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Abstract

System identification deals with the estimation of mathematical models
from experimental data. As mathematical models are built for specific pur-
poses, ensuring that the estimated model represents the system with sufficient
accuracy is a relevant aspect in system identification. Factors affecting the
accuracy of the estimated model include the experimental data, the manner in
which the estimation method accounts for prior knowledge about the system,
and the uncertainties arising when designing the experiment and initializing
the search of the estimation method.

As the accuracy of the estimated model depends on factors that can be
affected by the user, it is of importance to guarantee that the user decisions
are optimal. Hence, it is of interest to explore how to optimally perform
an experiment in the system, how to account for prior knowledge about the
system and how to deal with uncertainties that can potentially degrade the
model accuracy.

This thesis is divided into three topics. The first contribution concerns an
input design framework for the identification of nonlinear dynamical models.
The method designs an input as a realization of a stationary Markov process.
As the true system description is uncertain, the resulting optimization problem
takes the uncertainty on the true value of the parameters into account. The
stationary distribution of the Markov process is designed over a prescribed set of
marginal cumulative distribution functions associated with stationary processes.
By restricting the input alphabet to be a finite set, the parametrization of the
feasible set can be done using graph theoretical tools. Based on the graph
theoretical framework, the problem formulation turns out to be convex in the
decision variables. The method is then illustrated by an application to model
estimation of systems with quantized measurements.

The second contribution of this thesis is on Bayesian techniques for input
design and estimation of dynamical models. In regards of input design, we
explore the application of Bayesian optimization methods to input design
for identification of nonlinear dynamical models. By imposing a Gaussian
process prior over the scalar cost function of the Fisher information matrix,
the method iteratively computes the predictive posterior distribution based on
samples of the feasible set. To drive the exploration of this set, a user defined
acquisition function computes at every iteration the sample for updating the
predictive posterior distribution. In this sense, the method tries to explore
the feasible space only on those regions where an improvement in the cost
function is expected. Regarding the estimation of dynamical models, this
thesis discusses a Bayesian framework to account for prior information about
the model parameters when estimating linear time-invariant dynamical models.
Specifically, we discuss how to encode information about the model complexity
by a prior distribution over the Hankel singular values of the model. Given
the prior distribution and the likelihood function, the posterior distribution
is approximated by the use of a Metropolis-Hastings sampler. Finally, the
existence of the posterior distribution and the correctness of the Metropolis-
Hastings sampler is analyzed and established.
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As the last contribution of this thesis, we study the problem of uncertainty
in system identification, with special focus in input design. By adopting a
risk theoretical perspective, we show how the uncertainty can be handled in
the problems arising in input design. In particular, we introduce the notion
of coherent measure of risk and its use in the input design formulation to
account for the uncertainty on the true system description. The discussion
also introduces the conditional value at risk, which is a risk coherent measure
accounting for the mean behavior of the cost function on the undesired cases.
The use of risk coherent measures is also employed in application oriented
input design, where the input is designed to achieve a prescribed performance
in the intended model application.
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Sammanfattning

Systemidentifiering handlar om uppskattningen av matematiska modeller
från experimentell data. Eftersom de matematiska modeller är byggda för sär-
skilda ändamål är en relevant aspekt inom systemidentifiering att den skattade
modellen representerar systemet med tillräcklig noggrannhet. Nogrannheten
i den skattade modellen påverkads av den experimentella data, hur beräk-
ningsmetoden inkluderar förkunskaper om systemet, och den osäkerheten som
uppstår vid experimentdesign och sökningens startvärdet i skattningsmetoden.

Eftersom noggrannheten i den skattade modellen kan påverkas av använ-
daren är det viktigt att garantera optimala användarval. Därför är det viktigt
att undersöka hur man kan genomföra ett optimalt experiment i systemet,
hur man inkluderar förkunskaper om systemet och hur man handskas med
osäkerhet som kan försämra modellen noggrannhet.

Denna avhandling är indelad i tre ämnen. Det första bidraget fokuserar på
experimentdesign för identifiering av olinjära dynamiska modeller. Metoden
designar en insignal som ett förverkligande av en stationär Markov process.
Eftersom den sanna systembeskrivningen är osäker beaktar det resulterande
optimeringsproblemet osäkerheten på det sanna värdet av parametrarna. Den
stationära Markovprocessfördelningen är utformad över en föreskriven uppsätt-
ning marginella kumulativa fördelningsfunktioner i samband med stationära
processer. Genom att begränsa insignalens alfabet till en ändlig uppsättning-
värden kan insignalen parametriseras med hjälp av grafteoretiska verktyg.
Baserat på grafteoretisk resultat visar det sig att problemformuleringen är
konvex i beslutsvariablerna. Metoden illustreras sedan med ett program för
att uppskatta system med kvantiserade mätningar.

Det andra bidraget med denna avhandling gäller bayesiska tekniker för ex-
perimentdesign och uppskattning av dynamiska modeller. I experimentdesign
utforskar vi tillämpningen av bayesiska optimeringsmetoder för identifiering av
olinjära dynamiska modeller. Genom att införa en Gaussianprocess prior över
den skalära kostnadsfunktionen beräknar metoden iterativt den prediktiva
aposteriorifördelningen baserad på sampel i den tillåtna mängden. För att
uppdatera den prediktiva aposteriorifördelningen beräknas en användardefini-
erad anskaffningsfunktion på varje iteration sampel i uppsättningen. Metoden
undersöker endast de områden där en förbättring av kostnadsfunktionen för-
väntas. I uppskattningen av dynamiska modeller diskuterar denna avhandling
en bayesisk metod för att redogöra för förhandsinformation om modellpara-
metrarna vid skattning av linjära tidsinvarianta dynamiska modeller. Här
diskuterar vi hur man kan koda information om modellens komplexitet ge-
nom en tidigare fördelning över Hankel singulära värden av modellen. Med
tanke på den tidigare fördelning och sannolikhetsfunktionen approximeras
aposteriorifördelningen genom användning av en Metropolis-Hastings sampler.
Dessutom etableras förekomsten av den aposteriorifördelningen och riktigheten
av Metropolis-Hastings sampler.

I det sista bidraget med denna avhandling fokuserar vi på problemet med
osäkerhet i systemidentifiering med särskilt fokus på experimentdesign. Genom
att anta ett riskteoretiskt perspektiv visar vi hur osäkerheten kan hanteras
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i de problem som uppstår i experimentdesign. I synnerhet introducerar vi
begreppet sammanhängande riskmått och dess användning i experimentdesign
formuleringen för att ta hänsyn till osäkerheten på den sanna systembeskriv-
ningen. I diskussionen införs också det förväntad kortsiktig förlust, vilket är
ett sammanhängande riskmått som står för det genomsnittliga utfallet av
kostnadsfunktionen över de oönskade fallen. Med hjälp av sammanhängande
riskmått analyseras även applikationsorienterad experimentdesign, där in-
signalen är utformad för att uppnå en föreskriven prestanda i den avsedda
modellanvändningen.
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Chapter 1

Introduction

Most of the questions addressed by philosophers, scientists and engineers are related
to understanding nature or modifying its properties. To properly address these
questions, certain level of knowledge about the physical laws governing nature is
needed. Depending on the purpose of the study, the level of knowledge is adjusted
to the level of detail required to understand the phenomena. For example, in fluid
mechanics, nature is described by its macroscopic properties (such as pressure and
mass flow) [6], while in quantum mechanics an atomic description of nature is
required [57].

The physical laws describing a phenomenon are usually condensed by a set of
mathematical equations which govern the variables of interest. The mathematical
equations are then an abstraction of the phenomenon under study. In the following,
the mathematical abstraction of the phenomenon will be referred to as a model of
the phenomenon.

A question raising here is how a model can be obtained in practice. There
are two main approaches to address this question. The first approach, known as
physical modelling, is to construct a model based on the physical laws governing the
phenomenon. The second approach, referred to as system identification, is to build
a model based on data collected from the phenomenon. The second approach is the
focus of the present thesis.

In the following sections, we introduce the elements needed to understand the
principles of system identification and the main contributions of this thesis. We
start in Section 1.1 with a brief review of the main elements in system identification.
We then continue in Section 1.2 by stating some asymptotic results in system
identification. Based on the previous sections, we introduce in Section 1.3 the
problem of input design for dynamical models. In Section 1.4, we consider Bayesian
methods in system identification, and Section 1.5 extends the discussion to the role
of uncertainty in system identification. Section 1.6 summarizes the contributions
of this thesis, and Section 1.7 presents the outline of this thesis and the associated
publications. Finally, Section 1.8 presents publications not covered in this thesis.

1
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Systemut yt

vt

Figure 1.1: Block diagram of a system with input ut, disturbance vt, and output yt.

The content of this chapter is partly based on [186].

1.1 System identification

System identification is concerned with building mathematical models based on data
available from the phenomenon of interest, known as the system. A typical block
diagram of a system is depicted in Figure 1.1. In this figure, ut ∈ Rnu represents the
variables that can be affected to manipulate the system (referred to as input). The
signal vt ∈ Rnv corresponds to variables affecting the system, but that cannot be
manipulated (referred to as disturbances). Nevertheless, measurements of a subset
of vt can be available. Finally, yt ∈ Rny denotes the variables we have access from
the system (referred to as output). The index t in the tuple (yt, vt, ut) refers to the
set where the signals evolve, e.g., time or space. In the context of this thesis, the
index t refers to time.

In addition to the system, we require three more elements to build a model in
system identification [180, p. 9]:

• the data set,

• the model set, and

• the identification method.

These items are explained next.

Data set

In order to estimate a model, we require a set of input-output data from the system.
This data set can also contain information regarding the measured disturbances. Fol-
lowing the notation in Figure 1.1, the data set is defined as ZT := {(yt, vmt , ut)}Tt=1,
where vmt is a variable containing the measured disturbances.
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The model set
To build a model for the system, we also need to define the mathematical structure
(parameterized by θ ∈ Θ) explaining the relations between the input, disturbance
and output. Hence, the parameterized mathematical structure covers the possible
behaviors of the system to be modelled. We refer to the set of all mathematical
structures given by all θ in Θ as the model set, which will be denoted byM. The
choice of the model set is based on prior information available about the system,
on information obtained from the data set using preprocessing techniques, or a
combination of both approaches.

Remark 1.1 (Model set and model structure) In the literature, the terms model
set and model structure are introduced in different manners. For example, in [180,
p. 9] both terms are used equivalently to refer to the class of models parameterized
by θ ∈ Θ. On the other hand, in [122, pp. 107–108] the model set refers to the
set of candidate models, while the model structure corresponds to the differentiable
mapping parameterizing the model set by θ ∈ Θ (cf. [122, Definition 4.3]).

In the next examples we illustrate some common choices for the model set.

Example 1.1 (Linear time invariant models) If the system is working locally around
an equilibrium point, then it is reasonable to consider that it can be described by a
model in the set

M = {(Gθ, Hθ) : θ ∈ Θ} , (1.1)

where the model dynamics are given by

yt = Gθ(q)ut +Hθ(q)et (1.2)

and Θ ⊆ Rnθ is the set of parameters. Gθ(q) and Hθ(q) are real rational functions
in the time shift operator q (i.e., q ut = ut+1), parameterized by θ. Here, {et}
(et ∈ Rny) is white noise of zero mean and finite variance. In this case, the
disturbance vt in Figure 1.1 can be described as

vt = Hθ0(q)et , (1.3)

for some θ0 ∈ Θ. In this example, the system in Figure 1.1 is assumed to have
additive output disturbances.

Remark 1.2 (Undermodeling) A common assumption about the model set M is
that there exists at least one θ0 ∈ Θ such that the model evaluated at θ0 describes
the true system. If this condition is not fulfilled, then we say that the system is
undermodeled byM. In this thesis we assume thatM contains the exact description
of the system, i.e., there is no undermodeling.

The set of linear time invariant (LTI) models in Example 1.1 covers a wide
class of structures. By suitable assumptions on Gθ(q) and Hθ(q), the set M in
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Example 1.1 can represent structures such as moving average (MA), autoregressive
(AR), autoregressive with exogenous input (ARX), autoregressive moving average
(ARMA), and autoregressive moving average with exogenous input (ARMAX),
among others [122].

Example 1.2 (Nonlinear state space models (NSSM)) Sometimes the linear as-
sumption introduced in Example 1.1 is too restrictive. For example, the system can
operate in regions where the nonlinearities cannot be neglected.

There are several alternatives to model nonlinear systems. One of the most
general model sets is given in terms of a nonlinear state space description [171]. A
nonlinear state space model set is defined as

M = {(fθ, gθ, µθ) : θ ∈ Θ} . (1.4)

The model dynamics for the nonlinear state space model are given by

xt+1|xt ∼ fθ(xt+1|xt, ut) , (1.5a)
yt|xt ∼ gθ(yt|xt, ut) , (1.5b)
x0 ∼ µθ(x0) , (1.5c)

where Θ ⊆ Rnθ is the set of parameters as in Example 1.1 and ∼ denotes dis-
tributed according to. fθ and gθ are conditional probability density functions (pdf)
parameterized by θ. In this example, we introduce the variable xt ∈ Rnx (referred to
as state) accounting for internal information about the system.

We note that the disturbance vt in Figure 1.1 is considered via the pdfs fθ and
gθ defining how the stochastic processes {xt} and {yt} are generated.

The model set in Example 1.2 includes also linear time invariant models with
static nonlinearities, known as Wiener-Hammerstein models [122]. On the other
hand, if we assume that the disturbance vt acts on yt as additive white noise, then
the model set in Example 1.2 is reduced to the nonlinear output-error (NOE) class.

The model sets introduced in the previous examples are not the only ones
existing in the literature. Indeed, it is possible to define model sets with time
varying structure [122], linear parameter-varying [185], neural networks [176, 212],
and models based on kernel estimators [135], among others.

The identification method
Once the data ZT is obtained and the model setM is specified, the goal is then to
determine the model in M that best explains the data ZT in a prescribed sense.
The technique employed to choose a model from M given ZT is known as the
identification method. There is a vast literature on identification methods, including
least squares [77], instrumental variables [178, 179], subspace techniques [106, 192,
193], and kernel based methods [41, 146, 147], among others.

In this thesis, we work with three identification methods:
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1. the maximum likelihood method,

2. the prediction error method, and

3. Bayesian methods.

The maximum likelihood method

The maximum likelihood (ML) method is one of the most attractive identification
procedures due to its appealing statistical properties [67]. The ML method is
based on the distribution of the measurements y1:T := (y1, . . . , yT ) given u1:T :=
(u1, . . . , uT ), which is parameterized by θ ∈ Θ. The objective is to find the estimated
parameter θ̂T that best explains the measurements y1:T . If we define pθ(y1:T |u1:T )
as the pdf associated with y1:T given u1:T , then the ML estimate θ̂T is

θ̂T = arg max
θ∈Θ

pθ(y1:T |u1:T ) . (1.6)

The expression (1.6) has an intuitive interpretation: θ̂T ∈ Θ is such that the observed
event y1:T becomes “as likely as possible” [122].

For numerical reasons, the logarithm of the pdf pθ(y1:T |u1:T ) is usually maximized
instead of pθ(y1:T |u1:T ). This quantity is called the log-likelihood function. Due to
the monotonicity of the logarithm function, the solution

θ̂T = arg max
θ∈Θ

log pθ(y1:T |u1:T ) , (1.7)

is equal to the solution in (1.6). The expression (1.7) is usually prefered to (1.6)
because products appearing in pθ(y1:T |u1:T ) are converted into sums, and that the
logarithm removes exponentials (when the density pθ(y1:T |u1:T ) is in the exponential
class [35]). Another reason is that the use of logarithms results in algorithms that
are numerically more well-behaved [170].

To illustrate the computation of the log-likelihood function, we consider the
following example:

Example 1.3 (ML of a NSSM) Consider the NSSM described in Example 1.2. An
important property associated with the stochastic models in (1.4) is the Markov
property, i.e., the distribution of xt+1 and yt given {xk, uk}tk=−∞ equals their
distribution given {xt, ut}.

The likelihood function can be computed using the definition of conditional
probability density functions as ([141])

pθ(y1:T |u1:T ) = pθ(y1|u1)
T∏
t=2

pθ(yt|y1:t−1, u1:t) . (1.8)

Taking the logarithm of (1.8), we obtain

log pθ(y1:T |u1:T ) = log pθ(y1|u1) +
T∑
t=2

log pθ(yt|y1:t−1, u1:t) . (1.9)
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We use the Markov property of the model set (1.4) to compute the pdfs in (1.9)
as

pθ(yt|y1:t−1, u1:t) =
∫
Xt
gθ(yt|xt, ut)pθ(xt|y1:t−1, u1:t−1) dxt , (1.10)

pθ(xt|y1:t, u1:t) = gθ(yt|xt, ut)pθ(xt|y1:t−1, u1:t−1)
pθ(yt|y1:t−1, u1:t)

, (1.11)

pθ(xt+1|y1:t, u1:t) =
∫
Xt
fθ(xt+1|xt, ut)pθ(xt|y1:t, u1:t) dxt , (1.12)

where Xt ⊆ Rnx denotes the set of values for xt. Equations (1.10)-(1.11) are known
as the measurement update, and Equation (1.12) is known as the time update.
Together, equations (1.10)-(1.12) can be employed to recursively compute the pdfs in
the log-likelihood function (1.9).

Example 1.3 illustrates how the information available in the model set can be
employed to compute the log-likelihood function. It is important to emphasize that,
in general, equations (1.10)-(1.12) cannot be computed in closed form. An exception
is when the system is linear and Gaussian, where we can recover the expressions
for the Kalman filter [105] from (1.10)-(1.12). The reason is that the analytic
solutions of the integrals (1.10) and (1.12) are only available for specific cases.
When a closed-form expression is not available for the integrals (1.10) and (1.12),
we need to rely on numerical methods for computing (1.10) and (1.12). This makes
the optimization of (1.9) over Θ highly complex. An approach to solve this issue
has been proposed in [171], where particle methods are employed to numerically
compute the expectation-maximization algorithm [56, 131] to maximize (1.9). Other
approaches to solve the identification problem for nonlinear models can be obtained
by restricting to a specific class of models, such as block-oriented [83], and neural
networks and fuzzy models [136, 177].

The prediction error method

Another technique to select a model in the setM given the data ZT is the prediction
error method (PEM) [122]. In this method, the estimated parameter θ̂T is obtained
as

θ̂T = arg min
θ∈Θ

VT (θ) , (1.13)

where

VT (θ) :=
T∑
t=1

`(εt(θ)) , (1.14)

εt(θ) := yt − ŷt|t−1(θ) . (1.15)
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Here, ŷt|t−1(θ) denotes the mean square optimal one-step ahead predictor given
{y1:t−1, u1:t} and θ ∈ Θ, defined as

ŷt|t−1(θ) := E{yt|y1:t−1, u1:t} =
∫
Yt
yt pθ(yt|y1:t−1, u1:t) dyt , (1.16)

where E{·} is the expectation operator, Yt ⊆ Rny denotes the set of values for yt,
and the function ` : Rny → R+

0 is an arbitrary positive function (typically defined
as a quadratic function). We note that minimizing the prediction errors, εt(θ),
is meaningful since the models are usually employed for prediction, as in control
system synthesis. Normally the systems are stochastic, which means that the output
of the system at time t cannot be exactly determined by the data up to time t− 1.
Therefore, it is valuable to know at time t− 1 what the output yt is likely to be in
order to compute the appropriate control action [180].

The prediction error method has a number of benefits [123]:

• It can be applied to a wide spectrum of model parameterizations since only
an expression for (1.16) is required.

• It gives models with excellent asymptotic properties, thanks to its kinship
with the ML method (cf. Example 1.4 below).

• It can handle systems that operate in closed-loop (the input is partly deter-
mined via output feedback, when the data are collected) without additional
modifications to the method [71]. This property is also enjoyed by the ML
method.

To illustrate the connection between PEM and the ML method, we introduce the
following example:

Example 1.4 (PEM and ML method) Consider a single output system that can be
written as

yt = ŷt|t−1(θ0) + et , (1.17)
where {et} is white noise, Gaussian distributed with zero mean and variance σ2(θ0),
and ŷt|t−1(θ0) is given in (1.16). Under the previous assumption, the log-likelihood
function can be written as

log pθ(y1:T |u1:T ) = − 1
2σ2(θ)

T∑
t=1

ε2
t (θ)−

T

2 log σ2(θ) + c , (1.18)

where εt(θ) is defined in (1.15), and c is a term independent of θ. If we assume that
εt(θ) and σ2(θ) are independently parameterized in θ, then we can maximize over
σ2(θ) to obtain an expression in terms of εt(θ). This allows to rewrite (1.18) as

log pθ(y1:T |u1:T ) = − 1
T

T∑
t=1

ε2
t (θ) + c . (1.19)
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If we compare (1.19) with (1.14), we see that PEM is retrieved from ML when {et}
is Gaussian distributed white noise, and `(εt(θ)) = T−1ε2

t (θ).

In general, Equation (1.16) does not have a closed form expression. Except for linear
and specific nonlinear models, expression (1.16) can only be computed numerically,
e.g., using particle methods [171]. The next example shows the closed form expression
for the optimal one-step ahead predictor in the linear case.

Example 1.5 (Optimal one-step ahead predictor, linear case) Consider the model
set M introduced in Example 1.1. We will compute its optimal one-step ahead
predictor ŷt|t−1(θ), with θ ∈ Θ. To this end, we assume that limq→∞H(q, θ) = I.
Under this assumption, we can rewrite any model inM as

yt = Gθ(q)ut + (Hθ(q)− I)et + et . (1.20)

The term (Hθ(q) − I)et in (1.20) only contains information up to time t − 1.
Using (1.2) to compute et as a function of yt and ut, and inserting the result into
(1.20), we obtain

yt = H−1
θ (q)Gθ(q)ut + (I −H−1

θ (q))yt + et . (1.21)

The first two terms in the right-hand side of the equality in (1.21) only depend on
{yk, uk}t−1

k=1 if Gθ is strictly proper (otherwise it is still known if ut is deterministic).
In addition, since {et} is white noise, the best prediction of et given Zt−1 is E{et} =
0. Therefore, the optimal one-step ahead predictor associated with the model set in
Example 1.1 is

ŷt|t−1(θ) = H−1
θ (q)Gθ(q)ut + (I −H−1

θ (q))yt . (1.22)

The expression (1.22) is a valid predictor if H−1
θ (q)Gθ(q) and H−1

θ (q) are stable
[122, 180].

Remark 1.3 When {et} is white noise, the data set Zt−1 in Example 1.5 does not
convey information about et. Due to this property, et is called the innovation of the
process [122].

A useful predictor is introduced in the following example:

Example 1.6 (Optimal one-step ahead predictor, nonlinear state space models)
Consider the nonlinear state space model introduced in Example 1.2. The optimal
one-step ahead predictor associated with this model is

ŷt|t−1(θ) =
∫
Yt
yt pθ(yt|y1:t−1, u1:t)dyt , (1.23)

where the pdf pθ(yt|y1:t−1, u1:t) is given by Equation (1.10) in Example 1.3.
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The limitations of PEM are that an expression for ŷt|t−1(θ) must be available, and
that the optimal one-step ahead predictor ŷt|t−1(θ) must be stable. For general
nonlinear models, ŷt|t−1(θ) can be difficult to compute. To circumvent this issue, it
is possible to directly parameterize the model in terms of ŷt|t−1(θ) [122].

Remark 1.4 Even though PEM has many advantages, it also has severe difficulties
when numerically solving (1.13). The main issue is that the model can be nonlinear
in the parameters, leading frequently to nonconvex problems (e.g., when estimating
a LTI Box-Jenkins model). When the problem (1.13) is nonconvex, there is a need
for good initialization of the used numerical solver in order to ensure convergence to
the global optimum.

How to circumvent the nonconvex formulation (1.13) has been of interest in
recent years. In that line, the weighted null-space fitting method has recently been
proposed [75], providing an alternative to PEM.

Bayesian methods

Another formulation of the parameter estimation problem in system identification is
given by a Bayesian framework [73, 98, 208]. In Bayesian methods, we do not only
need the data set ZT and the likelihood function pθ(y1:T |u1:T ), but we also need to
specify a prior pdf over the parameter space Θ. In this sense, the parameter θ is
assumed to be a random variable, where the prior pdf (denoted by πΘ) reflects the
knowledge (or belief) we have prior to obtaining the data ZT .

The objective in Bayesian methods is to compute the posterior pdf p(θ|ZT ),
which is then used to construct an estimator θ̂T . Based on Bayes’ rule, it is possible
to write the posterior pdf of θ as

p(θ|ZT ) = pθ(y1:T |u1:T )πΘ(θ)
KΘ

, (1.24)

where KΘ is a normalization constant given by

KΘ =
∫
Θ

pθ(y1:T |u1:T )πΘ(θ)dθ . (1.25)

We note from (1.24) that the posterior distribution of θ is proportional to the
product of the likelihood function and the prior distribution πΘ. Based on (1.24), it
is possible to compute a point estimate θ̂T in different manners. Typical Bayesian
estimators are

θ̂T = arg max
θ∈Θ

p(θ|ZT ) , (1.26)

known as the maximum a posteriori (MAP) estimator, and

θ̂T = E {θ |ZT } , (1.27)

referred to as the posterior mean estimator.
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In the light of (1.26) and (1.27), we see that the key ingredient for Bayesian
estimators is the posterior pdf p(θ|ZT ). However, the posterior distribution is
often unavailable in closed form or even infeasible to sample from. The issue of
approximating p(θ|ZT ) has been addressed in the literature by the use of Markov
chain Monte Carlo (MCMC) methods [160]. We refer to Chapter 7 for more details
about the use of MCMC methods in Bayesian estimation.

1.2 Asymptotic analysis

Given an estimator associated with an identification method, we would like to
understand its properties. In system identification, unbiasedness and consistency
are two important properties expected from an estimator. An estimator θ̂T is said
to be unbiased if E{θ̂T } = θ0. When the estimator satisfies limT→∞ θ̂T = θ0 with
probability 1, then the estimator is said to be consistent. We note that unbiasedness
is a property defined for all T , while consistency requires T →∞.

Another element analyzed in system identification is the accuracy associated
with an identification method, i.e., the size of the variation of the identified model
around its true value. In this subsection we briefly discuss the consistency and
accuracy of the parameter estimates θ̂T as T → ∞. To begin, we require the
following result [47, 122]:

Lemma 1.1 (Cramér-Rao bound) Let θ̂T be an unbiased estimator of θ. Assume
that pθ0(y1:T |u1:T ) (the pdf of y1:T ) is defined for all θ0 ∈ Θ, that for all values of
y1:T where pθ(y1:T |u1:T ) > 0 the expression

∇θ log pθ(y1:T |u1:T ) (1.28)

exists, and that ∣∣∣∣ ∂∂θi log pθ(y1:T |u1:T )
∣∣∣∣ (1.29)

is upper bounded by an integrable function over the set defined for y1:T , for all
i ∈ {1, . . . , nθ}. In addition, suppose that y1:T can take values in a set whose
boundaries do not depend on θ. Then

E
{[
θ̂T − θ0

] [
θ̂T − θ0

]>}
� {ITF (u1:T , θ0)}−1 , (1.30)

where

ITF (u1:T , θ0) := E
{
∇θ log pθ(y1:T |u1:T )|θ=θ0

∇>θ log pθ(y1:T |u1:T )
∣∣
θ=θ0

∣∣∣u1:T

}
= −E

{
∇2
θ log pθ(y1:T |u1:T )

∣∣
θ=θ0

∣∣∣u1:T

}
. (1.31)

Lemma 1.1 states that the covariance of any unbiased estimator θ̂T cannot be
smaller (in a positive semidefinite sense) than the inverse of ITF , known as the Fisher
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information matrix. We notice that the computation of ITF requires the knowledge
of θ0 ∈ Θ, which implies that the exact value of ITF might not be available. How
to properly account for the lack of knowledge on θ0 to compute or even maximize
ITF is one question addressed in this thesis. We refer to Section 1.5, where a more
detailed discussion about this aspect is presented.

Remark 1.5 The quantity

ST (u1:T , θ) := ∇θ log pθ(y1:T |u1:T ) (1.32)

is known as the score function. The score function will be employed in Chapter 4 to
compute the Fisher information matrix for nonlinear state space models.

To continue, we introduce the following definition:

Definition 1.1 (Efficient and asymptotically efficient estimators) An unbiased
estimator θ̂T is said to be efficient if expression (1.30) holds with equality for all T .
If

lim
T→∞

E
{
T
[
θ̂T − θ0

] [
θ̂T − θ0

]>}
= {IF (θ0)}−1 , (1.33)

holds and θ̂T is asymptotically unbiased, where

IF (θ0) = lim
T→∞

1
T
ITF (u1:T , θ0) , (1.34)

and ITF is given in Lemma 1.1, then θ̂T is said to be asymptotically efficient.

The estimators obtained by the ML method and PEM (for a particular ` and
Gaussian innovations) are asymptotically efficient. From this perspective, it is
interesting to analyze how the estimator θ̂T behaves as T →∞. The key result in
this area was introduced in [47, 198] for the asymptotic distribution of maximum
likelihood estimators obtained from independent observations:

Lemma 1.2 (Consistency and asymptotic distribution of ML estimators) Suppose
that the random variables z1:T are independent and identically distributed. Suppose
also that the distribution of z1:T is given by pθ0 for some value θ0 ∈ Θ. Then, as
T →∞, the ML estimator θ̂T tends to θ0 with probability one, and

√
T
(
θ̂T − θ0

)
satisfies √

T
(
θ̂T − θ0

)
d−→ N (0, {IF (θ0)}−1) , (1.35)

where IF (θ0) is given by (1.34).

The result in Lemma 1.2 shows that, as T →∞, the distribution of the random
variable

√
T (θ̂T − θ0) tends to be normal with zero mean and covariance matrix

given by the Cramér-Rao bound. We notice that the result in Lemma 1.2 is also true
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when the ML method is applied to dynamical systems under some mild conditions.
Moreover, under technical conditions, the result in Lemma 1.2 still holds for the
estimator given by PEM when the white noise {et} is Gaussian and ` is a quadratic
function [122].

Remark 1.6 The asymptotic distribution given in Lemma 1.2 does not necessarily
imply that

Cov(
√
T θ̂T ) := T E

{
(θ̂T −E{θ̂T })(θ̂T −E{θ̂T })>

}
→ {IF (θ0)}−1 as T →∞ .

(1.36)
The result (1.36) requires more technical conditions on the stochastic processes acting
on the system [122, Appendix 9B]. In this thesis we assume that those conditions
are fulfilled and hence

Cov(θ̂T ) ≈ 1
T
{IF (θ0)}−1 , (1.37)

for sufficiently large T .

As we can see in (1.37), the covariance matrix of an asymptotically efficient
estimator can be expressed in terms of the Cramér-Rao bound. At this point we
can consider adjusting the covariance matrix of θ̂T to improve the accuracy of
the parameter estimates. Indeed, since the Fisher information matrix (1.31) is
conditioned on the input sequence u1:T , it is possible to design the covariance matrix
of θ̂T by designing u1:T . This is the main objective of input design, described in the
next section.

1.3 Input design

Optimal input design concerns the design of an excitation that maximizes the
information in the data set ZT about the system [1, 23, 45, 66, 70, 72, 82, 87, 132,
158, 209, 211]. The maximization is usually performed by optimizing a cost function
related to the intended model application. Another standard choice is a scalar
function of the Fisher information matrix ITF (u1:T , θ0) [87, 102, 122], as it imposes
a bound on the asymptotic covariance matrix of estimators. We denote this cost
function by h : Rnθ×nθ ×Θ → R. The cost function h is usually required to fulfill
the following [21]:

Definition 1.2 (Matrix convex function) A function f : Rr×r → R is called matrix
convex if and only if, for every two positive semidefinite matrices X, Y ∈ Rr×r, and
for all λ ∈ [0, 1],

f(λX + (1− λ)Y ) ≤ λf(X) + (1− λ)f(Y ) . (1.38)

More precisely, the function h is required to be a matrix convex function in its first
argument for every θ ∈ Θ.
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Table 1.1: Typical choices of h.

Optimality criterion h

A-optimality tr
{

(·)−1}
D-optimality − log det(·)
E-optimality −λmin(·)
L-optimality tr

{
W (·)−1}

According to Definition 1.2, some suitable choices for h are h(X) = − log det(X)
(D-criterion), h(X) = tr

{
X−1} (A-criterion), and h(X) = −λmin(X) (E-criterion),

among others. Table 1.1 summarizes the definitions commonly used for the cost
function h [107].

By designing an optimal input sequence for identification we mean that, for
a given data length T , we optimize the accuracy for the parameter estimates in
a prescribed sense. Since the cost function is associated with ITF (u1:T , θ0), by
Remark 1.6 we conclude that the maximization of ITF (u1:T , θ0) implies a reduction
in the covariance matrix of θ̂T . In practical applications, input design allows to
reduce the time associated with the experiment to obtain a prescribed accuracy.
To see this, we note that equation (1.37) implies that the covariance matrix of
the parameter estimates decays as T−1. Furthermore, if ITF (u1:T , θ0) is optimized,
then from equation (1.37) we conclude that we can reduce the number of samples
required to achieve the desired accuracy for θ̂T .

To illustrate the importance of input design, we consider a simple example:

Example 1.7 (Fisher information matrix for an FIR model) Consider the finite
impulse response (FIR) model

yt = θ1ut + θ2ut−1 + et , (1.39)

where θ =
[
θ1 θ2

]> ∈ R2, and {et} is Gaussian white noise of zero mean and
variance σ2. We are interested in identifying θ ∈ R2 by performing an experiment
with T samples. The Fisher information matrix ITF (u1:T , θ0) for the model (1.39) is

ITF (u1:T , θ0) = 1
σ2

T−1∑
t=1

 u2
t ut ut+1

ut ut+1 u2
t+1

 . (1.40)

From (1.40) we see that ITF depends on the input samples u1:T . Therefore, the choice
of the input for the experiment is crucial to identify θ. For example, if ut = c for a
given c ∈ R, c 6= 0, and all t, the matrix ITF becomes

ITF (u1:T , θ0) = c(T − 1)
σ2

[
1 1
1 1

]
, (1.41)
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which is singular. This implies that the elements in the parameter θ cannot be
independently identified. Nevertheless, by using the constant input in (1.39), we
have

yt = (θ1 + θ2) c+ et . (1.42)

Hence, a constant input signal can be employed to identify the DC gain of the model
(1.39), which is the sum of the parameters.

On the other hand, if we choose ut as

ut =
{
c, t even,
0, otherwise,

(1.43)

then ITF (u1:T , θ0) becomes

ITF (u1:T , θ0) = c

σ2

[
K 0
0 K

]
, (1.44)

where we assume that T = 2K + 1, for some positive integer K. For the periodic
input (1.43), the Fisher information matrix (1.44) is nonsingular. This implies that
the elements in the parameter vector θ can now be independently estimated.

The optimal input design problem has been widely analyzed in the literature,
with numerous results available. In the next subsection we provide a literature
review of the main results in input design.

Literature review on input design
Most results on input design for dynamical systems have been developed for linear
models [122]. The assumption of a linear model allows us to use convex optimization
tools to solve the input design problem [86, 102, 117, 122, 167].

One possibility to solve the optimal input design problem for linear systems
is by employing linear matrix inequalities (LMI) to characterize autocovariance
functions associated with a feasible input spectrum [102, 117, 169, 197]. In [102] the
input design problem is solved in the frequency domain, where the input spectrum
is designed. To this end, [102] parameterizes the input spectrum using rational
basis functions. This allows to obtain a convex problem in the decision variables,
where quality constraints on the identified model and power constraints on the
input signal can be included. A D-optimal multisine excitation is designed in [169],
where the signal is employed to model physiological or electrochemical phenomena
from spectroscopy measurements. In [197] the optimal input design is presented for
finite impulse response (FIR) models, minimizing the uncertainty of the identified
model while the variance of the input is kept as small as possible. A Markov
chain approach is presented in [24, 25] to design inputs with amplitude constraints.
The input sequence is assumed to be the output of a Markov chain, where the
transition probability matrix is designed to maximize the information retrieved
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from the experiment. However, the resulting problem is non-convex. We find the
same problem for time domain gradient-based schemes in [86, 182], where only the
convergence to local optima can be guaranteed.

In recent years, the interest on input design has been extended from linear to
nonlinear systems. The main issue here is that most of the tools used for input
design for linear systems based on frequency domain techniques are no longer valid
for the nonlinear case. One approach to input design for nonlinear systems is
introduced in [99], where a linear systems perspective is considered. Based on a
particular nonlinear system, [99] raises the issue of obtaining a parametrization for
the input sequence resulting in tractable problems. The main message in [99] is
that it is possible to reuse some of the parameterizations of input sequences for
linear models in the nonlinear case. Thus, it is possible to parameterize the input
sequence in terms of the marginal pdfs describing a stationary stochastic process,
but it is not straightforward how to parameterize the input sequence in terms of
its autocovariance function. In addition, [99] shows that it is possible to use the
sum-of-squares method to relax the input design problem for nonlinear models.

The initial work in [99] has been extended to nonlinear FIR systems in [115],
where a characterization of probability density functions of the input is employed.
The assumption in [115] is that the input sequence is a realization of a stationary
process. Taking into account the structure of nonlinear FIR models, in [115] it is
shown that the requirement of stationarity for the input can be combined with the
dynamical model to obtain a convex optimization problem. Input design for the
identification of structured nonlinear models is introduced in [194, 195], where the
system is assumed to be an interconnection of linear systems and static nonlinearities.
The objective in [194, 195] is to minimize the variance of the experiment, while
achieving the desired accuracy in the parameter estimates. It is shown in [194, 195]
that the optimization problem can be expressed in terms of the probability mass
function characterizing the input sequence. Moreover, [194, 195] show that the
resulting optimization problem is convex in the decision variables. Once the optimal
probability mass function is obtained, [194, 195] generate an input realization using
elements from graph theory.

Input design for the identification of nonlinear state space models is presented in
[88], where a particle filter is used to approximate the cost function associated with
the input design problem. The estimated cost function is then optimized over a
particular class of input vectors using stochastic approximation. In [88] it is assumed
that the input sequence is an autoregressive process, and the parameters of this
process are optimized numerically.

The class of nonlinear model structures is also generalized in [69], where the
input signal is optimized over an alphabet of finite cardinality. The multilevel
excitation design is also considered in [53] for the identification of Wiener models,
and employed in [54] for the identification of nonlinear FIR models. Nevertheless,
the results in [53, 54, 69] restrict the discussion to specific dynamical models and
non-stationary inputs.

The restriction of the problem setup to specific nonlinear models and inputs can
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be employed to derive closed form expressions for a scalar function of the Fisher
information matrix. In [125, 126], the restriction of the input to be a realization of a
Gaussian mixture leads to a closed form expression for the determinant of the Fisher
information matrix when a Wiener model is considered. The expression derived
in [126] is then used to develop a method to optimize the Fisher information matrix
using the D-criterion. Even though the results in [126] provide insight on the effects
of the input in the Fisher information matrix, the restriction to Wiener models and
D-criterion limits the extension of these results to a more general models and other
optimality criteria.

The methods previously mentioned [88, 99, 115, 194, 195] are in general highly
complex (usually leading to non-convex problems, e.g., [88]) and are restricted to
particular model structures (e.g., [99, 115, 194, 195]) or particular classes of input
signals (e.g., AR processes [88]). Moreover, except for the results in [24, 25, 115],
the methods introduced cannot handle input design with amplitude constraints.
Amplitude constraints can arise due to safety reasons or physical limitations in the
system. Therefore, input design with amplitude constraints even for linear systems
also requires further study.

An additional limitation of the input design methods previously mentioned is the
assumption of a prior estimate of the model parameters. The requirement of such
knowledge is a common issue in input design. In the literature of input design, two
approaches are mainly employed to overcome this difficulty. The first technique relies
on adaptive design, where the input is designed iteratively as information is collected
from the system [80, 151, 165]. The second method is based on robust methods,
where the uncertainty on the model parameter is considered when designing the
input signal [114, 164, 167, 204]. In regards of robust input design, the work in [167]
designs the input sequence by optimizing the experiment for the worst case scenario
defined by the model parameters, which are assumed to lie in a given compact set.
The optimal input design in [167] also considers energy (or power) constraints for
the input sequence. Moreover, [167] formulates a convex optimization problem that
can be employed to solve a discretized approximation to the design problem.

1.4 Bayesian methods in system identification

As we have seen in Section 1.1, Bayesian techniques can be used to encode prior
information about the model parameters when estimating a dynamical model. This
principle can be extended to other problems as well, where a Bayesian approach can
provide an alternative to not only encode prior information, but also to reduce the
computational complexity of the resulting methods. In this section, we consider the
use of Bayesian methods in two problems: (i) input design for nonlinear dynamical
models, and (ii) parameter estimation of dynamical models. For Item (i), we discuss
how Bayesian methods can provide an alternative for solving the input design
problem. In Item (ii), we address the problem of encoding information about the
system properties in the prior pdf, in particular about the order of the dynamical
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system to be identified.

Bayesian methods for input design
In general, the problem of input design for nonlinear dynamical models is difficult
to solve. The main issue for designing an input is the computation of the Fisher
information matrix. Unless restrictions over the model are imposed to obtain the
Fisher information matrix in closed form, the problem relies on estimates of this
matrix. To illustrate this point, we consider the following example:

Example 1.8 (Computation of the score function) Consider the expression for
the Fisher information matrix ITF in Lemma 1.1. This expression depends on
the score function ST (u1:T , θ), which can be computed using the Fisher identity in
Theorem B.1 to obtain

ST (u1:T , θ0) =
∫
X1:T

∇θ log pθ(x1:T , y1:T |u1:T )|θ=θ0
pθ0(x1:T |y1:T , u1:T )dx1:T .

(1.45)
In expression (1.45), log pθ(x1:T , y1:T |u1:T ) denotes the complete data log-likelihood,
and pθ0(x1:T |y1:T , u1:T ) the conditional pdf of x1:T given the measurements y1:T and
the input u1:T . Hence, the computation of the score function ST (u1:T , θ) requires
the knowledge of the complete data log-likelihood and the conditional pdf appearing
in the right hand side of the equality in (1.45).

With the exception of linear Gaussian state-space models, the expressions for
pθ(x1:T , y1:T |u1:T ) and pθ0(x1:T |y1:T , u1:T ) in Example 1.8 are not available in closed
form. Hence, if the evaluation of the score function is required (as it is the case for
input design), an estimate of these quantities is needed.

Even though an estimate of the score function may be available, the resulting
estimate is a noisy measurement. In consequence, we require an optimization method
that accounts for this uncertainty as it searches for the optimal input.

Another difficulty associated with the input design problem is the optimization
of the cost function over the feasible set. This requires the evaluation of the cost
function over a potentially large number of elements in the set. Therefore, the
optimization technique should guarantee that the samples over the feasible set
are made in such a way that the method only explores those regions where an
improvement on the cost function is expected, or where there are large uncertainties
in the value of the cost function.

To address the previous points, this thesis explores the use of a Bayesian
optimization framework to design inputs for the identification of nonlinear dynamical
models. By specifying that the scalar function of the Fisher information matrix is a
realization from a Gaussian process (GP), we can compute its predictive posterior
distribution given a set of samples over the feasible set. The predictive posterior
distribution acts as a surrogate of the intractable objective function, and is employed
to compute the next sample over the feasible set by using an acquisition rule. This
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technique recursively explores the feasible set to determine the element maximizing
a surrogate function. The advantage of this approach when compared with existing
techniques is that it can handle uncertainty in the estimates of the objective function,
and it drives the exploration of the input space towards those regions where an
improvement of the objective function is expected.

The Bayesian optimization method for input design is analyzed in details in
Chapter 6, where we provide the implementation of an algorithm for designing
inputs to estimate nonlinear dynamical models.

Bayesian identification of dynamical models
As discussed in Section 1.1, one alternative to maximum likelihood estimation
is given by Bayesian identification. In the Bayesian framework, we compute the
posterior pdf of the model parameters given the likelihood function and a prior pdf
specified over the parameter set. In the case of the prior pdf, we have the freedom
to impose the distribution to account for knowledge or belief prior to obtain ZT .
Therefore, different posterior estimates can be derived from the same data set ZT
(for finite T ), which will depend on the specified prior pdf.

A common rule when specifying a prior pdf over Θ is that it should reflect the
knowledge on θ prior to performing the experiment. Even though the physical
interpretation of the prior pdf over Θ is relevant, it is also equally desirable that
the posterior pdf should be available in closed form. Closed form expressions for
the posterior distribution of the model parameters allow to easily compute posterior
estimates and to draw samples from it.

Closed form expressions for the posterior distribution p(θ|ZT ) are usually enforced
by restricting the prior πΘ to belong to a specific family of distributions, referred to
as conjugate priors:

Definition 1.3 (Conjugate priors [159, Section 3.3]) A family T of probability
distributions on Θ is said to be conjugate for a likelihood function pθ(y1:T |u1:T ) if,
for every πΘ ∈ T , the posterior distribution p(θ|ZT ) also belongs to T .

The convenience of imposing a prior pdf πΘ that is conjugate to the likelihood
function pθ(y1:T |u1:T ) follows from that finding the posterior only requires an update
of the distribution of the parameters [170]. Table 1.2 presents a list of some likelihood
functions together with their conjugate priors [170].

As we can see from Table 1.2, if closed form expressions for the posterior
distribution are of interest, then the prior must be chosen as function of the
structure of the likelihood. Hence, we are limited to only imposing a particular class
of prior distributions, which are not necessarily aligned with the prior knowledge
(or belief) we have about the model parameters before performing the experiment.

Given the computational resources available nowadays, it is possible to define
prior distributions accounting more properly for the prior knowledge about the
model parameters than what the conjugate priors can. In particular, the prior
pdf can be used to account for prior knowledge about the model complexity. How
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Table 1.2: Examples of conjugate prior distributions for some likelihood functions
(Source: [170]).

Likelihood function Model parameters Conjugate prior
Multivariate normal
(with known covariance) Mean Multivariate Normal

Multivariate normal
(with known mean) Covariance Inverse-Wishart

Multivariate normal Mean and covariance Normal-inverse-Wishart

Exponential Rate Gamma

Gamma (known shape) Inverse scale Gamma

to approximate the posterior distribution and encode prior information about the
model complexity in the prior pdf is a question to be addressed in this thesis.

Literature review on Bayesian methods

The review of the state of the art in this section is divided into two parts: (i)
Bayesian optimization and (ii) Bayesian system identification.

Bayesian optimization

Bayesian optimization techniques have gained interest in the Machine learning
community [174]. Applications of this method can be found in robotics [121,
129], environmental monitoring [127], information extraction [202], combinatorial
optimization [101, 203], sensor networks [76] and reinforcement learning [26], among
others. In such cases, Bayesian optimization provides an alternative solution to the
problem, where a surrogate model of the cost function is computed and optimized
instead of the true cost function.

An advantage of using Bayesian optimization over some of the standard optimiza-
tion techniques is that it accounts for the uncertainty associated with the estimation
of the cost function. In this sense, Bayesian optimization is similar to stochastic
optimization methods [181], where the optimization is solved by considering noisy
measurements of the cost function.

The key ingredient to implement a Bayesian optimization method is the statistical
model characterizing the cost function. In this regard, one choice is the Gaussian
process (GP) as prior distribution for the cost function. Gaussian processes extend
the notion of Gaussian distributions over random vectors to functions [155], and it
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has been shown to be a useful tool in fields such as sensor networks [140], power
systems [40], as well as in system identification [157]. Imposing a GP prior over
the cost function is attractive as it can encode properties known a priori about the
function, such as smoothness.

An application of Bayesian optimization to system identification has been made
in [48], where Bayesian optimization is used to estimate nonlinear state-space models.
The work in [48] imposes a Gaussian process prior over the likelihood function and
computes its predictive posterior distribution based on estimations of the likelihood
function over the feasible set.

Bayesian system identification

The use of Bayesian techniques for identification of dynamical models has gained
attention in the recent years. The existing Bayesian methods for system identification
are mainly implemented using the Gibbs sampler [34, 73, 78, 119, 208]. The Gibbs
sampler is a particular implementation of the Metropolis Hastings algorithm [160],
and hence it computes samples that are approximately distributed according to the
posterior pdf. However, the implementation of the Gibbs sampler requires that the
conditional marginal distributions of the posterior pdf are known in closed form,
and that they can be used to generate samples. This property is commonly ensured
by restricting the prior to the set of conjugate distributions of the likelihood (cf.
Definition 1.3). Prior distributions outside this set are often intractable for the
Gibbs sampler, and other methods are needed. For example, this is the case if we
specify a prior distribution for the order of a dynamical system [160, Chapter 11].

In the case of model order selection, a Bayesian framework has also been developed
[7, 32, 44]. The main method employed is the reversible jump Markov chain Monte
Carlo (RJMCMC) sampler [91, 93]. The implementation of this algorithm requires
the definition of a differentiable bijective transformation between model sets of
different order, which is achieved by introducing auxiliary variables. While this
approach is relatively easy to implement for small models, the complexity increases
rapidly with the model order.

We remark that the Bayesian approach to system identification is not a recent
development. In this line, [144] argued already in 1981 that Bayesian techniques
can provide an attractive solution to the system identification problem. More
recently, [137] presented a Markov chain Monte Carlo method to implement the
Bayesian framework in system identification, where the Metropolis Hastings sampler
is employed to compute posterior distributions. On the other hand, the role of
sparse estimation in Bayesian system identification has gained interest in recent
years. Indeed, in [150] the role of rank penalties in Bayesian system identification is
discussed. The model order of the estimated system is implicitly taken into account,
by including a regularization term associated with a weighted quadratic function
of the Hankel matrix of the estimated impulse response coefficients. Even though
the model complexity is considered in the optimization problem proposed in [150],
adding a quadratic function of the Hankel matrix as a regularization term does not
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guarantee that the optimal solution is of low order; this is because the regularization
term is a generically differentiable function of the Hankel singular values, hence it
cannot enforce sparseness on them.

1.5 On the role of the uncertainty in system identification

Some of the problems previously discussed assume that the information required for
solving them is fully available. One example is the formulation of the input design
problem based on a nominal model parameter. However, it is common the case
where the information to solve the problem is not completely available. This lack of
information is the main difficulty encountered in input design. Indeed, as can be
noted from Section 1.3, the input design problem suffers from a crucial difficulty:
the cost function may depend on the model parameter θ0 describing the true system,
as the Fisher information matrix ITF can depend on θ0 (except, e.g., when the model
is linearly parameterized). Therefore, the optimized input depends on the parameter
to be estimated (cf. the literature review on input design on page 14). To illustrate
this point, we consider the following example:

Example 1.9 (Fisher information matrix for an OE model) Consider the OE model

yt = Gθ(q)ut + et , (1.46)

where Gθ(q) is a real rational function in q parameterized by θ ∈ Θ, and {et} is a
Gaussian white noise of zero mean and variance σ2. Under the assumption that
there exists a θ0 ∈ Θ such that (1.46) describes the true input-output relation when
θ = θ0, the Fisher information matrix becomes

ITF (u1:T , θ0) = 1
σ2

T∑
t=1
∇θŷt|t−1(θ)

∣∣
θ=θ0

∇>θ ŷt|t−1(θ)
∣∣
θ=θ0

, (1.47)

with
∇θŷt|t−1(θ) = [∇θGθ(q)]ut . (1.48)

Based on Equations (1.47)-(1.48), we conclude that, in general, the Fisher informa-
tion matrix for the OE model (1.47) depends on the value of the parameter describing
the true input-output relation, as ∇θŷt|t−1(θ) is often a function of θ.

The problem of accounting for the uncertainty in input design has been addressed
in the literature in different manners. On page 22 we provide a discussion on the
existing approaches to cope with this uncertainty (cf. the literature review on input
design on page 14). In this thesis, we motivate the discussion by means of robust
input design [167].

In robust input design, the goal is to design an excitation maximizing a scalar
cost of the Fisher information matrix, which also takes the uncertainty on the model
parameters into account. The standard formulation for robust input design is

uopt
1:T := arg min

u1:T∈UT
R
{
h(ITF (u1:T , θ), θ)

}
, (1.49)
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where R : L2 → R is a predefined functional accounting for the uncertainty on θ0
(characterized by a probability measure PΘ), and U ⊆ R is the feasible set of ut.
The set L2 contains those random variables on Θ whose mean and variance (with
respect to the probability measure defined on Θ) are finite.

Remark 1.7 In the literature of control theory and input design, the term robust
usually refers to the worst case design [167, 215]. In this thesis, the term robust
will refer to any functional R : L2 → R quantifying the cost incurred by the lack of
knowledge on the value of a random variable in L2.

We note that the function R covers a wide range of possibilities to account for
the uncertainty on θ0. Examples for R are R = EΘ{·} (where it is assumed that
Θ is a probability space with known cumulative distribution function PΘ), and
R = maxθ∈Θ{·}.

Due to the generality of R, we have a new issue for accounting for the uncertainty.
Now, the difficulty is in how to properly define R such that the optimized input is
less sensitive to the value of θ0 describing the system. Even though the expected
value and the worst case design are standard tools in input design, an approach to
properly define R is missing.

A new perspective on the problem of properly defining R can be gained if we
consider a risk theoretical framework. An approach to properly choose R is one of
the contributions of this thesis. In the next subsection we provide a review of the
literature of risk theory.

Literature review on uncertainty and risk theory
Uncertainty is a frequent issue in many fields. By uncertainty we mean the lack
of knowledge about a phenomenon to fully understand its behavior. Depending
on the subject, the uncertainty can be interpreted in various forms. For example,
in robust control the uncertainty arises as the lack of knowledge about the plant
dynamics [215], while in portfolio optimization the uncertainty describes the lack of
knowledge regarding the future returns of an asset [74, 143].

In system identification, the uncertainty corresponds to the lack of knowledge
about the location of the parameter defining the true system. Under suitable
assumptions on the model and the parameter set, it is possible to approximate such
uncertainty by the use of the central limit theorem [122]. This information can be
then used to provide confidence bounds on the location of the true parameter in the
parameter set, which has been the main approach used in system identification to
account for this uncertainty [18, 96].

A topic in system identification where the uncertainty plays a crucial role is
input design. As mentioned in Section 1.3, the goal in input design is to obtain an
excitation maximizing the amount of information about the system, quantified as
a scalar cost function of the intended model application. The main issue in input
design is that it usually relies on prior information about the model parameters.
Solutions to this issue have been previously discussed in the literature review on
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input design on page 14, where adaptive and robust schemes are proposed. This
thesis focuses on robust techniques.

In regards of robust approaches to input design, we can quantify the uncertainty
in different manners. For example, we can just consider a nominal parameter to
design the experiment, which is referred to as nominal input design [186], use chance
constraints to guarantee a prescribed accuracy on the estimated parameter [166], or a
worst case scenario, where the input is designed by considering the parameter in the
parameter set delivering the worst performance [164]. Even though many approaches
have been considered to account for the uncertainty on the model parameter, there
is no clear approach to systematically choose the robust measure to include the
uncertainty in the problem formulation.

On the other hand, the issue of systematically accounting for the uncertainty in
optimization problems has been well studied in the risk theory literature [9, 17]. The
focus on risk theory is on minimizing the losses due to uncertainty in the returns of
a portfolio of assets. To this end, the notion of coherent measures of risk has been
introduced [10, 161], which provides a framework to consider the uncertainty in the
returns of the assets. A portfolio optimization based on coherent measures of risk
leads to desired property of diversification: it is always better to invest on several
assets rather in a single one, since it leads to a reduction in the risk of losing with a
portfolio.

1.6 Thesis contributions

This thesis makes contributions to three topics: (i) input design for identification of
nonlinear models, (ii) Bayesian techniques in system identification, and (iii) Risk
coherent formulations in system identification.

Input design
In an effort to extend the methods in input design to nonlinear dynamical models,
this thesis introduces a robust input design method for the identification of nonlinear
state-space models. The input is constrained to be a realization of a stationary
Markov process with finite alphabet, whose stationary probability mass function
(pmf) is defined over vectors of consecutive inputs. Therefore, the problem is to
find the stationary pmf maximizing the information obtained from the experiment,
quantified as a scalar function of the Fisher information matrix. As the true system
is unknown, the method takes the uncertainty on the true value of the parameters
into account by formulating a robust problem.

By using notions of graph theory, we can express the feasible set of pmfs as a
convex combination of the pmfs describing the vertices of the set. Since the vertices of
the set can be explicitly computed by known graph theoretical algorithms [103, 210],
the optimization problem becomes easy to pose, as it needs the computation of the
Fisher information matrix only for the pmfs defining the vertices of the feasible set.
The required Fisher information matrices are then computed by particle methods.
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For standard choices of the cost function, the proposed formulation for input
design is convex even for nonlinear systems, which reduces the computational
complexity compared with the Markov chain approach in [24, 25]. Finally, since the
input is restricted to a finite alphabet, the method naturally incorporates amplitude
constraints.

The proposed input design method has proven to be an attractive solution to
practical problems arising in the identification and estimation literature. As an
illustration of the relevance of the proposed method, this thesis presents the use
of the robust input design technique for model estimation with quantized output
data. In this problem the quantized output data introduces nonlinear behavior in
the system, which restricts the techniques that can be employed to design the input
sequence.

Bayesian methods

This thesis also provides a framework to implement Bayesian techniques for both
experiment design and parameter estimation for dynamical models. The first
contribution of this part is on addressing the computational complexity when
calculating the objective function used in input design. To this end, a Gaussian
process optimization (GPO) method to input design for identification of nonlinear
dynamical models is introduced [174]. By imposing that the scalar function of the
Fisher information matrix is a realization from a Gaussian process (GP) [155], the
technique computes the predictive posterior distribution of the objective function
given a set of samples over the feasible set. The predictive posterior distribution acts
as a surrogate of the unavailable objective function, and is employed to compute
the next sample over the feasible set by using an acquisition rule. This technique
iteratively explores the feasible set to determine the element optimizing the surrogate
function. The advantage of this approach when compared to existing techniques is
that it can handle uncertainty in the estimates of the objective function, and it drives
the exploration of the input space towards those regions where an improvement of
the objective function is expected.

The second contribution of this part is the development of a Bayesian method
for the identification of SISO linear time-invariant dynamical models. The method
accounts for prior knowledge on the model complexity, which is encoded by imposing
a prior on the Hankel singular values of the transfer function of the system. As the
posterior distribution of the model parameters is often unavailable in closed form,
a Metropolis-Hastings (MH) sampler is implemented [94, 160]. The MH sampler
approximates the posterior distribution of the model parameters by samples that are
approximately given by this distribution. Then, a posterior estimate of the model
parameters is provided by, e.g, the maximum a posteriori (MAP) or the posterior
mean. The existence of the posterior distribution of the model parameters, as well
as the convergence of the output of the MH sampler to the posterior distribution is
studied and proven.
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Risk theory in system identification
The third part of this thesis focuses on how risk theoretical tools can be used to
define functionals properly accounting for the uncertainty in system identification.
By introducing the notion of coherent measures of risk [10], the thesis explores
two applications of such measures in input design. The first application considers
accounting for the uncertainty in the classical formulation of input design, where a
scalar cost function of the Fisher information matrix is optimized. As the problem
formulation depends on the unknown model parameter, we discuss the use of
risk coherent measures to account for the uncertainty on the model parameter. In
particular, we employ the conditional value at risk (CVaR) to include the uncertainty
on the model parameter into the problem formulation [161].

The second use of risk coherent measures is in application oriented input design.
In this problem, we are interested in minimizing the cost of the experiment to be
applied to the system, while guaranteeing a prescribed accuracy on the estimated
parameter based on the data provided by the experiment. The main difficulty here
is that the accuracy on the model parameter depends on both the true system
description and the estimated parameter, which are subject to uncertainty. To
account for the uncertainty on both parameters, a risk coherent framework for
application oriented input design is proposed. As the uncertainty on the estimated
parameter depends on the experiment to be designed in the optimization, we also
provide a stochastic approximation method to find a suboptimal excitation satisfying
the quality constraint on the estimated parameter. The convergence of the proposed
technique is analyzed and proven.

1.7 Outline of the thesis and publications

The thesis is structured in ten chapters (including the present one). The chapters
composing the main body of this work are grouped into three parts:

Part I: Graph theory in input design. This part of the thesis covers the prob-
lem of input design for nonlinear dynamical models. The focus is on the use
of graph theoretical tools to pose a convex optimization problem, where the
solution defines the optimal stationary distribution of a Markov process. Four
chapters are considered in this part:

Chapter 2. Graph theory and Markov processes: This chapter describes how
graph theory can be used to parameterize the set of stationary Markov
processes with finite alphabet. The contents of this chapter are based on
(J1) P.E. Valenzuela, C.R. Rojas, H. Hjalmarsson, and R. Hildebrand.

On accuracy analysis of a graph theoretical approach to input design
for identification of nonlinear dynamical models. In preparation.

(J2) P.E. Valenzuela, C.R. Rojas, and H. Hjalmarsson. A graph theoretical
approach to input design for identification of nonlinear dynamical
models. Automatica, volume 51, January 2015, pp. 233–242.
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Chapter 3. A review on sequential Monte Carlo methods: This chapter is
focused on sequential Monte Carlo techniques, which are needed to
implement the input design methods introduced in this thesis.

Chapter 4. Robust input design for nonlinear models: This chapter is con-
cerned with the design of inputs for the identification of nonlinear state-
space models. To account for the uncertainty in the model description, a
robust measure is considered for the cost function. The content of this
chapter is based on
(J3) P.E. Valenzuela, J. Dahlin, C.R. Rojas, and T.B. Schön. On ro-

bust input design for nonlinear dynamical models. Accepted for
publication. Automatica, 2016.

(J2) P.E. Valenzuela, C.R. Rojas, and H. Hjalmarsson. A graph theoretical
approach to input design for identification of nonlinear dynamical
models. Automatica, volume 51, January 2015, pp. 233–242.

(C1) P.E. Valenzuela, J. Dahlin, C.R. Rojas, and T.B. Schön. A graph/par-
ticle-based method for experiment design in nonlinear systems. In
Proceedings of the 19th IFAC World Congress, Cape Town, South
Africa, 2014.

(C2) P.E. Valenzuela, C.R. Rojas, and H. Hjalmarsson. Optimal input
design for non-linear dynamic systems: a graph-theory approach. In
Proceedings of the 52nd Conference on Decision and Control (CDC),
Florence, Italy, 2013.

Chapter 5. Robust input design for systems with quantized inputs and
measurements: As an application of the graph theoretical approach to
input design, we consider the problem of input design when the output of
the system is subject to quantized measurements. This chapter is based
on
(J4) P.E. Valenzuela, B.I. Godoy, and C.R. Rojas. On robust input

design for identification of FIR systems with quantized measurements.
Submitted to the IEEE Signal Processing Letters, 2016.

(C3) B.I. Godoy, P.E. Valenzuela, C.R. Rojas, J.C. Agüero, and B. Ninness.
A novel input design approach for systems with quantized output
data. In Proceedings of the 13th European Control Conference (ECC),
Strasbourg, France, 2014.

Part II: Bayesian techniques in system identification. This part of the the-
sis explores how existing techniques in Bayesian inference can be used to solved
the classical problems in system identification. The discussion in this part is
divided into two chapters:

Chapter 6. A Gaussian process optimization method to input design for
the identification of nonlinear models: Motivated by the difficulty
of solving the input design problem for the identification of nonlinear
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models, this chapter explores the use of a Gaussian process optimization
framework in input design. By imposing a prior on the objective function,
the technique iteratively explores the feasible set to find the optimal
input. The discussion in this chapter is based on

(C4) P.E. Valenzuela, J. Dahlin, C.R. Rojas, and T.B. Schön. Particle-
based Gaussian process optimization for input design in nonlinear
dynamical models. Accepted for publication in the 55th Conference
on Decision and Control (CDC), Las Vegas, United States, 2016.

Chapter 7. On model order priors for Bayesian identification of linear mod-
els: This chapter discusses how to estimate the model complexity in a
Bayesian setting for the identification of SISO LTI models. By imposing
priors over the Hankel singular values of the rational transfer function,
the posterior distribution of the model parameters is computed using a
Metropolis-Hastings sampler. The contents of this chapter are based on

(J5) P.E. Valenzuela, T.B. Schön, and C.R. Rojas. On model order priors
for Bayesian identification of SISO linear systems. Provisionally
accepted. International Journal of Control, 2016.

Part III: Risk coherent framework for system identification. As highlighted
in this chapter, model uncertainties play a crucial role in many problems in
system identification. This chapter focuses on how to properly measure the
uncertainty and include it into the problem formulation. To this end, a risk
coherent formulation is presented. This part is divided into two chapters:

Chapter 8. On risk theory in system identification: As a first approach to the
problem of uncertainty, this chapter discusses how the notion of risk
coherent measures can be useful to account for the uncertainty in system
identification. The focus in this chapter is on input design, but the same
principles can be extended to other areas in the field. The contents of
this chapter are based on

(C5) P.E. Valenzuela, C.R. Rojas, and H. Hjalmarsson. Uncertainty in
system identification: learning from the theory of risk. In Proceedings
of the 17th IFAC Symposium on System Identification (SYSID),
Beijing, China, 2015.

Chapter 9. Risk coherent application oriented input design: To account for
the uncertainty in application oriented input design, a risk coherent
framework is discussed in this chapter. The chapter focuses on how to
include risk coherent measures into the problem formulation and the
difficulties in solving the resulting optimization problem. To address the
difficulty of solving the optimization, a stochastic approximation method
is proposed and its convergence is analyzed. The contents of the present
chapter are based on
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(J6) P.E. Valenzuela, A. Ebadat, and M. Annergren. On risk coherent
application oriented input design. In preparation.

Finally, the last chapter of this thesis presents concluding remarks and future
research paths.
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Chapter 2

Graph theory and Markov
processes

The first part of this thesis relies on a specific link between graph theory and
stationary processes. The link is established between a specific set of cycles in a de
Bruijn graph and a set of marginal distributions of stationary processes. Specifically,
by making use of the results in [210], we can link a set of marginal probability mass
functions (pmf) of stationary processes with finite alphabet with a set of cycles in
the equivalent de Bruijn graph (cf. Definition 2.15 and Theorem 2.1).

The relationship between de Bruijn graphs and marginal pmfs of stationary
processes with finite alphabet is then used to parameterize stationary Markov
processes in terms of their stationary pmfs. The resulting parametrization of the
stationary pmf is given as the convex combination of the measures associated with
a specific set of cycles of the equivalent de Bruijn graph (cf. Definition 2.15). This
property provides a convex formulation for the input design problem discussed in
Chapters 4 and 5.

Given an element in the set of stationary distributions of the Markov process, we
are interested in obtaining a realization of the associated stationary Markov process.
How to obtain such realization from the stationary Markov process is also discussed
in this chapter. The contents of this chapter are partly based on [186].

2.1 Graph theory: basic concepts

In this section we provide a number of definitions of graph theoretical concepts
employed in Chapters 4 and 5. This section is partly based on [103].

Definition 2.1 (Directed graph) A directed graph GV = (V, E) is a pair consisting
of a finite nonempty set of points (called nodes or vertices) V and a set E of ordered
pairs (zi, zj) of vertices zi, zj ∈ V called edges.
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Definition 2.2 (Path) A path in a directed graph GV from node z to node u is a
tuple of vertices

ωzu = (z1, z2, . . . , zk) ,

such that (zi, zi+1) ∈ E for all i ∈ {1, . . . , k − 1}, z1 = z and zk = u.

Definition 2.3 (Cycle and elementary cycle) A cycle is a path ωzu in which z and
u coincide. A cycle is elementary if no vertex except the first and last appears twice.

Definition 2.4 (Cyclic permutation) Consider two cycles ωuu and ωzz in a directed
graph GV . We say that ωzz is a cyclic permutation of ωuu if and only if there exist
paths ωuz, and ωzu such that ωzz = (ωzu, ωuz), where the first element in ωuz is
removed, and ωuu = (ωuz, ωzu), where the first element in ωzu is removed.

Definition 2.5 (Distinct elementary cycles) Two elementary cycles are distinct if
and only if one is not a cyclic permutation of the other.

De Bruijn graphs

The results in this thesis are based on a specific class of directed graphs, called de
Bruijn graphs [52]. Their definition is given below.

Definition 2.6 (de Bruijn graph) The n-dimensional de Bruijn graph of m symbols
in C = {s1, . . . , sm} denoted as GCn is a directed graph whose set of vertices V is
given by

V = Cn := {(s1, . . . , s1, s1), (s1, . . . , s1, s2), . . . ,
(s1, . . . , s1, sm), (s1, . . . , s2, s1), . . . ,
(sm, . . . , sm, s1), . . . , (sm, . . . , sm, sm)} , (2.1)

and whose set of directed edges E is

E = {((r1, . . . , rn), (r2, . . . , rn, v)) : v, r1, . . . , rn ∈ C} . (2.2)

Remark 2.1 According to Definition 2.6, an n-dimensional de Bruijn graph of m
symbols is a directed graph representing overlaps between pairs of n-dimensional
vectors. It has mn vertices, consisting of all possible n-dimensional vectors built
from a set with m symbols. We note that the same symbol can appear multiple times
in the vector. Moreover, if one of the vertices can be expressed as another vertex by
shifting all its elements one place to the left and adding a new symbol at the end,
then the latter has a directed edge to the former vertex.

To illustrate Definition 2.6 we consider the following example:
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Table 2.1: Transitions from (ut−1, ut) to (ut, ut+1), Example 2.1.

(ut−1, ut) (ut, ut+1)
(0, 0) {(0, 0), (0, 1)}
(0, 1) {(1, 0), (1, 1)}
(1, 0) {(0, 0), (0, 1)}
(1, 1) {(1, 0), (1, 1)}

Figure 2.1: A 2-dimensional de Bruijn graph with symbols in C = {0, 1}.

Example 2.1 Consider a sequence {ut} over the alphabet C = {0, 1}. We are
interested in deriving the de Bruijn graph associated with the possible transitions
of (ut−1, ut) among its states in C2. In other words, we want to derive the possible
transitions from (uk−1, uk) to (uk, uk+1). Table 2.1 contains all the possible tran-
sitions between the elements in C2. We note that the number of possible values of
(uk, uk+1) given (uk−1, uk) is two, which is the number of elements in C. This is
due to the fact that the new element uk+1 belongs to C.

The resulting de Bruijn graph is depicted in Figure 2.1. We observe that the
nodes are given by the elements of C2, and the edges correspond to the transitions
presented in Table 2.1.

2.2 De Bruijn graphs and stationary processes

In this section, we establish the connection between the n-dimensional de Bruijn
graph with symbols in C and the n-dimensional marginal distributions associated
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with stationary processes over the alphabet C. Before proceeding, we introduce the
following definitions:

Definition 2.7 (Cumulative distribution function) Let nm be a positive integer,
and X be an nm-dimensional random vector with associated probability measure P.
The function P : Cnm → R, defined as

P (x1, . . . , xnm) := P{X1 ≤ x1, . . . , Xnm ≤ xnm} , (2.3)

is the cumulative distribution function (cdf) of the random vector X.

Definition 2.8 (Stationary process) A stochastic process {ut} is stationary if and
only if, for every tuple of integers (i, j, k) such that k ≥ 1, the k-dimensional
marginal cumulative distribution functions {P (k)

t } (P
(k)
t : Ck → R) associated with

k consecutive time instants of {ut} satisfy P (k)
i (ui−k+1:i) = P

(k)
j (uj−k+1:j).

As we can see from Definition 2.8, a stationary process requires that all its
consecutive marginal cumulative distribution functions (cdfs) are time invariant.

Before concluding this part, we introduce the following definition:

Definition 2.9 (Probability mass function) A probability mass function (pmf) p is
a probability measure whose support is a countable set.

A relevant question for Chapters 4 and 5 is how to characterize a stochastic
process in a tractable manner, as the stochastic process is the basis for the input
design method discussed there. This point will be considered in the following section.

Characterizing a stochastic process with finite alphabet
We would like to characterize a stationary stochastic process ut having a finite
alphabet, i.e. ut ∈ C. Such characterization requires the definition of all its k-
dimensional marginal cdfs {P (k)}k≥1 (P (k) : Ck → R). However, such description of
the stationary process is intractable since we need to define an infinite number of
cumulative distribution functions (cf. Definition 2.8).

Instead, we will further restrict the process to be described by a stationary
Markov process. To this end, we will need the following definitions:

Definition 2.10 (Markov process, [58, p. 80]) A Markov process is a stochastic
process {xt} (xt ∈ Rnx) satisfying the following condition: for any positive integer
n, if {ti}ni=1 are parameter values such that ti < tj for all i < j, i, j ∈ {1, . . . , n},
the probabilities of xtn conditioned on {xti}n−1

i=1 are the same as those conditioned
on xtn−1 in the sense that, for each λ ∈ Rnx ,

P
{
xtn ≤ λ

∣∣xt1 , . . . , xtn−1

}
= P

{
xtn ≤ λ

∣∣xtn−1

}
, (2.4)

with probability 1.
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In the following, we consider a stationary Markov process defined for all t ≥ 0 as

xt+1|xt ∼ p(xt+1|xt) , (2.5)

where p is a conditional probability mass function, xt ∈ X for all t ≥ 0, and X is
a finite set. Based on (2.5), we recursively define the transition probability mass
functions of the stationary Markov process {xt}t≥0 as follows:

p(1) (x1 |x0 ) = p (x1 |x0 ) , (2.6a)

p(n) (xn |x0 ) =
∑

xn−1∈X
p (xn |xn−1 ) p(n−1) (xn−1 |x0 ) , n > 1 . (2.6b)

Before continuing, we need the following statements [58]:

Definition 2.11 (Irreducible Markov process) A Markov process {xt}t≥0 in X is
irreducible if and only if for all x0, x ∈ X , there exists some n > 0, possibly
depending on both x and x0, such that p(n)(x|x0) > 0.

Definition 2.12 (Periodic Markov process) A Markov process {xt}t≥0 in X is
periodic if and only if there exists a partition {Xi}di=1 of X for some d ≥ 2 (called a
cyclic partition of X ) such that

∑
z∈Xi+1

p(1)(z|x) = 1 for all x ∈ Xi (1 ≤ i ≤ d−1),
and

∑
z∈X1

p(1)(z|x) = 1 for all x ∈ Xd.

Definition 2.13 (Aperiodic Markov process) A Markov process {xt}t≥0 in X is
aperiodic if and only if it is not periodic.

Lemma 2.1 [58, p. 182] Consider an irreducible, aperiodic, Markov process {xt}t≥0
in X (of finite cardinality). Then there exists a unique function pst : X → R, called
the stationary probability mass function, satisfying

pst(x) ≥ 0 , for all x ∈ X , (2.7a)∑
x∈X

pst(x) = 1 , (2.7b)

pst(z) =
∑
x∈X

p (z |x ) pst(x) , for all z ∈ X . (2.7c)

In addition, for all z, x ∈ X ,

lim
n→∞

∣∣∣p(n)(z|x)− pst(z)
∣∣∣ = 0 . (2.8)

Based on the previous statements, we introduce a suitable assumption to characterize
the stochastic process {ut}t≥−nm+1 for positive integers nm:
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Assumption 2.1 The stationary process {ut}t≥−nm+1, ut ∈ C ⊂ R, where C is
a finite set of cardinality nC, and nm is a positive integer, is associated with an
irreducible and aperiodic Markov process given by (2.5), with xt := ut−nm+1:t ∈ Cnm ,
where ut−nm+1:t = (ut−nm+1, . . . , ut). We will say that {ut} is a (stationary)
Markov process of memory nm. In addition, the stationary probability mass function
of the Markov process {xt}t≥0 is given by pst (cf. Lemma 2.1), where pst belongs to
the set of nm-dimensional marginal pmfs of stationary processes.

Given the restriction of the process {ut} to satisfy Assumption 2.1, the problem is
then to characterize the set of nm-dimensional marginal pmfs of stationary processes.
Before continuing, we require the following definition [210, p. 679]):

Definition 2.14 (n-stationary cdf and pmf) The cdf P : Rn → R (equivalently,
the pmf p : Rn → R) is n-stationary if and only if for all positive integers i, j, k
satisfying 1 ≤ i ≤ j ≤ n − k, the relation ui:i+k

d∼ uj:j+k is satisfied, where d∼
denotes equal in distribution.

Based on Definition 2.14, we introduce the following result in terms of cdfs
(whose proof comes from [210, Theorem 2]):

Lemma 2.2 (Shift invariant property) A cdf P : Rnm → R is nm-stationary if and
only if, for all z ∈ Rnm−1,∫

v∈R
dP
([
v, z
])

=
∫
v∈R

dP
([

z, v
])
. (2.9)

Proof First we assume that P is nm-stationary. This implies that u1:nm−1
d∼ u2:nm ,

which is equivalent to the condition written in (2.9). To prove the converse, we
assume that (2.9) is true. Therefore, u1:nm−1

d∼ u2:nm is satisfied. Then for any
k < nm, and by successive shifts, the marginal cdf P (u1:k) obtained from P (u1:nm)
satisfies

u1:k
d∼ u2:k+1

d∼ u3:k+2 . . .
d∼ unm−k+1:nm , (2.10)

which implies that u1:nm has an nm-stationary cdf P . �

Lemma 2.2 states that an nm-dimensional cdf P is nm-stationary if and only
if the cdf obtained by marginalizing over unm is equivalent to the one obtained by
marginalizing over u1. If a cdf P satisfies this property, then we say that P is shift
invariant.

The result introduced in Lemma 2.2 allows us to characterize the set of nm-
stationary cdfs as

P :=
{
P : Rnm → R

∣∣∣∣P (x) ≥ 0, ∀x ∈ Rnm ;

P is monotone nondecreasing ;
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lim
xi→∞

i∈{1, ..., nm}

P (x1, . . . , xnm) = 1;

∫
v∈R

dP
([
v, z

])
=
∫
v∈R

dP
([

z, v
])
,∀z ∈ Rnm−1

}
. (2.11)

We notice in (2.11) that the first three properties define a valid cdf in Rnm . Intro-
ducing shift invariance as the fourth property in the set P, we restrict the cdfs to
be nm-stationary [210].

To establish a relation between de Bruijn graphs and nm-stationary cdfs, we use
the finite cardinality of C required in Assumption 2.1. In the following, we employ
the set of nm-stationary pmfs defined as

PC :=
{
p : Cnm → R

∣∣∣∣p(x) ≥ 0, ∀x ∈ Cnm ;∑
x∈Cnm

p(x) = 1;

∑
v∈C

p
([
v, z
])

=
∑
v∈C

p
([

z, v
])
,∀z ∈ Cnm−1

}
. (2.12)

To make use of the set PC, we need to parameterize the elements of PC in a
tractable manner. This issue is relevant here, as in the next chapters we will optimize
cost functions defined in terms of u1:T , which is a realization of the Markov process
satisfying Assumption 2.1. A natural approach is to parameterize p(u1:nm) ∈ PC
(the stationary distribution of the Markov process) in terms of a finite number of
elements of PC . Such a parameterization is described in the next subsection.

Remark 2.2 Lemma 2.2 does not necessarily imply that every P ∈ P is the nm-
dimensional marginal cdf of a stationary process {ut}. However, the existence of a
stationary process {ut} will be proven for the case of the set PC, which is stated in
Theorem 2.2.

Parameterization of PC

To parameterize the elements in PC, we first notice that PC is a convex set, and,
in particular, a polyhedron [163, pp. 170], since it is described by a finite number
of linear equalities and inequalities. Hence, any element of PC can be described
as a convex combination of its extreme points, which are themselves pmfs [163,
Corollaries 18.3.1 and 19.1.1]. In other words, if we define VPC := {vi}nVi=1 as the set
of all the vertices of PC , then for every f ∈ PC we have

f =
nV∑
i=1

αi vi , (2.13)
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where αi ≥ 0, i ∈ {1, . . . , nV}, and

nV∑
i=1

αi = 1 . (2.14)

The set VPC can be characterized in a graph-theoretical manner. Since we have
restricted ut to belong to a finite alphabet C with nC elements, we note that the
set of possible values for ut−nm+1:t, Cnm , is composed of nnmC elements, which can
be viewed as nodes in a graph. In addition, the transitions between the elements
in Cnm , as described by a nm-stationary pmf, are given by all the possible values
of ut+1 when moving from ut−nm+1:t to ut−nm+2:t+1, for all integers t ≥ 0. The
edges between the elements in Cnm denote the possible transitions between the
states, represented by the nodes of the graph. The resulting graph corresponds to
an nm-dimensional de Bruijn graph with symbols in C. To illustrate the transition
among the nodes in the equivalent de Bruijn graph, we present the following example:

Example 2.2 Consider the de Bruijn graph depicted in Figure 2.1 on page 33,
where nm = 2, and C = {0, 1}. From this figure we can see that, if we are at node
(0, 1) at time t, then we can only transit to node (1, 0) or (1, 1) at time t+ 1 (cf.
Table 2.1 on page 33).

In order to describe the elements of VPC , the set of vertices of PC , we need the
concept of prime cycles, whose definition is introduced below [210, p. 678]:

Definition 2.15 (Prime cycle) A prime cycle in a directed graph GV is an elemen-
tary cycle whose set of nodes do not have a proper subset defining an elementary
cycle.

The definition of prime cycle is illustrated in the next example.

Example 2.3 (Prime cycles in de Bruijn graphs) Consider again the de Bruijn
graph depicted in Figure 2.1 on page 33. According to Definition 2.15, the cy-
cle ((0, 1), (1, 1), (1, 0), (0, 1)) is not prime since it contains the elementary cycle
((0, 1), (1, 0), (0, 1)) in it. However, the elementary cycle ((0, 1), (1, 0), (0, 1)) is a
prime cycle since it does not contain another elementary cycle.

To introduce the next theorem, we need the definition below.

Definition 2.16 (Descendants of a node in a de Bruijn graph) Consider a de
Bruijn graph GCn . For any x ∈ Cn, the set of descendants of x is defined as

Dx := {v ∈ Cn : (x, v) ∈ E} . (2.15)

We have the following result [210, Theorem 6]:
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Theorem 2.1 The prime cycles of the de Bruijn graph GCnm are in one-to-one
correspondence with the elements of VPC , the set of vertices of PC. In particular,
each vi ∈ VPC is a uniform pmf whose support is the set of elements of the associated
prime cycle.

Proof As an induction hypothesis, we assume that all measures in PC with less
than k support points are mixtures of prime cycle measures. To start the induction,
it is enough to observe that the hypothesis is trivially true when k = 1.

Let p ∈ PC have k points in its support. By Lemma 2.2, for any x ∈ supp(p),
where supp(p) is the support of p, we have

0 < p(x) ≤
∑
v∈C

p(v, x2, . . . , xnm) =
∑
v∈C

p(x2, . . . , xnm , v) =
∑
y∈Dx

p(y) . (2.16)

Equation (2.16) shows that every x ∈ supp(p) has a descendant y in supp(p).
Because supp(p) is a finite set, this implies the existence of a cycle and hence a
prime cycle in supp(p).

Let a := (a1, . . . , ae) be one such prime cycle, so that ai ∈ supp(p) for i ∈
{1, 2 . . . , e}. Define

α := min
i∈{1, 2 ..., e}

e p(ai) . (2.17)

Note that 0 < α ≤ 1. If α = 1 then p = pa, where pa is the measure assigning equal
probability to all the elements in a, and the induction is over. If α < 1, define the
measure

p′ := p− αpa

1− α . (2.18)

It is easy to verify that p′ is a probability measure. Moreover, p′ has at most k − 1
support points, because

(1− α)p′(ai) = p(ai)− αpa(ai) = p(ai)− min
i∈{1, 2 ..., e}

e p(ai)
1
e
, (2.19)

which implies that p′(ai) = 0 for some i ∈ {1, 2 . . . , e}. Finally, p′ ∈ PC because
p′ is a linear combination of the measures p and pa, and PC is defined by linear
inequalities.

By the induction hypothesis, p′ is a mixture of prime cycle measures, and

p = αpa + (1− α) p′ . (2.20)

This shows that any p ∈ PC is a mixture of prime cycle measures. It only remains
to show that all prime cycle measures are extreme points.

Let pa be a prime cycle measure. If pa is a mixture of stationary measures, by
what has just been shown, pa is a mixture of prime cycle measures. For any pb in
that mixture, defined for a prime cycle b, we have supp(pb) ⊂ supp(pa). But a is
prime cycle, so the only cycle contained in a is itself, and hence b = a. This shows
that pa is an extreme point. �



40 CHAPTER 2. GRAPH THEORY AND MARKOV PROCESSES

Theorem 2.1 says that we can describe all the elements in VPC by finding all the
prime cycles associated with the de Bruijn graph GCnm drawn from Cnm . To find all
the prime cycles in GCnm , we use the following lemma [210, Lemma 4]:

Lemma 2.3 The prime cycles associated with GCnm are in one-to-one correspon-
dence with the elementary cycles of GCnm−1 .

Proof Let x, y ∈ Cnm−1 be such that

x := (x1, . . . , xnm−1) , (2.21)
y := (y1, . . . , ynm−1) , (2.22)

with xi, yi ∈ C, i ∈ {1, . . . , nm − 1}, satisfying

(x2, . . . , xnm−1) = (y1, . . . , ynm−2) . (2.23)

Define < x, y >∈ Cnm by

< x, y >:= (x1, x2, . . . , xnm−1, ynm−1) = (x1, y1, . . . , ynm−2, ynm−1) . (2.24)

For a cycle a := (a(1), . . . , a(e)), with a(i) ∈ Cnm−1 for all i ∈ {1, . . . , e}, we create
a cycle a′ with vertices in Cnm by defining

a′ := (< a(1), a(2) >, < a(2), a(3) >, . . . , < a(e), a(1) >) . (2.25)

Finally, we have that a′ in (2.25) is a prime cycle if and only if:

(i) < a(j), a(j+1) > is in the set of descendants of < a(i), a(i+1) > if and only if
i+ 1 = j.

(ii) From item (i), we have that a(i+1) = a(j) if and only if i+ 1 = j.

(iii) Item (ii) follows if and only if a is an elementary cycle.

Therefore, all the prime cycles in de Bruijn graph GCnm can be found by computing
the elementary cycles in the de Bruijn graph GCnm−1 . �

Lemma 2.3 states that finding all the prime cycles in GCnm is equivalent to finding
all the elementary cycles in GCnm−1 , which can be determined using standard graph
algorithms. Moreover, the proof of Lemma 2.3 presents a procedure for computing
the prime cycles in GCnm given the elementary cycles in GCnm−1 .

Remark 2.3 For the examples in Chapters 4 and 5, we employ the algorithm
presented in [103, pp. 79–80] complemented with the one proposed in [184, pp. 157].
Appendix A presents the pseudo-codes of these algorithms.
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Figure 2.2: A 1-dimensional de Bruijn graph with symbols in C, where C = {0, 1}.

To illustrate the procedure for computing the prime cycles, we consider the graph
depicted in Figure 2.2. One elementary cycle for the graph in Figure 2.2 is given
by (0, 1, 0). Using the proof of Lemma 2.3, the elements of one prime cycle for
the graph GC2 are obtained as a concatenation of the elements in the elementary
cycle (0, 1, 0). Hence, the prime cycle in GC2 associated with this elementary cycle
is ((0, 1), (1, 0), (0, 1)) (cf. Figure 2.1).

Once all the prime cycles of GCnm are found, the set VPC is fully determined.
Then, for each vi ∈ VPC we can generate a corresponding realization by running
the corresponding prime cycle. This property will be useful in the input design
method discussed in Chapters 4 and 5, where numerical approximations are needed
for expressions depending on the probability measure of each prime cycle.

Example 2.4 (Generation of a sequence from a prime cycle) Consider the de
Bruijn graph depicted on Figure 2.1 on page 33. From Example 2.3, we know that
one prime cycle for this graph is given by ((0, 1), (1, 0), (0, 1)). The pmf associated
with this prime cycle is

p(ut−1:t) =
{

0.5, if (ut−1, ut) ∈ {(0, 1) , (1, 0)}
0, otherwise.

(2.26)

In addition, a realization u1:T associated with this prime cycle is computed by taking
the last element of each node, i.e.,

u1:T = (1, 0, 1, 0, . . . , ((−1)T−1 + 1)/2) . (2.27)

We note that there is some degree of freedom on choosing from which node to start.
In this example we start at node (0, 1) at time t = 1.

Before concluding this part, we show that every pmf in the set PC can be
associated with the nm-dimensional marginal pmf of a stationary process [210,
Theorem 8]:

Theorem 2.2 For every p ∈ PC, there exists a stationary process {ut}t≥1 (ut ∈ C)
such that its marginal pmf over vectors of nm consecutive terms is p.

Proof Let a(i) := (a(i)
1 , . . . , a

(i)
nm−1) ∈ Cnm−1 be the i-th vertex of the elementary

cycle
a := (a(1), . . . , a(e), a(1)) , (2.28)
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in the nm − 1-dimensional de Bruijn graph with symbols in C. From Lemma 2.3,
the prime cycle in GCnm associated with a is given by

b := ((a(1)
1 , . . . , a

(nm)
1 ), . . . , (a(e)

1 , . . . , a
(e+nm−1)
1 ), (a(1)

1 , . . . , a
(nm)
1 )) , (2.29)

where a(me+k) := a(k+1) for all k ∈ {0, . . . , e− 1} and all integers m > 0.
The prime cycle b can be extended to an elementary cycle on infinite dimensional

de Bruijn graphs with symbols in C (denoted by GC∞), which we describe in the
sequel. In GC∞ , each vertex is a sequence {ut}t≥1, and a vertex y is the successor of
the vertex x := {xt}t≥1 if and only if y = {xt}t≥2. Hence, every vertex of GC∞ has a
unique successor. A path on GC∞ is thus completely specified by its first vertex, and it
will be a cycle only if the first vertex is a repeating sequence. A prime cycle on GC∞
thus consists of starting from a repeating sequence x, and successively shifting until
after one period it returns to x. Therefore, all cycles are simply further repetitions
of prime cycles. This leads to the conclusion that on GC∞ , the set of measures on
cycles is identical to the set of measures on prime cycles.

Based on the previous discussion, we extend the prime cycle (2.29) to a prime
cycle on GC∞ . To this end, we make use of an extension of the proof of Lemma 2.3
to build a prime cycle on GC∞ by extending b as

fnm,∞(b) :=

((a(1)
1 , a

(2)
1 , a

(3)
1 , . . .), . . . , (a(e)

1 , a
(1)
1 , a

(2)
1 , . . .), (a(1)

1 , a
(2)
1 , a

(3)
1 , . . .)) . (2.30)

Let Pfnm,∞(b) denote the probability measure associated with the prime cycle
fnm,∞(b) (a uniform distribution with support on the vertices of fnm,∞(b)), and
P(k)
fnm,∞(b) denote its k-dimensional marginal measure. Then, pb = P(nm)

fnm,∞(b),
where pb is the pmf associated with the prime cycle b in GCnm .

By Theorem 2.1, any p ∈ PC can be represented as

p =
nV∑
i=1

αi pb(i) , (2.31)

where {b(i)}nVi=1 are all the prime cycles in GCnm , pb(i) is the pmf associated with
the prime cycle b(i), and {αi}nVi=1 are real coefficients such that αi ≥ 0 and

nV∑
i=1

αi = 1 . (2.32)

Finally, the probability measure

P =
nV∑
i=1

αi Pfnm,∞(b(i)) , (2.33)

characterizes a stationary process {ut}t≥1 satisfying the conditions of the theorem.
�
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Remark 2.4 The computational cost associated with the approach discussed in
this part of the thesis is mostly dominated by the effort required to compute the
elementary cycles, and the Fisher information matrix for these cycles. An upper
bound on the complexity of computing all elementary cycles for the method presented
in Appendix A is given by O(nnmC (nC + 1)(ce + 1)), where ce is the number of
elementary cycles for a fully connected graph, given by [103, p. 77]

ce := nC +
nnm−1
C −1∑
i=1

(
nnm−1
C

nnm−1
C − i+ 1

)(
nnm−1
C − i

)
! . (2.34)

2.3 Generation of stationary Markov processes

In Section 2.2, we introduced a parametrization of PC to obtain a computationally
tractable description of the nm-dimensional marginal pmfs of stationary processes.
However, to use this technique in Chapters 4 and 5, we need to obtain an input
vector u1:T , where each ut is sampled from a given p ∈ PC , for t ∈ {1, . . . , T}.

In this section we develop a procedure to generate an input sequence u1:T as a
realization of a Markov process with stationary pmf p(u1:nm). To this end, notice
that we can associate GCnm with the discrete-time Markov chain [58]

pt+1 = Apt , (2.35)

where A ∈ RCnm×Cnm is a transition probability matrix1, and pt ∈ RCnm is a vector2

whose entries are the probabilities assigned to the vertices in Cnm at time t. In this
case, there is a one-to-one correspondence between each entry of pt ∈ RCnm and an
element of Cnm .

Based on this association, p(u1:nm) corresponds to the stationary distribution of
a Markov chain (2.35), defined as pst ∈ RCnm . Therefore, in order to generate an
input sequence u1:T , we design a Markov chain having p(u1:nm) as its stationary
distribution, and simulate this Markov chain to generate u1:T from its samples in
stationary regime.

To continue, we denote by Arl ∈ R the (r, l)-entry of A. For convenience, the
indices of A are not numerical, but belong to Cnm . Thus, a valid A for the Markov
chain (2.35) must satisfy

Arl ≥ 0 , for all r, l ∈ Cnm , (2.36)∑
r∈Cnm

Arl = 1 , for all l ∈ Cnm , (2.37)

Arl = 0 , if (l, r) /∈ E . (2.38)
1Given a set X with finite cardinality, we denote by RX×X the matrices with real entries, with

dimensions given by the cardinality of X.
2Note that equation (2.35) is not in standard Markov chain notation (defined as the transpose

of (2.35)) [134].
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It can be proven that a matrix A satisfying (2.36) and (2.37) has 1 as an
eigenvalue [100]. Furthermore, if the Markov chain is ergodic, the unique eigenvector
pst ∈ RCnm associated with this eigenvalue is the unique stationary pmf of Cnm (up
to a scaling factor), satisfying

pst = Apst . (2.39)
The task is to design a transition probability matrix satisfying (2.36)-(2.39).

There is an extensive literature on how to optimize the mixing time of the resulting
Markov chain (i.e., the time required to obtain samples distributed according to
the stationary measure of the Markov chain, see, e.g., [19, 94] and the references
therein). However, these works assume that the graph is undirected or reversible,
which implies that A must have a particular structure (e.g., to be symmetric). Since
the structure of the graph GCnm does not satisfy in general these properties, most
existing methods cannot be applied here.

Below, we develop a method to design a transition probability matrix for the de
Bruijn graph GCnm . The idea is that if we parameterize the transition probabilities
of a Markov process of memory n in terms of the stationary probabilities of a Markov
process of memory n+ 1, we obtain a computationally tractable description of PC ,
as discussed in Section 2.2. Given a pmf p ∈ PC, the proposed algorithm gives a
unique mapping between p and the transition matrix associated with a Markov
process of memory n by setting

p(ut|ut−1, . . . , ut−n) = p(ut, . . . , ut−n)∑
ut∈C p(ut, . . . , ut−n) , (2.40)

To continue, we need the following:

Assumption 2.2 The pmf p(u1:nm) satisfies
nC∑
r=1

p(v1, . . . , vnm−1, sr) =
nC∑
r=1

p(sr, v1, . . . , vnm−1) , (2.41)

for all (v1, . . . , vnm−1) ∈ Cnm−1.

Assumption 2.2 is satisfied in our context, as p(u1:nm) is a marginal pmf of a
stationary process (cf. Lemma 2.2 and Theorem 2.2). Based on this fact, we can
design a transition probability matrix A for GCnm as described in Algorithm 2.1.

Algorithm 2.1 introduces a method to design valid transition probability matrices
when p satisfies Assumption 2.2. For an element r ∈ Cnm with nonzero probability
p(r), Algorithm 2.1 assigns nonzero transition probability only to those elements in
the set of ancestors of r. If an element v ∈ Cnm has zero probability, the algorithm
assigns equal probability to those elements in the set of ancestors of v.

The next theorem establishes the correctness of the algorithm.

Theorem 2.3 Let p be a pmf satisfying Assumption 2.2. Then, the matrix A ∈
RCnm×Cnm designed by Algorithm 2.1 is a transition probability matrix satisfying
(2.36)-(2.39).
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Algorithm 2.1 Design of a transition probability matrix
Inputs: A pmf p : Cnm → R, and the alphabet C.
Output: A transition probability matrix A with stationary distribution p.

1: For each r ∈ Cnm , define the set of ancestors of r by

Ar := {l ∈ Cnm : (l, r) ∈ E} . (2.42)

2: For each r, l ∈ Cnm , let

Arl =


p(r)∑

k∈Ar

p(k)
, if l ∈ Ar and

∑
k∈Ar

p(k) 6= 0 ,

1
#Ar , if l ∈ Ar and

∑
k∈Ar

p(k) = 0 ,

0 , otherwise.

(2.43)

Proof Properties (2.36) and (2.38) are trivially satisfied by the construction of A.
To establish (2.37) and (2.39), we need to analyze the structure of the transition
probability matrix A associated with a de Bruijn graph. From the definition of E (cf.
Equation (2.2)), we have that

∑
l∈Ar

p(l) =
nC∑
l=1

p(sl, r1, . . . , rnm−1) . (2.44)

To proceed, we need the set of descendants of r, denoted by Dr. From the definition
of E in equation (2.2), we have that #Dr = #Ar = nC.

First, we prove (2.37). Consider first an l ∈ Cnm such that
∑
k∈Ar p(k) 6= 0 for

all r ∈ Dl. Then,

Dl = {(l2, . . . , lnm , s1), . . . , (l2, . . . , lnm , snC )} . (2.45)

In addition, for any r ∈ Dl,

Ar = {(s1, l2, . . . , lnm), . . . , (snC , l2, . . . , lnm)} . (2.46)

Equation (2.46) shows that the sets Ar are equal for all r ∈ Dl. Therefore, the sums∑
k∈Ar p(k) are equal (and nonzero) for all r ∈ Dl, hence∑

r∈Cnm
Arl =

∑
r∈Dl

p(r)∑
k∈Ar p(k) =

∑
r∈Dl p(r)∑
k∈Ar̃ p(k) , (2.47)

for any fixed r̃ ∈ Dl. Furthermore, in the light of (2.45)-(2.46), we can rewrite
(2.47) as ∑

r∈Cnm
Arl =

∑nC
r=1 p(l2, . . . , lnm , sr)∑nC
k=1 p(sk, l2, . . . , lnm)

= 1, (2.48)
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where the last equality follows from Lemma 2.2.
On the other hand, if l ∈ Cnm is such that

∑
k∈Ar p(k) = 0 for all r ∈ Cnm , we

write ∑
r∈Cnm

Arl =
∑
r∈Dl

1
#Ar

=
∑
r∈Dl

1
#Dl

= 1 . (2.49)

The results presented in (2.48)-(2.49) establish (2.37).
Now we prove (2.39). For each r ∈ Cnm such that

∑
k∈Ar p(k) 6= 0, we have that

the r-th element of the product Apst (denoted by pst
r ) is given by

pst
r = p(r)∑

l∈Ar p(l)
∑
k∈Ar

p(k) = p(r) . (2.50)

On the other hand, for each r ∈ Cnm such that
∑
k∈Ar p(k) = 0, we can consider an

l ∈ Cnm such that r ∈ Dl. According to (2.45), (2.46), and using Lemma 2.2, we
can conclude that ∑

r̃∈Dl

p(r̃) =
∑
k∈Ar

p(k) = 0 , (2.51)

which implies that
p(k) = 0 (2.52)

for all k ∈ Dl, and in particular, for k = r. Since l ∈ Cnm is arbitrary, (2.52) is true
for all l ∈ Cnm such that r ∈ Dl. Hence, (2.50) is also satisfied for each r ∈ Cnm
such that

∑
k∈Ar p(k) = 0, which establishes (2.39). This concludes the proof. �

The transition probability matrix given by Algorithm 2.1 has the following
property:

Theorem 2.4 The transition probability matrix A ∈ RCnm×Cnm designed by Algo-
rithm 2.1 has all its eigenvalues in the region D := {z ∈ C : |z| ≤ 1}. In addition,
A has at most nnm−1

C nonzero eigenvalues in D.

Proof The first statement follows since A is a transition probability matrix [100],
according to Theorem 2.3.

To establish the second statement, notice that, from (2.45)-(2.46), for each
l ∈ Cnm we have that Ar is the same for all r ∈ Dl, which means that the columns
of A can be partitioned into nnm−1

C groups of nC identical columns. Therefore, the
number of nonzero eigenvalues of A in D is at most nnm−1

C , since there are at most
nnm−1
C linearly independent columns in A. This concludes the proof. �

Remark 2.5 There are, in general, several transition matrices having a given P
as stationary probability measure, subject to a graph constraint (a prescribed set
of edges). Algorithm 2.1 provides only one such choice. Among those transition
matrices, it would be preferable to select the one with the fastest mixing time, i.e.,
for which the Markov chain reaches the stationary distribution as quickly as possible.
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The most common criterion to define mixing time is the second largest eigenvalue
modulus (SLEM). A Monte Carlo study, for nC = 2 and nm = 2, based on uniform
sampling from the set of transition matrices giving a specific pst (which can be shown
to be a polytope) has empirically shown that the A matrix given by Algorithm 2.1 is
within the 7 % of those with lowest SLEM, which suggests that Algorithm 2.1 gives
a reasonable (but improvable) mixing time. One way to further reduce the SLEM of
A is by performing gradient descent over the transition probabilities in A, starting
from the matrix designed in Algorithm 2.1. Another option to reduce the SLEM is
by exploiting the full memory of the Markov chain when designing the transition
probability matrix. This is part of the future work on the subject.

Remark 2.6 For simplicity, the results introduced in this thesis are discussed for
scalar sequences. However, an immediate extension of this technique to the case
of sequences of vectors can be done. In the case of sequences of vectors with nu
entries, the states associated with each node in the de Bruijn graph are the possible
values of an nu × nm matrix, where the i-th row describes the feasible states for
the stationary process in the i-th entry. With this modification, the method can be
directly employed to solve input design problems for MIMO models.

2.4 Conclusion

This chapter introduced a link between graph theoretical concepts and stationary
processes. In particular, this chapter shows that a specific family of graphs, the
de Bruijn graphs, can be employed to characterize marginal cdfs of stationary
processes. The link between de Bruijn graphs and stationary processes is then
used to parameterize the set of marginal pmfs of stationary processes in a tractable
manner. By the use of standard algorithms to compute elementary cycles in a graph,
the vertices of the polytope characterizing the set of marginal pmfs of stationary
processes are obtained.

By restricting the pmfs to the set of marginal pmfs of stationary processes, this
chapter also introduces a procedure to construct a Markov process with stationary
pmf in such set. The Markov process built in this manner is then employed to
generate samples distributed according to the stationary pmf.





Chapter 3

A review on sequential Monte
Carlo methods

In this chapter we review the fundamentals of sequential Monte Carlo (SMC)
methods, which are needed in the input design methods developed in Chapters 4
and 6.

SMC methods are a family of techniques that can be used, e.g., to estimate
the filtering and smoothing distributions in state space models (SSM). Here we
describe the idea behind SMC methods, and we introduce the required material to
understand the estimation algorithms used in Chapters 4 and 6. The material in
this chapter is based on [55, 61, 170].

3.1 SMC methods

The objective of SMC methods is to sample sequentially from target probability
densities {p(x1:k)}k≥1 of increasing dimension, where xk ∈ X , and each distribution
p(x1:k) is defined on the product space X k. Writing

p(x1:k) = γk(x1:k)
Zk

, (3.1)

it is only required that γk : X k → R+ be computable; the normalizing constant

Zk =
∫
Xk

γk(x1:k)dx1:k , (3.2)

might be unknown. SMC methods provides an approximation of p(x1) and an
estimate of Z1 at time 1, then an approximation of p(x1:2), and an estimate of Z2
at time 2, and so on.

49
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Monte Carlo methods
Consider initially approximating a generic probability density function p(x1:T ) for
some fixed T . If we sample N independent random vectors {x(i)

1:T }Ni=1 from p(x1:T ),
then the Monte Carlo method approximates expectations of functions of x1:T in the
mean square sense by using

p̂(x1:T ) := 1
N

N∑
i=1

δ
(
x1:T − x(i)

1:T

)
, (3.3)

instead of p(x1:T ), where δ(x) denotes the Dirac delta at x = 0. Based on this
approximation, it is possible to approximate any marginal p(xk) by

p̂(xk) = 1
N

N∑
i=1

δ
(
xk − x(i)

k

)
, (3.4)

and the expectation of any measurable function ϕ : X T → R, given by

E {ϕ(x1:T )} =
∫
XT

ϕ(x1:T )p(x1:T ) dx1:T , (3.5)

is estimated as

ÊMC {ϕ(x1:T )} :=
∫
XT

ϕ(x1:T )p̂(x1:T ) dx1:T = 1
N

N∑
i=1

ϕ
(
x

(i)
1:T

)
. (3.6)

It is easy to show that (3.6) is an unbiased estimate of (3.5), and that its variance
is given by

Var
{

ÊMC {ϕ(x1:T )}
}

= 1
N

{∫
XT

ϕ2(x1:T )p(x1:T ) dx1:T −E {ϕ(x1:T )}2
}
. (3.7)

The main advantage of Monte Carlo methods over standard approximation techniques
is that the variance of the approximation error decreases at a rate of O(1/N)
regardless of the dimension of the space X T . However, there are at least two main
problems with this idea:

(i) If p(x1:T ) is a highly complex probability density function, then we may not
be able to sample directly from it.

(ii) Even if we knew how to sample exactly from p(x1:T ), the computational
complexity of such a sampling scheme is typically (at least) linear in the
number of variables T . Therefore, an algorithm sampling exactly from p(x1:T )
sequentially for each value of T , would have a computational complexity
increasing at least linearly with T .
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Importance sampling
In this part we address Problem (i) using the importance sampling (IS) method. IS
relies on the introduction of an importance density pI(x1:T ) such that

p(x1:T ) > 0 implies pI(x1:T ) > 0 , (3.8)

i.e., the distributions satisfy supp(p) ⊆ supp(pI). In this case, we have from (3.1)-
(3.2) the following identities:

p(x1:T ) = w̃T (x1:T )pI(x1:T )
ZT

, (3.9)

ZT =
∫
XT

w̃T (x1:T )pI(x1:T ) dx1:T , (3.10)

where wT (x1:T ) is the unnormalized weight function

w̃T (x1:T ) = γT (x1:T )
pI(x1:T ) . (3.11)

In particular, we can select an importance density pI(x1:T ) from which it is easy to
draw samples, e.g., the normal distribution, if this is consistent with the support of
p.

If we assume we draw N independent samples {x(i)
1:T }Ni=1 from pI(x1:T ), then by

inserting the Monte Carlo approximation of pI(x1:T ) (the empirical distribution of
the samples {x(i)

1:T }Ni=1) into (3.9)-(3.10), we have

p̂(x1:T ) =
N∑
i=1

w
(i)
T δ

(
x1:T − x(i)

1:T

)
, (3.12)

ẐT = 1
N

N∑
i=1

w̃T

(
x

(i)
1:T

)
, (3.13)

where

w
(i)
T =

w̃T

(
x

(i)
1:T

)
∑N
j=1 w̃T

(
x

(j)
1:T

) , (3.14)

denotes the normalized weights.
Based on the estimate (3.12), we can compute an estimate of (3.5) as

ÊIS {ϕ(x1:T )} :=
∫
XT

ϕ(x1:T )p̂(x1:T ) dx1:T =
N∑
i=1

w
(i)
T ϕ

(
x

(i)
1:T

)
. (3.15)

Unlike the estimate ÊMC {ϕ(x1:T )}, the expression (3.15) is in general biased for
finite N . However, (3.15) is consistent as N →∞. The expression for the asymptotic
bias is given by
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lim
N→∞

N
(

ÊIS {ϕ(x1:T )} −E {ϕ(x1:T )}
)

=

−
∫
XT

p2(x1:T )
pI(x1:T ) (ϕ(x1:T )−E {ϕ(x1:T )}) dx1:T . (3.16)

Furthermore, ÊIS {ϕ(x1:T )} satisfies, under mild conditions,
√
N
(

ÊIS {ϕ(x1:T )} −E {ϕ(x1:T )}
)

d−→ N
(
0, M IS) , (3.17)

where
M IS :=

∫
XT

p2(x1:T )
pI(x1:T ) (ϕ(x1:T )−E {ϕ(x1:T )})2

dx1:T . (3.18)

As we can see from (3.16)-(3.18), both the bias and the variance for this method
are of order O(1/N).

The next sampling method addresses the increasing computational complexity
in the sample length T .

Sequential importance sampling
Sequential importance sampling (SIS) is a method that admits a fixed computational
complexity at each time step, and thus addresses Problem (ii). This method considers
an importance distribution which has the following structure:

pI(x1:T ) = pI(x1:T−1)pI(xT |x1:T−1)

= pI(x1)
T∏
t=2

pI(xt|x1:t−1) . (3.19)

From a practical perspective, Equation (3.19) means that to obtain particles x(i)
1:T

distributed according to pI,T (x1:T ) at time T , x(i)
1 is sampled from pI(x1) at time 1,

then x(i)
t is sampled from pI(xt|x(i)

1:t−1) at time t, for t ∈ {2, . . . , T}. The associated
unnormalized weights can be computed recursively using the decomposition

w̃T (x1:T ) = γT (x1:T )
pI(x1:T )

= γT−1(x1:T−1)
pI(x1:T−1) · γT (x1:T )

γT−1(x1:T−1)pI(xT |x1:T−1) , (3.20)

which can be written in the form

w̃T (x1:T ) = w̃T−1(x1:T−1) · αT (x1:T )

= w̃1(x1)
T∏
k=2

αk(x1:k) , (3.21)
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Algorithm 3.1 Sequential importance sampling
Inputs: N (number of samples), pI(x1:T ) (importance distribution), and γT (x1:T ) (unnor-
malized pdf).
Output: {x(i)

1:T }
N
i=1 (realizations), and {w(i)

T }
N
i=1 (normalized weights).

1: Sample x(i)
1 from pI(x1) for i = 1 to N .

2: Compute the weights w̃1(x(i)
1 ) = pI(x(i)

1 ), and

w
(i)
1 = w̃1(x(i)

1 )∑N

j=1 w̃1(x(i)
1 )

, (3.23)

for i = 1 to N .
3: for t = 2 to T do
4: Sample x(i)

t from pI(xt|x(i)
1:t−1) for i = 1 to N .

5: Compute the weights

w̃t(x(i)
1:t) = w̃t−1(x(i)

1:t−1)αt(x(i)
1:t) , (3.24)

where αt given in (3.22), and

w
(i)
t = w̃t(x(i)

1:t)∑N

j=1 w̃t(x
(i)
1:t)

, (3.25)

for i = 1 to N .
6: end for

where the incremental importance weight function αk(x1:k) is given by

αk(x1:k) := γk(x1:k)
γk−1(x1:k−1)pI(xk|x1:k−1) . (3.22)

The SIS method is summarized in Algorithm 3.1.
Algorithm 3.1 provides the estimates p̂(x1:t) and Ẑt (equations (3.12)-(3.13)) of

p(x1:t) and Zt at any time t. In this framework, it seems that the only degree of
freedom the user has at time t is the choice of pI(xt|x1:t−1) (the number of samples
N is also a degree of freedom, but it is fixed before executing the algorithm). A
sensible strategy consists in selecting pI(xt|x1:t−1) so as to minimize the variance of
w̃t(x1:t). This is achieved by selecting

popt
I (xt|x1:t−1) = p(xt|x1:t−1) , (3.26)

as in this case the variance of w̃t(x1:t) conditioned on x1:t−1 is zero, and the
associated incremental weight is given by

αopt
t (x1:t) = γt(x1:t−1)

γt−1(x1:t−1) =
∫
X γt(x1:t) dxt
γt−1(x1:t−1) . (3.27)



54 CHAPTER 3. A REVIEW ON SMC METHODS

We note that it is not always possible to sample from p(xt|x1:t−1) nor to compute
αopt
t (x1:t). In these cases, we need to employ an approximation of popt

I (xt|x1:t−1)
for pI(xt|x1:t−1).

In those scenarios in which the time required to sample from pI(xt|x1:t−1) and
to compute αt(x1:t) is independent of t (which is the case if pI is chosen carefully
and one is concerned with a problem such as filtering), it appears that SIS provides
a solution for issue (ii). However, the SIS method suffers from severe drawbacks.
Even for standard IS, the variance of the resulting estimates increases exponentially
with t [110]. A method to overcome this difficulty is presented in the next section.

Resampling
We have commented that IS (and therefore SIS) provides estimates whose variance
increases with t. Resampling techniques are a key ingredient of SMC methods which
(partially) solve this problem in some important scenarios.

Resampling is an intuitive idea with major practical and theoretical benefits.
We consider first an IS approximation p̂(x1:T ) of the target distribution p(x1:T ).
This approximation is based on weighted samples from pI(x1:T ), and does not
provide samples approximately distributed according to p(x1:T ) as the samples are
obtained from pI. To obtain approximate samples from p(x1:T ), we can simply
draw samples from its IS approximation p̂(x1:T ), where p̂(x1:T ) is defined in (3.12),
with normalized weights {w(i)

T }Ni=1. Then we select x(i)
1:T with probability w(i)

T . This
operation is called resampling as it corresponds to sampling from an approximation
p̂(x1:T ) which was itself obtained by sampling. If we are interested in obtaining
N samples from p̂(x1:T ), then we can resample N times from p̂(x1:T ). This is
equivalent to associating a number of offsprings N (i)

T with each sample x(i)
1:T in such

a way that N (1:N)
T :=

(
N

(1)
T , . . . , N

(N)
T

)
follows a multinomial distribution with

parameter vector (N, w(1:N)
T ), and associating a weight of 1/N with each offspring.

Thus, we approximate p̂(x1:T ) by the resampled empirical measure

p(x1:T ) =
N∑
i=1

N
(i)
T

N
δ
(
x1:T − x(i)

1:T

)
, (3.28)

where E
{
N

(i)
T

∣∣∣w(1:N)
T

}
= Nw

(i)
T . Hence p(x1:T ) is an unbiased approximation of

p̂(x1:T ).
Many resampling schemes have been proposed in the literature [61]. One

of the most popular algorithms is systematic resampling, which is described in
Algorithm 3.2. It can be shown that systematic resampling gives an unbiased
estimate of the distribution p(x1:T ).

We should clarify that resampling retrieves an estimate of E {ϕ(x1:T )} with
higher variance than the one obtained by using p̂(x1:T ). However, by resampling
we remove samples with low weights with high probability, which is useful when
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Algorithm 3.2 Systematic resampling
Inputs: {x(i)

1:T }
N
i=1 (realizations), and {w(i)

T }
N
i=1 (normalized weights).

Output: {x(i)
1:T }

N
i=1 (realizations), and {N (i)

T /N}Ni=1 (resampled weights).

1: Sample U(1) from a uniform distribution defined on [0, 1/N ].
2: Define U(i) := U(1) + (i− 1)/N for i ∈ {2, . . . , N}.
3: for i = 1 to N do
4: Set N (i)

T = #
{
U(j) :

∑i−1
k=1 w

(k)
T ≤ U(j) ≤

∑i

k=1 w
(k)
T

}
, where

∑0
k=1 µk := 0.

5: end for

...
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Figure 3.1: Illustration of the ancestor index a(i)
t .

working with sequential techniques. If samples with low weights are preserved, then
the approximation p̂(x1:T ) will lose accuracy as we increase the path length T . This
problem is known as particle degeneracy, and is discussed in more detail on page 58.

Remark 3.1 The notion of offspring is not only important when talking about
resampling, but also for some of the particle methods discussed in the next sections.
For future reference, we introduce the ancestor index a(i)

t . Given a set of particles
at time t, {x(k)

t }Nk=1, we denote by a(i)
t the index of the particle at time t− 1 from

which x(i)
t was generated. Figure 3.1 illustrates this idea. In Figure 3.1, the directed

edges between two nodes at different time instants express which particles at time
t− 1 generate which particles at time t.
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3.2 Particle filtering

The name particle filter (PF) alludes to an SMCmethod for obtaining estimates of the
sequence of target densities {p(x1:t|y1:t)}Tt=1 or their marginals {p(xt|y1:t)}Tt=1. Here
we assume that the underlying process is described for all t ≥ 1 by Equation (1.5)
on page 4.

The basic idea is to leverage SIS and resampling to propagate a collection of N
weighted random samples {x(i)

t , w
(i)
t }Ni=1 forward in time. These samples (commonly

referred to as particles) constitute an empirical approximation that converges to the
underlying target density p(xt|y1:t) as N →∞.

The particle filter can be viewed as a framework to sequentially approximate
the filtering densities {p(xt|y1:t)}Tt=1. The resulting approximation is an empirical
distribution of the form

p̂(xt|y1:t) =
N∑
i=1

w
(i)
t δ(xt − x(i)

t ) . (3.29)

Intuitively speaking, each particle x(i)
t can be understood as a possible state of the

underlying system, where the corresponding weight w(i)
t contains information about

how probable that particular state is.
In this subsection we introduce a method that will prove to be useful for the

results presented in Chapter 4: the auxiliary particle filter (APF).

The auxiliary particle filter

The auxiliary particle filter (APF) [148] is a method that can be used to include
the information available in the current observation yt not only for proposing the
new state xt (as it is done in the PF method1), but also when proposing the
ancestor index at (recall that at is the ancestor index of the particles at time t,
cf. Remark 3.1). That is, we increase the probability of resampling particles at
time t− 1 that agree with the current observation yt when compared with the PF
approach.

To continue, given a function ν : X × Y → R+ to be specified by the user, for
each particle i, i ∈ {1, . . . , N} we compute the factors

ν
(i)
t−1 := ν(x(i)

t−1, yt) , (3.30)

referred to as adjustment multipliers. The adjustment multipliers are functions,
which will be used to adjust the empirical distributions to sample and propagate
the particles. We note that (3.30) depends only on the previous particles and
on the current observation, which are available in the resampling step at time t.

1We refer to [61, 170] for more details of the particle filter algorithm.
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Algorithm 3.3 Auxiliary particle filter (APF)
1: Initialization (t = 1):
2: Sample x(i)

1 ∼ pprop(x1|y1).
3: Compute the importance weights w̃(i)

1 = gθ(y1|x(i)
1 )µθ(x(i)

1 )/pprop(x(i)
1 |y1), and

normalize w(i)
1 = w̃

(i)
1 /

∑N
j=1 w̃

(j)
1 .

4: for t = 2 to T do
5: Compute the adjustment multipliers ν(i)

t−1 = ν(x(i)
t−1, yt).

6: Resampling: Resample {x(i)
t−1}Ni=1 with probabilities proportional to

{w(i)
t−1ν

(i)
t−1}Ni=1 to generate the equally weighted particle system {x(i)

t−1, 1/N}Ni=1.
7: Propagation: Sample x(i)

t ∼ pprop(xt|x(i)
t−1, yt).

8: Weighting: Compute w̃(i)
t = w(x(i)

t−1, x
(i)
t , yt) and normalize:

w
(i)
t = w̃

(i)
t∑N

j=1 w̃
(j)
t

.

9: end for

The adjustment multipliers are then used to define a proposal distribution for the
ancestor index at according to

P
{
at = i

∣∣∣∣{x(j)
t−1, w

(j)
t−1

}N
j=1

}
=

w
(i)
t−1ν

(i)
t−1∑N

l=1 w
(l)
t−1ν

(l)
t−1

. (3.31)

Once the ancestor indices are generated, we propagate the particles to time t by
simulating x(i)

t ∼ pprop(xt|x(i)
t−1, yt) for i ∈ {1, . . . , N}, where pprop(xt|xt−1, yt) is

a prespecified proposal distribution, and x(i)
t−1 = x

(a(i)
t )

t−1 .
In addition to the elements introduced in this part, the APF needs the definition

of a weight function from which {w(i)
t }Ni=1 are generated. For the APF, the weight

function w : X 2 × Y → R is defined as2

w(xt−1, xt, yt) = gθ(yt|xt) fθ(xt|xt−1)
ν(xt−1, yt) pprop(xt|xt−1, yt)

. (3.32)

Algorithm 3.3 summarizes the auxiliary particle filter method. We notice that, at
time t, the APF performs three steps: (i) resampling of the particles at time t−1, (ii)
propagation of the particles from time t− 1 to time t, and (iii) normalized weighting
of the set of particles at time t. These steps constitute the common framework of
particle filtering methods [170].

2We note that the PF is obtained from the APF when ν(xt−1, yt) = 1 [170].
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Particle degeneracy

In principle, the SMC can be used to obtain an approximation of a sequence of den-
sities {p(x1:t|y1:t)}t≥1 of growing dimension, where the approximations tend to the
true distributions as N →∞. However, the task of approximating {p(x1:t|y1:t)}t≥1
using a finite number of particles N is inherently impossible. To illustrate this,
assume that we use a particle filter to target the joint smooth density p(x1:t|y1:t).
At time s we generate N unique3 particles {x(i)

s }Ni=1 from the proposal density, and
we append them to the existing particle trajectories {x(i)

1:s−1}Ni=1. Therefore, we
have a weighted particle system {x(i)

1:s, w
(i)
s }Ni=1 approximating the joint smoothing

density at time s. If we assume that the particle trajectories are resampled, then we
obtain the particle system {x̃(i)

1:s, 1/N}Ni=1. Recall that the purpose of resampling is
to remove particles with small weights, and to multiply particles with large weights.
Thus, the resampling step has the effect of reducing the number of unique particles.
In consequence, over time each consecutive resampling of the particle trajectories
will reduce the number of unique particles at time s. Eventually the particle system
at time s will collapse into a single trajectory. This problem is referred to as particle
degeneracy. In other words, the resampling step inevitably results in that for any
time s there exists a t > s such that the PF approximation p̂t(x1:t|y1:t) consists of
a single particle at time s.

A relevant question is to consider if it is possible (at least partly) to “undo” the
particle degeneracy. One idea is to initiate a backwards sweep starting from the
particle filter representation of p(xt|y1:t), and to reintroduce diversity among the
particles by some form of backwards computation. This question4 is addressed by a
family of algorithms referred to as particle smoothers, which are introduced in the
next subsection.

3.3 Particle smoothing

As previously mentioned, if we use the particle filter to compute the sequence of
densities {p(x1:t|y1:t)}t≥1, then the approximations {p̂(x1:t|y1:t)}t≥1 will have the
particle degeneracy problem. To overcome this issue, we employ particle smoothers
to compute the joint distribution. In this subsection, we introduce the forward
filtering-backwards simulator (FFBSi) algorithm.

The forward filtering-backwards simulator

The FFBSi algorithm provides a solution to the problem of obtaining samples
{x(i)

1:T }Ni=1 distributed according to the smoothing pdf p(x1:T |y1:T ) [170]. To under-

3By unique we mean that each particle x(i)
s , for i ∈ {1, . . . , N}, is a different realization from

the proposal density.
4Other solutions to the particle degeneracy problem involve increasing the number of particles

N , or to use the fully-adapted PF [170].
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stand the core idea of the method, we note that, by repeated use of conditional
probabilities, the smoothing distribution p(x1:T |y1:T ) can be written as

p(x1:T |y1:T ) = p(xT |y1:T )
T−1∏
t=1

p(xt|xt+1:T , y1:T ) . (3.33)

The expression (3.33) can be further simplified. By the Markov property of the
NSSM (1.5) on page 4, we have that p(xt|xt+1:T , y1:T ) = p(xt|xt+1, y1:T ). In
addition, since the measurements are conditionally independent given the state, we
have p(xt|xt+1, y1:T ) = p(xt|xt+1, y1:t). Hence, Equation (3.33) can be rewritten as

p(x1:T |y1:T ) = p(xT |y1:T )
T−1∏
t=1

p(xt|xt+1, y1:t) . (3.34)

The pdf p(xt|xt+1, y1:t) is often referred to as the backward kernel, since it works
backwards in time. The backward kernel can be computed by noting that

p(xt|xt+1, y1:t) = p(xt:t+1|y1:t)
p(xt+1|y1:t)

= fθ(xt+1|xt) p(xt|y1:t)∫
X fθ(xt+1|xt) p(xt|y1:t)dxt

. (3.35)

Replacing (3.35) into (3.34) gives

p(x1:T |y1:T ) = p(xT |y1:T )
T−1∏
t=1

p(xt:t+1|y1:t)
p(xt+1|y1:t)

. (3.36)

An alternative representation of the smoothing distribution p(x1:T |y1:T ) is based on
the backward kernel to write

p(xt:T |y1:T ) = p(xt|xt+1, y1:t) p(xt+1:T |y1:T ) , (3.37)

for all t ∈ {1, . . . , T}, where we start with the filtering density at time T , p(xT |y1:T ).
In this context, the FFBSi method first computes the samples {x(i)

t , w
(i)
t }Ni=1 for

all t ∈ {1, . . . , T}, approximating the filtering distributions {p(xt|y1:t)}Tt=1. Then,
the method simulates backwards in time, i.e., by first simulating xT , then xT−1,
and so on, until a complete state trajectory x1:T is generated. This procedure allows
to compute samples {x(i)

1:T }Ni=1 distributed according to p(x1:T |y1:T ). Specifically,
the backward simulation begins by generating a sample from the filtering density at
time T ,

x̃T ∼ p(xT |y1:T ) . (3.38)
Then, the backward trajectory xt:T is successively generated by drawing samples
from the backward kernel

x̃t ∼ p(xt|x̃t+1, y1:t) , (3.39)
for t starting at T − 1 and ending at 1. We note that the computational complexity
of the FFBSi algorithm is of order O(NMT ), where N and M denote the number
of filter and smoother particles, respectively.
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Remark 3.2 Another useful particle smoother is the fixed-lag (FL) smoother [108,
138], which has been employed in [186] for solving the nominal input design problem.
The FL smoother provides a less computational expensive approach to approximate
smoothing distributions than the FFBSi method. However, the reduction of computa-
tional complexity in the FL smoother is achieved by adding bias to the estimates. It
can be shown that, under some strict mixing assumptions, the variance and the bias
of the FL smoother are of order O(T log{T}/

√
N) and O(T log{T}/N) respectively.

We refer to [138] for more details.

3.4 Conclusion

This chapter presented an overview of sequential Monte Carlo methods. In particular,
we introduced the particle filtering and particle smoothing techniques, which are
required for the implementation of the input design methods in Chapters 4 and 6.



Chapter 4

Robust input design for nonlinear
models

The results in Chapter 2 provide the foundation for developing an input design
methodology for dynamical models. Here we discuss how the graph-theoretical
technique can be employed to formulate a robust input design framework for the
identification of nonlinear state space models. The material in this chapter is based
on [188].

4.1 Introduction

Input design is concerned with generating an excitation signal that maximizes the
information retrieved from an experiment, quantified in terms of a cost function
related to the intended model application. Some of the initial contributions are
discussed in [45] and [87]. Since then, many contributions to the subject have been
presented; see e.g. [66, 81, 95, 206] and the references therein.

As discussed in Section 1.3 on page 12, there has been an interest to extend the
input design methods to nonlinear (NL) model structures. The main issue here is
that the convex formulations in [102, 117] cannot be applied. The first approaches
to the problem considered NL FIR models [99, 115], which have been extended
in [194, 195] to structured NL models.

The class of NL model structures is also generalized in [69], where the input signal
is optimized over an alphabet with finite cardinality. The multilevel excitation design
is also considered in [53] for the identification of Wiener models. The restriction to
a finite alphabet is relaxed in [88], where an AR process is designed as input for
the identification of nonlinear state-space models (NSSMs). A graph theoretical
methodology to design inputs for identification of NL output-error models has been
developed by the author of this thesis in a collaborative work [189, 190], and it has
been extended to NSSMs in [187].

61
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The existing results on input design allow to optimize input signals when the
system contains nonlinear functions, but the restrictions on the system dynamics
and/or the input structure are the main limitations of most of the previous contribu-
tions. Moreover, with the exception of multilevel excitation [69, 115], and stationary
processes [25, 187, 189, 190], most of the proposed methods cannot handle amplitude
limitations on the input signal, which could arise due to physical and/or safety
reasons.

An additional limitation of the input design methods previously mentioned is the
assumption of having a prior estimate of the model parameters. The requirement of
such knowledge is a common issue in input design and different solutions to this
difficulty have been proposed, categorized into adaptive schemes [80, 165] and robust
formulations [164, 167, 204].

Contribution

We present a robust input design method for the identification of NSSMs with input
constraints, which extends the class of models considered in [189, 190], and the
nominal input design presented in [187]. The optimal input signal is considered to
be a realization of a stationary Markov process, which maximizes a scalar function
of the Fisher information matrix (FIM). To pose a tractable convex problem, we
restrict the optimization to a set of marginal distributions of stationary processes
with a finite alphabet. This set is a polytope and hence it can be described by a
convex combination of its vertices. The vertices are cumulative distribution functions
that can be found using de Bruijn graphs (cf. Chapter 2). Once the vertices of the
set are found, we can draw an input realization and compute an estimate of the FIM
for each vertex using particle methods [55, 61]. The estimates of the information
matrices are computed using the method introduced in [173], which only needs one
realization of the input-output data, thus reducing the computational effort when
estimating the FIM compared to [186, Chapter 4].

To make the input design robust against model uncertainty, the optimization
problem considers a measure of the uncertainty of the parameters, which relaxes
the requirements on the knowledge of the system assumed in [187, 189, 190]. The
method is illustrated by numerical examples, where the designed input is employed
to identify a NSSM using the expectation-maximization (EM) algorithm (outlined
in Appendix B).

Structure of the chapter

This chapter is organized as follows. Section 4.2 states the problem and the main
challenges when designing inputs for the identification of NSSM. Section 4.3 describes
the graph theoretical approach to input design. Section 4.4 discusses the estimation
of the FIM using particle methods. A summary of the proposed robust input design
method is presented in Section 4.5. The generation of the optimal input signal
is addressed in Section 4.6. A convergence analysis of the proposed technique is
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presented in Section 4.7. To illustrate the correctness and utility of the method, two
numerical examples are discussed in Section 4.8. Concluding remarks are presented
in Section 4.9.

4.2 Problem formulation

Consider an NSSM described for all t ≥ 1 by

xt|xt−1 ∼ fθ(xt|xt−1, ut−1), (4.1a)
yt|xt ∼ gθ(yt|xt, ut), (4.1b)
x0 ∼ µθ(x0), (4.1c)

where fθ, gθ, and µθ denote probability density functions (pdf) parameterized by
θ ∈ Θ ⊂ Rnθ (where Θ is an open set). Here, ut ∈ Rnu denotes the input signal,
xt ∈ Rnx are the (unobserved/latent) internal states, and yt ∈ Rny are the measured
outputs.

The objective is to design an input signal u1:T = (u1, . . . , uT ), as a realization
of a stationary process, such that the parameters characterizing the NSSM (4.1) can
be identified with maximum accuracy as defined by a scalar function of the FIM
[122]. In the sequel, we will assume that there exists at least one parameter θ0 ∈ Θ
such that the model (4.1) exactly describes the pdfs of the system, i.e., there is no
undermodelling [122].

Given u1:T , the FIM is

ITF (u1:T , θ0) = E
{
ST (u1:T , θ0)S>T (u1:T , θ0)|u1:T

}
, (4.2)

where ST (u1:T , θ0) denotes the score function, i.e.,

ST (u1:T , θ0) = ∇θ log pθ(y1:T |u1:T )|θ=θ0
. (4.3)

We note that the expected value in (4.2) is with respect to the stochastic processes
in (4.1). In the following, we will consider the per-sample FIM:

IsF (Pu, θ0) = 1
T

Eu

{
ITF (u1:T , θ0)

}
= 1
T

E
{
ST (u1:T , θ0)S>T (u1:T , θ0)

}
, (4.4)

where the expected value in (4.4) is over both the stochastic processes in (4.1), and
the random vector u1:T .

We note that (4.4) depends on the cumulative distribution function (cdf) of
u1:T , denoted by Pu(u1:T ). Therefore, the input design problem is to find a cdf
P opt
u (u1:T ) which maximizes a scalar function of (4.4), h : Rnθ×nθ ×Θ → R, where
h is a matrix convex function in its first argument (cf. Definition 1.2).
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Remark 4.1 We let h depend on Θ as the function can explicitly depend on the
model parameter.

To simplify our problem, we assume that ut can only adopt a finite number nC
of values. We denote this set of values as C. With the previous assumption, we can
define the following set:

PC :=
{
pu : CT → R

∣∣∣∣ pu(x) ≥ 0, ∀x ∈ CT ;∑
x∈CT

pu(x) = 1;

∑
v∈C

pu(v, z) =
∑
v∈C

pu(z, v) ,∀z ∈ CT−1

}
. (4.5)

The set PC introduced in (4.5) constrains the probability mass function (pmf) u1:T of
pu to the set of T -dimensional marginal pmfs of stationary processes (cf. Chapter 2).

So far we have been concerned with the formulation of the problem in terms of the
stationary process describing u1:T . However, we still need to consider a remaining
issue: Equation (4.4) depends on the parameter θ0 describing the true system (4.1).
Therefore, the optimal input sequence u1:T depends on the parameter we want
to estimate, which limits the practical applicability of the previous formulation.
To overcome this issue, we consider a function R : Θ → R that measures the
uncertainty over Θ. There are several options for defining R. One possibility
is to consider R{h(IsF (pu, θ), θ)} = h(IsF (pu, θ0), θ0), where θ0 ∈ Θ is a nominal
parameter (known as nominal input design [187, 189, 190]). Another option is to
consider the maximum value of h in Θ by setting R = maxθ∈Θ{·} (usually referred
to as robust input design [167]). An additional example for R follows by adopting
a Bayesian framework, where we assume that Θ is a probability space endowed
with a known cdf1 PΘ. Under this setting, we can choose to optimize over the
expected value of the cost function, i.e. R = EΘ{·}. This choice makes sense in the
context of input design, as it requires that the function h is maximized in average
by the designed experiment. In the following, we will consider R = EΘ{·}, and
R = maxθ∈Θ{·}.

To summarize, the problem we are interested in solving can be written as

Problem 4.1 Design an optimal input signal u1:T ∈ CT as a realization from
popt
u (u1:T ), where

popt
u := arg min

pu∈PC
R{h(IsF (pu, θ), θ)} , (4.6)

with h : Rnθ×nθ ×Θ → R a matrix convex function, R : Θ → R, and IsF (pu, θ) ∈
Rnθ×nθ defined as in (4.4).

1How to obtain the cdf PΘ is beyond the scope of this chapter. However, we mention that PΘ
can be obtained from information about the system prior to perform the experiment.
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Problem 4.1 is difficult to solve. The main challenge is that the set Θ may
be uncountable, which implies that the computation of R{h(IsF (pu, θ), θ)} can be
intractable. To address this issue, we consider a procedure that depends on R. For
R = EΘ{·}, we solve a Monte Carlo approximation of Problem 4.1 by sampling Ns
points from the set Θ according to the cdf PΘ, and replace the expected value by its
sample mean estimate. In the case where R = maxθ∈Θ{·}, we employ the scenario
approach [27, 204]. By sampling Ns points from the set Θ according to a given cdf
Ps, we can rewrite Problem 4.1 as an optimization problem over a finite number
of points in Θ. In this case we will obtain a sub-optimal solution to Problem 4.1
which, however, can be made close to the optimal solution by increasing Ns; we
refer to Appendix C for more details.

In addition to the aforementioned issue, the parameterization of the set PC and
the computation of the FIM (4.4) for the model (4.1) are also part of the complexity
of solving Problem 4.1.

To parameterize the set PC , we follow the graph theoretical approach proposed in
Chapter 2. Finally, the computation of the FIM (4.4) will rely on particle methods,
which are considered in Section 4.4.

Remark 4.2 The assumptions of prior knowledge about the structure of the pdfs
characterizing (4.1) and the finite cardinality of C might seem very restrictive.
However, the requirement of a structure for the pdfs in (4.1) is not more restrictive
than the requirement of a model structure for linear models, cf. [122]. On the
other hand, the finite alphabet assumption for ut is introduced to make Problem 4.1
tractable.

Remark 4.3 An alternative to solving Problem 4.1 is to directly optimize over
(4.2) by designing every sample in u1:T . However, the resulting optimization is
non-convex, and hence the designed input can in general only be guaranteed to be
locally optimal.

4.3 Describing the set of stationary processes

To characterize the set PC, we use the graph theoretical approach presented in
Chapter 2. Here we briefly discuss this technique in connection with the current
problem, and we refer to Chapter 2 for more details about this method.

One of the difficulties associated with PC is that pu ∈ PC is of dimension T ,
where T can be very large. To address this issue, we restrict u1:T to be realization
of a stationary Markov process of memory nm, where nm << T (cf. Assumption 2.1
on page 36). Furthermore, the stationary distribution of the Markov process is
constrained to the set PC , where the pmfs are defined over Cnm . This assumption
allows to solve an approximation of Problem 4.1 in the sense that the difference
between the optimal cost for the solution considering pu(u1:T ), and the optimal cost
for pu(u1:nm) can be made arbitrarily small by defining nm sufficiently large.
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Once the optimal pmf is obtained, the input u1:T is computed as the output of
a Markov chain having the optimal pmf as its stationary distribution, as discussed
in Section 2.3 on page 43. This aspect will be briefly revisited in Section 4.6.

A second difficulty associated with PC corresponds to its parameterization. To
solve this issue, we employ the parameterization of PC presented in Section 2.2 on
page 37, and which is briefly presented here.

First, we note that PC can be represented as a convex combination of its extreme
points, as PC is described by a finite number of linear inequalities [163, Chapter
17]. In particular, PC is a polyhedron [163, pp. 170]. Following the notation in
Chapter 2, we refer to VPC = {vi}nVi=1 as the set of the extreme points of PC . As the
set PC contains pmfs, VPC consists of pmfs describing every pu ∈ PC as

pu =
nV∑
j=1

αjvj , (4.7)

where αj ≥ 0, for all j ∈ {1, . . . , nV}, and

nV∑
j=1

αj = 1 . (4.8)

The problem of parameterizing PC becomes that of finding VPC . To this end, we
make use of the results in Section 2.2.

Following the discussion in Section 2.2, we compute the pmfs defining the vertices
of the set PC by finding the pmfs associated with the prime cycles in the equivalent
nm-dimensional de Bruijn graph with symbols in C (cf. Definition 2.6 on page 32
and Theorem 2.1 on page 39).

As has been shown in Lemma 2.3 on page 40, all the prime cycles associated
with GCnm can be derived from the elementary cycles associated with GCnm−1 , which
can be found using existing algorithms (cf. Remark 2.3 on page 40).

Based on the prime cycles, it is possible to generate an input sequence u(j)
1:T from

vj , which will be referred to as the basis inputs. We refer to Example 2.4 on page 41
for an illustration of this procedure.

Given u(j)
1:T , we can use it to compute the corresponding information matrix for

every vj ∈ VPC , given by IsF (p(j)
u , θ). However, in general the matrix IsF (p(j)

u , θ)
cannot be computed explicitly. This difficulty is overcome by using particle methods
to approximate IsF (p(j)

u , θ), as discussed in the next section.

Remark 4.4 To simplify the discussion, here we use T input samples to estimate
IsF (p(j)

u , θ), where T is the length of the experiment specified in Problem 4.1. However,
the number of samples to compute IsF (p(j)

u , θ) can be different from T in general.
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4.4 Estimation of the FIM

From (4.7), we have that every pu ∈ PC is a convex combination of the elements in
VPC . Hence, it is possible to approximate the FIM associated with pu as

Iapp
F (γ, θ) =

nV∑
j=1

αj IsF (p(j)
u , θ) , (4.9)

where γ := {αj}nVj=1. In Section 4.7 we further analyze how well Iapp
F (γ, θ) approxi-

mates IsF (pu, θ), when pu is defined as in (4.7) and the NSSM (4.1) is restricted to
the nonlinear output-error (NOE) model structure.

The main problem with the expression (4.9) is that the FIM IsF (p(j)
u , θ) is often

not available in closed form for NSSM. Instead, we propose to approximate IsF (p(j)
u , θ)

for every j ∈ {1, . . . , nV} using particle methods [61, 120]. For brevity, we omit in
this section the superscript j corresponding to each vertex in PC .

Estimating the score function
From (4.2), we know that we can compute the FIM by the use of the score function.
Now, the score function can be estimated using particle smoothers. The key
ingredient for this is the Fisher identity [30] presented in Appendix B, Theorem B.1.
In the Fisher identity, log pθ(x1:T , y1:T |u1:T ) denotes the complete data log-likelihood
for (4.1) given by

log pθ(x1:T , y1:T |u1:T ) = logµθ(x0) +
T∑
t=1

ξθ(xt−1:t), (4.10)

ξθ(xt−1:t) := log fθ(xt|xt−1, ut−1) + log gθ(yt|xt, ut). (4.11)

Using (4.10) and (B.9) on page 194, we arrive at the estimator

ST (u1:T , θ) =
T∑
t=1
St,T (u1:T , θ) , (4.12)

where

St,T (u1:T , θ) :=
∫
X 2
∇θ ξθ(xt−1:t)pθ(xt−1:t|y1:T , u1:T )dxt−1:t . (4.13)

Here, we require an estimate of the two-step smoothing distribution2 pθ(xt−1:t|y1:T , u1:T ).
This can be provided by a so-called empirical distribution,

p̂θ(xt−1:t|y1:T , u1:T ) :=
N∑
i=1

w
(i)
t δ(xt−1:t − x(i)

t−1:t), (4.14)

2We refer to Chapter 3 for a review on sequential Monte Carlo methods.
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Algorithm 4.1 Bootstrap particle filter (bPF)
Inputs: An SSM (4.1), y1:T (observations), u1:T (inputs), N ∈ N (number of particles).
Output: {x(i)

t , w
(i)
t }Ni=1, t = 1, . . . , T .

All operations are carried out over i, j = 1, . . . , N .

1: Sample x(i)
0 ∼ µθ(x0) and set w(i)

0 = 1/N .
2: for t = 1 to T do
3: (Resampling) Sample a(i)

t ∼ Cat
(
{w(j)

t−1}
N
j=1
)

4: (Propagation) Sample x(i)
t ∼ fθ

(
x

(i)
t

∣∣∣x(a(i)
t

)
t−1 , ut

)
.

5: Set x(i)
0:t =

{
x
a

(i)
t

0:t−1, x
(i)
t

}
.

6: (Weighting) Calculate w̃(i)
t = gθ

(
yt

∣∣∣x(i)
t , ut

)
.

7: Normalize w̃(i)
t (over i) to obtain w(i)

t .
8: end for

where x(i)
t and w

(i)
t denote particle i and its normalized weight at time t. Here,

{{x(i)
t , w

(i)
t }Tt=1}Ni=1 denotes the particle system generated by a particle filter.

To estimate the FIM, we generate the particle system using the bootstrap particle
filter (bPF) [60, Section 1.3.3] presented in Algorithm 4.1. Here, Cat({p(i)}Ni=1)
denotes the categorical distribution with p(i) denoting the probability of selecting
element i. The limitation of implementing the estimator (4.14) based on the bPF is
the poor accuracy of the latter. This is due to problems with particle degeneracy,
as discussed in Chapter 3, on page 58. To mitigate this problem, we make use of a
particle smoother that introduces a backward sweep after the forward run of the
particle filter.

To address the particle degeneracy problem, we use the forward-filtering back-
wards simulator (FFBSi) with rejection sampling and early stopping [59, 183]
presented in Algorithm 4.2. FFBSi makes use of the output from a run of the
bPF. The parameter ρ (line 13 in Algorithm 4.2) is an upper bound for the pdf fθ
in the sense that fθ(xt|xt−1, ut−1) ≤ ρ for all t ∈ {1, . . . , T}. The computational
complexity of FFBSi is of order O(NMT ), where N and M denote the number of
filter and smoother particles, respectively.

The statistical properties of the FFBSi are studied in [59] under some regularity
assumptions. These include that the pdfs derived from the SSM (4.1) are bounded
and that ξθ(xt−1:t) is measurable. These two conditions are usually fulfilled when
the SSM is defined by densities fθ and gθ as in (4.1). Given these assumptions, it
is possible to show that the error in the estimates obtained from the algorithm is
bounded [59, Corollary 6] and obeys a central limit theorem [59, Corollary 9]. This
implies that the estimates of the score function are (strongly) consistent and their
variance decreases as N,M →∞. In practice, increasing N and M also increases
the computational cost. We return to investigate the finite-data properties of FFBSi
in Section 4.8.
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Algorithm 4.2 Fast forward-filtering backward-simulator with early stopping
(fFFBSi-ES)
Inputs: Inputs to Algorithm 4.1, M ∈ N (No. backward trajectories), Nlimit ∈ N (Limit
for when to stop using rejection sampling), ρ > 0.
Output: ÎsF (u1:T , θ) (estimate of the FIM).

1: Run Algorithm 4.1 to obtain the particle system
{
x

(i)
t , w

(i)
t

}N
i=1

for t = 1, . . . , T .

2: Sample
{
bT (j)

}M
j=1
∼ Cat

(
{w(i)

T }
N
i=1
)
.

3: Set x̃(j)
T = x

(bT (j))
T for j = 1, . . . ,M .

4: for t = T − 1 to 1 do
5: L← {1, . . . ,M}.
6: {Rejection sampling until Nlimit trajectories remain.}
7: while |L| ≥ Nlimit do
8: n← Card(L).
9: δ ← ∅.
10: Sample

{
I(k)

}n
k=1
∼ Cat

(
{w(i)

t }Ni=1
)
.

11: Sample
{
U(k)

}n
k=1
∼ Uniform([0, 1]).

12: for k = 1 to n do
13: if U(k) ≤ f

(
x̃
L(k)
t+1 |x

I(k)
t , ut

)
/ρ then

14: bt(L(k))← I(k).
15: δ ← δ ∪ {L(k)}.
16: end if
17: end for
18: L← L \ δ.
19: end while
20: {Use standard FFBSi for the remaining trajectories.}
21: for j ∈ L do
22: Compute w̃(i,j)

t|T ∝ w
(i)
t f
(
x̃

(j)
t+1|x

(i)
t , ut

)
for i = 1, . . . , N .

23: Normalize the smoothing weights
{
w̃

(i,j)
t|T

}N
i=1

.

24: Draw bt(j) ∼ Cat
({
w̃

(i,j)
t|T

}N
i=1

)
.

25: end for
26: Set x̃(j)

t:T =
{
x
bt(j)
t , x̃

(j)
t+1:T

}
for j = 1, . . . ,M .

27: Estimate the score function at t using (4.12) by

Ŝt,T (u1:T , θ) = 1
M

M∑
j=1

∇θξθ
(
x̃

(j)
t:t+1

)
.

28: end for
29: Compute ÎsF (u1:T , θ) using (4.15).

Remark 4.5 We note that there are many alternative particle smoothers that can
be useful in this context, see [120] for a recent survey. In [187], an FL particle
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smoother is employed to estimate the score function. The main advantage with
using FFBSi compared to FL is the consistency of the former. In contrast, the FL
smoother gives biased estimates even when N → ∞. However, the FL smoother
has a computational complexity of O(NT ), which is smaller than that of the FFBSi
smoother.

The resulting estimator
From (4.12), we note that ST (u1:T , θ) can be written as a sum of conditional
scores St,T (u1:T , θ). This can be seen as a martingale representation since each
conditional score is conditionally independent given the past. Using results presented
in [133, 173], we can compute an estimate of the FIM by

ÎsF (u1:T , θ) = 1
T

{
T∑
t=1

[
Ŝt,T (u1:T , θ)

][
Ŝt,T (u1:T , θ)

]>
− 1
T

[
ŜT (u1:T , θ)

][
ŜT (u1:T , θ)

]>}
,

(4.15)

where

ŜT (u1:T , θ) :=
T∑
t=1
Ŝt,T (u1:T , θ) . (4.16)

We note that the estimator (4.15) is based on the output y1:T generated from (4.1)
using θ ∈ Θ and u1:T as input.

There are other alternatives for computing an estimate of the FIM. One alter-
native approach is to make use of the Louis identity (cf. Theorem B.2). Another
alternative is to compute the FIM using the sample covariance matrix of the score
estimates (4.12) as proposed in [187]. The main advantage of the estimator (4.15)
is that it only requires running a single particle smoother for estimating the score
function. The approach based on the sample covariance matrix requires hundreds or
thousands of runs to marginalize out the effect of the noisy realization, that is, to
estimate the expectation operator in (4.12) with respect to y1:T . The use of (4.15)
results in a significant speed-up of the same order in the computations as well as in
substantial improvements in the accuracy of the estimates of IsF (pu, θ).

To see the latter, we analyze the variance of this estimator using the martingale
difference property when using Algorithm 4.2 to estimate the score function. To
this end, we note that the expected value of (4.15) is given by

T E
{
ÎsF (u1:T , θ)

}
= T − 1

T
E
{

T∑
t=1

[
Ŝt,T (u1:T , θ)

][
Ŝt,T (u1:T , θ)

]>}
. (4.17)

where the expected value in (4.17) is with respect to the stochastic processes
characterizing the NSSM (4.1).
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Before proceeding, let ŜT,`(u1:T , θ) and ÎsF,`m(u1:T , θ) denote the `-th and (`,m)
entry of ŜT (u1:T , θ) and ÎsF (u1:T , θ), respectively. Then the variance of the (`,m)
entry of (4.15) is given by

T 2 Var
{
ÎsF,`m(u1:T , θ)

}
= T 2

[
E
{
ÎsF,`m(u1:T , θ)2

}
−E2

{
ÎsF,`m(u1:T , θ)

}]
.

(4.18)
Based on (4.15), we compute E

{
ÎsF,`m(u1:T , θ)2

}
as

T 2E
{
ÎsF,`m(u1:T , θ)2

}
= E

{
f2

1 (T, `,m)
}

+ 1
T 2 E

{
f2

2 (T, `,m)
}

− 2
T

E {f1(T, `,m) f2(T, `,m)} , (4.19)

where

f1(T, `,m) :=
T∑
t=1
Ŝt,T,`(u1:T , θ)Ŝt,T,m(u1:T , θ) , (4.20)

f2(T, `,m) := ŜT,`(u1:T , θ)ŜT,m(u1:T , θ) . (4.21)

Using the martingale difference property, we obtain

E {f1(T, `,m) f2(T, `,m)} = E
{

T∑
t=1

f2
3 (t, `,m)

}
, (4.22)

with
f3(t, `,m) := Ŝt,T,`(θ)Ŝt,T,m(θ) . (4.23)

Replacing (4.22) into (4.19) we have

T 2E
{
ÎsF,`m(u1:T , θ)2

}
=
[
1− (T − 1)2

T 2

]
E
{
f2

1 (T, `,m)
}

+ 1
T 2 E

{
f2

2 (T, `,m)
}
− 2
T

E
{

T∑
t=1

f2
3 (t, `,m)

}

+ (T − 1)2

T 2 E
{
f2

1 (T, `,m)
}
, (4.24)

where we have added and subtracted the term

(T − 1)2

T 2 E
{
f2

1 (T, `,m)
}
. (4.25)

Finally, replacing (4.17) and (4.24) into (4.18) and rearranging terms, we obtain
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T 2 Var
{
ÎF,`m(u1:T , θ)

}
= (T − 1)2

T 2 Var
{
f1(T, `,m)

}
+ 2
T
f4(T, `,m)

+ 1
T 2 f5(T, `,m) , (4.26)

with

f4(T, `,m) := E
{
f2

1 (T, `,m)
}
−E

{
T∑
t=1

f2
3 (t, `,m)

}
, (4.27)

f5(T, `,m) := E
{
f2

2 (T, `,m)
}
−E

{
f2

1 (T, `,m)
}
. (4.28)

When the FFBSi is used to estimate the score function, we have by [59, Theorem 11]
that the variance (4.26) is finite for a fixed T . Moreover, the estimator is consistent
as T,N,M →∞, which follows from [59, Corollary 9]. We will investigate the finite
sample accuracy of the estimate in Section 4.8.

We can carry out a similar analysis for the alternative approach based on the
sample covariance matrix. Here, we estimate the score function Ŝ(k)

T using particle
methods over k ∈ {1, . . . , K} different noisy realizations based on a single realization
of the input. The estimate of the FIM is computed by

ÎsF (u1:T , θ) = 1
KT

K∑
k=1

[
Ŝ(k)
T (u1:T , θ)

] [
Ŝ(k)
T (u1:T , θ)

]>
. (4.29)

The variance of this estimator is given by

T 2 Var
{
ÎsF,`m(u1:T , θ)

}
= 1
K

Var
{
Ŝ(k)
` (θ)Ŝ(k)

m (θ)
}
, (4.30)

for some k ∈ {1, . . . ,K}. This implies that the accuracy of (4.29) increases
with the number of realizations K, provided that the variance of each element
in
[
Ŝ(k)
T (u1:T , θ)

] [
Ŝ(k)
T (u1:T , θ)

]>
is bounded, which again is satisfied by FFBSi as

discussed above. Therefore, we conclude that the variance of the estimator (4.29) is
bounded in T,N,M and it approaches zero as K →∞.

The main benefit of using (4.15) instead of (4.29) is a smaller computational cost.
This results from that only one run of the particle smoother is required for (4.15)
compared with K runs for (4.29). In practice, this decreases the computational time
for a single estimate of the FIM from over a day to about an hour. Moreover, it is
difficult to establish theoretically which of the two estimators has better accuracy.
Using numerical evaluations, we have observed that the new estimator outperforms
the latter in terms of both accuracy and computational cost.
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Algorithm 4.3 New input design method
Inputs: C (input values), nm (memory of the Markov process), P (probability measure
over Θ), and Ns (number of samples over Θ).
Output: γopt (optimal weighting of the basis inputs).

1: Sample {θi}Ns
i=1 from Θ according to P.

2: Compute all the elementary cycles of GCnm−1 using, e.g., [103, pp. 79–80], [184, pp.
157].

3: Compute all the prime cycles of GCnm from the elementary cycles of GCnm−1 as explained
in Lemma 2.3. Denote by {vj}nVj=1 the pmfs associated with the prime cycles of GCnm .

4: Generate the input signals u(j)
1:T from the prime cycles of GCnm , for each j ∈ {1, . . . , nV}.

5: for i = 1 to Ns do
6: Execute Algorithm 4.2 based on θi and {u(j)

1:T }
nV
j=1 to obtain {ÎsF (u(j)

1:T , θi)}
nV
j=1.

7: end for
8: Solve the optimization problem (4.31) to obtain γ?.

4.5 Final input design method

Under the considered approximations, the FIM (4.4) can be expressed as a convex
combination of the information matrices evaluated at the vertex points of PC given
by (4.9). Hence, the proposed method to design input signals in Cnm for the
identification of NL-SSMs is summarized in Algorithm 4.3. The method solves an
approximation of Problem 4.1, which can be written as

γopt = arg min
γ={αj}

nV
j=1

R̂(h(Îapp
F (γ, θ), θ))

subject to Îapp
F (γ, θi) =

nV∑
j=1

αj ÎsF (u(j)
1:T , θi) , for all i ∈ {1, . . . , Ns}

αj ≥ 0 , for all j ∈ {1, . . . , nV}
nV∑
j=1

αj = 1 ,

(4.31)

where R̂ denotes the approximation of the functionR when the set Θ is approximated
by {θi}Ns

i=1. The implementation of R̂ for the cost functions considered in this chapter
follows the solution presented in Section 4.2. Thus, for R = EΘ{·} we have

R̂(h(Îapp
F (γ, θ), θ)) = 1

Ns

Ns∑
i=1

h(Îapp
F (γ, θi), θi) , (4.32)

and for R = maxθ∈Θ{·} we obtain

R̂(h(Îapp
F (γ, θ), θ)) = max

θ∈{θi}Ns
i=1

h(Îapp
F (γ, θ), θ) . (4.33)
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Algorithm 4.3 computes the vector γopt = {αopt
j }

nV
j=1 which defines the optimal

pmf popt
u as a convex combination of the measures associated with the elements in

VPC , according to

popt
u =

nV∑
j=1

αopt
j vj . (4.34)

4.6 Input signal generation

Given a pmf pu(u1:nm) ∈ PC describing the stationary distribution of a Markov
process with memory nm, we need to obtain a realization u1:T from such Markov
process. To this end, we employ the method introduced in Section 2.3 on page 43.
We build a transition probability matrix with stationary distribution pu by making
use of Algorithm 2.1, and then obtain the input u1:T from the designed Markov
chain running on stationary regime.

4.7 Convergence analysis

At this point we return to what has been mentioned about the expression (4.9):
Equation (4.9) is an approximation of the per-sample FIM

IsF (popt
u , θ) = 1

T
E
{
ITF (u1:T , θ)

}
, (4.35)

where popt
u is given by (4.34).

The discussion around (4.35) is restricted in this section to the NOE model
structure, defined for all t ≥ 1 as

xt+1 = fxθ (xt, ut) , (4.36a)
yt|xt ∼ N (gyθ (xt, ut), σ2) , (4.36b)
x0 = x? , (4.36c)

where x? ∈ Rnx , fxθ : Rnx×Rnu → Rnx , and gxθ : Rnx×Rnu → Rny are differentiable
functions in θ, for all θ ∈ Θ. We further assume that the variance σ2 in (4.36b) is
known.

Based on the NOE model (4.36), we have that the per-sample FIM is given by

IsF (pu, θ0) = 1
T σ2

T∑
t=1

E
{
∇θ [gyθ (xt, ut)]|θ=θ0

∇>θ [gyθ (xt, ut)]
∣∣
θ=θ0

}
. (4.37)

We need the following

Assumption 4.1 For every θ0 ∈ Θ,{
∇θ [gyθ (xt, ut)]|θ=θ0

∇>θ [gyθ (xt, ut)]
∣∣
θ=θ0

}
t≥1

(4.38)
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is a sequence of bounded (with respect to t) and exponentially forgetting functions in
the sense of Definition D.1.

Based on Assumption 4.1, we can establish the convergence of the per-sample
FIM when u(j)

1:T is drawn from the pmf p(j)
u associated with the j-th vertex of the

set PC :

Corollary 4.1 Consider the nonlinear output-error model (4.36). Let {u(j)
t }, u

(j)
t ∈

C, be a sequence of period Tu, generated from the prime cycle associated with
p

(j)
u ∈ VPC (j ∈ {1, . . . , nV}) satisfying |ut| ≤ K for some K ≥ 0, and{

∇θ [gyθ (xt, ut)]|θ=θ0
∇>θ [gyθ (xt, ut)]

∣∣
θ=θ0

}
t≥1

(4.39)

satisfies Assumption 4.1. Then, for every θ0 ∈ Θ and j ∈ {1, . . . , nV},

lim
T→∞

1
T
ITF (u(j)

1:T , θ0) = lim
T→∞

1
T σ2

T∑
t=1
∇θ
[
gyθ (xt, u(j)

t )
]∣∣∣
θ=θ0

∇>θ
[
gyθ (xt, u(j)

t )
]∣∣∣
θ=θ0

= lim
t→∞

1
Tu σ2

Tu∑
k=1
∇θ
[
gyθ (xt, u(k,j)

t )
]∣∣∣
θ=θ0

∇>θ
[
gyθ (xt, u(k,j)

t )
]∣∣∣
θ=θ0

= lim
t→∞

1
σ2

∫
∇θ [gyθ (xt, ut)]|θ=θ0

∇>θ [gyθ (xt, ut)]
∣∣
θ=θ0

dP(u1:t) ,

(4.40)

where P is the probability measure of a Markov chain generating {ut} (a uniform
probability distribution on the set of at most Tu possible values of u1:Tu), and u

(k,j)
1:t

is obtained from {u(j)
t } after k − 1 time shift units.

Proof Follows immediately from Theorem D.2 by setting

gt(u1:t) = ∇θ [gyθ (xt, ut)]|θ=θ0
∇>θ [gyθ (xt, ut)]

∣∣
θ=θ0

(4.41)

for all t ≥ 1, and considering

gnm(ut−nm+1:t) = ∇θ [gyθ (x̃t, ut)]|θ=θ0
∇>θ [gyθ (x̃t, ut)]

∣∣
θ=θ0

(4.42)

for all nm ≥ 1 and all t ≥ nm+1, where x̃t is the state of the nonlinear output-error
model (4.36) at time t obtained with θ = θ0, initial condition x0 = 0, and input

ũt−nmk =
{

0, if k ≤ t− nm ,
uk, otherwise.

(4.43)

�

Finally, we establish a bound on the difference between the optimized and the
actual Fisher information matrices attained with the proposed method:
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Corollary 4.2 Consider the assumptions in Theorem D.1 and the exponentially
forgetting sequence of functions{

∇θ [gyθ (xt, ut)]|θ=θ0
∇>θ [gyθ (xt, ut)]

∣∣
θ=θ0

}
t≥1

. (4.44)

Then, for all θ0 ∈ Θ,∥∥∥∥∥∥ lim
T→∞

1
T σ2

T∑
t=1

∑
u1:t∈Ct

∇θ [gyθ (xt, ut)]|θ=θ0
∇>θ [gyθ (xt, ut)]

∣∣
θ=θ0

popt
t (u1:t|u−nm+1:0)

−
nV∑
i=1

αi I
(i)
F,nm(θ0)

∥∥∥∥∥ ≤ 2Cλnm ,

(4.45)

where

I(i)
F,nm(θ0) := lim

T→∞

1
T σ2

T∑
t=1

∑
u1:t∈Ct

ft(u1:t)p(i)
t (u1:t|u−nm+1:0) , (4.46)

ft(u1:t) := ∇θ [gyθ (xt, ut)]|θ=θ0
∇>θ [gyθ (xt, ut)]

∣∣
θ=θ0

, (4.47)

and popt
t , p(i)

t given as in Theorem D.1 for all i ∈ {1, . . . , nV}.

Proof This is immediate from Theorem D.1 by setting

gt(u1:t) = ∇θ [gyθ (xt, ut)]|θ=θ0
∇>θ [gyθ (xt, ut)]

∣∣
θ=θ0

, (4.48)

for all t ≥ 1, g(i)
nm = I(i)

F,nm(θ0) for all i ∈ {1, . . . , nV}, and considering

gnm(ut−nm+1:t) = ∇θ [gyθ (x̃t, ut)]|θ=θ0
∇>θ [gyθ (x̃t, ut)]

∣∣
θ=θ0

(4.49)

for all nm ≥ 1 and all t ≥ nm+1, where x̃t is the state of the nonlinear output-error
model (4.36) at time t obtained with θ = θ0, initial condition x0 = 0, and input

ũt−nmk =
{

0, if k ≤ t− nm ,
uk, otherwise.

(4.50)

�

Remark 4.6 Corollary 4.2 states that the difference between the optimal value of
the Fisher information matrix and the actual value obtained in [190] is less than a
given ε > 0 if

nm ≥
log(ε)− log(2C)

log(λ) . (4.51)
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Figure 4.1: Top: the information matrix element for φ (orange), σv (green) and
cross-term between φ and σv (purple). Bottom: the natural gradient of the log-
likelihood function for different T . The results are computed using 25 Monte Carlo
simulations.

4.8 Numerical examples

In this section, we present numerical simulations to illustrate some aspects of the
proposed input design method in two SSMs. First, we make use of a LGSS model
to evaluate the accuracy of the estimator for the FIM and the impact of the design
parameters in Algorithm 4.2. We also compare the solution obtained for the input
design problem to some standard input signals to verify how well the proposed
method works.

Second, we consider an NL-SSM, which is more challenging from an input design
perspective. All implementation details and settings for the algorithm are presented
at the end of this section.
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Figure 4.2: The logarithm of the Frobenius norm of the error of the estimate of the
information matrix when varying N (upper) and M (lower). The plots show the
results from 25 Monte Carlo simulations and the shaded areas indicate the span
between the largest and smallest error.

Accuracy of information matrix estimation
Consider the LGSS model given by

xt|xt−1 ∼ N
(
φxt−1 + ut−1, σ

2
v

)
, (4.52a)

yt|xt ∼ N
(
xt, 0.12), (4.52b)

where the parameter vector is θ = {φ, σv} with the state persistence φ ∈ (−1, 1)
and the standard deviation of the innovations σv ∈ R+.

From Section 4.4, we know that the estimates of the FIM obtained by (4.15)
are consistent. However, in practice we do not have an infinite amount of data
and therefore the properties of the estimate can only be evaluated using numerical
experiments. To this end, we make use of a Kalman method, which allows to
compute the score function exactly for the LGSS model. Hence, we can isolate the
influence of T on the accuracy of the estimate.
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Figure 4.1 presents the estimate and the resulting natural gradient of the log-
likelihood function (the gradient scaled by the inverse FIM) when varying T for
25 Monte Carlo executions. We conclude that the estimator stabilizes after about
T ≈ 15 · 103 observations. Furthermore, we observe that the natural gradients are
almost zero at this value of T , indicating that θ0 is a parameter attaining a local
maximum for the log-likelihood function.

For a general SSM, we cannot make use of Kalman methods and have to resort to
approximations using, e.g., particle methods. In this setting, we want to investigate
the influence of N and M in Algorithm 4.2 on the accuracy of the estimates, when
T is fixed to 15 · 103 based on the results above. Figure 4.2 presents the logarithm of
the Frobenius norm of the error in the information matrix when varying N and M .
In the former case, we fix M = bN/4c (the closest integer to N/4 from below) and
vary N . We conclude that 200 particles are enough to obtain reasonable accuracy
in this model. The increase of the log-error for N ≥ 50 is probably due to the
variability of the Monte Carlo simulations. In the latter case, we fix N = 200 and
vary the number of backward paths M . We conclude from this that the accuracy of
the estimates is quite robust to the choice of the number of backward trajectories,
and that M = 10 seems to be a reasonable choice for this example.

Input design for the linear Gaussian state space model

The analysis in the previous subsection provides some guidance for selecting T , N
and M to obtain reasonable estimates of the FIM for the LGSS model. Therefore,
we are ready to apply Algorithm 4.3 to construct an input sequence with the aim
to accurately estimate θ = {φ, σv} in (4.52). We make use of the EM algorithm
proposed in [171] to estimate the parameters of the model when different inputs
are applied. This is done to investigate if the designed input actually increases the
accuracy of the estimates with respect to standard inputs.

Algorithm 4.3 spends most of the time in Line 6 (5 minutes for each realization
i on a standard stationary computer from 2012) and Line 8 (1 minute). Note that
it is possible to parallelize Line 6 to decrease the computational time.

Table 4.1 presents the logarithm of the mean squared error (MSE) of the
parameter estimates for different inputs: none (ut ≡ 0), constant (ut ≡ 1), uniform
(ut ∼ U [−1, 1]) and binary (ut ∼ 1−2 ·Bernoulli(0.5)). As mentioned above, Kalman
methods can be applied to compute the score function (and the Q-function in the
EM algorithm) exactly. Hence, Kalman methods illustrate the optimal performance
of the proposed algorithm when N and M tends to infinity. Moreover, we make use
of R = Eθ{·} (mean case), and R = maxθ∈Θ{·} (worst case) to include robustness
with respect to the uncertainty in the parameters. The input design technique with
particle methods (PM) attains similar log-MSE values to those obtained with a
constant signal (ut = 1), which is the optimal choice.

To complement the results in this example, we compute log {det (IMSE(θ0))} for
the different inputs and methods, where IMSE(θ0) corresponds to the sample MSE
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Table 4.1: Parameter estimates with the 1.96 times the standard deviation (parenthesis) and the log-MSE in the LGSS
model computed from 40 independent runs of the EM algorithm using different (but fixed) input signals. Bold face marks
the best values and KM/PM indicate that Kalman methods/Algorithm 4.2 is used to compute the Q-function in the EM
algorithm. The true parameter values for θ are indicated between square brackets.

Kalman (KM) Particle (PM)

Input φ̂ [0.5] MSE(φ̂) σ̂v [0.1] MSE(σ̂v) φ̂ [0.5] MSE(φ̂) σ̂v [0.1] MSE(σ̂v)
none 0.50 (0.02) -9.06 0.10 (0.002) -13.25 0.30 (0.02) -3.21 0.11 (0.002) -8.89
constant 0.50 (0.00) -15.33 0.10 (0.002) -13.47 0.50 (0.00) -14.15 0.12 (0.002) -8.33
uniform 0.50 (0.00) -13.02 0.10 (0.002) -13.49 0.49 (0.00) -10.31 0.11 (0.002) -8.68
binary 0.50 (0.00) -14.06 0.10 (0.002) -13.43 0.50 (0.00) -12.26 0.11 (0.002) -8.52
mean case 0.50 (0.00) -14.56 0.10 (0.002) -13.46 0.50 (0.00) -14.15 0.12 (0.002) -8.33
worst case 0.50 (0.00) -14.52 0.10 (0.002) -13.48 0.50 (0.00) -14.18 0.12 (0.001) -8.34
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Table 4.2: log {det (IMSE(θ0))} for the parameter estimates of the LGSS model. Bold
face marks the best value and KM/PM indicate that Kalman methods/Algorithm 4.2
is used to compute the Q-function in the EM algorithm.

Input Kalman (KM) Particle (PM)
none -22.53 -16.63

constant -28.83 -23.56
uniform -26.53 -21.56
binary -27.69 -22.67

mean case -28.83 -23.56
worst case -28.83 -23.67

matrix

IMSE(θ0) := 1
Nest

Nest∑
i=1

(θ̂T,i − θ0)(θ̂T,i − θ0)> , (4.53)

where {θ̂T,i}Nest
i=1 are the estimated parameters for the different inputs and methods

in Table 4.1 (Nest = 40). The results for log {det (IMSE(θ0))} are summarized in
Table 4.2. From this table we conclude that the mean and worst case designs based
on the proposed method attain the minimum value of log {det (IMSE(θ0))} among
the inputs considered in this example.

Input design for a nonlinear model
The second example is an NL-SSM given by

xt|xt−1 ∼ N
( 1
γ + x2

t−1
+ ut−1, 0.12

)
, (4.54a)

yt|xt ∼ N (βx2
t , 12), (4.54b)

where the parameters are θ = {γ, β}. The sign of the state is lost due to the term x2
t

in the measurement process, which implies that two different values for the state can
equally well represent a value for yt. The term x2

t at the output and the NL state
process prohibit the use of Kalman methods for this model, hence only Algorithm 4.2
is considered. We apply the same approach as in the previous example to construct
an input to excite the system and then apply an EM algorithm to estimate the
parameters. The computational time for executing Line 6 in Algorithm 4.3 increases
to 38 minutes in this model.

Figure 4.3 presents estimates at each iteration of the EM algorithm from 35
independent runs on the same input/output data. The parameter β seems easier to
estimate than the parameter γ, probably because the model is linear in β. Another
interesting result from this figure can be seen by comparing the estimates for the
different inputs. We observe that there exists a trade-off on the accuracy achieved
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for the estimates of γ and β. While a zero input gives more accurate estimates for
γ than using a nonzero input, the accuracy for the estimates of β is increased by
including a non-zero input.

We can also analyze the overall performance of the estimates for different
inputs. In Table 4.3 the parameter estimates and the corresponding log-MSE for
different inputs is presented. We note that the log-MSE is computed using θ0
and not the maximum likelihood estimate of θ. We also present the half-length
of the bootstrapped 95% confidence intervals (CIs) for the estimated parameters
in parentheses. These are obtained after 103 resamplings and using the adjusted
bootstrap percentile. We refer to [51] for further details on the computation of this
quantity.

Table 4.3 shows that no overall best input signal can be determined from this
experiment, as the decision depends on the relative importance of the two parameters.
In the case of the optimal inputs designed by Algorithm 4.3, we see that we can
improve the log-MSE for the estimate of γ when compared to the uniform and
binary inputs. As expected from the previous discussion, the improvement in the
log-MSE for γ̂ is achieved by degrading the log-MSE for β̂ when compared to the
binary input. However, the log-MSE of β̂ for the designed inputs is better than the
one obtained with no input.

As a final comparison, Table 4.4 presents the value of log {det (IMSE(θ0))} for
the different inputs, with IMSE(θ0) given by (4.53) using {θ̂T,i}Nest

i=1 , the estimated
parameters employed in Table 4.3 (Nest = 35). The results presented in this table
show that the designed inputs reduce the volume of the uncertainty set associated
with θ̂T when compared to the other inputs. Hence, the proposed method designs
an input that optimally distributes the uncertainty over the estimated parameters
in the sense that the volume of the associated uncertainty set is minimized.

In conclusion, the input design method presented here can be employed to
provide a better trade-off between the accuracies of the parameter estimates in this
challenging example, when compared to standard inputs.

Implementation details

LGSS model

For the Monte Carlo study in Figure 4.1, we simulate 25 data sets with T = 2.5 · 104

observations from (4.52) with θ0 = {0.5, 1.0}, no input and a known initial zero
state. For the approach based on Kalman methods, an RTS smoother [156] is used
to compute the score function and the FIM is estimated by (4.15). For the particle
method, we make use of a fully adapted particle filter (faPA; [148]) in Algorithm 4.2
to estimate the FIM. This reduces the computational cost and increases the accuracy
compared with bPF. However, the faPF can only be implemented for a small number
of SSMs due to the assumptions on the sampling procedure.

For Algorithm 4.3, we make use of T = 15 · 103, nm = 2, and nC = 3 values (-1,
0 and 1). This results in 8 different basis inputs. Moreover, we use h(IsF (pu, θ), θ) =
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Figure 4.3: The evolution of the parameter estimates for (4.54) obtained from 35
runs of the EM algorithm with random initializations and different inputs. The
dotted lines indicate the values γ0 = 2 and β0 = 0.8 used to generate the data from
the model.

− log det(IsF (pu, θ)) as the scalar cost function of the FIM. For Algorithm 4.2, we
make use of N = 200, M = 10, Nlimit = 3 and ρ = 1. To account for the uncertainty
in the parameters, we sample Ns = 100 realizations uniformly from the parameter
space Θ = {(φ, σv) : φ ∈ (0.4, 0.6), σv ∈ (0.8, 1.2)} and design the input accordingly.
For the EM algorithm, we make use of N = 200, M = 20 and run it for 150
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Table 4.3: Parameter estimates with the half-width of the 95% Bootstrapped CIs
(parenthesis) and the log-MSE in the NL-SSM model computed from 35 independent
runs of the EM algorithm using different (but fixed) input signals. Bold face marks
the best values and Algorithm 4.2 is used to compute the Q-function in the EM
algorithm. The true parameter values for θ are indicated between square brackets.

Input γ̂ [2] MSE(γ̂) β̂ [0.8] MSE(β̂)
none 2.14 (0.01) -3.99 0.90 (0.05) -3.46
constant 6.60 (0.23) 3.07 1.03 (0.01) -2.96
uniform 2.59 (0.05) -0.97 0.91 (0.02) -4.14
binary 2.59 (0.06) -0.95 0.86 (0.01) -5.38
mean case 2.47 (0.09) -1.26 0.89 (0.02) -4.47
worst case 2.47 (0.06) -1.36 0.88 (0.01) -4.93

Table 4.4: log {det (IMSE(θ0))} for the parameter estimates of the NL-SSM model.
Bold face marks the best value.

Input log {det (IMSE(θ0))}
none -7.76

constant -3.84
uniform -7.31
binary -7.94

mean case -8.37
worst case -8.47

iterations.

NSSM

For the Monte Carlo study performed with the NSSM, we generate a single data set
with T = 103 observations from (4.54) using θ0 = {2, 0.8}. For Algorithm 4.3, we
use nm = 2, and nC = 4 values (−1, −1/3, 1/3 and 1), resulting in 24 different basis
inputs. Moreover, we use h(IsF (pu, θ), θ) = − log det(IsF (pu, θ)) as the scalar cost
function of the FIM. We make use of the bPF in Algorithm 4.2 with N = 2.5 · 103,
M = 100, Mlimit = 10 and ρ = 5. For the mean and worst case costs, we sample
Ns = 30 parameters uniformly from the set Θ = {(β, γ) : γ ∈ (1.6, 2.4), β ∈ (0.6, 1)}.
We run the EM algorithm for 500 iterations.

4.9 Conclusions

We have proposed a robust input design method for the identification of NSSMs. It is
based on designing an input signal as a realization of a stationary process maximizing
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a scalar cost function of the FIM. Since the model parameters are unknown a priori,
the optimization of the experiment considers a measure of the uncertainty over the
space of model parameters. Furthermore, we have provided numerical illustrations
indicating that the designed input signal improves the accuracy of parameter
estimates compared with other standard inputs.

One of the limitations of the proposed technique is its scalability to more complex
scenarios. The computational complexity of the method is not only associated with
the computation of the Fisher information matrix for every basis input (already
discussed in Chapter 2), but also with the dimension of the parameter set considered
for the robust framework. How to reduce the computational complexity for the
technique presented here is part of the future research in the subject.





Chapter 5

Robust input design for systems
with quantized inputs and
measurements

In the previous chapter we introduced a framework to design inputs for general
nonlinear state space models. By restricting the class of dynamical models, it
is possible to obtain expressions for the Fisher information matrix that can be
computed without the use of particle methods. This is the case in this chapter,
where we use the graph theoretical framework for input design in FIR models with
quantized outputs.

5.1 Introduction

Many applications in signal processing require to accurately estimate a model
where only quantized measurements are available. This is of crucial importance, for
example, in echo cancellation and blind communication channel estimation, see e.g.
[84, 92, 130, 207] and the references therein.

In the case of quantized systems, the problem of model estimation and input
design has been addressed in the literature [36, 37, 38, 199, 200, 201, 213]. In the
case of input design, the assumptions on the quantizer properties (e.g., binary or
uniform quantization) can limit their practical applicability. An attempt to solve
this limitation is presented in [85], but it requires the prior knowledge of a nominal
model.

Contribution

We present a robust input design method for the identification of finite impulse
response (FIR) systems with quantized measurements, which extends the nominal
input design proposed in [85]. The method relies on the technique presented in

87
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FIR
xt Qut

wt

yt

Figure 5.1: FIR system with quantized output.

Chapter 4. The method optimizes a scalar cost function of the Fisher information
matrix, which is difficult to compute in closed form for systems with quantized
measurements. To overcome this issue, we use a result in [84] to approximate
such matrix. Moreover, since the true parameter is unknown before performing an
experiment, here we consider a robust formulation, where the input is designed to
minimize the maximum value of the objective function over the parameter space.
The implementation of the resulting optimization is based on the scenario approach
for approximating the robust formulation (see Appendix C).

The results in this chapter are connected to [188], where a general approach to
robust input design for nonlinear models is proposed (cf. Chapter 4). However,
the approach in [188] is based on particle methods, and hence it is computationally
more demanding than this tailored approach to quantized FIR models.

Structure of the chapter

This chapter is organized as follows. Section 5.2 formulates the input design problem.
A review on the ML estimation and some results from the theory of the expectation-
maximization algorithm are detailed in Section 5.3. The use of the graph theoretical
approach for input design in the context of this chapter is described in Section 5.4.
Section 5.5 illustrates the discussion with a numerical example. Finally, Section 5.6
presents concluding remarks for this chapter.

5.2 Problem formulation

Consider the system described in Figure 5.1. The input ut is filtered by a FIR
system of order nθ (i.e., its output at time t is linear in ut−1, . . . , ut−nθ), and the
output of this filter is corrupted by {wt}, a Gaussian white noise with zero mean
and known variance σ2.

Remark 5.1 The assumption about the noise variance being known is only neces-
sary for designing the experiment, and not for the estimation problem. As shown
in [84], the noise variance can also be estimated, and the asymptotic variance of the
parameters of the FIR model is not affected by this.
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The output yt is quantized via the quantizer Q : R→ V , where V = {vi}Mi=1 is a
finite set of scalars, i.e.

Q[x] =


v1, if x ∈ Ω1,
...

vM , if x ∈ ΩM ,
(5.1)

where {Ωi}Mi=1 is a partition of R such that Ωi is a connected set, for all i ∈
{1, . . . , M}. Hence, the system in Figure 5.1 can be written as

xt = ϕ>t θ + wt, wt ∼ N (0, σ2)
yt = Q[xt],

(5.2)

where xt ∈ R, θ ∈ Θ ⊆ Rnθ is the parameter vector, ϕt = [ut−1 . . . ut−nθ ]> ∈ Rnθ
is the regressor vector, and σ2 ∈ R is the noise variance. In the following, we assume
that there exists a θ0 ∈ Θ such that (5.2) describes the true system.

The objective is to design the input sequence u1:T that maximizes the information
about the parameter θ, quantified as a function of the Fisher information matrix

ITF (u1:T , θ0) = E
{
ST (u1:T , θ0)S>T (u1:T , θ0)

∣∣u1:T
}
, (5.3)

where ST (u1:T , θ0) is the score function,

ST (u1:T , θ0) = ∇θ log pθ(y1:T |u1:T )|θ=θ0
, (5.4)

log pθ(y1:T |u1:T ) is the log-likelihood function, and pθ(y1:T |u1:T ) is the pdf of the
measurements y1:T , given the input sequence u1:T and θ ∈ Θ. We note that the
expected value in (5.3) is with respect to {wt}.

To quantify the Fisher information matrix, we consider a matrix convex function
h : Rnθ×nθ ×Θ → R. In this chapter we leave the choice of h to the user. Common
definitions for h are listed in Table 1.1 on page 13.

To continue, we restrict the sequence u1:T to be a realization from an nθ-
dimensional stationary Markov process. In addition, we restrict ut to a finite set C
with nC elements. The characterization of the stationary distribution of the Markov
process is made in terms of nθ-dimensional marginal pmfs of stationary processes
as [190]

PC =
{
pu : Cnθ → R

∣∣∣∣ pu(x) ≥ 0, ∀x ∈ Cnθ ;∑
x∈Cnθ

pu(x) = 1;

∑
v∈C

pu(v, z) =
∑
v∈C

pu(z, v) ,∀z ∈ Cnθ−1
}
. (5.5)
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In the following, we will be interested in the per-sample Fisher information
matrix,

IsF (pu, θ0) := 1
T

Eu

{
ITF (u1:T , θ0)

}
, (5.6)

where the expected value in (5.6) is with respect to u1:T .
Before stating the problem, we note that the Fisher information matrix (5.6)

depends on the parameter θ0 we want to estimate. To circumvent this issue, we con-
sider a robust formulation, which minimizes the maximum value of h(IsF (pu, θ0), θ0)
over Θ. Thus, the problem can be stated as follows:

Problem 5.1 Design u1:T as a realization of a Markov process with stationary
distribution popt

u , where

popt
u = arg min

pu∈PC
max
θ0∈Θ

h(IsF (pu, θ0), θ0) . (5.7)

As mentioned in Chapter 4, Problem 5.1 is difficult to solve. The main difficulties
are that the set Θ can be uncountable, and an efficient parametrization of PC is
needed. These issues will be solved using the ideas presented in Chapter 4, where
the scenario approach (cf. Appendix C) is used to approximate the set Θ by a finite
number of samples, and the graph theory approach is used to characterize the set
PC . To continue, we need expressions derived from the expectation-maximization
(EM) algorithm, which are presented in the next section.

5.3 Maximum likelihood and the EM algorithm for
quantized systems

The maximum likelihood (ML) estimate of θ is given by

θ̂T = arg max
θ∈Θ

log pθ(y1:T |u1:T ) , (5.8)

where log pθ(y1:T |u1:T ) can be rewritten as [87]

log pθ(y1:T |u1:T ) =
T∑
t=1

`t(θ) , (5.9)

`t(θ) = log pθ(yt|y1:t−1, u1:T ) . (5.10)

Since the system (5.2) is FIR, `t(θ) simplifies to

`t(θ) = log pθ(yt|y1:t−1, u1:T )
= log pθ(yt|u1:t−1) . (5.11)

To continue, we require the following
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Assumption 5.1 The variance σ2 is finite, and E{`t(θ)} has a unique (global)
minimizer at θ0, where the expected value is taken with respect to {wt}.

Assumption 5.1 guarantees that the solution θ̂T of the optimization problem in (5.8)
converges (with probability 1) to the true solution θ0 [205, Theorem 3.6]. In addition,
Assumption 5.1 ensures identifiability of the system (5.2).

The maximum likelihood estimation (5.8) requires the computation of the log-
likelihood function associated with a model described by (5.2), which is difficult to
handle due to the quantizer in (5.2). To overcome this issue, we use the expectation
maximization (EM) algorithm to solve the maximum likelihood problem (5.8) (cf.
Appendix B). Moreover, some intermediate results of the EM algorithm are used to
compute the Fisher information matrix associated with the model (5.2), as shown
in Section 5.4. In the following, we briefly review the EM algorithm and present
useful results for computing the Fisher information matrix.

The EM algorithm [56, 131] is an iterative procedure that at the k-th step seeks a
value θ̂T,k such that the likelihood is increased in the sense that log pθ̂T,k(y1:T |u1:T ) >
log pθ̂T,k−1

(y1:T |u1:T ).
The main idea of the EM algorithm lies in the postulation of a missing data set

x1:T . In this chapter, the missing data x1:T will be understood as the state sequence
{xt} in the model (5.2), but other choices are possible, and it can be considered as
a design variable. This approach assumes that maximizing the joint log-likelihood
log pθ(x1:T , y1:T |u1:T ) is easier than maximizing the marginal one log pθ(y1:T |u1:T ).
Here we briefly describe the EM method, and refer to Appendix B for more details.

The EM algorithm consists of two steps:

(i) the calculation of an auxiliary function (E-step), and

(ii) the optimization of this auxiliary function (M-step).

The E-step is obtained by calculating the function Q(θ, θ̂T,i):

Q(θ, θ̂T,i) =
∫
RT

log[pθ(x1:T , y1:T |u1:T )] pθ̂T,i(x1:T |y1:T , u1:T )dx1:T . (5.12)

The M-step is then given by

θ̂T,i+1 = arg max
θ∈Θ

Q(θ, θ̂T,i). (5.13)

Before introducing one of the main results in this section, we need the following
lemma [84, Lemma 5]:

Lemma 5.1 The joint log-likelihood log pθ(x1:T , y1:T |u1:T ), and the conditional pdf
pθ̂T,i(x1:T |y1:T , u1:T ) are given by

log pθ(x1:T , y1:T |u1:T ) =
{∑T

t=1 log pθ(xt|u1:t−1), xt ∈ Q−1[yt] ,
0, otherwise,

(5.14)
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pθ̂T,i(x1:T |y1:T , u1:T ) =
T∏
t=1

pθ̂T,i(xt|yt, u1:t−1) , (5.15)

with

pθ̂T,i(xt|yt, u1:t−1) = 1√
2πσ2

∫ supSt

inf St
exp

{
− 1

2σ2 (xt − ϕ>t θ)2
}
dxt . (5.16)

Also, the E-step in the EM algorithm is

Q(θ, θ̂T,i) = −1
2

T∑
t=1

[
log{2πσ2}+ 1

σ2

∫ supSt

inf St
(xt − ϕ>t θ)2pθ̂T,i(xt|yt)dxt

]
,

(5.17)
where St = {xt ∈ R : Q[xt] = yt}.

Proof (Taken from [84]) The expression of the joint log-likelihood can be obtained
as

pθ(x1:T , y1:T |u1:T ) =
T∏
t=1

pθ(xt, yt|x1:t−1, y1:t−1, u1:t−1)

=
T∏
t=1

pθ(xt, yt|u1:t−1) , (5.18)

with pθ(xt, yt|u1:t−1) defined by

pθ(xt, yt|u1:t−1) =
{
pθ(xt|u1:t−1), xt ∈ Q−1[yt] ,
0, otherwise,

(5.19)

and from [87, p. 210] we know that

xt ∼ N (ϕ>t θ, σ2) . (5.20)

Hence,

log pθ(x1:T , y1:T |u1:T ) =
T∑
t=1

log pθ(xt, yt|u1:t−1) , (5.21)

and (5.14) follows from (5.19). Also, from (5.18) and

pθ(y1:T |u1:T ) =
T∏
t=1

pθ(yt|y1:t−1, u1:t−1) =
T∏
t=1

pθ(yt|u1:t−1) , (5.22)

we have that

pθ̂T,i(x1:T |y1:T , u1:T ) =
pθ̂T,i(x1:T , y1:T |u1:T )
pθ̂T,i(y1:T |u1:T )
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=
T∏
t=1

pθ̂T,i(xt, yt|u1:t−1)
pθ̂T,i(yt|u1:t−1) =

T∏
t=1

pθ̂T,i(xt|yt, u1:t−1) . (5.23)

In the view of (5.12), to compute the E-step we need the expressions for the joint log-
likelihood log pθ(x1:T , y1:T |u1:T ), and the conditional pdf pθ̂T,i(xt|yt, u1:t−1). Com-
bining (5.12) with (5.21) and (5.23) we have that

Q(θ, θ̂T,i) =
∫
RT

T∑
t=1

log[pθ(xt, yt|u1:t−1)]
T∏
s=1

pθ̂T,i(xs|ys, u1:s−1)dx1:T (5.24)

=
T∑
t=1

∫
R

log[pθ(xt, yt|u1:t−1)] pθ̂T,i(xt|yt, u1:t−1)dxt , (5.25)

and (5.17) follows from (5.20) and (5.19). �

The EM algorithm is summarized in the following theorem:

Theorem 5.1 Consider the system (5.2), and the maximization problem stated in
(5.13). If {ut} and {wt} are mutually independent, the M-step of the EM algorithm
is given by:

θ̂T,i+1 =
[
T∑
t=1

ϕtϕ
>
t

]−1 T∑
t=1

ϕtx̂t, (5.26)

where

x̂t = ϕ>t θ̂T,i + σ
I

(1)
t

I
(0)
t

, (5.27)

with I(0)
t , I

(1)
t ∈ R given by

I
(0)
t = 1√

2π

∫ sup S̃t

inf S̃t
exp

{
−1

2 x̃
2
t

}
dx̃t, (5.28)

I
(1)
t = 1√

2π

∫ sup S̃t

inf S̃t
x̃t exp

{
−1

2 x̃
2
t

}
dx̃t, (5.29)

and S̃t = {x̃t ∈ R : Q[σx̃t + ϕ>t θ̂T,i] = yt}.

Proof (Taken from [84]) The maximization of (5.13) with respect to θ can be found
by taking the derivative in (5.17) with respect to θ, and using the definition of St.
Thus,

−2∇θQ(θ, θ̂T,i) = ∇θ

(
T∑
t=1

[
log{2πσ2}+ 1

σ2

∫ supSt

inf St
(xt − ϕ>t θ)2pθ̂T,i(xt|yt, u1:t−1)dxt

])
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=
T∑
t=1

[
1
σ2

∫ supSt

inf St
∇θ(xt − ϕ>t θ)2pθ̂T,i(xt|yt, u1:t−1)dxt

]

=
T∑
t=1

[
− 2
σ2

∫ supSt

inf St
ϕt(xt − ϕ>t θ)pθ̂T,i(xt|yt, u1:t−1)dxt

]
. (5.30)

Setting (5.30) equal to zero we have that

θ̂T,i+1 =
[
T∑
t=1

ϕtϕ
>
t

]−1 T∑
t=1

ϕtx̂t , (5.31)

where

x̂t =
∫ supSt

inf St
xt pθ̂T,i(xt|yt, u1:t−1) dxt . (5.32)

From (5.32) we have

x̂t =
∫
R
xt
pθ̂T,i(xt, yt|u1:t−1)
pθ̂T,i(yt|u1:t−1) dxt = 1

pθ̂T,i(yt|u1:t−1)

∫ supSt

inf St
xtpθ̂T,i(xt|u1:t−1) dxt

= 1
pθ̂T,i(yt|u1:t−1)

∫ supSt

inf St

xt√
2πσ2

exp
{
− 1

2σ2 (xt − ϕ>t θ̂T,i)2
}
dxt . (5.33)

Making the change of variables x̃t = σ−1(xt − ϕ>t θ̂T,i), we have

x̂t = 1
pθ̂T,i(yt|u1:t−1)

∫ sup S̃t

inf S̃t

(σx̃t + ϕ>t θ̂T,i)√
2πσ2

e−
1
2 x̃

2
t dx̃t

= 1
pθ̂T,i(yt|u1:t−1)

[∫ sup S̃t

inf S̃t

σx̃t√
2πσ2

e−
1
2 x̃

2
t dx̃t + ϕ>t θ̂T,i

∫ sup S̃t

inf S̃t

1√
2πσ2

e−
1
2 x̃

2
t dx̃t

]

= 1
pθ̂T,i(yt|u1:t−1)

[
σI

(1)
t + ϕ>t θ̂T,iI

(0)
t

]
. (5.34)

Also,

pθ̂T,i(yt|u1:t−1) =
∫
R
pθ̂T,i(xt, yt|u1:t−1) dxt =

∫ supSt

inf St
pθ̂T,i(xt|u1:t−1) dxt

=
∫ sup S̃t

inf S̃t

1√
2πσ2

exp
{
−1

2 x̃
2
t

}
σ dx̃t

= I
(0)
t . (5.35)

Finally, the expression for x̂t follows from (5.34) and (5.35). �
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Under the assumption that S̃t is a connected set, we can develop further the
expressions for the integrals I(0)

t , I(1)
t to obtain:

I
(0)
t = 1

2

(
erf
(

sup S̃t√
2

)
− erf

(
inf S̃t√

2

))
, (5.36)

I
(1)
t = e−[inf S̃t]2/2 − e−[sup S̃t]2/2

√
2π

, (5.37)

where
erf(x) := 2√

π

∫ x

0
e−u

2
du (5.38)

is the error function.

5.4 Input design

Input design via graph theory
From Chapter 2, we know that PC corresponds to the convex hull of pmfs associated
with prime cycles in a graph.

As discussed in Chapter 2, the set Cnθ of possible values for u1:nθ can be mapped
to a de Bruijn graph GCnθ (Definition 2.6 on page 32). Moreover, it can be shown
that the convex hull of the pmfs associated with the prime cycles of de Bruijn graph
GCnθ defines the set of stationary pmfs over the graph (Theorem 2.1). Finally, the
prime cycles of the de Bruijn graph can be derived from the elementary cycles of
GCnθ−1 (cf. Lemma 2.3), which, in turn, can be determined using standard graph
algorithms [103, 184]. We refer to Chapter 2 for a more detailed discussion about
this topic.

Robust input design algorithm
The robust version of the input design method in [85] can be described as follows:

1. Compute all the elementary cycles of GCnθ−1 .

2. Compute all the prime cycles of GCnθ by extending the elementary cycles of
GCnθ−1 (cf. Lemma 2.3).

3. Generate the input signals {u(i)
1:Nsim

}nVi=1 by traversing the prime cycles, with
nV the number of prime cycles (Nsim must be sufficiently large as will be
described in the next subsection).

4. Sample {θj}Ns
j=1 from Θ according to the predefined cdf PΘ.

5. Approximate IsF (p(i)
u , θj) using u(i)

1:Nsim
as input and θj as parameter. This

step will be detailed in the next subsection.
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6. Define γ = {α1, . . . , αnV} Find γopt = {αopt
1 , . . . , αopt

nV } by solving:

γopt = arg max
γ∈Rn

min
θ∈{θj}Ns

j=1

h(Iapp
F (γ, θ), θ) , (5.39)

where

Iapp
F (γ, θj) =

n∑
i=1

αi IsF (p(i)
u , θj) , for all j ∈ {1, . . . , Ns}. (5.40)

nV∑
i=1

αi = 1, (5.41)

αi ≥ 0 , for all i ∈ {1, . . . , nV}. (5.42)

This procedure computes γopt defining popt
u =

∑nV
i=1 α

opt
i p

(i)
u . Notice that the

problem (5.39)-(5.42) is convex.
To generate the resulting input signal from the optimal pmf popt

u , we run a
Markov chain with popt

u as stationary distribution. We refer to Section 4.6 on
page 74 for more details.

Computation of the Fisher information matrix
Before introducing the main result for estimating the Fisher information matrix, we
state the following lemma:

Lemma 5.2 The partial derivative of Q(θ, θi) with respect to θ can be expressed as

∇θQ(θ, θi) =
T∑
t=1

(
1
σ2ϕtϕ

>
t [θi − θ] + ϕt

σ

I
(1)
t

I
(0)
t

)
. (5.43)

Proof We start from (5.30) to write

∇θQ(θ, θi) =
T∑
t=1

[
1
σ2

∫ supSt

inf St
ϕt(xt − ϕ>t θ)pθ̂T,i(xt|yt, u1:t−1)dxt

]

=
T∑
t=1

ϕt
σ2

[
x̂t − ϕ>t θ

∫ supSt

inf St
pθi(xt|yt, u1:t−1)dxt

]
, (5.44)

where x̂t is defined according to Theorem 5.1. Moreover, since pθi(xt|yt, u1:t−1) is
nonzero only in St, we have∫ supSt

inf St
pθi(xt|yt, u1:t−1)dxt = 1 . (5.45)

Finally, using (5.27) and (5.45) into (5.44) we obtain (5.43). �
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The expression for IsF for the system described in equation (5.2) is provided in
the following theorem:

Theorem 5.2 (Fisher information matrix for models with quantized output) For
systems with quantized output data of the form (5.2) and a connected set S̃t = {x̃t ∈
R : Q[σx̃t + ϕ>t θ] = yt}, the Fisher information matrix is given by

IsF (pu, θ) = lim
Nsim→∞

2
πσ2Nsim

Nsim∑
t=1

(
e−[sup S̃t]2/2 − e−[inf S̃t]2/2

erf([sup S̃t]/
√

2)− erf([inf S̃t]/
√

2)

)2

ϕtϕ
>
t ,

(5.46)
with probability 1.

Proof We start by using the Fisher identity1

∇θ log pθ(y1:T |u1:T )|θ=θ0
= ∇θQ(θ, θ0)|θ=θ0

(5.47)

where Q(θ, θ0) is the auxiliary function arising from the EM algorithm.
From Lemma 5.2 we have that

∇θQ(θ, θ0)|θ=θ0
= 1
σ

T∑
t=1

ϕt
I

(1)
t

I
(0)
t

. (5.48)

For the SISO case, the quotient I(1)
t /I

(0)
t can be expressed as:

I
(1)
t

I
(0)
t

= −
√

2√
π

e−[sup S̃t]2/2 − e−[inf S̃t]2/2

erf([sup S̃t]/
√

2)− erf([inf S̃t]/
√

2)
. (5.49)

Thus, we can write the Fisher information matrix as

IsF (pu, θ) = 1
T

E
{
∇θ log pθ(y1:T |u1:T )|θ=θ0

∇θ log pθ(y1:T |u1:T )>
∣∣
θ=θ0

}
= 2
πσ2 E


(

e−[sup S̃t]2/2 − e−[inf S̃t]2/2

erf([sup S̃t]/
√

2)− erf([inf S̃t]/
√

2)

)2

ϕtϕ
>
t

 . (5.50)

Since xt and ϕt are asymptotically jointly stationary processes, which are asymp-
totically uncorrelated (for sufficiently large lags), by the Birkhoff-Khinchin ergodic
theorem [62, Theorem 7.2.1], we can write (5.50) as:

IsF (pu, θ) = lim
Nsim→∞

2
πσ2Nsim

Nsim∑
t=1

(
e−[sup S̃t]2/2 − e−[inf S̃t]2/2

erf([sup S̃t]/
√

2)− erf([inf S̃t]/
√

2)

)2

ϕtϕ
>
t ,

(5.51)
with probability 1, which is the expression in (5.46). �
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Figure 5.2: Box plots for −h(IF (θ)) for 5 · 102 samples uniformly distributed over
Θ, and different values of σ2. In each plot, the left box corresponds to the optimal
input, and the right box corresponds to using binary distributed white noise as
input.

5.5 Numerical example

Consider a SISO FIR system given by (5.2), where ϕ>t =
[
ut−1 ut−2

]
, θ ∈ Θ ⊂

R2, and the noise variance σ2 is known. We assume that Θ = {[θ1 θ2]> : θ1 ∈
[−1, 1], θ2 ∈ [−1, 1]}, which is approximated by samples {θj}500

j=1 obtained from a
uniform distribution over Θ. These samples guarantee that, with given probability
1 − β, the solution to (5.39) is a lower bound for h(IsF (popt

u , θ), θ) over Θ (with
probability at least 1− ε) if

nV∑
i=0

(
500
i

)
εi(1− ε)500−i ≤ β , (5.52)

holds, where nV is the number of prime cycles and ε ∈ (0, 1) is defined by the
user [29]. For example, if β = 1.6 · 10−5 and nV = 24, then with probability
1− 1.6 · 10−5 the solution to (5.39) provides a lower bound for h(IsF (pu, θ), θ) over
90% of the θ’s in Θ. We refer to Appendix C for more details on the scenario
approach.

1We refer to Appendix B, page 194 for the derivation of the Fisher identity.
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We consider a 2-bit quantizer Q given by

Q[x] =


7.5, if x > 2.5,
2.5, if x ∈ (0, 2.5],
−2.5, if x ∈ [−2.5, 0],
−7.5, if x < −2.5.

(5.53)

We design an input with C = {−5,−10/3, 10/3, 5} (hence nV = 24), and solve (5.39)
for h(·) = tr{W (·)−1}, where

W =
[
4 3
3 4

]
. (5.54)

The approximation of each IsF (p(i)
u θj) in (5.40) is obtained by using (5.46) with

Nsim = 103. The problem is solved in Matlab using the cvx toolbox [21]. Finally, we
generate uopt

1:T with T = 103 from popt
u by running a Markov chain as in Chapter 2.

Figure 5.2 presents the box plots obtained for tr{W [IsF (popt
u , θ)]−1} when the

optimal input is employed to excite the system (5.2), for 5·102 samples of θ uniformly
distributed over Θ, and different values of σ2. To study the performance of the
designed input, we also excite the system (5.2) for the same parameter realizations
with a binary distributed white noise process, with values in {−5, 5}. The desired
behavior for tr{W [IsF (popt

u , θ)]−1} is to be as close to zero as possible for all θ ∈ Θ.
Hence, inputs yielding tr{W [IsF (popt

u , θ)]−1} close to zero are preferred.
Based on Figure 5.2, we see that the optimal input improves the amount of

information retrieved from the system in the worst case (i.e., for the maximum value
of tr{W [IsF (popt

u , θ)]−1} over Θ), when compared to the binary input. Moreover,
this improvement is significant for σ2 ≤ 2, where the difference for the worst case
value is of several orders of magnitude. However, this improvement is achieved
by sacrificing the performance for the best case (i.e., for the minimum value of
tr{W [IsF (popt

u , θ)]−1} over Θ), which can be seen for values of σ2 ≤ 5. This is
a common trade-off in robust input design, where the uncertainty on the model
parameters degrades the maximum achievable value for the cost function.

5.6 Conclusions

This chapter has introduced an input design procedure for identification of FIR
systems with quantized measurements under amplitude limitations. Since the model
parameters are unknown, the technique considers a robust approach, where the
input is designed by minimizing the maximum value of the objective function over
the parameter set. To solve the resulting optimization, we employ the scenario
approach for approximating the parameter set, and a graph theoretical technique to
optimize the input sequence.
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Bayesian techniques in system
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Chapter 6

A Gaussian process optimization
method to input design for the
identification of nonlinear models

In the first part of this thesis, we have presented a graph theoretical method for
designing inputs for identification of nonlinear models. The assumption of a Markov
process for the input allows us to solve a convex problem, which is an approximation
of the original formulation. In this chapter, we explore another alternative for
solving the input design problem, where we make use of Bayesian optimization and
Gaussian processes.

6.1 Introduction

As mentioned in Chapter 1, the objective in input design is to maximize the
information in the experiment about the system to be identified, quantified as a
scalar associated with the intended model application. A standard choice for the
scalar cost is a function of the Fisher information matrix. However, for nonlinear
models, the Fisher information matrix is often unavailable in closed form.

As the Fisher information matrix does not have a closed form expression, we
need to rely on estimates. However, such estimates are always uncertain, due
to the uncertainty associated with the Monte Carlo estimators. This results in
difficulties when implementing part of the available optimization methods, as the
information about the uncertainty of the estimates needs to be considered in the
problem formulation.

Contribution

In this chapter, we explore the reduction of the computational complexity when
calculating the objective function used in input design for nonlinear dynamical
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models. To this end, a Gaussian process optimization (GPO) algorithm is presented.
By specifying that the scalar function of the Fisher information matrix is a realization
of a Gaussian process (GP), we can compute its predictive posterior distribution
given a set of samples over the feasible set. The predictive posterior distribution
acts as a surrogate of the objective function, and is employed to compute the next
sample over the feasible set by using an acquisition rule. This technique recursively
explores the feasible set to determine the element minimizing a surrogate function.
The advantage of this approach when compared with existing techniques is that it
can handle uncertainty in the estimates of the objective function, and it drives the
exploration of the input space towards those regions where either an improvement
of the objective function is expected or there is large uncertainty on the current
estimate.

To simplify the presentation of the method, in this chapter we rely on prior
information about the system for computing an optimal design. This assumption
can be overcome by implementing an adaptive scheme on top of it [80], where the
input is recursively designed as the estimated parameter is updated, or by using a
robust input design scheme as presented in the first part of this thesis.

Structure of the chapter

This chapter is organized as follows. Section 6.2 presents the problem statement.
Section 6.3 introduces the Gaussian process optimization to solve the input design
problem. Section 6.4 presents numerical examples. Finally, Section 6.5 concludes
this chapter.

6.2 Problem formulation

Consider the discrete time, nonlinear state space model defined for all t ≥ 1 by

xt|xt−1 ∼ fθ(xt|xt−1, ut−1), (6.1a)
yt|xt ∼ gθ(yt|xt, ut), (6.1b)
x0 ∼ µθ(x0), (6.1c)

where fθ, gθ, and µθ are pdfs parameterized by θ ∈ Θ ⊂ Rnθ . Here, ut ∈ C ⊆ Rnu
denotes the input signal, xt ∈ Rnx are the (unobserved/latent) internal states, and
yt ∈ Rny are the measured outputs. We assume that there exists a θ0 ∈ Θ such that
the pdfs in (6.1) describe the true pdfs of the system when θ = θ0 (i.e., there is no
undermodelling).

The objective is to design u1:T ∈ CT , such that the parameter θ in the model (6.1)
can be identified with maximum accuracy as defined by a scalar function of the
Fisher information matrix ITF (u1:T , θ0) [87],

ITF (u1:T , θ0) = E
{
ST (u1:T , θ0)S>T (u1:T , θ0)|u1:T

}
, (6.2)
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where ST (u1:T , θ0) is the score function,

ST (u1:T , θ0) = ∇θ log pθ(y1:T |u1:T )|θ=θ0
. (6.3)

We note that the expected value in (6.2) is with respect to the stochastic processes
in (6.1).

In the following, we consider u1:T as a realization of a stationary process and we
will be interested in the per-sample Fisher information matrix,

IsF (pu, θ0) = 1
T

Eu

{
ITF (u1:T , θ0)

}
. (6.4)

The input u1:T optimizes a scalar function of (6.4). We define this scalar function
as h : Rnθ×nθ × Θ → R, which is assumed to be a matrix convex function in its
first argument for every θ ∈ Θ.

The problem presented here can be summarized as

Problem 6.1 Find an input signal uopt
1:T ∈ CT as a realization from popt

u , where

popt
u := arg min

pu∈P
h(IsF (pu, θ0), θ0) , (6.5)

where h : Rnθ×nθ × Θ → R is a matrix convex function in its first argument for
every θ ∈ Θ, and IsF (pu, θ0) is given in (6.4).

6.3 Gaussian process optimization in input design

Problem 6.1 is difficult to solve. One of the main challenges is the characteriza-
tion of h(IsF (pu, θ0), θ0) for all pu associated with stationary processes. Unless
assumptions on the model structure (6.1) and the input properties are made, the
expression h(IsF (pu, θ0), θ0) is often unavailable, and we need to rely on approx-
imations. Moreover, even if an estimate of h(IsF (pu, θ0), θ0) is available, part of
the existing optimization methods do not handle the uncertainty of the estimate
employed to perform the computations.

Remark 6.1 An alternative to solving optimization problems under noisy observa-
tions is to use stochastic approximation methods [39, 181]. It can be shown that,
under some technical conditions, the output of the stochastic approximation method
converges to the optimal solution as the number of iterations goes to infinity. This
technique will be explored in Chapter 9 in the context of robust application oriented
input design.

To deal with the problem of noisy estimates, here we employ the iterative
procedure discussed in [48] to solve Problem 6.1. The procedure generates a
sequence of iterates {p(k)

u }k≥0 for the input excitation, where k denotes the k-th
iteration. Each iteration consists of three steps:
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(i) Given p(k)
u , compute an estimate of the objective function h(IsF (p(k)

u , θ0), θ0),
denoted by ĥk.

(ii) Given the collection of tuples {p(j)
u , ĥj}kj=0, create a model of the objective

function h(IsF (pu, θ0), θ0).

(iii) Use the model as a surrogate for h(IsF (pu, θ0), θ0) to generate a new iterate
p

(k+1)
u .

The procedure only requires one estimate of h(IsF (pu, θ0), θ0) at each iteration,
hence keeping the number of estimates as low as possible. Moreover, it requires
fewer iterations than a random search, since it focuses on regions of P where an
improvement is expected.

For step (i), we employ particle methods to estimate h(IsF (p(k)
u , θ0), θ0). This is

briefly discussed in the next subsection, where we follow the method introduced in
Chapter 4.

For steps (ii) and (iii) we use the GPO framework [139, 174]. We first compute a
surrogate of the objective function by modelling it as a Gaussian process, and com-
pute the predictive posterior distribution based on {p(j)

u , ĥj}kj=0. This is discussed
on page 107.

Then we make use of a heuristic, referred to as the acquisition rule (presented
on page 116), to compute p(k+1)

u based on the Gaussian process (GP) model. The
acquisition rule favours values of u1:T for which the model predicts a low value of
the objective function and/or where there is high uncertainty. This establishes a
trade-off between exploration and exploitation of the input set. Finally, to employ
the GPO framework in input design, we need tractable parameterizations of P,
which are discussed on page 118.

Estimating the Fisher information matrix

Given p(k)
u ∈ P, we need to approximate (6.4). To this end, we sample u(k)

1:T ∈ CT

from p
(k)
u and we estimate the Fisher information matrix as in Chapter 4. This

estimator is based on one estimate of ST (u1:T , θ0) (provided a sufficiently large T )
to approximate (6.4) by using [173]

ÎsF (p(k)
u , θ0) := 1

T

[
T∑
t=1
Ŝt,T (u(k)

1:T , θ0)(Ŝt,T (u(k)
1:T , θ0))>

− 1
T
ŜT (u(k)

1:T , θ0)(ŜT (u(k)
1:T , θ0))>

]
, (6.6)

where the Fisher identity (cf. Theorem B.1) can be used to write

ST (u1:T , θ
′) =

T∑
t=1
St,T (u1:T , θ

′) , (6.7)
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St,T (u1:T , θ
′) =

∫
∇θ ξθ(xt−1:t)|θ=θ′pθ′(xt−1:t|y1:T , u1:T )dxt−1:t , (6.8)

with
ξθ(xt−1:t) = log fθ(xt|xt−1, ut−1) + log gθ(yt|xt, ut) .

As we can see from (6.6), we require an estimate for (6.7), which we obtain using
particle methods [120].

To estimate the score function in (6.7), we require the two-step smoothing
distribution pθ(xt−1:t|y1:T , u1:T ), which is not available analytically for a general
SSM. Instead, we approximate it using an empirical distribution

p̂θ(xt−1:t|y1:T , u1:T ) =
N∑
i=1

w
(i)
t δ(xt−1:t − x(i)

t−1:t), (6.9)

where x(i)
t and w

(i)
t denote particle i and its normalized weight at time t. Here,

{{x(i)
t , w

(i)
t }Tt=1}Ni=1 denotes the particle system generated by a particle filter and

δ(x) is the Dirac delta at x = 0.
Following the approach in Chapter 4, here we use the bootstrap particle filter

(bPF), presented in Algorithm 4.1 on page 68, combined with the fast forward filtering
backwards simulator with early stopping (FFBSi-ES) presented in Algorithm 4.2 on
page 69. The FFBSi is used in order to solve the particle degeneracy problem when
estimating the smoothing distribution with a particle filter. We refer to Chapter 3
for more details on Sequential Monte Carlo methods.

Modelling the objective function
We explore the use of GP to model the objective function h(IsF (pu, θ0), θ0) [155].
GPs can be understood as a generalization of the multivariate Gaussian distribution
and are commonly used as priors over functions [22]. In this perspective, the
posterior distribution obtained by conditioning on the observations corresponds to
a distribution over the functions that could have generated the observations. In the
following, we make a brief review of Gaussian processes.

Gaussian processes
The Gaussian process is a model widely used in machine learning, with applications
in different fields [174]. Its definition is as follows:

Definition 6.1 (Gaussian process) The function ϕ : Rnr → R is said to be a
Gaussian process if for every positive integer N and for any collection of indices
{r(i)}Ni=1, r(i) ∈ Rnr , the distribution of the vector

ϕ :=

ϕ(r(1))
...

ϕ(r(N))

 (6.10)
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is multivariate Gaussian.

We note that Definition 6.1 is valid for functions on uncountable sets, as r is
allowed to adopt any value in Rnr . In addition, it follows from its definition that
a Gaussian process is fully determined by specifying its mean and autocovariance
functions.

If ϕ is described by a Gaussian process, we define its mean and autocovariance
functions as

E {ϕ(r)} := m(r) , (6.11)
E {(ϕ(r)−m(r)) (ϕ(r̃)−m(r̃))} := κ(r, r̃) , (6.12)

where m : Rnr → R and κ : Rnr × Rnr → R.
In the following, the expression

ϕ(·) ∼ GP (m(·), κ(·, ·)) (6.13)

denotes that the function ϕ : Rnr → R is distributed according to a Gaussian process
with mean and autocovariance functions m and κ, respectively. From Definition 6.1,
expression (6.13) means that, for every positive integer N and for any collection of
indices {r(i)}Ni=1, r(i) ∈ Rnr , we have

ϕ(r) ∼ N (m(r), κ(r, r)) , (6.14)

where

r :=

 r
(1)

...
r(N)

 , (6.15)

ϕ(r), m(r) denote vectors whose i-th entry is ϕ(r(i)) and m(r(i)) respectively, and
κ(r, r) is a matrix whose (i, j) entry is κ(r(i), r(j)), with r(i) ∈ Rnr , i, j ∈ {1, . . . , N}.

When specifying GP priors over functions, the user has the freedom to define the
mean and autocovariance functions. The mean function reflects the prior knowledge
(or belief) the user has about the shape of the function before the data is available.
On the other hand, the autocovariance function κ encodes additional information
about the function, such as smoothness. Standard choices for the autocovariance
function are presented in Table 6.1. In this table, Γ : R+ → R is the Gamma
function [168, p. 192]

Γ (x) :=
∫ ∞

0
tx−1e−tdt . (6.16)

To illustrate the effect of the choice of the autocovariance function κ on the GP,
we consider the following example:
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Table 6.1: Standard choices for the autocovariance function κ, where d :=
√

(r − r̃)>(r − r̃) and p ∈ N [155].

Name κ(r, r̃) hyperparameters
Squared exponential exp(−d2/2l2) l > 0

Matérn s/2 exp
(√

s d

l

)
Γ ((s+ 1)/2)

Γ (s)
∑(s−1)/2
i=0

((s− 1)/2 + i)!
i!((s− 1)/2− i)!

(
2
√
s d

l

)(s−1)/2−i

s = 2p− 1, l > 0

γ-exponential exp(−(d/l)γ) 0 < γ ≤ 2, l > 0

Rational quadratic
(

1 + d2

2α l2

)−α
α > 0, l > 0
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Example 6.1 Consider a function ϕ : [−1, 1]→ R distributed according to the GP

ϕ(·) ∼ GP (0, κ(·, ·)) , (6.17)

where we consider five different choices for κ:

• Matérn 1/2.

• Matérn 5/2.

• Squared exponential.

• Gamma exponential (γ = 0.5).

• Rational quadratic (α = 1).

For all the choices, the scale parameter is set to l = 1.
Figure 6.1 presents the κ(x, x′) as a function of |x−x′|, as well as one realization

of ϕ from Equation (6.17). From this figure, we see that the choice of κ affects
the smoothness of the realizations obtained from (6.17). Hence, the choice of the
covariance function κ significantly affects the properties of the function ϕ distributed
according to (6.17).

Estimation using GP

We conclude this section by illustrating how to use a GP prior to build posterior
estimates of a function ϕ distributed according to (6.14). To this end, assume that
we can measure ϕ(r) for all r ∈ Rnr as

ϕ̂(r) = ϕ(r) + z , (6.18)

where z ∼ N (0, σ2
z) is a random variable independent of ϕ(r), for all r ∈ Rnr .

The objective in this section is to derive the posterior distribution of ϕ(r), r ∈ Rnr

given ϕ̂(r(k)) :=
[
ϕ̂(r(1)) · · · ϕ̂(r(k))

]> and r(k) :=
[
[r(1)]> · · · [r(k)]>

]>, with
k ∈ N. By using the definition of Gaussian process and the expression (6.18), the
joint distribution for ϕ(r) and ϕ̂(r(k)) is given by[

ϕ(r)
ϕ̂(r(k))

]
∼ N

([
m(r)
m(r(k))

]
,

[
κ(r, r) κ(r, r(k))
κ(r(k), r) κ(r(k), r(k)) + σ2

zIk

])
, (6.19)

where κ(r, r(k)) denotes a row vector whose i-th entry is κ(r, r(i)), i ∈ {1, . . . , k},
κ(r(k), r) = κ(r, r(k))>, and Ik denotes the k × k identity matrix. The term σ2

zIk
in Equation (6.19) comes from the autocovariance function of the measurements
ϕ̂(r(k)), given by (6.18).
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Figure 6.1: Left: Plot of the autocovariance functions κ in Table 6.1 for the
hyperparameters specified in Example 6.1. Right: One realization of ϕ from
GP(0, κ(·, ·)) for the 5 choices of κ in Example 6.1. Red, continuous line: Matérn
1/2. Blue, continuous line: Matérn 5/2. Black, continuous line: Squared exponential.
Red, dashed line: γ-exponential. Blue, dashed line: Rational quadratic.

By using standard computations for conditional distributions of Gaussian dis-
tributed random variables and (6.19), the posterior distribution of ϕ(r) given
Zk := {r(k), ϕ̂(r(k))} is

ϕ(r)|Zk ∼ N
(
µ(r|Zk), σ2(r|Zk)

)
, (6.20)

where

µ(r|Zk) := m(r) + κ(r, r(k))Σ−1
{
ϕ̂(r(k))−m(r(k))

}
(6.21a)

σ2(r|Zk) := κ(r, r)− κ(r, r(k))Σ−1κ(r(k), r) . (6.21b)

with Σ := κ(r(k), r(k)) + σ2
zIk.

The following example illustrates the idea presented in this section:

Example 6.2 Consider the function ϕ : [−1, 1]→ R, defined as

ϕ(r) = sin (πr) . (6.22)

The objective in this example is to compute the predictive posterior distribution of ϕ
given Z3 and using the GP prior

ϕ(·) ∼ GP (0, κ(·, ·)) , (6.23)
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Figure 6.2: Plot of the function ϕ(·), the measurements ϕ̂(r(3)), and the poste-
rior mean µ(r|Z3), Example 6.2. The figure also presents the confidence interval
[µ(r|Z3)− 3σ(r|Z3), µ(r|Z3) + 3σ(r|Z3)] as the region enclosed by the red dashed
lines.

where κ : R× R→ R is a Matérn 5/2 autocovariance function. The measurements
of the function (6.22) are collected via (6.18) at r(1) = −0.5, r(2) = 0, r(3) = 0.5,
with σ2

z = 10−2.
Figure 6.2 presents the function ϕ, as well as the measurements ϕ̂(r(3)), and the

posterior mean µ(r|Z3). The figure also presents the functions µ(r|Z3) + 3σ(r|Z3)
and µ(r|Z3) − 3σ(r|Z3) (red, dashed lines). We see that the predictive posterior
distribution has higher accuracy in the interval [−0.5, 0.5], and that the posterior
mean is close to ϕ on that interval. This follows naturally from the fact that the
samples r(3) lie in this interval, which gives information on the value of the function
on this interval.

We also observe that the posterior mean does not coincide with ϕ outside
[−0.5, 0.5], where there is no information about ϕ. This is also reflected in the
confidence interval, which increases because of the lack of information in [−1,−0.5)∪
(0.5, 1].

Gaussian processes in input design
Based on the previous subsection, we model the function h(IsF (·, θ0), θ0) as being a
priori distributed according to a GP. That is

h(IsF (·, θ0), θ0) ∼ GP (m(·), κ(·, ·)) , (6.24)

where the process is fully described by the mean functionm(·) and the autocovariance
function κ(·, ·). We note that the mean and autocovariance functions are defined
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over the vector parameterizing pu. In the following, m(p(i)
u ) and κ(p(i)

u , p
(j)
u ) denote

the functions m and κ evaluated at the vectors parameterizing p(i)
u and p(j)

u in P.
To simplify the discussion, we will focus on a specific iteration k of the proposed

procedure. Let Zk := {p(k)
u , ĥk} denote a set of iterates, where p(k)

u and ĥk denote
matrices obtained by stacking the samples from P and estimates of the objective
function up to iteration k, respectively. In addition, we will assume that

ĥk = h(IsF (p(k)
u , θ0), θ0) + zk , (6.25)

where zk ∼ N (0, σ2
z), and σz > 0. We note that σz is unknown a priori, and it needs

to be estimated using Zk.
The assumption (6.25) seems strict, but the continuous mapping theorem [16,

Theorem 2.7] shows that the central limit theorem also applies to the estimate ĥk,
as it is satisfied by the estimates of log pθ0(y1:T |u1:T ) asymptotically in the number
of particles:

Theorem 6.1 Let log p̂θ0(y1:T |u1:T ) denote the particle estimate of the log likeli-
hood function log pθ0(y1:T |u1:T ) based on M particles, and let H be the mapping
from log pθ0(y1:T |u1:T ) to h(IsF (pu, θ0), θ0). Assume that H is measurable on the
probability space for log p̂θ0(y1:T |u1:T ) and that its discontinuities lie in a set with
zero probability. If

√
M (log p̂θ0(y1:T |u1:T )− log pθ0(y1:T |u1:T )) d−→ N (0, σ2

p) (6.26)

holds for some 0 < σp <∞, then
√
M
(
h(ÎsF (pu, θ0), θ0)− h(IsF (pu, θ0), θ0)

)
d−→ N (0, σ2

h) (6.27)

holds for some σh > 0.

Proof Follows from the continuous mapping theorem [16, Theorem 2.7]. �

To illustrate the continuous mapping theorem in our context, we consider the
following example:

Example 6.3 Consider

xt+1|xt ∼ N
(
φxt + ut, 0.12

)
, (6.28a)

yt|xt ∼ N
(
αxt, 0.12

)
, (6.28b)

where the parameters are θ = {φ, α}. We generate T = 103 observations from (6.28)
with θ0 = {0.8, 1}.

We are interested in estimating h(IsF (pu, θ0), θ0) = − log det(IsF (pu, θ0)), where
{ut} is a binary white noise process with values {−1, 1}.
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Figure 6.3: Left: Histogram of ν and plot of the scaled pdf of an N (0, 12) distribution
(continuous line), Example 6.3. Right: Quantile-quantile plot of the samples of ν
and the N (0, 12) distribution, Example 6.3.

An estimate of the Fisher information matrix is obtained using Algorithms 4.1-
4.2, with N = 2.5 · 103 particles, M = 100 backward trajectories and Nlimit = b

√
Nc

in the fFFBSi smoother. Figure 6.3 shows a histogram based on 103 realizations of
the random variable

ν :=
√
M(ĥ− h)
σ√

Mĥ

, (6.29)

where ĥ := h(ÎsF (pu, θ0), θ0), and h, σ2√
Mĥ

are the sample mean of ĥ and variance of
√
M ĥ, respectively. As a comparison, we also present the scaled pdf of an N (0, 12)

distribution. We can see that the histogram follows the shape of the pdf of an N (0, 12)
distribution. This is also confirmed by the quantile-quantile (QQ) plot in Figure 6.3,
where the quantiles of ν coincides with those given by an N (0, 12) distribution.

Based on (6.25), it follows that the predictive posterior distribution is

h(IsF (pu, θ0), θ0)|Zk ∼ N
(
µ(pu|Zk), σ2(pu|Zk)

)
, (6.30)

where µ(pu|Zk) and σ2(pu|Zk) denote the posterior mean and variance given Zk.
From (6.21), we have

µ(pu|Zk) = m(pu) + κ(pu, p(k)
u )Σ−1

{
ĥk −m(p(k)

u )
}
, (6.31a)

σ2(pu|Zk) = κ(pu, pu)− κ(pu, p(k)
u )Σ−1κ(p(k)

u , pu) , (6.31b)

with Σ := κ(p(k)
u , p(k)

u ) + σ2
zIk. The function κ(p(k)

u , p(k)
u ) denotes a matrix for

which its (i, j) entry is given by κ(p(i)
u , p

(j)
u ).

In the GP model introduced here, we use mean and autocovariance functions
that possibly depend on some unknown hyperparameters. In addition, we also need
to estimate σz characterizing the random variable z in (6.25). To estimate these
quantities, we adopt the empirical Bayes procedure, which is briefly explained in
the next subsection.
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Empirical Bayes

In the literature, the term empirical Bayes has many different interpretations [172,
p. 325]. In the context of this chapter, by empirical Bayes we refer to maximizing the
marginal likelihood of the data with respect to the hyperparameters characterizing
the prior distribution and the likelihood function [33].

To illustrate the use of marginal likelihood when we specify priors over functions,
we assume we have Np evaluations of h(IsF (·, θ0), θ0), which are stacked to define
the vector

hNp :=
[
h(IsF (p(1)

u , θ0), θ0) · · · h(IsF (p(Np)
u , θ0), θ0)

]>
, (6.32)

where
p(Np)
u =

[
p

(1)
u · · · p

(Np)
u

]>
, (6.33)

is a matrix containing the vectors parameterizing the points in P on which h(IsF (·, θ0), θ0)
is evaluated. Since h(IsF (·, θ0), θ0) has a GP prior, then

hNp ∼ N
(
mη(p(Np)

u ), κη(p(Np)
u ,p(Np)

u )
)
, (6.34)

wheremη(p(Np)
u ) denotes a vector for which the i-th entry ismη(p(i)

u ), i ∈ {1, . . . , Np}.
Note that we allow mη and κη to be functions of the vector of hyperparameters
η ∈ Rnη .

Defining τ ∈ Rnη+1 by
τ :=

[
σz η>

]>
, (6.35)

as the vector of hyperparameters characterizing the likelihood function and the
prior distribution, the marginal likelihood given the observations ĥNp of hNp is the
integral of the likelihood function times the prior:

pτ (ĥNp) =
∫
pσz (ĥNp |hNp)πη(hNp)dhNp , (6.36)

where πη is the pdf associated with the distribution (6.34).
Following (6.25), we have that

ĥNp |hNp ∼ N (hNp , σ2
z INp×Np) . (6.37)

Since the prior for hNp and the distribution of ĥNp given hNp are Gaussian
distributed, then it can be shown that the product of the pdfs inside the integral
in (6.36) is an un-normalized Gaussian pdf [155, Equation (A.7)]. In fact,

pσz (ĥNp |hNp)πη(hNp) = K(hNp , σ2
z , η) p̃τ (ĥNp |hNp) , (6.38)
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where p̃τ (ĥNp |hNp) is the pdf of a Gaussian distribution with mean(
1
σ2
z

INp + κη(p(Np)
u ,p(Np)

u )−1
)−1( 1

σ2
z

hNp + κη(p(Np)
u ,p(Np)

u )−1mη(p(Np)
u )

)
,

(6.39)
and covariance matrix (

1
σ2
z

INp + κη(p(Np)
u ,p(Np)

u )−1
)−1

. (6.40)

In addition, the constant K(hNp , σ2
z , τ) in (6.38) is given by

K(hNp , σ2
z , η) = 1

(2π)Np/2 detM−1/2

exp
{
−1

2(hNp −mη(p(Np)
u ))>M−1(hNp −mη(p(Np)

u ))
}
, (6.41)

with
M := σ2

zINp + κη(p(Np)
u ,p(Np)

u ) . (6.42)

Based on (6.39)-(6.42), the logarithm of the marginal likelihood in (6.36) is

log pτ (ĥNp) = −1
2(ĥNp −mη(p(Np)

u ))>M−1(ĥNp −mη(p(Np)
u ))

− 1
2 log det(M)− Np

2 log 2π . (6.43)

Hence, the hyperparameter vector τ̂ to be employed in the GPO framework is
computed as

τ̂ = arg max
τ∈Rnη+1

log pτ (ĥNp) , (6.44)

where log pτ (ĥNp) is given by (6.43).
A closer inspection to (6.43) reveals that, for the particular problem addressed

in this chapter, the logarithm of the marginal likelihood is maximized by choosing
(σ2
z , η) such that ĥNp −mη(p(Np)

u ) and the eigenvalues of σ2
zINp + κη(p(Np)

u ,p(Np)
u )

are close to zero. This means that the GP prior evaluated at τ̂ makes a trade-off
between the fit to the observed data ĥNp and the complexity of the model, quantified
in terms of the eigenvalues of the covariance matrix σ2

zINp + κη(p(Np)
u ,p(Np)

u ).

Acquisition rules

To implement step (iii), we need to generate p(k+1)
u ∈ P. One option is to perform

a random walk over P , which works well provided that the parameterization of P is
of small dimension. However, this approach is inefficient as the dimension of the
parameterization for P increases.
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Instead, we make use of acquisition rules that balance exploration and exploita-
tion of the parameter space and employ the posterior distribution obtained from
the GP. The objective of acquisition rules (or selection strategies) is to guide the
sequential search over P, i.e., by determining the next sample p(k+1)

u ∈ P given Zk.
A critical requirement of acquisition rules is that they should be cheaper to evaluate
(or approximate) than evaluating the cost function h(IsF (·, θ0), θ0). This holds for
most acquisition functions [174, p. 150].

There exists a vast literature on selection strategies, and we refer to [174] for a
more detailed discussion in this subject. In the context of this chapter, we use the
expected improvement (EI) technique [104] to sequentially sample over P.

The expected improvement approach involves computing how much improvement
we expect to achieve if we sample at a given point. Intuitively speaking, if the
current best function value predicted is µmin, then the predicted improvement at a
point pu ∈ P is defined as

I(pu) := max {0, −h(IsF (pu, θ0), θ0) + µmin + ξ} , (6.45)

where ξ ∈ R is a predefined parameter, and

µmin := min
pu∈p(k)

u

µ(pu|Zk) , (6.46)

is the expected minimum of h(IsF (pu, θ0), θ0) at iteration k.

Remark 6.2 The parameter ξ in (6.45) establishes a trade-off between exploration
and exploitation of the method. If ξ < 0, then I(pu) is greater than zero if and
only if h(IsF (pu, θ0), θ0) − ξ < µmin, i.e., the predicted improvement can be zero
even if h(IsF (pu, θ0), θ0) < µmin. Thus, ξ < 0 promotes exploitation of the value of
pu ∈ p(k)

u attaining µmin. The same reasoning can be reversed to establish that ξ > 0
promotes exploration of the set P, as the predicted improvement can be nonzero
even if h(IsF (pu, θ0), θ0) > µmin.

By using the posterior distribution obtained from the GP, the EI E {I(pu)|Zk}
can be computed using integration by parts as [104, p. 371]

E {I(pu)|Zk} = σ(pu|Zk) {L(pu|Zk)Φ(L(pu|Zk)) −φ(L(pu|Zk))} , (6.47a)
L(pu|Zk) := σ−1(pu|Zk) {−µ(pu|Zk) + µmin + ξ} , (6.47b)

with Φ and φ denoting the cumulative distribution function and the pdf of the
standard Gaussian distribution, respectively. Then, the acquisition rule based on EI
becomes

p(k+1)
u = arg max

pu∈P
E {I(pu) |Zk } , (6.48)

i.e., the element maximizing the EI. From (6.47) we see that the EI assigns a large
value when both the variance σ2(pu|Zk) and the mean difference −µ(pu|Zk) + µmin
are large, in line with the desired behavior of an acquisition function, as explained
at the beginning of Section 6.3.
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Parameterizing the input

To implement the GPO for solving the input design problem, we need a parameteri-
zation of P. Here we explain two options.

Stationary Markov processes

If we restrict C to be finite and u1:T to be realization from an n-dimensional
stationary Markov process, then the parameterization employed in [190] can be
used, which is presented in Chapter 2. The parameterization of the input is given
by the stationary distribution of the Markov process, which is constrained to

PC :=
{
pu : Cn → R

∣∣∣∣ pu(x) ≥ 0, ∀x ∈ Cn;∑
x∈Cn

pu(x) = 1;

∑
v∈C

pu(v, z) =
∑
v∈C

pu(z, v) ,∀z ∈ Cn−1

}
. (6.49)

Following Chapter 2, we parameterize (6.49) as the convex hull of its extreme
points, which are computed using graph theoretical techniques. Therefore, the
decision variable in this case corresponds to the weighting vector of the extreme
points describing an element in PC . Assuming that PC has nV extreme points, then
the weighting vector α := [α1 . . . αnV ]> ∈ RnV is used to compute p ∈ PC as

p =
nV∑
i=1

αi p
(i) , (6.50)

with α satisfying

αi ≥ 0 , for all i ∈ {1 , . . . , nV} , (6.51a)
nV∑
i=1

αi = 1 . (6.51b)

In (6.50), {p(i)}nVi=1 corresponds to the probability mass functions (pmf) that are
the vertices of PC .

Once a new sample α ∈ RnV satisfying (6.51) is generated, we compute the
associated pmf p ∈ PC by (6.50), and we generate u1:T by running a Markov chain
with stationary distribution p. The sample α is computed at every iteration k by a
random walk centered at the parametrization of the solution of (6.48). We refer to
Chapter 2 for more details about the graph theoretical parameterization.
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Algorithm 6.1 GPO for input design
Inputs: Algorithm 4.2, K (no. iterations) and p(0)

u ∈ P (initial pdf characterizing u1:T ).
Output: A realization uopt

1:T from popt
u .

1: Sample p(0)
u ∈ P.

2: for k = 0 to K do
3: Use Algorithm 4.2 to compute ĥk := h(ÎsF (p(k)

u , θ0), θ0).
4: Compute (6.30)-(6.31) to obtain h(IsF (pu, θ0), θ0)|Zk.
5: Compute (6.46) to obtain µmin.
6: Compute (6.48) to obtain p̃(k+1)

u .
7: Compute p(k+1)

u as a realization of a random walk centered at p̃(k+1)
u .

8: end for
9: Compute the maximizer of µ(pu|ZK) to obtain popt

u .

Stationary AR processes

We can restrict u1:T to be filtered white noise, as proposed in [88]. In this case, the
decision variables are the filter coefficients, and the properties of the white noise.
For example, we can assume that u1:T is a realization from a stationary AR process

A(q)ut = et , (6.52)

where {et} is Gaussian white noise of zero mean and variance σ2
e , and

A(q) :=
na∑
i=0

ai q
−i , (6.53)

with na > 0 given, ai ∈ R for all i ∈ {1, . . . , na}, and a0 = 1. For this example, the
parameters are σe > 0, and {ai}nai=1, such that A(q) has all its zeros strictly inside
the complex unit disc1.

The final procedure

Algorithm 6.1 presents the resulting procedure for input design using Gaussian
process optimization. We note that line 7 introduces a random walk centered at (6.48)
to promote exploration around the expected improvement. We also note that only
one functional evaluation is required per iteration, reducing the computational effort
with respect to a search over the entire space when optimizing over P.

1This can be guaranteed by factorizing A(q) into first and second order polynomials in q, and
imposing the constraint on each of these factors.
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6.4 Numerical example

Input design for linear Gaussian SSM

Consider the linear Gaussian state space model in Example 6.3. We are interested
in minimizing h(IsF (pu, θ0), θ0) = − log det(IsF (pu, θ0), θ0), where u1:T (T = 103) is
a realization of a stationary Markov process (see Section 6.3), with nm = 1 and
C = {−1, 1}.

For Algorithm 6.1, we useK = 500, ξ = 0.01, and a random walk centered around
the current parametrization of ũ(k+1)

1:T , uniformly distributed on [−0.01, 0.01]. The
estimate of the Fisher information matrix is obtained using Algorithms 4.1-4.2, which
are implemented as in Example 6.3. For the prior distribution of h(IsF (pu, θ0), θ0),
we consider a constant mean function, and an autocovariance function composed of
a Matérn 5/2 structure and a constant. The Matérn 5/2 structure is chosen in this
example as it imposes information about the smoothness of h(IsF (pu, θ0), θ0).

Algorithm 6.1 is implemented in Matlab using the fmincon command for (6.48)
and the GPML toolbox [154] to infer the hyperparameters and estimate the predictive
posterior distribution of h(IsF (pu, θ0), θ0).

The solution obtained from Algorithm 6.1 is ut = 1 for all t ≥ 0. In this example,
a nonzero constant input introduces a nonzero offset in the measurements, which
helps to estimate θ in the presence of process disturbance and measurement noise.
As a reference, we draw u1:T as a realization from binary white noise with values
{−1, 1}. The results are h(IsF (popt

u , θ0), θ0) = −14.57 for the optimal input and
h(IsF (pu, θ0), θ0) = −10.18 for the binary white noise process. Hence, the GPO
algorithm provides an input that improves the experimental results in this example
when compared to a binary white noise.

Input design for nonlinear SSM

Consider the system

xt+1|xt ∼ N
( 1
γ + x2

t

+ ut, 0.12
)
, (6.54a)

yt|xt ∼ N
(
βx2

t , 12
)
, (6.54b)

where the parameters are θ = {γ, β}. We generate T = 103 observations from the
model with θ0 = {2, 0.8}. We note that estimating γ in (6.54) is inherently difficult,
since two different values of xt can explain yt equally well.

We consider the same setting and function h as in the previous example, but we
consider three cases for C:

• Case 1: C = {−1, 1}.

• Case 2: C = {−1, 0, 1}.



6.4. NUMERICAL EXAMPLE 121

Table 6.2: hopt for different input realizations, NSSM example.

Input Binary opt. Case 1 opt. Case 2 opt. Case 3
hopt −4.11 −4.11 −4.15 −4.44

0 20 40 60 80 100
−1

0

1

t

u
t

Figure 6.4: Optimal input uopt
1:T for Case 3, NSSM example.
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Iteration k

0

1

2

3

4

5

−
h
(Î

s F
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θ
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θ
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|µmin|

ĥk

Figure 6.5: Value of ĥk and |µmin| at iteration k for Case 3 in Example 1.1.

• Case 3: C = {−1,−1/3, 1/3, 1}.

Table 6.2 presents the value of hopt := h(ÎsF (popt
u , θ0), θ0) for each case, where

popt
u corresponds to the optimal input obtained from Algorithm 6.1. As comparison,

we also compute the value of h(ÎsF (pu, θ0), θ0), with {ut} binary distributed white
noise with values {−1, 1} (Binary in Table 6.2). We see that the binary white noise
process seems to be optimal when C = {−1, 1}, as it is confirmed by the value of
hopt for Case 1. We also note that adding intermediate values to the input alphabet
increases the amount of information in the data, as hopt is greater in Cases 2 and 3
than in Case 1.

Figure 6.4 presents the optimal input obtained for Case 3. We note that the
optimal input includes a nonzero offset to improve the accuracy of the parameter
estimates.
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To illustrate the evolution of ĥk, we present in Figure 6.5 the samples {ĥk}100
k=1,

together with the value of |µmin| at every iteration. The first 20 samples are drawn
at random from CT to provide an initial estimate of the hyperparameters in the GP
prior. We note that some of the samples in {ĥk}20

k=1 are not close to the optimal
cost, which is expected due to random sampling. However, once Algorithm 6.1 is
executed from iteration 21 onwards, we observe that the samples are close to µmin,
which implies that the space P is explored only in those regions where h can only
increase with respect to the current estimates. Hence, the proposed technique drives
the parameter search towards those regions where an improvement in the objective
function is expected.

6.5 Conclusions

A Gaussian process optimization algorithm for input design for nonlinear dynamical
models has been introduced. The method maximizes a scalar cost function of the
Fisher information matrix over the parameter set for the input sequence. Since
the objective function is unavailable in closed form, a Gaussian process approach
is employed to compute a surrogate function. Numerical examples show that the
algorithm can provide a good alternative to solving the input design problem.



Chapter 7

On model order priors for Bayesian
identification of linear models

In Chapter 6 we discussed how Bayesian optimization can provide a solution to
the problem of input design for identification of nonlinear dynamical models. This
chapter continues exploring the use of Bayesian methods, but now focused on the
estimation of single input-single output (SISO) LTI models.

7.1 Introduction

As mentioned in Chapter 1, most of the Bayesian methods for system identification
makes use of prior distributions that are conjugate of the likelihood function [73,
98, 208]. This choice is usually taken since it leads to closed form expressions for
the posterior distributions and the intermediate quantities required in the Gibbs
sampler [78]. However, this choice restricts the class of distributions to encode prior
information about the dynamical model. In particular, imposing a prior distribution
on the model complexity becomes difficult in this context, since it is not immediate
to determine a prior distribution that is conjugate to the likelihood function which
penalizes the model complexity.

Contribution

This chapter presents a new approach for Bayesian identification of single input,
single output (SISO) linear dynamical systems, where priors over the model order
are imposed. The method computes samples that are approximately distributed
according to the posterior probability density function (pdf) of the model parameters.
To this end, a Metropolis Hastings sampler is implemented [94, 160]. An advantage
of using a Metropolis Hastings sampler when compared with other methods is that it
gives more freedom to choose the prior distribution of the model parameters, which
allows to define priors that do not necessarily lead to posterior distributions available

123
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in closed form. We exploit this feature by imposing a prior distribution over the
Hankel singular values of the model, and hence accounting for prior knowledge or
belief about the order of the model.

The problem of accounting for the model complexity in a Bayesian setting has
been previously considered in the literature. For example, [91] presents a Markov
chain algorithm to sample over model structures with different complexity. However,
the main limitation in [91] is the requirement of a differential bijective mapping
between model structures of different complexity, which is not directly implementable
in the case of dynamical models. The model complexity has also been addressed
in [73] by employing an automatic relevance determination (ARD) approach. In
this case, the ARD method avoids that the models sampled from the posterior
distribution are of high order. Nevertheless, the Bayesian method in [73] does not
ensure directly that properties such as stability are preserved in the models sampled
from the posterior distribution. Leaving the Bayesian framework, [96] discusses the
problem of choosing the appropriate model complexity for controller design. In this
context, [96] shows that a well designed experiment can lead to identify restricted
complexity models that are near optimal.

Structure of the chapter

This chapter is organized as follows. Section 7.2 introduces the problem formulation.
Section 7.3 discusses the Metropolis Hastings sampler. The specification of prior
distributions over the parameter set is considered in Section 7.4. The implementation
of a random walk over the parameter space is presented in Section 7.5. Section 7.6
illustrates the method with a numerical example. Finally, Section 7.7 presents
concluding remarks.

In the following, for a given scalar, rational function G without poles on the
circle {z ∈ C : |z| = 1}, we define its 2-norm as

‖G‖2 :=

√
1

2π

∫ π

−π
|G(eiω)|2 dω . (7.1)

7.2 Problem formulation

Consider the discrete time, single input, single output (SISO) linear time invariant
system defined for all t ≥ 1 as

yt = Go(q)ut +Ho(q) et , (7.2)

where Go, Ho are scalar real rational functions in the time shift operator q, ut ∈ R
is the input, et ∈ R is white noise with pdf pe, and yt ∈ R is the measured output.
In addition, we consider the following:
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Assumption 7.1 The pair (Go, Ho) of scalar rational functions in q has all its
poles in the set D := {z ∈ C : |z| < 1}. Also, H−1

o has all its poles in D and

lim
q→∞

Ho(q) = 1 . (7.3)

Assumption 7.1 is standard in system identification to guarantee that the signals
derived from (7.2) are quasi-stationary [122, Definition 2.1]:

Definition 7.1 (Quasi-stationary signals) A signal {st} is quasi-stationary if there
exists functions ms : Z → R, Rs : Z× Z → R, R̃s : Z → R and a positive constant
C <∞ such that, for all t, r, τ ∈ Z,

E {st} = ms(t) , |ms(t)| ≤ C , (7.4a)
E {stsr} = Rs(t, r) , |Rs(t, r)| ≤ C , (7.4b)

lim
T→∞

1
T

T∑
t=1

Rs(t, t− τ) = R̃s(τ) , (7.4c)

Our aim is to estimate the parameters θ ∈ Θ ⊆ Rnθ in the model

yt = Gθ(q)ut +Hθ(q) eθt , (7.5)

given the observed data set ZT := {(yt, ut)}Tt=1. We note that the white noise
sequence eθt is parameterized through its pdf, denoted by pθe. In the following, we
assume that the model (7.5) satisfies Assumption 7.1 for all θ ∈ Θ (with (Gθ, Hθ)
instead of (Go, Ho)). In addition, we assume that there exists a parameter θ0 ∈ Θ
such that the model (7.5) describes the system (7.2) when θ = θ0, i.e., there is no
undermodelling.

Here we are interested in exploring a Bayesian approach to estimate θ̂T ∈ Θ
describing the system (7.2). In this setting, we require the specification of a prior
distribution over Θ, which reflects the available knowledge (or belief) that the user
has about θ0 before observing the data set ZT . In the following, we denote by πΘ
the pdf associated with the prior distribution over Θ.

Given πΘ and the data set ZT , the posterior distribution over Θ can be computed
using Bayes’ rule as

p(θ|ZT ) = 1
KΘ

pθ(y1:T |u1:T )πΘ(θ) , (7.6)

where
KΘ :=

∫
Θ

pθ(y1:T |u1:T )πΘ(θ) dθ (7.7)

is a normalizing constant. In (7.6), the expression pθ(y1:T |u1:T ) denotes the likelihood
of ZT .
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Once the pdf (7.6) is computed, there are several options to obtain an estimate
of the model parameters θ̂T . The most commonly used ones are

θ̂T = arg max
θ∈Θ

p(θ|ZT ) , (7.8)

referred to as the maximum a posteriori estimator, and

θ̂T = E {θ|ZT } , (7.9)

the conditional mean of the model parameters given the observed data set ZT .

Remark 7.1 We note that the maximum a posteriori estimator (7.8) can be ob-
tained by maximizing the product pθ(y1:T |u1:T )πΘ(θ). Indeed the optimization in
(7.8) can be performed directly in a numerical fashion. However, this approach only
delivers the maximizer of p(θ|ZT ) and not the uncertainty of this estimator.

The key step to estimate the model parameters in a Bayesian setting is the
computation of (7.6). Unfortunately, obtaining such an expression in closed form is
often difficult in practice, which has been the main limitation of this approach for a
long time.

In an effort to compute expressions like (7.6), Markov chain Monte Carlo (MCMC)
algorithms for approximating pdfs have received considerable attention, and methods
to obtain estimates for the posterior pdf (7.6) have been developed and analyzed. In
particular, the Gibbs sampler has been mainly employed to generate an estimate of
the posterior distribution [34, 73, 208]. The main limitation of this approach is that
the prior cannot be arbitrarily chosen, since it must allow to sample from conditional
pdfs derived from the posterior distribution. To achieve this, the prior is usually
chosen as the conjugate of the likelihood out of mathematical convenience [170]. In
case the user wants to specify a prior that is not conjugate to the likelihood, then
the Gibbs sampler approach in [73, 208] cannot be directly utilized to approximate
the posterior distribution. For example, this is typically the case if the user specifies
a prior over the order of the model (7.5).

An alternative to the Gibbs sampler is provided by its ancestor, the Metropolis
Hastings method, where the assumption of conjugate distributions can be relaxed.
In the next section we describe the Metropolis Hastings algorithm and its application
to compute the posterior pdf (7.6).

7.3 The Metropolis Hastings sampler

The Metropolis Hastings (MH) sampler is an MCMC method that generates sam-
ples approximately distributed according to a prescribed pdf Υ , called the target
distribution. The samples are obtained by running a Markov chain with appropri-
ate transition kernels, ensuring that Υ is the stationary pdf associated with the
chain [170]. In the context of this chapter, the target distribution is Υ (θ) = p(θ|ZT )
(i.e., the posterior pdf of the parameter vector).
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Algorithm 7.1 Metropolis Hastings sampler
Inputs: Target pdf Υ and proposal distribution f .
Output: {θ(i)}Nsi=1 (samples distributed approximately according to Υ ).
1: Set the initial state of the Markov chain θ(1).
2: for i = 1 to Ns do
3: Sample θ? ∼ f(θ|θ(i)).
4: Sample u ∼ U [0, 1].
5: Compute the acceptance probability

a(θ?, θ(i)) = min
(

1, Υ (θ?) f(θ(i)|θ?)
Υ (θ(i)) f(θ?|θ(i))

)
. (7.11)

6: Set the next state θ(i+1) of the Markov chain according to

θ(i+1) =
{
θ?, u ≤ a(θ?, θ(i))
θ(i), otherwise.

(7.12)

7: end for

The idea behind the MH sampler is as follows: starting from an initial state
θ(1) ∈ Θ, we sample a new candidate θ? ∈ Θ from a user defined conditional pdf
f(θ|θ(1)), called the proposal distribution. Then, with probability

a(θ?, θ(1)) := min
(

1, Υ (θ?) f(θ(1)|θ?)
Υ (θ(1)) f(θ?|θ(1))

)
(7.10)

we define the next state as θ(2) = θ?, otherwise we keep the previous state of the
chain, i.e., θ(2) = θ(1). This procedure is repeated until the required number of
samples have been generated.

Algorithm 7.1 presents the details of the MH sampler. Under the assumption
that the support of the proposal pdf f includes the support of the target distribution
Υ , it can be proven that Algorithm 7.1 has Υ as a stationary distribution of the
chain [170].

By using Υ (θ) = p(θ|ZT ) and (7.6), the acceptance probability for the MH
sampler to generate samples from p(θ|ZT ) is

a(θ?, θ(i)) = min
(

1, pθ?(y1:T |u1:T )πΘ(θ?) f(θ(i)|θ?)
pθ(i)(y1:T |u1:T )πΘ(θ(i)) f(θ?|θ(i))

)
. (7.13)

From (7.13), we see that the acceptance probability only needs the knowledge of
the posterior pdf up to a normalization constant.

On the other hand, the likelihood pθ(y1:T |u1:T ) can be rewritten as

pθ(y1:T |u1:T ) = pθ(y1|u1)
T∏
t=2

pθ(yt|y1:t−1, u1:t) , (7.14)
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where pθ(yt|y1:t−1, u1:t) denotes the pdf of the measurement yt given the tuple
(y1:t−1, u1:t, θ). The pdf pθ(yt|y1:t−1, u1:t) can be obtained from the model (7.5) as

pθ(yt|y1:t−1, u1:t) = pθe(εt(θ)) , (7.15)

where
εt(θ) := H−1

θ (q) (yt −Gθ(q)ut) (7.16)

is the one step ahead prediction error associated with the model (7.5) at time t.
Inserting (7.14)-(7.16) into (7.13) we finally obtain

a(θ?, θ(i)) = min
(

1,
pθ?(y1|u1)πΘ(θ?) f(θ(i)|θ?)

∏T
t=2 p

θ?

e (εt(θ?))
pθ(i)(y1|u1)πΘ(θ(i)) f(θ?|θ(i))

∏T
t=2 p

θ(i)
e (εt(θ(i)))

)
. (7.17)

From (7.17) we see that the acceptance probability can be computed using the
model (7.5) for every θ ∈ Θ. However, to implement the MH sampler over the
parameter set Θ we need to address two aspects:

1. the specification of the prior πΘ over Θ, and

2. the implementation of a random walk1 over Θ using the proposal distribution f .

The first point will be addressed in the next section, while the second point will be
discussed in Section 7.5.

7.4 Specifying priors over the parameter set

As mentioned in Section 7.2, the prior pdf πΘ reflects the available knowledge (or
belief) the user has before the data set ZT is obtained. In the literature, most of
the methods using Gibbs and MH samplers specify an explicit prior over Θ (i.e., the
pdf πΘ is an explicit function of θ [49, 73, 208]). In addition, the requirement of a
conjugate prior is generally imposed, to analytically compute posterior distributions.
In case the user wants to use more general priors, then the methods in [49, 73, 208]
cannot be employed, and hence other alternatives are needed.

Model order priors
In this chapter we are interested in exploring more general priors than those
introduced in [73, 208]. Extending the class of priors will allow us to encode
particular properties of the model in the problem.

Here we are interested in defining priors over the order of the model (7.5). To
proceed, we assume that the set

M :=
{

(Gθ, Hθ, p
θ
e) : θ ∈ Θ

}
(7.18)

1By random walk we mean a succession of random steps.
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contains all rational functions in q for the pair (Gθ, Hθ) that are of order at most
nM, where nM is a fixed positive integer. This assumption is similar to the one
introduced in [208] in the sense that prior knowledge about an upper bound on the
order of the system is required.

At this point we may consider using one of the available methods for Bayesian
model order selection [91]. However, the assumption of a differential bijective
mapping between model structures of different order limits its applicability in the
present problem. In particular, the main difficulty of applying the method of [91]
is the requirement of a closed form expression for the bijective mapping and its
Jacobian, which are needed in order to run an MH sampler targeting the posterior
distribution. To circumvent this issue, we work instead with priors defined over
the Hankel singular values of the rational function Gθ. The definition of Hankel
singular values is given next [90]:

Definition 7.2 (Hankel singular values) Consider the discrete time, stable, linear
state space system

xt+1 = Axt +B ut , (7.19a)
yt = C xt +Dut , (7.19b)

with A ∈ Rnx×nx , B ∈ Rnx×nu , C ∈ Rny×nx , D ∈ Rny×nu , and the matrices P, Q ∈
Rnx×nx which are the positive definite solutions to the corresponding Lyapunov
equations

APA> − P +BB> = 0 , (7.20a)
A>QA−Q+ C>C = 0 . (7.20b)

The values σi =
√
λi(PQ), i ∈ {1, . . . , nx}, are called the Hankel singular values

of the system (7.19).

Since the Hankel singular values are closely related to the order of a model, they
have been widely employed in model order reduction [90]. A Hankel singular value
close to zero indicates that the order of the model can be reduced by one with
almost negligible effect on the model properties (e.g., its bandwidth, step response,
DC gain, etc.). Thus, the specification of a prior over the Hankel singular values of
Gθ reflects prior knowledge (or belief) about the order of the system (7.2).

To evaluate the prior over the Hankel singular values associated with Gθ, we first
write Gθ in the state space form (7.19), and then we compute the Hankel singular
values according to Definition 7.2. In this manner, a prior pdf over the Hankel
singular values of Gθ implicitly accounts for its complexity.

Improper priors
At this point we need to emphasize that a prior distribution over the Hankel
singular values of Gθ is not necessarily normalizable2 (or proper). In case the

2By normalizable we mean that
∫
Θ
πΘ(θ)dθ < ∞.
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prior is proper but not normalized, the MH sampler can still be used, since the
computation of the acceptance probability (7.17) only requires the knowledge of πΘ
up to a normalization constant. On the other hand, if the prior πΘ is improper, the
computation of (7.6) is still possible provided that the normalization constant (7.7)
is finite [159, Section 1.5]. However, the samples obtained from the MH sampler
can no longer be interpreted as samples from the posterior distribution (7.6), since
πΘ is not a pdf anymore.

As noted above, the correctness of the MH sampler is guaranteed as long as the
normalization constant (7.7) is finite. However, the boundedness of (7.7) is difficult
to verify in complex settings [159, p. 30], which is the case here as we impose priors
over the Hankel singular values of Gθ.

To guarantee the correctness of the MH sampler, we impose the following
assumptions:

Assumption 7.2 The set Θ can be written as

Θ = ΘG ×ΘH ×Θe , (7.21)

where θ = (θ>G, θ>H , θ>e )> ∈ Θ is such that the model (7.5) is given by Gθ = GθG ,
Hθ = HθH and eθt = eθet for all t.

Assumption 7.3 For the set Θ satisfying Assumption 7.2, the set ΘG is bounded.

Assumption 7.2 requires that the rational transfer functions Gθ, Hθ and the white
noise process {eθt } in (7.5) are independently parameterized. In addition, the
boundedness of the set ΘG required by Assumption 7.3 does not introduce consider-
able conservatism to the model (7.5). Indeed, for reasonable parameterizations of
(Gθ, Hθ), from Assumption 7.1 it follows that the parameters describing the denom-
inator of Gθ and Hθ lie in a bounded set. Hence, Assumption 7.3 only implies that,
for reasonable parameterizations of Gθ, the parameters describing the numerator
of Gθ also lie in a bounded set. This is a natural assumption as the model (7.5)
describes systems satisfying the bounded input-bounded output property.

To guarantee the boundedness of the normalization constant (7.7), we also
impose the following requirement over πΘ:

Assumption 7.4 For the set Θ satisfying Assumption 7.2, the prior πΘ is given
for all θ ∈ Θ by

πΘ(θ) = πΘG(θG)πΘH (θH)πΘe(θe) , (7.22)

where πΘG , πΘH and πΘe are proper priors defined over ΘG, ΘH and Θe, respectively.
In addition, πΘG is a bounded function on ΘG.

We note that Assumption 7.4 considers priors over Θ that are possibly not normal-
ized.
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In our setting, the prior πΘG is specified over the Hankel singular values associated
with GθG . If we denote by πΣ a proper and bounded prior imposed over the Hankel
singular values (σ1, . . . , σnM) of models with θG ∈ ΘG, then a prior πΘG is given by

πΘG(θG) = πΣ(σ1(θG), . . . , σnM(θG))
KΘG

, (7.23)

where σi(θG) denotes the i-th Hankel singular value associated with GθG (i ∈
{1, . . . , nM}), and

KΘG :=
∫
ΘG

πΣ(σ1(θG), . . . , σnM(θG)) dθG , (7.24)

is the normalization constant.

Remark 7.2 A closer inspection at πΘG in (7.23) tells us that the prior imposed
in this chapter results in a uniform distribution over all θG ∈ ΘG having the same
Hankel singular values {σi(θG)}nMi=1.

We note that (7.24) is finite as the set ΘG is bounded. Indeed,

KΘG ≤ sup
(z1,...,znM )=(σ1(θG),...,σnM (θG))

θG∈ΘG

πΣ(z1, . . . , znM)
∫
ΘG

dθ <∞ . (7.25)

Hence, the prior pdf (7.23) fulfills the requirements in Assumption 7.4.
Finally, if the set Θ satisfies Assumption 7.2 and πΘ satisfies Assumption 7.4

with πΘG given by (7.23), then∫
Θ

πΘ(θ) dθ ≤
∫
ΘG

πΘG(θG) dθG
∫
ΘH×Θe

πΘH (θH)πΘe(θe) dθHdθe <∞ . (7.26)

Thus, we conclude that the normalization constant (7.7) is bounded for almost every
value of ZT [159, Problem 1.47.b]. Therefore, the MH sampler draws samples that
are approximately distributed according to (7.6), when πΘG is a proper prior defined
over the Hankel singular values of GθG (according to (7.23)) and Assumptions 7.2-7.4
are satisfied.

The correctness of the MH sampler for the proposed setup is established by

Theorem 7.1 Consider the set Θ satisfying Assumptions 7.2-7.3 and a prior πΘ sat-
isfying Assumption 7.4, with πΘG given by (7.23). Let {θ(i)}i≥1 be the samples gen-
erated by the Markov chain in Algorithm 7.1, with Υ (θ) = pθ(y1:N |u1:N )πΘ(θ)/KΘ,
and the conditional pdf f(θ|θ?) whose support includes Θ. If

P
{
pθ(i)(y1:N |u1:N )πΘ(θ(i))f(θ?|θ(i)) ≤ pθ?(y1:N |u1:N )πΘ(θ?)f(θ(i)|θ?)

}
< 1
(7.27)
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is satisfied for all θ(i), then

lim
i→∞

∥∥∥∥∫
Θ

p(i)(·|θ(1))µ(θ(1))dθ(1) − p(·|ZT )
∥∥∥∥

TV
= 0 (7.28)

for almost every value of ZT and any initial pdf µ, where p(i) denotes the conditional
pdf of θ(i) given θ(1), and

‖β‖TV := 1
2

∫
Θ

|β(θ)|dθ , (7.29)

with β : Θ → R.

Proof Follows from the existence of the posterior pdf p(·|ZT ) according to [159,
Problem 1.47.b] and the convergence of the MH sampler provided the existence of
p(·|ZT ) from [160, Corollary 7.5]. �

Remark 7.3 The expression (7.27) establishes a sufficient condition for guarantee-
ing that the Markov chain generated by the MH sampler is aperiodic. The statement
in Theorem 7.1 can also be proven under less restrictive conditions than (7.27); we
refer to [160, Section 7.3.2] for more details.

7.5 A random walk over the parameter set

To run the MH sampler over Θ, we need to define a random walk over Θ based on
the proposal distribution f . One of the main difficulties in implementing such a
random walk is to ensure the stability of the pair (Gθ, Hθ) and H−1

θ for the value
of θ being sampled. To address this point, we note that the real rational functions
Gθ, Hθ can be written as

Gθ(q) = K

nM/2∏
i=1

1 + bi1q
−1 + bi2q

−2

1 + f i1q
−1 + f i2q

−2 , (7.30a)

Hθ(q) =
nM/2∏
i=1

1 + ci1q
−1 + ci2q

−2

1 + di1q
−1 + di2q

−2 , (7.30b)

if nM is even, and

Gθ(q) = K
1 + b0q

−1

1 + f0q−1

nM/2−1∏
i=1

1 + bi1q
−1 + bi2q

−2

1 + f i1q
−1 + f i2q

−2 , (7.31a)

Hθ(q) = 1 + c0q
−1

1 + d0q−1

nM/2−1∏
i=1

1 + ci1q
−1 + ci2q

−2

1 + di1q
−1 + di2q

−2 , (7.31b)
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if nM is odd. In Equations (7.30)-(7.31) the gain K and the polynomial coefficients
are real valued functions of the parameter θ. The requirements in Assumption 7.1
are satisfied by guaranteeing that all the poles of Gθ and all the poles and zeros of
Hθ belong to D. Assumption 7.1 is satisfied if and only if [11]

|f0| < 1 , |c0| < 1 , |d0| < 1 , (7.32a)∣∣f i2∣∣ < 1 ,
∣∣ci2∣∣ < 1 ,

∣∣di2∣∣ < 1 , for all i , (7.32b)∣∣f i1∣∣ < 1 + f i2 ,
∣∣ci1∣∣ < 1 + ci2 ,

∣∣di1∣∣ < 1 + di2 , for all i . (7.32c)

Thus, given the proposal distribution f , at step i of the MH sampler we generate
θ? from f(θ|θ(i)) and check if the conditions (7.32) are satisfied. If they are not
satisfied, we then sample a new parameter θ? until the inequalities (7.32) are fulfilled.
In this manner we guarantee that the samples θ? generated from f belong to Θ.
Note that this method can be seen as a rejection sampling procedure.

Remark 7.4 The approach presented here for implementing a random walk over
the parameter set does not guarantee that the resulting Markov chain will possess
a fast convergence rate to its stationary distribution. A fast convergence rate of
the Markov chain implies that a small number of samples have to be discarded at
the beginning (to avoid the influence of the initial conditions in the samples), and
that the stationary distribution of the chain can be approximated by a small number
of samples. Hence, the convergence rate of the resulting Markov chain affects the
computational cost of approximating the stationary distribution by its samples.

One way to improve the convergence rate is to scale the covariance matrix of
the random walk proposal by the covariance matrix of the posterior distribution [50].
To this end, we first run the MH sampler to estimate the covariance matrix of the
posterior distribution based on the generated samples, which is then used to build
the random walk for the second run of the MH sampler. In the second run of the
MH sampler, the covariance matrix of the random walk is the one employed in the
first run, scaled by the estimated covariance matrix of the posterior distribution. In
this manner, the samples from the second run are obtained from a Markov chain
with better convergence rate than the first run.

Another option to improve the convergence rate is to reparameterize the model
(7.5) so that the resulting MH sampler is performed over an unconstrained space. To
this end, the acceptance probability (7.17) needs to be modified to include the gradient
of the transformation between parameters in Θ and parameters in the unconstrained
space. For further details we refer to [50], where a more elaborate discussion on
extensions for the MH sampler is presented.

7.6 Numerical example

System and algorithm setup
Consider the system

yt = Go(q)ut + et , (7.33)
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where
Go(q) = 2 q−2

1− 1.4 q−1 + 0.81 q−2 , (7.34)

and {ut}, {et} are Gaussian white noise processes of zero mean and unit variance.
To simplify the example, we assume that the system (7.33) is at rest for all t ≤ 0.
The system (7.33) is estimated based on ZT , with T = 100, using the model

yt = GθG(q)ut +HθH (q) eθet , (7.35)

where {eθet } is assumed to be Gaussian white noise of zero mean and variance
θe > 0, which has to be estimated. In this example, the pair (GθG , HθH ) can
describe all real rational functions in q satisfying Assumption 7.1 and that are of
order at most nM = 10. In particular, the parameter vectors θG ∈ ΘG ⊂ R2nM+1,
θH ∈ ΘH ⊂ R2nM contain the gain and the numerator and denominator polynomial
coefficients of the rational functions GθG and HθH , i.e.,

GθG(q) = θG, 0
1 +

∑nM
i=1 θG, i q

−i

1 +
∑nM
i=1 θG, i+nM q−i

, (7.36a)

HθH (q) =
1 +

∑nM
i=1 θH, i q

−i

1 +
∑nM
i=1 θH, i+nM q−i

, (7.36b)

with θG = (θG, 0, . . . , θG, 2nM)>, θH = (θH, 1, . . . , θH, 2nM)>. Hence, the parameter
vector is given by θ = (θ>G, θ>H , θe)> ∈ Θ ⊂ R2(2nM+1). In addition, we require that
each entry of the parameter vector (θG, 0, . . . , θG,nM)> satisfies |θG,i| ≤ 103 (hence
Assumption 7.3 is satisfied).

To implement the MH sampler for this example, we define a proposal distribution
over Θ following the discussion in Section 7.5. Based on the rational functions
(7.30), we define f as the product of the proposals for each parameter in (7.30) and
the proposal for θe, where

θe
? ∼ N (θe, 10−3) , (7.37a)

K? ∼ N (K, 10−4) , (7.37b)
f ij
? ∼ N (f ij , 10−4) , i ∈ {1, . . . , nM/2}, j ∈ {1, 2} , (7.37c)

cij
? ∼ N (cij , 10−4) , i ∈ {1, . . . , nM/2}, j ∈ {1, 2} , (7.37d)

dij
? ∼ N (dij , 10−4) , i ∈ {1, . . . , nM/2}, j ∈ {1, 2} . (7.37e)

From the proposals (7.37) we note that f(θ|θ?) = f(θ?|θ). Hence, the acceptance
probability (7.17) for this example becomes

a(θ?, θ) = min
(

1,
pθ?(y1|u1)

∏T
t=2 p

θ?

e (εt(θ?))πΘ(θ?)
pθ(y1|u1)

∏T
t=2 p

θ
e(εt(θ))πΘ(θ)

)
. (7.38)
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Figure 7.1: Bode diagram of the true system Go (black), the maximum a posteriori
estimate ĜMAP (red, continuous line), and the reduced model ĜrMAP (red, dashed
line), obtained by balanced truncation of ĜMAP. The shaded area corresponds to
the 98% credible interval for the posterior distribution, centered at its mean value.

For the prior distribution over Θ, we consider

πΘ(θ) = πΘG(θG)πΘH (θH)πΘe(θe) , (7.39)

where

πΘG(θG) =
nM∏
i=1

πσi(θG) , (7.40)

with πσi denoting the prior pdf associated with the i-th Hankel singular value of
GθG , for i ∈ {1, . . . , nM}. In addition, {πσi}

nM
i=1 , and πΘe are defined as the pdf of

a Gamma distribution with scale parameter 1 and shape parameter 1, and πΘH is
defined as the pdf of a uniform distribution over ΘH .

To approximate the posterior (7.6) we compute samples with the MH sampler
introduced in Algorithm 7.1, with which we generate 105 samples and discard the
first 2 · 104 ones to account for the transient behavior of the Markov chain. The last
8 · 104 samples are employed to approximate the posterior distribution.

Model estimates
The samples obtained by running Algorithm 7.1 are employed to compute the
parameters estimates (7.8) and (7.9), where the posterior distribution (7.6) is
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Figure 7.2: Bode diagram of the true system Go (black), the mean value estimate
Ĝm (red, continuous line), and the reduced model Ĝrm (red, dashed line), obtained
by balanced truncation of Ĝm. The shaded area corresponds to the 98% credible
interval.

replaced by its approximation based on {θ(i)}105

i=2·104 .
Figure 7.1 presents3 the Bode diagram of ĜMAP := Gθ̂T , where θ̂T is the

maximum a posteriori estimate (7.8). In addition, Figure 7.1 also presents the
balanced truncation of the estimate ĜMAP, denoted by ĜrMAP, which is obtained by
removing the states in the balanced state-space representation of ĜMAP associated
with the Hankel singular values with a value less than 10% of the largest Hankel
singular value. The same results are presented in Figure 7.2 for the mean estimate
(7.9), where Ĝm and Ĝrm denote the mean estimate and its balanced truncation,
respectively. From these figures we see that the estimates capture well the dynamics
of the true system (7.33). Moreover, we also note that the degradation in the
estimates is larger in the frequency range where the magnitude of the response of Go
is at most 0 [dB], which is the value of the input to noise variance ratio. This can
also be seen in the credible intervals in Figures 7.1 and 7.2, where the uncertainty is
large when the magnitude of the response of Go is less than or equal to the input to
noise variance ratio.

The models obtained by balanced truncations of the estimated functions ĜrMAP,

3The phase of the estimates in Figures 7.1-7.2 is shifted by 2π [rad] to ease the discussion.
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and Ĝrm are

ĜrMAP(q) = −0.29 (1− 3.26 q−1) (1 + 1.99 q−1)
1− 1.39 q−1 + 0.80 q−2 , (7.41)

Ĝrm(q) = −0.35 (1− 2.96 q−1) (1 + 1.73 q−1)
1− 1.39 q−1 + 0.80 q−2 . (7.42)

From these expressions we see that the order of the reduced models coincides with
the order of the system (7.33). In addition, the relative degree of Go is estimated
by the finite nonminimum phase zeros in (7.41) and (7.42). Indeed, the relative
degree of a discrete time linear system is associated with time delays, which can be
interpreted as nonminimum phase zeros at infinity. Hence, the models (7.41) and
(7.42) try to capture the time delays (and thus the relative degree of Go) by finite
nonminimum phase zeros.

We can also compute the model fit for the estimated functions (7.41) and (7.42),
by defining

F(G1, G2) := 100 ·
(

1−
‖G1 −G2‖2
‖G2‖2

)
[%] , (7.43)

where G1, and G2 are rational functions in q. Hence, for the reduced models we
obtain F(ĜrMAP, Go) = 93.86 % for the MAP estimate, and F(Ĝrm, Go) = 91.98 % for
the mean estimate. Therefore, the estimated models describe the main characteristics
in the frequency response of Go.

As a comparison, we run an MH sampler targeting the posterior distribution of θ
when πΘG is defined as a normal distribution with zero mean and identity covariance
matrix for the parameter vector {θG, i}2nM

i=0 . However, due to convergence issues,
this time the MH sampler runs over 5 · 105 iterations, and we discard the first 105

samples. The convergence issues are related to the mixing properties of the designed
Markov chain, resulting from the difficulty of properly tuning the random walk over
the parameter set in this case.

As before, we compute the balanced truncations of the new estimated functions
ĜrMAP, and Ĝrm, which are given by

Ĝr,NMAP(q) = 3.2 · 10−2 (1− 15.73 q−1 + 74.8 q−2)
1− 1.39 q−1 + 0.80 q−2 , (7.44)

Ĝr,Nm (q) = 4.5 · 10−2 (1− 14.44 q−1 + 54.79 q−2)
1− 1.39 q−1 + 0.80 q−2 . (7.45)

The model fit for the new estimated models are F(Ĝr,NMAP, Go) = 87.27 %, and
F(Ĝr,Nm , Go) = 83.49 %. Hence, adding priors over the Hankel singular values in
this example helps to improve the model estimates by capturing the main properties
of the underlying system.
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Figure 7.3: Bode diagram of the true system Go (black, triangle line), the PEM
estimate ĜPEM (red, continuous line), and the reduced PEM model ĜrPEM (blue,
dashed line), obtained by balanced truncation of ĜPEM .

Comparison with available identification methods

We can further compare the results obtained from the MH sampler with those
computed by standard identification methods. To this end, the same data set ZT
used by the MH sampler is employed to estimate a model based on PEM and subspace
identification. Both methods are implemented in Matlab using the commands pem
for PEM and n4sid for subspace identification. For PEM, a Box-Jenkins model is
chosen, where both Gθ and Hθ are rational functions in q of order 10. For subspace
identification, a linear state space model in innovations form of order 10 is chosen
as the model set. The estimated models from PEM and subspace identification
are reduced by the same balanced truncation procedure considered for the models
obtained from the MH sampler.

The Bode diagrams of the estimated models for Go using PEM and subspace
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Figure 7.4: Bode diagram of the true system Go (black, triangle line), the subspace
estimate ĜSS (red, continuous line), and the reduced subspace model ĜrSS (blue,
dashed line), obtained by balanced truncation of ĜSS .

identification are presented in Figure 7.3 and Figure 7.4, respectively4. The models
estimated by both identification methods are close in magnitude to the frequency
response of Go. In addition, they present a degradation in the model fit for the
frequency region where the magnitude of Go is close to the input to noise variance
ratio, which is also observed in the estimates derived from the MH sampler.

Once the balanced truncation is performed over the models obtained by PEM
(ĜPEM) and subspace identification (ĜSS), the reduced order models are5

ĜrPEM(q) = G1(q)G2(q)G3(q) , (7.46)

ĜrSS(q) = −0.08 q−1(1− 25 q−1)
1− 1.41 q−1 + 0.80 q−2 , (7.47)

4To ease the presentation, the phase of the estimates in Figures 7.3 and 7.4 is shifted by
6π [rad] and 2π [rad] respectively.

5The model obtained with PEM is factorized to ease the presentation.
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Figure 7.5: Hankel singular values for the estimated models and the true system Go
(in logarithmic scale).

where ĜrPEM and ĜrSS denote the reduced models for PEM and subspace identification
respectively, and

G1(q) = −0.03 (1− 12.2 q−1) (1 + 4.35 q−1) (1 + 1.89 q−1 + 0.93 q−2)
(1 + 1.95 q−1 + 0.99 q−2) (1− 1.39 q−1 + 0.80 q−2) , (7.48)

G2(q) = 1 + 1.26 q−1 + 1.23 q−2

1 + 1.09 q−1 + 0.94 q−2 , (7.49)

G3(q) = 1− 0.62 q−1 + 1.05 q−2

1− 0.60 q−1 + 0.93 q−2 . (7.50)

From the expression for ĜrPEM we observe that the reduced model for the PEM
estimate is of order 8, and hence it overestimates the order of Go. On the other
hand, the reduced order model ĜrSS results in a second order rational function. Thus,
the reduced order model derived from the subspace estimate coincides with the
order of the rational function Go. The model fit for the reduced order models is
F(ĜrPEM, Go) = 81.34% for PEM and F(ĜrSS, Go) = 90.43% for subspace identifi-
cation. Thus, even though the subspace estimate ĜrSS captures the true order of
the system, its performance is still slightly below the one achieved by estimates
generated from the MH sampler when priors over the Hankel singular values of Gθ
are imposed.
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Figure 7.6: Empirical pdf of the phase margin.

Hankel singular values

To illustrate the effect of imposing priors over the Hankel singular values of Gθ,
we present in Figure 7.5 the Hankel singular values (in logarithmic scale) for
the estimated models ĜMAP and Ĝm obtained from the MH sampler with prior
distribution (7.39)-(7.40) and the estimated models ĜPEM and ĜSS. From this
plot we see that all the estimated models behave similarly for the first and second
Hankel singular values. In the case of ĜPEM, the remaining Hankel singular values
cannot be completely discarded, as they indicate that the associated states have
a noticeable effect in the resulting model. The situation improves for ĜSS, where
we see that the states associated with the first and second Hankel singular values
can almost completely explain the resulting model. The behavior observed for the
Hankel singular values of ĜSS is sharpened for ĜMAP and Ĝm, where the evidence
for a reduced model order is clearer than for ĜSS. Hence, imposing priors over the
Hankel singular values of Gθ helps to account for the model complexity of Gθ.

Posterior distributions

As a final illustration, we can analyze the posterior distribution of functions of
the parameter vector based on the samples obtained from the MH algorithm. For
example, Figure 7.6 presents the empirical pdf obtained for the phase margin using
the samples of the posterior pdf p(θ|ZT ), when the prior πΘG is defined over the
Hankel singular values of the transfer function GθG . We note in Figure 7.6 that the
phase margin is nonpositive with probability one (within the sampling variability
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of the MCMC samples), which implies that the resulting closed loop with negative
unitary feedback would be unstable with very high probability.

7.7 Conclusions

This chapter introduced a Metropolis Hastings sampler for Bayesian identification
of SISO linear systems. By using the Metropolis Hastings sampler, we allow the
choice of more general priors over the model parameters than those considered by
the Gibbs sampler. This property has been exploited by specifying priors over the
Hankel singular values of the model, which are closely connected to the order of the
model.
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Risk coherent framework for
system identification
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Chapter 8

On risk theory in system
identification

As it can be noted in the first part of this thesis, accounting for the uncertainty
on the true model description is one of the issues to be considered in input design.
This issue was circumvented by formulating a robust problem accounting for the
model uncertainty. Here we further explore how to properly account for this lack
of knowledge on the true model description. The content of this chapter is based
on [191].

8.1 Introduction

Uncertainty is an issue common to many research areas. By uncertainty we mean
the lack of knowledge to fully describe a phenomenon. The lack of knowledge
causes severe difficulties when we are interested in determining the best decision.
Examples of this problem can be found in control design, where the controller
must be designed with limited information about the plant dynamics [214, 215],
and in portfolio optimization, where the returns are maximized subject to limited
information about the future evolution of the asset prices [15, 17, 74, 111, 143, 149].

In the same line, many problems arising in system identification are solved under
limited information. In system identification, one source of uncertainty can be
understood as the lack of knowledge about the true dynamics of the process to be
modeled. The uncertainty associated with the process dynamics is of importance
in applications where the optimal decision depends on the true model description.
This is the case in input design, where the optimal input sequence depends on
true process dynamics [122]. Approaches to solve this issue have been presented in
the literature, which can be classified into two classes: (i) sequential or adaptive
procedures, where a new design is obtained based on the current estimates of the
process dynamics [79, 80, 118, 151]; and (ii) robust procedures, where the design is
obtained by including the uncertainty in the optimization problem [102, 153, 167].

145
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In this chapter, we are interested in addressing the uncertainty in input design by
using the robust approach.

The robust approach to uncertainty in system identification has been analyzed in
the literature, and several techniques have been proposed [114, 128, 164]. The main
idea behind these results is the inclusion of a mapping from the space of functions
with uncertainty to a scalar value. The scalar value takes into account the uncertainty
associated with the process dynamics. Some examples of the mappings employed
are the expected value and the supremum over the set of possible descriptions of
the process dynamics. However, there is no analysis of how well the mappings
address the issue of uncertainty in system identification. By how well we mean if
the mapping is either a weak or a conservative measure of the uncertainty in the
optimization problem.

The problem of properly measuring the uncertainty has been addressed in the
theory of risk measures. In the theory of risk, the objective is to maximize the return
of portfolios of assets which are subject to uncertainty. The uncertainty in this
context is understood as the risk associated with the returns of financial portfolios
of assets [46]. To properly measure the risk associated with portfolios, the notion of
coherent measure of risk has been introduced [10]. Some of the requirements for a
functional to be a coherent measure of risk are convexity and monotonicity, which
imply that the resulting optimization problem is convex if the original problem
with uncertainty is convex. In addition, a coherent measure of risk encourages
diversification, i.e., it is always better to invest in several assets rather than in
a single one, which is a property usually required by investors to reduce the risk
associated with the portfolios.

Contribution

In this chapter we explore the connection between uncertainty in the theory of
risk and uncertainty in system identification. In particular, we discuss how the
notion of a coherent measure of risk can be employed to properly measure the risk
of taking a decision under uncertainty in system identification. In addition, we
introduce a coherent measure of risk that can be useful in system identification: the
conditional value at risk (CVaR) [162]. The usefulness of coherent risk measures
will be illustrated by its application to input design. However, we emphasize that
the applicability of this approach is not only limited to this topic, it can also help
to address the uncertainty issue in other areas (e.g., a risk theoretical approach has
already been used in Markov control processes and model predictive control (MPC),
see [42, 43, 175]).

We note that the contribution of this chapter (as well as the contribution of
Chapter 9) lies in a Bayesian setting, as it requires information about the uncertainty
in terms of a prior distribution.
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Structure of the chapter
This chapter is organized as follows. Section 8.2 presents the problem of uncertainty
in system identification. We analyze the problem of uncertainty from a risk theoret-
ical perspective in Section 8.3. In Section 8.4, we explore the use of the conditional
value at risk to measure uncertainty in system identification. A numerical illustration
of the discussion is presented in Section 8.5. Finally, Section 8.6 presents some
concluding remarks for this chapter.

8.2 The role of uncertainty in system identification

To illustrate the discussion, we consider a nonlinear state-space model with states
xt ∈ Rnx , inputs ut ∈ Rnu , and measurements yt ∈ Rny given by

xt|xt−1 ∼ fθ(xt|xt−1, ut−1), (8.1a)
yt|xt ∼ gθ(yt|xt, ut), (8.1b)
x0 ∼ µθ(x0), (8.1c)

where fθ(·), gθ(·), and µθ(·) denote known pdfs parameterized by θ ∈ Θ ⊂ Rnθ . We
assume that there exists a θ0 ∈ Θ such that (8.1) describes the true system when
θ = θ0, i.e., there is no undermodelling.

The main objective in system identification is to estimate the model parameters
θ from the collected input-output data ZT = {(yt, ut)}Tt=1 [122]. Since the estimated
model parameter relies on the input-output data, it is typically required that the
data must provide as much information from the process as possible, which implies
that the model parameters can be estimated with maximum accuracy for a given
experiment length T (cf. Section 1.3 on page 12). However, as we discuss below, the
design of the input to maximize the information content about the process in the
data usually depends on the true model parameters θ0, which are uncertain prior to
performing an experiment.

Input design
A standard approach to maximize the accuracy of the estimated model (8.1) is by
optimizing a scalar function of the Fisher information matrix ITF [87, 122]. The
Fisher information matrix is defined as

ITF (u1:T , θ0) = E
{
ST (u1:T , θ0)S>T (u1:T , θ0)

∣∣u1:T
}
, (8.2a)

ST (u1:T , θ0) = ∇θ log pθ(y1:T |u1:T )|θ=θ0
. (8.2b)

where pθ(y1:T |u1:T ) is the likelihood function. We note that the expected value
in (8.2a) is over the stochastic processes in (8.1).

The input design problem is to find an input sequence u1:N , ut ∈ C ⊂ R which
optimizes a scalar function of (8.2a), where C denotes the alphabet for ut [186, 187].
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The scalar function is given by h : Rnθ×nθ ×Θ → R. To properly quantify ITF , we
require h to be a matrix convex function in its first argument.

The problem described can be summarized as

Problem 8.1 Design an optimal input signal uopt
1:T , where

uopt
1:T = arg min

u1:T∈CT
h(ITF (u1:T , θ0), θ0) , (8.3)

with h : Rnθ×nθ × Θ → R a matrix convex function in its first argument, and
ITF (u1:T , θ0) ∈ Rnθ×nθ defined as in (8.2).

As we can see from (8.2), the main difficulty to solve Problem 8.1 is that the input
design relies on the knowledge of the parameter θ0 describing the true system, which
will be estimated using the excitation to be designed as the solution of Problem 8.1.
To solve this problem, a robust input design scheme has been proposed, where the
input sequence is designed by incorporating the uncertainty on the model parameters
into the optimization problem. However, so far, this scheme has only considered
ad-hoc functions (e.g. the expected value of h(ITF (u1:T , θ0), θ0) over Θ, or the
supremum of h(ITF (u1:T , θ0), θ0) over Θ), and they are usually considered without
analyzing its consequences over the optimal decision. Therefore, there is a need
for characterizing the set of functions that can be employed to measure the risk of
designing inputs under uncertainty for system identification.

Application oriented input design
Another alternative to guarantee a prescribed accuracy in the model parameters is
by imposing a quality constraint over the estimated parameters, while we minimize
the experimental effort. This is the approach in least-costly and application oriented
input design [18, 97, 113, 116].

To measure the quality of the estimated model parameters, we consider a
function J : CT ×Rnθ ×Rnθ → R, which assesses the performance degradation when
a particular parameter is employed in the model application, and is compared to
the performance achieved by the true description. The purpose of this cost function
is to incorporate the intended model application into the input design problem. On
the other hand, the designed input sequence must minimize the experimental effort
required to fulfill a specified quality constraint on the estimated model parameters.
To this end, we introduce a function H : CT → R, which quantifies the required
effort for a particular experiment u1:T . We will assume that H is convex.

The application oriented input design problem can be summarized as

Problem 8.2 Design an optimal input signal uopt
1:T , where

uopt
1:T = arg min

u1:T∈CT
H(u1:T )

subject to J(u1:T , θ, θ0) ≤ 0 ,
(8.4)

with H : CT → R a convex function, and J : CT × Rnθ × Rnθ → R.
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As with Problem 8.1, Problem 8.2 has the difficulty that the optimal solution
depends on the true model parameters θ0. Therefore, an exact solution to Problem 8.2
cannot be achieved in practical applications, and a method to include the uncertainty
in the optimization problem is required.

8.3 A risk theoretical approach to uncertainty

Measuring uncertainty is one of the challenges to be addressed in system identification.
There are different approaches to uncertainty in the literature. However, there is
a need on properly characterizing functions that measure the risk associated with
taking a decision with limited information in system identification.

In this section we analyze the problem of uncertainty from a risk theoretical
perspective. Quoting [161] “risk is associated with having to make a decision without
fully knowing its consequences”. The objective in risk theory is to determine the
decision minimizing a cost under risk. The definition of cost can be very general,
and is not tied to a particular application [161].

Remark 8.1 We note that the notion of risk is also used in statistical decision
theory [14], but its definition differs from the notion of risk considered here. Indeed,
in [14, Section 1.3] the term Bayes risk is employed to refer to the expected value of
a risk function associated with a decision rule.

From a risk theoretical point of view, the cost c : S×Ω → R associates with each
action s ∈ S (determined by the user) the value c(s, ω) ∈ R, where ω ∈ Ω is a
realization from the uncertainty associated with the cost. The set Ω is assumed to
be a probability space with probability measure P, where P must reflect the lack of
knowledge or prior information regarding ω. Since c establishes a map from Ω to R
for every s ∈ S, we can interpret the cost as a random variable.

Example 8.1 Consider Problem 8.1. The function h can be seen as the cost c,
where S = C, and Ω = Θ. Here, we assume that Θ is a probability space with
probability measure PΘ.

Example 8.2 Consider Problem 8.2. The function J can be also interpreted as the
cost c, where S = C, and Ω = Θ×Θ. Here, it is assumed that Θ×Θ is a probability
space with probability measure PΘ×Θ.

To continue, we let X denote a scalar random variable on Ω for which its mean and
standard deviation

µ{X} := E{X} , (8.5a)
σ{X} := E{(X − µ(X ))2}1/2 , (8.5b)

are well defined. The expected values in (8.5) are with respect to the probability
measure P. We will denote by L2 the set of functions X such that (8.5) are finite.
Here, we will assume that the function c(s, ·) is in L2 for every s ∈ S.
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Example 8.3 Consider Problem 8.1. The function h is in L2 provided that
µ{h(ITF (u1:T , θ0), θ0)} and σ{h(ITF (u1:T , θ0), θ0)} are finite for every u1:T ∈ CT .
In this case, the expected values in (8.5) are with respect to the probability measure
PΘ.

The task is to measure the risk of loss associated with X . To this end, for every
X ∈ L2 we associate a value R(X ), where R : L2 → (−∞, ∞] is a functional. Note
that R is allowed to take the value ∞.

A question that arises at this point is which properties R must satisfy to properly
measure the risk associated with X . This issue has been addressed in the literature of
theory of risk, where the notion of coherent measure of risk has been developed [10].
Its definition is presented below [161]:

Definition 8.1 A functional R : L2 → (−∞, ∞] is a coherent measure of risk in
the extended sense if

(i) R(C) = C for all constant functions C,

(ii) for X1, X2 ∈ L2 and λ ∈ (0, 1),

R((1− λ)X1 + λX2) ≤ (1− λ)R(X1) + λR(X2) ,

(iii) R(X1) ≤ R(X2) when X1 ≤ X2,

(iv) R(X ) ≤ 0 when E{(X k −X )2}1/2 → 0 with R(X k) ≤ 0 for all k.

The functional R will be called a coherent measure of risk in the basic sense if it
also satisfies

(v) R(λX ) = λR(X ) for λ > 0.

Definition 8.1 characterizes the desired properties of measures of risk. Property
(i) is motivated by the need that, if a random variable has a constant outcome C,
the result of measuring its risk must be C. Property (ii) requires that R must be
a convex functional, which follows from the fact that the risk associated with the
convex combination of any two random variables must be always less or equal than
the convex combination of the risk associated with each random variable separately.
Property (iii) requires that R must associate a higher risk to those random variables
having a higher cost. Property (iv) requires the closedness of R. Finally, (v) requires
R to be positive homogeneous.

If R is a coherent measure of risk in the basic sense, then by combining (ii) and
(v) we obtain the subadditivity property: for all X1, X2 ∈ L2,

R(X1 + X2) ≤ R(X1) +R(X2) . (8.6)

Equation (8.6) is an important result: it says that the risk obtained by combining
two random variables is less than the sum of the risk associated to each random
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variable separately, which leads to diversification. This result is in line with the
intuition, as we expect that combining several possibilities leads to a lower risk than
considering a single option.

From the perspective of Definition 8.1, we can analyze the approaches employed
in system identification to measure uncertainty. It is easy to show that supX and
E{X} are coherent measures of risk in the basic sense, but the α-quantile of the
distribution of X (α ∈ (0, 1)), defined as

qα(X ) := min {z ∈ R : P{X (ω) ≤ z} ≥ α} , (8.7)

is not a coherent measure of risk (property (iii) in Definition 8.1 is not satisfied).
Notice that chance constrained optimization [142, 166] corresponds to constraining
qα. Hence, chance constrained optimization problems are incoherent.

Even though supX and E{X} are coherent measures of risk in the basic sense,
they have disadvantages. In the case of supX , it can be infinity when X does not
have a bounded support [152, Chapter 8]. On the other hand, E{X} is a weak
measure of risk, since it only imposes a requirement on average, and it can lead to
realizations of X with poor results. In recent years, a new coherent measure of risk
in the basic sense has been proposed: the conditional value at risk. Its definition is
given in the next subsection.

Conditional value at risk
The notion of conditional value at risk has been proposed in [9]. Its definition is as
follows. Given α ∈ (0, 1), the α-conditional value at risk is

CVaRα(X ) := 1
1− α

∫
{ω∈Ω : X (ω)≥qα(X )}

X (ω)dP (ω) . (8.8)

Note that the set of integration in (8.8) is defined in terms of (8.7). Expression (8.7)
is referred to in the literature of theory of risk as value at risk, and it has been widely
employed in this area [64, 65, 74]. The value at risk (8.7) is understood as the value
x ∈ R such that X (ω) ≤ x is satisfied with probability α, i.e., it is the α-quantile
associated to the distribution of X . Even though (8.7) has been extensively used in
theory of risk, it has been proved in [9] that value at risk is not a coherent measure
of risk, which implies that it is not suitable for optimizing decisions under risk since
it can lead to decisions that do not account appropriately for the distribution of the
uncertainty.

The definition of conditional value at risk in (8.8) is the expected value of
X with respect to the conditional distribution of its upper qα-tail. Therefore,
the minimization of (8.8) does not only guarantee that X opt(ω) ≤ qα(X opt) with
probability α, but it also guarantees that, with probability 1− α, the mean value
of the loss will be small. In addition, it has been shown that (8.8) is a convex and
monotone function of X [145], which is a property of coherent measures of risk in
the basic sense.
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Remark 8.2 Note that the conditional value at risk (8.8) differs from the notion
of mean excess function employed in the literature of risk. Indeed, Equation (8.8) is
computed based on the α-quantile of X , while the mean excess function computes the
expected value of X (ω)− d conditioned on X (ω) ≥ d, where d ∈ R is given. Hence,
the mean excess function is a less useful measure of risk than (8.8) in this context
as the α-quantile of the distribution is not considered in the optimization.

From Equation (8.8) we see that the optimization of the conditional value at
risk requires the user defined parameter α. This parameter is chosen according to
the confidence level desired by the user (typically α = 0.98 in finance applications).

On the other hand, the optimization of (8.8) requires to solve (8.7), which can
be difficult to compute. However, [162, Theorem 1] shows that it is possible to
circumvent this issue:

Lemma 8.1 (Computation of CVaRα) Let P be the probability measure defined
over Ω. If

Ψ(s, C) :=
∫
{ω∈Ω : X (s,ω)≤C}

dP(ω) , (8.9)

is everywhere continuous with respect to C ∈ R, then

(i) The function

Fα(s, C) := C + 1
1− αE {max (0, X (s, ω)− C)} , (8.10)

is a convex and continuously differentiable function of C ∈ R.

(ii) The α-CVaR of X can be computed by

CVaRα(X (s, ω)) = min
C∈R

[
C + 1

1− αE {max (0, X (s, ω)− C)}
]
. (8.11)

(iii) The set

Aα(s) = arg min
C∈R

[
C + 1

1− αE {max (0, X (s, ω)− C)}
]
, (8.12)

is a nonempty, closed and bounded interval (perhaps reducing to a single point),
and the α-value at risk of X is given by

qα(s) = min
z∈Aα(s)

z . (8.13)

Proof We refer to the appendix in [162] for the proof of this Lemma. �
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Lemma 8.1 shows that the computation of CVaRα is reduced to a convex
optimization problem, where the cost function is continuously differentiable with
respect to the auxiliary variable C ∈ R. This implies that the function (8.10) can
be easily minimized as a function of C ∈ R by standard numerical solvers. In
addition, the minimum of the solution set (8.12) corresponds to the α-value at risk,
which implies that the α-quantile can be obtained without solving the nonconvex
optimization (8.7). Finally, if it is assumed that samples {ωi}Nsim

i=1 can be drawn
from the distribution P, then the expected value in (8.11) can be approximated
based on that

E {max (0, X − C)} = lim
Nsim→∞

1
Nsim

Nsim∑
i=1

max (0, X (ωi)− C) (8.14)

holds with probability 1. Therefore, Equation (8.14) can be put in (8.11) to obtain
an approximate value for the conditional value at risk, when the expected value
in (8.11) is difficult to compute explicitly.

8.4 Measuring risk in system identification

In this section we illustrate how the conditional value at risk can be used to measure
the risk associated with taking decision under uncertainty in system identification.
To this end, we notice that the conditional value at risk is a convex and monotone
function. Therefore, the composition of a convex function with the conditional value
at risk results in a convex function [163, pp. 32]. As a consequence, the conditional
value at risk can be used to obtain robust optimization problems that are convex,
provided that the original problem is convex in the decision variables.

Robust input design
One fundamental assumption to solve the input design problem is that the true
values of the model parameters should be available. One alternative to relax this
assumption is to remove the dependence of the design with respect to the model
parameters, which is the focus of robust input design. However, as discussed in
Section 8.3, the common choices to measure uncertainty are either very conservative
or weak.

Here we propose the use of conditional value at risk to obtain a robust input
design problem. To this end, we assume that a probability density function of the
model parameters is available to the user, denoted by pΘ. Note that the assumption
is close to the requirement in Bayesian techniques in the sense that prior information
on the model parameters is taken into account in the optimization problem (cf.
Chapter 7). However, the notion of posterior distributions plays no role here, as the
prior distribution is only employed to compute the risk measure.

Following the discussion in Section 8.3, we can interpret h as a cost in L2 with
respect to the probability measure given by pΘ. Thus, we can use the conditional
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value at risk to obtain a robust formulation of the input design problem as

uopt
1:T = arg min

u1:T∈CT
CVaRα(h(ITF (u1:T , θ0), θ0)) , (8.15)

where α ∈ (0, 1) is a given parameter. The intuition behind minimizing (8.15)
is as follows: the mean value of h(ITF (uopt

1:T , θ0), θ0) associated with its 1 − α tail
distribution will be equal to CVaRα(h(ITF (uopt

1:T , θ0), θ0)).
The optimization problem (8.15) is solved by employing (8.11), where C ∈ R is

an additional decision variable. The resulting optimization is

uopt
1:T = arg min

u1:T∈CT
C∈R

C + 1
1− αE{max(0, h(ITF (u1:T , θ0), θ0)− C)} , (8.16)

where the expected value in (8.16) is with respect to pΘ. If the original problem
(8.3) is convex in the decision variables, then the optimization problem (8.16) is also
convex.

Robust application oriented input design
The application oriented input design problem also suffers from the uncertainty in
the true model parameters. To solve this issue, we use the theory of risk approach to
obtain a robust version of Problem 8.2. Under the assumption that the uncertainty
in the true model parameters is modeled by a probability density function pΘ×Θ,
the robust application oriented input design problem can be written as

uopt
1:T = arg min

u1:T∈CT
H(u1:T )

subject to CVaRα(J(u1:T , θ, θ0)) ≤ 0 ,
(8.17)

where α ∈ (0, 1). Note that the constraint in (8.17) follows from the monotonicity
of the conditional value at risk, and that CVaRα(0) = 0. The meaning of the
constraint in (8.17) is as follows: the mean value of the performance degradation
associated with the 1− α tail distribution of J must be less or equal than 0.

Using (8.11), (8.17) can be formulated as

uopt
1:T = arg min

u1:T∈CT
C∈R

H(u1:T )

subject to C + 1
1− αE{max(0, J(u1:T , θ, θ0)− C)} ≤ 0 ,

(8.18)

where the expected value in (8.18) is with respect to pΘ×Θ. Finally, the resulting
optimization problem will be convex if the original problem is convex.

Remark 8.3 In Chapter 9, the issue of accounting for the uncertainty in application
oriented input design is revisited, where we provide further details on how risk
coherent measures can be used to formulate a robust problem. In particular, in
Chapter 9 we discuss how to implement the risk coherent problem (8.18) in a tractable
manner.
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8.5 Numerical example

Consider the discrete-time, LTI model

yt = q−1

1− 2r cos(θ)q−1 + r2q−2ut + et , (8.19)

where θ ∈ [0, π], and {et} is Gaussian white noise of zero mean and unit variance.
We assume that r = 0.95 is known.

In this example, we are interested in identifying the location of the reso-
nance frequency θ. To this end, we design an input sequence u1:T minimizing
h(ITF (u1:T , θ0), θ0) = − log det(ITF (u1:T , θ0)). We assume that u1:T is a realization
of a stationary process with zero mean, and power spectrum given by

Φu(ω) =
20∑

τ=−20
c|τ |e

jωτ , (8.20)

where c0:20 ∈ R21 are the design variables. Due to power constraints on the input,
the optimal input design must satisfy E{u2

t} ≤ 5.
To address the uncertainty issue of the parameter θ, we assume that θ is uniformly

distributed over [0, π].
Finally, the optimization problem is given by1

min
Φu

R(h(ITF (u1:T , θ0)))

subject to Φu(ω) =
20∑

τ=−20
c|τ |e

jωτ

Φu(ω) ≥ 0, for all ω ∈ [−π, π] ,
E{u2

t} ≤ 5 ,

(8.21)

where R is a measure of risk over the uncertainty in θ. We consider four cases for
R:

• Case i: R(h(ITF (u1:T , θ0), θ0)) = h(ITF (u1:T , θ0), θ0), ITF computed at the
nominal value θ0 = π/2.

• Case ii: R(h(ITF (u1:T , θ0), θ0)) = E{h(ITF (u1:T , θ0), θ0)}.

• Case iii: R(h(ITF (u1:T , θ0), θ0)) = qα(h(ITF (u1:T , θ0), θ0)) (value at risk), with
α = 0.98.

• Case iv: R(h(ITF (u1:T , θ0), θ0)) = CVaRα(h(ITF (u1:T , θ0), θ0)), with α = 0.98.
1We refer to Appendix E for the details on the implementation of nonnegative constraint on

Φu and the computation of the Fisher information matrix.
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Figure 8.1: h(ITF (u1:T , θ0), θ0) for θ0 ∈ [0, π].

For Cases ii-iv we solve an approximation of (8.21), by replacing E{h(ITF (u1:T , θ0), θ0)},
the expected value in (8.11), and the probability in (8.7) by their Monte-Carlo
approximations, with Nsim = 200 realizations for the model parameter θ. The
optimization problem (8.21) for Cases i, ii, and iv is solved using the cvx toolbox
available for Matlab [89], and Case iii is solved using the command fmincon in
Matlab (since the problem is nonconvex).

Figure 8.1 shows h(ITF (u1:T , θ0), θ0) computed for different values of θ0 ∈ [0, π],
when the input is given by the solution of Cases i-iv, and the achievable cost for the
optimal design assuming that the nominal value θ0 coincides with the true parameter,
for θ0 ∈ [0, π]. From this figure we can see that the optimal input for Case i results
in informative experiments as long as θ0 is close to the nominal value π/2, but it
can be poor if θ0 is not close to π/2. The behavior of h(ITF (u1:T , θ0), θ0) is due to
that the location of the resonance θ coincides with local minima and maxima of the
optimal power spectrum Φu(ω) for Case i. Case ii helps to obtain a more robust
design, but results in poor experiments for θ close to the nominal value θ0. Case iii
reduces the value of h(ITF (u1:T , θ0), θ0) even further for the poor experiments when
compared to Case ii. Finally, Case iv improves the results obtained with Case iii for
θ resulting in poor values of h(ITF (u1:T , θ0), θ0). Moreover, Case iv guarantees the
convergence to the optimal solution due to the convexity of the problem, which is
not guaranteed by solving Case iii. The design in Case iv results in a more constant
behavior for h(ITF (u1:T , θ0), θ0) over θ0 ∈ [0, π], except for the values of θ0 close to
0 and π, where the experiment is more informative. As usual, the robustification in
Case iv is obtained by sacrificing the information obtained for values of θ leading to
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good experiments with the more non-robust approaches.
In conclusion, the example illustrates that the conditional value at risk can be

useful to design robust experiments for identification of dynamical systems.

8.6 Conclusion

Motivated by the difficulty of properly accounting for the uncertainty in system
identification problems, this chapter explores the use of a risk theoretical perspective
to measure the risk of taking decisions under uncertainty. The notion of coherent
measure of risk has been introduced, and it has been shown how this notion can
be used to obtain a better understanding of the role of risk measures in system
identification. To illustrate the usefulness of coherent measures of risk, the definition
of conditional value at risk has been presented, and applications of this function to
input design have been shown.





Chapter 9

Risk coherent application oriented
input design

In Chapter 8 we have seen that the notion of coherent measures of risk can provide
an approach to properly account for the uncertainty in system identification. This
chapter extends the discussion in that direction, where we present a methodology
to use coherent measures of risk in application oriented input design.

9.1 Introduction

As already mentioned in Chapter 8, uncertainty is a frequent issue in engineering and
science. Since uncertainty corresponds to a lack of knowledge about a phenomenon,
it can be interpreted in different manners depending on the subject of interest. As
exemplified in Chapter 8, fields where the uncertainty plays a crucial role are robust
control and portfolio optimization [74, 143, 215].

In system identification, one of the sources of uncertainty is the lack of knowledge
about the location of the parameter defining the true system. Under suitable
assumptions on the model and the parameter set, it is possible to characterize
such uncertainty by the use of the Central limit theorem [122]. This information
can be then used to provide confidence bounds on the location of the estimated
parameter in the parameter set, which has been the main approach used in system
identification to account for uncertainty [18, 96].

A topic in system identification where the uncertainty plays an important role
is input design. The main issue in input design is that it usually relies on prior
information about the model parameters. This difficulty is often addressed by (i)
adaptive schemes, where collected information is employed to update the input
sequence [80, 151], or (ii) robust schemes, where the uncertainty on the model
parameters is included in the problem formulation [114, 167].

In regards to robust approaches to input design, we can quantify the uncertainty
in different manners. For example, we can simply consider a nominal parameter

159
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to design the experiment [186], use chance constraints to guarantee a prescribed
accuracy on the estimated parameter [166], or a worst case scenario, where the
input is designed by considering the parameter in the set delivering the worst perfor-
mance [164]. Even though many approaches have been considered to account for the
uncertainty on the model parameter, there is a need for properly characterizing the
functions that measure the risk associated with taking decisions under uncertainty.

On the other hand, the issue of properly accounting for the uncertainty in
optimization problems has been well studied in the risk theory literature [9, 17]. The
focus on risk theory is on minimizing the losses due to uncertainty in the returns
of a portfolio of assets. To this end, the notion of coherent measures of risk has
been introduced [10, 161], namely, to provide a systematic approach to consider the
uncertainty in the returns of the assets.

Contribution

In this chapter we discuss how the notion of coherent measures of risk can be used to
properly account for the uncertainty in application oriented input design (AOID). A
first discussion in this direction was presented in Chapter 8. However, the discussion
in Chapter 8 only mentions the use of coherent measures of risk in application
oriented input design, and does not provide a guideline on how to incorporate them
in existing frameworks. Here we discuss how risk coherent measures can be properly
included in the problem of application oriented input design. We also show that
there exist difficulties in implementing such formulation, as the decision variables
influence the distribution over which the risk coherent measure is computed. To
circumvent this difficulty, we propose a stochastic approximation method to find a
sub-optimal input satisfying the constraints. A convergence proof of the proposed
method is presented.

Structure of the chapter

The structure of this chapter is as follows. Section 9.2 introduces the problem
of uncertainty in AOID. Section 9.3 presents the risk theoretical approach in the
context of AOID. Section 9.4 considers the use of risk coherent measures to account
for the uncertainty in AOID, and formulates a stochastic approximation algorithm
to obtain a sub-optimal solution to the proposed problem. A numerical illustration
is presented in Section 9.5. Finally, Section 9.6 presents concluding remarks.

9.2 The role of uncertainty in application oriented input
design

Consider the discrete time, linear time invariant, multiple input-multiple output
(MIMO) system

yt = Go(q)ut +Ho(q)et , (9.1)
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where ut ∈ Rnu is the input, yt ∈ Rny is the measured output and {et} (et ∈ Rny )
is Gaussian white noise of zero mean and covariance matrix Σe � 0. The transfer
functions Go and Ho are real rational functions in the time shift operator q. In the
following, we assume that Go, Ho and H−1

o are stable, and that

lim
q→∞

Ho(q) = I . (9.2)

System identification
The objective in system identification is to estimate a model for the system (9.1)
based on the input-output data ZT := {(yt, ut)}Tt=1 and the model

yt = Gθ(q)ut +Hθ(q)et , (9.3)

where the pair (Gθ, Hθ) is a real rational transfer function in q parameterized by
θ ∈ Θ ⊆ Rnθ . We assume that the pair (Gθ, Hθ) satisfies the same assumptions as
(Go, Ho). In addition, we assume that there exists θ0 ∈ Θ such that if θ = θ0 the
model (9.3) coincides with the system (9.1), i.e., there is no undermodelling.

One of the most applied techniques to estimate θ̂T ∈ Θ based on ZT is the
prediction error method (PEM)

θ̂T := arg min
θ∈Θ

1
2

T∑
t=1

ε>t (θ)Σ−1
e εt(θ) , (9.4)

where εt corresponds to the one step ahead prediction error,

εt(θ) := yt − ŷt|t−1(θ) , (9.5)

and ŷt|t−1(θ) is the one step ahead predictor of (9.3),

ŷt|t−1(θ) := H−1
θ (q)Gθ(q)ut + (I −H−1

θ (q))yt . (9.6)

Under some regularity conditions on the system (9.1), it can be shown that the
estimator (9.4) is consistent [122]. Moreover, under the Gaussian assumption on
{et}, it can be also shown that the estimator (9.4) is asymptotically efficient (cf.
Definition 1.1 on page 11). This means that the covariance matrix of θ̂T attains the
Cramér-Rao bound:

lim
T→∞

E
{
T
(
θ̂T − θ0

)(
θ̂T − θ0

)>}
= I−1

F (θ0) , (9.7)

where

IF (θ0) := lim
T→∞

1
T

T∑
t=1

E
{
∇θŷt|t−1(θ)

∣∣
θ=θ0

Σ−1
e ∇>θ ŷt|t−1(θ)

∣∣
θ=θ0

}
. (9.8)



162 CHAPTER 9. RISK COHERENT AOID

The expected value in (9.8) is with respect to the stochastic process {et}. Expres-
sion (9.8) assumes that {ut} is a quasi-stationary process [122]. The covariance
matrix (9.8) is usually referred to as the Fisher information matrix (FIM).

A key result for θ̂T is the central limit theorem, which states that
√
T
(
θ̂T − θ0

)
d−→ N (0, I−1

F (θ0)) . (9.9)

The result (9.9) is useful to derive confidence sets for the estimated parameter θ̂T .
Indeed, from (9.9) we can conclude that(

θ̂T − θ0

)>
T IF (θ0)

(
θ̂T − θ0

)
(9.10)

is asymptotically Chi-squared distributed with nθ degrees of freedom. Therefore,
the set

Θid(α) :=
{
θ ∈ Θ : (θ − θ0)> T IF (θ0) (θ − θ0) ≤ χ2

α(nθ)
}

(9.11)

represents a subset of Θ where θ̂T lies with probability at least α (α ∈ (0, 1)).
In (9.11), χ2

α(nθ) represents the α quantile of a Chi-squared distributed random
variable with nθ degrees of freedom. In the following, the set (9.11) will be referred
to as the identification set.

From (9.11), we note that the identification set depends on the location of
the parameter θ0 describing the system (9.1), which is typically unknown before
performing an experiment. Therefore, any method using the identification set (9.11)
also requires to take the uncertainty on the location of θ0 into account.

The application set
From the user perspective, the estimated parameter θ̂T must ensure that a cer-
tain performance is achieved when the model (9.3) with θ = θ̂T is employed in
the application. To quantify the performance achieved by θ̂T , we introduce the
application cost Vapp : Θ×Θ → R+

0 measuring the degradation in performance when
a parameter θ 6= θ0 is employed in the application. In the following, we assume that
the application cost is such that Vapp(θ, θ0) > 0 if θ 6= θ0, and Vapp(θ, θ0) = 0 if and
only if θ = θ0.

Based on the application cost, and for a given γ0 > 0, the set

Θapp(γ0) :=
{
θ ∈ Θ : Vapp(θ, θ0) ≤ 1

γ0

}
(9.12)

defines the parameters in Θ with acceptable performance degradation in the appli-
cation, specified by the parameter γ0. In the following, we refer to the set (9.12) as
the application set.

As with the identification set, the application set (9.12) is defined by employ-
ing the parameter θ0 describing the system (9.1). Hence, any method using the
application set (9.12) must take the uncertainty on θ0 into account.
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At this point we need to emphasize that the uncertainty associated with θ0 is
different from the one on θ̂T . In the case of θ0, the uncertainty is described through
the information (or belief) about the location of θ0 in Θ prior to performing the
experiment. On the other hand, the uncertainty on θ̂T obeys the central limit
theorem (9.9) for a particular choice of θ0.

Application oriented input design

The objective in application oriented input design is to design the input signal u1:T
to be applied to system (9.1), such that the estimated parameter θ̂T satisfies the
performance requirements in the application and minimizes an experimental cost
H : Rnu×T → R [8, 63, 112]. The satisfaction of performance requirements is usually
achieved by requiring the identification set (9.11) to be a subset of the application
set (9.12). Hence, the application oriented input design problem can be formulated
as follows:

Problem 9.1 Design uopt
1:T as

uopt
1:T = arg min

u1:T∈Rnu×T
H(u1:T )

subject to Θid(α) ⊆ Θapp(γ0) .
(9.13)

The experimental cost H in Problem 9.1 refers to a user defined cost. For example,
we can minimize the experimental length T or the input power E{u2

t} (if we assume
that {ut} is a zero mean wide sense stationary process). In the following, we require
H to be a convex function over the variables parameterizing u1:T .

Problem 9.1 is usually nonconvex due to the set constraint, and difficult to solve
as the set constraint usually translates into an infinite number of inequalities. Instead,
Problem 9.1 is usually relaxed to a convex formulation by introducing a convex
function J : Rnu×T ×Θ ×Θ → R approximating the constraint Θid(α) ⊆ Θapp(γ0).
Some examples of convex relaxations of Problem 9.1 are the ellipsoidal approximation
and the scenario approach [112, 196].

Based on the convex relaxations, the convex formulation of Problem 9.1 can be
stated as

Problem 9.2 Design uopt
1:T as

uopt
1:T = arg min

u1:T∈Rnu×T
H(u1:T )

subject to J(u1:T , θ̂T , θ0) ≤ 1
γ0
,

(9.14)

where H : Rnu×T → R is the experimental cost and J : Rnu×T × Θ × Θ → R is a
quality constraint on the parameter estimate θ̂T .
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In Problem 9.2 we assume (without loss of generality) a constraint on J in terms of
the parameter γ0 defining the application set (9.12), as J can account for different
approaches to handle the set constraint in Problem 9.1.

Example 9.1 If the application cost Vapp is two times differentiable function on Θ
with respect to its first argument, satisfying ∇2

θVapp(θ0, θ0) � 0, then an ellipsoidal
approximation of the set constraint in Problem 9.1 can be written as (cf. Appendix G)

IF (θ0) � χ2
α(nθ)
T

γ0

2 ∇
2
θVapp(θ0, θ0) , (9.15)

where χ2
α(nθ) denotes the α-quantile of a Chi-squared distribution with nθ degrees

of freedom, and α ∈ (0, 1). The linear matrix inequality (9.15) can be rewritten in
the form of the constraint in Problem 9.2 as

λmax

(
χ2
α(nθ)
T

γ0

2 ∇
2Vapp(θ0, θ0)− IF (θ0) + 1

γ0
I

)
≤ 1
γ0
, (9.16)

where λmax(·) denotes the maximum eigenvalue of its argument.

From the constraints in Problems 9.1-9.2 we conclude that the optimization is
affected by uncertainty on the location of both the estimated parameter θ̂T , and the
parameter θ0 describing the system (9.1). This is a crucial element in application
oriented input design, as it can greatly affect the optimal solution uopt

1:T . In the next
section, we explain how the elements in theory of risk can provide a systematic
solution to the uncertainty problem.

9.3 Uncertainty and risk theory

As highlighted in the previous section, the main difficulty for solving Problem 9.2 is
the uncertainty on both the estimated parameter θ̂T and the nominal parameter
θ0. Efforts in relaxing the exact knowledge of θ0 have been made considering,
e.g., iterative input design and robust formulations [80, 167]. However, a proper
characterization of the risk associated with taking actions under uncertainty in
Problem 9.2 is missing.

Adopting the risk theoretical perspective of Chapter 8, we consider the function
c : S×Ω → R that associates every action s ∈ S with the cost c(s, ω), where ω ∈ Ω
corresponds to a realization of the uncertainty associated with the cost.

As in Chapter 8, we require Ω to be a probability space with probability measure
P. As the function c maps Ω into R for every s ∈ S, we can interpret c as a random
variable.

Example 9.2 Consider Problem 9.2. The function J can be seen as the cost c,
where S = Rnu×N , and Ω = Θ ×Θ. Here, it is assumed that Θ ×Θ is a probability
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space with probability measure P = PΘ̂×Θ0
. In this case, the probability measure

can be rewritten as
PΘ̂×Θ0

= PΘ̂|Θ0
PΘ0 , (9.17)

where PΘ̂|Θ0
corresponds to the conditional probability measure of θ̂T given θ0

(which is the probability measure associated with a normal distribution given by
N (θ0, T

−1I−1
F (θ0))), and PΘ0 corresponding to the probability measure associated

with θ0 prior to using uopt
1:T in the system (9.1). We note that IF (θ0) depends on

the input {ut}, as it is indicated in Appendix E.

Remark 9.1 The requirement of a probability measure associated with θ0 in Exam-
ple 9.2 can be interpreted as a Bayesian framework. The probability measure PΘ0

accounts for information about the true system prior to perform an identification
experiment. This information can be available through, e.g., historical data available
about the system to be identified.

To use the risk theoretical framework, we require that, for every s ∈ S, the
random variable c belongs to the class of random variables X : Ω → R satisfying that
µ{X} and σ{X} are well defined and finite, i.e., that X ∈ L2 (cf. Equation (8.5)
on page 149).

Example 9.3 Consider Problem 9.2. The function J is in L2 provided that
µ{J(u1:T , θ̂T , θ0)} and σ{J(u1:T , θ̂T , θ0)} are finite for every action u1:T ∈ Rnu×T .
In this case, the expected values in (8.5) are with respect to the probability measure
PΘ̂×Θ0

.

The task is to measure the risk of loss associated with X . To this end, for every
X ∈ L2 we associate a value R(X ), where R : L2 → (−∞, ∞] is a functional. We
note that R is allowed to take the value ∞.

As discussed in Chapter 8, it is of importance to determine the set of properties
that R must satisfy to properly account for the uncertainty. This led to the
notion of coherent measures or risk presented in Definition 8.1 on page 150. From
Definition 8.1, we see that the a risk coherent functional R is convex and preserves
inequalities, among other properties. The most important property of a risk coherent
measure is that it promotes diversification (cf. Equation (8.6) on page 150).

It is shown in Section 8.3 on page 149 that supX and E{X} are coherent
measures of risk in the basic sense, but that the α-quantile of the distribution of X
(α ∈ (0, 1)), defined as in Equation (8.7) is not.

The problem of using qα to account for the uncertainty is illustrated next.

Example 9.4 Consider the function J in Problem 9.2. To account for the uncer-
tainty in (θ̂T , θ0), we can consider the inequality

qα(J(u1:T , θ̂T , θ0)) ≤ 1
γ0
, (9.18)
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Figure 9.1: Possible values of pJ , Example 9.4.

for a fixed α ∈ (0, 1). The inequality (9.18) requires that the original inequality
constraint in Problem 9.2 is satisfied with probability at least α.

If Problem 9.2 is solved by replacing the inequality J(u1:T , θ̂T , θ0) ≤ 1/γ0 by
(9.18) we can obtain an undesired effect on the optimal solution. In the following,
we study more in detail the effect of using (9.18) in the optimization.

If we assume that J has probability density function pJ , then pJ can adopt the
values presented in Figure 9.1, where p(1)

J and p(2)
J correspond to the pdfs associated

with J(u(1)
1:T , ·, ·) and J(u(2)

1:T , ·, ·), respectively. Here, u(1)
1:T and u(2)

1:T correspond to
two different input realizations in Rnu×T . In this case, both pdfs lead to that the
constraint (9.18) is satisfied. However, it is clear from Figure 9.1 that p(1)

J gives a
better scenario than p(2)

J for values of J larger than γ−1
0 , since the probability of large

values for J is smaller for p(1)
J than for p(2)

J . This information is not captured by the
inequality (9.18), which is problematic if both u(1)

1:T and u(2)
1:T are optimal solutions

to the problem considered here.

As for qα, we can also find disadvantages of using supX and E{X} to account
for the uncertainty. Recalling the discussion in Section 8.3, we see that supX can
lead to very conservative results or even unfeasible problems, while E{X}, it is
a poor measure of risk as it considers only an average value, which can lead to
realizations of X with very poor performance.

An alternative to standard measures of risk is provided by the conditional value
at risk, defined in Equation (8.8). Recalling the discussion in Section 8.3, given
α ∈ (0, 1), the α-conditional value at risk corresponds to the expected value of X
with respect to the conditional distribution of its upper qα-tail. Therefore, if (8.8)
is used in a problem to constrain a function J subject to uncertainty, the constraint
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involving (8.8) will not only guarantee that J ≤ 1/γ0 with probability α, but it will
also guarantee that, if J > qα(J), the mean value of the loss will be at most 1/γ0.

Example 9.5 Consider Example 9.4. For the pdfs presented in Figure 9.1, we see
that the α-conditional value at risk associated with J is smaller for p(1)

J than for
p

(2)
J . Hence, the α-conditional value at risk captures more information about the
effects of the uncertainty on J than the α-quantile qα.

In the next section we discuss how risk coherent measures can be used in application
oriented input design.

9.4 Accounting for the uncertainty in application oriented
input design

As it has been mentioned, the application oriented input design problem in (9.2) has
two sources of uncertainty: uncertainty on the location of the estimated parameter
θ̂T , which is characterized asymptotically by (9.9), and uncertainty on the parameter
θ0 describing the true system, which is characterized by a prior distribution on Θ.

To account for the uncertainty in Problem 9.2, we replace the nominal constraint
by

RΘ̂,Θ0

(
J
(
u1:T , θ̂T , θ0

))
≤ 1
γ0
, (9.19)

where RΘ̂,Θ0
: L2 → R is a coherent measure of risk. The sub-indices Θ̂, Θ0 in the

risk measure in (9.19) indicate that the risk measure is computed with respect to
the joint distribution of (θ̂T , θ0).

Based on (9.19), the application oriented input design problem can be rewritten
as:

Problem 9.3 Design uopt
1:T as

uopt
1:T = arg min

u1:T∈Rnu×T
H(u1:T )

subject to RΘ̂,Θ0

(
J
(
u1:T , θ̂T , θ0

))
≤ 1
γ0
,

(9.20)

with RΘ̂,Θ0
: L2 → R a coherent measure of risk.

As the constraint in Problem 9.3 accounts for the uncertainty of both θ̂T and
θ0, the joint distribution of (θ̂T , θ0) is required. However, the distribution of θ̂T
depends on the input signal, which is the decision variable in Problem 9.3. Unless
assumptions on the dynamical model and the input characteristics are made, the
dependence of the distribution of θ̂T on the input signal makes Problem 9.3 difficult
to solve.
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To circumvent the issue with the joint distribution of (θ̂T , θ0), we propose an
iterative approach to satisfy the constraint in (9.20). The method iteratively updates
the parameter γ > 0 defining the application set Θapp(γ) by using a stochastic
approximation method. At every iteration, we proceed in three steps. First, we
solve an approximation of Problem 9.3 by only accounting for the uncertainty on
θ0. We denote by uγ1:T the solution of the resulting approximate problem. In a
second step, we compute RΘ̂,Θ0

(J) based on uγ1:T and the pdf of (θ̂T , θ0). Finally,
the third step updates the value of γ to use in the next iteration by employing a
stochastic approximation method. The objective of this procedure is to converge
to a value γ? such that risk coherent measure of J based on uγ

?

1:T satisfies the
inequality in Problem 9.3. We note that uγ

?

1:T is not necessarily the optimal solution
to Problem 9.3: uγ

?

1:T is only guaranteed to be a feasible choice for the optimization
in Problem 9.3.

A detailed description of the proposed method at iteration k is as follows:

1. Find uγk1:T by solving

uγk1:T = arg min
u1:T∈Rnu×T

H(u1:T )

subject to RΘ0

(
J
(
u1:T , θ̂T , θ0

))
≤ 1
γk
,

for all θ̂T ∈ Θapp(γk) ,

(9.21)

where RΘ0(·) is computed over the uncertainty associated with θ0.

2. Given uγk1:T , compute RΘ̂,Θ0

(
J
(
uγk1:T , θ̂T , θ0

))
.

3. For a predefined parameter β > 0, if the inequality∣∣∣∣RΘ̂,Θ0

(
J
(
uγk1:T , θ̂T , θ0

))
− 1
γ0

∣∣∣∣ ≤ β , (9.22)

holds, then the algorithm terminates. Otherwise, compute

γk+1 = xk+1 1xk+1∈ΓMδ
+ µ1xk+1∈(ΓMδ )c , (9.23)

where M > 0, δ ∈ (0,M) are given,

ΓMδ := {x ∈ R : δ < x < M} , (9.24)

1A :=
{

1, if A is true,
0, otherwise,

(9.25)

xk+1 := γk + γk ak

(
−1 + γ0R̂Θ̂,Θ0

(
J(uγk1:T , θ̂T , θ0)

))
, (9.26)

and where µ ∈ ΓMδ is a constant to be defined in the next subsection.
Set k = k + 1 and return to Step 1.
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In Step 1, the constraint in the optimization can be difficult to implement as the
set Θapp(γk) can be uncountable. To overcome this issue, we employ the scenario
approach [116]. By taking Ns samples from Θapp(γk) based on a user defined
probability measure Ps, we replace the constraint in (9.21) by

RΘ0

(
J
(
u1:T , θ̂T , θ0

))
≤ 1
γk
, for all θ̂T ∈ {θi}Ns

i=1 , (9.27)

where {θi}Ns
i=1 ∈ Θapp(γk) are the samples drawn according to Ps. We refer to

Appendix C for more details on the scenario approach.
Finally, the expression (9.27) is usually approximated by Monte Carlo methods.

We denote by R̂Θ0(J(u1:T , θ̂T , θ0)) the Monte Carlo approximation of (9.27) based
on the samples {θ0,i}

Nsim1
i=1 drawn from PΘ0 .

As for (9.27), the expression in Step 2 usually relies on Monte Carlo methods,
so we will denote by R̂Θ̂,Θ0

(J(u1:T , θ̂T , θ0)) the Monte Carlo approximation of
the expression in Step 2 based on the samples {θ0,i}

Nsim1
i=1 and {θ̂N,ji}

Nsim2
j=1 for

i ∈ {1, . . . , Nsim1}, taken from PΘ0 and PΘ̂|Θ0
(·|θ0,i), respectively.

Finally, the properties of the sequence {ak}k≥1 in Step 3 follows the conditions
for convergence of stochastic approximation methods, which are discussed in the
next section.

Convergence of the algorithm
A natural question arising at this point is whether the proposed algorithm converges
to the desired value. In other words, we want to see if γk → γ? as k →∞, where
γ? satisfies

Rθ̂N ,θ0

(
J
(
uγ

?

1:T , θ̂T , θ0

))
= 1
γ0
. (9.28)

As we can see from (9.28), the value γ? is such that uγ
?

1:T is a feasible solution to
the optimization problem (9.20), and it can then be used to guarantee a prescribed
accuracy on θ̂T independent of the value of θ0 ∈ Θ.

To continue, we require the following:

Condition 9.1 The parameters γ?, γ0 satisfy γ?, γ0 ∈ ΓMδ .

Condition 9.2 RΘ̂,Θ0

(
J(uγ1:T , θ̂T , θ0)

)
is a bounded and monotonically decreasing

function of γ ∈ ΓMδ .

Condition 9.3 J(uγ1:T , ·, ·) ∈ L2 for every γ ∈ ΓMδ .

Condition 9.1 is required to guarantee the boundedness of γ−1
0 and (γ?)−1. Further-

more, Condition 9.2 does not introduce severe conservatism as increasing γ usually im-
plies a more accurate estimate θ̂T , and thus a lower value forRΘ̂,Θ0

(
J(uγ1:T , θ̂T , θ0)

)
.



170 CHAPTER 9. RISK COHERENT AOID

Finally, Condition 9.3 guarantees that the variance of the Monte Carlo estimate

R̂Θ̂,Θ0

(
J(uγk1:T , θ̂T , θ0)

)
(9.29)

is finite.

Remark 9.2 Condition 9.1 requires prior knowledge about the parameter γ? yielding
(9.28). This is not a very strict assumption, as the constant δ can be made arbitrarily
close to zero and M sufficiently large to guarantee γ? ∈ ΓMδ .

To continue, we define

fγ0

(
γk, ak, R̂Θ̂,Θ0

(
J
(
uγk1:T , θ̂T , θ0

)))
:= xk+1 1xk+1∈ΓMδ

+ µ1xk+1∈(ΓMδ )c , (9.30)

The objective of the mapping (9.30) is to drive the exploration of the set ΓMδ
to the desired direction. Indeed, if R̂Θ̂,Θ0

(
J(uγk1:T , θ̂T , θ0)

)
> 1/γ0, then γk+1 > γk,

implying a more conservative design for u1:T at iteration k + 1. The opposite holds
when R̂Θ̂,Θ0

(
J(uγk1:T , θ̂T , θ0)

)
< 1/γ0.

We note that the recursive equation (9.30) satisfies

fγ0

(
γ?, ak,RΘ̂,Θ0

(
J
(
uγ

?

1:T , θ̂T , θ0

)))
= γ? , (9.31)

with γ? satisfying (9.28). Hence, γ? is a fixed point of the recursive equation (cf.
Equation (9.23))

γk+1 = fγ0

(
γk, ak,RΘ̂,Θ0

(
J
(
uγk1:T , θ̂T , θ0

)))
. (9.32)

To analyze the recursive equation (9.32), we require

Condition 9.4 The sequence {ak}k≥1 satisfies ak > 0 for all k ≥ 1 and

∞∑
k=1

ak =∞ , (9.33)

∞∑
k=1

a2
k <∞ . (9.34)

The requirements in Condition 9.4 are standard in stochastic approximation meth-
ods [39], and will be useful to prove the convergence of the proposed algorithm.

One of the difficulties in establishing the convergence of γk to γ? is that
the recursive equation (9.32) in practice is based on the Monte Carlo estimate
R̂Θ̂,Θ0

(
J(uγk1:T , θ̂T , θ0)

)
, which introduces a stochastic behavior in the sequence
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{γk}k≥1. In other words, the recursive equation in Step 3 of the proposed algorithm
is given for all k ≥ 1 by

γk+1 = fγ0

(
γk, ak, R̂Θ̂,Θ0

(
J
(
uγk1:T , θ̂T , θ0

)))
, (9.35)

with fγ0 defined as in (9.30).
Thus, to proceed we write

R̂Θ̂,Θ0

(
J(uγk1:T , θ̂T , θ0)

)
= RΘ̂,Θ0

(
J(uγk1:T , θ̂T , θ0)

)
+ νk+1|γk , (9.36)

where (νk+1|γk ,Fk+1) is such that for all k ≥ 1

E{νk+1|γk |Fk} = 0 , (9.37)
E{ν2

k+1|γk |Fk} =: Kγk <∞ , (9.38)

with {Fk}k≥1 a sequence of nondecreasing σ-algebras. Expressions (9.36)-(9.38)
follow from the fact that

R̂Θ̂,Θ0

(
J(uγ1:T , θ̂T , θ0)

)
(9.39)

is an unbiased estimate of RΘ̂,Θ0

(
J(uγ1:T , θ̂T , θ0)

)
with finite variance for all γ ∈

ΓMδ .
To prove the convergence of the proposed algorithm, we rely on a slightly modified

version of [39, Theorem 1.4.1], which presents a convergence result for the truncated
Robbins-Monro algorithm. To this end, we require the following conditions to hold1:

Condition 9.5 There exist a continuously differentiable convex Lyapunov function
v such that v(γ?) = 0, v(γ) 6= 0 for all γ 6= γ?, ∇γv(γ) < 0 for all γ < γ?,
∇γv(γ) > 0 for all γ > γ?, and constants 0 < ξ < ∆ such that

sup
ξ≤|γ−γ?|≤∆

(
−1 + γ0RΘ̂,Θ0

(
J(uγ1:T , θ̂T , θ0)

))
∇γv(γ) < 0 , (9.40)

and for µ ∈ ΓMδ in (9.30), we have v(µ) < min(v(δ), v(M)).

Condition 9.6 For any convergent subsequence {γnk} of {γk}

lim
Ta→0

lim sup
k→∞

1
Ta

∣∣∣∣∣∣
m(nk,t)∑
i=nk

aiνi+1|γi

∣∣∣∣∣∣ = 0 , for all t ∈ [0, Ta] , (9.41)

where

m(k, Ta) := max
{
m :

m∑
i=k

ai ≤ Ta

}
. (9.42)

1Even though Condition 9.6 is immediately fulfilled in our context, it is still presented for
completeness of the proof of Theorem 9.1.
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Condition 9.7 RΘ̂,Θ0

(
J(uγ1:T , θ̂T , θ0)

)
is measurable and locally bounded with

respect to γ.

The requirement on µ in Condition 9.5 seems restrictive, as it needs prior knowledge
about the value of γ?. This issue can be circumvented by choosing M sufficiently
large, and µ sufficiently close to δ to guarantee v(µ) < v(δ) < v(M). Note that v
satisfying Condition 9.5 exists: take, for example, v(γ) = (γ − γ?)2. Indeed, under
this choice, the sign of the factor multiplying ∇γv(γ) is the opposite sign of ∇γv(γ)
for every γ 6= γ?. In addition, Condition 9.6 is satisfied in the current framework,
as (νk+1|γk ,Fk+1) is a martingale difference sequence, and expression (9.41) has
been shown to hold for this class of sequences for almost all sample paths ω under
Condition 9.4 [39, Example 1.3.2].

Given the elements presented in this section, the next result follows:

Theorem 9.1 Assume Conditions 9.1-9.5 and 9.7 to hold. If Condition 9.6 holds,
then γk given by (9.35) converges to γ? for almost all sample paths ξ.

We refer to Appendix F for the proof of Theorem 9.1.

9.5 Numerical example

Consider the system

yt = K
(1 + 2r cos(θ0) + r2)q−2

1 + 2r cos(θ0)q−1 + r2q−2 ut + et , (9.43)

where yt is the measured output, ut is the input signal, and {et} is a Gaussian
white noise of zero mean and unit variance. We assume that K = 2 and r = 0.85
are known, but that the value of θ0 is uncertain, i.e., the location of the resonance
frequency (determined by θ0) is uncertain. However, it is known that θ0 ∈ [0.5, 1.5].
Since any value on [0.5, 1.5] is equally likely for θ0, we consider θ0 ∼ U [0.5, 1.5].

The objective in this example is to design u1:T (T = 102) as a realization of a
zero mean wide sense stationary process, such that the estimate θ̂T obtained from
(y1:T , u1:T ) satisfies a performance constraint defined by the model application. In
this case, the model application is controller design, where the control law is given
by

ut = Cθ̂T (q) (rt − yt) , (9.44)

with rt the reference signal and Cθ̂T (q) the controller, which is a real rational
function in q. Note that the controller depends on θ̂T as it is designed based on the
model Gθ̂T .

The controller Cθ̂T is designed such that

lim
t→∞

E{yt} = rt , (9.45)
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when {rt} is a constant signal. Moreover, Cθ̂T is such that the closed loop poles are
{0.3, 0.5, 0.6, 0.7}. To measure the performance degradation, we consider the index

Vapp(θ, θ0) = (pm{Gθ0Cθ0} − pm{Gθ0Cθ})
2
, (9.46)

with pm{F} the phase margin associated with the function F (q). Hence, the
application set Θapp(γ0) in (9.12) is defined in terms of (9.46) with γ0 = 102.

As the controller is designed in terms of Gθ̂T , it is important to guarantee that
the closed-loop resulting of using Cθ̂T is stable. Hence, it is important to avoid
parameter estimates θ̂T causing closed-loop instability.

To obtain a tractable problem, we parameterize {ut} in terms of its power
spectrum Φu. In addition, we restrict Φu to the FIR structure

Φu(ω) =
30∑

τ=−30
c|τ |e

jωτ , (9.47)

where c0:30 ∈ R31 is the decision vector, satisfying Φ(ω) ≥ 0 for all ω ∈ [−π, π].
Finally, for the application cost, we consider H(u1:T ) = E{u2

t}.
The original application oriented input design problem is then written as2

min
Φu

E{u2
t}

subject to Φu(ω) =
30∑

τ=−30
c|τ |e

jωτ ,

Φu(ω) ≥ 0, for all ω ∈ [−π, π] ,

Vapp(θ̂T , θ0) ≤ 1
γ0
.

(9.48)

The difficulty with the formulation (9.48) is that both θ̂T and θ0 are uncertain, and
their uncertainties are modeled by probability distributions. One possibility to deal
with these uncertainties is to consider the nominal parameter θE := E{θ0} = 1, and
solve the AOID (9.48) for the ellipsoidal approximation of the application set. This
formulation can be written as

min
Φu

E{u2
t}

subject to Φu(ω) =
30∑

τ=−30
c|τ |e

jωτ ,

Φu(ω) ≥ 0, for all ω ∈ [−π, π] ,
T

χ2
α(nθ)

IF (θE) � γ0

2 ∇
2
θVapp(θ, θE)

∣∣
θ=θE ,

(9.49)

2We refer to Appendix E for more details on the implementation of the constraint on Φu and
the computation of IF (θ0) for wide sense stationary processes.
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where α = 0.95. We refer to Appendix G, where the derivation of the linear matrix
inequality (LMI) constraint in (9.49) is presented. The power spectrum solving (9.49)
will be referred to as the nominal input spectrum.

The robust alternative to the problem (9.48) is given by

min
Φu

E{u2
t}

subject to Φu(ω) =
30∑

τ=−30
c|τ |e

jωτ ,

Φu(ω) ≥ 0, for all ω ∈ [−π, π] ,

RΘ̂,Θ0

(
Vapp(θ̂T , θ0)

)
≤ 1
γ0
,

θ0 ∼ U [0.5, 1.5] , θ̂T |θ0 ∼ N
(
θ0, T

−1 I−1
F (θ0)

)
.

(9.50)

Since the distribution of θ̂T depends on Φu (the decision variable), the problem (9.50)
becomes difficult to solve as RΘ̂,Θ0

requires the distribution of θ̂T given θ0, which
depends on Φu. To provide a suboptimal solution to problem (9.50), we employ
the stochastic approximation algorithm presented in Section 9.4 to obtain a power
spectrum Φu such that the risk coherent inequality in (9.50) is fulfilled. For the
purpose of this example, we consider RΘ̂,Θ0

= CVaRα, with α = 0.95 (Defined in
Chapter 8, Section 8.3).

For this example, the stochastic approximation algorithm in Section 9.4 is
formulated as follows. At iteration k, the first step of the algorithm computes the
input power spectrum by solving

min
Φu

E{u2
t}

subject to Φu(ω) =
30∑

τ=−30
c|τ |e

jωτ ,

Φu(ω) ≥ 0, for all ω ∈ [−π, π] ,

RΘ0

(
max

θ∈Θapp(γk)
γkχ

2
α(nθ)Vapp(θ, θ0)− T IF (θ0)(θ − θ0)2

)
≤ 0 ,

θ0 ∼ U [0.5, 1.5] ,
(9.51)

with α = 0.95 and RΘ0 = CVaRα. We refer to Appendix G for the derivation of the
robust constraint in (9.51). The robust constraint in (9.51) is implemented by using
the scenario approach to approximate the maximum operator (cf. Appendix C) based
on Ns = 80 samples for θ in Θapp(γk) (given θ0), and a Monte Carlo approximation
for CVaRα based on Nsim1 = 80 samples for θ0.

In the second step, we compute RΘ̂,Θ0

(
Vapp(θ̂T , θ0)

)
, with RΘ̂,Θ0

= CVaRα.
This computation is implemented based on the optimal input spectrum for the
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Figure 9.2: Bode diagram for the power input spectra and GθE . Top: magnitude of
the Bode diagram of GθE . Second from top: robust input spectrum. Third from
top: nominal input spectrum. Bottom: spectrum of white noise with variance equal
to the one from the robust input spectrum.

problem (9.51), with Nsim1 = 80 samples for θ0 and Nsim2 = 80 samples for θ̂T given
θ0, which is distributed according to the last expression in problem (9.50).

In the last step, we compute the value of γk+1 using (9.30)-(9.26), where δ = 10−9,
M = 109, µ = 5 · 10−3 and ak = 1/k for all k ≥ 1. In Equation (9.30) we have that

R̂Θ̂,Θ0

(
J(uγk1:T , θ̂T , θ0)

)
= R̂Θ̂,Θ0

(
Vapp(θ̂T , θ0)

)
. (9.52)

Finally, the termination criterion β is chosen as β = 10−4. In the following, we refer
to the solution obtained for the power spectrum by the stochastic approximation
algorithm as the robust input spectrum.

The nominal problem (9.49) and the stochastic approximation method in Sec-
tion 9.4 are implemented in Matlab and solved using the cvx toolbox. The resulting
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Figure 9.3: Histogram of Vapp for θ0 = 1.31. Top: robust input spectrum. Middle:
nominal input spectrum. Bottom: white noise process with variance equal to the
one of the robust input spectrum.

input power spectra, together with the magnitude of the Bode diagram of GθE are
presented in Figure 9.2.

We note in Figure 9.2 that both the nominal and robust input spectra have
a peak in their frequency response. It is interesting to note that the peak of the
frequency response of the nominal input spectrum coincides with the resonance
peak of GθE(ejω). This behavior is expected, as the problem (9.49) only employs
the mean value of θ0, and assumes that θE describes exactly the underlying system.
Therefore, most of the power in the spectrum Φu can be allocated at the resonance
peak of |GθE(ejω)|.

When analyzing the robust input spectrum in Figure 9.2, we see that the
uncertainty on θ0 implies a more conservative design than the one attained with
the nominal input spectrum. By conservative we mean that the power content per
frequency for the robust input spectrum is greater than the one for the nominal
input spectrum. Moreover, the peak of the robust input spectrum does not occur
at the resonance peak of |GθE(ejω)|. This can be interpreted as diversifying the
power content on the frequency range where the resonance peak of |Gθ0(ejω)| can be
attained. Hence, the robust power spectrum tries to ensure an experiment attaining
an application performance that is independent of the location of the resonance
frequency.

As a reference, we also present in Figure 9.2 the power spectrum of a zero mean
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Figure 9.4: Histogram of Vapp for θ0 = 1.19. Top: robust input spectrum. Middle:
nominal input spectrum. Bottom: white noise process with variance equal to the
one of the robust input spectrum.

white noise process with the variance equal to the one associated with the robust
input spectrum. We note that the power spectrum of the white noise process is
greater than the nominal input spectrum at every frequency, and it is smaller than
the peak of the frequency response of the robust input spectrum. Hence, we expect
to attain better results in terms of application performance for the white noise
process than for the nominal input spectrum.

We can also test the different designs to analyze the application performance. To
this end, we generate u1:T by filtering a zero mean Gaussian white noise process with
unit variance with the spectral factor for every power spectra. These realizations
are kept fixed and then the system (9.43) is simulated for NMC = 100 different
realizations of e1:T for θ0 ∈ {1.19, 1.31}. For every realization of e1:T , the data
set ZT is used for estimating θ0 with PEM. Finally, for every input and every
θ0 ∈ {1.19, 1.31}, the estimated parameters {θ̂(i)

T }
NMC
i are employed to evaluate

Vapp(θ̂T , θ0).
Figures 9.3-9.4 present the histograms of Vapp for the different inputs, when

θ0 = 1.31 and θ0 = 1.19, respectively. In both figures, we see that the performance
degradation using the nominal input spectrum is significantly greater than the
desired value 1/γ0 = 0.01 for a considerable number of samples. Moreover, for
θ0 = 1.31, two samples of {θ̂T }NMCi=1 deliver an unstable closed loop system. The
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same occurs to four samples of {θ̂T }NMCi=1 when θ0 = 1.19. Hence, the nominal input
spectrum does not guarantee the desired application performance, causing even
instability in closed loop.

For the white noise process with the variance of the robust input spectrum,
we see in Figures 9.3-9.4 that the application performance significantly improves
when compared to the one achieved with the nominal input spectrum. Moreover,
for θ0 = 1.31, the histogram of the application performance is very close to the
one attained with robust input spectrum. However, when θ0 = 1.19, there is
one sample that violates significantly the application performance requirement
Vapp(θ̂T , θ0) < 0.01, with a value greater than 0.7. Even though the application
performance is fulfilled for the remaining 99 samples, when it fails to fulfill the
inequality the estimated parameter generates very poor results in terms of application
performance. This is in line with Example 9.4 in the sense of that the use of a
wrong approach to account for the uncertainty can lead to undesired results.

When inspecting the histograms obtained with the robust input spectrum in
Figures 9.3-9.4, we see that the distribution of the application cost is almost
independent of the value of θ0, which is a desirable behavior when considering a
robust framework. We emphasize that this behavior is achieved at the expense of
increasing the input variance E{u2

t}, as we have E{u2
t} = 1.8 · 10−3 for the robust

input design and E{u2
t} = 6.8 · 10−6 for the nominal input design. In conclusion,

the introduction of a robust framework in AOID significantly improves the behavior
of the application cost under the presence of model uncertainties.

9.6 Conclusions

This chapter considered the problem of uncertainty in application oriented input
design. Due to the uncertainty in the location of both the estimated parameter and
the parameter describing the true system, a risk theoretical approach to account for
the uncertainty in the optimization has been presented. The approach employs the
notion of coherent measure of risk, which has been proven to be a useful concept
in the literature of theory of risk. In particular, the use of the conditional value
at risk in application oriented input design has been explored, and a risk coherent
method to compute a sub-optimal robust solution has been introduced. A numerical
example shows that a robust approach in application oriented input design helps to
obtain the desired application performance in the presence of model uncertainty.



Chapter 10

Conclusions and future work

This thesis has presented a compendia of contributions in different areas of system
identification. Specifically, the contribution of this thesis is on three topics:

(i) input design methods for the identification of nonlinear dynamical systems,

(ii) Bayesian methods for system identification, and

(iii) a risk theoretical framework for robustness in system identification.

In the following, we provide concluding remarks for each topic.

10.1 Input design for nonlinear dynamical models

A robust input design procedure for the identification of nonlinear SSM has been
presented. The method has considered the minimization of a scalar cost function
of the Fisher information matrix over the set of stationary Markov processes of a
given order. As the model parameters are unknown, the method optimized a cost
function taking the uncertainty on the model parameters into account.

To obtain a tractable problem, the Markov process is parameterized in terms
of its stationary distribution, which is defined over a vector of consecutive input
realizations and where the input has finite alphabet. Moreover, the stationary
distribution of the Markov process is restricted to the set of marginal distributions
of stationary processes. Based on this restriction, the feasible set is characterized by
the use of graph theoretical methods, where the vertices of such set are associated
with a particular class of elementary cycles in the equivalent de Bruijn graph.

As the vertices of the feasible set are available (which are probability mass
functions), then the input design problem is solved by computing the optimal convex
combination of the quantities associated with the pmfs in the vertices of the set.
This equivalence made the problem convex in the decision variables. Once the
optimization is solved, an input realization is obtained by running a Markov chain
with the optimal pmf as stationary distribution.
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As the problem is solved by optimizing a convex formulation approximating the
cost in the original problem, the proposed method introduces an error between the
optimized cost and the actual cost obtained by applying the designed input to the
system. However, in this thesis is shown that it is possible to bound such difference
under some assumptions on the model structure.

As an application of the proposed method, this thesis presented the use of the
robust input design technique for the identification of FIR systems with quantized
measurements. Numerical examples showed that the method improves the accuracy
of the parameter estimates in the presence of model uncertainty.

10.2 Bayesian methods for system identification

This part of the thesis presented the use of Bayesian techniques for input design and
model estimation for dynamical systems. In the case of input design, a Gaussian
process optimization method has been developed. The aim with this method is
to provide an alternative to the optimization of the scalar cost function of the
Fisher information matrix, which is unavailable in closed form for general NSSMs.
To this end, the optimization of a surrogate model for the objective function has
been proposed. The surrogate model is obtained in a Bayesian framework, where a
predictive posterior is built based on a Gaussian process prior on the cost function,
and a set of estimates of the cost function over the feasible set. The points of the
feasible set where the cost function is estimated are computed using a Bayesian
optimization framework, where we recursively explored the feasible set based on the
solution of an associated optimization. The associated optimization established a
trade-off between exploration and exploitation of the current estimate of the cost
function, which is reflected in the points employed for updating the surrogate cost
function.

Motivated by the Bayesian framework in input design, this thesis also explored
the use of Bayesian methods for the identification of SISO LTI models. Based
on a prior pdf over the parameter set and the likelihood function, the posterior
distribution of the model parameters given the observed data is computed. In
particular, this thesis proposed the use of prior knowledge on the model complexity
by specifying a prior pdf over the Hankel singular values of the system. As the
posterior distribution of the parameters is often unavailable in closed form, a
Metropolis-Hastings sampler is implemented to obtain samples distributed according
to the posterior pdf. The correctness and convergence of the proposed algorithm is
established, and the numerical example showed that the method is an attractive
technique to encode information about the model complexity in a Bayesian setting.

10.3 Risk theoretical framework in system identification

The last part of this thesis concerned the issue of uncertainty in system identifica-
tion. In particular, this thesis focused on how to properly account for the model
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uncertainty in input design. To this end, we adopted a risk theoretical perspective.
By reinterpreting the cost function in input design, we used the notion of coherent
measures of risk to provide an attractive manner to properly account for the model
uncertainty. The standard robust measures employed in input design are analyzed
from a risk coherent perspective, which can be useful for establishing the disadvan-
tages of using robust measures without fully understanding its consequences in the
resulting optimization.

The same risk theoretical approach is employed for application oriented input
design, where the focus is the minimization of an experimental cost, subject to
quality constraints on the estimated parameters. In this framework, the quality
constraint on the estimated parameters is established by restricting the performance
degradation obtained in the intended model application. The main difficulty here is
that the formulation suffered from uncertainty on both the true model parameter
and the estimated model parameter. In this case, the risk coherent formulation is not
immediate, as the asymptotic distribution of the estimated parameter depended on
the decision variable. To address this difficulty, a stochastic approximation method
has been proposed, where a suboptimal input is computed. Nevertheless, the
suboptimal input ensures that a risk coherent measure of the model quality satisfies
the desired performance. The designed algorithm is analyzed and its convergence is
established.

10.4 Future work

The ideas discussed in this thesis leave several research directions that can be
explored in future work. In the next subsections, we describe some of the ideas that
can be subject of further study.

Input design
The graph theoretical approach to input design provides a methodology relying on
convex optimization tools. Even though the proposed formulation guarantees the
convergence of the numerical solvers to the global optimum, the technique still needs
to deal with the problem of computational complexity, as the number of vertices
of the feasible set grows exponentially with the length of the input vector over
which the pmfs are defined. A solution to this point is to explore the reduction in
computational complexity by relating the optimal pmf over input vectors of length
nm to the optimal pmf over input vectors of length nm + 1. This can be made by
noticing that the prime cycles describing the vertices of the set of marginal pmfs
of stationary processes of dimension nm determine a subset of the prime cycles
describing the marginal pmfs of stationary processes of dimension nm + 1.

Another aspect to be considered as a future work is the design of the alphabet for
the input. So far, the alphabet has been arbitrarily chosen to illustrate the method,
but it is also possible to think in a simultaneous design of the input alphabet and
optimization of the scalar cost of the Fisher information matrix.
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Bayesian methods for system identification
The GPO framework provides an alternative solution to the problem of input design
for the identification of nonlinear state space models. Currently, the method only
considers nominal experiment design, i.e., the input is designed based on prior
knowledge of the model parameters. A natural step in this area is to formulate
its robust equivalent, where the uncertainty on the model parameters is taken into
account when designing the input.

Even though the numerical illustration shows that the GPO technique can be
a useful method for input design, the method does not provide any guarantees
of convergence or optimality of the designed input in terms of the cost function
being optimized in a Bayesian setting. In this line, future work in this direction
should focus on establishing convergence results and bounds on the optimality of
the designed input.

Another research path in the GPO framework for input design is the implemen-
tation of a recursive algorithm, which provides an online procedure to design the
sample ut given the information up to time t− 1. The current formulation designs
the full input realization u1:T , and hence the optimization needs to be solved offline.

For the Bayesian identification method discussed in this part of the thesis, we
remark that the current implementation of the Metropolis-Hastings sampler can
only be applied to SISO LTI models. Thus, future work in this framework should
focus on extending the methodology to MIMO LTI models. This formulation is not
immediate, since the assumptions on the inverse stability of the noise model imply
that the random walk must enforce, at every iteration, that the multivariable zeros
of the noise model lie strictly inside the complex unit disc.

The Bayesian identification method requires the specification of a prior pdf
over the model parameters. It is often the case that the prior pdf requires the
value of hyperparameters characterizing the distribution. This issue has been
circumvented in this thesis by fully specifying the prior pdf. How to optimally tune
the hyperparameters defining the prior pdf is subject of future work.

Risk theoretical framework in system identification
The final part of this thesis discusses how the risk theoretical framework can provide
a framework to properly account for the uncertainty in system identification. In
particular, this thesis explores the use of risk coherent measures to account for the
model uncertainty in input design and application oriented input design. However,
the same approach can also be employed in other areas of system identification and
automatic control, where the uncertainty plays a fundamental role. To this end, we
require to reinterpret the concepts in system identification and automatic control
from a risk theoretical perspective, where the notion of risk coherent measures can
help to solve the problem of uncertainty. This point may be part of future work on
the subject.
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Appendix A

Algorithms for the computation of
elementary cycles

In this appendix we present the algorithms implemented for the input design methods
of Chapters 4 and 5.

A.1 Preliminaries

Here we extend the definitions of directed graph and elementary cycles given in
Chapter 2. Before introducing the algorithms required in Chapters 4 and 5, we need
the following definitions [184]:

Definition A.1 (Undirected graph) An undirected graph GV = (V, E) is a pair
consisting of a finite nonempty set of points (called nodes or vertices) V and a set
E of unordered pairs {zi, zj} of vertices zi, zj ∈ V called edges.

Definition A.2 (Tail and head of an edge) Let GV = (V, E) be a directed graph.
Given an edge (v, w) ∈ E, v is defined as the tail of the edge (v, w), and w is defined
as the head of the edge (v, w).

Definition A.3 (Undirected version of a directed graph) Let GV = (V, E) be a
directed graph. The undirected version of a directed graph GV is defined as the
graph formed by converting each edge in E into an undirected edge, and removing
duplicate edges.

Definition A.4 (Connected undirected graph) Let GV = (V, E) be a undirected
graph. Then GV is said to be connected if there is a path between every pair of
vertices.

Definition A.5 (Tree) A tree T is a directed graph whose undirected version is
connected, having one vertex which is the head of no edges (called the root), and
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such that all vertices except the root are head of exactly one edge. If there is a path
in T such that the starting vertex is v and the ending vertex is w, then v is an
ancestor of w, and w is a descendant of v.

Definition A.6 (Subtree) Let T be a tree, and v a node in T . Then Tv is the
subtree of T with respect to v if and only if Tv has as vertices all the descendants
of v in T .

Definition A.7 (Spanning tree) Let GV = (V, E) be a directed graph. A tree T is a
spanning tree of GV if T is a subgraph of GV , and T contains all the vertices of GV .

Definition A.8 (Palm tree) Let GV be a directed graph, consisting of two disjoint
sets of edges, denoted by E1 and E2, respectively. Suppose GV satisfies the following
properties:

(i) The subgraph T containing the edges E1 is a spanning tree of GV .

(ii) Each edge which is not in the spanning tree T of P connects a vertex with one
of its ancestors in T .

Then GV is called a palm tree. The edges E2 are called the fronds of GV .

Definition A.9 (Cross-link) Let T be a tree, and assume there are subtrees Tv, Tw
in T . Then, the edge (tv, tw) is called a cross-link if and only if tv is in Tv and tw
is in Tw.

A.2 Strongly connected components of a graph

A term required in the discussion of the algorithms in this thesis is the concept of
strongly connected graphs, whose definition is given below [184, Definition 4]:

Definition A.10 (Strongly connected graph) Let GV = (V, E) be a directed graph.
Suppose that for each pair of vertices v, z ∈ V, there exist paths ωvz = (v, . . . , z)
and ωzv = (z, . . . , v). Then GV is said to be strongly connected.

Based on Definition A.10, we have the following result [184, Lemma 9]:

Lemma A.1 (Strongly connected components) Let GV = (V, E) be a directed graph.
We may define an equivalence relation on the set of vertices as follows: two vertices
v and w are equivalent if there is a cycle ωvv = (v, . . . , v) which contains w.
Let the distinct equivalence classes under this relation be Vi, i ∈ {1, . . . , n}. Let
GVi = (Vi, Ei), where Ei := {(v, w) ∈ E : v, w ∈ Vi}. Then:

(i) Each GVi is strongly connected.

(ii) No GVi is a proper subgraph of a strongly connected subgraph of G.
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Then the subgraphs {GVi}ni=1 are called the strongly connected components of GV .

It is shown in [184] that the problem of finding the strongly connected components
of a graph GV can be reduced to the problem of finding the roots of the strongly con-
nected components. Here, we define LOWLINK(v) as the smallest vertex (according
to a user defined indexing for the vertices in GV) which is in the same component
as v and is reachable by traversing zero or more tree arcs followed by at most one
frond or cross-link. We refer to [184, p. 156] for more details about the definition of
this function.

Algorithm A.1 on page 188 presents a pseudo-code for computing the set of
strongly connected components in a given graph GV [184, p. 157]. It is shown in
[184] that Algorithm A.1 has O(#V) +O(#E) space and time complexity, where
O(·) is defined as follows:

Definition A.11 (Order of complexity [109, p. 36]) Let T : R+
0 → C and f : R+

0 →
C. We say that T (x) is O(f(x)) if and only if there exist constants 0 < c <∞ and
x0 ≥ 0 such that for all x ≥ x0, it holds that |T (x)| ≤ c |f(x)|.

The pseudo-code for determining the set of strongly connected components in a
graph GV will be employed in the computation of elementary cycles in GV , which is
discussed in the next section.

A.3 Elementary cycles of a graph

As mentioned in Chapter 2, the computation of prime cycles in a graph GCnm can be
performed by finding all the elementary cycles in GCnm−1 (cf. Definition 2.3). In this
section we provide an algorithm to find the set of elementary cycles in a directed
graph GV . The algorithm is based on the one introduced in [103, pp. 79–80]. The
pseudo-code associated with this algorithm is presented in Algorithm A.2.

We describe Algorithm A.2 based on [103, p. 79]. The algorithm proceeds by
building elementary paths from s. The vertices of the current elementary path
are kept on a stack. A vertex is appended to an elementary path by a call to the
procedure CIRCUIT and is deleted upon return from this call. When a vertex v is
appended to a path it is blocked by setting BLOCKED(v) = true, so that v cannot
be used twice on the same path. However, when we return from the call which
blocks v, v is not necessarily unblocked. The idea is that we unblock a node with
a sufficient delay such that any two unblockings of v are separated by either an
output of a new circuit or a return to the main procedure.



188 APPENDIX A. ALGORITHMS FOR ELEMENTARY CYCLES

Algorithm A.1 Computation of strongly connected components in a graph
Inputs: A directed graph GV = (V, E).
Output: The set of strongly connected components in GV .

1: Integer i;
2: Procedure STRONGCONNECT(v);
3: Begin
4: i := i+ 1;
5: NUMBER(v) := i;
6: LOWLINK(v) := NUMBER(v);
7: put v on stack of points;
8: For w in the set of descendants Dv do
9: Begin
10: If w is not yet numbered then
11: Begin comment (v, w) is a tree arc;
12: STRONGCONNECT(w);
13: LOWLINK(v) := min{LOWLINK(v), NUMBER(w)};
14: end
15: Else If NUMBER(w) < NUMBER(v) do
16: Begin comment (v, w) is a frond or cross-link;
17: If w is on stack of points then
18: Begin
19: LOWLINK(v) := min{LOWLINK(v), NUMBER(w)};
20: end
21: end
22: end
23: If LOWLINK(v) = NUMBER(v) then
24: Begin comment v is the root of a component;
25: start new strongly connected component;
26: While w on top of point stack satisfies NUMBER(w) ≥ NUMBER(v) do
27: Begin
28: delete w from point stack and put w in current component;
29: end
30: end
31: end
32: i := 0;
33: empty stack of points;
34: For w a vertex do
35: Begin
36: If w is not yet numbered then
37: Begin
38: STRONGCONNECT(w);
39: end
40: end
41: end
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Algorithm A.2 Computation of elementary cycles in a graph
Inputs: A directed graph GV = (V, E).
Output: The set of elementary cycles in GV .

1: Begin
2: Integer list array AK(n), B(n);
3: Logical array BLOCKED(N);
4: Integer s;
5: Logical Procedure CIRCUIT(v);
6: Begin Logical f ;
7: Procedure UNBLOCK(u);
8: Begin
9: BLOCKED(u) := false;
10: For w ∈ B(u) do
11: Begin
12: delete w from B(u);
13: If BLOCKED(w) then
14: Begin
15: UNBLOCK(w);
16: end
17: end
18: end
19: f := false;
20: stack v;
21: BLOCKED(v) := true;
22: For w ∈ AK(v) do
23: Begin
24: If w = s then
25: Begin
26: output circuit composed of stack followed by s;
27: f := true;
28: end
29: Else If BLOCKED(w) = false then
30: Begin
31: If CIRCUIT(w) = true then
32: Begin
33: f := true;
34: end
35: end
36: end
37: If f = true then
38: Begin
39: UNBLOCK(v);
40: end
41: Else For w ∈ AK(v) do
42: Begin
43: If v /∈ B(w) then
44: Begin
45: put v on B(w);
46: end
47: end
48: unstack v;
49: CIRCUIT := f ;
50: end
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Algorithm A.2 Computation of elementary cycles in a graph (cont.)
51: empty stack;
52: s := 1;
53: while s < n do
54: Begin
55: AK := adjacency matrix of strong component K with least vertex in subgraph
56: of GV induced by {s, s+ 1, . . . , n};
57: If AK 6= ∅ then
58: Begin
59: s := least vertex in VK ;
60: For i ∈ VK do
61: Begin
62: BLOCKED(i) := false;
63: B(i) := ∅;
64: end
65: dummy := CIRCUIT(s);
66: s := s+ 1;
67: end
68: Else
69: Begin
70: s := n;
71: end
72: end
73: end



Appendix B

The expectation-maximization
algorithm

In this appendix we present the expectation-maximization algorithm, and useful
identities for the methods discussed in Chapters 4 and 5 of this thesis. The material
in this appendix is based on [31, 170, 171].

B.1 The expectation-maximization algorithm

The expectation-maximization (EM) algorithm [56, 131] is an iterative procedure
that at the k-th step seeks a value θk such that the likelihood is increased in the
sense that log pθk(y1:T |u1:T ) > log pθk−1(y1:T |u1:T ).

The main idea of the EM algorithm is the postulation of a missing data set
x1:T . In this thesis, the missing data x1:T will be understood as the state sequence
in the model structure (4.1) on page 63, but other choices are possible, and it
can be considered as a design variable. Thus, we consider the joint log-likelihood
function log pθ(x1:T , y1:T |u1:T ) with respect to both the observed data y1:T and the
missing data x1:T . This approach assumes that maximizing the joint log-likelihood
log pθ(x1:T , y1:T |u1:T ) is easier than maximizing the marginal one log pθ(y1:T |u1:T ).

The EM algorithm then copes with x1:T being unavailable by forming an approx-
imation Q(θ, θk) of log pθ(x1:T , y1:T |u1:T ). The approximation used is the minimum
variance estimate of log pθ(x1:T , y1:T |u1:T ) given the observed data (y1:T , u1:T ), and
an assumption θk of the true parameter value. This minimum variance estimate is
given by the conditional expectation [5]:

Q(θ, θk) := E { log pθ(x1:T , y1:T |u1:T )| y1:T , u1:T }

=
∫
X1:T

log pθ(x1:T , y1:T |u1:T )pθk(x1:T |y1:T , u1:T ) dx1:T . (B.1)

The utility of this approach depends on the relationship between log pθ(y1:T |u1:T ),
and the approximation Q(θ, θk) of log pθ(x1:T , y1:T |u1:T ). This can be examined by
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using the definition of conditional probability to write

log pθ(x1:T , y1:T |u1:T ) = log pθ(x1:T |y1:T , u1:T ) + log pθ(y1:T |u1:T ) . (B.2)

Taking the conditional expectation E{·|y1:T , u1:T } on both sides of equation (B.2)
we obtain

Q(θ, θk) = log pθ(y1:T |u1:T ) +
∫
X1:T

log pθ(x1:T |y1:T , u1:T )pθk(x1:T |y1:T , u1:T ) dx1:T .

(B.3)
Therefore,

log pθ(y1:T |u1:T )− log pθk(y1:T |u1:T ) = Q(θ, θk)−Q(θk, θk)

+
∫
X1:T

log pθk(x1:T |y1:T , u1:T )
pθ(x1:T |y1:T , u1:T ) pθk(x1:T |y1:T , u1:T ) dx1:T . (B.4)

The integral in the right hand side of the equality in (B.4) is known as the Kullback-
Leibler divergence metric, which is non-negative. Indeed, for x > 0 we have that
− log x ≥ 1− x, which implies

−
∫
X1:T

log pθ(x1:T |y1:T , u1:T )
pθk(x1:T |y1:T , u1:T )pθk(x1:T |y1:T , u1:T ) dx1:T

≥
∫
X1:T

(
1− pθ(x1:T |y1:T , u1:T )

pθk(x1:T |y1:T , u1:T )

)
pθk(x1:T |y1:T , u1:T ) dx1:T = 0 , (B.5)

where the equality to zero is due to the fact that pθ(x1:T |y1:T , u1:T ) is of unit area
for any value of θ. As a consequence of (B.5) we have that

log pθ(y1:T |u1:T )− log pθk(y1:T |u1:T ) ≥ Q(θ, θk)−Q(θk, θk) . (B.6)

Equation (B.6) is the key of the EM algorithm. Namely, choosing θ so that
Q(θ, θk) > Q(θk, θk) implies that the log-likelihood is also increased in that

log pθ(y1:T |u1:T ) > log pθk(y1:T |u1:T ).

The EM algorithm exploits this to deliver a sequence of values {θk} designed to
be increasingly good approximations of the maximum likelihood estimate (1.6) on
page 5. Algorithm B.1 summarizes the steps of the EM method.

Remark B.1 For reference in the next sections, we define

H(θ, θ′) := −
∫
X1:T

log pθ(x1:T |y1:T , u1:T )pθ′(x1:T |y1:T , u1:T ) dx1:T . (B.8)
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Algorithm B.1 EM algorithm
Inputs: y1:T (observations), and log pθ(x1:T , y1:T |u1:T ) (joint log-likelihood function).
Output: θ̂T (parameter estimate).

1: Set k = 0 and initialize θk such that log pθ(y1:T |u1:T ) is finite.
2: (Expectation (E) step): Compute Q(θ, θk).
3: (Maximization (M) step): Compute

θk+1 = arg max
θ∈Θ

Q(θ, θk) . (B.7)

4: If not converged, update k = k+ 1 and return to line 2. Otherwise, set θ̂T = θk+1, and
stop the algorithm.

B.2 EM algorithm: useful identities

In this section we introduce useful results that can be derived from the intermediate
expressions for the EM algorithm. In particular, we present the Fisher and Louis
identities. To this end, we need the following assumption [31]:

Assumption B.1 Assume that the following conditions hold:

(i) The parameter Θ is an open subset of Rnθ (for some integer nθ).

(ii) For any θ ∈ Θ, pθ(y1:T |u1:T ) is positive and finite.

(iii) For any (θ, θ′) ∈ Θ ×Θ,∫
X1:T

|log pθ(x1:T |y1:T , u1:T )| pθ′(x1:T |y1:T , u1:T ) dx1:T ,

is finite.

(iv) pθ(y1:T |u1:T ) is twice continuously differentiable on Θ.

(v) For any θ′ ∈ Θ, θ → H(θ, θ′) is twice continuously differentiable on Θ. In
addition, ∫

X1:T

∣∣∇kθ log pθ(x1:T |y1:T , u1:T )
∣∣ pθ′(x1:T |y1:T , u1:T ) dx1:T ,

is finite for k = 1, 2 and any (θ, θ′) ∈ Θ ×Θ, and

∇kθ
∫
X1:T

log pθ(x1:T |y1:T , u1:T )pθ′(x1:T |y1:T , u1:T ) dx1:T

=
∫
X1:T

∇kθ log pθ(x1:T |y1:T , u1:T )pθ′(x1:T |y1:T , u1:T ) dx1:T .
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Fisher identity
A result derived from the EM algorithm is known as the Fisher identity [31, 68]:

Theorem B.1 Consider that Assumption B.1 holds. Then:

∇θ log pθ(y1:T |u1:T )|θ=θ′ =∫
X1:T

∇θ log pθ(x1:T , y1:T |u1:T )|θ=θ′ pθ′(x1:T |y1:T , u1:T ) dx1:T , (B.9)

and

− ∇2
θ log pθ(y1:T |u1:T )

∣∣
θ=θ′ =

−
∫
X1:T

∇2
θ log pθ(x1:T , y1:T |u1:T )

∣∣
θ=θ′ pθ′(x1:T |y1:T , u1:T ) dx1:T

+
∫
X1:T

∇2
θ log pθ(x1:T |y1:T , u1:T )

∣∣
θ=θ′ pθ′(x1:T |y1:T , u1:T ) dx1:T . (B.10)

Proof Expression (B.9) is (B.1) differentiated once under the integral sign (using
(B.3)), and expression (B.10) is (B.3) differentiated twice under the integral sign.

�

Remark B.2 Expression (B.9) is known as the Fisher identity, and equation (B.10)
is normally referred to as the missing information principle [124].

Louis identity
The second result useful in this thesis is known as the Louis identity [31, 124]:

Theorem B.2 (Louis identity) Consider that Assumption B.1 holds. Then:

∇2
θ log pθ(y1:T |u1:T )

∣∣
θ=θ′+{∇θ log pθ(y1:T |u1:T )|θ=θ′} {∇θ log pθ(y1:T |u1:T )|θ=θ′}

> =∫
X1:T

[
∇2
θ log pθ(x1:T , y1:T |u1:T )

∣∣
θ=θ′

+ {∇θ log pθ(x1:T , y1:T |u1:T )|θ=θ′} {∇θ log pθ(x1:T , y1:T |u1:T )|θ=θ′}
>
]

pθ′(x1:T |y1:T , u1:T ) dx1:T . (B.11)

Proof To prove (B.11), we start from (B.10) and note that the second term on
the right-hand side of the equality is the negative of an information matrix for the
parameter θ associated with the probability density function pθ(·|y1:T , u1:T ) evaluated
at θ = θ′. Therefore, we can use the information matrix identity∫

X1:T

∇2
θ log pθ(x1:T |y1:T , u1:T )

∣∣
θ=θ′ pθ′(x1:T |y1:T , u1:T ) dx1:T =
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−
∫
X1:T

{∇θ log pθ(x1:T |y1:T , u1:T )|θ=θ′}

{∇θ log pθ(x1:T |y1:T , u1:T )|θ=θ′}
>
pθ′(x1:T |y1:T , u1:T ) dx1:T . (B.12)

This is a consequence of Assumption B.1, point (v), and the fact that pθ(·|y1:T , u1:T )
is a probability density function for all values of θ, implying that∫

X1:T

∇θ log pθ(x1:T |y1:T , u1:T )|θ=θ′ pθ′(x1:T |y1:T , u1:T ) dx1:T = 0 . (B.13)

Using the identity (B.2), and (B.9) we conclude that∫
X1:T

{∇θ log pθ(x1:T |y1:T , u1:T )|θ=θ′}

{∇θ log pθ(x1:T |y1:T , u1:T )|θ=θ′}
>
pθ′(x1:T |y1:T , u1:T ) dx1:T =∫

X1:T

{∇θ log pθ(x1:T , y1:T |u1:T )|θ=θ′}

{∇θ log pθ(x1:T , y1:T |u1:T )|θ=θ′}
>
pθ′(x1:T |y1:T , u1:T ) dx1:T

+ {∇θ log pθ(y1:T |u1:T )|θ=θ′} {∇θ log pθ(y1:T |u1:T )|θ=θ′}
>
, (B.14)

which completes the proof. �





Appendix C

The scenario approach

In this appendix we provide a brief discussion of the scenario approach for robust
convex programs [27, 29], which is employed in this thesis.

C.1 Robust convex program and scenario approach

A robust program considers the optimization of a cost function when the problem is
subject to uncertainty. The common structure for a robust program is given by

aopt = arg min
a∈A

max
δ∈∆

f(a, δ)

subject to F (a, δ) ≤ 0, for all δ ∈ ∆ .
(C.1)

In (C.1), A ⊆ Rna is a convex and closed set representing the feasible actions, and
∆ ⊆ Rnδ is the set representing the uncertainty. We assume that f : A ×∆ → R
and F : A×∆→ RnF are continuous and convex in a, for any fixed value of δ ∈ ∆.
Under these assumptions, the optimization (C.1) is a robust convex program.

The main difficulty to solve (C.1) relies in that the inequality constraint must
be satisfied for the often infinite (even uncountable) number of elements in ∆. This
difficulty makes the problem (C.1) computationally intractable [13].

An alternative to solve (C.1) is given by the scenario approach [27, 29]. The
scenario approach provides a method to obtain a solution for an approximation
of (C.1) based on an finite number of constraints.

To employ the scenario approach in (C.1), we first note that (C.1) can be
rewritten without loss of generality as

uopt = arg min
u∈U

c>u

subject to G(u, δ) ≤ 0, for all δ ∈ ∆ ,
(C.2)

where c ∈ Rnu , U ⊆ Rnu is a convex and closed set and the entries of G : U×∆→
RnG are continuous and convex in u, for any fixed value of δ ∈ ∆. Then, the scenario
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approach is applied to (C.2) as follows: draw samples {δi}Ns
i=1 ∈ ∆ according to a

probability measure Ps defined over ∆ (specified by the user) and solve

uopt
Ns

= arg min
u∈U

c>u

subject to G(u, δ) ≤ 0, for all δ ∈ {δi}Ns
i=1 .

(C.3)

By comparing (C.2) with (C.3), we see that the infinite number of constraints
in (C.2) is approximated by a finite number of them in (C.3). This implies that
the solution given by (C.3) may not be feasible for the original problem (C.2). The
feasibility of the solution (C.3) in the original problem (C.2) has been analyzed
in [27, 29], and several bounds on the value of Ns providing specific confidence
bounds on the feasibility of uopt

Ns
in (C.2) have been developed [3, 4, 28, 29]. To

date, the tightest bound on Ns is provided in [29], which will be introduced here.
To introduce the bound on [29], we define the probability of violation

V (u) := P {δ ∈ ∆ : G(u, δ) > 0} . (C.4)

The result in [29] is as follows: if for fixed numbers β ∈ (0, 1) and ε ∈ (0, 1), Ns is
chosen such that

β ≤
nu−1∑
i=1

(
Ns
i

)
εi(1− ε)Ns−i , (C.5)

then, with probability no smaller than 1 − β, either the scenario problem (C.3)
is unfeasible and, hence, also the initial robust convex problem (C.2); or the
problem (C.3) is feasible and then its optimal solution uopt

Ns
satisfies V

(
uopt
Ns

)
≤ ε.



Appendix D

Convergence results for Chapter 4

This appendix provides the theorems required to establish the convergence results
in Chapter 4.

D.1 Convergence analysis

In this section we provide the main theorems to analyze the convergence properties
of the graph theoretical method in input design. Specifically, we want to analyze
how the quantities computed for every vi (vi ∈ VC) relate to those computed using
p defined as

p =
nV∑
i=1

αivi , (D.1)

where αi ≥ 0 for all i ∈ {1, . . . , nV}, and
nV∑
i=1

αi = 1 . (D.2)

In addition, we want to study under which conditions the quantities computed
using u(i)

1:T (where u(i)
1:T is generated from vi ∈ VC) converge to the inexact values as

T →∞. To this end, we require the following definition:

Definition D.1 (Exponentially forgetting functions [190]) A sequence of bounded
functions {gt}t≥1, where gt : Ct → S, with S a normed space, is exponentially
forgetting if there exists a λ ∈ [0, 1) and C > 0 such that for every integer nm ≥ 1,

‖gt(u1:t)− gnm(ut−nm+1:t)‖ ≤ Cλnm , (D.3)

for all t > nm and all u1:t ∈ Ct.

Remark D.1 The constant C in Definition D.1 corresponds to a bound on the
influence of u1:t−nm ∈ Ct−nm on {gt}t≥nm+1 for all positive integer nm and all
t ≥ nm + 1.
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Based on the discussion provided in Chapter 2, we obtain the following lemma:

Lemma D.1 Consider the Markov process {ut}t≥−nm+1 satisfying Assumption 2.1,
associated with a sequence of probability mass functions {pt}t≥1 defined for all t ≥ 1
as

pt(u1:t|u−nm+1:0) :=
t∏

k=1
p(uk−nm+1:k|uk−nm:k−1) , (D.4)

and an exponentially forgetting sequence of functions {gt}t≥1. Then, for every
nm ∈ N and u−nm+1:0 ∈ Cnm ,

lim
T→∞

∥∥∥∥∥∥ 1
T

T∑
t=1

∑
u1:t∈Ct

gt(u1:t)pt(u1:t|u−nm+1:0)

−
∑

u1:nm∈Cnm
gnm(u1:nm)pst(u1:nm)

∥∥∥∥∥∥ ≤ Cλnm . (D.5)

Proof For every nm ∈ N we have that∥∥∥∥∥∥ 1
T

T∑
t=1

∑
u1:t∈Ct

gt(u1:t)pt(u1:t|u−nm+1:0) −
∑

u1:nm∈Cnm
gnm(u1:nm)pst(u1:nm)

∥∥∥∥∥∥
=

∥∥∥∥∥∥ 1
T

T∑
t=1

∑
u1:t∈Ct

(gt(u1:t) −gnm(ut−nm+1:t)) pt(u1:t|u−nm+1:0)

+ 1
T

T∑
t=1

∑
ut−nm+1:t∈Cnm

gnm(ut−nm+1:t)
[
p(t)(ut−nm+1:t|u−nm+1:0)

−pst(ut−nm+1:t)
]∥∥∥∥∥

≤ 1
T

nm∑
t=1

∑
u1:t∈Ct

‖gt(u1:t)− gnm(ut−nm+1:t)‖ pt(u1:t|u−nm+1:0)

+ Cλnm

∣∣∣∣∣∣ 1
T

T∑
t=nm+1

∑
u1:t∈Ct

pt(u1:t|u−nm+1:0)

∣∣∣∣∣∣
+

∥∥∥∥∥∥ 1
T

T∑
t=1

∑
ut−nm+1:t∈Cnm

gnm(ut−nm+1:t)
[
p(t)(ut−nm+1:t|u−nm+1:0)

−pst(ut−nm+1:t)
]∥∥∥∥∥
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≤ 1
T

nm∑
t=1

∑
u1:t∈Ct

‖gt(u1:t)− gnm(ut−nm+1:t)‖ pt(u1:t|u−nm+1:0)

+ Cλnm
T − nm
T

+ 1
T

∑
y∈Cnm

‖gnm(y)‖
T∑
t=1

∣∣∣p(t)(y|u−nm+1:0) − pst(y)
∣∣∣ . (D.6)

In the previous steps we have used the exponentially forgetting property of {gt}t≥1.
Based on the boundedness of gt, we conclude that

lim
T→∞

1
T

nm∑
t=1

∑
u1:t∈Ct

‖gt(u1:t)− gnm(ut−nm+1:t)‖ pt(u1:t|u−nm+1:0) = 0 , (D.7)

In addition, note that
lim
T→∞

Cλnm
T − nm
T

= Cλnm . (D.8)

Finally, it is proven in [58, p. 217] that, for a Markov process satisfying Assump-
tion 2.1, the last sum in t in the right hand side of the inequality in (D.6) converges
when T →∞. Hence,

lim
T→∞

1
T

∑
y∈Cnm

‖gnm(y)‖
T∑
t=1

∣∣∣p(t)(y|u−nm+1:0) − pst(y)
∣∣∣ = 0 . (D.9)

Based on Equations (D.7), (D.8) and (D.9), we conclude that (D.5) holds. �

Lemma D.1 can be extended to periodic Markov processes:

Lemma D.2 Consider the same conditions as in Lemma D.1, with the exception
that {ut}t≥−nm+1 is an irreducible, periodic Markov process with period d ≥ 2 and
cyclic partition of Cnm given by {Xi}di=1. Then the result of Lemma D.1 holds with
pst defined as the sum (scaled by d−1) of the stationary probability mass functions
of the Markov processes defined over each Xi, for all i ∈ {1, . . . , d}.

Proof The result follows from the fact that for the irreducible, and periodic Markov
process {ut}t≥−nm+1, it holds that for all y, u−nm+1:0 ∈ Cnm ,

lim
T→∞

∣∣∣∣∣ 1
T

T∑
t=1

p(t)(y|u−nm+1:0)− pst(y)

∣∣∣∣∣ = 0 , (D.10)

with pst given as the sum (scaled by d−1) of the stationary probability mass functions
of the Markov processes defined over each Xi, for all i ∈ {1, . . . , d} [58, p. 206].
Hence,
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∥∥∥∥∥∥ 1
T

T∑
t=1

∑
ut−nm+1:t∈Cnm

gnm(ut−nm+1:t)
[
p(t)(ut−nm+1:t|u−nm+1:0) −pst(ut−nm+1:t)

]∥∥∥∥∥
=

∥∥∥∥∥∥
∑

y∈Cnm
gnm(y)

[
1
N

N∑
t=1

p(t)(y|u−nm+1:0)− pst(y)
]∥∥∥∥∥∥

≤
∑

y∈Cnm
‖gnm(y)‖

∣∣∣∣∣ 1
T

T∑
t=1

p(t)(y|u−nm+1:0)− pst(y)

∣∣∣∣∣
≤ sup
x∈Cnm

‖gnm(x)‖
∑

y∈Cnm

∣∣∣∣∣ 1
T

T∑
t=1

p(t)(y|u−nm+1:0)− pst(y)

∣∣∣∣∣ . (D.11)

By (D.10), the right hand side of the inequality in (D.11) goes to zero as T →∞.
Hence, expression (D.5) also holds for an irreducible and periodic Markov process
{ut}t≥−nm+1. �

Based on Lemmas D.1 and D.2 we obtain the following result:

Theorem D.1 Consider the set {p(i)}nVi=1 (p(i) : Cnm → R) to which the transition
probability mass functions of the irreducible Markov processes {u(i)

t }t≥−nm+1 con-
verge as T →∞:

lim
T→∞

∣∣∣∣∣ 1
T

T∑
t=1

p(i,t)(y|u−nm+1:0)− p(i)(y)

∣∣∣∣∣ = 0 , (D.12)

for all i ∈ {1, . . . , nV} and all y, u−nm+1:0 ∈ Cnm . Define

popt :=
nV∑
i=1

αip
(i) , (D.13)

with αi ≥ 0,
∑nV
i=1 αi = 1, and assume that the transition probability mass function of

the irreducible Markov process {uopt
t }t≥−nm+1 converges to (D.13) according to either

(2.8) or (D.12), for all y, u−nm+1:0 ∈ Cnm . Consider an exponentially forgetting
sequence of functions {gt}t≥1 satisfying the conditions stated in Lemma D.2. Then,∥∥∥∥∥∥ lim

T→∞

1
T

T∑
t=1

∑
u1:t∈Ct

gt(u1:t)popt
t (u1:t|u−nm+1:0) −

nV∑
i=1

αi g
(i)
nm

∥∥∥∥∥ ≤ 2Cλnm , (D.14)

where

g(i)
nm := lim

T→∞

1
T

T∑
t=1

∑
u1:t∈Ct

gt(u1:t)p(i)
t (u1:t|u−nm+1:0) , (D.15)

and popt
t , p(i)

t given by (D.4) for all i ∈ {1, . . . , nV}.
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Proof From Lemma D.2 we conclude for each Markov process {u(i)
t } that

lim
T→∞

∥∥∥∥∥∥ 1
T

T∑
t=1

∑
u1:t∈Ct

gt(u1:t)p(i)
t (u1:t|u−nm+1:0)

−
∑

u1:nm∈Cnm
gnm(u1:nm)p(i)(u1:nm)

∥∥∥∥∥∥ ≤ Cλnm . (D.16)

In the same line, for the Markov process {uopt
t }t≥−nm+1 we conclude from Lemma D.2

(if the Markov process is aperiodic) or Lemma D.2 (if the Markov process is periodic)
that

lim
T→∞

∥∥∥∥∥
nV∑
i=1

αi g
(i)
T −

∑
u1:nm∈Cnm

gnm(u1:nm)popt(u1:nm)

∥∥∥∥∥∥ ≤ Cλnm , (D.17)

where

g
(i)
T := 1

T

T∑
t=1

∑
u1:t∈Ct

gt(u1:t)p(i)
t (u1:t|u−nm+1:0) . (D.18)

Due to the continuity of the norm and the properties of the Markov processes
{u(i)

t }t≥−nm+1 and {uopt
t }t≥−nm+1, (D.17) leads to∥∥∥∥∥

nV∑
i=1

αi g
(i)
nm −

∑
u1:nm∈Cnm

gnm(u1:nm)popt(u1:nm)

∥∥∥∥∥∥ ≤ Cλnm . (D.19)

On the other hand, if we replace popt for p(i) in (D.16) and using the continuity of
the norm, we obtain∥∥∥∥∥∥ lim
T→∞

1
T

T∑
t=1

∑
u1:t∈Ct

gt(u1:t)popt
t (u1:t|u−nm+1:0)

−
∑

u1:nm∈Cnm
gnm(u1:nm)popt(u1:nm)

∥∥∥∥∥∥ ≤ Cλnm . (D.20)

Combining (D.19) and (D.20) gives (D.14), which concludes the proof. �

Remark D.2 Theorem D.1 establishes a bound on the difference between the convex
combination of the quantities computed for every vi (vi ∈ VC) and the one computed
using (D.1). Moreover, the theorem states that the difference can be made arbitrarily
small by choosing nm sufficiently large.
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Finally, the following theorem establishes the convergence of the quantities
computed using u(i)

1:T (where u(i)
1:T is a periodic sequence generated from vi ∈ VC) as

T →∞:

Theorem D.2 If {ut}, ut ∈ C, has period Tu satisfying |ut| ≤ K for some K ≥ 0,
and {gt}t≥1, gt : Ct → Rn×m, is an exponentially forgetting sequence of functions,
then

lim
T→∞

1
T

T∑
t=1

gt(u1:t) = lim
t→∞

1
Tu

Tu∑
j=1

gt(u(j)
1:t )

= lim
t→∞

∫
gt(u1:t) dP(u1:t) ,

(D.21)

where P is the probability measure of a Markov chain generating {ut} (a uniform
probability distribution on the set of possible values of u1:T ), and u(j)

1:t is obtained
from {ut} after j − 1 time shift units.

Proof Given ε > 0, take S as a multiple of Tu such that CλS < ε. Then, for every
t ≥ S,

‖gt(u1:t)− gS(ut−S+1:t)‖ < CλS < ε . (D.22)
On the other hand, since {ut} is periodic of period T , ut−S+1:t takes only a finite
number of values for t ≥ S (at most S), we have that for T = mS + n (with m, n
positive integers, |n| ≤ S):

1
T

T∑
t=1

gt(u1:t) = (m− 1)S
T

1
(m− 1)S

[
S∑
t=1

gt(u1:t) +
mS∑

t=S+1
gt(u1:t)

+
T∑

t=mS+1
gt(u1:t)

]

= (m− 1)S
T

1
(m− 1)S

mS∑
t=S+1

[gS(ut−S+1:t) + ηt] + 1
T

[
S∑
t=1

gt(u1:t)

+
T∑

t=mS+1
gt(u1:t)

]

= (m− 1)S
T

lim
t→∞

1
Tu

Tu∑
j=1

gt(u(j)
1:t ) + 1

T

mS∑
t=S+1

[µt + ηt]

+ 1
T

[
S∑
t=1

gt(u1:t) +
T∑

t=mS+1
gt(u1:t)

]
, (D.23)

where (µt, ηt) satisfies ‖µt‖ ≤ ε, ‖ηt‖ ≤ ε for all t ≥ S + 1. Thus, the norm of the
second term in (D.23) is bounded by 2ε. Moreover, the third term in (D.23) tends
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to 0 as T →∞ (since it consists of a sum of a most 2S terms). Finally, we note
that u1:t has only Tu possible values, as {ut} is periodic with period Tu. Therefore,∥∥∥∥∥ lim

T→∞

1
T

T∑
t=1

gt(u1:t) − lim
t→∞

1
Tu

Tu∑
j=1

gt(u(j)
1:t )

∥∥∥∥∥∥ ≤ 2ε , (D.24)

and since ε was arbitrary, we conclude that

lim
T→∞

1
T

T∑
t=1

gt(u1:t) = lim
t→∞

1
Tu

Tu∑
j=1

gt(u(j)
1:t ) . (D.25)

The last equality in (D.21) follows since P assigns equal probability to Tu different
sequences (corresponding to the possible sequences obtained by shifting {ut}). �





Appendix E

On the power spectrum and the
Fisher information matrix

This appendix derives the expressions for the nonnegativity constraint on the input
power spectrum, as well as the Fisher information matrix for wide sense stationary
processes. The material in this appendix is used in the numerical examples of
Chapters 8 and 9.

E.1 Imposing nonnegative constraint on the power
spectrum

When designing the input spectrum Φu, an important constraint is that Φu(ω) must
be a positive definite matrix for all ω ∈ [−π, π]. This constraint can be imposed by
the use of the following lemma:

Lemma E.1 (Kalman-Yakubovich-Popov) Let {A,B,C,D} be a controllable state
space realization of

∑m
τ=0 cτe

jωτ . Then, there exists a Q = Q> such thatQ−A>QA −A>QB

−B>QA −B>QB

+

0 C>

C D +D>

 � 0 , (E.1)

if and only if

Φu(ω) =
m∑

τ=−m
c|τ |e

jωτ � 0 , for all ω ∈ [−π, π] . (E.2)

Proof Follows from the positive real lemma [20, Section 2.7.2]. �
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E.2 Fisher information matrix for wide sense stationary
processes

An expression required in the numerical examples of Chapters 8-9 is the Fisher
information matrix as a function of the input power spectrum Φu. This quantity
has been discussed in the literature for MIMO linear models [2, 12]. Here, we make
use of [2, Theorem 4] for computing the Fisher information matrix. In the following
lemma, for a matrix

A =
[
a(1) · · · a(m)] ∈ Cn×m , (E.3)

where a(i) ∈ Cn×1 for all i ∈ {1, . . . , m}, we define

vec{A} :=

a
(1)

...
a(m)

 . (E.4)

Lemma E.2 Consider the model (9.3) on page 161, where {ut} is a wide sense
stationary process with power spectrum Φu, and {et} is Gaussian white noise of
zero mean and covariance matrix Σe. Assume that {ut} and {et} are mutually
independent. Then, the Fisher information matrix (9.8) on page 161 is an affine
function of the power spectrum Φu, and is given by

IF (θ0) = 1
2π

∫ π

−π
Γ (ejω, θ0)

> {
ΦX (ω)⊗ Φ−1

v (ω, θ0)
}
Γ (ejω, θ0)dω , (E.5)

where

Γ (ejω, θ0) := ∇>θ Zθ(ejω)
∣∣
θ=θ0

, (E.6)

(E.7)

Zθ(ejω) :=
[
vec{Gθ(ejω)}
vec{Hθ(ejω)}

]
, (E.8)

(E.9)

ΦX (ω) :=

Φu(ω) 0

0 Σe

 , (E.10)

(E.11)

Φv(ω, θ0) := Hθ0(ejω)ΣeHθ0(ejω)
>
, (E.12)

and A⊗B corresponds to the Kronecker product between the matrices A and B.

Proof We refer to [2, Theorem 4] for a proof of this lemma. �



Appendix F

Proof of Theorem 9.1

Here we present the proof of Theorem 9.1, which follows the proof of [39, Theo-
rem 1.4.1] with minor modifications.

We say that {v(γnk), v(γnk+1), . . . , v(γmk)} crosses an interval [δ1, δ2], if nk <
mk, v(γnk) ≤ δ1, v(γmk) ≥ δ2, and

δ1 < v(γi) < δ2 , for all nk < i < mk .

We first prove that the number of truncations in (9.32) may happen at most for a
finite number of steps. Assume the reverse: there are infinitely many truncations
occurring in (9.32). Since v(µ) < min{v(δ), v(M)} by Condition 9.5, there is an
interval [δ1, δ2] such that

[δ1, δ2] ⊂ (v(µ),min{v(δ), v(M)}) , δ1δ2 > 0 , (F.1)

and there are infinitely many {v(γnk), . . . , v(γmk)}, k = 1, 2, . . ., that cross [δ1, δ2].
Since {γk} is bounded, we may extract a convergent subsequence from {γnk}.

We denote the extracted convergent subsequence still by {γnk}: γnk −→
k→∞

γ, γ ∈ ΓMδ .
It is clear that

v(γ) = lim
k→∞

v(γnk) = δ1 . (F.2)

Since the limit of {γnk} is located in the open set ΓMδ , there is an ε > 0 such that

δ + ε < γnk < M − ε (F.3)

for all sufficiently large k.
To continue, we define

g(γ) := −1 + γ0RΘ̂,Θ0

(
J(uγ1:T , θ̂T , θ0)

)
, (F.4)

yk+1 := g(γk) + γ0νk+1|γk , (F.5)
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Since {g(γk)} is bounded (which follows from Condition 9.7) and the boundedness
of {γk}, using (9.32) we have∣∣∣∣∣

m+1∑
i=nk

aig(γi) + γ0

m+1∑
i=nk

aiνi+1|γi

∣∣∣∣∣ ≤ ε

2 , for all nk ≤ m ≤ m(nk, Ta) , (F.6)

if Ta is small enough and k is large enough.
Expression (F.6) together with (F.3) implies that

δ + ε

2 < |γnk |+

∣∣∣∣∣
m+1∑
i=nk

ai(g(γi) + γ0νi+1|γi)

∣∣∣∣∣ < M − ε

2 ,

for all nk ≤ m ≤ m(nk, Ta) . (F.7)

Therefore, the magnitude of γm+1,

γm+1 = γm + amym+1 , m ≥ nk, nk ≤ m ≤ m(nk, Ta) , (F.8)

cannot reach neither the upper nor the lower bounds M and δ, respectively. In other
words, the algorithm (9.32) corresponds to an untruncated stochastic approximation
algorithm for m : {nk ≤ m ≤ m(nk, Ta)} for small Ta and large k.

By the mean value theorem there exists z such that γnk < z < γm(nk,Ta)+1 and

v(γm(nk,T )+1)− v(γnk) = (γm(nk,T )+1 − γnk)∇γv(γ)
+ (γm(nk,T )+1 − γnk)(∇γv(z)−∇γv(γ)) . (F.9)

We note that by (9.41) the left-hand side of (F.6) is of order O(Ta) for all sufficiently
large k since |g(γi)| is bounded. From this follows that i) for small enough Ta > 0
and large enough k

|v(γm+1)− v(γnk)| < δ2 − δ1, v(γm+1) < δ2,

for all nk ≤ m ≤ m(nk, Ta) , (F.10)

and hence m(nk, Ta) + 1 < mk, and ii) the last term in (F.9) is of o(Ta) since
∇γv(z)−∇γv(γ)→ 0 as Ta → 0. From (F.8) and (F.9) it follows that

v(γm(nk,Ta)+1)− v(γnk) =
m(nk,Ta)∑
i=nk

aiyi+1∇γv(γ) + o(Ta)

=
m(nk,Ta)∑
i=nk

aig(γi)∇γv(γi)

+
m(nk,Ta)∑
i=nk

aig(γi)(∇γv(γ)−∇γv(γi))
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+ γ0

m(nk,Ta)∑
i=nk

ai∇γv(γ)νi+1|γi + o(Ta) . (F.11)

Since δ1δ2 > 0, the interval [δ1, δ2] does not contain the origin. Noticing that
v(γm) ∈ [δ1, δ2] for all m : {nk ≤ m ≤ m(nk, Ta)}, we find v(γm) 6= 0, and that
there is β > 0 such that

|γm − γ?| > β, for all nk ≤ m ≤ m(nk, Ta) (F.12)

for sufficiently small Ta > 0 and all large enough k. Then by Condition 9.5 there is
η > 0 such that

g(γm)∇γv(γm) ≤ −η, for all nk ≤ m ≤ m(nk, Ta) (F.13)

for all large k and small enough Ta. As previously mentioned, |∇γv(γ)−∇γv(γi)| −→
Ta→0

0, from (F.11) we have

v(γm(nk,Ta)+1)− v(γnk) ≤ −ηTa + o(Ta) + o(1) ≤ −η2Ta , (F.14)

for sufficiently large k and small enough Ta, where o(1) denotes a magnitude tending
to zero as k →∞.

By considering (F.2), from (F.14) we have

v(γm(nk,Ta)+1) < δ1 (F.15)

for large k. However, it has been shown that

m(nk, Ta) + 1 < mk, i.e., v(γm(nk,Ta)+1) > δ1 . (F.16)

The resulting contradiction shows that the number of truncations in (9.32) can only
be finite.

We have proved that starting from some large k0, the algorithm (9.32) develops
as

γk+1 = γk + akyk+1 k ≥ k0 , (F.17)

and {γk} is bounded.
The next step in the proof is to show that v(γk) converges.
Assume that it were not true. Then we would have

−∞ < lim inf
k→∞

v(γk) < lim sup
k→∞

v(γk) <∞ . (F.18)

Then there would exist an interval [δ1, δ2] not containing the origin and

{v(γnk), . . . , v(γmk)} (F.19)

would cross [δ1, δ2] for infinitely many k.
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Following the previous steps, we assume without loss of generality that γnk −→
k→∞

γ.
By the previous steps, we arrive at (F.11) and (F.14) for large k, resulting in a
contradiction. Hence, v(γk) tends to a finite limit as k →∞.

The final part of the proof corresponds to establish that γk −→
k→∞

γ?. To this
end, we assume the reverse: there is a subsequence xnk −→

k→∞
γ 6= γ?. Then there

is a β > 0 such that |γnk − γ?| > β for all sufficiently large k. We still have (F.9),
(F.11) and (F.14).

By letting k →∞ in (F.14) and based on the convergence of v(γk), we arrive at
the contradictory inequality

0 ≤ −η2Ta . (F.20)

Therefore, γk −→
k→∞

γ?. �



Appendix G

Inequalities for application
oriented input design

This appendix provides complementary material to understand the formulations
employed in Chapter 9, Section 9.5. The material in this appendix is partially taken
from [8, 63].

G.1 Ellipsoidal approximation

Consider the application set

Θapp(γ) =
{
θ ∈ Θ : Vapp(θ, θ0) ≤ 1

γ

}
, (G.1)

where it is assumed that θ0 ∈ Θ is given.
To derive the ellipsoidal approximation of the application set (G.1), we employ

the second order Taylor expansion of Vapp(θ, θ0) at θ = θ0:

Vapp(θ) ≈ Vapp(θ0) + ∇θVapp(θ, θ0)|>θ=θ0
(θ − θ0)

+ 1
2 (θ − θ0)> ∇2

θVapp(θ, θ0)
∣∣
θ=θ0

(θ − θ0)

= 1
2 (θ − θ0)> ∇2

θVapp(θ, θ0)
∣∣
θ=θ0

(θ − θ0) .

(G.2)

Thus, the ellipsoidal approximation of the application set (G.1) is given by

ΘEapp(γ) :=
{
θ ∈ Θ : (θ − θ0)> ∇2

θVapp(θ, θ0)
∣∣
θ=θ0

(θ − θ0) ≤ 2
γ

}
. (G.3)

To continue, we note that the set constraint Θid(α) ⊆ ΘEapp(γ) is fulfilled if for every
θ ∈ Θ satisfying

1
χ2
α(nθ)

(θ − θ0)> T IF (θ0) (θ − θ0) ≤ 1 , (G.4)
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it holds that
γ

2 (θ − θ0)> ∇2
θVapp(θ, θ0)

∣∣
θ=θ0

(θ − θ0) ≤ 1 . (G.5)

Finally, the desired LMI constraint is obtained from the following lemma [97,
Lemma 3.1]:

Lemma G.1 Let IF (θ0) � 0 and ∇2
θVapp(θ, θ0)

∣∣
θ=θ0

� 0. Then, the following
statements are equivalent:

(i) (G.4) implies (G.5).

(ii)
T

χ2
α(nθ)

IF (θ0) � γ

2 ∇
2
θVapp(θ, θ0)

∣∣
θ=θ0

. (G.6)

Proof Follows immediately from [97, Lemma 3.1]. �

Based on Lemma G.1, we obtain the LMI constraint in problem (9.49).

G.2 Worst case approach for application oriented input
design

An alternative to the ellipsoidal approximation is to consider an scenario formulation
for the set constraint Θid(α) ⊆ Θapp(γ). To this end, we assume that θ0 ∈ Θ is
given. Then, we can rewrite the application set (G.1) as

Θapp(γ) =
{
θ ∈ Θ : γ χ2

α(nθ)Vapp(θ, θ0) ≤ χ2
α(nθ)

}
, (G.7)

where we have multiplied the inequality in (G.1) by γχ2
α(nθ).

Based on (G.7), we have that Θid(α) ⊆ Θapp(γ) is fulfilled if for every θ ∈ Θ
satisfying

(θ − θ0)> T IF (θ0) (θ − θ0) ≤ χ2
α(nθ) , (G.8)

it also holds that
γ χ2

α(nθ)
2 (θ − θ0)> ∇2

θVapp(θ, θ0)
∣∣
θ=θ0

(θ − θ0) ≤ χ2
α(nθ) , (G.9)

The previous statement holds if the inequality

γ χ2
α(nθ)Vapp(θ, θ0) ≤ (θ − θ0)> T IF (θ0) (θ − θ0) , (G.10)

holds for all θ ∈ Θapp(γ). The inequality (G.10) is satisfied for all θ ∈ Θapp(γ) if

max
θ∈Θapp(γ)

γ χ2
α(nθ)Vapp(θ, θ0)− (θ − θ0)> T IF (θ0) (θ − θ0) ≤ 0 , (G.11)

holds. Finally, the risk coherent inequality in (9.51) follows by putting the risk
coherent measure RΘ0 into (G.11). We refer to [8] for more details on the scenario
approach in application oriented input design.
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