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Abstract
Due to the improvement within cavity quantum electrodynamics experiments

during the last decades, what was former seen as ’toy models’ are today realized
in laboratories. A controlled isolated coherent evolution of one or a few atoms
coupled to a single mode inside a cavity is achievable. Such systems are well
suited for studying purely quantum mechanical effects, and also for performing
quantum gates, necessary for quantum computing. The Jaynes-Cummings model
has served as a theoretical description of the interaction. However, as the experi-
mental techniques are improved, for example, atom cooling, the use of multi-level
atoms or multi-modes and driving of atoms or fields by external lasers, extensions
of the original Jaynes-Cummings model are needed. In this thesis we study some
of these extended models, and in particular multi-level models, time-dependent
models and quantized motion models. Both analytical and numerical analysis are
considered. The two-level structure of the Jaynes-Cummings model leads to ap-
plications of known solvable time-dependent two-level Schrödinger equations. In
other cases, different forms of adiabatic approximate solutions are used, and with
the analytically solvable models, the amplitudes of non-adiabatic contributions
may be estimated. For higher dimensional systems, STIRAP and multi-STIRAP
methods are applied. It is shown how the time-dependent models may be used
for preparation of various kinds of non-classical states, and also to generate uni-
versal sets of quantum gates, both on atomic and field qubits. When the atoms
are cooled to very low temperatures, their velocities must be treated quantum me-
chanically, and we have studied the dynamics of such cases for different coupling
shapes. Again numerical and analytical approaches have been used and compared,
wave-packet propagations of the atom, approaching and traversing the cavity, have
been performed. For periodic couplings, standing wave cavity modes, the dynam-
ics has been described by effective parameters; group velocity or atomic index of
refraction and effective mass. Tunneling resonances for ultra cold atoms have been
exhibited in the STIRAP models for certain initial conditions.
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pending on time is introduced. It is shown how the system Hamiltonian is reduced
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In this paper the results from Paper I are applied to more physical models including
numerical work on the standing wave mode coupling. The solvable time-dependent
Rosen-Zener model is used to simulate a pulse shaped coupling. The adiabaticity
constrains are studied for various forms of the coupling pulses.

Paper III

The final paper on the time-dependent Jaynes-Cummings model. Instead of using
repeated conditional atomic measurements we analyze the situation of uncondi-
tional measurements, and some analytical results are derived. The Demkov-Kunike
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Paper IV

Here a Λ atom interacting with two quantized modes is considered. An effective
model, where one of the three atomic levels has been eliminated, is used. A large
part of the paper considers the interaction of the atom with the fields either in co-
herent or squeezed states with large amplitudes. The disentanglement of the atom
from the fields at specific times is studied and especially the state of the fields
at those times. It is shown how entangled Schrödinger cat states are achieved.
One part of the paper also investigate the model used for state preparation and
quantum gate realization.

Paper V

In this paper we again use explicit time-dependence on the atom-field couplings,
but for an extended Jaynes-Cummings model. The atom has two levels and it
interacts with more than just one cavity field. The mode shape gives the specific
time-dependence and by using overlapping cavities a situation much like STIRAP
is obtained. The method is extended to contain more atoms and cavities and we
mainly considers state preparation of the cavity fields. Again it is shown how to
generate various entangled states. Numerical integration is used to test the adia-
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Paper VI

A complete quantum mechanical treatment, including the atomic center-of-mass
motion, is considered in this and in the next paper. We only treat the situation
with cosine shape of the coupling, either with infinite extent or with finite extent
characterizing the cavity boundaries. The problem is treated both using Floquet
theory and numerical wave-packet simulations. From the former we introduce
the effective parameters as group velocity and effective mass, we also give some
analytical approximations of the effective mass. The two methods are compared
by calculating the effective parameters for the two approaches. Scattering and
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Chapter 1

Introduction

The understanding of the most simple non trivial systems in quantum mechanics
is, of course, a condition for possible interpretation of more complex, and pos-
sibly, more realistic models. It is also more likely that, with a small number of
degrees of freedom, an analytical solutions may be found. Even if it has become
possible to numerical solve for the system dynamics on todays computers, analyt-
ical solution directly gives an insight into the parameter dependence. If a large
set of parameters is involved, also systems with a few degrees of freedom may be
time consuming to solve numerically for the interesting parameter rangers. Maybe
more important than understanding simple systems in order to achieve a deeper
knowledge of ’larger’ systems, is the fact that during the last decades it has be-
come possible to experimentally realize the most simple fully quantum mechanical
systems. The experimental works on simple dynamical systems include a broad
collection in various fields in physics, such as, solid state physics, nuclear mag-
netic resonance, trapped ions, Bose-Einstein condensates, quantum optics, atom
optics. Some of these are covered in the book [1]. One of the successful area is
cavity quantum electrodynamics, or shortly cavity QED [2]. As with any physical
model, the degrees of freedom that are not important for the evolution are left out,
scaling down the system to contain a much smaller set of states. In cavity QED,
the standard picture is that an atom interacts with a single mode of the cavity
field, and due to energy conservation and selection rules only two atomic levels
are included. The effective model thus describes interaction between a two-level
particle and an harmonic oscillator. When the motion of the atom is not included
in the description and the rotating wave approximation has been applied, the evo-
lution is given by the analytically solvable Jaynes-Cummings (JC) model [3, 4].
This is the simplest non trivial model describing interaction between two different
sub-systems. In spite of its simplicity, since it was first presented a huge amount of
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4 CHAPTER 1. INTRODUCTION

theoretical and experimental work has been focused on it. Theoretical predictions
are, collapse-revivals [5], atomic disentanglement [6, 7], field squeezing [8], non-
demolition measurements [9], state reconstruction [10], single photon states Fock

states [11], superposition of large amplitude coherent states (Schrödinger cats)
[12], decoherence [13]. Many of these and other predictions have been verified in
experiments [14, 15, 16, 17, 18, 19, 20, 21]. At about the same time as realiza-
tion of cavity QED experiments began, a new sub-field of quantum mechanics;
quantum information, developed explosively [1, 22]. The qubit, which carries the
information, could either be decoded in the two-level atom or in the field state,
usually the zero |0〉 or the one photon |1〉 Fock states. The applications towards
quantum information and computing have been studied and also experimentally
tested, see for example [17, 23].

Concurrently with the progress of cavity QED experiments, numerous exten-
sions of the original JC model have been analyzed. Not only because of more
sophisticated experimental set-ups and techniques, making it possible to increase
the number of degrees of freedom in a controlled fashion, but also since in some
situations the JC model is an approximation which might not be valid. For exam-
ple, an atom traversing a cavity couples differently to the mode depending on its
location along the cavity mode shape. Thus, the coupling should vary in strength
during the interaction. With typical experimental parameters, the atomic kinetic
energy largely exceeds the interaction energy and may thus be seen as a constant of
motion. It is then legitimate to substitute the spatial dependence of the atom-field
coupling g into a time-dependence; x→ vt, where v is the classical center-of-mass
velocity of the atom. The model is then transformed into a time-dependent semi-
classical one and one must solve the time-dependent Schrödinger equation. Note
that the center-of-mass momentum should be large enough to be treated classi-
cally, but it cannot be too large, since then the atom will couple non-adiabatically
to other cavity modes. In addition to the coupling g, there is another essential pa-
rameter in the JC model, namely the detuning ∆, which is the difference between
the atomic transition and mode frequency. Naturally, a large detuning results in
small energy exchange between the two sub-systems. Also the detuning may be-
come time-dependent if either the mode or atomic transition frequencies are varied
during the passage of the atom through the cavity. As the number of excitations
is conserved in the JC model, the Schrödinger equation reduces to a system of
two coupled first order differential equations. This situation has been studied for
both analytically solvable models and using numerical integration of the coupled
equations.

By using ultra cool atoms, the center-of-mass momentum may no longer be a
constant of motion and the kinetic energy term cannot be rejected, neither can the
spatial dependence of the coupling be replaced by its corresponding classical posi-
tion. The dynamics is now described fully quantum mechanically and makes out
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a great part of this thesis. We differentiate between two situations; the coupling
has a pulse shape and disappears at x = ±∞, and when the coupling is periodic
or quasi periodic. The first case is characterized by its transmission and reflection
coefficients and by the non-classical tunneling resonances. While for the periodic
coupling, the dynamics can be understood from the energy spectrum Eν(k) con-
sisting of continuous bands separated by gaps. Here ν is the band index and k the
quasi momentum. In our analysis we have used both analytical results, exact or
obtained from approximations, and numerical ones. The numerical results are ob-
tained from wave-packet propagation. The effective parameters obtained from the
coefficients of a series expansion of Eν(k), have been verified in our wave-packet
propagation results.

In addition to the above extensions of the original JC model, we have also con-
sidered, multi-mode and three level atom cases. These are direct generalizations
of the JC model and here we have considered them both as time-dependent and
and position-dependent ones. For the time-dependent models, we have particu-
larly studied the well known STIRAP model [24, 25], where the two couplings are
pulse shaped and displaced in time. STIRAP is often used for population transfer
between internal states, and here we show its applications in cavity QED and how
it may be used for state preparation.

Central for the most part of the thesis is the concept of adiabaticity, and there-
for one of the appendixes is devoted to this subject. The phenomenon is usually
connected to having explicit time-dependence in the Hamiltonian, but we have seen
above how one may, in certain parameter regimes, transform time-independent
Hamiltonian into a time-dependent one. Another example is the acceleration the-

orem derived in an appendix. One aspect that is important for us is adiabatic
elimination, which derives effective models by reducing the number of states, only
including those that are significantly populated. This is often done for large detun-
ings, where excitations are not likely to populate one or more of the internal levels.

The outline of the thesis is as follows.

In chapter 2 we present the idea of cavity QED and derive the standard JC
model. Some of the most interesting phenomena of the model, such as entangle-
ment, collapse-revivals and measurements are briefly discussed. Various exten-
sions of the JC model, and some of their properties are introduced in the following
chapter 3. The main three extensions are, as mentioned above, multi-level, time-
dependent and quantized motion JC models. There is one subsection about a
tilted periodic potential, where the atom, under certain conditions, shows an os-
cillatory motion. Most of the results are presented in chapter 4. One section deals
with state preparation, where the models are used to initialize desirable quantum
states, for example Fock or entangle states. It is also shown how to realize uni-
versal sets of quantum gates, both for field and atomic qubits. And finally the
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dynamics of an atom with a quantized center-of-mass motion is studied, for a two-
level atom and for a three-level atom, which represents the fully quantized version
of the semiclassical STIRAP. The last chapter 5 concludes with a summery and
future perspectives. Adiabaticity is considered in appendix A and the split opera-
tor method, used for numerical wave-packet propagation is discussed in appendix
B.



Chapter 2

Cavity QED and the

Jaynes-Cummings model

2.1 Cavity QED

QED describes the interaction between quantized light and matter, ranging from
single photons and atoms to atomic gases or molecules and classical light fields.
As the degrees of freedom for the system increase, the possible ’channels’ for
dissipation usually blow up, and the controllability of the system and its reversible
evolution is lost. Thus, systems consisting of only few degrees of freedom are more
likely to stay isolated from the surrounding environment. Even the most simple
non-trivial systems have turned out to be difficult enough to keep isolated. By
letting an atom be confined inside a cavity it is possible to consider only a few
particular cavity modes and atomic transitions in the atom-field interaction, the
rest of the internal states can be left out. Thus, the degrees of freedom can be
considerably reduced due to the presence of the surrounding cavity.

The general set-up for cavity QED experiments is built on the following scheme:
From an atom owen a beam of atoms leaks out through a hole, during the passage
of a set of classical laser beams the atomic initial state is prepared. This includes
to excite the atom to the desirable internal electronic state, and also to select
the atomic velocities. This can be done simultaneously by controlling the doppler
shifted laser frequencies such that only atoms with a certain velocity are excited.
The atoms then enter the cavity, and the interaction time is set by the atomic
velocity. The atoms that have too different initial velocities are never excited
and will therefore pass through the cavity without affecting the field. The state
preparation of the cavity field is done in different ways. It could be done by for
example, previous atom-cavity interactions, atom-cavity-laser interactions, cavity-
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8 CHAPTER 2. CAVITY QED AND THE JAYNES-CUMMINGS MODEL

laser interaction or simply just cooling of the cavity temperature. After the atoms
exiting the cavity, ionization atomic detectors determine the atomic state. By
using laser manipulations of the atom in the step between the cavity interaction
and the detection, its state can be rotated by any angle and all possible atomic
states can be detected.

In addition to the scheme above there exist several other possible setups, which
will be partly discussed in this thesis.

The atoms used are usually Rubidium or Cesium, excited to high Rydberg
states. These atomic states have several advantages, in particular a long decay
time and a large dipole-element giving a strong atom-field coupling. The cavities
have very high Q-values, because of the use of super-conducting closed or nearly
closed walls. The low temperature also keeps the number of thermal photons
down. Mostly used are cavities with Fabry-Perot geometries as in for example the
groups of Prof. S. Haroche Course 3 in [1], Prof. H. J. Kimble [16] and Prof. G.
Rempe [26]. In the experiments of Prof. H. Walther, a closed cylindrical cavity is
used [27]. The forms of the cavities determine the shapes of the modes of the field.
Thus, the construction of the cavity is strongly linked to the atoms used and to
the experiment one has in mind. One general problem is stray fields around the
entrance and exit holes of the atom. These tend to destroy the coherence of the
atomic state. An advantage with the Fabry-Perot cavities is that the atom may be
manipulated while it is inside the cavity, using external lasers or EM-fields. The
experiments are performed within two different parameter regimes; the microwave
or the optical. Usually the atom-field couplings g0 are much larger in the optical
regime due to a much smaller mode-volume. However, the relaxation times of the
cavity κ−1 and of the atom Γ−1 are instead shorter than for microwave cavities.
In order to have an evolution in which the coherent mechanism dominates over
the incoherent ones coming from the losses we must have

κ, Γ � g0. (2.1)

In the table below we present some typical experimental parameter values for
two groups working in the optical (Kimble and Rempe) and two in the microwave
regime (Walther and Haroche), where Ω/2π is the transition frequency of the atom
and τ is the transition time of the atom through the cavity.

Group Ω/2π g0/2π κ/2π Γ/2π τ

Kimble et al. 352 THz 120 MHz 40 MHz 2.6 MHz 0.05 µs
Rempe et al. 385 THz 16 MHz 1.4 MHz 3 MHz 3 µs
Walther et al. 21 GHz 7 kHz 0.4 Hz 500 Hz 80 µs
Haroche et al. 51 GHz 48 kHz 400 Hz 5 Hz 30 µs

Table 1. Experimental data.
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2.2 Introducing the Jaynes-Cummings model

2.2.1 Derivation of the Jaynes-Cummings model

We now turn to the issue of finding the correct Hamiltonian describing the dynam-
ics of a single atom interacting with the field inside the cavity. Here we assume the
most simple situation; just one atomic transition and a single quantized mode of
the cavity field is taken into account. The extensions of this model are discussed
in the next chapter.

We leave out the procedure of quantization of the field, which can be find in
any book on quantum optics [28, 29]. The full Hamiltonian describing an atom
interacting with a EM-field is

Ha−f =
1

2m
[p− qA(x)]

2
+ U(x) + h̄ω

(

a†a+
1

2

)

+Hel, (2.2)

where p, q, x and m are the momentum, charge, position and mass of the atom,
a† and a are creation and annihilation operators for the field mode and Hel is the
Hamiltonian describing the electronic states of the atom. The vector potential
operator is

A(x) = A0

(
ε̄f(x)a+ ε̄∗f∗(x)a†

)
, (2.3)

where ε̄ is the polarization vector and f(x) is a function describing the field along
the mode in the cavity. It gives the effective mode volume

V =

∫

d3x |f(x)|2, (2.4)

which relates to the constant A0 as

A0 =

√

h̄

2ε0ωV
. (2.5)

Under the assumption that only one atomic transition couples to the mode, the
electronic states may be labeled |±〉 and the electronic hamiltonian in (2.2) can
be written

Hel =
h̄Ω

2
σz, (2.6)

where Ω is the transition frequency and σz is the Pauli z-operator; σz |±〉 = ±|±〉.
If we neglect multi-photon processes (leave out the A2-term) and assume the
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external atomic potential to be zero, U = 0, the Hamiltonian becomes

Ha−f = Hat +Hfield +Hint,

Hat =
p2

2m
+
h̄Ω

2
σz ,

Hfield = h̄ω

(

a†a+
1

2

)

,

Hint = − q

m
A0

[
(p · ε̂)f(x)a+ (p · ε̂∗)f∗(x)a†

]
.

(2.7)

In matrix representation within the atomic basis states, the interaction Hamilto-
nian is [29]

Hint = g(x)
(
a†σ− + aσ+

)
, (2.8)

where σ± are the raising and lowering operators for the atom and

g(x) = − q

m
〈+|(p · ε̂)|−〉f(x)

√
2

h̄ωε0V
. (2.9)

In deriving (2.8) we neglected the fast oscillating terms corresponding to virtual
processes, called the rotating wave approximation (for corrections, see [30]), and
we adjusted the phases of the states |±〉 such that g(x) is real.

If we further assume that g(x) is to a good approximation independent of x,
the atomic kinetic energy operator is a constant of motion and can be omitted, as
may the constant vacuum term h̄ω/2. The resulting Hamiltonian is

H̃ = h̄ωa†a+
h̄Ω

2
σz + g

(
a†σ− + aσ+

)
, (2.10)

which defines the Jaynes-Cummings (JC) model. The form of the coupling term is
such that the number of excitationsN = a†a+ 1

2σz is preserved and it is customary
to work within an interaction picture

H = H̃ − h̄ωN =
∆

2
σz + g

(
a†σ− + aσ+

)
. (2.11)

Here ∆ = Ω − ω, is the atom-field detuning. A large detuning results in fast
oscillating exponentials in the eigenfunctions of the Hamiltonian (2.11) and the
population transfer between the states |±〉 decreases.

Since N is a constant of motion it is enough to solve the system for one par-
ticular value n ± 1

2 of N . Thus, in the interaction picture the Hamiltonian is of
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block-diagonal form with 2× 2-blocks (h̄ = 1)

Hn =






∆

2
g0
√
n

g0
√
n −∆

2




 . (2.12)

Any Hermitian Hamiltonian for a two-level system can be transformed into the
form (2.12), see [31]. The basis states are the so called bare states |n− 1,+〉 and
|n,−〉, where |n〉 is the n photon Fock state; a|n〉 =

√
n|n− 1〉. The eigenstates of

Hn are

|ψ+〉 = cos
(

θ
2

)
|+, n− 1〉+ sin

(
θ
2

)
|−, n〉,

|ψ−〉 = sin
(

θ
2

)
|+, n− 1〉 − cos

(
θ
2

)
|−, n〉,

(2.13)

where

tan(θ) =
2g0
√
n

∆
(2.14)

and with corresponding eigenvalues

E± = ±

√
(

∆

2

)2

+ g2
0n. (2.15)

Note that for ∆ = 0, the angle θ = π/2 and is thus independent of the param-
eters. This has important consequences, as will become clear in the following
chapters, namely the two-level structure of the JC model can be separated into
two disconnected sets regardless if the coupling is time-dependent or x-dependent.

A general state evolving under the Hamiltonian (2.11) can be written in the
bare states as

|Ψ〉 = c0a−(0, t)|0,−〉+
∞∑

n=1

cn
[
a+(n, t)|n− 1,+〉+ a−(n, t)|n,−〉

]
, (2.16)

where cn determines the initial photon distribution and the coefficients an±(t) are
the solution of the Schrödinger equation and read, according to equation (2.13),

a−(n, t) =

[

cos

(
Ωt

2

)

− i∆

2Ω
sin

(
Ωt

2

)]

e−i∆t/4

a+(n, t) =
ig0
√
n

Ω
sin

(
Ωt

2

)

ei∆t/4,

(2.17)
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for the initial condition |an−(t = 0)| = 1 and Ω =

√
(

∆
2

)2
+ g2

0n. The solutions
become especially simple in the zero detuning case ∆ = 0,

a−(n, t) = cos (g0
√
nt)

a+(n, t) = sin (g0
√
nt) .

(2.18)

The oscillatory behaviour of the solutions is called Rabi oscillations and g0
√
n

the Rabi frequency. Note that the Rabi frequency is depending on the number of
photons in the mode. For an initial photon state with several coefficients cn non-
zero, the terms of the state (2.17) will oscillate with different frequencies resulting
in general in a collapse of various atom and field quantities.

In experiments where the atom leaves the cavity, and only interacts with it for
a certain time, we are interested in the asymptotic solutions |a∞± (n)| as t → ∞.
This assumes that the atom and the field do not couple for large values t.

A state of two composite systems A and B is said to be entangled if it can not
be written as a direct product of separate states

|Ψ〉AB 6= |Ψ〉A ⊗ |Ψ〉B . (2.19)

For mixed states, ρ =
∑

i pi|ψi〉〈ψi|, where the pis are classical probabilities satis-
fying

∑

i pi = 1, entanglement is defined as

ρAB 6=
∑

i

piρ
i
A ⊗ ρi

B , (2.20)

for any sets of density operators
{
ρi

A

}
and

{
ρi

B

}
of system A and B respectively.

It is clear from the form of the solution (2.17) of the JC model that the atom
and the field are most likely to be entangled. There are several quantities that
measures some kind of degree of entanglement, for example purity

pA = TrA

[
ρ2

A

]
(2.21)

or von Neumann entropy

SA = −Tr
[
ρA log (ρA)

]
, (2.22)

where ρA is the reduced density operator, ρA = TrB [ρAB ] and trace is over sys-
tem B’s degrees of freedom. For a pure state ρ = |Ψ〉〈Ψ| it follows that ρ = ρ2;
the purity equals 1, and for entangled states it is less than 1. Likewise, for pure
states the entropy is zero, and an increase of the entropy corresponds to more
correlation between the subsystems. If the composite system starts out in a pure
state and evolve under (2.11), the composite entropy is identically zero through-
out the evolution. This is, however, not true for the subsystems which may be
entangled. It is possible to show that the purities are the same for the field and
the atom patom(t) = pfield(t), and when the initial state is pure we also have
Satom(t) = Sfield(t) [32].



2.2. INTRODUCING THE JAYNES-CUMMINGS MODEL 13

2.2.2 Conditional atomic measurement

In general, after the passage of the atom, the cavity field and the atom will be in
an entangle state as we have seen above. If the state of the atom is measured in
either |+〉 or |−〉 after the interaction, it follows from (2.16) that the state of the
field is modified by a∞+ (n) or a∞− (n) depending on which state the atom is found
in. This is called a conditional measurement. Depending on the outcome of the
measurement, the field distribution will be (up to a normalization constant)

P+(n) = |a∞+ (n+ 1)|2|cn+1|2

P−(n) = |a∞− (n)|2|cn|2.
(2.23)

The |a∞± (n)|2:s clearly reshape the photon distribution and are therefor called filter

functions. If this process is repeated, the sequence of measured atoms determines
the photon distribution, provided that the initial conditions are known.

If we measure a flip of the j:th atom according to |∓〉 → |±〉, we let kj = ±1
and for no flip kj = 0. For a collected sequence k, the photon distribution after m
conditional atomic measurements is

Pm,k(n) =
1

N
Am,k(n)P0(n+ ν). (2.24)

Here Am,k(n) is the appropriate sequence of filter functions |a∞± (n)|2 as discussed
in Paper III, ν =

∑

j kj and N is the normalization constant. Note that the initial
distribution is shifted by the same amount as the number of flips |ν|. If the atom
is excited, P0(n) is shifted towards lower photon numbers and vice versa for a
de-excitation.

For a known normalized photon distribution P = P (n), the probability to
measure |±〉 becomes

P (+|P ) =
∑

n |a∞+ (n+ 1)|2P (n)

P (−|P ) = 1− P (+|P ),
(2.25)

where the initial condition is |a−(n)|2 = 1. Iterating this, one gets the probabil-
ity P (k|P0) to have the sequence k for an initial distribution P0(n). Note that
the conditional probability P (k|P0) is equal to the normalization constant N in
equation (2.24).

In the situation of zero detuning and atoms initially in |−〉 the filter functions
are

|a∞+ (n)|2 = sin2 (
√
nA)

|a∞− (n)|2 = 1− |a∞+ (n)|2 = cos2 (
√
nA) ,

(2.26)
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where

A =

∫ +∞

−∞
g(t′)dt′. (2.27)

The dynamics will depend on the photon number n and the effective time g0t.
Now suppose that the field is initially in a coherent state

P0(n) = |cn|2 =
n̄ne−n̄

n!
, (2.28)

and we do a conditional measurement on the atom and find it in its lower state,
then the photon distribution becomes

P−(n) =
1

N
cos2(

√
nA)

n̄ne−n̄

n!
, (2.29)

with N being the normalization constant. An appropriate quantity to investigate
in order to get some information about the properties of the field, is the Mandel
Q value [28] defined as

Q =
〈n2〉 − 〈n〉2 − 〈n〉

〈n〉 . (2.30)

For a Poissonian distribution, the Q-parameter is zero, for a super-Poissonian
state it is greater than zero and for a non-classical sub-Poissonian state we have
−1 < Q < 0.

In figure 1, the Mandel Q value is plotted as a function of the coupling area A
for an initial coherent photon distribution with n̄ = 20. The figure clearly shows
how the Q value at first collapses, but then it revive after some value Ar. This
phenomena of collapse and revival can be understood from equation (2.29). When
evaluating expectation values, we sum P−(n) over the photon numbers n. For
zero coupling area A = 0 all terms in the sum are correlated. However, as A is
increased the terms will oscillate with different frequencies, arising from

√
n in

the cosine function. The correlation is then washed out leading to the collapse.
When the terms come back in phase, we see a revival in Q. This collapse-revival
phenomenon is repeated when A is further increased. Note that this is a pure
quantum mechanical effect, which derives from the discreteness of the photon
number in the cosine function. If n would have been continuous, as in a semi-
classical treatment, we would have the collapse, but not the revivals. The collapse-
revival phenomenon was first discovered by Eberly et. al. [5] and it has also been
experimentally verified, see for example [14]. For the first revival we have (see
[33])

Ar = π
√
n̄. (2.31)

So far we have only discussed how the atoms, measuring or not measuring
their state, affect the properties of the cavity field. Likewise, the field affects the
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Figure 2.1: In (a) the Mandel Q value, as defined in equation (2.30), is plotted as
a function of the coupling area A. The photon distribution, initially in a coherent
state with n̄ = 20, is after the detection of a lower level atom given by (2.29).
The quantum mechanical collapse-revival phenomenon is clearly seen. Figure (b)
shows how the inversion (2.33) depends on the coupling area A with the same
initial photon distribution. The same kind of collapse and revival is present as in
(a) for the Mandel Q.

dynamics of the atoms. One quantity of interest, is the atomic inversion

〈σz〉 =
∞∑

n=0

|cn|2
[

|a∞+ (n)|2 − |a∞− (n)|2
]

. (2.32)

With the filter functions (2.26) and assuming the initial field to be in a coherent
state (2.28), the inversion becomes

〈σz〉 = 1− 2
∞∑

n=0

cos2(
√
nA)

n̄ne−n

n!
. (2.33)

From the form of equation (2.33), we expect the same collapse-revival occurrence
in the atomic inversion as for Q. This is confirmed in figure 2.1 where the inversion
(2.33) is plotted for different values of A. The initial average photon number n̄ is
again chosen to be 20.

If we instead had started out with an atom in its excited state |+〉, the filter
functions (2.26) had been reversed and

√
n →

√
n+ 1. For the mode initially in
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vacuum, the inversion is given by

〈σz〉 = 1− 2 sin2(A). (2.34)

When A, which is proportional to the effective atom-field interaction time, in-
creases, we note that, even though there are no photons in the cavity, the atom
will Rabi flip between |−〉 and |+〉. This is the simplest example of an effect due
to spontaneous emission.

2.2.3 Unconditional atomic measurement

If we do not select the atomic state after the interaction, we say that we perform
a nonselective or unconditional measurment. The cavity field distribution must
then be described as an ensemble average over all possible atomic outcomes

P̃m(n) =
∑

Allk

P (k|P0(n))Pm,k(n) =
∑

Allk

Am,k(n)P0(n+ ν) = Pm,k(n). (2.35)

In the second step, we have used the fact that the normalization constant N equals
P (k|P0(n)) and in the last step Pm,k(n) defines the ensemble average over all
possible k:s. Since, in general, there are 2m different outcomes k, the calculation
of P̃m(n) may then be time consuming. Then it is more convenient to consider
the density operator ρfield of the field. This is, as discussed above, achived by
tracing the full density operator for the atom-field system over the atomic degrees
of freedom

ρfield = Tratom(ρ) =
∑

n,n′

cnc
∗
n′

[

a∞+ (n)a∞∗
+ (n′)|n−1〉〈n′−1|+a∞− (n)a∞∗

− (n′)|n〉〈n′|
]

.

(2.36)
The diagonal elements 〈n|ρfield|n〉 now give the ensemble average

P̃m(n) = |a∞+ (n+ 1)|2P̃m−1(n) + |a∞− (n)|2P̃m−1(n− 1), (2.37)

where we again have the initial condition |a−(n)|2 = 1. One special case of equa-
tion (2.37) has been investigated in [34].

When calculating expectation values, the order in which we take the averages
does not matter

˜〈...〉m = 〈...〉m,k. (2.38)

Here ˜〈...〉m is the expectation value with respect to the distribution P̃m(n) and
〈...〉m,k the same for the distribution Pm,k(n).



Chapter 3

Extended Jaynes-Cummings

models

As the JC-model is the simplest non-trivial representation of two non-identical
coupled systems, it has led to be experimentally verified due to its low number of
degrees of freedom. With increasing progress in existing experimental techniques,
extensions of the JC-model have become interesting. There is a huge number of
different theoretical proposals, for example; [35, 36, 37, 38, 39]. Experimental
works can be found in [40]. In this chapter we present some extended JC-models,
while in the next we talk about their implementations. Writing down the extended
Hamiltonian is often a straightforward task, but nevertheless the dynamics of the
full system may be involved and complicated.

3.1 Multi-level Jaynes-Cummings models

A recent review of multi-level JC-models can be found in [41]. The model is either
modified by coupling more electronic levels of the atom, more modes of the field
or both of them. The bare energies of the field and atom is simply

∑

i h̄ωia
†
iai

and
∑

j h̄Ωj |j〉〈j| respectively, where subscripts i is for mode i and j for atomic
internal state j. The specific form of the atom-field coupling terms are determined
from atomic selection rules giving non-zero dipole elements. Since we throughout
deal with dipole couplings, the coupling will only contain one-photon processes
of the form g(a†|j − 1〉〈j| + a|j〉〈j − 1|). However, below we will discuss effective
models where levels that are hardly populated due to a large detuning can be
eliminated, leading to multi-photon processes.

17
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Λ-atom with two different modes

}
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Figure 3.1: The three possible three-level atoms coupled to two modes 1 and 2. In
all plots, the mode frequencies ω1 and ω2 are such that there is only one interesting
detuning parameter ∆. The atomic configurations are called Λ (i), Ξ (ii) and V
(iii).

One model that is of particular interest is a Λ-type of atom interacting with
two cavity modes, as in figure 3.1 which shows the different 2-mode-3-level atoms.
The Hamiltonian, in the rotating wave approximation, takes the form (h̄ = 1)

H̃Λ = ω1a
†
1a1 + ω2a

†
2a2 + Ωa|a〉〈a|+ Ωb|b〉〈b|+ Ωc|c〉〈c|

+gab

(

a†1|b〉〈c|+ a1|b〉〈a|
)

+ gbc

(

a†2|c〉〈b|+ a2|b〉〈c|
)

.

(3.1)

The dynamics of this Hamiltonian has been studied in [42], using a unitary trans-
formation. The solutions are rather complicated and one is interested in finding
limiting approximations. The most common one is, as mentioned above, adiabatic
elimination of far-off resonance levels that are weakly populated. The adiabatic
methods are discussed in Appendix A, but the general idea of adiabatic elimina-
tion is to write down the Heisenberg equations of motion, and for those levels that
are weakly populated, their derivatives are assumed zero before integrating the
equations. This gives effective models and Hamiltonians. Due to the off resonance
interaction, the effective models contain Stark shift terms proportional to the pho-
ton numbers a†1a1 and a†2a2, which are often neglected in the analyses. Defining the
detunings as Ωb−Ωa = ∆1+ω1 and Ωb−Ωc = ∆2+ω2, we assume for the Λ-system
the couplings of the upper level to be far-off resonance |Ωa−Ωc| � |∆1|, |∆2| and
that ∆ = |∆1 −∆2| � |∆1|, |∆2|. Then the upper level |b〉 can be eliminated and
the atom acquires a two-level structure, coupled to the two modes [43, 44]:

HΛ =
∆

2
σz + g0

(

a1a
†
2σ

+ + a†1a2σ
−
)

, (3.2)
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where the Pauli matrixes act on the atomic states |a〉 and |c〉,

g0 =
g13g23

∆
, (3.3)

and we have transformed to an interaction picture; subtracting the proper term
proportional to the constant of motion N = a†1a1 + a†2a2 + 1

2σz . Here the Stark
shift terms have been left out [43, 44]. The effective Hamiltonian governs a two-
photon process, while keeping the total number of photons constant. In the bare
basis that Hamiltonian is of Block form with 2× 2-blocks as the regular JC-model
(2.12), with the Rabi frequency g

√

n(m+ 1), where n and m are the photon num-
bers for mode 1 and 2 respectively. Thus, the solutions have the same form as for
the standard JC-model replacing g0

√
n by g0

√

n(m+ 1). The combined system,
two field modes plus the atom, shows examples of multistate entanglement. In
the next chapter we will show how this model can be used for various applications
like quantum information processing and state preparation. Note that if just one
mode couples the two different transitions; a1 → a1 and a2 → a1, the Rabi fre-
quency is proportional to n rather than

√
n, which has important consequences in

for example the preparation of field Schrödinger cat states, see next chapter, and
for the revivals, see equation (2.29).

Two-level atom with two identical modes

The second multi-level model we present is with one two-level atom interacting
with two identical modes; having the same frequencies and polarization, [39]

H̃2m = ωa†1a1 + ωa†2a2 +
Ω

2
σz + g1

(

a†1σ
− + a1σ

+
)

+ g2

(

a†2σ
− + a2σ

+
)

. (3.4)

By introducing the new Boson operators

A = K12 (g2a1 − g1a2) , B = K12 (g1a1 + g2a2) , (3.5)

where K12 =
(
g2
1 + g2

2

)−1/2
, and going to the interaction picture with respect to

number of excitations, the Hamiltonian can be written as

H2m =
∆

2
σz +K−1

12

(
Bσ+ +B†σ−

)
. (3.6)

This transformation of the Hamiltonian is used in both Paper V and VIII. Thus,
the solutions are again given by the solutions of the ordinary JC-model, where the
number states are no longer the one mode states |n〉, but the two mode number

states |j〉 =
(B†)

j

√
j!
|0, 0〉.
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Two identical two-level atoms and one mode

By adding an extra identical atom to the JC model one gets the Hamiltonian

H2a = ∆a†a+ g
[
a†
(
σ−1 + σ−2

)
+ a

(
σ+

1 + σ+
2

)]
, (3.7)

where we have used that the number of excitations N = a†a + 1
2σ1z + 1

2σ2z is
conserved. The JC model with several atoms is sometimes referred to as Travis-

Cummings or Dicke model [28]. With the four bare states {|n−1,+,−〉, |n,−,−〉, |n−
1,−,+〉, |n− 2,+,+〉} the matrix representation of (3.7) is

H2a =







(n− 1)∆ g
√
n 0 g

√
n− 2

g
√
n n∆ g

√
n 0

0 g
√
n (n− 1)∆ g

√
n− 1

g
√
n− 2 0 g

√
n− 1 (n− 2)∆






. (3.8)

Let us give a last comment on similarities between the three models discussed
in this section. If we consider the situation of lowest non-trivial excitations in the
three models, we find that the three states {|1, 0〉|a〉, |0, 1〉|c〉, |0, 0〉|b〉}, where the
last ket corresponds to the atomic state, are coupled by the Hamiltonian (3.1). In
this basis the Hamiltonian is given by

H̃Λ =





ω1 + Ω1 g13 0
g13 Ω3 g23
0 g23 ω2 + Ω2



 . (3.9)

For the second model the states {|1, 0,−〉, |0, 0,+〉, |0, 1,−〉} are coupled by H̃2m

in equation (3.4), giving the matrix representation

H̃2m =





ω − Ω
2 g1 0

g1
Ω
2 g2

0 g2 ω − Ω
2



 . (3.10)

And finally if n = 1 in the last model the fourth row and column of (3.8) goes
away and if ω1 + Ω1 = ω2 + Ω2, the three matrices have identical form and show
the same kind of dynamical features.

3.2 Time dependent Jaynes-Cummings models

The original JC-model and the extended examples in the previous section all as-
sumed constant parameters, couplings and detunings, throughout the interaction,
giving the time evolution

|Ψ(t)〉 = e−iHt|Ψ(t = 0)〉. (3.11)
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However, this situation is only fulfilled when the atom is trapped at a specific
location along the mode variations and therefor lacks center-of-mass motion. Most
correct is to add the atomic motional term to the Hamiltonian together with the
electric field variations of the particular mode, which is done in the next section.
It is, however, in many experimental situations a good approximation to replace
the momentum operator term by the classical momentum p = mv and the position
by x = vt, where mv = p0 = 〈p〉t=0. Since the kinetic energy term is substituted
with a c-number, it means that p should approximately be a constant of motion,
or the changes of p should be small compared to the variations of the internal
interaction energy across the atomic wave-packet. Thus, if ṗ ∼ p/T , for some
characteristic time-scale T , is to be small, the time-scale is long, indicating some
kind of adiabaticity. Going to a rotating frame exp(−ip2

0/2m)H exp(ip2
0/2m), the

Schrödinger equation for the JC-model becomes

i
∂

∂t
|Ψ(t)〉 = H(t)|Ψ(t)〉, (3.12)

and for a specific excitation number within one 2× 2 block

i
∂

∂t

[
a+(n, t)
a−(n, t)

]

=






∆

2
g
√
n

g
√
n −∆

2






[
a+(n, t)
a−(n, t)

]

, (3.13)

where ∆ and g may be time-dependent. Any two-level system evolving by a
hermitian 2× 2-Hamiltonian can always be transformed into the form of equation
(3.13) [31]. Consequently, the differential equation of (3.13) has been of interest for
physicists and mathematical physicists in a variety of different areas for a long time.
In spite of its simple form, not many analytically solvable models exist. Usually
the asymptotic solutions at t = ∞ are obtained, given some initial conditions at
t = −∞. We will most of the time pick |a0

−(n)| = 1 as initial condition. The
solution can be expressed in terms of a scattering matrix S connecting initial and
final amplitudes





a∞+ (n)

a∞− (n)



 =





√
wn e−iφn

√
1− wn

−eiφn
√

1− wn
√
wn









a0
+(n)

a0
−(n)



 . (3.14)

In table 2 some of the solvable models are presented and their specific dependence
on time. These are the models that have been used in papers I-III, VI and VII, for
other models see for example [45, 46, 47, 48]. Some of their solutions will be given
later on, but as we will see in the next subsection, when being in the adiabatic
regime the solutions become particularly simple.
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Model ∆(t)/2 g(t)
√
n

Zero detuning Paper II ∆(t) ≡ 0 any g(t)
Landau-Zener (LZ) [49, 50] ∆0t g0

√
n

Rosen-Zener (RZ) [51] ∆0 g0
√
n sech (t/T )

Demkov-Kunike 1 (DK1) [52] Ē +E0 tanh (t/T ) g0
√
n

Demkov-Kunike 2 (DK2) [52] Ē +E0 tanh (t/T ) g0
√
n sech (t/T )

Table 2. Parameter time-dependence for various analytically solvable 2× 2
models. Note that for E0 = 0 in the DK2 model one retains the RZ model.

3.2.1 Adiabatic evolution with level crossings

The adiabatic theorem states that if the rate of change in time of some time-
dependent Hamiltonian becomes infinitely slow, an eigenstate of the initial Hamil-
tonian will remain in the corresponding eigenstate throughout the evolution. Thus,
suppose H(t) is given and En(t) and |ψn(t)〉 are instantaneous eigenvalues and
eigenstates of H(t), then the theorem implies that H(t)|ψn(t)〉 = En(t)|ψn(t)〉 is
fulfilled for all t and any n. A more thorough discussion about the theorem and
adiabaticity is given in Appendix A. The eigenstates of the JC-model were given in
equations (2.13) and (2.14), and the eigenvalues in (2.15). The diagonal elements,
the bare eigenvalues for g0 = 0 become degenerate when ∆ = 0, and we say that
the the two energy levels cross. For non-zero coupling, g0 6= 0, the degeneracity
is split and the energy levels E1,2(t) no longer cross, the crossing is avoided. The
eigenstates (2.13) are called dressed states, while the states |+, n − 1〉 and |−, n〉
are referred to as bare states. The bare and dressed states are only the same in the
absence of coupling, or more precisely if g/∆ → 0, from which we conclude that
the asymptotic initial and final bare and dressed states of the LZ, RZ and DK 2
models coincide.

According to the adiabatic theorem, we have 〈ψ1|ψ2〉 = 0 for an infinitely slow
change of the Hamiltonian. Assuming that the levels cross and that g/∆ → 0 in
the asymptotic limits, a state initially in |ψi〉 = |+, n − 1〉 will adiabatically be
transfered into the final state |ψf 〉 = |−, n〉. This is schematically shown in figure
3.2 which displays the eigenvalues E1,2(t) of the LZ and the DK 2 models for three
different coupling strengths.

For models with no level crossings and g/∆→ 0, for example the RZ model and
the DK 2 model with Ē > E0, the adiabatic evolution will result in no transitions
between bare states.

3.2.2 STIRAP evolution in cavities

Stimulated Raman adiabatic passage, or shortly STIRAP, is a method for adiabat-
ically transferring population from an initial state into a target state by virtually
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|n-1,+ |n,-

|n-1,+|n,-|n-1,+

|n,-|n-1,+

|n,-

Figure 3.2: This figure shows the instantaneous time-dependent eigenvalues E±(t)
of equation (2.15) for the LZ- (a) and the DK2 models (b). Three different exam-
ples are shown g0

√
n = 0, 1, 3. In the figures are also inserted the corresponding

bare states.

populating an intermediate state [24, 25]. It was first suggested for coherent pop-
ulation transfer between molecular levels. The scheme relies on letting the initial
and target states couple through two laser-pulses to the intermediate level. The
interesting point is that the two pulses occur in a counterintuitive order; first the
empty target state is coupled to the intermediate state and then the initial, popu-
lated state is coupled to the middle state. However, in order to have any transfer
the two pulses must overlap in time. Usually the shape of the pulses are taken to
be Gaussian. The problem with Gaussian separated pulses is that they are not
analytically solvable, but assuming a smooth change we may use the adiabatic
theorem.

In the original model, a Λ-type of three level system is used and the lower
states |a〉 and |c〉 are coupled by two laser pulses to the upper intermediate level
|b〉. The Hamiltonian is given, in matrix representation, by

HR =









0 G1(t) 0

G1(t) ∆ G2(t)

0 G2(t) 0









, (3.15)

where ∆ is the detuning of the |a〉 ↔ |b〉 and |c〉 ↔ |b〉-transitions. The form
of (3.15) is identical to those of (3.9) and (3.10) apart from an overall constant
term, suggesting that a STIRAP process may be realized also for those two cavity
models. The pulses are then governed by the mode shape that the atom ’sees’ as
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it traverses two cavities. This is not an unrealistic situation, since for open Fabry-
Perot cavities the transverse mode shape is very close to Gaussian, and for atoms
with classical momentum we can transform the problem into a time-dependent
one. The condition of overlapping pulses implies that the two cavities must also
overlap in space.

The unitary matrix

U(t) =





sinφ sin θ cos θ cosφ sin θ
cosφ 0 − sinφ

sinφ cos θ − sin θ cosφ cos θ



 (3.16)

with the angels tan θ = G1(t)/G2(t) and tan 2φ = 2G0(t)/∆, where G2
0 = G2

1(t) +
G2

2(t) digonalizes HR. The corresponding eigenvalues are

E+(t) = 1
2

(

∆ +
√

∆2 + 4G2
0

)

E0(t) = 0

E−(t) = 1
2

(

∆−
√

∆2 + 4G2
0

)

.

(3.17)

The eigenvector |ψ0〉 = cos θ|a〉 − sin θ|c〉 corresponding to the zero eigenvalue is
called dark state, since it does not contain the upper |b〉-state and therefor losses
of the excited level are minimized. Choosing

limt→−∞
G1(t)
G2(t)

= 0, θ → 0,

limt→+∞
G2(t)
G1(t)

= 0, θ → π
2

(3.18)

the dark state |ψ0〉 evolves from |a〉 into |c〉, which is the idea behind STIRAP. With
the given pulse sequence (3.18), the asymptotic unitary matrix (3.16) becomes

U(−∞)∆=0 =








0 1 0
1√
2

0 − 1√
2

1√
2

0
1√
2







, U(+∞)∆=0 =








1√
2

0
1√
2

1√
2

0 − 1√
2

0 −1 0







,

U(−∞)∆6=0 =





0 1 0
1 0 0
0 0 1



 , U(+∞)∆6=0 =





0 0 1
1 0 0
0 −1 0



 .

(3.19)
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Since the Hamiltonians (3.15) and (3.10) have the same form, the above ar-
guments apply for both models, identifying the various terms. However, for the
two-level atom two mode model of the previous section the adiabatic transition
works for any photon numbers, not only the one photon case of the Hamiltonian
(3.10) [53]. This is easily seen using the new boson operators (3.5). Since A and B

commute, it follows that [A,H ] = 0, and the states |ψn〉 =
(A†)

n

√
n!
|0, 0,−〉 are eigen-

states to H2m with eigenvalue zero; H2m|ψn〉 = 0|ψn〉. With the pulse sequence
(3.18) it follows

A† =







a†2, t = −∞

−a†1, t = +∞
⇒ |ψn〉 =







|0, n,−〉, t = −∞

(−1)n|n, 0,−〉, t = +∞
.

(3.20)
Thus, any Fock state |n〉 is adiabatically transfered from cavity 2 to cavity 1,
from which it follows that any state can be transported between the cavities. For
example, for a coherent state it means |α, 0,−〉 → |0,−α,−〉. The method is
actually equivalent with multi-level STIRAP processes [54]. Note that the state
|ψn〉 is a dark state, never populating the upper atomic state |+〉

3.3 The Jaynes-Cummings model with quantized

motion

In most experimental realizations, the kinetic energy of the atoms greatly exceeds
the interaction energy, implying a semi-classical treatment of the evolution; the
kinetic energy term is not considered and the position is treated as time-dependent.
However, by the use of laser cooling of the atomic motion, ultracold atoms can be
prepared corresponding to temperatures of the order of 1 µK. These energies are
comparable with the interaction energies of cavity QED experiments and it is no
longer legitimate to exclude the kinetic energy term from the Hamiltonian. In this
section we discuss the theory of the JC model when the atomic motion is treated
quantum mechanically and the shape of the mode appears in an x-dependent
coupling.

The Schrödinger equation for a given excitation number n reads






p2 +







∆

2
g(x)

√
n

g(x)
√
n −∆

2













|φΣ〉 = EΣ|φΣ〉, (3.21)

where Σ is the set of quantum numbers describing the eigenstate and we here use
scaled parameters; m = 1/2 and h̄ = 1, see subsection 3.3.2.
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3.3.1 Pulse-shaped atom-field coupling

As the atom traverses the cavity perpendicular to a longitudinal mode of a Fabry-
Perot cavity the coupling will have a Gaussian shape. This problem is, however,
not analytically solvable and we will therefore focus on a few other solvable situ-
ations with pulse shaped couplings.

The first, non-physical, case is to have a Mesa function shaped coupling

g(x) =

{
g0, 0 < x < L
0, elsewhere

, (3.22)

which has been studied in numerous papers [55, 56, 57, 58]. The first two refs.
only consider the zero detuning case, while the last two treat the general situa-
tion. For the models of those papers, we will only analyze the zero detuning case
here. In the literature this model has been called mazer, for ”microwave amplifi-
cation via z-motion-induced emission of radiation” (note here that we have x as
the axis of propagation, not z). By working in the internal dressed state basis
{

|ψ±〉 = 1√
2

(|n− 1,+〉 ± |n,−〉)
}

, the problems become those of a particle scat-

tered against a potential barrier or well. The |ψ+〉-state sees the barrier, while
|ψ−〉 sees the well. There are four different scattering amplitudes, when expressed
in bare states; transmission of the atom in excited or ground sates, Tn−1,+ and
Tn,−, and correspondingly for the reflections, Rn−1,+ and Rn,−. These are related
to the scattering amplitudes ρ±n and τ±n for the internal dressed states according
to

Rn−1,+ =
1

2

(
ρ+

n + ρ−n
)
, Tn−1,+ =

1

2

(
τ+
n + τ−n

)
,

Rn,− =
1

2

(
ρ+

n − ρ−n
)
, Tn,− =

1

2

(
τ+
n − τ−n

)
.

(3.23)

Using dressed states decouples the equations in (3.21) into two 1-dimensional
Schrödinger equations, which are solved to give the amplitudes ρ±n and τ±n . Start-
ing with an excited atom, the solutions are [55]

ρ±n = i∆±
n sin

(
k±n L

)
,

τ±n =
[
cos
(
k±n L

)
− iΣ±

n sin
(
k±n l
)]−1

,

(3.24)
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with
k±n =

(
k ∓ κ2

n

)1/2
,

∆±
n =

1

2

(
k±n
k
− k

k±n

)

,

Σ±
n =

1

2

(
k±n
k

+
k

k±n

)

,

κn = 4

√

g2
0(n+ 1).

(3.25)

One quantity of interest is the atomic inversion defined as the expectation value
〈σz〉 (2.32), which is

〈σz〉 = 1− 2Pemission(n), Pemission(n) = |Tn,−|2 + [Rn,−|2. (3.26)

For slow atoms, k � κn, the inversion has resonances at κnL = mπ (m = 1, 2, 3, ...)
when the cavity contains exactly n photons. These tunneling resonances occur
when the atomic momentum corresponds to a deBroglie wavelength λdB = 2L/m.

A more physical solvable example of smooth pulse-shaped atom-field coupling
is the zero detuning case with

g(x) = sech2
(x

L

)

. (3.27)

The solutions are [55]

ρ±n =
Γ(ikL)Γ(1− ikL)

Γ
(
1/2 + iξ±n

)
Γ
(
1/2− iξ±n

) ,

τ±n =
Γ [1/2− i (kL+ ξ±n )] Γ [1/2− i (kL− ξ±n )]

Γ(−ikL)Γ(1− ikL)
,

(3.28)

where

ξ±n =

√

± (κnL)
2 − 1/4. (3.29)

The atomic inversion again shows resonances, now for κnL =
√

m(m+ 1) (m =
1, 2, 3, ...). The resonances die out for large values κnL, and the faster the atoms
the slower is the decay of the resonances. This indicates that the more adiabatic the
process is, the less pronounced resonances. The asymptotic value of the inversion
is zero, meaning that half the population is in the upper and half in the lower
atomic state. In [58] a numerical simulation of a Gaussian mode shape is done,
and as was also found in Paper II, the Gaussian mode profile shows less adiabatic
features than the sech-pulse, due to the wide tails of the hyperbolic secant.
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We end this subsection by presenting the solution of a third solvable model for
general detunings. We let

g0(x) = δ(x)

∆(x) = ∆0

(3.30)

and by imposing the standard boundary conditions we get the solution for the
transmission and reflection coefficients

Rn−1,+ = k̃

∣
∣
∣
∣
∣

g2
0n

g2
0n− 4k̃k̃′

∣
∣
∣
∣
∣

2

, Tn−1,+ = k̃

∣
∣
∣
∣
∣

4/k̃k̃′

g2
0n+ 4k̃k̃′

∣
∣
∣
∣
∣

2

,

Rn,− = k̃′

∣
∣
∣
∣
∣

g0
√
n/k̃

g2
0n− 4k̃k̃′

∣
∣
∣
∣
∣

2

, Tn,− = k̃′

∣
∣
∣
∣
∣

g0
√
n/k̃

g2
0n− 4k̃k̃′

∣
∣
∣
∣
∣

2

,

(3.31)

where k̃ =
√

k2 −∆/2 and k̃′ =
√

k2 + ∆/2.

3.3.2 Periodic atom-field coupling

A Gaussian mode shape is obtained by a transverse passage of the atom through
the cavity. If the atom, instead, propagates along the longitudinal mode shape,
the coupling becomes g(x) = g0 cos(qx), where q = 2π/λ and λ is the photon
wavelength. The JC model with such a coupling has been studied in several pa-
pers [37, 38]. Having a cavity length L � λ the Hamiltonian is nearly periodic,
the boundary effects should be small for an atom far from the edges of the cavity.
Thus, the Hamiltonian is to a good approximation periodic, and from Bloch the-
ory it is well known that an eigenstate/eigenvalue is described by two quantum
numbers; ν = 1, 2, 3, ... is called the band index and −q < k < q is the quasi

momentum. The range [−q, q] defines the Brillouin zone. Some authors defines
the Brillouin zone half the size, which implies that the set of eigenstates is dis-
connected into two parts [38]. From 2 cos(qx)|k〉 = |k + q〉 + |k − q〉 it follows
that the coupling of this form results not only a in flip of internal atomic state,
but also a momentum ’kick’ in either direction. As already mentioned in the
previous chapter, for zero detuning we may decouple the two equations leading
to two one-dimensional Schrödinger equations with potentials V (x) ∝ ± cos(qx).
These are the Mathieu equations [59], whose properties are well known. In the
opposite limit, g(x)/∆ → 0, one may also decouple the equations by adiabatically
eliminating the level that is initially unpopulated, giving one effective Schrödinger

equation with potential V (x) ∝ g2(x)
∆ = 1

2 [1 + cos(2qx)] also in Mathieu form.
Note that the constant term represents a two photon process where the kicks have
opposite directions, while cos(2qx) describes the situations when the kicks are in
the same directions.
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With scaled units, where the photon recoil energy ER = h̄2q2/2m sets an
energy scale, the Hamiltonian is written as

H = − ∂2

∂x2
+








δ

2
V0 cos(x)

V0 cos(x) − δ
2







, (3.32)

with

x = qx̃ p =
p̃

q
t = t̃

ER

h̄

E =
Ẽ

ER
V0 =

2g̃0
√
n

ER
δ =

∆̃

ER
,

(3.33)

where the tilde ∼ indicates unscaled quantities. The bare states coupled for a
given initial momentum p = k and internal state |−〉n ≡ |n,−〉, are

|ψµ(k)〉 =

{
|k + µ〉|−〉n µ even
|k + µ〉|+〉n µ odd,

(3.34)

The momentum of a bare state |ψµ〉 is k + µ and the set with even/odd flipped
gives the orthogonal states with initial internal state |+〉n = |n− 1,+〉. One may
introduce the matrix cµν (k) connecting dressed states, H |φν(k)〉 = Eν |φν(k)〉, and
bare states

|φν(k)〉 =
∑

µ c
µ
ν (k)|ψµ(k)〉

|ψµ(k)〉 =
∑

ν c
ν
µ(k)|φν(k)〉.

(3.35)

The coefficients are solved from the Scrödinger equation written in matrix form
with the bare states as basis. The Hamiltonian (3.32) is given by






















. . .
...

...
...

...
...

. . . (k − 2)2 − δ

2

V0

2
0 0 0 . . .

. . .
V0

2
(k − 1)2 +

δ

2

V0

2
0 0 . . .

. . . 0
V0

2
k2 − δ

2

V0

2
0 . . .

. . . 0 0
V0

2
(k + 1)2 +

δ

2

V0

2
. . .

. . . 0 0 0
V0

2
(k + 2)2 − δ

2
. . .

...
...

...
...

...
. . .






















.

(3.36)
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Figure 3.3: The lowest energy bands for different sets of parameters. Circles show
the bare energy curves for excited atomic states |+〉n while plusses give the same
for the |−〉n states. Note that when the coupling becomes large (d), the bare and
dressed energy curves differ considerable for the lowest bands.

In order to numerically solve for the coefficients and the eigenvalues the matrix
has to be truncated at some dimension, which has been discussed in Paper VI.
An expression for the eigenvalues may be obtained in the form of a continued
fraction as in equation (14) of paper VI. The eigenvalues Eν(k) connecting energy
and quasi momentum is often referred to as dispersion curves and their shapes
influence the behaviour of Gaussian states evolving by the Hamiltonian (3.32).
In order to see this we define Gaussian dressed and bare states. Let ϕν(k) be a
normalized Gaussian centered around some quasi momentum k0 within the first
Brillouin zone, then the Gaussian dressed state is

|Φν〉 =

∫ 1

−1

dk ϕν(k)|φν(k)〉. (3.37)

A Gaussian bare state is simply a bare state modulated by a normalized gaussian
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distribution χ(p);

|Ψ〉 =

∫

dpχ(p)|p〉|−〉 =
∑

µ

∫ 1

−1

dk χ(k + µ)|ψµ(k)〉. (3.38)

The two distributions are related through χ(k) = ϕν(k − µ)cµν (k − µ). If one of
the coefficients cµν (k) clearly dominates for all k, it means that the Gaussian bare
and dressed states are very similar, has a large overlap. The time evolution of a
Gaussian dressed state is

|Φν(t)〉 =

∫ 1

−1

dk ϕν(k) e−iEν(k)t|φν(k)〉. (3.39)

Assuming the width ∆2
k of ϕν(k) to be narrow compared to the Brillouin zone and

consequently the variation of Eν(k) we may expand the dispersion curve around
k0

Eν(k) ≈ E(k0) + vg(k0)(k − k0) +
1

2

1

m∗(k0)
(k − k0)

2

= E0 +
1

2m0(k0)
k2
0 +

1

m1(k0)
k0(k − k0) +

1

2m2(k0)
(k − k0)

2,

(3.40)

Using this approximation one may derive the evolution of a Gaussian dressed state
in the x-representation (see paper VI)

|Φν(t)〉 =
1

4

√

2π
(

1
2∆k

+ i∆kt
m2

)2
exp



− (x− vgt)
2

4
(

1
4∆2

k

+ it
2m2

)



 |φν(k0)〉 (3.41)

with the time-dependent width ∆x(t) = | 1
2∆k

+ i∆kt
m2

| and

vg =
∂Eν(k)

∂k

∣
∣
∣
∣
k=k0

and
1

m2
=

∂2Eν(k)

∂k2

∣
∣
∣
∣
k=k0

. (3.42)

Thus, the first derivative of the dispersion curve around the center of the wave-
packet gives the group velocity, while the second derivative determines the amount
of spreading of the wave-packet. The wave-packet consequently evolve as a free
particle with effective parameters vg and m2. The mass m2 is usually named the
effective mass dating back from the theory of electrons exposed to an external
force within metallic crystals. In figure 3.3 the lowest bands are shown for four
different sets of parameters, circles mark bare energies for excited atoms |+〉n and
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crosses for ground state atoms |−〉n. Note how the gaps in general decrease for
higher values of ν indicating that the bands are less strongly coupled, which is
expected since the corresponding bare energy curves couple through multi photon
processes.

In figure 3.4 the variation of the effective mass m2 and the group velocity vg

of the lowest band in figure 3.3 (a) is plotted. Note that m2 becomes singular
before and after the crossings at k = ±1/2, and at those points the group veloci-
ties are maximum, indicating that the Gaussian wave-packet propagates without
spreading.

2

Figure 3.4: The effective mass m2 and group velocity vg as function of quasi
momentum for the lowest band in figure 3.3 (a).

3.3.3 Washboard potential

An interesting phenomenon occurs when a linear force, giving the potential Fx, is
affecting the atom within the standing wave in the cavity [38]. Instead of a constant
acceleration of the atom, it is possible to have an oscillatory motion called Bloch

oscillation dating back to the papers [60]. In the large detuning case the two-
level structure can be effectively approximated by a one-level system, and for such
systems the Bloch oscillations have been seen experimentally in a variety of fields
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[61]. The amplitude of F compared to the size of the band gap determines wether
the atom will accelerate constantly or oscillate. The force could be, for example,
gravity felt by the atom.

The eigenstates of the tipped light potential V0 cos(x) + Fx are clearly not
bound and eventually any wave-packet will approach x→ −∞. If V0 is large com-
pared to F , one may describe the eigenstates as quasi bound and localized around
some local minimum of the washboard potential, with corresponding eigenvalues
complex. The imaginary part of the eigenvalues gives the decay or tunneling rate
of the particle out from the local minimum. The spectrum of discrete complex
eigenvalues

Eν,n = Ēν + dFn− iΓν , n = 0,±1,±2, ... (3.43)

is called a Wannier-Stark ladder [62] and here Ēν is the average energy of the
νth energy band and d is the period of the potential. These are equally spaced
similar to the eigenvalues of the harmonic oscillator, indicating that an oscillatory
behaviour should be seen as long as the decay terms Γν are small. As mentioned,
higher bands are less coupled to the surrounding bands giving smaller band gaps
and the decay terms are therefor increasing for larger values of ν.

As the Wannier-Stark ladder explains the oscillations of the atomic motion
and its decay, one may also understand it using the band spectrum of figure 3.3.
Assuming that the force is small compared to the potential depths, the quasi
momentum behaves ’classically’ and grows linearly in time

k = k0 − Ft ⇒ |ϕ(k, t)|2 = |ϕ(k0 − Ft)|2 (3.44)

This is called the acceleration theorem and is derived in Appendix A. This is
the same as saying that the atom moves adiabatically due to the force F and
coupling to nearby energy curves can be neglected. Since the dispersion curves
Eν(k) are periodic in k, and consequently the effective parameters (3.42), the
motion of the wave-packet will also be periodic. The adiabaticity constrains are
most likely to break down when the energy curves are close, which occur at the
avoided crossings in figure 3.3. If transition between different states takes place
only as the quasi momentum is swept across a crossing one may estimate the
amount of transferred population by truncating the Hamiltonian (3.36) to contain
just the states involved and lineralize the time dependent diagonal terms around
the crossing. For a crossing with two states in the lowest band with δ = 0 one gets

H =







Ft
V0

2

V0

2
−Ft







(3.45)
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and for a three level crossing

H =













2Ft
V0

2
0

V0

2
0

V0

2

0
V0

2
−2Ft













. (3.46)

The first one is the standard Landau-Zener model [49, 50] with asymptotic prob-
ability P = exp (−Λ/2) for transition out of the band, where Λ = πV 2

0 /4F . The
second Hamiltonian is the three level version of the Landau-Zener model and it
is also analytically solvable [63], with transition probabilities similar to standard
Landau-Zener model, see [63] or Paper VII.

3.3.4 External atomic trap-potential

Here we consider the system described by the Hamiltonian

Htrap = p2 + V (x) +







∆

2
g0
√
n

g0
√
n −∆

2






, (3.47)

where V (x) may be any potential acting equally on both atomic internal states.
This may be decoupled by using the dressed states of (2.13), giving two regular
Schrödinge equations



p2 + V (x)±

√
(

∆

2

)2

+ g2
0n



Ψj(x)|ψ1,2〉 = EjΨj(x)|ψ1,2〉. (3.48)

Especially interesting are the situations when V (x) has bound states forming a
trap of the atom inside the cavity. During the last years, experiments with atoms
trapped in external traps inside cavities have been performed [67]. This field
combine ion trap experiments with cavity QED, and now both the motional state
of the atom/ion and its internal states store the quantum information. If we
assume a harmonic potential trap we get Ψj(x) = Hj(x), where Hj(x) is the j’th
Hermite polynomial. Note that if g0 or ∆ becomes position dependent, Htrap is no
longer diagonalized in its two-level structure by an x-independent unitary operator
which commutes with p.



Chapter 4

Dynamics of extended

Jaynes-Cummings models

4.1 State preparation

Together with the progress of isolating simple quantum mechanical systems from
the environment, greater demands on the preparation of desirable initial quantum
states has been called for [64]. In chapter 2 it was discussed how excited Rydberg
levels of the atom and how cold superconducting cavities are used to initialize a
vacuum state of the field. It is not only pure states of the individual subsystems
that are of interest, being able to prepare entanglement in a controlled fashion is
highly desirable. These states are at the heart of quantum mechanics, representing
a sort of correlation not seen in classical physics. They serve as a main building
block in all kinds of quantum information processing. Any state showing non-
classical behaviours, for example Fock states and Schrödinger cat states, are, of
course, very interesting, giving an insight into quantum nature. Much of the
methods presented in this section relay on having an adiabatic evolution. This
has several advantages, where the most important one is the robustness of the
scheme, not sensitive to parameter amplitudes. Being in the adiabatic regime
often means that simple analytic expressions are obtainable.

4.1.1 Adiabatic preparation of Fock states

Fock states or number states, a†a|n〉 = n|n〉, have a well defined number of photons
n. These states are highly non-classical, showing singularities or negative values
of the quasi probability distributions, such as the Wigner distribution. Fock states
also have several applications in quantum computations, and one is interested in

35



36CHAPTER 4. DYNAMICS OF EXTENDED JAYNES-CUMMINGS MODELS

being able to prepare any number state |n〉 on demand. In general, the higher
photon number n, the harder it is to create. As was mentioned in chapter 2, the
decoherence usually grows with the number of degrees of freedom, and in many
situations, it is also true for the ’amplitude’ of the state, see subsection 4.1.3.
The idea behind these scheme for preparing the Fock states is to let the detuning
slowly change as the atom is inside the cavity. By having a slow variation, the state
follows adiabatically the instantaneous eigenstates. If the detuning changes sign
during the interaction, it means that the bare energy curves cross, while for the
eigenenergy curves the crossing is avoided. The adiabatic evolution was explained
in subsection 3.2.1, and see figure 3.2.

In order to get a measure of non-adiabatic contributions we use the DK 2 model
of table 3.2, where the coupling is of a hyperbolic secant form and the detuning a
hyperbolic tangent, as given in table 3.2. The asymptotic solutions for the filter
functions, if we choose Ē = 0, are [52]

|a∞+ (n)|2 = cos2
(

πT
√

g2
0n−E2

0

)

sech2 (πTE0) ,

|a∞− (n)|2 = 1− |a∞+ (n)|2,
(4.1)

where we have assumed that the atom enters the cavity in its upper state. The
adiabaticity parameter that determines the degree of adiabaticity, for this model
is Λ = TE0. The larger Λ the more adiabatic the process, and letting Λ →∞ we
note that |a∞− (n)|2 → 1, meaning that all atoms leave the cavity in their ground
state. Every atom shifts the photon distribution by unity; Pm(n) = Pm−1(n− 1).
Thus, the field is heated up, and if we choose the initial field to be the vacuum,
Pm=0(n) = δn0, it follows that after the passage of m atoms, the field contains
exactly m photons, Pm(n) = δmn. A similar scheme is presented in [65]. The
method also works for cooling down the field by letting the atom enter the cavity
in their lower states, and every atom adiabatically absorbs one photon. The atom
acts as field erasers [66]. If E0 < g0, the square root in (4.1) stays real for all n > 1,
and the cos-term oscillates within ±1 and does not blow up. If we pick a typical
atom-field coupling from a microwave experiment of g0 = 10 kHz, then it follows
that if E0 ≈ g0 an interaction time of T ∼ 100 µs gives an adiabatic process. This
timescale is much shorter than the decay times of microwave experiments.

If the filter functions |a∞± (n)|2 can be made constant for n > 1 there is an
analytical closed form expression for the ensemble average photon distribution
(2.37), given that the field is initially in vacuum, see Paper III. The solution
becomes

P̃m(n) =

(
m
n

)

κm−n(1− κ)n, (4.2)

where |a∞+ (n)| = κ for n 6= 0 and zero if n = 0. The distribution is a binomial with

mean 〈ñ〉 = mκ and variance ∆̃n2
m = mκ(1−κ). Note that if κ = 0 P̃m(n) = δnm
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corresponding to the Fock state preparation scheme above. We saw an example
of having constant filter functions with κ = 1/2 in subsection 3.3.1 and another
example will be shown in subsection 4.3.4. These kind of filter functions may also
be obtained by using time-asymmetric atom-field couplings [47].

4.1.2 Adiabatic preparation of entangled states, chirped case

In the previous subsection it was shown how non-classical number states could be
achieved by slowly changing the detuning while the atom interacted with the field
mode. The excitation, initially sitting on the atom, was adiabatically transfered to
the field. This could be understood by the level-crossing of bare energy curves in
an energy-time plot. By extending the system to contain more degrees of freedom
by adding new subsystems, the parameter dimension of the Hamiltonian grows
and consequently the number of energy curves. For example, if our two-level atom
interacts with two identical modes and the detuning is varied so that it changes
sign (having a level-crossing), the excitation in the atom must be transfered equally
to the two modes due to symmetry.

In section 3.1 we saw that for the lowest non-trivial excitation situations, con-
taining the the states {|0,+,−〉, |1,−,−〉, |0,−,+〉} or {|1, 0,−〉, |0, 0,+〉, |0, 1,−〉},
the Hamiltonian in matrix form could be written as

H2 =





0 g1 0
g1 ∆ g2
0 g2 0



 (4.3)

for the models with ’2-atom-1-mode’ and ’2-mode-1-atom’. If we let ∆ = λt for
some real constant λ, the Hamiltonian becomes a special case of the analytically
solvable three-level Landau-Zener model [63] presented in subsection 3.3.3. For
the initial condition |a−∞| = (0, 1, 0)T and assuming symmetry g1 = g2 = g0 the
final bare probabilities become

|a+∞|2 =











1

2

(

1− exp

(

−π 4g2
0

λ

))

exp

(

−π 4g2
0

λ

)

1

2

(

1− exp

(

−π 4g2
0

λ

))











. (4.4)

These are the probabilities and do not contain the phases, which, however, from
symmetry inplies that levels 1 and 3 must have identical phases. The adiabaticity
parameter is here Λ = πg2

0/λ and we note that when it becomes large |a+∞|2 →
(1/2, 0, 1/2)T . For the two models with ’two atoms - one mode’ and ’two modes -
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one atom’, this adiabatic evolution prepares the following EPR-states

|EPR〉2m = 1√
2

(|1, 0〉+ |0, 1〉) |−〉

|EPR〉2a = 1√
2

(|+,−〉+ |−,+〉) |0〉,
(4.5)

for the two modes and two atoms respectively. The excitation has been transfered
from the atom into the two modes in the first case and from the mode to the two
atoms in the second. This scheme could be used for preparing the two atoms in an
EPR-state if they interact with the cavity simultaneously and if they have different
directions of propagation in space, they could be sent to two spatially separated
locations for the implementation of, for example, quantum cryptography with
atoms. However, one must take into account the decoherence of the atoms while
traveling in free space, which could be decreased with the use of Λ-atoms instead.

Finally a remark on the form of the time-dependent three-level system (4.3).
With the notation a = (a1, a2, a3), one notes that by introducing the parameter
b = a1 + a3, the system reduces to a two-level one for the amplitudes (a2, b)

i
∂

∂t





a2

b



 =







∆

2
g0

g0 −∆

2











a2

b



 . (4.6)

Thus, one may use the solutions to the known two-level time-dependent problems,
for example those given in table 3.2. As argued, for atoms traversing Fabry-Perot
cavities perpendicular to the standing wave modes, a more physically realistic
model is the DK 2 model with smooth pulse-shaped couplings. However, the
adiabatic solutions are similar for any crossing model.

4.1.3 Adiabatic preparation of entangled states, STIRAP

case

The idea of adiabatic population transfer between various states using time-dependent
delayed pulses was presented in subsection 3.2.2, and was called STIRAP. The
shapes of the pulses are important in the final results of the states; smoothness
is needed for fulfilling the adiabaticity constrains and the relative asymptotic am-
plitudes at t = ±∞ of the pulses directly determine the adiabatic states. By
choosing various pulse sequences, the final population may not need to end in a
single quantum state, but it may populate several states, and it is then possible
to prepare various entangled states. The STIRAP Hamiltonian (3.15) describes a
three-level system, but it has been shown that multi-level STIRAP generalizations
are possible [54].
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(a) (b)
cavity 2 cavity 3

cavity 1

atom a atom b

Figure 4.1: The two setups, H-configuration (a) and Star-configuration (b).

The original idea used in this subsection for applying the STIRAP formalism
to cavity QED systems was published in [53] and then extended to more compli-
cated systems in Paper V. Here we discuss two such extensions shown in figure
4.1, where in (a) there are three cavities 1,2 and 3 overlapping and two atoms a
and b involved, while in (b) only one atom interacts with M cavities. The two
setups will be referred to as H-configuration and Star-configuration.

H-configuration

The Hamiltonian describing the H-configuration, in the interaction picture with
respect to the excitation number, reads

H = ∆a(σaz +1)+∆b(σbz +1)+
[
(g1aâ1 + g2aâ2)σ

+
a + (g1bâ1 + g3bâ3)σ

+
b + h.c.

]
,

(4.7)
where we have set all mode frequencies the same ω1 = ω2 = ω3 = ω and ∆j =
(Ωj − ω)/2 with j = a, b. For the various couplings we have

giν(t) = Giν exp

(

− (t− tiν)2

σ2
iν

)

, (4.8)

so that Giν gives the amplitude, tiν the pulse center and σiν the width. Through-
out this thesis we use dimensionless parameters by introducing some characteristic
scales. The bare basis states are given with the standard notation |n1, n2, n3,±a,±b〉,
where the first three entries gives the photon numbers of the the modes and the
last two refer to the atomic states. The operator

A†(t) = K(t)

(
g1a(t)

g∗2a(t)
a†2 − a†1 +

g∗1b(t)

g3b(t)
a†3

)

, (4.9)

where K(t) is a normalisation constant, commutes with H implying that the adi-

abatic states |ψn〉 =
(A†)

n

√
n!
|0, 0, 0,−,−〉 are eigenstates of H with eigenvalue zero.
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Thus for an adiabatic evolution, an initial state f
[
A†(t = −∞)

]
|0〉 will transform

into f
[
A†(t = +∞)

]
|0〉, for any analytic function f and where |0〉 is the ground

state of the combined system. For the particular choice of couplings obeying

|g1ag3b| � |g1bg2a|, for t→ −∞

|g1ag3b| � |g1bg2a|, for t→ +∞

|g1ag3b|2 + |g1bg2a|2 � |g2ag3b|2, all t

(4.10)

any field state initially in cavity 2 will be transfered to cavity 3 without ever
populating cavity 1. Figure 4.2 shows the result of a numerical simulation of a
one photon transfer between cavity 2 and 3, for one example of pulse sequence
satisfying (4.10). The size of the Hillbert space spanned by the coupled states
for a given excitation number rapidly blows up for larger number of excitations,
resulting in harder numerical simulations.

cavity 2 cavity 3

Figure 4.2: The figure to the left shows the first example of a pulse sequence
for realizing complete population transfer from cavity 2 to cavity 3 with minimal
population in the intermediate cavity 1 for the H-configuration. The pulses are
ordered in a completely counterintuitive way, from left to right g3b, g1b, g1a and g2a.
The widths of the pulses are all σ = 3 and the maximum amplitudes are G = 100.
The other plot shows the populations of the five states involved as functions of
the scaled interaction time t. It is clear that population is transfered adiabatically
from the second cavity to the third cavity (both marked in the figure), without
significant population in cavity 1. The final population in the third cavity is 99.8
%, and maximum population of cavity 1 during the process is 0.2 %.
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If we chose another pulse sequence according to

|g1ag3b|, |g1bg2a| � |g2ag3b|, for t→ −∞

|g1ag3b|, |g1bg2a| � |g2ag3b|, for t→ +∞

g1a = g1b, all t

g2a = g3b, all t

(4.11)

it results in that any initial field state in cavity 1 can be transfered into cavities 2

and 3; f
(

a†1

)

|0〉 → f
(

a†2 + a†3

)

|0〉. For the one photon case, the final state is of

EPR type between cavity mode 2 and 3

|EPR〉23 =
1√
2

(|1, 0〉+ |0, 1〉) . (4.12)

The experimental procedure to achieve the pulse sequence of equation (4.11) would
be to let atom a and b pass simultaneously through the setup with no delays. They
first enter the empty cavities 2 and 3 and then the populated cavity 1. A numerical
simulation is given in figure 4.3. Note that the necessary amplitude of the pulses
is much smaller in this example due to the fact that not so many intermediate
levels are virtually populated as in figure 4.2.

Star-configuration

In the Star-configuration it is assumed that M−1 identical cavities are initially
empty and lie in a plane, while one non-empty cavity is slightly off the plane, but
still overlapping with the other cavities. The atom passes through the M cavities
at the center point, first entering the M−1 cavities and then the Mth cavity. The
effective Hamiltonian is

H = ∆(σa + 1) +

[

gMaâMσ+
a + ga

M−1∑

i=1

âiσ
+
a + h.c

]

, (4.13)

where gia = ga for i = 1, 2, ...,M − 1. The adiabatic operator that gives the

adiabatic dark states |ψn〉 =
(A†)

n

√
n!
|0, ..., 0,−〉 is

A† = K(t)
(

−gMaa
†
1 − gMaa

†
2 − ...− gMaa

†
M−1 + gaa

†
M

)

. (4.14)

For the case of a single photon and

limt→−∞

(
gMa

ga

)

= 0, and limt→+∞

(
ga

gMa

)

= 0, (4.15)
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cavity 1

cavity 2

cavity 3

Figure 4.3: This shows the numerical simulation of preparation of EPR states
between cavity 2 and 3. To the left we show the pulses, with the parameters
G = 5, t1a = 2, t2a = −2, t3b = −2 and t1b = 2and σ1a = σ2a = σ1b = σ3b = 3.
The right plot gives the populations, and how the photon initially in cavity 1 (solid
line) is transfered equally to cavity 2 and 3 (dotted and dashed lines). For the
fidelity (overlap between the numerically obtained state with the target state) we
have F = |〈EPR|ψ(t = +∞)〉| = 0.9999.

the final states will be, for M = 3, an EPR-state in cavities 1 and 2, for M = 4 a
W-state,

|W 〉 =
1√
3

(|1, 0, 0〉+ |0, 1, 0〉+ |0, 0, 1〉) , (4.16)

and for higher Ms the natural generalization of these states. For a general number
state |n〉 in cavity M we get

|0, ..., 0, n,−〉 −→
∑

k1+...+kM−1=n

1

N

n!

k1! ... kM−1!

(

â†1

)k1

...
(

â†M−1

)kM−1

|0, ..., 0−〉.

(4.17)
Note the similarities of this scheme with that of beam-splitters, S. Haroche in [1].

Generation of Schrödinger cat states by selectiv atomic measurements

An Ancilla state is an auxiliary state for achieving desirable operations. It is a
subsystem in a particular state |ψA〉 that is initially not entangled with the main
system and after the operation it still is disentangled from the system and in the
same original state; |Ψ〉sys⊗|ψA〉 → |Ψ̃〉sys⊗|ψA〉. In the STIRAP scheme above,
the atomic state |ψA〉 = |−,−, ...〉 (depending on the number of atoms) and |Ψ〉sys
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is the states of the various modes. In order to create entanglement it is often
useful to introduce another level |q〉 that does not interact with the system, due
to a large detuning, selection rules or any other reason for a zero coupling. Then
it follows |Ψ〉sys (cq|q〉+ cA|ψ〉A) → cq |Ψ〉sys|q〉 + cA|Ψ̃〉sys|ψ〉A for any constants
cq and cA. Note that in general an Anchilla state is not needed, |ψ〉A could be any
state interacting with the system.

Let us go back to the situation of just two overlapping cavities and a single
atom discussed in sections 3.1 and 3.2.2. With the third atomic level |q〉 introduced
and from equation (3.20) it follows that

|0, α,−〉 −→ | − α, 0,−〉

|0, α, q〉 −→ |0, α, q〉.
(4.18)

Thus,

|0, α〉|χ〉a± −→ 1√
2

(| − α, 0〉|−〉a ± |0, α〉|q〉a) , (4.19)

which defines the atomic states |χ〉±. If an atomic measurement is done after the
interaction in the |χ〉±-basis, the two modes will be

|ψfield〉 =
1√
2

(| − α, 0〉 ± |0, α〉) , (4.20)

where we have assumed 〈α|0〉 ≈ 0, and we have a plus sign if the measured and
initial states are the same, othervice a minus sign. By using the property of the
displacement operator, D(β)|α〉 = eiIm(αβ∗)|α + β〉, and letting both β and α be
real and α = 2β we get

Dmode1(−β)Dmode2(−β)|ψfield〉 =
1√
2

(| − β, β〉 ± |β,−β〉) . (4.21)

This state describes a maximally entangled two-mode state, see Paper IV and V
and [68]. For another type of cat-states, see [69]. It is highly non-classical since
it is entangled and also a mesoscopic superposition assuming that β is large. It
is known that the larger the amplitude |β| of the cat, the faster the decoherence.
Following [13] assuming decay according to

∂ρ

∂t
=

Γ

2

(

2a1ρa
†
1 − a†1a1ρ− ρa†1a1

)

+
Γ

2

(

2a2ρa
†
2 − a†2a2ρ− ρa†2a2

)

(4.22)

we find that the diagonal and off-diagonal terms of ρ dissipate as

ρ(t) = N
∑

γ1,γ2=±β

〈γ1|γ2〉2−2e−Γt |γ1e
−Γt/2,−γ1e

−Γt/2〉〈γ2e
−Γt/2,−γ2e

−Γt/2|.

(4.23)
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Note that the off-diagonal terms, the coherence terms, decay much faster due to
the small overlap 〈β| − β〉.

Manipulation of atomic states

From the similarities between the 2-mode-1-atom and the 2-atom-1-mode Hamil-
tonians (3.10) and (3.8), one understands that the methods above could be applied
for preparing certain states of the atoms. We conclude this subsection by looking
at a simple model of two atoms and one mode, and show how the dynamics of two
systems looking alike can differ considerably. Let us first consider a single two-level
atom, initially in the upper state |+〉, passing resonantly through an empty cavity
with a Gaussian mode shape. The time-evolution of the system is

|ψ(t)〉 = cos (A) |0,+〉 − i sin(A)|1,−〉 (4.24)

with

A =

∫ t

−∞
dt′ g1(t

′) (4.25)

being the pulse-area. Thus, inside the cavity, the atom Rabi-oscillates, and the
final state is determined by the pulse-area. Now, assume that during the passage
of the atom through the cavity, another atom is constantly interacting with the
cavity with a coupling g2. The second atom is initially in its ground state, and
since the cavity mode is initially in the vacuum state, no exchange of energy is
taking place between the mode and the second atom, as long as the first atom
is not interacting with the mode. When the process is adiabatic, the system will
follow the dark state

|ψad〉 = N (g2|0,+,−〉− g1(t)|0,−,+〉) . (4.26)

The system starts and ends in the state |0,+,−〉, while during the passage the
population is distributed between the states |0,+,−〉/|0,−,+〉 as g2/g1(t). Note
that the cavity mode is only virtually populated, regardless the spatial distance
between the atoms. The second atom, sitting inside the cavity, could be used as a
measuring device; ’klick’ when an atom passes through the cavity.

4.1.4 Non-adiabatic preparation of entangled states, Λ-atom

case

In the previous subsection the couplings changed in time, and adiabaticity was used
to explain the dynamics of various state preparation schemes. The Λ-atom systems
presented in 3.1 have similarities with the models of the previous subsection, but
now we will, however, assume no time-dependence of the Hamiltonian, and describe
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some non-adiabatic state preparation methods. We will, however, use the effective
Hamiltonian obtained after adiabatic elimination of the upper atomic level. See
Appendix A, where the elimination is carried out. After the elimination and
neglecting Stark-shift terms, the Hamiltonian is in the zero detuning case

HΛ = g
(

a†2a1σ
− + a2a

†
1σ

+
)

, (4.27)

in our standard notation. An initial state |Ψ(0)〉 =
∑

n,m C
(1)
n C

(2)
m |n,m〉 [γ|a〉+ δ|c〉]

evolves as

|Ψ(t)〉 =
∑

n,m

C(1)
n C(2)

m

{

γ
[

cos(gt
√

(n+ 1)m)|n,m, a〉

−i sin(gt
√

(n+ 1)m)|n+ 1,m− 1, c〉
]

+δ
[

cos(gt
√

(m+ 1)n)|n,m, c〉

−i sin(gt
√

(m+ 1)n)|n− 1,m+ 1, a〉
]}

.

(4.28)

Large initial fields

In the papers [6] it was shown that for large initial coherent states in the
standard JC model, the atom disentangles from the field at certain times regardless
of its initial state. This has recently been demonstrated experimentally [15]. Let
us assume that the photon distributions have means n̄ and m̄ and that we can

replace C
(1)
n±1C

(2)
m∓1 by C

(1)
n C

(2)
m eiϕ(±)

nm . We also put the phase to a constant value,

ϕ
(±)
nm = ±ϕ, under the assumption that the phases ϕ

(±)
nm of the two fields are slowly

varying around the average photon numbers n̄ and m̄. In order to understand the
evolution better we introduce the atomic states |φ±〉 = 1√

2
(eiϕ|a〉± |c〉), and if the

distributions are sharply peaked around their means we use the approximation

√

(m+ 1)n−
√

(n+ 1)m ≈ 1

2

(√

n̄

m̄
−
√

m̄

n̄

)

, (4.29)



46CHAPTER 4. DYNAMICS OF EXTENDED JAYNES-CUMMINGS MODELS

to obtain the following approximate evolution, see Paper IV,

|Ψ(t)〉± ≈ 1√
2

∑

n,m

C(1)
n C(2)

m e∓igt
√

(m+1)n×

×
[

eiϕe
±igt

[√
(m+1)n−

√
(n+1)m

]

|a〉 ± |c〉
]

|n,m〉

≈ 1√
2

(

exp

[

iϕ± i
gt

2

(√

n̄

m̄
−
√

m̄

n̄

)]

|a〉 ± |c〉
)

×

×
∑

n,m

C(1)
n C(2)

m e∓igt
√

(m+1)n|n,m〉

=
1√
2

(

exp

[

iϕ± i
gt

2

(
κ− 1√
κ

)]

|a〉 ± |c〉
)

|ψ∓〉.

(4.30)

The last line defines the field states |ψ±〉 and the parameter κ is n̄/m̄. The
interesting observation is that for effective interaction times

gt
(j)
0 = (2j + 1) π

√
κ

|κ−1| , j = 0, 1, 2, ... (4.31)

the atomic states of (4.30) become equal, meaning that any atomic state disentan-
gle from the fields at these times. In Paper IV we investigated the approximations
leading to equation (4.30) and how well the atom did disentangle from the field.
In Paper VIII the same approximations are considered in a similar model. We
noted that the approximations did not hold so well when we used coherent initial
states with moderate means n̄ and m̄. By using more localized states in form of
squeezed states, the method improved.

For large enough means we can expand the term
√

(m+ 1)n around n̄ and m̄
to first order to obtain the field states

|ψ±(t)〉 ≈ e±i
√

κgt

2 |νe±i gt

2
√

κ 〉|µe±i
√

κgt

2 〉. (4.32)

When the atom disentangles from the fields for the first time gt
(0)
0 , the states

become
|ψ±(gt

(0)
0 〉 ≈ e±i πκ

2|κ−1| |νe±i π
2

1
|κ−1| 〉|µe±i π

2
κ

|κ−1| 〉. (4.33)

For an example take κ = 3, giving the phase modulations of the coherent states
exp (±iπ/4) and exp (±i3π/4). If the atom is initially in say |1〉, the field at the
disentanglement times is

|ψfield(gt
(j)
0 )〉 =

1

N

(

|ψ+(gt
(j)
0 )〉+ |ψ−(gt

(j)
0 )〉

)

, (4.34)
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where N is a normalization constant. With κ = 3 and j = 0 this state is an
entangled two-mode Schrödinge cat

|Ψ(gt
(0)
0 )〉 =

1√
2

(i|a〉+ |b〉)⊗ i

N

(

|νe−iπ/4〉|µe−i3π/4〉 − |νeiπ/4〉|µei3π/4〉
)

.

(4.35)
This is confirmed in figure 4.4 which shows the Q-functions of the reduced

density operators for the two fields. In the figure we have used initially squeezed
states with

C
(l)
n =

tanh(r)n/2

√

n! 2n cosh(r)
e−|ν|

2(1−tanh(r))/2Hn

(

ν
√

sinh(2r)

)

, l = 1, 2 (4.36)

if ν is chosen real and Hn is the n’th Hermite polynomial. From the figure one
cannot easily tell wether the two modes are in a statistical mixture or really are
entangled. This has been checked by calculating the mode purity of any of the
states |ψ±〉 defined in equation (4.30), which is the same for the two states, to be
Pmode ≈ 0.96, indicating entanglement.

Figure 4.4: These two contour plots show the various reduced Q-functions
Q±

1,2(α, t) = 〈α|ρ±1,2(t)|α〉, at (a) the time zero, and (b) first disentanglement time

gt
(1)
0 . The two modes are initially in squeezed states with n̄ = 150, m̄ = 50 and

r1 = r2 = 1, which are seen in (a). In figure 5 (b) it is clear how the two sepa-
rate modes’ initial states split up into two parts, characterizing a Schrödinger cat.
Note that the phases of the fields agree well with the predicted phases from the
approximations, see, for example, equation (4.35). The shapes of the Q-functions
for mode two, with lower average number of photons, have changed more during
the evolution than for mode one.
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(a) (b)

Figure 4.5: Schematic representation of how the Bloch dipole states |φ±(t)〉 rotate.
At the first disentanglement time (b), the two states have rotated ±π/2 and they
become equal, and consequently disentangle from the field.

One way to get a physical idea of the atomic disentanglement is to consider the
atomic dipole states |φ±〉. On the Bloch sphere they represent two states opposite
to each other, as time evolves the states start to rotate in opposite directions,
while the field states split up into two counter rotating parts. In the phase plane
we represent the dipole states as arrows, and at the first disentanglement time
they have rotated ±π/2 respectively, see figure 4.5.

EPR-states

By choosing gt = π/4 we get, according to equation (4.28), the following
evolution

|0, 1〉|a〉 → 1√
2

(|0, 1〉|a〉 − i|1, 0〉|c〉) . (4.37)

By measuring the atom in the
{

1√
2
(|a〉 ± |c〉)

}

-basis after the interaction the field

of the two modes is left in one of the states

|EPR〉− = 1√
2
(|0, 1〉 − i|1, 0〉)

|EPR〉+ = 1√
2
(|0, 1〉+ i|1, 0〉).

(4.38)

GHZ-states

We now assume that two atoms pass the cavity one after the other and that
the two modes have been prepared in the superposition states |±〉 = 1√

2
(|0〉± |3〉).
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The interaction times are for both atoms gt
√

3 = π. From (4.28), it follows that
the states of the two modes will be flipped if the atoms pass the cavity in different
initial states |a〉1|c〉2 or |c〉1|a〉2, while if they have the same initial states the cavity
fields are not changed, for example

|+,+〉 1√
2
(|a〉1 ± |c〉1)|a〉2 →

1√
2
(|+,+, a〉1 ± |−,−, c〉1)|a〉2. (4.39)

The two cavities plus atom 1 is in a so called GHZ-state, an entangled three-partite
state. Note that the order of the atoms does not matter. The above idea will be
used in the next section for implementing a phase-gate.

4.1.5 Dispersive preparation of entangled states, V -atom

case

In the previous subsection we have shown how an effective model after elimination
of one level may be used to prepare various states. In that case, one out of three
levels was removed and did not couple to the other levels, while the remaining two
levels coupled by some effective coupling. Thus, if population is initially in the
uncoupled level, the interaction does not give any population transfer, but some
phase shifts. The reason why it was legitimate to remove one level was due to a
large detuning, resulting in small population transfer. As already mentioned, the
effective model will contain Stark-shift terms of the various energy levels. These
terms were neglected in the previous subsection, and they are proportional to the
field amplitudes a†iai. In this subsection we use an equivalent model as the Λ one,
except that we assumes the eliminated level is the lowest level instead of the upper
level. This has only been done in order to have low losses, by using a ground state
instead of an excited one. The atom is initially in the eliminated level, which does
not couple to the other levels, so that no energy exchange is taking place between
the atom and the fields. However, the interaction will result in phase-modulations
as will be shown.

We denote the atomic level that interacts dispersely with the field as |a〉 and
we again use a level |q〉 not interacting with the field. From equation (A.19) of the
Appendix A we find the Hamiltonian

H̃ = Ωq|q〉〈q|+ Ω′
22|b〉〈b|+

(

λ1a
†
1a1 + λ2a

†
2a2

)

|b〉〈b| (4.40)

and with g12 = g23 = g and ∆1 = ∆3 = ∆ we have

Ω′
2 = Ω2 + 2g2

∆ , λ1 = λ2 = g2

∆ . (4.41)

By removing the first two purely atomic terms we find

H = λ
(

a†1a1 + a†2a2

)

|b〉〈b| (4.42)
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which is our dispersive Hamiltonian. The evolution of initial coherent states of
the modes is especially simple

|Ψ(t)〉 = e−iHt|α, β〉 1√
2
(|q〉 ± |b〉)

=
1√
2

(

|α, β, q〉 ± e−|α|
2/2−|β|2/2

∑

n,m

(
αe−iλt

)n

√
n!

(
βe−iλt

)m

√
m!

|n,m, b〉
)

=
1√
2

(
|α, β, q〉 ± |αe−iλt, βe−iλt, b〉

)
.

(4.43)

Projecting onto the basis states
{

1√
2

(|q〉 ± |b〉)
}

leaves the two modes in an entan-

gled Schrödinger cat state. Note that by using different effective couplings λ1 and
λ2 the phase-modulations of the two fields would be different. A similar method is
presented in Paper VIII for generation of entangled Schrödinger cat states. There
it is shown that one only needs a two-level atom for the preparation, in the case
of identical frequencies of the two modes.

In a recent paper [70] the corresponding dispersive interaction in the Standard
JC model was proposed for the realization of a quantum walk. The quantum walk
is similar to the classical random walk, but the ’coin’ used in the classical theory
for going left or right is changed to a qubit in the quantum version. The qubit
may be in any linear combination of ’head’ and ’tail’ and there is no randomness
in the quantum walk. In [70] the two-level atom serves as the coin, and depending
whether if it is in the |+〉 or in the |−〉 state, a coherent state of the mode is
rotated clockwise or anti-clockwise. From (4.43) it is clear that the interaction
time directly determines the angle of rotation. In the quantum walk scheme,
the atom interacts dispersively with the field for a time τ and then a Hadamard
operation is imposed on the atom and the atom interacts another time τ with
the field and so on. The Hadamard acts on the atomic states |±〉 (or in our case
{|q〉, |a〉}) as

UHad =
1√
2

[
1 −1
1 1

]

, (4.44)

and one may say that it represent the tossing of the coin. The interaction described
above, rotating two modes is not a generalization to a two-dimensional quantum
walk, since both mode always take the same steps in the ’walk’. However, one
could use one of the modes as a reference for a field measurement. In that way
the field is not ’destroyed’ by the measurement.
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4.2 Quantum computing

In this section we show how the extended JC models may be used to carry out
various quantum gate operations needed for quantum computing. In realizing a
quantum computer, a whole set of constrains must be fulfilled. These are: 1) The
system must be isolated from external disturbances in the form of decoherence.
It will always couple irreversible to the surrounding environment, and the larger
system the more irreversible losses. Thus on needs to isolate the system extremely
well. 2) One must be able to prepare the whole system in a desired initial state.
3) One needs a universal set of unitary operations that can be implemented in a
controllable way on the qubits of the system. 4) One needs a scheme for read-out
of the state vector after the computation has been performed. 5) Finally, the
system must be scalable, so that all the above constrains hold for a large number
of qubits. In the previous section we discussed various state preparation schemes
and now we will analyze constrain 3), to find unitary operations that realize the
gates. Note, however, that the preparation and the operation schemes are often
related; the unitary evolution in the previous section could be seen as performing
gates on the qubits.

As for the state preparation, it is often convenient to be in the adiabatic limit,
since in this regime we often do not need to worry about various ’pulse areas’.
Thus the evolution is insensitive to parameter values and interaction times. How-
ever, adiabaticity is by its definition a ’slow’ process, giving long operation times
and realizing many gates before decoherence become significant may be hard. Adi-
abatic quantum computing has been considered in several papers, see for example
[71].

4.2.1 Adiabatic quantum computing, with field qubits

We will always use the adiabatic theory of level-crossings for transferring pop-
ulation between bare states. With a crossing and in this limit, wn = 0 in the
scattering matrix (3.14). It then follows

a0
±(n) → ∓e±iφna∞∓ (n) (4.45)

where the phase φn due to the passage of a crossing depends on the various param-
eters, not only n. Even if the population transfer between the bare states a±(n)
is not sensitive to parameter changes, the phase is, which is a problem for some of
our quantum gates. For the the LZ model the phase is

φn = −π
4
− Λ + Λ ln (Λ)− arg [Γ (Λ)] , (4.46)

where

Λ =
g2
0n

2∆0
(4.47)
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and Γ() is the gamma function. Note that in the adiabatic limit for a crossing
model we have for repeated applications of the scattering matrix S (3.14)

S1 = S, S2 = −1,
S3 = −S, S4 = 1.

(4.48)

Thus, passing a crossing twice results in an overall minus sign, which is exactly
the same as rotating a spin 1/2-particle 2π. This fact may be used in order to
achieve a phase gate.

Controlled-phase gate

A single two-level atom enters a cavity in its lower state far out of resonance
with two different modes 1 and 2. The atomic transition frequency is then tuned
adiabatically across mode 1’s frequency ω1 and then it is tuned across mode 2’s
frequency ω2. After the two crossings, the atomic frequency is reversed, first cross
mode 2 and then mode 1. Thus finally it has crossed both modes frequencies twice.
The field qubits are either the vacuum or the one photon Fock state. By indicating
the adiabatic crossing of mode i by A.C.i, we get the following scheme

|0, 0,−〉 A.C.1,2−→ |0, 0,−〉 A.C.1,2−→ |0, 0,−〉

|0, 1,−〉 A.C.1,2−→ e−iφ1 |0, 0,+〉 A.C.1,2−→ −|1, 0,−〉

|1, 0,−〉 A.C.1,2−→ −|0, 1,−〉 A.C.1,2−→ |1, 0,−〉

|1, 1,−〉 A.C.1,2−→ −e−i(φ1−φ2)|0, 1,−〉 A.C.1,2−→ |1, 1,−〉,

(4.49)

which simplified without the Anchilla state |−〉 and the intermediate states be-
comes

|0, 0〉 → |0, 0〉
|0, 1〉 → −|0, 1〉
|1, 0〉 → |1, 0〉
|1, 1〉 → |1, 1〉.

(4.50)

This is a controlled phase gate; the state flips sign if mode 1 is in vacuum and
mode 2 is in a one photon state, otherwice the state remains the same.

One qubit gates

Having the phase gate (4.50) plus one qubit gates one has a universal set of
gates and out from them it is possble to build any desirable gate. The one qubit
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gates are the set of rotations or reflections of two-level state vectors. Experimen-
tally it is much easier to rotate the atomic states |±〉, than the field basis states
|0〉, |1〉. Thus, it would be desirable if the field state could be transfered onto the
atom and then the gate

Uatom(a, b) =

[
a b
−b∗ a∗

]

, |a|2 + |b|2 = 1 (4.51)

is performed on the atom and finally the state is transfered back to the field. By
using the adiabatic crossing idea we get

[

α|0〉+ β|1〉
]

|−〉 A.C−→ |0〉
[

α|−〉+ βe−iφ1 |+〉
]

Uatom−→

|0〉
[ (
αa∗ − βb∗e−iφ1

)
|−〉+

(
αb+ βae−iφ1

)
|+〉
]

A.C−→

[ (
αa∗ − βb∗e−iφ1

)
|0〉 −

(
αbeiφ1 + βa

)
|1〉
]

|−〉.

(4.52)

This operation may be written as the unitary operation acting on the field qubit

U =

[
−1 0
0 1

]

Ufield(a, be
iφ1). (4.53)

For example, we get

a = − 1√
2
, b = −e−iφ1

√
2

⇒ U1 =
1√
2

[
1 1
1 −1

]

a = 0, b = −e−iφ1 ⇒ U2 =

[
0 1
1 0

]

a = −1, b = 0 ⇒ U3 =

[
1 0
0 −1

]

.

(4.54)

The first gate is a Hadamard gate, U1 = UHad, the second a Not-gate U2 = σx =
UNot, the third one a ’inversion’ gate U3 = σz and U3U2 = iσy. Note that the
atomic one qubit gate defined in equation (4.51) has a determinant equal to 1,
while the field gate (4.53) has determinant -1.

4.2.2 Adiabatic quantum computing, with atom qubits

Performing single atomic gates is usually done by applying external laser fields.
For resonant fields the effect on the atom is to transfer population between the
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bare states |±〉 and by using off-resonant fields, the phases of the atomic state
may be controlled. Thus having the tool of single qubit gates we only need to
find, for example, a controlled phase-gate in order to have a universal set of gates.
As argued above the 2-mode-1-atom and the 1-mode-2-atom systems behave very
similarly in the lowest order of excitations. We may therefore translate the phase-
gate of the previous subsection to the situation with two atoms a and b and one
mode. We assume the atoms to interact far off resonance with the mode, then
atom a’s transition frequency is tuned adiabatically across the mode frequency
once, then atom b is tuned twice, back and forth, across the mode frequency, and
finally atom a is again tuned adiabatically through a crossing. In the adiabatic
limit and using the scattering matrix (3.14) we get

|0,−,−〉 A.C.a−→ |0,−,−〉 A.C.b,b−→ |0,−,−〉 A.C.a−→ |0,−,−〉

|0,−,+〉 A.C.a−→ |0,−,+〉 A.C.b,b−→ −|0,−,+〉 A.C.a−→ −|0,−,+〉

|0,+,−〉 A.C.a−→ −eiφ1 |1,−,−〉 A.C.b,b−→ −eiφ1 |1,−,−〉 A.C.a−→ |0,+,−〉

|0,+,+〉 A.C.a−→ −eiφ1 |1,−,+〉 A.C.b,b−→ −eiφ1 |1,−,+〉 A.C.a−→ |0,+,+〉,

(4.55)

which simplified can be written as

|−,−〉 → |−,−〉
|−,+〉 → −|−,+〉
|+,−〉 → |+,−〉
|+,+〉 → |+,+〉.

(4.56)

The gate may be realized by trapping both atom inside a cavity and by external
lasers driving the separated atoms’ transition frequencies. This, however, assumes
that individual addressing of the two atoms is possible.

4.2.3 Non-adiabatic quantum computing, with field qubits

We conclude this section by giving an example of a two mode controlled phase-
gate using the Λ-atom of subsection 4.1.4. Thus the dynamics is governed by the
Hamiltonian (4.27) giving the general solution (4.28). Let us assume the field
computational basis to be {|0〉, |3〉} and pick the interaction time g0t

√
3 = π; then
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we find that the initial atomic states |a〉 or |b〉 will evolve according to

|0, 0, a〉 → |0, 0, a〉 |0, 0, b〉 → |0, 0, b〉

|0, 3, a〉 → −|0, 3, a〉 |0, 3, b〉 → |0, 3, b〉

|3, 0, a〉 → |3, 0, a〉 |3, 0, b〉 → −|3, 0, b〉

|3, 3, a〉 → |3, 3, a〉 |3, 3, b〉 → |3, 3, b〉.

(4.57)

4.3 Effects due to a quantized atomic motion

In this section we treat the full quantum system with both the spatial variations
of the cavity mode and the quantized center-of-mass motion of the atom included
in the analysis. For physical cavity QED models one is mainly interested in a
pulse shaped or a periodic coupling and as mentioned, there are only a few models
that are analytically solvable; the sech2-mode model with zero detuning [55] and
the mesa-mode model with arbitrary detuning [57, 58]. The situation of zero
detuning and periodic mesa-barriers separates into standard Kronig-Penny models
[72], where the spectrum is obtainable. The case when the coupling is a simple
trigonometric function cos(kx) is identical to the Mathieu equations [59] in the
limit of zero detuning. In the pulse models one may have tunneling resonances
which affects the dynamics compared to a semi-classical treatment with a constant
velocity. For periodic models, the band-spectrum determines the evolution of the
atom-field system.

4.3.1 Effective parameters

In Paper VI we studied the evolution of either Gaussian dressed (3.37) or bare
(3.38) states, exposed to the periodic coupling. The numerical methods used for
the wave-packet propagation is the so called split operator method and it is briefly
discussed in Appendix B. In order to talk about effective parameters describing the
motion, the Gaussian states should have a relatively localized quasi-momentum.
A Gaussian bare state is approximately a linear combination of Gaussian dressed
states all with the same widths but shifted by an integer number of q’s, or equiv-
alently they have the same mean k0 but belong to different bands. Then, within
the approximation limits, each component in the linear combination will evolve
according to equation (3.41), where the effective parameters are calculated us-
ing (3.42) for the corresponding bands. Figure 4.6 shows the time evolution of a
Gaussian dressed (left) and bare (right) state. The bare state splits up in three
smaller ones while the dressed state remains fairly Gaussian. The inset diplays the
momentum distribution at the final time, indicating the three dressed components.
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Figure 4.6: The evolution of Gaussian states, left dressed and right bare. From
the figure it is clear that the bare wave-packet splits up into its three main dressed
components, while the dressed state stays localized. The inset shows the final
momentum distribution |〈k|Ψ〉|2. The parameters are g0 = 0.002, ∆ = 0, x0 = 0,
k0 = 1/4 and ∆2

k = 1/10000.

We now want to verify numerically the effective parameters (3.42) using the
wave-packet propagation methods and in order to do that we use the following

vg =
〈x〉f − 〈x〉0

tf
,

∆2
x = 〈x2〉t =

1

4∆2
k

+

(
∆k

m2

)2

t2.

(4.58)

Here subscript f stands for final and 0 for initial. When calculating the expectation
values 〈x〉f,0 for the bare states only one component of the atomic wave-packet

is used 〈x〉 = 〈−|x|−〉
〈−|−〉 . When the coupling is not too large, the overlap between

bare and dressed states is dominated for one atomic state, for example, for zero
detuning and a small coupling, the lowest band with −1/2 < k < 1/2 is dominated
by the bare state |−〉. This is the reason for only using one of the states in the
calculations. Experimentally this means that a projective measurement must be
performed onto the atomic bare states. As the bare wave-packets evolve, it is
seen in figure 4.6 that it splits up into its dressed components, these might be
very small, but since they are located on the tails they contribute significantly to
the variance. In the calculation, we therefor ’cut’ the wave-packet for |x| > 150.
The results from the three different cases; Gaussian dressed, Gaussian bare, and
Floquet approach (3.42), are displayed in figure 4.7. It shows great agreement
between all three curves.
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Figure 4.7: This figure shows the numerical results of the group velocity vg and
effective mass m2 as function of the coupling strength. Circles show the results
from bare state propagation, crosses for dressed states and solid line for the pa-
rameter values from direct calculation of the derivatives (3.42). In the calculation
of vg the initial momentum was k0 = 1/4 while for m2 it was picked at k0 = 0.
The other parameters are final time tf = 500, ∆ = 0, ∆2

x = 2500 (group velocity)
and ∆2

x = 1500 (effective mass).

4.3.2 Atom optics

Recently the area of atom optics has grown considerably, including, for example,
Bose-Einstein condensates, atom cooling, atom lasers and mechanical light-forces
on atoms. An overview can be found in the book [73]. We have already talked
about forces from the light field felt by the atom in terms of effective parameters. In
this subsection we take one further step to investigate the analogy with propagation
of classical light pulses. In atom optics, the light-matter situation is often reversed;
the matter waves, or the wave-packets act as the classical light pulse, while the
field serves as the medium in which the ’pulse’ propagates. We define the effective
matter wave index of refraction as

na =
v0
v

(4.59)

or in three dimensions

na = (v0x/vx, v0y/vy, v0z/vz, ) , (4.60)

where v0 is the atomic center-of-mass velocity in the absence of fields. The velocity
v is given by the group velocity, giving that the index of refraction is the same
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Figure 4.8: The scattering of a wave-packet against a cavity mode. In (a) and
(b), the energy of the free space wave-packet coincide with the first energy gap
(k0 = 1/2) of the energy band spectrum corresponding to the standing wave mode
in the cavity, and in (c) and (d) the kinetic energy of the atom is ’allowed’ to enter
the cavity field (k0 = 1/4). The left plots show the upper atomic state while the
right plots display the lower atomic states, and the cavity is schematically marked
by the dashed lines. We note that in the first two plots approximately all of the
wave-packet is reflected, while in the last two the atom is transmitted through
the cavity. Note also that in the second example, the lower atomic state is only
populated while being inside the cavity, which, however, from the contour scale
indicates that it is only weakly populated. Here the parameters are g0 = 0.02,
∆ = 0, ∆2

x = 2500 and xl = 1500.

as the effective mass ratio m1/m, where m is the ’free’ mass. We first assume
that an atom moves in free space in the x direction and enters upon a cavity with
a standing wave mode in the same direction. In order to represent the cavity
numerically we multiply the standing wave mode with the function

ḡ =
1

2

[

tanh

(
x+ xl

xe

)

− tanh

(
x− xl

xe

)]

. (4.61)

This function goes to zero for large |x| and is centered around x = 0, the cavity
length is given by 2xl, and the ’slope’ how fast it turns on/off is determined by
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xe. The length of the cavity is assumed to be much longer than the wavelength,
which in scaled units reads xl � π. If the energy of the incoming atomic wave-
packet is such that it coincides with an energy gap in the cavity spectrum, the
effective parameters go to infinity and the atom cannot enter. Due to energy and
momentum conservation the atom must be reflected with its initial velocity. If
the atom is initially in its upper state and has a momentum corresponding to
the first energy gap k = 1/2 (∆ = 0), the reflecting state will have momentum
k = −1/2 and the atom will be in its lower state leaving one photon to the cavity
field. On the other hand, if the atom enters the cavity with an energy falling
within the allowed energy bands it will enter. As it traverses the cavity, the two
bare states will couple, so if the atom is initially excited, the lower atomic state
will be populated while inside the cavity. For weak couplings this population will
be small. In figure 4.8 we show the results of numerical wave-packet simulations,
which clearly confirm our predictions. The contour scale has been chosen such
that the tails of the wave-packets are seen, which might give a false impression of
the actual non-logarithmic shapes.

Figure 4.9: A possible experimental setup. The angle of the atomic beam sets the
initial velocity k0 in the x direction.

In order to have kinetic energies of the incoming atoms that fall into the first
energy band the atom must be cooled down to temperatures order of magnitudes
colder than µK scale, which is presently out of reach with current techniques. So
in order to experimentally realize the scenario above, the scattering must take
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n
x

Figure 4.10: The passage of an excited atom through a cavity setup as in the
previous figure. The atom is clearly slowed down while traversing the cavity, which
means that the effective index of refraction (shown in the insert), or equivalently
the inverse of the group velocity, increases. The Gaussian shape of nx has a
narrower width than the coupling amplitude g0(t). The plot shows the full atomic
wave packet; |Ψ(x, t)|2 = |〈+|〈x|Ψ〉|2 + |〈−|〈x|Ψ〉|2. The solid line gives 〈x〉t.

place within higher energy bands. The band gaps decrease with the band index,
but in cavity QED experiments, the coupling strength g0 is very large giving clear
band gaps also higher up in the spectrum. However, there is another possibility
were arbitrary low velocities are achievable shown in figure 4.9. The velocity in
the y direction is assumed classical so that the y-dependenc of the coupling can
be substituted by v0yt, while the small angle of the atomic beam gives very small
velocities v0x. Thus, we may have the effective coupling g(x, t) = g0(t) cos(x),
where g0(t) has a Gaussian shape. Assuming a classical velocity gives the effective
index of refraction ny = 1 throughout the propagation, while nx will change
inside the cavity. Since the coupling amplitude changes in time, so will nx. In
figure 4.10 we have simulated the scattering of figure 4.9 by plotting the full, both
upper and lower atomic state wave-packets. The atom is initially excited and
the cavity empty, and we use a Gaussian time-dependence of the mode amplitude
with a width ∆2

t = 2025. The thick line gives 〈x〉t and the index of refraction,
nx = v0x/ (d〈x〉t/dt), is shown in the inset. Note the oscillations of the index of
refraction caused by the population exchange between internal states |±〉.
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4.3.3 Generalized Bloch oscillations and tunneling

Figure 4.11: The wave-packet evolution and the atomic inversion 〈σz〉. In the left
plots the detuning is zero while in the right one it is δ = 1 corresponding to figure
3.3 (a) and (c) respectively. The coupling is V0 = 0.2 in both plots and F = 0.005
for the zero detuning case and F = 0.0025 in the other case. Filled contour lines
shows the upper atomic state wave-packet in the left plot and lower atomic states
in the right plot and reversely for unfilled curves. Note how the internal state is
flipped between every oscillation in the zero detuning case, but not in the detuned
one. This is easily understood from the band spectrum of figure 3.3

In subsection 3.3.3 we discussed the behaviour of a wave-packet in the periodic
potential exposed to a linear force. The effective light potential thus has the form
V0 cos(x)+Fx and we argued that if F is small compared to V0, a Gaussian dressed
state wave-packet will oscillate in x-space. When the force F was weak we could
apply the acceleration theorem saying that the quasi-momentum grows linearly in
time; k = k0 − Ft. Population within one band remains in the same band also
after traversing the level-crossings, and from figure 3.4 it was seen that the group
velocity will oscillate around zero. The evolution of initial bare state Gaussian
wave-packets are shown in figure 4.11 for two different detunings; δ = 0 left plots
and δ = 1 right plots. From figure 3.3 (a) and (c) we note that these two examples
have two different kinds of level-crossings, in the first (a) only two levels cross,
while in the second (c) three different levels cross. In (a) and in the limit of weak
coupling V0, the lowest band consist of alternating upper and lower atomic internal
states, resulting in that when k is swept, the internal state is flipped between |+〉
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and |−〉. In (c), on the other hand, the lower state solely consist of upper state
atomic states. This is verified in figure 4.11 where the atomic inversions are also
plotted. In the right plot of the inversion, it is seen that a small part of the upper
atomic state is populated during the passage through a crossing, which indicates
that when the energy curves become close the dressed states are mixtures of both
internal states |±〉.
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Figure 4.12: The probabilty of remaining in the same band after a passage of a
level-crossing, similar to that one of figure 3.3 (d). The initial state is a Gaussian
bare state wave-packet |+〉 with k0 = −1/2 and it has been propagated to k = 1/2.
Solid line is the probability of finding the atom in the upper state with momentum
−1 < p < 0, dotted line is the probability of finding the atom in the lowest band
ν = 1 and dashed line displays the analytic result from linearization of the energy
curves around the crossing. For large forces F the probabilities approach zero
saying that the adiabaticity is all gone and the atom accelerates freely according
to the linear force. The parameters are V0 = 0.2, k0 = 1/2 and ∆2

x = 50.

As mentioned in subsection 3.3.3 one may estimate the non-adiabatic transi-
tions between nearby energy bands by linearalizing the models around a crossing.
This has been done in [74] for the case of two-level crossings, while in Paper VII we
do it for the three-level crossings. Using the three-level Landau-Zener model in-
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troduced in subsection 3.3.3 one finds the probability to remain in the lowest band
after one passage of a crossing (1− P )

2
where P = exp (−Λ/2) with Λ = πV 2

0 /4F .
This analytic result is compared with results obtained from wave-packet simula-
tions in figure 4.12. The analytic result is shown with the dashed line while the
dotted line gives the probability of ending up in the lowest band ν = 1 and solid
line the probability of staying in the bare state |+〉. The initial state is here a
Gaussian bare state in |+〉 with k0 = −1/2 and it has been propagated to k = 1/2
across one crossing, see figure 3.3 (d). The coupling is fairly small, V0 = 0.2,
indicating that the lowest dressed state has a large overlap with |+〉 at k = ±1/2.
The three curves clearly show the same trend, but differ slightly around F = 0.1.

4.3.4 STIRAP with quantized motion

The STIRAP Hamiltonian was introduced in equation (3.15), and the idea be-
hind it is to have an adiabatic evolution and control the pulses G1(t) and G2(t)
so that population can be transfered between different bare states. We saw that
if the pulses were switched on and off in a counterintuitive way population is
transfered coherently from |c〉 to |a〉. In the standard experimental setup [24], an
atom/molecule traverses two overlapping laser beams with Gaussian mode shapes.
Usually the approximation of replacing the kinetic energy and the position opera-
tors by its classical counterparts, giving a semi-classical model, is in general only
justified for the dark state evolution, as will be shown. To my knowledge, the wave-
packet treatment with spatially dependent pulses has not been studied. In [75],
the STIRAP situation is considered with wave-packets, but for time-dependent
pulses.

The fully quantized STIRAP Hamiltonian is then given by

HS = − ∂2

∂x2
+









0 G1(x) 0

G1(x) ∆ G2(x)

0 G2(x) 0









(4.62)

and the bare state vectors are on the form

〈x|Ψ(t)〉 =





ψa(x, t)
ψb(x, t)
ψc(x, t)



 . (4.63)

The initial state is given by only one ψi(x, 0) = χ(x) with χ(x) a Gaussian, so
that we start with a Gaussian bare state wave-packet. The x-dependent pulses are
assumed Gaussian with an amplitude g0, and to be applied in a counterintuitive
order. The dressed states of the second part of the above Hamiltonian were given in
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Figure 4.13: The norms
∫
|ψi(x, t)|2 dx, i = a, b, c respectively as function of t

and g0 for quantized motion (a)-(c) and semi-classical motion (d)-(f). This figures
shows the dark state evolution, and it is clear that the two treatments agree
considerably. The non complete transfer for small couplings is due to non-adiabatic
evolution. The pulses G1,2(x) have widths σG = 15 and are located at x = ±20.

equation (3.16). For the counterintuitive pulse sequence, population is assumed to
be transfered between the states |c〉 and |a〉, and for the dark state the upper atomic
level |b〉 is only virtually populated. However, in subsection 3.3.1 it was shown that
the dressed states effectively see a potential well or barrier, which for momentum
smaller than the hight gave tunneling resonances. Classically such states should
be reflected, but quantum mechanically states fulfilling these resonance conditions
my be transmitted. The STIRAP eigenvalues are given in equation (3.17) and
we note that the first gives a barrier, the second a free propagation and the last
a potential well. Thus, since the eigenvalue is identically zero for the dark state,
there should be no scattering resonances, and all population should be transmitted.
This is indeed the case and has been verified numerically. In figure 4.13 (a)-(c),
the norms

∫
|ψi(x, t)|2 dx, i = a, b, c obtained from wave-packet propagation, are
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shown as functions of the coupling amplitudes g0 for an initial atomic momentum
p0 = 5 and zero detuning ∆ = 0. The STIRAP works perfectly for couplings
g0 ∼ 2 or larger, which can be understood from the adiabatic theorem saying that
the adiabaticity is directly related to the distance between energy eigenstates. In
(d)-(f) the same is shown but now when the problem has been turned into a time-
dependent one by substituting x → vt in the pulses G1,2(x) and neglecting the
kinetic energy term. The coupled first order three-level differential equations have
been solved numerically using the Runge-Kutta method. The agreement is nearly
perfect, which is, however, a consequence of the ’free’ evolution of the dressed
dark state due to the zero eigenvalue. We expect less agreement for a state with
non-zero eigenvalue components. In figure 4.14 we again show the norms from
wave-packet simulations with an initial Gaussian bare state |a〉, but only for the
final time when the system has reached its assymptotic limit. The rest of the
parameters are as in figure 4.13. The oscillations between the two states |b〉 and
|c〉 die out for increasing coupling amplitudes, and at g0 ∼ 25 (p0 = 5⇒ p2

0 = 25)
parts of the wave-packet start to be reflected. At even larger couplings we note
that tunneling resonances become important. The adiabatic solutions from the
time-dependent model are given by equation (3.19), which clearly differ from the
full quantum solutions in figure 4.14.
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Figure 4.14: The asymptotic norms
∫
|ψi(x)|2 dx, i = a, b, c as function of g0 for

quantized motion. The atom is initially in the state |a〉, otherwise the parameters
are as in figure 4.13. Note how the oscillations between the two states collapse,
which is not the case in the semi-classical time-dependent model (not shown here)
see (3.19), then at around g0 ≈ 25 (= p2

0) the barrier becomes larger than the
kinetic energy and the wave-packet starts to be reflected and finally for couplings
larger than 200 we see the tunneling resonances.
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Finally we plot in figure 4.15 the evolution of the wave-packets in x-space to
show how the transfer takes place. The parameters are p0 = 5 and g0 = 5, and
the transfer is nearly perfect.

Figure 4.15: The Evolution of the wave-packets |ψi(x, t)|2, i = c (plot a) and i = a
(plot b). The final population in the state |a〉 is 100 %. Here g0 = 5 and the other
parameters are as in the previous figure 4.13.



Chapter 5

Conclusion

The dynamics of the most simple quantum systems has often proved to be more
complex than first expected. Even for the especially simple JC model, a wide range
of interesting phenomena has been discovered since its introduction in the 60’s [3].
When experiments showed that the model correctly described the observed results,
it gained even more interest. As the experiments developed, some modifications
or extensions of the original JC model was in order. Several generalizations and
more complex versions of the JC model have been published since. Here, in this
thesis, I have summarized our results and studies done on some of these extensions
when applied to cavity QED.

It has been divided into three groups: multi-level JC models, time-dependent
JC models and position-momentum dependent JC models. Various models known
from other areas in physics have been applied in order to find correct or approx-
imated results. For all three groups, adiabaticity and the adiabatic theorem has
served as a motivation and explanation of the dynamics. Simple expressions for
different quantities are often obtained in the adiabatic limit, and the validity of
these results has been tested both using analytical and numerical investigations.
The central part is the understanding of the evolution of the systems, but several
applications, such as state preparation and quantum computing, are given. For
the last group, x-p-dependent JC models, numerical studies of wave-packet prop-
agations for different kind of atom-field couplings have been carried out. These
results have been compared to results from either direct numerical integration of
the Schrödinger equations, analytical approximations or effective treatments of
the models. Good agreement between the different approaches was found, and
deviations were discussed. Dissipation and decoherence have not been included
in the analysis, assuming that the coherent time-scales are much shorter than the
decoherent ones. This is usually the case for single Rydberg atoms passing through
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a high Q cavity, but often it is desirable to let several atoms pass the cavity one
after the other, and the separate interaction times add. As mentioned, many of
the results relay on being in the adiabatic regime, and adiabaticity directly means
slow changes in time giving long interaction times. Thus, there is a conflict of
achieving high fidelities in short times. However, the adiabatic regime may still
be much shorter than typical decay times, but non the less it sets a bound on the
number of operations achievable.

The models discussed in this thesis are not, by any means, exhaustive, and
there are many possible continuations, where the limit is set by ones imagination.
For the multi-level JC models, new atom-field configurations are constantly pop-
ping up, and interesting effective Hamiltonians with nice properties are derived.
JC models with a non-linear medium, or Kerr models [76], have not been discussed
here, and one my apply ideas from this thesis to such systems. Driven models [77]
have just been mentioned briefly here and one may explore such cases. The time-
dependent treatment of the original two-level JC model mostly uses analytically
solvable models, and one could go beyond these models and try to numerically find
other time-dependences of the parameters that gives interesting filter functions.
For example, what time-dependence would give a filter function that selects one
particular Fock state, such that by a successful conditional atomic measurement
the field is reduced to one single Fock state? The examples of atom-cavity config-
urations giving the multi-STIRAP models could be examined further to find other
set-ups with desirable properties. The section on quantum computing with time-
dependent JC models may be analyzed further, to find new gates or even simple
algorithms. The wave-packet simulation for atoms with quantized center-of-mass
motion, is not a very well studied area in the literature and there one could, for
example, look into more physically realizable models, with realistic parameters.
The STIRAP with quantized motion is not a completed chapter, and the concept
of a quantized motion could be tested on any of the multi-level JC models. The
fresh areas of combining ion traps together with cavities [26, 78] or solid state qubit
devices together with cavities [79] have not been considered. Our analysis of the
extended JC models have been focusing on cavity QED systems, and it is likely
that much of the studies are applicable to other fields where the JC or similar
models are used. Finally, the research is purely theoretical and the relevance of
the results concerning the existing current experiments has not been investigated
in great detail.



Appendix A

Adiabaticity

In this appendix we briefly discuss the adiabatic theorem [80] and we perform two
calculations; one of adiabatic elimination of a largely detuned atomic level using
canonical transformations and we also derive the acceleration theorem. Through-
out this thesis, we have seen examples of adiabatic evolution and argued that
within the adiabatic limit, simple analytic expressions are obtained for the fi-
nal populations. We have also mentioned some solvable time-dependent models,
where the most known one is the Landau-Zener model, and these have been used
for finding a measure of non-adiabatic contributions.

Given a time-depndent Hamiltonian H(t) and where En(t) and |ψn(t)〉 are the
instantaneous n’th eigenvalues and eigenstates, then the theorem states that for
an infinitely slow process we have

H(t)|ψn(t)〉 = En(t)|ψn(t)〉, ∀ t. (A.1)

Let U(t) be the unitary operator that digonalyzesH(t) and |ψ̃n(t)〉 = U−1(t)|ψn(t)〉,
then the time-dependent Schrödinger equation can be written as

Hd(t)|ψ̃n(t)〉 = i∂t|ψ̃n(t)〉 − i
[
∂tU

−1(t)
]
U(t)|ψ̃n(t)〉. (A.2)

The solution of the Schrödinger equation can be expressed in the instantaneous
eigenstates as

|Ψ(t)〉 =
∑

n

an(t)e
−i
∫

t

0
En(τ)dτ |ψn(t)〉, (A.3)

which after substitution into the Schrödinger equation and multiplication with
〈ψk(t)| gives

∂tak(t) = −
∑

n

an(t)〈ψn(t)|∂t|ψn(t)〉e−i
∫

t

0
δEnk(τ)dτ

, (A.4)
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where δEnk(t) = En(t)−Ek(t). Taking the time derivative of equation (A.1) and
multiplying with 〈ψk(t)| one finds

〈ψk(t)|∂t|ψn(t)〉 =
〈ψk(t)|

[
∂tH(t)

]
|ψn(t)〉

δEnk(t)
. (A.5)

Thus, equation (A.4) becomes

∂tak(t) = −ak(t)〈ψk(t)|∂t|ψk(t)〉−
∑

n6=k

an(t)
〈ψk(t)|

[
∂tH(t)

]
|ψn(t)〉

δEnk(t)
e
−i
∫

t

0
δEnk(τ)dτ

,

(A.6)
meaning that if

∣
∣
∣
∣
∣

〈ψk(t)|
[
∂tH(t)

]
|ψn(t)〉

δEnk(t)

∣
∣
∣
∣
∣
� |δEnk(t)|, ∀ t (A.7)

the individual eigenstates evolve independently. Equation (A.7) is to be given as
a general condition for having adiabatic evolution.

In subsection 3.2 it was shown that within certain conditions the time-independent
Hamiltonian could be approximated by a time-dependent one lacking the operators
x and p. For the resulting time-dependent system one may apply the adiabatic
theorem. Below, when deriving the acceleration theorem, we show how to obtain
a time-dependent problem from a stationary one. Thus, adiabaticity is not just a
matter for systems depending explicitly on time and one would like to have some
kind of constrains also for the evolution of some time-independent systems. We
are especially interested in Jaynes-Cummings type of models

H = −∂2
x +







∆

2
g0(x)

√
n

g0(x)
√
n −∆

2






. (A.8)

By using the unitary operator of equations (2.13) and (2.14)

U =

[
cos (θ/2) − sin (θ/2)
sin (θ/2) cos (θ/2)

]

, tan [θ(x)] = −g0(x)
√
n

∆(x)
(A.9)

one finds the transformed Hamiltonian

H̃ = UHU−1 = −∂2
x −

[
0 −∂xθ
∂xθ 0

]

∂x +
1

2

[
0 −∂2

xθ
∂2

xθ 0

]

+

[
E+(x) + (∂xθ/2)

2
0

0 E−(x) + (∂xθ/2)
2

]

,

(A.10)



71

where E±(x) are the eigenvalues (2.15). Using the definition of the angle θ we
have

∂xθ =
∆
√
n∂xg0(x)

∆2 + 4ng2
0(x)

. (A.11)

The adiabatic couplings, the off-diagonal terms of equation (A.10), measure the
variation of the effective potential and hence the force on the atom. In order to
have an adiabatic evolution we request the kinetic energy to be greater than the
off-diagonal adiabatic corrections

2π

λdB
�
∣
∣
∣
∣

∆
√
n∂xg0(x)

∆2 + 4ng2
0(x)

∣
∣
∣
∣
, (A.12)

where λdB is the deBroglie wave-length related to the atomic momentum. For
further discussions of the adiabatic theorem see, for example, [80] and [81].

Adiabatic elimination of the upper level in a Λ-atom

We will follow the method used in [44], applying a unitary transformation to the
Hamiltonian. This is, however, not the standard way of how adiabatic elimination
usually is performed. Using the notation of [44] the Hamiltonian is

HΛ =

3∑

i=1

Ωiσii + ω1a
†
1a1 + ω2a

†
2a2 + g12

(

a1σ21 + a†1σ12

)

+ g32

(

a2σ32 + a†2σ23

)

,

(A.13)
where σij = |i〉〈j| and state |2〉 is the upper atomic state. We further introduce
the detunings ∆1 = Ω2−Ω1−ω1 and ∆3 = Ω2−Ω3−ω2 and the unitary operator

U = eS , (A.14)

where
S = α

(

a1σ21 − a†1σ12

)

+ β
(

a2σ23 − a†2σ32

)

. (A.15)

Here α and β are constants that will be determined later. Let us also note that

∑3
i=1 Ωiσii = 1

3 (Ω1 + Ω2 + Ω3) + 1
3 (3Ω3 − Ω1 − Ω2) (σ33 − σ11)

− 1
3 (Ω3 + Ω1 − 2Ω2) (σ22 − σ11) .

(A.16)

We now make a perturbative analysis keeping terms to second order in the cou-
pling constants. We denote transformed operators by prime and use the following
relation

X ′ = eSXe−S = X + [S,X ] +
1

2!
[S, [S,X ]] + ... . (A.17)
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The various transformed operators become

a′1 = a1 + ασ12 +
α2

2
a1 (σ22 − σ11)−

αβ

2
a2σ13,

a′2 = a2 + βσ32 +
β2

2
a2 (σ33 − σ22)−

αβ

2
a1σ31,

σ′12 = σ12 + αa1 (σ22 − σ11)− βa2σ13,

σ′23 = σ23 − βa†2 (σ33 − σ22)− αa†1σ13,

σ′22 − σ′11 = (σ22 − σ11)−2αa1σ21−2αa†1σ12 − βa2σ23−βa†2σ32−
(
2α2 + β2

)
σ22

−2α2a†1a1(σ22−σ11)+β
2a†2a2(σ33−σ22)+

3

2
αβ
(

a†2a1σ31+a†1a2σ13

)

,

σ′33 − σ′11 = (σ33 − σ11)− αa1σ21 − αa†1σ12 + βa2σ23 + βa†2σ32

+
(
β2 − α2

)
σ22 − α2a†1a1 (σ22 − σ11)− β2a†2a2 (σ33 − σ22) .

(A.18)
By choosing α = g12∆1 and β = g23/∆3 the terms linear in the field operators
vanish and the transformed Hamiltonian is given by

H ′
Λ = Ω1σ11+Ω3σ33+

(

Ω2+
g2
12

∆1
+
g2
23

∆3

)

σ22+
g2
12

∆1
a†1a1(σ22−σ11)+

g2
23

∆1
a†2a2(σ22−σ33)

+ω1a
†
1a1 + ω2a

†
2a2 −

g12g23
2

(
1

∆1
+

1

∆2

)(

a†1a2σ23 + a†2a1σ31

)

.

(A.19)
From the structure of H ′

Λ we note that the upper level |2〉 is not coupled to the
other two levels, while those two levels couple through a two photon process. The
Stark-shift terms of levels |1〉 and |3〉 are proportional to a†1a1 and a†2a2 respec-
tively, while level |2〉 is affected by both field amplitudes.

Acceleration theorem

We here derive the acceleration theorem used in subsections 3.3.3 and 4.3.3.
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We start with the Schrödinger equation

i∂tΨ(x, t) =
(
−∂2

x + δ
2σz + g0 cos(x)σx − Fx

)
Ψ(x, t) ⇔

i∂tΦ(k, t) = k2Φ(k, t) + δ
2σzΦ(k, t) + g0σx (Φ(k − 1, t) + Φ(k + 1, t))− iF∂kΦ(k, t).

(A.20)
In the absent of a force the dressed states are given by

k2|φν(k)〉+ δ

2
σz|φν(k)〉+g0σx (|φν(k − 1)〉+ |φν(k + 1)〉) = Eν(k)|φν(k)〉, (A.21)

which we use for expanding the states Φ(k, t) according to

Φ(k, t) =
∑

ν

dν(k, t)e−iEν(k)t|φν(k)〉. (A.22)

Substitution of this state in the time-dependent Schrödinge equation gives

i∂tΦ(k, t) = i
∑

ν

[
∂tdν(k, t)

]
e−iEν(k)t|φν(k)〉+

∑

ν Eν(k)dν(k, t)e−iEν(k)t|φν(k)〉

=
∑

ν dν(k, t)e−iEν(k)t

[

k2|φν(k)〉+
δ

2
σz |φν(k)〉 + g0σx (|φν(k − 1)〉+ |φν(k + 1)〉)

]

︸ ︷︷ ︸

= Eν(k)|φ(k)〉
−iF∂k

∑

ν dν(k, t)e−iEν(k)t|φν(k)〉,
(A.23)

which after simplification and projection onto e+iEµ(k)t〈φν(k)| becomes

i∂tdµ(k, t) = −iF∂kdµ(k, t)− FtVµ(k)dµ(k, t)

−iF∑ν dν(k, t)e−i[Eν(k)−Eµ(k)]t〈φµ(k)|∂k |φν(k)〉,
(A.24)

where

Vµ =
dEµ(k)

dx
. (A.25)

We write the coefficients as

dµ(k, t) = Aµ (k − Ft, t) e
+iF

∫
t

0
τVµ(k−Ft+Fτ)dτ

(A.26)

and substitute in the above expression, where we use ∂(1) and ∂(2) for derivatives
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with respect to the first and second argument respectively

i∂t

[

Aµ (k − Ft, t) e
+iF

∫
t

0
τVµ(k−Ft+Fτ)dτ

]

= −iF
[
∂(1)Aµ (k − Ft, t)

]
e
+iF

∫
t

0
τVµ(k−Ft+Fτ)dτ

+i
[
∂(2)Aµ (k − Ft, t)

]
e
+iF

∫
t

0
τVµ(k−Ft+Fτ)dτ

+iAµ (k − Ft, t) (iF tVµ(k)) e
+iF

∫
t

0
τVµ(k−Ft+Fτ)dτ

+iAµ (k − Ft, t)
(

iF (−F )
∫ t

0
τV ′

µ(k − Ft+ Fτ)dτ
)

e
+iF

∫
t

0
τVµ(k−Ft+Fτ)dτ

= −iF∂k

[

Aµ (k − Ft, t) e
+iF

∫
t

0
τVµ(k−Ft+Fτ)dτ

]

−FtVµ(k)

[

Aµ (k − Ft, t) e
+iF

∫
t

0
τVµ(k−Ft+Fτ)dτ

]

−iF∑ν dν(k, t)e−i(Eν(k)−Eµ(k))t〈φµ(k)|∂k |φν(k)〉

= −iF
[
∂(1)Aµ (k − Ft, t)

]
e
+iF

∫
t

0
τVµ(k−Ft+Fτ)dτ

−iFAµ (k − Ft, t)
(

iF
∫ t

0 τV
′

µ(k − Ft+ Fτ)dτ
)

e
+iF

∫
t

0
τVµ(k−Ft+Fτ)dτ

−FtVµ(k)

[

Aµ (k − Ft, t) e
+iF

∫
t

0
τVµ(k−Ft+Fτ)dτ

]

−iF∑ν dν(k, t)e−i(Eν(k)−Eµ(k))t〈φµ(k)|∂k |φν(k)〉.
(A.27)

This leads to

∂(2)Aµ(k − Ft, t) = −F∑ν Aν(k−Ft, t)eiF
∫

t

0
τVν(k−Ft+Fτ)dτ

e
−iF
∫

t

0
τVµ(k−Ft+Fτ)dτ

×e−i(Eν(k)−Eµ(k))t〈φµ(k)|∂k |φν(k)〉.
(A.28)

The exponent may be rewritten as

iF

∫ t

0

τVµ(k − Ft+ Fτ)dτ = ... = itEν(k)− i

∫ t

0

Eν(k − ft+ Fτ)dτ. (A.29)
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From this derivation we conclude that in the absence of coupling between
the bands (also known as single band approximation [82]) the coefficients in the
expansion (A.22) obey

dµ(k, t) = Aµ(k − Ft)e
+iF

∫
t

0
τVµ(k−Ft+Fτ)dτ

, (A.30)

which proves the acceleration theorem. Note the additional phase-factor that
modifies the amplitudes, see also [83]. The corrections due to band-couplings are
given by

∂(2)Aµ(k − Ft, t) = −F
∑

ν Aν(k − Ft, t)e
+i
∫

t

0
Eν(k−Ft+Fτ)dτ

e
−i
∫

t

0
Eµ(k−Ft+Fτ)dτ

×〈φµ(k)|∂k |φν(k)〉
∣
∣
k→k−Ft

.

(A.31)
Note that the coupling is weak when the bands are far apart or when 〈φµ(k)|∂k|φν(k)〉
is small, in agreement with general adiabatic evolution.
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Appendix B

Split operator method

There are several numerical methods for solving the Schrödinger equation [84]

−i ∂
∂t

Ψ(x, t) = − ∂2

∂x2
Ψ(x, t) + V (x)Ψ(x, t) (B.1)

and we have used the split operator method [85]. The procedure is to ’split’ the
time evolution operator into two parts; one containing the position operator x and
one containing the momentum operator p. For any two operators A and B we
may in first order of small δt write

eAδt+Bδt ≈ eAδteBδt (B.2)

and next order would be to write exp(Aδt+Bδt) ≈ exp(Aδt/2) exp(Bδt) exp(Aδt/2).
However, we have used the form of equation (B.2). Now, the higher terms neglected
in (B.2) are of the orders δtn, n = 2, 3, ... and may be assumed small. The split
operator method applied to the Schrödinger equation (B.1) becomes

Ψ(x, δt+ t0) = e
−i

∂2

∂x2
δt− iV (x)δt

Ψ(x, t0) ≈ e
−i

∂2

∂x2
δt

e−iV (x)δtΨ(x, t0). (B.3)

Having Ψ(x, t0) we first multiply by exp(−iV (x)δt), then Fourier transform the x-
propagated wave-function to momentum space p and multiply by the kinetic term
exp(−ip2δt), and finally Fourier transform back to x-representation. This whole
routine is repeated N times to give the wave-function at the time t = t0 +Nδt.
During the propagation one obtains the wave-functions or wave-packets both in
x- and p-representation

Ψ(x, t0 + nδt), Φ(p, t0 + nδt), (B.4)
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for all n = 0, 1, 2, ..., N . This is appropriate for calculating time variations of
expectation values of the form 〈xj〉 and 〈pj〉 for integers j. However, calculating
expectation values of the form 〈xjpi〉 is not straightforward with the split operator
method and the Crank-Nichelson method [84] might be more suited. Note that
the procedure is also applicable for time-dependent potential V (x, t), where the
potential with ’correct’ time is used in each N steps. When we have a two-level
system as, for example, the Jaynes-Cummings model, the potential is a 2 × 2
matrix and we may use the formula

e−iα · σδt = cos (|α|δt)− i sin (|α|δt) α · σ|α| , (B.5)

where α = (α1, α2, α3) and σ = (σx, σy, σz). In subsection 4.3.4 where wave-
packet propagations are performed for three-level systems the above formula does
not work, and instead we use the MATLAB command expm, which numerically
calculates the exponential of a matrix M using eM = V · eD · V −1, where V is the
matrix of M ’s eigenvectors and D is the diagonal matrix of M ’s eigenvalues.
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M. Löffler, G. M. Meyer, M. Schröder, M. O. Scully and H. Walther, Phys.
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