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I 

 

Abstract 
Granular materials are widely used as unbound load-bearing layers within the 
infrastructure system playing a significant role on performance, operation and 
maintenance. However, there is limited knowledge on the fundamental processes 
at particle scale governing the macroscopic behaviour. Fields like pavement and 
railway engineering still heavily rely on empirically-based models owing to the 
complex loading response of these materials. This complexity partly stems from 
the discrete nature of the problem, generally rendering the traditional 
mathematical modelling as a homogeneous continuum inadequate. In this sense, 
the discrete element method (DEM) presents a numerical alternative to study the 
behaviour of discrete systems with explicit consideration of processes at 
particulate level.  

This thesis, based on three scientific publications, aims at providing 
micromechanical insight into the effect of different particle sizes on the load-
bearing structure of granular materials and its influence on the resilient modulus 
and permanent deformation response, respectively. Both of these parameters are 
greatly influenced by the stress level and can be studied by means of triaxial 
testing. In order to accomplish this, binary mixtures of elastic spheres under 
axisymmetric stress are studied using DEM as the simplest expression for gap-
graded granular materials, which in turn also can be seen as a simplification of 
more complex mixtures.  

First, the effect of fine components content on the force transmission at 
particle contact level was studied. Results were used to define a soil fabric 
classification system, where the roles of the coarse and fine fractions were 
explicitly defined and quantified in terms of force transmission rather than 
inferred from the macroscopic response.  

A behavioural correspondence between numerical mixtures and granular 
materials was established, where the mixtures were able to reproduce some of the 
most significant features regarding the resilient modulus and permanent strain 
dependency on stress level for granular materials. Furthermore, it was shown that 
the modulus could be estimated based on monotonic loading, helping to 
overcome limitations in computational time when using DEM.  

A good correlation between soil fabric and performance was also found. 
Generally, higher resilient modulus and lower permanent strain values were 
observed for interactive fabrics, whereas the opposite held for instable fabrics.  

Numerical mixtures of elastic spheres are far from real granular materials, 
where numerous additional factors should be considered. Nevertheless, it is the 
author’s belief that this work provides insight into the soil fabric structure and its 
effect on the macroscopic response of granular materials. 

 

Keywords 
Discrete element method; force distribution; gap-graded mixtures; granular 
materials; particle-scale behaviour; permanent deformation; resilient 
modulus; soil fabric.  
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Sammanfattning 
Grus i form av krossat bergmaterial används i stor utsträckning som obundna 
bär- och förstärkningslager inom tranportinfrastrukturen och spelar där en viktig 
roll för verkningsätt, drift och underhåll. Det finns emellertid begränsad kunskap 
om de fundamentala mekanismerna på partikelnivå (d.v.s. enskilda gruskorn), 
mekanismer som styr det makromekaniska verkningssättet. Områden såsom väg- 
och järnvägsbyggnad bygger fortfarande väsentligen på empiriskta baserade 
modeller p.g.a. dessa materials komplexa uppträdande under belastning. Denna 
komplexitet beror delvis på den diskreta naturen hos problemet vilket innebär att 
traditionell matematisk modellering som vore materialen homogena och 
kontinuerliga, blir inadekvat. Mot denna bakgrund utgör den s.k. diskreta 
elementmetoden (DEM) ett numeriskt alternativ för att studera verkningssätt hos 
diskreta system där man explicit beaktar mekanismerna på partikelnivå. 

Denna avhandling, som baseras på tre vetenskapliga bidrag, syftar till att ge 
mikromekaniska insikter vad gäller effekten av olika partikelstorlekar på 
bärförmågan hos grusmateral och dess inverkan på styvhet och motstånd mot 
permanenta deformationer. Båda dessa parametrar påverkas kraftigt av 
spänningsnivån och kan studeras genom triaxialförsök. För att undersöka detta 
studerades med hjälp av DEM binära blandningar av elastiska kulor – den 
enklaste modellen av grusmaterial med språng i fördelningskurvan – som utsattes 
för axialsymmetrisk belastning. Denna modell kan i sin tur ses som en förenkling 
av mer komplexa blandningar. 

Inledningsvis studerades effekten av finpartikelinnehållet på 
partikelkontakternas kraftöverföring. Resultaten användes för att klassificera 
olika typer av skelettstrukturer i grusmaterialet där den finare och den grövre 
fraktionens roller kvantifierades med utgångspunkt från kraftöverföringen i 
stället för från det makromekaniska verkningssättet. 

Resultaten visade en korrelation vad gäller verkningssättet mellan 
numeriska blandningar och grusmaterial, där de numeriska blandningarna kunde 
reproducera några av grusmaterials viktigaste kännetecken vad gäller 
spänningsberoendet för styvheten vid avlastning och motståndet mot permanent 
deformation. Vidare visades att styvheten kunde bestämmas ur första 
belastningscykeln vilket underlättar att övervinna de begränsningar avseende 
beräkningstid som annars förknippas med DEM. 

God överensstämmelse mellan grusmaterialets skelettstruktur och 
verkningssätt kunde också observeras. Generellt observerades högre styvhet och 
mindre permanenta deformationer för interaktiva skelettstrukturer medan det 
motsatta gällde för instabila strukturer. 

Numeriska blandningar av elastiska kulor är långt från verkliga 
grusmaterial, för vilka ett stort antal ytterligare faktorer måste beaktas. Icke desto 
mindre är det författarens övertygelse att detta arbete ger insikter i 
grusmaterialets skelettstruktur och dess effekter på det makromekaniska 
verkningssättet hos grusmaterial. 

Nyckelord 
Binära blandningar; diskreta elementmetoden; grusmaterial; kraftöverföring; 
verkningssätt på partikelnivå; permanent deformation; skelettstruktur; 
styvhet.   
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𝜀𝜀a,r, 𝜀𝜀a,p  resilient and permanent components of the axial strain, 
respectively 



XI 
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1. Introduction 

1.1 Background 
Unbound granular materials (UGM) are widely used worldwide as 
construction materials for load-bearing layers within the infrastructure 
system. Unbound layers constitute an integral part of railway tracks and 
pavement systems, both flexible and rigid, playing a significant role on 
their performance and need for maintenance. In particular, for ballasted 
railway tracks, assuming a good subgrade soil foundation, ballast is long 
recognised to be the main contributing substructure layer to track 
geometry deterioration in the form of track settlement, the main source of 
need for maintenance (e.g. Selig & Waters (1)).  

The resilient response, characterized in terms of the resilient 
modulus 𝑀𝑀r and Poisson’s ratio 𝜈𝜈, and permanent strain response 𝜀𝜀p are 
among the most significant predictors of field performance of granular 
materials for infrastructure applications. Their importance and 
complexity are indicated by the extensive literature review conducted by 
Lekarp et al. (2,3) concerning the numerous modelling techniques and 
influencing factors. Among these, the stress level is considered as the 
most significant structural factor governing the resilient response of 
granular layers (2), which is also true for the development of permanent 
deformations in addition to the number of load applications (3). The 
mechanical response of UGM can be experimentally determined by 
means of triaxial testing, one of the most relevant conventional laboratory 
methods to replicate stress field conditions in soil mechanics and to study 
and measure the resilient properties and permanent strain behaviour of 
UGM for infrastructures. 

Particle size distribution (PSD) or gradation is usually characterized 
by the gradation curve determined by sieve analysis. It is one of the most 
influential material properties affecting the force transmission and 
consequently the performance of granular materials. PSD is a commonly 
used material characteristic in specifications for different uses of UGM 
for engineering purposes. Gap-graded granular mixtures, also referred to 
as binary mixtures, are materials with gradations that contain none or 
very small amounts of aggregate sizes in the mid-range. This leads to two 
clearly differentiated fractions regarding grain sizes, namely the coarse 
and the fine, respectively. The PSD of these materials can be 
characterized by nominal values representative of the coarse and fine 
grain sizes, 𝐷𝐷c and 𝐷𝐷f, respectively, and by the relative percentage by 
weight of fine particles content 𝐹𝐹𝐹𝐹.  

Gap-graded mixtures can be found in natural soils such as residual 
and colluvial soils and have attracted a certain degree of attention in the 
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study of slope stability (e.g. (4–8)). They are also used for different 
engineering applications, such us man-made fills, like rock fills for dams, 
or in some types of Portland cement concrete (PCC) and asphalt concrete 
(AC) mixtures, i.e. stone matrix asphalt (SMA). In particular, SMA has 
shown improved rutting and wear resistance compared to more 
traditional dense-graded hot mix asphalt (HMA) mixtures (e.g. (9–11)). 
Figure 1 visually illustrates the difference between the stone skeletons of a 
gap-graded and a dense-graded HMA mixture. Figure 2 shows the PSD 
for an average gap-graded mixture used for SMA compared with the 
maximum density line (MDL) using a 0.45 power scale for the particle 
sizes. In this scale, the gradation producing the maximum possible 
density, i.e. MDL, is shown as a straight line from the origin to the 
maximum particle size (e.g. Roberts et al. (12)). Dense-graded mixtures 
follow closely the MDL.  Furthermore, Indraratna et al. (13) studied 
different gradation types for railway ballast, showing structural 
performance advantages and lower degradation of gap-graded 
distributions over more traditional uniform gradations.     

 
  

 

     (a)                  (b)            

Figure 1: HMA stone skeleton of (a) gap-graded and (b) dense-graded mixture 
(14) 
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Figure 2: PSD for a gap-graded SMA mixture and MDL. SMA values correspond 
to average values for a 19 mm NMAS in NAPA 1999 (11)  

 
Compared to more general continuously graded mixtures, gap-

graded materials have the advantage, in terms of simplicity, that only two 
clearly distinct components exist. This leads to three interparticle 
contact-type networks alone: coarse-to-coarse c-c, coarse-to-fine c-f and 
fine-to-fine f-f. This allows for an easier conceptualisation and hence 
potentially improved understanding of granular matter behaviour. 
Furthermore, it could be hypothesized that, in general terms, any 
granular mixture may be conceptually simplified to either a uniformly 
graded or monodisperse material (e.g. clean railway ballast) or a binary 
mixture. Fine grains can be identified as those filling the gaps between 
coarser particles for low-to-intermediate fines content, whereas for 
higher 𝐹𝐹𝐹𝐹, coarse grains are floating in a matrix of finer grains. Different 
studies proposing methodologies to identify the coarse and fine 
components for pavement engineering applications exist (e.g. (15,16)).  

Several authors have proposed soil fabric classification systems 
attempting to conceptually explain the role of the coarse and fine 
fractions on different aspects of the behaviour of gap-graded mixtures. 
Vallejo (17) proposed four cases explaining the shear strength 
development of rock-sand mixtures; Thevanayagam et al. (18) developed 
five classes concerning the liquefaction potential of sand-silt mixtures. In 
both studies, the microscopic behaviour and fabric structure were 
inferred from the observed macroscopic response. Fabric cases were 
identified by the 𝐹𝐹𝐹𝐹 in relation to limit values based on empirical 
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correlations with macroscopic response measurements and different 
macroscopic volumetric indexes. Difficulties in measuring responses at 
particulate level, like contact forces, imposed the above indirect approach 
to characterize granular fabrics, resulting in a much limited 
micromechanical insight.  

The complex fundamental constitutive relations observed in granular 
materials partly stem from the discrete nature of the problem. The 
inadequacy of regarding granular based materials as a continuous and 
homogenous mass was already recognized at the very foundations of soil 
mechanics by Terzhaghi (19) and later highlighted by Rowe (20) when 
studying the dilatancy of sands. If this is true for granular materials in 
general, it can be recognized as even more relevant for unbound layers in 
infrastructure applications. For example, treating a railway ballast layer, 
which is relatively uniformly graded with grain sizes generally ranging 
from 30 to 60 mm and a layer thickness of approximately 300 mm (e.g. 
Esveld (21)) as a continuum is a vast oversimplification given the 
relatively large grain sizes compared to the problem geometry. In this 
sense, it is no wonder that the study of granular materials for engineering 
applications has traditionally been forced to heavily rely on statistical 
models based on empirical observations compared to other fields of 
engineering such as structural engineering.  

 The discrete element method (DEM) was initially proposed by 
Cundall (22) for the analysis of rock-mechanics problems and later 
implemented to soils by Cundall & Strack (23). It has been intensively 
used during the last decade for the study of granular materials for 
pavement and railway applications (e.g. (24–27)). It presents a powerful 
numerical tool to study the macroscopic behaviour of discrete systems 
with explicit consideration of internal processes at particulate level. 
Additionally, it allows obtaining information at particulate level in a way 
that cannot be matched by traditional laboratory testing, providing 
greater micromechanical insight into the fundamentals of granular 
matter behaviour. However, it has its limitations. Among these, 
computational time is paramount. When a large number of particles are 
involved, modelling cyclic triaxial tests of granular materials comes with a 
great computational expense. It is obvious that this limitation becomes 
more restrictive with increasing numbers of load cycles, making it 
unrealistic to perform simulations for a large number of cycles.   

1.2 Scope and aims  
In this thesis it is hypothesized that, for gap-graded materials, a gradation 
resulting in a fabric structure where the interaction between the coarse 
and fine components is maximized can result in a close to optimal 
macroscopic performance. Improved performance is understood in terms 
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of maximizing the resilient modulus and minimizing permanent 
deformations. This work aims at developing a soil fabric classification 
system defined in terms of contact force transmission at particulate level 
and assessing its significance on the resilient and permanent deformation 
response.  

The main scope of this thesis is the study of perfect binary mixtures 
of elastic spheres under axisymmetric stress conditions, i.e. triaxial test 
loading configuration, using DEM. By establishing qualitative behavioural 
similarities with real UGM, results and conclusions could be partly 
extrapolated to real gap-graded granular mixtures. Furthermore, as 
already introduced in Section 1.1, any granular material may in principle 
be assimilated to a binary mixture, potentially allowing the extension of 
the results to continuously graded mixtures. However, purposely 
designing and performance of laboratory testing for validation falls 
outside of the scope of this work. 

First, the relative contributions of the different interparticle contact-
type networks to resist the applied deviator stress are determined. Results 
are used to define soil fabric cases to characterize the load-bearing 
mechanisms of gap-graded materials in accordance with existing 
classification systems, where the role of coarse and fine components are 
explicitly explained and quantified in terms of force transmission rather 
than inferred from the macroscopic response. This is covered by 
Publication I.  

Subsequently, the effect of stress level on the resilient modulus of the 
mixtures is assessed. Initially, the modulus resulting from dividing the 
applied deviatoric stress by the recoverable axial strain during monotonic 
loading and unloading is used as an estimation of the resilient modulus 
after conditioning, resulting in a substantial gain in computational time. 
Behavioural similarities are established with existing empirically-based 
relations characterizing the stress dependency of the modulus for 
granular materials using different statistical tools. The stress dependency 
of the proposed fabric classification system is also determined and its 
correlation with resilient performance analysed statistically. At a later 
stage, modulus values after 100 load cycles are compared to values after 
the 1st cycle for a limited number of cases in order to examine the validity 
of the proposed modulus estimator. This is covered by Publication II. 

Finally, the effect of stress level on permanent strain response of the 
numerical mixtures for different fines content is investigated and results 
are compared with the laboratory determined behaviour of granular 
materials. Furthermore, the dependency of the permanent strains on the 
closeness of the applied load to the static failure stress is studied in 
accordance with the Technical Research Centre of Finland (VTT) shear-
yielding material model (28). The correlation between fabric structure 
and performance is also analysed. This is covered by Publication III. 
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1.3 Limitations 
Unlike other common approaches where DEM is used to replicate the 
laboratory observed response of real granular materials, where additional 
factors such as grain shape and angularity or degradation in the form of 
particle corner breakage and small-scale asperities abrasion are present 
(e.g. (25,29)), this investigation focuses on idealized mixtures of elastic 
spheres and observing behavioural similarities with granular materials. 
As follows, elements constituting the numerical model, i.e. elastic 
spheres, should not be equated to single grains in UGM, but rather that 
the behaviour of the numerical assembly is partly corresponding to that of 
an assembly of real UGM. Models are always a simplified representation 
of reality or a part of it rather than reality itself; in other words, they 
idealise reality by making assumptions or simplifications about the world 
that are known to be false and hence should not be identified with 
reality1. However, models, when properly designed and implemented, can 
provide knowledge about the idealised world which may contribute to 
understand and make predictions about the real world. In this sense, it is 
the author’s belief that the present work may provide insight into the 
behaviour of idealized discrete materials and hence result in a better 
understanding of real granular materials.   

1.4 Outline of the thesis 
This thesis is based on the appended publications with the addition of 
setting a common context for the overall research. It starts with a 
background on the importance and complexity of granular materials for 
infrastructures and how DEM can help towards a better understanding of 
the fundamentals of granular matter. It continues by setting the scope, 
aims and limitations of the research together with the rationale of the 
adopted approach. The thesis also outlines the proposed soil fabric 
classification system, numerical procedures and main results and 
conclusions, including few additional complementary results not included 
in the appended publications. It finishes with some concluding remarks 
highlighting the main scientific contributions of the work and suggestions 
for further research.  

                                                        

1 According to the Allegory of the Cave (50), it could be argued that models, as idealizations, 
belong to the world of ideas rather than to the physical world of change known to us 
only by our senses and hence part of the most fundamental kind of reality leading to 
true knowledge.     
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The three appended publications (see Appendix A-C) on which this 
work is based are briefly summarized below. Figure 3 illustrates the 
complementary nature of the publications.  

 

Publication I: Force Transmission and Soil Fabric of Binary Granular 
Mixtures  

The effect of fines content on force transmission and soil fabric 
development of gap-graded mixtures under triaxial compression is 
studied using DEM. Results at particle level are used to define load-
bearing soil fabrics where the relative contributions to resist the applied 
deviator stress of the different contact-type networks are explicitly 
quantified.  

 

Publication II: Resilient Properties of Binary Granular Mixtures  
The effect of stress level on the resilient modulus of binary mixtures 

of elastic spheres under triaxial loading is investigated using DEM. 
Results are statistically compared with existing relations characterizing 
the stress dependency of the modulus for real granular materials. 
Furthermore, the stress dependency of the soil fabric classification system 
proposed in Publication I is studied and its correlation with performance 
statistically assessed. Additionally, the accuracy in using the resilient 
modulus after one load cycle as an estimator of the modulus after several 
load cycles, resulting in substantial gains in computational time, is 
assessed. 
 

Publication III: A Numerical Study on the Permanent Deformation of 
Gap-Graded Granular Mixtures  

The effect of stress level and soil fabric structure on the permanent 
strain response of binary mixtures is investigated using DEM. Numerical 
results are compared with the laboratory determined behaviour of 
granular materials. Additionally, mixtures are loaded to static failure to 
study the dependency of the permanent strains on the closeness of the 
applied stress to failure stress, in accordance with existing empirical 
models. 
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Figure 3: Schematic overview of relations between appended publications 
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2. Soil fabric classification system  

The relative content by weight of fine components 𝐹𝐹𝐹𝐹 is crucial in 
defining the interparticle force transmission and load-bearing 
contribution of the different contact-type networks found in gap-graded 
granular mixtures. For binary mixtures there are three network types, 
namely the coarse-to-coarse c-c, coarse-to-fine c-f and fine-to-fine f-f 
networks.  

Based on previous studies using DEM by Thornton and Zhang (30), 
the cumulative contribution to the different components of the overall 
stress tensor of the individual interparticle contact forces of an ensemble 
of spheres can be evaluated with: 

( ) ( )
c

ij 1 2 n i j 1 2 t i j
1

N
R R f n n R R f n t

V
σ  = + + + ∑  (1) 

where the summation extends to the total number of interparticle 
contacts Nc within the specimen volume V, being R1 and R2 the radii of 
the contacting spheres, fn and ft the magnitudes of the normal and 
tangential components of the contact force, respectively, and ni and ti the 
unit vector components of the normal and tangential contact forces, 
respectively.  

For the case of principal components of the stress tensor, equation 
(1) can be simplified to: 

( ) ( )
c

ii 1 2 i n,i t,i
1

N
R R n f f

V
σ = + +∑   (2) 

where fn,i and ft,i are component i of the normal and tangential forces, 
respectively. In turn, this allows the corresponding contact forces 
cumulative contribution to the deviator stress to be obtained as: 

  22 33
d 11 2

σ σ
σ σ

+
= −   (3) 

For gap-graded mixtures, Minh et al. (31) showed that Nc can be 
further decomposed into three types of interparticle contacts, i.e. c-c, c-f 
and f-f, allowing the contribution of each individual network in resisting 
the applied deviator to be calculated:    

 c-c c-f f-f
d d d dσ σ σ σ= + +   (4) 

The first and last components, 𝜎𝜎dc−c and 𝜎𝜎df−f, represent the 
contribution of the coarse and fine grain skeletons, respectively, whereas 
𝜎𝜎dc−f measures the contribution of their interaction. Based on the relative 
contribution of each network, a soil fabric classification system is 
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proposed in Publication I similar to existing classification systems  
(17,18). Its main novelty is that soil fabric cases are explicitly 
characterized in terms of contact force transmission at particulate level 
rather than inferred from the observed macroscopic response and 
macroscopic volumetric indexes. Table 1 summarizes the proposed 
system. A more thorough description of the soil fabric cases can be found 
in the Introduction of Publication II.      

 
Table 1: Soil fabric classification system for the study of load-bearing mechanisms 
of gap-graded granular mixtures after de Frias et al. (Publication I) 
 

Fabric case 
Fabric 

characterization Description 
Schematic 
illustration  

(A) 
Underfilled 

 

Coarse grain supported 
structure with small  

amount of fines 
underfilling the voids 

between coarse particles 
 

(A-1) 
Underfilled- 

instable 

(B) 
Interactive-
underfilled  

Strong interaction  
between fractions with 

fines near-optimally  
filling the voids between 

coarse particles 
 

(C) 
Interactive-

overfilled  

Strong interaction  
between fractions with 
fines slightly overfilling 
the voids between coarse 

particles 
 

(D) 
Overfilled  

Small amount of coarse 
particle floating in a  

matrix of fine particles 
 

 
 
In particular, the instable fabric (A-1) represents a special underfilled 

subcase where, owing to a relatively low content of fines, single fine 
grains become trapped between coarse particles aligned along the main 
loading direction, creating a potential for instability. According to 
previous suggested explanations, for very low FC, the number of trapped 
particles may be not enough to produce a significant effect whereas for 
higher FC, there are too many fine particles preventing this phenomenon 
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(31). Essentially, instable fabrics can be identified based on the minimum 
cumulative contributions of the different contact-type networks to the 
deviator stress or the probability density distribution (PDD) of normal 
contact forces (31). However, comparison of both methods in Publication 
II proved the former difficult to implement for low deviator to 
confinement stress ratios, suggesting the latter as more reliable. The 
importance of identifying this fabric stems from expected reduced 
performance as a consequence of its instable load-bearing structure. 
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3. Numerical procedure 
It has been mentioned in Section 1.1 that DEM allows for obtaining 
information at particulate level in a way that cannot be matched by 
traditional laboratory testing, hence providing a great potential for 
micromechanical insight. Additionally, DEM allows for testing of an 
identical specimen under a range of conditions in a non-consecutive way, 
i.e. a fully identical specimen to the one tested can be generated again and 
subjected to different conditions rather than using a previously tested 
specimen. Strictly speaking, non-consecutive testing is not conceivable 
with real granular materials in the sense that is not possible creating two 
perfectly identical specimens. 

It has also been mentioned that DEM, as any other numerical tool, 
has its limitations, being computational time a major one. Computational 
time greatly increases with number of particles and, in the case of cyclic 
loading, number of load applications. This makes it unrealistic to perform 
simulations for large collections of particles subjected to a high numbers 
of loading cycles.   

In order to partly overcome the above limitations, the particle size 
ratio PSR for the binary specimens, i.e. the ratio between the coarse and 
fine grain sizes 𝐷𝐷c 𝐷𝐷f⁄ , is minimized based on crystallography, resulting in 
a lower number of fine particles for any given fines content. Additionally, 
the use of the secant stiffness during first unloading as an estimate of the 
long term resilient modulus after several loading cycles for mixtures of 
elastic spheres is investigated as a method to reduce computational time 
in Publication II. Regarding permanent deformation, simulations were 
performed for monotonic loading. However, numerical results were 
compared with the expected behaviour of real granular materials under 
cyclic loading in Publication III, leaving for future research the effect of 
number of load cycles.   

A description of the procedures for specimen generation and loading 
implemented with the DEM software PFC3D v4.0 (32)  together with 
further discussion on the above described considerations is presented 
below. 

3.1 Particle size ratio 
In crystallography, the size of the largest sphere that can occupy the 
smallest void in a closed-packed structure, i.e. the densest possible 
packing of equal sized spheres of diameter 𝐷𝐷, is given by 0.225𝐷𝐷 (e.g. 
Krishna & Pandey (33)). This PSR, i.e. 𝐷𝐷c 𝐷𝐷f⁄ = 4.44, may be regarded as a 
theoretical limit below which fine particles start becoming relatively too 
big to be able to occupy the voids within a dense packing of coarser 
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particles without greatly disrupting its contact network, i.e. becoming a 
separator of coarse grains contacts, and turning both fractions into 
effectively the same. In fact, this value has been suggested in previous 
research as a limit to define interacting fractions for pavement design 
(15,16). The use of any PSR value higher than 4.44 causes an increase in 
computational time for any given fines content and porosity (the higher 
the size ratio, the smaller the size of the fine particles in relation to the 
coarse ones, resulting in a higher number of fine particles). Figure 4 
illustrates the relative sizes of the particles fitting into the smallest and 
largest voids possible within a closed-packed structure, namely 
tetrahedral and octahedral voids respectively.   

 

 
   (a)                    (b)            

Figure 4: Top view of closed-packed structures showing relative sizes of particles 
(𝐷𝐷) and spheres fitting into (a) tetrahedral void (0.225𝐷𝐷) and (b) octahedral void 
(0.414𝐷𝐷). Particles in grey (bottom layer dark grey and top layer light grey) and 
spheres fitting voids in red    

3.2 Specimen generation 
Bidisperse compacted mixtures of elastic spheres, with fines contents 
ranging from 0 to 100% (by weight) in steps of approximately 10% and 
low isotropic stress, were generated within cylindrical containers with a 
height to diameter aspect ratio of 2.0. A linear elastic contact law with 
Coulomb friction was implemented (32) where the particle normal 
stiffness 𝑘𝑘n was assigned as a function of its radius 𝑅𝑅 and a constant 
contact elastic modulus 𝐸𝐸c:  

 n c4k E R= ⋅ ⋅    (5) 
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The use of this scaling relation makes the specimen’s behaviour 
unaffected by absolute values of particle sizes. Two specimens with 
proportional PSDs, i.e. identical PSRs and 𝐹𝐹𝐹𝐹 for the case of binary 
mixtures, should behave almost identically independently of maximum 
particle size (possible small differences are attributed to the stochastic 
nature of the random placement of spheres during the generation 
procedure, as explained below). It must be stated that this non 
dependence on grading scale is not necessarily the case for real materials 
(e.g. Lekarp & Isacsson (34)).    

The sample generation procedure was based on particle inflation in a 
similar fashion as described in Itasca (32). The material vessel was first 
filled with a dense packing of frictionless spheres at half their final 
diameter and without overlapping followed by expansion to their final 
size and cycling the system to equilibrium with freezes in between to 
dissipate the high kinematic energy produced by overlapping of the 
expanded spheres. Subsequently, a low isotropic mean normal stress 𝑝𝑝ot  
was installed by uniformly reducing the radii of all particles in iterative 
manner following the stress-installation procedure described in Itasca 
(32). Specimens were finalised by assigning the selected friction 
coefficient 𝜇𝜇 to all particles.  

Figure 5 shows examples of generated specimens. The main input 
micromechanical properties are summarized in Table 2, where properties 
are partly based on representative values for a Swedish crushed granite 
pavement subbase material as reported by Ekblad & Isacsson (35). More 
details on specimen generation can be found in Publication II.   

 
Table 2: Micromechanical input parameters 
 

Property Value 

Coarse particles diameter 𝐷𝐷c 7.03 mm 

Fine particles diameter 𝐷𝐷f 1.58 mm 

Contact elastic modulus 𝐸𝐸c 400 MPa 

Normal to shear particle stiffness ratio 𝑘𝑘n 𝑘𝑘s⁄  1.0 

Wall normal stiffness 𝑘𝑘n,wall 1.0𝑘𝑘�n  

Particle friction coefficient 𝜇𝜇 0.5 

Wall friction coefficient 𝜇𝜇wall 

 

0 

Particle density 𝜌𝜌 2600 kg/m3 
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       (a)                     (b) 
 
Figure 5: Examples of generated specimens for nominal fines content of (a) 40% 
(FC40) and (b) 70% (FC70). See Table 4 for further details on specimen 
dimensions and properties 

3.3 Specimen loading 
In order to consider the effect of stress level on the studied material 
properties, i.e. soil fabric, resilient modulus and permanent deformation, 
all generated specimens were subjected to triaxial monotonic quasi-static 
loading and unloading for the stress levels in Table 3. Tests were 
conducted in a non-consecutive way, i.e. for every stress state identical 
specimens were generated instead of re-utilizing the same specimen as is 
common practice during laboratory testing. A few selected specimens 
were cyclically loaded for a total of 100 cycles for stress level 1 (cf. Table 
3)  in order to investigate the accuracy of using the secant stiffness during 
first unloading as an estimate of the long term resilient modulus after 
several loading cycles. Additionally, all specimens were loaded to failure 
at a confinement of 100 kPa to analyse the dependency of the permanent 
strains on the closeness of the applied load to the static failure stress in 
accordance with the VTT model (28).  
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Table 3: Stress levels for monotonic triaxial tests 

Test id. 𝜎𝜎c [kPa]  𝜎𝜎d [kPa] 𝑝𝑝 [kPa] 𝜎𝜎d/𝜎𝜎c  𝑝𝑝/𝜎𝜎d  
1* 100 100 133.3 1.0 1.33 
2 100 50 116.7 0.5 2.33 

3 50 50 66.7 1.0 1.33 

4 50 25 58.3 0.5 2.33 

5 125 25 133.3 0.2 5.33 

6 62.5 12.5 66.7 0.2 5.33 

Failure** 100 𝜎𝜎d,u  - -  

𝑝𝑝 : mean normal stress (𝜎𝜎c + 𝜎𝜎d 3⁄ ) 

* selected specimens cyclically loaded for a total of 100 load cycles   
** specimens loaded to total axial strain 𝜀𝜀aof 5 mm/m (see Section 4.4)   

For all tests, the selected confining stress was applied using the 
numerical servo-control mechanism described by Itasca (32) acting on all 
walls. Subsequently, specimens were subjected to strain-controlled 
triaxial compression where the top and bottom horizontal walls acted as 
loading platens whereas the confining sleeve wall was still controlled by 
the servomechanism to maintain the lateral confinement. The loading 
continued until the selected deviator stress was achieved and contact 
forces were recorded at the peak of the loading process for subsequent 
analysis (for tests to failure, the loading continued until a specified value 
of axial strain was obtained). Finally, specimens were unloaded by 
reversing the direction of the loading platens in similar conditions to the 
loading phase until the deviator became zero. Figure 6 shows the stress 
path for tests 1 to 6. The procedure was repeated for a total of 100 cycles 
for selected specimens under stress level 1 as indicated above. All tests 
were performed with a maximum axial strain rate ε̇a of 0.01 s-1 resulting 
in quasi-static conditions. More details can be found in Publication II.  

Figure 7 shows an example of the stress-strain response for 
monotonic loading illustrating the different components of the axial 
strain, namely the resilient or recoverable strain 𝜀𝜀a,r  and the permanent 
or irrecoverable strain 𝜀𝜀a,p. The resilient component is due to elastic 
deformation accumulated during loading and released during unloading. 
The permanent or plastic part is consequence of energy dissipation 
processes associated with particle rearrangement due to interparticle 
sliding and particle breakage, the latter not being included in the 
numerical procedures. All these processes are  interconnected and 
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influencing each other resulting in a complex behaviour (for example, 
particle crushing may result in further particle rearrangement which will 
modify the interparticle contact network and influence the distribution 
and amount of stored elastic energy). It is widely accepted that 
rearrangement contributes to the largest part of the permanent 
deformation (e.g. Lambe & Whitman, pp. 18-19 (36)).       

 
Figure 6: Triaxial loading stress paths for stress levels 1 to 6 (cf. Table 3) 

 
Figure 7: Monotonic triaxial loading stress-strain response for specimen with 
nominal fines content of 10% (FC10) under stress level 1 including definition of 
permanent 𝜀𝜀a,p and resilient 𝜀𝜀a,r strain components 
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4. Results and discussions 
The main results regarding specimen generation, soil fabric identification 
and macroscopic performance are presented below, together with 
discussions on the main conclusions and the effect of soil fabric on 
performance.  

4.1 Specimens 
Table 4 summarizes the main properties of the generated specimens. 
Material vessel dimensions were a compromise between computational 
time and size dependency of the specimens’ behaviour, with the total 
number of particles ranging between 35307 to 69448. Figure 8 shows the 
effect of the fines content on the porosity of the generated specimens. The 
mixtures developed a smooth transitional zone of lower porosities 
approximately centred on 𝐹𝐹𝐹𝐹~30% indicative of maximum packing 
potential, in agreement with previous experimental and numerical 
findings (e.g. (17,31)). It must also be observed that the porosities for the 
monodisperse cases, 0.369 and 0.368 for FC00 and FC100, respectively, 
are very close to the minimum porosity that can be achieved by a random 
packing of hard spheres in three dimensions, 0.366 (37). This indicates 
that the generation procedure results in a densely packed state.  

Table 4: Specimens dimensions, number of particles, particle sizes and fine 
contents for generated cylindrical specimens (height to diameter aspect ratio 
𝐻𝐻spc 𝐷𝐷spc⁄ = 2.0); specimens denoted by nominal fines content  

Specimen 
𝐻𝐻spc 
[mm] 

𝑁𝑁p,c [-] 𝑁𝑁p,f [-] 𝐷𝐷c 
[mm] 

𝐷𝐷f 
[mm] 𝐹𝐹𝐹𝐹 [%] 

FC00 400 46053 - 6.90 - 0 
FC10 200 5673 48362 6.88 1.55 8.8 

FC20 160 2786 53433 6.90 1.55 17.9 

FC30 120 1090 34217 6.88 1.55 26.3 

FC40 120 917 46435 6.90 1.55 36.5 

FC50 120 761 58002 6.89 1.55 46.4 

FC60 120 595 68853 6.91 1.55 56.8 
FC70 100 259 45631 6.91 1.55 66.6 

FC80 100 170 51379 6.92 1.56 77.4 

FC90 100 83 57804 6.92 1.55 88.7 

FC100 100 - 63122 - 1.55 100 
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Figure 8: Effect of fines content on porosity of generated specimens   

4.2 Soil fabric 
The formulation in Section 2, i.e. equations (2)-(4), allows for the overall 
cumulative contribution to the deviator stress of the interparticle contact 
forces to be obtained. Additionally, it can distinguish between the 
contributions of the individual contact-type networks, i.e. the c-c, c-f and 
f-f networks.  

Relative cumulative contributions for all specimens under stress level 
1 are summarized in Figure 9, where soil fabrics and their limits 
according to the criterion in Table 1 are included. The c-c contribution is 
dominant for FC below 20%. This is followed by a sharp drop together 
with a steep increase in c-f contribution, the latter becoming dominant 
with a near-flat contribution for intermediate FC. For FC over 55%, f-f 
contacts become dominant. Comparison with previously published 
results in Publication I suggested that lower PSR values, i.e. smaller size 
difference, may facilitate the interaction between material fractions 
resulting in higher contributions by the c-f network accompanied by a 
loss of the c-c participation, being the f-f contributions barely affected. 
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Figure 9: Contact-type networks’ contributions to resist the applied deviator 
stress for stress level 1 including soil fabric limits (vertical dashed lines)  

 

As already introduced in Section 2, underfilled-instable soil fabrics 
can be detected based on the probability density distribution (PDD) 
function of the normal contact forces under loading. Figure 10 shows the 
PDD of the interparticle normal contact forces for stress level 1, where 
normal forces 𝑓𝑓n are normalised by dividing by the average normal force 
for the system 〈𝑓𝑓n〉, for a normalized interval of 0.1. According to the 
above, FC20 can clearly be identified as instable, whereas FC10 shows 
some signs of instability, suggesting a situation where the number of fine 
grains trapped between coarse particles aligned along the deviatoric 
direction is starting to be enough to produce a significant adverse effect 
(see Section 4.5). Publication II also studied an existing alternative 
method for instability detection based on the minimum cumulative 
contribution values of the contact-networks (31). The latter was shown to 
be difficult to implement at low deviator to confinement stress ratios, 
whereas the method based on PDD proved to be more robust to changes 
in stress level.        

Table 5 provides additional information on normal contact forces not 
included in the appended Publications. It shows a wide range of average 
and maximum normal forces for the studied mixtures, highlighting the 
convenience of plotting PDD based on normalised forces to allow for 
curve comparison and detection of instable fabrics. 
 

0 20 40 60 80 100
0

20

40

60

80

100

Fines content [%]

C
on

tri
bu

tio
n 

to
 d

ev
ia

to
r [

%
]

 

 

A B C D
c-c
c-f
f-f



22 | Results and discussions 

 
Figure 10: Probability density distribution of normalised normal contact forces for 
stress level 1  

 

Table 5: Number of contacts, maximum and average normal contact forces for 
stress level 1  

Specimen 𝑁𝑁C [-] max 𝑓𝑓n [N] 〈𝑓𝑓n〉 [N] 
max 𝑓𝑓n

〈𝑓𝑓n〉
�  

 
FC00 128163 23.27 5.83 3.99 
FC10 17704 29.39 5.53 5.31 

FC20 21152 24.84 2.64 9.39 

FC30 76665 10.30 0.49 21.14 

FC40 119985 7.60 0.38 20.23 
FC50 154854 8.15 0.34 24.04 

FC60 187034 7.46 0.32 23.31 

FC70 124146 7.36 0.31 23.48 

FC80 140850 5.23 0.31 17.00 

FC90 160057 7.22 0.30 24.29 

FC100 177037 1.41 0.29 4.85 

 
Regarding the influence of the stress level on the soil fabric structure, 

Publication II showed that the cumulative relative contributions of the 
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contact type networks depend on the deviator to confinement stress ratio 
𝜎𝜎d 𝜎𝜎c⁄ . However, limits between soil fabric cases are rather insensitive to 
variations in stress levels, although the limit between the interactive 
fabric cases B and C did experience a minor shift towards higher FC with 
increasing 𝜎𝜎d 𝜎𝜎c⁄ . This can be seen by comparing Figure 11, which shows 
the relative contribution plots for stress level 1 (𝜎𝜎d 𝜎𝜎c⁄ = 1.0), stress level 
2 (𝜎𝜎d 𝜎𝜎c⁄ = 0.5) and stress level 5 (𝜎𝜎d 𝜎𝜎c⁄ = 0.2).     
 

 

       (a)                   (b) 

 

 

(c) 

Figure 11: Contact-type networks’ contributions to resist the applied deviator 
stress for (a) σd σc⁄ = 1.0 at stress level 1, (b) σd σc⁄ = 0.5 at stress level 2 and (c) 
σd σc⁄ = 0.2 at stress level 5 including soil fabric limits (vertical dashed lines). See 
Table 3 for stress levels   
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Publication I compared the limit between interactive-underfilled and 
interactive-overfilled fabrics (B and C) based on contact forces with limits 
from different macroscopic volumetric indexes according to existing 
classification systems (Vallejo (17); Thevanayagam et al. (18)). Results for 
stress level 1 showed a poor correlation for the limit based on the 
theoretical minimum porosity (17)  (𝐹𝐹𝐹𝐹~40% compared to 27% based on 
minimum porosity). However, a higher degree of correlation was shown 
for the limit based on the threshold fines content 𝐹𝐹𝐹𝐹th (18), close to 37%. 
Stress level is not included in the volumetric indices and the underfilled-
overfilled fabric limit is slightly sensitive to stress level variations as 
shown above. For the conducted tests, it varied from 33 to 39% 𝐹𝐹𝐹𝐹 (see 
Publication II), being the 𝐹𝐹𝐹𝐹th still a good predictor for the whole range of 
tested stress levels.    

4.3 Resilient modulus 
For repeated load triaxial testing under constant confinement stress, the 
resilient modulus 𝑀𝑀𝑟𝑟 is generally defined as the ratio of the repeated 
maximum deviator stress 𝜎𝜎d to the recoverable or resilient part of the 
axial strain 𝜀𝜀a,r during unloading (Seed et al. (38))  

d
r

a,r

M
σ

ε
=    (6) 

where the resilient component of the axial strain has already been 
illustrated in Figure 7. For granular materials, a certain number of load 
applications, ranging from hundreds to thousands, are required prior to 
modulus determination in order for the sample to reach a stable resilient 
behaviour, commonly referred to as sample conditioning.  

Stress level is the most significant structural factor influencing the 
resilient modulus (2). Table 6 shows some statistical models commonly 
used to describe the stress dependency of the modulus. In order to study 
the stress dependency of 𝑀𝑀r for the numerical mixtures, all specimens 
were subjected to triaxial loading according to the stress levels in Table 3. 
Initially, the secant stiffness during first unloading, i.e. monotonic 
loading, is used as an estimate of the long term modulus after several 
loading cycles to reduce computational time. Figure 12 summarizes the 
results. Later, few selected specimens were subjected to 100 load cycles 
under stress level 1 showing monotonic values to be rather accurate 
estimators of the long term modulus for well-compacted ensembles of 
elastic spheres (see end of current Section). 
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For each gradation, i.e. each fines content value, results for the six 
tested stress levels in Figure 12 were fitted to the models in Table 6 by 
means of minimizing the sum of square errors. Statistical analysis of the 
results showed a significantly better agreement between the numerical 
specimens’ behaviour and that described by the Pezo and Uzan models 
compared to the unidimensional models. In particular, the Pezo model 
proved to be better than the Uzan one. The average coefficient of 
determination 𝑅𝑅2 for all specimens was 82% for Pezo and 80% for Uzan. 
Furthermore, the model could be simplified to 𝑘𝑘3 = −𝑘𝑘2, i.e. 𝑀𝑀r =
𝑘𝑘1(𝜎𝜎d 𝜎𝜎c⁄ )𝑘𝑘2, indicating a high dependence of the modulus with the 
deviator to confinement stress ratio for the numerical specimens. The 
fines content also showed a significant statistical effect on the modulus 
(see Section 4.5). Details of the statistical analyses can be found in 
Publication II. 

 
Table 6: Commonly used models describing the stress dependency of the resilient 
modulus for triaxial loading conditions 
   

Model Expression Eq. No. 

Dunlap (39) 𝑀𝑀r = 𝑘𝑘1𝜎𝜎c
𝑘𝑘2  (7) 

Pezo (40) 𝑀𝑀r = 𝑘𝑘1𝜎𝜎c
𝑘𝑘2𝜎𝜎d

𝑘𝑘3  (8) 

Seed et al. (38) 𝑀𝑀r = 𝑘𝑘1𝑝𝑝𝑘𝑘2  (9) 

Uzan (41) 𝑀𝑀r = 𝑘𝑘1𝑝𝑝𝑘𝑘2𝜎𝜎d
𝑘𝑘3  (10) 

𝜎𝜎c : confinement stress 
𝜎𝜎d : deviator stress 

𝑝𝑝 : mean normal stress (𝜎𝜎c + 𝜎𝜎d 3⁄ )  

𝑘𝑘1, 𝑘𝑘2, 𝑘𝑘3 : regression constants unique to each function and material 
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Figure 12: Effect of stress level and fines content on the resilient modulus after 
monotonic triaxial loading (cf. Table 3 for stress levels)  
 

Secant values of stiffness during unloading of the first load cycle were 
used above as an approximation for the resilient modulus after 
conditioning to reduce computational time. In addition, specimens with 
nominal 𝐹𝐹𝐹𝐹 0, 10, 20, 40, 70 and 100% were subjected to cyclic loading 
for 100 load cycles for the stress level 1.  

Figure 13 shows the obtained stress-strain response for specimen 
FC10, indicating that an almost purely resilient behaviour seems to be 
reached already during the first unloading. Similar behaviour was 
observed for the other cyclically tested specimens. Figure 14 shows the 
evolution of the modulus with the number of loading cycles for all the 
specimens tested under cyclic loading. A near-flat evolution can be 
observed, indicating that conditioning takes place almost entirely during 
the first loading cycle and that the modulus during first unloading is 
indeed an accurate and computational-time efficient estimator of the long 
term modulus (for specimen FC40, testing 100 load cycles took 
approximately 12 days compared with less than 4 hours for monotonic 
loading). This near-flat response after conditioning agrees with 
experimental findings (e.g. Hicks (42); Allen & Thompson (43)). The 
spherical shape of the particles together with the closely-packed initial 
state of the system are speculated to be the main reasons for the observed 
rapid conditioning, thereby facilitating particle rearrangement due to 
interparticle sliding and at the same time limiting the possibilities of 
major rearrangement to the first cycle. Additionally, the absence of 
particle degradation is expected to further contribute to the above.    
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        (a)   (b) 
 
Figure 13: Cyclic triaxial loading stress-strain response for specimen with nominal 
fines content of 10% (FC10) under test series 1 stress level for (a) 100 load cycles 
and (b) detail for first 3 load cycles   
 

 
Figure 14: Effect of number of loading cycles on resilient modulus for stress level 1 
 

4.4 Permanent deformation 
The effect of stress level on the permanent deformation of the numerical 
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behaviour of granular materials in general. Similarly to Section 4.3, all 
specimens were subjected to monotonic triaxial loading according to the 
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that for any given fines content, permanent strains grow with the ratio of 
applied deviatoric to confinement stress, a pattern characteristic of 
pavement UGM and railway ballast (e.g. (44–46)). Additionally, for any 
given stress ratio, an increase of the stress path length, defined as the 
length between the minimum and maximum deviators in the 𝑝𝑝 − 𝑞𝑞 space 
(see Figure 6), generally results in higher permanent strains. This is 
common to ballast materials (46) and granular materials for pavement 
structures (e.g. (47,48)), differences being more dramatic for higher 
stress ratios. The influence of stress on permanent strains is illustrated in 
Figure 16, where the multidimensional effect of stress ratio and stress 
path length is shown for specimen FC30 (similar behaviour can be 
observed for other specimens).    
 

 

Figure 15: Effect of stress level and fines content on the permanent deformation 
after monotonic triaxial loading  
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Figure 16: Multidimensional effect of deviator to confinement stress ratio and 
stress path length on the permanent deformation after monotonic triaxial loading 
for FC30  

In order to further compare the stress dependency of the permanent 
deformation of numerical mixtures with that of granular materials, the 
dependency of 𝜀𝜀p on the closeness of the applied load 𝜎𝜎d to the static 
failure stress 𝜎𝜎d,u is studied in accordance with the VTT model (28): 

 u
p

u

RB
A R

ε
 

=  − 
  (11) 

where 𝑅𝑅u is the failure ratio (𝜎𝜎d 𝜎𝜎d,u⁄ ), 𝐴𝐴 the maximum possible value of  
𝑅𝑅u (theoretically 1.0) and 𝐵𝐵 a stress dependent material parameter. The 
model is considered valid both for monotonic and cyclic loading, except 
for incremental collapse conditions (28).  

To determine failure stress, all specimens were loaded until 
development of a total axial strain of 5 mm/m for 𝜎𝜎c = 100 kPa. Figure 17 
shows examples representative of the obtained stress-strains responses, 
where full development of a plastic branch can be observed. Figure 18 
summarizes the ultimate deviatoric stress values for all specimens. This 
allows for 𝑅𝑅u to be determined for all specimens under stress levels 1 and 
2. The effect of  𝑅𝑅u on the permanent deformation is illustrated in Figure 
19, where results are fitted to the VTT-model according to equation (11) 
with 𝐴𝐴 = 1.0 and 𝐵𝐵 = 0.086 mm/m obtained by minimizing the sum of 
square errors. A fairly strong correlation between numerical results and 
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the VTT-model is obtained (𝑅𝑅2 = 0.80) showing again that numerical 
mixtures were able to reproduce some of the most significant features of 
granular materials regarding permanent strain and stress level.  

 
Figure 17: Examples of stress-strain response for test series to failure (𝜎𝜎c = 100 
kPa) 

 

Figure 18: Effect of fines content on static strength (σc = 100 kPa)  
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Figure 19: Effect of failure ratio on permanent deformation (σc = 100 kPa)  

4.5 Soil fabric and performance 
The two previous sections have established a certain degree of 
resemblance between the stress dependency of resilient modulus and 
permanent deformation of the numerical mixtures and laboratory 
samples under triaxial loading. This section studies the possible 
correlation between macroscopic performance and the soil fabric (Section 
4.2). It must be observed that the soil fabric classification system 
presented in Publication I was based exclusively on micromechanical 
considerations regarding force transmission at particulate level, and 
without any regard to macroscopic performance aspects. 

Statistical analysis of the effect of fabric structure on the resilient 
modulus after one loading cycle showed that indeed the soil fabric was a 
significant source of variation. Further analysis concluded that three 
significantly differentiated levels of resilient response could be 
established: 

• Significantly stiffer response is observed for interactive fabrics (B 
& C) with no significant difference between them 

• Significantly softer response is observed for instable fabrics (A-1)  
• Base level of performance is observed for underfilled (A) and 

overfilled (D) fabrics, being the former slightly softer than the 
latter.   

In particular, within the instable fabric cases, specimen FC20 showed 
a lower modulus than FC10 (see Figure 12). This further supports the 
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explanations provided in Section 4.2 according to which FC20 showed a 
higher degree of instability than FC10 based on the PDD of normal 
contact forces.  

It could be argued that the effect of the indicated instability on the 
resilient modulus may be a consequence of the virgin state prior to 
loading resulting from the particular generation procedure that was used. 
However, cyclic loading results in Figure 14 showed that instable fabrics 
(FC10 and FC20) experienced the same near-flat effect of the number of 
loading cycles on the modulus and continued having lower resilient 
modulus than the rest of cyclically loaded specimens, suggesting that the 
detected instability is intrinsic to the material fines content. 

Permanent strain results for monotonic loading in Figure 15 show 
that, in general: 

• Interactive fabrics show lowest permanent strain values 
• Instable fabrics show the highest permanent strain values 
• A base level of performance is observed for underfilled and 

overfilled fabrics 
• Observed differences are larger at higher deviator to confinement 

stress ratios and stress path length.  
Additionally, within the instable fabric cases, specimen FC20 showed 

higher deformations than FC10 in agreement with the explanations 
provided suggesting a higher degree of instability for FC20.  

Table 7 summarizes the effect of soil fabric on both of the studied 
aspects of performance. It was hypothesized in Section 1.2 that a 
gradation resulting in a fabric structure where the structural interaction 
between the coarse and fine fractions was maximized, i.e. interactive 
fabrics, would result in a close to maximum resilient modulus and near 
minimum permanent deformations. This fabric structure is characterized 
by the fines ranging from slightly underfilling to overfilling the voids 
between coarse particles. Table 7 suggests that this maximized interaction 
between components results in an improved stiffness and stability of the 
granular structural skeleton, which in turn is translated into performance 
improvements.    
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Table 7: Effect of soil fabric on macroscopic performance 
 

Fabric case Resilient response 
(Publication II) 

Permanent deformation 
response (Publication III)  

Underfilled 
(A) 

base level;  
slighly softer response  
than overfilled fabrics 

base level 

Underfilled- 
instable 

(A-1) 

significantly 
softer response highest values 

Interactive 
(B & C) 

significantly 
stiffer response lowest values 

Overfilled 
(D) 

base level;  
slightly stiffer response  
than underfilled fabrics 

base level 
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5. Concluding remarks and further research 
In this final chapter, the main conclusions of the work are presented 
highlighting the scientific contribution to the status quo. Furthermore, 
suggestions for further research on granular materials using DEM are 
given. 

5.1 Concluding remarks 
The work presented in this thesis has shown some of the capabilities of 
DEM to study numerical mixtures of spheres in order to gain insight into 
the micromechanical processes governing the behaviour of granular 
materials. In particular, the work has been centred on perfect binary 
mixtures of elastic spheres and their similarities with granular materials, 
with a focus on characterizing the load-bearing structure of the system 
based on results at particulate level and assessing the significance on 
macroscopic performance. 

First, the effect of fines content on the force transmission at 
particulate level under triaxial loading was studied and results used to 
define a load-bearing fabric classification system in accordance with 
existing systems. The main scientific contribution of the new system is 
that the role of coarse and fine components are explicitly quantified in 
terms of force transmission rather than inferred from the macroscopic 
response or different volumetric indices as in previous studies. The 
proposed system has been shown to be fairly robust to variations in stress 
level.  

The effect of stress level on the resilient response of the numerical 
mixtures under triaxial loading was analysed. Results were statistically 
compared with existing empirically-based relations characterizing the 
stress dependency of the resilient modulus for granular materials. A good 
agreement between numerical results and existing bi-dimensional models 
was obtained, indicating a behavioural correlation between the numerical 
mixtures and granular materials. Furthermore, an estimator of the 
modulus based on monotonic loading was shown to be an accurate and 
efficient predictor of the long-term modulus for the numerical mixtures 
thereby providing means to overcome limitations in computational time 
when using DEM.  

Permanent deformation due to particle rearrangement of the 
numerical mixtures during monotonic triaxial loading was also studied 
and the behaviour compared with that of granular materials. It was 
concluded that numerical mixtures were able to reproduce some of the 
most significant features regarding the influence of stress conditions on 
the accumulation of strains of granular materials. In particular, it was 
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found that, in general, the permanent deformation could be explained by 
stress path closeness to failure in accordance with existing empirical-
based models used in pavement engineering.  

Once a certain degree of similarity between the macroscopic 
behaviour of the numerical mixtures and granular materials has been 
established, the possibility of an existing correlation between soil fabric 
and performance becomes relevant. It must be observed that the 
proposed fabric classification system was based exclusively on 
micromechanical considerations regarding force transmission at 
particulate level without any consideration to macroscopic performance 
aspects. Nevertheless, a good correlation between soil fabric and 
performance could be established. Generally, higher resilient modulus 
and lower permanent strain were observed for interactive fabrics, 
whereas the opposite held for instable fabrics. Explanations and methods 
for identifying instability have been proposed.  

Mixtures of elastic spheres are far from real granular materials, 
where additional factors like grain shape and angularity, particle 
degradation and non-linear elastoplastic contact laws should be 
considered among others. Nevertheless, the findings of this work further 
support using numerical simulations to provide insight into the processes 
at particulate level that explain granular behaviour in general and, in 
particular, into the effects of soil fabric structure on the macroscopic 
performance of granular materials for pavement and railway applications. 

5.2 Further research 
It has been mentioned that the number of load cycles is considered to be 
one of the most influential factors on the permanent deformation 
response of granular materials together with the stress level. The current 
work has mainly focused on stress level, therefore a study of the effect of 
number of load applications on the permanent strain accumulation is 
suggested (its effect on resilient modulus has already been included in 
this thesis).  

The work so far was based on comparison of the behaviour of the 
numerical binary mixtures with previously reported observed behaviour 
of granular materials in general. A closer comparison with laboratory 
triaxial testing of gap-graded materials with varying fines content would 
be relevant both as validation of numerical results and to study possible 
deviations of laboratory material behaviour from numerical samples. 

The current work can be seen as more of a theoretical nature rather 
than centred on specific applications of granular materials. A more 
practical use of DEM for studying current engineering challenges could 
also be of interest. The following are suggested as examples: 
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• The combination of elements with different stiffness in granular 
mixtures: in particular, there are studies proposing the use of 
mixtures of granular materials with shredded waste rubber tyres (e.g. 
Hidalgo Signes et al. (49)). The purpose is twofold: the disposal of 
waste rubber tyres is becoming a challenge for society and its 
reutilization as construction materials seems to be a promising 
greener alternative; on the other hand, there may also be 
performance benefits for the mixture when used for unbound layers 
in transportation infrastructures in the form of improved resistance 
to degradation and reduced noise and vibrations. Furthermore, there 
is a potential use as a more unconventional way to control stiffness 
for railway transition zones by helping to reduce the stiffness of the 
stiffer elements. A DEM study on the contribution of the different 
elements of the mixture to the combined load bearing mechanisms in 
a similar way as to the one performed in this thesis may provide 
insight into the fundamentals of the behaviour of such mixtures and 
their effect on performance of engineering structures.         

• There are numerous examples in the literature on the use of DEM to 
study different aspects of railway ballast behaviour, mainly by means 
of numerically replicating tests on ballast materials like large-scale 
triaxial testing or box test. Fewer studies are centred on modelling the 
actual ballast layer or other unbound layers in a railway structure 
with DEM. Granular layers for railway embankments are subjected to 
a very particular stress condition: the layer may be assumed to be in a 
plane-strain condition, i.e. the material between two planes 
perpendicular to the track direction is fully confined along the track 
direction, but the material is free to move laterally. This complex 
stress condition with different confinements hinders the use of 
conventional triaxial testing to accurately replicate the embankment 
stress condition. A better understanding of the behaviour of the 
unbound layer is paramount especially for high speed railway lines on 
slab track where the possibilities for maintenance are limited. DEM 
may contribute, for example, to better understand the effect of 
embankment height on the permanent deformation accumulation of 
the infrastructure by the cyclic loading due to train traffic. This may 
help in guiding discussions concerning viable alternatives for 
embankments and experimental testing set-ups. It is expected that 
additional factors like interlocking derived from non-spherical 
particle shape and particle degradation will need to be accounted for 
in the model. 
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