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TRITA-MEK Technical report 2016:17
ISSN 0348-467X
ISRN KTH/MEK/TR-16/17-SE
ISBN 978-91-7729-184-8
c Nima Shahriari 2016
Universitetsservice US–AB, Stockholm 2016

“Perfection is not attainable,
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Abstract
This work is concerned with stability and receptivity analysis as well as studies
on control of the laminar-turbulent transition in boundary-layer flows through
direct numerical simulations. Various flow configurations, both two- and threedimensional boundary layers, are considered to address flow around straight and
swept wings. The aim of this study is to contribute to a better understanding
of stability characteristics and di↵erent means of transition control of such flows
which are of great interest in aeronautical applications.
In the first flow case, acoustic receptivity of flow over a finite-thickness
flat plate with elliptic leading edge is considered. The objective is to compute
receptivity coefficient defined as the relative amplitude of acoustic disturbances
in the freestream and generated Tollmien-Schlichting (TS) wave inside the
boundary layer. The existing results in the literature for this flow case plot
a scattered image and are inconclusive. Moreover, our review of previous
numerical and experimental works has identified contradictory trends in the
results of those works. We have approached this problem in both compressible
and incompressible frameworks and used high-order numerical methods and
independent methods of computing TS wave amplitude. Our results have
shown that the generally-accepted level of acoustic receptivity coefficient for
this flow case is one order of magnitude too high. In continuation of this work,
biorthogonal eigenfunction system of linear stability equations is employed to
extract TS waves amplitudes.
The continuous increase of computational power has enabled us to perform
global stability analysis of three-dimensional boundary layers. In the second
flow configuration, a swept flat plate of Falkner-Skan-Cooke type boundary
layer with a cylindrical surface roughness is considered. The aim is to determine
the critical roughness height for which the flow becomes turbulent at vicinity
of it and find its relation to the global stability characteristics of the flow
generated by that roughness. Global stability characteristics of this flow have
been addressed and sensitivity of such analysis to domain size and numerical
parameters have been discussed.
The last flow configuration studied here is infinite swept-wing flow. Two
numerical set ups are considered which conform to wind-tunnel experiments
where passive control of crossflow instabilities is investigated. Robustness of
distributed micron-sized roughness elements in the presence of acoustic waves
v

have been studied. Moreover, ring-type plasma actuators are employed as
virtual roughness elements to delay laminar-turbulent transition.
Key words: boundary layer receptivity, acoustic receptivity, swept-wing flow,
crossflow vortices, roughness element, global stability analysis, direct numerical
simulation, plasma actuator.
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Sammanfattning
Detta arbete handlar om stabilitets- och receptivitetsanalys samt studier om
kontroll av laminär-turbulent omslag i gränsskiktsflöden genom numeriska
simuleringar. Vi har studerat både två- och tredimensionella gränsskikt för
att adressera flödet runt raka och svepta vingar. Syftet med denna studie är
att bidra till en bättre förståelse av stabilitetsegenskaper av dessa flöde, samt
kontroll av laminär-turbulent omslag i sådana flöden vilka är av stort intresse
för flygtekniska tillämpningar.
Först studerar vi det s.k. ’acoustic receptivity’ hos flödet över en plan platta
med elliptisk framkant. Målet är att beräkna receptivitetskoefficienten vilken
är definierad som kvotten mellan amplituden av akustiska vågor i friströmmen
och den genererade Tollmien-Schlichting (TS) vågen inuti gränsskiktet. För
detta strömningsfall är publicerade data otydliga och icke konklusiva. Dessutom har vår granskning av tidigare numeriska och experimentella arbeten
identifierat motstridiga trender i resultaten av dessa arbeten. Vi har simulerat
detta flödesfall, för både kompressibel och inkompressibel strömning, med olika
högordning numeriska metoder, samt vi har använt olika metoder att extrahera
amplituden av genererade störningar. Våra resultat har visat att den allmänt
accepterade nivån av ’acoustic receptivity’ för denna flödesfall är en storleksordning för hög. Som en fortsättning av detta arbete har vi applicerat biortogonal
eigenfunktionsystemmet av de linjära stabilitets ekvationer för att extrahera
TS-vågors amplitud.
Den kontinuerliga ökningen av datorkraft har gjort det möjligt för oss
att utföra global stabilitet analys av tredimensionella gränsskikt. Ett annat
fallet vi har studerat är en flöde backom ett cylindrisk element placerad i ett
tredimensionellt gränsskiktet av typ Falkner-Skan-Cooke. Syftet är att fastställa
den kritiska storleken av elementet för vilken flödet blir turbulent vid elementet
samt hitta dess relation till den globala stabilitetsegenskaperna hos flödet som
genereras av detta element. Global stabilitetsegenskaper hos detta flöde har
studerats och känsligheten av en sådan analys till domänstorlek och andra
numeriska parametrar har diskuterats.
Den sista flödeskonfigurationen vi har studerat här är flödet över en svept
vinge. Två numeriska uppställningar har betraktas vilka motsvarar vindtunnelexperiment där passiv styrning av det s.k. cross-flow instabilitet har undersöks.
I det ena fallet har robusthet av distribuerade små cylindriska element för
vii

fördröjning av laminär-turbulent omslag i närvaro av akustiska vågor studerats.
I det andra fallet analyserar vi flödet genererat av en ringformad plasmaaktuator
och dess e↵ektivitet som ett medel för fördröjning av laminär-turbulent omslag.

Nyckelord: gränsskiktsflöde, akustiskt receptivitet, trediminsionellt gränsskikt,
crossflow-instabilitet, plasmaaktuator, ytråhet, global stabilitetsanalys, numerisk
simulering.
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Part I
Overview and summary

Chapter 1

Introduction

The aviation industry is constantly being challenged to improve the aircraft
design for better performance, reduction of environmental footprint and lowering
economical costs. The field of fluid mechanics contributes to the improvement
of air vehicles by reducing undesirable aerodynamic drag, thus increasing their
efficiency. A large portion of aerodynamic drag on a modern aircraft is associated
with skin friction on the wing surfaces (Schrauf 2005). Skin friction originates
from non-negligible viscous e↵ects of the flow around solid surfaces. The flow
viscosity forms a gradient in the velocity near the wall surface which is referred
to as the boundary layer. The state of a boundary layer, laminar or turbulent,
dramatically a↵ects the skin friction, i.e. turbulent boundary layer produces
significantly larger skin friction. Reducing this drag can significantly lower the
fuel consumption and the emission of pollutants.
A common way to reduce the turbulent skin friction is to delay the laminarturbulent transition and extend the laminar flow region over a larger part of
the wing surface. Several approaches have been shown e↵ective in delaying the
laminar-turbulent transition of boundary-layer flows (Joslin 1998; Green 2008;
Saric et al. 2011). Among these techniques are the natural laminar flow design
which results a suitable pressure gradients distribution delaying transition, and
laminar flow control which can be a passive or active control method aimed
at attenuating the growth of dominant disturbances, hence delaying transition.
Successful application of these techniques requires a sound understanding of
instability mechanisms and the onset of transition from laminar to turbulent
flow.
Despite numerous research e↵orts in the last decades, the laminar-turbulent
transition process is not yet fully understood. A qualitative representation
of possible transition scenarios is shown in figure 1.1 based on the roadmap
to transition suggested by Morkovin et al. (1994). In this figure, the initial
amplitude of disturbances increases schematically from left to right. The focus of
this work is on di↵erent stages of path ”A” which is derived by small amplitude
environmental disturbances. Receptivity is the origin of the transition process
which determines the boundary layer response to the external disturbance
environment, e.g. freestream turbulence, acoustic waves and surface roughness.
Such disturbances penetrate the boundary layer and generate perturbations
1
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environmental disturbances
amplitude

receptivity mechanisms
A

transient growth
B

modal growth

C

D

E

secondary mechanism
breakdown
turbulence
Figure 1.1: Roadmap to transition. (figure adapted from Saric et al. (2002))

inside the boundary layer which will grow or decay depending on the stability
characteristics of the flow. The receptivity process determines the initial state
of disturbances, i.e. amplitude, frequency and phase, in the linear stage of
instability. Once susceptible to instabilities the disturbances gain energy and
grow until they reach high enough amplitude that the nonlinear e↵ects become
apparent. The nonlinear stage is characterised with interaction of instability
modes and modification of the basic state which promotes growth of secondary
instabilities. Appearance of secondary instabilities is usually accompanied with
a quick breakdown of laminar to turbulent flow. This basic route to transition
is similar for both two- and three-dimensional boundary layers. However, the
type of excited disturbances and the resulting instabilities are di↵erent.

1.1. Instability mechanisms in swept-wing boundary layers
Several instability mechanisms have been identified in swept-wing boundarylayer flows, namely, attachment line, streamwise, centrifugal and crossflow
instability (Saric et al. 2003). These instabilities are excited in di↵erent regions
of the wing where the boundary layer is governed by di↵erent local curvature
and pressure gradient e↵ects. Figure 1.2 illustrates these instability mechanisms
and respective characteristic regions on a swept wing. The focus of this work is
on the streamwise and crossflow instabilities which are briefly described in the
following. For comprehensive reviews, the reader is referred to Bippes (1999);
Arnal & Casalis (2000); Saric et al. (2003, 2011).
Streamwise instability in the form of Tollmien-Schlichting (TS) waves
(Tollmien 1928; Schlichting 1933) typically occurs in two-dimensional flows and
the mid-chord region of swept wings. TS waves are of the travelling type and

1.1. Instability mechanisms in swept-wing boundary layers
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Figure 1.2: Illustration of relevant instability mechanisms on a swept wing.
Figure is adapted from Tempelmann (2011).

represent a viscous instability. For each frequency, they experience exponential
growth in a certain region of the boundary layer and decay elsewhere. A
favourable pressure gradient has a stabilising e↵ect on TS waves while an
adverse pressure gradient has a destabilising influence. Therefore, TS waves
usually exist in zero or mildly positive pressure-gradient regions on a wing.
Moreover, accelerating pressure gradients can be used to suppress TS waves
which is used in designing natural laminar-flow aerofoils (Saric et al. 2011).
The crossflow instability is an exclusive feature of three-dimensional boundary layers and it develops in regions of pressure gradient on swept-wing flows.
The combined e↵ect of pressure gradient and sweep angle produces a curved
streamline in the outer inviscid flow. Inside the boundary layer the pressure
gradient remains constant while the streamwise velocity reduces to zero at the
wall. This leads to an imbalance of centrifugal and pressure forces which in
turn results in a secondary flow in the boundary layer, called crossflow, which
is perpendicular to the direction of the local inviscid streamline. The crossflow
profile exhibits an inflection point owing to the fact that this component tends
to zero at the wall and at the edge of the boundary layer. An inflection point
in the velocity profile is shown to be the necessary condition for excitation of
inviscid instabilities (Rayleigh 1880). Therefore, crossflow disturbances represent an instability of the inviscid type. Unlike TS waves, an accelerating
pressure gradient destabilises crossflow disturbances, leading to their dominance
on the upper side of swept wings under negative angles of attack. Crossflow
vortices exist as both stationary and travelling waves in typical swept-wing
boundary layers. Emergence and dominance of either wave strongly depends on
the receptivity process, i.e. environmental conditions, such as acoustic waves,
freestream turbulence and surface imperfections.
The present work aims to develop a better understanding of transition
mechanisms which can lead to improved transition prediction methods and
eventually transition control techniques. To this end, acoustic receptivity of a
two-dimensional boundary-layer flow over a flat plate geometry with an elliptic
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leading edge is studied. Furthermore, the e↵ect of roughness elements on
the stability characteristics of a three-dimensional boundary-layer flow over
a flat plate geometry is investigated. Moreover, a passive transition control
technique based on subcritical spacing of roughness elements (Saric et al.
1998) has been applied on swept-wing boundary layers to delay transition.
Robustness of this control method in the presence of acoustic disturbances
is further examined. Finally, the application of ring-type plasma actuators
acting as virtual roughness elements to delay transition in a crossflow dominated
boundary layer is investigated.

Chapter 2

Flow configurations

Flow around wing profile of aircraft in realistic disturbance environment is often
characterised by interaction of several instabilities acting against or in favour of
each other. Therefore, in order to study a certain type of instability mechanism,
model problems are designed in which flow around the wing profile is simplified
to a certain extent and is susceptible to the desired instability. In this chapter
di↵erent flow models used in this work to address flow around straight and
swept wings are introduced.

2.1. Flow past flat plate with elliptic leading edge
A finite-thickness flat plate geometry with elliptical leading edge serves as a
model of unswept wings which are prone to streamwise instabilities of TS type.
The leading edge shape is a modified super ellipse (MSE) which is suggested by
Lin et al. (1992) and is defined as
⇣ y ⌘ 2 ✓ a x ◆m
⇣ x ⌘2
+
= 1, with
m=2+
.
(2.1)
b
a
a
Here, x and y denote the streamwise and wall-normal coordinates and parameters
a and b are the semi-major and semi-minor axis of the ellipse. The aspect
ratio of an ellipse is defined as AR ⌘ a/b measuring curvature of the leading
edge. Large value of AR results to sharp leading-edge nose and small AR
values correspond to more blunt leading-edge shape. MSE leading-edge shape
eliminates the curvature discontinuity at the junction of ellipse and flat plate
which in turn, reduces undesirable localised receptivity. The exponent m rises
smoothly from value of 2 at the tip of leading edge (x = 0) to 3 at the joint to
flat plate (x = a), providing geometrical smoothness at the juncture.
In this flow configuration, the plate half thickness, b, serves as the reference
length scale and the freestream velocity U1 as the reference velocity. The
Reynolds number is based on these two quantities,
U1 b
.
(2.2)
⌫
The Reynolds number based on the streamwise location is Rex = x Reb . The
flow field around the plate is fully characterised by the values of Reb and leading
edge aspect-ratio AR.
Reb =

5
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Figure 2.1: Schematic of the flow over a swept flat plate downstream of the
leading edge.

2.2. Swept-plate flow
Flow past a swept flat plate with non-zero pressure gradient exhibits most
features of flow over swept wings, except the surface curvature. Therefore, this
flow suits as a model problem to study crossflow dominated boundary layers. A
good approximation of the velocity profiles in three-dimensional boundary layers
is given by family of similarity solutions known as Falkner-Skan-Cooke (FSC)
boundary layers (Falkner & Skan 1930; Cooke 1950). A detailed derivation
of this similarity solution is given in Schlichting (1979). The FSC boundary
layer is characterised by a constant freestream velocity in the spanwise direction
and an accelerating (or decelerating) velocity in the streamwise direction with
downstream distance,
✓ ⇤ ◆m
x
⇤
U1
= U0⇤
,
(2.3a)
x⇤0
⇤
W1
= W0⇤ .
(2.3b)
Here, superscript asterisks (⇤ ) denote dimensional quantities, whereas a subscript
zero (0 ) denotes quantities at the inflow of the plate. The inflow plane of the
computational domain is located at a distance of x⇤0 downstream of the flat
plate’s leading edge, i.e. the incoming flow features a developed boundary
layer with a displacement thickness 0⇤ at the inflow plane. The exponent m
determines the degree of acceleration (m > 0) or deceleration (m < 0) of the
freestream. All the quantities are nondimensionalised using the displacement
thickness and the freestream velocity in the beginning of the box. Moreover,
the Reynolds number is defined based on the quantities at the inflow
Re

0

=

U0⇤
⌫

⇤
0

.

(2.4)

2.3. Swept-wing flow
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Figure 2.2: Geometry of the swept wing (NACA 67 1-215 airfoil) which is under
↵ = 5 angle of attack with a sweep angle = 45 . The coloured contours
show distribution of the streamwise velocity around the wing while blue lines
represent the respective streamlines.

The swept-flat plate flow is fully characterised by the values of Re 0 , m and
the sweep angle 0 at the inflow plane. Schematic of the flow over a swept flat
plate downstream of the leading edge is illustrated in figure 2.1.

2.3. Swept-wing flow
Flow around an infinite-span swept wing is the last flow configuration studied
in this work. The wing is under negative angle of attack to produce a large
region of accelerated flow in the upper wing side which facilitates investigation
of crossflow instability. Flow over wing geometries is often characterised in
terms of chord-Reynolds number defined as
Q1 c
Rec =
,
(2.5)
⌫
where c is the chord length normal to the leading edge of the wing. The
quantities Rec , angle of attack ↵ and the sweep angle , fully describe the flow
conditions. Figure 2.2 shows the the infinite-span wing geometry used in paper
4 of this work.

Chapter 3

Stability theory

The motion of fluid flows is governed by the Navier-Stokes (NS) and continuity
equations which for incompressible flows with constant properties read as
@u
1 2
+ (u · r) u = rp +
r u,
@t
Re
r · u = 0.

(3.1a)
(3.1b)

Here u = (u, v, w)T represents the instantaneous streamwise, wall-normal and
spanwise velocity components and p denotes the pressure. In order to study the
evolution of perturbations in the flow, the instantaneous velocity and pressure
fields (u, p) can be decomposed into a base (U, P ) and a perturbation part
(u0 , p0 ) such that
u(x, y, z, t) = U(x, y, z, t) + u0 (x, y, z, t),

(3.2a)

p(x, y, z, t) = P (x, y, z, t) + p0 (x, y, z, t).

(3.2b)

By introducing the general decomposition (3.2) into the NS equations and
subtracting the equations governing the base flow, we arrive at the non-linear
NS equations for the perturbations which takes the form
r · u0 = 0,

0

@u
+ (U · r)u0 + (u0 · r)U + (u0 · r)u0 =
@t

(3.3a)
rp0 +

1 2 0
r u.
Re

(3.3b)

3.1. Linear stability theory
Linear stability theory in the broadest definition is concerned with quantifying
the linear behaviour of infinitesimal perturbations around a finite-amplitude
base state. If the small amplitude perturbations diverge from the base state, the
flow is considered unstable. On the other hand, if the perturbed flow returns
back to the base state it is called stable.
Since the disturbance amplitude in the framework of linear stability is
assumed to be small compared to the base flow, it is convenient to linearise the
non-linear NS equations (3.3) around the base flow by neglecting the products
of the perturbation quantities. This yields to linearised NS equations (LNSE)
8
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for perturbations
@u
1 2
+ (U · r)u + (u · r)U = rp +
r u,
@t
Re
r · u = 0.

(3.4a)
(3.4b)

Here, the prime symbol for disturbance quantities is omitted for simplicity. The
system of equations (3.4) represents an initial-value problem which subjected
to appropriate boundary conditions for perturbations describes the evolution of
disturbances in time and space around a given base state U. The disturbances
need to be introduced artificially. The base state is in general an inhomogeneous
function of all three spatial coordinates and time. Therefore, solving the system
of equations (3.4) requires rather extensive computational e↵ort. Certain
assumptions can be made to simplify the LNSE allowing for more efficient
solution procedures.
3.1.1. Global stability analysis
A common simplifying and reasonable assumption is to consider a steady base
flow, i.e. U(x, y, z). The separability between time and space coordinates
permits the introduction of a Fourier decomposition in time. Therefore, perturbations can be represented in Fourier modes of the form
q(x, y, z, t) = q̂(x, y, z) e i!t + c.c.

(3.5)

T

where q = [u, v, w, p] denotes the Fourier amplitudes and c.c. refers to complex
conjugate terms. By inserting the perturbation ansatz (3.5) in the LNSE, the
governing system of equations can be recast as an eigenvalue problem in the
form of
Ltg q̂ = ! q̂.
(3.6)

In this equation the linear global stability operator is denoted by Ltg , and
the temporal long-term behaviour of the perturbations is determined by the
eigenvalue ! whose real part describes the frequency and its imaginary part
represents the growth. The corresponding eigenfunctions q̂(x, y, z) are commonly
referred to as global modes and describe the spatial shape of the modal structures.
Some flow configurations allow for further simplification by having a homogeneous coordinate direction. Thus, a separation of variables approach can be
applied in the homogeneous direction to eliminate the dependence of coefficients
of the linear governing equations on this specific coordinate direction. Consequently, the stability problem is reduced in size, however the parameter space is
increased by introducing an additional parameter. Assuming an invariant base
flow in the homogeneous spanwise z-direction, perturbations can be represented
in the form of
q(x, y, z, t) = q̂(x, y) ei z i!t + c.c.
(3.7)
in which represents the spanwise wavenumber. By employing this perturbation
ansatz, the initial-value problem (3.4) can be recast to an eigenvalue problem

10
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of the form
Lbg q̂ = ! q̂,

(3.8)

where the global linear stability operator is denoted by Lbg .
The term global stability analysis has been used in literature for problems
with either a steady three-dimensional base state or a steady two-dimensional
base state with a homogeneous spatial direction, as described above. In order
to distinguish between these approaches, Theofilis (2003) suggests to use the
terms TriGlobal and BiGlobal stability analysis. The BiGlobal term refers
to the analysis of global instability in a three-dimensional domain with two
inhomogeneous and one homogeneous directions, with the latter treated as
periodic. In this work the TriGlobal approach - the analysis of global instability
in a three-dimensional domain with three inhomogeneous spatial directions has been used to study the global instability of a Falkner-Skan-Cooke (FSC)
boundary layer presented in paper 3. More details on this topic can be found in
the reviews by Theofilis (2003, 2011). The constant increase of computing power
has allowed researchers to perform TriGlobal stability analysis of more complex
flows. Among those, Peplinski et al. (2015) studied the global stability of jet in
cross-flow, Loiseau et al. (2014) andCitro et al. (2015) investigated the global
stability of a zero pressure-gradient boundary-layer flow with surface roughness
and Kurz & Kloker (2016) computed the global modes of a FSC boundary-layer
flow with surface roughness. BiGlobal analysis of the leading-edge region of a
swept wing, including both the attachment line region and an extended region
downstream where the cross-flow instability arises, was performed by Mack et al.
(2008) and Mack & Schmid (2011a,b) by considering supersonic compressible
flow around a parabolic body. Meneghello et al. (2015) studied the receptivity
and sensitivity of the most dangerous global mode by considering incompressible
flow around a Joukowski airfoil.
3.1.2. Local stability analysis
Local stability theory simplifies the linear stability equations further by reducing
the problem to only one inhomogeneous direction. This assumption for base flow
in the local theory is called the parallel base flow assumption which describes a
flow in the homogeneous directions that only depends on the inhomogeneous
(wall-normal) y-coordinate. Furthermore, the variation of base flow in the
homogeneous directions is neglected and the wall-normal velocity component of
the base flow is assumed to be zero, i.e. U = [U (y), 0, W (y)]. This allows to
represent the perturbations as Fourier modes in the form of
q(x, y, z, t) = q̂(y) ei↵x+i

z

i!t + c.c.

(3.9)

where ↵ and stand for the streamwise and spanwise wavenumbers, respectively,
and the angular frequency is expressed by !. By employing the perturbation
ansatz (3.9), the linearised NS equations for perturbations with locally the
parallel base flow assumption can be written as an initial-value problem in the

3.1. Linear stability theory

11

form of
q̂ = [û, v̂, ŵ, p̂]T
and
(3.10a)
2
@
@
Ll = A + B
+ C 2.
(3.10b)
@y
@y
The individual operators A, B and C become
0
1
i↵ 0 i
0
B Z Uy 0 i↵C
C , with Z = i! + i(↵U + W ) + 1 (↵2 + 2 ),
A=B
@0
Z
0 0A
Re
0 Wy Z i
Ll q̂ = 0

with

0

1
0
1
0 1 0 0
0
0
0
0
B0 0 0 0C
B 1/Re
0
0
0C
C
C.
B=B
C=B
@0 0 0 1A ,
@ 0
1/Re
0
0A
0 0 0 0
0
0
1/Re 0
Here, a variable subscript denotes the partial derivative with respect to that
variable. A complete solution of the system of equations (3.10), for a given
steady base flow, requires six boundary conditions (three second order PDEs).
In unbounded boundary layer flows, perturbations are subject to boundary
conditions at the wall and in the far-field, i.e.
û = v̂ = ŵ = 0

at

y=0

(3.11a)

û, v̂, ŵ bounded
as
y!1
(3.11b)
The system of equations (3.10) with boundary conditions (3.11) can be represented as an eigenvalue problem which can be categorised into temporal or
spatial stability problems. In the temporal stability analysis, both wavenumbers ↵ and are prescribed as real-valued numbers and complex eigenvalue
! = !r + i!i is calculated. The eigenvalues ! describe the temporal long-term
evolution of small-amplitude perturbations. The real part of ! describes the
frequency of the perturbations while its imaginary part specifies the temporal
growth rate of the corresponding eigenmode. For eigenvalues with a negative
imaginary part, the corresponding modal structures decay in time whereas
eigenvalues with a positive imaginary part grow in time unbounded and become
unstable. On the other hand, in spatial stability problem ! and are prescribed
as real-valued numbers and complex eigenvalue ↵ is obtained. The real part of
eigenvalue ↵ denotes the streamwise perturbation wavenumber and its imaginary
part corresponds to the spatial growth rate in the streamwise direction.
Temporal stability problem requires solving a linear eigenvalue problem for
! while the spatial stability problem is a non-linear eigenvalue problem, since
↵ appears up to second power in the equations. Thus, the spatial problem is
more challenging to solve. A common approach to tackle this problem is to
extend the eigenvectors of the spatial problem to = [û, v̂, ŵ, p̂, i↵û, i↵v̂, i↵ŵ]T
and recast the system of equations (3.10) in the form of a generalised linear
eigenvalue problem for ↵
i↵M = N .
(3.12)
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The individual operators for
0
1
B U
B
B 0
B
M=B
B 0
B 1
B
@ 0
0
0

0
BZ
B
B0
B
N=B
B0
B0
B
@0
0

this problem are
0
0
U
0
0
1
0

D
Uy
Z
Wy
0
0
0

0
0
0
U
0
0
1
i
0
0
Z
0
0
0

0
0
D
i
0
0
0

0
1
0
0
0
0
0

0

0
0

1
Re

1
Re

0
0
0
0
0

0
0
0
0
1
0
0

0
0
0

0
0
0
0

0
0
0
0
0
1
0

1

C
C
C
C
1 C
Re C ,
0C
C
0A
0

1
0
0C
C
0C
C
0C
C,
0C
C
0A
1

(3.13a)

(3.13b)

with Z = i! + i W + Re 1 ( 2 D2 ) where D denotes the partial derivative
with respect to the wall-normal y-coordinate. The eigenvalue problem (3.12)
can be solved locally at each streamwise station x of the underlying base flow,
independent of other stations. The solution provides a spectrum of spatial
eigenvalues ↵ together with the corresponding eigenfunctions .
In this work only the spatial problem is considered. Together with its
adjoint formulation, the spatial problem is used in paper 2 to study acoustic
receptivity of a two-dimensional flow past a flat plate with an elliptic leading
edge. The required base flow is computed through DNS and the eigenvalue
problem (3.12) is solved using MATLAB’s direct eigenvalue solver employing
Chebyshev discretisation routines provided by Weideman & Reddy (2000).
3.1.3. Non-local stability analysis
Boundary layers are in general not parallel. The local parallel base flow assumption ignores the variations of the base flow in the assumed homogeneous
directions as well as the history of disturbance evolution. This may a↵ect
the accuracy of the growth rates computed by the local theory. Especially in
crossflow dominated swept-wing boundary layers (presented in papers 4 and
5), the evolution of perturbations is strongly a↵ected by the nonparallelism
of the base flow. For convectively unstable flows a spatial non-local stability
theory commonly known as parabolised stability equations (PSE) was developed
independently by Herbert & Bertolotti (1987); Bertolotti et al. (1992) and
Simen (1992). A comprehensive review on this method is provided by Herbert
(1997). In the following a brief overview is given.
There are two main assumptions that simplify the full stability equations
into the PSE which accounts for the nonparallelism of the base flow. Firstly,
the disturbances are decomposed into a slowly varying and a fast oscillatory
part. Accordingly, the modal ansatz for perturbations is introduced in the form
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of

q(x, y, z, t) = q̂(x, y) ⇥(x) ei z i!t + c.c.
R
i x ↵(x0 )dx0
⇥(x) = e x0
,
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(3.14a)
(3.14b)

where the shape function q̂(x, y) is assumed to be slowly varying in the chordwise
direction x and the phase function ⇥(x) captures the disturbance oscillations.
Furthermore, a scale separation between the variations in chordwise and wallnormal direction is introduced. It is assumed that the variations in the chordwise
direction are much smaller than the strong variations in the wall-normal direction.
Consequently, the chordwise derivatives of the perturbations are assumed to be
small and in the order of ✏ = O(Re 1 ). The wall-normal velocity component
of the base flow is also considered non-zero and of the same order as ✏. By
introducing the disturbance ansatz (3.14) into the LNSE and neglecting the
terms which are of order O(✏2 ) and higher, a quasi-parabolic system of equations
can be derived in the form of
Lp q̂ = 0

with

q̂ = [û, v̂, ŵ, p̂]T

@
@2
@
+C 2 +D .
@y
@y
@x
The individual operators in (3.15b) are
0
1
0
i↵
0
i
0
0
BUx + Z
C
BV
U
0
i↵
y
C,
A=B
B=B
@ 0
@0
Vy + Z 0 0 A
Wx
Wy
Z i
0

and

(3.15a)

Lp = A + B

0

(3.15b)

1
0
V
0

0
0
0
V

1
0
0C
C,
1A
0

1
0
1
0
0
1 0 0 0
BU 0 0 1C
0
0C
C,
C
D=B
A
@ 0 U 0 0A ,
0
0
1/Re 0
0 0 U 0
1
with Z = i! + i(↵U + W ) +
(↵2 + 2 ).
Re
Solutions of the PSE can be obtained by marching downstream from a
chordwise position x0 where an initial disturbance field q̂0 is provided. The initial
disturbance field is obtained using local stability analysis in most applications.
The PSE exhibit weak ellipticity which can lead to numerical instabilities when
marching with a small stepsize x. To avoid the numerical instabilities, a
sufficiently large marching step should be taken to skip over the small upstream
influence due to ellipticity. Moreover, Haj-Hariri (1994) suggests neglecting the
disturbance pressure gradient term px in the chordwise momentum equation
since it introduces some residual ellipticity. Tempelmann et al. (2010, 2012a)
have shown that this term is negligible for crossflow-dominated boundary layers.
Throughout this work, the PSE are solved by employing the linear NOLOT
code (see Hanifi et al. 1994). This code has been validated for a large number
of di↵erent applications including crossflow-dominated boundary layer flows
0
B 1/Re
C=B
@ 0
0

0
0
1/Re
0
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(Högberg & Henningson 1998; Tempelmann et al. 2012). More details about
the PSE and solution procedures is out of scope of this work and the reader is
referred to Schmid & Henningson (2001) and Tempelmann (2011).

Chapter 4

Numerical methods

4.1. Direct numerical simulation tool
The presented studies in this thesis use direct numerical simulation (DNS) as the
main tool to investigate the flow behaviour and capture the relevant dynamics.
The motion of viscous fluid in nature is governed by the so-called compressible
Navier-Stokes equations. The flow configurations considered in this work feature
relatively low Mach numbers (M < 0.3). Therefore, compressibility e↵ects are
neglected and the incompressible Navier-Stokes equation together with the
continuity equation subject to constant fluid properties are directly solved for
each flow case
@u
1 2
+ u · ru = rp +
r u + f,
(4.1a)
@t
Re
r · u = 0.
(4.1b)

Here u = {u, v, w}T is the vector of velocity components in the streamwise,
wall-normal and spanwise directions, p represents the pressure field, Re denotes
the Reynolds number and f is the body force term. In the main part of this
work equations (3) are integrated in time using the open-source numerical
solver Nek5000 (Fischer et al. 2008). Nek5000 is based on spectral element
method (SEM) which has the advantage of combining the geometric flexibility
of finite element method with the high accuracy of spectral methods. The
physical domain in SEM is decomposed into spectral elements where the local
approximation of the flow field is obtained as a sum of Lagrange interpolants
defined by an orthogonal basis of Legendre polynomials up to degree N . Polynomial order N is the same in all spatial directions in the implementation
of Nek5000. Following the PN –PN 2 spatial discretisation (Maday & Patera
1989), N + 1 Gauss-Lobatto-Legendre (GLL) nodes are used to build velocity
Lagrange polynomial interpolants and N 1 Gauss-Legendre (GL) nodes for
pressure Lagrange polynomial interpolants (two orders less than the velocity
field) in every spectral element. The use of staggered pressure grid makes it
unnecessary to specify explicit boundary conditions for the pressure. Pressure
is evaluated through the natural boundary conditions, derived from the variational formulation of the Navier-Stokes equations, at the outflow. However,
in simulations of boundary-layer flows, the natural boundary condition is not
suitable for flow configurations with multiple outflows. In such configurations
15
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a modified version of the natural boundary condition is employed. This issue
is further discussed in the following section §4.2. The equations are advanced
in time using a third-order conditionally stable backward di↵erentiation and
extrapolation scheme (BDFk/EXTk), employing an implicit treatment of the
di↵usion term and explicit treatment of the advection term. Nek5000 is highly
parallelised and scalable on thousands of threads (Tufo & Fischer 2001).

4.2. Multiple outflow configurations in Nek5000
In simulating boundary-layer flows, there are numerous situations where the
numerical setup requires multiple outflow boundaries. For instance the type
of wing profiles studied in this work or the flow inside t-junction pipes are
common problems in fluid mechanics which require multiple outflow boundaries. As mentioned in the previous section, the outflow boundary conditions in
Nek5000 with PN PN-2 spatial discretisation is the natural boundary conditions,
[1/Re(ru) pI]·n = 0, derived from the weak formulation of Navier-Stokes equations. Assuming the outflow boundary is normal to the streamwise x direction,
they read as
1 @u
@v
@w
p = 0,
= 0,
=0
on @⌦outflow .
(4.2)
Re @x
@x
@x
These conditions are also called “do nothing” conditions meaning that they
are satisfied intrinsically and are not enforced explicitly. In boundary-layer
flows, at the junction point of outflow and wall surface, the natural boundary
conditions evaluates the pressure to be zero. This is due to the fact that the
velocity gradient in the streamwise direction on the wall surface is zero (@x u = 0
at the wall), therefore p = 0 at the wall-outflow junction point. Evaluation
of pressure at zero is not problematic in one outflow configurations since a
correct pressure gradient is achievable with only one fixed pressure value in
the domain. However, in flow configurations with multiple outflows, using
the natural boundary conditions results in fixing the pressure value to zero
at multiple locations. Therefore, the pressure gradient in the computational
domain would depend on the relative location of outflow boundaries which
consequently makes the results domain dependent.
In order to tackle this problem and obtain a domain independent solution
in multiple outflow configurations, we prescribe the pressure distribution at
each outflow location instead of having it evaluated at zero. By doing so, the
pressure gradient in the domain is dictated by the prescribed values of pressure
at the outflow boundaries. To this end, we take advantage of a modified outflow
boundary condition developed by Brynjell-Rahkola (2015)
1 @u
@v
@w
p = pa ,
= 0,
=0
on @⌦outflow .
(4.3)
Re @x
@x
@x
Here, pa stands for ambient pressure and pa = 0 results in the standard natural
boundary conditions. By prescribing appropriate ambient pressure values,
di↵erent pressure levels are set at each outflow boundary. Therefore, a correct
pressure gradient is set in the computational domain and the solution becomes
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domain independent. The limitation of this boundary condition lies in the fact
that it requires a priori knowledge about the pressure distribution on the outflow
boundaries. Such a pressure distribution for instance can be obtained from a
CFD solution which is the method employed in paper 4 where a swept-wing
boundary-layer flow is studied.
In order to demonstrate the applicability of the modified outflow boundary
conditions (4.3), a two-dimensional test case is considered in the following. The
geometry is an infinitely long flat plate with modified super ellipse (MSE) leading
edge and finite plate thickness. This geometry has been used in paper 1 of this
thesis to study boundary-layer receptivity to planar acoustic waves parallel to
the wall surface. In this work, we took advantage of the flow symmetry and
used a symmetric boundary condition along the stagnation line. Therefore,
the numerical domain included only the upper half of the plate and featured
one outflow. For the test case, the domain is extended to the lower side of flat
plate so the setup exhibits two outflow boundaries. The test case is designed
with an expected outcome the following way; first, a symmetric solution around
the flat plate geometry is obtained, then the geometry is made asymmetric by
considering unequal streamwise distances on the upper and lower side of the
plate. Using the modified outflow boundary conditions, we aim to obtain a
symmetric solution around this asymmetric geometry.
The flow parameters are the same as used in paper 1 where the plate
half-thickness, b = 1, is used as the reference length scale and the freestream
streamwise velocity, U1 = 1, is used as the reference velocity. The dynamic
viscosity is set such that the Reynolds number based on the plate half-thickness
is Reb = 2400. The test is performed for two types of calculations common in
stability analysis. Base flow computations which are characterised by constant
ambient pressure on the outflow boundaries and perturbation computations
with acoustic waves which feature oscillatory disturbance behaviour.
4.2.1. Base flow computation
In this section the base flow around an asymmetric domain is computed using
the modified outflow boundary conditions (4.3). The computational domain
along with the distribution of spectral elements is shown in figure 4.1 where a 6:1
MSE leading edge is used. If standard natural boundary conditions are employed
for this configuration, pressure will be fixed to zero on both outflow boundaries.
Therefore, flow is driven by di↵erent pressure gradients on each plate side and
the solution will be asymmetric around the plate. The objective of this test is
to use modified outflow boundary conditions and prescribe ambient pressure
on the lower outflow boundary such that the flow is driven by equal pressure
gradients on both plate sides. Therefore, the solution will be symmetric which
is an observable quantity to show the validity of this boundary condition. In
order to obtain the appropriate ambient pressure for the lower outflow boundary,
a base state using symmetric boundary conditions along the stagnation line
is first computed as a reference solution field. Then the value of ambient
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Figure 4.1: The extent of the computational domain along with the distribution
of spectral elements.

Figure 4.2: The pressure distribution around a 6:1 MSE leading edge obtained
employing symmetric boundary condition along the stagnation line and modified
outflow boundary conditions (4.3) with pa = 0.

pressure, where needed, is taken from the corresponding streamwise location of
the reference solution.
In the simulation of the reference setup with one outflow, far-field boundary
conditions (inflow and freestream boundary) are of Dirichlet type, obtained
from a potential-flow solution around a corresponding body thickened by the
displacement thickness of the evolving boundary layer. Symmetric boundary
condition is employed along the stagnation line and no-slip and no-penetration
conditions are used on the wall surface. At the outflow, the boundary condition
(4.3) is used with pa = 0 which is equivalent to the natural boundary condition.
Figure 4.2 shows the base flow obtained using the above mentioned setup. This
solution is used as a reference field to extract pressure values at arbitrary
streamwise locations later on.
In the simulation with two outflow boundaries using the modified outflow
boundary conditions, the inflow boundary remains as Dirichlet type. The value
of ambient pressure for the outflow boundary on the lower side is extracted
from the same streamwise position of the reference solution on the upper side.
The value of ambient pressure for the outflow boundary on the upper side
is unchanged (compared to the reference case) with pa = 0. The freestream
boundary condition is of Dirichlet type in the streamwise direction along with
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(a)

(b)

Figure 4.3: Pseudocolor of pressure distribution and contour lines of constant
pressure. Steady-state solution obtained using (a) the modified outflow boundary
condition and (b) the standard outflow boundary condition. In (a), the value of
ambient pressure at the lower outflow is extracted from the same streamwise
position of the reference solution on the upper side. The contour levels for both
figures are the same (51 equispaced contours in the range [ 0.13, 0.10]).

the modified natural boundary condition normal to the surface, Re 1 vy p = pa .
The value of pa for each point on the freestream boundaries is taken from the
reference solution. This boundary condition ensures that the freestream pressure
gradient is the same on both plate sides.
The steady-state solution of this setup is computed and the resulting
pressure distribution is shown in figure 4.3(a) where the white lines depict
contours of constant pressure. It is apparent that the flow is symmetric despite
the geometrical asymmetry of the configuration. This is due to setting pa on
the lower outflow boundary to the pressure values of the reference solution
on the upper side at the same streamwise location which derives the flow by
a symmetric pressure distribution on both plate sides. Figure 4.3(b) shows
the pressure distribution computed around the same geometry but employing
the standard natural boundary conditions on both outflow boundaries. It is
clear that the flow is not symmetric around the plate geometry. Moreover, this
solution is domain dependent, meaning that upon changing the location of the
lower outflow, a di↵erent solution will be obtained. Comparison of wall-normal
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Figure 4.4: Comparison of wall-normal velocity profiles on the upper and lower
side of the flat plate obtained on an asymmetric domain using (a) the modified
outflow boundary condition and (b) the standard outflow boundary condition.
The profiles are shifted according to Vk = V +0.15k with k = 0, 1, 2, · · · changing
from left to right. The profiles are evaluated at x = 17, 22, 27, 32, 37.

velocity profiles on the upper and lower side of the plate is shown in figure 4.4.
It is evident that using the modified outflow boundary conditions successfully
drives the flow symmetrically around the plate while using the standard outflow
conditions results in a domain dependent non-symmetrical solution.
The result of this section shows that by employing the modified outflow
boundary conditions (4.3), domain independent base flow solutions can be
computed using Nek5000 in flow cases with multiple outflows. However, setting
appropriate ambient pressure on outflow boundaries requires a priori knowledge
about the pressure distribution around the body of interest.
4.2.2. Unsteady computations with acoustic perturbation
In this section we employ the modified outflow boundary condition (4.3) for nonlinear simulations with small amplitude acoustic perturbations. In comparison
with the base flow computations presented in the previous section, the difficulty
associated with such problems is that the ambient pressure for perturbations is
generally unknown.
Acoustic wave, within an incompressible framework, is modelled by superposing a small periodic fluctuation " cos(!t), with frequency !/2⇡ and amplitude
", on the streamwise velocity component of the inflow and the freestream
boundaries,
ufarfield = U1 (1 + " cos(!t)).
(4.4)
This acoustic wave model has been employed within paper 1 of this thesis.
We have chosen an amplitude of " = 10 2 and a non-dimensional frequency
F = !/Reb = 200 ⇥ 10 6 in the following test case. The time harmonic
velocity fluctuation, U1 " cos(!t), induces pressure oscillations in the flow which
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Figure 4.5: Snapshot of pressure distribution and contour lines of constant
pressure depicted in white lines in a nonlinear simulation with acoustic perturbations.

need to be taken into account when specifying the ambient pressure on the
outflow boundaries. In order to obtain a condition for pressure perturbations,
we exploit the fact that the boundary term (4.4) should satisfy the governing
equations. Inserting the perturbed velocity (4.4) into the streamwise momentum
equation and cancelling the undisturbed terms results in the remaining term
U1 " ! sin(!t) which can be balanced by either the body-force or the pressure
gradient term. Since we are interested in quantifying the perturbation pressure,
the latter approach is considered. Therefore, the ambient pressure for the
acoustic simulations can be written as
pa = pbase + U1 "! sin(!t) x,

(4.5)

where pbase is the undisturbed ambient base flow pressure. The second term on
the right-hand side of equation (6) means that the perturbation pressure varies
linearly with the streamwise position while oscillating in time.
Figure 4.5 shows a snapshot of the pressure field along with contour lines
of constant pressure (depicted in white lines) for a simulation with acoustic
perturbations. Boundary conditions in this simulation are the same as the base
flow computation presented in the previous section. However, the Dirichlet
streamwise velocity in the far-field is set according to (4.4) and the ambient
pressure is specified by relation (6) on the outflow boundaries. It is apparent
from the pressure contour lines that the solution is symmetric. In order to
investigate the perturbation fields more closely, a Fourier transform in time is
employed to extract the amplitude of unsteady perturbations. Figure 4.6(a)
and (b) show the streamwise evolution of the base flow streamwise velocity and
pressure, measured at a constant distance from the wall inside the boundary
layer. As expected based on the results of the previous section, the amplitude
evolution of both velocity and pressure fields on the lower and upper sides of
the plate are on top of each other and the base flow solution is symmetric. This
is also the case for the perturbation amplitude as shown in figure 4.6(c) and (d).
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Figure 4.6: Amplitude distribution of the streamwise velocity component and
pressure at constant distance of 0.2 from the wall surface. (a) baseflow velocity, (b) baseflow pressure, (c) perturbation velocity and (d) perturbation
pressure. Nonlinear simulation with acoustic perturbations and upper-side
outflow boundary position at xout = 100.

Here, a prime symbol denotes Fourier amplitude of perturbations. Moreover,
the perturbation pressure varies linearly with the streamwise position, as it was
prescribed by relation (6).
The result of this section shows that by specifying the pressure for both
base state and perturbations, a correct pressure distribution can be imposed
on geometries with two outflow boundaries subject to small amplitude planar
acoustic waves. Upon changing the location of outflow, domain independent
solutions can be computed by setting the appropriate pressure at outflow
boundaries accordingly.

4.3. Computation of plasma actuator force-term from flow
experiments
In recent years, there has been increasing interest in the application of dielectricbarrier-discharge (DBD) plasma actuators for (mainly) active flow control.
They have the benefit of being fully electric with a low power consumption, fast
response time and without moving parts. Plasma actuators generate a body
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force that locally accelerates its surrounding fluid. Thus, they can be used as a
an alternative tool to mimic surface roughness elements for passive flow control.
This concept has been utilised in this work by using a ring-type plasma actuator
in paper 5.
In order to include the e↵ect of plasma actuators in numerical simulations,
the spatial distribution and the magnitude of the body force have to be known.
Several methods are available in literature to model the body force of plasma
actuators (see the review by Corke et al. 2010). For example, Dörr & Kloker
(2015b, 2016) used the empirical model by Maden et al. (2013) to incorporate
the e↵ect of plasma actuators in their DNS study of a crossflow dominated
boundary layer flow. Alternatively, the body force can be computed from an
experimentally measured velocity field induced by plasma actuators in quiescent
air. Assuming a steady flow field in the vicinity of the actuators, the body force
can be obtained by
1 2
r u,
(4.6)
Re
where u and p are the experimentally measured velocity and pressure fields.
However, the pressure fields are seldomly available from experiments and further
assumptions or treatments are needed to overcome the unknown pressure field.
Dörr & Kloker (2015a) present two methods to estimate the body force
based on fluid-velocity information of plasma actuators. These methods di↵er in
treating the pressure gradients unknown from experiments. The first method is
based on the vorticity transport equation to eliminate the pressure term from the
governing equations. However, this method requires the force to be dominated
by one component only. The second method is based on primitive-variable
formulation of the Navier-Stokes equations (4.6). The force components are
assumed to dominate the pressure gradients, therefore, the latter is neglected.
For conventional plasma actuators producing a wall-parallel jet, this assumption
is reasonable for the wall-parallel force. However, in the wall-normal direction
the force component and the pressure gradients are comparable and neglecting
the pressure term may lead to a wrong force estimation in the wall-normal
direction.
In this work Nek5000 is used to compute the body force from the experimentally measured velocity field induced by a ring-type plasma actuator in
quiescent air. Instead of evaluating the individual terms on the the RHS of
equation (4.6), the whole sum can be evaluated by advancing the initial flow
field in time with a small time step (without body force) and computing the
first order time derivative using the numerical solver,
f=

u(1)

u(0)
t

u · ru

=

rp +

u · ru

rp +

1 2
r u,
Re

(4.7)

where u(0) and u(1) are the velocity vectors at the zeroth and first time step,
respectively. The physical interpretation of this procedure is that in order to
have a steady flow, the computed unsteadiness of the provided flow field should

23

24

4. Numerical methods

(a)

25

(b)

y [mm]

20
15
10
5
0

−5

0

5

10

x [mm]

Figure 4.7: (a) extent of the computational domain in the streamwise and
wall-normal directions along with the distribution of the spectral elements. (b)
isosurface of the experimental velocity magnitude at the level of 0.035 (15% of
the maximum value).

be balanced by an equivalent body force. Using this method has two main
advantages. First, the experimental velocity field is made divergence free with
Nek5000 at the zeroth step to any desired numerical tolerance. Secondly, the
pressure gradient term can be kept in the calculation of the force field in all
momentum equations which is often neglected in other methods.
4.3.1. Steady body force in quiescent air
The experimental velocity field generated by a ring-type plasma actuator is
provided by Kim & Choi (2016) who placed an actuator sheet on a flat plate
and measured the induced velocity under quiescent air conditions. Such a
velocity field is symmetric in the radial direction around the center of the
actuator. Accordingly, the spatial distribution of the experimental velocity field
is represented by wall-normal and radial velocity components.
Nek5000 solves equation (4.7) in cartesian coordinates, thus, the experimental velocity field is interpolated on a three-dimensional cartesian domain
with the center of plasma actuator positioned at the origin. Consequently,
the radial velocity component is projected in the streamwise and spanwise
directions. Figure 4.7(a) shows the extent of the computational domain in
the streamwise and wall-normal directions along with the distribution of the
spectral elements. Elements are clustered towards the wall and the origin in
the streamwise direction. The spanwise width of the domain is Lz = 4mm
corresponding to the extent of the given velocity field in the radial direction.
The distribution of elements in the spanwise direction is uniform and the computational domain consists of [50 ⇥ 45 ⇥ 8] three-dimensional elements in the
x- , y- and z- directions. The interpolated velocity field is visualised in figure
4.7(b) where the isosurface of the velocity magnitude at the level of 0.035 (15%
of the maximum value) is plotted. Furthermore, the experimental radial and
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Figure 4.8: (a,b) Experimental radial and wall-normal velocity components,
(c,d) divergence free radial and wall-normal velocity components and (e,f) the
corresponding steady force field in the radial and wall-normal directions. All
the planes are at x = 0. 32 equispaced contours in the range [ 0.25, 0.25]
and [ 0.3, 0.1] are shown for the radial and wall-normal velocity components,
respectively.

wall-normal velocity components plotted in the wall-normal spanwise plane at
x = 0, are shown in figure 4.8(a,b).
The body force corresponding to the velocity field presented above is
calculated by evaluating the first order time derivative according to (4.7).
Homogeneous Dirichlet boundary conditions are employed on all the far-field
boundaries of the domain in the streamwise and wall-normal directions. Periodic
boundary conditions are applied in the spanwise direction. The time integration
scheme is set to first order with a time step t = 10 4 [s]. The solver tolerance
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Figure 4.9: Steady state DNS velocity fields induced by the plasma actuator
body force in quiescent air. (a) the radial and (b) the wall-normal velocity
component. All the planes are at x = 0. The contour levels are the same as
used in figure 4.8.

for both velocity and pressure solvers is chosen to be 10 8 and the polynomial
order is set to N = 8. The radial and wall-normal components of the divergencefree velocity field u(0) are shown in figure 4.8(c,d). The resulting steady body
force based on the above described method is demonstrated in figure 4.8(e,f).
4.3.2. Validation
The computed force field is validated by performing a simulation in quiescent
air and comparing the induced velocity field by the body force with the original
velocity field. For this purpose the boundary condition at the most downstream
streamwise plane is changed to outflow condition (instead of the homogeneous
Dirichlet condition used in computation of the force term). The boundary
conditions at the inflow plane and at the far-field in the wall-normal direction
are kept as homogeneous Dirichlet conditions. Figure 4.9 shows the steady
state solution resulting from the plasma actuator body force in quiescent air.
Comparison of figure 4.9 and the divergence free original velocity field in figure
4.8 demonstrates that the computed plasma actuator force field in the numerical
simulations generates the corresponding velocity field produced by the plasma
actuators in the experiments.
4.3.3. E↵ect of pressure gradients
In this section the body force of the ring-type plasma actuator is computed
according to equation (4.6) with neglected pressure gradients. The resulting
body force is demonstrated in figure 4.10(a,b) where the radial and wall-normal
components are plotted respectively. The contour levels are the same used
in figure 4.8(e,f). Comparison of these force terms with their corresponding
counterparts obtained by including the pressure gradients shows a distinctive
positive force around the center of the actuator in the wall-normal component.
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Figure 4.10: (a,b) the radial and wall-normal body force components obtained by
neglecting pressure the gradients. (c,d) the corresponding steady-state induced
velocity field. The planes are at x = 0. The contour levels are the same as used
in figure 4.8.

Consequently, the resulting induced wall-normal jet is larger than the experimentally measured one. This is evident in figure 4.10(c,d) where the radial
and wall-normal components of the induced velocity by this body force are
presented. Furthermore, comparison of the magnitude of induced velocity by
body forces which are computed with and without pressure gradient terms is
shown in figure 4.11. It is evident that neglecting the pressure gradients in the
computation of the body force results in over-estimation of the wall-normal jet.

4.4. Ring-type plasma actuator in a zero-pressure gradient
boundary layer
In this section we study the e↵ect of an array of ring-type plasma actuators
acting on a zero pressure gradient boundary layer flow. The body force of an
actuator is computed without neglecting the pressure gradients as explained
in section §4.3.1. We follow the experiment of Kim & Choi (2016) where a
spanwise array of plasma actuators are mounted on a flat plate geometry at a
distance of x = 0.5 m from the leading edge. The freestream incoming velocity
is normal to the leading edge with a magnitude of U1 = 5.0 m/s and is used
as the reference velocity scale. The Reynolds number at the actuator sheet
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Figure 4.11: Contours of velocity magnitude of the steady-state induced velocity
fields using the body force obtained by (a) including the pressure gradients and
(b) neglecting the pressure gradients. 32 equispaced contour levels are shown in
the range [ 0.25, 0.25]. The planes are at x = 0.

location is Rex = 1.7 ⇥ 105 . In performing these simulations we have assumed
that the flow does not a↵ect the body force of the plasma actuators which was
obtained in quiescent air (force-independence assumption).
The computational domain is identical to the one shown in figure 4.7 in
the streamwise and wall-normal directions. The spanwise length of the domain
is Lz = 4 mm, corresponding to the spacing of the actuators in the spanwise
direction. We mimic the array of actuators by simulating one actuator and
employing a periodic boundary condition in the spanwise direction. A selfsimilar solution from boundary-layer theory is calculated and used as initial
condition (base state) in the entire domain, as well as for the inflow Dirichlet
boundary condition. Figure 4.12 shows the boundary layer profile of the base
state at the streamwise location of x = 0, at the center of the ring-type plasma
actuator. The boundary layer thickness measured here is 99 = 6.8 mm which
is sufficiently close to the reported experimental value of 99 = 6.3 mm (⇠ 7%
di↵erence). The main reason for the di↵erence in the boundary-layer thickness
is due to the presence of an elliptic leading edge in the experimental setup which
causes a non-zero pressure gradient in the leading edge region. This mismatch
can be resolved by considering the location of a virtual leading edge, where the
pressure gradient due to the presence of the leading edge becomes negligible.
However, this information is not available from the experimental study.
The basic state with the plasma actuator body force acting on the fluid
is integrated in time using Nek5000 until a steady state is reached. Figure
4.13 shows the velocity vectors and streamlines at the spanwise symmetry
plane. Similar to the experimental results, there are hump-like streamlines,
demonstrating that the flow is pushed up by the wall-normal jet created by
the ring-type actuator. Furthermore, figure 4.13 shows the formation of a
vortical system upstream of the actuator. This behaviour is also observed by
Loiseau et al. (2014) where roughness-induced transition in a zero pressure
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Figure 4.13: Velocity vectors and streamlines at the spanwise location z = 0.
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gradient boundary layer flow using cylindrical roughness elements is investigated.
They observe the formation of horseshoe vortices stemming from the upstream
recirculation zone, wrapping around the roughness element and eventually
becoming almost aligned with the streamwise direction of the flow. These
vortices transport high-speed fluid from the outer region of the boundary layer
towards the wall and low-speed fluid away from the wall toward the outer region
of the boundary layer. This transport of momentum, known as the lift-up
e↵ect, gives birth to streamwise velocity streaks. In order to visualise the streak
structure, the deviation of the flow from the basic state ū = u Ubl is computed
and the isosurface at ū = ±0.01 is plotted in figure 4.14(a). Here, u is the
steady response of the flow to plasma actuators and Ubl is the Blasius basic
state. The plasma actuator body force generates a central high-speed region
and a pair of low-speed streaks induced by the legs of the primary horseshoe
vortex. The lift-up e↵ect is shown by visualising velocity vectors and contours
of streamwise streaks in selected wall-normal planes at x = 0 and x = 2 mm in
figure 4.14(b,c). Qualitative comparison of a zero pressure gradient boundary
layer flow with cylindrical roughness elements (Loiseau et al. 2014) and ring-type
plasma actuators shows that such actuators can mimic the roughness element
successfully.

4.5. Ring-type plasma actuator acting on a swept-wing
boundary layer
In this section we study the e↵ect of an array of ring-type plasma actuators
acting on a swept-wing boundary layer flow. The wing geometry and flow
configuration follows the experiment of Kim et al. (2016) which is described in
detail in paper 5. We use the same plasma actuator body force computed in
section §4.3.1 with a force-independence assumption meaning that the incoming
flow does not e↵ect the velocity field induced by plasma actuators.
An array of ring-type plasma actuators is placed at the chordwise location
of x/c = 0.03, with a spanwise spacing of Lz = 3.5 mm. Here, c = 0.35 m is
the chord length normal to the leading edge of the wing. The body force is
obtained on a flat-plate geometry, thus it is rotated to be locally normal to
the wing surface. Figure 4.15 shows the induced velocity field of the plasma
actuator placed on the wing surface in quiescent air. The induced velocity is
normal to the wing surface with identical spatial distribution of the induced
velocity on the flat-plate geometry.
Similar to the results of the previous section, the steady body force acting
on the fluid reaches a steady state in time. The amplitude of the disturbances
generated due to the plasma actuator body force is obtained by means of fast
Fourier transformation (FFT) in the spanwise direction, i.e.
u⇠ (⇠, ⌘, z) =

N
X

n=0

û⇠ (⇠, ⌘, n

0 )e

in

0z

.

(4.8)
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Figure 4.16: Disturbance amplitude Au of the fundamental mode 0 = 2⇡/Lz
and the first two superharmonics (2 0 , 3 0 ). (b) the spatial structure of the
fundamental mode in the (⌘, z) plane at chordwise location of x/c = 0.28.

Here, (⇠, ⌘, z) represents the body-fitted curvilinear coordinates in tangential,
wall-normal and spanwise directions with the corresponding velocity components
denoted as (u⇠ , v⌘ , w). The fundamental spanwise wavenumber is dictated by
the spanwise length of the domain, 0 = 2⇡/Lz . Amplitudes of individual
|û⇠ |
modes are plotted in figure 4.16(a) as Au (x) = max⌘ Q1
.
The excitation of the fundamental mode is similar to the work by Tempelmann et al. (2012) where receptivity of a swept-wing boundary layer to
micron-size cylindrical roughness elements is investigated. They observe formation of stationary crossflow vortices excited by surface roughness elements.
Figure 4.16(b) shows the spatial structure of the fundamental mode excited by
the plasma actuator body force in the (⌘, z) plane at the chordwise location
x/c = 0.28. These structures show the excited crossflow vortices by plasma
actuators acting as virtual roughness elements. Application of these actuators
for transition control is discussed in paper 5.

Chapter 5

Receptivity

The nature and the initial amplitude of instability waves inside the boundary
layer strongly depend on the response of boundary layer to the external disturbance environment. Freestream turbulence, surface roughness or acoustic waves
represent such external disturbances. This process is referred to as receptivity
(Morkovin 1969) and is crucial to be considered for reliable transition prediction.
The aim of receptivity studies is to provide initial disturbance amplitudes inside
the boundary layer based on a specific external disturbance environment.
Goldstein & Hultgren (1989) categorised the studies aimed at understanding
the receptivity of boundary layers into two groups; those in which disturbances
are introduced locally within the boundary layer (forced disturbances, e.g.
surface roughness) and those in which disturbances are introduced at some
distance from the boundary layer (natural disturbances, e.g. sound waves). The
latter case generates intermediate freestream disturbances of usually acoustic
or vortical type (Nishioka & Morkovin 1986). In this work we study both types
of external disturbances in the flow configurations presented in chapter 2.

5.1. Receptivity to acoustic disturbances
One of the natural freestream disturbance sources is acoustic waves. The natural
disturbances generally do not contain a wavelength that coincides with the
instability that is generated within the boundary layer. This is due to the fact
that the length scales of freestream disturbances are governed by the inviscid
dynamics of the outer flow, whereas those of the instability waves are determined
by the viscous e↵ects inside the boundary layer. Goldstein (1983) shows through
asymptotic analysis that long-wavelength acoustic disturbances are coupled to
short-wavelength TS waves via a length scale reduction mechanism near the
leading edge of a flat-plate boundary layer. This wave-length conversion can be
attributed to rapid streamwise variations of the mean flow at the leading edge
and sudden changes in the surface boundary condition.
Here we study acoustic receptivity of flow around a flat plate geometry
with elliptic leading edge. Acoustic waves are introduced as time-periodic
oscillations in the freestream. Such disturbances enter the boundary layer and
excite di↵erent unsteady modes. These include a Stokes wave and instability
waves of both discrete and continuous spectrum type. The aim is to compute
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Figure 5.1: Contours of Fourier amplitude of perturbation velocity (a) streamwise component Re{ûdns } and (b) wall-normal component 100 ⇥ Re{v̂dns }. The
structures indicate the coexistence of TS and Stokes waves inside the boundary
layer. The non-dimensional frequency of the acoustic wave is F = 100 ⇥ 10 6 .
The dashed line shows the boundary layer thickness 99 of the underlying
baseflow.

the receptivity coefficient defined as the relative amplitude of TS waves and
acoustic disturbances. Measuring the amplitude of TS waves excited by acoustic
disturbances is a challenging task due to the presence of Stokes wave with
the same temporal frequency of TS waves. Hence, the Fourier amplitudes of
perturbations in time contain both TS and Stokes wave amplitudes. Figure
5.1 displays the real part of the Fourier amplitude of perturbation velocity
for acoustic wave frequency of F = 100 ⇥ 10 6 and leading edge geometry
with AR = 20. The thin structure embedded in the boundary layer in figure
5.1(a) is the Stokes layer which has nearly constant thickness. The structure of
waves in figure 5.1(b) clearly indicates the existence of TS waves which undergo
exponential growth between the lower and upper branches of neutral stability
curve.
The problem of extracting the TS wave amplitude in acoustic receptivity
studies has been tackled by di↵erent approaches in both experimental and
numerical studies. Here, we have employed two methods suggested by Murdock
(1980) and Wlezien (1994). Both of these methods exploit the fact that the
amplitude and phase of the Stokes wave are relatively constant over several
wavelengths of the instability wave. More details on the decomposition method
by Murdock (1980) is available in paper 1.
Figure 5.2 shows the branch I acoustic receptivity coefficient as a function of
the dimensionless frequency for three di↵erent MSE leading edge ARs and the
infinitely thin flat-plate geometry. The branch I receptivity coefficient, KI , is
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Figure 5.2: The branch I acoustic receptivity coefficient as a function of the
reduced frequency.

defined as the ratio of the TS wave amplitude and the acoustic wave amplitude,
|ûTS |I
|ûTS |II
KI =
= N
,
(5.1)
uac
e uac
where N is the integrated growth rate from branch I to branch II. Since the
amplitude of TS waves is largest at the second branch location, it is more
convenient to obtain the TS wave amplitude at this position and scale it with
the integrated growth rate to compute the amplitude at branch I. This definition
of the receptivity coefficient includes the e↵ects of both the leading edge and
the subsequent pressure distribution at the branch I location. It is evident from
figure 5.2 that the receptivity coefficient increases by reducing the leading-edge
aspect ratio. In other words, leading-edge bluntness enhances the branch I
acoustic receptivity. This is due to the fact that a blunter leading edge has a
larger (in magnitude) local adverse pressure gradient in the leading-edge region,
which has a destabilising e↵ect on the evolution of TS waves. This trend is
in agreement with the previous numerical work by Lin et al. (1992) and the
experiment of Wlezien (1994).

5.2. Receptivity to surface roughness
In this section receptivity of boundary layer to surface irregularities in an
infinite-span swept-wing boundary layer is presented. We consider two types
of surface irregularities; natural surface roughness and cylindrical roughness
elements. Both of these forced disturbances excite stationary crossflow vortices
since they exhibit a broad range of length scales including those of the steady
crossflow modes. The initial amplitude of crossflow vortices depends on the
characteristics of these surface imperfections such as their streamwise location,
height and spectral content. Therefore, in order to predict the evolution of
perturbations accurately, it is necessary to consider the initial amplitude of
disturbances set by the surface roughness. The roughness receptivity problem

5.2. Receptivity to surface roughness
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has been investigated through analytical approaches by e.g. Crouch (1993);
Choudhari (1994); Luchini (2013). These methods usually provide the amplitude
of perturbation generated by small roughness relatively accurate. However, they
are not able to give the right amplitude for moderate/large roughness elements.
A spanwise array of cylindrical roughness elements placed near the leading
edge of swept wing are employed as a passive control mechanism to suppress
crossflow instability. Such elements spaced narrower than the spanwise wavelength of the naturally most unstable crossflow mode, excite steady subcritical
vortices and induce a useful mean-flow distortion which delays transition. Successful application of this idea was first shown in the experimental work of Saric
et al. (1998) which was based on the observations of Reibert et al. (1996). In
the latter work it is shown that a spanwise-periodic array of roughness elements
excites stationary crossflow modes with a wavelength corresponding to their
spanwise spacing. These results were later confirmed by DNS and PSE computations of Tempelmann et al. (2012). In paper 4 of this thesis, experimental work
of Kachanov et al. (2015) is investigated in which this passive control technique
is employed. Similar flow control approach for two dimensional boundary-layer
flows generates streaky structures that damp growth of TS waves (e.g. Cossu &
Brandt 2002; Fransson et al. 2006; Bagheri & Hanifi 2007).
In the experiments, steady crossflow vortices are excited due to the presence
of the natural surface roughness on the wing surface. In this work, we consider
the natural surface roughness to be localised along the chord and periodic in
the spanwise direction. It is modelled by
h(x, z) = "h hx (x)hz (z),

(5.2)

where "h is the maximum amplitude of the roughness bump and hx (x) and
hz (z) are shape functions in the streamwise and spanwise directions. The shape
function hx (x) is described by
hx (x) = S(

x

hs
hr

)

S(

x

he
hf

+ 1),

(5.3)

where S is a smooth step function defined in Schrader et al. (2009). The
roughness bump in the streamwise direction starts at x = hs , rises smoothly
along the distance hr and ends at x = he with a falling distance of hf . The
center of the roughness is located at xr = (hs + he )/2. This roughness shape
contains a broad spectrum of streamwise wavenumbers including the unstable
ones. The spanwise periodic shape function hz (z) is defined as
hz (z) =

N
X

sin(n

0z

+

rand
),
n

(5.4)

n=1

where rand
are random phases and 0 = 2⇡/Lz is the fundamental spanwise
n
wavenumber dictated by the spanwise length of the computational domain Lz .
The natural surface roughness is not meshed but modelled by inhomogeneous
boundary conditions at the wall. The no-slip conditions along the roughness
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Figure 5.3: Distribution of the shape function (a) hx in the streamwise direction
and (b) hz in the spanwise direction. Visualisation of (c) the natural surface
roughness and (d) the cylindrical control roughness elements. The height of
latter is magnified by a factor of 5 for better visualisation.

h(x, z) are projected from the bump surface to the wall via a Taylor series
expansion,
{u, v, w}Twall = { h(x, z)

@U
@W T
, 0, h(x, z)
}
,
@y
@y wall

hs  x  he ,

(5.5)

where U and W are the laminar base flow velocities in the streamwise and
spanwise direction, respectively. Since the roughness height "h is assumed
to be small, the Taylor series is truncated at the first order. The roughness
height "h is chosen such that the r.m.s. value of the h(x, z) at the roughness
centre matches the r.m.s. roughness height reported in the experiment. The
natural surface roughness used in paper 4 is visualised in figure 5.3 where the
fundamental mode and its 4 superharmonics are randomly superposed in the
spanwise direction.
The cylindrical roughness elements employed to excite the stationary control
mode are inserted into the computational domain by displacing the respective
GLL points on the wall, similarly to the works by Tempelmann et al. (2012)
and Hosseini et al. (2013). They are shown in figure 5.3(d). In order to avoid a
sudden jump by displacing the GLL points on the wall, a smooth step function
is employed to slowly ramp the displacement of GLL points to the height of
roughness elements.
The response of boundary layer to the natural surface roughness and the
cylindrical roughness elements is shown in figure 5.4. The plotted amplitude is
defined as
|û⇠ |
Au (x) = max
,
(5.6)
⌘ Q1
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Figure 5.4: Amplitude evolution of the stationary modes in simulation of flow
with (a) only natural surface roughness and (b) with both natural and control
roughness.

where û⇠ is the streamwise component of the disturbance Fourier amplitudes in
the spanwise direction and Q1 denotes the total incoming velocity. Figure 5.4(a)
shows the amplitude evolution of disturbances excited by only the natural surface
roughness. At the natural roughness location all the modes exhibit the same
amplitude since they have the same amplitude in the natural roughness model.
Figure 5.4(b) shows the amplitude evolution of disturbances excited by both the
natural and control roughness. A strong peak of the disturbance amplitude in
the control, 3 0 , mode becomes apparent at the respective roughness position.
Consequently, the evolution of individual modes downstream of the roughness
location is altered compared to the previous case.

5.3. Interaction of acoustic waves with distributed roughness
elements
In realistic flow situations, the external disturbance environment exhibits multiple sources of disturbances acting simultaneously on the boundary layer. Here
we consider the interaction of roughness elements and acoustic waves in a sweptwing boundary layer. The roughness element excites stationary crossflow vortices
while acoustic disturbances enter the boundary layer and their interaction with
the roughness elements generates non-stationary crossflow vortices. Studying
such a receptivity problem enables us to examine the robustness of control
roughness elements for transition delay. For three-dimensional boundary-layer
flows, theoretical and numerical works by Choudhari (1994); Crouch (1993, 1994)
and the experimental investigation of Radeztsky et al. (1999) have concluded
that for realistic acoustic-disturbance levels (up to 0.1%U1 ), the amplitude
of stationary crossflow modes excited by roughness elements dominate the
acoustically excited non-stationary crossflow modes. Recently, Kachanov et al.
(2015) experimentally investigated the interaction of acoustic waves and surface roughness in a three-dimensional boundary layer. The authors report no
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Figure 5.5: Amplitude evolution of steady and unsteady disturbances for
simulations with control roughness elements and acoustic disturbances with
frequency of 1200Hz. The gray lines represent unsteady disturbances plotted
at a constant frequency step of 150Hz with the lowest and highest resolved
frequency of 150Hz and 4800Hz, respectively.

significant influence of acoustic field on the transition location in most of the
studied cases, in agreement with findings of previous works. However, in few
roughness configurations and at rather high acoustic frequencies, they observed
a stabilisation e↵ect due to the acoustic field, i.e. it improved the efficiency of
the DMSR elements in transition delay.
Similar to the acoustic receptivity investigation of flow around the flat
plate geometry, acoustic waves are introduced as time-periodic oscillations in
the freestream. The amplitude and frequency of these waves corresponds to
the sound waves in the experiments of Kachanov et al. (2015). Figure 5.5(a)
shows the amplitude evolution of steady and unsteady disturbances obtained
using temporal Fourier decomposition of disturbances. The amplitude of steady
disturbances is computed by subtracting the mean flow, i.e. the (0,0)-mode,
from the zero-frequency mode. The two peaks apparent in the amplitude of
steady disturbances correspond to the natural roughness and surface roughness
elements. The dominant generated unsteady disturbance inside the boundary
layer exhibits the same frequency as the imposed acoustic wave in the freestream.
However, it is clear that stationary crossflow vortices dominate the disturbance
environment and acoustic waves do not cause transition to turbulence.

Chapter 6

Summary of the papers

Paper 1
Acoustic receptivity simulations of flow past a flat plate with elliptic leading edge
Acoustic receptivity of flow over a finite-thickness flat plate with elliptic leading
edge is studied through direct numerical simulations. The objective is to
compute the receptivity coefficient defined as the relative amplitude of acoustic
disturbances in the freestream and the generated Tollmien-Schlichting (TS) wave
inside the boundary layer. The existing results in the literature for this flow case
plot a scattered image and are inconclusive. Moreover, our review of previous
numerical and experimental works has identified contradictory trends in the
results of those works. We have approached this problem in both compressible
and incompressible frameworks and used high-order numerical methods and
independent methods of computing TS wave amplitude. Our results have shown
that the generally-accepted level of acoustic receptivity coefficient for this flow
case is one order of magnitude too high. The receptivity coefficient is found to
increase by reducing the leading-edge aspect ratio. In other words, leading-edge
bluntness enhances the acoustic receptivity. This is due to the fact that a
blunter leading edge has a larger (in magnitude) local adverse pressure gradient
in the leading-edge region, which has a destabilising e↵ect on the evolution of
TS waves. Moreover, in the limit of an infinitely thin flat plate, our results are
consistent with asymptotic theory and numerical simulations.

Paper 2
Application of biorthogonal eigenfunction system for extraction of TollmienSchlichting waves in acoustic receptivity simulations
In this paper biorthogonal eigenfunction system of local linear stability equations
has been utilised to extract Tollmien-Schlichting (TS) waves generated by
acoustic waves impinging on the leading edge of a finite thickness flat plate.
Measuring amplitude of TS waves created by acoustic disturbances is challenging
due to presence of Stokes wave (acoustic boundary layer) with the same temporal
frequency of TS waves. This method is based on the concept of using adjoint
mode as a projector where the TS wave amplitude is obtained by projecting
the DNS solution onto the adjoint TS modes. However, the computed TS wave
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amplitude employing this method found to be modulated. It is shown that the
modulation is due to existence of a small amplitude wave in the DNS data that
is not expandable onto the basis of local linear stability equations.

Paper 3
Stability and sensitivity of a crossflow-dominated Falkner–Skan–Cooke boundary
layer with discrete surface roughness
With the motivation of determining the critical roughness size, a global stability
and sensitivity analysis of a three-dimensional Falkner–Skan–Cooke (FSC)
boundary layer with a cylindrical surface roughness is performed. The roughness
size is chosen such that breakdown to turbulence is initiated by a global version
of traditional secondary instabilities of the crossflow (CF) vortices, instead of
an immediate flow tripping at the roughness. The resulting global eigenvalue
spectra of the systems are found to be very sensitive to numerical parameters
and domain size. This sensitivity to numerical parameters is quantified using
the "-pseudospectrum, and the dependency on the domain is analysed through
an impulse response and an energy budget. It is shown that the growth rates
increase with domain size, which originates from the inclusion of stronger
CF vortices in the baseflow. This is reflected in a change in the rate of
advective energy transport by the baseflow. It is concluded that the onset of
global instability in a FSC boundary layer as the roughness height is increased
does not correspond to an immediate flow tripping behind the roughness, but
occurs for lower roughness heights if sufficiently long domains are considered.
However, the great sensitivity results in an inability to accurately pinpoint the
exact parameter values for the bifurcation, and the large spatial growth of the
disturbances in the long domains eventually becomes larger than what can be
resolved using finite precision arithmetics.

Paper 4
Interaction of acoustic waves and micron-sized surface roughness elements in a
swept-wing boundary layer
E↵ect of acoustic waves on the control performance of distributed micron-sized
roughness elements in a swept-wing boundary layer is investigated through
direct numerical simulations. The flow configuration conforms to experiments by
Kachanov et al. (2015) who observed either no significant influence of acoustic
waves on the transition location or small stabilisation e↵ect. In this work, a
base set up for natural transition scenario is first established by introducing
unsteady background noise in the boundary layer. The natural transition is
then delayed using control roughness elements. Introduction of acoustic waves
to the controlled flow promotes the transition location. In all the studied flow
configurations, stationary primary crossflow vortices dominate the disturbance
environment and unsteady disturbances experience an explosive growth prior
to transition. The spatial distribution of the energy production associated
with z-type modes shows an increase in the local transfer of energy from the
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modified mean flow to perturbations. Simulation of flow with control roughness
elements and acoustic waves as the only source of unsteady disturbances shows
no influence of acoustic wave in transition to turbulence.

Paper 5
Passive control of a swept-wing boundary layer using ring-type plasma actuators
Application of ring-type plasma actuators in passive control of a swept-wing
boundary layer is investigated thorough direct numerical simulations. Ringtype plasma actuators induce a wall-normal jet in the boundary layer and can
act as virtual roughness elements. The plasma actuators are incorporated in
the numerical simulations by their corresponding body force. The body force
is obtained using experimentally measured induced velocity of actuators in
quiescent air. The flow configuration resembles experiments of Kim et al. (2016).
In this paper we reproduce the experimental setup and obtain similar results
qualitatively. The control is enhanced by considering a plasma actuator with
one order of magnitude larger induced jet velocity. It is demonstrated that such
an actuator delays transition successfully.

Chapter 7

Summary and conclusions

The present thesis focuses on the stability and receptivity of boundary layer
flows to surface roughness and acoustic disturbances. The presented results are
obtained, mainly, by direct numerical simulations (DNS) which enables us to
study complex flow configurations. Various flow configurations are considered in
this work; two-dimensional flow around a flat plate geometry with elliptic leading
edge, three-dimensional FSC boundary layer and swept-wing boundary layer.
The receptivity process describes the response of boundary layer to external
disturbances, such as sound waves or surface irregularities, and determines the
initial conditions of the boundary layer perturbations. Therefore, the receptivity
process is crucial to be considered for reliable transition prediction. Receptivity
coefficient is often defined as the amplitude ratio of external disturbances
and boundary layer instabilities. Once the receptivity coefficients are known,
amplitude evolution of disturbances can be predicted using linear or nonlinear
methods.
With a focus on the acoustic receptivity coefficient, simulations of flow
around a finite-thickness flat plate with elliptic leading edge and impinging plane
acoustic waves parallel to the wall have been performed. Acoustic disturbances
enter the boundary layer and excite TS waves. We use both compressible
and incompressible flow solvers fitted with high-order high-accuracy numerical
methods and independent methods of estimating the receptivity coefficient.
The existing results in literature for this flow case, both experimental and
numerical, are scattered and inconclusive. The results of this study show that
the generally-accepted level of acoustic receptivity appears to be one order
of magnitude too high. Our review of previous numerical simulations and
experiments clearly identifies some contradictory trends. One of the difficulties
in acoustic receptivity studies is separating the TS wave from the so-called Stokes
wave which simultaneously is excited by acoustic disturbances and exhibits
the same temporal frequency as the TS waves. We have used biorthogonal
eigenfunction system (BES) of linear stability equations to extract the TS wave
amplitude. In this method the adjoint TS eigenvector is used as a projector
to extract the TS wave from DNS data. The TS wave amplitude computed
using BES is found to be modulated with a small amplitude. It is shown that
this modulation is due to the existence of a small amplitude wave in the DNS
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data which is not expandable onto the basis of local linear stability equations.
Therefore, such a wave is not orthogonal to the adjoint TS eigenfunction and
consequently can not be filtered by the projection method.
Interaction of acoustic waves and distributed micron-sized roughness (DMSR)
elements in a swept-wing boundary layer is investigated by means of DNS. DMSR
elements have been shown to successfully delay laminar-turbulent transition
in crossflow-dominated boundary layers. Here we examine the robustness of
this passive control technique in the presence of rather high-amplitude acoustic
disturbances. First, transition delay is achieved employing DMSR elements in a
disturbance environment with both stationary and travelling crossflow vortices.
Moreover, it is shown that the acoustic disturbances do not have significant
e↵ect on the transition location and the amplitude of steady crossflow modes
dominate their unsteady counterparts.
Passive control of a swept-wing boundary layer using ring-type plasma
actuators is studied thorough DNS. Ring-type plasma actuators induce a wallnormal jet in the boundary layer and can act as virtual roughness elements.
They have the benefit of being fully electric without moving parts and adaptable
to di↵erent flow conditions. It is demonstrated that ring-type actuators delay
transition successfully. However, in the flow case considered, actuators need
rather high input power to be e↵ective.
Global stability and sensitivity analysis of a three-dimensional FSC type
boundary layer with a cylindrical surface roughness is performed with the
motivation of determining a critical roughness size. The resulting eigenvalues
are found to be very sensitive with respect to numerical parameters and the size
of the domain, which makes it impossible to identify a unique set of eigenmodes
that describe the dynamics of the flow. This sensitivity is quantified using the
"-pseudospectrum, and the dependency on the domain is analysed through an
impulse response and energy budget. It is shown that the growth rates increases
with domain size, which stems from the inclusion of larger crossflow vortices.
This is reflected in a change in the rate of advective energy transport by the
base flow. It is concluded that the onset of global instability in a FSC boundary
layer does not correspond to an immediate flow tripping behind the roughness,
but can happen also for lower roughness heights if sufficiently long domains are
considered.
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