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Abstract

The topic of this thesis is algebraic geometry, which is the mathematical
subject that connects polynomial equations with geometric objects. Modern
algebraic geometry has extended this framework by replacing polynomials
with elements from a general commutative ring, and studies the geometry of
abstract algebra. The thesis consists of six papers relating to some di�erent
topics of this field.

The first three papers concern the Rees algebra. Given an ideal of a
commutative ring, the corresponding Rees algebra is the coordinate ring of a
blow-up in the subscheme defined by the ideal. We study a generalization of
this concept where we replace the ideal with a module. In Paper A we give an
intrinsic definition of the Rees algebra of a module in terms of divided powers.
In Paper B we show that features of the Rees algebra can be explained by
the theory of coherent functors. In Paper C we consider the geometry of the
Rees algebra of a module, and characterize it by a universal property.

The other three papers concern various moduli spaces. In Paper D we
prove a partial generalization of Gotzmann’s persistence theorem to modules,
and give explicit equations for the embedding of a Quot scheme inside a
Grassmannian. In Paper E we expand on a result of Paper D, concerning the
structure of certain Fitting ideals, to describe projective embeddings of open
a�ne subschemes of a Hilbert scheme. Finally, in Paper F we introduce the
good Hilbert functor parametrizing closed substacks with proper good moduli
spaces of an algebraic stack, and we show that this functor is algebraic under
certain conditions on the stack.
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Sammanfattning

Ämnet för denna avhandling är algebraisk geometri, den matematiska teo-
rin som kopplar samman polynomekvationer med geometriska objekt. Modern
algebraisk geometri har vidareutvecklat denna idé genom att ersätta polynom
med element från en godtycklig kommutativ ring, och betraktar abstrakt al-
gebra från ett geometriskt perspektiv. Avhandlingen består av sex artiklar
som studerar några olika ämnen i detta fält.

De första tre artiklarna behandlar Reesalgebran. Givet ett ideal i en kom-
mutativ ring så är motsvarande Reesalgebra koordinatringen av en uppblås-
ning i delschemat definierat av idealet. Vi studerar en generalisering av denna
konstruktion där vi ersatt idealet med en modul. I Artikel A ger vi en intrin-
sisk definition av Reesalgebran av en modul i termer av dividerade potenser.
I Artikel B visar vi att egenskaper hos Reesalgebran kan förklaras med hjälp
av koherenta funktorer. I Artikel C studerar vi geometrin hos Reesalgebran
av en modul, och karaktäriserar den med hjälp av en universell egenskap.

De tre andra artiklarna behandlar olika typer av modulirum. I Artikel D
visar vi en partiell generalisering av Gotzmanns persistenssats till moduler
och ger explicita ekvationer för inbäddningen av ett Quotschema inuti en
Grassmannian. I Artikel E vidareutvecklar vi ett resultat från Artikel D, rö-
rande strukturen hos en viss typ av Fittingideal, för att ge beskrivningar av
projektiva inbäddningar av öppna a�na delscheman av ett Hilbertschema.
Avslutningsvis inför vi i Artikel F den goda Hilbertfunktorn som parametri-
serar slutna delstackar med propra goda modulirum av en algebraisk stack,
och givet att stacken uppfyller vissa antaganden visar vi att denna funktor är
algebraisk.
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Part I

Introduction and summary
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From varieties to stacks

Algebraic geometry is the theory that relates algebraic objects (such as polynomials)
to geometric objects (such as curves and surfaces). We will here give a brief and
general introduction to some of the fundamental structures of this subject. These
structures are used throughout all of algebraic geometry, and are not directly re-
lated to the papers included in the second part of this thesis. A more specialized
introduction to all the “abstract nonsense and formal GAGA” of the papers is
instead presented in Chapter 2.

We will start by considering polynomial equations and the classical notion of
varieties. Then we go on to introduce schemes, which are generalizations of varieties
and are the most central objects in modern algebraic geometry. After this, we go
on to describe the even more general concepts of algebraic spaces and algebraic
stacks. The first few pages should require little to no prerequisites, and is aimed
at a general audience. As a rigorous text about all these concepts would be all
too space consuming, we will however omit many details and refer the interested
reader to the references given throughout the text. The amount of prerequisites
required to follow along will therefore increase as the level of abstraction increases
throughout the text, and the last sections are mostly aimed at graduate students
interested in the topic.

1.1 Varieties

The basic idea of algebraic geometry is to connect the solutions of polynomial
equations with geometry. A solution to a polynomial equation, such as the equation

x2 ≠ 3xy + 2y = 0,

can be realized as coordinates for a point in a space. For instance, x = 2 and y = 1
is a solution to the equation above, since 22 ≠ 3 · 2 · 1 + 2 · 1 = 0, and this solution
corresponds to a point with coordinates (2, 1) in a two-dimensional space.

A�ne varieties. An (a�ne) variety is the set of common solutions to a finite num-
ber of polynomial equations. Below, we have drawn three varieties corresponding
to three single polynomial equations over the real numbers.

3
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Note that when we depict the varieties as above we realize them as geometric
objects. Thinking of varieties geometrically makes it possible to illustrate interest-
ing properties that are not so intuitive from the purely algebraic viewpoint. For
instance, let Vp be the variety given by the solutions to a polynomial equation
p = 0, and Vq the solutions to another equation q = 0. Then, the points that solve
both of these equations simultaneously is the intersection Vp fl Vq. Moreover, the
solutions to the equation given by the product p · q = 0 is the union Vp fi Vq.

Example. Let p = x2 + y2 ≠ 2 and q = y ≠ x ≠ 1. The variety Vp is then the set of
solutions to x2 + y2 = 2, which is a circle with radius

Ô
2. Similarly, Vq is the line

y = x + 1. The equation (x2 + y2 ≠ 2) · (y ≠ x ≠ 1) = 0, which can be expanded to
the complicated looking expression

x3 ≠ x2y + xy2 ≠ y3 + x2 + y2 ≠ 2x + 2y = 2,

has solutions given by precisely the union of the circle and the line. Indeed, such a
product of polynomials is equal to zero precisely when at least one factor is equal
to zero. That is, a point is a solution to the above equation precisely if it lies on
either the circle or the line.

If we instead consider points that solve both the equations at the same time,
then such a point must lie on the intersection of the circle and the line. By the
geometry of the objects, we see that there are two such points.

The discussion above is illustrated in the following two figures.
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Topology and coordinate rings. An a�ne variety V corresponding to some
polynomial equations in n variables with coe�cients in an algebraically closed field k
is a subset of the n-dimensional space kn. We give kn the structure of a topological
space by defining its open subsets to be complements of varieties. This topology
is called the Zariski topology. The variety V itself is then also a topological space
with the Zariski topology induced by the subspace topology on kn.

The polynomial ring k[x
1

, . . . , xn] consists of all polynomials in n variables with
coe�cients in k. Given an a�ne variety V ™ kn we get an ideal I(V ) ™ k[x

1

, . . . , xn]
consisting of all polynomials vanishing on the variety, that is,

I(V ) =
)

p œ k[x
1

, . . . , xn] | p(v) = 0 for all v œ V
*

.

With this ideal we construct the quotient ring

C(V ) = k[x
1

, . . . , xn]/I(V ),

which we call the coordinate ring of the variety V . This ring consists of the algebraic
functions on V .

For further reading about varieties, we refer to [Har77] and [CLO15].

1.2 Schemes

The concept of varieties is not suitable for dealing with many natural problems
arising in algebraic geometry. That is the reason for introducing schemes, which are
objects that generalize varieties. The foundations of scheme theory were developed
in Alexander Grothendieck’s Éléments de géométrie algébrique [EGA

I

], and other
main references are [AM69], [Har77], [Eis95], [EH00] and [GW10]. We start this
section by motivating why varieties are not su�ciently general.

Multiplicities. A basic fact about polynomial equations is that there can be so-
lutions with multiplicities. For example, the equation x2 = 0 has the solution
x = 0 with multiplicity 2. However, varieties can not see multiplicities. Indeed, the
variety of x2 = 0 is the set

V = {0},

which is the same as the variety for the equation x = 0. Note also that the ideal
I(V ) is equal to (x), rather than (x2). Thus, the variety V is defined by x2 = 0,
but the induced ideal I(V ) forgets information.

In order to not lose track of the multiplicities, we need to remember the defining
equation of the variety. The equation is encoded in the quotient ring k[x]/(x2),
which is not equal to the coordinate ring C(V ) = k[x]/(x). Thus, in order to study
multiplicities, we need structures that encode more information than varieties.

Nilpotents. Another reason for why it is interesting to study more general objects
than varieties is explained by the following idea. The coordinate ring of a variety
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is by definition finitely generated over an algebraically closed field. A ring being
finitely generated means precisely that every element of the ring can be expressed as
a polynomial in finitely many variables with coe�cients in the field. Moreover, the
coordinate ring is also commutative, which simply means that the order in which
we multiply elements do not matter.

A nilpotent element of a ring R is an element p œ R such that pm = 0 for
some positive integer m. Coordinate rings do not contain any (non-zero) nilpotent
elements. In fact, this property classifies coordinate rings in the sense that a finitely
generated commutative ring R over an algebraically closed field is a coordinate ring
of some variety if and only if it has no non-zero nilpotent elements.

This result is illustrated in the example that we considered earlier. As we
saw, the variety V of the polynomial equation x2 = 0 has the coordinate ring
C(V ) = k[x]/(x) = k, and a field k has only zero as a nilpotent element (since
all other elements are invertible). In contrast, the ring k[x]/(x2) has a nilpotent
element x since the ring has the relation x2 = 0, and this ring is not a coordinate
ring of any variety.

It turns out that a�ne varieties are in one-to-one correspondence with coordi-
nate rings, in the sense that an a�ne variety is uniquely determined by its coordi-
nate ring, up to isomorphism. Thus, we have the following equivalence.

{a�ne varieties} Ωæ1:1

Y
_]

_[

finitely generated, nilpotent-free
commutative rings

over an algebraically closed field

Z
_̂

_\

Conceptually, it is in the setting of commutative algebra interesting to remove
the constraints on the right-hand side and instead consider all commutative rings.
What would we then get as the corresponding objects on the left-hand side? The
answer will turn out to be a�ne schemes.

Maximal and prime ideals. A maximal ideal of a ring is a proper ideal that is
not contained in any other proper ideal. Modern algebraic geometry is based on
the fact that the maximal ideals of a coordinate ring of a variety are in one-to-one
correspondence with the points of the variety. Thus, a variety is equal to the set
of maximal ideals of its coordinate ring. We could therefore generalize varieties by
considering the set of maximal ideals of any commutative ring.

However, the one-to-one correspondence above between a�ne varieties and co-
ordinate rings even gives a bijection between morphisms of varieties and homomor-
phisms of coordinate rings. This bijection does not extend if we consider maximal
ideals of general commutative rings. Instead, we need to consider prime ideals. A
prime ideal is a proper ideal with the property that it contains a product ab if and
only if it contains at least one of the factors a and b. Maximal ideals are special
cases of prime ideals, and these prime ideals will give the correspondence we desire.

A�ne schemes. An a�ne scheme is a geometric space built up of a commutative
ring. Given a commutative ring A, the underlying set of the corresponding a�ne
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scheme is the prime spectrum of A, defined as

Spec(A) = {p µ A | p prime ideal}.

We make this set a topological space by equipping it with the Zariski topology
defined by letting the closed sets be sets V (I) = {p œ Spec(A) | I ™ p} for
ideals I ™ A. This is a generalization of the Zariski topology of a variety.

Moreover, the a�ne scheme defined by A also has an extra structure given by
attaching the ring itself to the space (as a sheaf of rings explained later). We will
denote the a�ne scheme with just Spec(A).

A fundamental result of scheme theory is that a�ne schemes are in one-to-one
correspondence with commutative rings.

{a�ne varieties}

fl

Ωæ1:1

Y
_]

_[

finitely generated, nilpotent-free
commutative rings

over an algebraically closed field

Z
_̂

_\

fl

{a�ne schemes} Ωæ1:1 {commutative rings}

The vertical inclusion on the left is given by connecting an a�ne variety V with
the corresponding a�ne scheme Spec

!
C(V )

"
of its coordinate ring.

As mentioned, the reason that we use prime ideals and not maximal ideals is that
we want the one-to-one correspondence between a�ne schemes and commutative
rings to also induce a one-to-one correspondence between their morphisms. Given
a homomorphism f : A æ B of rings, we get a map Spec(B) æ Spec(A) by sending
a prime p œ Spec(B) to f≠1(p) œ Spec(A). This works since the inverse image of a
prime ideal is always a prime ideal. However, the inverse image of a maximal ideal
need not be maximal. Thus, using prime ideals implies that both of the one-to-one
correspondences above are also correspondences of morphisms.

Example. Consider again the commutative ring k[x]/(x2). The prime spectrum
of this ring consists of just one element, the prime ideal (x). We call this geometric
object a fat point as its underlying ring

k[x]/(x2) = k ü kx

has more structure than the coordinate ring C(V ) = k[x]/(x) = k of the classical
point given by the variety V = {0}. N
Number theory. Another advantage of working with schemes, other than remem-
bering multiplicities, is that they do not need to be defined over fields. For instance,
we can consider the ring of integers Z, whose corresponding a�ne scheme consists
of all the prime ideals of Z, i.e.,

Spec(Z) = {0} fi {2, 3, 5, 7, 11, . . .}.
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This gives a possibility to study prime numbers geometrically. Thus, a�ne schemes
bridges a gap between classical algebraic geometry and number theory.

Connection to eigenvalues. Algebraic geometry uses the prime spectrum to de-
fine a�ne schemes. The word spectrum is also used in linear algebra and operator
theory, where it describes the set of eigenvalues of an operator. We will here explain
a connection between these two notions. If ⁄

1

, . . . , ⁄m denotes the eigenvalues of a
matrix T with multiplicities a

1

, . . . , am, then T has a characteristic polynomial

p(x) = (x ≠ ⁄
1

)a1 · · · (x ≠ ⁄m)am .

Defining the quotient ring R[T ] := k[x]/p(x) we get a corresponding a�ne scheme
Spec(R[T ]). The underlying set of Spec(R[T ]) is then (basically) equal to the set
{⁄

1

, . . . , ⁄m}, and the ring R[T ] itself can be used to recover the multiplicities. Note
here that it is again crucial to consider schemes, rather than varieties, as varieties
will forget the multiplicities.

An aside: category theory. A category consists of a collection of objects and a
collection of morphisms between any two objects (with some conditions). A functor
F : A æ B between two categories A and B assigns every object of A to an object
of B, and moreover, sends every morphism in A to a morphism in B (with some
conditions). A contravariant functor is a functor that reverses the direction of
morphisms, that is, it is a functor F that sends a morphism f : X æ Y in A to
a morphism F (f) : F (Y ) æ F (X) in B, and we write this F : Aop æ B (op is an
abbreviation of opposite). Here are some examples of categories that we will use:

Set The category of sets, where the objects are sets and the morphisms are func-
tions between sets.

Ring The category of commutative rings, where the objects are commutative rings
and the morphisms are ring homomorphisms.

Sch The category of schemes, where the objects are schemes and the morphisms
are morphisms of schemes.

Category theory is a useful language to formalize many of the arguments that
we use in algebraic geometry. For instance, the results stated earlier in this section
can be formalized by saying that the category of varieties is a subcategory of the
category of schemes and that the category of a�ne schemes is equivalent with the
category of commutative rings.

Sheaves. As mentioned earlier, an a�ne scheme is not only a topological space,
but is also equipped with a sheaf of rings. A sheaf is a structure given to a space
which encodes local structures of the space in a certain way. In the case of schemes,
the local structures that the sheaf encodes are the algebraic functions on the space.

Given a topological space X, we let Top(X) denote the set of open subsets
of X. We give Top(X) the structure of a category by defining the objects to be
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the open sets and the morphisms to be inclusions of opens. A presheaf F (of rings)
on X is a functor

F : Top(X)op æ Ring .

A sheaf (of rings) on X is a presheaf for which it is possible to glue objects that
agree on intersections of the opens in a unique way.

In the case of an a�ne scheme Spec(A), the sheaf is induced by the ring A itself.
One can show that the algebraic notion of localizations of the ring A corresponds
to evaluating the sheaf in a basis of open subsets of Spec(A).

We can also consider sheaves of other objects. For instance, a sheaf of sets
replaces the category of commutative rings Ring by the category of sets Set.

General schemes. A scheme X is a geometric space which locally looks like an
a�ne scheme. This means that X is a topological space with a sheaf of rings (which
is usually denoted OX), such that both the topological space and the sheaf locally
has the structure of an a�ne scheme.

The definition of a scheme is similar to the definition of a di�erentiable manifold
from di�erential geometry. Indeed, a manifold is a topological space which locally
looks like euclidean space (instead of an a�ne scheme). Moreover, a di�erentiable
manifold is equipped with a sheaf that encodes the di�erentiable local functions of
the space, in the sense that these functions restrict to di�erentiable functions on
the local euclidean spaces.

1.3 Algebraic spaces

There are natural operations that one can apply to a scheme such that the resulting
structure is not a scheme, but is instead an algebraic space, see e.g. Hironaka’s
example presented in [Har77, Appendix B, Example 3.4.2]. Algebraic spaces are
generalizations of schemes, and were first introduced by Michael Artin, see e.g.
[Art69a], [Art69b] and [Art70]. Donald Knutson then developed the theory of
algebraic spaces in [Knu71]. We will here describe the generalization leading from
schemes to algebraic spaces.

The functor of points of a scheme X is the functor hX : Schop æ Set that sends
a scheme T to the set of morphisms T æ X. That is, hX(T ) = Hom(T, X). To
study a scheme X by the set of maps mapping into it was one of Grothendieck’s
novel ideas.

Many properties of X can be studied by considering all the sets Hom(T, X) for
all schemes T . For instance, a morphism X æ Y of schemes is an isomorphism
if and only if the induced map of sets Hom(T, X) æ Hom(T, Y ) is a bijection for
every T . Yoneda’s lemma below therefore implies that a scheme X is uniquely
determined by its functor of points hX (up to isomorphism).

Yoneda’s lemma. Let X and Y be two schemes. Then, natural transformations
hX æ hY are in one-to-one correspondence with morphisms X æ Y , that is,

Nat(hX , hY ) = Hom(X, Y ).
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Particle physics analogy. According to [Joh09], Ravi Vakil once gave an intuitive
explanation of the functor of points by making an analogy with particle physics in
the following sense. Studying an unknown particle X can be done by sending other
particles at it and see what happens. Sending a particle T at X corresponds to
a map T æ X. If you know how the unknown particle reacts to all these tests
using all possible particles T , then you know all that there is to know about the
particle X. Thus, X is uniquely determined by all tests Hom(T, X) for all T .

The Yoneda embedding. A consequence of Yoneda’s lemma is that the assign-
ment X ‘æ hX embeds the category of schemes into the category of functors
F : Schop æ Set, that is,

Sch µ
)

functors F : Schop æ Set
*

.

This embedding is called the Yoneda embedding. It means that we can think of
any scheme X as a functor by replacing it with its functor of points hX . We will
often abuse notation and write X also for the functor hX .

There is now an obvious generalization of schemes given by considering other
functors F : Schop æ Set. However, as we are interested in algebraic geometry,
we will only consider functors with certain algebraic properties. We state these
properties in the following definition, and explain them afterwards.

Definition. An algebraic space is a functor F : Schop æ Set such that:

1. F is a sheaf in the étale topology,

2. The diagonal morphism � : F æ F ◊ F is representable by schemes.

3. There is a surjective étale morphism X æ F from a scheme X.

One can show that the functor hX , for any scheme X, satisfies all the assump-
tions of the definition, implying that a scheme is also an algebraic space.

Remark. Knutson [Knu71] also had the requirement that an algebraic space is
quasi-separated. Today, this assumption is usually removed from the definition,
but beware that this discrepancy may result in confusion at times.

Technical explanation. Open subsets in the Zariski topology are usually very
large, and are therefore not always suitable for studying the local behavior of a
scheme around a point. Étale morphisms are generalizations of open immersions,
and are better suited for this framework. The definition of an étale morphism is
quite cumbersome and we will not give the specifics here, but one intuition to keep
in mind is that étale morphisms induce isomorphisms between tangent spaces at
points (when this makes sense). We will now go through and explain the three
conditions in the definition above.
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1. Earlier, we introduced a presheaf (of sets) on a scheme X as a contravariant
functor

F : Top(X)op æ Set

from the category Top(X) of open subsets to the category of sets. Note that
Top(X) is a subcategory of Sch, for every scheme X. Thus, the restriction
F |

Top(X)

: Top(X)op æ Set of a functor F : Schop æ Set is a presheaf on X.
We can then ask if this restriction is a sheaf.
So far, we have only considered schemes as topological spaces with the Zariski
topology. We will now replace the Zariski topology with something called the
étale topology. This means that, instead of considering the category Top(X)
of open subsets, we study a category that we denote by Ét(X). The objects
of Ét(X) are schemes E with an étale morphism E æ X, and the morphisms
are morphisms of schemes E

1

æ E
2

commuting over X. As open immersions
are special cases of étale morphisms, we have that

Top(X) µ Ét(X).

Thus, we can think of the étale topology to be finer than the Zariski topology,
meaning that we have more “open sets” in the étale topology.
Note however that the étale topology is not a topology in the usual sense, as
the “open subsets” are not actual subsets. Instead, this is what is called a
Grothendieck topology, which is a generalization of the concept of a topology.
One has to take special care when working with Grothendieck topologies as
some natural topological operations do not work. For instance, we can not
simply take the intersections of two “open subsets” E

1

æ X and E
2

æ X.
This particular problem can however be solved by noting that the classical
intersection of two open subsets U

1

, U
2

™ X in the Zariski topology is equal
to their fiber product over X, that is,

U
1

fl U
2

= U
1

◊X U
2

.

As fiber products are defined for all morphisms, we get an “intersection” of
two “open subsets” E

1

æ X and E
2

æ X in the étale topology as E
1

◊X E
2

.
With these constructions, we define a presheaf in the étale topology as a func-
tor F : Ét(X)op æ Set. Moreover, a sheaf in the étale topology is a presheaf
for which it is possible to glue objects that agree on “intersections” of the
“opens” in a unique way.
So, condition 1 says, given a functor F : Schop æ Set, that the restriction

F |
Ét(X)

: Ét(X)op æ Set

is a sheaf in the étale topology for every scheme X.
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2. Local structures of a sheaf F in the étale topology can be analysed by studying
morphisms T æ F from a scheme T . A morphism of sheaves F æ G is
representable by schemes if, for every scheme T and every morphism T æ G,
the fiber product T ◊G F is a scheme (meaning that it is equal to hY for some
scheme Y ). Thus, that a morphism of sheaves F æ G is representable by
schemes means that the morphism locally restricts to a morphism of schemes
T ◊G F æ T .
The reason that we require the diagonal to be representable is simply because
the diagonal encodes a lot of information about F . As an explicit example
of this, we have that the representability of the diagonal F æ F ◊ F implies
that any morphism X æ F is representable for any scheme X.

3. That a morphism X æ F is surjective and étale means that the morphism of
schemes X ◊F T æ T is surjective and étale for every scheme T (which makes
sense if condition 2 is satisfied). One can think of the scheme X as an atlas
of the algebraic space, in analogy to an atlas of a di�erentiable manifold.

Remark. A sheaf F : Schop æ Set in the étale topology is sometimes called a space
(espace in French), see [LMB00]. The adjective algebraic is added when F also
satisfies conditions 2 and 3 of the definition above.

A geometric interpretation. The definition of an algebraic space F as a functor
is perhaps somewhat abstract, and the geometry behind the definition quite unclear.
It is however possible to show that this definition is equivalent with a more geometric
picture that we will briefly explain here.

Indeed, condition 3 above says that there is a surjective étale morphism X æ F
from a scheme X. It can be shown that R = X ◊F X is a scheme and is an
equivalence relation on X. This makes it possible to form the quotient of equivalence
classes X/R, which turns out to be an algebraic space isomorphic to F . We will
omit the precise definition of this quotient, but we have, for instance, that the set
of points of F is equal to the quotient |X|/|R| of the sets of the underlying points.

The heuristic to take away is that an algebraic space is constructed by gluing
a�ne schemes in the étale topology, whereas a scheme is constructed by gluing
a�ne schemes in the coarser Zariski topology.

1.4 Algebraic stacks

The final notion that we will discuss is algebraic stacks, which generalizes algebraic
spaces. In algebraic geometry we often consider spaces whose points correspond to
certain objects. Symmetries of an object give rise to natural automorphisms, and
stacks are spaces where we allow the points to have such automorphisms. Main
sources for this section are [LMB00], [FGI+05], [Ols16], and [Sta16].

As we have seen, an algebraic space is a functor F : Schop æ Set with some
extra conditions. A set is simply a set, and does not come with an additional
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structure of morphisms acting on it. The idea behind the generalization is to
consider functors where we replace the target category of sets with a category in
which the objects have intrinsic automorphisms. This new target category is the
category of groupoids (explained below), and we denote this category by Grpoids.
A stack is then a certain type of functor

F : Schop æ Grpoids.

However, the category of groupoids is a 2-category (it is a category of categories),
which means that there are category-theoretical problems that need to be resolved.
The most common way of handling these problems is to consider another, equiva-
lent, approach to stacks. We will try to explain this approach here.

Categories induced by functors. Given a functor F : Schop æ Set we define a
category ÂF by letting the objects be pairs (x, U) where U is a scheme and x œ F (U),
and letting a morphism

(x, U) æ (xÕ, U Õ)

be a morphism of schemes f : U æ U Õ such that F (f) : F (U Õ) æ F (U) sends xÕ to x,
that is, F (f)(xÕ) = x.

Note that ÂF is not a common notation for this category, and is only used here.

Categories over schemes. A category X is a category over schemes if it comes
with a given functor p : X æ Sch. We will sometimes just use the abbreviated
notation X /Sch and suppress the functor p. The category ÂF above is an example
of a category over schemes, where the functor p : ÂF æ Sch is defined (on objects)
by p(x, U) = U .

Given a category X /Sch and a fixed scheme U , we let X (U) denote the
category whose objects are objects u in X satisfying p(u) = U , and morphisms
Ï : u æ uÕ are morphisms in X satisfying p(Ï) = id: U æ U . The category X (U)
is called the fiber of U . If X = ÂF for some functor F : Schop æ Set, then the set
of objects of ÂF (U) is equal to the set F (U), giving a reason for the notation.

Fibered categories. A commutative square

W //

✏✏

X

✏✏

Y // Z

in a category is cartesian if W satisfies the universal property that, for every W Õ

with morphisms W Õ æ X and W Õ æ Y commuting over Z, there is a unique
morphism W Õ æ W filling in the diagram. If that is the case, then W is unique up
to isomorphism, and we write W = X ◊Z Y .
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Expanding on this, we say that a morphism u æ v in X /Sch is cartesian if,
for every w œ X with morphisms w æ v and p(w) æ p(u) making the diagram
below commute, there exists a unique morphism w æ u that fills in the diagram.

w

��

[

p(w)

''

""

u //

_

✏✏

v_

✏✏

p(u) // p(v)

A category X over schemes is fibered if, for every f : U æ V and v œ X (V ), there
exists u œ X (U) and a cartesian morphism Ï : u æ v with p(Ï) = f , as in the
commutative diagram:

u_

✏✏

Ï
// v_

✏✏

U
f
// V

Fibered in sets. We will think of a set as a category where the objects are the
elements of the set and the only morphisms are the identities. Then, we say that a
category X /Sch is fibered in sets if X is fibered and the fiber X (U) is a set for
every scheme U .

It turns out that there is an equivalence between functors F : Schop æ Set and
categories X /Sch fibered in sets. That is, we have an equivalence

)
functors F : Schop æ Set

*
=

I
categories X /Sch

fibered in sets

J
.

This equivalence is given by the construction F ‘æ ÂF explained earlier.

Groupoids. A groupoid is a category in which all morphisms are invertible. In
particular, every morphism from an object to itself is an automorphism.

We say that X /Sch is fibered in groupoids if it is fibered and the fiber X (U)
is a groupoid for every scheme U .

Remark. Similar to the equivalence between functors and categories fibered in sets,
we have that a category X /Sch fibered in groupoids is (up to technicalities) equiv-
alent with a pseudofunctor F : Schop æ Grpoids. A pseudofunctor is almost a
functor, but does only respect compositions and identities up to isomorphisms,
whereas functors require actual equalities. The reason why pseudofunctors show
up is, as mentioned, that the category of groupoids is a 2-category, meaning that
the morphisms between objects form a category in itself.
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Example. As we mentioned above, we think of a set as a category where the only
morphisms are the identities. As identities are trivially invertible, it follows that
a set is a groupoid. Thus, a category X /Sch fibered in sets is also fibered in
groupoids. N

From the discussion above, we conclude that functors F : Schop æ Set are
special cases of categories X that are fibered in groupoids over the category of
schemes. That is, we have the following inclusion of categories:

)
functors F : Schop æ Set

*
=

I
categories X /Sch

fibered in sets

J
µ

I
categories X /Sch

fibered in groupoids

J

Remember that a scheme was a special case of a functor, which resulted in the
definition of an algebraic space. Now we have that an algebraic space is a special
case of a category fibered in groupoids over schemes, and this gives a natural way
to generalize algebraic spaces. Similarly to the definition of algebraic spaces, we
will however require some conditions forcing these categories to be “algebraic”.

Definition. An algebraic stack is a category X fibered in groupoids over schemes
such that:

1. X satisfies e�ective descent.

2. The diagonal � : X æ X ◊ X is representable by algebraic spaces.

3. There is a surjective smooth morphism F æ X from an algebraic space F .

Algebraic stacks are also called Artin stacks. An algebraic stack X is a Deligne-
Mumford stack if we can choose the smooth morphism in condition 3 to be étale.

Technical explanation. Note that the definition of an algebraic stack mirrors the
definition of an algebraic space. Instead of using étale morphisms as the building
blocks, we use the more general notion of smooth morphisms. Similarly to étale
morphisms, we will not define the notion of a smooth morphism, but we remark that
smooth morphisms correspond to submersions in di�erential geometry (surjections
of tangent spaces).

1. The first condition in the definition of an algebraic space was that the functor
F : Schop æ Set was a sheaf, meaning that it was possible to glue objects that
agreed on intersections in a unique way. E�ective descent is a generalization
of this idea that applies to categories, but we will omit the definition.
A category X /Sch fibered in groupoids satisfying this condition is called a
stack. In order for a stack to be algebraic it must satisfy conditions 2 and 3.

2/3. Comparing conditions 2 and 3 above with conditions 2 and 3 in the definition
of an algebraic space, we see that they are of a very similar theme. As the
explanation of these conditions in the section about algebraic spaces also
(basically) applies here, we will not say anything more.
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Automorphisms. As explained earlier, the reason that we consider stacks are
because we want to allow geometric spaces in which the points have automorphisms.
Existence of automorphisms are precisely what di�ers between algebraic spaces and
stacks. Indeed, we have the following for an algebraic stack X :

1. If the automorphism group of every point in X is finite and reduced, then X
is a Deligne-Mumford stack.

2. If the automorphism group of every point in X is trivial, then X is an
algebraic space.

From varieties to stacks. Let us briefly summarize the generalizations that we
have seen in this introduction. A variety V is the set of solutions to some polynomial
equations. Considering the prime spectrum X = Spec

!
C(V )

"
of the coordinate ring

of V , we have that a variety is a special case of a scheme. A scheme is a special
case of an algebraic space by the Yoneda embedding X ‘æ hX .

The algebraic stack corresponding to the algebraic space hX is the category
ÊhX = ÂX of schemes over X. This is the category where the objects are schemes T
with a given map T æ X, and morphisms are morphisms of schemes T

1

æ T
2

commuting over X. The category ÂX is a category over schemes, where the functor

p : ÂX æ Sch

sends an object (T æ X) to the scheme T . Moreover, note that the fiber ÂX(T )
over a scheme T is equal to the set Hom(T, X).

Remark. The category ÂX is of great importance in algebraic geometry, even when
only considering scheme theory. Throughout this text, we have considered absolute
notions of schemes, algebraic spaces and stacks. The relative notion comes from
working over a fixed base scheme X, where we only consider schemes (resp. alge-
braic spaces, stacks) with a given map to X. Changing the base scheme basically
corresponds to changing what coe�cients we allow in our polynomial equations. In
the sequel, we use the notation SchX = ÂX.

We end this chapter with a tower of generalizations of the geometric spaces that
we have considered:

varieties µ schemes µ alg. spaces µ DM-stacks µ alg. stacks
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Introduction to the thesis

The previous chapter gave a brief review of some general structures of modern
algebraic geometry. Here we will instead describe notions that are more specialized
and connected to the papers included in the second part of this thesis.

We start by giving an introduction to the theory of group schemes. This con-
cept plays a role in Paper F, and as an explanatory example we describe how group
scheme actions are fundamental in projective geometry. In the second section we
describe the relations between symmetric algebras (resp. Rees algebras) and projec-
tive bundles (resp. blow-ups), all of which are essential to Papers A, B, and C.

The third section discusses the idea of projective resolutions. As an application
we describe the concept of Fitting ideals used in Papers D and E. Moreover, we
introduce coherent functors, which are generalizations of modules. These are the
main objects of interest in Paper B and they also show up in Paper F.

In section four we explain the concept of moduli spaces. In particular we intro-
duce the Grassmannian, the Hilbert scheme, and the Quot scheme. These objects
are related to Papers C, D, E, and F. In the final section we explain the theory of
formal GAGA, which is a central part of Paper F.

2.1 Group actions and gradings

Groups and group actions are fundamental structures in mathematics. A group
is a set with a multiplication satisfying certain axioms. Replacing the set with
some other structure we can generalize the ideas of group theory to other parts of
mathematics. In scheme theory there is a notion of group schemes, in which the
underlying set of the group has been replaced with a scheme. That is, a group
scheme is a scheme with a multiplication that satisfies the axioms of a group. In
this section we will discuss this concept starting with an introductory example
explaining how group schemes play an important role in projective geometry.

The projective spectrum
The prime spectrum generalizes a�ne varieties. Similarly, the projective spectrum
generalizes projective varieties (a topic we did not mention in the previous chapter).

17
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A graded ring R =
mŒ

d=0

Rd is a ring with a decomposition such that each summand
Ri is an abelian group and the multiplication satisfies that RiRj ™ Ri+j . The
projective spectrum of such a graded ring R is defined as

Proj(R) =
)
p µ R | p homogeneous prime and p ”´ R

+

:=
mŒ

d=1

Rd

*
.

The projective spectrum will always have a natural structure of a scheme, but for
convenience, we will assume that R is an algebra over an algebraically closed field k.
In particular, when R = k[x

0

, . . . , xn] with grading deg(xi) = 1 for all i, we have
that Proj(k[x

0

, . . . , xn]) = Pn
k is the projective n-space over k. It is perhaps not

obvious why this construction is related to the classical construction of projective
n-space as the set of lines passing through the origin in the vector space kn+1.
In the following we will try to illuminate how these two constructions are related.
Later we will give a proper introduction to the theory of group schemes and group
scheme actions, but we will actually use some of these concepts right now, and hope
that the heuristics are understandable from classical group theory.

The multiplicative group over the field k is the scheme Gm = Spec(k[t, t≠1]),
which has the structure of a group. Note that the set of closed points of Gm is
equal to k◊ = k \ 0, the group of units of k.

Theorem 2.1. A grading R =
mŒ

d=0

Rd induces a Gm-action on X = Spec(R).

Sketch of the proof. A group action Gm ◊k X æ X of a�ne schemes is equivalent
to a ring homomorphism R æ k[t, t≠1] ¢k R = R[t, t≠1] with some conditions. The
grading on R defines such a homomorphism by sending a homogeneous element
r œ R of degree d to rtd œ R[t, t≠1].

For any graded k-algebra R we let V (R
+

) denote the closed subscheme of
Spec(R) defined by the ideal R

+

. Then there is an isomorphism

Proj(R) =
!
Spec(R) \ V (R

+

)
"
/Gm,

where the right-hand side is a geometric quotient. This means in particular that
the set of closed points of Proj(R) are in one-to-one correspondence with the orbits
of the set of closed points of Spec(R) \ V (R

+

) under the action of k◊.

Example 2.2. Consider the polynomial ring R = k[x
0

, . . . , xn] with the grading
given by deg(xi) = 1 for all i. The corresponding a�ne scheme Spec(R) = An+1

k is
the a�ne (n + 1)-space. Theorem 2.1 says that the grading on R gives a Gm-action
on An+1

k . On closed points this action is defined by sending (a, v) œ k◊ ◊ kn+1 to
the scalar multiple av œ kn+1.

The irrelevant ideal R
+

is the maximal ideal (x
0

, . . . , xn), and the corresponding
closed scheme V (R

+

) = 0 is the origin in An+1

k . Thus, we have

Pn
k = Proj(R) =

!
Spec(R) \ V (R

+

)
"
/Gm =

!
An+1

k \ 0
"
/Gm.

In particular, the closed points of the projective n-space are in a one-to-one corre-
spondence with the lines through the origin in kn+1. N
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Group schemes
The discussion above can be generalized to a great extent using the language of
group schemes. Fix a base scheme S. A group scheme is a scheme G æ S with mor-
phisms

m : G ◊S G æ G, e : S æ G, i : G æ G,

such that the following diagrams commute.
Associativity:

G ◊S G ◊S G
m◊id

//

id ◊m

✏✏

G ◊S G

m

✏✏

G ◊S G
m

// G

Identity:
S ◊S G

e◊id

//

p2
%%

G ◊S G

m

✏✏

G ◊S S
id ◊e
oo

p1
yy

G

Inverse:
G

##

�

// G ◊S G
id ◊i

// G ◊S G

m

✏✏

G ◊S G
i◊id

oo G
�

oo

{{

S
e

// G S
e

oo

We can also define a commutative group scheme by adding the requirement that
the diagram

G ◊S G
s
//

m
&&

G ◊S G

m

✏✏

G

commutes, where s : G ◊S G æ G ◊S G is the morphism that switches the two
factors.

Example 2.3. We here list some basic examples of group schemes. For simplicity,
we work over a fixed a�ne scheme S = Spec(A) for some commutative ring A.

1. The multiplicative group Gm over A is the a�ne scheme Spec(A[t, t≠1]), where
the multiplication is induced by the ring homomorphism

A[t, t≠1] æ A[t, t≠1] ¢A A[t, t≠1]

defined by t ‘æ t ¢ t. Similarly, the unit is given by the ring homomorphism
A[t, t≠1] æ A defined by t ‘æ 1, and the inverse by A[t, t≠1] æ A[t, t≠1]
defined by t ‘æ t≠1. The multiplicative group is in fact a commutative group
scheme, as can be seen by the symmetry of the multiplication morphism.
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2. Another example of a commutative group scheme is µn = Spec
!
A[t]/(tn ≠1)

"
.

Its defining morphisms are identical to the defining morphisms of Gm, but
taken modulo the relation tn ≠ 1.

3. The previous examples are cases of the following general construction. Let L
be an abelian group. The group ring A[L] consists of formal finite sumsq

dœL add, where ad œA for all d. The scheme DL = Spec(A[L]) has a canon-
ical structure of a group scheme. We recover the examples above for L = Z as

DZ = Spec(A[Z]) = Spec(A[t, t≠1]) = Gm,

and L = Z/nZ as DZ/nZ = Spec
!
A[Z/nZ]

"
= Spec

!
A[t]/(tn ≠ 1)

"
= µn.

4. The general linear group GLn is the group of invertible (n ◊ n)-matrices
(xij)

1Æi,jÆn with determinant z = det
!
(xij)

1Æi,jÆn

"
. As a group scheme we

have GLn = Spec
!
A[x

11

, . . . , xnn, y]/(zy ≠ 1)
"
, where the group structure is

induced from the multiplication of matrices.

5. A linear group scheme G is a closed subgroup scheme of GLn for some n.
If A = k is a field, then G is linearly reductive if G is linear and each finite
dimensional representation of G is semi-simple (splits as a direct sum of simple
representations). All examples above are linearly reductive when the field
is of characteristic zero, and the first three are also examples in positive
characteristic. N

Group scheme actions
A group scheme is a scheme-theoretic analogue of a set-theoretical group. There
is also a notion of group scheme actions that is analogous to the classical case of
group actions on sets. Consider a group scheme G (with morphisms m, e, i) over S
and an S-scheme X. Then, a (left) group action of G on X is given by a morphism
– : G ◊S X æ X such that the two diagrams

G ◊S G ◊S X
m◊id

//

id ◊–

✏✏

G ◊S X

–

✏✏

G ◊S X
–

// X

S ◊S X
e◊id

//

pr2
&&

G ◊S X

–

✏✏

X

commute. Note that these conditions are direct analogues of the classical case.
The notion of group scheme actions can be used to generalize the ideas we de-

scribed earlier about projective space. A grading on a ring R by an abelian group L
is a decomposition of R into abelian groups, R =

m
dœL Rd, such that RiRj ™ Ri+j .

Theorem 2.4 ([SGA
III

, Proposition 4.7.3]). If L is a finitely generated abelian
group, then an L-grading on R is equivalent with a DL-action on Spec(R).

When L = Z we have DL = Gm, so Theorem 2.1 is a special case of this result
since the grading we considered in that theorem is a special case of a grading by Z.
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We will here list some useful notions with respect to an action – : G ◊S X æ X.

1. A morphism f : X æ Y is G-invariant if the following diagram commutes:

G ◊S X
–
//

pr2
✏✏

X

f

✏✏

X
f

// Y

2. Let Y be a scheme with a group scheme action — : G ◊S Y æ Y . Then, a
morphism f : X æ Y is G-equivariant if the following diagram commutes:

G ◊S X
(id,f)

//

–

✏✏

G ◊S Y

—

✏✏

X
f

// Y

3. Let Z be a subscheme of X. Then, Z is G-invariant if there exists an action
–Õ : G ◊S Z æ Z such that the following diagram commutes:

G ◊S Z �
�

//

–Õ

✏✏

G ◊S X

–

✏✏

Z �
�

// X

4. Suppose now that G is flat and locally finitely presented over S. Then, a
principal G-bundle, or G-torsor, is an algebraic space P over S with an action
– : G ◊S P æ P (generalizing the diagrams defining group scheme actions to
algebraic spaces), such that:

a) P æ S is flat, locally finitely presented, and surjective.
b) The map (–, pr

2

) : G ◊S P æ P ◊S P is an isomorphism.

Remark 2.5. In the classical setting, consider a group action – : G ◊ P æ P of a
group G on a set P . Then P is a G-torsor (or a principally homogeneous space
for G) if the action of G on P is simply transitive. A group action is simply
transitive if, for every x, y œ P , there exists a unique g œ G such that –(g, x) = y,
or, equivalently, the map (–, pr

2

) : G ◊ P æ P ◊ P is a bijection (which motivates
the definition above).

Quotients
Given a group scheme action G ◊S X æ X, it is possible to construct quotients
of X by G. However, constructing quotients are not as straight forward as the
classical quotients induced by group actions on sets.
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One reason for why the construction of the quotient is troublesome can be
understood from the viewpoint of functors of points. For every S-scheme T , the set
G(T ) = hG(T ) = HomS(T, G) is naturally a group, which comes with an action on
the set X(T ) = hX(T ) = HomS(T, X). Thus, we can consider the functor

X/G : Schop

S æ Set

that sends an S-scheme T to the set X(T )/G(T ). Then, we want the quotient to
be the scheme that represents this functor. However, this functor might not be a
sheaf, and even its sheafification might not be representable. The quotient might
however exist as an algebraic space or stack, which is one of the reasons these more
general objects were introduced.

Even though the functor X/G might not be representable, there might be other
objects Y that behave similarly to a quotient. One natural requirement for Y to
be a quotient is that there exists a surjective G-invariant morphism q : X æ Y .
If we require q to be the universal G-invariant morphism, we get the notion of a
categorical quotient. Other properties, such as orbits of X being points in Y , lead
to di�erent notions of quotients (geometric, GIT), and we refer to [Mum94] for
further reading on scheme-theoretic quotients.

Stack quotients. Suppose that G is flat and locally finitely presented over S. Then
there is another construction of a quotient which always exists as an algebraic stack.
The stack quotient of X by G is the algebraic stack [X/G] whose objects are triples
(T, P, fi) where T is an S-scheme, P is a GT -torsor over T , and fi : P æ X is a
G-equivariant morphism. A morphism between triples (T Õ, P Õ, fiÕ) æ (T, P, fi) is a
commutative diagram

P Õ
//

⇤

''

✏✏

P //

✏✏

X

T Õ
// T

where the square is cartesian.
There is then a G-invariant surjective map q : X æ [X/G]. Moreover, a closed

substack Z ™ [X/G] is equivalent to a closed subscheme Z = X ◊
[X/G]

Z of X
that is G-invariant. In fact, Z = [Z/G]. Heuristically, the geometry of [X/G]
corresponds to G-equivariant geometry of X.

Example 2.6. Consider the case X = S. Then, the quotient [S/G] consists of
triples (T, P, fi) as above. However, that fi : P æ S is G-equivariant is a trivial
condition as all morphisms commute over S. Thus, [S/G] parametrizes G-torsors
in the sense that the fiber [S/G](T ) consists of precisely all GT -torsors over T . This
quotient is called the classifying stack of G and is denoted BG := [S/G]. N

Example 2.7. Consider the case G = S. Then, the stack quotient [X/S] is equal
to X itself. Indeed, an element of the fiber [X/S](T ) is a T -torsor P over T with
an S-equivariant morphism P æ X. That P is a T -torsor implies that the diagonal
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morphism P = T ◊T P æ P ◊T P is an isomorphism, which in turn means that
P æ T is a monomorphism. Since P æ T is also flat, locally finitely presented,
and surjective, it follows that P æ T is an isomorphism. Moreover, S-equivariant
morphisms are simply morphisms, so the second condition reduces to there being
a morphism P æ X. Hence, [X/S](T ) consists of morphisms P = T æ X. That
is, [X/S](T ) = HomS(T, X) = X(T ) for every S-scheme T . So, [X/S] = X. N

2.2 Bundles and blow-ups

Algebraic geometry connects structures in commutative algebra with geometric
objects. What is more astonishing is that certain specific algebraic structures cor-
respond to geometric objects with very unique properties. In this section, we will
give some explicit examples of constructions in commutative algebra, and explain
the geometry that they possess.

The symmetric algebra and the projective bundle
For every module M over a commutative ring A, the symmetric algebra of M is a
graded ring that we denote by Sym(M). The symmetric algebra has the following
universal property: for every A-algebra B, there is a natural bijection of sets

HomA-mod

(M, B) = HomA-alg

!
Sym(M), B

"
,

where the left hand side denotes the set of A-module homomorphisms M æ B and
the right hand side denotes the set of A-algebra homomorphisms Sym(M) æ B.

Example 2.8. If M is free of rank n, then Sym(M) is the polynomial ring over A
in n variables. N

Note that the universal property above does not prove that the symmetric alge-
bra actually exists. There might not be an object that satisfies the desired property.
However, there is also an explicit construction of the symmetric algebra. Consider
the tensor algebra T (M) =

m
nØ0

M¢n, where M¢n denotes the tensor product of
n copies of M . Then, the symmetric algebra is equal to the quotient

Sym(M) = T (M)/I,

where I is the ideal generated by the elements x ¢ y ≠ y ¢ x for all x, y œ M .
Taking the quotient by the ideal I forces the multiplication to be commutative.
One can then show that the symmetric algebra defined by this construction does
indeed satisfy the universal property above. As references for more information on
the symmetric algebra and its features, we mention [Eis95] and [Bou70].

So far we have considered the symmetric algebra of a module, and its universal
property, in a purely algebraic setting. We will now describe the geometry behind
this object. The projective bundle of a module M over A is the scheme

P(M) = Proj
!
Sym(M)

"
.
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Example 2.9. When M is free of rank n, then the projective bundle of M is the
projective (n ≠ 1)-space Pn≠1

A = Proj
!
A[x

1

, . . . , xn]
"
. N

The projective bundle P(M) is a scheme over Spec(A), in the sense that there is
a canonical map P(M) æ Spec(A). In the setting of schemes, we do not want to re-
strict our theories only to a�ne schemes, so we want to generalize the constructions
above to work over any scheme X. In the correspondence where a scheme X is a gen-
eralization of a ring A, the objects corresponding to A-modules are quasi-coherent
sheaves on X. In this sense, both the symmetric algebra and the projective bundle
can be generalized by replacing the A-module M with a quasi-coherent sheaf F over
a scheme X. That is, there are analogue constructions of the symmetric algebra
Sym(F) and the projective bundle P(F) = Proj

!
Sym(F)

"
, and there is a canonical

map P(F) æ X.
We can now formulate a universal property of the projective bundle of a quasi-

coherent sheaf F on X: given a morphism f : Y æ X, there is an equality of
sets

{line bundle quotients fúF ⇣ L} = HomX

!
Y,P(F)

"
.

Remark 2.10. This universal property says that the projective bundle parametrizes
line bundle quotients of F . In fact, the projective bundle P(F) is equal to the
Grassmannian of rank 1-quotients of F .

For a more detailed and extensive description of the projective bundle, we refer
to [EGA

II

, §4.1] and [GW10].

The Rees algebra of an ideal and the blow-up of a scheme
Let A be a commutative ring, and consider an ideal I ™ A. The Rees algebra of I
is the graded ring

R(I) =
Œn

n=0

In.

Note that an ideal is a special case of an A-module. Indeed, an ideal of A is
precisely an A-module that is contained in A. Thus, we can also consider the
symmetric algebra of the ideal I, which gives an equivalent construction of the
Rees algebra: the Rees algebra of an ideal I ™ A is equal to the image of the
induced map Sym(I) æ Sym(A), that is,

R(I) = im
!
Sym(I) æ Sym(A)

"
.

Rees algebras are named after David Rees who used these objects in his papers
[Ree55], [Ree56a], [Ree56b], and [Ree56c], for studying valuations of ideals. We
refer to [Eis95] and [BH98] for more modern expositions.

Geometrically, the ring A corresponds to the a�ne scheme X = Spec(A), and
the ideal I gives a closed subscheme Z = V (I) of X. The blow-up of X in Z is
then the scheme

BlZ X = Proj
!
R(I)

"
.
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More generally, a closed subscheme Z of a not necessarily a�ne scheme X cor-
responds to an ideal sheaf I on X. The construction of Rees algebras of ideals
generalizes to a construction of Rees algebras of ideal sheaves, and we can define
the blow-up of X in Z as BlZ X = Proj

!
R(I)

"
.

A desirable property of a geometric object such as a curve or a surface is that the
object is smooth (i.e. without singularities). For instance, a singularity of a curve
can be thought of as a point where the curve has more than one direction. It is
therefore preferable to have methods for resolving singularities. One such method
is given by the blow-up, in the sense that the blow-up of a scheme X in a closed
subscheme Z results in a new scheme which is equal to X outside of Z, but where
Z has been “blown-up”.

Example 2.11. Consider the equation y2 ≠ x2 ≠ x3 = 0 over the real numbers.
Its corresponding variety is a a curve C in the a�ne plane A2

R = Spec
!
R[x, y]

"
, see

the figure in the top left on page 4. The curve has a singularity in the origin where
it has two tangent directions. This can be remedied by blowing up the curve C in
the origin, resulting in a new curve C Õ, which is birational to the original but does
not have a singularity. We can see this in the following picture, which is a modified
version of a figure found in [Har77], where the coordinate system has been rotated
for illustrative purposes.

x

y
C

C Õ

The whole horizontal line in the left figure is projected onto the origin in the figure
to the right. We can then think of the original singular curve C as the shadow of
the smooth curve C Õ that lives in a higher-dimensional space.

Using the Rees algebra, we will now explain how the curve C Õ is constructed.
The curve C corresponds to the quotient ring A = R[x, y]/(y2 ≠ x2 ≠ x3), and the
origin is given by the ideal I = (x, y) µ A. Computing the Rees algebra of I gives
the graded ring R(I) = A[s, t]/(xt ≠ ys), and the blow-up Bl

0

C = Proj
!
R(I)

"
of C

in the origin defines the curve C Õ depicted above. N

Some authors use the term blow-up algebra as another name for the Rees algebra.
For a more detailed exposition, see [EGA

II

, §8.1], [Har77] or [Kol07].
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The Rees algebra of a module
So far, we have constructed the symmetric algebra of a module, and the Rees algebra
of an ideal. Since an ideal I ™ A is a special case of an A-module, it is reasonable
to ask if there is a generalization of the construction of Rees algebras that also
works for modules. There are in fact many generalizations of Rees algebras in the
literature, see e.g. [KK97], [Liu98], [SUV99], and [KT00]. All of these do require
some additional conditions on the module or the ring, and do not work in full
generality. In [EHU03], the authors Eisenbud, Huneke, and Ulrich gave the most
general version of Rees algebras of modules, which works for any finitely generated
module over a noetherian ring. We will here explain this definition.

By considering an ideal as a module, we can construct the symmetric algebra
of the ideal. In fact, we saw above that the Rees algebra of an ideal I is equal to
the image of the canonical map Sym(I) æ Sym(A) that is induced by the natural
inclusion map I æ A. As the symmetric algebra is defined for any module, it
seems natural to use the symmetric algebra to try to give a definition of the Rees
algebra of a module. However, contrary to ideals, a general A-module M does not
naturally embed into A. Instead, one might hope that the module M embeds, or
at least naturally maps, into some free module F = An. This is not true in general.
That is, there does not exist a canonical homomorphism from a general module to
a free module. The novel idea presented in [EHU03] was to use all maps from the
module to all free modules. Their definition was the following.

Definition 2.12 ([EHU03]). Let M be a finitely generated module. Then, the
Rees algebra of M is the quotient

R(M) = Sym(M)/ flg Lg,

where the intersections is taken over all homomorphisms g : M æ E, where E runs
over all free modules, and Lg = ker

!
Sym(g) : Sym(M) æ Sym(E)

"
.

The definition specializes to the original definition when M is an ideal. More-
over, the construction has the advantage of being functorial. Infinite intersections
are however di�cult to work with, and to calculate this quotient the authors intro-
duced the notion of a versal map. A map Ï : M æ F is versal if F is a free module,
and every other map M æ E, where E is free, factors through Ï:

M
Ï
//

  

F

✏✏

E

Given a versal map M æ F , the Rees algebra of M is equal to the image of the
induced homomorphism Sym(M) æ Sym(F ), which is analogous to R(I) being
equal to the image of the homomorphisms Sym(I) æ Sym(A) for an ideal I. Thus,
the Rees algebra of a module M is induced by a map from M to a free module F ,
but a downside with using versal maps is that they are neither canonical nor unique.
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2.3 Projective resolutions

A powerful tool in mathematics is to approximate complicated structures by sim-
pler ones. In the case of modules, such an approximation is given by projective
resolutions. We will here give a brief description of this theory, and as an appli-
cation we will introduce the concept of Fitting ideals. A Fitting ideal of a module
is a certain invariant that gives information about the number of generators and
relations of the module. Moreover, we will consider projective resolutions of certain
additive functors, and as a result we will introduce the notion of coherent functors,
which are generalizations of modules.

Resolutions of modules
A projective resolution of a module M is an exact sequence

· · · f3≠æ P
3

f2≠æ P
2

f1≠æ P
1

≠æ M ≠æ 0,

where the modules P
1

, P
2

, P
3

, . . . are projective. There are many equivalent defini-
tions of a module being projective, one of which is that a module P is projective
if applying the functor Hom(P, ≠) to any surjection M æ N æ 0 of modules pre-
serves the surjection. In fact, it turns out that every module M even has a free
resolution (where all Pi are free modules, so in particular projective). This is a very
strong property as this means, after a choice of basis for the modules Pi, that the
maps fi are matrices. Thus, one can study modules using linear algebra.

Fitting ideals
Consider a finitely generated module M over a noetherian ring A. Using free
resolutions, we can write M as a cokernel of a map of free modules,

Am f≠æ An ≠æ M ≠æ 0,

where f can be realized as an (n ◊ m)-matrix. The i’th Fitting ideal of M is the
ideal Fitti(M) ™ A generated by the (n≠i)-minors of f . These ideals are invariants
of M and are independent of the choice of resolution. They are named after Hans
Fitting who studied these invariants in [Fit36]. For a modern exposition, see [Eis95].

Example 2.13. Let A = k[x], and let M = k[x]/(x). The A-module M has a free
presentation A æ A æ M æ 0, where the map A æ A is multiplication by x.
Then, Fitt

1

(M) = A and Fitt
0

(M) = (x). N

A property of Fitting ideals is that they encode the number of generators and
relations of the module, in following sense:

1. M can be generated by N elements precisely when FittN (M) = A.
2. M is locally free of rank N if and only if FittN (M) = A and FittN≠1

(M) = 0.



28 CHAPTER 2. INTRODUCTION TO THE THESIS

Coherent functors
We will here study a generalization of the concept of finitely generated modules.
The idea will be similar to the generalization of schemes to algebraic spaces using
the Yoneda embedding described in the previous chapter.

Let ModA denote the category of finitely generated modules over a noetherian
ring A. This category has many useful properties. For instance, it is abelian (so it
has all kernels and cokernels), and every object has a projective resolution. However,
the category ModA does not have a good notion of duality. Every module M does
have a dual module Mú = HomA(M, A) consisting of all A-module homomorphisms
M æ A, but this duality is not always reflexive. That is, there are cases where
Múú ”= M . There is always a canonical map M æ Múú, but this need not be an
isomorphism in general.

Obtaining a better notion of duality for all modules is one of the reasons for
enlarging the category that we study. Instead of the category ModA, we will
consider the category of additive functors F : ModA æ ModA.

Example 2.14. For any A-module M we get the additive functors tM and hM

defined by tM (N) = M ¢A N and hM (N) = HomA(M, N) respectively. If M is
projective, then tM = hMú . N

The category ModA can be embedded into the category of additive functors by
sending a module M to the functor tM . This is similar to the Yoneda embedding
that we described in the previous chapter. Thus, we can study modules by instead
considering additive functors. Note also that the module M can be recovered from
the functor tM by evaluating in A, that is, tM (A) = M ¢A A = M . From this
viewpoint, the category of modules is merely a shadow of the category of additive
functors given by evaluating the functors in A. In general, evaluating a map in a
specified point does not give much information about the map (other than its value
in that special point). Heuristically, this explains why additive functors encode
much more structure than modules.

In order to work with additive functors, we would also like to generalize tech-
niques that we used for studying modules, such as taking projective resolutions.
In fact, the notion of projectivity can be generalized to additive functors, and the
functors hM are projective for all modules M . However, unlike the case for mod-
ules, not every additive functor has a projective resolution. As we want to be
able to take projective resolutions, we will therefore restrict ourselves to a category
where this is possible. We therefore define a coherent functor as an additive functor
F : ModA æ ModA that has a resolution

hM2 æ hM1 æ F æ 0,

for some modules M
1

and M
2

.

Example 2.15. The functor tM is coherent for any module M since any free
resolution F

2

æ F
1

æ M æ 0 of modules gives a resolution hF ú
2 æ hF ú

1 æ tM æ 0.
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Similarly, the functor hM is coherent since it has a presentation given by the identity
h0 æ hM æ hM æ 0. N

This example shows that the embedding M ‘æ tM embeds the category ModA

into the category of coherent functors. The theory of coherent functors was intro-
duced by Auslander in [Aus66]. It turns out that these objects retain many of the
properties of modules, while at the same time adding new structures. For instance,
the category of coherent functors has a reflexive dual, which does not exist in the
category of modules. This dual takes the functor tM to hM . Note that tM (A) = M
and hM (A) = Mú, so this dual is really a generalization of the duality operation
of modules. However, there is no object corresponding to hM in the category of
modules, so we really need the extra structure given by functors in order to have
such a duality. In fact, this dual even has the advantage of being exact.

Coherent functors are useful for expressing results in algebraic geometry in a
pure and elegant way. In [Har98], Hartshorne described duality theorems about
cohomology of coherent sheaves in terms of coherent functors. Hartshorne’s paper
is also a great reference for the history and main properties of coherent functors
and their applications. Recently, coherent functors have been used by Hall for a
new formulation of Artin’s criterion for the algebraicity of a stack [Hal14].

2.4 Moduli spaces

A classical problem in mathematics is to classify all objects of a given type. Such a
classification can be done by finding a parametrization of the desired objects. This
is the idea behind moduli spaces. A moduli space is a space where the points of the
space correspond to the objects we want to classify. In this sense, a moduli space
is a parametrization of the objects.

Example 2.16. The moduli space that parametrizes the lines passing through the
origin in the a�ne plane A2 is the projective line P1. That is, a point in P1 is the
same thing as a line through the origin in A2. N

The notion of moduli spaces originated in a paper by Riemann [Rie57], in which
he classified certain complex curves (Riemann surfaces) with parameters that he
called “moduli”.

The Hilbert functor
We will here introduce the ideas of moduli spaces in algebraic geometry by studying
an explicit example.

Consider the projective n-space Pn
S over a noetherian scheme S. A fundamental

classification problem is to parametrize all closed subschemes of this space. Thus,
we want to find a moduli space X such that the points of X correspond to closed
subchemes Z ™ Pn

S . Note that the image of a morphism Spec(k) æ X, where k
is a field, is a point of X, and should therefore correspond to a closed subscheme
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Z ™ Pn
k = Pn

S ◊S Spec(k). Heuristically, we also want the geometry of the moduli
space to reflect the geometry of the objects that we want to classify. Therefore we
also consider morphisms T æ X where T is an S-scheme, and we want such mor-
phisms to correspond to closed subschemes Z ™ Pn

T = Pn
S ◊S T . This requirement

gives a parametrization of families of closed subschemes, which implies a “continu-
ity” of the parametrization (here we need to add a technicality that these families
need to be flat to ensure that things work as we want). The category-theoretical
language used when introducing algebraic spaces and stacks turns out to be use-
ful in formalizing the parametrization problem that we just specified. Indeed, the
Hilbert functor

HilbPn
S

: Schop

S æ Set
is the functor that takes an S-scheme T to the set

HilbPn
S
(T ) = {Z ™ Pn

T | Z is closed in Pn
T , and flat over T}.

Finding a moduli space X of this problem then means to find a scheme X that
represents this functor, that is, finding X such that HilbPn

S
= hX .

We will see later that this functor is indeed representable by a scheme X = H,
which is called the Hilbert scheme. The existence of this scheme implies that every
flat closed subscheme Z œ HilbPn

S
(T ) corresponds to a morphism

(T æ H) œ hH(T ) = HomS(T, H).

When T = H we have a canonical element in the set hH(H) = HomS(H, H), namely
the identity map. This element corresponds to a universal element Z œ HilbPn

S
(H).

The universality of this element is explained by the fact that, for any Z œ HilbPn
S
(T ),

we have Z = ZT := Z ◊H T , where T æ H is the map corresponding to Z.

The Grassmannian
We will here generalize Example 2.16 by introducing the Grassmannian, which is
a moduli space that parametrizes d-dimensional linear subspaces of a space.

Fix a quasi-coherent sheaf F on a scheme S and let d Ø 0 be an integer. Then,
the Grassmann functor

Grd
F : Schop

S æ Set
is the functor that sends an S-scheme f : T æ S to the set

Grd
F (T ) =

I
U ™ fúF

-----
fúF/U is a locally free
OT -module of rank d

J
.

This functor is representable by a projective scheme g : G æ S called the Grass-
mannian [EGA

I

, §9.7]. The identity map G æ G corresponds to the universal
element (U ™ gúF) œ Grd

F (G) giving a universal exact sequence

0 æ U æ gúF æ E æ 0

of OG-modules where E is locally free of rank d. See also [GW10].
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Example 2.17. As a line bundle is equivalent to a locally free sheaf of rank 1, we
have that the projective bundle P(F) from Section 2.2 represents the Grassmannian
Gr1

F of rank 1-quotients of F . N

The classical Grassmannian parametrizes d-dimensional linear subspaces of an
n-dimensional vector space kn. We recover this classical case by letting F = Oün

S

and consider Grn≠d
F . Indeed, for f : Spec(k) æ S we have that fúOün

S = Oün
k is

equal to kn. Thus,

Grn≠d
F

!
Spec(k)

"
=

I
U ™ kn

-----
kn/U has dimension n ≠ d,
that is, U has dimension d

J
.

The Hilbert scheme
Let us again consider the Hilbert functor that parametrizes flat closed subschemes
of projective n-space. In order to later generalize this parametrization we will
reformulate it in terms of sheaves. Any flat closed subscheme Z ™ Pn

T is equivalent
to an ideal sheaf U ™ OPn

T
such that the quotient Q = OPr

T
/U is flat over T . Thus,

HilbPn
S
(T ) =

)
U ™ OPn

T
| Q = OPn

T
/U is flat over T

*
.

As we have already mentioned, this functor is representable by a scheme, which is
called the Hilbert scheme. This was proved by Grothendieck, in [FGA, no. 221], by
using Hilbert polynomials. These polynomials are invariants that encode geometric
information, such as the dimension and genus, of closed subschemes. The name
“Hilbert scheme” actually stems from the relation to the Hilbert polynomials. In
fact, there is a stratification of the Hilbert functor as

HilbPn
S

=
·

p(t)œQ[t]

Hilbp(t)

Pn
S

,

where Hilbp(t)

Pn
S

(T ) is the set of all ideal sheaves U ™ OPn
T

such that Q = OPn
T

/U is
flat over T with Hilbert polynomial p(t) on the fibers. To show that the Hilbert
scheme exists, it then su�ces to show that there is a scheme that represents the
functor Hilbp(t)

Pn
S

for every polynomial p(t).

Example 2.18. In the cases when the Hilbert polynomial is constant, the corre-
sponding Hilbert scheme parametrizes subschemes of dimension zero (i.e. points).
These moduli spaces are therefore called Hilbert schemes of points. N

Grothendieck proved the existence of the Hilbert scheme corresponding to a
Hilbert polynomial p(t) by showing, abstractly, that it embeds as a closed sub-
scheme of a Grassmannian. The idea behind this embedding is that all the closed
subschemes with a given Hilbert polynomial can be described by hypersurfaces of a
su�ciently high degree. Later, Mumford used Castelnuovo-Mumford regularity to
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describe what “su�ciently high” meant in [Mum66]. This was then refined by Gotz-
mann with a result now called Gotzmann’s persistence theorem [Got78]. With this
result, Gotzmann was able to make Grothendieck’s ideas explicit by finding defining
equations of the embedding of the Hilbert scheme inside the Grassmannian.

The Quot scheme
From the description of the Hilbert functor in terms of sheaves, there is a natural
generalization given by replacing OPn

S
with any coherent sheaf F on Pn

S . That is,
we consider the Quot functor

Quotp(t)

F : Schop

S æ Set

that sends an S-scheme T to the set

Quotp(t)

F (T ) =
I

U ™ FT

-----
Q = FT /U is flat over T and the fiber Qs

has Hilbert polynomial p(t) for every s œ T

J
.

That this functor is representable by a projective scheme was also proved by
Grothendieck in [FGA, no. 221], and this scheme is called the Quot scheme. The
Quot scheme is a fundamental object in algebraic geometry that generalizes all the
moduli spaces that we have encountered in this section. Indeed, it is clearly a gen-
eralization of the Hilbert scheme, with Quotp(t)

OPn
= Hilbp(t)

Pn
S

. Furthermore, with a
coherent sheaf F on the projective 0-space P0

S = S and with constant polynomial
p(t) = N , we have QuotN

F = GrN
F .

Example 2.19. In analogy with Hilbert schemes, the Quot schemes of points
parametrizes quotients with constant Hilbert polynomials. See [GLS07]. N

Multigraded Hilbert schemes
We will here consider another moduli problem, which is a variant of the Hilbert
functor. Let AlgA denote the category of algebras over a commutative ring A and
let S = Spec(A). A representable functor hX : Schop

S æ Set is uniquely determined
by its restriction ha�

X : AlgA æ Set that takes an A-algebra B to the set

ha�

X (B) = hX

!
Spec(B)

"
.

With this framework, we are ready to introduce the multigraded Hilbert functor.
Let R = A[x

1

, . . . , xn] denote the polynomial ring over a commutative ring A
in n variables. We give R a grading by a finitely generated abelian group L by
defining deg(xi) œ L for all i. This gives a decomposition R =

m
dœL Rd, where Rd

is the A-module generated by all monomials of degree d. For any A-algebra B, we
have that

B[x
1

, . . . , xn] = B ¢A R =
n

dœL

(B ¢A Rd)
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has a natural structure of a ring graded by L. Fix a function h : L æ N. The
multigraded Hilbert functor Hh

R : AlgA æ Set takes an A-algebra B to the set

Hh
R(B) =

I
I ™ B ¢A R

-----
I is a homogeneous ideal and (B ¢A Rd)/Id is a
locally free B-module of rank h(d) for all d œ L

J
.

Haiman and Sturmfels [HS04] proved that this functor is represented by a scheme H
in the sense that

Hh
R = ha�

H .

This scheme H is called the multigraded Hilbert scheme.

Example 2.20. All possible variations of multigraded Hilbert schemes of the a�ne
line are computed in [Stå11]. The same reference also calculates all possibilities of
the generalized notion of multigraded Quot schemes of the a�ne line. N

Invariant Hilbert schemes
In light of Theorem 2.4 one can see that the multigraded Hilbert scheme para-
metrizes closed subschemes Z = V (I) of U = An

A that are invariant under the
action of DL = Spec(A[L]). By replacing the group DL with any linearly reductive
group G, see Example 2.3, we generalize the multigraded Hilbert scheme to the
invariant Hilbert scheme. We will here give a quick summary of this concept and
refer to [Bri13] for a full treatment.

Let A = k be an algebraically closed field of characteristic zero, and assume that
all schemes are noetherian. Consider an a�ne scheme U = Spec(R) of finite type
over S = Spec(k), and suppose that there is a linearly reductive group scheme G
acting on U . For any S-scheme T , the base change GT acts on UT , and given any
closed GT -invariant subscheme Z ™ UT we let p : Z æ T denote the composition
Z Òæ UT æ T . Let Irr(G) denote the set of isomorphism classes of irreducible
representations of G. Then, there is a canonical decomposition

púOZ =
n

MœIrr(G)

FM ¢k M,

where FM = (púOZ ¢k Mú)G is the invariant subsheaf of púOZ ¢k Mú, and Mú

denotes the dual of M . Let h : Irr(G) æ N be any function. The invariant Hilbert
functor HilbG,h

U : Schop

S æ Set takes an S-scheme T to the set

HilbG,h
U (T ) =

I
Z ™ UT

-----
Z is a closed G-invariant subscheme and FM is
locally free of rank h(M) for every M œ Irr(G)

J
.

This functor is representable by a scheme called the invariant Hilbert scheme. See
also [AB05].
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Example 2.21. When G = DL for some abelian group L, then any irreducible rep-
resentation is one-dimensional, and homomorphisms G æ GL(k) = Gm are in
one-to-one correspondence with elements in L. That is, Irr(G) ≥= L. Moreover, if
T = Spec(B) is an a�ne S-scheme, then any closed G-invariant subscheme

Z = V (I) ™ UT = Spec(R ¢k B)

has Fd
≥=

!
(R ¢k B)/I

"
d

for any d œ L, showing how the invariant Hilbert scheme
reduces to the multigraded Hilbert scheme. N

Fine, coarse, and good moduli spaces
So far, we have only considered moduli spaces arising as representations of functors
F : Schop

S æ Set (up to some small modifications). However, there are classes of
objects in algebraic geometry whose classification give moduli problems that cannot
be formulated by such functors. This is a main reason for introducing stacks. In
the greatest generality, a moduli problem can be formulated as a category fibered
in groupoids X over schemes. The idea to consider a moduli problem as a fibered
category goes back to [Gro61]. Given such a moduli problem, there might not exist
a scheme that represents that fibered category, so a moduli space does not need to
exist as a scheme. Instead, there are many di�erent notions of moduli spaces.

1. Fine moduli space: A scheme (or possibly algebraic space) X is a fine moduli
space to a moduli problem X if X is represented by X, that is, if X = SchX .

2. Coarse moduli space: A morphism fi : X æ X to an algebraic space X is a
coarse moduli space for X if every morphism X æ Y to an algebraic space Y
factors as X æ X æ Y , and fi induces a bijection on geometric points.

3. Good moduli space: A morphism „ : X æ X to an algebraic space X is a good
moduli space for X if „ is quasi-compact, quasi-separated, and the following
properties are satisfied:

a) „ is cohomologically a�ne, that is, the push-forward functor „ú on quasi-
coherent sheaves is exact.

b) The natural map OX æ „úOX is an isomorphism.

This notion was introduced by Alper [Alp13], and is a generalization of GIT-
quotients of schemes.

4. Fine moduli stack: We call a moduli problem X a fine moduli stack if the
fibered category X is an algebraic stack. In [Art74], Artin used ideas of
[Sch68] to formulate a list of conditions that insured that a given stack was
algebraic. These conditions are now known as Artin’s criterion for stacks (note
that Artin also gave criteria for determining when a functor F : Schop

S æ Set
is an algebraic space [Art69a]). See also [Mur95]. Recently, Hall reformulated
Artin’s criterion for stacks using the language of coherent functors [Hal14].
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2.5 Grothendieck’s existence theorem

In this section, we will explain the theory of formal GAGA. We will start by ex-
plaining (non-formal) GAGA due to Serre, which makes it possible to use analytic
methods to study complex varieties. Then, we go on to explain Grothendieck’s
existence theorem. This theorem relates coherent sheaves on a scheme with the
coherent sheaves on the completion of the scheme, and we will also show how this
result generalizes to algebraic stacks.

GAGA: Géometrie Algébrique et Géométrie Analytique
An algebraic variety defined over the complex numbers also has the structure of a
complex manifold. We can therefore study a rational function around a point on
the variety by regarding it as an analytic function and taking its Taylor expansion
around the point. For this to be useful it is necessary to relate the rational functions
on the variety with the analytic functions on the corresponding manifold. That is,
we need to relate the coherent sheaves on the variety with the coherent sheaves
on the manifold. Such a theory was introduced by Serre in his paper Géometrie
Algébrique et Géométrie Analytique [Ser56]. See also [Gri74].

Theorem 2.22. Let X be a projective variety over the complex numbers. Then, ev-
ery coherent sheaf F

an

on the corresponding manifold X
an

is the pullback of a unique
coherent sheaf F on X. Moreover, the natural map Hi(X, F) æ Hi(X

an

, F
an

) of
cohomology is an isomorphism for all i Ø 0.

Results of this kind are now called GAGA-type results after the paper of Serre.

Formal GAGA
For a general scheme it is not possible to study its coherent sheaves using convergent
power series. Instead, we use formal power series and completions. Before stating
a generalization of Serre’s GAGA-theorem to schemes, we give a brief introduction
to these concepts.

Let R be a commutative ring, with an ideal I ™ R. Then, there is a nesting

· · · ™ I3 ™ I2 ™ I ™ R,

which gives rise to a sequence of morphisms

· · · fi4≠æ R/I4

fi3≠æ R/I3

fi2≠æ R/I2

fi1≠æ R/I,

where fin

!
r + In+1

"
= r + In for all r œ R. The inverse limit of this sequence is

defined as

limΩ≠nR/In =
I

(. . . , a
2

, a
1

) œ
ŒŸ

n=1

R/In

---- fin(an+1

) = an for all n Ø 1
J

.

The completion ‚R of R with respect to I is then defined as ‚R = limΩ≠nR/In.
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Example 2.23. The completion of the polynomial ring k[x, y] in the ideal (x, y)
is the formal power series ring k[[x, y]]. N

The notion of completion is useful in algebraic geometry as it encodes infinites-
imal data of a scheme, similar to how the Taylor expansion of an analytic function
around a point is used in the analytic setting. We will consider the case when A is
a complete noetherian local ring with maximal ideal m µ A. That A is complete
means that A = ‚A, where the completion is taken with respect to the ideal m.
The formal spectrum of A, denoted Spf(A), is the topological space Spec(A/m)
equipped with the sheaf of rings defined as the completion

O
Spf(A)

:= limΩ≠nO
Spec(A/mn

)

.

Given a scheme f : X æ Spec(A), the inverse image X
0

= f≠1

!
V (m)

"
is a closed

subscheme of X defined by an ideal sheaf I ™ OX . The completion ‚X of X with
respect to X

0

is the ringed space that has X
0

as its underlying topological space
and its sheaf of rings is the projective limit

O ‚X := limΩ≠nOX/In+1.

The completion ‚X is what is called a formal scheme. Moreover, the completion of
a sheaf F on X with respect to X

0

is the sheaf ‚F on ‚X defined by the inverse limit

‚F := limΩ≠nF/In+1F .

Let Coh(X) denote the category of coherent sheaves on X. If F is a coherent sheaf,
then the completion ‚F is a coherent sheaf on ‚X. In fact, the completion gives a
functor Coh(X) æ Coh( ‚X). Grothendieck extended GAGA to formal GAGA and
proved the following, which is now known as Grothendieck’s existence theorem.

Theorem 2.24 ([EGA
III

, Théorème (5.1.4)]). Let A be a complete noetherian local
ring and let f : X æ Spec(A) be a proper morphism of schemes. Then, the natural
functor Coh(X) æ Coh( ‚X), induced by F ‘æ ‚F , is an equivalence of categories.

We have used the notion of “equivalence of categories” earlier in this intro-
duction without actually introducing the concept, but as the notion is crucial for
this section, we will state a definition here. A functor F : A æ B between two
categories A and B is an equivalence of categories if it is fully faithful and essen-
tially surjective. Here, fully faithful means that the functor induces a bijection
Hom(X, Y ) = Hom

!
F (X), F (Y )

"
for all objects X, Y in A. Essentially surjective

means that any object in B is isomorphic to the image of an object in A.
Remark 2.25. Grothendieck’s theorem in [EGA

III

] is stated in a higher generality
where the properness of f is replaced with the condition that f is separated and
of finite type, and considers coherent sheaves with proper support. Moreover, the
ring A need not be local nor complete (but instead adic and separated).
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A brief survey on generalizations
The theory of formal GAGA has also been generalized to algebraic spaces and
stacks, which we will explain here. Again, we fix a complete noetherian local
ring A with maximal ideal m. Consider an algebraic stack f : X æ Spec(A), and
let X

0

= f≠1

!
V (m)

"
be the closed substack given by the inverse image of the unique

closed point of Spec(A), with ideal sheaf I. Given a coherent sheaf F on X we
define the completion of F along X

0

as the sheaf

‚F := limΩ≠nF/In+1F .

In particular, we define the sheaf (of rings)

O ‚X
:= ‰OX = limΩ≠nOX /In+1.

There is a notion of the completion „X of X with respect to X
0

, which generalizes
completions of schemes, but we will omit the definition and instead refer to [Con05].

We will consider another approach. Let Xn = X ◊
Spec(A)

Spec(A/mn+1). Given
a coherent sheaf F in X , we let Fn denote the pullback of F to Xn. Following the
notation of [AHR15], we call an algebraic stack X coherently complete along X

0

if
the natural functor

Coh(X ) æ limΩ≠nCoh
!
Xn

"
,

is an equivalence of categories. This definition generalizes the idea of Grothendieck’s
existence theorem. Indeed, we have the following result.

Theorem 2.26 ([Con05, Theorem 2.3]). The natural functor

Coh( „X ) æ limΩ≠nCoh
!
Xn

"
,

is an equivalence of categories.

Thus, a coherent sheaf on „X is equivalent to a compatible system of coherent
sheaves on each Xn, and X is coherently complete if and only if the natural functor
Coh(X ) æ Coh( „X ) is an equivalence.

Fix now a morphism f : X æ Spec(A). With the terminology above, we can
reformulate Grothendieck’s existence theorem (Theorem 2.24) as:

if f is proper, and X is a scheme, then X is coherently complete.

The following is a list of some generalizations of Grothendieck’s existence theo-
rem, formulated in this modern language (where the generalizations predate the
terminology).

1. In [Knu71], Knutson proved that if f is proper, and X is an algebraic space,
then X is coherently complete.
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2. In [OS03], Olsson and Starr proved that if f is proper, and X is a Deligne-
Mumford stack, then X is coherently complete.

3. In [Ols05], Olsson proved that if f is proper, then X is coherently complete.
See also [Con05].

4. In [GZB15], Geraschenko and Zureick-Brown proved that if f is a good moduli
space, then X is coherently complete (with the added assumption that X

0

has the resolution property).

Remark 2.27. There are many other generalizations of Grothendieck’s existence
theorem, see, e.g., [HR14] and [HP14].
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Summary of results

3.1 Paper A

In Paper A we study the definition of Rees algebras of finitely generated modules
over a noetherian ring that we presented in Section 2.2. We show that this def-
inition, which is in terms of maps to free modules, is equivalent to an intrinsic
definition in terms of the algebra of divided powers. More concretely, we show that
the Rees algebra of a module M is equal to the image of a canonical map

Sym(M) æ �(Mú)‚,

where
�(Mú)‚ =

Œn

n=0

HomA

1
�n

!
HomA(M, A)

"
, A

2

denotes the graded dual of the algebra of divided powers of the dual of M . The
degree one part of �(Mú)‚ is Múú, and the map Sym(M) æ �(Mú)‚ is induced
by the universal property of the symmetric algebra applied to the canonical map
M æ Múú ™ �(Mú)‚.

To make sense of the graded dual of the algebra of divided powers, we start by
studying graded algebras in general. We show that the graded dual of any graded
bialgebra is again an algebra in a natural way. In connection to this, we study
colimit preserving functors from the category of modules to the category of (graded)
algebras and show that such functors give rise to natural bialgebra structures.
Applying these results to the algebra of divided powers we get that �(Mú)‚ has
an algebra structure. We also show that the canonical map Sym(Mú) æ �(M)‚ is
an isomorphism when M is free. This is analogous to the “classical” fact that the
canonical map �(Mú) æ Sym(M)‚ is an isomorphism when M is free.

The authors of [EHU03] showed that the Rees algebra of M can be computed
as the image of a map Sym(M) æ Sym(F ) induced by a versal map M æ F . We
show that the induced map Sym(M) æ Sym(F ) has a canonical factorization

Sym(M) æ �(Mú)‚ Òæ Sym(F ),
where the second map is injective. Thus, it follows that

R(M) = im
!
Sym(M) æ Sym(F )

"
= im

!
Sym(M) æ �(Mú)‚"

.

39
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3.2 Paper B

In Paper B we continue the work started in Paper A, and study the functorial
properties of the Rees algebra of modules. We show that many properties of the
Rees algebra can be explained using the theory of coherent functors introduced in
Section 2.3. The main result of Paper A was that the Rees algebra of a module M
is equal to the image R(M) = im

!
Sym(M) æ �(Mú)‚"

of a map induced by the
canonical map M æ Múú. The image M tl = im(M æ Múú) is called the torsionless
quotient of M , and it is natural to try to relate this module with the Rees algebra
of M . However, the torsionless quotient does not actually give much information
about the Rees algebra.

Instead, we consider a canonical map tM æ hMú of coherent functors that gener-
alizes the map M æ Múú. Generalizing the construction of M tl, we define the tor-
sionless functor rM = im

!
tM æ hMú"

. The functor rM is strongly related to R(M).
For instance, given any map M æ N , we show that R(M) æ R(N) is injective
(resp. surjective) if rM æ rN is injective (resp. surjective).

Moreover, we use coherent functors to study the notion of versal maps. One
can show that a map M æ F is versal if and only if the dual map F ú æ Mú is
surjective. In fact, a versal map M æ F factorizes as M æ Múú Òæ F , where
the second map is the injection of the double dual Múú Òæ F úú = F . That a map
M æ F has an injective double dual is however not a su�cient condition for the
map to be versal. Using the reflexive duality available for coherent functors we are
able to give a classification of versal maps in terms of injectivity: a map M æ F
induces a factorization tM æ hMú æ tF , and we show that M æ F is versal if and
only if the second map hMú æ tF is injective.

Summarizing, given a versal map M æ F , there is a natural factorization

M ⇣ M tl Òæ Múú Òæ F.

Working in the category of coherent functors, we instead have the sequence

tM ⇣ rM Òæ hMú
Òæ tF ,

and evaluating this sequence at A returns the factorization of modules given above.
From Paper A we also have a factorization

Sym(M) ⇣ R(M) Òæ �(Mú)‚ Òæ Sym(F ),

and comparing these three sequences show strong similarities between the di�erent
descriptions.

Expanding on these similarities, we present another result in Paper B that shows
the advantage of working with coherent functors rather than modules. A trivial
amplification of the result of Paper A is that R(M) = im

!
Sym(M) æ Q(M)

"
,

where Q(M) := im
!
Sym(Múú) æ �(Mú)‚"

is the largest subring of �(Mú)‚ that
is generated in degree one. We show that there is a functor � from the category of
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coherent functors to the category of graded algebras giving the following commu-
tative diagram:

M //

_

✏✏

Múú � �
// F_

✏✏

tM
//

_

�

✏✏

hMú � �
//

_

�

✏✏

tF_

�

✏✏

Sym(M) // Q(M) �
�

// Sym(F )

In particular, the Rees algebra of M is induced by the canonical map tM æ hMú

with which we mean that

R(M) = im
1

�
!
tM

"
æ �

!
hMú"2

.

There is no functor from the category of modules to the category of graded algebras
with this property. Indeed, the functors tMúú and hMú both correspond to the
module Múú, and we need the higher structure of coherent functors to distinguish
them.

3.3 Paper C

In Paper C we study the geometry of the Rees algebra of a module. We introduce the
total blow-up of a module M as the projective spectrum B(M) = Proj

!
R(M)

"
of the

Rees algebra of M . The definition of Rees algebras presented in Paper A generalizes
to a definition of Rees algebras of coherent sheaves, and we define the total blow-up
of a coherent sheaf F on a scheme X as B(F) = Proj

!
R(F)

"
. Assuming that there

is an open U ™ X such that F|U is locally free, the main result of Paper C says
that the total blow-up B(F) satisfies the following property: for every morphism
f : Y æ X, such that f≠1(U) is schematically dense, there is an equality of sets

{line bundle quotients fúF ⇣ L} = HomX

!
Y,B(F)

"
.

This is very similar to the universal property of the projective bundle P(F) that
we saw in Section 2.2, but here we only consider a restricted class of morphisms
f : Y æ X. In fact, the construction of the total blow-up together with the property
above gives a connection between projective bundles and classical blow-ups.

1. If E is a locally free sheaf on X, then B(E) = P(E). As E is locally free we
can choose U = X, and then the universal property of the total blow-up is
the same as the universal property of the projective bundle.

2. If I is an ideal sheaf on X, then B(I) = BlZ X is the classical blow-up along
Z = V (I). The classical blow-up has the following universal property: every
morphism f : Y æ X, where f≠1(Z) is an e�ective Cartier divisor on Y ,
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factorizes via a unique map Y æ BlZ X. This is equivalent to the universal
property of B(I) described above. In order to explain why this is true, we note
that I is locally free of rank one restricted to U = X \ Z, and that f≠1(U) is
schematically dense when f≠1(Z) = V (IOY ) is an e�ective Cartier divisor.
We show that

HomX

!
Y,B(I)

"
= {line bundle quotients fúI ⇣ L} = {fúI ⇣ IOY }

is a set with only one element. Thus, it follows that there is a unique map
Y æ B(I) factoring Y æ X.

These two examples show that the total blow-up bridges a gap between two dif-
ferent fundamental structures in algebraic geometry. The total blow-up is also an
interesting object in its own right, as can be seen by the following applications that
are shown in the paper.

1. Consider a coherent sheaf F on X that is locally free of rank d on a schemat-
ically dense open U ™ X. The universal flatification of F is a moduli space
that parametrizes flatifications of F , that is, it parametrizes quotients Q of F
such that Q is locally free of rank d (and therefore flat). We show that this
moduli space is equal to the total blow-up of the determinant

wd F of F .

2. Let f : Y æ X be a birational projective morphism of locally noetherian
schemes. Then Y ≥= B(fúL), where L is a very ample line bundle on Y .

3.4 Paper D

Starting with the fourth paper we change the theme from Rees algebras to Hilbert
schemes and the other moduli spaces that we described in Section 2.4. In Paper D
we study graded modules with constant Hilbert polynomial, and prove a partial
generalization of Gotzmann’s persistence theorem.

We previously mentioned Gotzmann’s persistence theorem while explaining the
representability of the Hilbert functor in Section 2.4. Given a quotient ring cor-
responding to a closed subscheme of projective space, the rank of its graded com-
ponents will eventually be determined by its Hilbert polynomial, and Gotzmann’s
theorem concerns in what degree this happens. Moreover, the theorem shows that
flatness of the graded components is preserved from the same degree and onwards.
We will instead of the Hilbert functor consider the Quot functor, and therefore study
quotients of modules rather than quotient rings. Our result is a generalization of
Gotzmann’s result in the setting of modules with constant Hilbert polynomial.

A main component in our generalization is the theory of Fitting ideals that we
introduced in Section 2.3. In fact, we show a result concerning the structure of
certain Fitting ideals (Proposition 2.7 in the paper) that is stronger than the gen-
eralization of Gotzmann’s persistence theorem. To be more precise, we consider a
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polynomial ring R = A[x
0

, . . . , xn] over a local ring A, and let Q be a finitely gen-
erated graded R-module with respect to the grading deg(x

0

) = . . . = deg(xn) = 1.
That is, we consider quotients Q = Rm/U where U is a homogeneous R-submodule
of a free module Rm. If U is generated in degrees at most d, and if the degree d
component Qd is free of rank N with a basis satisfying a certain natural condition,
then we show that there is an equality

FittN≠1

(Qd+s) = FittN≠1

(Qd+1

)

for all s Ø 1, and that FittN (Qd+s) = A for all s Ø 0. In particular, if Qd+1

is free
of rank N , then Qd+s is free of rank N for all s Ø 0.

We finally apply our results to the Quot scheme of N points. Consider the
projective n-space f : Pn

A æ Spec(A) over a noetherian ring A, and let O = OPn
A

denote the structure sheaf. For any d Ø N we write Fd = fúO(d)üm for the
pushforward of the free sheaf Oüm of rank m after twisting with O(d). The Quot
scheme Q := QuotN

Oüm then embeds as a closed subscheme of the Grassmannian
g : G := GrN

Fd
æ Spec(A). Given the universal exact sequence

0 æ Ud æ gúFd æ Ed æ 0

on G, we define Ed+1

as the cokernel of the map Ud ¢OG gúfúO(1) æ gúFd+1

. We
show that the Quot scheme Q is the closed subscheme of G defined by the (N ≠1)’th
Fitting ideal of the sheaf Ed+1

.

3.5 Paper E

In Paper E we expand on the result of Paper D concerning the structure of the
Fitting ideals. We study a “localized” version of the theorem, and apply it to the
Hilbert scheme of N points of the a�ne n-space over a ring A. This is the scheme
that parametrizes closed subschemes of length N in An

A = Spec(A[x
1

, . . . , xn]), and
is defined similar to the Hilbert scheme HilbN

Pn
A

from Section 2.4.
A standard open Hilb— of this Hilbert scheme is defined as follows. Given a set —

of N monomials in A[x
1

, . . . , xn], we let Hilb— be the scheme that parametrizes
closed subschemes of An

A such that — is a basis for their global sections. Let d(—)
denote the highest degree of all monomials in —. When — contains all of its divi-
sors, our main result gives an explicit description of the scheme Hilb— as a closed
subscheme of a Grassmannian. More specifically, choosing an integer d Ø d(—) + 1,
we let zd— denote the degree d homogenization of the elements of — in the ring
R = A[z, x

1

, . . . , xn]. The Grassmannian GrN
Rd

of rank N quotients of d-forms of R

has an open a�ne subscheme D
+

(zd—) parametrizing quotients of Rd that has zd—
as a basis. We show that

Hilb— = D
+

(zd—) fl V
!
FittN≠1

(Ed+1

)
"

™ GrN
Rd

,

where Ed+1

is defined analogously to the case of Paper D above.
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The degree d can often be chosen smaller than what is classically implied
by Gotzmann’s persistence theorem. We introduce the d-strongly generated sub-
schemes Gen(d, N) = fi— Hilb— , where the union is taken over all — as above with
d(—) + 1 Æ d. For instance, Gen(2, n+1) = Hilb— , where — = {1, x

1

, . . . , xn}, is the
scheme that parametrizes all closed subschemes of length n + 1 that do not lie in
a hyperplane. Our result shows that Gen(d, N) embeds inside the Grassmannian
of rank N quotients of d-forms. Also, when d Ø N we have that Gen(d, N) is the
whole Hilbert scheme of N points, recovering the classical embedding of the Hilbert
scheme inside a Grassmannian.

Moreover, we give many applications of our results. We find a connection be-
tween Fitting ideals and certain commutator ideals, and show some results con-
cerning apolarity schemes.

3.6 Paper F

In Paper F we introduce a variant of the Hilbert moduli problem for algebraic
stacks using the notion of good moduli spaces from Section 2.4. The main result
of the paper is that this functor is, under certain assumptions, representable by an
algebraic space.

Consider an algebraic stack X over a scheme S, with a good moduli space
„ : X æ X, and let Z be a closed substack of X . It then follows that Z := „(Z )
is a good moduli space of Z . We define the good Hilbert functor as the functor

Hilbgood

X : Schop

S æ Set

that sends an S-scheme T to the set of closed substacks Z ™ XT , such that Z is
flat and finitely presented over T , and such that the good moduli space Z is proper
over T .

Our proof of the algebraicity of this functor relies on Artin’s criterion that we
mentioned at the end of Section 2.4, and a central part in checking this criterion
is proving a generalization of the formal GAGA that we described in Section 2.5.
We show that if X is a noetherian algebraic stack over a complete local noetherian
ring A, such that X has the resolution property (meaning that every coherent
sheaf on X has a surjection from a locally free sheaf) and admits a good moduli
space X which is proper over Spec(A), then X is coherently complete. In fact, we
prove an even stronger result: if X æ Spec(A) is separated and of finite type, then
the completion functor induces an equivalence between the coherent sheaves on X
and „X whose supports have good moduli spaces that are proper over Spec(A).

Considering the stack quotient X = [U/G] from Section 2.1, where G is a lin-
early reductive group scheme acting on an a�ne scheme U , we recover the invariant
Hilbert scheme that we introduced in Section 2.4 as part of a stratification of the
good Hilbert functor of X .



References

[AB05] Valery Alexeev and Michel Brion, Moduli of a�ne schemes with reductive
group action, J. Algebraic Geom. 14 (2005), no. 1, 83–117. MR 2092127

[AHR15] Jarod Alper, Jack Hall, and David Rydh, A Luna étale slice theorem for
algebraic stacks, Preprint, arXiv:1504.06467, April 2015.

[Alp13] Jarod Alper, Good moduli spaces for Artin stacks, Ann. Inst. Fourier
(Grenoble) 63 (2013), no. 6, 2349–2402. MR 3237451

[AM69] Michael Francis Atiyah and Ian Grant Macdonald, Introduction to
commutative algebra, Addison-Wesley Publishing Co., Reading, Mass.-
London-Don Mills, Ont., 1969. MR 0242802

[Art69a] Michael Artin, Algebraization of formal moduli. I, Global Analysis (Pa-
pers in Honor of K. Kodaira), Univ. Tokyo Press, Tokyo, 1969, pp. 21–71.
MR 0260746

[Art69b] , The implicit function theorem in algebraic geometry, Algebraic
Geometry (Internat. Colloq., Tata Inst. Fund. Res., Bombay, 1968), Ox-
ford Univ. Press, London, 1969, pp. 13–34. MR 0262237

[Art70] , Algebraization of formal moduli. II. Existence of modifications,
Ann. of Math. (2) 91 (1970), 88–135. MR 0260747

[Art74] , Versal deformations and algebraic stacks, Invent. Math. 27
(1974), 165–189. MR 0399094

[Aus66] Maurice Auslander, Coherent functors, Proc. Conf. Categorical Algebra
(La Jolla, Calif., 1965), Springer, New York, 1966, pp. 189–231. MR
0212070 (35 #2945)

[BH98] Winfried Bruns and Jürgen Herzog, Cohen-Macaulay rings, Cambridge
Studies in Advanced Mathematics, vol. 39, Cambridge University Press,
Cambridge, 1998. MR 1251956 (95h:13020)

[Bou70] Nicolas Bourbaki, Éléments de mathématique. Algèbre. Chapitres 1 à 3,
Hermann, Paris, 1970. MR 0274237 (43 #2)

45



46 REFERENCES

[Bri13] Michel Brion, Invariant Hilbert schemes, Handbook of moduli. Vol. I,
Adv. Lect. Math. (ALM), vol. 24, Int. Press, Somerville, MA, 2013,
pp. 64–117. MR 3184162

[CLO15] David A. Cox, John Little, and Donal O’Shea, Ideals, varieties, and
algorithms, fourth ed., Undergraduate Texts in Mathematics, Springer,
Cham, 2015, An introduction to computational algebraic geometry and
commutative algebra. MR 3330490

[Con05] Brian Conrad, Formal GAGA on Artin stacks, unpublished, available on-
line, http://math.stanford.edu/≥conrad/papers/formalgaga.pdf, 2005.

[EGA
I

] Alexander Grothendieck and Jean Dieudonné, Eléments de géométrie al-
gébrique. I, second ed., Grundlehren der Mathematischen Wissenschaften
[Fundamental Principles of Mathematical Sciences], vol. 166, Springer-
Verlag, Berlin, 1971. MR 3075000

[EGA
II

] Alexander Grothendieck, Éléments de géométrie algébrique. II. Étude
globale élémentaire de quelques classes de morphismes, Inst. Hautes
Études Sci. Publ. Math. (1961), no. 8, 222. MR 0163909 (29 #1208)

[EGA
III

] , Éléments de géométrie algébrique. III. Étude cohomologique des
faisceaux cohérents. I, Inst. Hautes Études Sci. Publ. Math. (1961),
no. 11, 167. MR 0217085 (36 #177c)

[EH00] David Eisenbud and Joe Harris, The geometry of schemes, Graduate
Texts in Mathematics, vol. 197, Springer-Verlag, New York, 2000. MR
1730819 (2001d:14002)

[EHU03] David Eisenbud, Craig Huneke, and Bernd Ulrich, What is the Rees
algebra of a module?, Proc. Amer. Math. Soc. 131 (2003), no. 3, 701–708
(electronic). MR 1937406 (2003j:13003)

[Eis95] David Eisenbud, Commutative algebra: with a view toward algebraic ge-
ometry, Graduate Texts in Mathematics, vol. 150, Springer-Verlag, New
York, 1995. MR 1322960 (97a:13001)

[FGA] Alexander Grothendieck, Fondements de la géométrie algébrique [Extraits
du Séminaire Bourbaki, 1957-1962], Secrétariat mathématique, Paris,
1962.

[FGI+05] Barbara Fantechi, Lothar Göttsche, Luc Illusie, Steven L. Kleiman, Nitin
Nitsure, and Angelo Vistoli, Fundamental algebraic geometry, Mathe-
matical Surveys and Monographs, vol. 123, American Mathematical So-
ciety, Providence, RI, 2005, Grothendieck’s FGA explained. MR 2222646
(2007f:14001)



REFERENCES 47

[Fit36] Hans Fitting, Die Determinantenideale eines Moduls, Jahresbericht der
Deutschen Math.-Vereinigung 46 (1936), 195–229.

[GLS07] Trond Stølen Gustavsen, Dan Laksov, and Roy Mikael Skjelnes, An ele-
mentary, explicit, proof of the existence of Quot schemes of points, Pacific
J. Math. 231 (2007), no. 2, 401–415. MR 2346502 (2008i:14021)

[Got78] Gerd Gotzmann, Eine Bedingung für die Flachheit und das Hilbertpoly-
nom eines graduierten Ringes, Math. Z. 158 (1978), no. 1, 61–70. MR
0480478 (58 #641)

[Gri74] Phillip Gri�ths, Topics in algebraic and analytic geometry, Princeton
University Press, Princeton, N.J.; University of Tokyo Press, Tokyo,
1974, Written and revised by John Adams, Mathematical Notes, No.
13. MR 0355119

[Gro61] Alexander Grothendieck, Techniques de construction en géométrie ana-
lytique. I. Description axiomatique de l’espace de Teichmüller et de ses
variantes, Séminaire Henri Cartan 13 (1960-1961), no. 1, 1–33 (fre).

[GW10] Ulrich Görtz and Torsten Wedhorn, Algebraic geometry I, Advanced Lec-
tures in Mathematics, Vieweg + Teubner, Wiesbaden, 2010, Schemes
with examples and exercises. MR 2675155 (2011f:14001)

[GZB15] Anton Geraschenko and David Zureick-Brown, Formal GAGA for good
moduli spaces, Algebr. Geom. 2 (2015), no. 2, 214–230. MR 3350157

[Hal14] Jack Hall, Openness of versality via coherent functors, J. Reine Angew.
Math., available online http://dx.doi.org/10.1515/crelle-2014-0057, 2014.

[Har77] Robin Hartshorne, Algebraic geometry, Springer-Verlag, New York-
Heidelberg, 1977, Graduate Texts in Mathematics, No. 52. MR 0463157
(57 #3116)

[Har98] , Coherent functors, Adv. Math. 140 (1998), no. 1, 44–94. MR
1656482 (2000a:14018)

[HP14] Daniel Halpern-Leistner and Anatoly Preygel, Mapping stacks and cate-
gorical notions of properness, Preprint, arXiv:1402.3204, February 2014.

[HR14] Jack Hall and David Rydh, The Hilbert stack, Adv. Math. 253 (2014),
194–233. MR 3148551

[HS04] Mark Haiman and Bernd Sturmfels, Multigraded Hilbert schemes, J. Al-
gebraic Geom. 13 (2004), no. 4, 725–769. MR 2073194

[Joh09] Theo Johnson-Freyd: mathoverflow.net/users/78/theo-johnson-freyd,
Philosophical meaning of the Yoneda lemma, MathOverflow, 2009,
mathoverflow.net/q/3223 (version: 2009-10-29).



48 REFERENCES

[KK97] Daniel Katz and Vijay Kodiyalam, Symmetric powers of complete mod-
ules over a two-dimensional regular local ring, Trans. Amer. Math. Soc.
349 (1997), no. 2, 747–762. MR 1401523 (97g:13041)

[Knu71] Donald Knutson, Algebraic spaces, Lecture Notes in Mathematics, Vol.
203, Springer-Verlag, Berlin-New York, 1971. MR 0302647

[Kol07] János Kollár, Lectures on resolution of singularities, Annals of Mathe-
matics Studies, vol. 166, Princeton University Press, Princeton, NJ, 2007.
MR 2289519 (2008f:14026)

[KT00] Steven Kleiman and Anders Thorup, Conormal geometry of maximal mi-
nors, J. Algebra 230 (2000), no. 1, 204–221. MR 1774764 (2001h:13006)

[Liu98] Jung-Chen Liu, Rees algebras of finitely generated torsion-free modules
over a two-dimensional regular local ring, Comm. Algebra 26 (1998),
no. 12, 4015–4039. MR 1661272 (99k:13003)

[LMB00] Gérard Laumon and Laurent Moret-Bailly, Champs algébriques, Ergeb-
nisse der Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of Mod-
ern Surveys in Mathematics [Results in Mathematics and Related Ar-
eas. 3rd Series. A Series of Modern Surveys in Mathematics], vol. 39,
Springer-Verlag, Berlin, 2000. MR 1771927

[Mum66] David Mumford, Lectures on curves on an algebraic surface, With a sec-
tion by G. M. Bergman. Annals of Mathematics Studies, No. 59, Prince-
ton University Press, Princeton, N.J., 1966. MR 0209285 (35 #187)

[Mum94] , Geometric invariant theory, third ed., edited by John Fogarty
and Frances Kirwan, Ergebnisse der Mathematik und ihrer Grenzgebiete
(2) [Results in Mathematics and Related Areas (2)], vol. 34, Springer-
Verlag, Berlin, 1994. MR 1304906

[Mur95] J. P. Murre, Representation of unramified functors. Applications (ac-
cording to unpublished results of A. Grothendieck), Séminaire Bourbaki,
Vol. 9, Soc. Math. France, Paris, 1995, pp. Exp. No. 294, 243–261. MR
1608802

[Ols05] Martin Olsson, On proper coverings of Artin stacks, Adv. Math. 198
(2005), no. 1, 93–106. MR 2183251

[Ols16] , Algebraic spaces and stacks, American Mathematical Society
Colloquium Publications, vol. 62, American Mathematical Society, Prov-
idence, RI, 2016. MR 3495343

[OS03] Martin Olsson and Jason Starr, Quot functors for Deligne-Mumford
stacks, Comm. Algebra 31 (2003), no. 8, 4069–4096, Special issue in
honor of Steven L. Kleiman. MR 2007396



REFERENCES 49

[Ree55] David Rees, Valuations associated with a local ring. I, Proc. London
Math. Soc. (3) 5 (1955), 107–128. MR 0067095 (16,669c)

[Ree56a] , Valuations associated with a local ring. II, J. London Math. Soc.
31 (1956), 228–235. MR 0078972 (18,8c)

[Ree56b] , Valuations associated with ideals, Proc. London Math. Soc. (3)
6 (1956), 161–174. MR 0077513 (17,1047e)

[Ree56c] , Valuations associated with ideals. II, J. London Math. Soc. 31
(1956), 221–228. MR 0078971 (18,8b)

[Rie57] Bernhard Riemann, Theorie der Abel’schen Functionen, J. Reine Angew.
Math. 54 (1857), 115–155. MR 1579035

[Sch68] Michael Schlessinger, Functors of Artin rings, Trans. Amer. Math. Soc.
130 (1968), 208–222. MR 0217093 (36 #184)

[Ser56] Jean-Pierre Serre, Géométrie algébrique et géométrie analytique, Ann.
Inst. Fourier, Grenoble 6 (1955–1956), 1–42. MR 0082175

[SGA
III

] Schémas en groupes (SGA 3). Tome I. Propriétés générales des schémas
en groupes, Séminaire de Géométrie Algébrique du Bois Marie 1962–
64, A seminar directed by M. Demazure and A. Grothendieck with the
collaboration of M. Artin, J.-E. Bertin, P. Gabriel, M. Raynaud and J-P.
Serre, pp. xxviii+610.

[Stå11] Gustav Sædén Ståhl, Gradings of the a�ne line and its Quot scheme,
Master’s thesis, KTH Royal Institute of Technology, 2011, p. 39.

[Sta16] The Stacks Project Authors, Stacks project, stacks.math.columbia.edu,
2016.

[SUV99] Aron Simis, Bernd Ulrich, and Wolmer V. Vasconcelos, Rees algebras of
modules, Proc. London Math. Soc 87 (1999), 610–646.


