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Abstract

This dissertation concerns the self-organization behaviors in different types
of multi-agent systems, and possible ways to apply interventions on top of
that to achieve certain goals. A bounded confidence opinion dynamics model
is considered for the first two papers. Theoretical analysis of the model is
performed and modifications of the model are given so that it will have bet-
ter properties in some aspect. Leader-follower based models are studied in
the third to fifth papers where various optimal control problems are consid-
ered. Different methods such as Pontryagin minimum principle and dynamic
programming are used to solve those optimal control problem. For complex
problems, one may only get approximate solutions or suboptimal solutions.

In Paper A and Paper B, we consider the continuous-time Hegselmann-
Krause (H-K) model and its variations and target the problem of reaching
consensus. A sufficient condition on the initial opinion distribution is given
to guarantee consensus for the original continuous-time H-K model. A mod-
ified model is provided and proven to be able to lead a larger range of initial
opinions to synchronization. An H-K model with an exo-system is also stud-
ied where sufficient conditions on the exo-system are given for the purpose
of consensus.

In Paper C and Paper D, optimal control problems with leader-follower
based multi-agent systems are discussed. Analytic solutions are derived if
the dynamics is linear by applying Pontryagin minimum principle. For gen-
eral non-linear leader-follower interactions, we provide a method that uses
statistic moments of the follower crowd to approximate the optimal control.
The dynamic programming approach is used and certain approximation of
the Hamilton-Jacobi-Bellman equations is needed. The computational bur-
den is so heavy that model predictive control method is required in practical
applications.

In Paper E, we apply a similar method to the approach used in Paper
D to target a pollutant elimination problem. It implies that we can use the
method to attack optimal control problem with partial differential equation
constraints by discretization in space. The dimension of the discretization is
not related to the computational complexity since only the statistic moments
are needed.

Keywords: multi-agent system, linear systems, nonlinear system, opin-
ion dynamics, crowd dynamics, leader-follower based model, optimal control
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Sammanfattning

Denna avhandling handlar om självorganiserings beteenden av olika typer av
multi-agent system och möjliga sätt att tillämpa interventioner utöver detta
för att uppnå vissa mål. En begränsad konfidens opinions dynamik modell
betraktas för de två första artiklarna. Teoretisk analys av modellen utförs och
modifieringar av modellen ges så att den kommer att ha bättre egenskaper i
någon aspekt. Ledare-följare baserade modeller studeras i tredje till femte
artikeln där olika optimala styrproblem beaktas. Olika metoder används för
att lösa de optimala styrproblem. För komplexa problem kan man bara få
approximativa lösningar eller suboptimala lösningar.

I artikel A och artikel B betraktar vi kontinuerlig-tid Hegselmann-Krause
(HK) modellen och dess variationer och sikta problemet om att nå konsen-
sus. Ett tillräckligt villkor på det ursprungliga opinion fördelningen ges för
att säkerställa enighet om den ursprungliga tidskontinuerliga H-K-modellen.
En modifierad modell tillhandahålls och visar sig kunna leda ett större utbud
av initial opinion till synkronisering. En H-K-modell med ett exo-system
studeras i vilket tillräckliga villkor för exo-systemet ges i syfte att nå kon-
sensus.

I artikel C och artikel D diskuteras optimala styrproblem med ledare-
följare baserade multiagent system. Exakta lösningar härleds om dynamiken
är linjär genom att tillämpa principen Pontryagins minimum. För allmänna
icke-linjära ledare-följare interaktioner ger vi metod som använder statistik
stunder av följare för att approximera optimala styret. Den dynamiska pro-
grammerings tillvägagångssätt används och viss approximation av Hamilton-
Jacobi-Bellmanekvationer används. Beräkningsbördan är så tung att förutsä-
gande modellstyrmetod erfordras i praktiska tillämpningar.

I artikel E tillämpar vi en metod liknande den metod som används i ar-
tikel D för att rikta ett problem om eliminering av föroreningar. Det innebär
att vi kan använda metoden för att angripa optimal styrproblem med partiella
differentialekvations begränsningar genom diskretisering i rymden. Dimen-
sionen på diskretisering är inte relaterad till den beräkningskomplexitet efter-
som endast de statistiska moment behövs.
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Introduction and Preliminaries
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Chapter: 1

Introduction

In this thesis, two types of multi-agent systems are studied. One is one-dimensional
opinion dynamics with bounded confidence, and the other is two-dimensional crowd
dynamics with leader-follower based model. Through the analysis of these sys-
tems, we try to investigate the self-organization behavior of the autonomous multi-
agent systems as well as the possible influence of the external intervention. The
mathematical tools of systems theory, graph theory and optimal control theory are
used for the analysis of the models and synthesis of the control for different pur-
poses. This chapter contains a brief introduction of the background of the problems
studied in the thesis and a preview of all the appended papers. The motivation and
the contribution of the research are also included. Preliminaries of mathematical
tools used in this thesis can be found in the next chapter.

1.1 Background and Motivations

Along the history of human science and technology, many results are initiated by
inspiration from nature. After millions of years evolution, many biological systems
are considered to be optimal in the sense of efficiency. The terminology of “natural
selection” indicates that there are already countless experiments performed and the
current result is one of the best outputs. For example, most animals, including
human being, choose to form certain types of societies for inhabitation. There are
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1. INTRODUCTION

insect swarms, fish schools, bird flocks, beast herds and of course human societies.
Staying in groups are tested to be safer against predators and more efficient in terms
of migration. For intelligent creatures like human beings, communications in the
societies will generate cleverer ideas in most of time comparing with individuals,
which is the reason why we have all types of meetings, councils and conferences.

While performing certain tasks in any of those animal flocks or in human so-
cieties, each individual has its low-level principles of actions. For example during
migration of a bird flock, each bird follows simple rules such as keeping a short
but fixed distance to another nearby bird, and fly in the same direction as others. In
1986, Craig Reynolds proposed the Boids model that each individual follows only
rules of

• Collision Avoidance: avoid collisions with nearby flockmates

• Velocity Matching: attempt to match velocity with nearby flockmates

• Flock Centering: attempt to stay close to nearby flockmates.

With these rules, the whole group forms a solid formation and can maintain it
nicely [6]. The simulation of the model is also quite realistic and is used in pro-
duction of animation that involves motion of animal flocks. Although for the real
birds, the principle of actions that they are following should be more complicated
than that, we can see that simple self-organized groups can achieve relatively more
complicated tasks. Literally, the word “cooperation" summaries this phenomenon.
But mathematically, it is not easy to define general cooperating behaviors. Mathe-
maticians and system engineers want to design protocols for machines or robots so
that they can cooperate with each other or with human beings. Different models are
proposed in different dimensions for different practical applications. For example,
how should multiple sensors fuse the measurement in a cooperative way is usually
modeled as one-dimensional problem. If position is involved, the model will be
2-d or 3-d. If attitude is added, one will need 3 variables (for 2-d) or 6 variables
(for 3-d) to describe each object. For more complicated systems such as robotic
systems, each individual has more state variables, and theoretical cooperations in
high dimensional spaces become harder.

One of the simplest cooperating problems among them is a one-dimensional
opinion exchange problem. People exchange their opinions on different things
with others during talking. They believe that through this type of information ex-
change, they will usually receive better knowledge or make better decisions. There
was an interesting event mentioned in the book The Wisdom of Crowds by James
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1.1. Background and Motivations

Surowoecki [7]. In an exhibition, there were a group of farmers trying to estimate
the weight of a cow by only observation. Although many of them had quite differ-
ent opinions from each other, the average of all the estimates was very accurate. In
most cases, the average or majority opinions from a big group can be very close to
the truth. However, for a single person, it is not possible to collect opinions from
a large group all the time. What normal people do is gathering information from
nearby sources and changing his or her opinions accordingly. Therefore, a research
field called opinion dynamics is introduced by scientists to model and analyze this
behavior. Rainer Hegselmann and Ulrich Krause gave a simplified model in 2002
that describes the dynamics of individual opinions in [2]. In their model, each in-
dividual is influenced by the other individuals if their opinions are similar enough.
If evaluating the opinions with real numbers, each agent individual will update its
opinion by the average of close-by opinions. The model makes certain sense in
reality. Let us recall the example of estimating the cow’s weight. Suppose the
farmers can discuss and exchange their opinions about the weight for a period of
time. Some of them may stick to their answers while the others may change their
mind if they find other valuable opinions with good reasoning. It is hard to model
the reasoning related to the opinions, but people tend to accept another point of
view if it is similar to that of themselves. The Hegselmann-Krause model (H-K
model in abbreviation) captures this point while consider all the individual to be
homogeneous. The mathematical formulation of the original H-K model can be
expressed as

xi(t+ 1) =
1

|Ni|
∑
j∈Ni

xj(t), for i = 1, 2, · · · , n, (1.1)

where n is the total number of agent individuals, xi(t) ∈ R is the opinion of agent
i at time step t, Ni = {j : |xi − xj | ≤ εi} is the set of all agents whose opinions
are close to that of agent i. The operator | · | is the absolute value of the argument
if it is a real number, and denotes the number of elements if the argument is a
finite set. The model (1.1) also has the name the bounded confidence model and
εi is called the confidence level of agent i. The principle of the model is simply
taking the average value of the similar opinions in the current time step as one’s
updated opinion in the next step. Intuitively, if everyone has similar initial opinions
and large enough confidence levels1, they will reach agreement in one step. On
the contrary, if everyone has very different opinions among each other, and their
confidence levels are very small, then nobody will change his/her opinions since the

1bigger than the largest difference among all the initial opinions
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1. INTRODUCTION

Figure 1.1: Time evolution of 100 agent opinions according to the model (1.1).

set of neighbors will always contain only himself/herself. Generically, the model
(1.1) leads to “clustering” behavior where the opinions will converge to several
opinion clusters. Figure 1.1 shows a simulation result of 100 opinions that are
initially randomly distributed in the interval [0, 8] and evolving with the model
(1.1) by choosing εi = 1 for all i, where each blue curve is the individual opinion
xi(t) as a function of time. In reality, we can also find the clustering phenomenon
in many occasions. One good example is politics. Although political opinions are
never one-dimensional, people usually end up with opinion clusters as known as
parties. The political views are usually quite different between parties so that one
will totally disagree another party’s opinion. This opinion difference is sometimes
the origin of conflicts or even wars. Therefore, a natural question is that can we
find a way to avoid this several clustering phenomenon if assuming that people’s
opinions do follow the model (1.1). Although H-K model has a simple expression2,
the analysis is harder than most people expected from the first glance. The main
reason behind is that the state dependence of the graph makes the system highly
nonlinear. As a result, there are still questions related to the model that need to be

2simple in terms of 1. each opinion is one dimensional;2. the equations seems to be linear; 3.
everything is deterministic if the initial opinions are given
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1.1. Background and Motivations

answered, e.g., in what conditions will the opinions converge to a specific number
of clusters in the end. Certainly, the problem of reaching only one cluster, also
called the consensus problem, is the most interesting among them since it means
everyone reach agreement. It will surely help to reduce the chances of conflict if
people have the same opinions. In this thesis, we try to attack this problem from
three different directions:

1. For what conditions of initial opinion distribution will only one single cluster
occur in the end if the model is given?

2. Are there ways to slightly modify the model so that we can have only one
cluster for a general setting of initial condition?

3. What will be the effect if external influence is added to the model?

The first two questions target the analysis of the self-organization behavior accord-
ing to the model, while the third question evolves possible intervention we can give
to the system.

In this thesis, we will study a continuous-time version of the original H-K
model as

ẋ(t) =
∑
j∈Ni

(xj(t)− xi(t)), for i = 1, 2, · · · , N, (1.2)

with the definition of the neighboring set slightly tuned in the appended papers.

During the end of last century and the beginning of this century, mathemati-
cians started the subject of multi-agent systems theory by combining graph theory
and systems theory together. Many good papers such as [8, 4] and [5] were pub-
lished as the foundations of the subject. Most results from multi-agent systems
theory concern about the consensus problem as that in the opinion dynamics since
in most occasions, people are willing to see that the agents reach the same state
after a period of time. However, consensus may not be good in some other sit-
uations. For example, let us consider an evacuation problem of a big crowd and
the state of each agent is the position coordinate in a limited environment. The
self-organized individuals usually packed near some bottleneck locations within
the surroundings. This “one-cluster” behavior is in fact the cause of injury acci-
dents when people are in panic. Instead, converging to several clusters is usually
a better solution in these scenarios since the population density is reduced in each
bottleneck positions. Although there are researches about reaching certain forma-
tions for agents by using antagonistic interactions among them, such as introduced
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1. INTRODUCTION

in [1], human beings tend to just follow the others in emergency situations. In some
scenarios, self-organization behaviors could cause lethal results, and hence the in-
tervention from outside is needed. Among the many possible ways of intervention,
we choose to add so called leader agents to the system. Leaders are common in
our society in different forms. We have political leaders, company managers, and
in the evacuation scenario, rescue workers. In accidental situations, rescue work-
ers wearing special uniform can be sent to guide the crowd to different planned
locations.

A leader-follower based model is discussed in this thesis. The assumption is
that the leaders know the whole situation much better than the normal follower
agent so that they can perform in a certain way as an intervention to the crowd,
and the followers apply only simple rules such as following the leaders and stay
together with the nearby agents. The biggest issue of this type of model is the lack
of controllability if a homogeneous model is used, meaning that we cannot guide
the followers to arbitrary locations with arbitrary formations by only controlling
the motion of the leaders. From a theoretical perspective, a linear leader-follower
model3 with several leaders is equivalent to the model with only one leader that
located at the average position of those several leaders; and it is impossible to
separate the crowd into two with only one leader. With nonlinear models, the
global controllability is also unachievable in the sense that if two followers are
at the exact same location (theoretically), it is impossible to separate them. In
practice, it is even harder to perform the rescue task due to different unpredicted
personalties of the followers and heavy uncertainties cause by the environment.
Despite these negative factors, we still need to find a relatively “good" way to
perform the rescuing for the leaders. In this thesis, the theory of optimal control is
used.

For an optimization problem, a criterion, known as the objective function, of
evaluating the rescue performance is needed. For an emergency accident, one can
choose from minimizing the total rescue time, minimizing the total cost for a given
time horizon, or maximizing the performance for small period of time (a step one
plan). Once the objective function is chosen, a dynamic model needs to be deter-
mined for the follower agents. Since it is almost impossible to learn the personality
of each individual follower before hand, we always assume a homogeneous model
for them. An example optimal control problem in the time horizon [t0, tf ] can be

3in terms of linear leader follower interaction

8



1.1. Background and Motivations

written as
min
u(t)

Φ(tf , z(tf )) +
∫ tf
t0
L(t, z(t), zl(t), u(t))dt

s.t. ż(t) = f(t, z(t), zl(t))
żl(t) = g(t, zl(t), u(t))
z(t0), zl(t0) given
u(t) ∈ U(t, zl(t)).

(1.3)

where z(t) and zl(t) are the vector of all the position of the followers and the
leaders, and functions f and g are dynamics of the followers and the leaders, re-
spectively; u(t) is the control that will influence the motion of the leaders; Φ and
L are the cost functions. The complexity of solving (1.3) varies a lot with different
choices of all the functions. Linear f and g usually give much easier solutions
because the solutions to linear systems have analytical expressions. However, lin-
ear models are very unrealistic and have bad simulation results in general. On the
contrary, nonlinear models greatly increases the difficulty of solving (1.3) since no
exact solutions can be given. Numerical solutions to (1.3) is also hard to obtain
when the size of z(t), i.e. the number of the followers, is large.

Besides the solvability of the optimal control problem, there is a more critical
difficulty hidden in the mathematical expressions if one wishes to implement the
result in practice. The solution to the optimal control problem (1.3) surely depends
on the initial positions z(t0). In order to obtain the optimal control, one needs
to measure all the individual positions from t0. Moreover, if a feedback solution
can be written, one needs to measure the positions continuously. This is almost
impossible when the population is large because each individual agent needs to be
tracked. Statistical status of the crowd might be observed by the cameras and an
approximation of the position distribution can be made, but indexing the agents
will again be a huge problem, for each calculation step. Thus, even if someone
can find an efficient way to solve (1.3), the algorithm is not applicable for practical
uses.

As mentioned, the statistical status might be available by the modern camera
technologies. Instead of an optimal solution to the original problem, we try to ob-
tain suboptimal solutions by constraining the control with only the information of
statistical properties of the crowd and the information of the leaders (by assuming
that they can communicate with each other). We choose to use moments of the
crowd in a two-dimensional space that are defined as follows.

Mab(t) =
1

n

n∑
i=1

zix(t)aziy(t)
b, (1.4)

9



1. INTRODUCTION

is called the ab-moment of the crowd, where zix(t) and ziy are the x and y co-
ordinates, respectively, of the position zi(t) of agent i, and a, b are nonnegative
integers. If a + b = k, we also call Mab a k-th order moment. The idea is that
by using only moments up to a certain order, and leaders information, we can de-
sign an suboptimal control for the leaders to achieve certain group behavior of the
crowd. The group behavior can be migration or changing formation, depends on
the choice of the objective functions.

It is also interesting that the multi-agent systems are not limited for modeling
the behavior of a group of objects, they can also be used in some continuum ob-
jects. One can model the density of a certain chemical substance inside water or
air as a continuum function. From a macroscopic perspective, the density can be
written as a solution to a partial differential equation known as the Fokker-Planck
equation[3]. Nevertheless, we can also consider, in a microscopic way, the behav-
ior of each individual molecule or small groups of molecules that are very close
to each other. By studying the possible interaction among the molecules, one can
write down a multi-agent system with extremely high dimension. Fortunately, what
people are interested in is that the collective behavior instead of individual behav-
ior of the molecules. The moments of the molecule crowd can be approximated
by integrating the density function with proper measure, since the total number of
molecules is massive. As a result, for problems such as eliminating the chemical
substance, we can write down an optimal control problem and use only density
information to find a best way to solve it.

1.2 Main Contribution

The main contribution of the work includes

• providing conditions for the original Hegselmann-Krauss model and a mod-
ified version of the model to reach consensus;

• analysis of the state behavior if the H-K model is coupled with an exo-
system;

• deriving exact solutions to optimal control problems for multi-agent systems
with linear leader-follower dynamics;

• introducing an algorithm that provides suboptimal control by using only sta-
tistical information of the agent crowd.
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1.2. Main Contribution

We provide a sufficient but not necessary condition on the initial opinion distri-
bution for guaranteed consensus. The condition requires each pair of neighboring
agents has their common neighbors more than half of the total number of agents.
This coincide with the 2-R conjecture4 if the initial distribution is uniform and the
total number goes to infinity. The condition is not necessary since counter exam-
ples can be listed. A similar result is given for smoothed H-K model.

A modified H-K model is introduced that can guarantee consensus for al-
most all initial opinion distributions if the corresponding graph is initially con-
nected. The model involves counting the number of common neighbors between
two neighboring agents, which can measured individually. The result indicates that
one should respect more of the opinions that are isolated. The model is not a real-
istic model for how people being influenced by the others, but it gives a possible
guideline if we want to reach a harmony in a society.

If external intervention can be added to the opinion dynamics, reaching con-
sensus is much easier if the exo-system has a good design. We give conditions for
the exo-system so that the opinions in the original system reach consensus. The
exo-system can be regarded as social media or newly established parties if one
wants to apply the model for political scenarios. The theories showed in the thesis
can potentially provide a strategy for propagating the opinions.

We also get some results for optimal control problem with leader-follower
based multi-agent systems. If the system dynamics is linear, exact solutions can be
derived by using the Pontryagin minimum principle with different boundary con-
ditions. Some of the parameters in the solution may need to be calculated before
hand.

An algorithm for obtaining a suboptimal solution is provided by using only
the information of the statistic properties of the crowd instead of individual po-
sitions. Dynamic programming is used in the algorithm and a Hamilton-Jacobi-
Bellman (HJB) equation needs to be solved with the dimension related to how
many moments one choose. The complexity of solving the HJB equation is still
high although it is irrelevant to the scale of the original problem. As a result, the
algorithm can be applied to large system without an increase of the computational
burden. The algorithm can even be extended to problems with continuum state
since any discretization in the space will be solvable.

4the conjecture that the consensus is almost surely reached if the spread of the initial opinions is
smaller than double the confidence level

11



1. INTRODUCTION

1.3 Summary of the Appended Papers

Paper A Opinion Consensus of Modified Hegselmann-Krause Models

This paper is co-authored with Dimos Dimarogonas and Xiaoming Hu, and is pub-
lished at Automatica

Paper A concerns the sufficient conditions for bounded confidence opinion
dynamics to reach consensus. The paper mainly focuses on the continuous-time
Hegselmann-Krause (H-K) model. Firstly, a condition on the initial opinion dis-
tribution is given to guarantee consensus. If the number of common neighbors
between any pair of neighboring agents is larger than half of the total number of
agents, then no edge will be lost when time evolves. If the initial graph is also
connected, the consensus is then guaranteed. Lately, a modified H-K model is pro-
posed that will keep the graph connectivity for any initial condition that forms a
connected graph. In that model, each agent influences its neighbor by a weight of
one over the number of common neighbors between them. The key to this model
is that if there is no common neighbors between an adjacent pair of agents, the
link between them will not break. The graph connectivity will not be lost since
all the paths will be maintained, although certain links are allowed to break dur-
ing transient. A smoothed H-K model is also discussed and weaker conditions for
guaranteeing consensus are given. Several Numerical experiments are carried out
to illustrate the theoretical results.

Paper B Opinion Consensus under External Influences

This paper is co-authored with Dimos Dimarogonas and Xiaoming Hu, and is sub-
mitted to Systems & Control Letters

Paper B considers the Hegselmann-Krause model with exo-system that gener-
ates exo-opinions. The normal agents regard the other opinions (including normal
opinions and exo-opinions) in a homogeneous way, while the exo-opinions have
their own dynamical systems. The main theorem of the paper tells that if the exo-
opinions are initially positioned well, move slowly enough, and converge to the
same curve, the normal opinion will reach consensus. Furthermore, if one wants
that the normal opinions converge to the same constant, the exo-opinions also need
to converge to that constant. However, it is not always needed that the exo-opinions
converge in order that the normal opinions reach consensus. It is shown that if the
exo-opinions are limited in a bounded small region after some time, the normal
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opinions will also reach agreement. Simulations in different scenarios are shown
in the paper.

Paper C Optimal Leader-follower Control for Crowd Evacuation

This paper is co-authored with Dimos Dimarogonas and Xiaoming Hu, and is pub-
lished at Proceedings of 52nd IEEE Conference of Decision and Control, 2013

Paper C concerns the optimal control problems for a linear leader-follower
multi-agent system. The followers have linear interaction with each other, and
always move towards the leader. The motions of the leaders are unknown variables
that need to be optimized. With different choice of objective functions and bound-
ary conditions, different analytical optimal solutions are provided in the paper. The
Pontryagin minimum principle is the main tool for deriving the optimal solutions.
For certain types of problems, a static optimization5 need to pre-solved. Simula-
tions are carried out with the exact model as well as with a nonlinear model, by
using the calculated optimal control.

Paper D Shaping up Crowd of Agents through Controlling Their
Statistical Moments

This paper is co-authored with Dimos Dimarogonas and Xiaoming Hu, and is pub-
lished at Proceedings of European Control Conference 2015

Paper D provides an algorithm of calculation suboptimal solution to a special
nonlinear leader-follower crowd dynamics. The suboptimal is in the sense that
the control only depends on the statistical properties of the crowd instead of the
individual states of the followers. In most of the practical scenarios, individual
states are very difficult to measure or to estimate, especially when the problem
size is large. The statistical moments can be approximated by cameras or other
devices. The algorithm uses the dynamic programming approach, and a perturbed
Hamilton-Jacobi-Bellman equation needs to be solved. The perturbed equation
has much lower dimension than that with the original problem. The result can be
used to reformat the crowd since moments have strong connection with the shape.
Several numerical experiment are carried to show the performance of the calculated
suboptimal solution.

5static means that no dynamics in involved
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1. INTRODUCTION

Paper E Optimal Control Using Microscopic Models for a Pollutant
Elimination

This paper is co-authored with Xiaoming Hu, and is accepted by Journal of Systems
Science and Complexity

Paper E gives a new thought for solving optimal control problem with partial
differential equations. Instead of deriving and solving optimality conditions for
the problem, one can discretized the model in space and write down a large multi-
agent system. By using the techniques introduced in Paper D, the fineness will not
change the computational complexity too much. A pollutant elimination problem is
studied as a target problem, where there are toxicant and cleaning agents existing
all the time. The algorithm in this paper provides of the suboptimal movement
for the cleaning agents with the information of the toxicant moments, or density
distribution
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Chapter: 2

Preliminaries

This chapter provides an overview of some well-known concepts and theories in
control theory. The purpose of the chapter is to give a brief introduction to the
readers who may be unfamiliar with the field. Most of the concepts will be used in
the appended papers and they will not be redefined there. Since all the theories in
this chapter has been well-established, the proof of the theorems in this chapter will
be omitted. There is a list of books cited in the end of the chapter for the readers
who are interested in the detailed mathematics behind.

This chapter is outlined as follows. Section II.1 gives a short introduction of
the mathematical systems theory including the well-known definitions. A glance of
multi-agent system is included in Section II.2. The classic optimal control theory
is introduced in Section II.3.

2.1 Mathematical Systems Theory

The terminology of system and control does not have a very long history. People
started to combine the two words to describe a certain class of problems since
middle of the twentieth century, when engineers began to use tools of modern
mathematics to regulate different types of systems. Nevertheless, each individual
word has a much longer history. A system is simply a combination of interacting
or independent things. Systems existed even from the beginning of the universe,
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2. PRELIMINARIES

depending on how people defined it. The systems in system and control usually
refer to a physical or chemical system, which are usually called plants. It can also
be extended to e.g. biological or economical systems if models can be given. Since
people usually concern more about the time evolution of the system, the concept
of dynamical system is introduced to describe the time dependence of the status
of the system. For example, the weather of the whole earth can be regarded as
a dynamical system since it is changing consistently and surely depends on time.
More importantly, for most dynamical systems, the current status of the system
highly depends on the accumulation of the previous status. Let us use the example
of weather again. The weather at the current time is the result of the combination
of the temperature, the wind, the cloud and all the other factors during the amount
of time before, and it will probably decide the weather in the future apart from
other possible uncertainties. Unfortunately, the system of the weather belongs to
a type of system called chaotic system, meaning that a small disturbance of the
system could lead it to any possible status over a long time. This is why a long-
time prediction for weather is difficult and in general inaccurate. Chaos will not be
discussed in this thesis.

There also exist systems that have simple models when disregarding certain
complex factors and still have very accurate description of the system. Many mod-
els in the economics field are in that type, as well as some physical systems. Let
us go back to high school physics class when Newton’s laws of motion are taught.
Almost everyone needs to do the experiment that one gives a toy car certain amount
of force and measure the speed of it. The experiment result follows Newton’s law
quite well even if the friction is not considered. We can actually write down New-
ton’s second law of motion as a system. If denoting v as the velocity of the toy car,
F as the force applied to the car, and m as the mass of the toy car, we can have

dv

dt
=
F

m
, (2.1)

where dv
dt is the time derivative of the velocity as known as the acceleration. One

can already taste the flavor of system theory from this simple equation. Consider
that the force F is something one can adjust over time and the speed v is the status
wanted. A good question is that in order to reach that speed within this amount
of time, how much forces should be applied. The force here is considered to be
the control signal that is an input to the system, while the velocity is what we can
measure and is call the output of the system. Two mathematical definitions of
dynamical input-output systems can be given as follows, in both continuous-time
and discrete-time setting:
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2.1. Mathematical Systems Theory

Definition 2.1.1 (continuous-time dynamical system). A continuous-time dynami-
cal system is a set of equations

ẋ(t) = f(t, x(t), u(t))
y(t) = h(t, x(t), u(t)),

(2.2)

where x(t) ∈ Rn is the state variable, u(t) ∈ Rm is the control input, y(t) ∈ Rp
is the output and t is the time. If m = p = 1, the system is called a single-input
single-out (SISO) system. If m > 1 or p > 1, the system is called a multi-input
multi-out (MIMO) system.

Definition 2.1.2 (discrete-time dynamical system). A discrete-time dynamical sys-
tem is a set of equations

x(tk+1) = f̂(tk, x(tk), u(tk))

y(tk) = ĥ(tk, x(tk), u(tk)),
(2.3)

where x(tk) ∈ Rn, u(tk) ∈ Rm, y(tk) ∈ Rp for all k share the same name as for
the continuous-time system, respectively.

In this thesis, we will mostly focus on continuous-time systems. The rest of
concepts in this chapter also have their discrete-time versions but will be omit-
ted. In engineering physics, people are particularly interested in a special type of
systems where the time variable is implicit in the equations of the system.

Definition 2.1.3 (autonomous system). A system is called an autonomous system
if it is in the form of

ẋ(t) = f(x(t), u(t))
y(t) = h(x(t), u(t)),

(2.4)

where the time variable t does not appear explicitly in the functions f and h.

In most cases, a mechanical device should be running in an identical way no
matter when to start it, if ignoring the possible change of the surrounding envi-
ronment. As a result, in engineering, many practical systems can be modeled as
autonomous systems. Moreover, autonomous systems also appear in the field of
chemistry, biology, and social science. An autonomous system, as a special case of
a general control system, has some nice analytical properties that will be introduced
in the rest of the chapter through different topics.

Among all the possible choices of the systems, there is a type of them called
linear systems, which can be analyzed relatively easily.
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2. PRELIMINARIES

Definition 2.1.4 (linear system). A system is called a linear system if it is in the
form of

ẋ(t) = A(t)x(t) +B(t)u(t)
y(t) = C(t)x(t) +D(t)u(t),

(2.5)

where A(t), B(t), C(t), and D(t) are matrix valued functions of time with proper
dimensions.

We will discuss linear systems more detailedly in a followed section.

Definition 2.1.5 (controllability). The control system (2.2) is called controllable
if for any given x1 ∈ Rn and x2 ∈ Rn, and any given finite time interval [t1, t2],
there exists at least one control signal u(t) that drives the state x(t) from x1 to x2

within the time interval.

Definition 2.1.6 (observability). The control system (2.2) is called observable if
for any given control input, the current state x(t) can be determined in finite time
using only the outputs y(τ) for τ in some finite interval.

Controllability and observability are both fundamental concepts in system and
control. If one wants the system to achieve any possible goal when applying the
“right" control, then controllability is needed. If one wants to know the status of
the system by only looking at the measurement, then observability is needed. The
two concepts are also considered to be dual to each other in the systems theory. In
order to understand those two definitions better, we will provide further discussion
in the linear system case in the linear systems subsection. Before that, there are a
set of more essential definitions need to be given, which includes the definition of
the state x(t).

Solutions to the differential equation

The differential equations in (2.2) define a system with the solution x(t) to them as
the state variables. Unfortunately, if no further condition is given, the existence and
the uniqueness of the solution are not guaranteed in general. One cannot discuss
the possible properties of the state without knowing whether it exists or not. We
introduce some theories in ordinary differential equation (ODE) in this subsection.

Definition 2.1.7. An initial value problem is a differential equation

ẋ(t) = f(t, x(t)) (2.6)
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with f : Ω ⊂ R× Rn → Rn where Ω is an open set of R×Rn, together with a point
in the domain of f(t0, x0) ∈ Ω, called the initial condition. A (classical) solution
to an initial value problem is a function x(t) that is a solution to the differential
equation (2.6) and satisfies x(t0) = x0.

Without specifying, the state response x(t) is a classical solution to the corre-
sponding initial value problem.

Theorem 2.1.8. Consider the initial value problem

ẋ(t) = f(t, x(t))
x(t0) = x0.

(2.7)

Suppose f is uniformly Lipschitz continuous in x and continuous in t. Then for
some value ε > 0, there exists a unique solution x(t) to the initial value problem
(2.13) on the interval (t0 − ε, t0 + ε).

Theorem 2.1.8 guarantees the exisitence and uniqueness for an initial value
problem once the function f on the right-hand-side is Lipschitz continuous. How-
ever, it could happen that the function f is not Lipschitz continuous or even not
continuous. In those cases, more general definition of the solutions are given.

Definition 2.1.9 (Carathéodory solution). A Carathéodory solution to the initial
value problem

ẋ(t) = f(t, x(t))
x(t0) = x0.

(2.8)

is a continuous function x(t) satisfies x(t0) = x0 and fulfills the differential equa-
tion for almost all t.

A classical solution is by definition a Carathéodory solution, and more im-
portantly, Carathéodory solutions exit for discontinuous f based on the following
theorem.

Theorem 2.1.10. Consider the initial value problem

ẋ(t) = f(t, x(t))
x(t0) = x0.

(2.9)

with f defined on the rectangular domain R = {(t, x) | |t− t0| ≤ a, |x−x0| ≤ b}.
If the function f satisfies the following three conditions:
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• f(t, x) is continuous in x for each fixed t,

• f(t, x) is measurable in t for each fixed x,

• there is a Lebesgue-integrable function m(t) such that |f(t, x)| ≤ m(t) for
all (t, x) ∈ R,

then there exists a Carathéodory solution x(t) to the initial value problem (2.13)
on the interval [t0 − a, t0 + a].

Unfortunately, Carathéodory solutions still need f to be continuous on x. There
are even more general definitions of solutions, one of which is called Krasovskii
solution.

Definition 2.1.11 (Krasovskii solution). A Krasovskii solution to the initial value
problem

ẋ(t) = f(t, x(t))
x(t0) = x0.

(2.10)

is a continuous function x(t) satisfies x(t0) = x0 and

ẋ(t) ∈ Kf(t, x(t)) (2.11)

for almost every t ∈ [t0 − a, t0 + a], where

Kf(t, x(t)) =
⋂
δ>0

co{f(t, y) : ‖y − x‖ < δ}, (2.12)

and co(·) denotes the closed convex hull.

Theorem 2.1.12. Consider the initial value problem

ẋ(t) = f(t, x(t))
x(t0) = x0.

(2.13)

If the function f is locally bounded, then for some value ε > 0, there exists a
Krasovskii solution x(t) to the initial value problem (2.13) on the interval [t0 −
ε, t0 + ε].

Remark 2.1.13. Here gives a short remark of the different types of solution. Kraso-
vskii solution exists when f is locally bounded. Carathéodory solution exists when
f is locally bounded and continuous on x. Carathéodory solution is a Krasovskii
solution. Classical solution exists when f is continuous and Lipschitz continuous
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on x. Classical solution is a Carathéodory solution. There is no uniqueness guaran-
tee for either Carathéodroy solution or Krasovskii solution. When f is continuous,
the definition of Carathéodory solution and Krasovskii solution coincide with the
definition of the classical solution.

Linear systems

When f is continuous in (2.2), we always think the state as a classical solution.
In this subsection, we focus on the cases where the function f is linear on x. In
those cases, the system is called a linear system as defined previously. Properties
of linear systems and their solutions are introduced. Consider a linear system with
an initial value

ẋ(t) = A(t)x(t) +B(t)u(t)
x(t0) = x0

y(t) = C(t)x(t) +D(t)u(t),
(2.14)

where A(t), B(t), C(t), and D(t) are all continuous matrix-valued function with
proper dimensions and all bounded at t01.

Definition 2.1.14 (state-transition matrix). Let ej ∈ Rn denote the j’th unit vector
in Rn and Φj(t, t0) ∈ Rn be the unique solution to the initial value problem

ẋ(t) = A(t)x(t)
x(t0) = ej .

(2.15)

The state-transition matrix Φ(t, t0) ∈ Rn×n is defined by

Φ(t, t0) =
[
Φ1(t, t0) Φ2(t, t0) · · · Φn(t, t0)

]
(2.16)

The state-transition matrix is uniquely defined by the functionA(t) but without
analytical expression in general. If the function A(t) is constant, i.e., A(t) ≡ A
for all t, one can derive that

Φ(t, t0) = eA(t−t0). (2.17)

Once the state-transition matrix is defined, there is an explicit expression for the
solution to the linear system

1the assumptions added here is to guarantee the existence and uniqueness of the classical solution
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Theorem 2.1.15. Let Φ(t, t0) be the state-transition matrix of ẋ(t) = A(t)x(t).
Then the solution x(t) to the initial value problem in (2.14) can be written as

x(t) = Φ(t, t0)x0 +

∫ t

t0

Φ(t, s)B(s)u(s)ds (2.18)

Since the exact solution to the differential equation can be written, there are
equivalent conditions to the concept of controllability and observability for linear
systems.

Definition 2.1.16 (controllability Gramian). The controllability Gramian of the
system (2.14) is the n× n-matrix

W (t1, t2) =

∫ t2

t1

Φ(t2, s)B(s)B(s)TΦ(t2, s)
Tds (2.19)

Theorem 2.1.17. The linear system (2.14) is controllable if and only if the control-
lability Gramian W (t1, t2) is non-singular for any t1 and t2.

Definition 2.1.18 (observability Gramian). The observability Gramian of the sys-
tem (2.14) is the n× n-matrix

M(t1, t2) =

∫ t2

t1

Φ(t2, s)
TC(s)TC(s)TΦ(t2, s)ds (2.20)

Theorem 2.1.19. The linear system (2.14) is observable if and only if the observ-
ability Gramian M(t1, t2) is non-singular for any t1 and t2.

Stability

In the systems theory, stability is an extremely important concept. We use this
subsection to introduce and discuss the stability analysis of different systems. The
concept origins from practical systems that have to face disturbances and uncer-
tainties in the real world. Literally, the word stability indicates a self-organized
behavior that can handle and fix errors generated by the disturbances. Mathemati-
cally, we can define stability of a system as follows.

Definition 2.1.20. For a autonomous system without control, let x(t, t0, x0) denote
the solution to the initial value problem

ẋ(t) = f(x(t))
x(t0) = x0.

(2.21)

We say that locally
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1. x = x∗ is an equilibrium of (2.21) if f(x∗) = 0.

2. the equilibrium x = x∗ is stable if for any ε > 0, there exist δ > 0 such that

‖x(t, t0, x0)− x∗‖ < ε for all t ≥ t0 as long as ‖x0 − x∗‖ < δ.

3. the equilibrium x = x∗ is unstable if it is not stable.

4. the equilibrium x = x∗ is attractive if there exist η > 0 such that

lim
t→∞

x(t, t0, x0) = x∗ as long as ‖x0 − x∗‖ < η.

5. the equilibrium x = x∗ is asymptotically stable if it is both stable and attrac-
tive.

6. the equilibrium x = x∗ is exponentially stable if there exit k > 0, r > 0 and
a neighborhood N(x∗) around the point x∗ such that

‖x(t, t0, x0)− x∗‖ < k‖x0‖e−r(t−t0) for all t ≥ t0 as long as x0 ∈ N(x∗).

All the above definitions are in the sense of local stability. Global versions of
stability and attractiveness are defined also in the literature, but are omitted in this
thesis. All the stability concepts involved in this thesis are local results. In system
theory, people usually consider the stability around the origin, i.e., x∗ = 0, since
one can always change coordinates and move x∗ to zero. Without losing generality,
we assume that x∗ = 0 from now on.

There is a common way to check stability in the control society by using Lya-
punov function defined as below.

Definition 2.1.21 (Lyapunov function). Let V : Rn → R be a continuous scalar
function. V is a Lyapunov function candidate if it is a locally positive-definite
function, i.e.

V (0) = 0, and V (x) > 0 ∀x ∈ B \ {0}

with B being some neighbourhood around x = 0.

Theorem 2.1.22. The equilibrium x = 0 of the system (2.21) is

• stable if there is a locally positive definite Lyapunov function candidate V (x)
such that V̇ (x) ≤ 0 for all x 6= 0, or

25



2. PRELIMINARIES

• asymptotically stable if there is a locally positive definite Lyapunov function
candidate V (x) such that V̇ (x) < 0 for all x 6= 0,

where V̇ (x) = d
dtV (x) = ∇V · ẋ = ∇V · f(x)

Sometimes, we also need the following Lasalle’s invariant principle to show
asymptotic stability if it is difficult to find a Lyapunov function candidate that has
strict negative derivative.

Definition 2.1.23 (positive invariant set). A set O is called a (positive) invariant
set to the system (2.21) if for any x0 ∈ O the trajectory x(t, t0, x0) ∈ O for all
t ≥ t0.

Theorem 2.1.24. If a continuous function V (x) can be found such that V̇ (x) ≤ 0
for all x, then the solution x(t, t0, x0) to the system (2.21) converges to the largest
invariant set I that is contained in the set {x : V̇ (x) = 0}. If we additionally
have that the function V (x) is positive definite, i.e. V (x) > 0, for all x 6= 0, and
V (0) = 0, and if I contains no trajectory of the system except the trivial trajectory
x(t) = 0 for t ≥ 0, then the origin is asymptotically stable.

If the system is a linear autonomous system, then there is a easy way to check
the asymptotic stability of the origin.

Theorem 2.1.25. For the linear system

ẋ(t) = Ax(t), (2.22)

the origin is asymptotically stable if and only if all the eigenvalues of the matrix A
have negative real parts.
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2.2 Multi-agent Systems Theory

The research of Multi-agent systems started from the last decade of the twentieth
century, when mathematicians combined control theory and graph theory and ob-
tained some neat results for a special type of systems. The name “multi-agent"
indicates that the system consists of several individual sub-systems called agents
that share the same or similar dynamics and have interaction with each other The
idea mostly comes from the observation of the biological systems, e.g., animal
flocks. A group of low-intelligent animals usually accomplish tasks by performing
simple individual actions while communicating with each other. More importantly,
there may not be a centralized controller that can command all the individuals in
the group. The global behavior of the group is the result of local interactions,
which is usually very efficient. It is commonly agreed in the human society that
the concept of “wisdom of groups" is in general true. However, how much can the
individual interactions affect the whole group behavior is always a complex ques-
tion. Mathematicians use models with numbers to do analysis, which ends up with
the multi-agent systems theory.
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A general multi-agent system with n agents is given by:

ẋi(t) = fi(t, x(t), u(t)), for i = 1, 2, · · · , n, (2.23)

where each xi(t) ∈ Rm is the state variable for agent i, and x(t) is the vector stack
of all the state, i.e.,

x(t) =


x1(t)
x2(t)

...
xn(t)

 ,
u(t) is the control input, and fi is the dynamics function of the agent i with proper
dimension. Moreover, a self-organized autonomous multi-agent system is:

ẋi(t) = fi(x(t)), for i = 1, 2, · · · , n. (2.24)

The above multi-agent systems have assumption that each agent in the system can
get access to the state information of all the other agents. If only limited commu-
nications among agents are allowed, we need to change the system (2.23) or (2.24)
to a distributed form. Before that, some definitions in the graph theory need to be
mentioned, since a network will be used in the distributed system.

Graph theory

A graph, usually denoted as G = (V,E), is a combination of a set of nodes (ver-
tices) and selected choices of ordered pairs of the nodes called edges. Suppose
there are N nodes in the graph, and we number them from 1 to n. Then the set of
nodes V can be written as V = {1, 2, · · · , n} and the set of edges E consists of
pairs (i, j) for i, j ∈ V . There some basic concept from graph theory defined as
follows:

Definition 2.2.1. A graph is called an undirected graph if the (i, j) ∈ E would
imply that (j, i) ∈ E.

Definition 2.2.2. A graph is called directed if it is not undirected.

The following definitions are only for undirected graphs. Directed graphs also
have corresponding extensions of these concepts.

Definition 2.2.3. Two nodes i and j are called adjacent if (i, j) ∈ E. Sometimes,
we also say that node j is a neighbor of node i
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Definition 2.2.4. A graph is called complete if any pair of nodes of it are adjacent.

Definition 2.2.5. The set of neighbors of node i, denoted by Ni, is the set of all
adjacent nodes of node i.

Definition 2.2.6. A path from a node i to another node j is a sequence of distinct
nodes starting with i and ending with j, in which each node is adjacent to its next
node.

Definition 2.2.7. Two nodes i and j are called connected if there exists at least one
path from i to j.

Definition 2.2.8. An undirected graph is call a connected graph if any pair of nodes
in it is connected.

Definition 2.2.9. The degree of node i is the number of all its adjacent nodes.

Definition 2.2.10. The degree matrix of the graph G = (V,E) is a diagonal N -
by-N matrix D, where

Dii = the degree of the node i, for i = 1, 2, · · · , n. (2.25)

Definition 2.2.11. The adjacency matrix of the graph G = (V,E) is an n-by-n
matrix A, where

Aij =

{
1, if (i, j) ∈ E
0, otherwise

. (2.26)

Definition 2.2.12. The Lapalcian matrix of the graph G = (V,E) is an n-by-n
matrix

L = D −A, (2.27)

where D is the degree matrix and A is the adjacency matrix.

Without specifying, the graph mentioned in this dissertation will be undirected
graph.
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Distributed control and consensus

When communications among the agents in a multi-agent system are limited within
a network, we can assign a graph G = (V,E) to the system where only adjacent
agents (nodes) can exchange information. Although all the state information can
be passed to every agent within certain time delay, there are systems that only use
neighboring information in each agent’s dynamics, without considering time delay.
A mathematical formulation of these systems can be written as:

ẋi(t) = fi(t, xi(t), x
N
i (t)), for i = 1.2. · · · , n, (2.28)

where xNi denotes the stack vector of all the adjacent agents of agent k. One simple
distributed system is a consensus protocol, where each agent move its state towards
the average state of the neighboring agents. The system can be written as

ẋi(t) =
∑
j∈Ni

(xj(t)− xi(t)), (2.29)

whereNi is the set of neighbors of agent i based on the graphG. In the stack form,
we can have a neat expression of the system:

ẋi(t) = −(L⊗ Im)x(t), (2.30)

where L is the Laplacian matrix of the graph, and the notation ⊗ is the Kronecker
product. The Laplacian matrix L, by its definition, is a diagonal dominant matrix,
and hence is positive semi-definite. Moreover, zero is always an eigenvalue of L
with the corresponding eigenvector ~1 =

[
1 1 · · · 1

]T . From the graph theory
we know that the multiplicity of the zero eigenvalue of L is 1 if and only if the
graph is connected. As a result, the following theorem is can be proven.

Theorem 2.2.13. Let the associate graph G be a connected undirected graph.
Then, there exists a vector x∗ ∈ Rm such that the solution to the initial value
problem

ẋi(t) =
∑
j∈Ni

(xj(t)− xi(t))

xi(0) = xi0

, (2.31)

satisfies that xi(t)→ x∗ as t→∞ for any arbitrary initial conditions. Moreover,
we have that x∗ = 1

nxi0.
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2.3 Optimal Control

The history of optimal control can be traced back to the 18th century, when peo-
ple want to find the best curve so that an object can slide along it from point A
to point B in the shortest possible time. Although people will not consider that
problem as an optimal control problem, they share the same ultimate goal: finding
the best continuous function by given dynamic constraints. In reality, people do
optimal control almost all the time. For example, while moving, almost everyone
try to optimize the walking, biking, or driving according to their own objectives,
although most of time we solve the optimal control problem just by experiences
instead of calculations. There are other fields that need more accurate optimal con-
trol obtained through mathematical theories and computations, such as aerospace
applications or economical projects.

Mathematicians started to use the calculus of variations 300 years ago to max-
imizing or minimizing functionals. The dynamic programming approach that uses
the Hamilton-Jacobi-Bellman equation is generalization of the calculus of varia-
tions. With the development of the optimization theory and functional analysis,
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people realized that the optimal control problem is still an optimization problem
but over an infinite dimensional space. The optimality condition can also be given
with proper definitions. The Pontryagin minimum principle is one of the most gen-
eral necessary conditions for optimality. In this section, a standard optimal control
problem is introduced and both the dynamic programming approach and the Pon-
tryagin minimum principle are stated.

Consider a general optimal control problem

min
u(t)

Φ(tf , x(tf )) +
∫ tf
t0
L(t, x(t), u(t))dt

s.t. ẋ(t) = f(t, x(t), u(t))
x(t0) = x0

u(t) ∈ U(t, x(t)).

(2.32)

where x(t) ∈ Rn is the state, u(t) ∈ Rm is the control, t is the independent
variable (generally speaking, time), t0 is the initial time, and tf is the terminal
time. The terms Φ and L are usually called the terminal cost and the on-going cost,
respectively. The differential equations in (2.32) are called the system equations
and the closed set U(t, x(t)) is called the control constraint. A (local) optimal
solution to 2.32 is the pair (x∗(t), u∗(t)) that satisfies all the constraints and makes
the total cost Φ(tf , x

∗(tf )) +
∫ tf
t0
L(t, x∗(t), u∗(t))dt smaller or equal to the cost

generated by all the other feasible pair (x(t), u(t)) in the neighborhood. Due to the
complex nature of the differential equations, i.e., the different types of solutions,
the existence and uniqueness of the local optimal solution is not guaranteed for the
problem (2.32) without any further assumptions.

Dynamic programming

The dynamic programming is based on the principle of optimality described by
Richard Bellman in his book as:

Principle of Optimality: An optimal policy has the property that what-
ever the initial state and initial decision are, the remaining decisions
must constitute an optimal policy with regard to the state resulting
from the first decision.

The principle is intuitive and can be analytically proven in the optimal control set-
ting. Based on this principle, the dynamic programming approach can be described
by the following verification theorem
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Theorem 2.3.1. Suppose there exists a continuous function V : [t0, tf ]×Rn → R
such that:

(i) V (t, x) solves the Hamilton-Jacobi-Bellman (HJB) equation

−∂V
∂t (t, x) = min

u∈U(t,x)

{
L(t, x, u) + ∂V

∂x (t, x)f(t, x, u)
}

V (tf , x) = Φ(tf , x)
(2.33)

(ii) u∗(t, x) = arg min
u∈U(t,x)

{
L(t, x, u) + ∂V

∂x (t, x)f(t, x, u)
}

is a piecewise contin-

uous function for any closed loop solution.

Then

(a) V (t0, x0) is the optimal cost

(b) u∗(t, x) is the optimal feedback control law.

Theorem 2.3.1 provides a sufficient condition for a solution to be optimal af-
ter solving the partial differential equation (2.33) as known as the HJB equation.
Unfortunately, for generic optimal control problem, there is no efficient way to
solve this equation, either analytically or numerically. For certain types of optimal
control problem the HJB equation will lead to easier expressions. For example,
linear-quadratic (LQ) problem (quadratic Φ and L, and linear f , with respect to x
and u) will end up with a Riccati equation.

Pontryagin minimum principle

Different from the dynamic programming approach, the Pontryagin minimum (or
maximum) principle (PMP) gives a set of necessary conditions for a control input
u∗(t) together with the corresponding state x∗(t) to be optimal.

Definition 2.3.2 (Hamiltonian). The Hamiltonian of the problem (2.32) is defined
by

H(t, x, u, λ) = L(t, x, u) + λT f(t, x, u), (2.34)

where the differentiable function λ(t) ∈ Rn is called the Lagrange multiplier or
adjoint variable.

Theorem 2.3.3. Let u∗(t) be an optimal control for (2.32) and let x∗(t) be the
corresponding trajectory. Then there exists an adjoint variable λ(t) such that
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(i) λ(t) satisfies the adjoint equation

λ̇(t) = −∂H
∂x

(t, x∗(t), u∗(t), λ(t)), λ(tf ) =
∂Φ

∂x
(tf , x(tf )). (2.35)

(ii) u∗(t) is the point-wise minimizer of the Hamiltonian

u∗(t) = arg min
u∈U(t,x∗)

H(t, x∗(t), u, λ(t)) (2.36)

The algorithm uses PMP involves solving two coupled sets of ordinary differ-
ential equations (the system equation and the adjoint equation) with mixed types
of boundary conditions. Those ordinary differential equations are not easy to solve
in general, with either analytical or numerical perspective.

There are also different versions of the Pontryagin minimum principle for opti-
mal control problems with different boundary constraints, e.g., terminal constraint
for the state and/or a free choice of tf . The corresponding minimum principles will
be stated in the appended papers when used and are omitted in this chapter.

Remark 2.3.4. The solvability of an optimal control problem highly relies on its
structure with both dynamic programming algorithm and Pontryagin minimum
principle. For problems with special structure, analytical solution is possible to
be derived using both approaches. For low dimension problems (n small), one can
always try numerical methods to solve the HJB equation. A so-called “shooting
method” can be used to solve the ordinary differential equations in PMP. However,
a universal efficient method for generic optimal control problem is still open to be
discovered.

Model predictive control

The model predictive control (MPC) is a method to approach the optimal control
of a complex system by acceptable sacrificing of the accuracy of the solution. The
key idea is to shorten the time horizon of the problem by predicting the future cost
according to the model. The mathematical formulation of the MPC algorithm can
be expressed as follows:
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Definition 2.3.5. û∗(t) is a model predictive control of the optimal control problem
(2.32) if, for a given T > 0, it is the optimal control of the following problem:

min
u(τ)

Φ̂(t+ T, x(t+ T )) +
∫ t+T
t L(τ, x(τ), uτ))dτ

s.t. ẋ(τ) = f(τ, x(τ), u(τ))
x(t) = x̂∗(t)
u(τ) ∈ U(τ, x(τ)).

(2.37)

where x̂∗(t) is the corresponding MPC state, and Φ̂(s, y(s)) is an approximation
of the optimal cost of the “future” problem

min
u(τ)

Φ(tf + x(tf )) +
∫ tf
s L(τ, x(τ), uτ))dτ

s.t. ẋ(τ) = f(τ, x(τ), u(τ))
x(s) = y(s)
u(τ) ∈ U(τ, x(τ)).

(2.38)

It can be shown that if Φ̂ is exactly the optimal cost of (2.38), then û∗(t) is the
optical control to the original problem (2.32). Otherwise, it can only be considered
as a sub-optimal solution. A bad choice of Φ̂ and T can lead to instability and
infeasibility issues. There are analysis of how to choose them to avoid the issues.
In practice, the MPC algorithm works very well for most engineering systems, even
for small prediction horizon T .
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Abstract

We consider the opinion consensus problem using a multi-agent setting based
on the Hegselmann-Krause (H-K) Model. Firstly, we give a sufficient condi-
tion on the initial opinion distribution so that the system will converge to only
one cluster. Then, modified models are proposed to guarantee convergence
for more general initial conditions. The overall connectivity is maintained
with these models, while the loss of certain edges can occur. Furthermore,
a smooth control protocol is provided to avoid the difficulties that may arise
due to the discontinuous right-hand side in the H-K model.

Keywords: opinion dynamics, multi-agent systems

A.1 Introduction

The opinion consensus problem is about opinion compromise of a certain event
by different agents. Assume that opinion is continuous, and that all agents have
bounded confidence in the way that they only consider the opinion that is close to
their own opinion. Agent-based models of opinion dynamics under these assump-
tions have been established in the beginning of this century by Hegselmann and
Krause [11] and Weisbuch et al [22]. Both models lead to clustering of opinions in
a similar way. In this paper we will consider the model of Hegselmann and Krause
(H-K).
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The H-K model has attracted significant attention in the past few years, e.g.,
[9], [2], [16], [4], because of its simple model structure and complex evolving
behavior. The previous study about the H-K model shows that not all initial opinion
distributions corresponding to a connected graph will lead to consensus [15], [14],
[2]. This is due to the fact that during the process the graph can keep disconnected
since the neighborhood is based on opinion differences between pairs of agents.
An important result of multi-agent rendezvous problem is that the consensus is
reached if and only if the switching networks are “ultimately connected" proved by
Moreau [17]. The possible permanent loss of connectivity can yield several clusters
of agent opinions in different positions. This phenomenon is also observed in the
paper by Hegselmann and Krause [11]. However, even for the one-dimensional
case, few theoretical results have been obtained so far regarding the relationship
between this loss of connectivity and the initial opinion distribution. We provide a
sufficient condition on the initial state to guarantee consensus in this paper.

On the other hand, instead of imposing constraints on the initial distribution,
one can modify the model to guarantee that consensus is achieved for any initial
opinions. This is related to the connectivity maintenance problem in the multi-
agent systems theory. A way to achieve this is by using potential functions. The
main idea is that the force between two agent opinions becomes infinitely large
when the difference between the opinions becomes big enough, i.e., near the bound-
ary of confidence. This approach has been used by several researchers in the past
few years, e.g., [7], [12]. Bounded controllers for connectivity control are consid-
ered in [13], [8], [21]. The common idea in these papers is that no edge is allowed
to break during the process, thus imposing constraints in the relative states of pairs
of agents that constitute an edge. However, this is only a sufficient condition for
connectivity maintenance because the loss of some “non-crucial" edges may not
influence the connectivity. In this paper we use topological arguments to guar-
antee connectivity instead of applying infinite potentials when an edge is bound
to break. In particular, inspired by the idea used in [10], we show that common
neighbors play an important role in the problem. If two nodes share some common
neighbors, the edge between them can be allowed to break because they are still
connected through the common neighbors. On the contrary, if they do not have any
common neighbors, then the edge becomes crucial and should not be broken.

The modified model that we provide in this paper guarantees opinion consensus
for almost all connected initial opinion distribution, even if the ratio between the
opinion diversity and the confidence bound is significant. Usually one obtains
clustering behavior, i.e., disconnectedness, of the original H-K model when this
ratio is big. This issue is overcome by using the modified model in Section III. A
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requirement of our model is that two or more agents cannot have the same initial
opinions. Since this is a possible scenario in practice, we provide another model to
deal with this case. Furthermore, for the original H-K model, the right-hand side is
not a continuous function of the state x. This results in a measure zero set of initial
conditions from which the solution may not be unique. We introduce in the paper
a smooth modification of the model in order to avoid this.

The remainder of the paper is summarized as follows: in Section II we formu-
late the problem under consideration. The modified version of the H-K model is
presented and analyzed in Section III as well as a sufficient condition for guarantee
consensus. A smoothed version of this is provided in Section IV. Some discussion
about high dimensional scenario is included in Section V. In Section VI we provide
simulations that support the derived theoretical results. Finally, a summary of the
results of this paper as well as possible directions of future work are included in
Section VII.

A.2 Mathematical Preliminaries

A.2.1 Basic concepts from graph theory

In this section, we review some concepts from graph theory that will be used in this
paper. These definitions can be otherwise found in a standard textbook on graph
theory.

Consider a set of n nodes denoted by V = {1, 2, . . . , n} and a subset E ⊂
V × V . We call G = (V,E) a graph with the set of vertices (or nodes) V and
the set of edges E. In G = (V,E), the neighbor set of the vertex i is defined by
Ni = {j ∈ V |(j, i) ∈ E}. A graph G = (V,E) is called undirected if (i, j) ∈ E
implies (j, i) ∈ E. An undirected graph is called simple if it has no loops (edges
connected at both ends to the same vertex) and no more than one edge between
any two different vertices. All the graphs mentioned in this paper will be simple
graphs. In a graph, if there is an edge connecting two vertices, i.e., (i, j) ∈ E,
then these two vertices i, j are called adjacent. A graph is called complete if any
two nodes are adjacent. A path from a vertex i to another vertex j is a sequence of
distinct vertices starting with i and ending with j, in which each vertex is adjacent
to its next vertex. Two vertices i and j are called connected if there exists a path
from i to j. An undirected graph is call a connected graph if any pair of vertices in
it is connected.
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A.2.2 Introduction of Hegselmann-Krause model

Consider a system of n autonomous agents labeled as 1, 2, . . . , n, whose opinions
are located in the one-dimensional Euclidean space R. We denote the set of all
agents as V = {1, 2, . . . , n}. For an agent i ∈ V , the position of its opinion is
denoted by xi(t) ∈ R, and has the following dynamics:

ẋi(t) = ui(t),

where ui(t) is considered as the controller of agent i. The consensus problem is to
find the controllers ui(t) so that the stack state x(t)=

[
x1(t) x2(t) · · · xn(t)

]T
will converge to the subspace generated by the vector~1 =

[
1 1 · · · 1

]T as t→
∞. If the edge set E ⊂ V × V is given, one can then define a graph G = (V,E)
and generate a basic control protocol for the consensus problem:

ẋi(t) = ui(t) =
∑
j∈Ni

(xj(t)− xi(t)) (A.1)

It is well-known that the system (A.1) will converge to the equilibrium xi(t) =
α, i = 1, 2, . . . , n if the graph G is connected, where α = 1

n

∑n
i=1 xi(0).

Now assume that the graph G = (V,E) is defined by V = {1, 2, . . . , n} and
E = {(i, j)|i 6= j, |xi − xj | ≤ d} for some d > 0. Applying the same control
in (A.1) with this definition of the graph, we obtain the Hegselmann-Krause (H-K)
model:

ẋi(t) =
∑

j:|xj−xi|≤d

(xj(t)− xi(t)). (A.2)

Note that the right-hand side of the equation is a discontinuous function with re-
spect to x. In [3], the almost sure existence of solution to this differential equation
have been proved in terms of initial conditions, as well as the convergence. The
definition of proper solution and proper initial conditions are introduced in [3].
From now on, we only consider x(t) as a proper solution, and all the initial condi-
tions are proper in this paper. We call G(t) = (V,E(t)) the corresponding graph
of x(t), where V = {1, 2, . . . , n} and E(t) = {(i, j)|i 6= j, |xi(t)− xj(t)| ≤ d}.

A.3 Non-smooth Model

A.3.1 Sufficient condition for consensus

In this section, we give a sufficient condition on the initial states (opinions) such
that the system will converge to exactly one cluster. The concept of common neigh-
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bor will be used in the theorem.

Definition A.3.1. For a simple graph G = (V,E), the set of common neighbors
between two nodes i and j is defined as:

Nij = {k ∈ V |(i, k) ∈ E, (j, k) ∈ E} = Ni ∩Nj . (A.3)

Note that the set of common neighbors can be defined locally since Nij ⊆ Ni,
agent i only needs to check the relative distance between any neighbor k ∈ Ni and
the agent j.

Theorem A.3.2. For an initial condition x(0) ∈ Rn and the corresponding graph
G(0) = (V,E(0)), ifG(0) is connected and for any pair (i, j) ∈ E(0), it holds that
|Nij | ≥ n

2−2, then the solution to (A.2) will converge to α·~1, where α = 1
n
~1Tx(0).

Proof. Because the initial graph G is connected by assumption, if no edge in E is
lost during the process, the graph G(t) will be always connected. Then it is well-
known that the states will converge to the average value of the initial states. What
we need to show now is that for any pair of vertices (i, j) ∈ E, the distance |xj(t)−
xi(t)|will not exceed the threshold dwhile the number of common neighbors |Nij |
is not smaller than n

2 − 2 at time t. Due to the continuity of x(t), we consider only
the situation that |xj(t) − xi(t)| = d, and assume that xj(t) > xi(t) without loss
of generality. Denote N ′i = Ni \ (Nij ∪ {j}) and N ′j = Nj \ (Nij ∪ {i}). Then
we can compute

d
dt

(xj(t)− xi(t)) = ẋj(t)− ẋi(t)

=
∑
k∈Nj

(xk(t)− xj(t))−
∑
k∈Ni

(xk(t)− xi(t))

=
∑
k∈N ′j

(xk(t)− xj(t))−
∑
k∈N ′i

(xk(t)− xi(t))

− (|Nij |+ 2)(xj(t)− xi(t))
≤ (|N ′j |+ |N ′i |)d− (|Nij |+ 2)d.

≤ (n− (|Nij |+ 2))d− (|Nij |+ 2)d

≤ (n− 2(|Nij |+ 2))d ≤ 0.

As we can see, the distance xj(t) − xi(t) will not increase in this case, which
proves that the edge (i, j) will not break if |Nij | ≥ n

2 − 2 at time t.
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Now suppose the first edge break happens right after time t for the edge (i, j) ∈
E(0). This means |Nij | < n

2 − 2 at time t. With the initial condition that |Nij | ≥
n
2 − 2, the number of common neighbors of |Nij | must have decreased at some
time before t. But this can never happen without an edge break, which contradicts
the assumption that (i, j) is the first edge to break. Therefore, no original edge will
break under the stated assumption. With a positive lower bound of the dwell time
between switches among connected graphs, we guarantee the consensus.

Remark A.3.3. The condition in Theorem A.3.2 is not a necessary condition for
reaching consensus. This can be shown by counterexamples. With the constraint
that edges are defined by distance, most vectors x(0) ∈ Rn do not satisfy this con-
dition. If we consider infinitely many agents uniformly distributed on an interval
of length L, then L ≤ 2d is required in Theorem A.3.2, which coincides with the
2R conjecture in [1].

A.3.2 Weighted Model

As mentioned above, Theorem A.3.2 holds for a limited number of initial con-
ditions. Instead of finding a condition on the initial states, we propose a slight
modification on the model to guarantee opinion consensus for any x(0) with a cor-
responding connected graph. Consider the following model:

ẋi(t) =
∑
j∈Ni

1

|Nij |+ 1
(xj(t)− xi(t)). (A.4)

Remark A.3.4. Note that both Ni and Nij are state dependent and the right-hand
side is not continuous with respect to the state, thus the existence and uniqueness
of the solution can become an issue. We notice that the key to the proof of the
existence and uniqueness of the solution of (A.2) in [3] is to show the existence of
the upper bound on the number of transitions taking place during any given time
interval. For (A.4), we can use a similar argument after noticing the following fact:

If an edge (i, j) from a graph G0 is broken at time T and a new graph G1 is
formed consequently, the distance between xi and xj will keep increasing after T .
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Without loss of generality, we assume xj(T )− xi(T ) = d. Then

ẋj(T
+)− ẋi(T+)

=
∑

k∈Nj(T+)

xk(T
+)− xj(T+)

|Njk(T+)|+ 1
−

∑
k∈Ni(T+)

xk(T
+)− xi(T+)

|Nik(T+)|+ 1

=
∑

k∈N ′j(T+)

xk(T
+)− xj(T+)

|Njk(T+)|+ 1
−

∑
k∈N ′i (T+)

xk(T
+)− xi(T+)

|Nik(T+)|+ 1

+
∑

k∈Nij(T+)

(
xk(T

+)− xj(T+)

|Njk(T+)|+ 1
+
xi(T

+)− xk(T+)

|Nik(T+)|+ 1

)

≥ẋj(T )− ẋi(T ) +
2(xj(T )− xi(T ))

|Nij(T )|+ 1
> 0, (A.5)

where T+ denotes a time instance shortly after T . Similarly, one can prove that
if an edge between two agents is created at time T , it will be maintained after T .
Therefore, by using a similar argument as in [3], we can obtain a positive lower
bound on the time for a broken edge to be reconstructed or for a new edge to be
broken. Since there is a limited number of edges that can be added or broken, a
positive lower bound of the dwell time in each graph topology can also be derived.
The existence and uniqueness of the solution of the switching system in hand can
then be guaranteed.

In order to prove our main theorem, we also need the following proposition
and definition.

Proposition A.3.5. Given an initial condition x(0) ∈ Rn satisfying xi(0) 6= xj(0)
for any i 6= j, then xi(T ) 6= xj(T ) for any i 6= j and any T ∈ [0,∞), where x(t)
is the solution to the differential equation (A.4).

The proof of Proposition A.3.5 can be found in [23].

Definition A.3.6. For an undirected graph G = (V,E), an edge (i, j) ∈ E is
called crucial if Nij = φ, i.e. there does not exist k ∈ V such that (i, k) ∈ E and
(k, j) ∈ E simultaneously.

Theorem A.3.7. (Main Theorem) For any initial condition x(0) ∈ Rn such that:

1. the corresponding graph is connected;

2. xi(0) 6= xj(0) for any i 6= j,
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the system (A.4) will converge to the equilibrium α · ~1, where α = 1
n
~1Tx(0), i.e.,

consensus is reached.

Proof. If no crucial edge breaks during the process, the graph remains connected.
Therefore, we just need to check when a crucial edge is going to break, i.e., |xi(t)−
xj(t)| = d, and Nij = φ, which implies 1/(|Nij | + 1) = 1. Assuming that
xj(t) > xi(t) without loss of generality, we get

d
dt

(xj(t)− xi(t)) = ẋj(t)− ẋi(t)

=
∑
k∈Nj

xk(t)− xj(t)
|Nkj |+ 1

−
∑
k∈Ni

xk(t)− xi(t)
|Nki|+ 1

=
∑

k∈Nj\{i}

1

|Nkj |+ 1
(xk(t)− xj(t))

−
∑

k∈Ni\{j}

1

|Nki|+ 1
(xk(t)− xi(t))− 2(xj(t)− xi(t))

≤

 ∑
k∈Nj\{i}

1

|Nkj |+ 1
+

∑
k∈Ni\{j}

1

|Nki|+ 1
− 2

 d.

In order to prove d
dt(xj(t)− xi(t)) ≤ 0, we only need to show that∑

k∈Nj\{i}

1

|Nkj |+ 1
+

∑
k∈Ni\{j}

1

|Nki|+ 1
≤ 2. (A.6)

We will now show that for all k ∈ Nj\{i}, we have that |Nkj | = |Nj | − 2, if
|Nj | ≥ 2.

Since we assumed that there is no pair of agents with the same initial opinion,
there will not be any pair of agents reaching the same state in finite time according
to Proposition E.3.1. Thus, we have xi(t) 6= xj(t) for any i 6= j and t < ∞. If
(i, j) is a crucial edge with xj(t)− xi(t) = d, agent j has only one neighbor to its
left which is agent i. Then all the other neighbors of j must be located to its right.
If |Nj | ≥ 2, every j’s right neighbor j′ is a common neighbor of j and another
right neighbor j′′. This is because |xj′(t) − xj(t)| ≤ d and |xj′(t) − xj′′(t)| ≤
max{xj′(t) − xj(t), xj′′(t) − xj(t)} ≤ d. We have i /∈ Nkj according to the
definition of a crucial edge. Therefore, we have Nkj = Nj\{i, k}, which implies
|Nkj | = |Nj | − 2 for k ∈ Nj\{i}. Equivalently one can get |Nki| = |Ni| − 2
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for k ∈ Ni\{j} if |Ni| ≥ 2. By plugging these results into the left-hand side of
inequality (A.6), we get∑

k∈Nj\{i}

1

|Nkj |+ 1
+

∑
k∈Ni\{j}

1

|Nki|+ 1

=
∑

k∈Nj\{i}

1

|Nj | − 1
+

∑
k∈Ni\{j}

1

|Ni| − 1

=
|Nj | − 1

|Nj | − 1
+
|Ni| − 1

|Ni| − 1
= 2.

Note that if |Nj | = 1, which means Nj = {i} and Nj\{i} = φ, then (A.6) is
also true since the first term on the left-hand side is equal to 0.

Remark A.3.8. In the model (A.4), the assignment of weights may not be realistic
in many cases. However, in some situations, putting more weight to the common
friends, i.e., following the majority, may not be a good strategy, as mentioned
in the book “The Wisdom of Crowds" by James Surowiecki [20]. Here instead
of modeling the reality, our aim is to find a protocol that will guarantee opinion
consensus if the graph is initially connected.

In Theorem A.3.7, it is required that no two agents have the exact same initial
opinion. Although this is a set of measure zero in the state space, it is a more com-
mon scenario in reality since the opinions are usually not in a continuum space.
To accommodate this scenario and at the same time avoid some numerical difficul-
ties encountered when the agents are very close to each other, one can treat all the
agents with the same state as one agent. This is equivalent to saying that we still
consider agents with the same state separately but with a weight inversely propor-
tional to the number of agents sharing the same opinion. If Mj is defined as the
number of agents which have the same opinion as agent j, then we regard j as only
1/Mj agent. By applying this, we obtain the second weighted model:

ẋi(t) =
∑
j∈Ni

1

(|Ñij |+ 1)Mj

(xj(t)− xi(t)), (A.7)

where |Ñij | is the number of common opinion clusters between i and j. Here
two agents belong to the same cluster if and only if they have the same opinion.
|Ñij | can be computed by |Ñij | =

∑
k∈Nij∪{i,j} 1/Mk − 2. We can then prove the

following corollary:
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Corollary A.3.9. For any initial condition x(0) ∈ Rn whose corresponding graph
is connected, the control protocol (A.7) will guarantee consensus.

However, on the right-hand side of (A.7) the weight is not symmetric. So in
Corollary A.3.9 the equilibrium is actually not the initial average. This is due to
the fact that we ignore the weight of those agents who have the same opinion.

A.4 Smoothed Model

Another issue for the original H-K model (A.2) is the discontinuous right-hand
side. In the theory of differential equations, the condition of Lipschitz continuity
is essential for the existence and uniqueness of the solution. As stated in [3], the
convergence of the solution to (A.2) is guaranteed for almost all initial conditions,
which implies there can exist a set (with measure zero) of singular points. More-
over, some numerical problems may arise from this discontinuity when one wants
to implement the model. For example, a small error may change the connectivity
of the whole graph when the distance between a pair of nodes is around the thresh-
old d in the H-K model. A common remedy for these problems is to approximate
the original function by a continuous (even differentiable in some cases) function.
The approximation has the same value as the original function except around the
points where the discontinuity occurs. In these areas, a smoothing function is used
to replace the original function, e.g., [19]. We rewrite the original model as:

ẋi(t) =
∑
j 6=i

ρij(x)(xj(t)− xi(t)), (A.8)

where ρij is a 0-1 function depending on the distance between i and j:

ρij(x) =

{
1, |xi(t)− xj(t)| ≤ d,
0, |xi(t)− xj(t)| > d.

We can modify ρij(x) in the following way: we denote by βij = (xi − xj)2 the
square distance between agent i and agent j and introduce a potential function
between i and j as:

r(βij) =


βij , 0≤ βij ≤ d2,
ϕ(βij), d2< βij ≤ (d+ ε)2,
c, (d+ ε)2< βij <∞.

(A.9)
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where c is a positive constant and ϕ(β) is a chosen monotonically increasing func-
tion on the interval [(d2, (d+ε)2] to make r(βij) differentiable for any βij ∈ (0,∞)
(e.g., high order polynomials). Define

ρij(x) =
∂r(βij)

∂βij

=


1, 0≤ βij ≤ d2,
ϕ′(βij), d2< βij ≤ (d+ ε)2,
0, (d+ ε)2< βij <∞.

(A.10)

If we consider the model (A.8) with the choice of ρij(x) in (A.10), then the right-
hand side is a Lipschitz continuous function, which will ensure the existence and
the uniqueness of the solution to the differential equation. In [5], this smoothed H-
K model is also called continuous H-K model. The convergence of the solution is
also analyzed in [5] by using the LaSalle’s invariance principle. This result dose not
necessarily imply consensus, since the largest invariant set that can be described as
{x|ρij(x)(xi − xj) = 0,∀i, j} contains more than one point.

Similarly to section 3.1, there is a sufficient condition for the initial states to
guarantee consensus by using the control protocol (A.8). However, it is not always
true that the pairwise force ρij(x)(xj − xi) reaches its maximum absolute value
when |xj − xi| = d. So here we need to add some constraints for the function ϕ to
get the next theorem. We want βij = d2 to be the maximum point of the interval
[d2, (d+ ε)2] for |ρij(x)(xj − xi)|, which implies

0 ≤ ϕ′(β) ≤ d√
β
, for all d2 ≤ β ≤ (d+ ε)2. (A.11)

Although in general people can define an edge between two nodes when the weight
between them is nonzero, we here keep the previous definition of the edge set,
which is E = {(i, j)||xi − xj | ≤ d}. The smoothed version of Theorem A.3.2 is
given as follows.

Theorem A.4.1. For an initial condition x(0) ∈ Rn, if the corresponding graph
G(0) = (V,E(0)) is connected and for any pair (i, j) ∈ E(0), |Nij | ≥ n

2 − 2,
then with the chosen ϕ(β) satisfying (A.11), the solution to (A.8) will converge to
α ·~1, where α = 1

n
~1Tx(0).

Proof. Similar to the proof of Theorem A.3.2, we prove the theorem by showing
that no edge will be broken during the time evolution. Due to the page limitation,
the proof is omitted.
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A.5 High Dimensional Cases

In the general m-dimensional Euclidean space Rm, one can define the distance by
the 2-norm and then extend the H-K model to the following form

ẋi(t) =
∑

j:‖xj−xi‖≤d

(xj(t)− xi(t)), (A.12)

where xi(t) ∈ Rm, for i = 1, · · · , n. We define again the edges of the graph by
the distance, i.e., (i, j) ∈ E if ‖xi − xj‖ ≤ d.

A.5.1 Non-smoothed model

Since there are not many papers in the literature discussing high dimensional H-
K models, the properties of the solution to the differential equation (A.12) is not
well-studied. In [6, 4], the authors study the continuum model with both discrete-
time and continuous-time setting. The convergence of the discrete-time model is
also studied in [18]. For the continuous-time case, the existence and uniqueness
of the solution cannot be guaranteed due to the discontinuity on the right-hand
side. Nevertheless, a sufficient condition for consensus can be obtained for any
finite dimensional spaces, if the solution to the differential equation exists. The
following is an extension of Theorem A.3.2 to higher dimensions.

Corollary A.5.1. For an initial condition xi(0) ∈ Rm and the corresponding
graph G(0) = (V,E(0)), if G(0) is connected and for any pair (i, j) ∈ E, it
holds that |Nij | ≥ n

2 − 2, then the solution to (A.12), x(t), will converge to α⊗~1,
where α = 1

n

∑n
i=1 xi(0).

A.5.2 Smoothed models

The model (A.8) with the choice of ρij in (A.10) is still valid if we redefine the
parameter βij by βij = ‖xi − xj‖2.

Corollary A.5.2. For any initial condition xi(0) ∈ Rm, there exists a vector x∗ ∈
Rmn such that the solution x(t) to the differential equation (A.8) with the choice of
ρij in (A.10) will converge to x∗ as t→∞, while βij = ‖xi − xj‖2.

Corollary A.5.2 is a direct extension to higher dimensions of the convergence
result of continuous H-K model. The proof is similar to that in [5]. By choosing
the Lyapunov function V =

∑n
i=1 ‖xi‖2 and using LaSalle’s invariance principle,

we can show the convergence.
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(a) (b)

Figure A.1: Time evolution of 51 agent opinions according to (case (a)) model
(A.2) and (case (b)) model (A.4). The initial opinions are uniformly spaced on an
interval of length 5. The interaction radius d is chosen to be 0.98.

A.6 Simulations

We will present some simulation results of the weighted one dimensional non-
smooth models and show one example in the two dimensional space in this section.

In the first example, 51 agent opinions are initially uniformly spaced on an
interval of length 5. The interaction radius d is chosen to be 0.98 to avoid singu-
larities from the discontinuous right-hand side in the non-smooth models. We use
both the original H-K model (A.2) and the weighted model (A.4). Fig. A.1 shows
the simulation result. The original H-K model diverges to three clusters (in (a))
and the modified model (A.4) reaches consensus (in (b)).

In the second example, we want to show how the coincidence of initial opinions
affects the simulation result by using the two modified models: (A.4) and (A.7).
26 agent opinions are uniformly spread on the interval of length 5, while the other
20 opinions are all located at position 1 initially. d is chosen to be 0.98 again. The
initial opinion average α is approximately 1.85. Although the initial distribution
does not fulfill the condition in Theorem A.3.7, the system does converge to the
initial opinion average by using the control protocol (A.4) (in Fig. A.2(a)). If only
the opinion cluster is considered, these 20 agent opinions are ignored since there
is also one agent opinion positioned at 1 among the first 26 agent opinions. So
using model (A.7), we get a symmetric result in Fig. A.2(b), and the compromised
opinion is 2 in the end.
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(a) (b)

Figure A.2: Time evolution of 46 agent opinions according to (case (a)) model
(A.4) and (case (b)) model (A.7). The initial opinions of 26 agents are uniformly
spaced on an interval of length 5, while the remaining 20 agents are all initially
positioned at 1. The interaction radius d is chosen to be 0.98.

A.7 Conclusions and Future Work

In this paper, we first gave a sufficient condition for opinions consensus for the orig-
inal Hegselmann-Krause model, which also holds in any finite dimensional cases.
The condition is also valid for smoothed Hegselmann-Krause models if the smooth
function satisfies a certain constraint. Furthermore, we provided two modified ver-
sions of the Hegselmann-Krause model such that consensus is guaranteed for any
initial configuration corresponding to a connected graph. The essence of the proto-
col is that one weighs most on the opinion of his “friend" that is not shared by any
other friend, while the standard H-K model treats all friends equally. The fact that
our protocol guarantees consensus to the average of the initial values, provided the
initial graph is connected, gives foundation to many potential distributed applica-
tions in which the goal is to reach just such a consensus, for example, distributed
estimation using sensor networks.

Future work will focus on the case of higher dimensional spaces, and in par-
ticular the two dimensional space. Some of the results in one dimension can be
easily extended to any finite dimensional space as we showed in the paper, e.g.,
Theorem A.3.2. But due to the lack of knowledge about properties of solutions
to non-smoothed Hegselmann-Krause model in higher dimension, we can hardly
draw any further conclusions. In particular, Theorem A.3.7 is not extendable to the

54



OPINION CONSENSUS OF MODIFIED HEGSELMANN-KRAUSE MODELS

higher dimensional case in a straightforward manner because of the line structure
is used in the proof. So the extension to higher dimensions requires more effort in
this case. Moreover, even in one dimensional case, how to extend Theorem A.3.7
to a continuous setting is also an open problem. One approach can be providing
a continuous definition of the number of neighbors and common neighbors while
the consensus can be guaranteed at the same time.
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Abstract

As a means to regulate the continuous-time bounded confidence opinion dy-
namics, an exo-system to the original Hegselmann-Krause model is added.
Some analysis is made about the properties of the combined system. Two
theorems are provided in this article in terms of sufficient conditions of the
exo-system that can guarantee opinion consensus for any initial conditions.
Two more corollaries are given to describe the resulting synchronized opin-
ions.

Keywords: opinion dynamics, multi-agent system

B.1 Introduction

Self-organized group behavior can be observed in animal flocks as well as human
society. By simple communication, a whole group of birds can react to danger
rapidly, or can migrate in a certain formation. A herd of predator can hunt with
special tactics by following certain self-organized rules. As higher intelligent and
relatively more independent human beings, we think and behave based on our own
will while influenced by many other human individuals and by the society. Sociol-
ogists, psychologists, and even engineers and mathematicians want to model and
study this interaction among human societies nowadays. While psychologist focus
more on how people handle and react from social input, mathematicians analyze
relative simple models and the resulting group/global behaviors.
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Among the different models about human opinion dynamics in the literature,
there is a type of model called bounded confidence model who allows opinion in-
fluence to happen only when the two opinions are close enough. This type of modes
also has the name “Hegselmann-Krause models" from its initiators Rainer Hegsel-
mann and Ulrich Krause[9]. These discrete-time, deterministic models force the
opinion of an individual to reach the opinion average among its close-by neighbors
at every time step. The models lead to a well known clustering phenomenon that
the opinions will converge to one or a few certain constant values. For a given
model, the number and position of those values are completely determined by the
starting opinion distributions.

Despite the simple expression of the Hegselmann-Krause models, the analysis
of the opinion evolution is complicated. Besides the original article by Hegselmann
and Krause, there are papers such as [6, 12, 2] that study the convergence, stability
and steady state of the opinions under the Hegselmann-Krause model. By applying
the theory of differential equations, the model is also extended to continuous-time
opinions; [3, 4] provide a detailed analysis on the existence and uniqueness of the
solution to the continuous-time model, which is non-trivial due to the discontinu-
ous right-hand side.

A frequently asked question is: for what initials opinion distribution the system
will have only one cluster when time evolves. Reaching only one cluster is also
called reaching consensus. The sufficient and necessary condition for reaching
consensus has not been given in the literature. There are a few results for sufficient
conditions such as those in [15]. Other researchers test some modified version of
the Hegselmann-Krause model for different purposes. Those models can be found
in [15, 13]. In [5], a bounded confidence model with antagonistic interactions was
discussed based on the analysis of the original Altafini’s model in [1, 14, 10].

Instead of the standard homogeneous Hegselmann-Krause models, heteroge-
neous models that consider agents as different individuals are studied in the litera-
ture [7, 11], which can improve the chance of reaching consensus for random initial
conditions. An example of the heterogeneous models is by introducing “stubborn
agents" that do not change their opinions at all. Those stubborn agents can be con-
sidered as the state of a special type of exo-system that has zero dynamics. In this
paper, we combine the Hegselmann-Krause model with a general exo-system. If
the exo-system satisfies certain sufficient conditions, the consensus behavior can
be guaranteed for any random initial opinion distribution.

The Hegselmann-Krause model with exo-systems is introduced in Section 2
with some properties of the model. Two theorems are provided that guarantee
consensus in Section 3 together with two corollaries. In Section 4, numerical ex-
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periments are carried out to test and illustrate the results of the theorems and corol-
laries. A short summary is included in Section 5 as well as a forecast of possible
future study.

B.2 Problem Formulation

We study a system of n agents with their time-dependant opinions denoted as
xi(t) ∈ R for i = 1, 2, · · · , n. Agent i is influenced by agent j only if the opinions
of both are close enough. The dynamics of the opinions can be modeled as the
following system:

ẋi =
∑

j:|xi−xi|<d

(xj − xi), (B.1)

where the distance d > 0 is called the confidence range. The system (B.1) is also
referred as continuous-time Hegselmann-Krause (H-K) model initially introduced
in [3] based on the original discrete-time “bounded confidence" models. There are
both theoretical analysis and numerical simulations about this model in the litera-
ture, showing the cluster behavior of the opinions. Asymptotically, each opinion
will converge to one of the several certain values called opinion clusters. The dis-
tance between any pair of opinion clusters is proven to be larger than d in [3].

If the opinions converge to a single cluster, we say the opinions reach consen-
sus. There are a few results about consensus behavior for both system (B.1) and
modified versions of (B.1) with given initial conditions. For an arbitrary random
initial opinion distribution, consensus is however not guaranteed even if the neigh-
bor graph is initially connected. In this paper we introduce certain exo-systems in
addition to the H-K model so that opinion consensus can be reached for a broader
range of initial conditions. The new system is modeled as follows:

ẋi =
∑

j:|xj−xi|<d

(xj − xi) +
∑

k:|yk−xi|<d

(yk − xi)

ẏk = gk(t, y),

(B.2)

for i = 1, 2, · · · , n and k = 1, 2, · · · ,m, where yk’s are the state variables for the
exo-system and gk’s are bounded continuous functions that we design later. M is
dimension of the exo-system. For simplifying later use, x ∈ RN and y ∈ RM will
denote the stack vectors of xi’s and yk’s, respectively.

Because of the discontinuity of the right-hand side of the continuous-time H-K
model, the classic analysis of the existence and uniqueness of the solution does
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not apply. There are many discussions in the literature about different types of
solutions to this differential equation. In [3], the authors introduced the concept
of “proper solutions" as a subset of Carathéodory solutions, which guarantee exis-
tence and uniqueness for “proper initial conditions" that are almost sure in measure.
In [4], the more general Krasovskii solutions are discussed for H-K models, which
exist for any initial condition without a guarantee of uniqueness. There is a detailed
discussion about the difference between these two types of solutions at the end of
[4]. In our case, as long as the g function in the exo-system is locally bounded
and well defined in an open neighborhood around the initial time, the existence
of Krasovskii solution will be guaranteed (see [8]). Since g is given for design
purposes, we assume that in this paper gk(t, y) is locally bounded and is defined
for all t ∈ R, and thus we consider that

(
x(t)T y(t)T

)T is a Krasovskii solution
to (B.2) for the rest of the paper. Furthermore, the following order preservation
property (proposition B.2.2) is maintained for x(t) in our model.

Remark B.2.1. It is intuitive to consider the order preservation property in the
following way: when xi(t) = xj(t) for some t, they should retain the same opinion
for t′ > t since the derivative is only state related. However, this property only
holds for “proper solutions" as shown in [3]. For general Krasovskii solutions, the
equality for xi and xj may be lost at discontinuities even after time t [4]. Therefore,
the following order preservation property only covers the cases of strict inequality.

Proposition B.2.2. (Order preservation)
In system (B.2), for any i, j ∈ {1, 2, · · · , n}, if xi(0) < xj(0), then xi(t) < xj(t)
for any t ≥ 0.

Proof. We will prove the claim by contradiction. If the statement is false, then there
must be i, j ∈ {1, 2, · · · , n} and an interval [T − τ, T ] such that xi(t) < xj(t) for
all t ∈ [T − τ, T ) and xi(T ) = xj(T ) for some positive τ . Due to the continuity
of the opinions, we can further assume that xi(t)− xj(t) > −d for t ∈ [T − τ, T ]
if τ is small enough. For any given time t ∈ [T − τ, T ], we define the following
time dependent sets:

Ni = {l ∈ {1, 2, · · · , n} : |xl(t)− xi(t)| < d},

Nj = {l ∈ {1, 2, · · · , n} : |xl(t)− xj(t)| < d},

Ñi = {k ∈ {1, 2, · · · ,m} : |yk(t)− xi(t)| < d},

Ñj = {k ∈ {1, 2, · · · ,m} : |yk(t)− xj(t)| < d},
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Nij = Ni ∩Nj , N c
i = Ni\Nij , N c

j = Nj\Nij ,

Ñij = Ñi ∩ Ñj , Ñ c
i = Ñi\Ñij , Ñ c

j = Ñj\Ñij ,
If we calculate the derivative of the opinion difference, we get that for almost all
t ∈ [T − τ, T ):

d

dt
(xi(t)− xj(t)) =

∑
k∈Ni

(xk(t)− xi(t)) +
∑
r∈Ñi

(yr(t)− xi(t))

−

∑
l∈Nj

(xl(t)− xj(t)) +
∑
s∈Ñj

(ys(t)− xj(t))


=− (|Nij |+ |Ñij |)(xi(t)− xj(t))

+

∑
k∈N c

i

(xk(t)− xi(t)) +
∑
r∈Ñ c

i

(yr(t)− xi(t))


−

 ∑
m∈N c

l

(xl(t)− xj(t)) +
∑
s∈Ñ c

j

(ys(t)− xj(t))

.

Note that by the assumption of 0 ≥ xi(t)− xj(t) > −d, we always have:

• for any element k ∈ N c
i , xk(t) < xi(t);

• for any element r ∈ Ñ c
i , yr(t) < xi(t);

• for any element l ∈ N c
j , xl(t) > xj(t);

• for any element s ∈ Ñ c
j , ys(t) > xj(t).

Hence, we can derive that
d

dt
(xi(t)−xj(t)) ≤ −(|Nij |+ |Ñij |)(xi(t)−xj(t)) ≤ −(n+m)(xi(t)−xj(t)),

since |Nij | ≤ n and |Ñij | ≤ m always hold. By the comparison lemma1,

xi(T )− xj(T ) ≤ e−(n+m)τ (xi(T − τ)− xj(T − τ)) < 0,

which contradict with the assumption that xi(T ) = xj(T ).
1The integral form of Grömwall’s inequality is needed here.
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Figure B.1: Plot describing the above statements.

We introduce the following notations for later use:

xmax(t) = max
i
{xi(t)}, xmin(t) = min

i
{xi(t)};

ymax(t) = max
k
{yk(t)}, ymin(t) = min

k
{yk(t)}.

Proposition B.2.2 guarantees that the state x(t) will preserve orders when time
evolves. xmin will coincide with one of state variables that has the minimal initial
value, and xmax will be one of the state variables with the maximal initial value.
Note that this may not hold for y(t).

B.3 Main Results

Intuitively, if the signals yk(t)’s generated by the exo-system, called exo-opinions
later, change slow enough, the opinions of normal agents xi(t)’s should keep fol-
lowing at least one of them. We can actually give a bound for the speed of the
exo-system. Consider the problem (B.2) with a certain initial condition. Suppose
that |gk(t, y)| ≤ v < d holds for all t, all y and all k, then the agent with the small-
est opinion should not be “left behind" by all the exo-opinions if it is connected to
at least one of them initially. Namely, if xmin(0) > ymin(0)− d initially, then for
any t ≥ 0, we can find some k (depending on t) such that

xmin(t) > yk(t)− d.

This can be shown by contradiction. Assume that xmin(0) > yk(0) − d for some
k. Suppose that at t∗ > 0, it is the first time that xmin(t∗) ≤ yk(t

∗) − d for
all k = 1, 2, · · · ,m. Because of the continuity, there must be some k such that
xmin(t∗) = yk(t

∗) − d. Let us choose one of such k and fix it. For ε = d−v
2 > 0,

we can find τ > 0 small enough so that

xmin(t) ≤ yk(t)− d+ ε and xmin(t) ≤ ys(t), for s ∈ {1, 2, · · · ,m}\{k},
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for all t ∈ [t∗ − τ, t∗] due to the continuity. If we denote N̂ = {s : d − ε ≤
ys(t

∗)− xmin(t∗) < d} 6= ∅2 as the set of exo-opinions that are still connected to
xmin at t∗, then for almost all t ∈ [t∗ − τ, t∗], we have

d

dt
(xmin(t)− yk(t)) =

∑
j:|xj(t)−xi(t)|<d

(xj(t)− xmin(t))

+
∑
s∈N̂

(ys(t)− xmin(t))− gk(t∗, y(t))

≥yk(t)− xmin(t)− v

≥d− ε− v =
d− v

2
> 0.

This implies that xmin− yk will not decrease during the interval [t∗− τ, t∗], which
contradicts the assumption. We can derive a similar result for the maximum opin-
ion xmax. Since it will be used frequently in the remaining of the paper, let us
introduce the concept of “cover".

Definition B.3.1. We say the opinion x is covered by the exo-opinions y if xmin >
yk−d for some k ∈ {1, 2, · · · ,m} and xmax < ys+d for some s ∈ {1, 2, · · · ,m}.

We can then summarize the derivation above in the following lemma:

Lemma B.3.2. For the system (B.2), if we assume that the initial normal opinions
are covered by the initial exo-opinions and that the function g satisfies |gk(t, y)| ≤
v < d, then for any t ≥ 0 the opinions x(t) remain covered by the exo-opinions
y(t).

Remark B.3.3. Lemma B.3.2 states that if the exo-system evolves slow enough,
the normal opinions will keep being covered by the exo-opinions, namely xi(t) ∈
(ymin − d, ymax + d) for all i. Note that the index of ymin and ymax may change
over time.

Based on this result, the question that arises is whether we can design the exo-
system so that the agents will reach consensus asymptotically. A natural guess is
that if the exo-opinions converge, i.e. |yk(t)− ys(t)| → 0 as t→∞ for any k and
s, whether we will have xmax(t) − xmin(t) → 0 as t → ∞ or not. This turns out
to be true.

2since k ∈ Ñ by the assumption
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Theorem B.3.4. For the system (B.2), if the following hold:

1. x(0) is covered by y(0);

2. the function g satisfies |gk(t, y)| ≤ v < d;

3. yk(t)− ys(t)→ 0 as t→∞ for any k and s,

then xmax(t)− xmin(t)→ 0 as t→∞.

Proof. The proof will be divided into two phases:

(i). Firstly, we show that for xmin(t) and xmax(t), there exists a time such that
both opinions will be and remain connected to all the exo-opinions after that
time.

(ii). Secondly, we show that if both xmin(t) and xmax(t) remain connected to all
the exo-opinions, they will reach consensus.

We will prove them in a reverse order due to their complexity. Before that, we can
assume without loss of generality that the exo-opinions have already converged to
a small difference between them, meaning that there exists ε such that |yk(t) −
ys(t)| < ε for all t ≥ 0. The value of ε will be determined later. Lemma B.3.2
guarantees that x(t) is always covered by y(t) for any t ≥ 0, meaning that we can
rewrite the system by introducing a new time variable that starts from a positive t.

Proof of (ii): If there exists TF ≥ 0 such that for t ≥ TF , both |xmin(t) −
yk(t)| < d and |xmax(t)−yk(t)| < d hold for all k, and then for almost all t ≥ TF
we have

d

dt
(xmax(t)− xmin(t)) =

∑
j:|xj−xmax|<d

(xj(t)− xmax(t)) +

m∑
k=1

(yk(t)− xmax(t))

−
∑

j:|xj−xmin|<d

(xj(t) + xmin(t)) +

m∑
k=1

(yk(t)− xmin(t))

≤
m∑
k=1

(yk(t)− xmax(t))−
m∑
k=1

(yk(t)− xmin(t))

=−M(xmax(t)− xmin(t)).

By the comparison lemma,

xmax(t)− xmin(t) ≤ e−m(t−TF )(xmax(TF )− xmin(TF ))→ 0,
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as t→∞. 3

Proof of (i): Since all the exo-opinions have already converged within distance
ε, an opinion xi(t) is connected to all of them if and only if xi(t) ∈ (ymax −
d, ymin + d). We will show the statement (i) by the following argument: we claim
that as long as xmin(t) ≤ ymax − d + ε for a small ε, then d

dt(xmin(t) − yk(t))
is strictly larger than a positive constant for any k (if the derivative exists, which
should be the case almost surely). This implies there must be a T1 such that for any
t > T1, xmin(t) > ymax(t) − d. A similar argument can be made for xmax that
there exists T2 such that for any t > T2, xmax(t) < ymin(t) + d. Therefore, we
have

ymax(t)− d < xmin(t) < xmax(t) < ymin(t) + d

holds for any t > max{T1, T2}, and hence both xmin(t) and xmax(t) will keep
connected to all the exo-opinions. The remaining of the proof is to show the claim.
Suppose

xmin(t) ≤ ymax(t)− d+ ε < yk(t). (B.3)

Since the exo-opinions are clustered within distance ε, for any k we have

yk(t) ∈ (ymax(t)− ε, ymax(t)]. (B.4)

If ε < d
2 , we additionally have xmin(t) < yk(t) for all k. By Lemma B.3.2, there

always exists κ (depend on t) such that xmin > yκ − d. On the other hand, by
combining (B.3) and (B.4), we get

yκ(t)− xmin(t) > d− 2ε.

For all k and almost all t ≥ 0, we have that

d

dt
(xmin(t)− yk(t)) =

∑
j:|xj−xmin|<d

(xj(t)− xmin(t))

+
∑

s:|ys−xmin|<d

(ys(T1)− xmin(T1))− ẏk(T1)

>yκ(t)− xmin(t)− v > d− 2ε− v.

Now we let ε = d−v
4 , and hence get d

dt(xmin(t)− yk(t)) > d−v
2 > 0. 3

To summarize, if we start with the choice of ε = min{d2 ,
d−v

4 }, then there is
T = max{T1, T2} > 0 such that for any t > T it holds that xmax(t) − xmin(t)
converge to zero exponentially. Therefore, we can conclude that xmax−xmin → 0
as t→∞.
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Remark B.3.5. Although Theorem B.3.4 guarantees consensus of the opinions,
it does not provide any description of the limit. Especially, we do not have that
xi(t)→ yk(t) in general. Nevertheless, we can give a bound for the synchronized
opinions from the following corollary.

Corollary B.3.6. Let the assumptions hold in Theorem B.3.4. Then for any δ > 0
there exists T > 0 such that |xi(t) − yk(t)| < v

m + δ for all i ∈ {1, 2, · · · , n},
k ∈ {1, 2, · · · ,m}, and all t > T .

Proof. We will prove the claim for xmin and xmax, and the rest opinions will be
between these two and therefore also satisfy the statement. In fact, it is enough to
show that for any δ > 0, there is T > 0 such that xmin(t) > yk(t) − v

m − δ and
xmax(t) < yk(t) + v

m + δ for any k and any t > T .
We can again assume, without loss of generality, that |ys(t)−yk(y)| < ε for all

t ≥ 0 for a given positive ε. From the proof the Theorem B.3.4, if ε ≤ d−v
4 , there

exists T1 > 0 such that xmin(t) keeps connected to all the exo-signals for t > T1.
For any specific k and almost all t > T1,

d

dt
(xmin(t)− yk(t)) =

∑
j:|xj−xmin|<d

(xj(t)− xmin(t))

+
m∑
s=1

(ys(t)− xmin(t))− ẏk(t)

≥
m∑
s=1

(
(ys(t)− yk(t)) + (yk(t)− xmin(t))

)
− ẏk(t)

≥−m(xmin(t)− yk(t))−mε− v.

If we denote z∗(t, τ, z0) the solution to the system

ż(t) = −mz(t)− (mε+ v)
z(τ) = z0,

(B.5)

then it holds that

z∗(t, τ, z0) = e−m(t−τ)(z0 + ε+
v

m
)− ε− v

m
→ −ε− v

m
as t→∞.

We can thus always find T2,k > 0 such that xmin(t) − yk(t) ≥ −2ε − v
m for all

t > T2,k due to the comparison lemma3. Therefore, if we set ε = min{d−v4 , δ4},
3We can use the comparison lemma or Grönwall’s inequality here because |xmin − yk| < d for

any k.
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and Tmin = max{T1,max
k
{T2,k}}, we have

xmin(t) ≥ yk(t)−
v

m
− δ

2
> yk(t)−

v

m
− δ,

for all k, and for all t > Tmin. A similar approach can be used to prove that
xmax(t) < yk(t) + v

m + δ for all k, and for all t > Tmax with the corresponding
Tmax. The corollary is proven by letting T = max{Tmin, Tmax}.

In general, there exists a gap between x(t) and y(t) with width less, equal,
or converging from above to v

m . Additionally. if the exo-signals converge to a
constant value, then the gap disappears.

Corollary B.3.7. For the system (B.2), if we assume that

1. x(0) is covered by y(0);

2. the function g satisfies |gk(t, y)| ≤ v < d;

3. there exists y∗ ∈ R such that yk(t)→ y∗ as t→∞ for all k,

then xi(t)→ y∗ as t→∞ for all i.

Proof. From Theorem B.3.4 we know that xi(t) → x∗(t) as t → ∞ for some
x∗(t). The only thing we need to show is that x∗(t) → y∗ as t → ∞. If we
consider the two steps in the proof of Theorem B.3.4, all of them will still be hold
since the assumptions of the theorem are satisfied. In (ii), for almost all t ≥ TF ,
we additionally have

d

dt
(xmin(t)− y∗) =

∑
j:|xj−xmin|<d

(xj(t)− xmin(t)) +
m∑
k=1

(yk(t)− xmin(t))

≥
m∑
k=1

(yk(t)− xmin(t))

=−m(xmin(t)− y∗) +
m∑
k=1

(yk(t)− y∗),
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and

d

dt
(xmax(t)− y∗) =

∑
j:|xj−xmax|<d

(xj(t)− xmax(t)) +
m∑
k=1

(yk(t)− xmax(t))

≤
m∑
k=1

(yk(t)− xmax(t))

=−m(xmax(t)− y∗) +
m∑
k=1

(yk(t)− y∗).

If we denote z∗(t, z0) as the solution to the system

ż(t) = −mz(t) + u(t), (B.6)

with the initial condition z(0) = z0, where u(t) =
∑m

k=1(yk(t) − y∗) → 0 as
t→∞, then we claim that z∗(t, z0)→ 0 as t→∞ for any initial condition. The
claim will be proven in Appendix. Since both |xmin(t) − y∗| and |xmax(t) − y∗|
are bounded, thanks to Lemma B.3.2, by the comparison lemma we have

z∗(t, xmin(0)− y∗) ≤ xmin(t)− y∗ ≤ xmax(t)− y∗ ≤ z∗(t, xmax(0)− y∗).

Both z∗ on the two sides of the inequality converge to zero. Hence, we have both
xmin(t) and xmax(t) converge to y∗.

Although Theorem B.3.4 requires the exo-opinions to reach consensus in order
to synchronize the normal opinions, we could achieve the same goal with non-
converging exo-opinions. In fact, as long as the exo-opinions are constrained in a
bounded region after a certain time, we will still have a consensus result, which
can be formulated by the following theorem.

Theorem B.3.8. For the system (B.2), if we assume that

1. x(0) is covered by y(0);

2. the function g satisfies |gk(t, y)| ≤ v < d;

3. there exist a ∈ R, r ∈ (0, d) , and T > 0 such that yk(t) ∈ [a, a + r] for
t > T , and for all k,

then xmax(t)− xmin(t)→ 0 as t→∞.
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Proof. The theorem can be proven by the two phase approach again:

(i). Firstly, we show that for xmin(t) and xmax(t), there exists a time such that
both opinions will be and remain connected to all the exo-opinions after that
time.

(ii). Secondly, we show that if both xmin(t) and xmax(t) remain connected to all
the exo-opinions, they will reach consensus.

We only prove (i) here, and the proof of (ii) will be identical to that in the proof of
Theorem B.3.4.

We only consider t > T . xmin(t) is connected to all the exo-opinions if it is in
the interval (a+ r− d, a+ d) since yk(t) ∈ [a, a+ r] for all k. We will show that
if xmin(t) ≤ a+ r−d+ ε for some small ε > 0, then d

dtxmin(t) ≥ c > 0 for some
constant c (if the derivative exists), meaning that if t is large enough, xmin(t) will
keep being larger than a+ r − d.

Suppose xmin(t) ≤ a + r − d + ε. If we further assume that ε ≤ d − r, we
also have xmin(t) ≤ a ≤ yk(t) for all k. Because x(t) is covered by y(t) due
to Lemma B.3.2, there exists at least one exo-opinion yκ(t) connected to it. For
almost all t > T , we have

d

dt
xmin(t) =

∑
j:|xj−xmin|<d

(xj(t)− xmin(t)) +
∑

k:|yk−xmin|<d

(yk(t)− xmin(t))

≥yκ(t)− xmin(t) ≥ a− (a+ r − d+ ε) = d− r − ε.

If we choose ε = d−r
2 , then we have

d

dt
xmin(t) >

d− r
2

> 0. (B.7)

There thus must exists a T1 such that xmin(t) > a+ r − d for all t > T1. We can
derive a similar result for xmax(t) so that there exists a T2 such that xmax(t) ≤
a+ d for all t > T2. Combining these two we get that

xi(t) ∈ [xmin(t), xmax(t)] ⊂ (a+ r − d, a+ d),

for all t > max{T1, T2} and thus stays connected to all the exo-opinions for all
i.
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Remark B.3.9. In Theorem B.3.8, the bound for r is tight, meaning that we can-
not draw the same conclusion for r = d. . If r = d, we can only derive that
d
dtxmin(t) ≥ 0 from (B.7) and there may not exist such T1 in the proof. There
is also a counter example that we do not have a consensus result for r = d. For
instance two static exo-opinions with distance d and two normal opinions converge
to them separately from outside. On the other hand, if we only have the condition
that |yk(t) − ys(t)| ≤ r < d for t large enough without the constraint of a fixed
bound, there can be situations that the normal opinions x(t) keep moving on a cer-
tain formation together with the exo-opinions while keeping fixed distance among
each other.

B.4 Numerical Examples

There are three numerical experiments carried on in this section to test and illustrate
the results of Section 3. In all three simulations, the following settings are shared.
We let n = 200 initial opinions randomly distributed by a uniform distribution
on the interval [0, 1]. The confidence range d among the agents is set to be 0.05.
In order to reduce the computational burden, there are only m = 2 exo-opinions,
which is the smallest amount of exo-opinions that can cover the initial opinions.
In each of the three experiments, we choose different g functions so that the exo-
opinions will satisfy the other assumptions and test the evolution of all the normal
opinions.

B.4.1 Example one

Set the exo-system as:

ẏk = α(
1

2
+

1

2
sin(2dt)− yk), for k = 1, 2, (B.8)

with the initial condition
y1(0) = 0, y2(0) = 1,

for a given constant parameter α. Then both exo-opinions will track the signal
1
2 + 1

2 sin(2dt) for positive α. Meanwhile we need to choose α small enough in
order to fulfill the assumption that |ẏ| ≤ v < d. If the exo-signals remain in the
interval [0, 1], we have

|ẏk| ≤ α(
1

2
+

1

2
+ 1) = 2α.
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Figure B.2: Evolution of the normal opinions xi (solid blue curves) and exo-
opinions yk (dashed red curves) with the system (B.2) and the choice of the exo-
system (B.8). The normal opinions reach consensus asymptotically while keeping
a small gap to the exo-opinions.

We can choose any α < d
2 . Since d = 0.05 in the simulation, α is chosen to be

0.024 here.

According to Theorem B.3.4, since the exo-opinions will track and asymptot-
ically converge to the same signal, the normal opinions xi must reach consensus.
Figure B.2 shows the numerical solution to the differential equation (B.2) for the
given initial conditions. The blue solid curves represent the opinions xi and the
red dashed curves are the exo-opinions; xi’s rapidly form several clusters for the
first few seconds but follow the exo-opinions when and after they get close. The
normal opinions converge to the same curve after a while although the curve does
not coincide with the exo-opinion. There is a small gap between them.
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Figure B.3: Evolution of the normal opinions xi (solid blue curves) and exo-
opinions yk (dashed red curves) with the system (B.2) and the choice of the exo-
system (B.9). The normal opinions reach consensus and converge to the value
where the exo-opinions converge.

B.4.2 Example two

We test Corollary B.3.7 by letting the exo-signal converge to a constant value in
this experiment. Set the exo-system as:

ẏi = β(
1

2
− yi), (B.9)

y1(0) = 0, y2(0) = 1,

so that the both exo-signals will converge to the value 1
2 . According to Corollary

B.3.7, xi will also converge to 1
2 for all i. Figure B.3 illustrate the consensus result.

B.4.3 Example three

Theorem B.3.8 can guarantee consensus even for non-converging exo-opinions.
We simulate the scenario that the exo-opinions keep oscillating in a small region
by choosing the exo-system as:

ẏ1 =
d

2
(
1

2
+ 2d sin(2d(t+

π

3
))− y1)

ẏ2 =
d

2
(
1

2
+ 2d sin(2dt)− y2) (B.10)

y1(0) = 0, y2(0) = 1.
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Figure B.4: Evolution of the normal opinions xi (solid blue curves) and exo-
opinions yk (dashed red curves) with the system (B.2) and the choice of the exo-
system (B.10). Although the exo-opinions do not converge to the same curve, the
normal opinions reach consensus.

The two signals generated by this system will be constrained in the interval (1
2 −

d
2 ,

1
2 + d

2) when time is large enough, and keep a phase difference between each
other. Figure B.4 shows that the normal opinions converge to the same curve that
is also oscillating with the same frequency but a much smaller amplitude.

Remark B.4.1. The normal opinions converge to different clusters very fast in the
beginning of the simulations although initially they should be randomly distributed
in the interval [0, 1]. Due to numerical errors from the ode solver in MATLAB, the
normal opinions are actually oscillating if zoomed in. If the tolarence of the ODE
solver is decreased, the amplitude of the oscillation will also be reduced, while the
computational cost will be increased.

B.5 Conclusions and Future Work

With the help of an exo-system, the opinion consensus with a bounded confidence
model has been analyzed and guaranteed. The required exo-opinions do not have
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to reach steady states or to converge to the same value. We provide two theorems
that can deal with two types of exo-systems. For exo-opinions that do not converge,
there are in general gaps between the synchronized opinions and exo-opinions.

The exo-system can also help to regulate the opinions not only to a single clus-
ter but also to other formations. The inverse problem is: for a given opinion cluster
formation, whether we can always find an exo-system such that the normal opin-
ions converge to that formation with an arbitrary initial distribution. The inverse
problem is equivalently important and a topic of current research.

Appendix

proof of the claim in Corollary (B.3.7). For the system

ż(t) = −mz(t) + u(t), z(t) ∈ R, M > 0 (B.11)

with u(t) being continuous, having bounded derivative and converging to zero,
we want to show that the solution z∗(t, z0) also converges to zero with any initial
condition z(0) = z0.

Since u(t) converges to zero, for any ε > 0, there exists a T > 0 such that
|u(t)| ≤ δ for all t > T . We can also assume that |u(t)| ≤ Ut for all t because
u(t) has bounded derivative. According to the solution to the linear systems we
have

|z∗(t, z0)| =
∣∣∣∣e−mtz0 +

∫ t

0
e−m(t−s)u(s)ds

∣∣∣∣
≤ |e−mtz0|+

∣∣∣∣∫ T

0
e−m(t−s)u(s)ds

∣∣∣∣+

∣∣∣∣∫ t

T
e−m(t−s)u(s)ds

∣∣∣∣
≤ |e−mtz0|+

∣∣∣∣∫ T

0
e−m(t−s)Usds

∣∣∣∣+

∣∣∣∣∫ t

T
e−m(t−s)δds

∣∣∣∣
≤ e−mt

(
|z0|+

U

m

(
TemT − 1

m
emT + 1

))
+

1

m
(1− e−m(t−T ))δ

≤ e−mt
(
|z0|+

1

m

(
TemT + 1

))
+

δ

m
.

For any ε > 0, we let δ = mε
2 and get a corresponding T . We can then have

T ′ = max

{
1

m
ln

2(M |z0|+ TemT + 1)

ε
, 0

}
≥ 0,
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so that for all t > T ′ we have emt
(
|z0|+ 1

m

(
TemT + 1

))
< ε

2 . As a result, we
have

|z∗(t, z0)| < ε

2
+
ε

2
= ε,

for all t > T ′ and thus z∗(t, z0) converges to zero for any z0.
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Abstract

Crowd evacuation has become a primary safety issue in many public places
in a metropolitan area. Experts from different fields have worked on model-
ing and designing evacuating policies by using different tools and methods.
In this paper, an optimal control approach is used to derive guiding strate-
gies for the rescue agents under different circumstances. Various optimal
control problems are formulated to handle different assumptions of the sce-
nario. Both the analytic solutions and the numerical simulation confirm the
efficiency of this approach, which in turn can be potentially used as decision-
making support in practical applications.

Keywords: multi-agent system, optimal control

C.1 Introduction

Due to the rapid urbanization in many parts of the world and other factors, our
societies today are facing increasingly more potential threats in public places with
high density human crowds. Systematic crowd evacuation has thus become a very
critical issue, and also an important topic for research. Since the past two decades
[21], researchers from different fields have contributed to modeling and design of
evacuation scenarios from different point of views. J.D. Sime [20] started from the
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psychology aspect to analyze the individual behaviors. In [2, 13] established a cel-
lular automaton model with behavior inspired by insects in nature was established.
With the development of multi-agent systems theory, some agent-based models
came out in the past decade, e.g., [1, 17, 15, 6].

So far there seem to be two different methodologies for modeling the crowd
behavior. The first is the so-called microscopic approach that treats individuals in
the group as separate objects with certain influence from both the rest of the crowd
and the environment. Most results that use tools from psychology, social forces,
multi-agent systems theory belong to this category, e.g., [20, 14, 19, 7]. The other
is the macroscopic approach that considers the whole crowd as one entity with
certain parameters describing the density of the people, which applies only for
large crowds. Tools from fluid mechanics and partial differential equations are
used, e.g., [5, 10]. When safety is of concern, density based approximations of
individuals may not be adequate. For example, the density being equal to 0.01
does not implies absence of agents in the area. We thus argue that microscopic
approaches are more suitable when safety is prioritized and use this approach in
this work.

The study on multi-agent systems has experienced a significant development
over the past decade. Many agent-based models were established based on the
assumptions given by C.W. Reynolds [18] when modeling animal flock behavior.
Especially, the social force model [8] has been widely considered. The simulation
of these models can illustrate the human crowd motion in realistic scenarios.

A question that is still largely open is how we can implement these models in
order to control crowd evacuation in case of panic situation. Since efficiency is crit-
ical in such an evacuation, an optimal control approach seems to be suitable. If we
can set some reasonable objectives for evaluating the evacuation progress, we can
then design an optimal moving strategy for the crowd accordingly. Unfortunately,
even if the optimal behavior can be determined, agents in panic may not be able
to perform in that way. Therefore, in both practice and theory, a “leader-follower"
approach would be more efficient, since even in panic people would still tend to fol-
low a rescue worker. In the literature, several agent-based leader-follower models
are established [11, 16]. Optimal control has also been used for such models, e.g.,
[12, 22]. In [12] an optimal control problem is formulated to control the system
from one quasi-static equilibrium to another one. In [22] it is shown that optimal
energy control for consensus implies that the interaction topology is the complete
graph.

In this paper, we will focus on designing optimal control strategies for the
leaders so that the followers can move from some given initial positions to a final
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destination in a most efficient way. The underlying assumption here is that one can
not expect individuals in a big crowd to perform a global optimal behavior when
they are in panic, as is already mentioned above. More realistically, we can assume
that they will still follow some behavior primitives such as following a guiding
leader, avoiding collision with each other, or avoiding walls and obstacles. On the
other hand, skilled and calm leaders could do their best to guide the crowd to cer-
tain places considered to be safe enough.By choosing different objective functions
and models, the optimal rescuing strategy for the leaders may vary in different sit-
uations. In order to get analytic solutions, we will focus on some relatively simple
models. However, we argue that they still capture the essence of the problem.

The rest of the paper is organized as follows: In Section II, the optimal control
problem is formulated. Situations with single follower are discussed in Section III,
and the analytic solutions are provided. In Section IV, we investigate the scenario
with multiple followers and derive the optimal solution to the problem. Numerical
simulation is shown in Section V, and conclusions are given in Section VI.

C.2 Problem Formulation

An individual agent in the crowd will be called follower, while a rescue agent
will be called leader. Our objective is to plan the leaders’ rescue guiding route
in an optimal way according to a given leader-follower interaction model. In
this paper, the considered models will be of first order, which indicates that we
can control the velocity of a leader directly, and the velocity of followers can
be modeled as a function of the leaders’ and the followers’ positions. Denoting
the position of all followers as x =

[
xT1 xT2 . . . xTn

]T and of all leaders as

xL =
[
xTL1

xTL2
. . . xTLm

]T , where xi ∈ R2 and xLj ∈ R2 for i = 1, 2, · · · , n
and j = 1, 2, · · · ,m, then we can write

ẋi(t) = fi(x1(t), · · · , xn(t), xL1(t), · · · , xLm(t)), (C.1)

for i = 1, · · · , n, where n is the number of followers and m is the number of
leaders, or in stack vector form

ẋ(t) = f(x(t), xL(t)). (C.2)

The task of the leader is to guide the follower to a certain area in a given time.
We assume that the leaders know the initial positions of the followers, the infor-
mation about the target area, and the follower dynamics (C.2). It may happens that
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the leader cannot obtain all the initial positions of the followers, then leaders could
only perform as good as they can based on the information they have. Hence, the
assumption is reasonable. The evaluation of the guiding action involves both the
terminal status of the followers and the rescuing cost generated during the proce-
dure. The following optimal control problem (OCP) gives a standard form of this
type of problems

min
u

Φ(x(tf )) +

∫ tf

0
L(t, x(t), u(t))dt (C.3)

s.t. ẋ(t) = f(x(t), xL(t)),

ẋL(t) = u(t),

x(0) = x0, xL(0) = x0
L,

x(tf ) ∈ E, xL(tf ) ∈ El,
u(t) ∈ U,

where Φ : R2n → R and L : R × R2n × R2m → R are the cost functions of the
final states and during the process, respectively, and x0 ∈ R2n and x0

L ∈ R2m are
the initial conditions of leaders and followers. The sets E ⊆ R2n and El ⊆ R2m

describe the terminal constraints for the states while U ⊆ R2m is the constraint for
the control.

We can formulate many different problems in the form of (C.3) by choosing
different functions Φ, L and f , and different sets E, El and U . For example, one
may want to guide the followers as close as possible, in terms of the sum of the
distance squares, to a point with position xe in a limited amount of time while
the leaders have to be in a given area Elt at the terminal time. If there is no other
constraint for the control, then we can set Φ(x(tf )) =

∑n
i=1 ‖xi(tf )−xe‖2,L = 0,

E = R2n, El = Elt and U = R2m.

In Sections III and IV, we will discuss cases with one leader but with differ-
ent values for these functions and explore the analytical optimal solutions to the
respective problems by using Pontryagin’s minimum principle (PMP). Since non-
linear function f may make it difficult to obtain a analytical solution, we will focus
on a linear interaction model among the leaders and the followers, which is remi-
niscent of standard consensus models in literature.
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C.3 Single-follower Case

Let us first consider the case where there is only one leader and one follower. This
assumption is nevertheless illustrative of the general ideas. In this section, we
assume that the follower follows the leader with velocity f(x, xL) = c(xL − x)
for some parameter c > 0, and we discuss two cases of the objective function and
derive the analytic solution for each case.

C.3.1 Optimizing the terminal position

For a leader, the goal may be to guide followers to an exit or a safe place as soon
as possible. Mathematically this can be formulated as the problem of minimizing
the distance between the follower and the exit at some given time instance tf , i.e.,
Φ(x(tf )) = ‖x(tf )− xe‖2, where xe is the position of the exit; L(t, x(t), u(t)) is
set to be zero in this case. Then we can rewrite (C.3) as

min
u
‖x(tf )− xe‖2 (C.4)

s.t. ẋ = c(xL − x),

ẋL = u,

x(0) = x0,

xL(0) = x0
L

‖u(t)‖ ≤ vmax.

The bound on u(t) reflects the fact that both agents have limited motion capabil-
ities. Pontryagin’s minimum principle can be used to solve this problem. The
Hamiltonian in this case is

H = λT (c(xL − x)) + λTLu, (C.5)

where λ and λL are the Lagrange multipliers. If x, xL, u∗ are the optimal states
and control, then the pointwise minimization gives

u∗ = argmin H((x, xL), u, (λ, λL)) = argmin λTLu

=

{
−vmax
‖λL‖λL, λL 6= 0

arbitrary, λL = 0
(C.6)
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By plugging this control to the system and using the adjoint system to solve the
Lagrange multipliers, we can get

x(t) = e−ctx0 − vmax
c‖α‖

(ct− 1 + e−ct)α+ (1− e−ct)x0
L, (C.7)

where α := x(tf )− xe 6= 0. If we let t = tf in (C.7) and subtract xe on both sides
of it, then we get α = kβ, where

k = (1 +
vmax
c‖α‖

(ctf − 1 + e−ctf ))−1 > 0, (C.8)

and
β = e−ctfx0 + (1− e−ctf )x0

L − xe. (C.9)

Hence, the optimal control is given by

u∗(t) = − vmax
‖kβ‖

kβ = −vmax
‖β‖

β. (C.10)

If α = 0, then both λ(t) and λL(t) will be constant and equal to zero. The
solution of the pointwise minimization will be arbitrary values. On the other hand,
α = 0 indicates that x(tf ) = xe. Therefore, any control u(t) that will lead the
follower to the exit in time tf will then be optimal.

By plugging ‖α‖ = k‖β‖ back to (C.8), we get

k = 1− vmax
c‖β‖

(ctf − 1 + e−ctf ). (C.11)

Meanwhile, we know that k > 0 by (C.8), which implies

vmax(ctf − 1 + e−ctf ) ≤ c‖β‖. (C.12)

We can solve the inequality (C.12) to get an upper bound for tf such that α 6= 0. If
tf satisfies (C.12), then the solution (C.10) is the only solution satisfying the PMP
conditions, which is also the unique optimal solution to OCP (C.4).

The above analysis is summarized as follows:

Theorem C.3.1. If the terminal time tf satisfies (C.12), then the control (C.10)
solves the optimal control problem (C.4), where β is given by (C.9).
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(a) t = t0
(b) t = t1

Figure C.1: A Graphic illustration of the optimal moving directions of the leader
as linear combinations of xL(t) − x(t) and xe − xL(t). . In (C.1a), u∗(t0) is
dominated by the vector xe−xL(t) because t0 is small. In (C.1b), u∗(t0) is almost
parallel to the vector xe − x(t) since the value of e−c(tf−t1) is approaching 1.

Although the optimal control (C.10) obtained by PMP is an open-loop solution,
we can always write it as a state feedback control according to Bellman’s Principle
of Optimality, i.e., at time t, considering a similar OCP to (C.10) with the current
states as the initial condition and the new time limit tf − t. We can derive the
optimal solution to the new problem according to Theorem C.3.1, which can be
written as

u∗(t) = − vmax
‖β(t, x(t), x)l(t))‖

β(t, x(t), xL(t)), (C.13)

where

β(t, x(t), xL(t)) = e−c(tf−t)x(t) + (1− e−c(tf−t))xL(t)− xe
= e−c(tf−t)(x(t)− xL(t)) + (xL(t)− xe). (C.14)

Hence, u∗ can be considered as linear combination of the two directions xL(t) −
x(t) and xe − xL(t) with time varying weights. When t is small, the leader tends
to move in the direction of xe − xL(t), i.e., towards the exit, since e−c(tf−t) is
relatively small. When t is getting larger, the leader will focus more on guiding the
follower, and the vector u∗(t) will become parallel to xe − x(t). The phenomenon
is depicted in Fig C.1.

Remark C.3.2. If we would like the follower to be close enough to the exit in the
end, i.e., ‖x(tf ) − xe‖ ≤ r, for some r > 0, the lower bound of tf that make the
system state fulfill this constraint can also be given by solving the inequality

‖β‖ − vmax
c

(ctf − 1 + e−ctf ) ≤ r, (C.15)
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C.3.2 Optimizing the rescuing cost

There are scenarios where (semi-)autonomous robots are deployed, e.g., for the
search and rescue missions. For such systems, energy is an issue. Thus it is rea-
sonable to define the objective function of the process L(x(t), u(t), t) as ‖u(t)‖2.
Meanwhile, we want the leader to guide followers to a certain region defined by
a disc with the center xe and the radius r. Then we obtain a new optimal control
problem

min
u

∫ tf

0
‖u(s)‖2ds (C.16)

s.t. ẋ = c(xL − x),

ẋL = u,

x(0) = x0, xL(0) = x0
L,

x(tf ) ∈ B(xe, r),

where B(xe, r) = {x ∈ R2 : ‖x− xe‖ ≤ r}.
The Hamiltonian is

H = ‖u(t)‖2 + λT (c(xL − x)) + λTLu. (C.17)

The pointwise minimization gives

u∗ = argmin H((x, xL), u, (λ, λL)) = −λL
2
. (C.18)

For the single-follower case, we can replace the closed ball with a sphere in the
boundary condition of (C.16), and obtain a boundary constraint for λ(t), which is

λ(tf ) = k(x(tf )− xe)
4
= kα for some k ∈ R. Then we get

λL = −
∫ t

tf

cec(s−tf )λ(tf )ds+ λL(tf ) = k(1− ec(t−tf ))α, (C.19)

and
u∗ = −k

2
(1− ec(t−tf ))α. (C.20)

We can again perform the integration and get

x(t) = − k

2c

(
ct− 1 + e−ct + e−ctf − 1

2
(ec(t−tf ) + e−c(t+tf ))

)
+ e−ctx0 + (1− e−ct)x0

L. (C.21)
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Noticing the fact that α = x(tf )− xe and ‖α‖ = r, we can solve α and k, and get

α =
r

‖β‖
β, (C.22)

and

k =
2c
(
‖β‖
r − 1

)
ctf − 1 + 2e−ctf − 1

2(1 + e−2ctf )
, (C.23)

where
β = e−ctfx0 + (1− e−ctf )x0

L − xe. (C.24)

Theorem C.3.3. The control (C.20) solves the optimal control problem (C.16),
where α = r

‖β‖β, β is given by (C.24), and k is given by (C.23).

C.4 Multiple-follower Case

We will consider the case of one leader and multiple followers in this section, i.e.,
m = 1 and n > 1. Assuming that followers interact with each other linearly with
respect to a fixed graph G, whose Laplacian is denoted by L, then the follower
dynamics (C.2) can be written as

ẋ = Ax+BxL, (C.25)

where A = −L ⊗ I2 − diag{~b} ⊗ I2, B = ~b ⊗ I2, and the nonnegative vector
~b indicates the power of the links between the leader and the followers. We also
assume the joint undirected graph with leader and followers is connected, i.e., the
leader is connected to at least one agent in each component of G. In this section,
we will only extend the OCP (C.16) where we want to minimize the total energy
cost. The extended version is given by

min

∫ tf

0
‖u(s)‖2ds (C.26)

s.t. ẋ = Ax+BxL,

ẋL = u,

xi(0) = x0
i , xL(0) = x0

L,

xi(tf ) ∈ B(xe, r).
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One can apply PMP to solve the optimal control problem by using a particular
technique to deal with the boundary condition for xi(tf ). The Hamiltonian will be

H = ‖u(t)‖2 + λT (Ax+BxL) + λTLu. (C.27)

The point-wise minimization will be again

u∗ = −λL
2
. (C.28)

Since we assumed that the joint undirected graph with leader and followers is con-
nected, the matrix A is negative definite [9]. From the adjoint system, we can do
the standard integration and get

λL(t) = BTA−1(e−A(t−tf ) − I2n)λ(tf ). (C.29)

As mentioned in [3], the condition for the boundary value of the Lagrange mul-
tiplier λ(t) can be obtained in the following way. We can rewrite the terminal
set as E = {x|ψ(tf , x(tf )) ≤ 0}, where ψi(t, x) = ‖xi − xe‖2 − r2. The
value of the Lagrange multiplier λi at time tf must be in the form of λi(tf ) =

( ∂φ∂xi + vi
∂ψ
∂xi

)|xi=xi(tf ), where v =
[
v1 v2 · · · vn

]T and the following condi-
tions are fulfilled: 

ψ(tf , x(tf )) ≤ 0

v ≥ 0

vTψ(tf , x(tf )) = 0.

(C.30)

The last equation of (C.30) is called the complementarity condition, which means
that each agent will either finally reach the boundary of the set or not contribute
to the optimal solution. For example, if we want to lead all the agents to reach
boundary at the same time, ψ(tf , x(tf )) will be zero while v is free to choose
according to (C.30). Then we have

λ(tf ) =
[
λ1(tf )T · · · λn(tf )T

]T
=
[
v1

∂ψ
∂x1

T |xi=xi(tf ) · · · vn
∂ψ
∂xn

T |xi=xi(tf )

]T
=
[
2v1(x1(tf )T − xTe ) · · · 2vn(xn(tf )T − xTe )

]T 4
= η.

If we can obtain η, then we know the optimal control will be

u∗(t) = −1

2
BTA−1(e−A(t−tf ) − I2n)η. (C.31)
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By doing certain integrations similar to the ones we did in Section III.B, we get

x(tf ) =eAtfx0 + (eAtf − I)A−1Bx0
L +

1

2

(
(−tfI2n −A−1

+A−1eAtf )A−1BBTA−1 +W (tf )A−2

+ (I2n − eAtf )A−1BBTA−2eAtf
)
η, (C.32)

where W (t) is the controllability Gramian of the system ẋ = Ax + Bu. If we
define

β =
[
β1 β2 · · · βn

]T
= eAtfx0 + (eAtf − I2n)A−1Bx0

L − xe ⊗~1n, (C.33)

and

Γ =
[
ΓT1 ΓT2 · · · ΓTn

]T
= −1

2

(
(−tfI2n −A−1 +A−1eAtf )A−1BBTA−1

+W (tf )A−2 + (I2n − eAtf )A−1BBTA−2e−Atf
)
, (C.34)

then
x(tf )− xe ⊗~1n = β − Γη. (C.35)

xi(tf )− xe can be written as βi − Γiη with the constraint that

‖βi − Γiη‖ = r. (C.36)

It is more probable that some of the agents will reach the interior of the set E
finally, i.e., ψi(tf , x(tf )) < 0 for some i. Then we must have vi = 0 according

to (C.30). But we can still write λ(tf ) in the form of 2V (x(tf ) − xe ⊗ ~1n)
4
= η,

where V = diag{v} ⊗ I2 with vi = 0 for those i’s such that ψi(tf , x(tf )) < 0.
Finally, we will obtain that xi(tf )− xe = βi + Γiη. However, we can only get the
inequality constraint

‖βi − Γiη‖ ≤ r, (C.37)

since we do not know for which i, ψi(tf , x(tf )) < 0, and vi = 0. Furthermore,
for any η satisfying (C.37), it is not always possible to find the vector v such that
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(C.30) holds. Fortunately, we are not searching for any arbitrary η that satisfies
(C.37). Note that given the optimal control (C.31), the objective value will be∫ tf

0
‖u(s)‖2ds =

∫ tf

0
‖ − 1

2
BTA−1(e−A(s−tf ) − I2n)η‖2ds

=

∫ tf

0
ηTK(s)TK(s)ηds

= ηT
(∫ tf

0
K(s)TK(s)ds

)
η
4
= ηTQη, (C.38)

whereK(t) = −1
2B

TA−1(e−A(t−tf )−I2n), andQ =
∫ tf

0 K(s)TK(s)ds. To min-
imize the objective value is therefore equivalent to minimizing ηTQη, which im-
plies that the η we are looking for is the optimal solution to the following quadratic-
constraint quadratic programming (QCQP) problem

min
η

ηTQη (C.39)

s.t. ‖βi − Γiη‖2 ≤ r2, for i = 1, 2, . . . , n.

The following lemma guarantees that for the optimal η solved from (C.39), we can
always find v such that (C.30) is satisfied, and then derive the optimal control.

Lemma C.4.1. If η is the optimal solution to the convex optimization problem
(C.39), then there always exists a vector v such that the condition (C.30) is fulfilled
for xi(tf ) = βi − Γiη + xe.

Proof. We use the KKT optimality condition to prove this lemma. If η∗ is the
global optimal solution to (C.39), then there exit Lagrange multipliers

µ =
[
µ1 µ2 · · · µn

]T
,

such that 
2Qη∗ + 2

∑n
i=1 µi(Γiη

∗ − βi) = 0

µ ≥ 0

µi(‖βi − Γiη
∗‖2 − r2) = 0.

(C.40)

By noticing that xi(tf ) − xe = βi − Γiη, we can directly choose v = µ to fulfill
the conditions (C.30).

Theorem C.4.2. The solution (C.31) with η as the optimal solution to the convex
optimization problem (C.39) solves the optimal control problem (C.26).
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Proof. The theorem can be proven by using Lemma 4.1 and the analysis before
that.

Remark C.4.3. The convex optimization problem (C.39) does not always have
feasible solutions, especially for small r. For given initial conditions xi0 , xL0 , xe
and given terminal time tf , we need to first solve another QCQP problem:

min
r,η

r2 (C.41)

s.t. ‖βi − Γiη‖2 ≤ r2, for i = 1, 2, . . . , n.

to obtain the lower bound for the feasible radius r. The objective function w.r.t
r is strictly convex, so there will be only one global optimal rmin, which can be
found by using a standard convex programming solver. This specific problem can
also be solved more efficiently by using the technique introduced in [4] if Γi’s are
identical. If the given r in the OCP (C.26) is smaller than rmin, then the OCP has no
optimal solution. This lower bound also describes how well the leader can perform
the evacuation during a given time.

On the other hand, for a given r, one can solve the following optimization
problem

min
t,η

t (C.42)

s.t. ‖βi(t)− Γi(t)η‖2 ≤ r2, for i = 1, 2, . . . , n.

to obtain the lower bound for tf , where βi(t) and Γi(t) are nonlinear functions of
t that are defined similarly to (C.33) and (C.34). The solution to this optimization
problem answers the question that “what is the minimal time the leader needs to
guide the follower into the safety zone with radius r".

We conclude the section by providing a summary of the algorithm for solving
the OCP (C.26):

C.5 Simulations

In this section, we provide a number of numerical simulations to examine and
demonstrate the performance of the theoretical optimal control strategy. In the
first part, we restrict the example to have the same setting as the problem (C.26),
where followers only move towards the leader. We then proceed to introduce some
extended scenarios, where followers can have more complicated dynamics.
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The algorithm consists of four steps

1. Compute the vectors/matrices β, Γ, and Q by the definition (C.33),
(C.34), and (C.38), respectively.

2. Solve the QCQP problem (C.41) to get rmin. If r < rmin, then the OCP
has no optimal solution.

3. Solve the QCQP problem (C.39) to derive the vector η.

4. The optimal control is given by u∗(t) = −1
2B

TA−1(e−A(t−tf ) − I2n)η.

C.5.1 Without interaction among the followers

We will perform a simulation based on the model (C.26). Initially, 50 followers
are randomly spread in the area [−40, 40] × [−40, 40] while the leader appears
also randomly. The exit is located on (80, 60), and the evacuation time is given
as tf = 10(s). The matrices in the model are chosen to be A = −0.3I100 and
B = 0.3~150 ⊗ I2. To be able to solve the optimization problem (C.39), r has to be
no less than 2.51 (obtained by solving (C.41)). So we choose the circle with radius
r = 10 > 2.51 to define the safe zone. We simulate by applying the optimal control
(C.31) with the given parameters. Fig. C.2 shows the result of the simulation. From
the optimization point of view, we know that there will be at least one follower who
reaches the boundary of the set E at exactly the final time tf . The direction of the
leader is supposed to be a constant vector according to the optimal solution and
the choice of A, which is also given by the solution to (C.39). The leader will not
necessarily heading towards the exit position. From Fig. C.2 we can see that the
leader does slightly deviate a bit from the exit position.

C.5.2 With multiple leaders and exits

We next consider the case where more than one exit is involved in the rescuing
problem. In order to lead the followers to different places, multiple leaders are re-
quired. We assume leader j want to lead the followers to the exit j without know-
ing which leader the followers will follow. Meanwhile, a follower will choose the
closest leader corresponding to the initial position and keep following that specific
leader. Each leader will perform the rescuing strategy as if all the followers will
follow it. By removing the follower-follower interaction, we can establish a model
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(a) t = 0 (b) t = 1.34

(c) t = 5.59 (d) t = 10

Figure C.2: Snapshots of the leader-follower movement with the model in the prob-
lem (C.26). The blue dots represent the follower’s position, and the red cross is the
leader’s position. The red arrow shows the heading direction of the leader, while
the length of it indicates the speed. The followers are initially spread in the area of
[−40, 40] × [−40, 40] while the position of the leader is randomly generated. At
t = tf = 10, all the followers have entered the safety region.

with multiple leaders as follows

ẋi = ci(xLk(i)
− xi)

ẋLj = uj ,
(C.43)

where k(i) = 1, 2 or 3 indicates which leader the follower i chose to follow. The
set of followers who are following the leader j is a subset of the set of all the
followers. Those followers will be able to reach the disk B(xej , rj) since the op-
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(a) t = 0 (b) t = 1.79

(c) t = 6.04 (d) t = 10

Figure C.3: Snapshots of the leader-follower movement with the model in the prob-
lem (C.43) with the parameter c chosen to be 0.3. The blue dots represent the
follower’s position, and the red crosses are the leaders’ positions. The red arrow
shows the heading direction of the leader, while the length of it indicates the speed.
The followers are initially spread in the area of [0, 80]×[0, 80] while the position of
the leaders is randomly generated. At t = tf = 10, all the followers have entered
the safety regions.

timal control (C.31) is a feasible solution for the problem (C.26) from Section
IV.B, where xej and rj are the location and safety radius of the jth exit, respec-
tively. Here we run a simulation with three exits located at (100, 80), (−50, 10)
and (10,−30) with radius 15, 10 and 5, respectively. The 50 followers initially
spread in the area of [0, 80] × [0, 80]. The time limit is set to 10 seconds, and the
constant c is chosen to be 0.3 again. Figure C.3 shows how the final performance
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is. Since the set of the followers who follows leader j during the process is a subset
of all the followers, those followers will finally reach the j-th exit.

C.5.3 With repulsive forces among followers

The next examples aims at demonstrating the performance of the control strategy
(C.31) for more complicated models, e.g., followers having repulsive forces among
each other to avoid collision. There are several models of individual behavior in
the human crowd study. For example, the force to avoid collision is discussed in
[15], which has several stages according to the relative distance. Here we introduce
a similar but simplified model. Define the collision avoidance “force" as follows:

fcij =


f1ρij if ‖ρij‖ ≥ d1,

f2
ρij

‖ρij‖(1+‖ρij‖3)
if d1 ≥ ‖ρij‖ ≥ d2,

f3
ρij

‖ρij‖(1+‖ρij‖3)
if d2 ≥ ‖ρij‖ > 0,

(C.44)

where ρij = xi−xj , and d1, d2, f1, f2 and f3 are known parameters. Now we add
this interaction term to the system equation of (C.26), i.e., the system becomes

ẋi = Aix+Biu+
∑

j 6=i fcij
ẋL = u,

(C.45)

where Ai and Bi are the matrices composed of the 2i − 1th and the 2ith rows of
A and B, respectively. We note that the control (C.31) may not be the optimal
solution to the new problem. In fact, it may not even be feasible, i.e., the constraint
xi(tf ) ∈ B(xe, r) may not be fulfilled.

Here we set the parameters as follows. The exit position is at (50, 40) while
the circle of radius 10 is considered to be the safety region. Initially, 50 followers
are randomly spread in the area [−40, 40]× [−40, 40] while the leader appears also
randomly. In the model, A = −0.3 · I100, B = 0.3 · ~150 ⊗ I2, f1 = 0, f2 = 10,
f3 = 100, d1 = 2 and d2 = 1. Figure C.4 shows the simulation result of the model
(C.45) by still applying (C.31). As discussed above, it is expected that not all the
followers will finally enter the safety zone because of the collision avoidance force.
However, all the followers managed to approach the exit in a satisfying way.

C.6 Conclusions and Future Work

In this paper, we used optimal control as a tool to design the moving strategy for
a leader agent to guide the follower agents in specific crowd evacuation scenar-
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(a) t = 0 (b) t = 2.25

(c) t = 3.83 (d) t = 10

Figure C.4: Snapshots of the leader-follower movement with the model (C.45).
The blue dots represent the follower’s position, and the red cross is the leader’s
position. The red arrow shows the heading direction of the leader, while the length
of it indicates the speed. The followers are initially spread in the area of [−40, 40]×
[−40, 40] while the position of the leader is randomly generated. At t = tf = 10,
not all the followers have entered the safety region due to the collision avoidance
force.
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ios. Different types of optimal control problems are formulated under different
assumptions inspired from real world applications. Analytic solutions are obtained
by using Pontryagin’s Minimum Principle and related convex optimization prob-
lems. The solutions were also implemented in numerical experiments. Simulations
indicated that the optimal control derived theoretically may still be applicable to
more complicated models.

Future work will include both theoretical analysis of more complex scenarios
and numerical experiments on more realistic settings. Using nonlinear follower
dynamic equations or adding other social interactions in the corresponding optimal
control problem will be considered. Developing methods dealing with obstacles
and building environment as well as more complex pedestrian behavior is another
research direction.
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Abstract

In a crowd model based on leader-follower interactions, where positions
of the leaders are viewed as the control input, up-to-date solutions rely on
knowledge of the agents’ coordinates. In practice, it is more realistic to ex-
ploit knowledge of statistical properties of the group of agents, rather than
their exact positions. In order to shape the crowd, we study thus the prob-
lem of controlling the moments instead, since it is well known that shape can
be determined by moments. An optimal control for the moments tracking
problem is obtained by solving a modified Hamilton-Jacobi-Bellman (HJB)
equation, which only uses the moments and leaders’ states as feedback. The
optimal solution can be solved fast enough for on-line implementations.

Keywords: multi-agent system, optimal control, dynamic programming, moments

D.1 Introduction

With continuous urbanization of the global population, researchers are getting
more and more aware that it is important to have a better understanding of crowd
behavior under certain circumstances. Experts from different fields, including so-
ciologists, psychologists, ecologists, physicists, mathematicians and computer sci-
entists use their different perspectives to model and analyze the crowd. One typical
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and important application of the crowd behavior study is the evacuation problem
in emergency situations. Although the human behavior can be very complicated
in these situations, researchers have made lots of effort to model, analyze and sim-
ulate the crowd with different approaches for the purpose of minimizing the total
societal loss.

From the pure social psychology point of view, there are models such as the
theory of planned behavior form I. Ajzen [1]. J.D. Sime linked the psychology
part and the engineering part of the crowd behavior problem in [15]. From the
engineering aspect, one commonly used macroscopic approach is to consider the
whole crowd as one entity that is described by a density function and use tools such
as fluid mechanics and partial differential equations to conduct analysis. This con-
tinuum setting of the crowd has been used, e.g., in [7] and [2]. The disadvantage of
this type of approach relies on the fact that a density approximation of the human
crowd is not adequate when the density is low. On the other hand, low computa-
tional cost is obviously the advantage of the approach, especially when the scale of
the crowd is large enough.

Another method for crowd analysis is by using the tool of multi-agent systems
theory that has rapidly developed in the past decades. Compared to the continuum
setting, multi-agent system analysis can be seen as a microscopic model that fo-
cuses on individual behaviors. Part of the idea came from animal flocking observa-
tion and modeling such as Reynolds model in [13] in 1987. This kind of approach
was used, e.g., in [10], [5]. One of the most widely used models, the social force
model in [6], also uses this setting. With the theory development in multi-agent
consensus problems, researchers do strict analysis for linear multi-agent systems,
e.g., in [14]. However, many models for human crowd are highly nonlinear, which
makes the analysis much harder due to the lack of theoretical support for nonlin-
ear systems. The computation cost is also a big issue for numerical experiments.
Nevertheless, the advantage is the accuracy of individual states if compared to
macroscopic approaches.

Among the multi-agent crowd models, there is one type of model called leader-
follower model that divides the crowd into two groups based on their roles. These
models are very useful for example in the evacuation problem, where the res-
cue workers act as leaders and the general public can be considered as follow-
ers. Such models can be found for example in [8], [4] and [12]. A central issue
for leader-follower models is controllability. In [9], the controllability of linear
leader-follower models is discussed in detail. Unfortunately, the system becomes
uncontrollable in most cases of reasonable linear models. In [16], an optimal con-
trol approach is used for control design even though the system is not controllable
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for the evacuation problem. In leader-follower based models, the formation of the
followers is in general very hard to control by only the leaders, since the system
is often uncontrollable. On the other hand, it is unfortunate that the possibility
of shaping the crowd is seldom discussed in the literature since the shape is less
restrictive than the formation and maybe more elaborate to control. In this paper,
we will study the moments of the crowd, which have a strong connection to the
shape as shown in [11] and [3]. By using dynamic programming techniques, we
will attack the problem of shaping the crowd.

In the method introduced later in this article, we will design a controller so
that the shape of the crowd will track approximately some desired shape during
the process. Although the asymptotic behavior of the crowd is important, the tran-
sient phase is even more critical for crowd control problems. Lyapunov stability
analysis does not cover the transient behavior of the system in a straightforward
manner, thus is not used in the paper. We instead introduce a new control design
approach by using optimal control theory. Moreover, the leaders will need only the
moments information together with their own states to calculate their movement
as time evolves even though the optimal control problem has all the followers’ po-
sitions and velocities as its state variables. This make the method introduced in
the paper more practical since individual states are in general very hard to mea-
sure. The numerical method introduced is shown to be efficient enough for on-line
implementation as well.

The outline of this paper is as follows: in Section II, the basic leader-follower
model is stated and the moments of the crowd are defined. There is a short dis-
cussion about the moments tracking problem in general and the motivation why
the optimal control approach is used in this paper. The optimal control problem
is introduced and approximately solved in Section III. In Section IV, some im-
provements of the method are made to handle numerical issues while a detailed
experiment is carried out to test the capability and robustness of the method. A
short conclusion can be found in Section V together with a brief outline for future
work.

D.2 Problem Formulation

D.2.1 Leader-follower model

We will study the behavior of two types of agents in a two dimensional space. The
first type of agents are called followers. We assume that there are n followers in
total, and their motion follows some simple rules that mostly depend on the relative
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positions and velocities among them and on those to the other type of the agents -
the leaders. The m leaders, on the other hand, have better knowledge of the whole
environment and can plan their motion accordingly. Based on the situation of the
whole crowd, the leaders should behave in an optimal way to guide the followers to
reach certain goals. The position of follower i is denoted by a vector zi ∈ R2, and
its velocity denoted by vi ∈ R2. The position of leader j is denoted by zLj ∈ R2,
and its velocity by vLj ∈ R2.

Suppose that without the leaders, the influence from follower k to follower i
is modeled as f(zi, vi, zk, vk). By assuming unit mass for each follower, we can
write

v̇i =

n∑
k=1
k 6=i

f(zi, vi, zk, vk)− pvi, (D.1)

where p is a coefficient to model the damping effect such as resistance or physical
limit of the agent. When follower i senses any of the leaders, the influence by the
leader is added to the model:

v̇i =

m∑
j=1

g(zi, vi, zLj , vLj ) +

n∑
k=1
k 6=i

f(zi, vi, zk, vk)− pvi. (D.2)

The functions f and g will be defined or described later. Note that here we sum
up all the terms with the M leaders, meaning that the leader-follower interaction is
state-based. There is no predesigned network. If g has no zeros in its domain, then
the followers can always sense all the leaders and be influenced more or less by all
of them.

For the leader j, we have

v̇Lj = uj − pvj , (D.3)

so it has the same damping coefficient as the followers and uj is the input to be
designed in order to fulfill certain tasks. We will use the following notation in this
paper:

z =


z1

z2
...
zn

 , v =


v1

v2
...
vn

 , zL =


zl1
zl2
...
zlM

 , vL =


vl1
vl2
...
vlM

 .
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D.2.2 Definitions of moments

In order to shape the crowd, we need at least some statistic properties of it. In this
article, we make use of moments of the agents’ position. There are two ways to
define moments:

Definition D.2.1. The (raw) moment of order k is defined by

Mab =
1

n

n∑
i=1

zai,xz
b
i,y, (D.4)

where zi,x and zi,y are the x, y coordinate for zi, and a, b ∈ N with a+ b = k.

Definition D.2.2. The centralized moment is defined by

M̄10 = M10, M̄01 = M01, (D.5)

and

M̄ab =
1

n

n∑
i=1

(zi,x −M10)a(zi,y −M01)b, (D.6)

for k > 1, and a+ b = k.

It is not hard to show that one can calculate all the centralized moments by
knowing all the raw moments and vise versa. Unless particularly stated, we will
only use the raw moments in the rest of the paper.

The moments have a strong relationship with the shape of the crowd. If the
shape and the distribution in the shape is known, one can approximate the moments
by

Mab =

∫
S
xaybρ(x, y)dxdy,

where S is the shape, and ρ(x, y) is the density function of the distribution. On
the other hand, if all the moments Mab with a + b ≤ 2n − 1 are given, then one
can approximate the shape, assuming it is convex and a uniform distribution, by a
n-polygon by using a modified method similar to the one introduced in [11].

Additionally, we denote the time derivative of the moment Mab by DMab for
simplicity reason, i.e.,

DMab =
d

dt
Mab.
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D.2.3 Moments tracking

It is noticeable that the scale of the leader-follower model:


żi = vi,

v̇i =
∑m

j=1 g(zi, vi, zLj , vLj ) +
∑

k 6=i f(zi, vi, zk, vk)− pvi,
żLj = vLj ,

żLj = uj − pvj ,

(D.7)

for i = 1, · · · , n, and j = 1, · · · ,m becomes very large when the number of
followers increases. Hence, individual control will be difficult even if the whole
system is controllable, which is not always the case. This gives a motivation to look
into the statistical properties of the crowd instead. Because of the strong connection
between the moments and the shape, we can setup a moments tracking problem
if we want to do shape tracking. Namely, from a desired shape “signal" and a
desired density distribution, we can calculate the corresponding desired moments.
If moments of the crowd could track the desired moments, then the crowd should
more or less follow the desired shape. The more moments we track, the better the
performance should be.

Theoretically, if we can derive the evolution of the moments Mab with a +
b ≤ l and their time derivatives by functions only using Mab, d

dtMab, a + b ≤ l
and zL, vL, u, then we will obtain a, probably nonlinear, system with Mab and
DMab, a+b ≤ l and zL, vL as its states u as its control. Furthermore, if this system
is controllable, them for any continuous moments signal, we can get a minimum
energy feedback control to track those moments. However, it is impossible in
general to write down this type of system without using any information from z
and v defined previously if no approximation is made. Even if for some special
f and g functions, one can write down the system of moments, it is inaccessible
for almost all cases that we have examined. This is still true even if one simplifies
the leader-follower dynamics into a single integrator system. The analysis of some
specific models are made in [17] and is omitted here due to the space limitation.

Another way to deal with the tracking problem of an uncontrollable system is
by setting a cost function for the system and using optimal control techniques to
solve it. A very standard cost function is the quadratic errors between the real mo-
ments and the desired moments signals. Given a sequence of nonnegative scalars
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{cab} with a+ b ≤ l, we can setup the following optimal control problem:

min
u

∑
a+b≤l

∫ tf

t0

cab(Mab(t)−Md
ab(t))

2dt

s.t. żi = vi,

v̇i =
∑m

j=1 g(zi, vi, zLj , vLj ) +
∑

k 6=i f(zi, vi, zk, vk)− pvi,
żLj = vLj ,

v̇Lj = uj − pvLj ,

‖uj(t)‖ ≤ umax,
z(t0), v(t0), zL(t0), vL(t0) given,

(D.8)

where Md
ab(t) is the given signal for Mab(t) to track.

The analytic solution is possible to find only if f and g are simple functions
such as linear functions. One can use Pontryagin’s minimum principle (PMP) to
solve such type of problem similar to the method used in [16]. However, these two
functions are usually nonlinear in practical models, which implies that PMP is to
hard to solve. For the dynamic programming approach, if we can find a cost to go
function J that satisfies the Hamilton-Jacobi-Bellman equation, then the optimal
control can be calculated by partial derivatives of J . The HJB equation of (D.8)
can be written as:

−∂J
∂t

=
∑
a+b≤l

cab(Mab(t)−Md
ab(t))

2 +
∂J

∂z

T

v

+

n∑
i=1

∂J

∂vi
(

m∑
j=1

g(zi, vi, zLj , vLj ) +
∑
k 6=i

f(zi, vi, zk, vk)− pvi)

+
∂J

∂zL

T

vL −
m∑
j=1

umax‖
∂J

∂vLj

‖ − p ∂J
∂vL

T

vL, (D.9)

with the boundary condition

J(tf , z, v, zL, vL) = 0. (D.10)

Unfortunately, this partial differential equation is also very difficult to solve
since the number of variables is proportional to the number of followers, which
means the complex of solving the PDE becomes very high. Meanwhile, even if

113



PAPER D

the HJB equation is sovable, one needs all the followers’ states to calculate the
optimal control, which is very difficult to implement in practice. Hence we will
introduce a suboptimal control by using moments information as feedback while
the complexity of the algorithm is low enough.

D.3 Feedback Control Using Moments Information Only

In this section, we will study a special problem, which gives a reasonable model
for crowd behavior. Let us make the following assumption for g:

The function g is composed of two parts, a position consensus part and a ve-
locity alignment part. There are two functions that give different weight to these
two parts which only depend on the positions of the leader and the follower, i.e.,

g(zi, vi, zLj , vLj ) = g1(zi, zLj )(zLj − zi) + g2(zi, zLj )(vLj − vi),

where g1 and g2 are real valued functions. Ideally, both g1 and g2 should be func-
tions of the distance d = ‖zi − zLj‖ to make the model reasonable in practice.
Moreover, g1 should be relatively large when d is large while g2 should dominate
when d is close to zero. This is due to the fact that catching up the leader is more
important when the distance is large while moving in the same direction makes
more sense when the distance is already short enough.

With the above assumptions we can rewrite the HJB equation (D.9) as

−∂J
∂t

=L(t) +
∂J

∂z

T

v +
n∑
i=1

∂J

∂vi

( m∑
j=1

g1(zi, zLj )(zLj − zi)

+ g2(zi, zLj )(vLj − vi) + fi − pvi
)

+
∂J

∂zL

T

vL

−
m∑
j=1

umax‖
∂J

∂vLj

‖ − p ∂J
∂vL

T

vL, (D.11)

where the notations

L(t) =
∑
a+b≤l

cab(Mab(t)−Md
ab(t))

2,

and

fi =

n∑
k=1

f(zi, vi, zk, vk),
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are introduced for simplicity.
In order to avoid using all the followers’ states z and v, we want to derive J as

a function of Mab with a + b ≤ l, DM10, DM01, zL and vL only, which means
that the followers’ positions only appear in the moments and their velocities only
appear in the time derivative of the first order moments. In this section, we will
show that this can be achieved with an approximated HJB equation.

Proposition D.3.1. The Hamilton-Jacobi-Bellman equation (D.11) can be approx-
imated in such a way so that the cost-to-go function J has t,Mab with a + b ≤ l,
DM10, DM01, zL and vL as its variables.

Assuming that there is a function J̄(t,Mab,DM10,DM01, zL, vL) that satisfies
(D.11), then we would have the following equations because of the chain rule:

∂J̄

∂zi
=
∑
a+b≤l

∂J̄

∂Mab

∂Mab

∂zi
=

1

n

∑
a+b≤l

∂J̄

∂Mab

[
aza−1
i,x zbi,y

bzai,xz
b−1
i,y

]
.

∂J̄

∂vi
=

∂J̄

∂DM10

∂DM10

∂vi
+

∂J̄

∂DM01

∂DM01

∂vi
=

1

n

[
∂J̄

∂DM10

∂J
∂DM01

]
.

Then we can write the HJB equation for J̄ as

−∂J̄
∂t

=L(t) +
1

n

∑
a+b≤l

∂J̄

∂Mab

n∑
i=1

[
aza−1
i,x zbi,y bzai,xz

b−1
i,y

]
vi

+
1

n

[
∂J̄

∂DM10

∂J̄
∂DM01

] ( m∑
j=1

( n∑
i=1

(
g1(zi, zLj )(zLj − zi)

+ g2(zi, zLj )(vLj − vi)
))

+
n∑
i=1

fi(z, v)− p
n∑
i=1

vi

)
+

∂J̄

∂zL

T

vL − p
∂J̄

∂vL

T

vL −
m∑
j=1

umax‖
∂J̄

∂vLj

‖. (D.12)

Unfortunately, there are still terms on the right-hand side of the equation that
contain z and v, which implies that the assumption does not hold in general. We
need to approximate those terms in order to get rid of z and v. In order to do the
approximation, we need to make some further assumptions:
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• f(zi, vi, zk, vk) = −f(zk, vk, zi, vi), meaning that the follower-follower in-
teractions are symmetric. As a result, we get

∑n
i=1 fi(z, v) = 0.

• The terms of the form
∑n

i=1h(zi)vi can be approximated by
∑n

i=1h(zi)DM1

for any scalar function h(·), where DM1 =
[
DM10 DM01

]T . This leads
to the following approximation

n∑
i=1

zai,xz
b
i,yvi ≈ (

n∑
i=1

zai,xz
b
i,y)DM1 = NMabDM1,

n∑
i=1

(g2(zi, zLj )(vLj − vi)) ≈
( n∑
i=1

(g2(zi, zLj )
)

(vLj −DM1)

If we regard z and v as random variables, then this assumption is equivalent
to saying that z and v are independent.

• The functions g1(z1, z2) and g2(z1, z2) can be approximated by polynomials
of z1 with degree less than m for a given z2, i.e.,

g1(z1, z2) =
m−1∑
a=0

m−a−1∑
b=0

αab(z2)za1xz
b
1y,

g2(z1, z2) =

m−1∑
a=0

m−a−1∑
b=0

βab(z2)za1xz
b
1y.

This approximation can be usually achieved by Taylor expansion around cer-
tain points if the function g1 and g2 are “good" enough (smooth and not very
steep). Once we can use polynomials to approximate g1 and g2, we will have

n∑
i=1

g1(zi, zLj )(zLj − zi)

≈
n∑
i=1

m−1∑
a=0

m−a−1∑
b=0

αab(zLj )z
a
i,xz

b
i,y(zLj − zi)

=

m−1∑
a=0

m−a−1∑
b=0

αab(zLj )

n∑
i=1

zai,xz
b
i,y(zLj − zi)

=N

m−1∑
a=0

m−a−1∑
b=0

αab(zLj )

(
MabzLj −

[
Ma+1,b

Ma,b+1

])
.
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Similarly, we have

n∑
i=1

g2(zi, zLj ) = N

m−1∑
a=0

m−a−1∑
b=0

βab(zLj )Mab.

With the above assumptions the HJB equation (D.12) can be finally written as:

−∂J̃
∂t

= L(t) +
∂J̃

∂zL

T

vL − p
∂J̃

∂vL

T

vL − umax‖
∂J̃

∂vL
‖

+
m∑
a=0

m−a∑
b=0

∂J̃

∂Mab

[
aMa−1,b bMa,b−1

]
DM1

+
[

∂J̃
∂DM10

∂J̃
∂DM01

] ( m∑
j=1

(m−1∑
a=0

m−a−1∑
b=0

αab(zLj )MabzLj

−
m−1∑
a=0

m−a−1∑
b=0

αab(zLj )

[
Ma+1,b

Ma,b+1

]

+

m−1∑
a=0

m−a−1∑
b=0

βab(zLj )Mab(vLj −DM1)
)
− pDM1

)
(D.13)

with the boundary condition

J̃(tf ,Mab,DM10,DM01, zL, vL) = 0. (D.14)

Remark D.3.2. The complexity of solving the partial differential equation (D.13)
is still big. In practice, model predictive control (MPC) technique can be used so
that one will recursively solve similar equations with relatively small tf . More
numerical aspects will be discussed and examined in the next section.

D.3.1 Optimal control in an MPC setting

Even though we can approximate the HJB equation so that it has all the moments
and leaders’ states as variables, solving this type of PDE numerically is still diffi-
cult. There is no efficient method for solving general PDEs with more than four
variables. At the same time, the approximation of the HJB equation performs
poorly if the time horizon is big since the errors grow larger in this case. We use
model predictive control as a remedy. In particular, we optimize over a relatively
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short time period and apply the derived optimal control for only a few steps and
repeat the procedure. At time t = τ and for a certain integer q ∈ Z, we optimize
over q∆t time length in the future and apply the obtained optimal control for ∆t.
Then the sub-problem becomes:

min
u

Φ̄(z(τ + q∆t)) +

∫ τ+q∆t

τ
L̄(t)dt

s.t. żi = vi

v̇i =
∑m

j=1

(
g1(zi, zLj )(zLj − zi) + g2(zi, zLj )(vLj − vi)

)
+fi − pvi, for i = 1, · · · , N,

żLj = vLj

v̇Lj = uj − pvLj ,

‖uj‖ ≤ umax, for j = 1, · · · ,M,

z(τ), v(τ), zL(τ), vL(τ) given,

(D.15)

Note that we have a terminal cost Φ̄ here and the cost function L̄ may be different
form the original problem. There is no universal way to model the new cost func-
tions Φ̄ and L̄. Since we still want to avoid using individual state information for
the followers, we should choose Φ̄ and L̄ to be functions of the moments only.

The corresponding approximated HJB equation of problem (D.15) will be

−∂J̃
∂t

= L̄(t) +
∂J̃

∂zL

T

vL − p
∂J̃

∂vL

T

vL − umax‖
∂J̃

∂vL
‖

+
m∑
a=0

m−a∑
b=0

∂J̃

∂Mab

[
aMa−1,b bMa,b−1

]
DM1

+
[

∂J̃
∂DM10

∂J̃
∂DM01

] ( m∑
j=1

(m−1∑
a=0

m−a−1∑
b=0

αab(zLj )MabzLj

−
m−1∑
a=0

m−a−1∑
b=0

αab(zLj )

[
Ma+1,b

Ma,b+1

]

+

m−1∑
a=0

m−a−1∑
b=0

βab(zLj )Mab(vLj −DM1)
)
− pDM1

)
(D.16)

with the boundary condition:

J̃(t+ q∆t) = Φ̄(z). (D.17)
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The complexity of numerically solving the partial differential equation (D.16)
grows exponentially with q, which means we cannot handle a long period predic-
tion. On the other hand, the whole MPC approach may lead to an unstable closed-
loop system if q is too small. There is a tradeoff between the numerical complexity
and the stability of the approach, which will be discussed and examined with a
numerical experiment in the next section.

D.4 Numerical Experiments

We will implement the optimal control approach on a specific model to show the
capability and robustness of it. Let us use the following settings:

n = 100,m = 4, l = 5,

which means there are 100 followers and 4 leaders. The moments we want to
track is up to the fifth orders, i.e., Mab with a+ b ≤ 5 because we will deal with 4-
polygon now. The reference signal for the moments are calculated from integrating
xayb over a moving and shrinking square when assuming a uniform distribution.
Namely, we want the followers uniformly spread inside a moving square while
following the leaders. The center of the square should initially be located at the
origin and slowly move to a point called “exit" at the position of

[
120 120

]T . In
this case, there is a potential numerical problem of the approach in that for high
order moments, the scale of their value becomes quite big. For example, the 5-
order moment M40 may become 1205 ≈ 2 × 1010, which is much bigger than
M10 ≈ 120 when the followers reach the exit. Therefore, we change to a new
coordinate system in each MPC iteration as below.

D.4.1 Re-coordination and centralized moments

In each MPC iteration of solving (D.8), we change the coordinates by making
the current center-of-mass of the follower crowd,

[
M10 M01

]T , the new origin.
By doing this, the measured moments then become the centralized moments we
defined in (D.6). The reference signal needs to be updated as well and there are
two ways doing that:

1. Integrate the functions xayb over the original desired shape in the new coor-
dinate system. Some extra calculations are needed in each iteration step.
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2. Track the original first order moments M10 and M01 in the new coordinate
system while the other (centralized) moments track signals generated by in-
tegrating over a shape centered on the origin. Since those reference signals
can be calculated off-line, this approach will speed up the calculation. How-
ever, the objective is changed from “the crowd should follow ‘this’ shape
trajectory" to “the center of the crowd should follow ‘this’ path while the
whole crowd should form ‘this’ shape".

The second approach alters the objective a little while not changing the ultimate
goal of shape tracking, and is used in the simulation to simplify the computation.

We use the following functions for the model:

g1(d) = 0.3 + 20e−
d
10 − 20

d+ 0.1
, and g2(d) =

20

d+ 0.1
.

f(zi, vi, zk, vk) =
8

d
e−0.2d(zi − zk)

Φ̄ =c0((DMd
10 −DM01)2 + (DMd

01 −DM01)2)

+

m−1∑
a=0

m−a−1∑
b=0

cab(M
d
ab −Mab)

2,

¯L(t) =
l−1∑
a=0

l−a−1∑
b=0

c̄ab(M
d
ab(t)−Mab)

2,

where cab and c̄ab can be tuned for the test purpose. Note that the moments we
write here should already be transformed accordingly as we mentioned above.

We still need to do polynomial approximation of the functions g1 and g2 by
using Taylor expansions. The expansion should be taken around the center-of-
mass of the follower crowd, which is now the origin in the new coordinate system,
and the degree of the polynomial should be m − 1 = 4. The expansion will look
like:

gs(z, zL) ≈ gs(d) + gsx(d)zx + gsy(d)zy + · · ·

+
1

24

(
gsxxxx(d)z4

x + 4gsxxxy(d)z3
xzy

+ 6gsxxyy(d)z2
xz

2
y + 4gsxxyy(d)zxz

3
y + gsyyyy(d)z4

y

)
,
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where d = ‖zL‖, gsx = ∂gs
∂x , gsy = ∂gs

∂y , and the higher order partial derivatives are
denoted in the same pattern, for s = 1, 2. Note that both the variables z, zL and
the functions g1, g2 should be already transformed into the new coordinate system
here.

D.4.2 numerical solution to HJB equation

Once we have all the information needed, we should solve (D.13) with the bound-
ary condition (D.14). We use the backward explicit finite difference method to
solve the PDE by approximating the partial derivatives as:

∂J̃(t+ ∆t)

∂t
≈ J̃(t+ ∆t)− J̃(t)

∆t
,

and
∂J̃(·, ξ)
∂ξ

≈ J̃(·, ξ + ∆ξ)− J̃(·, ξ −∆ξ)

2∆ξ
,

where ξ can be Mab, DM10, DM01, zj , or vj . Then we can solve for the function
value of J̃ at each MPC step t = τ .

With the setting we made, there are 38 non-time variables for J̃ and each partial
derivative needs function values at two points in the later time to approximate,
which results to a complexity of O(76q) that grows exponentially with q, where
q∆t is the prediction horizon. Fortunately, it is still fast to solve with q = 3. The
simulations we make below assume q = 3 and ∆t = 0.1.

D.4.3 Simulation

In this simulation, the 100 followers are initially randomly distributed in the area
of [−50, 50] × [−50, 50] while the 4 leaders start at

[
±25 ±25

]T . The desired

shape is a shrinking square first moving from the origin to the point
[
0 120

]T ,

and then to the point
[
120 120

]T where the exit is. When the square reaches the
exit, it will stay there with the size 10 × 10 for a while. We want the crowd to be
uniformly spread in the desired shape. The coefficients in the cost functions are set
to be

cab = c̄ab =

{
1000, k = 1,

102(2−k), k > 1,
(D.18)

where a+ b = k. The total length of the simulation is 120s.
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(a) t = 0 (b) t = 20

(c) t = 40 (d) t = 80

Figure D.1: Snapshots for simulation 1. The blue dots indicate the position of the
100 followers and the red crosses are the 4 leaders. The squares are the desired
shape in each plot. The black arrows are the velocity of the leaders while the red
arrows are the acceleration of the leaders which come from the solution of (D.8).

Figure D.1 gives four snapshots of the simulation and Figure D.2 gives the
weighted tracking errors, where eab = cab‖Mab(t) −Md

ab(t)‖2, up to the fourth
order. The oscillation of the tracking error is expected since it is a double integrator
model and the prediction horizon q∆t is short.

D.4.4 Simulation2

In this experiment, we have the same setting of the followers and the leaders but
add some obstacles in the environment as a disturbance to test the robustness of
the method. The leaders will not take the extra disturbance from the obstacles into
account when they calculate the optimal control, while both followers and leaders
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Figure D.2: Weighted tracking errors for different moments with the definition
eab = cab‖Mab(t)−Md

ab(t)‖2 up to the fourth order.

will react to the obstacles in their dynamics with an additional obstacle avoidance
term:

v̇i = · · ·+
∑
k

hk(zi), v̇Lj = · · ·+
∑
k

hk(zLj ),

where hk models the obstacle avoidance force for the obstacle k. In this simulation,
we set two round obstacles and model the forces as

hk(z) =

{
κ

‖z−zobk‖−rk
(z − zobk), if ‖z − zobk‖ ≤ rk + δ,

0, otherwise

where zobk is the center of the obstacle and rk is its radius, for k = 1, 2. We choose

zob1 =

[
5
60

]
, r1 = 15, zob2 =

[
80
80

]
, r2 = 30, δ = 2.
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(a) t = 0 (b) t = 12

(c) t = 20 (d) t = 30

(e) t = 60 (f) t = 120

Figure D.3: Snapshots for simulation 2. The blue dots indicate the position of the
100 followers and the red crosses are the 8 leaders. The squares are the desired
shape in each plot. The black arrows are the velocity of the leaders while the red
arrows are the acceleration of the leaders which come from the solution of (D.15).
The two big circles illustrate the obstacles that both the followers and the leaders
will avoid.
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(a) t = 0 (b) t = 20

(c) t = 40 (d) t = 120

Figure D.4: Snapshots for simulation 3. The blue dots indicate the position of the
100 followers and the red crosses are the 8 leaders. The squares are the desired
shape in each plot. The black arrows are the velocity of the leaders while the red
arrows are the acceleration of the leaders which come from the solution of (D.15).

Figure D.3 shows that the method is still able to give a correct control signal
when the followers and the leaders are passing by the obstacle.

D.4.5 Simulation 3

In this experiment, we use almost the same setting as that in the first simulation
except that we increase the number of leaders to 8.

The increase of the amount of leaders does decrease the errors slightly for all
the orders. However, the performance improvement in terms of shape is hardly
noticeable. In Figure D.4, the followers form a circle in the end instead of the
desired square, which could be considered to be worse than the shape generated by
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Figure D.5: Weighted tracking errors for different moments with the definition
eab = cab‖Mab(t)−Md

ab(t)‖2 up to the fourth order.

4 leaders in Figure D.1 although the errors in Figure D.5 turn to be smaller than
those in Figure D.2.

D.5 Conclusions and Future Work

Since the moments of the crowd have a strong connection to its shape, we use
moments to control the shape of the crowd. An optimal moments tracking prob-
lem is introduced in the paper and solved numerically with only using moments
information as feedback. In order to further reduce the computational complexity,
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a model predictive control algorithm is used. A numerical experiment shows that
the method solves the moments tracking problem efficiently enough and the per-
formance of the optimal controller is acceptable even during the transient phase in
the simulations.

Future work involves using local measurements of the moments to design a
distributed leading strategy for the leaders. A better understanding of the relation-
ship between the moments and shapes may give a more practical cost function to
achieve a better performance in terms of shaping.
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Abstract

Optimal control problem with partial derivative equation (PDE) constraint
is a numerical-wise difficult problem because the optimality conditions lead
to PDEs with mixed types of boundary values. We provide a new approach
to solve this type of problem by space discretization and transform it into a
standard optimal control for a multi-agent system. This resulting problem is
formulated from a microscopic perspective while the solution only needs lim-
ited the macroscopic measurement due to the approach of Hamilton-Jacobi-
Bellman (HJB) equation approximation. For solving the problem, only an
HJB equation (a PDE with only terminal boundary condition) needs to be
solved, although the dimension of that PDE is increased as a drawback. A
pollutant elimination problem is considered as an example and solved by this
approach. A numerical method for solving the HJB equation is proposed and
a simulation is carried out.

Keywords: optimal control, multi-agent system, moments

E.1 Introduction

Optimal control as a tool for control design, has regained more and more attention
not only from the academia society but also from companies in different fields as
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the computation powers have taken a leap forward. Industrial, medical, economic,
and even game companies start to use optimal control for their product develop-
ment or long-term strategy planning. Although a single static optimization formu-
lation can solve lots of problems, a dynamic optimization problem can cover wider
scenarios. The solution to an optimal control problem implies a strategy that may
benefit the future with certain prediction, under the condition of a good model.

The optimal control theory has been studied quite much starting from the mid-
dle of last century. Theoretically, one can always regard the optimal control prob-
lem as a standard optimization problem in the space of functions, and use Fenchel’s
duality to write down the optimality conditions [6]. Although this is always doable,
it may end up with complicated calculations and expressions for certain types of
constraints so that it cannot be solved. Fortunately, for most optimal control prob-
lems, the optimality conditions can be derived according to Pontryagin’s maxi-
mum/minimum principle (PMP) initially introduced by Lev Pontryagin [1]. On the
other hand, dynamic programming method provide a sufficient optimal solution
to the problem by solving a partial differential equation called Hamilton-Jacobi-
Bellman (HJB) equation [3].

Besides the standard optimal control formulation with ordinary differential
equations (ODE) as dynamical constraints, the problems with partial differential
equation (PDE) constraint are also studied in the literature due to their potential
applications. For example, in Physics there are such problems that involves con-
trolling the boundary condition on the edge to get an optimal performance in the
interior. In some other situations, PDE constraints can be generated from stochas-
tic differential equation, i.e., the Fokker-Planck equations. For many specific prob-
lems, optimality conditions in PMP type are provided, for example in [10, 2]. Be-
cause of the complicated nature of the partial differential equation, some numerical
method could be applied to solve the optimality condition based on the structure of
the problem [4, 7]. However, in general, the optimality conditions are formed by
two sets of partial differential equations with different types of boundary condition,
e.g., one with initial condition and the other with terminal condition, which does
not have an efficient way to be solved for the time being.

In this article, we will study a pollutant neutralization problem that can initially
be modeled as an optimal control problem with PDE constraint. Nevertheless, with
a microscopic model, it can also be modeled as a standard optimal control problem
with a multi-agent system as its constraint. The multi-agent systems theory has
been developed rapidly over the past two decades. By combining results from
graph theory and control theory, many good results were discovered in terms of
the relationship between local interaction and global behavior [8, 9]. There are
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also researches that mix multi-agent systems theory and optimal control theory,
for example [5, 11]. In [12], a new type of method was introduced for solving
optimal multi-agent control problem without measuring the individual agent’s state
information. The method provides a tool to handle microscopic models such as
cells or molecules by only looking at a macroscopic statistic measurement. As
a result, we can model the behavior of pollutant molecules or molecule groups
without concerning about the size of the system. The only catch of the algorithm
is the difficulty of the solving a perturbed HJB equation with, from a numerical
analysis perspective, many variables. We provide two potential numerical tools of
giving approximated solutions, and use one of them for a simulation test.

The structure of the paper is as follows: in Section II, we provide our micro-
scopic model of the pollutant neutralization problem and formulate the correspond-
ing optimal control problem. The dynamic programming method for solving the
problem and the HJB approximation are presented in Section III. We provide two
numerical methods: finite difference method and radial basis function method for
solving the resulting PDE in Section IV. In Section V, a more general and more
realistic problem is considered. There are two numerical experiments carried on
in Section VI for a same problem setting but from different perspective. A short
conclusion can be found in Section VII together with an outline for future work. A
proof of the main proposition is given in the Appendix.

E.2 Modeling and Optimal Control

Consider a situation of toxic material leakage in an open two-dimensional area.
Suppose the source of pollution has been removed but the toxicant has been spread
already. The only available way to purify the area is by sending neutralizers to
different locations so that the pollutions can be cleared along their paths. The
dynamics of the density distribution of the toxicant, denoted by p(x, y, t), may be
modeled as the solution to a partial differential equation:

∂p

∂t
= {zero order neutralizing term that involves the control variable}

+ {first order drift terms}+ {second order diffusion terms} .
(E.1)

Together with certain objective function of p and an initial density, one can formu-
late an optimal control problem with PDE constraint. The corresponding optimality
condition will involve a dual function that satisfies another PDE. The difficulty is
that the two PDEs are highly coupled and with a mixed type of boundary condition,
and is tricky to solve numerically. In this paper, we intend to have a microscopic
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deterministic multi-agent model that can be considered as a discretization of the
density function p(x, y, t) along the space variables x and y. Then we can use the
optimal control tool to design the best movement for the neutralizers. Since there
is no stochastic process for the agents, the diffusion term is in fact the result of the
deterministic interactions among the agents, and we take away the drift term by
assuming there is no flow at all.

We start with modeling the behavior of all small “groups" of toxicant molecules
that are located near each other since the idea of density is exactly the number of
molecules per unit area. Assume that, in the whole area, there are n groups of
molecules and in each group the molecules are so close to each other that we can
consider them locating in the exact same place and moving in the same pattern.
Let zi = [xi yi]

T and vi = [vxi vyi ]
T denote the position and the velocity of the

group i, respectively, and ρi denote the density of the molecules in that group, for
i = 1, 2, · · · , n. There are two ways to view this model. One way is to consider
a very large number of molecules in each group and ρi as the total number of the
molecules in the group i; the other way is having each single molecule to form
a group and think ρi as its activity, i.e., ρi = 0 means it is inactive and has al-
ready been neutralized. Although we cannot measure and track the movement of
single/small amount of molecule(s), we will bypass that by using only the macro-
scopic moments information to solve the problem. Based on the moments defini-
tion introduced in this paper, how to form the groups will not affect the solution to
the problem.

Assume that there arem neutralizers with their positions and velocities denoted
as zRk

= [xRk
yRk

]T and vRk
= [vxRk

vyRk
]T , respectively, for k = 1, 2, · · · ,m.

The dynamics of the molecules can be modeled as

żi = vi, (E.2)

v̇i =
n∑
j=1

ρjf(zi, zj)− δ1vi,

where the function f : R2×R2 → R2 describe the interaction between molecules:
attraction or repulsion, and δ1 is a damping coefficient. The density of the group i
follows the dynamics:

ρ̇i = −ρi
m∑
k=1

g(zi, zRk), (E.3)

where g : R2 × R2 → R illustrate how the density decrease under the effect of
radiation from the neutralizer, i.e., the neutralizing term in (E.1). Assume that we
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can directly control the forces act on the neutralizers to drive them:

żRk
= vRk, (E.4)

v̇Rk
= uk − δ2vRk

,

where u = [uT1 uT2 · · · uTn ]T is the control, and δ2 is the damping coefficient for
the neutralizer.

In this paper we define the moments in the following way:

Mab =
1

n

n∑
i=1

ρix
a
i y
b
i , a ≥ 0, b ≥ 0,

which is called the ab-moment. The gathering of all the ab-moments where a +
b = k are called k-th order moments. Note that the zero-order moment M0 =
M00 = 1

n

∑n
i=1 ρi is not necessarily scale to 1, which is different from the standard

moments definition. In fact, M0 shows the total amount of toxicant remained. If
n is sufficiently large, Mab can be approximated by

∫∫
Ω p(x, y)xaybdxdy because

of the law of large numbers, where Ω is whole domain of interest.
Besides, we need to introduce a new concept to describe the motion of the

“agent flock”. Define DM1 = [DM10 DM01]T , where

DM10 =
1

n

n∑
i=1

ρivxi , and DM01 =
1

n

n∑
i=1

ρivyi .

Note that DM10 is not necessarily equal to Ṁ10 because

Ṁ10 =
1

n

n∑
i=1

(ρiẋi + ρ̇ixi) = DM10 +
1

n

n∑
i=1

ρ̇ixi.

Accordingly, if n is large enough, DM10 should be approximated by∫∫
Ω
p(x, y)vx(x, y)dxdy,

where vx(x, y) is the projection of the stream velocity on the x-axis.
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After adding a certain objective function and some constraints, we can formu-
late an optimal control problem:

min
u

Φ(M(tf )) +
∑m

k=1

∫ tf
0 f0(uk(t))dt

s.t. żi = vi

v̇i =
∑n

j=1 ρjf(zi, zj)− δ1vi,

ρ̇i = −ρi
∑m

k=1 g(zi, zRk), for i = 1, · · · , n,
żRk

= vRk

v̇Rk
= uk − δ2vRk

,

uk ∈ U, for k = 1, · · · ,m,

(E.5)

where M is the stacked vector of all the moments. With different choices of ob-
jective function and constraints, the solution to the optimal control problem will
give desired optimal motions for the neutralizers. For instance, if Φ(M) = M0

and f0 = 0, the solution will give a control such that the amount of the pollutant is
minimized at t = tf without consider the cost of moving the neutralizers.

E.3 HJB Approximation

We start to solve the problem (E.5) by dynamic programming approach. The
Hamiltonian is:

H(t, z, v, ρ, zR, vR, λz, λv, λρ, λzR , λvR)

=
m∑
k=1

f0(uk) +
n∑
i=1

λTzivi +
n∑
i=1

λTvi(
n∑
j=1

ρjf(zi, zj)− δ1vi)

−
n∑
i=1

λρiρi

m∑
k=1

g(zi, zRk) +

m∑
k=1

λTzRk
vRk

+

m∑
k=1

λTvRk
(uk − δ2vRk

),

where the λ’s with different subscripts are dual variables for the corresponding
state variables.
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The Hamilton-Jacobi-Bellman (HJB) equation is:

−∂J
∂t

=

m∑
k=1

f0(u∗k) +

n∑
i=1

∂J

∂zi
vi +

n∑
i=1

∂J

∂vi
(

n∑
j=1

ρjf(zi, zj)− δ1vi)

−
n∑
i=1

∂J

∂ρi
ρi

m∑
k=1

g(zi, zRk) +

m∑
k=1

∂J

∂zRk

vRk
− δ2

m∑
k=1

∂J

∂vRk

vRk
(E.6)

+
m∑
k=1

∂J

∂vRk

u∗k, (E.7)

with the boundary condition

J(tf , ·) = Φ(M), (E.8)

where
u∗k = argmin

uk∈U
{f0(uk) +

∂J

∂vRk

uk} (E.9)

is the optimal control, and J is the optimal cost-to-go function.
For a positive integer l, we try to approximate the cost-to-go function J by J̃

as a function of t,Mab, for a+ b ≤ l,DM1, zR, vR only. Before doing that, let us
make certain assumptions about the model.

Assumption 1. f(zi, zj) = −f(zj , zi), meaning that the molecular interactions
are symmetric. As a result, we get

∑n
i=1

∑n
j=1 ρiρjf(zi, zj) = 0.

Assumption 2. Terms
∑n

i=1 ρiz
a
i,xz

b
i,yvi can be approximated byNMabDM1/M0,

for any a, b ≥ 0 and a + b ≤ l, with the approximation error at the scale of
O(‖z‖l+1).

Assumption 3. The functions g(z, zR) can be approximated by polynomials of z
with degree less than l for a given zR, i.e.,

g1(z, zR) ≈
a+b≤l∑
a,b≥0

αab(zR)zaxz
b
y,

with the approximation error at the scale of O(‖z‖l+1). This approximation can
be usually achieved by Taylor expansion around certain points if the function g is
“good" enough (smooth and not very steep), or by solving an optimization problem.
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Proposition E.3.1. Under the Assumptions 1-3, and certain scaling of the problem,
the solution to the HJB equation (E.7) J can be approximated by a function J̃
of t,Mab, a + b ≤ l,DM1, zR, vR only, in the sense of perturbing the partial
differential equation by high order terms of ‖zi‖’s. Furthermore, the perturbed
equation is

−∂J̃
∂t

=
m∑
k=1

f0(u∗k) +
∂J̃

∂vRk

T

u∗k +
∂J̃

∂zR

T

vR − δ2
∂J̃

∂vR

T

vR

−
[

∂J̃
∂DM10

∂J̃
∂DM01

] m∑
k=1

c+d≤l∑
c,d≥0

αcd(zRk
)
Mcd

M0
+ δ1

DM1

+

a+b≤l∑
a,b≥0

∂J̃

∂Mab

( 1

M0

[
aMa−1,b bMa,b−1

]
DM1 (E.10)

−
m∑
k=1

a+b+c+d≤l∑
c,d≥0

αcd(zRk
)Ma+c,b+d

)
, (E.11)

with the boundary condition

J̃(tf , ·) = Φ(M), (E.12)

where

u∗k = argmin
uk∈U

{f0(uk) +
∂J̃

∂vRk

uk}, (E.13)

is the optimal control and αcd(zRk
) is the coefficient of the polynomial approxima-

tion of the function g(z, zRk
), i.e.,

g(z, zRk
) ≈

c+d≤l∑
c,d≥0

αcd(zRk
)xcyd.

Proof. See Appendix.

E.4 A More General Problem

We can consider a more realistic scenario that how the neutralizer works is also
environmental unfriendly, or has a huge economical cost, in which case we want to
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limit the use of them. Now suppose we can control the magnitude of the neutral-
izing reaction by certain manner, which can be modeled as the variable θk(t). The
neutralizer with the output magnitude θk will have an influence of the dynamics of
pollutant density by

−ρiψ(θk)g(zi, zRk),

for agent i, where ψ(θ) is a non-negative increasing function. Meanwhile, we
should also add a cost

∫ tf
0 φ(θk(t))dt to the objective function for each neutralizer

k to indicate an energy consumption or extra pollution to the environment. By
adding these factors to the optimal control problem we get the new target problem:

min
u,θ

Φ(M(tf )) +
∑m

k=1

∫ tf
0 (f0(uk(t)) + φ(θk(t))) dt

s.t. żi = vi

v̇i =
∑n

j=1 ρjf(zi, zj)− δ1vi,

ρ̇i = −ρi
∑m

k=1 ψ(θk)g(zi, zRk), for i = 1, · · · , n,
żRk

= vRk

v̇Rk
= uk − δ2vRk

,

uk ∈ U, θk ≥ 0, for k = 1, · · · ,m,

(E.14)

where θ =
[
θ1 · · · θm

]T becomes another set of control variables of the optimal
control problem. One can derive that the corresponding HJB equation of (E.14) is:

−∂J
∂t

=

m∑
k=1

(f0(u∗k) + φ(θ∗k)) +
n∑
i=1

∂J

∂zi
vi +

∂J

∂zR

T

vR

− δ2
∂J

∂vR

T

vR +

n∑
i=1

∂J

∂vi
(

n∑
j=1

ρjf(zi, zj)− δ1vi)

+
∂J

∂vRk

T

u∗k −
n∑
i=1

∂J

∂ρi
ρi

m∑
k=1

ψ(θ∗k)g(zi, zRk), (E.15)

with the boundary condition:

J(tf , ·) = Φ(M), (E.16)

where
u∗k = argmin

uk∈U
{f0(uk) +

∂J

∂vRk

uk}, (E.17)
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and

θ∗k = argmin
θ≥0

{φ(θ)−
n∑
i=1

∂J

∂ρi
ρiψ(θ)g(zi, zRk)}. (E.18)

We can do the approximation similar to what we did for (E.7) and get the following
proposition:

Proposition E.4.1. Under the Assumptions 1-3, and certain scaling of the problem,
the solution to the HJB equation (E.15) J can be approximated by a function J̃ of
t,Mab,DM1, zR, vR for a + b ≤ l only, in the sense of perturbing the partial
differential equation by high order terms of ‖zi‖’s. Furthermore, the perturbed
equation is

−∂J̃
∂t

=

m∑
k=1

f0(u∗k) +

m∑
k=1

φ(θ∗k) +
∂J̃

∂zR

T

vR − δ2
∂J̃

∂vR

T

vR

−
[

∂J̃
∂DM10

∂J̃
∂DM01

] ( m∑
k=1

c+d≤l∑
c,d≥0

αcd(zRk
)ψ(θ∗k)

Mcd

M0

+ δ1

)
DM1 +

a+b≤l∑
a,b≥0

∂J̃

∂Mab

( 1

M0

[
aMa−1,b bMa,b−1

]
DM1

−
m∑
k=1

a+b+c+d≤l∑
c,d≥0

αcd(zRk
)ψ(θ∗k)Ma+c,b+d

)
+

∂J̃

∂vRk

T

u∗k, (E.19)

with the boundary condition

J̃(tf , ·) = Φ(M), (E.20)

where

u∗k = argmin
uk∈U

{
f0(uk) +

∂J̃

∂vRk

uk

}
,

and

θ∗k = argmin
θk≥0

{
φ(θk)− ψ(θk)

a+b+c+d≤l∑
a,b,c,d≥0

∂J̃

∂Mab
αcd(zRk

)Ma+c,b+d

+ ψ(θk)

c+d≤l∑
c,d≥0

αcd(zRk
)
Mcd

M0
)
[

∂J̃
∂DM10

∂J̃
∂DM01

]
DM1

}
,

are the optimal controls.
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Proof. Very similar to the proof of Proposition E.3.1 and omitted due to the page
limitation.

E.5 Numerical Method of Solving HJB Equation

The original HJB equation, (E.7) or (E.15), is extremely difficult to solve because
there are massive amount of variables in it. The perturbed HJB equation, (E.11)
or (E.19), has relatively much fewer variables, but still way to many for standard
efficient PDE solvers. For example, in the case of l = 5,m = 4, there are 40
variables in total. Standard PDE methods cannot handle problem of dimension 5
or higher. Thus, we can only find approximated solutions with some heuristics or
short-term solutions in the case of short time horizon, which is usually a result of
model predictive control (MPC). We provide one algorithm for solving the problem
in this section and discuss some other possible approaches as well. We focus on
solving (E.11) as an example.

E.5.1 Finite difference method

The standard finite difference method is to discretize the different dimensions and
use forward/backward Euler method to approximate the partial derivatives. For the
equation (E.11) with the boundary condition (E.12), the backward approximation
of the time derivative will give an explicit finite difference method, where

∂J̃

∂t
(t+ ∆t) ≈ J̃(t+ ∆t)− J̃(t)

∆t
,

implies

J̃(t) ≈ J̃(t+ ∆t)−∆t
∂J̃

∂t
(t+ ∆t)

= J̃(t+ ∆t) + ∆t ∗ {right-hand-side of (E.11) at t+ ∆t}. (E.21)

As long as one can calculated the function value for t = t + ∆t, one can approx-
imate the other partial derivatives by any first-order expressions. Hence, we have
a backward explicit method to solve J̃(0, ·) from the boundary condition J̃(tf , ·).
However, because of the large amount of variables, the calculation cost grows ex-
ponentially with the time steps. Namely, if tf/∆t = K, then 40K points need to
be calculated at t = tf in the case of 40 variables. We will not be able to afford
large K since it grows way to fast.
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Remark E.5.1. In the case of K = 2, we have

J̃(t+ 2∆t) = Φ(M),

as the boundary condition, which implies ∂J̃
∂zR

(t + 2∆t) = 0, ∂J̃∂vR (t + 2∆t) =

0, ∂J̃
∂DM (t+ 2∆t) = 0, and ∂J̃

∂Mab
(t+ 2∆t) = ∂Φ

∂Mab
. Now let us apply the iteration

(E.21) for t+ ∆t and get

J̃(t+ ∆t)

≈J̃(t+ 2∆t) + ∆t ∗ {right-hand-side of (E.11) at t+ 2∆t}

=Φ(M) + ∆t

( m∑
k=1

f0(u∗k) +

a+b≤l∑
a,b≥0

∂Φ

∂Mab

( 1

M0

[
aMa−1,b bMa,b−1

]
DM1

−
m∑
k=1

a+b+c+d≤l∑
c,d≥0

αcd(zRk
)Ma+c,b+d

))
,

Note that everything in the big parentheses take value at time t+ 2∆t, and

u∗k(t+ 2∆t) = argmin
uk∈U

{
f0(uk) +

∂J̃

∂vRk

(t+ 2∆t)uk

}
= argmin

uk∈U
f0(uk) = λ,

where λ is just a constant. The partial derivatives at t+ ∆t are not zeros any more
except for ∂J̃

∂vR
(t+ ∆t) which is still zero. The most important fact is

∂J̃

∂zRk

(t+ ∆t) = −∆t

a+b≤l∑
a,b≥0

∂Φ

∂Mab

a+b+c+d≤l∑
c,d≥0

∂αcd(zRk
)

∂zRk

Ma+c,b+d,

if we assume that the coefficients α we use here are continuous differentiable with
zR. We apply (E.21) again at time t and get

J̃(t) ≈ J̃(t+ ∆t) + ∆t ∗ {right-hand-side of (E.11) at t+ ∆t}

= · · · −∆t2
m∑
k=1

a+b≤l∑
a,b≥0

∂Φ

∂Mab

a+b+c+d≤l∑
c,d≥0

∂αcd(zRk
)

∂zRk

Ma+c,b+dvRk
.
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We do not write down the many other terms because what we care about is

u∗k(t) = argmin
uk∈U

{
f0(uk) +

∂J̃

∂vRk

(t)uk

}

= argmin
uk∈U

f0(uk)−∆t2
a+b≤l∑
a,b≥0

∂Φ

∂Mab

a+b+c+d≤l∑
c,d≥0

∂αcd(zRk
)

∂zRk

Ma+c,b+duk

.
This implies that the neutralizer k only need the information of its own position and
all the moments to calculate the “best" control. In fact, this optimal control is the
same as the solution to a subproblem where the neutralizer k considers itself as the
only neutralizer. If K > 2, then there are cross terms involved so the neutralizers
need to communicate about their states (positions and velocities).

E.5.2 Comparison with other possible methods

Because the amount of the variables, there are not many other choices of numerical
methods. One option is using a set of radial basis functions to approximate the
unknown function J̃ and formulate an optimization problem to decide the best
combination of the basis functions. The optimization problem is derived based on
the PDE (E.11) and the boundary condition (E.12). The number of optimizers is
decided by the number of basis function one chooses. Due to the complex structure
of the PDE (E.11), the resulting optimization is nonlinear and probably non-convex
depending on the objective function Φ and the function g. Therefore, we say the
radial basis function method is sensitive to the structure of the problem.

The finite difference method, on the other hand, can handle all types of PDE
at the cost of computational burden. For problems with long time interval, i.e., tf
is large, a limited step size in time direction implies a relative big ∆t has to be
chosen, which probably leads to a lose of accuracy. Increasing the number of time
discretization steps K will make an exponential increase of the computational cost
for the finite difference method while it will result in a polynomial increase for the
radial basis function method if we can find a polynomial algorithm to solve the
corresponding non-convex optimization problem.

E.6 Simulations

Let us start this section by descrbing the setting of the simulation. Although we
assumed that the problem is on an open unlimited area in 2-D plane, we can always
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zoom in to a certain focused area where the pollution is the most severe, and scale it
into [−0.5, 0.5]× [−0.5, 0.5]. Without lose of generality, we set the whole working
space as S = [−0.5, 0.5]× [−0.5, 0.5]. The pollution density is generated by three
normal distribution with different means and variations. Theoretically, we can have
as many groups as we want. But a simulation with huge amount of agents is very
computational costly. We set the number of groups n = 1000 in our numerical
experiment, with their initial positions randomly generated in the working space
and their initial velocity setting to zeros. We carry a simulation for the problem
(E.5). The four neutralizers (m = 4) start from the corner of the area and will
follow the optimal control obtained from the HJB solution to finish their jobs.

The functions in the problem are set as follows:

Φ(M) = M0, f0(uk) = 0.0001u2
k, f(zi, zj) = 0,

g(zi, zRk
) = (20‖zi − zRk

‖+ 1)e−20‖zi−zRk
‖,

and the parameters are chosen as:

tf = 20, l = 5, δ1 = 0, δ2 = 1, U = [0, 0.02].

We first simulate the problem as a multi-agent system with 1000 agents having
their state of density changing due to the influence of the neutralizer. Since the
force function f is set to be zero, those agents will not change their position. An
MPC approach is used so that, in any time instances, the subproblem will only
consider a short time horizon. We use the finite difference method to solve the
partial differential equation (E.7) with K = tf/∆t = 3, namely, we consider two
steps ahead if discretize the dynamics in time. Figure E.1 shows some snap shots
of the simulation.

The gray dots in the Figures represent all the agents. The darker the dot is the
higher the density ρi is. The neutralizers are marked as red cross in the figure, with
their velocities shown as black arrows and the optimal control calculated by solve
the perturbed HJB equation (E.11) displayed as red arrows. Since we set the same
objective for the MPC subproblems, the neutralizer moves in a direction that will
help to decrease the cost in a relatively short time horizon.

Now let us think of the case with massive amount of agents like the molecules
in reality. We can instead use the continuous function p(x, y, t) to indicate the
density distribution of the pollutant as we firstly introduced in (E.1). Since the
agents will not move at all (due to f = 0 and static initial conditions), the partial
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(a) t = 0 (b) t = 6.66

(c) t = 13.33 (d) t = 20

Figure E.1: Snapshots of the motions of the neutralizers by solving the problem
(E.5). The gray dots are the location of the agents with the grayscale indicating the
density ρi. The red crosses are the position of the neutralizers with their current
velocities shown as black arrows and the calculated optimal controls as red arrows.

differential equation of p becomes

∂p(x, y, t)

∂t
= −p(x, y, t)

M∑
k=1

g
([
x y

]T
, zRk

)
,

with the initial condition as the starting density distribution.
For each numerical time step, we can approximate the moments by calculating

in the standard statistics way:

Mab(t) =

∫∫
S
p(x, y, t)xaybdxdy,

and
DM1(t) =

[
0 0

]T
,
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(a) t = 0 (b) t = 6.66

(c) t = 13.33 (d) t = 20

Figure E.2: Snapshots of the motions of the neutralizers by solving the problem
(E.5) with only measuring the density. The grayscale indicates the density distri-
bution of the pollutant. The red crosses are the position of the neutralizers with
their current velocities shown as black arrows and the calculated optimal controls
as red arrows.

since the agents do not move. Note that we scale the initial condition M0(0) to 1
by doing this but without losing any generality. We can solve the partial differential
equation (E.11) and get the simulation results in Figure E.2.

Note that the movement of the neutralizers are slightly different from the pre-
vious simulation because randomly choosing n = 1000 agents is still not enough
to recover the density function. However, this is a more realistic setting, and is the
situation one would probably meet in practice, when both the density distribution
and the stream velocity of the toxicant can be measured over time.

146



OPTIMAL CONTROL FOR A POLLUTANT ELIMINATION PROBLEM

E.7 Conclusions and Future Work

The purpose of this article is to provide a different angle for solving optimal control
problem with PDE constraints. By using the HJB approximation, we can discretize
the PDE constraints along space variables without worrying about the size of the
problem. As a result, only a higher dimension HJB type PDE with terminal bound-
ary conditions needs to be solved instead of PDEs with mixed types of boundary
conditions. A numerical algorithm for solving the approximated HJB equation is
given and is applied to solve the target pollutant neutralization problem. A numeri-
cal simulation is demonstrated. Although theoretically we need the moments infor-
mation for obtaining the optimal control, they can be calculated from the density
distribution and the pollutant stream in practice, as shown in the second simulation.

Future work involves a further study of the numerical methods for solving the
HJB equation, especially the radial basis function method. Distributed optimal
control is also a possible extension, where the neutralizers try to solve individual
subproblems with only the neighboring neutralization’s information available. In
the microscopic model, one may also add stochastic term so that the formulation
can be applied to a wider set of practical problems.

Appendix

Proof. Proof of Proposition E.3.1: Let J̃ be a function of t,Mab,DM1, zR, vR
only. By the chain rule, we have

∂J̃

∂zi
=

a+b≤l∑
a,b≥0

∂J̃

∂Mab

∂Mab

∂zi
=

a+b≤l∑
a,b≥0

∂J̃

∂Mab

ρi
N

[
aza−1
xi zbyi bzaxiz

b−1
yi

]
. (E.22)

Together with the Assumption 2, we get

n∑
i=1

∂J̃

∂zi
vi =

n∑
i=1

a+b≤l∑
a,b≥0

∂J̃

∂Mab

[
1
naρiz

a−1
xi zbyi

1
nbρiz

a
xiz

b−1
yi

]
vi

=

a+b≤l∑
a,b≥0

∂J̃

∂Mab

[
aMa−1,b bMa,b−1

] DM1

M0
+O(‖z‖l+1). (E.23)

Similarly, we can get

∂J̃

∂vi
=

∂J̃

∂DM1

∂DM1

∂vi
=
ρi
N

[
∂J̃

∂DM10

∂J̃
∂DM01

]
,
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and combining Assumption 1, we can derive that
n∑
i=1

∂J̃

∂vi
(
n∑
j=1

ρjf(zi, zj)− δ1vi)

=
[

∂J̃
∂DM10

∂J̃
∂DM01

] 1

n

n∑
i=1

ρi(
n∑
j=1

ρjf(zi, zj)− δ1vi)

=
[

∂J̃
∂DM10

∂J̃
∂DM01

]
(0− piDM1)

=− pi
[

∂J̃
∂DM10

∂J̃
∂DM01

]
DM1.

For the density variable ρi, we have

∂J̃

∂ρi
=

a+b≤l∑
a,b≥0

∂J̃

∂Mab

∂Mab

∂ρi
+

∂J̃

∂DM1

∂DM1

∂ρi

=

a+b≤l∑
a,b≥0

∂J̃

∂Mab

zaxiz
b
yi

N
+

1

n

[
∂J̃

∂DM10

∂J̃
∂DM01

]
vi.

If we have a polynomial approximation of the g function according the Assumption
3, we get

n∑
i=1

∂J̃

∂ρi
ρi

m∑
k=1

g(zi, zRk)

=
n∑
i=1

∂J̃

∂ρi
ρi

m∑
k=1

c+d≤l∑
c,d≥0

αcd(zRk
)zcxiz

d
yi +O(‖z‖(l+1))

=
n∑
i=1

a+b≤l∑
a,b≥0

∂J̃

∂Mab

zaxiz
b
yi

N
ρi

m∑
k=1

c+d≤l∑
c,d≥0

αcd(zRk
)zcxiz

d
yi

+
n∑
i=1

1

n
ρi

m∑
k=1

c+d≤l∑
c,d≥0

αcd(zRk
)zcxiz

d
yi

[
∂J̃

∂DM10

∂J̃
∂DM01

]
vi +O(‖z‖(l+1))

=

m∑
k=1

a+b≤l∑
a,b≥0

∂J̃

∂Mab

c+d≤l∑
c,d≥0

αcdMa+c,b+d

+
m∑
k=1

c+d≤l∑
c,d≥0

Mcd

M0

[
∂J̃

∂DM10

∂J̃
∂DM01

]
DM1 +O(‖z‖(l+1)).
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The last the equality also uses Assumption 2 for deriving the second term. Note
that there are terms with moments of order up to 2l. Since the polynomial approx-
imation is up to the order l, the higher order terms also goes to the O notation.
So if we replace J by J̃ in (E.7), we will get (E.11) with terms with order higher
than l appears on the right-hand-side of the equality. In order to have an accurate
approximation, the problem should be scaled down (‖z‖ � 1) so that the error
term is small enough, .i.e.

∂J

∂t
=
∂J̃

∂t
+O(‖z‖(l+1)) ≈ ∂J̃

∂t
.

References

[1] Michael Athans and Peter L Falb. Optimal control: an introduction to the
theory and its applications. Courier Corporation, 2013.

[2] Abdul Kadir Aziz, John Walter Wingate, and Mark John Balas. Control the-
ory of systems governed by partial differential equations. Academic Press,
2014.

[3] Richard Bellman. Dynamic programming and lagrange multipliers. Proceed-
ings of the National Academy of Sciences, 42(10):767–769, 1956.

[4] Maítine Bergounioux and Karl Kunisch. Primal-dual strategy for state-
constrained optimal control problems. Computational Optimization and Ap-
plications, 22(2):193–224, 2002.

[5] Meng Ji, Abubakr Muhammad, and Magnus Egerstedt. Leader-based multi-
agent coordination: Controllability and optimal control. In American control
conference, pages 1358–1363, 2006.

[6] David G Luenberger. Optimization by vector space methods. John Wiley &
Sons, 1969.

[7] Ira Neitzel, Uwe Prüfert, and Thomas Slawig. Solving time-dependent opti-
mal control problems in comsol multiphysics. In Proceedings of the COM-
SOL Conference Hannover, 2008.

149



PAPER E

[8] Reza Olfati-Saber and Richard M Murray. Consensus problems in networks
of agents with switching topology and time-delays. IEEE Transactions on
automatic control, 49(9):1520–1533, 2004.

[9] Wei Ren, Randal W Beard, et al. Consensus seeking in multiagent systems
under dynamically changing interaction topologies. IEEE Transactions on
automatic control, 50(5):655–661, 2005.

[10] Fredi Tröltzsch. Optimal control of partial differential equations. Graduate
studies in mathematics, 112, 2010.

[11] Yuecheng Yang, Dimos V Dimarogonas, and Xiaoming Hu. Optimal leader-
follower control for crowd evacuation. In 52nd IEEE Conference on Decision
and Control, pages 2769–2774. IEEE, 2013.

[12] Yuecheng Yang, Dimos V Dimarogonas, and Xiaoming Hu. Shaping up
crowd of agents through controlling their statistical moments. In Control
Conference (ECC), 2015 European, pages 1017–1022. IEEE, 2015.

150


	Abstract
	Acknowledgments
	Table of Contents
	Part I: Introduction and Preliminaries
	Introduction
	Background and Motivations
	Main Contribution
	Summary of the Appended Papers

	Preliminaries
	Mathematical Systems Theory
	Multi-agent Systems Theory
	Optimal Control


	Part II: Research Papers
	Opinion Consensus of Modified Hegselmann-Krause Models
	Introduction
	Mathematical Preliminaries
	Basic concepts from graph theory
	Introduction of Hegselmann-Krause model

	Non-smooth Model
	Sufficient condition for consensus
	Weighted Model

	Smoothed Model
	High Dimensional Cases
	Non-smoothed model
	Smoothed models

	Simulations
	Conclusions and Future Work

	Opinion Consensus under External Influences
	Introduction
	Problem Formulation
	Main Results
	Numerical Examples
	Example one
	Example two
	Example three

	Conclusions and Future Work

	Optimal Leader-follower Control for Crowd Evacuation
	Introduction
	Problem Formulation
	Single-follower Case
	Optimizing the terminal position
	Optimizing the rescuing cost

	Multiple-follower Case
	Simulations
	Without interaction among the followers
	With multiple leaders and exits
	With repulsive forces among followers

	Conclusions and Future Work

	Shaping up Crowd of Agents through Controlling Their Statistical Moments
	Introduction
	Problem Formulation
	Leader-follower model
	Definitions of moments
	Moments tracking

	Feedback Control Using Moments Information Only
	Optimal control in an MPC setting

	Numerical Experiments
	Re-coordination and centralized moments
	numerical solution to HJB equation
	Simulation
	Simulation2
	Simulation 3

	Conclusions and Future Work

	Optimal Control Using Microscopic Models for a Pollutant Elimination Problem
	Introduction
	Modeling and Optimal Control
	HJB Approximation
	A More General Problem
	Numerical Method of Solving HJB Equation
	Finite difference method
	Comparison with other possible methods

	Simulations
	Conclusions and Future Work




