of matrices that have exactly w1, w2, . . . , wq ones anywhere in the q blocks
m rows. Which completes the proof. 2

9.2.1 An approximation to the upper bound

The bound above is very pessimistic since it assumes that all possible patterns of
detailed Hamming weights w1, w2, . . . , wq will result with the least possible Eu-
clidean distance from the transmitted sequence. This is true both for the first term
and the second term in the rhs of the bound (9.42). The other problem with the
bound is that it requires extensive calculations both for the optimization in (9.40)



156 Chapter 9. Bounds on the block error probability.

and for bounding Pi,j in (9.41). The practical problems makes the minimization in
(9.42) very difficult and leads to even more pessimistic results. In order get around
the previous problems we try to approximate the expression above in the following
manner: The Euclidean distance between a received message and the transmitted
codeword given the detailed Hamming weights w1, w2, . . . , wq, is:

d2
E(t̃, ũ) =

∑
d2

E(M(ti),M(ui)), (9.43)

where, t̃ = M(x), the modulated couterpart of the transmitted message and
ũ = M(y), the modulated couterpart of the received message. if the transmit-
ted message was the all zero codeword, then, (9.43) can be rewritten as

d2
E(t̃, ũ) =

∑
d2

E(M(0),M(ui)) =

2q−1∑

i=1

Nid
2
E(s0, si), (9.44)

where Ni is the number of symbols of type si in the received message ũ. So what we
have to esitmate is the Ni’s in the received message given w1, w2, . . . , wq. However,
for very large codes3, the number of these symbols will approach the average and
the probability thatNi 6= E(Ni) will approach zero. Therefore, for very large codes,
we can replace the summation over all possible values of Ni by its average. We will
refer to this replacement of the summation by the average as an approximation to
the upper bound.

Let c be a codeword in the multilevel code C before modulation. If we assume
that each block of m/q rows in c is interleaved using a random interleaver before
modulation, then, the average block error probablity for possible combinations of
interleaving will be:

P̄E =
∑

I

PE|I ,

where the sum is taken over all possible interleavings of the q blocks of m/q rows.
The expression above, however, is still very complicated. Therefore, we turn to the
following approximation:

E(Q(
√
x)

>≈ Q(E(
√
x))

The approximation of the upper bound will be as follows.

For very large codes we can assume that the probability of sk occurring at a
specific position given that the detailed Hamming weights are w1, w2, . . . , wq will
be Bernouli distributed with:

p = p1p2 . . . pq

pi =

{
wi/(mn) if υ(q, i) = 1
(mn− wi)/(mn) otherwise

3Actually, it is suffices for the column code only to be very large. However, in the case of
random interleaving of the rows, the size of the row code also matters.



9.3. Lower bounds on the error probability. 157

where υ is as given in 153.

P̄E ≈ min
i,j




∑

i≥i1≥i2≥...≥iq

∑

j≥j1≥j2...≥jq

AC((i1, j1), (i2, j2), . . . , (iq, jq))

Q( ¯d(w1, w2, . . . , wq)) + P ′
i,j

)
, (9.45)

where P ′
i,j is the approximation to Pi,j using the same technique as the above.

What makes the approximation useful is that the number of codewords with small
Euclidean distance to the all zero codeword is much less than those at larger Eu-
clidean distance which makes the effect of codewords with small Euclidean distance
on the total probability rather weak.

Example 9.5 We illustrate the bound and the approximation to the bound
using the concatenated multilevel code explained in Example 6.1. This code has
three BCH codes as constituents for the the multilevel code and the [63, 51, 5] BCH
code for the columns and 8PSK modulation. In Figure 9.4 we see the comparison
between the simulation using the iterative algorithm with two different complexities
and the bound in (9.42) depicted aas UB1 in the figure and the approximation
depicted as UB2. We also see the GMD bound for comparison. As seen in the
Figure, the upper bound UB1 is very pessimistic mainly because of the problems
explained in Subsection 9.2.1. The approximation, depicted as UB2, reflects the
performance much better. It should be remembered however, that UB2 is not a
true bound. Both UB1 and UB2 are better than the GMD bound.

9.3 Lower bounds on the error probability

As mentioned in beginning of this chapter, we will present a lower bound on the
block error probability of concatenated multilevel codes. The lower bound we
present is, admittedly, loose. However, it is an important measure of the trend
that the error probability takes for high signal to noise ratios.

In manner similar to that done for the upper bound, we utilize the close rela-
tionship the proposed concatenated codes have with product codes. We develop
a lower bound for product codes and then use the same ideas to develop a lower
bound for the concatenated multilevel codes.

The basic idea for the bound is the following eqution of the error probability:

Pr(E) = Pr(E , A) + Pr(E , Ac)

Pr(E) ≤ Pr(E , A),

where, A is some event and Ac is the complement of this event. The inequality
is due to the fact that any probability measure, in this case Pr(E , Ac) is greater
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Figure 9.4: Upper bound on the block error probabilty of concatenated multilevel
code for AWGN channel compared to GMD bound.

than zero. What remains is the choice of the event A that is used to restrict the
measurement of the error probability to a both measureable and simple sapce.

The simplest choice of the event A is the event that the decoder would, erro-
neously, choose a specific codeword instead of any other codeword including the
transmitted codeword. This choice of the event will result with a very loose bound
which we will try to improve. The improvement we present below is by including
many codewords in the bound instead of only one.

In the following Subsection, we present the bound for product codes and follow
that by a generalization for concatenated multilevel codes.

9.3.1 Lower bound on the block error probability for prod-
uct codes with BPSK modulation

As shown above, the basic idea is to choose a certain event that is both simple and
meaningful. The event we choose is the number of errors that the received message
has compared to the transmitted codeword. We show below that by restricting the
error probability space only to those that lead to certian codewords in the code and
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none other, we obtain a very simple bound. By following de Caen’s bound [127]:

P (∪Ai) ≥
∑

i

P (Ai)
2

∑
j P (Ai ∩Aj)

.

However, if we restrict ourselves to measuring the probabilities in Ai ∩ B, where
B is a certain event properly chosen so as to ensure that Ai ∩Aj = {}, the empty
set, we have the following bound:

P (∪Ai) ≥ P (∪{Ai ∩B})

≥
∑

i

P (Ai)
2

∑
j P (Ai ∩Aj ∩B)

=
∑

Pr(Ai, B).

It is also true that:

Pr(Ai, B) = Pr(Ai)Pr(B|Ai) = Pr(Ai)Pr(B),

if Ai and B are independent. By choosing the event B to be the probability that
at most

w(dA, dB)
△
= dAdB − ⌊dA/2⌋⌊dB/2⌋,

then, if an error occurs, the resultant codeword should have the shape of a rectangle
by Lemma 9.4. The number of codewords of this type can easily by counted for all
the different weights ranging from dAdB up to 2dAdB − 2⌊dA/2⌋⌊dB/2⌋ as given
in Lemma 9.3. The probability that the weight of the error pattern is less than
w(dA, dB) is equal to:

PL
△
= P (⌊dAdB/2⌋ ≤ error weight ≤ w(dA, dB))

=

w(dA,dB)∑

k=⌊dAdB/2⌋

(
mn
k

)
pi(1− p)mn−k,

The probability of error will then be lower bounded as:

PE ≥ PL

w(dA,dB)∑

k=⌊dAdB/2⌋

Ak(C)Q
(√

2k
Ec

N0

)
, (9.46)

where Ec/N0 is the signal to noise ratio.

9.3.2 Lower bound for concatenated multilevel codes

The application of the lower bound for the product code is directly applicable
as follows. Let C be the multilevel code constructed from the horizontal codes
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A′
1,A′

2, . . . ,A′
q, and the vertical code B′. By considering only the errors occurring

in the lowest, last, block of m/q rows. Any codeword with support positioned
in the lowest part of the matrix will be a member of the product code A′

q × B′q,
where B′q is the vertical code obtained from B′ by shortenning the first (q−1)m/q
positions as explained in Corollary 6.2. For any codeword c ∈ Cq will have symbols
chosen from either s0 or s100...0 The squared Euclidean distance beween the two
symbols is ∆100...0Ec.

Therefore, we can apply the lower bound in (9.46) without much change except
multiplying the factor inside the Q function with ∆100...0. Example 9.6 We
illustrate the lower bound and compare it with the approximation to the bound
using the concatenated multilevel code explained in Example 6.1. We show the
bounds in Figure 9.5. It is clear that the lower bound is consistent with the
approximation, depicted as UB2, for high signal to noise ratios.
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Figure 9.5: The upper bound and lower bound on block error probability for a
concatenated multilevel code example on AWGN channel.
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9.4 An approximate bound on the block error prob-

ability for the Rayleigh fading channel

Here we adapt the approximation on the upper bound given in (9.2.1) to the fully
interleaved Rayleigh fading channels. The main difference between the bound on
the error probability for AWGN channels and for Rayleigh fading channels is the
pairwise error probability between two different codewords. By following the same
Chernoff bounding techniques given in [83, p. 160] and [5] on the pairwise error
probability, we find:

P2(c̃, c̃′) ≤
1

1
4

l
d2

P (l)
.

where

d2
P (l) =

l∏

i=1

|si − s′i|2 (9.47)

where si and s′i are the i:th non-equal symbols from c̃ and c̃′ respectively. By using
the same approximation as in Subsection 9.2.1 where we use:

E(αx)
>≈ αE(x)

Let the approximate pairwise error probability be:

P̄2(c̃, c̃′) = P2(w1, w2, . . . , wq)

where w1, w2, . . . , wq are the detailed Hamming distances between c̃ and c̃′. By
rewriting (9.45) we get:

P̄E ≈ min
i,j




∑

i≥i1≥i2≥...≥iq

∑

j≥j1≥j2...≥jq

AC((i1, j1), (i2, j2), . . . , (iq, jq)) ×

P2(w1, w2, . . . , wq) + P ′′
i,j

)
, (9.48)

where P ′′
i,j is the approximation for Pi,j for Rayleigh channels.

Example 9.7 We show here the approximation to the bound using the con-
catenated multilevel code explained in Example 6.1 and compared to the simulation
results using the proposed iterative decoder in Figure 9.6. We also show the results
for GMD simulation for the same code.

9.5 Summary

In this chapter we presented some bounds on the probability of codeword error
probability of product codes and concatenated multilevel codes. The upper bound
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Figure 9.6: The upper bound on the block error probability for concatenated mul-
tilevel code example for Rayleigh fading channel.

relies on the bounding technique explained by:

P (E) ≤ P (E , A) + P (Ā),

where, E is the event of codeword error, A is some event properly chosen to minimize
the bound and Ā is the complement of the event. In this work, the event A was
chosen to be to be the total number of errors in one case and in another case chosen
to be the shape of the error pattern exceeds a rectangle of certain dimensions.

These bounds require information about the weight distribution of the con-
stituent codes of product codes or concatenated multilevel codes instead of the
detailed distnace spectrum which is generally required for using the union bound.
The upper bound also requires knowledge of the generalized Hamming weights
of the constituent codes. However, we use bounds on the generalized Hamming
weights that only require the basic information about the codes in question.

For AWGN channels, we presented both an upper bound and a lower bound.
Unfortuantely, the upper bound for concatenated multilevel codes requires a re-
current use of a linear program which makes optimizing the bound impractical.
We presented an approximation of the upper bound which has the sole pupose of
removing the rquired linear program.
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For the fully interleaved Rayleigh fading channel the optimization of the upper
bound when using the linear program required even greater number of operations
which made it practically impossible to obtain. We, therefore, have shown the
approximation to the upper bound only. Unfortunately, there is no lower bound in
the case of Rayleigh fading channels that is similar to that we have presented for
the AWGN channel above.

Both the upper bound and the lower bound for concatenated multilevel codes
show that these codes have a very low error floor as shown in Figures 9.5 and
9.7. This is not unexpected since concatenated multilevel codes have rather large
minimum Euclidean distance.
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Chapter 10

Construction and decoding

In Chapter 2, a proper definition and a construction of the concatenated multilevel
codes was given. However, the problem of how to choose the parameters of the
codes was left open. We try here to answer this question, i.e., the parameters of
the constituent codes for both the AWGN channel and the Rayleigh fading channel
as defined in Chapter 2. We will also relate the choice of the code parameters with
using the iterative decoding algorithm presented in Chapter 7.

10.1 Choosing the rates of the constituent codes.

The first task is to, for a given signal to noise ratio and modulation type, choose
the rates of the constituent codes. Let us start by considering Figure 10.1 showing
the constellation capacity for 8PSK modulation as a function of the signal energy
to noise ratio. If, for example, the concatenated multilevel code is meant to operate
at signal energy to noise ratios greater than 6 dB. For reliable communication, the
total rate of the concatenated multilevel code should be less than the constellation
capacity for 8PSK for signal to noise ratios greater than 6 dB. Let us assume that
we are using optimal codes1. Let the rate of the horizontal and vertical constituent
optimal codes be R̃A and R̃B , respectively. As shown in Section 6.2, the total rate,
R̃, of the concatenated multilevel code will, approximately, be equal to:

R̃ ≈ R̃BR̃A/q,

where, we consider the rates of the codes after modulation. By considering the
characteristics of concatenated multilevel codes and the specifics of the iterative

1We define optimal codes as very long codes that provide reliable communications at the rates
predicted by the constellation capacity for a certain signal to noise ratio.
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decoding algorithm presented in Section 7.2, the rates of the constituent codes
should be chosen equally. One reason for this is dictated by practicality, where
it is easier to choose constituent codes of similar rates. The other reason is that
the decoding algorithm relies on two stages of decodings, one for the rows and the
other for columns. The complexities of these two stages are inversely proportional
to the rates of the respective codes. Therefore for a balanced complexity in the
two stages, it is favorable to choose the rates to be equal.

To summarize the above, we write:

R̃B ≈ R̃A ≈
√
qR̃. (10.1)

It should be noted that since the vertical constituent code is a binary code before
modulation, the rate of the binary code is R̃B/q.

Now, depending on the type of the decoder, the operational signal to noise ratio
can be chosen in different ways:

• The decoder used is a maximum likelihood decoder of the concatenated mul-
tilevel code. The operating signal to noise ratio can be chosen to be the same
as that which achieves the capacity as shown by Wachsmann et al [23].

• The decoder is a maximum likelihood decoder for one of the constituent codes
(similar to that presented in Section 7.1). The operating signal to noise ratio
should be chosen such that a capacity equal to the rate of this constituent
code is achieved.

• The decoder is an iterative decoder that includes optimal decoders for the
constituent codes that help each other by sharing “some” information about
their decoding results. The operating signal to noise ratio should then be
chosen between the two above.

It is needless to say that, in the third alternative above, the more information
is shared between the two decoders the closer the performance will approach the
maximum likelihood decoder of the concatenated multilevel code. However, the
complexity of decoding will also increase to approach that for a maximum likelihood
decoder of the concatenated code.

We illustrate the discussion above by an example:

Example 10.1 Assume that 8PSK modulation is used and a required rate of
the multilevel concatenated code is 2 bits per transmission. Also assume that we
are using optimal codes for the constituent codes. By following (10.1), the rates of
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the constituent codes should be chosen to be equal to:

R̃B ≈ R̃A ≈
√
qR̃

=
√

2 · 3 ≈ 2.45.

By looking at Figure 10.1, we see that when the constellation capacity of 8PSK is
at 2 bits per transmission, the signal to noise ratio required is 5.8 dB. To achieve a
constellation capacity of 2.45 bits per transmission, the signal to noise ratio required
should be equal to 8.45 dB. If a maximum likelihood decoder for the concatenated
multilevel code is used, then, the operating signal to noise ratio can be chosen to 5.8
dB or greater. On the other hand, if an optimal decoder for one of the constituent
codes is used, then, the operating signal to noise ratio should be chosen to 8.45 dB
or greater. However, if an iterative decoder that incorporates two decoders for the
constituent codes, sharing some information, then, the operating signal to noise
ratio will lie somewhere between 5.8 dB and 8.45 dB depending on the complexity
of the decoder.

It should be noted that the above example concerns the design using optimal
codes. For practical codes, the choice of operating signal to noise ratio should be
more modest. I.e., we should choose the operating signal to noise ratio for the
concatenated multilevel code somewhat higher (0.5 to 1 dB greater), than that
predicted in Example 10.1.

10.2 Multilevel code construction

After choosing the total rate of the constituent codes, we can proceed with con-
structing these codes. Choosing the rate of the vertical constituent code is simple.
Since the code is a single binary code the rate is, as presented earlier, R̃B/q. How-
ever, the choice of the parameters of the binary codes that form the horizontal,
multilevel code, is not as simple. We present here a method to choose the pa-
rameters of the horizontal constituent code, i.e., the multilevel code that is to be
concatenated later with the vertical code. We concentrate here on trying to find
the respective rates RAi for the different levels of the code.

The ideas in this this Section are adopted mainly from the work by Wachsmann
et al [23]. The main idea presented by Wachsmann was that the transmission
over a 2q multilevel channel can be separated into transmission over q equivalent
channels. We can illustrate that by the following example of transmission using
8PSK constellation over the AWGN channel. Figure 10.2 shows partitioning of
an 8PSK constellation using Gray coding. If we follow similar notations adopted
in Chapter 4, then, the constellation capacity is the mutual information between
the received signal Y and the transmitted signal X chosen from the points of
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Figure 10.2: Partition of 8PSK constellation with Gray mapping

the constellation S with equal probability. For AWGN channels, we denote the
constellation capacity by:

CAWGN(S)
△
= I(X;Y ).

For Rayleigh fading channels with an optimal decoder, i.e., when the decoder has
access to an estimated CSI A′, Section 3.3.1:

CRayleigh(S)
△
= I(X;Y A′),

and for the fading channel with scaled output receiver, Section 3.3.2, we denote it
by:

C∗(S)
△
= I(X;Y ′),

where, Y ′ = Y/A′ as explained previously. We will sometimes express the trans-
mitted signal for an l level modulation scheme, as X = X0X1 . . . Xl−1, where, Xi

denotes the binary symbol for the i:th level of the modulation. Let us denote:

Ci
△
= I(Y ;Xi|X0, . . . ,Xi−1)

= Ex0,...,xi−1
(C(S(x0, . . . , xi−1)))− Ex0,...,xi

(C(S(x0, . . . , xi))),

where we used the definition for conditional mutual information in [51, p. 396]:

I(X1;Y |X2) =
∑

x2

P (x2)I(X1;Y |X2 = x2),

= Ex2I(X1;Y |X2 = x2).
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where, P (x) is the probability of the symbol. We can now present the following
theorem which is of great importance for the discussion that follows.

Theorem 10.1 (Wachsmann et al [23]) For a constellation S, the constella-
tion capacity can be written as:

C(S) =

l−1∑

i=0

Ci. (10.2)

Proof: Using2 the chain rule [51, p. 22], we can write:

I(Y ;X0, . . . ,Xi) =

i∑

i=0

I(Y ;Xi|X0, . . . ,Xi−1) (10.3)

This means that (10.3) can be written as:

I(Y ;X0, . . . ,Xi) =

i∑

i=0

I(Y ;Xi|X0 = x0, . . . ,Xi−1 = xi−1)

=

i∑

i=0

Ex0,...,xi−1
(C(S(x0, . . . , xi−1)))− Ex0,...,xi

(C(S(x0, . . . , xi)))

=

l−1∑

i=0

Ci.

2

It is obvious that Theorem 10.1 is universal for ergodic memoryless channels.
Therefore, the obvious corollary follows:

Corollary 10.2 Theorem 10.1 applies for CAWGN(S), CRayleigh(S) and C∗(S).

Proof: Obvious for CAWGNS and C∗S. For CRayleigh, the mutual information is
between the transmitted signalX and the received signal A′Y . I.e., A′ is considered
to be part of the received signal. The rest is obvious. 2

From the corollary above we get Wachsman’s criteria for designing multilevel codes
using the capacity:

1. Decide the total rate of the multilevel code by choosing RA < C(S).

2. Decide the rates of the different levels by choosing them RAi < Ci.

2See [23].
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It should be noted that the two design criteria presented above do not state what
rates should be chosen, rather, that they are less than the respective capacities.
For more specific value of how to balance the complexity of the decoder with its
performance, a combination of analytical investigation and simulation is required.

Example 10.2 As a continuation to Example 10.1, we should try to find the
rates of the optimal binary codes that construct the horizontal multilevel code. By
observing Figure 10.1, we see that in order to obtain a multilevel code of rate 2.45
bits per transmission, then, the rates of the codes for the different levels should be:

RA1 = C0 = 0.725

RA2 = C1 = 0.865

RA3 = C2 = 0.865.

10.3 Choice of the decoder

As pointed out above, in practice, we do not have access to optimal codes. We have
to rely on some practical codes of finite size. Furthermore, an optimal decoder for
the constituent codes might not be available and we, thus, have to use suboptimal
decoding instead of maximum likelihood. The factors above are critical for what
the operating signal to noise ratio is. By increasing the complexity of the decoders
for the constituent codes and by letting the iterative decoder run for a high number
of iterations, the operating signal to noise ratio will approach that predicted by
Example 10.1. In order to continue with this discussion, we need to switch from
describing the design process for optimal codes to practical codes. The best way
to continue with this is through an example:

Example 10.3 As a continuation to Examples 10.1 and 10.2. Assume that
we are limited to choose BCH codes for the constituent codes and the length of
the codes are all chosen to 63 binary symbols. From Example 10.1, we see that the
rate of the binary vertical code should be RB ≈ 2.45/3 = 0.817. If we choose the
[63, 51, 5] BCH code, then, we have a rate RB = 51/63 = 0.81. This means that the
rate of the horizontal code should be chosen as RA ≈ R/RB = 2/0.81 = 2.47. This
means that the three binary codes A1, A2 and A3, which constitute the multilevel
code A should, by observing Figure 10.1, have rates equal to 0.74, 0.87 and 0.87
respectively. The closest BCH codes with these rates would be the [63, 45, 7] for A1

and the [63, 57, 3] Hamming code for both A2 and A3. The rate of the horizontal
multilevel code will be (2 · 57 + 45)/63 = 2.52 bits/transmission which requires a
signal to noise ratio of 8.6 dB. The total rate of the concatenated multilevel code
will, by using (6.2), be RC = 2.0068 bits/transmission.

We consider a decoder to be of moderate complexity if the complexity of de-
coders for the constituent codes is higher, yet comparable, to GMD decoding of the
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constituent code and that the average number of iterations is acceptable. When a
decoder with moderate complexity is used, a good choice for the operating signal
to noise ratio is the highest one between those required for the horizontal multi-
level code and the vertical binary code. As explained in Section 7.6, the length of
the lists, Al and Bl of candidate codewords at each iteration, can be kept small
and still find the correct codeword. From the example above, we conclude that a
good choice of the operating signal to noise ratio would be 8.5 dB. This way, both
decoders for the constituent codes can be chosen to have moderate complexity and
the average number of iterations per decoding can be kept small. It is, however,
impossible at the moment to make absolute decisions about the complexity needed
for a certain signal to noise ratio by analytical means only. The conclusions above
should be combined with extensive simulations of the system under study which
will be addressed in the following chapter.

10.4 Decoding on fading channels

Decoding the concatenated multilevel codes on fading channels is basically the same
as that for AWGN channels. The main difference is that, for fading channels, the
CSI should be included in the decoding process.

The first difference is in measuring the reliabilities for the received symbols so
as to include the fading coefficient. In order to do that, (2.12) should be rewritten
in the following manner. Let the received symbol be v and let s ∈ S be a point in
the constellation we would like to evaluate its reliability. If the fading coefficient
at the time considered was a, then, we can say that:

v = as+ e,

where, e is some complex valued error. Assume that the receiver has perfect CSI,
then, the reliability is actually a measure of how large the error, e, is and not the
value of fading3. Therefore, the reliability function can be written as:

̺(s) = exp(|v − as|2 − |v − as̃|2). (10.4)

Note that the difference with (2.12) lies in including the fading coefficient in the
equation. The reliability function is important for both GMD decoding and the
iterative decoder presented in the thesis. This is because both methods rely on
successive erasure or flipping, depending on the type of decoder of the constituent
codes, of the least reliable symbols in the rows or columns.

Also, for both GMD decoding and the proposed iterative decoder presented in
the thesis, the decoder should choose a codeword from a list of available codewords,

3In fact, it can be proven that this is true even for imperfect CSI provided the estimation error
is Gaussian and not correlated in time[128].
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that is closest to the received message. This is achieved in a slightly different way
in fading channels, where the CSI is included in the process, as opposed to the way
done on AWGN channels. Let v,a ∈ Cn be, respectively, the received complex
valued vector of length n and the fading coefficients for this vector. Let w ∈ Sn

be an n long vector of symbols picked from the constellation. I.e., we assume that
w was transmitted. The Euclidean distance given in (2.11) can be rewritten as:

d2
E(v,a ∗w)

△
=

n∑

i=1

|vi − aiwi|2, (10.5)

where, ∗ denotes the pairwise multiplication of vectors. In other words, the Eu-
clidean distance is measured between the received message v, and a received mes-
sage with the same fading that v was subject to and no noise present.

For the scaled output channel type, (3.4), without access to CSI, the decoding
is performed in the same way as that for AWGN which results in a degraded
performance.

10.5 Effect of imperfect channel state information

As explained in Section 3.2.1, the estimate of the CSI usually contains errors. The
magnitude of the estimation error depends on the complexity of the estimation
process. The bounds on the constellation capacity given in (4.13) and (4.13) can be
utilized to estimate this effect. We see that for BPSK modulation, if the estimation
was very good, i.e., the standard deviation of the error is in the order of 1%, then,
the effect on the maximum achievable constellation capacity is limited to less than
0.5%, i.e., virtually perfect estimation. On the other, when the standard deviation
of the estimation error exceeds 10%, then, the effect of CSI error should be taken
into consideration.

Dealing with the estimation error, during the design process, can be done in
various ways. Assuming that the error was known to be a sequence of i.i.d. complex
Gaussian stochastic variables and the standard deviation of this error is known.
Then, the constellation capacity can be calculated as done in Chapter 3. The
capacity graphs that take the CSI error in consideration can then be used instead
of Figure 10.1, which assumes perfect CSI to decide the respective parameters of
the constituent codes. However, the CSI error is seldom uncorrelated as assumed
in Chapter 3. Nor is the assumption of the error in CSI to be Gaussian valid for
all cases. Even worse, it is very hard to obtain a good estimate of the standard
deviation of CSI error. This is due to the channel variation over time which results
in changes in the error added to the estimated fading coefficients. Therefore, the
process of constructing the concatenated multilevel codes should either use a rough
estimate of the standard deviation of CSI error and proceed with the construction
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as above, or to neglect the estimation error completely and commence with the
construction as if we have perfect CSI. In this thesis, we take the latter approach,
where we assume that we have no knowledge whatsoever regarding the CSI error
during the code design phase. It is neither optimistic nor unrealistic to assume
perfect CSI during the design process. Rather, it is a pragmatic approach, since
the designer has no information about how precise the estimation is, it is just as
well to assume it perfect.

The decoder can be modified to deal with the estimation error in two ways. It
can assume the CSI to be precise and continue in decoding as given in the previous
chapter. Alternatively, it is possible to use the results from Chapter 5 regarding
the Ignoring receiver. From Chapter 5, we saw that if the receiver disregards the
information given from certain symbols that are in deep fading, then, the decrease
in the constellation capacity will be very little in the case of the optimal receiver
and even slightly higher in the case of scaled output receiver. In practice, the
receiver disregards from certain symbols by setting them to the erasure symbol
and commencing with the decoding. The simulations performed to investigate
this method show that the performance is virtually the same, i.e., the block error
rate and bit error rates are the same for the case when all symbols are used in
decoding and the case when some symbols are set to the erasure symbol. However,
in practical systems where the precision is usually limited and the data have both
estimation error and quantization error, the method of erasing some symbols is most
likely implemented. In this thesis, however, we do not investigate the limitations
posed by practical receivers and their effect on the total performance.



Chapter 11

Performance

In this chapter, we present simulation results for decoding concatenated multilevel
codes using the iterative decoding algorithm presented in Section 7.2. The compar-
ison will be made with a GMD decoder for concatenated multilevel codes presented
in Section 6.4, as a reference.

We study the performance in terms of bit error rate and block error rate on
Rayleigh fading channel as a function of signal energy to noise ratio (SNR). We
compare the performance on Rayleigh channel with that for AWGN channels. We
also present some results regarding the actual average complexity of the decoding
and its variation with the SNR of the channel. For each code example we compare
with an uncoded system of, approximately, the same rate as the coded system.

The channel models used for evaluating the results are, as discussed in Sec-
tion 2.1. I.e., besides the AWGN channel, are the Rayleigh fading channel (2.2)
and Jakes model, page 12. The multi-path question will be ignored for this study.

In the first section, Section 11.1, we try to explain the simulation process in
detail for one code example. We investigate the effect of many factors, such as
decoder complexity, channel type and time correlation affects the performance of
the code.

In Section 11.2 we present performance using a variety of codes. However, only
a low complexity decoder will be studied.

In Section 11.3 the effect of imperfect CSI will be studied.

177
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11.1 A detailed examination of a code example

We start by investigating the performance of the, now well known, concatenated
multilevel code presented in Example 6.1. This code is constructed from concate-
nating the multilevel code A with the code B. The multilevel code A is con-
structed from three binary BCH codes, A1, A2 and A3 with parameters, respec-
tively, [63, 45, 7], [63, 57, 3] and [63, 57, 3]. The code B is chosen to be the binary
BCH code with parameters [63, 51, 5]. This code has block length of 1323 8PSK
symbols and rate equal to 2 bits/transmission. The number of non-zero symbols
between any two codewords, Leff 80, is at least 10 8PSK symbols. The minimum
squared Euclidean distance for this code is 15 × 0.585 × Ps = 8.8Ps, where Ps is
the power of the signal.

11.1.1 Choice of decoder complexity

As mentioned in Section 10.3, the decoder for fading channels is quite similar to
that for AWGN channels with the difference that the the fading coefficients are
taken into consideration. In these simulations, the reference decoding algorithm is
the GMD decoding of the same codes. The iterative decoding algorithm is used
with two different complexities. The first is a high complexity method, where the
complexity per iteration is, about, four times the complexity of one GMD decoding
stage. The maximum number of iterations was set to 200 iterations, virtually non-
limited. The average number of iterations for this method varies from very high
for low signal to noise ratios to very low for high signal to noise ratios as will be
shown later. The other method has a complexity per iterations of about the same
as that for GMD decoding of the same code. The choice of the maximum number
of iterations was made to limit the average number of iterations at the signal to
noise ratio of interest, about 2.5-3.5 dB away from the channel capacity threshold1.
The average number of iterations at this point will be equal to two iterations when
the maximum number of iterations was set to 20. This means that by setting the
maximum number of iterations to 20 and limiting the complexity of each iteration
to that of one GMD decoding, the average total complexity of iterative decoding
will be about twice that for GMD decoding at about 2.5-3.5 dB away from the
channel capacity threshold.

In Figure 11.1 below, we see the bit error rate of the concatenated multilevel
code for three different choices of decoder complexity. The performance of the
concatenated multilevel code is compared with uncoded QPSK since both have a
rate of 2 bits/transmission.

In the figure we compare three different versions of the iterative decoder. The

1The channel capacity threshold is the signal to noise ratio required to obtain a constellation
capacity that is exactly equal to that of the code under study.
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Figure 11.1: Average bit error rate for concatenated multilevel code with rate 2
bits/transmission in AWGN channel.
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first is a very high complexity decoder having a maximum number of iterations
equal to 200 and the the decoder complexity of the constituent codes is equal to
about 4 times that of GMD decoding the same codes. The second decoder has
a maximum number of iterations equal to 20 and the the decoder complexity of
the constituent codes is the same as that of GMD decoding the same codes. The
third decoder is the same as the second decoder but with a maximum number of
iterations equal to 6.

It can be seen fro m the figure that the decrease in performance by decreasing
the complexity of the decoder about 0.5 dB. However, the performance of the
decoder with maximum 6 iterations compared with that of maximum 20 iterations
is almost the same, especially at about 9.5 dB. This is consistent with the discussion
in Chapter 10 regarding the exponential increase of complexity required to decode
a message as the operating signal to noise ratio approaches the capacity threshold
as shown in Example 10.1 and the other examples in that chapter.

Using the iterative decoder boosts the performance of the concatenated multi-
level code by about 2.5− 3 dB as compared with GMD decoding of the same code
and about 3.5− 4 dB as opposed to uncoded QPSK system.

It is quite evident that the gain by using the proposed concatenated codes
compared with an uncoded system is relatively small for AWGN channels. However,
as we stated earlier, the proposed concatenated codes are better suited for fading
channels. In Figure 11.2 we show the same set of experiments as before with
the exception of a Rayleigh channel. In this fiugre, we assume the channel to be
uncorrelated in time, i.e., fDT =∞.

In the case of data communications, the block error probability is more impor-
tant than the bit error probability. In most wireless systems, a block error proba-
bility of about 1% is considered tolerable for data communications [129] [106]. In
Figure 11.3 we see the block error probability for the same concatenated multilevel
code for using the iterative decoder and GMD decoding of the code.

We notice that the performance gain by using the iterative decoder is as high
as 6 dB compared with GMD decoding. This means that, from the point of view
of block error, a much larger gain is achieved by using the iterative decoder when
the channel suffers from Rayleigh fading.

11.1.2 Effect of time correlation in fading

The effect of time correlation in fading is also studied. This effect is simulated
by using Jake’s method Page 12. Two different normalized frequencies are used,
fDT = 0.1 and fDT = 10−3. The larger Doppler shift corresponds to a coherence
time, [6, p. 130], that is much less than the block size of a codeword, while the
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Figure 11.2: Average bit error rate for concatenated multilevel code with rate 2
bits/transmission in Rayleigh fading channel.
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Figure 11.3: Average block error rate for concatenated multilevel code with rate 2
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smaller Doppler shift corresponds to a coherence time comparable to the block size
of a codeword. For each code example, a comparison with an appropriate uncoded
system is made. It should be noted that the confidence interval, Section 2.3, for the
simulations conducted with Jake’s method have a much larger confidence interval
than the rest. This is because the the larger the time correlation, the greater the
number of samples should be to reflect the ergodicity of the process. The confidence
interval of all the simulation results that included Jake’s method was kept less than
3p̂.

In Figure 11.4 we see the bit error performance of this code subjected to
Rayleigh fading with time correlation. It can be seen that for the larger Doppler
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Figure 11.4: Average bit error rate for concatenated multilevel code with rate 2
bits/transmission with time correlated fading.

frequency, the performance of the code is very close to that of the Rayleigh channel.
For the smaller Doppler frequency, on the other hand, the performance deteriorates
dramatically. In all cases, however, the coded system performs much better than
the uncoded QPSK system.
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11.2 Different examples of performance of con-

catenated multilevel codes

In the following, we present the performance of several concatenated multilevel
codes that represents different modulation schemes and different sizes. In Fig-
ure 11.5 we see the performance of the of the QPSK modulated multilevel code
with A1 and A2 are chosen as the [63, 45, 7] BCH code, concatenated with the
[64, 45, 8] extended BCH code. This code has a length of 2016 QPSK symbols
and rate 1 bit/transmission. Its minimum squared Euclidean distance is equal to
56× 2× Ps = 112Ps and Leff is at least 32 QPSK symbols.
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Figure 11.5: Average bit error rate for concatenated multilevel code with rate 1
bits/transmission QPSK.

The performance of the code in combination with the iterative decoder for the
AWGN channel is about 1.5 − 2 dB away from the channel capacity threshold at
0 dB. The GMD decoder, on the other hand is 5 dB away from the threshold. For
Rayleigh fading, the iterative decoder is 3 dB away from the capacity threshold for



11.2. Different examples of performance of concatenated multilevel codes. 185

Rayleigh fading channels. GMD decoding, on the other hand suffers greatly from
fading and lags about 10 dB from the same threshold. The effect of correlation
in time is also shown in the figure using Jake’s method and is very similar to the
effect of time correlation in the previous code example.

In Figure 11.6 we see the performance of the of the QPSK modulated multilevel
code with A1 and A2 are chosen as the [31, 21, 5] BCH code, concatenated with
the [32, 21, 6] extended BCH code. This code has a length of 496 QPSK symbols
and a rate of 0.889 bits/transmission. Its minimum squared Euclidean distance is
equal to 15× 4× Ps = 60Ps and Leff is at least 15 QPSK symbols.
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Figure 11.6: Average bit error rate for concatenated multilevel code with rate 0.889
bits/transmission QPSK.

In Figure 11.7 we see the performance of the of the 16QAM modulated mul-
tilevel code with A1, A2, A3 and A4 are chosen as, respectively, the [63, 45, 7],
[63, 51, 5], [63, 51, 5] and [63, 57, 3] BCH codes, concatenated with the [64, 57, 4]
extended Hamming code. This code has a length of 1008 16QAM symbols. Its
minimum squared Euclidean distance is equal to 12 × 0.1 × Ps = 1.2Ps and Leff

is at least 7 16QAM symbols.
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Figure 11.7: Average bit error rate for concatenated multilevel code with rate 3
bits/transmission with time correlated fading.
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11.3 Effect of CSI error on performance

In Chapter 3, we explained that the error in CSI will result with reduced capacity
for the same signal to noise ratio as compared to the case without error in CSI. The
effect is similar to a signal dependent noise variable added to the channel noise. It
was further shown in Chapter 5, that implementing an ignoring receiver, slightly
enhances the performance of the scaled output receiver with or without CSI error.

We start by investigating the difference of performances beween the Scaled out-
put receiver and Scaled output with ignoring receiver. In Figure 11.8 we see the bit
error probability for the two cases using the rate 2, 8PSK code studied all through-
out this thesis. It is clear that the scaled output with ignoring receiver performs
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Figure 11.8: Average bit error rate for rate 2 bits/transmission, 8PSK code for the
scaled output and scaled output with ignoring receiver.

much better than the scaled output receiver. I.e., the ignoring receiver gains by
ignoring, erasing, some of the received symbols when they are jugded to be unreli-
able using the criteria presented in Chapter 5. The enhancement in performance is
actually much greater than that predicted in Chapter 5. For the optimal receiver,
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however, we noticed a slight degradation in performance, as predicted in Chapter 5
and therefore is not shown here.

For illustrating the effect of CSI error on the bit error probability, we compare
the performance of the optimal receiver and no CSI error case with the case of 10%
error standard deviation. We also compare the performance of the Scaled output
with ignoring receiver, since it has better performance than without ignoring, for
both the cases without CSI error and with 0.1% standard deviation error. The
results are shown in Figure 11.9 By performing the same calculations in Chapter 3,
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Figure 11.9: Average bit error rate for rate 2 bits/transmission, 8PSK code with
for the scaled output and scaled output with ignoring receiver.

we should expect about 0.8 dB degradation in performance for a rate 2, 8PSK code.
However, we notice that the degradation in performance for the Optimal receiver
case is of about 3 dB. The reason is that the decoder is designed using the rules in
Section 10.3. That is to say the operating signal to noise ratio is 13 dB required
for low complexity decoding of the horizontal and vertical codes of rates about
2.47 bits/transmission. using the same calculations as in Chapter 3 but with rate
2.47 instead of 2, we find that the operating signal to noise ratio for the Optimal
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receiver case with CSI error will be at 15 dB. I.e., the degradation in performance
predicted by following the capacity calculations will be about 3 dB. This agrees
more with the results from simulation.

For the scaled output case the same argument applies. A signal to noise ratio of
14 dB is required for rate 2 with a standard deviation of 10% for the error in CSI.
However, the scaled output receiver with the same error in CSI can never achieve
a rate of 2.47 which is approximately the rate of the constituent codes.

It should be noted that the conditions in question are very severe. For the
optimal case, the maximum rate that can be obtained with 10% error is 2.75. As
for the scaled output case is about 2.6. This means that that the decoders of the
constituent codes will find it very hard to to decode the incoming sequences.

11.4 Measured decoding complexity

In Section 7.6, we presented some bounds on the complexity of decoding. How-
ever, the bounds presented are meant for product codes on BSC. Therefore, the
significance of the results in Section 7.6 is mainly for comparative puposes since it
only gives an idea about the order of complexity. We try here to investigate more
about the actual complexity, in terms of decoding operations per row or column,
of The iterative decoder when the list decoders for the rows and for the columns
have a complexity similar to that of GMD decoding.

We investigate mainly two aspects of complexity. The first aspect of complex-
ity we investigate is the number of iterations needed to perform the decoding of a
received sequence as a function of the signal to noise ratio of the channel. The sec-
ond aspect of complexity we look into is the average number of decoding operations
required per row or column. We do the distinction between number of iterations
and total average complexity since the decoding complexity per iteration decreases
with increasing number of the iteration. As we mentioned above, each decoding
operation of a row or a column is of the same complexity as a GMD decoding of the
same row or column. The maximum number of iterations, however, was set to 200
iterations, i.e., virtually unlimited. This is done in order to have a better picture
of how the exponential decrease in number of iterations with increasing signal to
noise ratio.

11.4.1 Number of iterations needed for decoding

In Section 7.6, we showed that when the quality of the channel improves, in terms
of error probability, the number of iterations required to decode a received sequence
using the iterative decoder decreases. We try here to investigate a practical exam-
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ple to support this claim. The code we choose is the now familiar Example 6.1. In
Figure 11.10 we see the average number of iterations needed for decoding a message
on AWGN channel as a function of the SNR. We observe that the average number
of iterations hugely decrease when passing 9 dB to become about 3.5 iterations and
about 2 iterations at 9.5 dB. This result supports the arguments given in Chap-
ter 10. The decrease in number of iterations coincides with passing the operational
signal to noise ratio discussed in 10.1.
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Figure 11.10: Average number of iterations required for decoding on AWGN chan-
nel.

In Figure 11.11 we see the average number of iterations needed for decoding a
message on uncorrelated Rayleigh channel as a function of SNR. The decrease in
number of iterations is much slower than that for the AWGN channel. However,
when passing 13.5 dB the average number of iterations decrease to 5 iterations. The
same argument applies in this case as that for the AWGN channel. The operational
signal to noise ratio that is required for reliable decoding of the constituent codes
is, in this case, 13 dB as seen from Figure 3.3.
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Figure 11.11: Average number of iterations required for decoding on Rayleigh
fading channel.
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11.4.2 Number of decoding operations needed for rows or
columns

As explained in Section 7.2, not all rows or columns are redecoded for each iteration.
This means that the number of decoding operations for the rows or columns varies
between one iteration and the other. The average number of decoding operations,
normalized to those required by GMD decoding, for each row or column is shown in
Figure 11.12 for AWGN channel. It is quite obvious that the decrease in complexity
is exponential. The average number of decodings required per row or column is
equal to two those required by a GMD decoder at SNR equal to 9 dB. This means
that the complexity of the decoder in terms of number of operations is about twice
that for GMD decoding.
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Figure 11.12: Average number of decoding procedures required for each
row/column on AWGN channel.

In Figure 11.13 we see the same behaviour for a Rayleigh channel. The average
number of decodings per row or column are about three times those required by
GMD decoding at 13.5 dB.
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The same argument regarding the average number of iterations applies in the
case of average number of decodings per row or column. It should be kept in mind,
however, that these results are for a maximum number of operations equal to 200.
Reducing the maximum number of operations reduces both the average number of
iterations and the average number of decodings required.
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Figure 11.13: Average number of decoding procedures required for each
row/column on Rayleigh fading channel.

11.5 summary

The results above show that the iterative decoder has a great advantage as com-
pared with GMD decoding of the same code especially for Rayleigh fading chan-
nels. The complexity of the iterative decoder was shown to be comparable to that
of GMD decoding of the same code at the signal to noise ratios of interest. The
decrease in complexity and the decrease of probability of decoding error occur al-
most at the same value of the SNR and is about 2-3 dB away from the capacity
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threshold for AWGN channels and about 3-5 dB away from the channel capacity
threshold depending on the length and modulation type of the code.

The effect of time correlation of the channel on the code performance becomes
very clear when the coherence time is of the same order of the code length. This
means that an external interleaver is required for this case. When the coherence
time is small, however, the interleaving inherent in the structure of the code itself
is enough for the code to perform well without external interleaving.

The error in CSI was shown to greatly degrade the performance of the code.
This means that in order for these codes to perform well, the channel estimation
must be quite accurate. Alternatively, the CSI error should be taken in consider-
ation for both the decission of the transmission rate and the dimensioning of the
code parameters.



Chapter 12

Adaptive Coding for OFDM
Based Systems using
Generalized Concatenated
Codes

12.1 Introduction

Orthogonal Frequency Division Multiplexing (OFDM) is a multi-carrier broad-
band modulation technique that divides the available spectrum into multiple sub-
channels, each one being modulated by a low rate data stream. Each narrow band
sub-carrier can be modulated using various modulation schemes, such as: Phase
Shift Keying (PSK) and Quadrature Amplitude Modulation (QAM). OFDM mod-
ulated signals are characterized by their robustness against multipath fading and
their high spectral efficiency without the need for extensive equalization.

The current popular communication systems that incorporate OFDM, e.g.,
HIPERLAN/2 (H/2) and 802.11a, utilize convolutional coding, which does not
have the capability to adapt to the variation of the fading properties of the indi-
vidual sub-channels. Only one code is employed depending on the average Carrier
to Interference ratio (C/I). Hence, the sub-channels with a low C/I do not have
sufficient error correcting capabilities resulting in multiple errors at the receiving
end. Alternatively, a code of much lower rate should be used in order to keep
the error rate less than the required value. As in the case of coding, the type of
modulation is also chosen according to the average C/I condition.
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Concatenated Codes.

By implementing appropriate linear block codes with different rates for each
sub-channel, we are able to detect and correct more errors for the low C/I sub-
channels. At the same time, we use less redundancy for the high C/I sub-channels
which increases the data rate. We further proceed to load some of these sub-
channels with redundancy bits for a second dimension encoding. The resulting
code is a linear Generalized Concatenated Code (GCC) [19, p.590]. Decoding such
codes is very simple and its complexity is, at worst, comparable to, and usually
much less than the Viterbi method used for decoding convolutional codes found in
commercial communication systems [130].

Adaptive modulation for OFDM systems was among others investigated in [131]
and [38]. The question of adaptive modulation and coding according to the instan-
taneous channel conditions was previously treated in [132]. The idea of application
in OFDM systems is presented in [133]. Nevertheless, it refers to a multiuser sys-
tem, whereas we will treat the question in a single user concept.

In order to evaluate the proposed adaptive coding scheme, we compare its
performance with the existing H/2 system. However, it should be noted that the
proposed adaptive coding scheme is designed to be applicable to all current hybrid
OFDM systems.

12.2 System

The system we propose can be viewed as an enhancement to the H/2 standard that
was introduced by the European Telecommunications Standards Institute (ETSI).
H/2 was initiated to standardize wireless broadband access networks with a bit
rate of at least 20Mbps [134].

The modulation scheme implemented in the H/2 physical layer is OFDM, since
it provides good performance on highly dispersive channels in terms of eliminating
the Inter-symbol Interference (ISI). The physical layer operates in 7 different modes,
resulting in a data rate that ranges from 6 to 54Mbps [135]. Table 12.1, obtained
from [134], describes the modes of operation:

Usually forward error control is done with the aid of a convolutional code with
rate 1/2 and constraint length 7. The other rates, namely 9/16 and 3/4 are attained
by the use of puncturing [134]. H/2 operates at a frequency of 5GHz with a band-
width of 455MHz (20 MHz/channel). Each channel in H/2 is divided into N=64
sub-channels. 52 of these sub-channels are used for data transmission purposes
while the remaining 12 constitute the guard band. Out of the 52 transmission
sub-channels, 4 are used as pilots (for demodulation purposes) and the rest (48
sub-channels) are used to send data [135].
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Table 12.1: Physical Layer Modes of HIPERLAN/2

Mode Modulation Code rate Physical layer bit rate

1 BPSK 1/2 6Mbps

2 BPSK 3/4 9Mbps

3 QPSK 1/2 12Mbps

4 QPSK 3/4 18Mbps

5 16QAM 9/16 27Mbps

6 16QAM 3/4 36Mbps

7 64QAM 3/4 54Mbps

The modulation schemes implemented in H/2 are: Binary PSK (BPSK), Quadra-
ture PSK (QPSK), 16QAM and 64QAM. In order for our OFDM system to be
comparable with the H/2 standard, we use the same modulation schemes. The
OFDM system including the proposed coding scheme is depicted in Fig. 12.1.

The structure of the GCC code used depends on the individual sub-channels’
condition, instead of the average standardized one. In the receiver, a Generalized
Minimum Distance (GMD) decoder [8] is implemented.

GCC encoder

Channel

Modulation

DemodulationGCC decoder

Bit
loading

Received
bits

Figure 12.1: System overview

12.3 Modulation and Coding

Two aspects have to be considered in the structuring of our system: choosing a
modulation type and deciding on the codes used for the individual sub-channels.
These two aspects are interrelated since choosing a different modulation scheme
affects the choice of the optimal code for each sub-channel. The criteria we use is
to maximize the throughput of the system. At the end of this section, we introduce
the proposed adaptive algorithm for modulation and code assigning.
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12.3.1 Modulation Scheme

Choosing a modulation scheme is a matter of balance between the throughput and
the error probability. Using a scheme such as BPSK would be less prone to errors,
while a scheme such as 64QAM would provide more throughput. According to the
mean C/I, it is possible to define modulation assigning thresholds, that will show
us the modulation scheme to be used. These thresholds are found after excessive
simulations on the adaptive GCC system for each of the modulation schemes. This
technique conforms with the H/2 standard [136] and can be easily transformed into
an integrated circuit in terms of implementation.

12.3.2 Coding Scheme

The coding scheme implemented in the system is a simple type of GCC. An ap-
propriate way to introduce the scheme is with reference to Fig. 12.2, where the
transparent area refers to the information bits and the shaded one to the redun-
dancy bits. Initially the scheme decides upon the structure of the GCC. Each

Figure 12.2: Example of applied code

row will then be loaded by a different number of information bits depending on
the code used. Once the information bits are loaded, the row encoding procedure
is initiated, using different binary Bose-Chaudhuri-Hochquenghem (BCH) codes.
The column encoding procedure follows, utilizing one binary BCH code.

We chose binary BCH codes since they are considered to be good codes from
the perspective of rate and minimum distance [19, p. 257]. Moreover, they conform
to the way GCC codes are constructed. That is, the row codes should be subsets of
each other, as shown further on. It is also possible to use other codes or non-binary
codes. However, we found that given the limitations on the size of the codes, BCH
codes are suitable candidates.

The GCC scheme can be viewed as a two dimensional coding scheme. Since
OFDM modulation varies both in time and frequency, we can come up with a
scheme that takes advantage of the different fading properties of each sub-channel.
For the rest of this paper, each sub-channel corresponds to a row, whereas all the
bits transmitted at the same time form a column or a group of consecutive columns.
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12.3.3 GCC Construction

Each codeword in the GCC can be considered as an m×n binary matrix, where in
our application m is the number of the sub-channels in the OFDM system and n is
the length of the binary BCH codes used for the row encoding. The bits in each row
are grouped in groups of q-bits, where q is the number of bits required for a specific
modulation scheme. This way, q columns in the codeword matrix will constitute
an OFDM symbol and will be sent at the same time instant. Note, however, that
sometimes, the length of the codes used for the rows, n, does not divide by q and
thus, the last OFDM symbol will be loaded by bits from two different codeword
matrices. Let LA = {A1,A2, · · · ,Al} be a list of BCH codes with parameters
[ni, kAi

, dAi
] and i ∈ {1, 2, · · · , l}. Each row in the codeword matrix will be a

member of one of the codes Ai ∈ LA. Also, each column in the codeword matrix
will be a member of the [m, kB , dB ] code B. The adaptive method should choose
for each row a code from LA that has a rate and minimum distance appropriate
for the quality of the sub-channel.

12.3.4 Code Selection of the Rows

The main idea is to maintain the GCC codeword error rate PGCC lower than a
certain limit Pcw. This is done by introducing appropriate redundancy in order
to provide a scheme with lower error probability than the desired one. Keeping in
mind that the decoder will first decode the rows and then the columns, we need to
restrict the column error probability lower than a certain probability Pc, after it
has been decoded:

Pcw = 1− (1− Pc)
n

(12.1)

Pc = 1− (1− Pcw)
1/n

(12.2)

The column code can correct up to tB errors, where tB⌊(dB − 1)/2⌋ depending
on the number of sub-channels used for redundancy. The error probability of the
bits in one column before its decoding shall be lower than p, where:

Pc ≤
m∑

i=tB+1

(
m
i

)
· (1− p)m−i · pi (12.3)

We can now select our row codes depending on the sub-channel condition, the
modulation scheme, and the desired upper bound for bit error rate p after row de-
coding. We can find an upper bound on the bit error rate Pb after demodulation ac-
cording to the modulation scheme used and the sub-channels’ condition [137], [138]:
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Pb ≤ Q

(√
2 · C

I

)
, for BPSK (12.4)

Pb ≤ Q

(√
C

I

)
, for QPSK (12.5)

Pb ≤ 3

4
·Q
(√

1

5
· C
I

)
, for 16QAM (12.6)

Pb ≤ 7

12
·Q
(√

1

21
· C
I

)
, for 64QAM (12.7)

where C/I is the power of the desired signal devided by the power of the interference
signals.

Let us assume that a row is encoded by a code with tj error correction capability,
where tj = ⌊(dAj

− 1)/2⌋. After row decoding, the resulting bit error rate (which
is upper bounded by p) can be bounded [139] by:

n∑

i=tj+1

tj + i

n

(
n
i

)
· (1− Pb)

n−i · P i
b (12.8)

Subsequently, we can find the lowest tj for row j, that is required for each sub-
channel, to keep the above probability lower than p. The value tj directly indicates
the code that should be used. If a correction capability of tj for row j cannot be
met by any of the codes used, we choose to shut down the sub-channel with the
lowest C/I and redistribute its power equally between the remaining sub-channels.

Using the above equations, we ensure that the overall GCC codeword error rate
(PGCC) will always be lower than Pcw. For a fixed Pcw, p can be easily computed.
According to (12.8) we can assign the codes needed depending on Pb. This results
in thresholds, namely code assigning thresholds.

12.3.5 Proposed Adaptive Algorithm

The proposed concept can be summarized in the following algorithm.

• Step 1: Distribute power equally among the sub-channels, compute the aver-
age C/I of the sub-channels and choose the modulation scheme

• Step 2: Compute Pb for each sub-channel
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• Step 3: Assign a certain code Ai ∈ LA for each sub-channel, according to the
code assigning thresholds and its corresponding Pb

• Step 4: If for any sub-channel no coding scheme can be assigned, shut down
the sub-channel with the lowest C/I condition, redistribute its power equally
among the remaining sub-channels, and go back to Step 2

• Step 5: Load the information bits and modulate

This formulation of the proposed algorithm is presented in that systematic way
for the sake of clarity. Other computational efficient algorithms could be used
when implementing the concept in hardware. E.g., moving Step 4 before Step 2 as
suggested by the anonymous reviewers.

It is important to mention, that the algorithm needs to be executed at least
once every coherence time of the channel.

12.3.6 Decoding

The suggested decoding method for the GCC is GMD decoding with hard decision
decoding of the message, because of the low complexity required for this algorithm.
GMD decoding is performed by decoding the rows using a BCH decoder, e.g.
Berlekamp-Massey decoder [79], followed by decoding of the columns using a similar
BCH decoder. Consecutively, the columns that are least reliable are erased two
at a time and redecoding the rows takes place until the total number of erased
columns is equal to min{dAi

− 1}. This decoding method guarantees correcting
all error patterns of Hamming weight less than half the minimum distance of the
GCC, in addition to some burst errors.

12.4 Application to H/2

We dimension the algorithm used by our system, in order the latter to be compa-
rable with the H/2 standard. We make use of 48 sub-channels, according to the
specifications of H/2 [134]. The column code could therefore be one of the BCH
codes with parameters (48, k, d). In our case, the code can be derived by shortening
of the (63, k, d) codes. This procedure provides us with two possible combinations:
(48,48,1) and (48,42,3). In the first combination we use no column code, and in the
second we use six sub-channels to load redundancy. We designate the sub-channels
with the best C/I condition to carry redundancy, so that it would be less prone to
errors. Moreover, we may need to cancel transmission in the sub-channels that are
in deep fade and thus, further shorten our codes, e.g. (47,47,1) and (47,41,3).
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Concerning the row code, since it refers to time, we are more flexible in di-
mensioning it. Thus, n = 63 is chosen for two main reasons. First, in the column
coding we used shortening of codes with n = 63. The use of the same mother code
will result in a much simpler hardware implementation. Second, in our analysis we
take for granted that the channel properties remain constant for the duration of
the whole GCC codeword. This implies that the duration of the largest codeword
used is less than the coherence time of the channel. In our case, if BPSK is used,
the GCC codeword duration is 63 ·0.004ms = 0.252ms which is much smaller than
10.1ms that is the coherence time of the channel (vmax = 2.5m/s) [140]. The use
of larger codes would be a drawback for hardware implementation.

12.5 Simulation Model

In this section, we describe the main ideas of our simulation. We focus on building
a simulation program with the least complexity, that could imitate reality as close
as possible.

The objective of our simulation is to formulate a random snapshot of a GCC
codeword, for a given average C/I. If we generate enough snapshots for the same
average C/I, we will be able to compute the throughput and the Packet Error Rate
(PER).

12.5.1 Channel Model

In the simulations, we assume perfect knowledge of the sub-channels’ condition,
while using channel model ”A” [135] to simulate an H/2 channel. Being a channel
model for office environment, it is a multipath - time variant channel model. We
can simulate such a channel using an 18-tap filter [141] according to the following
formula:

h(t) =

17∑

i=0

kiδ(t− τi) (12.9)

where the absolute value of ki is a rayleigh random variable and its phase shift
is uniformly distributed between [0, 2π]. The normalized received power in dB of
each resolved path is provided in Table 12.2.

The relative path delays [ns] of this filter are provided by Table 12.3, according
to [141].
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Table 12.2: Normalized Received Power
P0 P1 P2 P3 P4 P5

0 -0.9 -1.7 -2.6 -3.5 -4.3

P6 P7 P8 P9 P10 P11

-5.2 -6.1 -6.9 -7.8 -4.7 -7.3

P12 P13 P14 P15 P16 P17

-9.9 -12.5 -13.7 -18 -22.4 -26.7

Table 12.3: Relative Path Delay

τ0 τ1 τ2 τ3 τ4 τ5
0 10 20 30 40 50

τ6 τ7 τ8 τ9 τ10 τ11
60 70 80 90 110 140

τ12 τ13 τ14 τ15 τ16 τ17
170 200 240 290 340 390

12.5.2 Simulator Overview

An overview of the simulator is depicted in Fig. 12.3.

Bit
loading

HIPERLAN/2
channel

Received
bits DemodulationRow

decoder
Column
decoder

Modulation

Figure 12.3: Simulation overview

The output of the bit loading procedure is the all-zero codeword. This means
that there is no need for encoding. In order not to lose generality, we keep on
changing the constellation scheme used, such that the transmitted symbol is chosen
randomly. Gray coding is used.

12.5.3 Decoder

At the decoder stage, a simplified version of the GMD decoder is used that finds if
the error is correctable using simple rules. The results from the rule-based decoder,
which we are using, are actually rather pessimistic compared to that for an actual
GMD decoder. However this is done in order to speed up the simulations while
ensuring that the results are close to reality. We are then always certain that the
results are an upper bound on the error probability.
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12.6 Results

After extensive simulations, we decided that the use of 4 different codes for the
row coding is enough. The optimum codes are proved to be: (63,63,1), (63,57,3),
(63,51,5) and (63,36,11).

Moreover, no sub-channels for redundancy proved to be the optimum solution.
Pcw is optimized for the value of 0.4, with the corresponding code assigning thresh-
olds given in Table 12.4.

Table 12.4: Code Assigning Thresholds

Coding Scheme (n,k,d) Bit Error Probability

(63,63,1) Pb ≤ 1.689 · 10−4

(63,57,3) 1.689 · 10−4 < Pb ≤ 1.379 · 10−3

(63,51,5) 1.379 · 10−3 < Pb ≤ 3.984 · 10−3

(63,36,11) 3.984 · 10−3 < Pb ≤ 1.797 · 10−2

no code 1.797 · 10−2 < Pb

The modulation assigning thresholds are given in Table 12.5.

Table 12.5: Modulation Assigning Thresholds

Modulation C/I [dB]

QPSK C/I ≤ 11.1

16QAM 11.1 ≤ C/I < 20.3

64QAM 20.3 < C/I

Fig. 12.4 illustrates the throughput obtained, together with the standardized
H/2 one [134]. In addition, the case where six sub-channels for redundancy are
used is also depicted.

The PER is depicted in Fig. 12.5, where we make use of fixed length data packets
of 432 bits. We can notice discontinuities which are attributed to the change of the
modulation scheme used.

It is important to mention that the proposed improvement will require more
bandwidth in the reverse link due to reporting purposes. Moreover, it can be
shown that the complexity in decoding, measured by the number of operations per
decoding procedure, is comparable to current commercial OFDM systems [130].
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12.7 Conclusions

As illustrated in the above figures, the proposed modification of H/2 displays a
superior performance in terms of throughput, while maintaining a low PER. Con-
sequently, a certain throughput can be attained using less power which would lead
to less interference and, hence, to an increase in the system’s capacity. Further
more, our enhancement can outperform H/2 in applications where the PER re-
quirements are tight - constrained to less than 1%.

Finally, it should be clarified that the proposed enhancement is an approach
that improves the performance of the system profoundly but is definitely not opti-
mum in a strict sense. For example, the constituent codes need not be binary BCH
codes, other code loading algorithms, decoding algorithms, soft decision decoding
and many other characteristics could be altered in order to obtain better perfor-
mance. It should be stressed, however, that we choose this configuration due to
its simplicity. It can also be shown that the complexity, measured by the number
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of operations per decoding, for decoding this kind of codes is usually much less or
at worst comparable to that for decoding the convolutional codes used in current
commercial OFDM systems [130].



Chapter 13

Adaptive Generalized
Concatenated Codes for
MIMO Communication

13.1 Introduction

Modern wireless communication systems are required to provide robust high data
rate services. Thus, the systems are required to provide high quality of service
with high bandwidth efficiency. The power-bandwidth exchange embodied in the
expression of channel capacity [2] in communications is an insurmountable barrier
to high speed wireless communication. In 1996, a group of researchers from Bell
Labs [142] took the point of view (contrary to the expected wisdom at the time)
that the random multi-path fading of the communication channel can be exploited
by multiple transmit/receive antennas to yield many parallel physical channels
through which data can be transmitted. These systems use multiple antennas
and hence introduce redundancy to the system (in the form of multiple channels),
which results in reliable data transmission at an increased rate. Proper utilization
of the received signals through these uncorrelated channels will improve bit error
probability (BER) and data rate of communication, which is true for both Additive
White Gaussian Noise (AWGN) channels as well as fading channels [143]. In order
to get the most out of the MIMO potential, a special kind of channel coding
scheme called Space-Time Coding should be used. The added dimension, space to
the existing dimension time opens the possibility to use efficient two-dimensional
channel codes. The complexity involved in the design of such codes should be
kept at a minimum so that they can be practically implemented. A MIMO link

207
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with nt transmit antennas and nr receive antennas can achieve the full diversity
gain nrnt if multiple paths provided by MIMO link experience independent fading.
The full diversity gain may be accomplished by transmitting one symbol nr times
such that it undergoes nrnt transmission paths. Some well known schemes such as
Space-Time Block Code (STBC) and Space-Time Trellis Code (STTC) achieve full
diversity gain. One of the simplest STBC for (nt, nr) = (2, N) was proposed by
[143] and later generalized by [144] for (nt, nr) = (M,N). STTCs first introduced
by [145], generally perform better than STBCs but this comes at the expense
of increased complexity. It can be shown that the capacity of MIMO at high
Signal-to-Noise Ratio γ is, approximately, min(nr, nt) · log(γ) which is min(nr, nt)
times the capacity of SISO channel [146, 147]. Other type of schemes developed for
transmission over MIMO link such as different versions of Bell Labs Layered Space-
Time (BLAST) architectures proposed by [142, 148, 149]; are aimed at utilizing
the capacity gain offered by MIMO link. There is a fundamental trade-off between
the diversity gain and rate gain. Codes which attain the Maximum diversity gain,
offer no rate gain and vice versa. Some researchers have tried to unify these two
approaches for designing Space-Time codes [150, 151, 152, 153]. However, all the
examples mentioned above investigate constant rate, non-adaptive coding schemes.

We present here a method for designing high rate adaptive generalized con-
catenated codes (GCC) which dedicate one extra dimension to compensate for the
space dimension in the STC. These codes have a rather simple structure and can
be decoded using existing decoding algorithms such as Generalized Minimum Dis-
tance (GMD) Decoding [8] or a Blokh-Zyablov decoder [58]. The choice for GCC’s
was made based on their very good error correction capability using the aforemen-
tioned decoding methods that require a complexity that is, at most, as high as
that for commercial codes used in existing wireless communication systems [37].
We assume that perfect channel state information (CSI) at the receiver(s) which
is available to the transmitter(s) via an error-free feedback link. By utilizing CSI,
appropriate linear block codes with different rates which fit the current channel
conditions can be specified. This means higher redundancy should be used when
the channel SNR is low which will enable us to correct more errors. Alternatively,
less redundancy should be used when the channel SNR is high which increases the
data rate. An inaccurate or a delayed channel estimate can cause an increase in
the BER/BLER. The estimation error can be kept within an acceptable level by
employing pilot-symbol assisted estimation technique described in [154]. Section
13.2 gives a brief overview of MIMO communications and the system model that
we will use to investigate the performance of our GCC. In section 13.3 we discuss
the rate adaptive code design. Section 13.4 gives the performance curves for our
adaptive scheme.
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13.2 System Model

In this section we give an overview of the system that we use for the designing and
analyzing the performance of our GCC; we explain the basics of MIMO channel,
its capacity and water-filling algorithm. This section also describes the method
of Singular Value Decomposition (SVD) by virtue of which we convert a MIMO
Rayleigh fading channel into, equivalent, orthogonal, parallel Gaussian channels
which facilitates the calculation of individual channel capacities and hence the
design of our GCC [146].

13.2.1 System Overview

Figure 13.1 represents the block diagram of the system that we intend to use for
designing/investigating the performance of our adaptive GCC. CSI available at the
receiver is provided via a (error-free) feedback link to the transmitter. Based on
this CSI we construct an adaptive GCC for transmission through the MIMO chan-
nel. Thus the rate of the code transmitted through the channel depends on the
current channel state. Rates of codes used by the GCC will be determined based
on the water-filling algorithm to be presented shortly. The stream of modulated
data is split and transmitted through different antennas at the same time using the
channel model discussed in section 13.2.2. The transmitted data is then demodu-
lated/detected and decoded using a generalized minimum distance (GMD) decoder
[8].

Rate Adaptation

Received Bits GCC Decoder Demodulator

Channel Est. Channel

ModulatorGCC EncoderInformation Bits

Figure 13.1: System Overview
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13.2.2 MIMO Channel

As explained above, the MIMO channel consists of multiple transmit/receive an-
tennas, which provide multiple channels for data transmission. For a MIMO flat
fading wireless channel, the input/output relation per channel use can be modeled
as the following complex baseband representation

y = Hx + z, (13.1)

where x is the (nt × 1) transmit vector, y is the (nr × 1) receive vector, z is the
(nr × 1) additive white Gaussian noise (AWGN) vector and H is the (nr × nt),
path gain matrix:

H = {hij} =




h11 h12 · · · h1nt

h21 h22 · · · h2nt

...
...

. . .
...

hnr1 hnr2 · · · hnrnt


 (13.2)

Under the assumption of flat fading channel, the elements of the matrix H, hij

may be modeled by the magnitude and phase distortion, i.e.,

hij = |αij |ejθij . (13.3)

For rich scattering environment, hij has Rayleigh distribution and θij is uniformly
distributed over interval [0, 2π) [6]. In this work we only consider quasi-static fading
channels, i.e, the fading coefficients are constant during each block transmission.
A MIMO channel can be decomposed into equivalent parallel SISO channels by
performing a singular value decomposition (SVD) of the channel matrix H:

H = UDV∗, (13.4)

where we denote the Hermitian transpose by ∗ and where U and V are unitary
matrices, i.e., UU∗ = I, and VV∗ = I. The matrix D is a diagonal matrix which
contains singular values of H on the main diagonal. Substituting 13.4 in 13.1 and
multiplying both sides by U∗, equation 13.1 can hence be rewritten as

ỹ = Dx̃ + z̃ (13.5)

The result above means that we can design a code for parallel, orthogonal Gaussian
channels to generate MIMO symbol x̃ and then multiply x̃ by V to obtain x,
transmit the result on the different antennas. At the receiver, the received signal
y is multiplied by U∗ to obtain ỹ which is decoded to obtain an estimate of the
transmitted symbol.
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Capacity of MIMO Channel

It can be shown [146] that the capacity of parallel channels subject to the power
constraint

∑
Pi = Ptot is achieved by the following power distribution

Pi =





µ− σ2
z

∆2
i

σ2
z

∆2
i

< µ

0
σ2

z

∆2
i

≥ µ
(13.6)

where µ is the water-filling level. Thus according to equation 13.6 we allocate

power only to those channels in which the ratio
σ2

z

∆2
i

is less than the water filling

level and shut down all the others. MIMO channel capacity with perfect CSI at
both transmitter and receiver under the average power constraint is given as [146]

C = E

[
M∑

i=1

log2

(
1 +

∆2
iPi

2σ2
z

)]
(13.7)

The above equation gives the ergodic capacity of nt × nr Rayleigh fading MIMO
channel.

In order to achieve the capacity limits, we need to use a code with very long
length such that its elements are drawn from an independent and identical Gaus-
sian distribution. This, however, is not practical. In practice we have to confine
ourselves to common constellations such as MQAM. The capacity of a q-ary con-
stellation constrained system in an AWGN channel is given by [17]:

CCON = log2 q −
1

q

q∑

k=1

E

[
log2

q∑

i=1

e
−γsD2

ik
Ptot

]
(13.8)

where in the above equation Dik is given by

D2
ik = |sk + w − si|2 − |w|2 (13.9)

In the above equations γs represents the average signal to noise ratio (Es/N0),
w represents normally distributed noise variable and sk represents the k-th con-
stellation point. If we consider M uncorrelated parallel AWGN channels than the
constellation constrained channel capacity for (nt, nr) = (M,M) MIMO channel
can be written as:

CM = M · CCON (13.10)

Generalized Concatenated Codes

The Concatenated Codes originally proposed by Forney [9], are considered to be
most useful for correcting burst errors produced by fading channels [155]. A con-
catenated code is a generalization of product codes proposed by [7], in the sense
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that it also makes use of two codes, an inner code and an outer code. Hence a
concatenated code takes the form of a matrix, where the codes along the rows
are elements of the outer code and the codes along the columns are elements of
the inner code. Generalized Concatenated Codes (GCC) are an improvement over
Concatenated Codes and were introduced [11]. In the context of this work, we
use a simple subclass of Generalized Concatenated Codes that uses only binary
codes and has M outer codes of length n and one inner code of length m. The M
outer codes are such that each code is a subset of one other code. To elaborate,
A1,A2, ...,AM are the outer codes chosen such that A1 ⊆ A2 ⊆ ... ⊆ AM . Hence
the rows are elements of one of the M outer codes and the columns are elements of
the inner code. In this project, we have used BCH codes for outer and inner codes,
since they have good minimum distance properties and they also conform to the
above-mentioned subset property of GCC construction. These codes are, basically,
the same as those used in [34]. In figure 13.2, we illustrate the principle of construc-

Figure 13.2: Generalized Concatenated Code

tion of Generalized Concatenated Codes with respect to three serial outer encoders
and one inner encoder. This could be generalized for any number of outer codes
and an inner code. As shown in the figure, the rows in a codeword in the chosen
code are rearranged in M blocks such that each row in any block belongs to one of
the M different row codes, Ai. In MIMO transmission, the code is supposed to be
used in combination with some q-level bandwidth efficient modulation, e.g., 2qPSK
or 2qQAM. From each one of the M blocks of rows, q columns are taken at each
time, modulated and transmitted on each one of the equivalent MIMO channels.
For example, for BPSK modulation, one of the M blocks of m/M rows is taken
at a time. The columns in the block are taken one by one with each bit mapped
to a BPSK symbol to one of the equivalent MIMO channels and the whole MIMO
symbol is transmitted. For QPSK modulation, two columns are taken and so on.
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Properties of the Proposed Codes

As mentioned above, the proposed codes are closely related with product codes. For
a product code, with two constituent codes A and B with generator matrices GA

and GB , where GA and GB are a kA×n and kB ×m binary matrices respectively,
a codeword in the product code can be generated by, [37]:

c = GT
BuGA,

where u is a kB × kA binary matrix representing the information sequence, and
T refers to transposition of a matrix. For the proposed GCC’s, a similar relation
can be made. Let GA1, GA2, . . . , GAM be the generator matrices of the row codes
and let GB be the generator matrix of the column code. Then, a codeword in the
proposed GCC can be written as:

c = GT
B (u1GA1 + u2GA2 + . . .+ uMGAM ) , (13.11)

where ui is a kB × kAi binary matrix such that for all i < M , all the rows in it are
zero except the rows [(i−1)m/M+1, im/M ] which contain part of the information
sequence. In the matrix uM , all the rows are zero except the last kB−m(M−1)/M
rows which contain the information sequence. By further manipulation of (13.11),
we get:

c = GT
B (u1GA1 + u2GA2 + . . .+ uMGAM )

= GT
Bu1GA1 +GT

Bu2GA2 + . . .+GT
BuMGAM

= GT
B1u1GA1 +GT

B2u2GA2 + . . .+GT
BMuMGAM , (13.12)

where GBi is the generator matrix of the code Bi which is obtained from B by
shortening [19, p. 29], or setting to zero, the first coordinates up to position
(i− 1)m/M . By comparing with (13.11), we see that it is possible to write:

c =

M∑

i=1

ci, ci ∈ Ci,

where Ci is a product code with constituent codes Ai and Bi. In other words, the
proposed GCC is obtained by the direct sum, [48, p. 165] of M different product
codes.

The rate of the proposed codes can be calculated by counting the number of
information symbols in a codeword. It can be shown that the rate of these codes,
before modulation is:

RC = RB

∑M
i=1RAi

M
− (1−RB)

M−1∑

i=1

(RAM −RAi).
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For high rate codes, this can be approximated to be:

RC
<≈ RB

∑M
i=1RAi

M
.

The minimum distance of a code is a characteristic of its error-correction capa-
bilities. Let the constituent outer codes be A1, A2, . . . , AM which have minimum
distances dA1, dA2 and dAM respectively. Similarly, the columns could be con-
sidered to belong to inner codes B1, B2 . . . BM with minimum distances dB1,
dB2, . . ., . . ., dBM respectively as explained above. The minimum distance can
be shown to be equal to, [81], min(dA1dB1, dA2dB2, . . . , dAMdBM ). However, since
BM ⊆, . . . ,⊆ B2 ⊆ B1, we may infer that dB1 ≤ dB2 ≤, . . . ,≤ dBM . Hence, we
have the minimum distance of the generalized concatenated code dC lower bounded
as:

dC ≥ min(dA1dB1, dA2dB1, . . . , dAMdB1)

= dAMdB1)

The error correction capability of a GCC Code is equal to:

tC =

⌊
dC − 1

2

⌋
(13.13)

Generalized Concatenated Codes are high rate codes that are capable of correcting
burst errors due to the interleaving property built in the code.

GCC Decoding

We use Generalized Minimum Distance Decoding(GMD) [8] for decoding the pro-
posed concatenated codes. The GMD decoder is based on two separate decoders,
an error correction decoder for the inner code and an error-erasure decoder for the
outer code. The decoding procedure for decoding product codes is as follows: [37]:

1. Each column in the received matrix is decoded up to half the minimum dis-
tance and the result is stored.

2. Each row in the received matrix is decoded up to half the minimum distance
and the result is stored.

3. The two least reliable columns are erased and the rows are re-decoded. This
step is repeated until the number of columns erased is less than the minimum
distance of the column code. The decoded result is stored.

4. The decoder chooses from the set of codewords, the codeword that is closest
to the received matrix.



13.2. System Model. 215

Since the proposed concatenated code can be represented as the direct sum of M
product codes, the GMD decoding for our proposed codes is performed by first
decoding the columns and storing the result and then, commencing with steps 2-4
for each one of the row codes A1 to AM . Let an error event, i.e., the event that
the decoder for the concatenated code cannot correct an error pattern be denoted
by E . Therefore:

E = ∪M
i=1Ei, (13.14)

where Ei is the error event for GMD decoding the i:th product code defined in
(13.12). We can therefore write:

P (E) = P (∪M
i=1Ei) ≤

M∑

i=1

P (Ei). (13.15)

If the constituent codes where chosen to be BCH codes, then, for decoding them
up to half the minimum distance a Berlekamp-Massey (B-M) decoder, [79], can be
used. By proper choice of the constituent codes, the same B-M decoder can be
used for both the rows and columns.

The complexity of GMD decoding is actually dominated by the operations re-
quired by the B-M decoder. In order to get a simple view of the complexity we limit
ourselves to, only, the number of multiplications in Galois field, [48, p. 19], GF (2n)
where, n is the length of the constituent code. This limitation is done because the
multiplication in the Galois field is the most difficult part in implementation and
is usually done by a look up table. Each B-M decoding operation require at most
2t2 − 2t + 1, [103] [37], where, t = ⌊(d− 1)/2⌋ and d is the minimum distance of
the constituent code.

From the explanation of GMD decoding we conclude that each row or column
requires, at most t B-M decoding operations:

No. mult. in GMD ≤ tA(2t2A − 2tA + 1)m+ tB(2t2B − 2tB + 1)n. (13.16)

If the constituent codes were chosen to be the same, then

No. mult. in GMD ≤ 2t(2t2 − 2t+ 1)n. (13.17)

If, instead of the total number of multiplications, the number of multiplications
per transmitted symbol is required, then, dividing by the total number of symbols,
we get:

No. mult. in GMD per symb. ≤ 2t(2t2 − 2t+ 1)n

n2/q

=
2t(2t2 − 2t+ 1)q

n
. (13.18)

where, we assumed the constituent codes are the same and q is the modulation
level.
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Upper Bound on the Codeword Error Probability

If the decoding method used for decoding the proposed concatenated codes is only
up to half the minimum distance, then, for hard decision decoding, the codeword
error probability for any [n, k, d] code D, can be bounded as, [6, p. 291]:

PE ≤ f(n, t)
△
= 1−

t∑

i=0

(
n
i

)
pi(1− p)n−i (13.19)

where, t = ⌊(d− 1)/2⌋ and p is the average bit error probability for the channel.
Therefore, it is enough to know the minimum distance of the code to obtain a
very good upper bound on the block error probability. However, in our case,
the GMD decoder decodes many error patterns of weight greater than half the
minimum distance. Furthermore, since the concatenated code is adaptive to the
instantaneous signal to noise ratios in equivalent parallel channels, we would like
to present the bound as a function of the signal to noise ratios or, equivalently,
of the instantaneous capacities in the parallel channels. We first present a tighter
bound for GMD decoding.

¿From the explanation of the decoding procedure above, we conclude the fol-
lowing proposition:

Proposition 13.1 For a product code C, a GMD decoder with hard decision de-
coding can correct all errors if:

1. The decoder for the columns can correct all the errors.

2. The decoder for the columns cannot correct all the errors and might add new
errors to the received matrix but the row decoder can correct all the errors,
old and new.

3. The weight of the error pattern is less than half the minimum distance of the
concatenated code.

The first two stages in GMD decoding are significant in the cases of large and un-
balanced codes. i.e. when there is great difference between the minimum distances
for the column code and the row code. The code then functions as a generalization
of an interleaver, [6, p. 403].

Let the bit error probability in the channel be p. Bounds on the error proba-
bility, p, after the demodulator are given in [6, p. 172]. For example, for QPSK,
the bit error probability can be bounded as:

p ≤ Q
(√

P

N0

)
.
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We can now present the following lemma:

Lemma 13.2 For a product code that has a constituent column code B with pa-
rameters [m, kB , dB ]. The bit error probability, p′, in the message after the column
decoder is bounded by:

p′ ≤ tB
m
PEB + p.

where, p is the error probability in the channel, PEB is the probability of error in
one column given in (13.19) and tB = ⌊(dB − 1)/2⌋.

Proof: Consider only one column. If the number of errors after the modulator,
denoted by X is less than tB , there will be no errors in that column. Otherwise,
the decoder will add, at most tB more errors to the original errors. This can be
written as:

E(Y ) ≤ (tB + E(X|X > tB))Pr(X > tB), (13.20)

where we have denoted the number of errors after the column decoder by Y . By
developing (13.20) further, we get:

E(Y ) ≤ tBPr(X > tB) +
m∑

i=tB+1

i

(
m
i

)
(

p

1− p )i(1− p)m

≤ tBPr(X > tB) + (1− p)m
m∑

i=0

i

(
m
i

)
(

p

1− p )i.

By noticing that the last sum is equivalent to:

m∑

i=0

(
m
i

)
izi = z

∂

∂z

m∑

i=0

(
m
i

)
zi = mz(1 + p)m−1

Substituting for z by p/(1− p) and simplifying, we arrive at the stated claim. 2

The following lemma gives a lower bound on the minimum distance of an arbitrary
binary BCH code given the maximum rate that is allocated to the code.

Lemma 13.3 For any binary BCH code D with parameters [n, k, d], where n =
2m− 1 for some integer m. If the rate of the code is bounded as R = k/n < Rmax,
then the minimum distance is lower bounded as:

d ≥ g(n,Rmax)
△
= ⌊2 n

log2(n)
(1−Rmax) + 1⌋

Proof: Let t = ⌊(d− 1)/2⌋. Using the following variant of the BCH bound, [19,
p. 200, 263]:

k ≥ n− t log2 n



218
Chapter 13. Adaptive Generalized Concatenated Codes for MIMO

Communication.

By noticing that:

d > 2t

> 2
n(1−R)

log2 n

> 2
n(1−Rmax)

log2 n

≥ ⌊2n(1−Rmax)

log2 n
+ 1⌋

which is the desired result 2

Let PB and PA be the probabilities of error in the matrix after the column decoding
stage and the row decoding stage respectively. Also, let PC be the probability that
the weight of the error pattern is greater than ⌊(dC − 1)/2⌋. Clearly, the event of
error in decoding is contained by both the events of error after the column decoding
and row decoding. These probabilities can be written as follows:

PB = 1− (1− f(m, ⌊(g(m,RB)− 1)/2⌋))n

PA = 1− (1− f(n, ⌊(g(n,RA)− 1)/2⌋))m

PC = 1− f(mn, ⌊(g(m,RB)g(n,RA)− 1)/2⌋).

The function f is as given in (13.19) and function g is as given in Lemma 13.3.

By assuming that the probabilities above are independent, we arrive at the
following theorem that summarizes the upper bound:

Theorem 13.4 For a product code C with constituent codes A for the rows and
B for the columns. If A and B are binary BCH code with lengths n and m and
rates less than RA and RB respectively. When hard decision combined with GMD
decoder is used, the block error probability is bounded as follows:

PE ≤ PAPBPC ,

The bound above gives the block error probability as a function of the signal to
noise ratio. Since the signal to noise ratio for the sub-channels varies with varying
eigenvalue associated with the specific sub-channel. Even though the PDF of the
eigenvalues is known [156], the expression is quite complicated and does not help
well in producing a simple closed form expression of the error probability. There-
fore, we choose instead to use Monte Carlo simulation to remove the condition over
the eigenvalue.
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13.3 Rate Adaptive Code Construction

In this section we introduce a rate adaptive technique, that we employ for the
construction of our GCC prior to transmission. We apply the rate adaptivity once
per time slot based on the channel conditions, where a time slot is defined as the
time required to transmit a single codeword.

13.3.1 Rate Adaptation Algorithm

The rate adaptation algorithm assigns channel code rates based on the calculated
channel capacity. If the calculated channel capacity is too low or in other words the
channel is too bad we do not transmit during that time slot and when the current
channel state is good we apply lower code rate. The rate adaptation algorithm can
be outlined as:

1. Decompose the MIMO channel to M equivalent parallel channels by perform-
ing SVD.

2. Determine the noise levels at each “equivalent” parallel Gaussian sub-channels.

3. Distribute power among these parallel sub-channels based on the water filling
algorithm.

4. Based on the allocated power levels and available noise levels, compute the
SNR and capacity Ci of each sub-channel, and thereby RAi

(rows code rates)
and RB (column code rate) for construction of GCC:

RAi
= α

√
M

qC
Ci

RB = α

√
C

qM

where α is a constant, 0 < α ≤ 1, C is the total capacity of the MIMO channel
(i.e., summation of the parallel channels capacities), q is the modulation
level such that 2q is the number of points in the constellation of a chosen
modulation method and M is the number of parallel channels.

5. Determine the maximum possible rate less than or equal to the channel capac-
ity according to the given linear block code and shut off those sub-channels
in which the capacity is less than the minimum possible coding rate.

6. Use BCH Codes with the quantized code rates as the constituent codes for
the Adaptive Rate Generalized Concatenated Coding Scheme.

7. Load bits and modulate.
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Motivation behind the Rate Selection

Let us assume that we can transmit with a rate close to the capacity. The number of
transmitted information bits will be approximately C and the maximum rate that
a binary code can have is C/q for a certain modulation scheme. By utilization of
MIMO system the capacity will increase almost linearly by increasing the number of
antennas. If C is the capacity of M ×M MIMO channel , the capacity of a single
parallel channel is approximately C/M . Therefore, the number of transmitted
information bits per transmit antenna per channel use is C/M and the maximum
possible code rate that can be used is C/(qM) for a given modulation scheme.
Denoting C

M as Ć:

RAi
= α

Ci√
qĆ

RB = α

√
Ć

q

After obtaining the rates of column and rows, total rate of GCC can be calculated:

RGCC ≈ RB

∑M
i=1RAi

M

= α2C/q

which after modulation will be qRGCC = α2C. As can been seen the resultant rate
will follow the capacity of the channel.

Selection of α

The value of α depends on the block error rate (BLER) / throughput requirement
and it therefore introduces a trade-off between throughput and BLER. A value of
α close to 1 leads to a higher throughput but on the other hand it degrades the
BLER, while a value of α close to 0 leads to a lower BLER at the expense of reduced
throughput. In this section we introduce an analytical guideline for choosing the
value of α such that it tries to follow the Shannon capacity of the MIMO channel.

• Analytical guideline:
By using linear block code such as finite length BCH code we can not achieve
the capacity. Therefore to fulfill the requirement for the quality of service
such as BER or BLER, code should be designed at a rate lower than the
capacity. Let C(γ0) and C(γ1) be the channel capacity at signal to noise
ratios γ0 and γ1 respectively, γ1 > γ0. Here we use R = C(γ1) = α2C(γ0) to
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decide the code rate at SNR equal to γ1, where α is a constant and 0 < α ≤ 1.
By introducing β = γ0

γ1
and using the following bounds

C(γ0) = log(1 + γ0) ≥ log(γ0)

C(γ1) = log(1 + γ1) ≥ log(γ1),

which is tight at high SNR’s (i.e., γ >> 1); it can be easily shown that

α2 = 1− log β

C(γ0)
(13.21)

In order to restrict the value of α2 from becoming negative we use the fol-
lowing criteria instead:

α2 = max (0, 1− log β

C(γ0)
) (13.22)

Thus, by using β which indicates the required displacement in power of the code
rate from the channel capacity, we arrive at the rate of the code that should be
used.

13.3.2 Modulation Scheme

The choice of the modulation scheme depends on the trade-off between BER and
transmission rate. A higher level modulation scheme such as 8PSK would result
in a very high throughput at the expense of increased BER, on the other hand
a lower level modulation scheme such as BPSK would result in much lower BER
with a low throughput. We investigate the performance of our GCC using QPSK
and 8PSK.

13.3.3 Coding Scheme

Figure 13.2 illustrates the principle of construction of GCC’s with respect to three
serial outer encoders and one inner encoder. This could be generalized for any num-
ber of outer codes and an inner code. We restrict our system to use BCH codes
of rate 1/2 as the lowest code rate. Lower code rates tend to deviate from the
channel capacity and they require high decoding complexities [37]. The block error
probability will be decided by the worst sub-channel. Therefore it is better to shut
down the channels that are very bad. Once the rates that are feasible on the indi-
vidual sub-channels are determined, we are now ready to form the corresponding
Generalized Concatenated Code. Since this code is SNR-adaptive or Rate adap-
tive, we call our proposed scheme, Adaptive Rate Generalized Concatenated Coding
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Scheme. The determined code rates are used for the S outer encoders as part of
the Generalized Concatenated Code construction. The transmission principle of
GCC with 3× 3 MIMO system is illustrated in Figure 13.3.

Figure 13.3: GCC Transmission Scheme

13.3.4 Decoding

As pointed out earlier, the suggested low complexity decoding method for GCC
is GMD decoding with hard decision decoding of the message. GMD decoding is
performed by decoding the rows using a BCH decoder, e.g. Berlekamp Massey
decoder followed by row decoding using a similar decoder. However, for simulation
purposes we try to imitate the behavior of the GMD decoder using a simple rules-
based decoder. I.e., a method to decide the possibility of correcting an error pattern
based on simple rules such as the weight of the error pattern. The results from
the rules-based decoder are actually quite pessimistic and thus provide an upper
bound on the BER as compared to the actual GMD decoder. However, they are
quite close in terms of performance. These simplifications are carried out in order
to speed up the simulations.

13.4 Simulation Results

To illustrate the performance of adaptive Generalized Concatenated Codes we
consider QPSK and 8PSK modulation schemes with different number of trans-
mit/receiver antennas. BCH (63, k, d) block codes are used as constituent codes.
The fading multi-path channel is assumed to be slowly varying Rayleigh distributed
and uncorrelated between different diversity branches. Figure 13.4 shows the sim-
ulation results and upper bounds for the average block error probability of QPSK
over quasi-static Rayleigh fading channel as function of average signal to noise ratio
(γs) for a 2× 2 system. We note the upper-bounds are quite tight at higher signal
to noise ratios and hence can be used to predict the performance of adaptive GCC,
without the need for extensive simulations.
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Figures 13.5, 13.7, 13.9, 13.11, 13.13, 13.15 represent the throughput of MIMO
2× 2, 3× 3 and 4× 4 system with QPSK and 8PSK modulation schemes. Figures
13.6, 13.8, 13.10, 13.12, 13.14, 13.16 give the BLER/BER for the same modulation
schemes for different values of β, where the values of β are given in dB. As expected
due to adaptivity the BER/BLER remain fairly constant for a given value of β,
thus our system can be seen as an adaptive scheme which is following the Shannon
capacity at a given BER/BLER. It is quite obvious from the figures that the higher
the modulation level the closer we approach the channel capacity, thus it is expected
that the system can be further improved by employing even higher level modulation
schemes.

In Figures 13.6, 13.10, 13.12 and 13.16 we also compare with the reference
Alamouti systems. It can be seen that while the Alamouti scheme outperforms
adaptive GCC in terms of BER at the high signal to noise ratios. However, Alam-
outi’s sheme moves drastically away from the channel capacity. The adaptive GCC
on the other hand attempts to follow the channel capacity and at the same time
maintaining a constant (low) BLER. The achievable code rate varies inversely with
β whereas the BLER varies proportionally with β i.e., at high β we can achieve a
good BLER at the expense of reduced spectral efficiency.

The maximum number of GF (26) multiplications per symbol required for GMD
decoding is calcualted by using (13.18). Since the lowest rate allowed for the
constituent codes is 1/2 as stated in Subsection 13.3.3, then, the minimum distance
is at most 11 [19, p. 267], i.e., t ≤ 5. Therefore for QPSK and all possible number
of antennas:

No. mult. GMD per symb. ≤ 2× 5(2× 52 − 2× 5 + 1)× 2

64
= 12.8.

Added to the above is the complexity required for transmitting the CSI to the
transmitter and the multiplication by complex matrices at the transmitter and
receiver.

In comparison, Tarokh’s generalization of Alamouti’s sheme for QPSK on 4× 4
channel, [144], requires 8 multiplications in the complex domain per symbol, which
is comparable to the complexity of decoding our proposed code. However, the
proposed coding scheme requires extra complexity in terms of storing the codeword
matrix in memory and sending the CSI to the transmitter.

13.5 Conclusion

In this chapter we presented a simple rate adaptive strategy that can be used for
following the Shannon capacity of MIMO wireless communication channels. In the
course of our analysis and design we have assumed perfect instantaneous channel
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Figure 13.4: Upperbounds on Block Error Probability for 2× 2 QPSK System

estimates at both the transmitter and the receiver. The designed codes were based
on linear BCH codes that require low complexity encoding/decoding procedures.
The performance of the codes, in terms of the error rate, is decided by the value of
β, the displacement from the MIMO channel capacity. The rate of the code follows
the trend of the MIMO capacity rather well for low SNR’s. However, the trend
breaks at high SNR’s due to the limitation of the chosen modulation scheme used.

It is expected that such codes should be able to provide good performance in
channels with burst errors without the need of an interleaver/deinterleaver. In the
context of this chapter we considered GCC based on linear binary block codes with
hard-decision decoding and fixed modulation. Some future enhancements could be
done, such as to improve the decoder, e.g., use soft-decision decoding or decoders
that decode beyond the minimum distance [37], design GCC’s based on non-binary
and/or non-linear block codes and to use different modulation schemes on different
channels, i.e., adaptive modulation in combination with adaptive coding.
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Figure 13.5: Adaptive GCC Throughput for 2× 2 QPSK System
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Figure 13.7: Adaptive GCC Throughput for 3× 3 QPSK System
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Figure 13.8: Adaptive GCC Error Probability for 3× 3 QPSK System
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Figure 13.9: Adaptive GCC Error Probability for 4× 4 QPSK System
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Figure 13.10: Adaptive GCC Error Probability for 4× 4 QPSK System
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Figure 13.11: Adaptive GCC Throughput for 2× 2 8PSK System
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Figure 13.12: Adaptive GCC Error Probability for 2× 2 8PSK System
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Figure 13.13: Adaptive GCC Throughput for 3× 3 8PSK System
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Figure 13.14: Adaptive GCC Error Probability for 3× 3 8PSK System
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Figure 13.15: Adaptive GCC Throughput for 4× 4 8PSK System
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Figure 13.16: Adaptive GCC Error Probability for 4× 4 8PSK System



Chapter 14

Conclusions and future work

14.1 Summary and conclusions

In this thesis we presented a new type of coding scheme that we call concatenated
multilevel codes. These codes are a marriage between generalized concatenated
codes and multilevel codes and can be decoded using simple algorithms designed
for these codes. We also presented some bounds on the performance of these codes
using information theoretic techniques and methods to bound the error probability.

The proposed codes have many properties that make them interesting for use
in fading channels as shown in the thesis. The most interesting property of the
proposed codes is that they can be designed to have rather large Leff 80. Another
property is that the structure of these codes includes interleaving which means that
in certain cases no further interleaving is required.

The fact that the proposed codes have large Leff means that these codes have
large diversity. The potential of these codes, however, is much greater than can be
achieved by using conventional decoding methods for concatenated codes such as
GMD decoding. In this thesis we introduce an iterative decoding algorithm tailored
for the proposed codes that has very low complexity which is comparable to that
of GMD decoding. We also presented some tools, both information theoretic and
on the error probability, to bound the performance of these codes without having
to resort to costly simulations.

We also presented a method to design these codes given the end code rate and
the modulation type. By using this design method, it is also possible to decide at
which signal to noise ratio the decoding will require low computational complexity.
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The performance of these codes when using the proposed iterative decoding
algorithm was investigated by simulation. For AWGN channels the gain from
using the iterative algorithm is rather small in comparison with GMD decoding.
The gain compared to GMD decoding is about 2 dB and this is achieved at about
3-4 dB away from the channel capacity for AWGN channels at bit error rates of
10−5. For Rayleigh fading channels, however, the gain from using the iterative
decoder is about 7-10 dB as compared with GMD decoding achieved at about 3-5
dB away from the channel capacity for Rayleigh fading channel at bit error rates
of 10−5.

The proposed codes perform very well when the length of the code is much larger
than the coherence time of the fading channel. This means that the interleaving
property of the code itself is enough and no further interleaving is required. The
performance of the code degrades greatly when the coherence time of the channel
becomes comparable to the length of the code, which means that further, and much
larger, interleaving is required in order to improve the performance.

The discussion above means that when the coherence time is greater than the
codeword length with no external interleaving, using the iterative decoder would
not improve the performance much. This is due to the fact that during one block
transmission the fading will be the same for all transmitted symbols. This calls
for rapid adaptation to the channel with different code rates rather than using the
iterative decoder. We use this fact in Chapters 12 and 13 to choose GMD decoding
instead of using the iterative decoder to keep the complexity as small as possible.

In the cases when the coherence time is smaller than the code length, the
potential of the iterative decoder becomes evident. In this case, a slight increase
in decoding complexity gives a great advantage. The same is true if the receiver
implements an interleaver deep enough to reduce the time correlation between the
symbols. Deep interleaving is usually used whenever the delay budget allows it [157,
p. 118], i.e., mainly for data communication not in real time. Deep interleaving is
also used when the mobile speed is so high that adaptation to the channel becomes
very difficult.

We also presented two methods for decoding the incoming sequence. The first
one we called optimal receiver and the other is the scaled output receiver. The
scaled output receiver requires less complexity. The capacity calculations presented
in the thesis show that the scaled output receiver should suffer a degradation in
performance by about 2 dB. However, the simulations show that the degradation is
much greater than that and it gets worse with increasing error in CSI. The reason is
possibly that the decoder cannot cope with the type of noise, i.e., complex Cauchy,
that is present with the received signal.
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14.2 Future work

Almost all the parts of thesis deserve further investigation. However, we list here
what we believe the most important ones:

• It is possible to randomly interleave each row of the concatenated code before
modulation. For large codes, the interleaving minimizes the probability that
a symbol error will result in several errors in the same column. This, in turn,
minimizes the probability of an uncorrectable error in one column.

• Non binary codes can be used to encode several rows at the same time. For
example, a single code can be used to encode all or some of the rows of the
first level, a second code for all or some of the rows in the second level, etc.
This results with less granularity in the structure of the code and possibly
lower performance. However, a single decoding pass decodes many rows at
the same time instead of decoding each row separately, which decreases the
decoding complexity.

• The iterative decoding algorithm can be considered a dynamic search method,
in other words smart search, on a graph. Even though in terms of number of
operations, the method has low complexity, still, dynamic search algorithms
are not always preferred. It is very interesting to modify the decoder such
that more of the operations performed are fixed and predetermined instead
of relying on the smart method to decide on which operations to perform.

• In the case of OFDM and MIMO channels, it is sometimes required that
different sub-channels use different modulation schemes as well as different
code rates depending on the quality of the channel. We only investigated
the case where all the sub-channels use the same modulation scheme but
with different code rates. A further improvement on the structure of the
code is that the rows of a codeword block can be combined in different ways
such that the transmitted symbols for one codeword block belong to different
modulation schemes.

• In the thesis, we used the channel capacity as a bound on the performance.
We also use the channel capacity in choosing the parameters required for
constructing the code. For small codes, the performance of the codes is quite
far from the channel capacity. A better method might be to use universal
bounds on the error probability as suggested by Shannon et al [158] and later
used by Schlegel et al [159] as a lower bound on the error probability given
the length of the code.





Appendix A

Proof of Lemma 9.9

We give below the proofs of Lemma 9.9 needed for the proof of the bound given in
Theorem 9.10 on the probability of block error for product codes.

A.1 The concept of constructing rectangles

Let C be a product code as follows:

C = A′ ⊗ B′ (A.1)

Where A′ and B′ are an [n, kA, dA] and an [m, kB , dB ] binary linear codes respec-
tively. We define A to be the binary code represented by all m× n matrices with
rows as codewords in A′. Similarly, we define B to be the binary code represented
by all m× n matrices with columns as codewords in B′. Let t ∈ C such that each
row ti,· in this codeword is either equal to the all-zero vector or equal to a ∈ A′.
I.e., all non-zero rows are similar. Also, each column t·,j in this codeword is either
equal to the all-zero vector or equal to b ∈ B′. It is clear that the shape of the
non-zero positions of this codeword will be that of a rectangle up to permutation
of the rows and the columns. We call codewords with these properties constructing
rectangles and denote them by:

t = (a, b), a ∈ A′, b ∈ B′.

The following example explains this concept:

Example A.1 Let A′ = B′ be the [7, 4, 3] binary Hamming code and let A, B
and C be defined as above. Figure A.1 below, illustrates two different codewords in
this product code. Black dots illustrate non-zero positions. In image (a) to the left
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236 Chapter A. Proof of Lemma 9.9.

of the figure, the (0111100, 0111110) constructing rectangle is shown, while image
(b) to the right of the figure shows a codeword that results from adding the two
rectangles, (0111100, 0111110) and (1110000, 1110000).

(a) (b)

Figure A.1: Figure illustrating Example A.1.

We refer to the codewords a and b above, simply by the sides of the constructing
rectangle t. The Hamming weight of the sides will be referred to as the lengths of
the sides. Let wH denote the Hamming Hamming weight of a word and let d be
the Hamming distance between any two words of similar length. The support of a
word is the set of non-zero locations in the word and we denote this set by Supp.
In the case of a word matrix, the support, of a word is the set of pairs of indices
for the rows and columns of non-zero locations in the matrix. The support of a set
of words is simply the union of the supports of it’s members.

Let GA and GB be the generator matrices for the codes A′ and B′ respectively.
Then, any codeword c ∈ C can be written as:

c = GT
BuGA. (A.2)

Where GT
B is the transposition of the matrix GB and u is a kB × kA matrix.

We are now ready for the first lemma.

Lemma A.1 Let the codes A′ and B′ have the generator matrices GA and GB

respectively. Let C = A′ ⊗ B′. Any codeword c ∈ C, can be described as a sum of
rectangles each of which is a codeword in C.

Proof: Let ω = wH(c). The codeword c can be described as in (A.2) and we
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continue as follows:

c = GT
BuGA,

= GT
B(u1 + u2 + . . .+ uω)GA, wH(ui) = 1,

= GT
Bu1GA +GT

Bu2GA + . . .+GT
BuωGA. (A.3)

It can easily be seen that if each of the matrices ui has only one non-zero entry,
then multiplying them by any two matrices from the left and the right will result
with a rectangle, which completes the proof. 2

We call the set of constructing rectangles used to describe a codeword c as in
(A.2) as a constructing set. From (A.2) we see that we can obtain kAkB different
rectangles by replacing the matrix u by matrices that have only one non-zero
element. This set of rectangles forms a basis for the code C. Since the generator
matrices GA and GB for the codes A′ and B′ are not unique, then the constructing
set of rectangles used in the sum describing a certain codeword is also not unique.
We call the set T a minimal constructing set if the horizontal sides of the rectangles
in T are chosen from the rows of the codeword matrix c with least weight. I.e., the
horizontal sides of the rectangles in set T are chosen from the non-zero rows in the
codeword c one by one starting with the row of least weight and then choosing the
second least weight row and adding it to the set as long as long as it is independent
from the chosen set. The rows in the codeword c are checked one by one and adding
them to the set as long as they are independent from the existing members in the
set. This procedure continues until the horizontal sides of the rectangles in set T
will be a basis for the rows in the codeword c.

It is clear that the cardinality of the set of all constructing rectangles is very
large but in the discussion below we will only be interested in constructing rectan-
gles that have certain dimensions, thus, the cardinality of this subset will be much
lower than the total set.

Lemma A.2 Let C = A′⊗B′ where A′ and B′ are, respectively, an [n, kA, dA] and
an [m, kB , dB ] codes. Let c ∈ C and such that:

c =
∑

t∈T

t, t = (a, b), a ∈ A′, b ∈ B′,

where T is a minimal constructing set of the codeword c. If the codeword c has the
following property:

1

m

m∑

i=1

∑

(a, b)∈T

|{i} ∩ Supp(b)| ≤ 2, (A.4)

then, the support of the codeword can be divided into |T | disjoint subsets such that
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the average of their cardinalities is greater than:

1

|T |
∑

(a,b)∈T

|a||b|
2

.

Proof: What the lemma says in words is that if the ones in each row are shared, in
average, by at most two rectangles of the constructing rectangles for the codeword,
then in average, at least one half of the supports of the constructing rectangles in
the codeword matrix will be non-zero. Figure A.2 below, shows a codeword that
can be described as a sum of four constructing rectangles and each non-zero row in
the codeword matrix is covered by at most two rectangles. Shown in (a) on the left
of the figure is a codeword that is described by four constructing rectangles. Each
non-zero row in the codeword is covered by at most two constructing rectangles.
In (b) to the right of the figure, another codeword is shown. Some of the rows are
covered by more than two constructing rectangles. However, in average the ones
in each row are covered by at most two rectangles. The doubly shaded regions are
the overlap between the two rectangles.

Therefore, to prove the lemma, it is sufficient to first prove it for the case when
the ones in each row belong to exactly two rectangles each of which has dimensions
exactly equal to dB×dA and then consider the average case which follows directly.
Since:

wH(a) ≥ dA, ∀(a, b) ∈ T,

then, there will be, in average, dA/2 ones in every non-zero row in c contained in
the support of some constructing rectangle t ∈ T . Since there are at least dB rows
covered by each constructing rectangle, then, the average of ones existing in each
rectangle is greater than dAdB/2.

Assume now that each rectangle ti has horizontal, row, side length equal to
|ai| instead of dA. Since these sides are the minimum weight rows in c, then, each
rectangle will contain at least |ai|dB/2 ones. If the vertical sides, columns, of the
rectangles were |bi| instead of dB then, each rectangle will contain at least |ai||bi|/2

If c fulfills (A.4) instead of the condition that each row is shared by at most two
rectangles, then, the result will be the same because for each row shared by more
than three rectangles, there exists a row that is contained by only one rectangle
and each row shared by four rectangles, there exist two rows contained by only one
rectangle each, and so on.

2

Lemma A.3 Let C = A′⊗B′ where A′ and B′ are, respectively, an [n, kA, dA] and
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Figure A.2: Figure illustrating the proof of Lemma A.2.

an [m, kB , dB ] codes. Let c ∈ C. Furthermore, let:

kA ≤
2n

dA
, (A.5)

then, the support of any codeword in C can be divided into disjoint subsets each of
which is contained in the support of a constructing rectangle of this codeword. The
average of the cardinalities of these subsets is greater than dAdB/2.

Furthermore, if T is the minimal constructing set of the codeword c, then the
support of c can be divided into disjoint subsets. The average of the cardinalities
of these subsets is greater than:

1

|T |
∑

(a,b)∈T

|a||b|
2

.

Proof: We begin by noticing that for any two constructing rectangles to overlap,
it is required that the supports of the two respective sides should overlap. More
formally, let (a1, b1) and (a2, b2), be two different constructing rectangles for the
code C then:

Supp((a1, b1) ∩ (a2, b2)) 6= {} ⇔ Supp(a1) ∩ Supp(a2) 6= {}
∧Supp(b1) ∩ Supp(b2) 6= {}.

Where ∧ is the AND symbol between two events. Therefore, we shall, in the begin-
ning, try to prove that, under some conditions, there will, in average, be at most
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two constructing rectangles covering each non-zero row of the codeword matrix.
Let GA and GB be the generator matrices of the codes A′ and B′ respectively and
supposing that these generator matrices are used to define the constructing rect-
angles for the code C as in (A.3). Assuming that each row of GA and GB contains
exactly dA and dB ones respectively. Due to Property (A.5), it is easy to see that
each column in GA will, in average, have at most two ones. If we assume that
each column contains exactly two ones, then, this means that for any codeword in
C, every non-zero column will be covered by exactly two constructing rectangles.
Let (a1, b1) and (a2, b2), be two different constructing rectangles and let them
cover a certain column. Without loss of generality, let it be the first column in the
codeword matrix. I.e.,

1 ∈ Supp(b1) ∩ Supp(b2).

If a1 6= a2, then, the ones in the first column will be shared by these two rectangles.
Otherwise, if a1 = a2, then, the first column will be void of ones, which contradicts
the assumption that the first row is not the all-zero vector. The same argument
applies for all the non-zero columns in any codeword and, thus, any codeword in
C will have Property (A.4) which proves the lemma by using Lemma A.2. If the
number of ones in each column of GA is not restricted to two but the average
number of ones in each column is less or equal to two, then, if there were three
rectangles covering the same column there has to exist a column that is covered
by only one rectangle and so forth. If the weights of the rows in GA and GB were
greater than dA and dB respectively, then, even though (A.4) might not be fulfilled
anymore, the result will still be correct except that the constructing rectangles will
have dimensions greater than dB × dA. 2

We now need to present the following definition. For any code D with parameters
[n, k, d], the generalized Hamming weights of the code D, see [114], are defined as:

di(D)
△
= min

E
|Supp(E)|, i = 1, 2, . . . , k, (A.6)

where the minimum is taken over all linear sub-code E ⊆ D that have dimension
i. It is clear that d1(D) = d(D), i.e., the minimum distance of the code. Let A′⊥

be the dual code of the code A′. We define the sequence d⊥1 , d
⊥
2 , . . . , d

⊥
kA

to be
the generalized Hamming weights of the dual code. Let A∗ be a [n∗, k∗A, d

∗
A] code

obtained by shortening some of the coordinates of A′, see MacWilliams and Sloane
[19][page 29]. We define r(A∗) as an integer such that:

d⊥r+1 ≥ n− |Supp(A∗)|, d⊥r < n− |Supp(A∗)|, (A.7)

The lemma below follows directly from the previous discussion:

Lemma A.4 Let A′ be a [n, kA, dA] linear code and let A∗ be the [n∗, k∗A, d
∗
A] code

obtained by shortening some of the coordinates in the code A. Let d⊥1 , d
⊥
2 , . . . , d

⊥
kA
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be, as defined above, the generalized Hamming weights of the dual code. Then
d∗A ≥ dA and:

n− n∗ ≤ kA − k∗A − r(A∗), (A.8)

Proof: Let HA be the parity check matrix of the code A′. Shortening the
I coordinates in A′ is equivalent to deleting the columns in HA corresponding to
those coordinates. Let us denote the new parity check matrix by H∗

A. If the number
of deleted columns, |I| is less than d⊥1 i.e., the minimum distance of the dual code,
then, H∗

A will have rank n−kA. However, if the number of deleted columns exceed
d⊥1 , then it is possible that one of the rows in H∗

A will be zero which means that
the rank of H∗

A will be n− kA − 1. This means that the shortened code will have
parameters [n − |I|, kA − |I| + 1, d∗A], where d∗A ≥ dA. In a similar manner, if
the number of deleted columns is greater than d⊥r−1 but less than d⊥r , then the
dimension of the shortened code can be:

kA − |I| ≤ k∗A ≤ kA − |I|+ r(A∗).

The lemma is proved by noticing that |I| = n− n∗ and taking the right hand side
of the inequality above. 2

Consider a codeword c ∈ A∗ ⊗ B′ such that the number of independent rows in c

is equal to k∗A. It is clear that:

|Supp(A∗)| ≤ wH(c)

dB
. (A.9)

We are now ready to present the following theorem which, roughly explained, states
that, if the Hamming weight of a codeword is less than a certain value, then, we
can find many rectangles in the codeword with limited length sides such that the
average of their Hamming weights is greater than dAdB/2. Those rectangles cover
all the non-zero locations in the codeword.

Theorem A.5 Let C = A′ ⊗ B′ where A′ and B′ are, respectively, an [n, kA, dA]
and an [m, kB , dB ] codes. Let c ∈ C such that:

c =
∑

t∈T

t, t = (a, b), a ∈ A′, b ∈ B′,

where T is a minimal constructing set of the codeword c. Let A∗ be the code
obtained by shortening A′ in the coordinates where c has all-zero columns. If

wH(c) ≤ ωA
△
=

dAdB

dA − 2
(n− kA − r′), (A.10)

where r′ is an integer such that:

d⊥r′+1 ≥ n−
ωA

dB
, d⊥r′ < n− ωA

dB
, (A.11)
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then, the support of the codeword c can be divided into disjoint subsets each of
which is contained in the support of a constructing rectangle of this codeword and
such that the average of the cardinalities of these subsets is greater than:

1

|T |
∑

(a,b)∈T

|a||b|
2

.

Furthermore, if:
wH(ci,.) ≤ 2e < 2dA, ∀i ∈ {1, . . . ,m} (A.12)

where e is a real number, then, each rectangle ti of these rectangles will have di-
mensions less than |bi| × 2e.

Before we present the proof, we should point out that the value of ωA given in
(A.10) is found by iteratively increasing the value of r′ beginning from 0. We
check to see if Inequality (A.11) is satisfied, then we have found ωA, otherwise, we
increase r′ by one and try again.

Proof: We start first by permuting the rows and columns in the codeword c

such that the non-zero rows and columns are gathered in one place as shown in
Figure A.1 below. All non-zero rows and columns are gathered in one region. The
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Figure A.3: Figure used in the proof of Theorem A.5.

non-zero region in the codeword matrix can be regarded as a shortened code, C∗ =
A∗⊗B∗, where A∗ is obtained from A′ by shortening all {n∗+1, . . . , n} coordinates
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and B∗ is obtained from B′ by shortening all {m∗ + 1, . . . ,m} coordinates. Let k∗A
and k∗B be the number of independent rows and columns respectively. Also, let the
integer r(A∗) be as defined in (A.7). We first consider the case were the Hamming
weight of the non-zero columns in c is exactly equal to dB . The length of the
shortened code is:

n∗ =
wH(c)

dB
.

This means that the value of d⊥r will, therefore, be exactly equal to d⊥r′ . which
leads to:

r(A∗) = r′. (A.13)

Let us choose the k∗A least weight independent rows as a basis for the shortened
code A∗ and use these rows as rows in the generator matrix G∗

A for the code A∗.
In a similar manner, Let us choose the k∗B least weight independent columns as a
basis for the shortened code B∗ and use these columns as rows in the generator
matrix G∗

B for the code B∗. Therefore, if we use these two generator matrices to
generate the constructing rectangles for the code C∗, each constructing rectangle
will have horizontal, row, side length less than 2e. Due to Property (A.10), we
have:

n∗ ≤ wH(c)

dB
≤ dAdB

dA − 2

n− kA − r′
dB

⇒ n∗ − 2

dA
n∗ ≤ n− kA − r′

⇒ kA −
2

dA
n∗ ≤ n− n∗ − r′ ≤ kA − k∗A + r(A∗)− r′ (A.14)

⇒ k∗A ≤
2n∗

dA
,

where the last inequality is due to (A.13). This means, due to Lemma A.3, that
the support of the codeword c can be divided into a finite number of subsets each
of which is contained in a rectangle with row side length less than 2e and such that
the average of their cardinalities is greater than:

1

|T |
∑

(a,b)∈T

|a||b|
2

. (A.15)

For any other codeword c′ that has the same Hamming weight as c except that the
weight of the columns in c′ is greater than dB , then, Lemma A.3 is not satisfied.
However, the number of constructing rectangles of c′ will be, at most, the same as
for the codeword c. Therefore, the average number of ones in each constructing
rectangle will still be greater than that given in (A.15). 2



244 Chapter A. Proof of Lemma 9.9.

A.2 The suboptimal decoder

We now consider a suboptimal decoder with respect to a maximum likelihood
decoder and try to estimate its performance.
Let the code used in the transmitter be the product code:

C △
= A′ ⊗ B′,

and let the two codes A and B be defined as above. Let y be the received matrix
and let ĉ be the maximum likelihood codeword. Let ξe(·, ·) be a list decoder defined
as follows:

ξe(A,y)
△
= {a ∈ A|dH(y,a) ≤ e}

Maximum likelihood decoding can be performed by list decoding the received ma-
trix y over the code A up to ρ(C), the covering radius of C. We then sort the
set in a list according to their distance from y and checking each member of the
list, beginning from the top, to see if it is a member of the code B. If it was, this
codeword will be returned as the maximum likelihood solution. List decoding of
the code A can be done by list decoding the rows of the matrix y over the code
A′ and taking the direct sum of all the sets. Let us call the maximum likelihood
decoding algorithm by Algorithm 1.
Now, let us restrict the decoder in such a way that the list decoder for the rows
can only decode up to e errors and let the list of such codewords be called A∗.This
way, any error pattern that has dA or more errors in one or more rows cannot be
corrected as shown below:

A∗ =

a1

a2

...

ĉ
...

a(last)

d(ai,y) ≤ d(aj ,y), ∀i < j.

Let us call this decoding algorithm Algorithm 2.

Lemma A.6 (Lemma 9.9) Let the product code C △
= A ∩ B and the suboptimal

decoder Algorithm 2 above be used for data transmission. Let the decoding radius
for the list decoder of the rows be e, where e is less than dA and let the received
matrix be y. If all the following:

1. The Hamming weight of the error in each row in y is less than e.
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2. The Hamming weight of the total error is less than ωA/2, where:

ωA
△
=

dAdB

dA − 2
(n− kA − r′), (A.16)

where r′ is an integer satisfying:

d⊥r′+1 ≥ n−
ωA

dB
, d⊥r′ < n− ωA

dB
. (A.17)

3. The support of every constructing rectangle in y with dimensions f ×g where
g ≤ 2e contains less than fg/4 errors.

then, the decoding will be error-free.

Proof: Let the sent codeword be the all-zero codeword and assume that every
constructing rectangle, (a, b) in y contains less than |a||b|/4 errors. Assume that
their exists in A∗, the list obtained from the Algorithm 2, a codeword c such that:

d(c,y) ≤ d(0,y),

then, we can replace the received matrix y by a matrix y′ that only has 1’s in the
places where both y and c have 1’s and zeroes elsewhere. This matrix will be closer
to both c and 0 than y is. Therefore, if this message was decoded instead of y, the
list of codewords that result from decoding y′ will have both c and 0 as members
with c coming before 0 in the list A∗. Let T be the minimal constructing set for
generating c by using a subset of the rows as a generator matrix for the row code
and a subset of the columns as a generator matrix for the column code.

Let us first prove the lemma for the case that the dimensions of all the con-
structing rectangles for the codeword c are exactly equal to dB × dA.

Due to the conditions imposed by the theorem, the Hamming weight of each
row and each column in c will be less or equal to 2e. Theorem A.5 implies that the
support of c can be divided into finitely many subsets located inside rectangles in
c with horizontal side length not exceeding 2e and the average of the cardinalities
of these subsets is greater than dAdB/2. Let us refer to these subsets by 2i, i ∈
{1, 2, . . . , |T |}. The members of a subset 2i are contained in the support of the
corresponding constructing rectangle ti ∈ T . Let:

2
′
i = Supp(y′) ∩2i.

Also, let:

I = Supp(c) =

|T |⋃

i=1

2i,
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and:

I ′ = Supp(y′) =

|T |⋃

i=1

2
′
i.

Since y is closer to y′ than 0 is, then:

|I ′| ≥ 1

2
|I| ≥ 1

2
|T |dAdB

2
,

|T |∑

i=1

|2′
i| ≥ |T |

dAdB

4
.

From the last inequality we see that the average of the weights of those rectangles
in y′ that occupy the same supports of the constructing rectangles of the codeword
c, is greater or equal to dAdB/4, which means that the weight of at least one of
those rectangles is greater than dAdB/4.

We now turn to the case where the constructing rectangles of the codeword c

have dimensions greater than dB×dA. In this case, and in a similar manner to the
above, the average number of errors contained in the supports of all constructing
rectangles should be greater than:

1

|T |
∑

(a,b)∈T

|a||b|
4

.

Therefore, there has to be at least one constructing rectangle that contains errors
in more than one fourth of its support. This completes the proof. 2

It should be noted that even though the method for obtaining ωA as given in
(A.10) is rather tedious and requires the knowledge of the weight hierarchy of the
row code, it is possible to bound the value of ωA. We present here two methods.
The first method is done by bounding the generalized Hamming weights of the
dual code A⊥ of the code A′. This is done by using the very well known Griesmer
Bound, [19, p. 547]:

d⊥r′ ≥ d⊥1 + ⌈d
⊥
1

21
⌉+ ⌈d

⊥
1

22
⌉+ . . .+ ⌈ d⊥1

2r′−1
⌉,

where, d⊥1 is the minimum distance of the dual code as shown in (A.6) and the
discussion that follows.

Using this bound on the generalized Hamming weights of the dual code-to obtain
ωA, instead of the actual values, it is possible to obtain a value, ω′

A that is a lower
bound on ωA.

It is also possible to bound ωA in a different manner using Lemma A.3 and
specifically (A.5). The way to do that is by noticing that a codeword c ∈ C that
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has a minimal constructing set T and occupies n∗ non-zero columns, has to be an
element in some linear code with parameters [n∗, k∗A, d

∗
A], where:

k∗A = |T |
d∗A ≥ dA.

However, the value of k∗A cannot exceed:

k∗A ≤ κ
△
= log2 (Best cardinality upper bound(n∗, dA)), (A.18)

where we mean by the above that we take the best known bound on the cardinality
of a binary code with length n∗ and minimum distance dA. Thus, ωA can be
bounded by looking for the largest n∗ such that κ ≤ 2n∗/dA and thus ωA can be
bounded as follows:

ωA ≥ ω′′
A

△
= n∗dB . (A.19)





Appendix B

The Complex Cauchy
Distribution

In this appendix we try to give some properties of what we call the complex Cauchy
distribution1.

The probability density function and the cumulative density function

A complex stochastic variable Z = Z1 + ıZ2 is said to have complex Cauchy distri-
bution and denote it by Cc(m,a) if its probability density function looks as follows:

fZ(z) =
a2

π(a2 + |z −m|2)2 =
1

a2

1

π(1 + ( |z−m|
a )2)2

, (B.1)

where a,the scale, is a real positive number, m, the median, is a complex number
and | · | is the absolute value or norm. The CDF of the complex Cauchy is slightly
more complicated since it has to be written in terms of its real and imaginary
components. Let z = z1 + ız2, then, the CDF of the Cc(0, 1) distribution is:

FZ(z1, z2) =
2z1 arctan( z2√

1+z2
1

)

4π
√

1 + z2
1

+
2z2 arctan( z1√

1+z2
2

)

4π
√

1 + z2
2

+
z2

4
√

1 + z2
2

+
z1

4
√

1 + z2
1

− 1

4
.

(B.2)
The complex Cauchy distribution shares many properties with the ordinary Cauchy
distribution. One of the main properties is that the complex Cauchy distribution

1The first mention of this distribution with this name was given by David Edelblute in the
news group sci.stat.math, 1997/01/24
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does not have a mean or a standard deviation, [160, p. 299]. However, If the
Principal Value (PV) integration was used to obtain the expectation, then, the
average will be equal to the median. The other moments will continue to be
undefined even when using PV integration.

It should be noted that the complex Cauchy distribution is different from the
bivariate Cauchy distribution. The latter is obtained by dividing a bivariate normal
distribution by the root of a chi-distributed stochastic variable with one degree of
freedom.

Relation with normal distribution

Let X ∼ Nc(0, σ
2
x) and Y ∼ Nc(0, σ

2
y) be independent. Let the stochastic variable:

Z = X/Y.

The random variable Z will have Cc(0, σ
2
x/σ

2
y) distribution. We prove this for the

case when σ2
x = σ2

y = 1/2. The PDF’s for the s.v. X and Y are:

fX(x) =
1

π
e−|x|2 (B.3)

fY (y) =
1

π
e−|y|2

From (B.3), we can write fZ|Y as:

fZ|Y (z|y) =
|y|
π
e−y|2|z|2 (B.4)

The distribution of Z is found by multiplying (B.4) with the PDF of Y and inte-
grating over y. We have:

fZY (z, y) = fZ|Y (z|y)fY (y)

=
|y|2
π
e−y|2|z|2 1

π
e|y|

2

=
|y|
π2
e−y|2(|z|2+1)

⇒ fZ|Y |(z, η) =
1

π

η3

π
e−η2(|z|2+1). (B.5)

Integrating fZ|Y |(z, η) over η shows that Z ∼ Cc(0, 1).

Characteristic function

The characteristic function of a probability distribution is defined as follows:

ψ(t) = Ex(eıt′x),
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where Ex is the expectation with respect to x. It is very hard to find a closed form
solution for the characteristic function. However, by studying the PDF and charac-
teristic function of another distribution called the Asymmetric Laplace AL(m,x)
defined by Kotz et al [161]. The characteristic function of this distribution for a
stochastic variable in Rd is:

ψ(t) = (
1

1 + 1
2t

′Σt− ım′t
)s, (B.6)

where Σ is the d× d correlation matrix, m is the average and s > 1. The PDF is:

g(x) =
2 exp(m′Σ−1x)

(2π)d/2Γ(s)|Σ|1/2

(
Q(x)

C(Σ,m)

)s−d/2

Ks−d/2(Q(x)). (B.7)

where, Q(x) =
√

x′Σ−1 x, C(Σ,m) =
√

2 + m′Σ−1m and Kn is the modified
Bessel function of the third kind (sometimes in the literature the second kind). By
comparing the characteristic function of the AL distribution with the PDF of the
complex Cauchy Cc(0, 1) in (B.1) we realize that, apart from 1/π factor, they are
identical for the case m = 0, d = 2, s = 2 and:

Σ =

(
2 0
0 2

)
.

Therefore, we deduce that the characteristic function of the Cc(0, 1) distribution
is:

ψ(t) =

(
Q(x)√

2

)
K1(Q(x)). (B.8)

We also notice that for d = 1, m = 0 and s = 1 the same argument applies
for the ordinary Cauchy distribution. We can, therefore, extend the definition of
the Cauchy distribution to a generalized Cauchy distribution which has a PDF as
follows:

fX(x) = (
1

π(1 + 1
2x

′Σx)
)s, (B.9)

for all d > 1 and s > 1. This distribution covers both the ordinary Cauchy
and the complex Cauchy distributions. We should mention, however, that the
name generalized Cauchy is sometimes mentioned in the literature to differentiate
between the ordinary Cauchy distribution when m = 0 and a = 1 which is called
centralized and the case when m 6 =0 and a 6 =1.

Marginal PDF’s

The marginal PDF’s of the complex Cauchy distribution in the real and imaginary
dimensions is found by integrating the PDF over the other dimension. This is
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found for the Cc(0, 1) to be:

fZ1
(z1) =

∫

z2

fZ(z1, z2) =
1

2(1 + z2
1)3/2

. (B.10)

We see that the marginal distribution falls under the generalized Cauchy definition
in (B.9) with d = 1 and s = 3/2.

The information generating function and entropy

Golomb [162] introduced what he calle the information generating function of a
distribution. The definition of this function for continuous distributions is:

T (u)
△
=

∫

x

(fu
X(x)). (B.11)

The entropy of the distribution is obtained by derivating −T (u) and setting u = 1.
This is shown as follows:

−T ′(u) = −
∫

x

log(fX(x))fu
X(x)

⇒ −T ′(1) = −
∫

x

log(fX(x))fX(x),

which we recognize as the definition for the entropy of fX . For the complex Cauchy
Cc(0, 1) distribution, the information generating function will be:

T (u) =

∫

z

fu
Z(z)

=

∫

z

1

πu(1 + |z|2)2u
,

where the integration is taken over the complex domain. By changing the variables
to polar coordinates,i.e., z = ζeıθ, we get:

T (u) =

∫

ζ

∫

θ

ζ

πu(1 + ζ2)2u

=
1

πu−1

∫

ζ

ζ

(1 + ζ2)2u
.

The latter integral is simple and can be found in tables of integrals. Thus, the
result will be:

T (u) =
π1−u

2u− 1
. (B.12)

This means that the entropy of the Cc(0, 1) distribution is:

H(Z) = −T ′(1) = 2 + lnπnats = 2 log2 e+ log2 π bits.
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Proposition B.1 For a Cc(m,a) distribution, the entropy is given by:

H(Z) = 2 log2 e+ log2 π + log2 a
2 bits.

Proof: The translation by m does not affect the entropy and scaling by a for the
complex dimensional case adds log2 a

2 to the entropy, [51, pp. 233-234] 2





Appendix C

Sorting Algorithms λ and µ

We present in Figure C.1 a function λ that finds the l least combinations between
members of two ordered lists a and b. This algorithm completes the task with
O(l log l) comparisons and returns an array of three columns and l rows, where the
last column contains the l smallest combinations of numbers and the other two
columns contain the orders of the elements in u and v that produced this number.

Simply explained, the algorithm adds two components of the two lists at a time,
beginning from the smallest members of the two lists, sorting the result in a new
list and stops when the size of the new list becomes equal to l. The algorithm
makes use of the stack g = {g1, g2, . . . , gl}, which is simply an array of l cells
each of which has three elements. The first two members of each cell in the stack
are natural numbers, each of which pointing to an element in u and v respectively.
The result of adding these two elements is stored in the third element of the same
cell. The cells are then ordered by their last members. In the algorithm below,
we make use of a function called, PushSort, which is an algorithm for pushing a
cell into an already ordered stack in its ordered position. Efficient algorithms that
use binary search trees and perform this task are well known in literature and it
can be proven that they require at most log l comparisons. See for example Aho et
al. [163, Chapters 2 and 3]. The sorting algorithm above is best explained by an
example.

Example C.1 Consider the two lists of numbers (0, 2, 3, 5) and (0, 1, 1, 3).
There will be 24 different combinations of members of the two lists, namely, 0 + 0,
0 + 1, 0 + 1, 0 + 3, 2 + 0, 2 + 1, 2 + 1, 2 + 3, 3 + 0, 3 + 1, 3 + 1, 3 + 3, 5 + 0,
5 + 1, 5 + 1 and 5 + 3. The algorithm should return the 4 smallest combinations
without actually creating the whole list of 16 members. Figure C.2 shows how the
components of the stack change at each step. In order to find the resultant list, f ,
we look at the first member of the stack at each step and check if it was a valid

255
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Input: Two ordered lists of real numbers u = (u1, . . . , ul) and
v = (v1, . . . , vl)

Output: l × 3 array f

Variables: i ∈ N, z ∈ N× N× R and stack g of l elements such that1

gi ∈ N× N× R,∀i ∈ {1, . . . , l};
Initialization;2

for i← 1 to l do3

gi,1 = i, gi,2 = 0, gi,3 = ui;4

end5

i=1;6

while i ≤ l do7

z = g1;8

g = g\g1;9

if z2 = 0 then10

z2 = 1;11

z3 = uz1
+ vz2

;12

g = PushSort(z, g);13

else14

f i = z;15

i = i + 1;16

z2 = z2 + 1;17

if z2 ≤ l then18

z3 = uz1
+ vz2

;19

g = PushSort(z, g);20

end21

end22

end23

Figure C.1: Algorithm that finds a list of combinations of two lists.

component, i.e., it is made up of combining two members from the input lists. If
it was valid, it is added to f otherwise we continue to the next step. The stack
f will in the end be {(1, 1, 0), (1, 2, 1), (1, 3, 1), (2, 1, 2)}. And we also see that the
algorithm stops at step number 5 even though in the figure we continue beyond this
step for illustrative purposes. It should be noted, however, that it is also possible
for the algorithm to return the ordered list of all l2 combinations simply by letting
it continue and not stop it after the first l members are found.

It is very important to note that algorithm C.1 is only an example of many
algorithms that can perform the same task in O(l) steps or, equivalently, that it
requires O(l log l) comparisons and at most 2l additions. We present the algorithm
here in order to develop the ideas for analyzing the decoding algorithm afterward.

We are now ready to present the decoding algorithm, which we will denote by µ,
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(1,1,0)

(2,0,2)

(3,0,3)

(1,2,1) (1,3,1)(1,0,0)

(2,0,2)

(3,0,3)

(4,0,5) (4,0,5)

(2,0,2) (2,2,3) (2,3,3) (1,4,3) (3,0,3)

(3,0,3)

(4,0,5)

(1,4,3)

(2,1,2)

(2,0,2)

(3,0,3)

(4,0,5) (4,0,5) (4,0,5) (4,0,5) (4,0,5) (4,0,5)

(3,0,3) (3,0,3) (3,0,3) (3,0,3)

(2,0,2) (1,4,3) (1,4,3) (1,4,3) (3,0,3)

(2,4,5)

(2,4,5)

(4,0,5)

0                 1                   2                  3                 4                   5                  6                  7                  8                  9Step

Stack
Contents

The Algorithm
stops here

Figure C.2: The progress of Algorithm C.1 to solve Example C.1

in a more formal manner. In the description below, we assume that the decoding
is on a code C = A ∩ B and that the decoding radius e for the list decoder for
the rows, ξe is chosen in such a way that the list decoder always returns a list
of at least l codewords in A. The list L = {L(1), L(2), . . . , L(m−1)} is a list
of m − 1 stacks, each of which is similar to the stack g used in Algorithm C.1
above and the sorting function λ is used for sorting these stacks. The matrix Y
in the algorithm below is m × l of elements such that Yi,j ∈ A′. In step 6, we
mean that only the l closest members of ξe(yi,·,A) are assigned to Yi and that
they are ordered according to their distances from the corresponding row in y. If
the number of candidate codewords for a row, say, i was less than l, then, only
this limited number of solutions is used and copied to Yi. This is a slight abuse
of the mathematic notation but we chose this form instead of a more correct but
cumbersome notation. If the flag S is equal to 1, then we know that the decoding
was successful. Step 19 can be implemented, for example, by a simple syndrome
check or information set check. If the decoder doesn’t find a valid codeword, then
it stops and declares that decoding was unsuccessful or we can choose one of the
words in the list to acquire the information bits. It is also possible to add new
codewords to the list afterward. This option, however, doesn’t help in the analysis
of the algorithm. We also observe that the algorithm doesn’t generate the list A

of ordered codewords in A. Rather, it generates lists of indices L of candidate
codewords for each row and then using these lists, in steps 12-23, to generate each
element in A. This is done in order to decrease the amount of memory needed for
storage in the algorithm.
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Input: m× n matrix y of real numbers and a real number e
Output: m× n matrix x̂ of binary numbers and a binary flag S
Variables: h, i, j ∈ N, m× l matrix Y , a list L = (L(1), . . . , L(m−1)) such1

that L(k) ∈ N
l × N

l × R
l;

Initialization;2

i = 1, j = 1, h = 1, S = 0;3

for i = 1 to m do4

Yi = ξe(yi,·,A′);5

end6

L(1) = λ(D(y1,·, Y1),D(y2,·, Y2));7

for i = 2 to m− 1 do8

L(i) = λ(L
(i−1)
3,· ,D(yi+1,·, Yi+1));9

end10

while j ≤ l AND S = 0 do11

h = L
(m−1)
2,j ;12

x̂i,· = Yi,h;13

for i = m− 1 to 1 do14

h = L
(i)
1,j ;15

x̂m,· = Ym,h;16

end17

if x̂ ∈ B then18

S = 1;19

end20

j = j + 1;21

end22

Figure C.3: Decoding algorithm for product codes.
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