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Abstract

The vast majority of experiments in particle physics can be described by the Stan-
dard Model of particle physics (SM). However, there are indications for physics
beyond it. The only experimentally demonstrated problem of the model is the
difficulty to describe neutrino masses and leptonic mixing. There is a plethora of
models that try to describe these phenomena and this thesis investigates several
possibilities for new models, both full theories and effective frameworks.

The values of the parameters in a model are dependent on the energy scale
and we say that the parameters run. The exact behavior of the running of the
parameters depends on the model, and thus, it provides a signature of the model.
For a model defined at high energies, such as a grand unified theory, it is necessary
to run the parameters down to the electroweak scale in order to be able to perform
a comparison to the known values of observed quantities. In this thesis, we discuss
renormalization group running in the context of extra dimensions, where the extra
dimensions are perceived as heavy particles in the four-dimensional theory and we
provide an upper limit on the cutoff scale. Furthermore, we perform renormalization
group running in two versions of a non-supersymmetric SO(10) model and we show
that the SM parameters can be accommodated in both versions. In addition, we
perform the running for the gauge couplings in a large set of radiative neutrino
mass models and conclude that unification is possible in some of them.

The Higgs boson, which was discovered at the Large Hadron Collider (LHC) in
2012, provides new possibilities to study physics beyond the SM. The properties
of this boson have to be tested with extremely high precision, at the LHC and
possibly in future linear colliders, before it could be established whether the particle
is truly the SM Higgs boson or not. In this thesis, we perform Bayesian parameter
inference and model comparison. For models where the magnitude of the Higgs
couplings is varied, we show that the SM is favored in comparison to all other
models. Furthermore, the Higgs boson may have couplings to new particles, which
are not present in the SM. These could, for example, give rise to Higgs lepton flavor
violation. We discuss both types of lepton flavor violating processes in the context
of the Zee model, a model where neutrino mass is generated at the one-loop level.
We find that these can be sizeable and close to the experimental limits.

Key words: Effective field theories, neutrino physics, extra dimensions, universal
extra dimensions, Higgs physics, renormalization group running, Bayesian statistics,
grand unified theories.
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Sammanfattning

Standardmodellen för partikelfysik kan beskriva näst intill alla experimentella par-
tikelfysikresultat. Men det finns ett antal problem med standardmodellen, som in-
nebär att den inte kan vara den slutgiltiga teorin. Däremot finns det bara ett känt
fel med modellen själv och det är att neutriner är massiva. I standardmodellen är
neutriner nämligen masslösa. Det finns en mängd modeller som beskriver hur ne-
utriner kan vara massiva och ge lösningar p̊a andra konceptuella problem. I denna
avhandling behandlas ett antal s̊adana b̊ade fullständiga och effektiva modeller.

Värdet p̊a storheter i en modell beror p̊a energiniv̊an, ett fenomen som kallas
renormeringsgruppslöpande. Det exakta beroendet varierar och är p̊a s̊a sätt en
signatur för den specifika modellen. I modeller som är definierade vid höga energi-
niv̊aer, som exempelvis storförenade teorier, m̊aste parametrarna löpa ner till den
elektrosvaga energiskalan för att kunna jämföras med experimentella resultat. I
denna avhandling diskuteras renormeringsgruppslöpande i extra dimensioner, där
de extra dimensionerna istället uppfattas som tunga partiklar i den fyrdimensio-
nella världen och vi kan därmed begränsa det omf̊ang där modellen är giltig. Vi
diskuterar även renormeringsgruppslöpandet i tv̊a icke-supersymmetriska SO(10)
storförenade teorier samt undersöker om, och konstaterar att, de experimentella
värdena av massor och blandningsparametrar kan anpassas i modellen. Dessutom
diskuteras gaugekopplingarnas löpande och möjliga förenande i radiativa neutrino-
massmodeller. Vi finner att de kan förenas i ett antal modeller.

Det finns andra möjligheter att studera fysik bortom standardmodellen, bland
annat genom att studera Higgsbosonen som nyligen upptäcktes vid den stora hadron-
kollideraren (LHC) i CERN. Innan man med säkerhet kan konstatera att denna nya
partikel faktiskt är standardmodellens Higgspartikel m̊aste dess egenskaper testas
med mycket hög precision. Detta kommer att ske i b̊ade LHC och andra framtida
experiment. Till exempel m̊aste den nya partikelns kopplingar till de andra par-
tiklarna i standardmodellen mätas med stor noggrannhet. I denna avhandling gör
vi bayesisk parameteruppskattning av s̊a kallade kopplingsskalfaktorer, som vari-
erar storleken p̊a Higgspartikelns kopplingar. Vi jämför dessutom modeller, som
har ett antal av dessa skalfaktorer som fria parametrar med standardmodellen och
finner att resultaten alltid är till standardmodellens favör. Utöver de existerande
kopplingarna är det intressant att undersöka om det kan finnas nya kopplingar hos
Higgspartikeln. S̊adana kan till exempel ge upphov till smakförändrande processer
som vi diskuterar i den s̊a kallade Zeemodellen där vi visar att dessa kan vara nära
de nuvarande experimentella gränserna.

Nyckelord: effektiva fältteorier, neutrinofysik, renormeringsgruppslöpande, uni-
versella extra dimensioner, Higgsfysik, Bayesisk statistik, storförenade teorier.
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Preface

This thesis is the result of my research performed at the Department of Theoretical
Physics at KTH Royal Institute of Technology from June 2012 to December 2016
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Chapter 1

Introduction

“I’m sorry, but that’s completely ridiculous! How can I possibly
prove it doesn’t exist? . . . I mean, you could claim that anything’s real
if the only basis for believing in it is that nobody’s proved it doesn’t
exist!”

- Hermione Granger

The science called physics aims to describe our knowledge of Nature. Physics
encompasses everything from the smallest building blocks to the entire Universe.
Physicists try to address all possible questions about the natural world such as
the concepts of energy, matter, time, space, and the connections between them.
Nowadays, physics is divided into two main branches, theoretical and experimen-
tal physics. Theoretical physics uses mathematics and the abstraction of physical
objects to describe and predict phenomena in Nature. Experimental physics is
concerned with observations of physical phenomena. In both branches, the use of
increasingly powerful computers has been of great importance and forms the basis
for a tremendous evolution of the discipline since they enable simulations and han-
dling of huge amounts of data. Theoretical and experimental physics are strongly
interconnected. Theoretical predictions motivate the design of experiments and
from experimental results, new theoretical ideas are born. We learn more about
Nature and the Universe by the day. It should, however, be emphasized that the
aim and scope of physics is never to explain Nature, only to describe it.

Any good physical theory makes predictions that could, and should, be inves-
tigated experimentally. Such experimental investigation should not only be done
in the abstract. Rather, the theories should repeatedly be experimentally tested in
every possible way in a not-too-distant future. Theories are judged by the notion
falsifiability, or refutability. A physical theory is falsifiable if a counterexample can
be found, which would prove the theory wrong.

The principle of Occam’s razor is fundamental to the construction of a physical
theory. Stated in the 14th century by the friar William of Ockham as “entities
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6 Chapter 1. Introduction

should not be multiplied unnecessarily”, it implies that among a number of hy-
potheses, the one making the fewest assumptions that still is compatible with ex-
perimental results, should always be favored. Hence, models should be constructed
in the simplest possible way that the experimental results admit. Furthermore,
beauty and symmetry are often important incentives in the quest for a full theory
of Nature. There are symmetries that nature seems to respect and symmetries that
humans impose. Both types of symmetry allow for the construction of both simple
and beautiful theories. However, simplicity and beauty should always be second to
truth: if a theory cannot describe Nature it must be abandoned. Thus, in the end,
a theory should be neither more complicated nor simpler than necessary.

The smallest building blocks are known as elementary particles. They have no
known substructure and thus cannot be divided into smaller pieces. The scientific
field that studies the elementary particles is called elementary particle physics, or
equivalently, high-energy physics (HEP), the smallest distance scales requiring the
highest energies. This is a thesis in elementary particle physics. Particles with
high energy can be studied at large facilities called particle accelerators, where
particles are accelerated to speeds close to that of light and then collided head on
to produce new particles. For a new particle to be produced, the collisions need to
take place at energies higher than the mass of the particle, and hence, the heavier
the particle, the higher the accelerator energy needed. The most powerful particle
accelerator in the world at present is the Large Hadron Collider (LHC) at CERN.
It has been in operation since 2009 and currently runs at an energy of 13 TeV,
which is close to the design energy of 14 TeV. Apart from the high-energy particles
created in particle accelerators, elementary particles of cosmological origin with
even higher energy have been detected. One part of theoretical particle physics that
borders on experimental physics is known as phenomenology, which encompasses
the interpretation of the results in HEP. It acts as a bridge between theory and
experiment and concerns applications of theory to experiments. In particular, it
concerns the experimental signals which can be expected from new theories, how
these can be detected and distinguished.

At present, the theory for describing the elementary particles and the interac-
tions among them is called the Standard Model of particle physics (SM). It describes
all known elementary particles: the fermions, which are the matter particles, and
the bosons, which are the force carriers and the Higgs boson. Three of the four
fundamental interactions are included in the SM: the electromagnetic force, the
strong force, and the weak interaction. The electromagnetic force concerns all the
interactions of electrically charged objects and it is the force responsible for all in-
teractions above nuclear level that are not accredited to gravity, such as the forces
experienced when pushing and pulling physical objects. The strong force is valid
only on a very short range, but on this range it lives up to its name. It is respon-
sible for keeping nuclei and nucleons together. The weak interaction is responsible
for both radioactive decay and nuclear fusion. It is a short range interaction since
the corresponding gauge bosons are massive. Gravity, the fourth fundamental in-
teraction, is not included in the SM even though it is the most noticeable force in
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everyday life: it keeps us standing firmly on the ground and it keeps the Earth in
orbit around the Sun. In particle physics, however, gravity is completely negligi-
ble. Gravity is well described by Einstein’s general theory of relativity [7] but has
proven difficult to describe together with quantum mechanics.

The SM was finalized in the 1970s as a joint effort of many prominent physi-
cists after a struggle lasting well over a decade. The first step was taken in 1961
when Sheldon Glashow discovered a way of combining the electromagnetic and
weak interactions into a single electroweak interaction [8]. By incorporation of
the Brout–Englert–Higgs (BEH) mechanism [9–12] by Steven Weinberg and Abdus
Salam in 1968, the electroweak theory took its modern form [13, 14]. The theory
was commonly accepted after the experimental discovery of the weak neutral cur-
rent, mediated by the Z boson, by the Gargamelle experiment at CERN in 1973
[15, 16]. Thus, the electroweak theory was formulated but the strong interaction
was still not properly understood at the time, and the physicists were stuck with a
zoo of hadrons. However, in 1964, Murray Gell-Mann and George Zweig indepen-
dently proposed that hadrons were not elementary particles but rather that they
are constituted by smaller entities [17, 18], which were named quarks, a word coined
by James Joyce in the novel Finnegan’s wake [19]. Following on this proposition,
which was experimentally confirmed in a deep inelastic scattering experiment in
1968 at Stanford Linear Accelerator Center (SLAC) [20, 21], more quarks were
suggested until all six known flavors had been discovered [22–26]. Through the
introduction of color charge quantum chromodynamics (QCD), the quantum field
theory (QFT) of the strong force could be formulated. The discovery of asymptotic
freedom, i.e. that the bonds between the color charged particles become weaker as
the energy becomes higher, in the beginning of the 1970s, allowed for calculations
of high-energy experiments in QCD using perturbation theory. Thus, all pieces
needed for the completion of the SM were there.

The SM is an excellent example of a good physical theory. When the SM was
formulated, not all of the particles present in the theory had been discovered. It
was a theory with a lot of blanks. However, missing but predicted particles were
discovered as the bottom quark, the W and Z boson, the top quark, the tau neutrino,
and the Higgs boson in 1977, 1983, 1995, 2000, and 2012, respectively [22, 25–
31]. The Higgs boson was postulated in 1964 as a rest product from electroweak
symmetry breaking (EWSB) [9, 11, 12]. The search for the Higgs boson was carried
out in increasingly large particle accelerators, and finally it was discovered by the
ATLAS and CMS experiments at the LHC in 2012 nearly 60 years after it first
was introduced. Peter Higgs and François Englert were awarded the 2013 Nobel
Prize in physics for the formulation of the BEH mechanism. The discovery of the
Higgs boson confirms our prior knowledge on the generation of particle masses
and marks the completion of the SM. Furthermore, the Higgs boson provides new
possibilities for studies of the SM and beyond. Precision measurements of known
Higgs couplings and searches for unknown couplings are currently taking place.

The SM contains three particles called neutrinos. The existence of the neutrino
was proposed by Wolfgang Pauli in 1930 in a letter to the “radioactive ladies and



8 Chapter 1. Introduction

gentlemen” meeting in Tübingen, as a solution to the problem of missing mass and
momentum in beta decay. He was apologetic for proposing a particle that no one
could ever possibly detect. Nevertheless, the electron neutrino was discovered in
1956 in an inverse beta decay experiment by Clyde Cowan and Frederick Reines.
There are three flavors of neutrinos, corresponding to each of the charged leptons
in the SM: the electron neutrino, the muon neutrino, and the tau neutrino. The
SM only contains left-handed neutrinos and the SM symmetries therefore require
that the neutrinos are massless. However, we know from experiment that the
three neutrinos are massive since they oscillate, i.e. change flavor, when they travel
through space and time.

In fact, the massive neutrinos constitute the only known error within the SM
itself and the origin of neutrino mass and the neutrino oscillations are currently two
of the most intriguing questions in particle physics. Even though the SM describes
the vast majority of all experimental particle physics result and has been an enor-
mous success, it cannot be the final theory. The massive neutrinos is a fundamental
discovery. The 2015 Nobel Prize in Physics was awarded to Takaaki Kajita (Super-
Kamiokande) and Arthur B. McDonald (Sudbury Neutrino Observatory) “for the
discovery of neutrino oscillations, which shows that neutrinos have mass” [32]. The
neutrinos only interact via the weak interaction, which implies that they are diffi-
cult to detect. Thus, in order to conduct neutrino experiments, the detectors have
to be of large volume. Typically, the detectors in the oscillation experiments, such
as Super-Kamiokande and Sudbury Neutrino Observatory, are large water tanks,
which contain up to several kilotons of water. Water in its frozen form can also be
used as a detector. Placed in the ice at the South pole is the IceCube Neutrino Ob-
servatory, which detects high-energy neutrinos of cosmological origin. With more
than 5000 digital optical modules divided among 86 strings, each string 1 kilometer
long, which are positioned 125 meters apart, it constitutes an absolutely enormous
detector drilled into the ice.

In addition to the existence of neutrino masses, which is the problem of the
SM mainly discussed in this thesis, there are several others. The SM actually only
describes about 5 % of the energy in the Universe since it does not accommo-
date neither dark matter nor dark energy. Furthermore, it does not describe the
asymmetry between particles and anti-particles in the Universe. The perhaps most
obvious shortcoming of the theory is that gravity is not contained within the SM
framework.

Theories beyond the SM (BSM) can be constructed as an effective extension
of the SM, as a completely new theory, or with new representations added to the
SM. The effective approach has the great advantage that, while we do not know
the underlying theory, we are still able to investigate possible effects. One example
of a class of theories are models with one or several extra dimensions. This type of
model was first suggested by Theodor Kaluza in 1921, when he extended general
relativity to five dimensions as a method for unifying electromagnetism and gravity
[33]. This idea was further developed by Oskar Klein in 1926, who suggested that
the extra dimensions should be compact, i.e. small and finite [34]. These extra
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dimensions are at low energy scales effectively perceived as new particles. Extra-
dimensional theories constructed in the same spirit are nowadays referred to as
Kaluza-Klein theories. The size of the extra dimensions is rather constrained, since
we neither perceive them in everyday life nor detect them at experiments such as
the LHC.

Another intriguing possibility is the unification of the three SM interactions.
Unification gives rise to a new category of theories, which will be discussed in this
thesis. The idea is guided by the known unification of the electromagnetic and the
weak interactions into the electroweak interaction, and thus, there is hope for a
theory where the gauge couplings of three fundamental interactions are unified into
a single one. This unification occurs at an energy far beyond what we can and ever
will be able to achieve in any experiment here on Earth. Such theories are known
as grand unified theories (GUTs), and the energy scale of the unification is known
as the GUT scale. There is a plethora of theories of this type, all based on different
gauge groups and symmetry considerations. So far none of these attempts has been
successful but hopefully, one of them will bear fruit one day. Ultimately, the goal is
set even higher, that is, on the unification of all four fundamental forces in Nature,
and a Theory of Everything.

Overview of the thesis

In this thesis, we discuss models beyond the SM, both full theories and effective
frameworks. In Ch. 2, we give a short introduction to quantum field theory, es-
pecially to the SM, which is the quantum field theory used in particle physics.
Furthermore, we discuss effective field theories, lepton flavor violation, and the lim-
itations and problems of the SM as well as hints for physics beyond the SM. Then, in
Ch. 3, we discuss the concepts of regularization, renormalization, and renormaliza-
tion group running. Neutrino oscillations and mechanisms for neutrino mass gener-
ation are discussed in Ch. 4. We also present the seesaw mechanisms and radiative
neutrino mass models, with focus on the Zee model. We give a general introduc-
tion to extra-dimensional theories, especially universal extra dimensions in Ch. 5.
In Ch. 6, we introduce the concepts of grand unification. Especially, the SU(5),
SO(10), and Pati–Salam groups are discussed, with focus on a non-supersymmetric
SO(10) model. Finally, in Ch. 7, we discuss the concept of probability and the two
fundamental interpretations which lead to two schools of statistics, namely Bayesian
and frequentist statistics.

Notations and conventions

The metric tensor on Minkowski space used is

(gµν) = diag(1,−1,−1,−1). (1.1)
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We use Einstein’s summation convention, i.e. we implicitly sum over repeated space-
time indices, one covariant and one contravariant unless otherwise stated. Further-
more, we use natural units, ~ = c = 1.



Chapter 2

The Standard Model and
beyond

Since the 1970s, the SM is the framework for describing physics at the smallest
scales, or equivalently at the highest energies. It is a QFT that describes all known
elementary particles and how they interact through the electromagnetic, weak,
and strong interactions. In this chapter, we introduce QFTs in general, and the
SM in particular. Especially, we give an introduction to the particle content and
interactions in the SM and we discuss the electroweak symmetry breaking (EWSB).
Then, we proceed to effective field theories and lepton flavor violation (LFV). We
briefly introduce neutrinos, which are more thoroughly discussed in Ch. 4. Finally,
we discuss limitations of the SM, both experimental and conceptual.

2.1 Quantum Field Theory

QFT is used in both particle physics and condensed matter physics to describe
systems with an infinite number of degrees of freedom, such as fields and many-
body systems. In this framework, quantum mechanics is applied to systems of
fields. Fields are physical quantities with specified values in each point in space
and time in a classical theory whereas they are quantized and specified in terms
of operators in a QFT. Particles are associated with excitations of quantum fields,
and particle interactions are described through interactions of the corresponding
fields.

Normally, a QFT is formulated in terms of a Lagrangian density or Lagrangian
for short, L(φi(x), ∂µφi(x)), which is a function of the fields and the first order

11
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derivatives of the fields. The dynamics of the system is described by the action,
which is dimensionless in natural units and given by

S[φ] =

∫
d4xL(φi(x), ∂µφi(x)) , (2.1)

where µ = {0, 1, 2, 3}. The equations of motion are obtained from the Lagrangian
via a generalization of the Euler-Lagrange equations from classical mechanics, which
are given by

∂L
∂φi
− ∂µ

∂L
∂(∂µφi)

= 0, (2.2)

where φi is the field that is studied.
The observables, and hence the physically interesting parts of the theory, are

not the values of the fields themselves but rather quantities such as cross sections,
i.e. the interaction rate of two particles, and decay rates, which are the inverses of
the decay time of an unstable particle. These are determined from the S-matrix,
relating the ingoing and outgoing states involved in a scattering process.

2.2 The Standard Model

The particle content of the SM can be categorized by their mass in addition to
spin and other quantum numbers. Based on spin there are three main categories:
spin-1/2 fermions, spin-1 gauge bosons, and the spin-0 Higgs boson, which is the
only (Lorentz) scalar particle of the SM. There is a corresponding antiparticle to
each SM particle with the same mass but opposite quantum numbers.

2.2.1 Symmetries

Various kinds of symmetries are of great importance in different areas of physics.
In particular, the SM is a local gauge theory. A gauge theory is a field theory where
the Lagrangian is invariant under a continuous Lie group of local transformations.
A local theory is dependent on the spatial coordinates in each point, and thus
transforms depending on the point in spacetime. In addition, the SM is a relativistic
QFT, which implies that it is invariant under transformations of the Lorentz group.

There are three discrete symmetries of importance in particle physics called
charge conjugation (C), parity transformation (P), and time reversal (T). The C
operator transforms a particle to its anti-particle, i.e.

C|p〉 = |p〉 ,
where p is a particle of arbitrary spin. However, the chirality of the particle remains
unchanged. The P and T symmetries are given by

P :x→ −x , (2.3)

T :t→ −t , (2.4)
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where x, is the spatial 3-vector and t is the time coordinate. The P symmetry
operator has determinant −1, which implies that it is equivalent to reflections and
not rotations. In three spatial dimensions this can be achieved by flipping the sign
of either one or three of the spatial coordinates. The only combination of these
operators that appears to be exact in Nature is CPT. The CPT theorem states that
all Lorentz invariant local QFTs with Hermitian Hamiltonians, i.e. the Hamiltonians
that fulfill H = H†, must have CPT symmetry [35]. On the other hand, the CP
symmetry is known to be broken. This is highly relevant for the baryon-antibaryon
asymmetry in the Universe. While CP violation has been detected in the quark
sector, the value of the CP violating phase in the leptonic sector has not yet been
determined. Thus we do not know whether CP is conserved or not in the lepton
sector.

The gauge symmetry of the SM is considered fundamental. The SM also has
accidental symmetries, which are a consequence of the particle content and the
requirement of renormalizability and gauge invariance. Such symmetries can be
either approximate or exact and they give constraints on BSM physics, which typ-
ically violate these symmetries. An accidental symmetry in a BSM model can be
gauged if it is anomaly free. Otherwise are processes that violate the original acci-
dental symmetry expected to occur. Examples of accidental symmetries in the SM
are baryon (B) and lepton (L) number conservation, which typically are violated
e.g. in neutrino mass models.

2.2.2 The SM gauge group

The gauge group of the SM is the non-Abelian symmetry group

G = SU(3)C ⊗ SU(2)L ⊗ U(1)Y , (2.5)

where SU(2)L ⊗ U(1)Y corresponds to the electroweak sector and SU(3)C to the
strong sector. The electroweak sector is described by the Glashow–Weinberg–Salam
(GWS) theory. The subscript of SU(2)L stands for left implying that the SM is
a chiral theory, i.e. only particles with left-handed chirality acts under SU(2)L

[8, 13, 36]. The subscript of U(1)Y , where Y denotes hypercharge, distinguishes it
from U(1)Q of electric charge, Q, which is the symmetry remaining after EWSB.
Hypercharge and electric charge are related through the Gell-Mann–Nishijima for-
mula,

Q = T3 + Y,

where T3 is the third component of the weak isospin [37, 38]. The strong interactions
are described in QCD, with the gauge group SU(3)C. The subscript C stands for
color charge and denotes the quantum number of the group, which comes in three
varieties: red, green, and blue.
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2.2.3 The Standard Model Lagrangian

The Lagrangian describes the dynamics of a system. It can contain three different
types of terms: kinetic terms, quadratic in the derivative of a single field, mass
terms, quadratic in a single field, without any derivatives, and interaction terms that
contain more than two fields of one or several types, with or without derivatives.
Thus, the SM Lagrangian can be written as a sum of four different parts

LSM = Lgauge + Lfermion + LHiggs + LYukawa , (2.6)

where Lgauge contains the kinetic terms and self-interactions of the gauge bosons,
Lfermion contains all kinetic terms and gauge interaction terms of the fermions,
LHiggs is the scalar sector of the Lagrangian with the kinetic terms, gauge boson
interactions, and self-interaction of the Higgs boson, and finally LYukawa describes
all the interactions of the Higgs boson with leptons and quarks. The parts of the
Lagrangian are discussed in the subsequent sections.

2.2.4 Gauge bosons

The gauge bosons are the spin-1 particles that mediate the fundamental interactions
and transform in the adjoint representation of the corresponding gauge group. In
total there are twelve gauge bosons, corresponding to each of the twelve group
generators. There are four gauge bosons corresponding to the four generators of
the electroweak sector: W i, i ∈ {1, 2, 3}, from SU(2)L and B from U(1)Y . The

generators of SU(2)L are T i = iσi

2 , where σi are the three Pauli matrices, and
U(1)Y is generated by the hypercharge, i.e. T = Y . The gauge bosons of SU(3)C

are the eight gluons Ga, corresponding to the generators T a = iλa

2 , where λa,
a ∈ {1, . . . , 8}, are the Gell-Mann matrices.

Thus, the part of the SM Lagrangian that describes the kinetic terms and the
self-interactions of the gauge fields is given by

Lgauge = −1

4
BµνB

µν − 1

4
W i
µνW

i,µν − 1

4
GaµνG

a,µν , (2.7)

where the field strength tensors are given by

Bµν = ∂µBν − ∂νBµ, (2.8)

W i
µν = ∂µW

i
ν − ∂νW i

µ + g2ε
ijkW j

µW
k
ν , (2.9)

Gaµν = ∂µG
a
ν − ∂νGaµ + g3f

abcGbµG
c
ν , (2.10)

where g2 and g3 are the gauge couplings and εijk and fabc are the structure constants
of SU(2)L and SU(3)C respectively. The self-interactions ofW i

µν andGaµν arise from
the non-Abelian gauge groups. Gauge invariant mass terms cannot be constructed
for the gauge bosons directly. Therefore EWSB is necessary to obtain massive
gauge bosons, which is discussed in Sec. 2.2.6.
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2.2.5 Fermions

The spin-1/2 fermions are further divided into two main categories, quarks and
leptons, six particles of each kind. The quarks and leptons are organized into three
fermion generations, which couple identically to the gauge bosons. The generations
are copies of each other and their properties are the same except for their masses,
which increase with the generation number. However, matter here on Earth is solely
made up of fermions from the first generation. Why there experimentally seems to
be exactly three fermion generations remains an unresolved theoretical problem.

Leptons

Leptons interact only via the electroweak interaction and are not charged under
SU(3)C. The six leptons are the electron (e−), the muon (µ−), and the tau (τ−).
Each has a corresponding neutrino: the electron neutrino (νe), the muon neutrino
(νµ), and the tau neutrino (ντ ). The electron, the muon, and the tau all have
electric charge Q = −|e|, e being the fundamental electric charge, whereas the
neutrinos are electrically neutral. The three lepton generations are organized as(

νe
e−

)
,

(
νµ
µ−

)
,

(
ντ
τ−

)
. (2.11)

Quarks

The quarks carry color charge, and thus, each quark type comes in three different
varieties: red, green, and blue. The six quarks are the up (u), down (d), charm (c),
strange (s), top (t), and bottom (b). The three generations of quarks are organized
as (

u
d

)
,

(
c
s

)
,

(
t
b

)
. (2.12)

The up-type quarks carry electric charge Q = + 2
3 |e|, whereas the down-type carry

charge Q = − 1
3 |e|. The mass eigenstates and the weak eigenstates of the quarks

are not the same. The mixing of the quarks is given by the Cabibbo–Kobayashi–
Maskawa (CKM) matrix [39, 40]. This is normally parametrized by three mixing
angles θq12, θq13, and θq23, and one CP-violating phase δCKM. The mixing in the
quark sector is rather small and the CKM matrix can therefore be viewed as a
small perturbation of the identity matrix. A free quark have never been observed.
Instead, they are always detected in color-neutral combinations with integer electric
charge: either a meson (qq) or a baryon (qqq).

Lagrangian density

The fermions can couple to the gauge fields in a gauge invariant manner under
transformations of the SM gauge group. The kinetic terms of the fermions and
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their interactions with the gauge bosons are of the form

Lfermion = iψγµDµψ , (2.13)

where ψ is a fermionic field and γµ are the Dirac matrices, which have the property
{γµ, γν} = 2gµν . There are several possible representations of these matrices, one
commonly used representation is

γ0 =

(
I 0
0 −I

)
, γi =

(
0 σi
−σi 0

)
,

where I is the identity matrix, and σi, i = {1, 2, 3}, are the Pauli matrices. We
can also define γ5 = iγ0γ1γ2γ3. In order to preserve gauge invariance, the ordinary
derivative ∂µ in Eq. (2.13) is replaced by a covariant derivative in a kinetic term
for ψ. The covariant derivative is in general defined as

Dµ = ∂µ − igAaµT
a, (2.14)

where Aaµ are gauge fields and T a are the generators of the representation that the
fermion field belongs to. This change of derivatives will introduce gauge interaction
terms of the form

Lfermion−gauge = −gψγµAaµT aψ. (2.15)

Thus, once the gauge structure and fermion representations are chosen, the gauge
interactions of the fermions are completely determined.

Chirality

Fermions are chiral, i.e. they can be either left- or right-handed, and the particles
interact differently depending on their chirality. The fields are assigned to different
representations of SU(2)L. The left-handed fields form SU(2)L doublets, whereas
the right-handed fields are SU(2)L singlets. Only left-handed fields interact via the
weak interaction and the SM is called a chiral theory. Including chirality, the entire
particle content of one fermion generation is given by

LiL =

(
ν`i
`i

)
L

, `iR, Q
i
L =

(
ui

di

)
L

, uiR, d
i
R, (2.16)

where i ∈ {1, 2, 3} is the generation index.
To summarize, there are 15 Weyl fermions in each generation of the SM with

the quantum numbers

LL ∼ (1, 2,−1

2
) , eR ∼ (1, 1,−1) , (2.17)

QL ∼ (3, 2,
1

6
) , uR ∼ (3, 1,

2

3
) , dR ∼ (3, 1,−1

3
) . (2.18)

Note that there are no right-handed neutrinos in the SM. They would be SM sin-
glets, i.e. in the representation (1, 1, 0). This implies that the neutrinos are massless,
which is discussed further in Sec. 4.2.
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2.2.6 The Higgs sector and electroweak symmetry breaking

The Higgs field, Φ, is an SU(2)L doublet with hypercharge Y = 1
2 . The Higgs

sector in the SM is given by

LHiggs = |DµΦ|2 − V (Φ) , (2.19)

with the covariant derivative defined in Eq. (2.14). The Higgs potential, V (Φ) is
given by

V (Φ) = −µ2|Φ|2 +
λ

2
|Φ|4 . (2.20)

This is the most general renormalizable gauge invariant potential that respects SM
symmetries and can be written in the SM. Every term allowed by the symmetries
of the model should be added, and hence, this full potential is used.

Finally, the interactions of the Higgs field with the fermion fields are given by
the Yukawa sector

LYukawa = −Y iju QiLΦ̃ujR − Y ijd QiLΦdjR − Y ije LiLΦejR + h.c. , (2.21)

where Y ij are the Yukawa matrices, Φ̃ = iσ2Φ∗, σ2 is the second Pauli matrix, and
i, j = {1, 2, 3} are the generation indices. The Higgs doublet transforms as (1, 2, 1

2 )
under the SM gauge group.

The Brout-Englert-Higgs mechanism

We wish for the Lagrangian that describes our non-symmetrical world, to be sym-
metric. Thus, a central theme of particle physics is the study of how the symmetry
of the Lagrangian can be broken in order to generate the world we see around us.
Of particular interest are solutions to system which breaks the symmetry itself via
a process called spontaneous symmetry breaking, where the symmetry of the La-
grangian is not realized in the ground state of the system. The mechanism through
which EW symmetry is broken, i.e.

SU(3)C ⊗ SU(2)L ⊗ U(1)Y → SU(3)C ⊗ U(1)Q , (2.22)

and the masses of the Z and W± are generated, is known as the BEH mechanism.
The Higgs potential in Eq. (2.20) has a minimum at

|Φ|0 =

√
µ2

λ
≡ v ' 246 GeV . (2.23)

Thus, the Higgs field can be expanded around this minimum, known as the vacuum
expectation value (vev), since the physical states are excitations around this point.
Thus we can express the Higgs field as

Φ =

(
φ+

1√
2
(h+ iφ+ v)

)
, (2.24)

where h and φ are real fields, φ+ is complex charged field, and v is the vev. The
real part, i.e. h + v, is constructed so that h is treated as an excitation around
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v. The ground state of the field does not respect the SU(2)L symmetry, since the
value of the vev is non-zero. Hence, the symmetry has been spontaneously broken.
The gauge bosons obtain masses since there are now terms in the gauge interacting
part of the Lagrangian of Eq. (2.19) that can be rewritten as

Lmass,gauge 3
v2

8

[
g2

2(W 1
µ)2 + g2

2(W 2
µ)2 + (−g2W

3
µ + g1Bµ)2

]
, (2.25)

where g1 is the gauge coupling of U(1)Y . The two components W 1 and W 2 obtain
equal masses mW = g2v/2. The linear combination

Zµ ≡
1√

g2
1 + g2

2

(−g2W
3
µ + g1Bµ) , (2.26)

will obtain the mass mZ =
√
g2

1 + g2
2v/2. The orthogonal field combination

Aµ ≡
1√

g2
1 + g2

2

(g1W
3
µ + g2Bµ) , (2.27)

which corresponds to the unbroken direction of the gauge group, is massless and
identified as the photon, i.e. the gauge boson of the gauge group U(1)Q.

Since three out of the four generator directions of SU(2)L ⊗ U(1)Y are broken,
one would normally expect that three of the four components of the Higgs field
to become Goldstone bosons [36, 41]. However, as was shown in 1964, when a
gauge symmetry is broken, the extra degrees of freedom can become longitudinal
polarizations of the gauge bosons instead. We say that the components are eaten
by the, then massive, gauge boson fields. Thus only one component of the Higgs
field remains as a physical field, corresponding to the new scalar particle known
as the Higgs boson. The total number of degrees of freedom is left unchanged by
the BEH mechanism, since a massive gauge boson has one more degree of freedom
than a massless one.

The mixing of the B and W 3 fields into the A and Z fields is given by(
A
Z

)
=

(
cos θW − sin θW

sin θW cos θW

)(
B
W 3

)
,

where the Weinberg angle, or weak mixing angle, is defined as tan θW = g1/g2. It
also gives the relationship between the masses as mW = mZ

cos θW
. The fields W 1 and

W 2 are rotated into the charged, massive fields W±, defined as

W±µ =
1√
2

(W 1
µ ∓ iW 2

µ). (2.28)

Rather by coincidence the fermions also acquire mass from the BEH mecha-
nism. Similarly to the gauge boson case, mass terms of the kind −mψLψR are not
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allowed directly in the Lagrangian since they violate gauge symmetry. However,
after EWSB the terms in the Yukawa Lagrangian are

Lmass,fermion = −miψiLψ
i
R (no sum), (2.29)

where the fermion mass matrix is given by mi = Y iiv/
√

2 (no sum).

Higgs production and decay modes

At the LHC there are four production modes of interest for a light Higgs boson. The
predominant process is gluon fusion, gg → h, which is loop-induced with primarily
the top quark running in the loop. The other three processes are vector boson
fusion, qq′ → qq′h, associated production with a vector boson qq̄ → Wh/Zh, and
the associated production with a top-quark pair qq̄/gg → tt̄h.

Five of the Higgs decay modes have been detected, namely the bosonic decays
to γγ,WW (∗), and ZZ(∗) and the fermionic decays to bb and τ+τ−. The h→ γγ is
loop induced, whereas the others are tree level processes. Furthermore, loose upper
limits have been placed on the decays to µ+µ− [42] and an extremely loose bound
has been placed on h→ Zγ [43].

2.3 Effective field theories

Physics takes place on various energy scales. However, we are often interested in the
physics only at one scale at a time and this physics can be conveniently isolated,
irrespective of the physics at other scales. This type of description is called an
effective theory. Within the context of particle physics an effective (quantum) field
theory (EFT) is specifically useful. Typical features at very short distance, i.e. high-
energy, are particles too heavy to be produced at the low energies where we study
particle physics, i.e. LHC energies. Such heavy degrees of freedom can be integrated
out from the theory [44]. The remaining degrees of freedom are those with masses
that fulfill m� Λ, where Λ is the energy scale of the new physics. Heavier degrees
of freedom are manifest in terms of a series of operators proportional to powers
of energy/Λ, which govern the interactions of the lighter states [45, 46]. There
are several advantages of an effective framework: it is computationally favorable,
often more intuitive, and it is not an issue that the underlying full theory is usually
unknown.

The effective Lagrangian can be written as

LEFT = LSM + Ld=5 + Ld=6 + · · · , (2.30)

where LSM is the SM Lagrangian, which contain d ≤ 4 operators. Expressed in
terms of the d-dimensional operators, which can be constructed from the SM fields
and which respect the SM symmetries, this can be expanded in orders of 1/Λ as

LEFT ≡ LSM +
1

Λ

∑
k

c
(5)
k Q

(5)
k +

1

Λ2

∑
k

c
(6)
k Q

(6)
k + · · · , (2.31)
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where Q
(d)
k are the d-dimensional operators, and c

(d)
k are the coefficients of these

operators. Only one operator with d = 5 can be constructed, the so-called Weinberg
operator, which happens to generate neutrino mass and which will be discussed in
Ch. 4. At d = 6, there are 59 operators. None of these can generate neutrino mass
but they can for instance modify the Higgs couplings and mediate LFV, which will
be discussed in Secs. 2.3.1 and 2.4 [47].

The operators arising from the elimination of the heavy states are necessarily
non-renormalizable, i.e. of mass dimension d > 4. A non-renormalizable theory is
only valid in a given energy range, whereas a renormalizable theory is assumed to
be valid for arbitrary energy scales, especially to infinitely high and low energies.
In the search for new physics, the SM is often considered a low-energy EFT [46, 48].

2.3.1 Effective Higgs couplings

The discovery of the Higgs boson in 2012 has provided new opportunities for the
search for BSM physics [30, 49]. So far, analyses of the data, made subsequently to
the discovery, indicate that the new particle, in fact, is a CP-even scalar boson [50].
The question that needs to be answered is whether the detected particle is the Higgs
boson, i.e. the scalar particle of the SM. Properties such as mass, spin, parity, and
couplings to other particles are currently being probed to good precision in the
LHC. However, there is an upper limit to the precision that can be achieved in
hadron colliders in general. Therefore a linear collider is necessary to significantly
improve the precision [51, 52].

Studies of BSM Higgs sectors can be approached in different ways. The first
obvious possibility is studying the Higgs sector in the context of new complete
physical models, such as supersymmetry [53–55], technicolor [56, 57], and Two
Higgs Doublet Models (2HDMs) [58–60]. They all have extended Higgs sectors
with several Higgs bosons or enhanced properties of the existing Higgs boson and
they typically address the conceptual problems of the SM, such as naturalness,
and provides solutions to the hierarchy problem. These models, along with several
others, have been studied and limited individually by the LHC [61–63].

Another possibility is to disregard the underlying theory and make a model-
independent study in the context of effective operators, which are added to the SM
Lagrangian. As previously discussed, this requires that we waive our requirements
of renormalizability. The lowest-dimensional effective operators that can have an
effect on the Higgs sector are of d = 6. A comprehensive overview of these operators
is given in e.g. Refs. [47, 64]. Operators at higher order can be ignored given
the current precision in measurements. Any subset of the d = 6 operators can
be studied individually, which allow for a large number of possible models. The
six-dimensional operators will effectively change the Higgs couplings, both their
magnitudes and possibly also their tensor structure [65–67]. As an example, we
present the operators, which modify the Higgs boson couplings to the gauge boson,
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that are P and C even, and that do not contain any derivative of the fields. These
are

OGG = Φ†ΦGaµνG
a,µν , OWW = Φ†Ŵ i

µνŴ
i,µνΦ , (2.32)

OBB = Φ†B̂µνB̂
µνΦ , OBW = Φ†B̂µνŴ

µνΦ , (2.33)

where we have defined B̂µν = i g12 Bµν and Ŵµν = i g22 σiW
i
µν . Taking derivatives

into account, there are five more operators that modify the Higgs couplings to the
gauge bosons. There exist corresponding operators, which change the couplings to
the fermions.

We can simplify one step further, completely disregarding the underlying mech-
anism. In particular, an extended Higgs sector can be studied under the assumption
that the tensor structure of the couplings is the same as in the SM and that only
the magnitudes of the couplings in the Lagrangian are rescaled. This approach has
been used in e.g. Refs. [68–71]. Hence, assuming only the couplings present in the
SM and including only the interactions that have been detected in the LHC, the
general Lagrangian can be written as

Leff =
h

v

[
atmttt+ abmbbb+ aτmτττ + aµmµµµ+ aZm

2
ZZµZ

µ

+ 2aWm
2
WW

+
µ W

−µ +
e2

16π2
aγγAµνA

µν +
g2
s

16π2
aggG

a
µνG

a,µν (2.34)

+
eg sin θW

16π2
aZγZµνA

µν
]
,

where the SM is retrieved in the limit at = ab = aτ = aµ = aW = aZ = 1 and
aγγ = agg = aZγ = 0. There are contributions to WW and ZZ at next to leading
order. However, these are suppressed compared to the leading order contributions
and are therefore not often taken into account. Note that we have not assumed the
custodial symmetry of the SM, ρ ≡ m2

W

m2
Z cos θW

= 1, to hold.

An alternative formulation of these effective couplings is in terms of the interim
framework introduced by the Higgs cross section working group in Ref. [72]. The
rescaling of the magnitudes is made by coupling scale factors which are defined in
terms of the Higgs production cross sections and decay rates as

κX =
σ(X → h)

σ(X → h)SM
, κ2

Y =
Γ(h→ Y )

Γ(h→ Y )SM
. (2.35)

For the tree-level processes, the rescaling of the cross sections and decay rates
simply correspond to the rescaling of the SM couplings. These couplings are κW ,
κZ , and κf where f ∈ {t, b, µ, τ}.1 For the processes that are loop-induced in the

1In principle f ∈ {t, b, c, s, u, d, e, µ, τ} but only the modes that have been detected are consid-
ered here.
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SM, there are several processes contributing to κi, where i ∈ gg, γγ, Zγ. The signal
strength in this framework is given by

µ(X,Y ) =
κ2
Xκ

2
Y

κh
,

where the parameter κh =
∑
x Γ(h→ x)/

∑
x Γ(h→ x)SM rescales the total width

of the Higgs boson. Note that this assumes there are no invisible decay channels,
which in principle could be included in the analysis. Different assumptions can be
made and a subset of these scale factors can be chosen for a particular analysis. For
example, if the custodial symmetry of the SM holds, then κW = κZ = κV . It is also
commonly assumed that there is only one fermion coupling, κf . In addition, the
scale factors for the loop induced processes can either be taken as free parameters
or as dependent on the scale couplings for the tree-level processes. In Ref. [2], we
perform a Bayesian model comparison on the coupling scale factors.

For the tree-level processes there is a direct correspondence ai = κi, which
is not the case for the loop-induced processes. However, when the scale factors
κgg, κγγ , and κZγ are free parameters, the two frameworks have the same number
of parameters and are therefore equivalent.

2.4 Lepton flavor violation

Conservation of lepton number is associated to the group U(1)L. Each lepton is
assigned the number L = +1 and each antilepton is assigned the lepton number
L = −1. All other particles are assigned lepton number L = 0. If this was the only
conserved quantity, processes such as τ → µγ would be allowed. However, no such
process has ever been observed and in the absence of non-zero neutrino masses in
the SM, the SM Lagrangian is invariant under the group U(1)e ⊗ U(1)µ ⊗ U(1)τ .
Corresponding lepton flavor numbers are introduced, which should be conserved:
Le, Lµ, and Lτ . We know, however, beyond all experimental doubt that neutrinos
have non-zero masses and thus that these lepton flavor numbers are not exactly
conserved. Charged lepton flavor violation (CLFV) has, however, never been ob-
served. Even though lepton flavor is violated, lepton number can still be conserved,
depending on the nature of the neutrino masses. In BSM models, this is typically
not the case and new particles and interactions will cause the rates of LFV decays
to significantly increase and thus experimental limits on these processes will con-
strain BSM models. Especially, this is a feature of neutrino mass models, where
lepton number is broken by two units. In Ref. [5], we discuss LFV in the context
of the Zee model. For a review on LFV, see e.g. Ref. [73].

2.4.1 Charged lepton flavor violation

There are several possible CLFV processes. These include radiative lepton (`)
decays `α → `βγ, 3-body lepton decays `α → `β`γ`δ, and µ− → e− conversion in
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nuclei (µ−N → e−N). As examples, we discuss the three muon “golden channels”,
i.e. the processes that pose the most stringent bounds on CLFV. The corresponding
model independent effective operators are

mµ

(1 + k)Λ2
µRσµνeLA

µν + h.c.,
k

(1 + k)Λ2
µLγµeLfγ

µf + h.c. ,

where mµ is the muon mass and k governs the relative size of the two operators. The
first term describes the interaction with Aµν , i.e. the photonic interactions and the
second process describes the interaction with fermions, f . The process µ+ → e+γ
is directly induced via the first term, whereas µ → eee and µ−N → e−N are of
order α. From the second term, µ−N → e−N conversion is mediated at leading
order whereas µ+ → e+γ and µ→ e+e−e+ at one-loop order [73].

Experimental searches

At present there are several experiments which aim either to put limits or to measure
LFV in several different channels with great precision. We give a few examples of
such experiments, which currently only have measured upper bounds on the LFV
processes. The MEG experiment has the current best bound on the radiative decay
Br(µ+ → e+γ) < 5.7 · 10−13 at 90% C.L.. The sensitivity should be approaching
10−14 after a few years of acquisition time [74, 75]. The best limit for the next golden
channel is Br(µ+ → e+e−e+) < 1.0·10−12 at 90% C.L [76]. This should be improved
by an experiment at the Paul Scherrer Institute by 3-4 orders of magnitude.For the
third golden channel, the bound in a gold nucleus, is Br(µ−N → e−N) < 7 · 10−13

[77]. Since CLFV occurs in many BSM models, especially in neutrino mass models,
improved bounds will severly restrict and even rule out some of these models.
Especially, we find that improved bounds will limit (and possibly rule out) the Zee
model in Ref. [5]. On the other hand, detection of sizeable CLFV would have strong
implications for BSM physics.

2.4.2 Higgs lepton flavor violation

As mentioned in Sec. 2.3.1, the nature of the newly discovered Higgs boson can be
investigated through looking at the known couplings to the SM fermions and gauge
bosons. Another approach is to investigate possible new couplings of the Higgs
boson. In the mass basis, after EWSB, the Higgs boson’s couplings to fermion
pairs and the fermion mass terms can in general be written as

LYuk = −mif
i
Lf

i
R − Yij(f iLf jR)h+ h.c. ,

where fL = LL, QL and fR = eR, uR, dR, (νR). In the SM, the Yukawa couplings
are diagonal, Yij =

√
2miv δij , i, j = {1, 2, 3}. However, in BSM models there can

be non-zero off-diagonal elements. In principle, non-renormalizable terms could be
added to the Lagrangian as well.
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For example, we can assume a single Higgs doublet tobe responsible for EWSB
and considering an effective approach. There are d = 6 operators of the form [78]

Leff = −
λ′ij
Λ2

(f iLf
j
R)Φ(Φ†Φ) + h.c. ,

where λ′ij in general is complex. These operators modify the Yukawa couplings,
which in the mass basis can be written

Yij =

√
2mi

v
δij +

v2

√
2Λ2

λ̂ij ,

where λ̂ = VLλ
′VR and VL, VR are the unitary matrices, which diagonalize the

mass matrix. Off-diagonal matrix elements, which could induce LFV, are generally
non-zero in this case.

The same effective coupling that is involved in Higgs lepton flavor violation
(HLFV) processes is involved in the radiative lepton decays. Thus, there is a strong
correlation between Br(h → `i`j) and Br(`i → `jγ). Hence, the current bounds
on Br(`i → `jγ) will translate to limits of the order of 10−5 on HLFV. This is
well below the limit for the LHC, which is the only experiment that measure these
processes [79, 80].

2.5 Problems with the SM

In this chapter, we have briefly mentioned the main experimental shortcoming of
the SM, namely the existence of neutrino mass, which will be discussed in more
detail in Ch. 4. There are other problems with the SM of a more theoretical and
conceptual nature. The first apparent flaw of the SM is that gravity is not included.
Furthermore, the SM only describes about 5 % of the energy in the Universe. Dark
matter makes up 25 % of the remaining 95 % and the rest is dark energy. There are a
large number of theories for dark matter with popular dark matter candidates such
as axions and weakly interacting massive particles (WIMPs). Presently, there are
several experiments searching for dark matter but so far there are no indications
for the true nature of it. Furthermore, we do not understand the origin of the
matter/antimatter asymmetry in the Universe, even though this is a necessary
condition for our existence given that we only observe, and are made of, matter.
There is one experimental value in tension with the theoretical value, namely that
of the muon anomalous magnetic moment, which deviates 3.4σ from the SM [81].
This could be an indication of physics beyond the SM.

In addition, there are problems of a more conceptual nature. The conventional
wisdom of the past 30 years in the HEP community is that there is a hierarchy or
naturalness problem in the SM. It boils down to the question of why the ratio of
the W and Z boson mass and the Planck mass is so small, MZ/MPlanck ≈ 10−16. A
problem that has to do with the value of the non-zero Higgs field. This problem is
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not one of consistency but of naturalness and fine-tuning. Many theories, such as
supersymmetry, technicolor, GUTs, and string theory, try to provide a solution to
this problem. A common denominator of these theories is the need for new physics
at the TeV scale, which in turn provides a strong motivation for the LHC. However,
there are to date no indications of this new physics in the data [82].

The SM is not fully determined from theory since it contains 19 free parameters
(plus another nine if neutrinos with non-zero Majorana mass are included). These
have to be determined experimentally and put into the theory by hand. There is
no way of knowing their values directly. This obvious shortcoming of the theory
strengthens physicists’ beliefs that there is a complete underlying theory where ev-
ery parameter is unambiguously determined as a prediction of the theory. However,
none of the proposed extensions to the SM has so far provided a satisfying solu-
tion to this issue. On the contrary, supersymmetry, one of the most popular SM
extensions, includes another hundred or so parameters.
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Chapter 3

Renormalization group
running

Physical quantities, such as cross sections, decay rates, and masses, are divergent
when calculated to loop-level Feynman diagrams, i.e. to higher orders in perturba-
tion theory. These divergences can be either ultraviolet (UV), which corresponds
to high energies, or infrared, which corresponds to low energies. The latter type of
divergences only occurs in theories with massless particles. In this chapter we will
only consider divergences of the former type.

In order to make physical sense of a QFT, the divergences need to be treated
in a physically consistent way. This is done using a two-step technique: regular-
ization and renormalization. In the first step, the divergence is parametrized by
a small parameter, typically a regulator such as ε, so that the original theory can
be recovered in the limit ε → 0. The Lagrangian is modified by finite corrections,
counterterms, which are only allowed to diverge in the limit ε → 0. However, the
theory can stay finite and well-defined even in this limit through a wise choice of
counterterms. The Lagrangian that appears in the path integral is called the bare
Lagrangian, and the quantities in this Lagrangian are referred to as bare quanti-
ties. After the renormalization procedure has been carried out the renormalized
quantities remain.

3.1 Regularization

A theory is regularized by the introduction of a regulator in an intermediate step
in order to handle the infinities and divergences. Different regularization methods,
with different regulators, have different advantages and disadvantages. It should be
emphasized that the physical result does not depend on the regularization method.

27
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A first approach is cutoff regularization, where an upper limit Λ is simply intro-
duced through the replacement in the integral∫ ∞

0

d4k →
∫ Λ

0

d4k , (3.1)

so that the integration no longer extends to infinity. This type of brute force method
is in practice rather awkward since it has the undesired property of destroying
translational invariance. Also gauge invariance is difficult to maintain [35].

Another method is Pauli-Villars regularization [83], where the photon propaga-
tor is modified according to

1

k2 + iε
→ 1

k2 + iε
− 1

k2 − Λ2 + iε
, (3.2)

where Λ interpreted as the mass of a fictitious photon. Note the opposite signs in
front of the propagators, which implies that the theory is not completely physical.
With finite values of Λ, the integral is allowed to converge, whereas in the limit
Λ → ∞ the original expression of the propagator is recovered. The drawback of
this method is that the modified propagator does not describe ordinary particles
and hence the method is physically valid only in models where there is a limit on
the total energy. Furthermore, this regularization method does not conserve gauge
invariance in massive theories.

There is a number of other regularization methods. In the present thesis we
use dimensional regularization, which is discussed in more detail in the following
section.

3.1.1 Dimensional regularization

Dimensional regularization was invented by Martinus Veltman and Gerardus ’t Hooft
in 1972 [84]. It is the most commonly used method of regularization, since it pre-
serves both Lorentz and gauge invariance. In dimensional regularization integrals
are formally evaluated in d < 4 dimensions, where d is not an integer. Integrals
diverging in d = 4 dimensions can be shown to converge in d < 4 dimensions. Thus,
the following change in the integral is made∫

d4k

(2π)4
→
∫

ddk

(2π)d
. (3.3)

The d dimensions can be defined as d = 4− ε, where ε is a complex number, which
is the regulator of the theory. Analytical continuation is invoked in order to ensure
that the original integral is retrieved when ε → 0. Upon this extension we have
not violated any physical law and the properties of the regularized theories are
conserved with the only difference that spacetime is no longer four-dimensional.
Note that dimension only refers to a complex number here and not to spacetime
dimensions otherwise implied in this work. Such a non-integer complex dimension
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cannot be interpreted physically and it has no function outside of perturbation
theory.

Upon the continuation to d dimensions the dimensionalities of the fields will
change. The action is given by

S =

∫
ddxL (3.4)

and must be dimensionless. Hence the Lagrangian necessarily has the mass di-
mension d, which allow us to determine the dimensionality of the fields from the
kinetic terms in the Lagrangian. These contain only one type of field and the partial
derivative, which is known to have the dimension [∂µ] = 1. As an example we can
determine the dimensionality of the Higgs field from the kinetic term (∂µφ)2 to be

[φ] =
d− 2

2
. (3.5)

In a similar way the dimensionalities of the fermionic and gauge fields are

[ψ] =
d− 1

2
, (3.6)

[A] =
d− 2

2
. (3.7)

If all expansion parameters have mass-dimension greater than or equal to zero, the
theory is power counting renormalizable. This is an important feature of the SM
and the reason that the highest order terms in a four-dimensional theory that we
can accept are quartic interactions among scalars and gauge fields. Furthermore, in
order to be able to actually perform calculations in d dimensions we need to define
a Clifford algebra, which is non-trivial. This ought to be done in a consistent way
so that the original integrals are obtained in the limit d→ 4. A possible definition
is similar to the four-dimensional case, i.e.

{γµ, γν} = 2gµν , (3.8)

where gµν is the ordinary Minkowski metric. However, the traces need to change
and we have

gµνg
µν = d, (3.9)

γµγ
µ = d. (3.10)

As a consequence, the possible contractions and traces of the gamma matrices will
differ from the four-dimensional ones. A full list of these contractions is given in
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e.g. Ref. [35]. In order to keep the mass dimension intact the couplings need to be
redefined, which is done in the following way

λ → λ0 = µελ , (3.11)

gi → gi,0 = µ
ε
2 gi , (3.12)

Yf → Yf,0 = µ
ε
2Yf , (3.13)

where µ is the renormalization scale with mass dimension 1, i ∈ {1, 2, 3}, and
f ∈ {e, u, d}. If right-handed neutrinos are introduced in the theory, f = ν is also
included. Contrary to the cases in Pauli-Villars and cut-off regularizations, µ is
not necessarily a large mass scale. Hence the original integrals are retrieved in the
case d→ 4 and not µ→∞. Quantities with subscript 0 are bare quantities, which
have mass dimensions, whereas quantities without subscripts are the renormalized,
physical, ones. The renormalization scale is an arbitrary scale that is not taken to
infinity, but it will eventually drop out of physical calculations. After the renormal-
ization procedure, the physical parameters will depend both on the renormalization
scale and the bare parameters. These relations are valid to lowest order and are
thus modified by loop corrections.

Calculating the loop integrals which arise from the Feynman diagrams is in prin-
ciple rather tedious. First, the integral is extended to d dimensions, then Feynman
parametrization of the integrand is performed [35]. This parametrization is due to
Richard Feynman, as the name indicates, and provides a way to rewrite fractions in
the denominator as products, which then are more easily evaluated. The next step
is a Wick rotation from Minkowski to Euclidean space. This is done by defining a
Euclidean d-dimensional vector k with an imaginary time so that

k0 = ik4
E , k = kE , (3.14)

which gives the inner product k2 = (k0)2 − k2 = −(k4
E)2 − k2

E = −k2
E . This

is the Euclidean dot product with a minus sign. The integrals are then written
in spherical coordinates in the complex plane, followed by the regularization step.
Normally only the divergent parts of the integral are interesting and in the case
of dimensional regularization the Passarino-Veltman decomposition can be conve-
niently used. These divergent parts of the integrals have been computed and are
tabulated in e.g. Ref. [85]. These can be used directly without the tedious compu-
tations.

3.2 Renormalization

A relationship between the bare and renormalized quantities is needed in order to
make any physical sense of our initial, bare Largrangian. This is done through the
introduction of renormalization constants, Zi, for the fields, couplings, and masses.
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The renormalization constants are on the form Zi = 1 + δZi and in terms of the
Lagrangian this amounts to the expression

L0 = L+ δL, (3.15)

where L0 is the bare Lagrangian, L is the renormalized one, and δL contains the
necessary counterterms. In dimensional regularization, the dependence on Λ is
replaced with a dependence on µ.

After regularization, a choice of renormalization scheme has to be made, which
again should not affect physical results. However, there are practical advantages
and disadvantages which should be taken into account. The two most commonly
used ones are on-shell renormalization and minimal subtraction (MS). The renor-
malization constants in on-shell renormalization schemes are defined such that the
inverse renormalized propagators, their first derivatives and the renormalized ver-
tices are equal to the corresponding Born values on the mass shell. Such schemes
are often used in QED but never in QCD, due to problems regarding infrared diver-
gences. The method used in this thesis is MS, or rather its close relative modified
minimal subtraction (MS), which will be discussed in the following section.

3.2.1 Minimal subtraction

Contrary to other renormalization schemes, MS only works together with dimen-
sional regularization but it is normally convenient to use the two together. The
procedure is minimal in the sense that only the pole in 1/ε is absorbed into the
counterterms, which therefore do not contain any finite parts. The renormalization
scale of MS is obtained from µ of MS by

µ2 → µ2 ≡ µ2

4π
eγE , (3.16)

where γE is the Euler constant. The choice is reasonable since 1/ε in one-loop
calculations always appears in the combination

1

ε
→ 1

ε
≡ 1

ε
− γE + ln 4π. (3.17)

Furthermore, since this scheme has a minimal structure the counterterms are in-
dependent of mass, m. The MS scheme was devised independently by t’ Hooft
and Weinberg in the beginning of the 1970s as a method for renormalization of
electromagnetic and weak interactions [86, 87].

3.3 Renormalization group equations

An important consequence of renormalization is that the renormalized coupling
constants and masses depend on the energy scale where they are measured. We
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say that the parameters run. However, the theory should still be invariant under a
change of the renormalization prescription. Thus a change in µ will be cancelled by
a change in the renormalized mass, m(µ), or coupling constant, g(µ). In other words
the bare quantities are independent of the renormalization scale. The behavior of
the evolution of the renormalized quantities is determined by renormalization group
equations (RGEs). These are determined from the relation between the bare and
renormalized Green’s functions. The bare Green’s function is given by

G
(n)
0 ({xi};µ, λ) ≡ 〈0|T φ0(p1) . . . φ0(pn)|0〉 , (3.18)

where T is time ordering. The relation of the bare Green’s function to the renor-
malized is given by

G
(n)
0 ({xi};µ, λ) = Z

n
2

φ G
(n)({xi};µ, λ) , (3.19)

where φ0 = Z
1
2

φ φ. From the fact that the bare quantities are independent of the
renormalization scale, the Green’s function must also be independent of µ. This
can be expressed as

dG0

dµ
= 0 . (3.20)

Carrying out the differentiation explicitly we arrive at the Callan-Symanzik equation
[88–90], which is given by(

µ
∂

∂µ
+ β(λ)

∂

∂λ
+ nγ(µ)

)
G(n)({xi};µ, λ) = 0 . (3.21)

This equation describes the evolution of the n-point correlation function when the
energy is varied and the functions β(µ) and γ(µ) encode the change in the couplings
and the masses, which compensates for the change in µ. They are given by

β = µ
dλ

dµ
, γ =

1

2Zφ
µ

dZφ
dµ

. (3.22)

In the case of more than one coupling and field in the model, there is one β-function
for each coupling and one γ-function for each field. Since these functions must be
the same for any n, they are independent of the coordinates xi. The renormalized
Green’s function is finite, and thus, β and γ are also finite and independent of the
cutoff. The RGEs are naturally dependent on the model and hence the behavior
of the renormalization group (RG) running of the parameters could in principle be
used to distinguish different models.

The general formulas for the RG running in theories based on a gauge group
U(1)⊗SU(N1)⊗SU(N2)⊗· · ·⊗SU(Nk) are presented in Refs. [91–93]. Detemining
the RG running in such theories can thus be done using various softwares. Espe-
cially, we mention two software packages: PyR@TE [94], which is implemented in
Python, and SARAH 4 [95], which is a Mathematica package. In both softwares
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the RGEs are determined at two-loop order from the Lagrangian for the model
based on one gauged U(1) and one or several SU(N) gauge groups. In SARAH,
a global discrete ZN symmetry, a global U(1), and gauged SO(N) and Sp(N) can
also be handled.

We study the RG running of the quark masses and mixings, the Higgs self-
coupling, the charged lepton masses, and the neutrino masses and leptonic mixing
angles, in the context of a six-dimensional model with Universal Extra Dimensions
(UEDs) in Ref. [1] and in two non-supersymmetric SO(10) model in Ref. [4]. A more
detailed description of the equations in the respective case is given in Refs. [1, 4].
In Ref. [3], we discuss the RG running, and the possible unification, of the gauge
coupling constants in a number of radiative neutrino mass models.

3.3.1 Gauge coupling evolution

We will specifically discuss the RG running of the gauge couplings at one- and two-
loop order. The RGEs for the gauge couplings are derived for a compact simple (or
semi-simple) gauge group in Ref. [91].

One-loop order

At one-loop level, the RGEs of the gauge couplings in a semi-simple gauge group
are given by

βI(gk) =
dgk

d logµ
= − bk

(4π)2
g3
k , (3.23)

where bk are the one-loop coefficients. We have defined the shorthand notation
gk ≡ gGk , i.e. the gauge coupling for the gauge group Gk. Defining the quantities

αi =
g2i
4π , the solutions to these equations at the energy scale µ are

α−1
i (µ) = α−1

i (µ0)− bk
2π

log
µ

µ0
, (3.24)

where µ0 is the initial energy scale. For SU(N), the coefficients bk are determined
by [94]

bk =
11

3
C(Gk)− 2

3
S̃2,k(F )− 1

6
S̃2,k(S) , (3.25)

where C(Gk) is the quadratic Casimir operator in the adjoint representation of Gk,
S̃2,k are the Dynkin indices summed over all states in the model, S denotes scalar,
F denotes fermion. The Dynkin index of one state is

Sk(Λ) =
Nk(Λ)

N(Gk)
Ck(Λ) , (3.26)

where Λ is the highest weight, Nk(Λ) is the dimension of the irreducible represen-
tation, and N(Gk) is the dimension of the adjoint representation. Thus, the sums



34 Chapter 3. Renormalization group running

of the Dynkin indices for SU(2), over all fermions and scalars respectively, are

S̃2,k(S) =

ns∑
s=1

n∏
l=1

N s
SÑ(Λ(s))lkSk(Λ(s)) , (3.27)

S̃2,k(F ) =

nf∑
f=1

n∏
l=1

N f
F Ñ(Λ(f))lkSk(Λ(f)) . (3.28)

Here ns, nf are the number of scalars and fermions respectively, N s
S and N f

F are
the generation of each of the scalars, and

Ñ(Λ)lk =

{
NL(Λ), if l 6= k

1, if l = k.
(3.29)

This formula can thus be used to determine additional contributions to the SM
coefficients, in extended versions of the SM. The SM coefficients are given by

b1 =
41

6
, b2 = −19

6
, b3 = −7 ,

where b1 is the coefficient for U(1)Y , b2 for SU(2)L, and b3 for SU(3)C.

Two-loop order

Next, the contribution at two-loop order to the RG running of the gauge coupling
have also been determined in Ref. [91]. These equations are given by

βII(gk) = − gk
(16π2)2

[
34

3
g4
k|C(Gk)|2 − 1

2

(
4(S(F )C(F ))k +

20

3
S̃2,k(F )C(Gk

)
−

(
2(S(S)C(S))k +

1

3
S̃2,k(S)C(Gk)

)]
, (3.30)

where the quantities are the same as in Eq. (3.25) and we can define

(S(R)C(R))k =
∑
r

∑
l

g2
kg

2
lNSk(Λ(r))Cl(Λ(r))

∏
m

Ñ(Λ(r))mk ,

where r = s(f) if R = S(F ). Furthermore, for the SU(N) gauge group, we can
simplify |C(Gk)| = N , and thus, |C(Gk)|2 = N2.

RG running in SM-like model

The RGEs for the gauge couplings, at both one- and two-loop order, in theories
with the SM gauge group, SU(3)C ⊗ SU(2)L ⊗ U(1)Y are given by

dgk
dt

= βk(g) = bk
g3k

(4π)2
+

3∑
`=1

[
bk`

g3kg
2
`

(4π)4
+

g3k
(4π)4

tr(Cu` Y
†
uYu + Cd` Y

†
d Yd + Ce`Y

†
e Ye)

]
,

(3.31)

where t = ln(µ) with µ the energy scale and k ∈ {1, 2, 3}. Furthermore, the
coefficients at one- and two-loop order are denoted bk and bk` respectively, which
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depend only on the particle content in the models. The last terms contain the
contributions from the SM Yukawa couplings Yu, Yd and Ye with the corresponding
coefficients Cuk , Cdk and Cek.

In extensions of the SM, it is convenient to decompose the coefficients of the
gauge coupling running into two contributions: one from the SM and one from
the new particles in the model. The one- and two-loop model contributions from
the SM are denoted bSM

k and bSM
k` respectively and the contributions from the new

representations, i, are bik and bik`. Thus, in total the one- and two-loop order
coefficients can be expressed as

bk = bSM
k +

N∑
i=1

ni b
i
k , bk` = bSM

k` +

N∑
i=1

ni b
i
k` , (3.32)

where N is the number of the different representations of new particles and ni is
the number of generations of particles in the representation i.
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Chapter 4

Neutrino physics

Neutrinos are neutral particles that only interact via the weak interaction. They are
much lighter than all other particles in the SM. However, neither the exact values
of the neutrino masses nor the nature of the masses, are known. Furthermore, we
do not know the ordering of the masses and whether there is CP-violation in the
leptonic sector or not. The neutrino sector is a most interesting and flourishing
area of research, since it provides a key to understanding physics beyond the SM.
We first introduce the concept of neutrino oscillations, in Sec. 4.1. We then proceed
to discuss neutrino mass and neutrino mass models in Sec. 4.2. Finally, we present
the Zee model in Sec. 4.3, where neutrino mass is generated at one-loop order.

4.1 Neutrino oscillations

The first indication of neutrino flavor oscillations, commonly known as neutrino
oscillations, came from the Super-Kamiokande experiment, which detected atmo-
spheric neutrinos and presented the first oscillation results in 1998 [96, 97]. The
observation was of a deficit in the quantity R =

(
µ
e

)
Data

/
(
µ
e

)
predicted

, where µ and

e are the number of muon-like and electron-like events respectively. This deficit
could be explained by the introduction of neutrino oscillations but other expla-
nations were also possible. Solid confirmation of the existence of oscillations was
provided a few years later by an experiment on solar neutrinos. The solar neu-
trino problem was first noted in the middle of the 1960s, when the solar model,
which was thought to be well understood, predicted three times as many electron
neutrinos as the number detected in experiments on Earth. The solution to this
problem was provided by the SNO experiment in 2002 [98, 99]. They measured
both the amount of solar electron neutrinos and the total number of solar neu-
trinos. They found that, even though the number of the electron neutrinos was
only a third of that predicted by the solar model, the total number of neutrinos
accounted for the entire amount of neutrinos from processes in the sun. Again,

37



38 Chapter 4. Neutrino physics

the problem at hand could be solved by oscillations of the initial electron neutrinos
into the other two flavors. With the detection of oscillations in reactor neutrinos
by the KamLAND experiment in 2003 [100], all other hypotheses could definitely
be ruled out. A number of subsequent experiments have continued to improve the
precision of the measurements on neutrino oscillations. In addition to SNO, solar
neutrinos have been detected in: Chlorine [101], Gallex/GNO [102], SAGE [103],
and Borexino [104, 105]. From long baseline experiments, there are appearance and
disappearance results from MINOS [106], T2K [107, 108], and NOνA [109, 110].
Furthermore, disappearance of reactor neutrinos has been detected in experiments
with medium baselines: Double Chooz [111], Daya Bay [112], and RENO [113].

The neutrinos in charged weak interactions are produced in the flavor eigen-
states, i.e. νe, νµ, and ντ . Neutrinos propagating through space change flavor, even
though the neutrino mass eigenstates (ν1, ν2, ν3) cannot change during propagation
in vacuum. Hence, the flavor eigenstates are not the same as the mass eigenstates
[114, 115]. We will start by discussing the case with only two flavors, α and β,
where α and β are either the true flavor eigenstates or linear combinations thereof.
The effective two-neutrino mixing is given by(

να
νβ

)
=

(
cos θ sin θ
− sin θ cos θ

)(
ν1

ν2

)
,

where θ is the mixing angle. The oscillation probability is given by

P (να → νβ , L) = sin2(2θ) sin2

(
∆m2L

4E

)
, (4.1)

P (να → να, L) = 1− sin2(2θ) sin2

(
∆m2L

4E

)
, (4.2)

where L is the length of the baseline, ∆m2 = m2
2 − m2

1 (m1,2 are the masses of
the neutrino mass eigenstates), and E is the neutrino energy. Note that the factor
sin2(2θ) is the amplitude of the oscillations. In addition, if ∆m2 = 0 in Eqs. (4.1)-
(4.2) no oscillations can occur. The neutrino oscillation length is defined as

Losc =
4πE

∆m2
.

The two-flavor case is only an approximation since there are three known neu-
trino flavors in the SM. The flavor eigenstates are expressed in terms of the mass
eigenstates as

|να〉 = U∗αi|νi〉 , (4.3)

|νi〉 = Uαi|να〉 , (4.4)

where α ∈ {e, µ, τ} and i ∈ {1, 2, 3}. The mixing is described by the unitary matrix
U , called the Pontecorvo–Maki–Nakagawa–Sakata (PMNS) matrix [116, 117]. The



4.1. Neutrino oscillations 39

matrix elements are subject to unitarity constraints

3∑
i=1

|Uαi|2 = 1 , α ∈ {e, µ, τ} .

In general, the oscillation probabilities for να → νβ can be written as

P (να → νβ) =

3∑
i=1

|Uαi|2|Uβi|2 + 2

3∑
i<j

ReU∗αjUβjUαiU
∗
βi cos

(
∆m2

jiL

2E

)

+ 2

3∑
i<j

ImU∗αjUβjUαiU
∗
βi sin

(
∆m2

jiL

2E

)
, (4.5)

where ∆m2
ji = m2

j − m2
i , mi,j are neutrino mass eigenstates. The corresponding

formula for anti-particles, P (να → νβ), is similar with a change of sign in front of
the imaginary part. As a consequence of CPT-conservation, the relation
P (να → νβ) = P (νβ → να) is fulfilled. However, the CP-symmetry is in principle
not conserved, even though the value is not determined, and the CP asymmetry is
given by ∆CP = P (να → νβ) − P (να → νβ) [81]. The survival probability in the
three-flavor case is given by

P (να → να) = 1− 4
∑
i<j

|Uαj |2|Uαi|2 sin2

(
∆m2

jiL

4E

)
. (4.6)

Thus, if all neutrino mass differences ∆m2
ji = 0 then P (να → να) = 1, and thus,

neutrino oscillations cannot occur.

In the SM there are three neutrinos, and thus there are two independent quan-
tities ∆m2

ji, which experimentally are given by

∆m2
21 = 7.5 · 10−5 eV2 , |∆m2

31| = 2.5 · 10−3 eV2.

Note that the sign of ∆m2
31 is unknown, which implies that two mass orderings

are possible. The first is normal ordering (NO), where m1 < m2 < m3, and the
second is inverted ordering (IO), where m3 < m1 < m2. In both orderings, the
smallest neutrino mass can, in principle, be zero. There are several experiments,
both current and planned, which aim to determine the neutrino mass ordering,
e.g. Hyper-Kamiokande [118] and JUNO [119].

The PMNS matrix can be parametrized is similar to the CKM matrix, in terms
of three mixing angles, θ12, θ13, and θ23; a CP-violating Dirac phase, δ; and two
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Majorana phases α1, and α2, which only are non-zero only if the neutrinos are
Majorana fermions. The matrix is given by

U =

 c13c12 c13s12 s13e
−iδ

−c23s12 − s23s13c12e
iδ c23c12 − s23s13s12e

iδ s23c13

s23s12 − c23s13c12e
iδ −s23c12 − c23s13s12e

iδ c23c13


·

 1 0 0
0 eiα1/2 0
0 0 eiα2/2

 , (4.7)

where sij ≡ sin(θij) and cij ≡ cos(θij), ij ∈ {12, 13, 23}. With the detection of θ13

by the Daya Bay collaboration in 2012, all the values of the mixing angles are known
to good precision [120]. The current best-fit values for the mixing parameters for
NO and IO are given by [121, 122]

sin2(θ12) = 0.306 , sin2(θ23) = 0.441 , sin2(θ13) = 0.02166 (NO) , (4.8)

sin2(θ12) = 0.306 , sin2(θ23) = 0.587 , sin2(θ13) = 0.02179 (IO) . (4.9)

However, for both orderings the value of sin2(θ23) can be in either octant, i.e. θ23

and π
2 − θ23 for θ23 ∈ [0, π2 ) cannot be distinguished. This is known as the octant

problem. In addition, there is a hint for the value of δ ∼ 1.5π, which would imply
close to maximal CP-violation if it is true [121, 122]. New experiments are however
necessary in order to firmly determine the value of this parameter. The values of
α1 and α2 are unknown.

4.2 Neutrino mass

As previously mentioned, the only actual problem of the SM itself is the experimen-
tally verified existence of very small, but non-zero, neutrino masses. The current
best upper bound on the sum of the neutrino masses is obtained from cosmology
[123, 124]

3∑
i=1

mi = 0.23 eV .

It can, however, be argued that this bound is model-dependent (on the ΛCDM
model for our Universe). Model-independent competing bounds from particle physics
are expected from the KATRIN experiment, which uses tritium β-decay to measure
the electron anti-neutrino mass and is expected to start physics runs in 2017 [125].

The neutrino masses are approximately six orders of magnitude smaller than
the lightest charged lepton, i.e. the electron. Generating neutrino masses via the
BEH mechanism would require the addition of three right-handed neutrinos and the
Yukawa couplings to be very small, ∼ 10−11. This value is considered unnatural.
Typically, natural would imply couplings of O(1). The requirement of naturality
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can be debated and whether the Universe really is natural or not remains an open
question. The local gauge invariance of the SM Lagrangian forbids any other type
of mass terms and the neutrinos are therefore massless in the SM framework. It
is reasonable to suspect that the neutrino masses are generated by some other
mechanism, which is yet to be discovered. In this section, we discuss the nature of
the neutrino masses and the operators that induce neutrino masses. In the following
sections, we will discuss specific realizations of two of these operators.

4.2.1 Dirac or Majorana masses

Since the charged leptons in the SM obtain mass from the BEH mechanism they
have Dirac masses, which are of the form

LDirac = MD(ψLψR + ψRψL) , (4.10)

where MD is the Dirac mass and ψ is a spin-1/2 field. This term obviously in-
volves both left- and right-handed components of the fermion field. A right-handed
neutrino, which is a SM singlet, can be introduced and a Dirac neutrino mass can
be formed. There is however another option for the neutrino. Since the neutrino
is electrically neutral it can, in theory, be its own anti-particle. Such spin-1/2
fermions are known as Majorana fermions [126]. Mathematically this is written as
ψR = (ψL)c, where c denotes charge conjugation. From this relation we can con-
clude that the left- and right-handed components of the fields are related. Hence,
the Majorana fermion has only one chiral component, whereas the Dirac fermions
have two. The Dirac or Majorana nature of the neutrinos is one much discussed
issue in neutrino physics since it is of great importance for the mechanism for gen-
erating neutrino mass. In general, neutrinos are assumed to be Majorana particles.
A new right-handed field is then not necessary and the Majorana mass term is given
by

−LMaj =
1

2
νLMLν

c
L + h.c., (4.11)

where ML is the neutrino mass matrix and νL is the three-component neutrino
field. The mass matrix is complex and symmetric. This term changes a particle to
its antiparticle and thus is a process with ∆L = 2.

Introducing three right-handed neutrinos, NR, an additional Majorana mass
term can be constructed as well as a Dirac mass term. In this case, the most
general neutrino mass term can be written as

−Lmass = νLMDNR +
1

2
νLML(νL)c +

1

2
(NR)cMRNR + h.c. (4.12)

=
1

2

(
νL (NR)c

)( ML MD

MT
D MR

)(
(νL)c

NR

)
+ h.c. , (4.13)

where ML and MR are the symmetric 3 × 3 Majorana mass matrices for the left-
handed and right-handed neutrinos respectively and MD is the Dirac mass matrix.
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Neutrinoless double beta decay

One process which has been of significance in neutrino experiments is β-decay

n→ p+ e− + νe ,

where n is a neutron and p is a proton. This process (or rather the inverse of
it) was used to first detect the electron neutrino. In certain isotopes, where all
other decay channels are forbidden for energy reasons, double β-decay (2νββ) can
occur. However, if the neutrinos are Majorana particles, the two anti-neutrinos in
the process can combine, which gives rise to neutrinoless double beta decay (0νββ).
Such decay is possible only within certain nuclei and is given by

(A,Z)→ (A,Z + 2) + 2e− ,

where A is the mass number and Z the atomic number. This process is lepton
number violating ∆L = 2. The decay width of the process depends on the phase
space (G), on the nuclear matrix element (M), and the effective Majorana mass
(mee). It is given by

Γ = G|M |2m2
ee .

Furthermore, mee is given by

mee = |
3∑
i=1

U2
eimi| .

Searches for 0νββ-decay is ongoing in a number of experiments, e.g. EXO [127],
GERDA [128], and KamLAND-Zen [129]. The current upper limit on mee provided
by the different experiments lies in the range 0.2− 0.4 eV.

4.2.2 Effective neutrino mass operators

In order to generate a Majorana neutrino mass with only the SM fields a new
operator, which respect the symmetries of the SM and fulfills ∆L = 2, has to be
added to the SM. There are a number of operators of dimensions d = 5, 7, 9, 11,
which can be used to generate neutrino mass. These operators are necessarily non-
renormalizable [47]. Especially the operators of d = 5, 7, 9 have been frequently
used in the literature as the basis for neutrino mass models. Of dimension d = 5
there is only the Weinberg operator, which is discussed below.

The Weinberg operator

The Weinberg operator is the only d = 5 operator that contains only the SM fields
and respects the SM symmetries. This operator happens to generate neutrino mass
after EWSB. It is given by [130]

−Ld=5
Weinberg =

(LLΦ)κ(ΦTLcL)

2
+ h.c. , (4.14)
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where Φ is the Higgs doublet, LL is the lepton doublet, and κ is a complex, sym-
metric 3 × 3 matrix, which is inversely proportional to the energy scale of new
physics. In addition, the neutrino masses are of Majorana type and generated at
EWSB with the neutrino mass matrix given by

mν = κv2 , (4.15)

where v is the Higgs vev. Given the non-renormalizability of the Weinberg operator,
it is only valid in a given energy range. Thus, it is considered a low-energy effective
representation of physics at higher energy scales, with heavy degrees of freedom.
There are several different realizations of the Weinberg operator. At tree-level there
are the three so-called seesaw mechanisms, which will be discussed in Sec. 4.2.3.

Higher-dimensional operators

There are a large number of higher-dimensional operators, which can generate neu-
trino mass. In Ref. [131], a full list of operators, which give rise to (Majorana)
neutrino masses, are presented. These operators are of d = 7, 9, 11. Even larger
dimensional operators would be too suppressed to generate the, then compara-
tively large, neutrino masses of about 0.01 eV. Apart from the Weinberg operator,
the ones that can generate neutrino mass are: 4 four-fermion d = 7 operators, 6
four-fermion d = 9 operators, 12 six-fermion d = 9 operators, and 52 six-fermion
d = 11 operators. The neutrino mass models can systematically be constructed by
“opening up” the effective operator. There is a class of Weinberg-like operators of
the form LLΦΦ(Φ†Φ)n. They do not, however, provide any new physics, since the
Weinberg operator can be reproduced by closing the Higgs fields in one (or several)
loop(s). All other operators of d ≥ 7 contain other fields than the leptonic or Higgs
fields needed to produce neutrino mass, and thus have to be closed off in loops.
This implies that these models are necessarily radiative, i.e. the neutrino mass is
generated at loop-level. We investigate some of these models in Ref. [3].

In the Zee model [132], neutrino mass is generated at one-loop order by opening
up the d = 7 operator

O2 = LiLjLkecH lεijεkl ,

where we use the same numbering of the operator as in Ref. [131]. We will discuss
this model in more detail and show how this operator is opened up in Sec. 4.3.
Another example is the Zee-Babu model [133, 134], which is a two-loop model that
generates neutrino mass through the purely leptonic operator

O2 = LiLjLkecLlecεijεkl .

This operator is opened by an additional Higgs doublet, Φ2, a singly-charged scalar,
h+, and a doubly-charged scalar, k++.
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Figure 4.1: The type I, II, III seesaw mechanisms.

4.2.3 The Seesaw Mechanisms

The Weinberg operator can be generated at tree-level in the seesaw mechanisms,
where heavy degrees of freedom are introduced at a high energy scale, M ∼
1011 GeV, and then integrated out. The left-handed neutrinos then obtain a very
small mass by virtue of the new heavy particles. There are three main versions
of the seesaw mechanisms: type I, II, and III. In addition, there are a number of
variations of these models. In Fig. 4.1, we present the Feynman diagrams for the
three seesaw mechanisms.

Fermionic SM singlets are added to the SM in the type I seesaw. Typically,
these singlets are the right-handed neutrinos, N , and normally three of them are
added to the SM [135–138]. A Yukawa term as well as a Majorana mass term for
the right-handed fields are added to the Lagrangian and the leptonic sector of the
Lagrangian for one generation is then given by

−LLepton = LLY`ΦeR + LLYνΦ̃NR +
1

2
N c

RMRNR + h.c., (4.16)

where MR is the symmetric Majorana mass matrix. The full mass matrix in this
model is

M =

(
0 MD

MT
D MR

)
,

where the right-handed neutrino masses are assumed to be much larger than the
Dirac masses. After the heavy neutrinos have been integrated out and after EWSB
a light neutrino mass is obtained. The neutrino mass matrix is given by

mν = −1

2
Yν

v2

MR
Y Tν . (4.17)

The smallness of the SM neutrinos can now be easily attributed to the large MR.
In the type II seesaw a scalar SU(2)L triplet, ∆, with hypercharge Y = 1 is

added. This is given in components as

∆ =

(
∆+/
√

2 ∆++

∆0 −∆+/
√

2

)
.
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Lepton number is violated by the interactions of the triplet scalar with the lepton
and Higgs doublets [139–141]. The neutrino masses in this case are given by mν '
Y∆v∆, where Y∆ is the Yukawa coupling of the triplet and v∆ is the vev of the
neutral component.

In the third type of seesaw, the type III, the right-handed singlet neutrinos in
the type I seesaw are replaced by a fermionic SU(2)L triplet, Σ [142]. The neutrino
mass is then mν = v2(Y TΣ M

−1
Σ YΣ), where YΣ is the Yukawa coupling of Σ and MΣ

is the mass of the Σ.

4.3 The Zee model

The seesaw scale is necessarily very large and, hence, the new particles cannot
be probed in any current or future experiment. Moving beyond tree-level, the
hierarchy between the neutrino and charged lepton masses is due to loop suppression
rather than the high energy scale of the new physics, which thus can be lowered
considerably. In one-loop models, new physics can enter at the TeV scale and would
therefore be possible to detect in current experiments, such as the LHC.

A classical extension of the SM is the 2HDM, where another Higgs doublet
is added to the SM. In this model, however, a Majorana mass term cannot be
constructed since an LNV term cannot be written. Therefore, to introduce terms
in the Lagrangian that violate lepton number a charged scalar is added, which
transforms as h+ = (1, 1, 1). This model is known as the Zee model and was
introduced by Anthony Zee in 1980 [132]. With this addition, the Lagrangian
necessarily contains LFV terms, and LFV can occur at both tree- and loop-level.
In Ref. [5], we perform a full investigation of LFV in the Zee model and find that
these can be close to the current experiemental limits.

4.3.1 The generic basis

In general, both Higgs doublets in the Zee model can take vevs, similar to 2HDM.
This basis is called the generic basis and the two doublets are explicitly given
by [143]

Φi =

 φ+
i

1√
2

(
vi + φ0

Ri + iφ0
Ii

)  , (4.18)

where vi is the vev of the Higgs doublet, φ+ the charged Higgs field, and φ0
i,Re and

φ0
i,Im are both real fields [144]. Note that the charged Higgs h+ cannot take a vev,

it is charged and would thus break U(1)Q. The Yukawa sector is thus given by

L = −LL

(
Y †1 Φ1 + Y †2 Φ2

)
eR − LcLf iσ2LLh

+ + h.c. , (4.19)

where Yi (i = 1, 2) are completely general complex Yukawa matrices whereas f is
an antisymmetric Yukawa matrix. The summing over flavor indices is implicitly



46 Chapter 4. Neutrino physics

assumed. The leptons couple to both Higgs doublets, otherwise the mixing of the
neutrinos cannot be accommodated.

By assigning lepton number, L = −2 to the singly-charged scalar, h+, the
new contributions to the Lagrangian in Eq. (4.19) does not violate lepton number
and U(1)B−L then remains unbroken. The new doublet does not carry any lepton
number, similar to the first one. The lepton number violating term is instead
present in the potential and is given by

µΦ†1iσ2Φ∗2h
+ + h.c.

This term is not compatible with lepton number conservation in the terms of the
Lagrangian in Eq. (4.19) and thus the trilinear coupling µ is necessary for the
generation of neutrino mass in the Zee model since this term explicitly breaks
B − L. Note that this term also depends on the existence of two Higgs doublets,
it would vanish with only one doublet. There are, of course, several other terms
present in the potential, but this is the one crucial for neutrino masses. While
neutrino masses vanish at tree-level in this model, they are generated at loop-level
owing to a diagram with exchange of h+ and the second Higgs doublet.

From Eq. (4.19), we can write the charged-lepton masses as

mE =
v√
2

(
cβY

†
1 + sβY

†
2

)
,

where the mixing angle β is given by the mixing of the vevs, tanβ ≡ tβ = v1
v2

. We
introduce the shorthand notation sβ ≡ sinβ, cβ ≡ cosβ. Note that we can choose
to work in the basis where mE is diagonal with the real and positive elements me,
mµ, and mτ . The Yukawa matrix Y1 can then be eliminated. At least one of
the Higgs doublets, the one that contains the SM Higgs boson, must take a vev.
However, it is convenient to work in the Higgs basis, where only one of the doublets
takes a vev. The Higgs singlet is charged and can therefore not take a vev due to
charge conservation.

4.3.2 The Higgs basis

From the general basis we can rotate the fields to the Higgs basis where only one
of the Higgs doublets, H1 takes a vev at EWSB [145](

H1

H2

)
=

(
cβ sβ
−sβ cβ

)(
Φ1

Φ2

)
. (4.20)

Thus the Higgs doublets in the Higgs basis are

H1 =

 G+

1√
2

(
v + ϕ0

1 + iG0
)  , H2 =

 H+

1√
2

(
ϕ0

2 + iA
)  , (4.21)

where H+ is a charged Higgs field, ϕ0
1,2 are two CP-even Higgs fields, A a CP-

odd Higgs field, and G+ and G0 are the Goldstone bosons eaten by the W+ and
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Figure 4.2: The process `α → `β`γ`δ mediated at tree level in the Zee model.

Z bosons upon acquiring mass. These fields, together with the singlet field h+,
can be related to the mass eigenstates in this basis. There are in total five mass
eigenstates in this model: two charged, h+

1 and h+
2 ; two neutral and CP-even, h

(the SM Higgs boson) and H; and one neutral and CP-odd, A. The two charged
mass eigenstates h+

1 and h+
2 are a mix of h+ and H+, given by(
h+

1

h+
2

)
=

(
sϕ cϕ
cϕ −sϕ

)(
h+

H+

)
, (4.22)

where ϕ is the mixing angle. Thus, h+
1 and h+

2 are not eigenstates of B − L. More
detail on the rotations and masses is given in Ref. [5].

The Lagrangian in Eq. (4.19) contains LFV terms since the matrices Y1 and
Y2 cannot be diagonalized at the same time. For example, processes of the type
`α → `β`γ`δ, can be mediated at tree-level, which is shown in Fig. 4.2. The
same couplings are responsible for `α → `βγ, which are induced via two one-loop
diagrams, with the photon radiating off either the Higgs boson or the lepton.

4.3.3 Neutrino mass

In the Zee model, neutrino mass is generated, as previously mentioned, through
the O2 operator, given in Eq. (4.2.2). In Fig. 4.3, we show how the operator is
opened up by introduction of the new fields, Φ and h+, of the model [131]. Two of
the leptons are connected via a Yukawa coupling, generating the one-loop diagram.
Then the Higgs doublet takes a vev, and thus, the neutrino obtains a mass.

The neutrino mass matrix is computed from the diagram and the result is

Mν = A

[
fm2

E +m2
Ef

T − v√
2sβ

(
fmEY2 + Y T2 mEf

T
)]

,

where the factor A has been defined as

A ≡ s2ϕtβ

8
√

2π2v
ln
m2
h+
2

m2
h+
1

,
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Figure 4.3: The effective operator on the left is opened up using the new fields of the
model. The loop is then closed, when one of the lepton doublets is connected with the
right-handed singlet and a Higgs doublet through a Yukawa coupling. The results in the
one-loop diagram contributing to the neutrino Majorana mass in the Zee model.

where mh+
1

and mh+
2

are the masses of the charged mass eigenstates h+
1 and h+

2 re-

spectively. In general, three non-zero neutrino masses are generated by this matrix.
In this model, we find that whether or not the smallest neutrino mass is allowed to
be zero depends on the neutrino mass ordering [5].
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Extra-dimensional theories

One of the simplest ways to extend the SM is by adding extra spatial dimensions.
The first to explore this idea of extra dimensions were Theodor Kaluza and Oskar
Klein, in the beginning of the 1920s, as an effort to unify electromagnetism and
gravity. The idea was to introduce one extra spatial dimension, which was both
circular and finite in size, i.e. compactified [33, 34]. Nowadays, theories similar to
this first theory are referred to as Kaluza–Klein (KK) theories. There are several
types of extra-dimensional models. The extra-dimensional model that occurs most
often in popular science, string theory, is a theory of extended objects. Here we
will only consider an essentially different type of extra-dimensional theory, namely
extra-dimensional QFTs. There is a plethora of popular models of this type, which
are currently being tested at the LHC. Extra-dimensional theories are necessarily
non-renormalizable, independent of the the size and shape of the extra dimensions.
Thus, they are always treated as effective theories valid up to a cutoff scale, Λ. In
this chapter, we will mainly discuss models with UEDs, where the extra dimensions
are flat and compactified and where all particles are allowed to probe the extra
dimensions. However, we will start by discussing the more general property of KK
decomposition.

5.1 Kaluza-Klein decomposition

The obvious caveat regarding extra-dimensional theories is that only three spa-
tial and one temporal dimension have been detected. Thus, the extra dimensions
cannot be on the same footing as the four known ones. If they are compact they
could only be probed by particles with small enough wavelength, or equivalently,
high enough energy. To macroscopic objects they would appear hidden. In the
four-dimensional world, the modes of the fields propagating through the extra di-
mensions are effectively perceived as towers of KK modes, corresponding to each
of the SM fields. Without any loss of generality, we can make an expansion of the

49
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fields in the extra, compacified, dimensions, known as KK decomposition. Hence,
the theory is effectively four-dimensional, with the extra dimensions manifest in
the structure of the particles and their interactions. This concept is general for all
extra-dimensional QFTs [146].

In order to illustrate this more qualitatively we shall study a toy model with a
complex scalar particle in five dimensions. The fifth dimension is compactified on
a circle with radius R, and thus, the scalar field is periodic in the parameter x4,
i.e. the coordinate of the fifth dimension. Hence the scalar field, φ, fulfills

φ(xµ, x4) = φ(xµ, x4 + 2πR), (5.1)

where µ ∈ {0, 1, 2, 3}. This implies that we can expand the field in a Fourier series,
without any loss of generality as

φ(xµ, x4) =
1√
2πR

∞∑
n=−∞

φ(n)(xµ)e
inx4

R , (5.2)

where φ(n) are the KK modes and n is the KK number that labels each KK level.
The action of this model is given by

S =

∫
d5x(∂αφ

∗∂αφ−m2|φ|2) , (5.3)

where α = {0, 1, 2, 3, 4}. Inserting this expression in Eq. (5.2), we obtain the
following

S =

∫
d4x

(
∂µφ

(n)∗∂µφ(n) − (m2 +
n2

R2
|φ(n)|2)

)
, (5.4)

which represents a four-dimensional theory with an infinite number of fields, a KK
tower of heavy modes corresponding to the SM particle, which is the mode with
n = 0. The masses of modes in the tower are given by

mn =
√
m2 +M2

n =

√
m2 +

n2

R2
, (5.5)

where m is the mass of the SM particle, which is negligible if the extra dimensions
are small. The first KK excitation has a mass that in principle is inversely pro-
portional to the radius of the extra dimension. Hence, the size of this dimension is
instrumental for the possibility to detect it. The modes in each of the KK towers
differ only in mass, the other physical properties are the same. The effect of the KK
tower is highly dependent on the exact structure of the compact extra dimensions
and the particle content, and hence, it is very model-dependent.

As previously discussed these extra dimensions will only be accessible to par-
ticles with energies larger than the threshold energy R−1. This implies that the
higher the energy available, the larger the number of modes that can be observed.
Thus, the extra dimensions should be possible to probe for instance in the LHC, if
it reaches a high enough energy [147].
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5.2 Universal extra dimensions

UEDs were first introduced by Appelquist, Dobrescu, and Cheng in 2000 [146],
where all SM fields are promoted to the extra dimensions. However, macroscopic
objects, such as ourselves, cannot probe the extra dimensions. Since the UED is an
effective model it is valid only in the region up to Λ, which will limit the number of
modes in the particle towers, corresponding to each SM particle, that are allowed
to contribute.

The simplest model with UEDs is with one extra dimension compactified on a
circle, corresponding to a S1/Z2 orbifold. This model has been extensively studied
in the literature, see for example Refs. [147–151]. In Ref. [1], we specifically discuss
the RG running of all fermion masses and mixing parameters in a six-dimensional
UED model introduced in Refs. [152, 153]. In particular, we use the running of the
Higgs self-coupling to put bounds on the cutoff scale in this model. In both the
five- and six-dimensional models there is a stable dark matter candidate as well as
a mechanism for EWSB [154–156]. The six-dimensional UED model requires that
the number of fermion generations is a multiple of three for anomaly cancellations,
and proton stability is ensured [157, 158].

5.2.1 Chirality and compactification

As we discussed in Ch. 2, fermions have definite chirality in four-dimensional space-
time, in other words left- and right-handed fields interact differently under SU(2)L.
This chirality needs to be reproduced by the higher-dimensional theory when the
extra dimensions are integrated out. The generalized gamma matrices, Γα, where
α ∈ {1, · · · , d} are anti-commutating matrices of dimension 2k × 2k in a theory in
d = 4 + δ dimensions, where d = 2k(2k + 1) if d is even (odd). The matrices Γα

fulfill {Γα,Γβ} = 2gαβ , gαβ , is the generalized d-dimensional metric tensor. Espe-
cially, in five dimensions these matrices are Γα = (γµ, iγ5). Chiral fermions only
exist in the theory if d is even, corresponding to the ±1 eigenvalues of the matrix
Γd = Γ0Γ1 · · ·Γd−1. They are then 2k−1-component fields in an even number of
dimensions. For an odd number of dimensions, the fermionic fields are vectorlike
2k-component fields [146].

Chirality in the SM is enabled by the fact that the Dirac representation of the
fermions can be decomposed into two irreducible representations, namely the Weyl
fermions. This is impossible in an odd number of dimensions and the chirality is lost.
Especially, this is true for the five-dimensional Lagrangian, even though the spinors
have four components. Since this also holds for the zero modes, corresponding to
the SM fields, there is a chiral problem. The problem can be solved by adding two
fields for each chiral SM field, one for each chirality. One of the chiral components
of each of the fields can then be removed at the SM level, through the introduction
of a Z2 symmetry of the orbifold, i.e. identifying x4 → −x4 [159]. The orbifolding
is illustrated in Fig. 5.1.
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φ = ±πφ = 0 φ = 0 φ = π x4 = 0 x4 = πR

φ ≡ −φ x4 = φR

Figure 5.1: The orbifolding of a circle onto a line, S/Z2. The upper part of a circle,
with 0 < φ ≤ π, and the lower part of the circle, with −π < φ < 0, are identified. The
coordinate of the fifth dimension is related to the circle by x4 = φR.

All the fields, including scalar fields, will be either even or odd under the Z2

transformation, thus, i.e. φ(x4) = ±φ(−x4). The expansion of the field depends on
whether the scalar is even or odd, and is given by

φ(xµ, x4) =


1√
πR

[
φ(0)(xµ) +

√
2
∑∞
n=1 φ

(n)(xµ) cos nx
4

R

]
, φ even ,√

2
πR

∑∞
n=1 φ

(n)(xµ) sin nx4

R , φ odd ,
.

The important point is that only one field, in this case the even, contains a zero
mode.

The reason for introducing this symmetry was to obtain chiral fermions at
the SM level. These would then transform under x4 → −x4 as Ψ(xµ, x4) →
Ψ′(xµ, x4) = γ5Ψ(xµ,−x4), which in terms of the hypothetical chiral component
can be written as (

ΨL(xµ, x4)
ΨR(xµ, x4)

)
→
(
−ΨL(xµ, x4)
ΨR(xµ, x4)

)
.

Hence, ΨL is odd and ΨR even (or vice versa) and they will effectively have opposite
chirality at the zero-mode level. Thus, in order to reproduce the chirality of the
SM, two Dirac representations are needed to reproduce the left- and right-handed
fields, respectively.

Momentum conservation in the extra dimensions would imply that the KK
number, n, is conserved. After orbifolding, this is no longer the case since the
translational symmetry is broken. However, there is a remnant symmetry, so-called
KK parity, which is conserved and defined as P = (−1)n [146]. This symmetry
ensures that the lightest KK particle, most commonly referred to as the LKP, is
stable and thus provides a viable WIMP dark matter candidate. Furthermore, odd
KK modes can only be pair-produced and direct couplings to the even KK modes
are loop-suppressed [160].

Extension to six dimensions

The extension to the six-dimensional case is rather straightforward, even though six
dimensions have more possible internal subspaces than five. The simplest choice
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x5

0

L

L x4

Figure 5.2: The chiral square used for compactification of the two extra dimensions. The
sides with blue thick lines are identified with each other and the sides with violet dashed
lines are identified.

for orbifolding, which matches the criterion of four-dimensional chirality, is the
chiral square [152].1 This compactification is equivalent to the orbifold T 2/Z4,
where T 2 is a torus and Z4 is invariance under a 90 degree rotation. This topology
corresponds to a sphere with conical singularities in (0, 0), (L,L), and the two
identified points (L, 0) ∼ (0, L). In these points, there could in principle be localized
kinetic terms, which are not considered here. The compactification is thus made
on the square which is illustrated in Fig. 5.2, where the sides are of length L. The
extra-dimensional coordinates are in the ranges 0 < x4, x5 < L, and the adjacent
sides are identified according to

(xµ, 0, y) = (xµ, y, 0) , (xµ, L, y) = (xµ, y, L) . (5.6)

Furthermore, we require that the physics is the same at identified points. This is
done by requiring that the Lagrangian at the identified points takes the same values
independent of the field configuration at these points, i.e. that it fulfills

L(xµ, 0, y) = L(xµ, y, 0) , L(xµ, L, y) = L(xµ, y, L). (5.7)

Spinors in six dimensions will have eight components [161]. The six-dimensional
chiral representations are referred to as having +/− chirality, defined by the ±1
eigenvalues of Γ6 = Γ0Γ1 · · ·Γ5. These +/− chirality representations will be four-
component objects since they carry half of the number of degrees of freedom of the
Dirac representations. However, the fermion representations are irreducible and
therefore they cannot represent the chiral SM fermions. The solution to this issue
is similar to the five-dimensional case, i.e. to add two representations for each of
the SM fields, with quantum numbers that represent the right- and left-handed

1There are other possibilities for compactification, such as T 2/Z2, T 2/(Z2) × (Z′2), S2, and
S2/Z2, which are not considered here.
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parts of the SM fermion, respectively. Thus, the structure of the six-dimensional
chiral fields are Q+ = (U+,D+), U−, D−, L± = (N±, E±), E∓, and N∓ [152]. Note
that the sterile fermion N∓ is necessary for anomaly cancellation. Equivalently to
the five-dimensional case, the zero mode components of the six-dimensional fields,
i.e. the fields with zero momentum in the extra dimensions are identified with the
SM ones. However, as will be discussed in the subsequent section, in this six-
dimensional model not all KK towers have a zero mode [162].

Further generalization to other fields and internal spaces are in principle straight
forward. In general, the KK spectrum depends on the structure of the internal space
and the KK modes will no longer be evenly distributed for warped geometries in
the way they are for flat.

5.2.2 Kaluza-Klein decomposition in the six-dimensional
UED model

The concept of KK decomposition was introduced in Sec. 5.1. We now proceed to
discuss it in the context of the six-dimensional UED model where the decomposition

made in a complete set of KK functions, f
(j,k)
l . This can be written as

φ(xµ, x4, x5) =
1

L

∑
j,k

φ(j,k)(xµ)f
(j,k)
l (x4, x5) .

The functions f
(j,k)
l are defined in Ref. [153] and are given by

f
(j,k)
l (x4, x5) =

1

1 + δj,kδk,0

[
e−ilπ/2 cos

(
jx4 + kx5

L
+
l

2

)
+ cos

(
kx4 − jx5

L
+
l

2

)]
,

(5.8)

where j, k, where k ≥ 0, j ≥ 1, are the integers which label the KK modes and are
the KK numbers. The parameter l ∈ {0, 1, 2, 3}, is such that only the functions
with l = 0 have a zero mode. Thus, only the fields decomposed in f0 can have a
zero mode that corresponds to the SM particle. Furthermore, these functions are
normalized over x4, x5. Conservation of momentum in the extra dimensions will be
translated to conservation of KK number at vertices at tree level in the effective
theory, although not conserved at loop-level. By solving the six-dimensional Klein–
Gordon equation (

∂µ∂µ − ∂2
4 − ∂2

5 +M2
0

)
φ = 0 ,

the functions fl are found to fulfill the two-dimensional equation

(∂2
4 + ∂2

5 +
j2 + k2

R2
)f

(j,k)
l (x4, x5) = 0 , (5.9)

where R = L
π . Hence, the masses of the particles in the KK towers are given by

M2 = M2
0 +

j2 + k2

R2
.
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We will now specifically consider the decomposition of the Abelian gauge fields,
Aα(xβ), where α, β ∈ 0, 1, . . . , 5. These fields have six components allowed to
propagate in all six dimensions of the theory. Thus, explicitly they can be written
as

Aα(xβ) = (Aµ(xν , x4, x5), A4(xν , x4, x5), A5(xν , x4, x5)) , (5.10)

where x4, x5 are the extra-dimensional coordinates. We introduce the fields A± ≡
A4 ± iA5 and decompose the six-dimensional gauge field as

Aµ(xν , x4, x5) =
1

L

A(0,0)
µ (xν) +

∑
j≥1

∑
k≥0

f
(j,k)
0 (x4, x5)A(j,k)

µ (xν)

 ,

A+(xν , x4, x5) = − 1

L

∑
j≥1

∑
k≥0

f
(j,k)
3 A

(j,k)
+ (xν) , (5.11)

A−(xν , x4, x5) =
1

L

∑
j≥1

∑
k≥0

f
(j,k)
1 A

(j,k)
− (xν) .

The mode with (j, k) = (0, 0), corresponds to the SM fields. All other values of j, k
correspond to KK modes. There is only one lowest mode: (1, 0), with a mass of
approximately R−1, since there is no (0, 1) mode. In the four-dimensional theory,
the six-dimensional gauge field will be perceived as one KK tower of heavy spin-1
modes and two towers of spin-0 modes. Note that the spin-0 towers lack a zero
mode component, and thus, they do not directly correspond to a SM field. The
spin-0 modes will provide additional degrees of freedom at each KK level. We can

redefine the spin-0 fields in terms of two real scalars, A
(j,k)
H and A

(j,k)
G , at each KK

level as
A

(j,k)
± ≡ rj,±k

(
A

(j,k)
H ∓ iA

(j,k)
G

)
, (5.12)

with complex phases defined as rj,±k = j±ik√
j2+k2

. At each KK level the scalar AG

can be eaten by the KK mode that corresponds to the four-dimensional particle.
However, the adjoint scalar Aj,kH remains at each KK level.

Equivalently to the five-dimensional case, there is a KK parity in six dimensions,
defined as (−1)j+k. This symmetry distinguishes among the KK modes, acting as

η(j,k)(xµ)→ (−1)(j+k)η(j,k)(xµ), (5.13)

where η is a field of any spin [152]. The six-dimensional KK parity is conserved at
vertices, similar to the five-dimensional case.

There are ongoing searches for various kinds of extra dimensions at the LHC
[163]. Since no signals from the KK excitations have been detected, upper limits
can be placed on the size of the extra dimensions. Data from Run I at the LHC
restrict the size of the extra dimensions in the six-dimensional model to R−1 > 900
GeV, based on the excitations of the (1, 1) excitations of the Bµ and W 3

µ gauge
bosons [164]. This bound is similar to the bound from electroweak precision tests
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(EWPTs) [147]. The corresponding bound from EWPTs on the five-dimensional
UED model is R−1 & 600 GeV. There are various bounds from ATLAS from
processes with final state jets and leptons on the five-dimensional minimal UED
models is R−1 & 1400 GeV [165–167].

5.2.3 Renormalization in UED

The UED model can be renormalized on the range where it is valid, i.e. below Λ.
There will be new Feynman diagrams containing the new, heavy degrees of freedom.
Using a bottom-up approach, where the running starts from MZ, heavier modes will
be excited and thus will start contributing to the RGEs as the energy increases. In
particular, the counterterms can be written

δZ = δZSM + sδZUED ,

where δZSM is the SM counterterm and δZUED is the contribution to the coun-
terterm from each KK excitation (identical for all levels). The parameter s is
defined as the number of modes below the energy µ, i.e. the number that fulfill√
j2 + k2 ≤ b µµ0

c, where µ0 is the energy when the first mode is excited.

5.3 Other extra-dimensional theories

Apart from the UED model, there is a number of other popular extra-dimensional
models. Two of these are the Arkani-Hamed–Dimopoulos–Dvali (ADD) model of
large extra dimensions [168, 169] and the Randall–Sundrum (RS) model [170]. Both
of these are so-called brane models, where only gravity is allowed to probe the extra
dimensions whereas the SM resides on a brane. This would then explain why gravity
is so weak compared to the other forces in Nature. In the ADD model, the extra
dimensions are flat and compactified on a torus. In the RS model, there are two
branes (where the SM particles live on one of these branes) connected by one extra
dimension that is warped and therefore can be infinitely large.
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Grand unified theories

The idea of grand unification was initially inspired by the known unification of the
electromagnetic and weak interactions to the electroweak interaction. Thus, the
assumption is that all interactions of the SM are of a common origin and that the
electroweak and strong interactions of the SM are unified into one single interaction
above the GUT scale, MGUT. In other words, the SM gauge group can be embedded
into a larger simple group. The idea of grand unification is several decades old and
several gauge groups, which are commonly used as a basis for GUTs today, were
proposed already in 1974 [48, 171, 172].

GUTs provide possible solutions to several conceptual issues of the SM. First,
the three independent gauge couplings in the SM are unified into a single one. In
fact, one motivation for a GUT is that the SM gauge coupling constants approxi-
mately converge when they are run to high energies. Furthermore, the number of
representations needed to describe the fermions in each generation of the SM is re-
duced from five to (ideally) one. Moreover, we experimentally observe that electric
charge is quantized while the Abelian group U(1) in the SM allows arbitrary charge
assignment. In a GUT, charge quantization is predicted [81, 173].

Typically MGUT is very high, of the order of 1016 GeV, which is far above
the energies attainable in current and future experiments on Earth. Therefore
GUTs need to make predictions at lower energies. Consequences of baryon number
violation, which is a necessary feature of a GUT, could be observable in existing
experiments. One such consequence is nucleon decay, especially proton decay. It
can come about in several different ways, depending on the choice of GUT [173].
The operators of d = 6, which break baryon and lepton numbers but conserve B−L
can give rise to proton decay, for example, via the exchange of new heavy gauge
bosons or a triplet Higgs [174–176]. Since proton decay has not been observed and
matter appears stable, the proton lifetime is necessarily long and is given in a GUT
by

τN ∝
M4

GUT

α2
Gm

5
p

,
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Figure 6.1: The running of the three gauge coupling constants in the SM (left panel) and
MSSM with all new particles at MZ (right panel).

where αG =
g2G
4π is the value of the gauge coupling at MGUT and mp is the proton

mass. The non-observation of proton decay puts a lower limit on MGUT and the
best experimental limit on the proton lifetime comes from Super-Kamiokande and
is about τN & 1034 years [177]. This value corresponds to a lower limit on MGUT &
1015 GeV [81].

There is another model-independent prediction of GUTs, namely the existence of
magnetic monopoles [178]. Every time a simple group is broken to a subgroup con-
taining a U(1), which is the case in the SM, there are topologically non-trivial Higgs
field configurations. This will lead to stable monopole solutions of the gauge po-
tential. These magnetic monopoles are extremely heavy and should have been pro-
duced in large quantities at the Big Bang. The obvious lack of magnetic monopoles
in our present day Universe can be explained by cosmology (rather than parti-
cle physics) through cosmological inflation, i.e. the early Universe’s exponential
increase in size.

During the past decades, GUTs have mainly been studied with the addition
of supersymmetry, where all SM particles get superpartners. This choice is moti-
vated by a solution to the gauge hierarchy problem, i.e. the problem of fine-tuning
in GUTs. In addition, supersymmetry can further be motivated by the minimal
supersymmetric standard model (MSSM), where exact unification of the gauge cou-
plings already occurs [81]. The running of the gauge coupling constants in the SM
and the MSSM, with all new particles assumed at MZ, is presented in Fig. 6.1.

In this chapter, we will first discuss the most commonly used gauge groups for
grand unification. We will then specifically focus on a non-supersymmetric SO(10)
model which breaks to the SM via the Pati–Salam group.
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6.1 Gauge groups for unification

The gauge groups that can be used for grand unification necessarily contain the
SM gauge group. The first of the three groups suggested in 1974 is the Pati–Salam
group, SU(4)C ⊗ SU(2)L′ ⊗ SU(2)R, which was proposed by Jogesh C. Pati and
Abdus Salam [179]. The other two were SU(5) and SO(10), which were found by
Howard Georgi within the course of a few hours. Following this discovery, a GUT
model based on SU(5) was presented by Georgi and Sheldon Glashow [180]. Models
based on the SO(10) gauge group were proposed by Howard Georgi [172] and
independently by Harald Fritzsch and Peter Minkowski [181]. Other groups, e.g. the
exceptional group E6 has since then been suggested but such larger gauge groups are
unattractive since the representations that contain the SM particles necessarily also
contain more states that have not been discovered [81]. A GUT is characterized by
a single gauge group with one gauge coupling (but possibly several gauge bosons).
In order to restore the low-energy SM symmetry, the symmetry of the unifying
group needs to be broken. The breaking from MGUT to the electroweak scale, MZ,
can occur in one or several steps. There is a large number of different GUTs based
on these gauge groups, with and without supersymmetry, that incorporate different
breaking chains.

6.1.1 SU(5)

The SM gauge group is of rank 4, which is then the smallest rank of a simple group
that could embed the SM. In fact, there is only one possible gauge group that is
rank 4 and contains the SM as a subgroup, namely SU(5) [180]. The fermions
of one SM generation can be fitted into two irreducible representations (irreps) of
SU(5), which decompose under the SM gauge group as

5 →
(

3, 1,
1

3

)
⊕
(

1, 2,−1

2

)
, (6.1)

10 →
(

3, 2,
1

6

)
⊕
(

3, 1,−2

3

)
⊕ (1, 1, 1) . (6.2)

These representations on matrix form are

5 =


dc1
dc2
dc3
e
−ν

 , 10 =


0 uc3 −uc2 u1 d1

−uc3 0 uc1 u2 d2

uc2 −uc1 0 u3 d3

−u1 −u2 −u3 0 ec

−d1 −d2 −d3 −ec 0

 , (6.3)
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The Higgs doublet, necessary for EWSB can be either in 5H or 5H. They decompose
under the SM gauge group as

5H →
(

1, 2,
1

2

)
⊕
(

3, 1,−1

3

)
, (6.4)

5H →
(

1, 2,−1

2

)
⊕
(

3, 1,
1

3

)
. (6.5)

These representations contain a colored triplet Higgs, in addition to a Higgs doublet,
and this Higgs triplet can mediate proton decay. The mass of the color triplet is
bounded to & 1011 GeV from the limits on proton lifetime [182]. However, the
mass of the Higgs doublet must be the one of the SM and the problem of keeping
the doublet light, when the triplet is heavy, is known as the doublet-triplet splitting
problem [81].

In order to generate neutrino mass via the type I seesaw mechanism a right-
handed neutrino, which is an SU(5) singlet, needs to be added. Hence, it is not
easier to generate neutrino mass in a model based on SU(5) than in the SM. This
is a shortcoming of the model, especially compared to SO(10), which is discussed
below. In SU(5), baryon number and lepton number are violated by the exchange
of a color Higgs triplet. Without any extensions, SU(5) is ruled out by proton
decay experiments and the prediction that the ratio of the fermion masses should
be md

ms
= me

mµ
[183]. Hence, it is nowadays mostly used as a generic example of a

GUT. In Ref. [3], we briefly discuss the possibilities to embed the particle content
of various radiative neutrino mass models in representations of SU(5).

6.1.2 The Pati–Salam group

In the Pati–Salam group lepton flavor is included in the theory as a fourth color,
lilac. The gauge group is semisimple and there are still three independent gauge
couplings. Hence, this theory only offers partial unification and a theory based on
this group is not a GUT per se. The Pati–Salam group can be embedded in SO(10)
and therefore it is interesting as an important intermediate step rather than as a
GUT candidate.

Considering the fermionic content of the SM, there is an apparent opening where
the right-handed neutrino should be. Through the introduction of this SM singlet,
the particle content appears more symmetric and one can imagine there is a left-
right symmetry restored at some higher energy. Taking the idea one step further
both quarks and leptons can reside in the same representations. In the Pati–Salam
model the left- and right-handed fermions are in the representations given by

(4, 2, 1) =

(
u1 u2 u3 ν
d1 d2 d3 e

)
, (4, 1, 2) =

(
uc1 uc2 uc3 νc

dc1 dc2 dc3 ec

)
. (6.6)

With the introduction of the right-handed neutrino, the observation of a non-zero
neutrino mass is easily accommodated. In addition, SU(4)C contains the subgroup
SU(3)C ⊗ U(1)B−L, which implies that B − L is a symmetry of the group.



6.2. A non-supersymmetric SO(10) GUT model 61

6.1.3 SO(10)

The main motivation for SO(10) compared to SU(5) is that only one spinorial 16-
dimensional irrep is needed to accommodate one generation of the SM. This irrep
also contains a fermionic SM singlet, i.e. the right-handed neutrino necessary for the
realization of small neutrino masses through the type I seesaw mechanism, in addi-
tion to the 15 chiral SM fermions. Furthermore, the SO(10) is anomaly free [184].
Due to the convenient incorporation of all SM particles and the accommodation of
neutrino masses, SO(10) has become the canonical GUT [185].

SO(10) is a larger group than SU(5) and therefore it has a richer group struc-
ture. For instance, the breaking of the group to the SM gauge group can happen
via several breaking chains. Two of the subgroups of SO(10) are maximal and there
are therefore two inequivalent breaking patterns given by

SO(10)→ SU(5)⊗ U(1)X , SO(10)→ SU(4)C ⊗ SU(2)L ⊗ SU(2)R .

In the first breaking chain, the SO(10) breaks to flipped SU(5) with the gauge
group SU(5) ⊗ U(1)X , whereas in the latter chain it breaks to the Pati–Salam
group. In the next section, we will focus on a non-supersymmetric model, where
SO(10) is broken to the SM via the Pati–Salam group.

6.2 A non-supersymmetric SO(10) GUT model

In Ref. [4], we study two versions of a non-supersymmetric GUT model based
on the gauge group SO(10), broken via the Pati–Salam group. We derive the
RGEs for these two versions of the model, perform the RG running from MGUT

to MZ, and perform a fit of the experimental values of the fermion masses and
mixings. Supersymmetry has often been applied in the context of SO(10) but
it is not necessary for gauge coupling unification. Instead, the requirement for
unification in a theory without supersymmetry is that there is an intermediate
scale, MI, somewhere in between MZ and MGUT. The value of MI, where the Pati–
Salam group breaks to the SM, is determined by the values of the gauge couplings
at MZ and the requirement that there should be a single gauge coupling constant
at MGUT. The value of MI is then typically of the order of 1011 GeV.

6.2.1 Higgs representations

The particle content of the SM fits nicely into representations of SO(10). How-
ever, additional Higgs representations are necessary for breaking the enhanced
gauge group to the SM through the desired breaking chain. Only a minimum
number of new representations should be introduced, which can be motivated by
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phenomenological arguments of predictability. These considerations lead to the
following breaking chain [186–188]

SO(10)
MGUT−210H−−−−−−−−→ SU(4)C ⊗ SU(2)L ⊗ SU(2)R

MI−126H,45H−−−−−−−−−→ SU(3)C ⊗ SU(2)L ⊗ U(1)Y
MZ−10H−−−−−−→ SU(3)C ⊗ U(1)Q .

The gauge group at MGUT is broken by a 210H, which gives suitable values of MGUT

and MI. In principle, a 54H could be used to break the gauge group at MGUT. This
would, however, leave a discrete D-parity. The Pati–Salam group is broken to the
SM by a 126H. Finally, the 10H is responsible for EWSB in the SM. Thus, the
10H contains the SM Higgs doublet and, similar to SU(5), this representation also
contains a color Higgs triplet. Hence, there is doublet-triplet splitting problem in
the SO(10) as well. The 45H in the second step ensures the existence of an axion
dark matter candidate, however it does not affect the lepton sector. Both the 10H

and the 126H are essential for the existence of fermion masses [188].
The decomposition of the SO(10) Higgs representations under the Pati–Salam

group is given by [184, 189]

10H = (1, 2, 2)⊕ (6, 1, 1) ,

45H = (1, 1, 3)⊕ (1, 3, 1)⊕ (6, 2, 2)⊕ (15, 1, 1) ,

126H = (6, 1, 1)⊕ (10, 1, 3)⊕ (10, 3, 1)⊕ (15, 2, 2) , (6.7)

120H = (1, 2, 2)⊕ (10, 1, 1)⊕ (10, 1, 1)⊕ (6, 3, 1)⊕ (6, 1, 3)⊕ (15, 2, 2) ,

210H = (1, 1, 1)⊕ (15, 1, 3)⊕ (15, 1, 1)⊕ (15, 3, 1)⊕ (10, 2, 2)⊕ (6, 2, 2) .

We assume that the 126H is close to MI. We introduce the following shorthand
notation for the vevs

ku,d = 〈(1, 2, 2)u,d〉10 , vu,d = 〈(15, 2, 2)u,d〉126 , vR = 〈(10, 1, 3)〉126 ,

zu,d = 〈(1, 2, 2)u,d〉120 , tu,d = 〈(15, 2, 2)u,d〉120 ,

where vR is needed to generate a right-handed neutrino mass matrix, whereas
vu,d, ku,d, tu,d, zu,d contribute to fermion mass matrices.

6.2.2 Yukawa sector and fermion masses

In order to determine the SO(10) Yukawa sector at MGUT, we begin by decompos-
ing the spinor bilinear as

16⊗ 16 = 10S ⊕ 120A ⊕ 126S, (6.8)

where S and A denotes symmetric and antisymmetric, respectively, referring to the
nature of the bilinear couplings. Thus there are only three choices for the Higgs
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representations at the renormalizable level: 10H, 120H, and 126H. Both 10H and
120H can be real from the SO(10) perspective but are normally complexified to
obtain chiral fermions. The most general Lagrangian can be written as

LY = 16F(h10H + f126H + g120H)16F + h.c., (6.9)

where 16F is the matter field, h and f are complex symmetric matrices, and g is
a complex antisymmetric matrix. The decomposition of the matter field under the
Pati–Salam group given by

16F = (4, 2, 1)⊕ (4, 1, 2) .

The mass matrices below MGUT are related to the ones above by

Mu = hku + fvu + g (tu + zu) , (6.10)

Md = hkd + fvd + g zd , (6.11)

MD = hku − 3fvu + g (−3tu + zu) , (6.12)

Me = hkd − 3fvd + g td , (6.13)

MR = fvR . (6.14)

In this model, neutrino mass is generated through a type I seesaw mechanism with
the mass matrix given by

Mν =

(
0 MD

MT
D MR

)
.

Minimal model

In a theory with a single Higgs representation at MGUT, fermion mixing cannot
occur since one Yukawa matrix always can be made diagonal through a rotation of
16F. Thus, the smallest number of Higgs representations at the GUT scale is two
and these two must be chosen so that low-energy data can be reproduced. Given
these requirements, the most economical choice for the Yukawa sector contains the
Higgs representations 10H and 126H. We call the model with this choice of Higgs
sector the minimal model. The Yukawa sector at MGUT in this version of the model
is thus given by

LY = 16F(h10H + f126H)16F + h.c. . (6.15)

The representation 10H can be real from the SO(10) point of view. In practice,
it must be complexified, since the ratio mt/mb otherwise would be of order one.In
order to forbid Yukawa couplings to the field 10∗H (which then is different from 10H)
a discrete symmetry in form of a Peccei-Quinn symmetry, U(1)PQ must be imposed

16F → eiα16F, 126H → e−2iα126H, 10H → e−2iα10H .

This symmetry also provides an axion dark matter candidate and U(1)PQ is as-
sumed to be broken at the same time as SU(2)R, i.e. at MI [190]. The relation of
the mass matrices in the minimal model are given by the expressions in Eqs. (6.10)-
(6.14), with tu = td = zd = zu = 0.
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6.2.3 Gauge coupling unification

The RGEs for the gauge couplings are determined according to the method de-
scribed in Sec. 3.3.1. Gauge coupling unification then simply occurs when all gauge
couplings have the same value, i.e. gi = gGUT, where gi are the gauge coupling
constants below the unification scale. In a model with an intermediate scale, the
values of MGUT and MI are determined by the RGEs along with the initial condi-
tions at MZ, the matching conditions at MI, and the requirement of gauge coupling
unification. The values of the gauge couplings constants at MZ are

g1(MZ) ≡ 0.463± 0.001 , (6.16)

g2(MZ) ≡ 0.654± 0.001 , (6.17)

g3(MZ) ≡ 1.220± 0.003 , (6.18)

where g1, g2, and g3 are the gauge coupling constants of U(1), SU(2)L, and SU(3)C,
respectively. The matching conditions at MI are given by

g−2
1 (MI) ≡

3

5
g−2

2R(MI) +
2

5
g−2

4C (MI) , (6.19)

g2(MI) ≡ g2L′(MI) , (6.20)

g3(MI) ≡ g4C(MI) , (6.21)

where g2L, g2R, and g4C are the gauge coupling constants of SU(2)L′ , SU(2)R, and
SU(4)C, respectively. The values of the two energy scales and the gauge coupling
at MGUT are now uniquely determined. In the most general model, they are given
by

MGUT = (1.0± 0.5) · 1016 GeV , MI = (4.8± 2.2) · 1011 GeV , α−1
GUT = 28.6 .

In Fig. 6.2 we present the one-loop running of the inverse of the gauge coupling

constants, α−1
i =

(
g2i
4π

)−1

, in the general version of the model. We assume only

two Higgs doublets below MI. The effect of MI on the running is clearly visible.
In Ref. [4], we derive the RGEs for this model and perform a numerical fit in both

the minimal and general versions of the model and we find that the experimental
values at MZ can be accommodated in both models.
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Figure 6.2: The running of the gauge couplings the non-supersymmetric SO(10)-model.
The green lines show the running of the gauge couplings below MI and the blue lines show
the running above.
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Chapter 7

Statistics

Knowledge in statistics and access to sophisticated statistical tools is of increasing
importance in particle physics. Searches for new physics involve searches for small
effects in increasingly large data sets from intricate experiments. Only a few decades
ago particles were discovered as tracks in bubble chambers that could be seen by
eye, whereas the discovery of the Higgs boson in 2012 required a delicate statistical
analysis in order to find an effect similar to finding the proverbial needle in a
statistical haystack [191, 192]. Knowledge in, and the correct use of, statistics has
become a cornerstone for modern physics. Nowadays, we need to deal with the
fact that there will not always be better experiments or better data anytime soon.
Statistics is a tool for quantifying our knowledge about a measurement and its
uncertainties and thus the way experimental results are communicated to the rest
of the community.

In the field of particle physics statistics is used in different contexts. Point es-
timation is used for estimating the value of a certain quantity, for example particle
masses. Confidence intervals are constructed in order to put bounds on physical
observables such as cross sections and signal strengths. Model comparison or hypoth-
esis testing, is performed in order to test the hypotheses that for instance a Higgs
boson, supersymmetry, or extra dimensions exist against the hypotheses that they
do not. However, precautions need to be taken since there are plenty of pitfalls and
many phenomena with a statistical significance of (2− 3)σ have historically caused
a stir in the community, only to disappear a few months later upon the inclusion
of more data. The latest example of this being the hint of a 750 GeV resonance
in the LHC data, which turned out only to be a statistical fluctuation [193, 194].
These statistical fluctuations are expected in for example the LHC, where hundreds
of data analyses are carried out, and should therefore be treated accordingly.

There are two fundamentally different types of statistics, originating from two
different interpretations of probability, known as frequentist and Bayesian statistics.
In the HEP community in particular, the frequentist framework has been prevalent
during the 20th century. In cosmology, on other hand, the Bayesian framework
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has been the prevalent one, since the existence of a single Universe has made the
frequentist framework difficult to apply. However, there are examples, such as the
data analyses at particle accelerators, which include both frequentist and Bayesian
elements [195]. The nuisance parameters can efficiently be treated within in the
Bayesian framework. We shall primarily discuss the concepts of Bayesian statistics,
which is applied to LHC and Tevatron Higgs data in Ref. [2], but also highlight
some important concepts of frequentist statistics, in particular point estimation,
which is used in Refs. [4, 5].

7.1 Probability

The concept of probability lies at the basis of the field of statistics. Any function
which satisfies the axioms of probability, which will be given in Sec. 7.1.1, can,
by definition, be called a probability function. Still, it must be specified how the
elements of the sample space should be interpreted and also how the probability
values should be assigned and interpreted [196]. We shall discuss the two most
common interpretations, starting from the mathematical definition of probability.

7.1.1 Axioms of probability

The definition of probability were stated in 1933 by Kolmogorov [197]. Consider a
set S, called the sample space, consisting of a number of elements. A probability,
P (A), is assigned to each subset A ⊆ S and defined by the following axioms

1. For every subset A ⊆ S, P (A) ≥ 0.

2. For any two disjoint subsets A andB the probability is assigned to the union of
A and B equal to the sum of the two corresponding probabilities, P (A∪B) =
P (A) + P (B).

3. The probability assigned to the whole sample space is P (S) = 1.

Further properties of the probability function can be derived from these axioms.
Conditional probility P (B|A), which is read as “the probability of B given A”, can
be reversed using Bayes’ theorem defined as

P (A|B) =
P (B|A)P (A)

P (B)
. (7.1)

As the name indicates Bayesian inference is based on Bayes’ theorem but the for-
mula per se is perfectly valid within the frequentist framework [196].

7.1.2 Interpretation of probability

An interpretation is necessary to make use of these axioms. In the frequentist
framework, the probability of an event is interpreted as a limiting relative fre-
quency. More elaborately expressed as “the number of times the outcome occurs
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over the total number of trials, in the limit of an infinite series of equiprobable
repetitions” [198]. Probabilities, which are assumed to have fixed but unknowable
values, can then never be determined with perfect precision and thus the task be-
comes to estimate them. Data are considered a repeatable random sample while
the parameters of a theory are considered fixed. The interpretation of probability
as a frequency is problematic in the context of unique phenomena, for example
assigning a probability to the event that it rained the day Marie Curie was born.
The problem might be resolved by assuming that our Universe is just one out of
many universes and that any given set of outcomes occur in some fraction of these,
which some scientists do (and believe) but it might feel rather contrived.

In the Bayesian view, probability is interpreted as a degree of belief in a propo-
sition [198]. Elements of the sample space are then hypotheses or propositions,
which are either true or false. This is sometimes referred to as subjective probability
since prior knowledge is included in determining the probability. There is, however,
the great advantage of giving an unproblematic and meaningful probability to a
unique event. Within this framework, observed data are considered fixed whereas
the parameters are unknown and described probabilistically.

7.2 Bayesian statistics

The Bayesian method provides the best known decision rule and an elegant way to
update previous beliefs with new information. However, it does not provide a way
to summarize results that is independent of previous beliefs and knowledge. Bayes’
theorem can be stated in terms of an hypothesis, H; the information given, I; and
the known data, d, as

P (H|d, I) =
P (d|H, I)P (H|I)

P (d|I)
, (7.2)

where P (H|d, I) is the posterior probability, representing the degree of belief in H
being true after the data have been taken into account. The likelihood, P (d|H, I)
is the probability under the assumption of H and I to actually obtain the observed
data. The likelihood is often denoted by L. The likelihood lets us estimate unknown
parameters based on known outcomes. Our knowledge prior to taking the data into
account is summarized in P (H|I), which is called the prior probability. The quantity
in the denominator has several names, we refer to it as the evidence. It is of great
importance for model selection but it is irrelevant for parameter estimation and
numerically expensive to compute.
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7.2.1 Parameter inference

A typical problem in statistics is to determine the best fit values of a set of parame-
ters within a model1. The best fit value of the parameter is determined using point
estimation and credible intervals for the parameters are determined by interval es-
timation. Both the point and interval estimates are determined from the posterior
distribution, which in turn is determined by Bayes’ theorem. Conditioning on an
explicit choice of model, M, Bayes’ theorem can be reformulated. The model is
given as a set of hypotheses in terms of a set of parameters θ. Together with the
data, d, Bayes’ theorem can then be written

P (θ|d,M) =
P (d|θ,M)P (θ|M)

P (d|M)
, (7.3)

where P (d|M) is only a normalizing factor irrelevant to parameter estimation.
We need to determine which prior to use, taking into consideration the caveats
previously discussed. In addition, the likelihood should be constructed given the
experiment under consideration. This is a non-trivial task and cannot always be
done properly. In some cases the correct likelihood can be approximated by a
Gaussian in order to give a hint of the true character of the problem.

Depending on what parts of the model that are interesting, the parameters of
the model, θ = (φ, ψ), can be divided into relevant parameters φ, and nuisance
parameters, ψ. In order to only make inference on φ it is possible to get rid of the
nuisance parameters through marginalization. For the continuous case this is done
by integration

P (φ|d,M) =

∫
P (φ, ψ|d,M)dψ. (7.4)

The corresponding formula in the discrete case is obtained by replacing the integral
with a sum over ψ. Once the posterior has been determined through inference, the
information can be summarized using a summary statistic of choice, such as mean,
median, or mode of the posterior distribution together with a correlation matrix
[199].

Given the posterior distribution, a credible interval can be constructed so that
the probability that the true parameter is contained in the interval is (for example)
90 %. The only requirement on the credible interval is that it (in this example)
should contain 90 % of the posterior and therefore it can be constructed in many
different ways.

7.2.2 Priors

As the name indicates, the prior contains the a priori knowledge of the parame-
ters, which are to be estimated. The choice of prior distribution is a fundamental

1We shall only consider parametric inference, although non-parametric inference, which is not
parametrized by a fixed number of parameters, is also in principle possible.
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ingredient of Bayesian statistics. This introduces a subjective component in the
analysis, which may be thought of as a feature of the statistical model rather than
a limitation. The prior should reflect all previous knowledge of the problem at hand
as accurately as possible. To include the prior knowledge of a problem is sensible
as long as it is done in a consistent way and the prior covers the relevant parts of
the parameter space.

The choice of prior is not trivial and physicists may have different prior assump-
tions for a problem and therefore make different choices of prior. One needs to take
care to include all knowledge from theory and from previous experiments that are
not included in the current analysis. There are a few customary choices of prior
distributions that often make sense in many physical situations. The perhaps most
intuitive example is the uniform prior, where the prior has a constant value over
the interval of interest, and is zero otherwise, i.e.

P (x) =

{
1
b−a if a < x < b

0 otherwise.
(7.5)

Note that the use of a uniform prior is not a way to implement complete ignorance
of the parameters in a model since a prior uniform in one parameter, θ, will not be
uniform in another one, φ, i.e.

P (θ) =

∣∣∣∣ dθdφ
∣∣∣∣P (φ). (7.6)

Thus, it should be used in the case when it is reasonable to believe that the param-
eters lie in some given range and that all intervals of equal length should in that
range have equal probability. Another common example of a prior is the logarithmic
prior, which is uniform in the logarithm of the parameter. This choice of prior is
convenient when the order of magnitude is unknown, which is rather common in
physics. However, this choice of prior leads to a problem when there is no upper or
lower bound of the parameter, especially if 0 is included. Since many phenomena in
Nature are distributed according to normal distributions, a Gaussian prior, might
be relevant for some quantities. There is an ongoing debate regarding objective
priors, as a method of quntifying ignorance, which might be model independent
and instead based on symmetry arguments [199–202]. However, we shall not delve
any deeper into the subject here.

When the information in the data is small, the prior is of great importance.
However, as soon as data are good enough, the choice of prior is rather irrelevant
for the resulting posterior as long as it is made in a sensible way. The evidence is
more sensitive to choice of prior, and the prior range.

7.2.3 Model comparison

It is of interest to be able to compare different models and somehow quantify this
comparison. The Bayesian evidence for a model, Z = P (d|M), is the probability
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Table 7.1: Jeffreys’ scale, which is used for interpretation of Bayes factors, odds, and
model probabilities. Note that log here denotes natural logarithm.

| log(odds)| Odds P (H1|D) Interpretation

< 1.0 . 3 : 1 . 0.75 Inconclusive
1.0 ≈ 3 : 1 ≈ 0.75 Weak evidence
2.5 ≈ 12 : 1 ≈ 0.92 Moderate evidence
5.0 ≈ 150 : 1 ≈ 0.993 Strong evidence

of the data given the model and this quantity is of great importance in model com-
parison. Explicitly conditioning on the model under consideration and integrating
over the parameters of the model, the evidence is given by

P (d|M) =

∫
P (d|θ,M)P (θ|M)dθ. (7.7)

The posterior of the model given the data (but independent of the parameters) can
then be written in terms of the evidence and the prior of the model itself, P (M),
as

P (M|d) ∝ P (d|M)P (M). (7.8)

The normalization constant P (d) is irrelevant and has therefore been dropped. The
posteriors of models M1 and M2 are compared by taking the ratio

P (M1|d)

P (M2|d)
=
P (d|M1)

P (d|M2)

P (M1)

P (M2)
. (7.9)

The last term on the right-hand side, i.e. the prior ratio, is normally assumed to
be equal to one unless there is some particular reason to prefer one model over the
other. The ratio

B =
P (d|M1)

P (d|M2)
(7.10)

is called the Bayes factor and given by the ratio of the models’ evidence. If the
Bayes factors is > 1 (< 1) there is evidence is for (against) the modelM1 compared
to M2. Since all parameters of the models are integrated over, the Bayes factor
is independent of the parameter sets. In addition, a natural consequence of this
integral is an Occam effect, which is built into the Bayes factor and serves as
a protection against overfitting. More complicated models will automatically be
punished unless the fit to data is significantly better. The strength of the evidence
can for example be quantified using Jeffreys’ scale given in Table 7.1, [198, 203].
This version of the scale has been used in a number of applications such as the ones
described in Refs. [198, 204, 205]. Historically a more aggressive scale has been
used [206, 207].
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Computing the Bayesian evidence

The numerical computation of the evidence often requires multi-dimensional inte-
gration over all of the parameter space, which is a computationally expensive task.
The demand for computational power is one of the reasons that frequentist statistics
has gained an advantage over the Bayesian one. The Bayesian revival is driven by
a combination of more computational power and more efficient algorithms, which
only fairly recently made many evidence computations viable. There is a number
of algorithms for calculating the evidence. Nested sampling, constructed by John
Skilling in 2004, is designed especially to compute the evidence [208, 209]. It re-
duces the multi-dimensional integral to only one dimension, significantly reducing
the computational cost.

The algorithm starts with n points that are sampled according to the prior. The
evidence is set to Z = 0 and ζ = 1. The subsequent points are sampled according
to L > L∗, where L∗ is the current smallest value of the likelihood. This can be
expressed in terms of a parameter ζ, which is defined as

ζ(λ) =

∫
L(x)>λ

π(x)dx, (7.11)

i.e. the proportion of the prior, π, with likelihood greater than a given value, λ.
Thus the points that are sampled according to the requirement on the likelihood,
are subject to ζ < ζ∗. Then, each iteration contains the following steps

• Determine Li, i.e. the minimum of the current likelihoods.

• Set ζi = exp(−i/n).

• Determine the weight, wi = ζi−1 − ζi.

• Update the evidence according to Zi = Zi−1 + Li · wi.

• Redefine ζ∗ = ζi and update the point with least likelihood.

Finally, the evidence is updated with the contributions from the remaining likeli-
hoods. The algorithm has been further developed so that it can be used in mul-
timodal problems and it has been implemented in MultiNest, which is a Bayesian
inference tool designed to calculate the evidence [210–212]. This software has been
used to determine the evidence in Ref. [2] in order to do model comparison. When
calculating the evidence the posterior distribution is determined and the likelihood
function is minimized as a by-product, which can be used for parameter estima-
tion. MultiNest has been used for likelihood minimizations in Refs. [4, 5]. The
evidence can be estimated using other methods, such as importance sampling and
thermodynamic integration [213, 214]. They are however less efficient than nested
sampling in most cases and they will therefore not be discussed further here.
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7.3 Frequentist statistics

Frequentist inference is based on the idea that probability is a limiting frequency.
Data are a repeatable random sample, whereas the model, i.e. the parameters in
parametric inference, remain fixed. Our data are noisy instances of the true values
and the more data we can sample, the closer to the truth we will be. The frequentist
approach is the completely dominant one in particle physics, and the one mainly
used in the analyses of LHC data.

7.3.1 Parameter estimation

Within the frequentist framework, parameter estimation is performed in a funda-
mentally different way to the Bayesian. In this case, the true value of the parameter
is unknown and, in fact, unknowable, and thus can only be estimated from the data
set.

Parameter estimation is performed using different estimation methods, which
will all give a point estimate of the parameter. Examples of such methods are the
maximum likelihood method, least squares method, and method of moments. The
most commonly used method is the maximum likelihood method, where the best
estimates of the parameters are given by maximizing the value of the likelihood
[196, 215]. For a set of N independent observations, Y1, . . . , YN and with the M
unknown parameters θ = θ1, . . . , θM , the likelihood is given by

L(Y|θ) =

N∏
i=1

g(Yi|θ) , (7.12)

where g is the probability density function of the observable Yi. For the observables
Yi the maximum likelihood estimators of the parameters θ are the values for which
the likelihood is maximized. Since it is more convenient to maximize a sum rather
than a product, the quantity logL is often maximized instead of L. This is valid
since L is monotonically increasing, L and logL are therefore maximal in the same
point.

Point estimation in practice

One general method used for point estimation is the least square or chi-square
method. The quantity that is minimized is

Q2 =

N∑
i=1

N∑
j=1

[Yi − E(Yi, θ)](V
−1)ij [Yj − E(Yj , θ)] , (7.13)

where E(Yi, θ) are the expectation values of Yi, and V is the covariance matrix. Note
that V is generally non-diagonal. However, if the observations Yi are uncorrelated,
the matrix is diagonal and given by

Vii = σ2
i (θ) , (no sum)
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where σi is the standard deviation for the observable i. The expression in Eq. (7.13)
then simplifies to

Q2 =

N∑
i=1

(
Yi − E(Yi, θ)

σi

)2

. (7.14)

Furthermore, we assume that the observations Yi follow a normal distribution
around the expectation values, E(Yi), with variances σ2

i , which are independent
of θi. Then, in some non-linear model, the likelihood function is given by

L(Yi|θ) =

N∏
i=1

1√
2πσ2

i

exp

{
− (Yi − E(Yi, θ))

2

2σ2
i

}
.

Taking the logarithm of this relation we can write

logL(Yi|θ) = −1

2

N∑
i=1

log(2πσ2
i )−

N∑
i=1

(Yi − E(Yi, θ))
2

2σ2
i

.

The first term is independent of the parameters and thus constant. Hence, we can
conclude that logL is maximized when Q2 in Eq. (7.14) is minimized. In this case,
the least squares method and the maximum likelihood method are equivalent. Note
that care has to been taken when the variables are not (approximately) normally
distributed. The minimum of the quantity Q2 in Eqs. (7.13) and (7.14) follows a
χ2 distribution with N degrees of freedom if the parameters θ are known but when
θ has been estimated as the values that minimize Q2, this is no longer true. The
quantityQ2 is therefore often referred to as χ2. This nomencalture is, unfortunately,
also carried over to cases where the minimum of Q2 is not χ2 distributed.

Confidence intervals

Confidence intervals can be constructed in connection to point estimation. The
true value of a parameter, θtrue, is fixed and an interval

θa ≤ θ ≤ θb
is constructed so that it contains θtrue with a pre-specified probability 1− α. The
interval (θa, θb) is called the confidence interval and this interval, not θtrue, is the
random variable in this equation. The confidence interval is fundamentally different
from the Bayesian credible intervals. The confidence interval is constructed such
that the interval covers θtrue in 1−α of the cases, whereas there is a probability, or
degree of belief, β, that the Bayesian credible interval contains the true parameter.
The proportion of the cases when the interval covers the true value is called coverage
and is an important notion in frequentist statistics. For example, this difference
allows the entire confidence interval to end up in an unphysical part of the parameter
space, the outcome just happens to be in the outcome with frequency α that does
not cover the true value. The construction of confidence intervals is non-trivial
and can be done by a method due to Neyman-Pearson [216] but is often done by
minimization of the χ2 function or the likelihood.
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7.3.2 Hypothesis testing

Hypothesis testing in the frequentist framework corresponds to model testing and
ideally consists of the following steps:

• Define a null hypothesis H0 and an alternate hypothesis H1. Typically the
null hypothesis is that the observations occur by pure chance (“there is no
Higgs”), whereas the alternate hypothesis would require some new physics
(“there is a Higgs”).

• A test statistic is defined in such a way that it can quantify the difference
between the null and alternate hypotheses, within the given distribution. Ex-
amples of possible test statistics are the log-likelihood ratio and the linear
test statistic.

• Then the p-value is determined. This concept is often employed in the lit-
erature and often defined and used in the wrong way. The definition of the
p-value is [196]

“the probability, p, under assumption of the hypothesis in question H0, of
obtaining a result as compatible or less with H0 than the one actually ob-
served”.

• Determine if the p-value fulfills p < α for the pre-specified significance level,
1 − α. The null hypothesis will then be rejected in favor of the alternate
hypothesis. In HEP, there is a rather arbitrary definition that a phenomenon
observed with a statistical significance of 5σ, equivalent to p < 3 · 10−7, is
referred to as a discovery.

Note that the rejection of the null hypothesis does not necessarily imply that the
alternate hypothesis is correct.



Chapter 8

Summary and conclusions

In Part I of this thesis, we introduced the field of particle physics, the SM, and
models beyond the SM. We discussed EFTs, emphasizing the possibility of treat-
ing Higgs couplings in an effective context, and Higgs and charged lepton flavor
violation. Then, we continued to the concepts of regularization, renormalization,
and RG running. We proceeded to consider neutrino oscillations and the nature
of neutrino mass. Focus was on the Zee model, which is a radiative neutrino mass
model where neutrino mass is generated at the one-loop order. Subsequently, we
introduced extra-dimensional theories with emphasis on the UED model, where all
SM particles are allowed to probe the extra dimensions. Then, we specifically dis-
cussed two versions of a non-supersymmetric SO(10) model with an intermediate
scale in a chapter on GUTs. Finally, we gave a definition of probability and pre-
sented the Bayesian and frequentist interpretations of it. The models and methods
introduced in Part I are used in the five scientific papers, which constitute Part II
of this thesis. We summarize the main results of the mentioned papers below. For
more detail on methods and results, we refer to the papers.

In Paper I, we determined the RGEs and performed the RG running of the
neutrino parameters, the charged lepton and quark masses, and the quark mixing
angles in the six-dimensional UED model. The additional KK modes from the
extra dimensions enhanced the running significantly, so that it exhibited a power-
law behavior instead of the logarithmic behavior in the SM. The most sizable RG
running was observed in the parameter θ12. We determined an upper limit on the
cut-off scale to be Λ ≈ 7 TeV, from the running of the Higgs self-coupling constant
and the requirement that it should be non-negative. This upper limit only allows for
contributions from five KK modes. From the LHC, the size of the extra dimensions
is limited to R−1 & 900 GeV. The combination of these two limits put pressure on
the model and more data from the LHC will restrict the model further, unless the
KK modes are detected.

77



78 Chapter 8. Summary and conclusions

In Paper II, we made a Bayesian analysis of the Higgs sector extended with cou-
pling scale factors. Bayesian inference was considered in three cases: (i) only tree-
level couplings varied, (ii) only loop-induced couplings varied, and (iii) all couplings
varied. In all three cases, the SM values were all well within the corresponding 1σ
bounds. Furthermore, we performed Bayesian model comparison between models
with one or more scale factors varied and the SM. This was done for only tree-level
couplings and for all of the couplings. In the former case, the analysis was done
using both logarithmic and Gaussian priors, in the latter case, only Gaussian priors
were used. The larger the number of free parameters, the stronger the evidence
in favor of the SM. A Bayesian analysis of the coupling scale factors had not been
done previously and it serves as a complement to frequentist studies. The analysis
also offers a complementary view to analyses of specific combinations of the d = 6
operators. The precision in the measurements of the cross sections and decay rates
will be increased as the operation of the LHC continues. Therefore, should this
analysis be improved by inclusion of the

√
s = 13 TeV Higgs data. However, in

order to increase the precision significantly and determine whether the couplings
are those of the SM values or not, a linear e+e− collider is necessary.

In Paper III, we investigated the possibility of achieving gauge coupling unifica-
tion in radiative neutrino mass models to one- and two-loop order in perturbation
theory. We considered more than 50 models, divided into three different classes: (i)
the minimal UV-completions to the d = 7 operators that generate neutrino mass
at one- and two-loop order, (ii) models with dark matter where neutrino mass is
generated at one-loop order, and (iii) models with particles in the adjoint repre-
sentation of SU(3). In addition, dark matter candidates were added to the models
in class (i). We found that unification can occur in some models in class (i) both
with and without dark matter. In class (ii), unification occurred in about a fourth
of the models whereas it never happened in class (iii). In the case of unification,
the scale was typically about 1011 − 1014 GeV, which is low compared to the value
required for grand unification, 1016 GeV. However, there were a few models where
the scale of unification was higher and thus would constitute better candidates for
grand unification. We compared the RG running at one- and two-loop order and
estimated the effect of the masses of the new particles and found them to be at the
order of a few percent. Threshold effects were not taken into account and should
be evaluated in promising models.

In Paper IV, we considered the RG running of the fermion parameters, i.e. masses
and mixing parameters in both the leptonic and quark sectors, within two versions
of non-supersymmetric SO(10) GUT models, with an intermediate scale necessary
for gauge coupling unification. The first version had a minimal content in terms of
Higgs representations, a 10H and a 126H. In the second version, the Higgs sector
was extended by a 120H representation. The running was compared to a SM-like
model with an additional Higgs doublet. The experimental values of the masses
and mixing parameters could be accommodated in both versions of the model and
the impact of the intermediate scale was significant for the outcome of the running.
All parameters exhibited significant running, except for the quark mixing angles



79

and the leptonic mixing angle θ13. Thus, the non-supersymmetric SO(10) model is
a viable option for a GUT.

In Paper V, we discussed the phenomenology of the Zee model in detail, with
focus on LFV in the charged lepton and Higgs sectors. In the Zee model, the
branching rations of HLFV processes can be sizable. Specifically, Br(h→ µγ) can
be at the percent level and Br(h → eγ) two orders of magnitude smaller. If the
upper bounds on these observables are improved to ∼ 10−4(10−5), NO (IO) can
be excluded. We found that the neutrino masses and the leptonic mixing angles
can easily be accommodated in NO, whereas it is significantly more difficult to
accommodate in IO, which therefore is disfavored. Especially, if θ23 is in the upper
octant, IO can be ruled out. The octant of θ23 should be experimentally determined
in current or planned experiments within a few years. In addition, if the sensitivity
of τ → µγ in future experiments is improved as expected, the model will be excluded
in NO. Thus, depending on the octant of θ23 and the results from measurements
on τ → µγ, the Zee model could possibly be ruled out in a near future. However,
if LFV is detected then the Zee model would remain interesting.

There are several constraints on extra dimensions from the LHC Higgs coupling
data. The bounds on the five-dimensional models have been thoroughly worked
out while corresponding analyses for the six-dimensional ones remain to be done.
Furthermore, the constraints on the non-minimal versions of the UED model are
much less severe compared to the minimal model and therefore these models are an
interesting option to investigate in detail. With the new data, the Bayesian analysis
of coupling scale factors for rescaling of the Higgs couplings should be repeated.
This method could also be used for more specific models and for extended Higgs
sectors. Especially, this would be interesting to do in the context of the two versions
of the SO(10) GUT. In our analysis, we assumed two Higgs doublets below the
intermediate scale but, in general, the Higgs sector is rather complex. In addition,
other aspects of the phenomenology of these models should be worked out in detail.

It seems to be a fruitful idea to connect GUTs with radiative models, which
normally are considered only at low energy scales. This idea also has the advantage
that two of the SM issues are addressed simultaneously and studies in this direc-
tion should be continued. Especially, the collection of models should be extended
further to include the complete set of existing radiative models. Furthermore, the
phenomenology of the most promising models should be studied in more detail since
there, for example, is significant LFV in neutrino mass models. Also, it would be
interesting to investigate whether or not there is a certain type of radiative model
more prone to unify.
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