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Abstract. Self-interacting dark matter has been proposed as a solution to the small-
scale structure problems, such as the observed flat cores in dwarf and low surface
brightness galaxies. If scattering takes place through light mediators, the scattering
cross section relevant to solve these problems may fall into the non-perturbative regime
leading to a non-trivial velocity dependence, which allows compatibility with limits
stemming from cluster-size objects. However, these models are strongly constrained
by different observations, in particular from the requirements that the decay of the
light mediator is sufficiently rapid (before Big Bang Nucleosynthesis) and from direct
detection. A natural solution to reconcile both requirements are inelastic endothermic
interactions, such that scatterings in direct detection experiments are suppressed or
even kinematically forbidden if the mass splitting between the two-states is sufficiently
large. Using an exact solution when numerically solving the Schrödinger equation,
we study such scenarios and find regions in the parameter space of dark matter and
mediator masses, and the mass splitting of the states, where the small scale structure
problems can be solved, the dark matter has the correct relic abundance and direct
detection limits can be evaded.

Keywords: dark matter theory, self-interactions, small scale structure problems



Contents

1 Introduction 1

2 Inelastic DM framework 3
2.1 Phenomenological constraints 4

3 Results 6

4 Abundance of the excited state 8

5 Discussion and conclusions 11

A Computation of the self-interacting cross sections 18

B Numerical solution of the Schrödinger equation 19

1 Introduction

The standard view that dark matter (DM) is collisionless and cold is currently very
successful in its description of the universe. However, while N-body simulations of
collisionless cold dark matter (CDM) predict cuspy radial profiles in which the density
diverges as r−γ, where γ & 1 [1–5], observations of the DM halos of dwarf and low
surface brightness galaxies as well as galaxy clusters point to flat cores [6–21].

One possible solution is self-interacting dark matter (SIDM) [22, 23]1. The main
idea behind SIDM is that the DM particles that are trapped in the center of DM halos
will gain kinetic energy by scattering with high velocity DM particles that are falling
into the gravitational potential. These collisions will increase the temperature of the
central parts, resulting in a less dense core. Numerical simulations studying SIDM
have shown that a self-scattering cross section within roughly an order of magnitude
of σχχ/m ∼ 1 cm2/g is capable of lowering the density in small scale DM halos [30–36].
However, the self-scattering cross section is constrained by observations of colliding
galaxy clusters, the strongest constraint being σχχ/m . 0.5 cm2/g [37, 38]. Other
slightly weaker bounds come from studying the shapes of DM cluster halos [39], which
can be fulfilled by SIDM models with cross sections that decrease with velocity [40–42].

This type of velocity-dependence arises naturally in models with light mediators.
These are subject to different phenomenological constraints. In particular, for mas-
sive dark photons there are very strong bounds from supernovae cooling for masses
in the lower MeV range [43–47]. These scenarios are also constrained by Big Bang
Nucleosynthesis (BBN) limits, which demand that the mediators decay sufficiently
early [48]. However, this requirement is typically incompatible with the strong limits

1Another interesting solution to the above problems may be ultra-light scalars (with mass ∼
10−22 eV) which can produce extended cores in dwarf galaxies, see e.g. refs. [24–29].
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from direct detection [48–50]. Another implication of these models is the Sommerfeld
enhancement of the annihilation cross section, which significantly constrains DM mod-
els with s-wave annihilations due to their energy injection in the plasma at the time
of recombination [51]. The latter constraints can be evaded with DM that has p-wave
annihilations.

A natural way to avoid direct detection (DD) bounds are inelastic DM models,
in which there are at least two different states with a small mass difference [52–63].
In principle, both endothermic (up-scattering), and exothermic (down-scattering) in-
teractions could take place. However, as we will investigate in sec. 4, in the case of
large self-interactions as required, it is in general the lowest mass state which gives the
dominant contribution to the relic abundance.

Therefore, if the splitting is sufficiently large, endothermic scatterings in direct
detection detectors are kinematically forbidden. Even if kinematically allowed, inelastic
DM weakens the constraints (for instance from xenon experiments like PANDA [64]
and LUX [65], and from germanium ones like CDMSlite [66]) by probing only the high
velocity tail of the galactic DM velocity distribution, as only DM particles above a
larger velocity (compared to the elastic scattering case) can produce detectable recoils.
The phenomenology of inelastic DM has been explored in various astrophysical contexts
and recently also in regard to self-scattering interactions as a solution to the small scale
structure puzzles. The s-wave case with a low mass mediator is treated in ref. [67], a
very large mass splitting is considered in ref. [68] and a similar approach with atomic
DM which is inelastic due to hyperfine splittings has been carried out in ref. [69]. In this
work we aim to study the DM self-scatterings by solving the Schrödinger equation with
the same type of non-diagonal Yukawa-potential considered for instance in refs. [67, 68].
Unlike previous studies, instead of resorting to approximations or considering a single
partial wave to avoid the instabilities that occur in the numerical solutions, we will
reformulate the Schrödinger equation in a way that allows for a much more stable
numerical solution.

There are also other interesting effects of inelastic DM that may alleviate or even
solve these puzzles. As noted in ref. [40], de-excitations of two excited state particles
may occur. If the mass splitting is large, the released kinetic energy may leave the
two outgoing DM particles with velocities much greater than the escape velocity of
the object they were originally bound to. These particles may then either re-scatter
and become gravitationally bound, resulting in a hotter halo, or escape, resulting in
halo evaporation. The excited state may also be unstable and decay into the lower
state after a halo has formed, emit some light particle and pick up some recoil in the
process, with the net result being essentially the same as in down-scattering [70–75].
The importance of these processes will also depend crucially on the abundance of the
excited state.

The paper is structured as follows. In sec. 2 we describe the phenomenologi-
cal framework for inelastic DM with large self-interactions that we consider, and in
sec. 2.1 we summarize the most relevant phenomenological constraints. In sec. 3, we
compute the elastic and inelastic self-interacting cross sections by numerically solving
the Schrödinger equation, focusing on the regions of parameter space that are capable
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of solving the small scale structure problems. We give further details of the procedure
employed in appendices A and B. In sec. 4 we study the relative relic abundance of
the heavier state. Finally, we discuss the results and give our conclusions in sec. 5.

2 Inelastic DM framework

There are many models in which DM is inelastic, see e.g. ref. [76]. Generally, these type
of models consist of at least two different DM states χi and χj whose masses satisfy
mj − mi = δ � mj,mi. The inelasticity stems from the fact that the interaction
vertices takes one state into another. We study models of DM with masses within the
range [1, 103] GeV, and mass splittings in the range 10 keV ≤ |δ| ≤ 1 MeV.

We assume in all generality a mediator with mass mA′ , in the mass range [0.1, 103]
MeV, with a dark fine structure constant αχ = g2χ/(4π). The mixing with the SM
particles, can come either from mixing with the Higgs for scalar mediators, or via
kinetic mixing with photon or mass mixing with the Z-boson for spin-1 mediators, see
for instance ref. [48].

When the force amongst DM particles are carried by a light mediator, the force will
be long-ranged, and if the dark coupling constant is large, the perturbative calculation
of the cross section will break down. In this region, the scattering cross section can be
found by solving the Schrödinger equation for the DM wave-function Ψ(~x)[

−∇
2

mχ

+ V (~x)− k2

mχ

]
Ψ(~x) = 0 , (2.1)

where mχ is the DM mass and k = mχv/2 the momentum of either incoming particle
in the center of mass frame, and the relevant potential V (~x) is a 2× 2 matrix given by

V (r) =

(
0 −αχe

−mA′r

r

−αχe
−mA′r

r
2δ

)
, (2.2)

which is shown to arise for example in models with two Majorana fermions and a
massive dark photon [68, 77]. In the simple inelastic case considered here, Ψ is a 2× 1
vector which describes the χχ content (first component) and χ∗χ∗ content (second
component). While we focus on χχ and χ∗χ∗ scattering, we note that for the dark
photon scenario, there will also be a 2× 2 Schrödinger equation that describes elastic
scattering χχ∗ for which one can, without any problems due to the mass splitting,
apply the general procedure outlined in ref. [41]. In other models, there may even be
other possible scattering channels such as χχ∗ → χχ, see e.g., refs. [78, 79].

Using the method of separation of variables and expanding the Schrödinger equa-
tion in partial waves, one finds that each partial wave l will satisfy the equation[

1

r2
∂r
(
r2∂r

)
− l(l + 1)

r2
+ k2

]
Rl,i(r) = mχVij(r)Rl,j(r). (2.3)

Solving the system numerically is difficult in the parts of the parameter space where
at least one state is kinematically inaccessible, which happens in our case when χχ→
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χ∗χ∗ scattering is forbidden. The numerical instability is due to exponential growth of
the wave-function at large r of any channel for which k2i < 0. The stability is greatly
enhanced due to the series of substitutions presented in appendices A and B, which
are also applicable to models with more channels and an arbitrary potential.

An interesting note is that elastic self-interaction is not exclusively taking place
for χχ∗ scattering but both χχ → χχ and χ∗χ∗ → χ∗χ∗ are allowed. In other words,
any type of scattering may take place except up-scattering when it is kinematically
forbidden.

If the relic abundances of χ and χ∗ occur through the standard freeze-out sce-
nario, there will be no distinction between the two states at the temperature at which
this occurs indicating that both states are equally populated. Imposing that the anni-
hilation cross section σann is equal to the thermal freeze-out value for weak scale DM
(assuming that they make up the whole DM abundance), αχ is fixed in terms of the
DM mass mχ. Neglecting the Sommerfeld enhancement, which at the high velocity of
DM particles at freeze-out is at most an O(1) effect [80] in the part of the parameter
space that we consider, and the O(1) factor depending in the nature of the final state
mediators, one gets for s-wave annihilation:

σann '
π α2

χ

m2
χ

∼ 10−9 GeV−1 . (2.4)

Note that in our numerical study we will use the value of ref. [49],

αχ = 0.01
( mχ

270 GeV

)
, (2.5)

unless otherwise stated. If annihilation takes place through a p-wave process, the anni-
hilation cross section at freeze-out will be velocity suppressed which slightly increases
αχ in terms of the DM mass, αχ ∼ 0.01(mχ/100 GeV) [41].

2.1 Phenomenological constraints

There are some constraints one should take into consideration in models with light
mediators, in the mass range 0.1− 1000 MeV. If the mediator is stable, it may easily
overclose to universe. If it is unstable, it should decay before the onset of Big Bang Nu-
cleosynthesis or it may lead to inconsistent primordial element abundances. Therefore,
if its mass is below the MeV, it should decay into neutrinos or other dark sector parti-
cles. On the other hand, direct detection limits strongly bound the mixing between the
dark mediators and the SM photon, Z or Higgs. These opposite requirements strongly
bound the allowed parameter space models, basically excluding the scalar mediator
case [51].

Therefore, inelastic scatterings of DM with a sufficiently large splitting are a natu-
ral way to reconcile sufficiently large mediator decay widths with absence of DD signals
(see also ref. [68]). The minimum velocity required for a DM particle to give rise to
endothermic scattering in a DD experiment is related to the mass splitting and the DM
mass by vmin =

√
2δ/µχA where µχA is the reduced mass of the DM-nucleus system.
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Figure 1. Contours (in blue) of vmin = vesc detector = 750 km/s (in the detector rest-frame) in
the plane Log(δ/keV) - Log(mχ/GeV), shown for xenon (left) and germanium (right). The
shaded region above it is kinematically forbidden. We also show contours of the conserva-
tive lower bounds on the suppressions of the inelastic rate with respect to the elastic one
(10, 1, 0.1 % from bottom to top), i.e., for every δ and mχ the suppression will be larger than
the quoted values.

Reducing the DM mass or increasing the mass splitting both increases the required
minimum velocity. We plot in fig. 1 the splitting δ versus the DM mass mχ for xenon
(left) and germanium (right) experiments such that vmin > vesc detector ' 750 km/s,
where vesc detector is the escape velocity in the detector rest-frame, and therefore scat-
terings are kinematically forbidden. We also show contours where the inelastic rate 2

is at least 0.1, 1, 10 % of the elastic one and thus the upper limits on the cross sec-
tion would be at least 1, 2, 3 orders of magnitude weaker (and therefore the width
of the mediator could be larger by the same amount). One can see that scatterings
are kinematically forbidden in xenon for mχ = 10 (100) GeV if δ & (30) 180 keV,
and in germanium if δ & 25 (125) keV. In both cases, for any DM mass, significant
suppressions occur, i.e., larger than 10 %, for δ & 60 (100) keV for xenon (germanium).

In scenarios of large self-scattering cross sections due to long-rang interactions,
Sommerfeld enhancements can give rise to large annihilations. For the potential we
consider, ref. [80] finds that the annihilation cross section can be significantly enhanced
at low velocities. Therefore, DM annihilation in dwarf galaxies, or its imprint on
the CMB, impose severe limits on the allowed parameter space of the models. In
general, S-wave annihilations are very constrained [41, 51], while p-wave annihilations,
dominant decays into neutrinos (mass mixing with the Z) or a different dark sector
temperature are viable options [41, 51]. Other possibilities include DM that is produced
non-thermally, via freeze-in [81] or MeV scale DM that annihilates directly into SM

2The contours are the integration of a Maxwell-Boltzmann distribution, with mean velocity vs =
220 km/s, from the minimum velocity of each nucleus. The rates will be modified for spin-independent
and spin-dependent due to the form factors, which are not included here. For the elastic case we use
threshold energies of 2 (3) keV for germanium (xenon).
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particles through a heavier mediator [82].3

3 Results

In this section, we will discuss the numerical results from solving the Schrödinger
equation.

Elastic self-scattering cross sections roughly in the range 0.5 < σχχ/mχ < 5 cm2/g
have been shown to positively affect the small scale structure objects [30–34]. The
simple picture of these studies is complicated by the fact that halos in inelastic DM
models may consist of not only χ but also of χ∗. With mass splittings of the size
considered here, up-scattering is typically forbidden in the low velocity objects. If a
halo consist of only the lower mass state, one can make a direct comparison of the
cross sections at low velocities. The presence of a significant fraction of χ∗ in a halo
changes the picture for two reasons. Down-scattering can occur which will boost the
two χ that are produced in the collision. If these escape, the χ∗ population of the halo
can evaporate. If they rescatter with other χ, this will result in an overall heating of
the halo.

To assess to what extent elastic scattering may affect halos, we use the viscosity
cross section σV which down weights scattering in both the forward and the backward
directions,

σV =

∫
dσ

dΩ
sin2(θ) dΩ . (3.1)

This weight should be used since forward and backward scattering do not alter the
halo structure. This is due to the particles travelling in the same direction before and
after the collision do not alter the halo. 4

For inelastic scattering, the full cross section is calculated since energy-loss or gain
will be significant in these collisions. These are thus expected to have an affect on the
typical halo regardless of the angular dependence of the collision.

The procedure of calculating the cross section from the solution of the Schrödinger
equation is theoretically straight-forward, although the numerical solutions to the dif-
ferential equation are unstable in a large part of the parameter space considered here.
This can be remedied by a series of substitutions outlined in appendix B. We find good
agreement with previous results that consider the same Yukawa-type potential in the
l = 0 case [67] and in the case where an adiabatic approximation is employed [68]. We
notice that it takes significantly longer to calculate self-scattering of particles initially
in the excited state.

In figure 2, we show a region in the mχ −mA′ plane where the elastic viscosity
cross section of the χ’s, σχχ→χχ,V is consistent with cores in dwarf and low surface

3Asymmetric DM is of course also a way out for the case of elastic scatterings. For inelastic DM,
it is difficult to envision such a model.

4Another commonly used weighed cross section is the transfer cross section, which cancels out
forward scattering but maximizes backwards scattering [40, 41], σT =

∫
dσ/dΩ (1− cos(θ)) dΩ. As

noted in ref. [69], the viscosity cross section is more appropriate than the transfer one since the
momentum transfer in the latter is weighed maximally towards back scattering which, for reasons
already mentioned, is not interesting.
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Figure 2. Greyed out is a region where 0.5 < σχχ→χχ,V < 5 cm2/g is satisfied in a velocity
interval relevant to dwarf and low surface brightness galaxies. The mass splitting is set to
δ = 10 keV in the upper left, δ = 50 keV in the upper right, δ = 100 keV in the lower left
and δ = 150 keV in the bottom right plot.

brightness galaxies. We take this to be where 0.5 < σχχ→χχ,V < 5 cm2/g for velocities
in the range 30− 100 km/s. The upper left plot shows the case where δ = 10 keV, the
upper right plot δ = 50 keV, the bottom left plot δ = 100 keV and the bottom right
plot δ = 150 keV. For lower DM masses, the cross section decreases with increasing δ,
while for larger DM masses it approaches a constant value. This is expected, since all
cases tend to the same model when δ/mχ → 0.

Next, we compute the scattering cross section as a function of velocity for some
allowed benchmark points of mχ and mA′ . The benchmark points chosen are listed
in table 1 and the results can be seen in fig. 3 for δ = 10 (50) [100] keV in the upper
(middle) [bottom] rows. The left plot shows scattering between two χ and the right
plot shows scattering between two χ∗ particles. In all cases, one can observe that the
elastic scattering cross sections of χ’s and χ∗’s are similar in size. One can also see
how, the larger the mass splitting, the larger the velocity at which inelastic endothermic
(double excitation) scatterings kick in. For splittings larger than the MeV, this occurs
at velocities larger than those that are typical in cluster halos. This is expected for up-
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δ = 10 keV δ = 50 keV δ = 150 keV
Benchmark (line style) mχ mA′ mχ mA′ mχ mA′

A (solid) 15 1 40 1 51 1
B (dashed) 55 7 80 1.5 110 1

C (dash-dotted) 100 4 120 1 140 1
D (dotted) 140 4 160 2 180 1.5

Table 1. Benchmark points chosen for each δ to compute the cross sections in fig. 3. The
line style refers to the lines in the figures. DM masses are listed in GeV and mediator masses
in MeV.

scattering (double excitation) since it is kinematically forbidden, but the plots on the
right show that also down-scattering (double de-excitation) can be significantly reduced
with respect to elastic scattering at low velocities. This feature is most pronounced in
the cases where the DM mass is larger. Only for the benchmark point A of δ = 10 keV
does the down-scattering cross section rival the elastic scattering cross section.

Lastly, we present results using a fixed dark fine-structure constant αχ = 0.01 and
calculate the viscosity cross section for two cases, δ = 150 keV and 1 MeV. In order to
have a reasonable computational time, we now fix the velocity at 10−4c. The results
are shown in fig. 4. The same trend is visible where the cross-section decreases as the
mass splitting is increased. We can directly compare the figure in which δ = 1 MeV
with ref. [68]. The main differences come from the fact that they calculate the transfer
cross-section. Since the weight differs by an O(1) number for each partial wave, we
expect overlapping regions and this is precisely what is seen. We also calculated the
scattering cross section as a function of velocity for δ = 1 MeV with αχ = 0.01, and
the results are essentially the same as for smaller δ, see fig. 3. The only main difference
is that the upscattering cross section is kinematically unlocked at a larger velocity,
and that downscattering may be significant since αχ is much larger at the smaller DM
masses.

4 Abundance of the excited state

It is crucial to understand the DM composition of a typical halo. Next we will discuss
why there may be no excited states χ∗ left today, even if the χ∗ is stable. The key
point is that the same large self-scattering cross sections may drive the abundance of
χ∗ down to a negligible amount [49, 79].

If the DM are thermal relics, the temperature at which the DM production stops
implies that there will be equal numbers of both species. If the excited state is cos-
mologically unstable, halos will naturally be composed of only the lower state χ. This
may very well be the case if δ > mA′ , since then the decay χ∗ → χ + A′ is open and
it is not suppressed by the mixing. If χ∗ is cosmologically stable, its relic density may
still be depleted by the self-scattering processes χ∗χ∗ → χχ in the early Universe. In
order for there to be a large population of χ∗, these processes must become inefficient
at temperatures larger than the mass splitting δ such that the χ∗ population is not
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Figure 3. Elastic and inelastic self-scattering cross sections versus DM velocity, shown for
various choices of mχ and mA′ for which the elastic interactions χχ and χ∗χ∗ can solve the
small scale structure problems. The choice of δ are 10 (50) [150] keV in the first (second)
[third] rows. The left plots shows χχ scattering, while the right plots shows χ∗χ∗ scattering.
The parameters chosen for each line are listed in table 1.

Boltzmann suppressed. Taking Tχ to be the temperature of the DM particles and Tγ
to be the temperature of the SM particles, we can now estimate the temperature T dd

χ
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Figure 4. Greyed out is a region where 0.5 < σχχ→χχ,V < 5 cm2/g is satisfied for v = 10−4c
which is relevant to dwarf galaxies. The dark fine-structure constant is set to αχ = 0.01 and
the mass splitting is set to δ = 150 (1000) keV in the left (right) plot.

at which the double de-excitation rate drops below the Hubble rate5. That is, the
inequality

Γχ∗χ∗(Tχ) ≡ [〈σχ∗χ∗→χχv〉nχ∗ ]Tχ < H(Tγ) (4.1)

holds at temperatures Tχ < T dd
χ . The ratio between the number densities of the

excited and the lower mass state in thermal equilibrium is to a good accuracy given
by nχ∗(Tγ) = nχ(Tγ)e

−δ/Tχ . After expressing nχ in terms of the total DM density
ntot = nχ + nχ∗ , this can be rearranged to

nχ∗(Tγ) =
1

eδ/Tχ + 1
ntot(Tγ) . (4.2)

The evolution of the total number density can be described in terms of the photon
temperature at some higher temperature Tγ and the current photon temperature T0 as

ntot(Tγ) = Ωχ
ρcrit
mχ

T 3
γ

T 3
0

, (4.3)

where Ωχ = 0.26 is the DM relative abundance, ρcrit = 3H2
0M

2
p/(8π) is the critical

density today 6 and T0 = 0.235 meV is the CMB temperature today as measured by
the Planck satellite [83]. At some temperature T∗, the DM particles will kinetically de-
couple from the radiation bath which keeps it at the same temperature as the photons.
Since this occurs when they are non-relativistic, their temperature will evolve as the
inverse of the scale factor squared after this time. The relation Tχ = T 2

γ /T∗ can then
be used to relate the temperature of the DM particles and the photons. Assuming that

5A more precise treatment would require solutions to the coupled Boltzmann equations in order
to compute the density of the χ, χ∗ states, but for our purposes the following discussion is sufficient.

6ρcrit = 3.7 [4.3] · 10−47 GeV4 for H0 = 67.80 [73.00] km/s/Mpc as determined by the Planck
satellite [83] [the Hubble Space Telescope [84]]. We use the Planck satellite result [83].
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Figure 5. Comparison between the Hubble rate and the rate of the double de-excitation
reaction χ∗χ∗ → χχ as a function of DM temperature for different values of the kinetic
decoupling temperature, T∗ = 1, 10, 100, 1000 MeV.

freeze-out of de-excitations occurs in the radiation dominated period, we have

H(T ) =
1.66
√
g∗

mpl

T 2
γ , (4.4)

where g∗ ∼ 10 is the number of relativistic degrees of freedom at the time. The freeze-
out temperature is then calculated by solving eq. (4.1) and subsequently the fractional
abundance is found from

nχ∗

nχ + nχ∗
=

1

eδ/T
dd
χ + 1

. (4.5)

Two examples of comparisons between H(T ) and Γχ∗χ∗(T ) are shown in fig. 5.
The scattering cross section is taken from benchmarks A and D for δ = 50 keV (see
table 1), which are also plotted in fig. 3. Below Tχ = δ, the de-excitation rate drops
exponentially along with the abundance of the excited state. Generally, the longer
kinetic equilibrium is kept, the higher T dd

χ will be. This is expected, since the DM
temperature drops faster if it is not in equilibrium with the radiation bath. For the
lower DM mass (left figure), T dd

χ is smaller than δ in all cases implying that the vast
majority of DM is in the lower mass state. On the other hand, for the larger DM
masses the interaction rate falls below the Hubble rate at a larger temperature that
may allow for a significant (O(0.1)) fraction of excited state particles. Also for the
cases where δ = 10 keV, the largest DM / smallest mediator masses give rise to the
largest fraction of excited state particles which is also O(0.1) in the most extreme
cases. This means that, indeed, direct detection signals are expected to be suppressed
with respect to the elastic case.

5 Discussion and conclusions

We have studied self-interactions of a two-component inelastic DM model in the context
of solving small scale structure problems. Of special interesting is the part of parameter
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space where the DM has a weak scale mass and the mass splitting is in the range
needed to evade or significantly relax direct detection experiments (δ & O(50) keV),
and therefore be compatible with BBN constraints that apply to the decay of the
mediator. We also discuss to what extent the DM composition of a halo contains the
excited state.

We find several interesting features for the self-scattering cross section. There are
large regions in which the small scale structure problems can be solved by elastic scat-
tering cross sections. Self-scattering amplitudes between two χ or χ∗ are very similar in
magnitude in the range of velocities interesting in the dwarf and LSB galaxy halos al-
lowing for both components to contribute to the formation of cores. The de-excitation
amplitude for the excited state at velocities where up-scattering is kinematically for-
bidden can be reduced by many orders of magnitude with respect to elastic scattering.
It’s worth pointing out that comparing to the case of self-scattering of elastic DM,
generally the mediator is required to have a smaller mass to achieve large enough
self-scattering cross sections.

Even if the excited state is stable on cosmological time scales, it is expected that
the abundance of the excited state is subdominant due to the large self-interactions
required. The probability for a non-negligible fraction of excited state particles to
survive requires heavier DM and/or mediator mass to suppress the de-excitation cross
section, and/or that the dark sector is kept in kinetic equilibrium for as long as possible.
This should be properly analyzed for a specific model.

The large suppression of the de-excitation cross section also protects the halo from
evaporation. Since the solution to small scale structures requires the average scattering
rate per particle to be of O(1) over the lifetime of the halo in question, the average
scattering rate for de-excitations of two χ∗ will be orders of magnitude less as long as
the DM is heavy enough. Given a down-scattering cross section orders of magnitude
smaller, evaporation would be negligible for a halo with a sizeable χ∗ population even
if every particle that down-scatters escapes from the halo.

All in all, inelastic scattering seems like a very simple and natural scenario for
large self-interactions in order to solve small-scale structure problems, while at the same
time being able to evade direct detection limits. If 1) small-scale structure problems in
the cold DM paradigm persist, 2) next-generation DD experiments set stronger upper
limits, and 3) no signals are observed from dwarf galaxies or the CMB, a search for
models of inelastic DM with scalar mediators and p-wave annihilation cross-sections
should be pursued.

Note added: During the final stages of this work, a paper on inelastic self-
interacting dark matter appeared on arXiv [68]. Their solution of the coupled Schrödinger
equation uses an adiabatic approximation which requires very large splittings and small
αχ. They also do not consider interactions amongst the excited state particles. Com-
paring our solution to theirs, we find good agreement (see fig. 4 right).
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A Computation of the self-interacting cross sections

We focus on scattering of two χ (or χ∗) since the case of χχ∗ scattering is dealt with
by the method presented in ref. [41]. The scattered wave function at very large r can
be written as

Ψ = Ψine
ikinz +

1

r

(
fX(θ)eikr

fY (θ)eik
′r

)
, (A.1)

where we have neglected an overall normalization constant. Ψin will be (1 0)T , with
kin = k [(0 1)T , with kin = k′] for χχ [χ∗χ∗] scattering. Expanding the above in partial
waves yields

Ψ =
∑
l

(2l + 1)Pl(cos θ)

[
Ψin

eikinr − (−1)le−ikinr

2ikinr
+

1

r

(
fX,le

ikr

fY,le
ik′r

)]
. (A.2)

The differential cross sections are then given by

dσ

dΩ
=
kout
kin

∣∣∣∣∣∑
l

(2l + 1)Pl(cos θ)fl

∣∣∣∣∣
2

, (A.3)

where for χχ scattering fl = fX,l gives the elastic cross section, fl = fY,l the inelastic
one and kin (kout) is the momentum of the incoming (outgoing) state. Similarly, for
χ∗χ∗ scattering, fY,l provides the elastic cross section and fl = fX,l the down-scattering
one.

To find the constants fX,l and fY,l, eq. (2.3) has to be solved and mapped onto
the form

Rl(x) =
1

r

(
Ale

−ikr +Ble
ikr

Cle
−ik′r +Dle

ik′r

)
. (A.4)

For incoming χ (χ∗) particles, Cl = 0 (Al = 0). In the first case, multiplying the wave-
function by (−1)l+1/(2ikinAl) and comparing to eq. (A.2) allows for the identifications

(−1)l+1

2ikin

Bl

Al
=

1

2ikin
+ fX,l,

(−1)l+1

2ikin

Dl

Al
= fY,l. (A.5)

For χ∗χ∗ scattering, the following substitutions are in order: fX,l ←→ fY,l, Al ←→ Cl,
Bl ←→ Dl.

It is convenient to introduce the following change of variables

x = 2αχµr, a =
v

2αχ
, b =

2αχµ

mA′
, c2 = − δ

µα2
χ

+ a2, (A.6)

with which eq. (A.2) can be written as

Ψ =
∑
l

(2l + 1)Pl(cos θ)

[
Ψin

eipinx − (−1)le−ipinx

2ipinx
+

1

x

(
fX,le

iax

fY,le
icx

)]
(A.7)
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where pin = a for χχ scattering and pin = c for χ∗χ∗ scattering. Note that fX,l and fY,l
should be rescaled by ~/(αχmχcl) (where cl is the speed of light) when going back to
Rl(r) to compute the physical cross sections. Finally, the redefinition

Rl(x) =
χl(x)

x
(A.8)

turns eq. (2.3) into

χ′′l =

(
l(l+1)
x2
− a2 − 1

x
e−x/b

− 1
x
e−x/b l(l+1)

x2
− c2

)
χl. (A.9)

B Numerical solution of the Schrödinger equation

We wish to solve eq. (A.9) imposing regularity of χ at the origin as the boundary
condition. We drop the l subscript in the following. We follow and slightly modify the
procedure of ref. [85] to solve the more general problem where there are N scattering
channels of which our problem is the N = 2 special case. First, we write the wave
function in component form as

χi = αi(x)f(pix)− βi(x)g(pix) , (B.1)

where i denotes the wave function component (i = 1, 2 in our case), pi is the momentum
of channel i, and the functions f(pix) and g(pix) are solutions to the simpler equation

y′′ =

(
l(l + 1)

x2
− p2i

)
y . (B.2)

We normalise the functions according to f(x)g′(x)− f ′(x)g(x) = −1 and assume that
f(x) is regular and g(x) is irregular at the origin. The two added degrees of freedom
in eq. (B.1) are removed by the constraint

f(pix)α′i(x)− g(pix)β′i(x) = 0 . (B.3)

For the functions f and g, we choose

f(x) = xjl(x), g(x) = ixh1l (x) , (B.4)

where jl is the spherical Bessel function and h1l (x) is the spherical Hankel function,
both of the first kind. We need N linearly independent solutions to the differential
equation and thus we promote the wave function χi in eq. (B.1) to an N ×N matrix,
which can be written in components as

χin = f(pix)αin(x)− g(pix)βin(x) , (B.5)

where n = 1, . . . , N denotes the different solutions. That is, the columns in the matrix
χ(x) give independent wave functions that solve the differential equation. Since g(x) is
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irregular at the origin, we require that βin(x→ 0) = 0, while we take αin(x→ 0) = δin
as initial condition.

Next, we introduce the matrix

M(x) = β(x)α−1(x) , (B.6)

which allows us to write eq. (B.5) as

χ = [f(pix)− g(pix)M (x)]α(x) , (B.7)

where f and g are diagonal matrices with entries f(pix) and g(pix) in row i, respec-
tively. Multiplying the solution by α−1(x) from the right gives a new wave function
ξ,

ξ = f(pix)− g(pix)M (x) . (B.8)

The usefulness of defining ξ becomes apparent in the limit of large x, where the asymp-
totic limits of the functions f and g has kicked in,

lim
x→∞

f(x) =
(−i)l+1eix + (i)l+1e−ix

2
, lim

x→∞
g(x) = (−i)l+2eix . (B.9)

The relation between Rl and χ in eq. (A.8) gives ξ a factor 1/x when resubstituting.
When this factor multiplies eq. (B.8), a comparison in the large x limit to the expression
inside the brackets of eq. (A.7) makes it clear that the i′th column of ξ represents
a scattered wave-function with the i’th state being the incoming one. In our 2-state
case, the first column represents an incoming χχ state being scattered while the second
column represents χ∗χ∗ scattering. However, the normalisation is not correct nor do
each wave-function share the same normalisation factor. Multiplying the wave-function
in column i by −((−i)l+2pi)

−1 brings it to exactly the form of eq. (A.7). Following this
reasoning leads us to the conclusion that our scattering amplitudes fX,l and fY,l in the
case of χχ scattering are

fX,l = M11(x∞)/a, fY,l = M21(x∞)/a , (B.10)

where x∞ is large. If the up-scattering channel is open (p2i > 0), the second column
tells us that the amplitudes for elastic χ∗χ∗ scattering and down-scattering are given
by

fX,l = M12(x∞)/c, fY,l = M22(x∞)/c . (B.11)

The last step is to introduce a matrix U defined as

U = fg − gMg (B.12)

which allows one to write the wave function in terms of U as

χin = Uij
αjn
g(pjx)

. (B.13)
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Using these substitutions, one can show that the original Schrödinger equation (A.9)
reduces to two first order differential equations, one of which is (see ref. [85]):

U ′ij = piδij + pi

[
g′i
gi

+
g′j
gj

]
Uij − Uil

V̂lm
pl
Umj , Uij(x0) = f(pix0)g(pix0)δij . (B.14)

where g′i = dg(pix)/d(pix), Uij(x0) is the initial condition at a very small x0 and V̂ is
the potential of eq. (2.2) without mass splittings,

V̂ (x) =

(
0 − 1

x
e−x/b

− 1
x
e−x/b 0

)
. (B.15)

The second set of differential equations allows one to determine α, which along withM
in eq. (B.6) allows one to compute β. These are necessary to determine the Sommerfeld
enhancement factors but not to compute the self-interacting cross sections. We will
solve the differential equation eq. (B.14) for U , find M from eq. (B.12), and compute
the amplitudes as given in eqs. (B.10) and (B.11). In this formalism, the amplitudes
for the scattering in the excited state will be given in terms of the velocity of the
lower mass state. Substituting δ → −δ trades places between a and c throughout the
calculation to give the scattering cross sections in terms of the incoming χ∗ velocity
instead.
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