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Abstract

In his ICM-54 lecture, Kolmogorov introduced a now fundamental
result regarding the persistence of a large (in the measure theoretic
sense) set of invariant tori, in a certain category of almost-integrable
hamiltonian systems. 44 years later, in his ICM-98 talk, Herman con-
jectured that given any analytic hamiltonian system with an invariant
diophantine torus, this torus will always be accumulated by a positive
measure set of invariant KAM tori, i.e. it will be KAM stable.

In this thesis, we build upon recent results and provide a coun-
terexample in three degrees of freedom to KAM stability around an
invariant torus, in the category of smooth hamiltonian systems. The
thesis is self-contained in the sense that it also includes a brief in-
troduction to hamiltonian systems, as well as an exposition of Kol-
mogorov’s classic result.
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Stabilitet inom Hamiltonska System

KAM stabilitet kontra instabilitet kring en invariant torus

Sammanfattning

Under sitt ICM-54 anförande introducerade Kolmogorov ett nu-
mera fundamentalt resultat ang̊aende bevarandet av en m̊atteoretiskt
stor mängd invarianta torusar, inom en viss kategori av nästan in-
tagrabla hamiltonska system. 44 år senare, under sitt ICM-98 tal,
formulerade Herman en förmodan om att en invariant diofantisk to-
rus tillhörande en analytisk hamiltonian alltid omges av en mängd
invarianta KAM torusar av positivt m̊att.

Detta examensarbete bygger vidare p̊a befintliga resultat och ger i
fallet tre frihetsgrader ett motexempel till KAM stabilitet kring en
invariant torus, i kategorin glatta hamiltonska system. Arbetet är
självtillräckligt i den mening att det även ges en kort introduktion
till hamiltonska system, samt en exposition av Kolmogorovs klassiska
resultat.
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1 Stability in Hamiltonian Systems

This is the main section of the thesis, and contains the construction of a
smooth hamiltonian in three degrees of freedom having an invariant torus
not accumulated by a positive measure set of invariant KAM tori. Before
going into the construction, however, we will provide some context and moti-
vation for this kind of problem. The notation used is, if not stated explicitly,
standard and is introduced in the second section of the thesis, together with
its accompanying theory.

1.1 Introduction and motivation

We will be interested in the study of the dynamical properties of hamiltonian
systems. In particular, focus will be on the (non)existence of stable orbits of
such given system. In this introduction, we review the question of stability,
giving some historical content as well as recent developments. Some of the
topics are further exposed in the second section of the thesis.

1.1.1 The question of stability

Some motivation The question of stability of the solar system has caught
the interest of mathematicians and astronomers for a long time. More gen-
erally, the solar system belongs to a broad class of real world systems which
can be expressed as almost-integrable hamiltonian systems; in action angle
coordinates we express such a system as

H(p, q) = h(p) + fε(p, q), (p, q) ∈ Rn × Tn. (1)

The main problem is to study the solutions of such a system under an infinite
time interval. To answer stability questions, one might look for so-called
quasiperiodic solutions to Hamilton’s equations, i.e. vector-valued functions
whose components can be represented by series of the form∑

k

cke
i〈k,ω〉t, t ∈ R, (2)

with ω ∈ Rn a real valued frequency vector and t being the time-variable.
Already in 1878, Weierstrass was able to construct such quasiperiodic solu-
tions using classical perturbation theory. However, these were only formal
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solutions in the sense that their convergence was never assured. The conver-
gence problem is due to the appearance of so-called small divisors; indeed,
expressions of type 〈k, ω〉 enters the coefficients of (2) in the denominator,
and in a complicated manner. If the frequency vector ω is rationally depen-
dent, the coefficients clearly blow up. However, with rationally independent
frequencies, infinitely many coefficients still get arbitrarily large. For this
reason, many did not believe in the stability of the planetary orbits.[Mos73]

The KAM theorem In 1954, Kolmogorov [Kol54] offered some insights
on how to tackle the problem with the small divisors. His stated result is
today a fundamental one, known as the (classic) KAM theorem. One of the
insights of Kolmogorov was to, instead of finding explicit solutions as in (2),
focus on highly nonresonant invariant tori of the unperturbed hamiltonian
system h = h(p), and show that these persist as slightly deformed tori of
the perturbed system (1). In particular, Kolmogorov assumed H to be real
analytic, and also that the system satisfied the nondegeneracy condition

det(hpp) 6= 0,

on its domain of definition. Here, subscript denotes partial differentiation.
This nondegeneracy condition, however, is unfortunate in the sense that

many real world problems, including the planetary problem, do not meet its
demand. Therefore, in view of physical applications, it would be of interest
to relax this condition. During the years after Kolmogorov’s lecture, various
such results was established [Han11]. The most general one is due to Rüss-
mann [Rüs90]; to state it, assume that (1) is defined on D×Tn with D ⊂ Rn

some bounded domain. The nondegeneracy condition is such that the image

hp(D) = Ω ⊂ Rn

must not lie in a (n − 1)-dimensional linear subspace of Rn. This condition
of Rüssmann is clearly weaker than that of Kolmogorov.

On Herman’s conjecture In the vicinity of an elliptic fixed point, Her-
man [Her98] posed the following conjecture

An elliptic fixed point of an analytic hamiltonian function, with dio-
phantine frequency vector ω, is always accumulated by a positive
(Lebesgue) measure set of invariant tori.
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Notable work has been done on this conjecture by Eliasson, Fayad and Kriko-
rian [EFK13], establishing that, in particular, such a fixed point is always
accumulated by invariant complex tori. Alongside this conjecture of Herman
was another formulation in the same spirit

An invariant torus of an analytic hamiltonian function, carrying a dio-
phantine frequency ω, is always accumulated by a positive (Lebesgue)
measure set of invariant tori.

The remarkable thing in the above two conjectures is, of course, the absence
of any nondegeneracy condition. The same authors as above established in
[EFK15] results regarding this latter formulation. To state some of their
results, we first agree on the following definitions.

Definition 1.1 (KAM torus). A Cr (smooth, analytic) KAM torus with
translation vector ω is a Cr (smooth, analytic) invariant Lagrangian torus
with an induced flow that is Cr (smooth, analytic) conjugated to a diophan-
tine translation

(t, θ) 7→ θ + ωt.

Definition 1.2 (KAM stability). The invariant torus T (0) = {0} × Tn is
KAM stable if it is accumulated by a positive (Lebesgue) measure set of
invariant KAM tori.

Remark 1.1. Tn = Rn
/
Zn is the standard flat torus.

Let
H(r, θ) = 〈ω, r〉+O(r2) (3)

be a C2 function, defined for (r, θ) ∈ Rn × Tn. This system clearly has
T (0) = {0}×Tn as an invariant torus. The following theorem was established
regarding its stability

Theorem 1.1. [EFK15] If ω is diophantine, the invariant torus T (0) =
{0} × Tn of (3) is accumulated by invariant KAM tori.

This result falls short of proving Herman’s conjecture; indeed one estab-
lishes that T (0) is not isolated, however not the stronger notion of KAM
stability.

In more detail, the following results were established. Let NH be the so-
called Birkhoff normal form of (3), and call this j-degenerate if there exists
j orthonormal vectors γ1, . . . , γj such that for any r ∈ Rn close to 0

〈∂rNH(r), γi〉 = 0, for all 1 ≤ i ≤ j,
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but no j + 1 orthonormal vectors with this property.

Theorem 1.2. [EFK15] If ω is diophantine and NH is j-degenerate, then
there exists an analytic (co-isotropic) subvariety of dimension n+j containing
T (0) and foliated by KAM tori with translation vector ω.

If the Birkhoff normal form is assumed to be 0-degenerate or (n − 1)-
degenerate, on the other hand, the conjecture of Herman is true, as estab-
lished by the following two results, the first of which is due to Rüssmann.

Theorem 1.3. [Rüs67] If ω is diophantine and NH is (n−1)-degenerate, then
a full neighborhood of T (0) is foliated by analytic KAM tori with translation
vector ω.

Theorem 1.4. [EFK15] If ω is diophantine and NH is 0-degenerate, then
T (0) is accumulated by a positive (Lebesgue) measure set, with density one
at the torus T (0).

1.1.2 Smooth (counter)examples

In the smooth category of hamiltonian systems, Eliasson, Fayad and Kriko-
rian provided a positive result to Herman’s conjecture regarding KAM stabil-
ity around a smooth torus, in the case of two degrees of freedom. In essence,
they proved the flow version of Herman’s last geometric theorem [FK09]

Theorem 1.5. [EFK15] Let H ∈ C∞(R2 × T2) and assume that {0} × T2

is a KAM torus. Then {0} × T2 is accumulated by a positive measure set of
smooth KAM tori with diophantine translation vectors.

In the case of four or more degrees of freedom, the same authors pro-
vided counterexamples to KAM stability around an invariant torus in the
smooth category. The existence of counterexamples were known to Herman;
unfortunately he never got the time to write them down.

Theorem 1.6. [EFK15] Let n ≥ 4. For any ε > 0, s ∈ N there exists a
function h in C∞(R4 × T4), satisfying h(r, θ) = O∞(r4) and

‖h‖s < ε,

such that the flow Φt
H of H(r, θ) = 〈ω0, r〉+ h(r, θ) satisfies

lim sup
t→±∞

‖Φt
H(r, θ)‖ =∞

for any (r, θ) satisfying r4 6= 0.
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Remark 1.2. In the above given example, the hyperplane {r4 = 0} is foliated
by KAM tori, carrying the fixed frequency ω0. In particular, T (0) = {0}×Tn
is not isolated. The question whether one can create examples with a totally
isolated smooth torus is still open.

In this section of the thesis, we extend the above Theorem 1.6 to the
case of three degrees of freedom, by constructing a hamiltonian function
H ∈ C∞(R3 × T3) having an invariant torus not accumulated by a positive
measure set of invariant KAM tori. The idea of the second section of the
thesis is to provide the necessary theory for this kind of construction, as well
as giving an exposition of the Classic KAM Theorem.
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1.2 A smooth construction in three degrees of freedom

In this subsection we extend the counterexample given in [EFK15] regarding
smooth hamiltonians with an invariant torus not accumulated by a positive
measure set of invariant tori, to the case of three degrees of freedom.

1.2.1 Statement of Theorem A

In what follows, we will establish the following result.

Theorem A. For any given frequency vector ω0 ∈ R3 there exists a smooth
hamiltonian H ∈ C∞ (R3 × T3) with invariant torus T (0) = {0} × T3 car-
rying frequency ω0, such that T (0) is not accumulated by a positive measure
set of invariant KAM tori.

Remark 1.3. The hyperplane {r3 = 0} will be foliated by invariant La-
grangian tori, all of which are carrying the fixed frequency ω0. Any other
invariant tori of maximal dimension 3 will belong to a measure zero set and,
in particular, they will not be KAM tori in the sense that they will not exhibit
minimal dynamics.

Remark 1.4. Our example will not exhibit Lyapunov stability. Indeed, in
every neighborhood of T (0) we will have solutions diffusing to infinity.

Our function will be created in the spirit of the Anosov-Katok conjugation
scheme [AK70], in accordance with the counterexample given in [EFK15].
This extension of their counterexample to the case of three degrees of freedom
is made possible by the construction of Fayad and Saprykina [FS16]; indeed
they translated the result of [EFK15] to the more delicate case of an elliptic
fixed point and, in doing so, also managed to establish a result for the case
of three degrees of freedom.

1.2.2 Preliminary setup and statement of Proposition 1

Here we establish the preliminary setting for our construction, and state the
main Proposition 1.

Definition 1.3. A sequence of intervals (open, closed or half-open) In =
(an, bn) ⊆ (0,∞) is called an increasing cover of the half line if:

1. limn→−∞ an = 0,
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2. limn→∞ an = +∞,

3. an ≤ bn−1 ≤ an+1 ≤ bn.

The following technical lemma is in some sense the backbone of the con-
struction,.

Lemma 1. [EFK15] Let (ω1, ω2, ω3) ∈ R3 be fixed. For every ε > 0 and
every s ∈ N there exists an increasing cover (In)n∈Z of (0,∞) and functions
fi ∈ C∞ (R, [0, 1]), i = 1, 2, 3, such that ‖fi‖s < ε and fi(0) = 0, and

• For each n ∈ Z, the functions f1 and f2 are constant on I3n:

f1�I3n ≡ f̄1,n, f2�I3n ≡ f̄2,n,

• For each n ∈ Z, the functions f1 and f3 are constant on I3n+1:

f1�I3n+1 ≡ f̄1,n, f3�I3n+1 ≡ f̄3,n,

• For each n ∈ Z, the functions f2 and f3 are constant on I3n+2:

f2�I3n+2 ≡ f̄2,n, f3�I3n+2 ≡ f̄3,n,

• The vectors (f̄1,n+ω1, f̄2,n+ω2), (f̄1,n+ω1, f̄3,n+ω3) and (f̄2,n+ω2, f̄3,n+
ω3) are Liouville.

Remark 1.5. It follows that f1, f2, f3 are C∞-flat at zero.

Remark 1.6. We may and will choose our functions fi to be monotone.

Remark 1.7. Throughout the construction, we consider r3 ≥ 0; however
everything can of course be mirrored, yielding the same conclusions for the
case r3 < 0.

For any fixed frequency ω0 = (ω1, ω2, ω3), let (In)n∈Z, In = (an, bn), be an
increasing cover and fi be smooth functions as defined in the above lemma.
Following the idea in [EFK15] we define

H0(r, θ) = 〈ω0, r〉+
3∑
i=1

fi(r3)ri. (4)
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The above hamiltonian is integrable and its flow Φt
H0

has flat tori T (p) =
{r(p)} × T3 as invariant sets. These are Lagrangian Kronecker tori carrying
the frequencies

(F1(r3), F2(r3), F3(r3)) = (ω1 + f1(r3), ω2 + f2(r3), ω3 + f3(r3)) .

In particular, H0 has T (0) = {0} × T3 as invariant torus, carrying the fixed
frequency ω0.

On top of our increasing cover (In)n∈Z we define a disjoint cover (Jn)n∈Z.
The reason for this is merely technical, as we wish to carry out part of the
construction on intervals that do not overlap. Also, it makes the appearance
of the construction more symmetric. Therefore, we define

Jn = (cn, cn+1], cn =
an + bn−1

2
.

Notice that the properties of the frequency functions fi as stated in Lemma
1 above, are directly translated to apply on the sets Jn, too. We also define
sets Kn, which we call mutual zones, as follows

Kn = [an, bn−1].

The reason to call the above sets mutual zones is motivated by the fact that
for r3 ∈ Kn, each of the three pairs

(Fi(r3), Fj(r3)) = (F i, F j), 1 ≤ i < j ≤ 3

form a constant Liouville vector. Figure 1 tries to give a schematic view of
the underlying setting, so far.

We also define the sets

J̃n = R2 × Jn × T3, K̃n = R2 ×Kn × T3.

When carrying out the construction, we will only work in one set J = Jn and
its index will be omitted. Consequently, we denoteKL = Kn andKR = Kn+1,
with L and R emphasizing the left and right mutual zones, relative to J .

Our construction will depend heavily on smooth cut-off functions and we
wish to emphasize their zones of decay. Therefore for any δ > 0 and J = Jn
let

JL(δ) = (cn, cn + δ], JR(δ) = [cn+1 − δ, cn+1]

8



Kn Kn+1 Kn+2

Jn Jn+1

Figure 1: Schematic view of underlying construction, with the shaded areas
emphasizing the mutual zones.

and define
J(δ) = J r (JL(δ) ∪ JR(δ)) .

Similar zones are defined with J replaced by K. The sets JL(δ), JR(δ), KL(δ)
and KR(δ) will be referred to as marginal sets (of size δ.)

Let U denote the set of symplectic diffeomorphisms U such that (U − Id)
is flat near the set {r3 = 0} and at infinity, and also such that U(J̃n) = J̃n,
for all n ∈ Z. Finally, let H0 denote the set of functions H0 ◦ U , with
U ∈ U , and H0 denote its C∞-closure. We will show how to create arbitrarily
small perturbations of H0 inside H0 on any Jn, such that there will be large
oscillations in at least one of the two directions r1 and r2 of the corresponding
flow. Using the same approach as in [EFK15] we will get a somewhat stronger
result by adapting a Gδ-construction. Our main effort will be to prove the
following

Proposition 1. Let J = Jn for some n ∈ Z. For any ε > 0, s ∈ N, A > 0,
∆ > 0 and V ∈ U , there exists a function U ∈ U and time T > 0 such that
for (i1, i2) ∈ {1, 2, 3}2 distinct, we have

(1) U = Id on Ĩc and U(J̃) = J̃ ,

(2) ‖H0 ◦ U−1 ◦ V −1 −H0 ◦ V −1‖s < ε,

(3) for almost any p = (r, θ) ∈ J̃ such that max(|r1|, |r2|) < ∆ and for at
least one value of i = i1 or i = i2, we have that the following inequality
holds

sup
0<t<T

|
(
Φt
H0◦U−1◦V −1(p)

)
i
| > A.
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Remark 1.8. The ”almost any” will be made more precise in section 1.5.

Depending on n, our function U will be a composition of at most three
functions. The idea is the following: when n = 3m for some integer m,
the same construction as in [EFK15] will be adapted and we will get large
oscillations in both the r1 and the r2 directions. If n = 3m+ 1 or n = 3m+ 2
our function will have the shape U = UKL ◦ UKR ◦ UJ , with each function
living only in the set represented by its index. The construction of UJ will be
in the spirit of [FS16] and its purpose is to wiggle each torus into the mutual
zone. While there UKL , or UKR , will make large oscillations in either of the
two directions r1 and r2.

1.2.3 Two lemmas

The proof of Proposition 1 will be partially split into the below two lemmas.
The first one adapts the idea of [FS16], and shows how to construct functions
that push in the r3-direction. Recall that T (p) = {r(p)}×T3 is the flat torus
passing through the point p ∈ R3 × T3.

Lemma 2. Let n = 3m+ 1 for some integer m and fix δ > 0 small enough.
For any ε > 0 and s ∈ N, there exists a symplectic diffeomorphism U ∈ U
such that

(1) U = Id on J̃ c,

(2) ‖H0 ◦ U−1 −H0‖s < ε,

(3) for each p ∈ J̃(δ) we have that U (T (p)) ∩ J̃L(δ), J̃R(δ) 6= ∅.

Remark 1.9. There is a similar Lemma 21⁄2 for the case n = 3m+ 2.

Proof. Our function U will be a composition of N ∈ N functions ui, with
integer N to be specified later. In turn, each of the ui’s will be constructed
from a generating function. Let aJ ∈ C∞ (R) be a smooth cut-off function
such that

aJ(ξ) =

{
1 if ξ ∈ J(δ),

0 if ξ /∈ J.

Let qi = (qi1, q
i
3) ∈ Z2 be an integer vector to be decided later, and b a

constant such that ‖b‖ < (2‖a′J‖)−1. Define a function ki(r,Θ) as

ki(r,Θ) = 〈r,Θ〉+
aJ(r3)b

2πqi3
sin
(
2π
(
qi1Θ1 + qi3Θ3

))
.
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Since ∣∣∣∣det

(
∂(ki)2(r,Θ)

∂r∂Θ

)∣∣∣∣ =
∣∣1 + a′J(r3)b cos

(
2π
(
qi1Θ1 + qi3Θ3

))∣∣
> 1− 1

2
cos
(
2π
(
qi1Θ1 + qi3Θ3

))
> 0

by choice of b, ki(r,Θ) is a generating function, and defines the symplectic
diffeomorphism ui(r, θ) = (R,Θ) via

R1 =
∂(ki)2(r,Θ)

∂Θ1

= r1 +
aJ(r3)bqi1

qi3
cos
(
2π
(
qi1Θ1 + qi3Θ3

))
,

R2 =
∂(ki)2(r,Θ)

∂Θ2

= r2,

R3 =
∂(ki)2(r,Θ)

∂Θ3

= r3 + aJ(r3)b cos
(
2π
(
qi1Θ1 + qi3Θ3

))
,

θ1 =
∂(ki)2(r,Θ)

∂r1

= Θ1,

θ2 =
∂(ki)2(r,Θ)

∂r2

= Θ2,

θ3 =
∂(ki)2(r,Θ)

∂r3

= Θ3 +
a′J(r3)b

2πqi3
sin
(
2π
(
qi1Θ1 + qi3Θ3

))
.

By definition of aJ , we have that ui = Id in the complement of J̃ . Property
(1) of the proposition is therefore satisfied if we define

U = u1 ◦ · · · ◦ uN .

For the estimate, we begin with the simpler case of estimating H0◦ui−H0.
Note that

H0 ◦ ui(r, θ)−H0(r, θ) = 〈ω0, R− r〉+
3∑
i=1

fi(r3)(Ri − ri)

=
aJ(r3)b

qi3

(
qi1F 1 + qi3F 3

)
cos
(
2π
(
qi1Θ1 + qi3Θ3

))
.
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The vector (F1(r3), F3(r3)) =
(
F 1, F 3

)
is constant and Liouville, and allows

for a close estimate:

‖H0 ◦ (ui)−1 −H0‖s = ‖
(
H0 −H0 ◦ ui

)
◦ (ui)−1‖s

≤ F (q, s, δ)|qi1F 1 + qi3F 3|, (5)

with F (qi, s, δ) a polynomial in qi whose order depends only on s, and whose
coefficients are bounded and depend only on s and δ. Since our frequency is
Liouville, we may choose our integer vector qi in such a way that

|qi1F 1 + qi3F 3| < ε/F (q, s, δ).

Actually, having created uj for j < i, we may conclude the following stronger
estimate:

‖
(
H0 ◦ (ui)−1 −H0

)
◦ (ui−1)−1 ◦ · · · ◦ (u1)−1‖s ≤ ε/2i. (6)

The following telescoping sum establishes property (2):

‖H0 ◦ U−1 −H0‖s = ‖H0 ◦ (uN)−1 ◦ · · · ◦ (u1)−1 −H0‖s

≤
N∑
i=1

‖
(
H0 ◦ (ui)−1 −H0

)
◦ (ui−1)−1 ◦ · · · ◦ (u1)−1‖s

≤ ε
N∑
i=1

1

2i

< ε.

Property (3) will be proved by, for each p ∈ J̃(δ), describing two non
empty sets AL, AR ∈ T of angles, with the property that if p0 ∈ T (p) and
θ(p0) ∈ AL[AR] then U(p0) ∈ J̃L(δ)[J̃R(δ)]. Hence the torus U(T (p)) will be
wiggled such as to intersect both of the marginal sets. We begin by picking
N large enough so that

N >
2(cn+1 − cn)

b
.

The idea is that, for p0 = (r0, θ0) with right starting angle, N is large enough
to want to push r3(p0) outside of our interval J , while our cut-off function
aJ eventually will prevent this. To be able to describe this, we begin with
settling some notation: let (r1, θ1) = uN(r0, θ0) and in general

(rj+1, θj+1) = uN−j ◦ · · · ◦ uN(r0, θ0), j = 0, . . . , (N − 1).
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The set AL will be such that if θ0 ∈ AL, then

cos
(

2π
(
qN−j1 θj+1

1 + qN−j3 θj+1
3

))
< −1

2
,

for j = 0, . . . , (N − 1). Likewise, AR will be such that if θ0 ∈ AR, then

cos
(

2π
(
qN−j1 θj+1

1 + qN−j3 θj+1
3

))
>

1

2
,

for j = 0, . . . , (N−1). We only describe the construction of AR, realizing that
AL is constructed in the same manner. First note that since the dynamics in
r3 direction is independent on θj2 for any j, we may pick this angle arbitrarily.
Further, without loss of generality, we assume that θ0

1 = 0; by construction
of the ui’s this implies that θj1 = 0 for all j = 0, . . . , N . It is therefore enough
to consider the following inequality

cos
(

2πqN−j3 θj3

)
>

1

2
(7)

or equivalently,

k

|qN−j3 |
− 1

6|qN−j3 |
< θj3 <

1

6|qN−j3 |
+

k

|qN−j3 |
,

with k being any integer. In particular, this constitutes, for each j, a set
of disjoint open intervals, each of length 1/(3|qN−j3 |), whose midpoints are
1/|qN−j3 | distant apart. By local inverse function theorem, we can express θj

as a function of (rj−1, θj−1); in particular θj3 = θj−1
3 +O(|qj|−1). This means

that there are intervals of the same size as the above, however possibly shifted,
such that if θj−1

3 belongs to one of them, (7) is fulfilled. This argument can
be carried down to θ0

3 and hence we conclude that there is a set AjR such that
if θ0

3 ∈ A
j
R then (7) is fulfilled. Our aim is to prove that

N⋂
j=1

AjR 6= ∅. (8)

This can be achieved by adding constraints to our integer vectors qj. The
problem can be formulated as follows: we want each disjoint interval of the
set Aj−1

R to be large enough to completely contain at least one of the smaller
disjoint intervals of AjR. Algebraically this can be expressed as follows

1

3|qj−1
3 |

>
1

|qj3|
+

1

3|qj3|
⇐⇒ |qj3| > 4|qj−1

3 |.

13



Figure 2 tries to depict the idea. When proving the estimate in property (2),
we actually have an infinite number of choices for our vector qi; hence we
may add the above constraint that |qj3| > 4|qj−1

3 | and therefore conclude that
at least one interval of AjR lies completely inside an interval of Aj−1

R . This
confirms (8).

1/(3|qj−1
3 |)

1/(3|qj3|) 1/(3|qj3|)1/(|qj3|)

Figure 2: Regardless of how the larger interval is moved, it will always completely
contain at least one of the two smaller end-intervals.

Let

AR = {0} × T×

(
N−1⋂
i=0

AjR

)
,

and realize from the above that this set is not empty. We now show that for
a point p0 ∈ J̃(δ) such that θ0 = θ(p0) ∈ AR, U(p0) will belong to the the
right marginal set JR(δ). First suppose that the dynamics in the r3 direction
is such that

rj+1
3 = rj3 + b cos

(
2π
(
qN−j1 θj+1

1 + qN−j3 θj+1
3

))
,

i.e. we have temporarily discarded the effect of our cut-off function aJ . We
show that for p0 as above, rN3 > cn+1. For our choice of p0 we have that

rj+1
3 = rj3 + b cos

(
2π
(
qN−1

3 θj+1
3

))
> rj3.

Therefore, if for any j = 0, . . . , (N − 1) we have that rj3 ≥ cn+1, we are done.
If for all j = 0, · · · , (N − 1) we have that rj3 < cn+1, then by the choice of N
it follows that

rN3 > rN−1
3 +

b

2
> · · · > r0

3 +
2N

b
> cn +

2

b

b(cn+1 − cn)

2
= cn+1.
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We now consider the real case, i.e. we add back our cut-off function aJ . We
will still get diffusion in the r3 direction, however since aJ cuts off at the
endpoints of our interval, the points that want to jump out of our interval
will be confined to end up in the marginal. To be more precise, we have the
following alternative for p0 ∈ T (p) with θ(p0) ∈ AR:

1. If uN−k ◦ · · · ◦ uN(p0) ∈ JL(δ) for some integer k, then we are done;

2. If not, then θ(uN−k ◦ · · · ◦ uN(p0)) ∈
⋂N
j=k+1A

j
R and we continue.

By choice of N , we will always end up in the marginal set, and by choice of
angle, we will stay there. By a similar method, we can construct a non-empty
set

AL = {0} × T×

(
N−1⋂
j=0

AjL

)
such that for p0 ∈ T (p) with θ(p0) ∈ AL, U(p0) ∈ JL(δ). This proves property
(3).

The next lemma is the same construction as in [EFK15], adapted to our
setting.

Lemma 3. Let n = 3m for some integer m. Then Proposition 1 is true and
property (3) holds for both i = 1 and i = 2, and also for all p ∈ J̃ .

Proof. Since V (J̃) = J̃ and since the flow of H0 ◦ U−1 ◦ V −1 is conjugated
to that of H0 ◦ U−1, we may without loss of generality assume that V = Id;
indeed we may prove the lemma with V = Id and for ε′ � ε and A′ � A.

Just as in the above Lemma 2, our function U will be defined through a
generating function. Let

k(r,Θ) = 〈r,Θ〉+
a(r3)

2π
sin (2π (q1Θ1 + q2Θ2)) ,

with q = (q1, q2) ∈ Z2 an integer vector to be decided later and a ∈ C∞ (R)
a smooth cut-off function such that

a(ξ) =

{
1 if ξ ∈ J,
0 if ξ /∈ I.

Since

det

(
∂k2(r,Θ)

∂r∂Θ

)
= 1,
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this function defines a symplectic diffeomorphism U(r, θ) = (R,Θ) via

R1 =
∂k2(r,Θ)

∂Θ1

= r1 + a(r3)q1 cos (2π (q1Θ1 + q2Θ2)) ,

R2 =
∂k2(r,Θ)

∂Θ2

= r2 + a(r3)q2 cos (2π (q1Θ1 + q2Θ2))

R3 =
∂k2(r,Θ)

∂Θ3

= r3,

θ1 =
∂k2(r,Θ)

∂r1

= Θ1,

θ2 =
∂k2(r,Θ)

∂r2

= Θ2,

θ3 =
∂k2(r,Θ)

∂r3

= Θ3 +
a′(r3)

2π
sin (2π (q1Θ1 + q2Θ2)) .

By choice of our function a, property (1) of Proposition 1 clearly holds.
To show property (2), we make use of the Liovulle condition of the vector

(F 1, F 2) together with the free choice of integer vector q. The details of this
estimate are the same as in the estimate in Lemma 2; therefore we do not
write them out. Moreover, just as in Lemma 2, we may add the following
extra assumption on our integer vector q = (q1, q2), without interfering with
the estimate:

|qi| > A+ ∆, i = 1, 2.

Consider the flat torus T (p) = {r(p)} × T3 of H0 passing through p.
Since

(
F 1, F 2

)
is Liouville, it is in particular rationally independent; hence

the dynamics of the translation flow T t
(F 1,F 2)

on T (p) is minimal. For p ∈ J̃
with ‖p‖ < ∆, we have

R1,2 = r1,2 + q1,2 cos (2π (q1θ1 + q2θ2)) .

and together with minimality and the choice of integer vector q, this proves
property (3).

1.2.4 Proof of Proposition 1 and Theorem A

We will combine the two lemmas in the previous section to prove Proposition
1. Before doing so, however, we make the statement ”almost any” more
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precise. Orbits of our original hamiltonian H0 are confined to lie on tori
T (p) = {r(p)}×T3. Our aim is to, under appropriate change of coordinates,
wiggle these tori. In a limit process, this wiggling will destroy the tori, and
we wish our conclusion to be that no orbit will lie on an invariant torus. If
p ∈ J̃3m, for some integer m, the fact that (F 1, F 2) form a Liouville vector is
enough to ensure this, as proved in Lemma 3. In the case p ∈ J̃3m+1 [J̃3m+2],
however, we must assume the orbits to be dense on our original torus; indeed
the set of angles we describe is dependent on all three angle coordinates
(θ1, θ2, θ2). In essence, we require

(F 1, F2(r3), F 3)
[
(F1(r3), F 2, F 3)

]
(9)

to be a rationally independent vector. This however, is not achieved by all
points p. Indeed, let p ∈ J̃3m+1. Since F2 is a continuous function there exists
countably many values of r3 ∈ J3m+1 such that

F2(r3) = n1F 1 + n2F 2, n1, n2 ∈ Q.

These ”bad points” only constitute a measure zero set, however, and also
the dynamics is not minimal on the corresponding tori. In the two proofs to
follow, we only consider points that lie on tori with minimal dynamics; i.e.
points such that (9) is a rationally independent vector.

Proof of Proposition 1. Lemma 3 proved the proposition for the case n = 3m,
and just as in the proof of Lemma 3, we may without loss of generality assume
that V ≡ Id. Suppose that n = 3m + 1, the case n = 3m + 2 being similar.
Our coordinate transformation U will be a composition of three functions

U = UKL ◦ UKR ◦ UJ ,

each function living only in the zone indicated by its index. We begin by
creating the functions to live in the mutual zones, whose purpose is to create
large oscillation in r2-direction.

Our functions UKL and UKR will be created in the spirit of Lemma 3.
Let KL,L(δ) and KL,R(δ) be the left and right marginals of the mutual zone
KL, of size δ. Later, we must be somewhat explicit with choosing δ but for
now let us assume that it is small. Following our previous constructions of
symplectic diffeomorphisms, define the cut-off function aKL as

aKL(ξ) =

{
1 if ξ ∈ KL(δ),

0 if ξ /∈ KL,
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and the (generating) function

kKL(r,Θ) = 〈r,Θ〉+
aKL(r3)

2π
sin
(
2π
(
lL1 Θ1 + lL2 Θ2

))
,

with lL = (lL1 , l
L
2 ) ∈ Z2 to be decided later. This will generate a symplectic

diffeomorphism UKL whose dynamics is similar to the function created in
Lemma 3. In particular, we notice that the r3-coordinate as well as angles
θ1 and θ2 are all left invariant. We create UKR in a similar fashion.

Let (ui)Ni=1 be the family of functions created in Lemma 2 and consider
the function

U = UKL ◦ UKR ◦ UJ , (10)

with UJ = u1 ◦ · · · ◦ uN . By construction, U satisfy property (1).
The proof of property (2) is similar to the estimate in Lemma 2. First

notice that we can assure that

‖H0 ◦ U−1
KR
−H0‖s, ‖H0 ◦ U−1

KL
−H0‖s < ε/3,

as follows from the same kind of estimate (5) in Lemma 2. Also, in view of
(6) in the same lemma, we may assume the following estimate

‖(H0 ◦ U−1
J −H0) ◦ U−1

KR
◦ U−1

KL
‖s < ε/3.

Using the fact that UKL and UKR do not have overlapping support, and a
telescoping sum, we get that

‖H0 ◦ U −H0‖s
≤ ‖(H0 ◦ U−1

J −H0) ◦ U−1
KR
◦ U−1

KL
‖s + ‖H0 ◦ U−1

KR
‖s + ‖H0 ◦ U−1

KL
−H0‖s

< ε.

Lastly, property (3) will be proved by, for each p ∈ J̃ , show the existence
of a nice set of angels such that r2 will be lifted above A. Before doing this,
however, we determine the size of δ. For convenience, we wish its size to be
small enough so that when p ∈ JL(δ)[JR(δ)] we have that aKL [aKR ] = 1. For
this purpose, we are free to pick

δ = min

(
bn−1 − an

8
,
bn − an+1

8

)
,
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and by doing so allow ourselves to use the same δ in the creation of UKL , UKR
and UJ .

Recall that in Lemma 2, we showed that the set of angles

AL = {0} × T×

(
N⋂
j=0

AjL

)

was such that if p0 ∈ T (p), with p ∈ J(δ) any point, and θ(p0) ∈ AL, then
U(p0) ∈ JL(δ). The domain of p can of course be extended to include the
margin JL(δ) as well, however not necessarily JR(δ). Without interfering
with the estimate we may, and do, pick lL2 > 2(A + ∆). Let A2

L be the,
obviously non empty, set of angles θ such that

cos
(
2πlL2 θ

)
>

1

2

and consider the set

ÂL = {0} × AL2 ×

(
N⋂
j=0

AjL

)
.

The above set is constructed in such a way as for all p ∈ J(δ) ∪ JL(δ) and

for p0 ∈ T (p) with θ(p0) ∈ ÂL, we have that

r2

[
UKL ◦ UKR ◦ UJ(p0)

]
> r2(p0) +

lL2
2
> −∆ +

2(A+ ∆)

2
> A.

Hence for each p ∈ J(δ) ∪ JL(δ), there is some time T > 0 such that(
ΦT
H◦U−1(p)

)
2
> A. (11)

Likewise, there is a set of angles ÂR such that for all p ∈ J(δ) ∪ JR(δ), (11)
holds, with possibly some other time T . This establishes property (3) and
with it Proposition 1.

The following theorem is stronger than, and will imply, Theorem A. In-
stead of explicitly constructing a counterexample, we will envoke Baire’s
theorem.
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Theorem B. Let D be the set of hamiltonians H ∈ H0 such that

lim sup
t→±∞

‖Φt
H(p)‖ =∞

for almost any p ∈ R3 × T3 satisfying r3(p) 6= 0. Then D contains a dense
(in the C∞-topology) Gδ subset of H0.

Proof. Consider the set

D(A, n,∆, T ) =

{
H ∈ H0 | sup

0<t<T
max
i=1,i=2

min
p∈J̃n∩{max(|r1|,|r2|)<∆}

∥∥(Φt
H(p)i

)∥∥ > A

}
.

Since the map H 7→ Φt
H is continuous, the above sets are open in any Cs-

topology. From Proposition 1 we have that⋃
T∈N

D(A, n,∆, T )

is a an open dense set in any Cs-topology, and since our space is a Baire
space, we conclude that⋂

A∈N

⋂
n∈Z

⋂
∆∈N

⋃
T∈N

D(A, n,∆, T )

is a dense set contained in D.
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2 Classic Theory and Results

The purpose of this section is twofold. On the one hand it provides the neces-
sary, if minimal, introduction to hamiltonian systems in order the understand
the main construction of section 1. On the other hand, it provides an expo-
sition of the classic KAM theorem, giving context to why the construction,
and those similar to it, are interesting.

2.1 Hamiltonian systems

We will define hamiltonian systems through the language of differential ge-
ometry and, in doing so, we begin with saying something about symplectic
manifolds. Following this, hamiltonian vector fields and flows will be defined.
We will introduce coordinate transformations, taking one hamiltonian into
another, and prove a result on how these coordinate transformations affect
the corresponding hamiltonian vector field and flow. Finally, we introduce
the important notion of an integrable system, and provide a simple exam-
ple of such. The exposition will mostly consist of a body of results, offering
proofs to some of them; others will only be stated.

2.1.1 Symplectic manifolds

Here we introduce the notion of a symplectic manifold, and show how the
cotangent bundle of a manifold naturally has a natural symplectic structure;
this is the abstract framework for the study of hamiltonian mechanics. The
introduction is by no means complete and only contains the bare minimum;
if anything, it settles some notation. Furthermore, the reader is assumed to
now the basics of differential geometry, including differential forms. Some
of the prior assumed knowledge will, however, be reviewed in the first para-
graph. For reference to this subsection and also the next, we mainly refer to
[Lee13][Arn89].

Preliminary results from differential geometry For any integer n > 0,
let Mn denote an n-dimensional smooth manifold. Due to the following
theorem, we allow ourselves, now and forever, to consider Mn as a subset of
some euclidean space Rd.

Theorem 2.1. (Strong Whitney Embedding Theorem) If n > 0, every smooth
n-dimensional manifold Mn admits a smooth embedding into R2n.

21



Remark 2.1. The above theorem assumes Mn to be both Hausdorff and
second-countable, which is perfectly fine for us.

Denoting the space of all k-covectors of Mn by Λk(T ∗Mn), and its points
by ωkp ∈ Λk(T ∗pM

n), recall the natural projection map

π : Λk(T ∗Mn)→Mn, ωkp 7→ p.

Also recall the definition of a smooth section.

Definition 2.1. A smooth section of the natural projection map π is a
smooth function σ : Mn → Λk(T ∗Mn), σ(p) ∈ Λk(T ∗Mn), with the property
that

π ◦ σ = Id .

Definition 2.2. A (smooth) k-form ωk is a (smooth) section of Λk (T ∗Mn)

ωk : M → Λk (T ∗Mn) , ωk(p) = ωkp ∈ Λk
(
T ∗pM

n
)
,

Remark 2.2. All our k-forms will be considered smooth from now on; there-
fore we will not write out the prefix smooth.

We will also need the following definitions and standard results from
differential geometry; they will be used later on. Let F be a smooth function
between smooth finite-dimensional manifolds M and N , X a smooth vector
field on M and ωk a k-form on N .

Definition 2.3. If there exists a smooth vector field Y on N such that for
all p ∈M we have

dFp(Xp) = YF (p),

we say that X and Y are F -related.

If F happens to be a diffeomorphisms, one can guarantee the existence
of Y as in the above definition

Proposition 2.2. Suppose M and N are smooth manifolds and F : M → N
a diffeomorphism. For every smooth vector field X of M , there is a unique
smooth vector field on N that is F -related to X.

The proof is constructive, and the resulting vector field on N is called the
pushforward of X by F , and is denoted F∗X. Explicitly, we have

(F∗X)q = dFF−1(q)

(
XF−1(q)

)
, (12)

for any point q ∈ N . The following definition contains the notion of a
pullback of a differential form.
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Definition 2.4. Given F,M,N and ωk as above, we define a new form on
M called the pullback of ωk by F as

(F ∗ωk)p(v1, . . . , vk) = ωkF (p)(dFp(v1), . . . , dFp(vk)), vi ∈ TpM. (13)

A symplectic structure We now introduce the concept of a symplectic
structure on a manifold Mn; in essence this is a choice of a 2-form to be
associated with the manifold.

Definition 2.5. A symplectic form on Mn is a closed nondegenerate 2-form,
i.e.

(1) d (ω2) = 0,

(2) for all 0 6= vp ∈ TpMn there exists wp ∈ TpMn such that ω2
p(vp, wp) 6= 0,

for all p ∈Mn.

Remark 2.3. d(·) is the exterior derivative.

We consider a concrete example: let M2n = R2n together with standard
(global) coordinates (x1, . . . , xn, y1, . . . , yn), and let

ω2 =
n∑
i=1

dxi ∧ dyi.

We show that this 2-form constitutes a symplectic form. By property of the
exterior derivative, this form is clearly closed; indeed we have that d ◦ d = 0.
To show that it is also nondegenerate, pick some tangent vector v ∈ TpR2n.
For some real ai and bi, it will have a representation

v = ai
∂

∂xi
+ bi

∂

∂yi
,

where we use the usual convention regarding summation over indices. Sup-
pose that ω2(v, w) = 0 for all other tangent vectors w. Then, in particular,
with the choice w = ∂/∂xj for any index 1 ≤ j ≤ n, we find that

0 = ω2(v, w)

=
n∑
i=1

(dxi ∧ dyi)(v, w)

= (dxj ∧ dyj)(v, w)

= −bj
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Hence, bj = 0 for all 1 ≤ j ≤ n. Likewise, with the choice w = ∂/∂yj we
find that aj = 0 for all 1 ≤ j ≤ n. We conclude that v = 0 and therefore the
nondegeneracy property of ω2.

A symplectic manifold is a pair (Mn, ω2); choosing ω2 is to choose a sym-
plectic structure on Mn. The form in the above example is called the canon-
ical symplectic form on R2n. The following fundamental result of Darboux
tells us that, locally, we can always find coordinates in which the symplectic
form is expressed as above.

Proposition 2.3. (Darboux) Let (M2n, ω2) be a 2n-dimensional symplectic
manifold. For any p ∈M2n there are smooth coordinates (x1, . . . , xn, y1, . . . , yn)
centered at p in which ω2 has the coordinate representation

ω2 =
n∑
i=1

dxi ∧ dyi. (14)

Remark 2.4. The requirement of an even-dimensional manifold is not a con-
straint - it can be shown that every symplectic manifold necessarily is of even
dimension.

The coordinates such that ω2 has the representation (14) are called Dar-
boux coordinates. Note the implication of the proposition: because of local
similarity, local properties of the symplectic manifold (R2n, ω2) can be ex-
tended over to any symplectic manifold.

To gain some intuition, one can in geometrical terms think of ω2 as sum-
ming area: taking M2n as euclidean space R2n with standard coordinates
(x1, . . . , xn, y1, . . . , yn), and given a 2n-dimensional open set S we have that
(with some abuse of notation)

ω2(S) =
n∑
i=1

∫
S

dxi ∧ dyi

is the sum of the oriented projected area of S onto each plane (xi, yi).
We end this subsection with showing that the cotangent bundle of a

smooth n-dimensional manifold Mn naturally has a symplectic structure. A
point ω1

p of T ∗Mn is a 1-covector on the tangent space TpM
n. Let (xi) be

local coordinates for points in Mn and (dxi) the corresponding local basis for
T ∗Mn. It is well known that any 1-form locally can be uniquely expressed as

ω1 = yidx
i,
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with yi continuous functions. We may choose the 2n coordinates (xi, yi)
as local coordinates on T ∗Mn. The following well known result and proof
follows the exposition in [Lee13].

Theorem 2.4. T ∗Mn is a 2n-dimensional symplectic manifold.

Proof. From the above discussion, it is clear that the dimension of T ∗Mn is
2n. We show that T ∗Mn naturally is equipped with a symplectic form. To
do this, we begin with describing a 1-form on T ∗Mn, called the tautological
1-form.

Any point in T ∗Mn is a covector ϕ ∈ T ∗pM
n at some point p ∈ Mn.

Writing this point as (p, ϕ) we have the natural projection π acting as

π : T ∗Mn →Mn, (p, ϕ) 7→ p.

This projection gives rise to a map from covectors of Mn to covectors of
T ∗Mn, through to so-called pointwise pullback:

dπ∗(p,ϕ) : T ∗pM
n → T ∗(p,ϕ)(T

∗Mn)

acting as
(dπ∗(p,ϕ)ϕ)(v) = ϕ(dπ(p,ϕ)v), v ∈ T(p,ϕ)(T

∗Mn).

We define the tautological 1-form ω1 as

ω1
(p,ϕ) = dπ∗(p,ϕ)ϕ.

Now, considering using smooth coordinates (xi) on M and the induced nat-
ural coordinates (xi, yi) on T ∗M , one realizes that dπ∗(dxi) = dxi and hence
the local representation of ω1 is

ω1
(x,y) = dπ∗(x,y)(yidx

i) = yidx
i.

Let ω2 = −dω1. This is clearly a closed 2-form, and locally we have that

ω2
(x,y) = dxi ∧ dyi =

n∑
i=1

dxi ∧ dyi. (15)

From the example given above, we conclude that ω2 is a symplectic form.
Moreover, we realize that (xi, yi) are Darboux coordinates.

Remark 2.5. Given local coordinates, one always has a local symplectic 2-
form as in (15). However, the 2-form in the above theorem is defined globally.
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2.1.2 Hamiltonian vector field and flow

Let (M2n, ω2) be a 2n-dimensional symplectic manifold. To each smooth real-
valued function H on M one may naturally associate a vector field. To do
this, we first show that there exists an isomorphism between tangent vectors
and 1-forms.

Lemma 2.5. The map ω̂ between tangent vectors of M2n and 1-forms, de-
fined by

ω̂(vp)(wp) = ω2
p(vp, wp),

is an isomorphism.

Proof. By linearity of the symplectic form it is clear that the map is a ho-
momorphism, and from nondegeneracy we get injectivity:

ω̂(vp) = 0 ⇐⇒ ω2
p(vp, wp) = 0, ∀wp ∈ TpM2n ⇐⇒ vp = 0.

To prove surjectivity, consider local Darboux coordinates (xi, yi). In these
coordinates we may write any 1-form as ω1 = ξidx

i + ηidy
i. With the choice

of vp = ηi∂
/
∂xip − ξi∂

/
∂yip, it follows that

ω̂(vp)(wp) =
n∑
i=1

(dxi ∧ dyi)(vp, ωp)

=
n∑
i=1

(
dxi(vp)dy

i(wp)− dxi(wp)dyi(vp)
)

=
n∑
i=1

(
ηidy

i(wp) + ξidx
i(wp)

)
= ω1

p(wp).

Let H be any smooth real-valued function on M2n; its differential dH is
a 1-form and therefore by the above lemma one may associate a vector field
with it:

XH = ω̂−1(dH). (16)

The vector field defined in (16) is called the hamiltonian vector field, and
the function H associated with it is referred to as the hamiltonian function,
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or simply as the hamiltonian. In local Darboux coordinates, the hamiltonian
vector field can be expressed in the following way: let

XH =
n∑
i=1

(
ai

∂

∂xi
+ bi

∂

∂yi

)
,

where ai and bi are (smooth) functions to be determined. Using similar
calculations as in the proof of [Lemma XX] above, we get that

ω̂(XH) =
n∑
i=1

(aidy
i − bidxi).

The above expression is equal, by definition, to

dH =
n∑
i=1

(
∂H

∂xi
dxi +

∂H

∂yi
dyi
)

and hence the hamiltonian vector field in local Darboux coordinates can be
expressed as

XH =
n∑
i=1

(
∂H

∂yi
∂

∂xi
− ∂H

∂xi
∂

∂yi

)
. (17)

Introducing the matrix

J =

(
0 Idn
− Idn 0

)
,

with Idn denoting the standard n-dimensional identity matrix, we notice that
one may in local coordinates express the hamiltonian vector field through

XH = J∇H,

with ∇ the usual gradient.
To the above smooth hamiltonian vector field, we may associate a flow

Φt
H called the hamiltonian flow. Using Darboux coordinates, we see from

(17) that the flow is determined by the following system of equations

ẋi(t) =
∂H

∂yi
(x(t), y(t)) , ẏi(t) = −∂H

∂xi
(x(t), y(t)) , (18)

usually called Hamilton’s equations.
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In physical applications, the hamiltonian often represents the total en-
ergy of the system. The possible positions of a particle in this system is
represented by some manifold M , and to each point p ∈M one associates a
momentum ϕ ∈ T ∗xM . Together, the point (p, ϕ) ∈ T ∗M represents a state
of the system. T ∗M is called the phase space of the system. Considering
Theorem 2.4, together with the natural coordinates (xi, yi) this was shown
to have a symplectic structure associated to it. The following theorem shows
that along trajectories, the energy of the system is preserved.

Theorem 2.6. The Hamiltonian H = H(x, y) is constant along trajectories.

Proof.

d

dt

∣∣∣∣
t=0

H
(
Φt(x, y)

)
= d(x,y)H

(
(XH)(x,y)

)
= ω2

(x,y)

(
(XH)(x,y), (XH)(x,y)

)
= 0.

2.1.3 Symplectic diffeomorphisms

Definition 2.6. A diffeomorphism U : M2n → M2n is called a symplectic
diffeomorphisms (also a symplectomorphism) if it preserves the symplectic
form:

U∗ω2 = ω2.

Symplectomorphisms are maps on phase space that preserves area. They
also preserve the form of Hamilton’s equations, as made precise by the fol-
lowing proposition.

Proposition 2.7. Let (M2n, ω2, H) be a hamiltonian system and U : M2n →
M2n be a symplectic diffeomorphism U(x, y) = (X, Y ). In the new coordi-
nates (X, Y ), Hamilton’s equations are expressed as

Ẋi(t) =
∂K

∂Yi
(X(t), Y (t)), Ẏi(t) = − ∂K

∂Xi

(X(t), Y (t)),

with hamiltonian function K = H ◦ U .
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Remark 2.6. The above holds for time-dependent hamiltonian functions H =
H(x, y, t), too. We, however, will only be concerned with time-independent
hamiltonian functions.

In essence, one can through the act of reparameterization create new
hamiltonian functions from old ones. The following proposition shows a
connection between the old and new hamiltonian function.

Proposition 2.8. Given a hamiltonian function H on a symplectic manifold
(M2n, ω2) and a symplectomorphism U : M2n → M2n, the following can be
said about H ◦ U−1:

(1) XH◦U−1 = U∗XH ,

(2) Φt
H◦U−1 = U ◦ Φt

H ◦ U−1.

Proof. (1) By definition we prove that for any smooth vector field Y we have

ω2 (U∗XH , Y ) = d
(
H ◦ U−1

)
Y.

This follows directly from the following calculation, in which we unravel
the definitions

ω2
p

(
(U∗XH)p , Yp

)
= ω2

p

(
dUU−1(p)

(
(XH)U−1(p)

)
, Yp
)

=
(
U∗ω2

)
U−1(p)

(
(XH)U−1(p), (dUU−1(p))

−1(Yp)
)

=
(
U∗ω2

)
U−1(p)

(
(XH)U−1(p), dU

−1
p (Yp)

)
= dHU−1(p)

(
dU−1

p (Yp)
)

= d
(
H ◦ U−1

)
p
Yp,

where we used the fact that U preserves ω2 and also an application of
the chain rule.

(2) Let Φt = U ◦ Φt
H ◦ U−1. It is clear that Φt satisfies the properties of a

flow:
Φ0(p) = p, Φs+t = Φs ◦ Φt s, t ∈ R.

By uniqueness of flow and property (1) above, it is enough to show that

d

dt

∣∣∣∣
t=0

Φt(p) = (XH◦U−1)p = (U∗XH)p.
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This follows directly with an application of the chain rule:

d

dt

∣∣∣∣
t=0

Φt(p) =
d

dt

∣∣∣∣
t=0

U ◦ Φt
H ◦ U−1(p)

= dUΦ0
H◦U−1(p)

(
d

dt

∣∣∣∣
t=0

Φt
H(U−1(p))

)
= dUU−1(p)

(
(XH)U−1(p)

)
= (U∗XH)p.

Remark 2.7. Property (2) is more general then the above; any two F -related
vector fields will have F -conjugated flows.

2.1.4 Generating functions

To tailor-make a hamiltonian K = H ◦U is to choose your symplectic diffeo-
morphism U according to plan. The following hand-waving argument moti-
vates the next proposition. Consider the symplectic form ω2 =

∑n
i=1 dx

i∧dyi
and a symplectic diffeomorphism U : M2n →M2n, (x, y) 7→ (X, Y ). By def-
inition of being a symplectic diffeomorphism, we have that U∗ω2 = ω2 and
therefore

0 =
n∑
i=1

[
dxi ∧ dyi − dX i ∧ dY i

]
= −d

n∑
i=1

[
yidx

i +XidY
i
]
.

We see that the far-right sum constitutes a locally exact 1-form and hence
there is some real-valued function k = k(x, Y ) (defined locally) with the
property that

∂k(x, Y )

∂xi
= yi and

∂k(x, Y )

∂Yi
= Xi. (19)

The function k is called a generating function. The following proposition,
which we state without proof, assures that we can reverse the above argu-
mentation.

Proposition 2.9. A real-valued function k(x, Y ) on M2n locally defines a
symplectomorphism by (19), provided

det

(
∂2k(x, Y )

∂xi∂Yj

)
6= 0.
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Remark 2.8. The above does not tell the whole truth but is enough for our
needs. A more general exposition can be found in [Rob99] or [Arn89].

2.1.5 Integrable systems

We will describe a small but important class of hamiltonian systems which
will be called integrable. These are systems that we can fully describe an-
alytically, and therefore serve as a starting point of the analysis of more
complicated systems, provided these can be approximated well enough by
integrable ones. Both the classic KAM theorem exposed in the next section,
and the main construction of section 1, have as starting point integrable
systems. To define these, we begin with introducing the Poisson bracket of
functions.

Definition 2.7. The Poisson bracket {F,H} of functions F and H on a
symplectic manifold (M2n, ω2) is the derivative of F in the direction of the
phase flow with hamiltonian function H:

{F,H}(x) =
d

dt

∣∣∣∣
t=0

F
(
Φt
H(x)

)
Remark 2.9. Notice that this definition may also be expressed using the
symplectic form:

{F,H} = ω2(Xf , Xh).

Therefore, in particular, the bracket can in local Darboux coordinates be
expressed as

{F,H} =
n∑
i=1

(
∂F

∂xi
∂H

∂yi
− ∂F

∂yi
∂H

∂xi

)
.

In Theorem 2.6 above, we showed that {H,H} = 0. In general, a function
F satisfying the relation {F,H} = 0 is said to be a first integral of the
hamiltonian system defined by H. Being a first integral has the physical
interpretation of a conservation law (conservation of energy, momentum, etc.)
More generally, given two functions F1 and F2 on a symplectic manifold, we
say that they are in involution if {F1, F2} = 0. The following theorem is a
fundamental result to the study of classical mechanics.

Theorem 2.10. (Arnold-Liouville) Let F1, . . . , Fn be n functions in invo-
lution on a symplectic manifold (M2n, ω2), and consider a level set of the
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functions Fi:

Mf = {x : Fi = fi, i = 1, . . . , n}, f = (fi)
n
i=1.

If the 1-forms dFi are linearly independent at each point of Mf then

1. Mf is a smooth manifold, invariant under the phase flow with hamiltonian
function H = F1.

2. If Mf is compact and connected, then it is diffeomorphic to the n-dimensional
torus

Tn = {(q1, . . . , qn) mod 2π}.

3. The phase flow with hamiltonian function H determines a conditionally
periodic motion on Mf , i.e., in angular coordinates q = (q1, . . . , qn) we
have

dq

dt
= ω, ω = ω(f).

4. Hamilton’s equations with hamiltonian H can be integrated by quadratures.

Using (F, q) as coordinates the equations of motion of our system with
hamiltonian function H = F1 can be written

dF

dt
= 0,

dq

dt
= ω(F ).

The variables (F, q) are not in general, however, Darboux coordinates. It
turns out though that there are functions of F , which we denote by p(F ), such
that (p, q) are symplectic coordinates. These are called action-angle variables
and are defined in a neighborhood of Mf . In particular H = F1 = H(p).

Definition 2.8. A hamiltonian system is called integrable if there exists a
local symplectic change of coordinates (x, y) → (p, q) ∈ Rn × Tn such that
the hamiltonian function satisfies H = H(p).

The reason to call such a system integrable lies in the fact that the equa-
tions of motion are easily solved via integration to yield the general solution

p(t) = p(0), q(t) = q(0) + ω(p(0))t.

Notice, in particular, that for any point (p, q) we have

Φt
H(p, q) = (p, q + ωt),

where ω = ω(p) is a constant frequency. That is, orbits are confined to lie in
invariant tori, carrying some fixed frequency ω.
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2.1.6 Example: the mathematical pendulum

We end the exposition of hamiltonian systems with a standard example of
an integrable hamiltonian system. Consider the mathematical pendulum
depicted in figure (3).

θ

− cos θ

0

Figure 3: A mathematical pendulum.

The prefix mathematical means that we consider the rod to be massless,
and do not care for any type of friction. The mass attached to the rod is
assumed to be a unit point mass. Allowing ourselves to set the length of the
rod equal to unity, as well as the constant of gravity g, we can express the
total energy of the system as

H(x, y) =
x2

2
− cos y,

with x = θ̇ and y = θ. The motion of the pendulum can only approximately
be solved with analytic methods in a neighborhood of the equilibrium y = 0.
However, noting that the level sets Mh = {H = h} are compact connected
curves, we can conclude from the Arnold-Liouville theorem that this system
is indeed integrable, with orbits confined to lie on invariant tori (circles.)

To make things more interesting, we may consider two pendulums and
hence a system exhibiting two degrees of freedom. If they do not interact
with each other, Arnold-Liouville implies that orbits are confined to lie on
invariant tori of dimension 2. In particular the system is integrable and can
be expressed as H(p, q) = h(p). However, if they interact as depicted in
figure (4), things get more complicated. The added spring between them is
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interpreted as a perturbation of the integrable system and the hamiltonian
can therefore be expressed as

H(p, q) = h(p) + εf∗(p, q),

with ε being a parameter measuring the magnitude of perturbation f∗. Whether
or not any invariant tori of the original system survives the perturbation is
answered by the KAM theorem. The short answer is yes - if ε is small enough,
and if the pendulums do not have the same length.

Figure 4: Two pendulums connected via a (very weak) spring.
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2.2 Miscellaneous results

In what follows is an exposition of Liouville and diophantine numbers, as
well as a brief review of the smooth topology used in section 1.

2.2.1 Liouville and Diophantine

The following bi-decomposition of the irrational numbers has important ap-
plication to the study of dynamical systems and plays a central role both in
the exposition of the classic KAM theorem, and also in the main construction
of section 1.

The decomposition has its roots in the quest of finding transcendental
numbers. Recall that a number α ∈ R such that

P n(α) = anα
n + · · ·+ a1α + a0 = 0

for some polynomial P n of degree n with integer coefficients (an), is called
an algebraic number. Moreover, if n is the least degree of a polynomial such
that α satisfies this property, the degree of α is said to be n. A number
that is not algebraic is called transcendental. Due to Cantor, we know that
there are infinitely uncountable many transcendental numbers. Prior to this
knowledge, however, Liouville managed to find an infinite family of transcen-
dental numbers. His discovery was made possible by the following result, of
which an exposition is found in [Khi97].

Proposition 2.11 (Liouville). For every real irrational algebraic number ω
of degree n, there exists a positive number α such that, for arbitrary integers
p and q > 0, ∣∣∣∣ω − p

q

∣∣∣∣ > α

qn
.

This is one of the first results of importance when it comes to the rational
approximation of algebraic numbers, and through the apparatus of contin-
ued fractions, Liouville was able to construct his family of transcendental
numbers. Indeed if we are given ω such that for all constants α > 0 and all
integers n we can find a rational number p/q so that |ω − p/q| ≤ α/qn, then
ω must be transcendental.

In dynamics, this notion of being well or badly approximated by rational
numbers is of importance when studying resonant phenomena. In a higher
dimensional setting, the following two definitions are suitable, and captures
this property of rational approximation.
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Definition 2.9. Given positive constants α and τ , we say that a vector
ω ∈ Rn satisfies the diophantine condition if

|〈ω, k〉| ≥ α

|k|τ
, for all k ∈ Zn r {0}.

The set of vectors satisfying the diophantine condition with constants τ and
α is denoted DC(τ, α).

Remark 2.10. Here 〈·, ·〉 is the usual scalar product, and |k| = |k1|+· · ·+|kn|.

Definition 2.10. A vector ω ∈ Rn is said to be Liouville, or satisfy the
Liouville condition, if it is irrational and if for all positive constants τ and α
there is some k ∈ Zn r {0} such that

|〈ω, k〉| < α

|k|τ

We prove that there are many diophantine numbers; in fact these are
generic among the reals.

Theorem 2.12. For any fixed τ > n− 1, the set

DC(τ) =
⋃
α>0

DC(τ, α)

has full measure in Rn.

Proof. Let m denote n-dimensional Lebesgue measure and let Ω ⊂ Rn be
any bounded domain. We begin with showing that each set

R(τ, α, k) =

{
ω ∈ Rn : |〈ω, k〉| < α

|k|τ

}
.

has measure O(α/|k|τ+1). For any vector ω we have the decomposition ω =
ω0 + ω1, with ω0 being orthogonal to k, and ω1 being parallel. Given ω ∈
R(τ, α, k), we find that

|ω1||k| = |〈ω, k〉| ≤
α

|k|τ
,

and therefore realize that the set R(τ, α, k) is a thickening of the (n − 1)-
dimensional hyperplane orthogonal to k, by length 2α/|k|τ+1. In particular

m (R(τ, α, k) ∩ Ω) ≤ 2Mα

|k|τ+1
,
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where M is the largest measure of the intersection of Ω with an (n − 1)-
dimensional hyperplane. Consequently it follows that

m (R(τ, α) ∩ Ω) ≤
∑

k∈Znr{0}

2Mα

|k|τ+1
= O(α),

given τ > n−1, where R(τ, α) =
⋃
k∈Znr{0}R(τ, α, k). By the Borel-Cantelli

lemma we conclude that m (R(τ) ∩ Ω) = 0 and hence that the measure of
R(τ) =

⋂
α>0R(τ, α) is zero. DC(τ) = R(τ)c therefore has full measure in

Rn.

2.2.2 The standard smooth topology

Here we briefly introduce the (standard) smooth topology that will be used
throughout the main construction of the main section. We will be interested
in functions f, g ∈ C∞(R3×T3) with the support of their difference belonging
to some compact set. More precisely, our functions will be considered smooth
function belonging to a subset of C∞(R6), with the usual periodicity property

f(x, y + n) = f(x, y), for all n ∈ Z3.

For such functions f − g = h : R6 → R let

‖h‖0 = sup
x∈R6

|h(x)|

denote the usual supremum norm. Introducing the notation

Dα =
∂|α|

∂α1x∂α2y
,

with |α| = α1 + α2, let

‖h‖k = {‖Dαh‖0 : |α| = k} .

The smooth distance is introduced as

d∞(f, g) =
∞∑
s=0

1

2s+1

‖f − g‖s
1 + ‖f − g‖s

. (20)

Notice that if ‖f−g‖s can be made arbitrarily small for all values of s, we can
guarantee closeness in the smooth distance. The introduction of the distance
as in (20) above makes our function space into a complete metric space and,
in particular, we can rely on Baire’s theorem.
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Theorem 2.13. (Baire) Let X be a complete metric space. Then any count-
able intersection of dense open sets is dense.
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2.3 Classic KAM

This section is entirely devoted to the motivation and proof of the classic
KAM theorem.

2.3.1 Motivation from Celestial Mechanics

The motivation of KAM stems from celestial mechanics and the planetary
problem in particular. We review this problem, and show how the question
of stable solutions can be thought of as a problem in perturbation theory.

Consider N points (in R3) with positive masses m1, . . . ,mN . According
to Newton’s second law of motion, one has

mk
d2xk
dt2

= Fk, k = 1, . . . , N,

with xk position and Fk the net force applied to particle k. The net force is the
sum of the force of interaction of particle k with particle l = 1, . . . , N , l 6= k,
and its direction is the same as the unit vector pointing from particle k to
particle l. The interactive force (gravitational force) is inversely proportional
to the (euclidean) distance squared between a pair of particles. Putting this
together, we get the following N equations of motion

mk
d2xk
dt2

=
n∑

l=1,l 6=k

Gmkml

‖xk − xl‖2

(xl − xk)
‖xk − xl‖

=
∂U

∂xk
(21)

with

U(x) =
∑

1≤k<l≤N

Gmkml

‖xk − xl‖
.

being the so-called self-potential. G is the proportionality constant, i.e. in
our case the so-called gravitational constant.

Remark 2.11. The above can be translated to a hamiltonian system as fol-
lows. Let

yk = mk
dxk
dt

denote the momentum and introduce the hamiltonian function

H(x, y) =
n∑
k=1

‖yk‖2

2mk

− U(x)
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The above system of equations is then expressed through

dxk
dt

=
∂H(x, y)

dyk
,

dyk
dt

= −∂H(x, y)

dxk
.

In the planetary problem one considers the case when one of the masses,
saymN , is significantly larger than the other. We allow ourselves to normalize
the masses so that mN = 1, i.e. the mass of the sun equals unity, and also
scale time so that we may assume G = 1. Consider dividing the k’th equation
in (21) by mk and go to the limit mk → 0. We will then end up with the
following (N − 1) uncoupled equations

d2xk
dt2

=
(xN − xk)
‖xk − xN‖3

, k = 1, . . . , (N − 1). (22)

These equations represent 2-body problems, and with the notation rk =
xN − xk we get to solve

d2rk
dt

= − rk
‖rk‖3

= −∂V
∂rk

, k = 1, . . . , (N − 1),

with

V (r) =
1

‖r‖
.

The above is known as Kepler’s problem, and its solutions are called Kepler
orbits (see [MHO09].) Note that the above can be expressed as a hamiltonian
system, just as our original system of equations (21). In fact, it can be shown
that this system is in fact integrable. In action angle coordinates (p, q), we
may express this system as

H(x, y) = h(p). (23)

Suppose now that we allow are masses mk to exist, i.e. we return to our
original system of equations (21). This will give us a hamiltonian consisting
of an integrable part together with a small perturbation (assuming masses
mk are small):

H(p, q) = h(p) + fε(p, q) (24)

This is a problem in perturbation theory. Prior to the KAM theorem, one
could construct formal quasiperiodic solutions of the form∑

k

cke
i〈k,ω〉.
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The problem with these expressions were that their convergence could not be
verified. Indeed, the problem lies in the so-called small divisors that appear
in the coefficients ck. These have the form 〈k, ω〉−1, and obviously causes
potential blow-ups of the sum. We show in the next section, in the proof of
the KAM theorem, how Kolmogorov managed to deal with the problem of
the small divisors.

2.3.2 The KAM Theorem

In this section, we state and prove the classic KAM theorem that partially
solves the question on the existence of stable orbits of a class of perturbed
hamiltonian systems having the form

H(p, q) = h(p) + fε(p, q). (25)

The entire section will be an exposition of the proof given in [Pös01], together
with some intuition taken from [HI04]. Focus will be on the ”KAM strategy”
and some intermediate results from function theory will be stated without
proof.

We will consider a real analytic hamiltonian function as in (25) living
in phase space D × Tn, where D ⊂ Rn is some bounded domain. The
perturbation function will have the form

fε(p, q) = εf∗(p, q),

with ε a small parameter measuring the size of the perturbation. Notice that
our system exhibits the following equations of motion

dp

dt
= −∂fε(p, q)

q
,

dq

dt
=
∂h(p)

∂p
+
∂fε(p, q)

∂p
,

and if we consider the unperturbed case ε = 0 the equations simplify to
the ones associated with an integrable system, and hence yield the general
solution

p(t) = p0, q(t) = q0 + ω(p0)t.

We realize that trajectories in phase space D × Tn are straight lines lying
on invariant tori T (p0) = {p0} × Tn, carrying the constant frequency ω(p0).
Such a torus, with a linear flow, is called a Kronecker torus. Moreover, the
standard symplectic form

ω2 =
∑
j

pj ∧ qj
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vanishes on the tangent spaces associated with these tori; also these tori are
of maximal dimension n. Such tori are called Lagrangian.

Definition 2.11. A vector ω ∈ Rn is said to be resonant if there is some
rational vector k ∈ Zn r {0} with the property that

〈ω, k〉 = 0.

If there is no such vector k, ω is said to be nonresonant.

Remark 2.12. Notice that Liouville vectors are in some sense as close as
possible to being resonant, while Diophantine vectors are in some sense extra
nonresonant. This, of course, mirrors the one dimensional notion of being
close to rational or being extra irrational.

The following alternative is well-known: if ω is nonresonant, each orbit
on the Kronecker torus is dense, i.e. the Kronecker torus is minimal with
respect to the linear flow. If ω is resonant, the torus decomposes into tori of
dimension less than n; each of these lower dimensional tori are minimal with
respect to the flow.

Consider the integrable part h of our function (25). The frequencies of the
invariant tori may or may not vary with with p. This behaviour is captured
by the so-called frequency map

∂h

∂p
= hp : D → Ω, p 7→ ω(p) = hp(p).

Here, Ω ⊂ Rn is called the frequency domain. The following definition notices
this behaviour.

Definition 2.12. A hamiltonian system given as in (25) is called nondegen-
erate if

dethpp(p) =
∂ω(p)

∂p
6= 0

for all p belonging to the domain of definition D.

Notice that a in a nondegenerate hamiltonian system, hp is a (local)
diffeomorphism D → Ω. In particular, each invariant torus T (p0) can be
recognized as an embedding

Ψ0 : Td × Ω→ D × Td, (θ, ω) 7→
(
h−1
p (ω), θ

)
. (26)

The question we will focus on is the following:
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Assuming ε 6= 0, will any of the above invariant tori for the unper-
turbed system persist as, perhaps slightly deformed, invariant tori of
the perturbed system (25)?

It was known to Poincaré that tori with resonant frequency generally are de-
stroyed by small perturbations. Actually, he showed that in a nondegenerate
system a dense set of tori is usually destroyed. This idea lived on through
the ergodic hypothesis: arbitrarily small perturbations can turn an integrable
hamiltonian system into an ergodic one, i.e. into a system having invariant
sets with measure strictly between zero and that of phase space itself. In
his ICM-54 lecture, however, Kolmogorov [Kol54] stated that a majority of
the Kronecker tori do survive; namely those with a frequency ω satisfying
some diophantine condition. To be more precise, for some fixed diophantine
exponent τ > n− 1 and constant α > 0 define

Ωα ⊂ Ω = hp(D) ⊂ Rn

to be the set of frequency vectors ω ∈ Ω ∩ DC(τ, α) whose distance to the
boundary of Ω is at least α.

Theorem 2.14. (Classic KAM Theorem) Let H = h + fε be a real ana-
lytic hamiltonian on D × Tn whose analyticity can be extended to a uniform
neighborhood of D. Furthermore suppose that H is nondegenerate with the
frequency map hp : D → Ω being a diffeomorphism. Then there exists a
constant δ > 0 such that for

|ε| < δα2

all Kronecker tori (Tn, ω) of the unperturbed system with frequency ω ∈ Ωα

persist as Lagrangian tori, being only slightly deformed. Moreover, they de-
pend in a Lipschitz continuous way on ω and fill the phase space D × Tn up
to a set of measure O(α).

KAM as in the above is an acronym for Kolmogorov, Arnold and Moser.
In some sense, Kolmogorov stated the theorem while Arnold and Moser gave
detailed proofs.

It is worth noting that from a physical standpoint, the KAM theorem
delivers a probabilistic statement. Indeed, since Ωα (as with Ω) is a Cantor
set, it has in particular no interior points. Therefore one cannot deduce with
finite precision whether a random point lies on an invariant torus or not.

The proof of the above will be given through a slightly different KAM the-
orem, namely a ”KAM theorem with parameters”. Here is the idea: instead
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of proving the persistence of a Cantor family of tori for our one hamiltonian
system as above, we will use the nondegeneracy assumption and through
it consider a Cantor family of hamiltonians parameterized by ω ∈ Ωα, and
prove that there exists a single invariant torus for this family. This change
of perspective turns out to be fruitful for many reasons; for one, it provides
us with a simple structure on the unperturbed hamiltonian, namely a linear
one.

Parameterizing the hamiltonian

This subsection will go through the groundwork of parameterizing the hamil-
tonian system as given in (25). The family of functions we end up with will
be our new starting point.

For any point p0 ∈ D we write p = p0 + I. Taylor expanding the unper-
turbed hamiltonian h at p0 yields

h(p) = h(p0) + 〈hp(p0), I〉+

∫ 1

0

(1− t)〈hpp(pt)I, I〉dt, (27)

with pt = p0 + tI. Since hp is assumed to be a diffeomorphism D → Ω, we
may use the frequencies as independent parameters, determining p0 uniquely.
For this reason, we may rewrite our unperturbed function as

h(p) = e(ω) + 〈ω, I〉+ Ph(I;ω),

with Ph being the integral expression in (27). Writing θ instead of q and
introducing Pε as being the function

Pε(I, θ;ω) = fε(p0 + I, q),

we get a family of hamiltonians H = N+P , parameterized by the frequencies
ω, with

N(I; θ) = e(ω) + 〈ω, I〉, P (I, θ;ω) = Ph(I;ω) + Pε(I, θ;ω).

Notice, in particular, that N is linear in I. These hamiltonians are analytic
in the coordinates (I, θ) ∈ B × Tn with B ⊂ Rn some small enough ball
centered at the origin. Due to the fact that the analyticity assumption of
our original function can be extended to some uniform neighborhood of D,
our family is also analytic for ω in some uniform neighborhood of Ω.
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When perturbation P = 0, our hamiltonian reduces to the integrable
normal form H = N and we immediately recognize Tω = {0} × Tn as an
invariant Lagrangian Kronecker torus for this family of hamiltonians, having
the constant vector field

XN =
d∑
j=1

ωj
∂

∂θj
.

Notice that, just as for our original unperturbed hamiltonian, these tori can
be seen as an embedding

Φ0 : Tn × Ω→ B × Tn, (θ, ω)→ (0, θ)

of Tn over Ω into phase space B × Tn. The aim is to prove that this torus
survives under small perturbations P 6= 0, provided ω ∈ Ωα.

The use of supremum norms over complex domains

Another insight of Kolmogorov, other than that of focusing on invariant
submanifolds, was the use of real analytic functions together with their as-
sociated sup-norms. We will extend our analytic functions into complex
domains; in particular we denote

Dr,s := {I ∈ Cn : |I| < r} × {θ ∈ Cn : | Im θ| < s} ⊂ Cn × Cn

as the complex neighborhood of the torus {0} × Tn, and

Oh := {ω ∈ Cn : |ω − Ωα| < h} ⊂ Cn

as the complex neighborhood of Ωα. Here, | · | is the usual sup-norm of real
vectors. For functions f ∈ Dr,s × Oh we denote the sup-norm by | · |r,s,h.
During many occasions in what to follow, some of the indices will not be
written out in the sup-norm when proving estimates. This is to shorten
otherwise cumbersome notation, and indicates that the estimate is uniform
in the coordinate associated with the not seen index. Speaking of estimates,
the following theorem is a useful and well known one, that will be used many
times throughout the proof of KAM.

Lemma 2.15. (Cauchy estimate) Let D be an open domain in Cn and Dr =
{z ∈ Cn : |z −D| < r} be the neighborhood of radius r around D. If f is an
analytic function on Dr with bounded sup-norm |f |r, then

|fzj |r−ρ ≤
1

ρ
|f |r,
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for any 0 < ρ < r and 1 ≤ j ≤ n.

Proof. Pick z ∈ Dr−ρ and consider the function

g : t 7→ f(z1, . . . , zj + tρ, . . . , zn).

This function is defined in the unit disc {z : |z| ≤ 1}. From the standard
Cauchy estimate for derivatives in one variable, it follows that

|g′(0)| ≤ |g|1 ≤ |f |r.

Since |g′(0)| = ρ|fzj(z)|, this finishes to proof.

We will also rely heavily on the fact that functions f ∈ Dr,s × Oh enjoy
different series expansions. Indeed, we may expand such a function as a
power series in its first coordinate, and and as a Fourier series in its second
coordinate. Appropriate estimates regarding such expansions will be given
when first necessary.

Finally, we also wish to say something about Lipschitz continuity. There-
fore, we introduce the Lipschitz constant of a function as

|ϕ|L := sup
ν 6=ω

|ϕ(ν)− ϕ(ω)|
|ν − ω|

,

where the domain in question will be clear from the context.

Stating the main theorems

We are ready to state the main theorems. Our main effort will be to prove
the following one.

Theorem 2.16. Let H = N + P and suppose that P is real analytic on
Dr,s ×Oh with estimate

|P |r,s,h ≤ γαrsν , αsν ≤ h,

where ν = τ + 1 and γ a small constant depending only on n and τ . Suppose
also that r, s, h ≤ 1. Then there exists a Lipschitz continuous map ϕ : Ωα →
Ω close to the identity and a Lipschitz continuous family of real analytic torus
embeddings Φ : Tn × Ωα → B × Tn close to Φ0, such that for each ω ∈ Ωα

the embedded tori are Lagrangian and

XH

∣∣
ϕ(ω)
◦ Φ = DΦ ·XN .
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Moreover, Φ is real analytic on T∗ := {θ : | Im θ| < s/2} for each ω, and

|W (Φ− Φ0)|, αsν |W (Φ− Φ0)|L ≤
c

αrsν
|P |r,s,h,

|ϕ− Id |, αsν |ϕ− Id |L ≤
c

r
|P |r,s,h,

uniformly on T∗ × Ωα and Ωα, respectively, where c is a large constant de-
pending only on n and τ , and W = diag(r−1 Id, s−1 Id).

Disregarding the estimates, the above theorem states that for each fre-
quency value ω ∈ Ωα there is an embedded invariant Kronecker torus Tω =
Φ(T n, ω) for the hamiltonian vector field XH , at the shifted parameter value
ϕ(ω). Incorporating the estimates, the shifted parameter value is seen to be
only slightly different from the original one, and each invariant torus is close
to the embedded torus of the unperturbed system.

We will reach a slightly different theorem by extending our functions
ϕ and Φ to larger domains. We state the following two extension results
without proof.

Proposition 2.17. There exists an extension of ϕ to a lipeomorphism ϕ̄ :
Ω→ Ω with

|ϕ̄− Id |L,Ω ≤ max
(
|ϕ− Id |L,Ωα , α−1|ϕ− Id |Ωα

)
< 1.

Remark 2.13. A lipeomorphism is a surjective continuous functions f : X →
Y between metric spaces such that for all x, y ∈ X

BdX(x, y) ≤ dY (f(x), f(y)) ≤ AdX(x, y),

where A,B > 0 are constants.

Proposition 2.18. There exists an extension of Φ to a Lipschitz continuous
family of real analytic torus embeddings

Φ̄ : Tn × Ω→ B × Tn

such that each embedded torus is Lagrangian, and the estimates for Φ̄ are the
same as for Φ, though with a different constant c.

We would like to find the measure of the slightly shifted set Ω̃α = ϕ(Ωα).
This is easily done by using the extended function and its Lipschitz constant.
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Proposition 2.19. For Ω̃α = ϕ(Ωα) the estimate

m(Ω− Ω̃α) = O(α)

holds, where the hidden constant depends only on Ω.

Proof. Notice that ϕ̄(Ω) = Ω and ϕ̄(Ωα) = ϕ(Ωα), by construction. It follows
that

m(Ω− Ω̃α) = m(Ω− ϕ̃(Ωα))

= m (ϕ̃(Ω− Ωα))

≤ |ϕ̃|L,Ωm(Ω− Ωα),

where we in the last step used the fact that we can extract the Lipschitz
constant out from the measure. This constant is only dependent on Ω, and
if we assume that Ω has a sufficiently smooth boundary, the measure of a
boundary layer of width α is O(α).

The above propositions allow us to conclude the following version of The-
orem 2.16

Theorem 2.20. Suppose that the assumptions of Theorem 2.16 are satisfied.
Then there exists a lipeomorphism ϕ̄ : Ω → Ω close to the identity and a
family of torus embeddings

Φ̄ : Tn × Ω→ Rn × Tn

close to Φ0 such that for every parameter value ω̃ ∈ Ω̃α = ϕ̄(Ωα) the hamil-
tonian vectorfield XH

∣∣
ω̃

admits an invariant Lagrangian Kronecker torus

Tω = Φ̄(Tn;ω), where ω = ϕ̄−1(ω̃). Moreover the estimates for ϕ̄ and Φ̄
are the same as in Theorem 2.16 but with a different constant c. Also,

m(Ω− Ω̃α) = O(α),

where the hidden constant only depends on Ω.

Proof of Classic KAM

Assuming the two theorems in the above section, we are now in position
to prove the Classic KAM Theorem. Recall our setup: we are looking at
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a family of hamiltonian functions H = N + P , each parameterized by a
frequency ω ∈ Ω. More precisely,

H(I, θ;ω) = N(I;ω) + P (I, θ;ω),

with N a so-called normal, and

P (I, θ;ω) = Ph(I;ω) + Pε(I, θ;ω)

a perturbation. This perturbation is assumed to be real analytic on B×Tn×
Ω, where the analyticity in Ω can be extended to some uniform neighborhood
of Ω, and B ⊂ Rn is some small ball centered at the origin. To meet the
requirements of the above Theorem 2.16 and Theorem 2.20, we wish to bound
this perturbation. For this, we may begin by fixing h and s small, with
αsν ≤ h, so that P is real analytic on the complex domain Dr,s × Oh. Here
r is assumed to be small. Next, the following estimate verifies for P :

|P |r,s,h ≤ |Ph|r,s,h + |Pε|r,s,h ≤Mr2 + Fε.

Recall the shape of our functions Ph and Pε; here M is the bound of the
hessian of h, and F = sup(p,q) |f∗(p, q)|. We may pick r small enough so that
Mr2 ≤ Fε and by doing so arrive at the following condition

2Fε ≤ γαrsν ≤ γαsν
√
Fε

M
.

This condition is seen to be fulfilled whenever

ε ≤ δα2, δ =
γ2s2ν

4FM
.

To verify the persistence of invariant tori, note that any orbit (I(t), θ(t)) for
hamiltonian H with parameter value ω̃ translates into an orbit (p(t), q(t)) =
(h−1

p (ω̃) + I(t), θ(t)) for H in our original coordinates (p, q). We deduce from
Theorem Theorem 2.20 that the mapping

Ψ : Tn × Ω→ D × Tn

is an embedding of an invariant Lagrangian Kronecker torus (Tn;ω) for every
ω ∈ Ωα, acting as

(θ;ω) 7→ (I, θ; ω̃) 7→ (h−1
p (ω̃) + I, θ).

Moreover, Ψ is Lipschitz close to the unperturbed embedding Ψ0, given in
(26). Finally, the measure of the complement of all those tori in the phase
space is bounded by a constant times the measure of Ωα × Tn, hence O(α).
This proves the Classic KAM Theorem.
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Proving Theorem 2.16

In the pages to follow, we will prove Theorem 2.16; in this paragraph we
state the strategy of the proof.

Kolmogorov’s original idea was to use a Newton iteration scheme; we will
use similar techniques here. In fact, this technique is central in KAM theory,
and can be seen as a general strategy to solving a large class of perturbation
problems.

We begin with giving the idea of proof. Denoting the original hamiltonian
by H0 = N0 + P0, the aim is to create a transformation map F with the
property that

H0 ◦ F = N, (28)

with N some normal form. F is then an embedding of a Kronecker tori, and
our goal have been reached.

The transformation itself will be constructed in a limit process: for each
positive integer j we will construct a transformation map Fj with the prop-
erty of transforming H0 into another similar function

Hj ◦ Fj = Nj+1 + Pj+1.

Here Nj is a normal form, and Pj+1 a perturbation with the property that

|Pj+1| ≤ c|Pj|κ,

for some constant c > 0 and κ > 1. This is in accordance with the standard
Newton’s method; indeed we wish the new error term to be of exponential
order. Iterating this process, we will get a family of transformations (Fj)
such that the composition

F j = F0 ◦ · · · ◦ Fj−1 (29)

converges to F .
The proof is inductive, and in some sense threefold: we first describe one

step of the process, i.e. the construction of Fj, taking Hj to Hj+1. Next,
we quantify this step, giving all the necessary estimates. The last step will
be the iterative process, culminating in the creation of F as in (28), and
therefore the proof of Theorem 2.16.
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One step of the process

In this paragraph we will, for ease of reading, drop the subscript j and
substitute j + 1 with +, i.e. we describe the one step of constructing a
transformation F such that

(N + P ) ◦ F = N+ + P+.

F will have the form (Φ, ϕ), with Φ a symplectic change of coordinates, and ϕ
a change of parameter value. As seen further down, this change of parameter
value can be seen as a ”correction” of sorts.

We begin with describing the symplectic change of coordinates Φ. It will
be defined as the time-1-map of a suitable hamiltonian function F . This will
simplify the analysis since F is merely a map rather than a diffeomorphism,
and the corresponding time-1-map Φ1

F will automatically be symplectic.
In more detail, our function Φ will consist of two coordinate functions U

and V , where U = U(I, θ;ω) is affine in I and V = V (θ;ω) is independent
of I:

Φ = (U, V ).

To this end, notice the shape of F :

F : (I, θ;ω) 7→ (U(I, θ;ω), V (θ;ω);ϕ(ω)) ;

these kind of transformations naturally form a group G under the operation
of composition. In particular, transformations of the form (29) belong to this
group.

We will find our suitable function F by looking at a slightly different
hamiltonian H̄. Motivation for this will be apparent later, but for now, let Q
be the linearization of P in I of first order and let R be the truncated Fourier
series of Q at some high order K ≥ 1. We consider, and wish to solve, the
functional equation

H̄ ◦ Φ1
F = (N +R) ◦ Φ1

F . (30)

Recall the Poisson bracket, and that for any hamiltonian K we have that

d

dt
K ◦ Φt

F = {K,F} ◦ Φt
F

This relation is particularly useful, since it allows for a Taylor expansion of
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(30) around t = 0:

H̄ ◦ Φ1
F = N ◦ Φ1

F +R ◦ Φ1
F

= N + {N,F}+

∫ 1

0

(1− t){{N,F}, F} ◦ Φt
Fdt+R +

∫ 1

0

R ◦ Φt
Fdt

= N + {N,F}+R +

∫ 1

0

{(1− t){N,F}+R,F} ◦ Φt
Fdt.

In the spirit of Newton’s method, we will solve for ”the easy terms”; i.e. we
wish to find F such that

N + {N,F}+R = N+,

with N+ the new normal form. Introducing N̂ = (N+ − N) we rewrite the
above equation accordingly:

{F,N}+ N̂ = R. (31)

Consider the Poisson bracket in (31) above; recalling the fact that N =
e(ω) + 〈ω, I〉, it can be expressed as

{F,N} =
n∑
j=1

[
FθjNIj − FIjNθj

]
=

n∑
j=1

ωjFθj .

Expanding F in a Fourier series, we realize that the above Poisson bracket
can be interpreted as a first order partial differential operator; indeed

{F,N} =
n∑
j=1

wj
∂

∂θj

∑
k∈Zn

Fke
i〈k,θ〉 =

∑
k∈Zn

i〈k, ω〉Fkei〈k,θ〉 =: ∂ωF.

This differential operator plays a key role in the proof, and as we will see,
it is when inverting this operator we have to deal with the small divisors.
Before solving it, however, we consider its implication.

Notice that since i〈0, ω〉F0 = 0, solving ∂ωF = R might not be possible;
indeed R might contain a constant part. Instead, we will solve

∂ωF = R− [R], (32)

with [R] denoting the usual integral mean, i.e.

[R] =
1

(2π)n

∫
Tn
R(θ)dθ.
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If we solve (32), we may simply pick N̂ = [R] as a qualified choice. Altogether,
we finally end up with

H ◦ Φ = H̄ ◦ Φ1
F + (P −R) ◦ Φ1

F

= N + N̂ +

∫ 1

0

{(1− t)N̂ + tR, F} ◦ Φt
Fdt+ (P −R) ◦ Φ1

F (33)

= N+ + P+,

with N+ = N + N̂ and P+ the rest.
Let us focus on solving (32). By expanding R in a Fourier series, denoting

its Fourier coefficients by Rk, we can always formally solve this equation by
simply letting

F =
∑

k∈Znr{0}

Rk

i〈k, ω〉
ei〈k,θ〉. (34)

Notice, by the way, that if the above series do converge, it is the unique solu-
tion solving (32). The question of convergence, on the other hand, is delicate.
Indeed we notice the small divisors: for rational values on ω, the sum clearly
blows up. On the other hand, if ω is irrational, infinitely many terms will
get arbitrarily large. However, we are in some sense lucky: the small divisors
appear in a rather uncomplicated way, and it turns out that if we require ω
to satisfy some diophantine condition, we can assure convergence.

Before proving convergence, however, we need an estimate for the Fourier
coefficients of an analytic function v on Tn. For this, let As denote the
space of bounded functions on Tn that are real analytic in the complex strip
{θ : | Im θ| < s}. Let As0 = {u ∈ As : [u] = 0}.

Lemma 2.21. If v ∈ As then its Fourier coefficients verify

|vk| ≤ |v|se−|k|s.

Proof. By the standard formula the Fourier coefficients of v are given by

vk =
1

(2π)n

∫
Tn
v(θ)e−i〈k,θ〉dθ.

The integral of an analytic function over a closed loop is zero, and v is 2π-
periodic in its arguments, also in the complex neighborhood. This allows us
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to change the path of integration into the complex. Let θ 7→ θ− iϕ for some
real ϕ satisfying |ϕ| < s. We have that

|vk| ≤
∣∣∣∣ 1

(2π)n

∫
Tn
v(θ − iϕ)e−i〈k,θ−iϕ〉dθ

∣∣∣∣
≤ |v|se−〈k,ϕ〉.

This is valid for all ϕ with |ϕ| < s. In particular, given any 0 < σ < s, it is
valid for ϕ = (s− σ)(sgn(k1), . . . , sgn(kn)) which tells us that

|vk| ≤ |v|se−|k|(s−σ).

Letting σ → 0 proves the lemma.

We are now in position to prove convergence of (34).

Lemma 2.22. Suppose that ω ∈ DC(τ, α). Then the equation

∂ωu = v, v ∈ As0,

has a unique solution u in
⋃

0<σ<sA
s−σ
0 , with

|u|s−σ ≤
c

αστ
|v|s, 0 < σ < s,

where the constant c depends only on n and τ .

Proof. Expanding v in a Fourier series and solving for the coefficients, we
have the unique formal solution

u =
∑

k∈Znr{0}

vk
i〈k, ω〉

ei〈k,θ〉.

Using the above lemma, for the estimate of the Fourier coefficients vk, we see
that the sum do converge

|u|s−σ ≤
∑

k∈Znr{0}

|vk|
|〈k, ω〉|

e|k|(s−σ)

≤ |v|s
α

∑
k∈Znr{0}

|k|τe−|k|σ

<∞.

54



To establish the bound ∑
k∈Znr{0}

|k|τe−|k|σ ≤ c

στ
,

with some constant c only dependent on n and τ , is lengthy; for this we refer
to [Pös80].

As a last step in the process, we need to transform the frequencies. As
we will see, this can be seen as a correction in order the make N+ satisfy
our notion of being a normal form. Before doing so, however, we notice the
following potential problem: in the above lemma, it is necessary for ω to
satisfy infinitely many small divisor conditions, i.e. ω must be diophantine
and in particular belong to a Cantor set. This is a problem if we want
to transform the frequencies, since if so, we want them to live in an open
domain. The problem is resolved by the introduction of R, as we did in the
above. Indeed, since R is truncated we only demand ω to satisfy finitely
many small divisor conditions and this will allow our frequencies to live in
open domains. During the iteration process, these domains will shrink to a
Cantor set, however.

Let us complete the one step in the process by making sure that N+ is in
fact a normal form. Up until now we have

N+ = N + N̂ = e(ω) + 〈ω, I〉+ [R].

Recall that R is the truncated Fourier series of the linearization of P in
coordinate I; in particular if P is assumed to be small, so is R and hence
also [R]. Also [R] is affine in I, since P is, and independent of θ, since its
the mean over Tn. Therefore, we may write the above as

N+ = e+(ω) + 〈ω + v(ω), I〉

for some small function v. To put N+ in a normal form, we need to adjust
our frequency. To do this, we state a version of the implicit function theorem
for complex maps. It will be used again in the next section when we wish to
quantify this process.

Lemma 2.23. Suppose f is a real analytic map from Oh into Cn. If |f −
Id | ≤ δ ≤ h/4 on Oh, then f has a real analytic inverse ϕ on Oh/4. Moreover,

|ϕ− Id |, h

4
|Dϕ− Id | ≤ δ

on this domain.
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Assuming v satisfy the above, we may introducing the new frequencies
ω+ = ω + v(ω) and therefore write

N+ = e+(ω+) + 〈ω+, I〉.

This completes one step of the iterative process.

Quantifying the above step

In order to inductively use the above step in the iterative process, we need
to provide explicit estimates in every step. This will be achieved in this
paragraph. The estimates only need to be made explicit up to a constant
dependent only on n and τ at most, however. Therefore we write

u <c v, u c< v

to mean that there exists such a constant c ≥ 1 such that u ≤ cv and cu ≤ v
respectively. Before stating the quantitative lemma, we prove the following
estimation result, concerning the truncated Fourier series. Let

TKv =
∑
|k|≤K

vke
i〈k,θ〉

denote such a truncated series, at order K ≥ 1.

Lemma 2.24. If v ∈ As and Kσ ≥ 1, then

|v − TKv|s−σ <c K
ne−Kσ|v|s.

Proof. Using Lemma 2.21 we find that

|v − TKv|s−σ ≤
∑
|k|>K

|vk|e|k|(s−σ) ≤ |v|s
∑
|k|>K

e−|k|σ.

We wish to bound the above sum by Kne−Kσ times a constant dependent
only on, at most, n and τ . For this, consider in how many ways we can have
|k| = l. We can think about this as distributing 2l − 1 objects into n boxes,
allowing both negative and positive values. After placing objects in n − 1
boxes, the last one is already determined. Hence

(# ways such that |k| = l) ≤ (2l + 1)n−1 ≤ 3n−1ln−1.
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The following estimate shows that we can bound the remaining sum accord-
ingly: ∑

l>K

3n−1ln−1e−lσ ≤ 3n−1e−Kσ
∑
l>0

ln−1e−lσ

≤ 3n−1e−Kσ
∞∑
m=0

∫ (m+1)K

mK

tn−1e−tσdt

≤ 3n−1e−Kσ
∞∑
m=0

[(m+ 1)K]n−1 e−mKσK

≤ 3n−1Kne−Kσ
∞∑
m=0

(m+ 1)n−1e−m,

where we in the last inequality used the assumption Kσ ≥ 1. The remaining
sum clearly converges and is only dependent on n.

The following result will be referred to as the ”KAM step”. It is in essence
a quantitative version of the step taken in the previous paragraph, and the
remainder of this paragraph will be devoted to the proof of it.

Lemma 2.25. (KAM step) Suppose that |P |r,s,h ≤ ε with

ε c< αηrσν , (35)

ε c< hr, (36)

h ≤ α

2Kν
, (37)

for some 0 < η < 1/8, 0 < σ < s/5 and K ≥ 1, where ν = τ + 1. Then there
exists a real analytic transformation

F = (Φ, ϕ) : Dr,s ×Oh → Dηr,s−5σ ×Oh/4

in the group G such that H ◦ F = N+ + P+ with

|P+|ηr,s−5σ,h/4 <c
ε2

αrσν
+
(
η2 +Kne−Kσ

)
ε.

Moreover,

|W (Φ− Id)|, |W (DΦ− Id)W−1| <c
ε

αrσν
,

|ϕ− Id |, h|Dϕ− Id | <c
ε

r
,
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uniformly on Dηr,s−5σ ×Oh and Oh/4, with the weight matrix

W = diag(r−1 Id, σ−1 Id).

The proof is divided into the following six steps, in order to make it more
readable:

(1) Estimating the linearization and truncation, Q and R;

(2) Expanding the domain of frequencies;

(3) Solving {F,N}+ N̂ = R;

(4) Estimating the coordinate transformation Φ = Φ1
F ;

(5) Estimating the new error term P+;

(6) Transforming the frequencies.

Proof. (1) We begin with approximating Q, which we recall is the Taylor
expansion of P in I up to first order. Using an application of Cauchy
estimate, we find that

|Q|r,s <c |P |r,s + r|PI |r,s <c ε.

For the error term of the expansion, we give the estimate in a slightly
smaller domain. Again, using Cauchy estimate we find that

|P −Q|2ηr,s ≤ (2ηr)2|PII |r,s <c η
2ε.

Turning attention to the truncated Fourier series R, Lemma 2.24 tells us
that

|R−Q|r,s−σ <c K
ne−Kσ|Q|r,s <c K

ne−Kσε.

From the above, we immediately see that the following estimate for R
verifies

|R|r,s−σ <c (1 +Kne−Kσ)ε

and, since in the process of iteration we will increase the value of K as
to make the factor Kne−Kσ small, we may eventually assume that

|R|r,s−σ <c ε.

58



(2) To be able to transform our frequencies, we must have them living in
open domains. The following shows that all frequencies ω ∈ Oh satisfy
small divisor estimates, for all values of |k| ≤ K. Indeed this is due to
assumption (37) in the lemma.

Let ω ∈ Oh. By definition there is some frequency vector ω ∈ Ωα such
that |ω∗ − ω| < h. From (37) it follows that

|〈k, ω∗ − ω〉| ≤ |k||ω∗ − ω| ≤ Kh ≤ α

2Kτ
≤ α

2|k|τ
.

Since ω∗ ∈ DC(τ, α), we conclude that

|〈k, ω〉| ≥ |〈k, ω∗〉| −
α

2|k|τ
≥ α

2|k|τ
, for all |k| ≤ K.

(3) In solving {F,N} + N̂ = R, recall that we chose N̂ = [R]. Since N̂ is
independent of θ, we find that

|N̂ |r,s = |N̂ |r,s−σ ≤ |R|r,s−σ <c ε.

Because of the small condition estimate in the previous step, and the fact
that R is truncated at order K, we can solve the equation ∂ωF = R− [R]
uniformly for all frequencies ω in Oh. The estimate given in Lemma 2.22
is valid and tells us that

|F |r,s−2σ <c
|R|r,s−σ
αστ

<c
ε

αστ
.

We also wish to give estimates of the derivatives of F . An application of
Cauchy estimate makes this effortless:

|Fθ|r,s−3σ ≤
1

σ
|F |r,s−2σ <c

ε

αστ+1

and

|FI |r/2,s−2σ ≤
2

r
|F |r,s−2σ <c

ε

αrστ
.

In particular,

1

r
|Fθ|r/2,s−3σ,

1

σ
|FI |r/2,s−3σ <c

ε

αrσν
, (38)

with ν = τ + 1.
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(4) Having the above estimates for F and its derivatives, we may find es-
timates for the coordinate transformation Φ. Recall that this is the
time-1-map of the flow obtained from the hamiltonian function F . In
particular, the flow is determined by the solutions of

İ = −Fθ, θ̇ = FI .

Assumption (35) of the lemma and the above estimates (38) tell us that

|Fθ|r/2,s−3σ ≤ ηr ≤ r

8
, |FI |r/2,s−3σ ≤ σ

uniformly in ω. Our coordinate transformation Φ = Φ1
F is therefore well

defined on Dr/4,s−4σ,h with

Φ : Dr/4,s−4σ → Dr/2,s−3σ,h. (39)

We immediately get the estimates

|U − Id | ≤ |Fθ| <c
ε

αστ
, |V − Id | ≤ |FI | <c

ε

αrσν−1

on Dr/4,s−4σ. Consequently we have that

|W (Φ− Id)| <c
ε

αrσν
.

Since F is linear in I, both FI and V are independent of I. The Jacobian
of Φ takes the shape

DΦ =

(
UI Uθ
0 Vθ

)
.

By above estimates and an application of Cauchy estimate it follows that

|UI − Id | <c
ε

αrστ
, |Uθ − Id | <c

ε

αστ+1
, |Vθ − Id | <c

ε

αrστ

in the domain Dr/8,s−5σ ⊇ Dηr,s−5σ. Therefore,

|W (DΦ− Id)W−1| ≤ ε

αrστ
.

We also note that Φ : Dηr,s−5σ → D2ηr,s−4σ.
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(5) Having solved {F,N}+ N̂ = R we may estimate the new error term P+

using (33):

P+ =

∫ 1

0

{(1− t)N̂ + tR, F} ◦ Φ1
Fdt+ (P −R) ◦ Φ1

F .

Beginning with the integral part of the above, Cauchy estimate together
with the results of the previous steps tell us that

|{R,F}|r/2,s−3σ <c |RI ||Fθ|+ |Rθ||FI | <c
ε2

αrσν
.

Similarly for {N̂ , F} we have

|{N̂ , F}|r/2,s−3σ <c |N̂I ||Fθ| <c
ε2

αrσν
.

Because of (39) and the assumption that η < 1/8, we conclude that∣∣∣∣∫ 1

0

{(1− t)N̂ + tR, F} ◦ Φt
Fdt

∣∣∣∣
ηr,s−5σ

≤ |{N̂ , F}+ {R,F}|r/2,s−4σ

<c
ε2

αrστ
.

For the second term in the error expression, the following estimate is
verified by the estimates given in the first step of the lemma:

|(P −R) ◦ Φ1
F |ηr,s−5σ ≤ |P −R|2ηr,s−4σ

≤ |P −Q|2ηr,s−4σ + |Q−R|2ηr,s−4σ

<c

(
η2 +Kne−Kσ

)
ε.

In particular, we conclude that

|P+|ηr,s−5σ,h/4 ≤
ε2

αrστ
+
(
η2 +Kne−Kσ

)
ε.

(6) We finish with the correction of the frequencies, i.e. we wish to invert
the map

ω 7→ f(ω) = ω+ = ω + v(ω).
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To get an estimate of function v, notice that

N̂ = N+ −N = [e+ − e](ω) + v(ω)I.

From this we establish

|f − Id |h = |v|h = |N̂I |h = |N̂ |r,h <c
ε

r
≤ h

4
,

using the previous estimate of N̂ together with Cauchy estimate, and also
assumption (36) of the lemma. Lemma 2.23 tells us that there exists a
real analytic inverse ϕ on Oh/4 satisfying

|ϕ− Id |h/4,
h

4
|Dϕ− Id |h/4 <c

ε

r
.

Defining N+ = (N + N̂) ◦ ϕ completes the proof of the KAM step.

Iteration and proof of Theorem 2.16

The real groundwork is done, and we are in position to iterate the KAM
step infinitely often. Choosing the values of parameters r, σ, h and so on in
each step of the process, we will be able to verify Theorem 2.16. With the
previous discussion in mind, this will imply the Classic KAM Theorem.

Recall the estimate conclusion of the new error term, given in the KAM
step:

|P+|ηr,s−5σ,h/4 <c
ε2

αrσν
+ (η2 +Kne−Kσ)ε. (40)

Since we want to iterate the KAM step infinitely often, we need some decay
on σ, since otherwise the term s− 5σ will, eventually, be less than zero. For
this, we may pick σ+ = σ/2. Also let r+ = ηr. We will try to make the
second term in (40) mimic the first term. Introducing the weighted error
terms

E =
ε

αrσν
, E+ =

ε+
αr+σν+

,

suppose that we can assure that η2 = E and Kne−Kσ ≤ E. This would give
us

ε+ <c εE = αrσνE2 <c αr+σ
ν
+η
−1E2 = αr+σ

ν
+E

κ, κ = 3/2.
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Therefore, ε+ = αr+σ
ν
+(cE)κ with appropriate choice of c as given from KAM

step. In particular E+ = (cE)κ, and this scheme converges exponentially fast
for E < c−1.

For the above idea to work, we need to assure the following five assump-
tions

(a) ε c< αηrσν , (b) ε c< hr,

(c) h ≤ α

2Kν
, (d) η2 = E,

(e) Kne−Kσ ≤ E.

Notice that assumptions (a-c) are those of the KAM step. Assumption (d)
can easily be made true by simply defining η as such; this we are free to do.
Also if E is small enough, this implies assumption (a). The remaining three
assumptions are seen to hold if the following train of inequalities does

Kνσνe−Kσ ≤ Eσν =
ε

αr
c<

h

α
≤ 1

2Kν
. (41)

Consider the leftmost inequality. Both sides decay exponentially, with the
right side decreasing at rate κ. Hence if we decide that K+σ+ = 2Kσ, the
left hand side will have a higher rate of decay, and therefore for K0σ0 large
enough, this inequality will hold inductively. For the middle inequality, it is
enough to choose a geometric sequence for h. This will give us a much slower
decrease of the right side and hence this inequality will hold inductively, too.
Finally for the last inequality, we see that it holds if we decide that, say,
Kν

+h+ ≤ Kνh.
In agreement with the above arguments, let us fix the parameters as

follows:

σj+1 =
σj
2
, Kj+1 = 4Kj, hj+1 =

hj
4ν
,

with σ0 = s0/20 and K0 is chosen large enough so that the left hand side of
(41) is smaller than its right hand side. Also, the left hand side needs to be
small enough so that we may fix E0 so that it can meet conditions (a) and
(d). Also, K0σ0 has to be big enough so that the left hand side decreases
exponentially; hence we require 1 c< K0σ0. Let h0 = αc0E0σ

ν
0 , with c0 a

suitable constant; this will make the initial inequality hold. Next, we let

Ej+1 = (cEj)
κ, rj+1 = ηjrj, η2

j = Ej.
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Notice that r0 is still a free parameter. Here, c is the constant given in the
KAM step. Define sj+1 = sj − 5σj and denote the complex domains by

Dj = {I ∈ Cn : |I| < rj} × {θ ∈ Cn : | Im θ| < sj}

and finally
Oj = {ω ∈ Cn : |ω − Ωα| < hj}.

Notice that

rj =

(
1

8

)j
r0 → 0, sj = s0 − σ0

j∑
i=1

1

2i
→ s0

2
.

Let H = N + P0.

Lemma 2.26. (Iterative lemma) Suppose P0 is real analytic on D0×O0 with

|P0|r0,s0,h0 ≤ ε0 := αE0r0σ
ν
0 .

Then for each j ≥ 0 there exists a normal form Nj and a real analytic
transformation F j := F0 ◦ · · · ◦ Fj−1 : Dj × Oj → D0 × O0 in the group G
such that H ◦ F j = Nj + Pj with

|Pj|rj ,sj ,hj ≤ εj := αEjrjσ
ν
j .

Moreover,

|W̄0

(
F j+1 −F j

)
| <c

εj
rjhj

on Dj+1 ×Oj+1 with the weight matrix W̄0 = diag(r−1
0 Id, σ−1

0 Id, h−1
0 Id).

Proof. We prove this by induction, using the KAM step. Defining F0 = Id,
there is nothing to show. Assume that the conclusion of the lemma holds for
j ≥ 0. Consider the KAM step for the case of j; condition (35) is satisfied
by definition of ηj and the initial choice of E0. Also, conditions (36) and (37)
are both satisfied by the definition of hj and Kj, together with the choice of
their initial values. Hence, from the KAM step, we obtain a transformation

Fj : Dj+1 ×Oj+1 → Dj ×Oj, Hj ◦ Fj = Nj+1 + Pj+1.
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The new error term verifies the following estimate on its domain:

|Pj+1| <c εjEj + (η2
j +Kn

j e
−Kjσj)εj

<c εjEj

= αE2
j rjσ

ν
j

<c αη
−1
j E2

j rj+1σ
ν
j+1.

Since η−1
j E2

j = Eκ
j and the choice Ej+1 = (cEj)

κ with appropriate c from the
KAM step, we get that

|Pj+1| ≤ εj+1

as required.
Next we prove the estimate for F j. From the estimates of Φ and ϕ given

in the KAM step, together with an application of Cauchy estimate, we get
that

|W̄j(F j − Id)|, |W̄j(D̄F j − Id)W̄−1
j | <c max

(
εj

αrjσνj
,
εj
rjhj

)
<c

εj
rjhj

,

on Dj+1 × Oj+1, with W̄j = diag(r−1
j Id, s−1

j Id, h−1
j Id) and D̄ the Jacobian

with respect to I, θ and ω. Notice that

|W̄0(F j+1 −F j)| = |W̄0(F j ◦ Fj −Fj)|
≤ |W̄0D̄F jW̄−1

j ||W̄j(Fj − Id)|

<c |W̄0D̄F jW̄−1
j |

εj
rjhj

.

If we can show that we can uniformly bound |W̄0D̄F jW̄−1
j | on Dj ×Oj then

we are done. Notice that |W̄iW̄
−1
i+1| ≤ 1, since our parameters are decreasing.

It follows that

|W̄0D̄F jW̄−1
j | = |W̄0D̄F0 ◦ · · · ◦ D̄Fj−1W̄

−1
j |

≤ |W̄0D̄F0W̄
−1
0 ||W̄0W̄

−1
1 ||W̄1D̄F1W̄

−1
2 | · · ·

· · · |W̄j−1D̄Fj−1W̄
−1
j−1||W̄j−1W̄

−1
j |

≤
j−1∏
i=0

(
1 +

cεi
rihi

)
.

Since εj/rjhj decreases rapidly to zero, the above is uniformly bounded, and
also small. This proves the iterative lemma.
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We are now in position to finally prove Theorem 2.16, iterating the above
lemma with H = N + P .

Proof of Theorem 2.16. Let P0 = P , r0 = r and s0 = s. By construction
we have h0 c< ασν ≤ αsν . By assumption, αsν ≤ h and hence h0 c< h.
Therefore, by choosing γ in Theorem 2.16 small enough, we can guarantee
that

|P |r0,s0,h0 ≤ |P |r,s,h = ε ≤ γαrsν ≤ ε0 = αE0r0σ
ν
0 .

The estimates in the iterative lemma tells us that the transformations F j
converges uniformly on the domain⋂

j≥0

Dj ×Oj = T∗ × Ωα, T∗ = {0} × {θ ∈ Cn : | Im θ| < s/2}

to the map F = (Φ, ϕ), with Φ : Tn ×Ωα → D×Tn a family of embeddings
and ϕ : Ωα → Ω a parameter transformation. Moreover these are real an-
alytic on Tn and uniformly continuous on Ωα. Also, by using a telescoping
sum, we find that the following estimate is true uniformly on T∗ × Ωα

|W̄0(F − Id)| ≤ lim
j→∞

j∑
i=1

|W̄0(F i −F i−1)| <c
ε0
r0σ0

.

Next, from the estimate |H ◦ F j −Nj| = |Pj| <c εj, we find that

|W̄j(J(DΦ)T∇H ◦ F j − J∇Nj)| <c
εj
rjσj

,

uniformly on T∗ ×Oj, with superscript T denoting transpose, and

J =

(
0 − Id
Id 0

)
the symplectic identity. Since Φj is a symplectic diffeomorphism we have
that

DΦjJ(DΦj)T = J,

and therefore we may conclude that

|XH ◦ F j −DΦj ·XN | <c
εj
rjσj

,
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on T∗ × Ωα, by recalling the estimate we have on |W̄0D̄F jW̄−1
j |. Going to

the limit we conclude that

XH ◦ F = DΦ ·XN .

Therefore, Φ is an embedding of the Kronecker torus (Tn, ω) of our unper-
turbed system, as an invariant torus of H = N+P , at parameter value ϕ(ω).
Also, this torus is Lagrangian, as can be realized through

Φ∗ω2 = lim
j→∞

(Φj)∗ω2
∣∣
I=0

= lim
j→∞

ω2
∣∣
I=0

= 0,

using the symplectic nature of Φ∗.
Next, we wish to prove the estimates for the Lipschitz constants. We

notice that since
εj
rjhlj

→ 0, for all l ≥ 0,

all ω-derivatives exists and converges uniformly on T∗ ×Ωα. To get a bound
for the Lipschitz constants, it is enough to get a bound for the first derivative.
Using Cauchy estimate, we find that

|W̄0(F − Id)|L <c
ε0
r0h2

0

.

Finally, we notice that the estimates does not depend on ε. To fix this,
we may scale the error εj in the estimates of Pj, Fj and F j with the factor
ε/ε0. This will yield the right estimates for F , and we conclude the proof of
Theorem 2.16.
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