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Abstract The dynamic behaviour in the audible frequency range of

magneto-sensitive (MS) rubber is the focus of this thesis consisting of

five papers (A–E). Paper A presents results drawn from experiments

on samples subjected to different constant shear strains over varying fre-

quencies and magnetic fields. Main features observed are the existence

of an amplitude dependence of the shear modulus—referred to as the

Fletcher–Gent effect—for even small displacements, and the appearance

of large MS effects. These results are subsequently used in Paper B and

C to model two magneto-sensitive rubber isolators, serving to demon-

strate how, effectively, by means of MS rubber, these can be readily im-

proved. The first model calculates the transfer stiffness of a torsionally

excited isolator, and the second one, the energy flow into the foundation

for a bushing inserted between a vibrating mass and an infinite plate. In

both examples, notable improvements in isolation are obtainable. Paper

D presents a non-linear constitutive model of MS rubber in the audible

frequency range. Characteristics inherent to magneto-sensitive rubber

within this dynamic regime are defined: magnetic sensitivity, amplitude

dependence, elasticity and viscoelasticity. A very good agreement with

experimental values is obtained. In Paper E, the magneto-sensitive rub-

ber bushing stiffness for varying degrees of magnetization is predicted by

incorporating the non-linear magneto-sensitive audio frequency rubber

model developed in Paper D, into an effective engineering formula for

the torsional stiffness of a rubber bushing. The results predict, and

clearly display, the possibility of controlling over a large range through

the application of a magnetic field, the magneto-sensitive rubber bushing

stiffness.

Key words: Magneto-sensitivity, Rubber, Audible frequency range,

Amplitude dependence, Vibration isolator, Fletcher—Gent effect, Stiff-

ness
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1 Introduction

The term smart materials—roughly defined as materials whose properties

can be changed to meet changing conditions—was coined some twenty

years ago and has since attracted enormous interest from researchers and

industrials alike. To people in general, however, it was not until recently

that these materials clearly prove their utility, albeit only on film; in the

latest Batman movie, “Batman Begins”(2005), the hero drapes himself

in a velvet-like, soft cape, as he swirls around Gotham City instilling fear

in criminals, dressed up in his horrifying disguise. Visual effects aside,

this garment of his also possesses some other, extraordinary, qualities;

in contrast to conventional super hero capes this one differs, insofar as

passing an electric current across it, renders it hard as steel, protecting

Batman from bullets’ harm. While seemingly fantasy-like, the mind leap

to the subject treated in this thesis is actually not gigantic.

Narrowing down the wide concept of smart materials to that of magneto-

sensitive materials the research into this field was started in the end of

the forties by Rabinow (1) who was working on magneto-sensitive fluids.

Concurrently, Winslow (2) was working on electro-sensitive (ES) fluids.

In tandem with their discoveries, research on MS and ES materials gained

momentum, but focus remained all the same until recently on ES materi-

als. This while MS materials have proven more commercially successful,

lately prompting a large number of publications of research reports on

MS fluids and solids alike refs.(3)-(13). Magneto-sensitive rubber has

become the subject of much research because of the wide presence of

rubber in applications such as bushings and engine mounts for instance;

the interest lies in the capability to dynamically change the apparent

rubber stiffness and damping, achieved by applying a magnetic field over

a rubber containing iron particles.

In Paper A included in this thesis the shear modulus and its mag-

netic sensitivity in the audible frequency range have been studied from

100 to 1000 Hz at different, constant strains. Due to the wide frequency

span, visco-elastic effects are covered in addition to magnetic ones, while
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simultaneously at all strains allowing for observation of the Fletcher–

Gent effect—the rubber is subjected to constant shear strains as small as

0.0084 %. The influence of this effect is normally negligible for unfilled

rubber subject only to small strains. However, it will be shown that this

assumption is not valid for MS rubber. In this manner a more complete

understanding of the separate effects of magneto-sensitive materials in

the audible frequency range and their relative importance are obtained.

Furthermore, the magneto-sensitivity is revealed to be surprisingly large,

especially for small amplitudes. In Paper B and C, which are theoretical

applications based on the experimental results obtained in Paper A, it

is revealed how vibration isolators in two cases can be greatly improved

by adopting magneto-sensitive rubber. Paper D presents a model of

magneto-sensitive rubber in the audible frequency range. In contrast to

the large majority of existing magneto-sensitive elastomer models, this

one involves viscoelasticity. It moreover accounts for the non-linear am-

plitude dependence usually neglected in static, quasi-static and dynamic

models for small strains. In Paper E, the model presented in Paper

D is incorporated into an engineering formula for the torsional stiffness

of a long rubber bushing. The results from the calculations predict and

clearly display the possibility of controlling over a large frequency range,

through the application of a magnetic field, the magneto-sensitive rubber

bushing stiffness.

2 Properties of MS rubber in the audible

frequency range

Rubber is a material of complex nature. In order to aptly describe its be-

haviour three principal features need be accurately captured: elasticity,

viscoelasticity and amplitude dependence. Moreover, as for MS rubber,

the introduction of magnetizable particles in the rubber along with a

possibly applied magnetic field complicates the task further. Since in

this thesis only small strains are considered—such strains are commonly
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encountered in the audible frequency range—geometrical non-linearities

are henceforth disregarded. To comprehend the importance of the var-

ious effects observed, thorough experimental studies are required. Such

performed studies are presented in Paper A. A test rig [Fig. 1] was de-

signed for dynamic shear modulus measurements. In this rig two rubber

samples are simultaneously sheared at frequencies between 100 and 1000

Hz with different constant amplitude, while exposed to a magnetic field

of varying strength. Two kinds of rubber, natural and silicone rubber,

each containing 33 % iron are tested. The iron particles are randomly dis-

persed and of irregular shape, with a particle size distribution of 77.7 %:

0–38 µm, 15.6 %: 38–45 µm and 6.7 %: 45–63 µm. Through these ex-

periments, magneto-sensitivity, dynamic amplitude dependence and fre-

quency dependence can be observed. Furthermore, through analysis and

modelling, the influence of magnetic exposure on the respective effects

can be comprehended.
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induced magnetic field of 0, 0.3, 0.55 and 0.8T, and constant displacement amplitude of 0.00017mm.
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2.1 Magneto-sensitivity

The application of a magnetic field gives rise to a magnetic dipole-dipole

interaction between the iron particles causing the apparent changes in

stiffness and damping. This phenomenon occurs instantly and reversibly.

The results for the smallest amplitude for the silicone and natural rubber

are displayed in Figs. 2 and 3. Their respective behaviours are practically

similar displaying only minor differences; the strong magneto-sensitivity

can be viewed in both figures for the magnitude of the shear modulus.

For the first case a 115 % increase is observed, while for the second case

it is a little less, yet very strong. Furthermore, it will subsequently be

shown that the increase in shear modulus magnitude with magnetic field

grows with decreasing amplitude at all frequencies, a phenomenon linked

to the dynamic amplitude dependence.

2.2 Dynamic amplitude dependence—The Fletcher–

Gent effect

The dynamic shear modulus displays an amplitude dependence that is

relatively large for even the smallest amplitudes. This can be deduced by

comparing the curves in Figs. 4 and 5 representing shear modulus versus

strain at four different magnetic fields. Analysis of those graphs leads to

the following: a decreasing vibration amplitude gives rise to an increas-

ing magnitude and decreasing loss factor of the shear modulus. This

behaviour derives from a phenomenon referred to as the Fletcher–Gent

effect (14), whose influence on rubber subjected to small deformations is

normally negligible. However, these observations reveal that in a wide

amplitude range the Fletcher–Gent effect is a highly important feature of

MS rubber. The effect grows stronger with higher magnetic inductions

implying that there be a relation between the amplitude dependence and

the magneto-sensitivity. The Fletcher–Gent effect is usually modelled

as a frictive effect. Thus it can roughly be said that the stronger the

amplitude dependence, the higher the losses, suggesting that for higher

magnetic fields the Fletcher–Gent effect should give a positive contribu-
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tion to the total loss factor.
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Figure 4: Shear modulus magnitude |G| and loss factor Imag G/Real G versus
strain at 150 Hz and induced magnetic fields of 0, 0.3, 0.55 and 0.8T.

2.3 Frequency dependence

The shear modulus magnitude and loss factor grow with frequency in an

expected rubber like fashion for all magnetic fields and amplitudes for

both the silicone and natural rubber. This implies that, not surprisingly,

the viscoelastic properties of rubber are retained for MS rubber. More-

over, the shear modulus magnitude difference between the zero-field and

saturated state at different frequencies appears to be relatively constant

suggesting that the viscoelastic dependence on magnetic induction be

small.
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strain at 150 Hz and induced magnetic fields of 0, 0.3, 0.55 and 0.8T.

2.4 Elastic dependence

As is also the case of conventionally used rubber, MS rubber is partly

elastic. Observing that the total loss factor varies little with magnetic

field, suggests that the loss increase with increasing magnetic field that

the Fletcher–Gent effect gives rise to, be balanced by an increase in the

elastic modulus.

3 Modelling of MS rubber in the audible

frequency range

While some existing rubber models include amplitude dependence refs.(15)-

(19), none of them includes magneto-sensitivity. Conversely, even though
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recent years have witnessed a steep rise in the number of research reports

on magneto-sensitive fluids and solids alike, the majority focus merely

on the quasi-static properties refs.(20)-(25) often excluding the ampli-

tude dependence, as well as the frequency dependence. Nevertheless, in

recent publications refs.(26)-(29) the amplitude dependence is revealed

to be an important feature for magneto-sensitive rubber even at small

strains. Moreover, the magnetic sensitivity is shown to be strongly am-

plitude dependent, why the inclusion of such effects in a model is essential

to accurately reflect the physical phenomena present.

Based on the presented properties a constitutive model of MS rubber

in the audible frequency range is presented in Paper D.

The total stress response is assumed to be additively decomposable

into three parts depending on time t,

τ = τe + τve + τf , (1)

where the elastic stress τe(t) is linearly related to the instantaneous strain

γ(t), the viscoelastic stress τve(t) is linearly related to the history of the

strain rate and the friction stress τf(t) is non-linearly related to the strain.

Since time domain expressions quickly become cumbersome, relation-

ships are often studied in the frequency domain where they are largely

reduced in size; also in this manner calculations are readily simplified,

especially if linearity can be assumed. This domain change can be per-

formed without any loss of information for the elastic and viscoelastic

components of linear nature. On the other hand, the non-linear fric-

tional component will react to a single frequency sinusoidal strain by

yielding one stress component of the same frequency as the input, and

an infinite number of overtones of odd multiple order of that input fre-

quency. These overtones, however, decay rapidly in amplitude and can

therefore be dropped in analyses when studying linearized relationships

between input and output; the linearized shear modulus being an exam-

ple of this. Once that linearization has been performed, the following

frequency domain relation can be established
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G =
τ̃(ω)

γ̃(ω)
, (2)

where the ·̃ symbol is henceforth employed for frequency domain quanti-

ties obtained by applying the temporal Fourier transform

(̃·) =
∫∞
−∞(·) exp(−iωt)dt; ω is the angular frequency in radians per sec-

ond and G the linearized shear modulus in the frequency domain.

3.1 Elasticity

The elastic dependence is simply described by

τe = Geγ, (3)

where Ge is the elastic shear modulus.

3.2 Viscoelasticity

The viscoelastic stress τve(t) is linearly related to the history of the strain

rate ref.(30),

τve =
b

Γ(1− α)

d

dt

∫ t

−∞
γ(s)

(t− s)α
ds 0 < α ≤ 1, b > 0, (4)

where Γ is the gamma function and α and b are material constants.

3.3 Frictional stress response

The friction stress τf(t) is nonlinearly related to the strain refs.(18; 31)

as

τf = τfs +
γ − γs

γ1/2[1− sign(γ̇) τfs
τfmax

] + sign(γ̇)[γ − γs]
[τfmax − sign(γ̇)τfs], (5)

where the maximum friction stress developed τfmax and γ1/2 are model

constants with sign(γ̇) yielding the direction of the displacement. The

parameters τfs and γs are updated each time there is a change in shear

direction at γ̇s = 0 as τfs ← τf |γ̇=0 and γs ← γ|γ̇=0.
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3.4 Magneto-sensitivity

Magnetic sensitivity is introduced in connection with γ1/2, τfmax and Ge

according to the following relations

Ge =

[
1 +

(
M

Ms

)2

δ1

]
Ge 0, (6)

γ1/2 =
γ1/2 0

1 +
(

M
Ms

)2
δ2

, (7)

τfmax =

[
1 +

(
M

Ms

)2

δ3

]
τfmax 0, (8)

where M represents magnetization perpendicular to the shear direction,

Ms saturation magnetization and δ1, δ2 and δ3, real and positive material

constants. The parameters Ge 0, γ1/2 0 and τfmax 0 represent respectively

the zero state values.

3.5 Total behaviour

The model is developed from these assumptions and parameters are op-

timized with respect to experimental values for the natural MS rub-

ber for the smallest strain and subsequently validated for the higher

ones. A comparison with experimental data is made showing very good

agreement. This is displayed for the lowest amplitude in Figs. 6 and 7

and for a higher one in Figs. 8 and 9. The following parameter values

are used: Ge 0=1.35 MN m−2, b=0.12 M N m−2 sα, α=0.36, γ1/2 0=0.00103,

τfmax 0=0.9 k N m−2, δ1=2.22, δ2=6.94, δ3=1.53 and µ0Ms=0.6 T, where µ0

is the permeability of free space.
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Figure 6: Experimentally obtained shear modulus magnitude |G| (thin lines)
and corresponding modeled results (thick lines) versus frequency at induced
magnetic field of 0, 0.3, 0.55 and 0.8 T.

4 Applications—MS rubber isolators

One commonly used means to reduce energy transmission travelling in

the shape of vibrations is to decouple the source from the receiver by

inserting a flexible element. Rubber possesses the proper characteris-

tics and such isolators are consequently used in various industrial ap-

plications. The fundamental idea behind a vibration isolator within the

audible frequency range is to provide a mechanical property mismatch

between the source and the receiving structure; the mismatch acting as a

mirror in reflecting the audio vibrations from the source backwards. As

the source and receiving structure are usually stiff, a suitable isolator is

accordingly soft; the softer the isolator the larger the attenuation, with

zero stiffness as an optimum, that is, replacing the isolators by empty
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Figure 7: Experimentally obtained shear modulus loss factor ImagG/RealG
(thin lines) and corresponding modeled results (thick lines) versus frequency
at induced magnetic field of 0, 0.3, 0.55 and 0.8T.

space. If structure-borne sound attenuation were the only goal, such a so-

lution would suffice. However, as isolators also carry the source, provide

dynamic and static stability etc., the attenuation optimization process

has to be solved with strongly restricted design parameters-clearly, ex-

cluding the zero stiffness solution. Typically, a vehicle for instance, is

subjected to vibrations of largely varying frequencies whereas isolators

are normally optimized with respect only to low frequency requirements.

Hence, the high frequency properties are liable to be poor over large re-

gions. The ability to reversibly, rapidly and effectively control the prop-

erties of a component would provide an effective means to meet high

frequency requirements too, thus reducing noise and vibrations which

is a sought-after quality in industrial applications. In the previous sec-

tion it was shown that MS rubber possesses the characteristics suitable to
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Figure 8: Experimentally obtained shear modulus magnitude |G| (thin lines)
and corresponding modeled results (thick lines) versus frequency at induced
magnetic field of 0, 0.3, 0.55 and 0.8 T.

the purpose; while strongly magneto-sensitive—reacting strongly, rapidly

and reversibly to an externally applied field—it nevertheless retains the

classical rubber properties for which rubber was originally chosen. Since

the field of research is relatively new, very few applications exist. There

is, however, as shown in this section, an enormous potential for MS rub-

ber in an application’s context.

4.1 Torsionally excited cylindrical isolator

The application considered presented in Paper B is a magnetic field ex-

posed, cylindrical vibration isolator of height H=100 mm and diameter

D=150 m, portrayed in Fig. 10. It is bonded to two circular steel plates

and torsionally excited by a rotation of Ωe radians at the upper lateral
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Figure 9: Experimentally obtained shear modulus loss factor ImagG/RealG
(thin lines) and corresponding modeled results (thick lines) versus frequency
at induced magnetic field of 0, 0.3, 0.55 and 0.8T.

surface, while blocked at the lower surface by an applied torsional mo-

ment of T Nm. The magneto-sensitive rubber consists of natural rubber

containing 33 % iron. A strain sufficiently small to permit a linearization

with respect to amplitude is opted in order to permit the use of data from

Fig. 3. The wave equation for torsional motion in the frequency domain

reads ref.(32)
∂2Ω(z, ω)

∂z2
+ k2

TΩ(z, ω) = 0. (9)

Defining the wave number kT (see Eq.(12)), boundary conditions and

calculating the shear stress σ(ω) at the lower surface leads to the following

transfer stiffness relation

k =
T

Ωe

=
∫ D/2

0

σ2πr2

Ωe

dr =
πGkTD4

32 sin(kTH)
. (10)
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Figure 10: Magnetic field applied on a torsionally excited cylindrical vibration
isolator of natural rubber with an iron particle volume concentration of 33%.

The transfer stiffness is displayed in Fig. 11 for four magnetic induc-

tions of 0, 0.3, 0.55 and 0.8 T in the frequency range of 100 to 1000 Hz.

Approximately, optimal isolation within this frequency range is obtained

with as low a magnitude of the transfer stiffness as possible. The path

traced with circles indicates the optimal isolation for different frequen-

cies. The magnitude graphs show an almost 15 dB drop at around 150 Hz

obtained by applying a magnetic field of 0.8 T. Once the 0 T dynamic

stiffness peak has been passed the magnetic field can be switched off

according to the optimal path graph. This, of course, is a reversible

process, meaning that frequencies can be shifted up and down and back

and forth. Furthermore it can be done rapidly, due to iron’s magnetic

properties.

4.2 Axially excited MS rubber bushing

This application presented in Paper C concerns an isolator standing

on a concrete floor of infinite extent, viewed in Fig. 12. It consists of

a magneto-sensitive rubber bushing firmly bonded to an exterior circu-
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Figure 11: Torsional stiffness magnitude and loss factor versus frequency for
a cylindrical vibration isolator of natural rubber with an iron particle volume
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lar iron shell and to an interior iron rod connecting to the floor. The

cylindrical shell supports a force excited rigid mass acting as a simplified

source model. The geometrical dimensions are: inner radius Ri=0.01 m,

outer radius Ro=0.08 m, the length of the rubber bushing L=0.25 m and

the thickness of the floor hf=0.10 m. The applied mass m1 amounts to

1000 kg. The iron rod mass m2 is calculated to 1 kg for a typical steel den-

sity ρsteel=7800 kg m−3. The density of the rubber is set to ρ=3250 kg m−3

and the concrete floor ρf=2300 kg m−3. The latter has a complex elastic-

ity modulus Ef= 2.6×1010(1+0.02i) N m−2 where i is the imaginary unit.

The Poisson’s ratio for the same is νf=0.2. The magneto-sensitive rubber
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consists of natural rubber with an iron particle volume concentration of

33 %. The particles are randomly dispersed within the rubber and irreg-

ularly shaped. A strain sufficiently small to permit a linearization with

respect to amplitude is opted in order to permit the use of data from

Fig. 3.

The axially symmetric transversal wave equation for axial shear waves

propagating radially in the frequency domain reads in cylindrical coor-

dinates
∂2ũ(r, ω)

∂r2
+

1

r

∂ũ(r, ω)

∂r
+ kT

2ũ(r, ω) = 0 (11)

where the transversal wave number (33)

kT = ω

√
ρ

G
, (12)

the angular frequency ω=2 π f , G is the shear modulus, f the frequency

and the frequency domain variables are obtained by the temporal Fourier

transform defined as (̃·) =
∫∞
−∞(·) exp(−iωt)dt. Also modelling the floor

stiffness relating the motion of the foundation to the force acting on it

as ref.(32),

kf = iω8h2
f

√
Efρf

12[1− ν2
f ]

, (13)

the transmissibility—defined as the ratio of the energy flow into the floor

with and without isolator—for the two cases of an applied and no applied

magnetic field can be calculated, and is displayed in Fig. 13. Optimal

isolation corresponds to as low an energy flow transmissibility as possi-

ble; around 200 Hz a large reduction in transmitted energy is obtained

when magnetically saturating the rubber. It is the first internal anti-

resonance—the first dynamic peak stiffness frequency—that is shiftable

upwards in frequency by applying a magnetic field. In this manner a

maximum reduction of approximately 7 dB is obtained. Naturally the

shifting of critical frequencies can be done reversibly by turning off the

magnetic field. Also at the second peak, optimum tends to occur for the

saturated state curve.
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Figure 12: Picture of the axially symmetric designed model.

4.3 Torsionally excited MS rubber bushing

While some general bushing models include amplitude dependence refs.(34)-

(36) none of them includes magneto-sensitivity. By employing the pre-

sented constitutive equation from Paper D in an effective engineering

formula for the torsional stiffness of a rubber bushing, a frequency, ampli-

tude and magnetic field dependent torsional stiffness model of a magneto-

sensitive natural rubber bushing is built. This work is presented in Paper

E.

The bushing with inner radius a, outer radius b and length L, is
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Figure 13: Energy flow transmissibility with and without magnetic field. The
path for optimal isolation is marked by circles.

subjected to a torsion angle ϕ(t). A picture of the magneto-sensitive

rubber bushing can be viewed in Fig. 14.
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Figure 14: Picture of the axially symmetric designed magneto-sensitive rub-
ber bushing.

First an average engineering shear strain is calculated through a vol-

ume average (37).

γrθ(t) =
4b2a2ϕ(t)

(b2 − a2)2
loge

(
b

a

)
, (14)

where t signifies time and the subscripts r and θ denote cylindrical coor-

dinate directions. Next, this equivalent strain is inserted into the consti-

tutive equation yielding a stress response. Taking the fourier transform

of both stress and strain and linearizing, that is dropping overtones in

the stress response, an expression for the strain averaged frequency and

amplitude dependent shear modulus is obtained,

G =
τ̃(ω)

γ̃(ω)
. (15)
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From this relation the torsional dynamic stiffness of the magneto-sensitive

rubber isolator can be calculated as

kdyn =
4πLa2b2G(ω)

b2 − a2
. (16)

The constitutive equation parameters have the same values as the ones

presented in the modelling section. Isolator dimensions are: L = 0.025 m,

a = 0.02 m and b = 0.025 m. The dynamic torsional stiffness is modelled

for four different torsional angles; the results for the smallest one is plot-

ted in Fig. 15 and Fig. 16, and for a higher one in Fig. 17 and Fig. 18. The

results predict, and clearly display, the possibility of controlling over a

large frequency range through the application of a magnetic field, the

magneto-sensitive rubber bushing stiffness for different amplitudes.
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Figure 15: Torsion stiffness magnitude versus frequency at induced magnetic
field of 0, 0.3, 0.55 and 0.8T.
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Figure 16: Torsion stiffness loss factor versus frequency at induced magnetic
field of 0, 0.3, 0.55 and 0.8T.
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Figure 17: Torsion stiffness magnitude versus frequency at induced magnetic
field of 0, 0.3, 0.55 and 0.8T.
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Figure 18: Torsion stiffness loss factor versus frequency at induced magnetic
field of 0, 0.3, 0.55 and 0.8T.
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5 Future Research

The presented work is believed to put forth the potential of magneto-

sensitive rubber as an effective means to readily improve existing rubber

isolators in the audible frequency range. Aside from experimentally prov-

ing its potential, various aspects are considered and models presented.

Nevertheless, it would be interesting to expand this work in several di-

rections:

-On the experimental side investigate how an applied prestrain on the

magneto-sensitive rubber reflects on the magnetic sensitivity, and possi-

bly model its effects.

-Model and investigate the possibilities of improving existing absorbers

through the use of magneto-sensitive rubber.

-From the work presented in Paper D create an enhanced constitutive

model permitting geometrical non-linearities and finite deformations.

-Model the applications in Paper B and C with the constitutive model

presented in Paper D to investigate the influences of the amplitude

dependence.
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