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Abstract

The focus in this thesis is on small scale 1D Josephson junction arrays in
the quantum regime where the charging energy is comparable to the Joseph-
son energy. Starting from the general Bose-Hubbard model for interacting
Cooper pairs on a 1D lattice the problem is mapped through a path integral
transformation to a classical statistical mechanical (1+1)D model of diver-
gence free space-time currents which is suitable for numerical simulations.
This model is studied using periodic boundary conditions, in the absence of
external current sources and in a statistical canonical ensemble. It is explained
how Monte Carlo simulations of this model can be constructed based on the
worm algorithm with efficiency comparable to the best cluster algorithms. A
description of how the effective energy Ek, voltage Vk and inverse capacitance
C−1

k associated with an externally imposed charge displacement k can be ex-
tracted from simulations is presented. Furthermore, the effect of inducing
charge by connecting an external voltage source to one island in the chain via
the ground capacitance is investigated. Simulation results display periodic
response functions Ek, Vk and C−1

k as the charge displacement is varied. The
shape of these functions are largely influenced by the system parameters and
evolves from sinusoidal with exponentially small amplitude deep inside the
superconducting regime towards more intriguing shapes closer to the insulat-
ing regime where interactions among quantum phase slips are present. When
an external voltage source is applied C−1

k takes on damped oscillatory behav-
ior with respect to the induced charge and is vanishing completely when an
integer number of Cooper pairs is induced, leading to alternating stability in
the potential landscape Ek as the induced charge is varied.
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Sammanfattning

Fokus i detta examensarbete är riktat mot småskaliga 1D kedjor av Josep-
hsonövergångar i kvantmekaniska beskrivningar där laddningsenergin är jäm-
förbar med Josephson-energin. Med utgångspunkt från den allmänna Bose-
Hubbard-modellen för interagerande Cooper-par på ett 1D gitter omformu-
leras problemet genom en vägintegralformulering till en klassisk statistisk
mekanisk (1+1)D modell av länk-strömmar som är lämplig för numeriska
simuleringar. Denna modell studeras med periodiska randvillkor, i frånvaro
av externa strömkällor och i en kanonisk sammansättning. Det förklaras hur
effektiva Monte Carlo-simuleringar av denna modell kan konstrueras baserat
på en mask algoritm med effektivitet jämförbar med de bästa klusteralgo-
ritmerna. En beskrivning av hur effektiva energyn Ek, spänningen Vk och
inversa kapacitansen C−1

k relaterade till en externt påtvingade laddningsför-
skjutning k kan extraheras från simuleringar presenteras. Vidare så unersöks
effekten av att inducera laddning genom att en extern spänningskälla kopp-
las via en kondensator till en ö i kedjan. Resultat från simuleringar visar att
Ek, Vk och C−1

k är periodiska när laddningsförskjutningen varieras. Former-
na på dessa funktioner beror till stor del på systemparameterinställningar
och antar sinusform djupt inne i det supraledande tillståndet medans mera
intressanta kurvformer erhålles närmare det insulerande tillståndet där in-
teraktioner mellan kvantmekaniska fas-hopp-processer (QPS) är närvarande.
När en extern spänningskälla ansluts till en av öarna så utför C−1

k dämpade
oscillationer med avssende på den inducerade laddningen och försvinner helt
när ett heltal Cooper-par induceras, vilket leder till alternerande stabilitet i
energilandskapet som beskrivs av Ek när den inducerade laddningen varieras.
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Preface

This master thesis was carried out by me during the spring and autumn of 2016 at
the department of theoretical physics in AlbaNova. My supervisor for this project
was Jack Lidmar, whom I especially would like to thank for introducing me to this
field of physics and for all the helpful discussions during this time.

The paper is organized as follows: chapter 1 starts with a brief historical in-
troduction to superconductivity and highlights some of the important milestones
achieved over the past decade which have been crucial for the understanding of the
subjects in this paper. Chapter 2 gives a review of the classical phase dynamics
in Josephson junctions in the limit of infinite junction capacitance coupling where
the phase is treated as a classical well defined variable, and address the quantum
mechanical description of the Josephson junction in the limit of small capacitive
coupling where charging effects are important. Chapter 3 is devoted to 1D Joseph-
son junction array models in the quantum regime. Starting from the very general
Bose-Hubbard for interacting Cooper pairs several simplifications are made leading
to a quantum phase model which is then transformed using a path integral ap-
proach which allows us to map the original 1D quantum mechanical problem into a
(1+1)D classical statistical mechanical problem similar to the 2D XY model where
the condensate phases are pseudospins, and to a 2D link-current model of closed
loop space-time currents. The latter descriptions of the problem forms the foun-
dation to the work in this paper. Chapter 4 reviews some of the basic concepts of
Monte Carlo simulations in statistical physics and explains how simulations of the
models discussed in chapter 3 can be constructed in a canonical ensemble, as well
as how interesting observables can be measured. Chapter 5 present the outcome of
the simulations which are then being discussed in chapter 6.
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Chapter 1

Introduction

About one third of the elements in the periodic table are classified as superconduc-
tors. This remarkable property was first discovered in 1911 by the dutch physicist
Heike Kamerling Onnes in Leiden who noticed how the electrical resistivity in some
materials, such as mercury, tin and lead, vanished as the material was cooled down
below a material dependent critical temperature Tc [35]. These low temperature
investigation were made possible due to his successful invented methods to liquefy
Helium in 1908 which served as refrigerant. When traveling down the road towards
absolute zero, new physics was expected to emerge since temperature is one of the
most universal variables at which states of matter is defined. In fact, the liquid
Helium Kamerling Onnes used as refrigerant was later used in the discovery of su-
perfluids in 1937, something that Kamerling Onnes already had created in 1908 but
never noticed.

The electromagnetic response of a superconductor has ever since the discovery of
the Meissner effect by Meissner and Ochenfeld in 1933 [31] gained a lot of attention.
They were able to demonstrate that a superconductor actively expels magnetic
field lines from its interior. This property could not be a consequence of the zero
resistivity only and hence a distinction could be made between a perfect conductor
and a superconductor, which led scientists to think of superconductivity from a
thermodynamic point of view. A phenomenological explanation of the Meissner
effect was given by the German brothers Heinz and Fritz London in 1935 [29] with
the London equations

E = ∂

∂t
ΛJ, ∇× J = −ΛB (1.1)

where E is the electric field, B is the magnetic flux density, J is the current density
and Λ is a phenomenological material dependent constant which is proportional
to λ2

L where λL is the London penetration depth. The London equations are ex-
tending Maxwell’s equations for the electromagnetic fields inside a superconductor
which are accurate in certain limits. Most notably, it was shown by the London

1



2 CHAPTER 1. INTRODUCTION

brothers that the electromagnetic free energy inside a superconductor is minimized
provided that ∇×∇×B = λ−2B, with the consequence that magnetic field inside
a superconductor decays exponentially over the characteristic length λL.

Continuing on the path of thermodynamics, V. Ginzburg and L. Landau devel-
oped an other phenomenological theory in 1950 [44] which assumes that the free
energy of a superconductor can be expanded in terms of a complex order parameter
ψ which is non-zero only on the superconducting state as

F = Fn + α|ψ|2 + β

2 |ψ|
4 + 1

2m |(−i~∇− 2eA)ψ|2 + |B|
2

2µ0
(1.2)

where m is the mass of the charge carriers, ~ is the reduced Planck constant, µ0
is the magnetic constant, e is the electron charge, Fn, α, β are constants and the
magnetic vector potential A is defined through B = ∇ × A. Upon minimizing
the free energy (1.2) with respect to |Ψ| and A respectively leads to the Ginzburg-
Landau equations

αψ + β|ψ|2ψ + 1
2m (−i~∇− 2eA)2

ψ = 0, (1.3)

J = 2e
m

Re {ψ∗ (−i~∇− 2eA)ψ} . (1.4)

The physical interpretation of the order parameter was not explained in their
original paper and was not fully understood until after the microscopic theory of
superconductivity by Bardeen Cooper and Schrieffer (BCS theory) was established
in 1957 [7]. The BCS theory was the first successful microscopic theory of super-
conductivity which was in agreement with earlier predictions. The theory predicts
the existence of an energy gap between the normal and superconducting state and
that electrons of opposite spin and momenta forms bound states of Cooper pairs
through interactions with phonons. These Cooper pairs behaves essentially as boson
particles and obeys Bose-Einstein statistics. At the critical temperature, the macro-
scopic number of Cooper pairs undergoes Bose-Einstein condensation and condense
into the same state. Lev Gor’kov was able to derive the Ginzburg-Landau theory
in a certain limit of the BCS theory and establish the physical interpretation of the
order parameter as a macroscopic wave function describing the density of Cooper
pairs in the condensate, i.e. ψ = |ψ|eiφ, where |ψ|2 is the density of Cooper pairs
and φ is the phase of the wave function.

A few years later, in 1962, Brian D. Josephson published his theoretical work [21]
on properties of inhomogeneous superconductors describing the Josephson effect in
superconductor-insulator-superconductor (S-I-S) arrangements of materials, now
known as Josephson junctions. In his original paper he suggested that Cooper
pairs are able to tunnel across the insulator (barrier) between the superconducting
electrodes in these arrangement of materials without any voltage drop, i.e. the
prediction of a tunneling supercurrent, which depends on the phase difference of
the order parameter for each superconductor. This phenomenon emerged from
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Josephson’s calculations of the tunneling current as terms which did not go to zero
when the voltage across the barrier was put to zero [22]. These predictions were
first successfully verified by Anderson and Rowell in 1963 at Bell Laboratories using
tin oxide barriers between superconducting Sn and Pb [39].

The original current-phase and voltage-phase relations developed by Josephson
treats the phases as well defined classical variables. This applies to Josephson
junctions with very large cross-section areas where the capacitance between the
layers is assumed infinite and charging effects are absent. Today, modern technology
based on electron beam nanolithography makes it possible to fabricate nanoscale
sized Josephson junctions with low capacitive coupling where charging effects are
crucial. In this regime, the uncertainty between the phase and Cooper pair number
leads quantum mechanical effects. The interplay between the charge and the phase
has been theoretically and experimentally studied in 2D and 1D Josephson junction
array systems for more than 20 years [9, 46, 42].

Bradley and Doniach showed that a 1D Josephson junction array model with
capacitive coupling to ground can be mapped to a classical 2D XY model where
the wave function phases on each superconducting grain are pseudospins. They
demonstrated that a superconductor-insulator quantum phase transition takes place
in 1D Josephson junction arrays of Berezinskii-Kosterlitz-Thouless (BKT) type at
zero Kelvin [9]. Korshunov considered the same problem but in the space of phase
differences between superconducting grains, in which the topological defects are
instantons (or phase slips), i.e. sudden jumps of the phase difference by ±2π due
to quantum mechanical tunneling of the phase difference. These processes are
responsible for resistivity and the superconductor-insulator phase transition is in
this view a consequence of the proliferation of phase slips [36, 38, 16].

Josephson junction arrays are systems that can be fabricated with relatively
good control of the involved energy scales, making it possible to design electromag-
netic environments where the quantum fluctuations of the phases are well controlled.
Constructing a Josephson junction array from serially connected SQUID’s offers the
advantage that the Josephson coupling energy can be tuned by an external mag-
netic field [17]. These systems are suitable for the study of fluctuations, topological
defects, phase transitions and other quantum mechanical phenomenon which are
very fundamental things in physics.

In this paper we will study charging effects in small scale Josephson junction
array chains using Monte Carlo simulations. We will investigate the effect of impos-
ing charge displacements in the system and look at the impact of inducing charge
through an external voltage source to one of the islands in the chain.





Chapter 2

Josephson Junctions

This chapter covers the basic phase dynamics of single Josephson junctions in the
classical regime and the quantum mechanical description of a Josephson junction
which will form the basis for the discussion of Josephson junction array models in
the next chapter.

2.1 The Josephson equations
When superconductors are well separated each superconductor is described by its
own macroscopic wave function. As the superconductors are brought close together
the wave functions starts to overlap and the system starts to become coupled.
The strength of this coupling is in great extent determined by the sizes of the
superconductors, the distance between them and the material separating them (the
barrier). Due to this coupling the whole system can be described by a total wave
function Ψ(r) which depends on the wave functions ψ1(r) and ψ2(r) of the two
superconductors and is approaching the same constant density of Cooper pairs in
each electrode.

Following the approach made by Tinkham [43] we consider two identical super-
conductors separated by a gap spanning over the region x ∈ [0, d] where d is the
width of the barrier. We introduce the normalized wave function Ψ̃(r) = Ψ(r)/Ψ0
where Ψ(r) = |Ψ(r)|eiφ(r) is the total wave function for the coupled system such
that |Ψ(r)| is approaching unity inside each superconducting electrode. The ap-
propriate boundary conditions to specify for the phase are φ(x = 0) = φ1 and
φ(x = d) = φ2. Given these boundary conditions the problem is now formulated
using the Ginzburg-Landau equation (1.3) as

ξ2∇2Ψ̃(r)− |Ψ̃(r)|2Ψ̃(r) + Ψ̃(r) = 0 (2.1)

where ξ is the coherence length which sets the scale of the distance over which the
wave function is varying. If we now assume that the thickness of the barrier is

5



6 CHAPTER 2. JOSEPHSON JUNCTIONS

much smaller than the coherence length, i.e. d� ξ, then the amplitude of the wave
function should not vary significantly inside the barrier, which allows us to simplify
Eq. (2.1) a lot by expanding the wave function for small amplitude variations as
Ψ̃(r, t) = 1 + ∂Ψ̃(r, t), leading to

ξ2∇2∂Ψ̃(r)− ∂Ψ̃(r)− ∂Ψ̃∗(r) +O(∂Ψ̃2(r)) = 0 (2.2)

where one concludes that the first term is dominating and allows us to neglect
the others, leading to the Laplace equation ∇2∂̃Ψ(r) = 0. In a sufficiently narrow
Josephson junction one would expect that the dominant spatial variation is in the
direction which is normal to the barrier (taken as x), leading to the trivial equation
∂2Ψ̃(x)/∂x2 from which it follow that Ψ̃(x) is a linear function of x. Applying the
boundary conditions specified for the phase leads then to the complete solution

Ψ̃(x) = x

d

(
eiφ2 − eiφ1

)
+ eiφ1 . (2.3)

The current density is then obtained by substituting the wave function solution
Ψ(x) = Ψ̃(x)Ψ0 in the second Ginzburg-Landau equation (1.4) as

J = −2e
m

Re {Ψ∗i~∇Ψ} = Jc sin(φ2 − φ1) (2.4)

where Jc = ~eΨ2
0/md is the Josephson critical current density. Equation (2.4) is

one of the original results presented in Josephson’s papers [21] but was derived by
Josephson first in a completely different way. It tells us that a tunneling supercur-
rent can flow between the superconducting electrodes and is driven by the phase
difference of the condensate wave functions as long as the current density J does
not exceed Jc which is the maximum current density that the junction can sustain
without entering the normal state. Typical values of Jc varies between 103 − 104

A/m2 depending on the strength of the coupling over the junction. This is far
below the critical current density in many bulk superconductors which can easily
reach 105 − 106 A/m2 [13].

If we assume that the current is distributed uniformly over the cross-section area
of the junction the critical current density can be related to the Josephson critical
current Ic as Ic = AJc where A is the cross-section area of the junction. A widely
used expression for the Josephson critical current is given by the Ambegaokar-
Baratoff relation [2]

Ic = π∆(T )
2eRn(T ) tanh

(
∆(T )
2kBT

)
(2.5)

where ∆(T ) is the superconducting energy gap, Rn(T ) is the resistance of the junc-
tion in the normal state, kB is the Boltzmann constant and T is the temperature.

The time evolution of the total wave function is governed by the time-dependent
Schrödinger equation from which the phase dynamics of the wave function can be
related to the energy and voltage differences between the superconducting elec-
trodes in order to obtain the voltage-phase relation. Another approach is to utilize



2.2. THE RCSJ MODEL 7

the London equation (1.1) which relates the current density to the electric field in
a superconductor as

∂J

∂t
= 2e2|Ψ|2

m
E (2.6)

where we have utilized that Λ = m/(2e2|Ψ|2) and E is the electric field component
which is normal to the junction and parallel with J . To proceed, we rewrite the
total wave function as Ψ = |Ψ|eiφ and simplify the current density equation (2.4)
as

J = ~e|Ψ|2

m
∇φ. (2.7)

Combining Eq. (2.6) with Eq. (2.7) gives

E = ~
2e
∂∇φ
∂t

. (2.8)

where electric field can be related to the voltage over the junction V as E = −∇V
and V may be obtained by integrating Eq. (2.8) over the barrier as

V (t) = ~
2e
∂(φ2 − φ1)

∂t
(2.9)

where we used the result
∫ d

0 ∇φdx = φ2 − φ1 which follows from the boundary
conditions assigned to the wave function. Equation (2.9) is the second important
result which was derived by Josephson in his original papers. We can rewrite Eq.
(2.9) into a more convenient form by defining the phase difference ϕ = φ2−φ1 and
switching constants using the relation 2e/~ = 2π/Φ0 where Φ0 is the magnetic flux
quantum to get

V (t) = Φ0

2π
∂ϕ

∂t
. (2.10)

2.2 The RCSJ model
An extension of the described Josephson junction model is the resistively and capac-
itively shunted Josephson junction model (RCSJ model) proposed by Steward and
McCumber in 1968 [30, 41]. In this model an ideal Josephson junction is shunted
by a capacitor and a resistor as depicted schematically in Fig. (2.1) which is also
modeling displacement currents and dissipation in the system. Kirchhoff’s current
law gives the total current flowing through the junction as

I = IC + IJ + IR = Ic sinϕ+ C
dV

dt
+ V

R
(2.11)

where R is the shunt resistance, C is the shunt capacitance and V is the voltage
drop over the junction given by (2.10) which allows us to rewrite Eq. (2.11) as

Φ0C

2π
d2ϕ

dt2
+ Φ0

2πR
dϕ

dt
+ Ic sinϕ = I (2.12)
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and get this non-linear second order differential equation for ϕ. Analyzing this
equation is far from trivial. However, there are two different characteristic situations
to consider: I < Ic and I > Ic. In the first situation ϕ will always end up being
trapped in a local minimum in the effective fictitious potential landscape and in
the second case the tilt of this potential landscape is large enough to initialize
monotonic motion of ϕ. The threshold between these situations is at the point
where I = Ic. Recall from Eq. (2.10) that dϕ/dt is proportional to the voltage
over the junction. When I < Ic only local oscillations of ϕ are possible and the
average voltage will always approach zero in equilibrium. In the other situation
where I > Ic monotonic motion of ϕ will lead to a non-zero average voltage over
the junction, indicating that the Josephson junction is operating in the normal
resistive state.

By introducing the reduced time τ = t2πRIc/Φ0 and the Stewart-McCumber
parameter βc = 2πR2IcC/Φ0 allows us to rewrite Eq. (2.12) into a simpler form as

βc
d2ϕ

dτ2 + dϕ

dτ
+ sinϕ = I

Ic
, (2.13)

where it becomes clear that the system is characterized by the parameter βc. It
is instructive to view βc = τRC/τJ as the ratio of the time scale of the ideal
Josephson junction τJ = (2πfJ)−1 and the time scale of the corresponding RC-
circuit τRC = RC. When βc � 1 the time for ϕ to evolve is much larger than the
time associated with the life time of the charges on the capacitor and the capacitor
can in principle be neglected. In the opposite case where βc � 1 the charging
effects of the capacitor becomes crucial and manifest itself though hysteresis in the
I-V relation.

When we discuss Josephson junction arrays in the next chapter we will only
consider capacitively shunted Josephson junctions, i.e. in the absence of dissipation
which corresponds to the limit R→∞ in the RCSJ model. The equation of motion

I

I

IC

C

IJ IR

R

Figure 2.1: Schematics of a current biased Josephson junction in the RCSJ model.
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for ϕ in Eq. (2.12) can in this limit simplified as

β̃
d2ϕ

dτ2 + sinϕ = I

Ic
(2.14)

where we have introduced the parameter β̃ = Φ0C/2πIc which is characterizing the
solutions in this limit.

2.3 Characteristic energies
The Josephson junction is essentially working as a non-linear inductor. This is
apparent if we take time derivative of the current-phase relation in Eq. (2.4) which
then becomes

dI

dt
= 2πIc

Φ0
cos(φ)V (t) (2.15)

where we utilized the voltage-phase relation given in Eq. (2.10). Since the voltage
is in general proportional to the time derivative of the current where the propor-
tionality constant is the inductance we can identify the Josephson inductance as
LJ = Φ0/(2πIc cosφ). This inductive energy is not stored in a magnetic field in
the same ways as for a coil, it is rather ascribed to the kinetic energy associated
with the motion of Cooper pairs [4]. This potential energy W (ϕ) is obtained by
integration to become

W (ϕ) =
∫ I

0
LJ(ϕ)I(ϕ)dI = EJ(1− cosϕ) (2.16)

where we have introduced the Josephson coupling energy EJ = Φ0Ic/2π. We can
generalize the potential function W (ϕ) by going back to the equation of motion
for the phase which is given by Eq. (2.14) and rewrite this equation to explicitly
include a drive-force term F = −dϕW (ϕ)/dϕ as

C

(
Φ0

2π

)2
d2ϕ

dt2
+ d

dϕ
W (ϕ) = 0. (2.17)

where the washboard potential is defined as

W (ϕ) = EJ(1− cosϕ)− ϕEJI
Ic

(2.18)

and is sketched in Fig. 2.2. The external current source I is responsible for the
tilt of this potential function. In general, if the model is described by the potential
energy function W (ϕ) the current and the inductance are given as

I(ϕ) =
(

2π
Φ0

)
∂W (ϕ)
∂ϕ

, L−1
J (ϕ) =

(
2π
Φ0

)2
∂2W (ϕ)
∂ϕ2 . (2.19)
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If we interpret Eq. (2.17) as the equation of motion of a particle in the wash-
board potential (2.18) the corresponding particle mass is then related to the capac-
itance from the inertia term as m = CΦ2

0/(2π)2 and in the presence of dissipation
the viscous damping coefficient is related to the resistance from the velocity term
as η = Φ0/2πR.

W (ϕ)/EJ

ϕ

I = 0

I = 0.5Ic

I = Ic

Figure 2.2: Sketch of the washboard potential (2.18) on the form W (ϕ)/EJ for
various applied external currents I.

Lagrangian and Hamiltonian formalism

Consider a capacitively shunted Josephson junction. The Lagrangian L(ϕ, ϕ̇) can
be formulated by identifying the generalized coordinate ϕ and generalized velocity
ϕ̇ = dϕ/dt as

L(ϕ, ϕ̇) =
(

Φ0

2π

)[
1
2C
(

Φ0

2π

)
ϕ̇2 + Ic cosϕ+ ϕI

]
(2.20)

where we utilized that the generalized velocity is related to the voltage through Eq.
(2.10), introduced EC = (2e)2/C and omitted the constant terms. It is straight
forward to show that the equation of motion given by Eq. (2.17) is recovered from
this Lagrangian using the Euler-Lagrange equation

d

dt

(
dL
dϕ̇

)
− dL
dϕ

= 0. (2.21)

Furthermore, the Hamiltonian is obtained from a Legendre transformation of the
Lagrangian (2.20) as

H(ϕ, π) = ∂L(ϕ, ϕ̇)
∂ϕ̇

ϕ̇− L(ϕ, ϕ̇) = ECπ
2(ϕ)

2~2 − EJ cosϕ− ϕEJI
Ic

(2.22)

where the canonical momentum is defined as π(ϕ) = ∂L/∂ϕ̇ = ~2ϕ̇/EC .
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Harmonic approximation

Consider the Hamiltonian (2.22) in the absence of a biasing current source. If we
assume that ϕ is localized near one of the local minima in the potential landscape
we can approximate the cosine as cosϕ ≈ 1−ϕ2/2 which simplifies the Hamiltonian
(2.22) into

H(ϕ, q) = q2

2C + EJ
ϕ2

2 (2.23)

where we have replaced the canonical momentum in favor for the charge on the
capacitor given by q = CV and the constant terms have been omitted. The current
can be approximated in the small ϕ limit as I ≈ Icϕ and the Josephson inductance
as LJ ≈ Φ0/2πIc. This allows us to rewrite Eq. (2.23) as

H(ϕ, q) = q2

2C + LJI
2

2 (2.24)

which shares similar features with the Hamiltonian for an LC-circuit. The Joseph-
son junction is in this limit acting as a harmonic LC-oscillator oscillating around
the minima in the potential landscape with the plasma frequency ωp = 1/

√
LJC =√

EJEC/~. Outside the small ϕ limit the Josephson junction will in general behave
as an an-harmonic oscillator due to its non-linear inductance.

2.4 Gauge invariance
Maxwell’s equations tells us that the electric field E and the magnetic flux density
B can be written in terms of a scalar potential θ and a vector potential A as

E = −∇θ − ∂A
∂t

, B = ∇×A. (2.25)

This prescription of θ and a A is not unique since these potentials appears in terms
of derivatives; there are infinitely many possible ways to specify these potentials
without changing the electromagnetic fields. Specifying these potential is the same
as specifying a gauge. We are not free to specify a gauge without restriction. The
electric and magnetic fields are real physical quantities which can be measured
experimentally and hence must be gauge invariant, i.e. independent of the choice
of gauge. The potentials on the other hand does not have any physical meaning
on their own and can not be directly measured experimentally. One can always
add a function ∇χ to the vector potential, i.e. A → A + ∇χ, because of the
vector identity which always ensure that ∇×∇χ = 0 for any choice of χ which is
sufficiently smooth, which leaves the magnetic field invariant

B = ∇× (A +∇χ) = ∇×A. (2.26)

Since the vector potential enters the expression for the electric field, we must adjust
the scalar potential θ to account for this change so that the electric field is invariant
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as well. The electric field becomes

E = −∇θ − ∂A
∂t
− ∂∇χ

∂t
. (2.27)

If we perform the transformation θ → θ − ∂χ/∂t in Eq. (2.27), the last term will
disappear and we recover E = −∇θ − ∂A/∂t so that the electric field is invariant.
Hence, the following simultaneous transformations

A→ A +∇χ, θ → θ − ∂χ

∂t
(2.28)

leaves the electromagnetic fields invariant.
The current density is a measurable quantity which needs to be invariant under

this transformation. By using the current density equation (1.4) together with the
superconducting wave function ψ = |ψ|eiφ, the current density becomes after some
simplification

J = 2ens
m

(
~∇φ− 2eA

)
(2.29)

where ns is the Cooper pair density. If we apply the gauge transformation (2.28)
to Eq. (2.29), which only enters through the vector potential, one gets

J = 2ens
m

(
~∇φ− 2eA− 2e∇χ

)
. (2.30)

In order for the current density to be gauge invariant, we must also do the following
simultaneous transformation of the phase

φ→ φ+ 2eχ/~. (2.31)

It can be noted that the transformation (2.31) implies that the wave function is not
a gauge invariant quantity. However, the Cooper pair density ns = |ψ|2 which is a
measurable quantity is indeed gauge invariant.

If we apply the nabla operator and perform a line integral of Eq (2.31) inside
the Josephson junction across the barrier between two superconductors labeled 1
and 2 we get

ϕ→ φ2 − φ1 −
2π
Φ0

∫ 2

1
∇χ · dl (2.32)

where the correct interpretation to make is ∇χ = A [23, 13]. This means that
the correct current-phase relation to consider is J = Jc sin(ϕ−A1,2) where A1,2 =
2π
Φ0

∫ 2
1 A · dl. The voltage-phase relation on the other hand remains the same as

long as A1,2 is independent of time.
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Flux quantization

Consider the line integral of the phase gradient ∇φ where ∂S is a closed path inside
a superconducting loop. Since the wave function must be single valued we get∮

∂S

∇φ · dl = 2πn (2.33)

where n ∈ Z. If we assume that the superconducting wire comprising the loop
is thick enough compared to the London penetration depth λL so that we can
choose the path ∂S inside the wire such that the current is always zero along this
path, allows us to utilize Eq. (2.29) which then implies ∇φ = 2πA/Φ0 along this
path. Now, using Stoke’s theorem and Maxwell’s relation between the magnetic
flux density and the magnetic vector potential B = ∇×A gives∮

∂S

∇φ · dl = 2π
Φ0

∮
∂S

A · dl = 2π
Φ0

∫
S

∇×A · dS

= 2π
Φ0

∫
S

B · dS = 2π
Φ0

Φ
(2.34)

where Φ is the total magnetic flux enclosed inside the loop with area S. Combining
Eq. (2.33) and Eq. (2.34) gives Φ = nΦ0 which means that the magnetic flux
density enclosed inside the loop is quantized in units of the magnetic flux quanta
Φ0.

When we consider small scale superconducting loops we can in general not
assume that the current density is absent along the integration path ∂S running
inside the loop. In this case the flux quantization condition Φ = nΦ0 is "blurred"
due to the term

ΦJ = m

2ens

∮
∂S

J · dl (2.35)

and the magnetic flux enclosed in the loop becomes then Φ = nΦ0 + ΦJ .

The SQUID

A superconducting quantum interference device (SQUID) is one of the most suc-
cessful applications of the Josephson junction so far. It can be constructed of two
Josephson junctions connected by superconducting wire in parallel as depicted in
Fig. (2.3). If we consider two ideal and identical Josephson junctions the total
current flowing through the device is obtained using Eq. (2.4) as

I = Ic sinϕ1 + Ic sinϕ2 = 2Ic cos
(
ϕ1 − ϕ2

2

)
sin
(
ϕ1 + ϕ2

2

)
(2.36)

where ϕ1 and ϕ2 are the gauge invariant phase differences across junction J1 and
J2 respectively. Consider now the line integral of the phase gradient ∇φ as in Eq.
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I

I

Φ J2J1

Figure 2.3: The SQUID geometry. Crosses represents the Josephson junctions J1
and J2.

(2.33) running one turn in the device, including the two paths of superconducting
wire as well as the two Josephson junctions∮

∂S

∇φ · dl =
∫
∂S−J1−J2

∇φ · dl +
∫
J1

∇φ · dl +
∫
J2

∇φ · dl. (2.37)

Utilizing Eq. (2.32) which becomes

ϕi = −
∫
Ji

∇φ · dl− 2π
Φ0

∫
Ji

A · dl (2.38)

where Ji for i = 1, 2 denotes Josephson junction 1 and 2 respectively allows us to
rewrite Eq. (2.37) as∮

∂S

∇φ · dl =
∫
∂S−J1−J2

∇φ · dl− 2π
Φ0

∫
J1+J2

A · dl + ϕ2 − ϕ1. (2.39)

If we assume that the wire thickness is much larger than the London penetration
depth λL such that J = 0 along ∂S allows us to utlilize Eq. (2.29) and rewrite the
first term on the right hand side in Eq. (2.39) as∫

∂S−J1−J2

∇φ · dl = − 2π
Φ0

∫
∂S−J1−J2

A · dl. (2.40)

Putting Eq. (2.40) back into Eq. (2.39) gives then∮
∂S

∇φ · dl = − 2π
Φ0

∮
∂S

A · dl + ϕ2 − ϕ1. (2.41)

Now, by combining Eqs. (2.33), (2.34) and (2.41) we get

ϕ2 − ϕ1 = 2πn+ 2π Φ
Φ0
. (2.42)

This implies that the total current flowing through the SQUID given by Eq. (2.36)
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can be written
I = 2Ic cos

(
π

Φ
Φ0

)
sin
(
ϕ1 + π

Φ
Φ0

)
. (2.43)

The amplitude of this current, 2Ic cos(πΦ/Φ0), is now periodic in the magnetic
flux Φ and obtains its maxima when Φ = nΦ0 and is zero when Φ = (n+ 1/2)Φ0.
This can be understood in terms of the Aharonov-Bohm effect; tuning the external
magnetic flux inside the SQUID changes the phase difference acquired between
Cooper pairs traveling across the two junctions resulting in an interference pattern
where these two paths unite. When we consider small scale systems, the current
is in general not zero inside the wire. The impact of this is to perform the shift
in Eq. (2.43) Φ → Φ + Φ̃J where we have introduced Φ̃J = Λ

∫
∂S−J1−J2

J · dl and
Λ = m/(2e)2ns.

The SQUID was invented and experimentally tested in 1964, two years after
Josephson postulated the Josephson effect in 1962 [19].

2.5 Energy band picture
When Josephson junctions are fabricated at sub-micron dimensions the smaller su-
perconducting electrodes leads to smaller junction capacitances and larger charging
energies. As the charging energy becomes dominant, states with too many or too
few Cooper pairs becomes energetically unfavorable. When this situation is realized
the phase variable can no longer be treated as a classical well defined variable and
a quantum mechanical description which takes the conjugate nature of the phase
and the charge into account is necessary [40, 27, 11].

In order to observe quantum effects the impedance felt by the Cooper pairs needs
to be large enough to avoid ’averaging out’ of Cooper pairs by charge fluctuations
[24, 11]. The charging energy must exceed the lifetime of charges on the capacitor
τRC = RC. This is seen by taking the charging energy e2/(2C) for ∆E and the the
charge relaxation rate on the capacitor 1/RC for 1/∆t in the Heisenberg uncertainty
relation ∆E∆t ≥ ~ where the resistance obeying this inequality is the resistance
quantum RQ = h/(2e)2. In a Josephson junction system with inductance L′J and
C ′ per unit length the characteristic impedance is Zc =

√
L′J/C

′. In order to
observe charge quantization effects the condition Zc > RQ needs to be satisfied.

Quantization
Consider the classical Hamiltonian for a capacitively shunted Josephson junction in
the absence of external current sources and dissipation given by Eq. (2.22). Upon
the standard canonical quantization procedure we promote the canonical variables
to operators denoted by hats as ϕ→ ϕ̂ and π → π̂. The classical Poisson-brackets
transforms as {ϕ, π} → [ϕ̂, π̂]/(i~) where {ϕ, π} = 1 which implies that [ϕ̂, π̂] = i~.
In the phase-representation the operators obeying this commutator are ϕ̂ = ϕ and
π̂ = −i~∂/∂ϕ. A useful quantity in the following is the number operator n̂ = π̂/~



16 CHAPTER 2. JOSEPHSON JUNCTIONS

which represents the number of Cooper pairs in a given state. We can also define
a charge operator as q̂ = −2en̂. The quantized Hamiltonian can then be expressed
as

Ĥ = EC
2

(
1
i

∂

∂ϕ

)2
− EJ cos ϕ̂. (2.44)

The eigenstates and the corresponding eigenenergy of this Hamiltonian (2.44) are
obtained by solving the corresponding Schrödinger equation. The problem is for-
mulated as (

− EC
2

∂2

∂ϕ2 − EJ cos ϕ̂
)

Ψn,q(ϕ) = EnΨn,q(ϕ). (2.45)

where Ψn,q(ϕ) is the wave function in the ϕ space, En is the associated energy, n
is a quantum number and q is the quasicharge [27, 40, 6]. Equation (2.45) is in
fact a special case of the well known Mathieu equation from mathematics. One
can also recognized this equation from any basic course in solid state physics when
discussing electrons in periodic potentials. The eigenfunctions to this problem are
the well known Bloch functions obeying

Ψn,q(ϕ+ 2π) = ei2πq/(2e)Ψn,q(ϕ). (2.46)

The energy levels associated with the Bloch states En(q) develop into q-dependent
and 2e-periodic band structures with the first Brillouin zone defined by the interval
q ∈ [−e, e] and the shape of these energy bands are largely influenced by the ratio
EJ/EC . The limit EJ � EC corresponds to the "tight binding limit" where the
phase difference is localized close to a local minima and the charge is no longer a
well defined quantity due to large quantum fluctuations. The ground state energy
in this limit is E0(q) ≈ ∆0 cos(2πq/2e) where the bandwidth is

∆0 = 16
(
EJEC
π

)1/2(
EJ

2EC

)1/4
exp
[
−
(

8EJ
EC

)0.5]
. (2.47)

The opposite limit, EJ � EC , corresponds to the "nearly free electron limit" where
the wave function spread out and the phase is ill defined due to large quantum
fluctuations. The ground state energy in this limit is given by parabolas E0(q) ≈
q2/(2C) which are centered at q = 2en in the extended zone scheme [40].

Coulomb blockade
In the limit EJ � EC the interpretation of E(q) is the energy associated with an
imposed charge displacement or the charge provided by an external current. The
quasicharge is here essentially the average of the charge operator in the ground state,
i.e. 〈0|Q̂|0〉 ≈ q, which in this limit can be treated as a classical well defined variable
[40]. The ground state energy in this limit is E(q) ≈ q2/(2C), the voltage over the
capacitor is V (q) = dE(q)/dq = q/C and the inverse capacitance is C−1(q) =
dV (q)/dq = C−1.
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If the quasicharge is increased from q = 0 towards the edge of the Brillouin zone
where q = e, Cooper pair tunneling allows transitions back to the state q = −e.
This process is favorable because it will decrease the ground state energy. If the
charge displacement is imposed in a continuous fashion this process of Cooper pair
tunneling will repeat periodically leading to Bloch-wave oscillations. [27, 40, 6]. In
this process the voltage over the capacitor V (q) = q/C will start off at q = 0 and
grow linearly with the quasicharge until q = e where V (q) = q/C abruptly switches
to V (q) = −q/C as a tunneling event occurs. In the extended zone scheme V (q) is
a periodic saw-shaped function with an analytical expression given by

V (k)
e/C

= ∂

∂k

(
2
π

arcsin2

{√
1− cos k

f(EJ/EC) + 2

})
(2.48)

where k = (2π/2e)q and f(EJ/EC) is an unknown function which is approxi-
mately f(EJ/EC) ≈ 0.3(EJ/EC)2 deep inside the "nearly free electron limit" where
EJ/EC � 1 which recovers the relation V (q) ≈ q/C [1]. Equation (2.48) is usually
expressed as V (k) = VCsaw(k) where the critical voltage VC = max(dE0(q)/dq)
is the amplitude of the saw-function and the voltage that needs to be applied in
order for Cooper pairs to tunnel. When EJ/EC � 1 we expect that VC = e/C.
For other ratios of EJ/EC the voltage is no longer saw-function shaped but may
take on various shapes. The critical voltage is a function which is decreasing as
the ratio EJ/EC is increasing and in the "tight binding limit" where EJ/EC � 1
the voltage is sinusoidal shaped with an exponentially vanishing amplitude as seen
in Eq. (2.47) and is indicating that we are in the superconducting regime where
Cooper pairs can flow without voltage drop.

Dual Josephson equations

In the two limiting cases EJ/EC � 1 and EJ/EC � 1 either the charge or the
phase is a well defined and classically treated variable whereas the other variable
is influenced by large quantum fluctuations. When switching between the phase
regime and the charge regime an interesting duality is seen by comparing the equa-
tions in each limit

I = IC sinϕ, V = VC sin k (2.49)

V = Φ0

2π
∂ϕ

∂t
, I = 2e

2π
∂k

∂t
(2.50)

fJ = 1
Φ0
〈Vext〉, fB = 1

2e 〈Iext〉. (2.51)

where fB is the frequency of the Bloch oscillations and k = (2π/2e)q. It can also
be noted that the magnetic flux quantum is playing a dual role to the Cooper pair
charge in these relations.
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2.6 Phase slips
In effectively one dimensional superconductors where the thickness start to ap-
proach the coherence length the wave function can be treated as a function of only
one spatial dimension at any time in the superconductor. A phase slip event is
associated with a sudden transition of the phase difference ϕ by ±2π at a spe-
cific position and time inside the superconductor during which the wave function
is suppressed and superconductivity is temporarily destroyed [15]. In a Josephson
junction structure phase slips are most probable to take place across the barrier
since there is no cost in condensation energy to suppress superconductivity in this
region. As a phase slip event occurs the non-zero time derivative of the phase dif-
ference will give rise to a voltage pulse and is a source of dissipation in the system.

At any non-zero temperature, there’s a finite probability due to thermal fluc-
tuations that thermally activated phase slips (TAPS) occurs [28, 15]. In thermal
equilibrium the transition rate is proportional to the Boltzmann factor Ωe−∆E±/kBT

where Ω is the attempt frequency which depends on the properties of the system
and ∆E± is the energy barrier associated with forward and backward transitions
along the ϕ axis. In the washboard potential and in the absence of external cur-
rents the height of the barrier is ∆± = 2EJ in both directions. If a current is
applied the probability for forward and backward transitions will not be equal
due to the tilt of the washboard potential; these transition rates will differ by an
amount π~I/2e. As the temperature is lowered, the probability for TAPS becomes
negligible and is completely absent at zero Kelvin. At zero Kelvin there’s still a
possibility due to quantum mechanical tunneling that quantum phase slips (QPS)
occurs [15, 25, 36, 5]. In these processes the phase difference tunnels between two
adjacent minima in the washboard potential. When these processes are intense,
coherent QPS are responsible for driving a superconductor into an insulating state
at zero Kelvin [8, 15].

The QPS junction
It has been demonstrated by J.E. Mooij and Yu.V. Nazarov that QPS processes
in nanowires is the exact dual to Josephson tunneling [32] where the former is
a transfer of magnetic flux across the wire and the latter a transfer of Cooper
pairs between superconducting grains. A nanowire can be treated as a circuit
element with a characteristic energy scale ES which is related to the rate of QPS
in the element. The inductive energy in this device will depend parabolically on
the applied flux f = Φ/Φ0 in a closed loop with the characteristic energy scale
EL = Φ2

0/2L where L is the loop inductance. In the same fashion, the charge qubit
which is realized in the Cooper pair box (CPB) depends periodically on the induced
charge ng = CgVg/2e, where Vg is an external voltage source connected via the
capacitance Cg. The duality with the charge qubit is obtained by the simultaneous
transformations ES ↔ EJ , EL ↔ EC , and (q̂, ϕ̂) ↔ (−ϕ̂/2π, 2πq̂). Note that this
transformation relation does not change the commutator [ϕ̂, q̂] = −2ei. The isolated
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quantum phase slip junction (QPSJ) Hamiltonian ĤQPSJ is obtained through the
inverse transformation applied to the Josephson junction Hamiltonian ĤJJ (2.44)

ĤJJ = EC n̂
2 − EJ cos ϕ̂ ↔ ĤQPSJ = ES

(2π)2 ϕ̂
2 − EJ cos

(
2πq̂

)
. (2.52)

This description is suitable in the limits EC > EJ and EL > ES . For the QPSJ we
should obtain energy bands periodic in ϕ and essentially recover the same physics as
for the Josephson junction but with the transformed parameters and interchanged
conjugate variables. In the reverse limit where EJ > EC and ES > EC which
is corresponding to large QPS rates the charge becomes a well defined classical
variable. In similarity with the RCSJ model for the classical phase dynamics in the
Josephson junction the dual counterpart is an ideal voltage biased QPSJ i series
with a resistor R and an inductor with inductance L. The corresponding model for
the QPSJ is

V (t) = Vc sin(2πq) + 2e
(
L
d2q

dt2
+R

dq

dt

)
(2.53)

where the critical voltage is Vc = 2πEs/2e. In similarity with the kinetic inductance
for a Josephson junction is the classical regime the response of the QPSJ for small
q is a kinetic inverse capacitance C−1 = 2πVC cos(2πq)/2e.





Chapter 3

1D Josephson Junction
Array Models

This chapter covers Josephson junction array models. Starting from the very gen-
eral Bose-Hubbard model for interacting Cooper pairs on a 1D lattice the problem
is mapped through a path integral transformation into a classical (1+1)D statistical
mechanical problem which is suitable for numerical simulations.

3.1 The Bose-Hubbard model
An array of serially connected Josephson junctions can be viewed as a 1D lattice
where the superconducting electrodes are the lattice islands which Cooper pairs
can transfer between through tunneling events. Since Cooper pairs are bosons they
obey Bose-Einstein statistics and are allowed to condense into the same quantum
mechanical ground state, hence there’s no restriction concerning the number of
Cooper pairs on a single island. A convenient starting point is the Bose-Hubbard
Model introduced by Gersch and Knollman [14]

Ĥ = 1
2
∑
i,j

n̂iUij n̂j −
∑
i

µin̂i −
t

2
∑
〈i,j〉

(
e−iAij b̂†i b̂j + eiAij b̂†j b̂i

)
Aij = 2π

Φ0

∫ j

i

A · dl
(3.1)

where b̂†i and b̂i are the creation- and annihilation operators for Cooper pairs on
the island with index i obeying the commutator [b̂i, b̂†j ] = δij , n̂i = b̂†i b̂i is the
number operator on island i, Uij is the Coulomb interaction between island i and
j, t is the hopping matrix element, µi is the chemical potential on island i and
〈..〉 denotes summation over nearest neighbor islands only. The first term in Eq.

21
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(3.1) is the Coulomb interaction between islands and the self charging energy. The
second term is the coupling to an chemical potential; for example via an external
voltage source. The last term is the hopping term which is accounting for Cooper
pair tunneling between islands. The two first terms have a localizing effect on
Cooper pairs and tends to suppress superconductivity whereas the last term tries
to promote it. These two effects are competing with each other and the behavior
is characterized by the strength of the interactions Uij compared to the hopping t,
which sets the energy scales of both these effects.

3.2 Quantum phase model
If there is a large number of Cooper pairs on the lattice sites we may simplify the
Bose-Hubbard Hamiltonian (3.1) by approximating the creation- and annihilation
operators with the parameterization [46, 45] b̂†i = √ρeiφ̂i and b̂i = √ρe−iφ̂i where
ρ is the average Cooper pair density. The problem is then reduced to a quantum
phase model (QPM) of the phases and the integer Cooper pair numbers described
by the Hamiltonian

Ĥ = 1
2
∑
ij

n̂iUij n̂j −
∑
i

µin̂i − EJ
∑
〈ij〉

cos
(
φ̂j − φ̂i −Aij

)
(3.2)

where EJ ≈ tρ and the commutator for the phase and number operator is [φ̂i, n̂j ] =
iδij . Furthermore, the interaction function Uij can be related to the capacitance
matrix as Uij = (2e)2C−1

ij . Once the capacitance matrix is known the electrostatic
part of the problem is essentially determined. The number of induced Cooper pairs
on island i denoted n0,i is tuned by the chemical potential as n0,i = µi/

∑
j Uij .

This corresponds to to the shift n̂i → n̂i − n0,i which allows us to reformulate the
Hamiltonian (3.2) as

Ĥ = 1
2
∑
ij

(n̂i − n0,i)Uij(n̂j − n0,j)− EJ
∑
〈ij〉

cos
(
φ̂j − φ̂i −Aij

)
. (3.3)

In this thesis, the chemical potential will be related to charge induction through
an external voltage sources connected via the ground capacitance C0 to an island
as depicted in Fig. 3.2. The number of induced Cooper pairs on island i is then
n0,i = C0Vi/(2e) where Vi is the eternal voltage source connected to island i via
C0.

Long-range Coulomb interactions

Consider an array of Josephson junctions in a classical description where we impose
periodic boundary conditions, i.e. we consider a necklace of Josephson junctions.
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If we for simplicity neglect external voltage sources and only consider the voltages
on the islands, Ui, then the electrostatic part of the energy can be written

Hch =
∑
i

1
2C0U

2
i + 1

2C(Ui+1 − Ui)2. (3.4)

By introducing the discrete forward and backward difference operators ∇Ûi =
Ûi+1 − Ûi and ∇Ûi = Ûi − Ûi−1 we may rewrite Eq. (3.4) as

Hch =
∑
i

Ui(C0 − C∇∇)Ui. (3.5)

The charge on island i is then related to the voltage as Qi = C0Ui + C(2Ui −
Ui+1 − Ui−1) or in short notation as Qi = (C0 − C∇∇)Ui. The operator ∇∇ is a
discrete Laplace operator, which means that the charge and the voltage are related
to each other through a discrete screened Poisson equation as Qi = −G−1Ui where
G−1 = (C0 − C∇∇). The operator G is then the Green’s function of the operator
G−1 which is found to be

G(xj , xi) = 1
Lx

∑
k

eika(xj−xi)

1 + λ24 sin2(k/2)
(3.6)

where xi = 0, 1, 2, . . . , Lx is the island number, Lx is the number of islands in the
chain, a is the island spacing, λ = a

√
C/C0 is the screening length parameter and

the sum over k is running over the components k = πn/Lx where n = 0 . . . Lx − 1.
This Green’s function (3.6) is plotted for different values of λ in Fig. 3.1.

The number of Cooper pairs is related to the voltage as ni = (C0 − C∇∇)Ui
which we also can express using the Green’s function (3.6) as Ui =

∑
j G(xj , xi)nj .

Due to the translation symmetry G is only a function of the island number differ-
ences, i.e. G(xj , xi) = G(xj − xi). If we express Eq. (3.4) in favor of the Cooper
pair numbers we may write

Hch = 1
2
∑
i,j

niG(xj − xi)nj . (3.7)

Upon quantization the Cooper pair numbers are promoted to operators and the
interaction energy (3.7) becomes similar to the interaction term in the QPM Hamil-
tonian (3.2). From now on, we will assert that G(xj , xi) = Uij .

In the limit λ→ 0 the only contribution to the energy from the charges are the
on-site interactions and the the Green’s function is approaching a delta function,
i.e. G(xi, xj) → δi,j , which is equal to 1 if i = j and 0 otherwise. In the opposite
limit where λ→∞ the interaction is outspread and uniform throughout the system
and we obtain that G = 1/Lx.
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Figure 3.1: The Green’s function (3.6) plotted for a system containing Lx = 21
discrete islands with unit spacing a = 1 for various values of λ.

Harmonic approximation
Consider a Josephson junction array in the absence of external voltage sources and
in the limit λ = 0 where we may do the simplification Uij = δi,j . The QPM
Hamiltonian (3.2) is then

Ĥ = −EC0

2
∑
i

(
∂

∂φi

)2
− EJ

∑
〈ij〉

cos
(
φ̂j − φ̂i −Aij

)
(3.8)

where EC0 = (2e)2/C0. For small arguments of the cosine term an expansion up
second order gives

Ĥ = −EC0

2
∑
i

(
∂

∂φi

)2
+ EJ

2
∑
〈ij〉

(
φ̂j − φ̂i

)2 (3.9)

where we for simplicity have put Aij to zero. It can be noted that the Hamiltonian
(3.9) is similar to the problem of coupled quantum harmonic oscillators. The prob-
lem becomes identical to that of vibrations in a chain of identical atoms which are
connected to each other through springs which is leading to the concept of phonons.
In this analogy, the phonon quasimomentum is essentially the quasicharge. Recall
that the canonical momentum is π̂i = −i~∂/∂φi which allows us to express the
Hamiltonian (3.9) as

Ĥ =
∑
i

π̂2

2m + 1
2
∑
〈ij〉

mω2(φ̂j − φ̂i)2 (3.10)

where the particle mass is identified as m = ~2/EC0 and the angular frequency is
ω2 = EJEC0/~2. This duality allows us to apply the same physics on the Josephson
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junction array as for the problem of lattice vibrations. Going over to Fourier space
leads to a decoupled Hamiltonian

Ĥ = 1
2m

∑
k

(
π̂kπ̂−k +m2ω2

kφ̂kφ̂−k

)
, (3.11)

where π̂k = π̂†−k and similar for φ̂k. Furthermore, the dispersion relation is ωk =
2
√
EJEC0 | sin(ka/2)|/~ and the plasma frequency ωp is obtained where k = π/a

giving ωk = ωpl = 2
√
EJEC0/~. In the long wavelength limit where k is small we

obtain the linear dispersion ωk =
√
EJEC0ak/~ where the characteristic velocity is

v = ∂ωk/∂k = a
√
EJEC0/~. By introducing creation- and annihilation operators

for the modes as

â†k = 1√
2

(
φ̂−k
lk
− i π̂k

~/lk

)
, âk = 1√

2

(
φ̂k
lk

+ i
π̂−k
~/lk

)
(3.12)

where l2k = ~/mωk makes the Hamiltonian (3.11) take on the diagonal form

Ĥ =
∑
k

~ωk
(
â†kâk + 1/2

)
. (3.13)

The single branch dispersion relation is a consequence of the single degree of
freedom in a 1D Josephson junction array. If we consider a 2D array or a 1D array
with junctions of alternating properties one would in general observe additional
branches in the dispersion relation and the existence of an energy gap. In this
fashion Josephson junction arrays can be engineered as tune-able artificial crystal
structures [18].
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Figure 3.2: Circuit diagram of a Josephson junction array.
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3.3 Path integral transformation
Richard Feynman provided the path integral description of non-relativistic quantum
mechanics in 1948 [12]. This formulation generalized the concept of the classical
action. Based on Hamilton’s principle, the actual path r(t) that a classical particle
will follow given a start- and end point is the unique path that minimizes the action
according to the principle of least action. In Feynman’s extension to quantum
mechanics, an infinite set of paths {r(t)} connecting the start- and end points are
possible trajectories which are taken with different probability amplitudes. The
classical action can be viewed as the phase acquired by time evolution between
the initial and final states (in units of ~). In the classical limit where ~ → 0 the
probability amplitude for the classical path which minimizes the action approaches
1 and the classical physics is restored.

Following the arguments by Wallin et al. [46] we consider a Josephson junction
array in the absence of external voltage sources and for simplicity in the limit λ→ 0.
The results will later be generalized to include a non-zero λ and external voltage
sources. We consider the QPM Hamiltonian (3.3) given by

Ĥ = −EC0

2
∑
x

(
∂

∂φx

)2
− EJ

∑
x

cos
(
∇xφ̂x −Ax

)
. (3.14)

where in this notation x and x′ are integers labeling the islands, Ax = 2π
Φ0

∫ x+1
x

A·dl
and ∇xφ̂x = φ̂x+1 − φ̂x. The partition function is in general be expressed Z =
Trρ̂ where the density operator matrix is ρ̂ = e−βĤ . Note that this operator is
essentially the time evolution operator e−iĤt/~ where the time translation is t =
−i~β or in imaginary time units τ = β~ where τ = it. By discretizing the imaginary
time dimension [0, ~β] into M slices of equal width ∆τ such that ∆τM = ~β we
may express the partition function as

Z = lim
∆τ→0

Tr
(
e−∆τĤ/~)M . (3.15)

To proceed, we introduce a complete set of orthonormal states {φ(τj)} where
|{φ(τj)}〉 =

∏
x |φx(τj)〉 is the configuration of the entire set of phase variables

on all islands i at time slice j. The partition function (3.15) is then approximated
as

Z = lim
∆τ→0

∫
dφ1

∫
dφ2

∫
dφ3 · · ·

∫
dφM−1

× 〈{φ(τ1)}|e−∆τĤ/~|{φ(τ2)}〉〈{φ(τ2)}|e−∆τĤ/~|{φ(τ3)}〉

× 〈{φ(τ3)}| · · · |{φ(τM )}〉〈{φ(τM )}|e−∆τĤ/~|{φ(τ1)}〉.

(3.16)

which becomes more accurate as ∆τ becomes smaller and the number of time slices
M becomes larger. By introducing the multi-dimensional integral operator over
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all phases as
∫
D{φ(τ)} where D{φ(τ)} = dφ1dφ2 · · · dφM−1 the partition function

(3.16) may be expressed in shorter notation as

Z =
∫
D{φ(τ)}

M−1∏
j=1
〈{φ(τj+1)}|e−∆τĤ/~|{φ(τj)}〉 (3.17)

where the periodic boundary conditions implies that |{φ(τ1)}〉 = |{φ(τM )}〉. This
partition function is essentially composed of probability amplitudes of starting in
a state |{φ(τ1)}〉 and return to the same state after the time translation t = −i~β.
The statistical weight in the partition function for a specific path in the space-time
plane is the product of the matrix elements for each step comprising the path,

M−1∏
j=1
〈{φ(τj+1)}|e−∆τĤ/~|{φ(τj)}〉. (3.18)

Since ∆τ is taken to be a very small the exponential function may be approx-
imated to first order as e−∆τĤ/~ = e−∆τ̂̂T/~e−∆τ̂̂V/~ where the Hamiltonian is
split into T̂ = −EC0

2
∑
x

(
∂
∂φx

)2
and V̂ = −EJ

∑
x cos

(
∇xφ̂x − Ax

)
. The phase

variables |{φ(τj)〉 are eigenstates of the phase operators, i.e. φ̂x(τ)|{φ(τj)}〉 =
φx(τj)|{φ(τj)}〉, which leads to

exp
{
− ∆τ

~
V̂
}∣∣{φ(τj)}

〉
= exp

{∆τEJ
~

∑
x

cos
(
∇xφx(τj)−Ax

)}∣∣∣{φ(τj)}
〉
.

(3.19)

Thus, the partition function (3.17) can now be written

Z =
∫
D{φ(τ)}

M−1∏
j=1

exp
{

∆τEJ
~

∑
x

cos
(
∇xφx(τj)−Ax

)}
Tj (3.20)

where the matrix element Tj is

Tj =
〈
{φ(τj+1)}

∣∣ exp
{

∆τEC0

2~
∑
x

∂2

∂φ2
x

}∣∣{φ(τj)}
〉
. (3.21)

To proceed, we insert a complete set of angular momentum eigenstates through
the completeness relation

∑
{Jτx}
|{Jτx (τj)}〉

〈
{φ(τj+1)}

∣∣ = 1 in Eq. (3.21) with the
representation 〈Jτx (τj)|φx(τj)〉 = e−iJ

τ
xφx where Jτx is taken to be integer valued.

We get

Tj =
∑
{Jτx}

exp
{
− ∆τEC0

2~
∑
x

Jτx
2(τj)− i

∑
x

Jτx (τj)∇jφx(τj)
}

(3.22)
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where the sum over {Jτx} is over all lattice points in the space-time lattice and
over all integer values. If we put back the matrix element (3.22) into the partition
function (3.20) we get

Z =
∫
D{φ(τ)}

M−1∏
j=1

∑
{Jτx}

exp
{
− ∆τEC0

2~
∑
x

Jτx
2(τj)

}

× exp
{

∆τEJ
~

∑
x

cos
(
∇xφx(τj)−Ax

)}
× exp

{
− i
∑
x

Jτx (τj)∇jφx(τj)
}
.

(3.23)

The expression (3.23) for the partition function is a general result of the path
integral transformation. It is convenient to rewrite it as

Z =
∫
D{φ(τ)}

∑
{Jτx}

e−S (3.24)

where the action is

S =
∑
x,j

(
∆τEC0

2~ Jτx
2(τj)−

∆τEJ
~

cos
(
∇xφx(τj)−Ax

)
+iJτx (τj)∇jφx(τj)

)
. (3.25)

The degree of freedom in this action is assigned to the variables Jτx (τj) and φx(τj).
From this point, there are two different approaches to continue the transformation
depending on if we perform the sum over {Jτx (τj)} or the integral over {φx(τ)}.
We will start with the former approach in the next subsection and do the latter
afterwards.

Mapping to the (1+1)D XY model
To perform the sum over {Jτx (τj)} we utilize the Villain approximation for the two
terms in the action (3.25) containing the variable Jτx as

F (φ) =
∑
{Jτx}

exp
{
− ∆τEC0

2~ Jτx
2 − iJτx∇jφx(τj)

}

=
∑
{Jτx}

∞∑
m=−∞

exp
{

2πiJτxm−
∆τEC0

2~ Jτx
2 + iJτx∇jφx(τj)

}

=
∞∑

m=−∞
exp

{
− ~

2∆τEC0

(
∇jφx(τj) + 2πm

)2}
(3.26)

where constant factors in front of the exponential function have been omitted. In
the last row of Eq. (3.26) one can identify the sum of the shifted parabolas to be the
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Villain approximation of the cosine function, i.e.
∑∞
−∞ exp(∇jφx(τj) + 2πm)2 =

cos(∇jφx(τj) + 2πm)2. The action (3.25) becomes then

S =
M−1∑
j=1

∑
x

(
∆τEJ

~
cos
(
∇xφx(τj)−Ax

)
+ ~

∆τEC0

cos
(
∇jφx(τj)

))
(3.27)

where the corresponding partition function is

Z =
∫
D[φ(τ)]e−S . (3.28)

The action (3.27) is similar to the Hamiltonian for the 2D XY model with nearest
neighbor interactions where the pre-factors Kτ = ∆τEJ/~ and Kx = ~/∆τEC0 are
the coupling parameters in the spatial- and time dimension. One should emphasize
that this mapping is most accurate when the limit ∆τ → 0 is realized, which implies
thatKτ → 0 andKx →∞. However, it’s reasonable to make a cutoff determined by
the plasma frequency ∆τ = 1/ωpl = ~/2

√
EJEC0 [46, 45] since this is the maximum

of the dispersion relation and is a natural frequency for spin-waves. A cutoff beyond
the plasma frequency should not be necessary to capture the essential features for
our purposes. The action (3.27) then simplifies to an isotropic 2D XY-model

S =
∑
x,τ

K cos
(
φx+1,τ+1 − φx,τ −Ax,τ

)
(3.29)

where the sum over x is over all islands in the chain, i.e. x = 1, 2, 3 . . . N−1, the sum
over τ is in this notation over all time slices in the imaginary time dimension, i.e.
τ = 1, 2, 3 . . .M−1, φx,τ is the phase variable on island (x, τ), Ax,τ = 2π

Φ0

∫ x+1
x

A·dl
during time slice τ (Amay be time dependent) and the isotropic coupling parameter
is K =

√
EJ/EC0 .

This mapping of a quantum mechanical 1D Josephson junction array model to
a (1+1)D classic statistical mechanic problem can be used to map d-dimensional
arrays to a (d+1)-dimensional XY model, where the additional dimension is imag-
inary time. If a non-zero λ is included the effect is to add next nearest neighbor
interaction in the corresponding XY model.

Superconductor-insulator phase transition
One remarkable feature of the XY model is that is known to undergo a phase
transition at low temperatures of Berezinskii-Kosterlitz-Thouless (BKT) type [20].
The topological defects in the XY model are vortex-like configurations of the phase
variables superimposed in the lattice, i.e. a non-zero winding number of the phase
when encircling a vortex point in a closed loop. If C is a curve which is circulating
a vortex the change in the phase variable along the path can be approximated as

∆φ =
∑
〈x,τ〉∈C

(φx+1,τ+1 − φx,τ ) ≈
∮
C

∇φ(r) · dr = 2πn (3.30)



30 CHAPTER 3. 1D JOSEPHSON JUNCTION ARRAY MODELS

where r is the position vector in the space-time plane and n is the winding number.
The energy cost associated with the phase winding is proportional to the wind-
ing number squared, thus vortices with n ± 1 are the stable excitations. The sign
of the winding gives rise to vortices and anti-vortices depending on the circula-
tion of the phase winding. The transition is associated with a vortex-antivortex
unbinding transition which distinguishes an ordered state where vortices and anti-
vortices are bound from a disordered state with unbound vortices. The ordered
state is characterized by quasi-long-range phase order with a correlation function
G(r, r′) = 〈eiφ(r)e−iφ(r′)〉 decaying with a power-law behavior and the disordered
state is characterized by an exponentially decaying correlation function.

In this duality, the phase transition in the XY-model correspond to a phase
transition between superconductor and insulator in a Josephson junction array
driven by quantum fluctuations of the phase variables [9, 46]. The phase transition
is sharp only in the thermodynamic limit where Lx → ∞ and T → 0. Recall
that the system size in the imaginary time dimension is determined by ~β (the
temperature). As the temperature is lowered the system size in the imaginary time
dimension increases and diverges at zero Kelvin.

Mapping to a link-current model
An other way to proceed is to perform the integration over the phase angles in the
partition function (3.23) to obtain an other model where charges and currents are
the degrees of freedom. The physical interpretation of the integer valued variable
Jτx (τj) is the number of Cooper pairs living on island x during the time slice τj
[46]. In the following we shall denote this quantity Jτx,τ where the subscript x, τ is
the location of the island in the space-time lattice and the superscript denotes that
this variable is extending between island (x, τ) and (x, τ + 1) in the imaginary time
dimension. To proceed, we expand the cosine term in the partition function (3.23)
using the summation formula (3.26). This implies that we get a new integer valued
variable Jxx,τ to be summed over in the partition function. The action becomes

S =
∑
x,τ

(
KτJ

τ
x,τ

2 +KxJ
x
x,τ

2 − iJxx,τ∇xφx,τ − iJτx,τ∇τφx,τ + iJxx,τAx,τ

)
(3.31)

where we have introduced the parametersKτ = ∆τEC0/2~ andKx ≈ −2 ln(EJ∆τ/2).
The physical interpretation of Jxx,τ is the current flowing from island (x, τ) to
(x+1, τ) in the spatial dimension. The variables Jxx,τ and Jτx,τ form bonds connect-
ing points in the space-time lattice. We will often refer to these variables as link-
current variables. Proceeding, there are two terms in this action (3.31) where the
phase variables appear which we can reformulate as −iJxx,τ∇xφx,τ − iJτx,τ∇τφx,τ =
iφx,τ (∇τJτx,τ +∇xJxx,τ ). If we now perform the integration over the phase variables
on every lattice site we arrive at the constraint ∇τJτx,τ +∇xJxx,τ = 0. This implies
that the divergence of the vector field J = (Jxx,τ , Jτx,τ ) must be equal to zero. This
is a conservation law which ensures charge conservation. The action (3.31) becomes



3.3. PATH INTEGRAL TRANSFORMATION 31

now
S =

∑
x,τ

(
KτJ

τ
x,τ

2 +KxJ
x
x,τ

2 + iJxx,τAx,τ

)
(3.32)

and the partition function where the divergence requirement of J is emphasized can
be expressed

Z =
∑
{J}

e−Sδ∇·J,0 (3.33)

where the sum over {J} is over both sets of link-current variables and over all
integer values. State configurations of this model are made up of the link-current
variables forming closed loops in the space-time lattice.

So far, we have considered the magnetic vector potential as being a parameter in
the model. For a more detailed description of this model where inter-island interac-
tions are taken into account, i.e. if λ 6= 0, one should consider the magnetic vector
potential as an additional degree of freedom to be integrated over in the partition
function. Recall that the electric field is in general defined as E = −∂V/∂x−∂A/∂t.
We will assume that the magnetic vector potential is spatially global but time de-
pendent. In the euclidean time representation that we are working in, the electric
field becomes E = −∂V/∂x − ~−1∂A/∂t. Hence, the voltage difference between
islands in Eq. (3.4) should be replaced by∫ x+1

x

E · dr = −∇Vx,τ +
∫ x+1

x

1
~
∂A
∂t
· dr = −∇xVx,τ + 1

2e∆τ∇τAx,τ (3.34)

where Ax,τ is the magnetic vector potential on lattice site (x, τ) and it has been
used that ∂Ax,τ/∂τ ≈ ∇τAx,τ/∆τ since ∆τ is assumed to be very small. The
effect of this in the transformation from (3.14) to (3.32) is that an interaction
appears between Cooper pair living on different island during the same time and
an additional term containing the magnetic vector potential appears in the action.
One gets

S =
∑
x,τ

(∑
x′

KτJ
τ
x,τGx,x′J

τ
x′,τ +KxJ

x
x,τ

2 + iJxx,τAx,τ + 1
2Ec∆τ

(∇τAx,τ )2
)

(3.35)

where the partition function is

Z =
∫
D{Ax,τ}

∑
{J}

e−Sδ∇·J,0 (3.36)

which now includes integration over the magnetic vector potential over all islands
in the space-time lattice. If we put Ax,τ = 0, the action would only contain real
terms and it would be possible to perform numerical simulations of this model
using Monte Carlo methods. For inclusion of electromagnetic fluctuations in the
model one should perform the integration over the magnetic vector potential in
the partition function. This will be done in the next section through additional
transformations.
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Mapping to a charge field model
The difficulties of performing the integration of the magnetic vector potential in
the partition function (3.36) is resolved by performing the variable transformation
(Jxx,τ , Jτx,τ ) = (−∇xqx,τ ,∇xqx,τ ) as done by Andersson and Lidmar in ref. [3] where
the new field qx,τ is interpreted as a dimensionless charge field representing the
charge passing through the point associated with (x, τ). This transformation implies
that the divergence requirement of J is now automatically satisfied since ∇ · J =
−∇τ∇xqx,τ +∇x∇τqx,τ = 0 is always fulfilled. The action (3.35) now transforms
to

S =
∑
x,τ

(∑
x′

Kτqx,τ (−∇x∇xGx,x′)qx′,τ + 1
2Kx(∇τqx,τ )2

)
+
∑
x,τ

(
− iqx,τ∇τAx,τ + 1

2EC∆τ (∇τAx,τ )2
) (3.37)

where it has been used that −∇xqx,τGx,x′∇x′qx′,τ = qx,τ (−∇x∇xGx,x′)qx,τ and
−iAx,τ∇τqx,τ = −iqx,τ∇τAx,τ when the summation over x, x′ and τ are performed.
The partition function now includes the summation over the variable qx,τ on every
point in the space-time lattice

Z =
∫
D{Ax,τ}

∑
{qx,τ}

e−S (3.38)

where the sum over {qx,τ} is over all integer values of the charge field qx,τ at all
lattice sites. The integration over the magnetic vector potential can now easily be
performed and the action (3.37) becomes

S =
∑
x,x′,τ

Kτqx,τ (−∇x∇xGx,x′)qx′,τ +
∑
x,τ

1
2Kx(∇τqx,τ )2 + EC∆τ

2Lx

∑
τ

Q2
τ (3.39)

where Qτ =
∑
x qx,τ and the constant terms have been dropped since they are of

no importance here, and the partition function for this action is

Z =
∑
{qx,τ}

e−S . (3.40)

The variables of freedom in the action (3.39) is the charge field qx,τ living on the
plaquettes in the space-time lattice. For a given configuration of the field qx,τ the
link-current variables forms the contours enclosing regions where the value of qx,τ
is constant and determined by the turns and direction of circulation of the link
current variables.

The partition function (3.40) can be rewritten into a different form by utilizing
Poisson’s summation formula∑

{vx,τ}

e
−2πi

∑
x,τ

qx,τvx,τ =
∑
{px,τ}

δ(qx,τ − px,τ ) (3.41)
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where px,τ ∈ Z is an integer field variable to be summed over and vx,τ ∈ Z is
the winding of the vortex associated with the position (x, τ) in the space-time
lattice [26]. These vortices are the topological defects in the XY model discussed
previously. The partition function (3.40) becomes then

Z =
∫
D{qx,τ}

∑
{vx,τ}

e
−S−2πi

∑
x,τ

vx,τqx,τ . (3.42)

where S here is the action in Eq. (3.39). This form of the partition function will
be useful in the next chapter when we discuss how simulations can be constructed
of the models presented here.





Chapter 4

Monte Carlo Methods

This chapter reviews the basics the basic concepts of Monte Carlo simulations in
statistical mechanics which can be found in any standard text books of the subject
(see for example [10]). Furthermore, we are discussing how simulations of the
models in chapter 3 can be constructed and how interesting observables can be be
measured.

4.1 Basic Monte Carlo principles
When working with many particle systems which contains a macroscopic number of
particles it’s practically impossible with modern technology to solve the equations
of motions for e.g. 1023 particles in order to analyze a system. In statistical physics
one tries to find the bulk properties of a system by evaluating statistical ensemble
averages 〈Q〉 of some observable of interest Q. Consider different states of a system
labeled through the index µ, for example if we consider the simplest case of a
spin system (XY model or Ising model) a state of the system is determined by
the orientation of the spins relative some reference direction. Averages are then
calculated through

〈Q〉 =
∑
µ

QµPµ (4.1)

where Qµ is the measured value of the observable Q when the system is in the state
labeled by µ, and Pµ is the probability for the state configuration µ. In thermal
equilibrium, the Boltzmann distribution

Pµ = e−βEµ

Z
(4.2)

is the proper probability distribution governing Pµ, where Eµ is the energy of the
system when being in the configuration µ. To evaluate 〈Q〉 it is in principle possible
to generate a large number of randomly chosen configurations and measure Qµ and

35
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Pµ for each configuration to obtain the data sets {Qµ} and {Pµ} and then calculate
the ensemble average (4.1). However, there are more efficient ways to this.

Importance sampling
Picking state configurations with equal probability and sampling observables in
each state is not very effective since most of the time we would be measuring the
observable in configurations which occurs with extremely low probability and hence
does not contribute significantly to the ensemble average and the sampling scheme
would require us to sample extremely many configurations before the ensemble
averages starts to converge against the actual value that we are trying to estimate.
For a simple Ising spin model on a 10×10 lattice where every spin has two possible
states (spin up and spin down) there are 2100 different spin configurations. At
low temperatures, close to the critical temperature Tc, only a small fraction of
these states are significant. A more efficient approach is the importance sampling
technique where configurations are chosen from a separate probability distribution
P̃µ. The ensemble average (4.1) becomes then

〈Q〉 = 1
N

N∑
t=1

P̃−1
µt PµtQµt (4.3)

where t is the Monte Carlo time, i.e., the sequence number of the configuration in
the time series {Qµt}. If we make the choice P̃µ = Pµ which is often sufficiently
good the ensemble average (4.3) becomes

〈Q〉 = 1
N

N∑
t=1

Qµt = 〈Qt〉t (4.4)

which is simply the arithmetic mean of the measured value of the observable Q
in every configuration that we are choosing from this probability distribution, or
equivalently the Monte Carlo time average. This technique may reduces computa-
tion time drastically and it also circumvents the need to calculate the configuration
energy Eµ for every single configuration that we are sampling the observables from.

Markov chains
When constructing a Monte Carlo algorithm the goal is to reduce the Monte Carlo
time required for the probability distribution of an observable to reach equilibrium.
An efficient way to do this is by constructing Markov chains of states {µt} where the
transition between the states are stochastic processes at discrete times obeying the
Markov property, i.e., the probability of being in a specific state µ′ at time t only
depends on immediate predecessor state at t− 1. The property can be formulated
as

P (µt = µ′t|µt−1 = µ′t−1, µt−2 = µ′t−2, . . . µ1 = µ′1) = P (µt = µ′t|µt−1 = µ′t−1).
(4.5)
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These sequences of configurations can be realized if we start with some initial
random configuration and perform updates to the configuration according to a set
of specified rules which takes the system into a new configuration and repeats the
process. The quality of the samples improves as the Monte Carlo time increases and
should eventually produce correct statistics. More advanced methods use various
ways of reducing correlation between successive samples. These algorithms may
be harder to implement but they usually exhibit faster convergence. In order to
estimate the ensemble averages correctly the algorithm must be ergodic, i.e., it
must be possible to access all possible states.

Detailed balance

The probability distribution Pµ′t which gives the probability of being in the state
µ′ at time t is in general governed by the Master equation

dPµ′t
dt

= −
∑
µ′ 6=µ′′

[wµ′→µ′′Pµ′t − wµ′′→µ′Pµ′′t ] (4.6)

where the transition rates wµ′→µ′′ are given by Eq. (4.5). If a Markov chain has
reached the equilibrium distribution we expect the distribution to be stationary,
i.e. that dPµ/dt = 0. When this is realized the Master equation (4.6) becomes

wµ′→µ′′Pµ′t = wµ′′→µ′Pµ′′t . (4.7)

This condition (4.7) is know as detailed balance and is a condition of the Markov
processes which is necessary in order to ensure convergence against the correct equi-
librium probability distribution. Since this equilibrium distribution is the Boltz-
mann distribution we can write (4.7) as

wµ′→µ′′

wµ′′→µ′
= Pµ′′

Pµ′
= e−β(Eµ′′−Eµ′ ). (4.8)

which says that we only have to calculate the energy difference between the suc-
ceeding and preceding states in the Markov chain in order to estimate the relative
probabilities.

Relaxation effects

When a simulation is starting it requires an initial configuration from which the
succeeding configurations are generated from by a certain update scheme. This
initial configuration may not be a typical configuration which is characterizing
the equilibrium probability distribution. It may take several steps before suitable
configurations which are characteristic for the equilibrium distribution are apparent.
Hence, one should omit the first configurations in calculations of ensemble averages
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since these samples are not qualitative. The approach towards equilibrium can be
studied through the relaxation function

χt = 〈Qt −Q∞〉
〈Q0〉 − 〈Q∞〉

(4.9)

for some observable Q, from which the number of required steps to be omitted
before sampling the observable can be found as N0 =

∑∞
t=0 χt. The ensemble

average (4.4) should then be modified to be

〈Q〉 = 1
N −N0

N∑
t=N0+1

Qµt . (4.10)

The duration of relaxation effects are in general different for different observables
and If several observables are being measured, the relaxation time belonging to the
slowest converging observable should be chosen. Certain algorithms suffers from
critical slowing down close to phase transitions where the relaxation time diverge
in the thermodynamic limit. For a finite system critical slowing down may still be
problematic and more advanced algorithms might be needed to circumvent this.

4.2 The worm algorithm

In the link-current models (3.32) and (3.35) discussed in chapter 3 the degree of
freedom are the link-current variables Jνx,τ ∈ Z where ν = x, τ is denoting the
dimension. For our simulations we wish to deploy a worm algorithm (WA) [37]
which is based on closed path configurations. This algorithm is very useful in
the study of superfluids as closed trajectories are naturally arising from imaginary-
time evolution of world lines. The efficiency of the algorithm is far better than most
ordinary Metropolis-like local updating schemes of Markov chains and essentially
eliminates the problem of critical slowing down close to phase transitions.

Metropolis-type updating scheme

The Metropolis algorithm for the local update scheme in Monte Carlo methods is
one of the earliest successful algorithms utilizing the Markov property. The updat-
ing scheme for the worm algorithm can then be described through the following
steps

1. A starting point of the worm is randomly picked in the space-time lattice.

2. One of the four possible directions to walk in is selected randomly. The
change in action ∆S for adding a link between the starting point and the
nearest lattice point in the selected direction is calculated.
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3. The new link segment is directly accepted if ∆S ≤ 0. Otherwise, if ∆S > 0,
the new state is accepted with the probability e−∆S .

4. Steps 2-3 are repeated until the worm successfully hits its starting point.

5. Observables are sampled and steps 1-4 are repeated until the mean of the
samples converge.

τ

x

q = 1

q =
−1

q = 0q =
−1

Figure 4.1: Illustration of a closed path configuration of the link-current variables
Jxx,τ and Jτx,τ and the charge field qx,τ in the 2D space-time lattice.

Simple link-current action
In the Metropolis type updating scheme of the worm algorithm we wish to deploy
we need to calculate the change in action ∆S for each local update. Hence, focusing
on constructing efficient algorithms to calculate ∆S will improve the efficiency of
the code significantly.

Consider the simplest form of the link-current model action given by Eq. (3.32),

S =
∑
x,τ

(
Kτ (Jτx,τ − nx)2 +KxJ

x
x,τ

2
)

(4.11)

where nx = C0Vx/(2e) is the number of induced Cooper pairs due to the external
voltage source connected to island x through the ground capacitance and for the
moment being we have put Ax,τ = 0. The cost of adding a new link extending in
the dimension ν where ν = x, τ is in this case calculated as

∆Sν = Kν(Jνx,τ − nxδν,τ ± 1)2 −Kν(Jνx,τ − nxδν,τ )2

= Kν(±2Jνx,τ ∓ 2nxδν,τ + 1)
(4.12)
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where Jνx,τ is the net number of links between the two points that we are trying to
add the new link between and the signs ± is associated with the direction of the
link that we are trying to add. The cost of adding these links in the dimension ν is
related to Kν which is in turn depends on the coupling parameter K =

√
EJ/EC0 .

Helicity modulus

Imposing a non-zero winding of size Θ in the phase variable of the superconducting
order parameter when encircling the system in the spatial direction will give rise to
a phase gradient ∇φ = Θ/Lx. The helicity modulus is defined as

Υ ∼ L2
x

∂2F

∂Θ2

∣∣∣∣
Θ=0

(4.13)

where F is the free energy density of the system and Lx is the system size in the
spatial dimension. The free energy in the (1+1)D classical statistical problem is the
equivalence of the energy in the quantum mechanical 1D dimensional problem at
absolute zero. Hence, the free energy is F = −(1/A) ln(Z) where Z is the partition
function and A = LxLτ is the area of the system. Recall from the QPMHamiltonian
(3.3) that a uniform winding becomes equivalent with adding a magnetic vector
potential Ax,τ = Θ/Lx and hence the effect of including Ax,τ is to add the term∑
x,τ iJ

x
x,τAx,τ in the action (4.11). Furthermore, it can be noted that the current

can be obtained from the partition function as

〈Jxx,τ 〉 = −i∂ ln(Z)
∂Ax,τ

. (4.14)

Proceeding by evolving the expression for the helicity modulus (4.13), we obtain

Υ ∼ ∂2F

∂A2
x,τ

∣∣∣∣
Θ=0

= − 1
LxLτ

(〈∑
x,τ

Jxx,τ

〉2
−
〈(∑

x,τ

Jxx,τ

)2〉)
. (4.15)

The utility of the helicity modulus come along with the fact that it is proportional
to the superfluid density ρ which is a consequence of the fact that Υ ∼ ∂Jxx,τ/∂Ax,τ ,
where Jxx,τ is the real gauge invariant physical current which can be related to the
magnetic vector potential through the London equation (1.1) as

J = − 1
µ0λ2A (4.16)

where the London penetration depth λ is related to the superfluid density as 1/λ2 ∼
ρ and hence Υ ∼ ρ. This means that non-zero windings of the phase is indicating
the on-set of superfluidity.
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Scaling at the phase transition

General scaling arguments suggests that the sizes of the system only appears in
the ratios Lx/ξx and Lτ/ξτ where ξx and ξτ are the coherence lengths in the space
and time dimensions respectively. Using similar arguments as in [3] these coherence
lengths diverge with the same critical exponent at the phase transition since the
BKT transition is isotropic in space and time. By inspection we see that the helicity
modulus (4.15) has the dimension [length/time]. By keeping the system sizes equal
in space and time dimensions in the simulations the helicity modulus should be
independent of the system size close to the phase transition since the space and
time coherence lengths diverge with the same exponent. Following the arguments by
Weber and Minnhagen [47] the scaling relation for the helicity modulus is corrected
as

Υ(Lx) = Υ∞
(

1 + 1
2

1
lnLx + C

)
(4.17)

where C is a constant and Υ∞ = limLx→∞Υ(Lx). The BKT transition point
is characterized by a universal jump in the helicity modulus [33]. Based on the
definition of the helicity modulus (4.15) we expect the jump at the transition point
where K = Kc to be Υ∞ = 2(Kc)2/π. By simulating Υ(Lx) for some values of Lx
and estimating the root mean square error ∆RMS of the fit between the simulated
data and the scaling relation (4.17) for different values of K allows us to extract
the phase transition at the point where ∆RMS(K) has its minimum.

Complete link-current action
For a complete treatment of the link-current model discussed in chapter 3 we
have to take inter-island Coulomb interactions and electromagnetic fluctuations
into account. In the proceeding we will enforce the constraints

∑
x,τ J

x
x,τ = 0 and∑

x,τ J
τ
x,τ = 0, i.e we forbid windings in the space and time dimensions. The first

constraint implies that no average current is flowing in the loop and the latter con-
dition implies that the number of Cooper pairs remains fixed which means that we
are considering a canonical ensemble.

The link-current model described by the action (3.35) is complicated and the
calculation of ∆S for a local update is non-trivial. We will explain how these
calculations can be constructed by utilizing both the link-current model (3.35) and
the charge field model (3.39). First, we split the action (3.35) into two parts as
S = SJ + SA where

SJ =
∑
x,τ

(∑
x′

Kτ (Jτx,τ − nx)Gx,x′(Jτx′,τ − nx′) +KxJ
x
x,τ

2
)
, (4.18)

SA =
∑
x,τ

(
iJxx,τAx,τ + 1

2Ec∆τ
(∇τAx,τ )2

)
. (4.19)

and consider the change in action associated with a local update ∆SJ of SJ and
∆SA of SA separately.
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Calculation of ∆SJ
When the worm is moving in the spatial dimension ∆SJ is given just as in the
simple link-current model as (4.12). Now, consider the case when the worm is
moving in the time dimension. Only the first term in SJ will contribute to this
action change. We rewrite this term as

SJ = Kτ

∑
x,τ

(Jτx,τ − nx)2Gx,x +Kτ

∑
x′ 6=x,τ

(Jτx,τ − nx)Gx,x′(Jτx′,τ − nx′). (4.20)

The expression for ∆SJ becomes

∆SJ = KτGx,x(1± 2Jτx,τ ∓ 2nx)± 2Kτ

∑
x′ 6=x

Gx,x′(Jτx′,τ − nx′), (4.21)

where the ± correspond to the direction the worm is moving in along the time
dimension.

Calculation of ∆SA
Calculating the action change for the part SA when the worm takes a step in ei-
ther the time or space dimensions is a non-trivial problem due to the complicated
dependence on the magnetic vector potential. The trick is to utilize the transfor-
mation from the link-current variables to the charge field variables which leads to
the charge field model action (3.39). More precisely, the transformation of the term
SA in the link-current action (3.35) leads to, after the integration of the magnetic
vector potential has been performed,

SA = EC∆τ
2Lx

∑
τ

Q2
τ = EC∆τ

2Lx

∑
τ

(∑
x

qx,τ

)2
(4.22)

where Qτ =
∑
x qx,τ . Recall that the variables qx,τ are living on the plaquettes

in the space time lattice where the link-currents are enclosing areas where qx,τ is
constant. If a plaquette is enclosed by a current circulating once anti-clock wise
the value of qx,τ is 1 (if we put qx,τ = 0 as reference point corresponding to no
circulation). If the circulation is clock-wise the sign is changed and the value of
qx,τ becomes −1 with this convention. The link-current variables can circulate
plaquettes any integer times so that the values of qx,τ can be any integer in Z. In
this fashion, the correct interpretation of Qτ is the sum of the plaquette values for
a single time step. The problem is then that we have to calculate ∆SA for every
step that the worm takes when the worm has open ends. This problem is resolved
by finding a deterministic way to close the open loop as a configuration is being
constructed and then calculate ∆SA in every step of the process. In principle, the
loop can be closed according to any specified scheme but there are clearly some
choices which makes the algorithm more efficient and hence reduces computation
times. One way to solve this is visually displayed in Fig. (4.2) and is described by
the following steps
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1. When the worm starts to form a new closed path the starting point (xs, τs)
is remembered.

2. When the worm tries to take a step in any direction the present configuration
of the link-current variables in the space-time lattice is stored.

3. The path is closed by first walking to xs and then to τs. It can be noted at
this point that only links in the time dimension will produce a non-zero ∆SA.

4. A "ground" plaquette is defined where we set q = 0. This plaquette must be
one which is not located on the current time-step that the worm is trying to
take in order to remain fixed in both scenarios.

5. From the ground plaquette a walk is made to assign values to the plaquettes
on the time step that the worm is trying to add the link in by incrementing
the value of q every time an existing link is crossed which is positively oriented
and decremented every time a negatively oriented link is crossed.

6. The quantity Qτ =
∑
x,τ qx,τ is then computed for the accept scenario and

∆SA can then be calculated as

∆SA = EC∆τ
2Lx

∆(Q2
τ ) (4.23)

where ∆(Q2
τ ) is the change in Q2

τ .

4.3 Response to charge displacements
Following the discussion in [3, 26] we consider a Josephson junction chain with
negligible loop inductance. The Hamiltonian in terms of the number of flux quanta
n trapped in the loop can be formulated as an effective tight binding Hamiltonian

Ĥ =
∑
n

Ẽ0|n〉〈n| −
∑
m

tm(|n+m〉〈n|+ |n〉〈n+m|) (4.24)

where E0 is the ground state energy and tm is the transition amplitude associated
with the simultaneous tunneling of m flux quanta (i.e. the phase slip amplitude).
In the absence of tunneling where tm = 0 for all m the ground state with n integer
flux quanta are all degenerate, but tunneling will lift this degeneracy. Due to the
translation invariance of the variable n the ground states are place waves

|k〉 = 1√
N

∑
n

eikn|n〉 (4.25)

where N is a normalization constant and 0 ≤ k < 2π is to be interpreted as an
externally imposed dimensionless charge displacement which in this discrete model
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q = 0
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Figure 4.2: (a) The worm is trying to take a step in the time dimension (b) the loop
is closed according to method in section 4.2 for the two cases: if the step is accepted
(green path) and rejected (red path) (c) the reject scenario; the plaquettes on the
specific time-step are assigned values of qx,τ which gives Q2

τ = 4 (d) the accept
scenario; the plaquettes on the specific time-step are assigned values of qx,τ which
gives Q2

τ = 25.

is 2πn/LxLτ where n ∈ Z (the explanation is given below). The change in the
ground state energy associated with the charge displacement k is

Ek = E0 −
∑
m

2tm cos(km) (4.26)
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wherem =
∑
x,τ vx,τ are the net number of vortices in the corresponding XY model.

The effective response functions due to this charge displacement are the voltage Vk
and the inverse capacitance C−1

k defined as

Vk =
(

2π
2e

)
∂Ek
∂k

= 2
(

2π
2e

)∑
m

tmm sin(km), (4.27)

C−1
k =

(
2π
2e

)2
∂2Ek
∂k2 = 2

(
2π
2e

)2∑
m

tmm
2 cos(km). (4.28)

A configuration with net vorticity m corresponds to the matrix element Zm = 〈n+
m|e−βĤ |n〉 in the partition function which is essentially the probability amplitude
to end up with n + m magnetic flux quanta after the time τ = ~β, given that we
are in a state with n magnetic flux quanta at τ = 0.

Now, consider

〈k|e−βĤ |k〉 = 1
N

∑
n,n′

〈n′|e−βĤ |n〉e−ik(n−n′)

= 1
N

∑
n,m

〈n+m|e−βĤ |n〉eikm =
∑
m

Zme
ikm = 〈eikm〉

(4.29)

which leads to the conclusion e−β(E(k)−E0) = 〈eikm〉 which we define as Wk =
〈eikm〉. In terms of the partition function (3.42) we get now

Wk = 1
Z

∫
D{qx,τ}

∑
{vx,τ}

e
−S+2πi

∑
x,τ

( k2π−qx,τ )vx,τ (4.30)

where S is the action of the charge field model given by Eq. 3.39. Hence, the charge
displacement k/2π is a displacement of the charge field qx,τ . This is also seen more
explicitly if we add a source term i

∫
DEdx =

∫
D∂A/∂τ to the link-current action

(3.35) where D is the charge displacement field and E is the electric field. This
leads to the additional term i(2π/2e)D

∑
x,τ vx,τ = i(2π/2e)Dm from which k can

be identified by comparing with Eq. (4.30) to be k = 2πD/2e.
To proceed, we go back to the charge field model action (3.39) which gives now

Wk = 1
Z

∑
{qx,τ}

e−S(q−k/2π) = 〈e−∆Sk〉 (4.31)

where we have introduced ∆Sk as

∆Sk = S(q − k/2π)− S(q) = EC∆τ
2

(
k2LxLτ
(2π)2 − 2kQ

2π

)
(4.32)

where Q =
∑
x,τ qx,τ . The ground state energy is then obtained as

∆Ek = − 1
β

ln〈e−∆Sk〉 = − 1
β

ln(Zk/Z) (4.33)
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where the partition function Zk is

Zk =
∑
{qx,τ}

e−(S+∆Sk). (4.34)

The effective voltage and inverse capacitance is are now found to be

Vk = 2π
2e
∂Ek
∂k

= 2π
2eβ

〈
∂∆Sk
∂k

〉
= EC

2e

(
kLx
2π −

〈Q〉
Lτ

) (4.35)

C−1
k =

(2π
2e

)2 ∂2Ek
∂k2

= (2π)2

(2e)2β

(〈
∂2∆Sk
∂k2

〉
−
〈(

∂∆Sk
∂k

)2〉
+
〈
∂∆Sk
∂k

〉2)
= EC

(2e)2

(
Lx −

EC0∆τ
Lτλ2

(
〈Q2〉 − 〈Q〉2

)
.

(4.36)

where the averages in Eqs. (4.35) and (4.36) are now taken with respect to the
partition function Zk. Sampling the observable Q =

∑
x,τ qx,τ in simulations and

then creating probability distributions P (Q) for some system parameters of this
observable allows us to calculate the voltage and the inverse capacitance using Eqs.
(4.35) and (4.36).



Chapter 5

Numerical Results

This chapter presents the results from the numerical simulations based on the meth-
ods discussed in chapter 4. The data points presented in the figures are in general
acquired from 1.5× 106 complete state configurations, i.e. closed loops of the link-
current variables. Observables were not sampled during the 103 first configurations
in order to avoid relaxation effects. Furthermore, the system size was always kept
equal in the space and time dimensions during simulations with the lattice constant
a put to unity.

5.1 Phase transition

The simple link-current model corresponding to the limit λ = 0 described by the
action in Eq. (3.32) was used to simulate the on-set of superfluidity as the coupling
parameter K =

√
EJ/EC0 is varied. Figure 5.1a shows the normalized helicity

modulus Υ̃ such that limK→∞ Υ̃ = 1, where Υ̃ ∼ Υ/K2 and Υ is defined in
Eq. (4.15). The quantity Υ̃ is increasing as K is increasing which is indicating
the proliferation of Cooper pairs and the transition to the superconducting state
when the coupling energy EJ is dominating over the charging energy EC0 . An
approximate value of the critical coupling Kc is obtained where the scaling relation
in Eq. (4.17) is best fitting with the data points obtained from the simulations.
Investigations of the root mean square error to this fit indicates that the critical
coupling is Kc ≈ 0.9 as seen in Fig. 5.1c. This value of Kc is in close agreement
with the value Kc ≈ 0.892 which is well known from the isotropic 2D XY model
[34]. When long range Coulomb interactions are present, i.e. when λ > 0, the
proliferation of Cooper pairs is larger and superconductivity is promoted to extend
at even smaller values of K as seen in Fig. 5.1b and the critical coupling Kc is
expected to be smaller when λ > 0.

47
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5.2 Charging effects

The rest of the results are obtained from simulations where with the imposed bound-
ary conditions

∑
x,τ J

x
x,τ = 0 and

∑
x,τ J

τ
x,τ = 0 for complete state configurations

of the link-current variables, i.e. windings are forbidden in the space and time
dimensions. However, we still consider periodic boundary conditions as we are
considering a chain of connected Josephson junctions. The first boundary condi-
tion ensures that no average current is flowing in the chain and the latter ensures
conservation of the number of Cooper pairs (or charge) which means that we are
considering a canonical ensemble.

The effective response functions Ek, Vk and C−1
k to an externally imposed charge

displacement are extracted from simulations by sampling and creating histograms
of Q =

∑
x,τ qx,τ for a given set of system parameter settings, which becomes

the probability distribution P (Q) for complete state configurations. The effective
voltage is then related to the shift of the mean value of P (Q) according to Eq.
(4.35) and the effective inverse capacitance is related to the variance of P (Q) as
seen in Eq. (4.36). The energy Ek is then obtained by integration as Ek =

∫ k
0 Vkdk.

The shape of P (Q) and the impact of varying the parameters K and λ is displayed
in Fig. 5.2 and when the parameters k and n0 are varied is displayed in Fig. 5.3.

Figure 5.4 displays the simulated average number of Cooper pairs 〈Jτx,τ − n0〉
on the island which we are inducing the charge on. This quantity displays a strong
dependence on λ as is seen in Fig. 5.4a and is also affected when we impose charge
displacements as is seen in 5.4b and 5.4c. When λ is approaching zero the effect of
inducing charge on a single islands is essentially to shift its chemical potential, still
keeping 〈Jτx,τ 〉 = 0 for all islands, including the one that we induce the charge on.
In the other limit where λ is large the quantity 〈Jτx,τ 〉 starts to approach −n0.

Simulation results of the inverse capacitance on the normalized form C̃−1
k =

C−1
k (2e)2/EC are displayed as a function of K for various system sizes in Fig. 5.5a.

In the insulating regime we observe that C̃−1
k is approaching Lx in the limit where

K → 0, which is in agreement with Eq. (4.36) by noting that the variance of the
probability distribution P (Q) is approaching zero asK → 0 as seen in Fig. 5.2a, i.e.,
limK→0 P (Q) = δ0,Q. In this limit we get that C−1

k = ECLx/(2e)2 = LxC
−1 where

the inverse nearest neighbor capacitance of the chain C−1 is essentially the inverse
capacitance per unit length. In the superconducting regime where the coupling
constant is large the system is characterized by an infinite effective capacitance since
C−1
k is approaching zero. In view of the capacitively shunted Josephson junction

model, the branch containing the displacement current is then shorted and we have
only the tunneling supercurrent contribution present.

Figure 5.5b displays simulation results of C̃−1
k as a function of the induced charge

n0 on a single island in the chain. The resulting behavior is that C̃−1
k performs

damped oscillations with respect to n0 and is vanishing completely when an integer
number of Cooper pairs is induced. The impact of imposing a charge displacement
on the C̃−1

k versus n0 relation is displayed in Fig. 5.5c. The effect of varying k alters
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the energy Ek and also the inverse capacitance since C−1
k ∼ d2Ek/dk

2 but preserves
the suppression of C−1

k when an integer number of Cooper pairs is induced.
Simulation results of the effective response functions on the forms Ẽk =

∫ k
0 Ṽkdk,

where Ẽk = 2πEk/EC , Ṽ (k) = V (k)2e/EC and C̃−1
k = C−1

k (2e)2/EC as functions
of the charge displacement were performed for various system parameter settings.
These relations are displayed when K is varied in Fig. 5.6, when λ is varied in Fig.
5.7 and when n0 is varied in Fig. 5.8. The results displays 2π periodic response
functions with characteristics which is largely influenced by the system parameters.
As the coupling parameter K is increased we enter a region where there is no energy
associated with a charge displacement and the response functions are essentially
suppressed. A similar effect occur when we consider the effect of varying λ. As λ
becomes large the response functions decay, and in addition to that one can also
observe that these functions are less flattened as λ is increased, which is reflecting
the increased range of Coulomb interactions among Cooper pairs and that the
effect of a charge displacement is extended through out the chain. When n0 is
varied we are observing increased flattening of the response functions and hence
the energy related to charge displacements becomes less extended in the chain as
n0 is increased.
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(a)

(b)

(c)

Figure 5.1: Simulation data (a) the helicity modulus in Eq. (4.15) where Υ̃ =
Υπ/(2K2), λ = 0, k = 0 and n0 = 0 (b) root mean square error from the fit of the
helicity modulus data with the scaling relation in Eq. (4.17) versus K indicating
that the phase transition occurs at Kc ≈ 0.9.
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(a)

(b)

Figure 5.2: Simulated probability distributions P (Q) for a system where λ = 1
and size Lx = 20 (a) when varying K, keeping λ = 1 (b) when varying λ, keeping
K = 0.4.
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(a)

(b)

Figure 5.3: Simulated probability distributions P (Q) for a system where λ = 1,
K = 0.4 and size Lx = 20 (a) when varying k, keeping n0 = 1 (b) when varying
n0, keeping k = 0.
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(a)

(b)

(c)

Figure 5.4: Simulation result of the average number of Cooper pairs from neutrality
〈Jτx,τ − n0〉 on the island where we induce the charge n0, performed on a system
where Lx = 15 and K = 0.3 (a) 〈Jτx,τ−n0〉 as a function of λ for various n0, keeping
k = 0 (b) 〈Jτx,τ − n0〉 as a function of k for various negative n0 keeping λ = 1 (c)
〈Jτx,τ − n0〉 as a function of k for various positive n0 keeping λ = 1.
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(a)

(b)

(c)

Figure 5.5: Simulation data of C̃−1
k = C−1

k (2e)2/EC (a) C̃−1
k versus K for various

system sizes Lx, keeping λ = 0.85, k = 0 and n0 = 0 (b) C̃−1
k versus n0 for various

system sizes Lx, keeping K = 0.5, λ = 0.85 and k = 0 (c) C̃−1
k versus n0 for various

k, keeping K = 0.3, λ = 0.85 and Lx = 15.
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(a)

(b)

(c)

Figure 5.6: Simulation results for a system with size Lx = 20 where n0 = 0 and
λ = 1 (a) results for Ẽk =

∫ k
0 Ṽkdk versus k for various K (b) results from Ṽ (k) =

V (k)2e/EC versus k for various K (c) results from C̃−1
k = C−1

k (2e)2/EC versus k
for various K.
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(a)

(b)

(c)

Figure 5.7: Simulation results for a system with size Lx = 20 where n0 = 0 and
K = 0.4 (a) results for Ẽk =

∫ k
0 Ṽkdk versus k for various λ (b) results from

Ṽ (k) = V (k)2e/EC versus k for various λ (c) results from C̃−1
k = C−1

k (2e)2/EC
versus k for various λ.
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(a)

(b)

(c)

Figure 5.8: Simulation results for a system with size Lx = 20 where K = 0.2
and λ = 1 (a) results for Ẽk =

∫ k
0 Ṽkdk versus k for various n0 (b) results from

Ṽ (k) = V (k)2e/EC versus k for various n0 (c) results from C̃−1
k = C−1

k (2e)2/EC
versus k for various n0.
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Discussion

Deep inside the insulating regime where K is very small one expects the energy
Ek to grow as ∼ k2 and form parabolas centered at k = 2πn where n ∈ Z. This
leads to the well known saw-shaped voltage-charge relation Vk = saw(k) where the
charge displacement k is closely related to the quasicharge. The simulation data
presented in Figs. 5.6, 5.7 and 5.8 are somewhat deviating from this description.
This phenomena has also been been observed in simulations of nanowires [3] and the
explanation to this can be understood if one thinks of the charge displacement as a
process where a positive and negative Cooper pair is created and dragged apart in
the chain. The energy Ek is then the energy required to separate these interacting
particles and the 2π periodicity of the response functions then follows naturally from
the periodic boundary conditions and a charge displacement of k = 2π corresponds
to displacing the charges until they meet again and annihilate each other. If the
length of the chain Lx is much larger than the screening length of the Coulomb
interaction which is characterized by λ one will eventually reach a point where the
Coulomb interaction is absent and there is no energy associated with displacing
the charges further, leading to flattened response function curves centered around
k = nπ where the charges are most remote. This effect is seen in the simulation data
presented in Figs. 5.6, 5.7 and 5.8 which was carried out with default properties
λ = 1 and Lx = 20. In Fig. 5.7 where λ is varied the flattening around k = π
is decreasing as λ becomes larger, reflecting the increased range of the Coulomb
interactions through out the system.

In the superconducting regime the response functions Ek, Vk and C−1
k are evolv-

ing towards sinusoidal shapes with exponentially vanishing amplitudes as K or λ
is increased when n0 as seen in Figs. 5.6 and 5.7. In viewpoint of QPS processes,
the sinusoidal shape of these functions inside the superconducting regime is a con-
sequence of the vanishing tunneling amplitudes. Since QPS processes are rare the
only important contributions to consider in this regime are t±1 which leads to the si-
nusoidal shapes as seen in Eqs. (4.27) and (4.28). Any deviation from the sinusoidal
shapes are a signature of QPS interactions where the probability for simultaneous

59



60 CHAPTER 6. DISCUSSION

tunneling of more than one flux quanta in or out of the loop is significant.
When we connect a voltage source to one of the junction islands in the chain

and tune the induced charge n0 = C0V/(2e) we redistribute the already existing
charge in the system in such a way that the total charge is always fixed and equal
to zero which is ensured by the boundary condition

∑
x,τ J

τ
x,τ = 0 in the time di-

mension. As n0 is increased we are polarizing the chain by accumulating charge
on one island at the expense of reducing charge on the rest of the islands in the
chain symmetrically such that the interaction energy is minimized. When we tune
the induced charge to be n0 = ±1,±2, ... the effective inverse capacitance C−1

k is
vanishing completely as seen in Fig. 5.5b. Since C−1

k is essentially the curvature
of the energy Ek, in this situation where k = 0, this means that the curvature of
the origin in the potential landscape is changing and the stability at this point is
evolving from being stable when |n0| < 1 to unstable when 1 < |n0| < 2. This oscil-
lation of alternating stability at the origin is kept on as |n0| > 2 until the response
functions eventually decays towards zero. As we impose a charge displacement the
response function changes and the C−1

k versus n0 relation is largely influenced but
C−1
k still keeps vanishing at the points where n0 = ±1,±2, ... in Fig. 5.5c. This is

also supported by Fig. 5.8c where C̃−1
k is essentially zero for all k when n0 = 1.

When n0 = 0 the average number of Cooper pairs on each island is fluctuating
around its zero mean value and when n0 6= 0 we force the charges to redistribute
in the system and the average value of the charge on the islands is then in general
non-zero. Simulation results of the average number of Cooper pairs on the island
that we induce charge on 〈Jτx,τ −n0〉 displayed in Fig. 5.4 shows that this quantity
is approaching zero in the limit where λ is large and is approaching n0 when λ is
small. When λ is small we only have the on-site Coulomb interactions for each
island present and the effect of inducing charge is merely to shift the chemical
potential of the island that we induce the charge on, which has no crucial effect on
the properties of the system as a whole. When λ is large the Coulomb interaction
is typically extending between between different islands. The energy of the system
is then minimized by adding or removing Cooper pairs to the island that we induce
charge on depending on the sign of n0.

The restriction in this paper towards a statistical canonical ensemble can be
discussed in terms of its applicability and matching with real world situations.
It might be more realistic to formulate the problem based on a grand canonical
ensemble where the charge is no longer a conserved quantity. It might for example
be hard to realize a situation where the charge is completely conserved since it
might leak through various processes. For this purpose the worm algorithm in
section 4.2 needs to be generalized such that ∆SA can be calculated when windings
in the time dimension are allowed for complete state configurations.

By embedding a Josephson junction array device in an LC-circuit one might
be able to experimentally measure the effective inverse capacitance in absence of
charge displacements C−1

k=0 by relating this effective capacitance to the resonance
frequency of the system.
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