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Abstract

In this thesis, which consists of four papers, approximation of optimal control problems

is studied. In Paper I the Symplectic Pontryagin method for approximation of optimally

controlled ordinary differential equations is presented. The method consists of a Symplec-

tic Euler time stepping scheme for a Hamiltonian system with a regularized Hamiltonian.

Under some assumptions it is shown that the approximate value function associated with

this scheme converges to the original value function with a linear rate.

In Paper II the ideas from Paper I are extended to approximation of an optimally

controlled partial differential equation, a one-dimensional Ginzburg-Landau equation. The

approximation is performed in two steps. In the first step a value function associated with

a finite element spatial discretization is shown to converge quadratically in the mesh size

to the original value function. In the second step a Symplectic Euler discretization in time

is shown to converge with a linear rate. The behavior of optimal solutions is shown by

numerical examples.

In Paper III the same approximation method as in Paper II is applied to three other

problems; the optimal design of an electric conductor, the design of an elastic domain,

and the problem of reconstructing the interior of an object from measured electrical sur-

face currents. Since these problems are time-independent the Hamilton-Jacobi theory can

not be used directly. In order to be able to obtain error bounds the problems are there-

fore transferred to a setting where time plays a role. Computer experiments with the

Symplectic Pontryagin method is performed for all three problems.

Common to the three first papers is that the convergence proofs use that the ap-

proximate value functions solve Hamilton-Jacobi equations consistent with the original

Hamilton-Jacobi equations.

Paper IV concerns convergence of attainable sets for non-convex differential inclusions.

When the right hand side in the differential inclusion is a bounded, Lipschitz set-valued

function it is shown that the convergence in Hausdorff-distance of attainable sets for

a Forward Euler discretization is linear in the time step. This implies that dynamic

programming using Forward Euler discretizations of optimal control problems converge

with a linear rate when all the functions involved are bounded and Lipschitz continuous.
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Introduction

1 An Example of Optimal Control

Optimal control is the theory of optimization involving differential equations. Let
us start by considering a classical example of an optimal control problem: the
launch of a rocket. This will make clear for us the sorts of obstacles which must be
overcome when working in the field of optimal control.

The motion of a rocket flying in space is described by a differential equation
involving many parameters, such as gravitational force, velocity, acceleration, air
resistance (if any), thrust, mass (decreasing as fuel is consumed), and perhaps
additional variables. An optimal control problem associated with this differential
equation could be to optimize how far from earth the rocket could be sent off, given
a specified amount of fuel. Another problem would be to reach an as high altitude
as possible, under the constraint of limited fuel supply, and that the rocket should
end up orbiting the earth. The control variables, used to steer the solution, the
motion of the rocket, are the trust and the direction of flight. These problems are
mentioned here just as examples; for problems presently examined in the field of
rockets and space mission design, see [20].

The rocket problem contains many features, shared with other optimal control
problems:

1. First of all, the problem is not just about finding a number of values, but
rather to determine optimal functions, in this case the thrust and direction
of flight as functions of time.

2. It is not immediately clear what an optimal strategy for adjusting the control
variables is. The present state is e.g. not sufficient. Knowledge about what
the future will bring for different control strategies is also needed.

In the present rocket-example one idea could be to consume all the fuel as
quickly as possible, because otherwise fuel must be used to lift fuel. On the
other hand, saving fuel for higher altitudes might also be preferrable, as the
air resistance diminishes with increasing height. These factors both play a
role, making the problem a nontrivial one.
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3. When the optimal control problem is formulated we let the control belong to
some class of functions. It may however be the case that no optimal control
exists in this class. When an optimal control exists, it need not be unique,
i.e. there may be several control functions which give equally good results.
The search for optimal controls therefore belongs to the category of problems
denoted “ill-posed” by Hadamard; see [15].

How should these obstacles be dealt with? The fact that these problems are
not trivial, and that it generally is not possible to obtain a closed expression for
the optimal controls, makes it necessary to employ computers in order to achieve
approximate solutions. This need calls for development of numerical methods for
optimal control problems. The thesis concerns this area.

The numerical methods developed and used in the thesis build on some proper-
ties of optimal control problems. First, there is the Pontryagin principle for optimal
solutions to optimal control problems. Secondly, an associated value function solves
a Hamilton-Jacobi equation. What this means will be described in Sections 3 and
4. First we state the optimal control problem mathematically.

2 An Optimal Control Problem Formulated

Mathematically

The following problem will be considered. Minimize

vx,t(α) =

∫ T

t

h
(

X(s), α(s)
)

ds + g
(

X(T )
)

, (1)

where X : [t, T ] → R
d is a solution to the ordinary differential equation

X ′(s) = f
(

X(s), α(s)
)

,

X(t) = x.
(2)

The function α : [t, T ] → B ⊂ R
d is the control function which is used to minimize

the functional vx,t in (1), X is denoted state, and the real valued functions h and
g are the running cost and the terminal cost.

Associated with the functional (1) is a value function

u(x, t) = inf
α

vx,t(α). (3)

Hence, knowledge of the value function u in some set is equivalent to knowledge of
the optimal value of the functional vx,t, for all starting points in that set.

We now look at an equation solved by the value function, and a necessary
condition for optimality.
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3 The Hamilton-Jacobi Equation

Dynamic programming is the concept of making the best of the situation at every
moment. This idea lies behind the Hamilton-Jacobi equation, the partial differential
equation governing the value function u. The Hamilton-Jacobi equation for the
value function associated with the optimization problem (1), (2) is given by

ut + H(ux, x) = 0, in [0, T ]× R
d,

u(x, T ) = g(x),
(4)

where the Hamiltonian, H : R
d × R

d → R, is

H(λ, x) = inf
a∈B

(

λ · f(x, a) + h(x, a)
)

.

A heuristic motivation for (4) utilizes the dynamic programming relation

u(x, t) = inf
α

(

∫ t+l

t

h
(

X(s), α(s)
)

ds + u
(

X(t + l), t + l
)

)

, (5)

where t + l ∈ (t, T ]; see [16]. As can be seen in (5), when an optimal control, α,
is to be chosen in the interval [t, t + l], it is sufficient to have knowledge about the
running cost, h, in that interval, and the value function, u, at the endpoint of the
interval, t + l. For small l it seems plausible that the following first order Taylor
expansion is accurate:

u
(

X(t + l), t + l
)

≈ u(x, t) + lut + ux ·
(

X(t + l) − X(t)
)

. (6)

We further assume that it is approximately optimal to to have a constant control
α in the interval [t, t + l]. Then

X(t + l) − X(t) ≈ lf(x, α) (7)

and
∫ t+l

t

h
(

X(s), α(s)
)

ds ≈ lh(x, α). (8)

If (6), (7) and (8) are plugged into (5), the Hamilton-Jacobi equation (4) is obtained.
When the Hamilton-Jacobi equation is examined in greater detail it becomes

evident that we must allow solutions to be nondifferentiable. This can be seen
by considering characteristics to (4). In general, characteristics cross at some
points, which makes the solution u nondifferentiable there. This corresponds to
the nonuniqueness of optimal controls to the optimal control problem (1), (2), i.e.
the fact that there may be several optimal solutions starting in a given point. An
example of one such optimal control problem is Example 2 in Paper I.

The proper notion of solution to (4) is viscosity solution, a concept introduced
by Michael Crandall and Pierre-Louis Lions in [10]. These solutions can be thought
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of as limits, as ε → 0 of differentiable functions, uε, which solve a modified variant
of (4), namely

ut + H(ux, x) + εuxx = 0, in [0, T ]× R
d,

u(x, T ) = g(x);
(9)

the method of vanishing viscosity. The definition of viscosity solutions is how-
ever not given by any use of approximating functions uε, as above, but instead a
condition that is easier to verify.

Definition 3.1. A bounded, uniformly continuous function u : R
d × [0, T ] → R is

called a viscosity solution of (4) provided

u(x, T ) = g(x),

and for all v ∈ C1(Rd × (0, T )),

if u − v attains a local maximum at (x0, t0) ∈ R
d × (0, T ), then

vt(x0, t0) + H
(

vx(x0, t0), x0

)

≥ 0,

and

if u − v attains a local minimum at (x0, t0) ∈ R
d × (0, T ), then

vt(x0, t0) + H
(

vx(x0, t0), x0

)

≤ 0.

This definition can be found e.g. in [5], where also an equivalent definition, using
the sub- and superdifferentials of u, is given.

Definition 3.1 is “the right” definition of solutions to the Hamilton-Jacobi equa-
tion (4) as it fulfills three important requirements:

• If there exists a classical solution to (4), i.e. a differentiable function which
satisfies the equation at every point, then this classical solution is also a
viscosity solution.

• Existence. For large classes of Hamiltonians and boundary data there exists
solutions.

• Uniqueness. There is at most one solution. As for existence, this holds in a
general setting.

Earlier attempts to define solutions as functions which solve the Hamilton-Jacobi
equation almost everywhere had been partially successful, as existence results had
been obtained by many authors (see references in [10]), but suffered the lack of
uniqueness. Viscosity solutions are however most suitable when optimal control
problems are considered, as it can be shown that the value function u in (3) for the
problem (1), (2) is a viscosity solution to the Hamilton-Jacobi equation (4). We
hence conclude that one method to find the value function associated to an optimal
control problem is to solve the associated Hamilton-Jacobi equation.
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4 The Pontryagin Principle

We start by stating Theorem 4.1, which contains the Pontryagin principle, a nec-
essary condition for optimal controls. The theorem contains the fact that the dual
variable lies in the spatial part of the superdifferential of u, defined as follows:

∇+u(x, t) =
{

η ∈ R
d : lim sup

h→0

u(x + h, t) − u(x, t) − (η, h)

|h|
≤ 0

}

.

This was, however, not mentioned in the first works of Pontryagin.

Theorem 4.1. Let the control set B and the functions h, g and f in (1) and (2)
satisfy the following properties:

1. The set B is compact.

2. There exists K > 0 such that |f(x1, α) − f(x2, α)| ≤ K|x1 − x2|, for all
x1, x2 ∈ R

d, α ∈ B.

3. For any R > 0 there exists γR such that |h(x1, α) − h(x2, α)| ≤ γR|x1 − x2|,
for all |x1|, |x2| ≤ R, α ∈ B.

4. g ∈ C1(Rd)

5. The derivatives fx and hx exist and are continuous with respect to x.

Given (t, x) ∈ [0, T ]× R
d, let α : [t, T ] → B be an optimal control for problem (3),

and let X : [t, T ] → R
d be the corresponding optimal trajectory. Let λ : [t, T ] → R

d

be the solution of the equation

λ′(s) = −fx

(

X(s), α(s)
)

λ(s) − hx

(

X(s), α(s)
)

, s ∈ [t, T ] a.e.

λ(T ) = g′
(

X(T )
)

.
(10)

Then λ(s) satisfies, for a.e. s ∈ [t, T ]

f
(

X(s), α(s)
)

· λ(s) + h
(

X(s), α(s)
)

≤ f
(

X(s), v
)

· λ(s) + h
(

X(s), v
)

(11)

for all v ∈ B. In addition,

λ(s) ∈ ∇+u
(

X(s), s
)

, for all s ∈ [t, T ].

This theorem is taken, in slightly modified form, from [4]. As seen in the theo-
rem, at points where the value function u is differentiable, λ(t) is the spatial gra-
dient. It is therefore tempting to assume that the Pontryagin Principle is identical
to the method of caracteristics for the Hamilton-Jacobi equation. This is, however,
only partially true; it is the case only when the Hamiltonian is differentiable:
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Corollary 4.2. Let the hypotheses of Theorem 4.1 be satisfied, and suppose in
addition that H ∈ C1,1

loc (Rd ×R
d). Let (α, X) be optimal control and state variables

for the starting position (x, t) ∈ R
d × [0, T ]. Then there exists a dual path λ :

[t, T ] → R
d, such that (X, λ) solves the system

X ′(s) = Hλ

(

λ(s), X(s)
)

,

−λ′(s) = Hx

(

λ(s), X(s)
)

,

λ(T ) = g′
(

X(T )
)

.

(12)

In many instances the Hamiltonian is nondifferentiable. Consider e.g. the simple
one-dimensional problem given in Section 2, Example 1c in Paper I. In this example
the running cost, h, is zero, while f = α ∈ [−1, 1]. This gives a nondifferentiable
Hamiltonian, H = −|λ|, so the method of caracteristics, (12), is not applicable.
Still, there exist many optimal controls, and for those the Pontryagin Principle in
Theorem 4.1 is valid.

Two things about Pontryagin’s principle are worth mentioning. Firstly, the
Pontryagin principle is much older than the introduction of viscosity solutions to
the Hamilton-Jacobi equation. Pontryagin formulated his principle around 1960,1

while the viscosity solutions for Hamilton-Jacobi equations were first introduced
around 1983. Secondly, the Pontryagin principle as it is stated in Theorem 4.1
could be called the Pontryagin minimum principle, as the optimal control min-
imizes the expression λ · f + h. Pontryagin, however, denoted his principle the
“maximum principle”. The origin of this difference is the fact that Theorem 4.1
can be formulated with a sign change on the dual variable λ (changing equation
(10) slightly). Equation (11) is then changed so that the optimal control maximizes
λ̃ · f − h, where λ̃ = −λ. In this thesis only the minimum principle will be used.

The Pontryagin principle gives an alternative to solving the Hamilton-Jacobi
equation when the optimization problem (3) is treated. We now turn to the advan-
tages and disadvantages of each of these methods.

5 Hamilton-Jacobi vs. Pontryagin

In the discussion about the rocket problem we realized that optimal solutions in con-
trol theory may be impossible to find in closed form (i.e. written using elementary
functions such as sin, exp, etc.), and moreover that good solutions may be difficult
to approximate by intuition. It is therefore necessary to apply numerical methods.
With the knowledge from the preceeding sections two possible numerical methods
may be developed; we have the possibility to discretize both the Hamilton-Jacobi
equation (4) and the Pontryagin principle in Theorem 4.1. In Table 1, positive

1Pontryagin wrote in russian, making it difficult to give a precise statement regarding this year.
Pontryagin wrote the book “The Mathematical Theory of Optimal Processes” 1961 (see [23]) where
his principle is described for several classes of optimal control problems. It also contains many
examples of control problems and their optimal solutions.
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Hamilton-Jacobi Pontryagin
Global minimum + -
High dimension - +

Table 1: Advantages and disadvantages with Hamilton-Jacobi and Pontryagin.

and negative aspects of both methods can be seen. In contrast to the Hamilton-
Jacobi equation, solutions to the Pontryagin principle may only be local minima,
i.e. minima in a restricted subset of the phase space (the space where the solutions
X : [t, T ] → R

d reside). This great advantage of Hamilton-Jacobi must however be
paid with the computational work of solving it. In high dimension this work simply
is too large. If we e.g. want to discretize the unit cube in dimension d = 100 and
use a grid with distance between neighboring grid points about 0.1 we would have
to solve a problem with about 10100 elements! Although the computational cost
increases with the dimension also for the Pontryagin principle, it is still possible to
use this method in e.g. dimension d = 100.

The idea in Papers I–III is to try to collect both the plus signs in Table 1. The
Pontryagin principle will be used for numerical computations, while the Hamilton-
Jacobi equation is used when convergence is proved. The convergence achieved
this way however assumes that a global optimum has been found. To guarantee
such a thing would generically require as much work as solving the Hamilton-Jacobi
equation, an immense task. Searching for a needle in a three-dimensional haystack
seems difficult – fancy doing it if the dimension is one hundred!

The optimal control problems analyzed in this thesis are primarily governed
by partial differential equations and their discretizations. Mathematical theory for
optimal control of PDE can be found e.g. in [19] and in [21], where also several
applications and numerical methods are given. Paper III contains analysis for
optimal design problems. For other examples of applications in this area, see [22].

We now introduce the papers.

6 Overview of Paper I

The shape of the Pontryagin principle which is easiest to handle is the Hamiltonian
system (12). In many situations it is however not possible to build a numerical
method on this system directly, since the Hamiltonian is not differentiable. We
therefore consider a regularized Hamiltonian, Hδ; a smooth function which satisfies

||H − Hδ ||L∞(Rd×Rd) = O(δ).

Such a function may e.g. be obtained using a mollification convolution. The Hamil-
tonian system (12) may then be used with the differentiable function Hδ replacing
H . A discretization of this Hamiltonian system is performed using the Symplectic

7



Euler method:

X̄n+1 = X̄n + ∆tHδ
λ(λ̄n+1, X̄n),

λ̄n = λ̄n+1 + ∆tHδ
x(λ̄n+1, X̄n).

(13)

See [18] for theory on symplectic methods for Hamiltonian systems. The combi-
nation of regularized Hamiltonian and Symplectic Euler is denoted the Symplectic
Pontryagin method. Together with the approximate state X̄ and approximate dual
λ̄, an approximate value function ū also follows from the Symplectic Pontryagin
method. It is defined by the following expression:

ū(x, tm) = inf
{

g(X̄n) + ∆t

N−1
∑

n=m

hδ(λ̄n+1, X̄n)
∣

∣

X̄m = x, {X̄n}
N
n=m and {λ̄}N

n=m solve (13)
}

,

where hδ(λ, x) = H(λ, x) − λ · Hλ(λ, x).
The symplectic methods precisely share the appealing feature that the dual

variable equals the gradient of the value function, i.e.

λ̄n = ūx(X̄n, tn),

a property inherited from the continuous problem. By extending the discrete paths
{X̄n} to time-continuous, piecewise linear functions it is possible to extend the
definition of ū to R

d × [0, T ]. Under some assumptions it can be shown that ū
solves a Hamilton-Jacobi equation

ūt + H(ūx, x) = O(δ + ∆t +
∆t2

δ
).

The comparison principle in the theory of viscosity solutions then implies that

||u − ū||L∞(Rd×[0,T ]) = O(δ + ∆t +
∆t2

δ
) = O(∆t), for δ = ∆t,

i.e. the Symplectic Pontryagin method is accurate of order one.

7 Overview of Paper II

The idea in this paper is to extend the results from Paper I, so that convergence
of numerical methods for optimally controlled PDE:s can be shown. Since the con-
vergence results in this genre relies on the regularity of solutions to the underlying
PDE, different situations must be considered. For simplicity, one specific time-
dependent PDE is considered in Paper II, and in Paper III three time-independent
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Figure 1: Upper curve: ϕ+. Lower curve: ϕ−.

problems are treated. The time-dependent PDE is a controlled Ginzburg-Landau
equation,

ϕt = δϕxx − δ−1V ′(ϕ) + α, ϕ(0, t) = ϕ(1, t) = 0, (14)

in [0, 1]× [0, T ], where ϕ is the state, δ is a positive parameter, and V is a “double-
well” potential such that there are two stable constant solutions, ϕ+ and ϕ−, to
equation (14) when α = 0, see Figure 1. The function α : [0, T ] → L2(0, 1) is the
control, which is used to minimize the functional

vϕ0,t0(α) =

∫ T

t0

h
(

α(t)
)

dt + g
(

ϕ(T )
)

(15)

where h(α) = ||α||L2/2 and g
(

ϕ(T )
)

= K||ϕ(T ) − ϕ−||
2, and ϕ solves (14) with

ϕ(t0) = ϕ0. As in Paper I, we denote by u the value function

u(ϕ0, t0) = inf
α

vϕ0,t0(α).

If we let (ϕ0, t0) = (ϕ+, 0) and K very large we have the problem of minimizing (15)
when ϕ makes a transition from ϕ+ to ϕ− in the finite time T . This optimization
problem is related to the probability of transition between the stable equilibria for a
Ginzburg-Landau equation with a small noise term, a model problem for e.g. phase
transitions, c.f. the introduction of Paper II.

The convergence analysis is performed in two steps, first discretization in space,
then in time. The spatial discretization analysis is performed for a finite element
approximation of (14). We therefore introduce the approximate value function

ū(ϕ̄0, t0) = inf
ᾱ∈L2(t0,T ;V )

{

g(ϕ̄(T )) +

∫ T

t

h(ᾱ)ds
∣

∣ ϕ̄(t0) = ϕ̄0

}

, (16)

9



where ϕ̄ ∈ C(t0, T ; V ) solves

(ϕ̄t, v) = −δ(ϕ̄x, vx) + (−δ−1V ′(ϕ̄) + ᾱ, v), for all v ∈ V, (17)

and V is the space of continuous piecewise linear functions on [0, 1] which are zero
at 0 and 1 and linear on the intervals (0, ∆x), (∆x, 2∆x), and so on.

It is proved in the paper that the spatial discretization error satisfies

∣

∣u(ϕ+, 0) − ū(Pϕ+, 0)
∣

∣ = O(∆x2), (18)

where P : L2(0, 1) → V is the projection. The idea behind the proof is to use
that u and ū solve Hamilton-Jacobi equations that are similar, although defined on
different spaces. Using results in [3], [2] we have existence of minimizers for both
(15) and (16). Let ᾱ : [0, T ] → V and ϕ̄ : [0, T ] → V be optimal control and state
corresponding to ū(ϕ0, 0), where ϕ0 ∈ V (consider e.g. ϕ0 = Pϕ+). By noting that
g
(

ϕ̄(T )
)

= u
(

ϕ̄(T ), T
)

, we may rewrite as follows:

ū(ϕ0, 0) − u(ϕ0, 0) =

∫ T

0

h
(

ᾱ(t)
)

dt + u
(

ϕ̄(T ), T ) − u(ϕ0, 0)

=

∫ T

0

( d

dt
u
(

ϕ̄(t), t
)

+ h
(

ᾱ(t)
)

)

dt. (19)

The next logical step would be to differentiate u with respect to its both arguments,
but since u may be nondifferentiable, this can not be done directly. Instead, it is
used that the value function, u, (defined on a suitable space) is semiconcave, and
that elements in the superdifferential may be obtained using the theory in [3], [2].
This corresponds to using that u solves a Hamilton-Jacobi equation in infinite
dimensions; for theory on this matter, see [6–9,11–13]. In the present situation, all
the tools needed are provided in [3], [2], and therefore the general Hamilton-Jacobi
results are not really needed.

With the results mentioned above, it is in principle OK to differentiate u in
(19). After this has been done a few lines of calculation shows that the argument
in the last integral in (19) satisfies the inequality

d

dt
u
(

ϕ̄(t), t
)

+ h
(

ᾱ(t)
)

≥ H
(

Pλ, ϕ̄(t)
)

− H
(

λ, ϕ̄(t)
)

, (20)

where H is the (explicitly known) Hamiltonian, and λ is an element in the superdif-
ferential of u. The element λ may be obtained by solving a Hamiltonian system
with starting position

(

ϕ̄(t), t
)

. To obtain an upper bound for the last integral in
(19) therefore requires to solve infinitely many Hamiltonian systems, one for each
position

(

ϕ̄(t), t
)

along the path; see Figure 2. This is however not performed by
numerical calculations. Instead smoothness properties of the functions λ are used
to theoretically obtain a lower bound in (20). By similar means a lower bound
may be obtained also for u(ϕ0, 0)− ū(ϕ0, 0), and we thereby accomplish (18). One
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state

time

T

ϕ

ϕ

ϕ
ϕ

Figure 2: Sketch showing the idea of solving one Hamiltonian system for each
position

(

ϕ̄(t), t
)

.

advantage with the present analysis is that it does not require any calculation of
differences between exact and approximating optimal paths ||ϕ− ϕ̄||. In many sit-
uations it would be impossible to show that such differences are small; this is a
consequence of the fact that there may be several minimizers to an optimal control
problem.

Paper II also includes analysis of the discretization in time. The Symplectic
Pontryagin method from Paper I is used, but as the Hamiltonian for the present
control problem is smooth, no regularization is needed, and hence Symplectic Pon-
tryagin reduces to Symplectic Euler. The theory in Paper I gives, under certain
assumptions, first order convergence for this method. These assumptions, including
bounds on the derivative of the discrete dual λ̃ with respect to the discrete state ϕ̃,
are, however, difficult to verify (even numerically). We furthermore want to derive
a convergence rate for the discretization in time which does not deteriorate when
the spatial discretization step ∆x is made smaller. It is easier to achieve this using
the techniques presented in Paper II, than with the general theory in Paper I. In
order to be able to prove a convergence rate which is uniform with respect to ∆x
an assumption has to be put on the spatial derivative of the discrete state, ϕ̃x;
numerical tests indicate that this assumption is fulfilled.

8 Overview of Paper III

The same ideas as in Paper II regarding approximation of optimal control for PDE
are applied at three other problems. These problems share the extra twist of being
independent of time. At first sight, one might think that time-independent prob-
lems are easier than the ones depending on time. To use the theory presented in

11



Section 7 however becomes more difficult in this setting. This is because we lack
the Hamilton-Jacobi theory for time-independent problems, as the Hamilton-Jacobi
equation is a consequence of dynamic programming, which needs some concept of
time to make sense.

The idea is therefore to transfer our time-independent problems to a setting
where time plays a role. Consider the problem to minimize a functional h(ϕ, σ)
constrained by f(ϕ, σ) = 0, where ϕ is the state, σ the control, and f may be
some partial differential operator. One way to solve such a problem is to search for
critical points to the associated Lagrangian. In nice situations this corresponds to
finding critical points to the Hamiltonian

H(λ, ϕ) = min
σ

{

〈

λ, f(ϕ, σ)
〉

+ h(ϕ, σ)
}

,

i.e. points where

Hλ(λ, ϕ) = Hϕ(λ, ϕ) = 0. (21)

In general, the Hamiltonian, H , is not differentiable, so it is not possible to search
for solutions to (21) directly. It can, however, be noted that (21) is the equation for
constant optimal solutions to the (artificial) time-dependent problem of minimizing

∫ T

0

h
(

ϕ(t), σ(t)
)

dt + g
(

ϕ(T )
)

, where ϕt = f(ϕ, σ).

We therefore make the (big) assumption that minima to the problem independent of
time also are minima to the artificial time-dependent problem, at least in a limiting
sense when T → ∞; see equation (19) in Paper III. Under this assumption it is
possible to use the same sort of argument as in Paper II to obtain error bounds for
a finite element approximation of the original optimal control problem.

The optimization problems treated in Paper III are to optimally design an elec-
tric conductor, to design an elastic domain, and to reconstruct the interior of an
object from measured electrical surface currents. These problems share the feature
that their Hamiltonians are non-differentiable, which is cured by the same sort of
regularization as introduced in Paper I. In the first two problems, symmetry implies
that the state and dual variables coincide, i.e. ϕ = λ. The stationary Hamiltonian
system (21) therefore reduces to only one equation, which may be viewed as the
Euler-Lagrange equation of a minimization problem.

9 Overview of Paper IV

The fourth paper presents a result which may be useful for the approximation
of optimal control, and therefore it is linked with the other papers. But it also
differs much from the other papers in the sense that no use of any theory for
Hamilton-Jacobi equations is made when the result is proved. The paper concerns
approximation of differential inclusions, which are interesting in the context of

12



optimal control since specific values of the control, α, are unimportant when the
value function, u, in (3) is determined. What is important is rather the values of
the flux and running cost, f and h, in (1), (2). It is therefore a relief to let α
disappear from the calculations, and instead consider the differential inclusion

x′(t) ∈ F
(

x(t)
)

,

x(0) = x0,
(22)

where F is a function from R
d into the compact subsets of R

d. The connection to
an optimal control problem is clear; if we let

F (x) =
⋃

a∈A

f(x, a),

where A is the set of admissible controls, it follows that the set of solutions to (22)
is equal to the set of solutions to (2), provided the starting positions are the same.

We split the interval [0, T ] in N equal parts so that the step length is ∆t = T/N
and consider solutions {ξn}

N
n=0 to the Forward Euler discretized inclusion

ξn+1 ∈ ξn + ∆tF (ξn), n = 0, 1, . . . , N − 1,

ξ0 = x0.
(23)

In the paper it is proved that under general conditions, such as Lipschitz continuity
of F , the convergence in Hausdorff-distance of admissible sets to the Forward Euler
scheme (23) is linear in the time step. If we e.g. introduce the sets

CN =
{

x(T ) | x : [0, T ] → R
d solution to (22)

}

,

DN =
{

ξN | {ξi}
N
i=0 solution to (23)

}

,
(24)

the result in the paper implies that

H(CN , DN ) = O(∆t),

where H denotes Hausdorff distance.
Let us see how this result can be applied to the Mayer problem: to minimize

g
(

X(T )
)

over all measurable functions α : [0, T ] → D, where D is a compact set
and X : [0, T ] → R

d solves

X ′(t) = f
(

X(t), α(t)
)

,

X(0) = x0.
(25)

A natural method to approximate the Mayer problem is to consider the Forward
Euler approximation of (25),

ξn+1 = ξn + ∆tf(ξn, αn),

ξ0 = x0,
(26)
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and find the minimizer

min
{αn}N−1

n=0

{

g(ξN )
∣

∣ {ξn}
N
n=0 solves (26)

}

. (27)

This is clearly equivalent to the problem of finding the minimizer

min
{

g(ξN )
∣

∣ {ξn}
N
n=0 solves (23)

}

.

With the equivalence of solution sets to (2) and (22) it thus follows from (24) that
if the terminal cost g is Lipschitz continuous the difference between the minimum
(27) and the minimum of the original Mayer problem is of the order ∆t.

The more general Bolza problem (1), (2), which includes a running cost, h, can
easily be transformed to a Mayer problem; see e.g. [1]. Therefore the first order
convergence holds also for Bolza problems, provided also the running cost, h, is
Lipschitz continuous.

The result in Paper IV is interesting since it proves linear convergence for differ-
ential inclusions where the set-valued function F in (22) may be nonconvex-valued.
For this situation it improves the half-order convergence in [17]. The convergence
in that paper is however of a stronger form. For a survey on numerical methods
for differential inclusions, see [14].
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