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Abstract

Cable-stayed bridges have become very popular over the last �ve decades due to
their aesthetic appeal, structural e�ciency, the limited amount of material usage
and �nancial bene�ts. The rapid increase of new techniques creating longer spans,
slender decks and more spectacular design has given rise to a major concern of
the dynamic behavior of cable-stayed bridges. This has resulted in a more careful
modelling procedure that will represent the reality in the most particular way. A
model is simply an approximation of the reality, thus it is important to establish
what simpli�cations and approximations that are reasonable to make in order for
the model to be as accurate as possible.

The Millau Viaduct is a cable-stayed bridge unique of its kind. At the time that
it was built it was breaking many records: span length, height of deck above the
foundations and the short construction time in just three years. Due to the slen-
derness of the structure, the extreme height and the location in a deep valley, the
viaduct is naturally subjected to external loads. This thesis attempts to describe
a performed dynamic nonlinear analysis of two models of the Millau Viaduct using
the FEA packages SAP2000 and BRIGADE/Plus. The models have been re�ned
in order to be compared between the programs and to the reality i.e. the measured
mode shapes and frequencies obtained from reports.

The viaduct required many speci�cally designed solutions in order to obtain the
elegance and the aesthetic appeal. Approximations in geometry has been essential
due to the many details that the viaduct consists of, but the details are nonetheless
important to capture to get the structural mechanics correct. The support conditions
has been considered as important as these were designed to allow for movement
that were caused by a combination of the external loads and the slenderness of the
structure. The most critical support conditions were the deck-pier connection in
which the piers are split into two columns equipped with spherical bearings allowing
for angular rotation. The two shafts were modelled by one single column and the
spherical bearings were simulated by creating two alternative models; one assigned
with a pinned constraint to allow for the angular rotation and the second, since this
support condition is in fact rigid has been assigned as �xed.

The SAP and BRIGADE models showed to be consistent with each other, though
the beam theories, Euler-Bernoulli were applied to the SAP model and Timoshenko
in BRIGADE. The alternative models with the di�erent constraints generated fair
results yet di�ers signi�cantly from each other. Alternative approaches towards the
modelling have been addressed in the conclusions.
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Sammanfattning

Byggnationen av snedkabelbroar har ökat under de senaste fem decennierna på grund
av sitt estetiska tilltalande, e�ektiva bärförmåga i proportion till mängden material
som används och ekonomiska fördelar. Den snabba ökningen av nya tekniker har gett
möjlighet till längre spännvidder, smalare däck och mer spektakulär design. Detta
har gett upphov till en närmare studie av snedkabelbroars dynamiska respons och
ökat kraven på en mer noggrann modellering för att ge en mer korrekt avbildning.
En modell är enbart en approximation av verkligheten, därför är det viktigt att
fastställa vilka förenklingar och approximationer som är rimliga för att modellen
ska bli en god och korrekt som möjligt.

Millaubron är en snedkabelbro, unik för sitt slag och rekordbrytande i många kat-
egorier; spannlängden, höjden på tornen och byggtiden under endast tre år. Brons
slankhet, den extrema höjden och att den är belägen i en djup dal, medför en
naturlig påfrestning från yttre laster på bron. I denna masteruppsats beskrivs en
utförd dynamisk icke-linjär analys av två modeller av Millaubron i FEA program-
men SAP2000 och BRIGADE/Plus. Modellerna har för�nats stegvis för att kunna
jämföras mellan programmen och mot uppmätta modformer och dess frekvenser som
erhållits från rapporter.

För att Millaubron skulle få sitt speciella utseende krävdes många innovativa lös-
ningar och detaljer. Approximationer i geometri har varit nödvändigt på grund av
de många detaljer som bron består av, detaljer som är viktiga att fånga ur struk-
turmekaniska aspekter. Det har lagts mycket vikt på upplagsvillkoren eftersom dessa
var utformade för att möjliggöra rörelser som orsakades av en kombination av de
yttre laster och strukturens slankhet. De mest kritiska upplagsvillkoren var mel-
lan däcket och pelaren där pelaren är uppdelad i två mindre pelare utrustade med
sfäriska lager som möjliggör vinkelrotation. De två mindre pelarna har modelleras
som en pelare och de sfäriska upplagen simulerades genom att skapa två alternativa
modeller - en tilldelad som fritt upplagd för att möjliggöra vinkelrotationen och det
andra, eftersom dessa stöd anses styva, har modelleras som fast inspända.

SAP och BRIDAGE modellerna var konsekventa gentemot varandra, trots att balk-
teorierna, Euler-Bernoulli användes i SAP och Timoshenko i BRIGADE. De alter-
nativa modellerna genererade rättvisa resultat men skiljer sig från de uppmätta.
Alternativa tillvägagångssätt för modelleringen har tagits upp i slutsatserna.
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Chapter 1

Introduction

1.1 Explanation of the Content

The thesis begins with an introduction to the topic under study, the design of the
Millau Viaduct and the bridge composition in the �rst chapter. It is followed by
an extensive background study on all essential factors that cable-stayed bridges
encounters, both in reality and in FEA. There among structural dynamics, the
nonlinear e�ects, the modelling of signi�cant components i.e. cables and other
numerical solution methods. The background study was completed to obtain a
theoretical background that would build the foundation of the method. It was
completed to help strengthen the knowledge and prepare for the modelling so that
the structural mechanics could be interpreted and simulated in the most accurate
way.

The method consists of two parts; the pre-study that would help us get to know the
software that were utilized to complete the thesis and to understand the modelling of
cable-stayed bridges; and the modelling of the thesis topic, the Millau Viaduct, and
how the signi�cant factors in reality has been approximated in the two programs.

Discussion, conclusions and alternative approaches are provided based on the results.
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CHAPTER 1. INTRODUCTION

1.2 The Viaduct of Millau

The small town Millau in southern France used to be one of the most famous bot-
tlenecks in Europe. The town su�ered from bad reputation and massive congestion
during the summer holiday when the number travellers between Paris to Spain
increased. It could take more than 3-4 hours to get out of the tra�c jams. The SE-
TRA, the design o�ce of the Highway Administration in France proposed a bridge
that would be linked to the A75 highway, to span the valley where the River Tarn
�ows.

The greatest challenge for the completion of the A75 highway was to cross the river
Tarn at such height and spanning the gap from one plateau to the other (Road-and
tra�c). The �rst road alignments were proposed 1987 by CETE Mediterannee, but
none of the proposed were considered to be possible. The request was to locate
the bridge west of Millau, but due to the topography it was complicated. In 1989
SETRA suggested a direct passing from the Causse Rouge in the north to the Larzac
Plateau in the south by letting a high viaduct span the valley.

The head engineer Mr Michel Virlogeux presented a few suggestions to the concep-
tual design that were evaluated by the team of SETRA. Pre-stressed box girders of
constant depth built by the cantilever method, steel box-girders of constant depth
incrementally launched either with a concrete slab or an orthotropic steel deck or
steel orthotropic box-girders of variable depth were a few alternatives that were
discussed. The ultimate choice fell on the orthotropic box-girder.

Once the conceptual design had been established, the new Highway Director of
SETRA was not convinced about the su�ciency of proposals on the designs made
by SETRA and decided to organize an international competition to develop other
concepts. Eight design o�ces and seven architects were asked to contribute with
their opinion on the designs made by SETRA and to propose new improvements
from both architectural and engineering perspective. Five projects were chosen to
participate in the competition of designing the viaduct.

Though the competition was never a real competition, the assessment of the projects
were decided to be done by a jury of local politicians, architects and engineers. The
winner, the architect sir Norman Foster, was announced the 1996. He had developed
one of Michel Virlogeux's ideas of a cable-stayed bridge in either steel or concrete
with multiple spans. At that time SETRA could no longer be responsible for the
design, which was given to the winning team. Michel Virlogeux who had dedicated
much time to the project also had developed deep interest and decided to leave
SETRA to join Foster and his team. The three responsible design o�ces were
Sogelerg, Europe Etudes Gecti and Serf, and the architect Norman Foster.
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1.2. THE VIADUCT OF MILLAU

1.2.1 The Conceptual Design

The conceptual design was continued to be developed by Norman Foster and Michel
Virlogeux. There were two main problems in the already created designs;

� To decide how to distribute the rigidity between the deck and pylons.

This could either be done by using a very rigid deck with a slender pylon, originally
developed by SETRA or a very rigid pylon made of either two columns connected
by the anchorage box, or by having a shape of an inverted V, which was assessed
being able to suspend a �exible deck.

� To decide how �exible the end piers needed to be regarding to the horizontal
forces.

This could either be done by adapting a larger di�erence in geometry between the
central, the taller piers and the rest of the piers; or by using twin �exible shafts in
the top of the piers and a large box-girder to resist substantial wind and second order
e�ects. The choice fell upon the inverted V pylons and the piers with two twin shaft
converging into a larger box with a tapered shape meeting the foundation. This
would allow for a slender box-girder.

The proposals of the piers and pylons can be seen in Fig. 1.1

Figure 1.1: The proposals of the pylon and pier con�gurations (Virlogeux, 2000)

.

1.2.2 The Box-Girder

Two elected proposals were evaluated for the box-girder: a concrete box-girder and
an orthotropic steel deck. The concrete option was stated as a complicated alter-
native. It would be di�cult to precast on site due to the limited space, it would
also need to be lifted from the foundation by the cantilever method and there was
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CHAPTER 1. INTRODUCTION

no possibility to reach the deeper part of the valley due to the varying topography.
There was not access to everywhere on the ground. The orthotropic steel deck was
evaluated as the best alternative, not only would it be much lighter, but it could
be pushed by incremental launching from both ends. The steel pylons could also be
launched at the same time as the deck which proved to be most time e�cient.

Norman Foster had suggested to give the concrete piers a triangular con�guration,
thus the box-girder was also given a shape for homogeneity. This shape was shown
to be a problem when tested in a wind tunnel by the company CSTB. The shape
was instead reconstructed into a trapezoidal shape and the architect created a new
con�guration for the piers to adapt the new solution of the deck. The proposals of
the pier and box girders are shown in Fig.1.2

Figure 1.2: The proposals of the deck and piers (Virlogeux, 2000)

.

1.2.3 The launching

The central box of the deck was transported as one unit and assembled with the
remaining steel plates behind the abutments before launching. Once the deck was
ready it could be pushed forward from both sides in order to meet between piers
P2 and P3 above the River Tarn. The incremental launching system was specially
designed to advance the deck in a series of gradual movements, propelled by 64
conveyors using computer-controlled hydraulic jacks. The system was placed on
each abutments pier and intermediate temporary supports. The conveyors with an
inclination would �rst lift the deck 2 cm, when it was being pulled forward and then
carry the deck forward by 60 cm. There after retract to begin with another cycle.
This procedure is illustrated in the Fig. 1.3.
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1.2. THE VIADUCT OF MILLAU

Initial Position Lifting

Pushing Lowering

Bridge deck

Figure 1.3: An illustration of the incremental launching system apparatus shown in
the visiting centre of the bridge.

With the incredible slenderness and the extreme height of the structure, being built
in three years in a challenging topography, the Millau Viaduct had created history
by breaking many records. Today it is still an incredible piece of work of a perfect
interaction between architecture and engineering. It has given the small town of
Millau a new image, enlarged the tourism and a name worth mentioning.

1.2.4 The Bridge Composition

The multi-span cable stay bridge is composed of seven piers that the deck is posi-
tioned upon. The two most outer spans are 204 meters and the middle spans are all
342 meters, creating a total bridge length of 2460 meters. Each span is connected
to the pylons with 11 pairs of stay-cables, anchored in the centre of the freeway on
both sides of the pylon in a semi-fan arrangement (Virlogeux et al., 2015). The seven
pylons are all of equal heights and shape, approximately 90 meters high, located in
the center of the bridge deck. The bridge is slightly curved with a radius of 200 km
and has an inclination of 3 %. Since the bridge deck is inclined, the angle between
the cables and the deck is not the same. Due to the bridge's location, spanning over
a valley, the piers are of di�erent heights. The bridge stretches a staggering 342
meters from the abutment. Below follows a brief section on the bridge's components
and the installation of cables, the pre-tensioning and the �nal stage. These are all
important factors to consider when performing calculations and approximations that
are to be made in order to construct a model. A model is only an approximation
of reality and can never be exactly correct. Thus, it is very important to make
reasonable decisions on what approximations are to be made, how they are to be
made and if they are su�cient in order to capture the desired behavior. How we
have managed these factors is explained further in the method under the sections
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CHAPTER 1. INTRODUCTION

Bridge Properties and Modelling of the Millau Viaduct. A drawing of the elevation
of the Millau Viaduct is shown in Fig. 1.4

Figure 1.4: The elevation of the Millau Viaduct, (Greisch, 2001)

.

The bridge deck

The bridge deck is an orthotropic steel deck consisting of inclined plates enfolding
the deck girder, equipped with a truss at every 4.17 meters along with a diaphragm,
Fig. 1.5. The top �anges are inclined about 1.43 degrees and the bottom �anges have
an inclination of 12.56 degrees. The deck is provided with longitudinal sti�eners,
supporting the top and bottom �ange, sti�ening it along the bridge length and
preventing from shear lag. Two steel web plates are supporting the top �ange whilst
resisting shear. The sti�eners, located longitudinally over the entire bridge length,
possess di�erent thicknesses and areas, location and thus angles since the top and
bottom �anges are inclined.

Figure 1.5: The deck cross section of the Millau Viaduct, (Greisch, 2001)

.

According to the drawings it was necessary to divide the bridge deck into multiple
sections. In each section, both �anges, web plates and sti�eners changes in thickness.
The steel plates on the bottom �ange varies more than the top �ange does. This
creates many more individual sections that had to be created for the bridge. The
thickness variation is highly dependent on the location, i.e. whether it's located in
the span between two pylons, between the abutment and pylon or over the supports.
Fig. 1.6 demonstrates how the plate thickness of di�erent sections changes over the
span.
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1.2. THE VIADUCT OF MILLAU

Figure 1.6: Drawing of the plate thickness variation of bottom and top �anges, web
plates and sti�eners (Greisch, 2001)

.

The Pylons

The bridge is provided with seven hollow steel pylons, each shaped like inverted
V's coated with steel plates of varying thickness's. The cross sectional properties
of pylons P2 and P3 are the same and pylons P1, P4, P7 are the same. Pylons P5
and P6 could, according to Greisch Bureau, be regarded as the latter. The pylons
are equipped with diaphragms spaced between 3.65-3.85 meters in the bottom of
the pylons, with a closer spacing at the top levels. The inside of the pylons are
provided with longitudinal sti�eners attached to the enfolding steel plates, similarly
to the deck formation. These structural components sti�ens the structure acting
equivalent to as if the steel plates would have been thicker. The cross section of
pylon P1, P4 and P7 can be seen in Fig. 1.7, where the sti�eners and diaphragms
on di�erent levels are shown.

7



CHAPTER 1. INTRODUCTION

Figure 1.7: A piece of a drawing showing the cross section of pylon P1, P4 and P7.
The sti�eners and diaphragms at di�erent levels are shown. (Greisch,
2001)

.

The Piers

The seven piers are made of reinforced concrete, tapered from the abutment until
splitting up in two parts forming the shape of a Y carrying the deck. This shape
is considered a very important structural feature. The reason is to increase the
deck-pier rigidity, allowing the deck to expand during temperature change and to
make the deck movement more continuous than if consisting of one unit. The pier
was designed to adjust towards heavy tra�c load, allowing for a rotation that could
follow trucks driving over the support. Each pier is hollow with concrete walls of
di�erent thickness's varying from the base to the top. Each pier are of di�erent
heights but of the same geometric con�guration. The pier heights are summed in
the Table 1.1.
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1.2. THE VIADUCT OF MILLAU

Table 1.1: Heights of the piers

Pier Height(m)

P1 94.50
P2 244.96
P3 221.05
P4 144.21
P5 136.42
P6 111.94
P7 77.56

Each pier is shaped like an octagon with deviations in both �anges as visible in Fig.
1.8. The �gure shows the cross section of the piers at di�erent levels, starting from
one whole section dividing into two hollow parts at the top.

Figure 1.8: The cross section of the concrete piers in di�erent levels, (Greisch, 2001).

The Cables

The cables are made of parallel individually protected strands, each strand has an
area of 150 mm2 and consists of seven wires. The number of strands varies between
45-91 strands depending on location and pylon. Many of the cables are of the same
number of strands, but deviates closest to the pylons and closest to mid span. Their
Guaranteed Ultimate Tensile Stress (GUTS) is equal to 1860 MPa, under permanent
loads the tensile stress is approximately 32 % for an orthotropic deck.

Support conditions

Some of the support conditions are rather complex and some of them are missing
data. A description of the support conditions is presented in the following section.

No data were provided on the pier foundations, but according to Michel Virlogeux
they could be seen as rigid. Both abutments are providing with sliding supports,
allowing for the bridge to move longitudinally. Sliding supports are similar to roller
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CHAPTER 1. INTRODUCTION

supports as both are allowing for movement in one direction. Sliding supports are
equipped with te�on and stainless steel which results in a friction coe�cient so small
that it can be neglected. Thus, the friction will not be accounted for. The pylons
are rigidly connected through the bridge girder with a rather complex installation
of massive reinforcing steel plates. An example of the connection can be seen in Fig.
1.9. This connection shaped like an X is speci�cally designed to transmit major
forces from the pylon directly to the pier. The design has been carefully developed
by Michel Virlogeux for the speci�c purpose.

Figure 1.9: The deck-pylon connection, (Greisch, 2001).

The deck is supported on each of the two shafts of each pier through two spherical
bearings showed in Fig. 1.10.
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1.2. THE VIADUCT OF MILLAU

Figure 1.10: The deck-pylon and pier connection. The pylons are shown with a rigid
connection and the deck are supported on the spherical bearings in blue
(Unknown, 2016).

The initial shape and pre-tensioning procedure

The Millau Viaduct was placed in position using incremental launching. Incremental
launching of steel bridges have been utilized for years. Due to the equal strength of
steel in both tension and compression, the alternating stresses that occurs when the
bridge is pushed forward can be accepted without di�culty (Roadtra�c-Technology,
2016). The deck was pushed from both propelled by 64 conveyors using computer-
controlled hydraulic jacks. In order to keep the alternate stresses on an equal level
during launching, intermediate supports were built to shorten the span. Before the
deck could be launched, the two pylons, P2 and P3 were positioned with installed
cables in order to lift the bridge front when the deck was pushed forward.

Once the deck had been positioned, the cables were installed at their location and the
intermediate supports could be removed. This allowed the bridge deck to sink under
its own self-weight creating tension and elongation of the cables (DelForno, 2001).
This would mean that the cables would need an adjustment in order to assure that
the bridge deck obtains a straight shape without deformation, reducing the bending
moments as much as possible under permanent loads. An adjustment of the cables,
also known as pre-tensioning, is made by shortening each cable. This adjustment
will compensate the elongation created by the bridge self-weight restoring it to its
theoretic shape (DelForno, 2001). There are numerous ways how to handle the pre-
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tensioning of the cable and the initial shape of the bridge. How this is managed in
the models are explained further in the section Modelling of the Millau Viaduct.

1.3 Introduction to the Programs

1.3.1 SAP2000

The SAP name has been active in engineering analytical methods for over 30 years
ago developed by CSI America. SAP2000 is a general-purpose civil engineering
software suitable for the analysis and design of any type of structural system (CSI,
2016). SAP2000 is thus adapted for any structure, however, there is a software
speci�cally for bridge structure, CSIBridge, which aims to pick up factors only
treated in bridge analysis.

SAP2000 handles basic as well as advanced systems in both 2D and 3D, with ei-
ther simple or complex geometry in both straight and nonlinear analysis. SAP2000
provides the user with the classic FE elements; frame, shell and solid elements, the
possibility of modelling linear or curved members, cables, using a speci�c nonlinear
element which accounts for the sag e�ect nonlinearity, and post-tensioned tendons.
There are link elements to model springs, dampers isolators and the associated non-
linear behavior.

When conventional beam or frame cross section is desired SAP2000 has a built in
extensive library with both material and geometric properties from di�erent stan-
dards and codes from across the globe. If the user wishes a speci�c cross section
which is not available, the user may specify the geometry using a Section Designer.
When a model is created a built in template, the SAPFire Analysis Engine, auto-
matically converts the assembly into a FE-model by meshing the material domain
with a network of quadrilateral sub-elements. The user may, of course, determine
the mesh which is found most appropriate for the analysis. SAP2000 is adapted to
model structural systems of any kind and complexity.

For the analysis procedure, the user is free to complement the standard analysis
by performing in dynamic and nonlinear analysis. The dynamic analysis includes
eigen analysis and Ritz analysis. Geometric nonlinearity is considered by P-� ef-
fects, which is included during nonlinear buckling accompanied by large displace-
ment e�ects. The nonlinear analysis includes material nonlinearity which captures
inelastic and limit-state behavior as well as time-dependent creep and shrinkage
behavior. Dynamic methods include the response-spectrum, steady-state and time-
history analysis.

For the interested user we refer to CSI America's website in which all of the features
that SAP2000 provides are described in more detail.
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1.3.2 BRIGADE/Plus

BRIGADE/Plus is a �nite element program, providing a powerful and complete
range of analysis procedures in an interactive and visual environment. It is de-
signed to implement advanced analysis and design of all types of bridges and civil
structures (Scanscot, 2016). BRIGADE/Plus provides a wide range of function-
alities, including prede�ned loads, load combinations and moving vehicle loads in
accordance to design codes like the Eurocodes. The program provides an extensive
range of analysis procedures such as: linear and nonlinear static response, natural
frequency extraction and steady-state dynamic response.

For the nonlinearities BRIGADE/Plus has the capability to handle geometrical non-
linearities, the behavior of nonlinear material and also nonlinear contact interactions.

BRIGADE/Plus, is based on the FE-software ABAQUS and consist of three parts:

� A solver based on ABAQUS

� GUI (Graphical User Interface) based on ABAQUS/CAE

� Technology developed at Scanscot Technology

Since BRIGADE/Plus is focusing on bridges and civil structures, some of the fea-
tures in ABAQUS have not been included, but the procedure of modelling is the
same. Each module is well de�ned for what to do in each step along the path of
modelling the structure.

Each part's geometry is parametric and feature based, allowing for modelling of
complex geometries. The properties of the model and its attributes are easily as-
signed to the selected part, like material and section properties to the de�ned region.
Each part is created separately and then assembled together with assigned bound-
ary conditions, interactions between the parts and loads acting on the structure to
create a model to be analyzed.

Di�erent types of load combinations and the distribution of the loads can be ap-
plied to the model. The loads can either be concentrated, distributed, a pressure
load or a body force, but also it could be a combination of them. When meshing,
BRIGADE/Plus contains a function to perform an automatic mesh of a region, but
the mesh can also be done manually be applying seeds globally or locally. The vari-
ation of element families that can be utilized in BRIGADE/Plus is extensive with
a few examples provided below.

� Truss elements

� Beam elements

� Shell elements

� Solid elements
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The calculated results are then visualized in 3D plots and 2D graphs.
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Chapter 2

Background Study

2.1 Finite Element Analysis

Finite element method (FEM) also referred to as �nite element analysis (FEA) is
a numerical solution method that provides an approximate solution for boundary
value problems. The method is applied in engineering as a computational tool
for performing analysis, described mathematically as a di�erential equation or an
integral expression. FEM subdivides the domain into smaller and simpler elements
called �nite elements. To form the complete structure these elements are assembled
by connecting points at the end of each element, called nodes. The elements are
arranged as a mesh structure and represented by systems of equation to be solved
at the nodes. It can either be a linear or a non-linear system. FEA is a good tool
when analyzing a complicated area, an area with non-consistent shape or when the
level of details varies over the domain. (Cook et al., 2002)

2.1.1 Advantages of FEA

The very �rst thing to do when performing a FEA is to identify the problem. When
the problem is identi�ed, the user should be able to answer the following questions:
how much and what kind of information must be gathered to perform the analysis,
what kind of modelling techniques should be used and what kind of solutions and
results are important and expected.

Some advantages for using FEA is listed below. (Cook et al., 2002)

� FEA is applicable to any �eld problems described with a partial di�erential
equation: heat transfer, stress analysis etc.

� Boundary conditions and loadings are not restricted.

� The properties of the material may di�er from one element to another.
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� The di�erent elements may have di�erent behaviors from their di�erent math-
ematical expressions.

� The subdivision of the domain gives an accurate representation of a complex
geometry so there are no geometric restrictions.

� By improving the mesh with more elements the representation of the total
solution is easily captured and also the local e�ects.

2.2 Beam Theory

There are several beam theories based on various assumptions, but the most com-
monly used in structural mechanics are the Euler-Bernoulli and the Timoshenko
beam theories. Both of these theories are utilized in this thesis and a short descrip-
tion of them is presented below.

A beam is de�ned as a 3D structure with one of its dimensions much larger than the
other two. The axis of the beam is de�ned along its longer dimension, with a cross-
section that varies smoothly along the beam (Bauchau and Craig, 2009). The beam
theory is based on this de�nition, and provides a one dimensional approximation of
a three dimensional continuum (SIMULIA, 2011). The beam theory also referred
to as the solid mechanics theory of beams, provides a simple way to analyze a wide
range of structures and is a very important tool for structural analysis (Bauchau and
Craig, 2009). Because the theory is easy to apply and the computational time in FE-
programs becomes short it is useful in a pre-design phase. Depending on the analysis,
the demands for details vary, and a beam model is therefore a great supplement for
a shell model depending on the analysis. This is why beam elements are often
preferred, because of their simple geometry and their few degrees of freedom.

The Euler-Bernoulli beam theory is simple and very useful but it has its limitations,
since it is known as shear in-deformable. Elements that are assigned to this theory
will work under three kinematic assumptions, called the Euler-Bernoulli assumptions
(Bauchau and Craig, 2009)

� The cross-section is in�nitely rigid in its own plane.

� The cross-section of the beam remains plane after deformation.

� The cross-section remains normal to the deformed axis of the beam.

These assumptions are acceptable when analyzing long, slender isotropic beams
where the cross-sectional dimensions are small compared to distances along its axis
(Bauchau and Craig, 2009). These distances are typically the distances between
supports, distances between gross changes in cross-sections or the wavelength of the
highest mode existing in the dynamic response. In order to neglect shear �exibility,
and therefore be able to apply the Euler-Bernoulli beam theory, it is said that the
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slenderness ratio should be less than 1/15. Were the slenderness ratio is the ratio
between cross-sectional dimensions and axial distance (SIMULIA, 2011).

When the thickness of the beams becomes larger, the shear deformations cannot be
neglected and this will con�ict with the Euler-Bernoulli assumptions. The Timo-
shenko beam theory includes both the e�ect of shear deformation and the e�ect of
rotational inertia, when analyzing the vibrations of a beam (Bauchau and Craig,
2009), but represents bending less well. Timoshenko beams can also be used for
both thick and slender beams. The theory is legit as long as the slenderness ratio is
less than 1/8. When the cross-section becomes greater in comparison to the axial
length, the behavior of the structure can no longer be described accurately enough
as a function of axial position, and another element type has to be taken into con-
sideration (SIMULIA, 2011). Fig. 2.1 shows the di�erent deformation of beams
using the two theories. It can be seen that the cross-section of the Euler-Bernoulli
beam remains normal to the axis during bending, whilst the Timoshenko beam de-
forms. In a �nite element form, the Timoshenko beam on the other hand represents
curvature much less accurately.
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Figure 2.1: The Timoshenko beam experience shear deformation when under bend-
ing while the Euler-Bernoulli beam does not. Re-drawn from Wikipedia
(2016).

2.3 Structural Dynamics

2.3.1 Equation of Motion

The equation of motion is used to �nd the displacement or the deformation of
an idealized structure that is assumed to be linearly elastic and subjected to and
external force p over a time period, t. The equation is derived from Newtons second
law of motion and can for a single degree of freedom be seen as:

m�u+ c _u+ ku = p (t) (2.1)
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Fig. 2.2 visualizes how the equation of motion describes an idealized one-story struc-
ture, subjected to an external force p(t). As the equation shows, the whole structure
is dependent on three separate components, each component will be described in this
chapter.

Mass p(t)

viscous
damper

fs

Displacement u
Velocity u'
acceleration u''

Displacement u

= +...

..+

ft

Acceleration u''

fD

velocity u'

+

a) b)

c) d)

Figure 2.2: Components of the system. Re-drawn from Chopra (2012).
(a) Whole system; (b) Sti�ness; (c) Damping; (d) Mass

� b: Only the sti�ness component

� c: Only the damping component

� d: only the mass component

For a linear system the lateral force fS is written as lateral sti�ness times the de-
formation, when disregarding damping and mass component:

fS = ku (2.2)

Damping is expressed as 'the process by which vibration steadily diminishes in am-
plitude' (Chopra, 2012), and could therefore depend on various factors, e.g. friction
of steel connectors and opening and closing of microcracks in concrete. Therefore the
damping is idealized. In the commonly assumed linear viscous damper the damper
force fD is calculated as the damper velocity times the viscous damping coe�cient:

fD = c _u (2.3)

Newton's second law of motion explains the behavior of an object where the existing
forces might be unbalanced, according to:

p(t) = m�u (2.4)
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p(t) is the sum of all acting external forces. In the studied case this leads to:

fe � fS � fD = m�u (2.5)

Where fe represents the driving force on the system. When substituting the internal
forces with the equations just presented we receive:

m�u+ c _u+ ku = fe (2.6)

2.3.2 Natural Frequencies and Mode Shapes

Many scenarios can cause a structure to move, sway and vibrate. Movements of
such can be induced by earthquakes, the pistons of an engine and moving tra�c
loads for example. Mode shapes are the basic deformation patterns in which the
undamped structurure can vibrate without external driving force. These movements
are quanti�able by measuring them in meters and the acceleration in the direction
which it moves or by how rapid the vibration is occurring.

A structure is said to be experiencing free vibration when disturbed from the static
equilibrium and allowed to continue to vibrate freely without external sources ex-
citing the structure (Bauchau and Craig, 2009). The term free vibration means the
state in which the structural system is allowed to oscillate in in�nity, and since all
structures are equipped with some sort of damping, either external or internal, free
vibration only exists in theory.

Natural frequency is explained as the system's frequency at which it tends to oscil-
late in the absence of any driving or damping force. There have been many damages
where dynamics has played a vital role, there among the example of the Tacoma
Narrows Bridge in Washington State. If the system is excited such that the input fre-
quency from external sources coincides with one of the system's natural frequencies,
the system will undergo resonance (Hall, 2016). Resonance is typically something
that must be avoided. Once the system is experiencing resonance large amplitudes
will follow and thus analysing the dynamic behavior is crucial for all structures. This
has become more relevant today due to all new techniques and extreme structures
keeps being developed e.g. more slender bridges, tracks for high speed trains, sky
rising buildings both in and out of seismic zones. However, problems with too large
amplitudes can be recti�ed by sti�ening the structure or its components in the right
places to shift the natural frequencies away from the input frequencies (Hall, 2016).

2.3.3 Modal Analysis

Modal analysis also known as the mode superposition method is a linear dynamic-
response procedure which computes and superimposes vibration mode shapes to
describe a structure's deformation pattern.

19



CHAPTER 2. BACKGROUND STUDY

The equation of motion for a linear multi degree of freedom system without damping
can be describes as (Chopra, 2012):

[m]f�ug+ [k]fug = fpg (2.7)

For a multi degree system the displacement vector u can be expanded in terms of
modal contributions and the total dynamic response can take the form.

u(t) =
r=1X
N

�rqr(t) = �q(t) (2.8)

Where qr are scalar multipliers called modal coordinates and q is (q1, q2, ...qN)T and
� is called the modal matrix and consist of the structure natural modes. By using
Eq. (2.8) the coupled equations in Eq. (2.7) is transformed into a set of uncoupled
equations in modal coordinates. By substituting Eq. (2.8) in Eq.(2.7) and multiply
each term with �T

n we will obtain:

r=1X
N

�T
n [m]�r �qr(t) +

r=1X
N

�T
n [k]�rqr(t) = [�][q](t) = �T

np(t) (2.9)

Due to matrix orthogonality the equation can be reduced to:

(�T
n [m]�n)�qn(t) + (�T

n [k]�n)qn(t) = �T
np(t) (2.10)

or

[Mn]f�qng(t) + [Kn]fqng(t) = fPng(t) (2.11)

Where Mn is the generalized mass Kn is the generalized sti�ness and Pn(t) is the
generalized force of the nth mode. There are N equations for a structure's total
dynamic response one equation for each mode. Written in matrix form the set of
equations is:

[M ]f�qg+ [K]fqg = fPg(t) (2.12)

Where M is a diagonal matrix of the generalized modal masses Mn, K is the di-
agonal sti�ness of the generalized sti�nesses Kn and P (t) is a column vector of the
generalized modal forces Pn(t)

An example of a structure's mode shapes is illustrated in Fig. 2.3 below. This
column is excited into a motion swaying with its entire body from side to side,
in a lateral displacement pattern. This �rst swaying motion indicates that this is
the �rst mode shape. The mode shape is showing a high mass participation ratio,
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meaning that most of the structural mass is swaying in a unit, back and forth at
a low frequency. When a structure is excited to a point where it vibrates faster,
smaller parts of the body is vibrating with a higher frequency. This indicates a lower
mass participation ratio and thus the connection between a mass participation ratio
and higher frequencies can be made. Fig. 2.4 demonstrates this e�ect.

Frequency Hz

Mass Participation %

Mode 1 Mode 2 Mode 3

Lower frequency
Higher Mass Participation

Higher frequency
Lower Mass Participation

Figure 2.3: Mode shapes, re-drawn from Hall (2016).

A structure with N degrees of freedom will have N corresponding mode shapes and
each of these is an independent displacement pattern which can be superimposed
and summarized into a resultant displacement pattern CSIAmerica (2015).
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v=   Y v1=    Y1 v2=    Y2 v3=    Y3F F1 F2 F3

Figure 2.4: Illustration of a structural system's mode shapes being superimposed to
a resultant displacement pattern re-drawn from CSIAmerica (2015).
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2.4 Introduction to Nonlinearity

In terms of structural and civil engineering materials we often speak of linear anal-
ysis. The linear analysis simpli�es the calculations and is in most cases su�cient
when calculating the design of beams, frames, pillars and more. A materially linear
analysis means that the stress of a materials properties are proportional to the strain
produced under load, as seen in Fig.2.5 which presents the stress-strain relationship
of material. It describes a material's behavior under loading. Once the load is ap-
plied to the structure, the stress increases along with the load, accompanied by the
strain (Heyden et al., 2008). Once unloaded the deformation caused by the loading
will return to its original con�guration.

When the load is applied afresh and gradually increased to a point when the de-
formation is substantial enough to deform permanently, this is the point where the
material is no longer elastic and cannot return to its original geometry. This is also
known as the yield strength. At this point the material begins to deform perma-
nently, in the most outer �bre. At this stage the strain is no longer proportional to
the stress in this area, but the material still behaves linearly in the remaining parts
in the core.
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Figure 2.5: The stress-strain curve for ductile material. Re-drawn from Autodesk
(2016).

Calculating according to the elastic theory is the most common way in structural
design, we assume geometric changes under load to be small and we do not consider
cracks in the material. Another common assumption is that no out of plane defor-
mation will be taken into account. In a geometrically linear analysis, elementary
structural mechanics states that any deformation that is induced by external load is
assumed to be so small that the deviation from the original geometry is insigni�cant.
Computations based on these arguments and conditions are assumed to be accurate
enough in linear analysis.

However, nonlinear calculations becomes relevant when it requires to go beyond these
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boarders. Nonlinearity in structural and civil engineering structures is present in
the following ways: geometrical, boundary and material nonlinearities (Sönnerlind,
2016). Geometrical nonlinearity occurs in models with large deformation or rotation.
Material nonlinearity, as discussed above, appears when the material is subjected to
external load which causes higher stress than the material yield stress. Boundary
linearities occur when external loads change a structure's boundary conditions. In
problems like these there are no linear relationship between the external load and
the resulting contact area.

For a linear structure, in a �nite element simulation, the relationship between the
applied loads and the displacements is described by:

�
K
� fdg = ffg (2.13)

where K is the sti�ness matrix which describes the structural degrees of freedom for
the structure (Fleming, 1979). In linear analysis, this sti�ness matrix is constant
during loading. Meanwhile most engineering problems consist of nonlinear e�ects,
linear analyses has proven to be accurate enough in many cases, but there are excep-
tions when nonlinear e�ects cannot be ignored. For nonlinear structures equilibrium
equations cannot be described with a simple algebraic expression as we do in linear
problems.

Today, there are many �nite element programs that provide static as well as dynamic
analysis, linear and nonlinear analysis which has a created tremendous possibilities
and progress to handle complex structures. For instance, when obtaining a solution
for the correct cable forces, the solution process is most often iterative. An iterative
solution procedure is utilized in this master thesis for the �nal result.

2.4.1 Nonlinearities Applied on Cable-stayed Bridges

We have noted the increase in popularity constructing cable-stayed bridges. The
design of them has become more complex and extravagant. As the spans increase
so do the concerns about safety of these structures, which increases the demands
on the analysis (Freire et al., 2006). The consideration for geometrical and material
nonlinear e�ects cannot be ignored, in fact they must be carefully evaluated. �One
of the main di�culties which an engineer encounters when faced with the problem of
designing a cable-stayed bridge is the lack of experience with this type of structures,
particularly due to its nonlinear behavior under normal design loads� (Fleming,
1979). The interest for these types of structures has taken the research to a whole
new level over the years and today it is one of the most common choices when
building long span bridges.

A cable-stayed bridge is a nonlinear structural system where the bridge girder is
supported elastically along the deck by inclined stay cables (Fleming, 1979). Even
though the material in the members of a cable-stayed bridge structure behaves in a
linear elastic manner, the overall force-displacement relationships for the structure
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will be nonlinear under normal design loads (Fleming, 1979). The complexities of
cable-stayed bridges are many; foremost it is the di�erent types of nonlinearity that
not only makes the behavior so di�cult to understand but the various types of non-
linearities must all be accounted for in di�erent ways. Though materially nonlinear
behavior may need to be considered in the analysis for cable-stayed bridges, most
nonlinear responses originate from geometric causes, when it comes to steel cable-
stayed bridges (Freire et al., 2006). There are three main sources of geometrical
nonlinearities; the beam-column e�ect, the large displacements one can anticipate,
(this is often referred to as the P-� e�ect both outside this area and in many FE
packages) and the cable sag e�ect. One of the most interesting and crucial compo-
nents alone are the stay cables which is why we have dedicated one chapter solely
to them, a small section introducing the nonlinearities of cables are provided below.

2.4.2 The Cable Sag E�ect

The sag e�ect is generally known as the most important nonlinear e�ect to be con-
sidered, thus this will always need to be accounted for even for simpli�ed models
and short span lengths. Cables di�ers substantially from conventional structural
components e.g. truss, frame and beam elements. Most often the calculation pro-
cess requires a nonlinear analysis and is iterative. Cable members show nonlinear
behavior in geometrical aspects.

When a cable that is supported at its ends and subjected to its own dead load it
will sag into a catenary, when externally unloaded (Wang and Yang, 1996). This is
called sagging e�ect. Once a tension load is applied to the cable, the axial sti�ness
changes, and in turn changes the displacements of the cable ends. The change in
sag of the cable, exclusive of material deformation, is what causes the nonlinear
force-deformation relationship for the cable, since sag does not vary linearly with
cable tension (Sundquist, 2010),(Fleming, 1979). Sag must be considered to obtain
an accurate analysis. The cable behavior will be explained in more detail under the
section, The Cable.

2.4.3 The Beam-column E�ect

In general when it comes to cable-stayed bridges, the deck girder and pylons are
always subjected to high compressive forces and bending moments due to the pre-
tensioned stay cables (Wang et al., 1993). Because of this being induced, the pylons
and the deck girder relation can be classi�ed as beam-column members.

Beam-columns are members subjected to both bending moment and axial compres-
sion. For example, consider an eccentrically loaded column the axial stress is the
primary while bending is the secondary, where the analysis is focused on the bending
e�ect due to the eccentric load. In a beam-column axial stress and bending are both
primary e�ects, where the analysis is mainly focused on how axial loading a�ects
the bending. The interaction between the deck-pylon axial compression and bending
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will result in large displacements, which is why the nonlinear behavior cannot be ne-
glected (Wang et al., 1993). When considering this using the �nite element method,
a commonly accepted assumption, primarily a long time ago, was to introduce sta-
bility functions that will account for the nonlinear behavior due to the beam-column
e�ect. The beam-column e�ect is often included and optional for the user in FE-
packages today. Fig. 2.6 is illustrating a simple example of the beam-column e�ect
and shows how it is subjected to both bending and axial deformation.
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Figure 2.6: Illustration of the beam-column e�ect by an example of a simply sup-
ported beam subjected to axial compression forces and a point load in
mid span.

2.4.4 Large Displacements

In cable-stayed bridges large displacements of many meters can develop. This is a
reason why geometric changes could be signi�cant in the analysis. Many FE pack-
ages provides the option to include large displacements in engineering practice, also
known as the P-� e�ect, in the analysis which simpli�es the procedure signi�cantly.
The P-� e�ect is always relevant to consider in bridge structures but can, some-
times, be neglected. However, in cable-stayed bridges it is inevitable since the initial
stresses in the pylons and girder are signi�cant. The P-� e�ect is explained as an
initial stress problem in mechanics, which means that the existing stress condition
of a structural component will be a�ected when new loads are applied (Chung and
Wang, 2015). Hence the superposition method is not valid and the analysis requires
a nonlinear iterative process. A nonlinear iterative process will include the P-� e�ect
rather easily in a dead load analysis. Most FE programs of today have the capacity
to complete this process with di�erent numerical solution methods. The nonlinear
static analysis in both SAP2000 and BRIGADE/Plus uses a Newton-Raphson('N-
R') method to complete this iterative process. The N-R method is described in the
next section.
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2.4.5 Newton-Raphson Method

When analyzing the response of a structure that is exposed to a load we'll receive a
nonlinear force-deformation curve. The Newton-Raphson method is used for solving
equations numerically, and is based on linear approximations. The method is based
upon small changes that will make a non-linear equation linear by iterating a solution
in small steps (Chopra, 2012).

For a structure to be in static equilibrium that is exposed to an external force, the
net force acting on every node has to be zero, i.e. the external force, fe, and the
internal, resisting force, fs(u), have to be balanced according to:

fs(u) = fe (2.14)

Where fs,u andfe are vectors of n degrees of freedom. This non-linear equation for
a static problem now has to be solved. We want to determine the deformation, u,
caused by the external force fe . In order to �nd the displacement, we derive an
iterative process to better estimate u(i+1) from a present guess to the solution u(i).
To �nd this we use Taylors series:

f (j+1)s = f (j)s +
@fs

@u
ju(j)

�
u(j+1) � u(j)

�
+

1

2

@2fs

@u2
ju(j)

�
u(j+1) � u(j)

�2
+ ::: (2.15)

Here we can see that if �u is to be very small, i.e. the step increment is small, then
the second order term, and the ones above that could be neglected. Doing so, the
nonlinear equation now becomes linear:

f (j+1)s � f (j)s + k
(j)
T �u(j) = fe (2.16)

or
k
(j)
T �u(j) = fe � f (j)s = R(j) (2.17)

where

k
(j)
T =

1

2

@2fs

@u2
ju(j) (2.18)

The residual force, R(j), will give an additional displacement, that is used to solve
the next displacement step, u(j+1):

u(j+1) = u(j) +�u(j) (2.19)

Eq. (2.14) will normally not be ful�lled even after this correction. In order to �nd
R(j+1) Eq. (2.17) is modi�ed to calculate its force R(j+1) = fe � f

(j+1)
s . The same

process is repeated until the basic Eq. (2.14) is ful�lled with acceptable accuracy.
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Adding together the previous steps the iteration formulation is completed to �nd
the next displacement coordinate. With small increment steps, this procedure can
give an accurate re�ection of the nonlinear force-deformation curve.

2.5 The Cable

In order to understand the behavior of cable-stayed bridges it is important to un-
derstand how the basic element, the single cable, will respond to di�erent types of
loading. The most common types of engineering problems consist of conventional
elements like beams, trusses and frames, elements that remain linear in all respects.
Even though the cable behave similarly when subjected to some of the external
loads i.e. during tension, it can be distinguished from these elements under other
loading conditions. In cable-stayed bridges, a cable is primarily utilized to carry
tension forces to transmit major loads from the bridge deck upon the tower which
acts as load-bearing transmitting the load to the ground (Fleming, 1979). And, as
mentioned in previous sections, the bridge deck, towers and piers are thus in com-
pression. An inclined cable in tension can be compared to an inclined axially loaded
truss element due to the similarity in behavior. The truss element, with one degree
of freedom in each node, possesses only axial sti�ness capable of resisting both com-
pression and tension. A force-de�ection curve for a truss element is shown in Fig.
2.7. It can be seen that when a straight bar is subjected to an axial tension load
the elongation of the bar will increase linearly, whereas it shortens when subjected
to a compressive load (Gimsing, 1998).

T

c

T T

c

(lo,0)

Figure 2.7: The force-length curve for a truss element subject to a tension force.
Re-drawn from Gimsing (1998).
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The cables deviate from this behavior. When a cable with an axial tension force is
subjected to its own self-weight it will take the form of a catenary. As for a truss we
have established that the total elongation is an axial deformation, for a cable total
elongation is partly due to deformation and partly due to geometry change. This is
the so called sag e�ect and is why the cable element is said to behave nonlinearly.
As a comparison - consider an equivalent cable, with the same cross sectional area
and the same modulus of elasticity the force-length curve can be seen in Fig. (2.8).
When the cable is supported between its ends and subjected to its self-weight the
cable will be completely slack between its supports. When a tension force is applied
to the cable, it will slowly be stretched out forming the shape of a catenary i.e. it
will demonstrate the sag e�ect. As the tension force is increased the cable sag will
start to decrease and eventually become straight and in full tension (Wang et al.,
2002; Fleming, 1979; Gimsing, 1998). This can be seen in the force-length curve
for the cable in Fig.(2.8) where the length increase is represented on the c-axis and
T-axis represents the increase in force. The curve starts from origo, almost slack
before turning into a nonlinear curve and eventually become as steep as the linear
truss curve. As the tension force is increased the curve becomes steeper and almost
converge with the curve for the equivalent straight bar element.(Gimsing, 1998).

T

c

T T

c

(lo,0)

Figure 2.8: The force-length curve for a horizontal cable subject to a tension force.
Re-drawn from Gimsing (1998).

For cables it is most convenient when measuring the elongations at the initial dead
load condition, see Fig. 2.9 below, T0 is the cable force in the dead load condition
and c0 the corresponding chord length of the cable. For a cable force T > T0 the
chord length will increase by �C and at the same time the sag of the cable will
decrease by �K Gimsing (1998). The change of sag is the cause of the curvature
shown in the force-length diagram, as a nonlinear behavior. This behavior will com-
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plicate the structural calculations at some point, fortunately FEA packages of today
have numerical methods to account for nonlinearities of such and provide e�cient
techniques with very accurate results. However, when this option is not at our hand
solution methods from the previous studies way back have shown it to be bene�cial
to linearize the relation between the force-elongation of the cables (Gimsing, 1998).
This linearization has been proposed di�erently by di�erent researchers but it all
narrows down to one commonly used method.
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Figure 2.9: Force-de�ection curve for a cable with origin at the dead load condition.
Re-drawn from Gimsing (1998).

The �rst one to bring this problem up was F. Dischinger (1949), who proposed
a method of approximating the curvature that we have seen in the force-de�ection
diagram in Fig. 2.9 with a tangent at the point which coincides with the initial dead
load condition (Hajdin et al., 1998). This can be seen in Fig. 2.10. By using this
linearization we are basically substituting the cable with a straight bar consisting of
a modulus of elasticity Etan equivalent to the slope at a particular state, in the bar's
stress-strain diagram. This modulus generates reliable results and is assumed to be
su�ciently accurate under the condition that the live-to-dead load ratio is so small
that the cable stresses varies moderately from the dead load stress. For larger stress
variations this linearization will overestimate the �exibility of cables with increased
tension and underestimate the �exibility of cables with reduced tension (Gimsing,
1998).
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Figure 2.10: De�nition of the tangent modulus for cable sti�ness. Re-drawn from
Gimsing (1998).

Years later, (Ernst, 1965) proposed a new method for the equivalent modulus of
elasticity that could account for the cable's nonlinear behavior. This method was
introduced as the secant modulus (Hajdin et al., 1998). In cases when linearization
based on the tangent modulus could not describe the cable's behavior su�ciently
well, the secant modulus was introduced. By using this approach the curvature
caused by the cable self-weight is substituted by a secant between point A, corre-
sponding to the initial dead load stress and point B, corresponding to the initial dead
load plus live load stress. The calculations for this modulus is more complicated than
for the tangent modulus. The tangent modulus only requires the equilibrium at the
initial dead load whilst the secant modulus requires the stresses in the initial state
as well in the �nal state. Additionally, the stress at the �nal state will not be known
until the analysis has been performed, and such an analysis requires a modulus of
elasticity of each cable to be known (Gimsing, 1998). Thus, an iterative procedure
of this is required for each cable and for all loading conditions, which can turn into
a complex process. The secant modulus approach is demonstrated in Fig. 2.11.
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Figure 2.11: De�nition of the secant modulus for cable sti�ness. Re-drawn from
Gimsing (1998).

Both of these methods assume two major things;

1. The use of a parabolic shape and not the actual catenary shape that the cable
exhibits when subject to dead load. The in�uence of this assumptions is stated
to be maximum 0,05%

2. The neglecting of one component of the weight of the cables, which is the
component parallel to the chord of the cable (Hajdin et al., 1998).

In the next section we will present a few methods to model the cable's nonlinear
behavior by using nonlinear �nite element.

2.6 OECS and MECS Method

Thanks to the structural arrangement of cable-stayed bridges the result is a light
weight and �exible construction, consequently they are sensitive towards excitations
from seismic events, wind and tra�c loads. The geometric and materialistic factors
for these bridges are quite complex and the way the bridge components interact is
important to understand in order to accurately interpret the information obtained
from the dynamic analysis. When the �nite element method is used to analyze
cable-stayed bridges, there are a few practical ways to model the nonlinearities.
The di�cult task is to �nd the most convenient method which will ful�ll the pur-
pose of the analysis. The user must �rst identify what the aim of the analysis is,
whether it is to �nd frequencies, the deformed shape or a moment diagram. The
modelling of the cables plays a crucial role in any analysis performed, due to the
nonlinear behavior. In our study, the primary aim was to obtain an accurate analysis
of the dynamic response, which is why we have focused on methods that are sig-
ni�cant to the dynamic response. Many studies on this topic have been completed.
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In a study performed by Abdel-Gha�ar and Khalifa (1991), they demonstrated how
di�erent meshing schemes would generate di�erent mode shapes depending on the
discretization of the cables. They categorized the mode shapes attained into global,
local and coupled modes (Liu et al., 2014). The global mode shapes are foremost
dominated by deck-tower deformation with the cable deformation occurring slowly
enough to remain in internal equilibrium. The local modes are mainly by cable
vibrations with negligible deck-tower deformation and the coupled modes have sig-
ni�cant contributions from both cables and deck-tower system. This study was once
again performed by (Au et al., 2001) when comparisons between two methods were
completed. This is presented in more detail in our pre-study under the method.
In the following sections we will introduce some of the relevant methods, and also
present the method of choice in our thesis.

2.6.1 OECS with an Equivalent Modulus of Elasticity

The OECS method, i.e. the one element cable system's purpose is to let single truss
elements represent the cables. This method is the simplest option when modelling
cables in cable-stayed bridges. It can be used in both static and dynamic analysis,
under the condition that the tensile stresses are high enough that the sag e�ect
can be neglected, but this implies extensive pre-stressing of the whole structure.
As mentioned before, a truss element has some things in common with a cable.
The sti�ness matrices are fairly similar and it can only resist axial deformation.
However, truss elements behavior remain linear, meaning that elastic modulus is
constant. Elementary structural mechanics assumes that, a truss element has axial
sti�ness in both tension and compression, a characteristic a cable does not possess.
Thus, by substituting cables with truss elements exclusively will not be su�cient
for an accurate analysis since this precludes the essential nonlinear properties of a
cable. We have emphasized the importance of including the geometric nonlinearities
while modelling cable-stayed bridges. For the cables, this includes the sag e�ect and
the incapability of resisting compression. In the analysis of cable-stayed bridges the
sag e�ect must be considered, there is no way working around it. When using this
method, the truss element must be modi�ed into a truss element with properties of
a cable. One way to do this is to consider an equivalent straight cable element with
an equivalent Young's modulus that well describes the catenary shape of the cable.
This equivalent Young's modulus is actually based on the secant modulus of elasticity
that we described in the previous section. It was �rst introduced by H.J Ernst in
the article 'Der E-modul von Seilen Under Berücksichtigung des Durchanges' (Ernst,
1965) and veri�ed by many researchers (Au et al. (2001),Abdel-Gha�ar and Khalifa
(1991),Fleming (1979)). The relation is then:

Eeq =
E

1 + (wL)2AE
12T 3

(2.20)

where E is the original modulus of elasticity, w is the cable weight per unit length,
L is the cable length, A is the cable pro�le and T is the tension force in the cable.
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The equivalent modulus results in a length change for the cable, which is the same
length change as the one caused by the catenary shape induced by the self-weight
and the extension e�ects in the actual cable. However, this method is based on
a parabolic shape and not the actual catenary shape, which is only acceptable for
moderate curvatures (Freire et al., 2006).

In Eq. (2.20) the e�ective material elastic modulus is applied and only an assumed
cable pro�le needs to be inserted to account for the e�ect of cable sag. This method
is often used to model cables in cable-stayed bridges due to its ability to account for
the sag e�ect and the simplicity of using it. However, once the equivalent Young's
modulus has been obtained, the cable pro�le will not contribute to the analysis which
means that this method precludes transverse cable vibrations. In some studies the
cable self-weight has been neglected to obtain constant tension forces during the
static analysis. One could question whether this is accurate since the essential part
of this method is to simulate the sag e�ect, but this is plausible since the equation
is depending on the cable pro�le, tension force and the cable weight per unit length.
This will automatically account for the sag e�ect in the context of static equilibrium,
and in the analysis of vibrations when the cable's own vibration is of no interest.

When the cable is subjected to a tension force the axial sti�ness will take the form:

kt =
EeqA

L
; u > 0 (2.21)

When shortening occurs, the cable is unable to resist compression, and the sti�ness
will instead have be:

kc = 0; u < 0 (2.22)

This means that the element will never go into compression. This method will
simulate one of the nonlinear aspects of the cable response. Most FEA programs of
today provide an option to assign the element these attributes.

Sometimes it can be necessary to do a check whether the change in tension for a
cable during a load increment is large, as Eq. 2.20 will not be satis�ed. In such
cases, the axial sti�ness of the cable will have a signi�cant change and the equivalent
modulus of elasticity cannot be considered constant during a load increment. If the
tension varies greatly under a load increment one will need to consider a �nal tension
as well as the initial tension. The equivalent modulus of elasticity is thus given by:

Eeq =
E

1 +
(wL)2(Ti+Tf )AE

24T 2
i T

2
f

(2.23)

The value of the equivalent modulus is dependent upon the weight and the tension
of the cable. Hence, the axial sti�ness of the equivalent element combining cable
sag and cable tension determined by the above equations is the same as the axial
sti�ness of the actual cable (Au et al., 2001).
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According to Abdel-Gha�ar and Khalifa (1991), this method is inadequate if one
wants to capture all modes, the global and the cable vibrations which this method
will preclude. However, sometimes it is not necessary to include the transverse
cable vibrations. This will depend on what the user wants to analyze. Whether
this method is adequate needs to be evaluated before eliminating this option. This
is up to the user to determine. Noteworthy, sometimes the equivalent elasticity
is not required, it is recommended to �rst try with a mean modulus of elasticity,
approximately 190-195 GPa and evaluate whether the tension and sag varies greatly
(DelForno, 2001).

2.6.2 MECS with the Original Modulus of Elasticity

The MECS method is described as a cable system in which each cable is discretized
into multiple elements to simulate the sag e�ect (Liu et al., 2014). Thus, when
using this method, an equivalent modulus of elasticity is not necessary. The applied
modulus of elasticity is instead the e�ective material modulus. It is a powerful
method as it accounts for the sag e�ect as well as includes transverse cable vibrations
providing the possibility to obtain the coupled modes. Most of the studies found
were completed using truss elements, when doing that the catenary shape cannot be
correctly simulated since truss elements can only resist axial deformation. Instead
the appearing curvature will have small deviations in the multiple-straight link. This
might be su�cient when performing a linear analysis, nonlinear analyses requires
other conditions.

When modelling the cables using beam elements these conditions can be ful�lled.
Beam elements can represent a beam in bending, a truss or a torsion bar. Even
though beam elements can resist bending, which in reality a cable can not do like
a beam, this �exural rigidity is necessary to simulate the cable sag accurately. The
bending sti�ness allows the beam to bend due to its self weight, just like a cable
sagging to its own self weight. This kind of behavior is di�cult to capture and can
be done best by modelling using beam elements. The bending and axial sti�ness
can carry the self weight and creates the sagging curve more accurately after the
discretization of the cable.

It is essential that the end of the cables have been assigned moment end releases
since the cable cannot transmit moments in the cable ends. This is not required
when modelling using truss elements, resisting only axial deformation, but since
beam elements are capable to resist bending and axial deformation, this will need
to be recti�ed. Additionally, there are some bending forces in the cable that can not
be captured by modelling using truss elements.

When modelling cables, the sag e�ect must be considered and it is recommended that
the equivalent Young's modulus is calculated for each cable if not nonlinear elements
are used. For the analysis performed in the thesis we have chosen to use the MECS
method with beam elements to reduce the calculations of an equivalent modulus of
elasticity that would become individual for each cable, which was evaluated to be
more time consuming. The MECS method was found the simplest fastest method
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that could account for the sag e�ect by including the cable self-weight. Since no
studies on the dynamic response using beam elements could be found, this was
considered more interesting to examine and see whether these elements could provide
a close or even better result.
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Figure 2.12: The resulting cable element for simulating the sti�ness of each cable.
Re-drawn from Wang et al. (1993).
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Chapter 3

Method

3.1 Prestudy

3.1.1 Literature Example

In order to increase our knowledge and understanding of how to model cable-stayed
bridges and cable elements, a pre-study on these topics were completed. In order
to get to know the two software, SAP2000 and BRIGADE/Plus, we needed to �nd
reports in which they examined and modelled very basic cable-stayed bridges, with
results provided in the report, in order to practise on. Such an exercise example
was found in the report 'On the Determination of Natural Frequencies and Mode
Shapes of Cable-stayed Bridges' (Au et al., 2001).

The paper presents two ways of modelling cables to compare the two and analyze
which one that generates the most accurate results (Au et al., 2001). It starts
by presenting the common way to model cable-stayed bridges, using single truss
elements with an equivalent modulus of elasticity with the ability of allowing for
sag, when modelling cables. This comparisson was made due to the study performed
by Abdel-Gha�ar and Khalifa (1991) that we mentioned shortly under the section
OECS and MECS Method. They showed that according to their study, the OECS
method did not generate accurate results. They concluded that this way of modelling
stay cables is inadequate for an accurate dynamic analysis due to the exclusion of
the transverse cable vibrations. The OECS method has been used for years, but as
more extravagant and slender structures are being built, it is necessary to become
more close to reality when performing analyses. This method is simple and generates
close results. It may be used when transverse cable vibrations are not essential for
the analysis, but it is important to acknowledge that many modes will be excluded
in the analysis. This method can pick up the global modes but precludes the local
cable vibration and thus the coupled modes. By subdividing the cables we receive
mode shapes and frequencies of the cable movement that we exclude when modelling
with a single truss element. These two methods are compared and analyzed by (Au
et al., 2001).
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3.1.2 General Method

The paper presents a 2D cable-stayed bridge with equally spaced cables attached to
the pylon and the deck. The bridge structures is equipped with two rollers on each
end, the two pylons are �xed and the bridge deck is supported with a pinned support
to the left and a roller support on the right on top of the two piers Fig. 3.1. The
reader is provided with structural parameters governing the bridge's components.
These properties can be seen in Table 3.1. Since this pre-study has been an exercise
to get familiar with SAP2000 and BRIGADE/Plus's tools, these have been utilized
in both of our models. As seen in the table, the paper provides the reader with
a general uniform area for the entire bridge deck, pylons and piers, along with the
other material and geometric properties. In both models, all bridge components
except the cables, were modelled with a rectangular cross-section. The width and
height that were inserted in the models could be derived by utilizing the values of the
cross-section areas and the moment of inertia and setting up equation systems. The
pro�le of each cable was provided with a simple circular total area, are summarized
in Table 3.2. As seen it is a very simple example, all components are uniform, with
the same geometric and material properties. Each component needed to be regarded
just once.

Bridge deck

Tower 1 Tower 2

Pier 1 Pier 2

Tower 1 Tower 2

2x7.15 m=14.3 m

33.75 m 56,25 m

371 m159 m 159 m

Figure 3.1: The 2D cable-stayed bridge utilized as a literature example. Re-drawn
from Au et al. (2001).
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Table 3.1: Bridge properties

Part of Structure Area Moment of inertia E-modulus Density

Deck 1:2 2:58 2 � 105 11 244
Pylon 14:2 30 31;600 2449
Pier 35:8 40 31;600 2449

Table 3.2: Cable properties

Cable.no Area E-modulus Density

1 6 � 10�2 1:65 � 105 9438
2 4 � 10�2 1:65 � 105 9438
3 2:8 � 10�2 1:65 � 105 9438
4 2:8 � 10�2 1:65 � 105 9438
5 4 � 10�2 1:65 � 105 9438
6 5 � 10�2 1:65 � 105 9438
7 5 � 10�2 1:65 � 105 9438
8 4 � 10�2 1:65 � 105 9438
9 2:8 � 10�2 1:65 � 105 9438
10 2:8 � 10�2 1:65 � 105 9438
11 4 � 10�2 1:65 � 105 9438
12 6 � 10�2 1:65 � 105 9438

The structure is modelled with beam elements for the deck, pylons and the piers
using Euler-Bernoulli beam theory.

The comparison made is between using a single truss element with truss elements
meshed into four and eight �nite elements. The cables in the two programs are
modelled using truss elements with a meshing scheme of eight elements. When
modelling the cables into multiple elements, the paper presents a modi�ed sti�ness
matrix accounting for the basic tension and the element extension along the de-
formed element longitudinal axis. Instead of an equivalent modulus of elasticity
the original modulus were utilized in the sti�ness matrix. The meshing into �nite
elements will ultimately generate a more realistic shape to the cable, since this will
create the sag that is so important to consider. The �ner mesh the more realistic
analysis as the mass will be more evenly distributed along the entire truss element.
This provides a more accurate analysis of the complete interaction. The sti�ness
matrices for both of the methods are shown below.

The sti�ness matrices have not been modi�ed in SAP or BRIGADE.

39



CHAPTER 3. METHOD

kc =
AcEeq

lc

2
664

1 0 �1 0
0 0 0 0
�1 0 1 0
0 0 0 0

3
775 (3.1)

The sti�ness matrix for a single truss element with an equivalent Young's modulus
(Au et al., 2001)

Eeq =
Ec

1 + (
�
wHc

�2 AcEC
12T 3 )

(3.2)

where

kc =
EcAc

L0(Ec + e)2

2
664

(L0 + uc)
2 v(L0 + uc) �(L0 + uc)

2 �v(L0 + uc)
v(L0 + uc) v2c �v(L0 + uc) �v2c
�(L0 + uc)

2 �v(L0 + uc) (L0 + uc)
2 v(L0 + uc)

�v(L0 + uc) �v2c v(L0 + uc) v2c

3
775

+
T

(L0 + e)3

2
664

v2c �v(L0 + uc) �v2c v(L0 + uc)
�v(L0 + uc) v(L0 + uc)

2 v(L0 + uc) �(L0 + uc)
2

�v2c v(L0 + uc) v2c �v(L0 + uc)
v(L0 + uc) �(L0 + uc)

2 �v(L0 + uc) (L0 + uc)
2

3
775 (3.3)

T = T0 +
EcAc

L0e
(3.4)

e =

q�
L0 + uc

�2
+ v2c � L0 (3.5)

Most often, reports of this kind (Wang et al., 2002),(Liu et al., 2014),(Wang et al.,
1993), have a section on how the initial shape of the bridge has been found, as pre-
sented under the section Bridge Composition. In this paper this has been neglected.
The cables are not said to be pre-tensioned which is resulting in a deck shape that
is not initially straight due to the structures self-weight. Since this has not been
speci�cally addressed, we have assumed that this has been accounted for by the
modi�ed sti�ness matrix, thus we needed to consider this in our models using other
methods. By inserting a temperature drop in the cables, corresponding to the force
working on the structure, the cables will contract and give the deck a straighter and
more realistic shape. The temperature change was calculated using a combination
of Hooke's law and a formula for elongation due to thermal expansion. Seven laps
of this procedure, iterating a new temperature load were made but only four were
needed to make the structural shape converge. This is presented in the results of
this pre-study.

The modelling in both programs has been performed solely in the Graphic User
Interface, GUI. Due to the simplicity of the structure most of the things could be
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performed in the same way in both programs. The major di�erence between the
programs was how the constraints were made, where BRIGADE uses master-slave
nodes whereas in SAP no such thing exists in terms. The node constraints are
although constructed in the same way but the user does not select the master or
slave node. Also, in SAP2000 all components are created simultaneously whilst in
BRIGADE the user must de�ne each component part by part.

Boundary conditions and constraints were set to match the input by the authors.
The report used truss elements for the cables, however due to the lack of such
elements in SAP2000, a compromise between the two programs that were to be
compared, was needed. The important factor was to use similar properties, elements
and other constraints so that a fair comparison between the programs could be made.
The elements with the most similar properties were chosen in each program i.e.
frame elements in SAP and beam elements in BRIGADE. To make cables, modelled
with beam elements, behave as truss elements the rotational degree of freedom are
eliminated between the deck, cables and pylons, but kept in the internal joints in
each cable.

After meshing, each element acts as frame or beam with the ability to carry bending
moment. This is a feature a cable doesn't have but it is essential. When using the
OECS method, the cable self-weight is neglected in the analysis, because it is already
accounted for in the equivalent modulus of elasticity. When using the MECS method
the bending sti�ness is necessary because this is what will carry the cable self-weight,
that must be included in the analysis without an equivalent modulus.

3.1.3 Results

The results from the pre-study can be found under this section.

Figure 3.2: From the left; The mode shapes generated from the example in the re-
port. The mode shapes from SAP2000 and BRIGADE/Plus.
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Table 3.3: The �rst 12 frequencies calculated in SAP2000 and Brigade compared to
the literature example

Mode Example (Hz) SAP2000 (Hz) BRIGADE/Plus (Hz)

1 0.3583 0.3467 0.3466
2 0.4649 0.4563 0.4561
4 0.5228 0.5338 0.5306
5 0.571 0.5649 0.5579
7 0.6062 0.6122 0.6102
12 0.8398 0.8344 0.8365
14 1.0592 1.005 0.9867
16 1.0973 1.0852 1.0699
17 1.194 1.1105 1.0745
20 1.2742 1.2036 1.2056
22 1.3052 1.2328 1.224
23 1.3305 1.3286 1.3223

Figure 3.3: A diagram after four iteration that shows how the frequencies changes
during the iterations.

3.1.4 Discussion

Any signi�cant issues whilst modelling with the software's during the pre-study,
have not appeared, although the literature example has not been strictly followed,
approximations and assumptions have been necessary for the modelling process to go
as smooth as possible. That might also mean that a few steps that could have been
di�cult to deal with, that we never came across when making such assumptions,
were never considered.

The interaction between the pylon and the deck was a bit complicated to deal with,
where BRIGADE had an advantage over SAP. When the model was completed, the
pier, pylon and deck shared one node, which made the support condition �xed. In
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order to obtain the right support condition, the user must �rst need to explode the
node so that results would be four nodes, one for the pier, one for each connecting
bridge deck and one for the pylon. The aspiration was to connect the deck to one
node and the pylon-pier to one, this would make the deck work as one unit and the
pier-pylon as one.

In BRIGADE this is done easily by selecting the master and slave nodes to determine
which will be the control point. By talking to the support EDR Medeso, we found
that the simplest way to create the constraint was in fact, the way we did it. How
this has been made is presented in more detail under Modelling the Millau Viaduct.

The only elements that SAP provides are the cable element and the frame element.
This is, according to CSI Bridge, to give the user a sense of simplicity so fewer
options with the ability to manipulate each element's properties to create the desired
behavior. This ultimately made it a bit di�cult since it would have been necessary to
construct the models according to the paper, i.e. with truss elements instead of frame
elements. Since these are available to BRIGADE it would have been interesting to
see if this actually had an impact. However, we do not believe that the results are
depending on modelling using beam/frame elements instead of truss elements.

The system will have the same amount of energy regardless if we use truss elements
or beam elements, some of the energy in beam elements will although be dedicated
to bending sti�ess whereas solely axial sti�ness in truss elements. Whereas for the
truss element all the energy will be used as strain energy. This would result in a
slightly smaller curve in cable sag when using beam elements. The impact of this
assumed to be small.

We do not know why simple elements like truss elements are not available in SAP,
but due to the many options and techniques available in SAP this is probably ac-
counted for somehow. Due to the increase in cable-stayed structures SAP2000 has
constructed a nonlinear cable element which accounts for the cable behavior, which
we have tried to simulate. This might generate a better and more realistic result,
but since the objective of this study was never to achieve results closer to reality,
this was never relevant. It would have been a more fair comparison between the
models and the paper using truss elements. However, rods with only axial sti�ness
does not exist in reality, there are only beams with moment released ends, thus
modelling with beams make a better approximation of the reality.

3.1.5 Conclusions

Since we introduced a small di�erence from the report we used as basis, we knew
that we wouldn't obtain the same value as presented in the report. Additionally, the
di�erence is probably not based on the small di�erences between beam and truss
elements, but rather on the di�erences of how the programs in 2001 and today are
dealing with problems. The frequencies showed very good results, which indicates
that using beam elements to model the cables, as well as the rest of the structure,
are a good replacement to the truss and generates accurate results. Thus, these
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elements have been assessed appropriate to model the Millau Viaduct.

3.2 Modelling the Millau Viaduct

3.2.1 Bridge properties

All data necessary in order to calculate the second moments of inertia are obtained
from the drawings of the Millau viaduct provided by the head designer and engineer,
Mr Michel Virlogeux in cooperation with Claude Servant, Ei�age Group, Vincent de
Ville and Jean-Yves Del Forno, Greisch. A complete edition of the drawings could
not be provided, however a su�cient number of the most relevant drawings for the
modelling to be completed were delivered.

The bridge's components consist of many complex details ful�lling both its archi-
tectural and engineering purpose. The bridge composition was explained brie�y in
the introduction. A description on how the bridge properties have been simpli�ed
and calculated are presented stepwise in the following sections.

3.2.2 Material Properties

The steel grades in the steel materials of the Millau Viaduct varies from S355-S460.
The advantage of steel materials is that the modulus of elasticity and density is about
the same value for conventional steel grades generally utilized in steel constructions
of today, unless the steel are supposed to be utilized for a speci�c purpose for instance
in cables. However, this simpli�ed the procedure of assigning the steel material to
the entire deck.

The E-modulus for deck and pylons were set to 210 GPa. As for the cables, we
noted in previous sections that the steel utilized is of high strength and hence the
material for the cables has to be accounted for individually. The properties of the
cables are provided by Michel Virlogeux, the Guaranteed Ultimate Tensile Stress
(GUTS) for the cables utilized to lift the bridge are fs=1860 MPa. The cables are
made of parallel individually protected strands, each strand has an area of 150 mm2

and consists of seven wires and the number of strands varies between 45-91 strands
depending on its location. For such strands the E-modulus was set as 195 GPa.

Since no data on the piers except the cross-section or the formation longitudinally
could be provided, we had to assume a reasonable value for the reinforced concrete.
Due to the size of the structure, the height of the piers and the way they had to
withstand loads we assumed a dense reinforcement and applied a standard value of
reinforced concrete of 2500 kg/m3, the thermal coe�cient, the modulus of elasticity
and Poission's ratio were also chosen as standard values of 9:8 � 10�6, 30 GPa and
0.2.
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3.2.3 Geometrical Properties

Deck; The Cross section, Density and Mass

The bridge deck is quite a challenge when it comes to determining its cross sectional
properties. Since so many details with speci�c measurements are governing the
bridge, reasonable assumptions on what will have a larger impact on the bridge's
properties are needed. Fortunately, the deck is symmetric, which means that it was
only necessary to regard one half of the deck when calculating, and then multiply
this by two. These calculations are essential to include in the sti�ness and mass for
the dynamic analysis, as the frequencies being highly dependent on the sti�ness and
mass. The local moments of inertia and cross section areas are derived with Mathcad
using the theory for thin walled open steel cross sections. These calculations are
provided in Appendix. The global moments of inertia have been derived by the
summation of each local moment of inertia using Microsoft Excel.

The actual deck is provided with a truss and a diaphragm at every 4.17 m. These
have been completely neglected in the calculations as we believe that they have a
small or no impact on the sti�ness and thus the eigenfrequencies. The bridge deck is
subdivided into 116 sections due to the variation of the plate thicknesses throughout
the cross section along the length. In reality, the bridge deck is subdivided into many
more sections. This is due to that the bottom �ange thickness varies more than the
top �ange, which creates more combinations of sections.

We have chosen to regard the variation of plate thicknesses as equal on both �anges,
as this seemed like a reasonable simpli�cation. This is less time consuming as it
reduces the calculations required. The deck is so slender that this variation of thick-
nesses is important because of the moment shifting various times over the supports,
in the spans and under the cables. This is explained by a moment diagram of the
bridge's dead weight, where the diagram shifts from being under tension in the spans
to compression over the supports. Additionally, the bridge is elastically supported
by the cables continuously along the bridge length, which also has an impact on the
transitions of the moment diagram.

Deck; Moment of Inertia

Each sti�ener's local second moment of inertia is calculated separately, the local
axis is transformed to coincide with the bridge deck's global axis system in order to
calculate the total moment of inertia for the bridge deck. This has been completed
manually in Mathcad by utilizing the theory for thin walled open steel cross sections.
The equations for the calculations are presented in Appendix.

Once the local moment of inertia and centre of gravity for each sti�ener was de-
termined, the centre of gravity of the bridge deck were calculated and the global
moment of inertia could be found.

All bridge components were calculated individually and thereafter summarized into
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a total moment of inertia for the sections of the deck. These could then be applied
to the deck in the model that had already been subdivided into 116 elements. The
cross-section with the de�ned axes can be seen in Fig. 3.4, where the z-axis is the
major axis and the y-axis is the minor.

Figure 3.4: The cross section of the deck modelled in SAP2000

Pylon; The Cross section, Density and Mass

The pylons are all of the same height and shape, but di�er slightly in geometry.
As mentioned in the section Bridge Composition, pylons P1, P4, P5, P6 and P7
have the same geometric properties and P2, P3 are the same. This simpli�ed the
computational procedure greatly, as only two geometries of the pylons needed to be
considered. The sti�eners are, just like in the bridge deck, of di�erent thicknesses
which means that all of them need to be regarded individually.

The pylons are divided into three sections in order to simplify the calculations. The
three levels stretches from Section 1: 0.00-38.486 m, Section 2: 38.486-70.0 m and
Section 3: 70.0-86.925 m. This can be seen in Fig. 3.5. The cross-sectional areas
that have been derived were calculated where each section starts. The same steel
grades as for the plates covering the deck cross section applies to the pylons, and
hence neither the density nor the mass needed to be further modi�ed.

Pylon; Moment of Inertia

The geometry of the pylons are complex and changes in thickness and con�gura-
tion, which made conventional mathematical methods too time consuming in order
to solve for the moment of inertia. In order to simplify the calculations of the
moment of inertia, the two individual pylons were modelled in SAP2000. This is
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explained further in the next section. Instead of utilizing the parallel axis theorem
and calculating each piece bit by bit, two towers were modelled in SAP2000 in order
to obtain the correct shape. The real cross section of the pylons can be seen in
Fig. 1.7 in the section of Bridge Composition. We have regarded the pylon cross
sections as rectangular. Since the longitudinal sti�eners in the pylons are of the
same geometry as the ones utilized in the bridge deck, these properties had already
been derived. The areas of each sti�ener were converted into an equivalent thickness
and added to the plate thickness of its location. These thicknesses were thereafter
inserted in the model of the pylon.

Figure 3.5: One of the pylons modelled in SAP2000

We have provided a drawing of one of the towers in Fig. 3.6. It can be seen that
the plate thicknesses changes seven times, and thus a subdivision into seven cross
sections would have been more accurate. Since the thicknesses of the �rst section
changes two times, three times in the middle section an average thickness of the
provided steel thicknesses from the table were derived and applied on each section.
Each section has thereafter been treated separately by applying a point load on
the top of the section in both y and z-direction, to generate bending about both
axes and thus obtaining a deformation where the point load is applied. Since the
de�ection is dependent on how sti� the structure is, Iyy and Izz could be derived
using formulas from standard tables. The formula for a cantilever beam de�ecting
under a point load has been utilized.

This method simpli�ed the calculations and expected to generate su�ciently accu-
rate results, though small errors would be introduced due to the average thicknesses
used. However, such errors were not expected to have much impact on the result.
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Figure 3.6: The geometry of the pylons with the provided table with thicknesses

(Greisch, 2001).
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Figure 3.7: The pylons subjected to point loads, with �xed support conditions in the
base, modelled in SAP2000.

Substructure; The Cross section, Density and Mass

In reality, the piers are tapered from the base to the top with Y-shape when con-
necting to the deck. The actual con�guration of the piers can be seen in Fig. 3.9.
This shape has been slightly simpli�ed for the computational procedures e�ciency,
the deviations are assumed to have a very small or no impact. Fig. 3.8 illustrates
how these cross sections have been simpli�ed in the calculations of the cross sections
and the moments of inertia. Since all the seven piers are of di�erent heights, and
the geometry changes so much, more calculations would be required. The piers are,
like the towers, also divided into sections but instead of regarding the tapered shape
they are considered uniform over the section. This could mean that the moment of
inertia is slightly overestimated.
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Figure 3.8: From the top: The geometry of the actual concrete piers supporting the
bridge deck. The cross sections on the bottom line shows how they have
been simpli�ed in the calculations. The major axis direction are labelled
Z and Y. (Greisch, 2001).

The subdivided sections vary according to the drawings. The piers are divided up to
9 zones with varying thickness and geometric con�guration. Fig. 3.9 which shows
the drawing of pier P6. Each section is regarded as uniform and the thicknesses
shown in the drawings are inserted in the models according to them.
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Figure 3.9: Drawing of one of the piers with cross-sections from di�erent levels.

(Greisch, 2001).

Substructure; Moment of Inertia

The moments of inertia for the piers have been calculated in the same way as for
the bridge deck. Each cross section has been regarded individually. The only local
moments of inertia are for each individual concrete thickness. The �anges, the mid
sides and the inclined webs are added to a total moment of inertia for each concrete
section. All calculations are performed in a spreadsheet in Excel.

3.2.4 Modelling Procedure

As stated previously, a �nite element model is only an approximation of reality,
it is important for the user to consider what the objective of the analysis is and
what is wanted to achieve. The �nite element method can be a very powerful tool
if managed correctly, but it is indeed di�cult to construct a realistic model. The
objective of this thesis was to analyze the dynamic properties, i.e., the resonance
frequencies, of the Millau Viaduct when subjected only to permanent. The most
common way to analyze a bridge's dynamic response is to construct a beam model,
due to the reduction of work and processing time (the number of degrees of freedom
in a beam model is drastically lower than in other modelling options). Constructing
a beam model is also time e�cient and can capture the behavior accurately if the
properties of the bridge have been determined accurately. The most di�cult and
important tasks when performing such an analysis is to make fair simpli�cations
and assumptions of the object, to make it as close to reality as possible. However,
sometimes data are missing, sometimes calculations are too hard to perform or
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the time available for the analysis is too short. The user needs to identify which
assumptions that are reasonable for such an analysis, in order to make it as accurate
as possible. In the following sections we will present the modelling procedure, along
with the assumptions and simpli�cations made in the constructed models.

All the measurements, such as the total bridge length and the bridge height on each
pier has been collected from the drawings that Greisch Bureau and Michel Virlogeux
provided.

The Bridge Deck

The deck model was constructed with beam and frame elements, these elements can
resist tension, compression, torsion and bending, with six degrees of freedom in each
node. The modelling of the bridge deck were performed using a single-girder beam
model. This way of modelling is performed by lumping the distributed mass and
sti�ness properties to the element nodes along the deck(Asgari et al., 2013). Other
methods can also be used in order to receive a higher degree of accuracy for the
mass and sti�ness properties. These methods are the double-beam model (Abdel-
Gha�ar and Nazmy, 1991) and the triple-beam model (Zhu et al., 2000), which will
provide a more accurate result, for more complex structures, than the single-girder
beam model. For this analysis a single-girder beam model were assumed to generate
su�ciently accurate results since the deck consists of a three-cell box girder and is
assumed to have a high torsional sti�ness.

As mentioned in the section Bridge Properties, the deck was subdivided into 116
sections with di�erent thicknesses depending on location. The bridge deck in the
model was thus subdivided into equally many sections in order to assign each section
its properties. The deck has an inclination of three percent that was taken into
account when calculating the positions of the connection points between the deck
and the cable. The values used to calculate the locations of these connection points
are shown in the Table 3.4 below similarly to the drawing in �gure 3.10.

Table 3.4: Cable distances

Distance m

Between the pylon and the closest cable 36.15
Between the cables 12.51

Between the two end cables 19.50
Between cable and end support 36.15
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Figure 3.10: Drawings of the cable compilation

(Greisch, 2001).

The Pylons

The pylons, completely in steel, were divided into three sections. As we described
when calculating the moments of inertia, the pylons were �rst modelled in SAP and
exposed to point loads to obtain the properties. The same steel grade was applied to
all the steel plates. The reason that the pylons were subdivided into three sections
was for simplifying the calculations and the modelling procedure. On the actual
bridge 11 cables are installed at di�erent levels on both sides of the pylons. This
has been simpli�ed by keeping each cable pair at the same height so that they could
share the same node.

The Cables

We have emphasized the importance of including the cable nonlinearities, i.e. the
sag e�ect, and we have described two ways to consider this in a model consisting of
beam or truss elements. Since the cables are modelled by beam elements, we are
introducing an error to these since beam elements can resist bending and compres-
sion, which cables cannot in reality. In order to simulate the cable behavior, the
element was assigned moment end releases in order to obtain the inability of resist-
ing moment, receiving only axial sti�ness. This will make the beam element behave
like a truss element in its overall behavior. However, the bending sti�ness that the
beam element possesses is needed to carry the self-weight of the cable and to give a
correct sagging behavior. Secondly the cable needs to be restrained from being able
to take compression, this has been done in both programs by assigning the element
'tension only', which will create this behavior. Many researchers have demonstrated
the simplicity of simulating the sag e�ect using the OECS method with an equiv-
alent modulus of elasticity. Since both Brigade and SAP2000 are nonlinear FEA
packages, this approximation was not necessary, thereby coming closer to realistic
behavior of the cables. Additionally, this method was assessed too time consuming
since we would need to calculate an individual equivalent Young's modulus for each
cables.
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Instead, we have used a multi element cable system, MECS, and meshed each cable
into eight �nite elements. This will introduce a small source of error since we used
beam elements. Once the element is meshed, all elements except the most outer two
will have six degrees of freedom in each node and cables cannot resist moment. This
source of error is assessed being small enough to not a�ect the results. By meshing
the cables into additional elements whilst performing the analysis letting the cable
deform into a catenary shape due to its self-weight, we account for the sag.

The dimensions and the composition of the cables is described in the section Com-
position of the Bridge.

The Substructure

The piers are not usually an examined topic in many analysis as they are not con-
sidered as one of the main components in cable-stayed bridges. When modelling
such a tall bridge as the Millau Viaduct, the importance of the piers are put into
another perspective.

The subdivision of the piers into sections was treated in the same way as the bridge
deck. That is, the subdivision procedure was according to the calculations performed
as explained in the section Bridge Properties.

Boundary Conditions

There are many ways to model support conditions and every user of an FE-program
needs to consider the environmental situation for the object under study and choose
wisely how to model the support conditions appropriately to achieve the most reli-
able results.

We have brie�y described the support conditions of the Millau Bridge, which phys-
ically, are rather complex which. In the model they are translated into much more
simple support conditions.

The abutments, consisting of sliding bearings, have been considered as equivalent
to the roller support. Both of these have the ability to move in one direction, the
signi�cant di�erence between them is that the friction can be neglected for sliding
bearings. Thus, the abutments were to assigned with roller supports, allowing it
to expand and contract during temperature change. The vertical movement was
locked, whilst ability to rotate and move in horizontal direction is maintained at
both bridge ends.

The foundations of the bridge are assumed to be rigid, since no data on this were
provided. This means that the pier foundations can be modelled with �xed supports,
no rotation is allowed and locked in both vertical and horizontal directions. The
pylons are rigidly connected to the deck and the deck is supported on each of the
two shafts of each pier through two spherical bearings which can be considered as
�xed single supports.
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For the pylon-deck constraint the two nodes were assigned a �xed support as the
pylon is connected inside the deck. The constraints between the deck and the piers
were locked in vertical and horizontal directions, but free to rotate in plane.

The pylons are rigidly connected to the deck, so the bases of the pylons have been
modelled to be �xed in all degrees of freedom at the deck. The spherical bearings
of the piers supporting the bridge deck have been regarded as pinned, permitting
rotation around the transverse axes, with all other degrees of freedom locked. The
deck-pier connection has been modelled with two types of constraints, thus two result
models have been analyzed. Due to that the spherical bearings that the bridge is
equipped with, allows for angular rotation a pinned connection was chosen. Since
the deck-pier connection is rather rigid one way to model this was to assign a �xed
connection. Both of these were analyzed and can be seen in the results.

The cable constraints to both the deck and the pylons have also been restrained in
all six degrees of freedom, in order to give the beam elements the same behavior as
a cable would have.

Nonlinear Static Analysis

We have mentioned before that cable-stayed bridges are nonlinear structures due
to the large displacements, beam-column e�ect and the cable elements geometrical
nonlinearities one can anticipate. Thus, a linear analysis was irrelevant in such
a structure. The nonlinear static analysis was performed in order to obtain the
equilibrium position of the bridge. The analysis was performed solely on the bridge
structure's dead weight.

Initial Shape

The procedure of positioning the bridge deck in reality was described under the
Millau Viaduct, this section will present how the initial shape and the pre-tensioning
of the cables have been accounted for in the models.

As mentioned before, once the bridge is positioned and exposed to its own dead
load, the cables will be subjected to tension. This also means that the cables will
be stretched out unequally. A cable will always, to some extent, have more or less
sag, and so it is essential that the sag is not signi�cant to a�ect the structure. If one
or more cables still has signi�cant sag, it means that the tension is low, resulting
in frequencies lower than the others. As explained before, the pre-tensioning is
made by shortening of each cable in order to pull the bridge into a straight shape.
In order to simulate the pre-tensioning in the model temperature iterations have
been performed, which have also been completed in the pre-study. This procedure
consists of applying a negative temperature load on each cable to make the cables
extract. As mentioned, in real life, these adjustments of the cables are in order to
obtain the pre-tensioning. When modelling we obtain it when we perform the so
called shape iterations.
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FT is the tension force in each cable that will generate the a temperature change for
each cable individually. The temperature is unique for the speci�c cable, since the
tension force and the cable pro�le varies in all cables. This meant that 154 di�erent
temperatures needed to be applied to the equally many cables. This will generate a
new force which can be inserted back into the formula to obtain a new temperature
change for each cable. These iterations needs to be performed until the bridge deck
is straight under dead load and the frequencies ultimately converges. This procedure
was although only completed four times because of it being too time consuming.

Nonlinear Dynamic Analysis

The nonlinear analysis have been utilized in both static and dynamic aspects, the
latter will be presented in following sections.

Modal Analysis

A modal analysis was completed in order to obtain the natural frequencies and mode
shapes.

Modelling in BRIGADE/Plus

The modelling of the Millau Viaduct in BRIGADE/Plus has been performed with
Python scripting. The procedure used when scripting a model, is �rst done by
letting the user of the application set in parameters in the GUI, the Graphical
User Interface. The input from the user will record and generate the sequence in
Python coding. The generated code will show how to formulate and build the code
in the correct way, so that ABAQUS can read and generate what is being scripted
into displaying the model. In order to make the script user friendly and easy to
understand, di�erent types of loops were created to shorten the scripts length.
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The script is built in a manner that it's calculating the coordinates of each node
needed to construct the model. These coordinates are then called upon as attributes
to functions, whose task is to perform one prede�ned operation. The function used
in this script has been programmed to construct lines, assign attributes, import data
and then return these values to build the model.

A good way to keep track of important nodes or elements is to create a set out of
them. A set allows you to call this certain node or element that has been created
to be used in other purposes, for example assign them a cross-section or adding
boundary conditions to that speci�c part. They can also be used for extracting
data, when the analysis has been performed, then the data can be extracted and
read for further analysis.

BRIGADE/Plus is divided into a number of modules in which the modelling proce-
dure will be described in the following sections

Part A tall cable-stayed bridge consists of four major parts and so does this script,
it contain deck, pylons, cables and substructure. The di�erent parts were created
using deformable wires. Since the moment of inertia is changing in the di�erent
parts, coordinates were calculated to create elements of the same moment of inertia.
These coordinates were then called as attributes to the functions for each part. Inside
the function for-loops were used to draw the lines representing the part. Each part
will then be able to have sets connected to them and so be easier to work with.

Property The di�erent parts were assigned material properties. The cables were
given a circular pro�le but for all the other parts a general pro�le had to be created.
The data needed for the bridge component's properties were imported from Excel
and assigned each pro�le. Each pro�le was connected to a speci�c set, representing
the element that was to be given the attributes. A beam orientation was made for
each part to de�ne the local major axis of the cross-section.

Assembly When a part is created, it is independent of any other parts constructed
in the model, and exists only in its own coordinate system. Instances are created
to represent that part, in the global coordinate system called the Assembly. Here
the instances of each part will be positioned with the other parts. These instances
can then be copied and moved, to generate the assembled model. Each assembly is
connected to the part, meaning that you cannot have di�erent values on di�erent
instances of the same part.

The pylons and the cables were given di�erent dimension so more then one object
had to be created in the part. The pylon part consisted of seven pylons with three
di�erent section, created as one instance. Likewise the cable part was created with
seven cable pairs each consisted of 22 cables as one instance. All seven substructures
with di�erent length were also created as one instance and so also the deck.

As can be seen above a model can consist of many parts and even more instances,
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but a model can only contain one Assembly. All the next steps in modelling the
bridge will be applied to the assembly model.

Step In order to perform an analysis a sequence of analysis steps has to be de�ned.
The step sequence captures the changes that the model will experience during the
analysis. Each step has a time period that decides how long the step will be and each
time period has an increment size. The increment size determines how long each
iteration is allowed to be during the speci�c step. The increment size can be altered
to �t the purpose of the analysis and has to be chosen with care in order to obtain
convergence. These steps will provide the opportunity to change the procedure of
the analysis and choose the output data for each speci�c analysis.

There are two di�erent ways of proceeding when performing these analysis steps,
the general nonlinear steps and the linear perturbation steps. The way the two
steps incorporate can be seen in Fig. 3.11, where the general step depends on the
previous one. Where one step has its end, the next one will precede. The linear
perturbation step will use the linear response obtained in the end of each general
nonlinear analysis step, to perform its analysis. When dealing with nonlinear e�ects,
large displacements and deformations may have to be taken into accounts. This is
dealt with a setting called Nlgeom that will take the geometric nonlinearities into
account.

linear perturbation steps

step 2 step 4

step 3step 1 step 5
Time

general steps

Figure 3.11: The General and Linear Perturbation steps. Re-drawn from SIMULIA
(2011).

The way this analysis was constructed was by �rst using an initial step. An initial
step is representing the model as it was constructed in the assembly model, meaning
it will not be deformed due to loads. A general static analysis step called Self-weight
was created to apply the gravity load. The output data requested for this step were
the section forces (SF) and the displacements (U), this data were later used to
achieve the initial shape of the model. A linear perturbation step that was based on
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the Self-weight step, was constructed as a Frequency step. In order to obtain mode
shapes and to calculate the natural frequencies an eigenvalue extraction procedure
had to be chosen. There are three di�erent extraction methods in BRIGADE/Plus;
the Lanczos, the AMS (Automatic multi-level substructuring) and the Subspace
method. The method that was used in performing the analysis was the Subspace
method, since it is easy to use and better suited for complex eigenvalue problems.

Interaction The assembled model consists of instances that are located in the
same space but they are not connected with each other, even if they share the same
coordinate. Constraints have to be assigned the instances in order for them to be
connected. There are many di�erent types of constraints, used for di�erent purposes,
for more information on what constraint to use see the ABAQUS manual.

One and the same constraint was used for all the di�erent interaction points, this
was the coupling constraint. The purpose of a coupling constraint is to constrain
the motion of a surface to the motion of a single point. There are two di�erent
ways to construct this constraint, the kinematic or distributing constraint type.
The kinematic coupling constraint was the one chosen since it allows the user to
control both the translational and the rotational degrees of freedom at the coupling
node. In all connections the translational degrees of freedom were locked, making
the coupling node follow the motion of the reference node. Two models were made
one with all the rotational degrees of freedom locked for the connection between
deck and substructure and one that allowed for rotation of the deck around the
transversal axis. All other coupling nodes had the rotational degrees of freedom
locked.

When constructing couple constraints, the surface node cannot be controlled by two
di�erent reference nodes, but a reference node can control two surfaces. Even though
two cables shared the same coordinate at each pylon, two coupling nodes had to be
assigned with the pylon to act as the reference node. This allowed the cables to
move as two separate cables. If only one coupling was to be made, the cables would
have moved in symbiosis with a constant angle between them in the analysis. The
pylons were set to follow the motion of the deck and so was also the substructure.

Load Loads and boundary conditions were speci�ed. The boundary conditions
were as described above, and the gravity load was set to be uniformly distributed
over the whole model. Since a pre-tensioning force was to be introduced to the
cables, temperature loads were created in the prede�ned �eld, one for each cable.

Mesh In order to receive more accurate results, the model was divided into smaller
elements. There are di�erent ways of meshing an object, as previously described in
the BRIGADE chapter.

The tool seed edges was used to perform the mesh. This tool allows for both choosing
the number of sub-division of each element and also the size of each element. Local
seeds were then distributed over the model to decide the density of the mesh over
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the instances. The cables were given an equal number of elements, and the number
of elements were eight. The seeds were then placed at an interval of maximum �ve
meters for each element, this was believed to give an accurate enough result seen to
the time it took to compute.

Job When creating an analysis BRIGADE/Plus creates a job, containing the as-
sembled model with the analysis steps de�ned in the step module. The results are
shown in the Visualization module.

Visualization The results of the analysis and also the �nite element model are
displayed in the Visualization module. The results from the de�ned steps, at di�er-
ent time increments are shown for the self-weight step and also di�erent frequencies
at these time steps. The results are printed into text �les, called dat and msg �les.

Shape iteration When the analysis were done and results provided a new script
was initiated. This script gathered the results that were previously requested in the
output data. In order to receive these data, a reference node had to be created where
the displacements were to be collected. These nodes were located at the end of each
cable, connected to the deck. The section forces works along the entire element,
and since the cable consisted of eight elements, eight di�erent section forces were
obtained. Since each cable was to be given one temperature change along the entire
cable, the last element connected to the deck, was chosen to re�ect the section force
working along the entire cable. The data extracted from the cables were then used
in �nding the initial shape of the model.

Modelling in SAP2000

The model is solely in frame elements,which is the simplest element to use when
modelling in SAP. This was very practical since Brigade has the equivalent beam
element.

Building the model Contrary to how BRIGADE has been managed, SAP2000
has been managed directly in the GUI. In SAP all components can be modelled
at the same time in the same window and will still be created as one part each.
The model can �rst be built using a standard element of choice or the user may
de�ne the elements with the desired properties by �rst de�ning each element that
are to build the model. It really doesn't matter which method is chosen, as long as
the user keeps track of the procedure. Since we wanted to build a model entirely in
frame elements, the simplest working process was to build the model with the correct
geometry and afterwards creating the properties for each part. The whole bridge was
thus created as one whole part in the same standard frame element, in SAP titled
FSEC1. By assigning the di�erent components their correct structural parameter
i.e. cross sectional and material, the user will disassemble the model into groups of
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components with di�erent properties. Everything is managed simultaneously in the
GUI. This made it easy to get an overview of the model during the modelling and
being in control continuously of the modelling procedure.

Creating the material There are three relevant materials governing the bridge,
the deck and pylons are completely in steel, the cables of high strength steel and the
piers in reinforced concrete. The material and its material properties were de�ned
in the 'material section'. SAP provides a range of materials applied in di�erent
countries with their own standards. In this thesis only the Eurocodes have been
relevant and we have utilized these codes in order to get the material parameters
needed. When selecting a steel strength, SAP will automatically give the material
its structural parameters. Since only a few materials have been de�ned, the easiest
thing to do was to create each in the material section. If many more materials
needed to be inserted this way would have been rather time consuming. SAP has
the ability to work with interactive databases editing in which the user may export
the databases information into an Excel spread sheet. By �lling in the spread sheet
and importing it back to SAP2000, applying it to the model all new materials are
inserted. As mentioned this was never necessary to do due to the few materials
needed.

The cable material was created similarly to the steel applied on the deck and the
pylons. Since all the cables are of the same sort, only the number of strands varies,
the cables will thus possess the same properties and could be assigned the cable
material simultaneously.

As mentioned in the �rst section, only Eurocodes have been used, and SAP has
values for reinforced concrete according to the Eurocodes, however since the piers
are rather di�erent from general reinforced structures we decided not to apply any
of the material properties that were provided in the Eurocode library. Instead of
applying any inserted material, SAP is giving the user the possibility to create a
general material in which the user can insert the any type of values desired.

The deck The deck was subdivided according to the calculations, so that the
derived properties could then be assigned to each deck section. The coordinate
system, shown in Fig. 3.12, is located in mid cross section in the left abutment.
Since the deck sections are not of the same lengths, this could not be dealt with by
adding a subdivision pattern, instead the deck boundaries were identi�ed by locating
joints by coordinates. The joints would mark each section. In order to make the deck
sections into individual elements, the command 'subdivision at intermediate joints'
was utilized. This command will make each deck section into a smaller element by
separating each element that is marked by two selected joints. The element could
then be an individual element but would still share the joint with the neighbour
elements.
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Figure 3.12: The SAP2000 model with its coordinate system.

Each location for deck, pylon and pier connection could easily be assigned using
simple tools that SAP provides. Once the deck has been subdivided using the
command 'subdivision at intermediate joints' into 116 sections, the deck sections
could be assigned their properties. Since the deck is completely in steel, all deck
sections were assigned the same material. This was easily done by marking all the
deck sections and applying the 'assign material' option.

The pylons Since all pylons are of the same height the pylons could be copied and
positioned by using the command 'replication' in SAP. This command allows the
user to determine how many repetitions the chosen element will make and specify
its coordinates. The procedure of subdividing the pylons into the three sections
was completed in the same way as the deck, this was made in order to assign the
pylons the material and the cross sectional properties in the most e�cient way. The
method of placing nodes by coordinates were once again utilized on the pylons in
order to locate where the cables were to be attached.

The reason that we decided to make the pylons and the cable attachment the same
was due to the fact that this thesis treats the comparison between the programs,
thus some simpli�cations that BRIGADE required has also been applied to SAP.
The cable attachment was plotted by locating joint by coordinates gathered from
drawings.

The substructure The substructure is, just like the deck and the pylons, sub-
divided into sections. Once again locating joints by coordinates in order to plot
where each element is connected to its neighbours, the subdivision tool was used to
actually make them into individual elements. The sections could then be assigned
their properties.
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Assigning the properties to the beam model After the model was completed
and the subdivision, distinguishing each component, had been made each of the
elements were to be assigned the properties. First of all, the properties along with
a general element for each section had to be created and inserted into SAP.

Fortunately, this did not need to be done manually, like mentioned in the section
'Creating the Material', SAP operates with Excel by using interactive databases
which makes it much more time e�cient. In the Edit menu, the user can open the
interactive databases menu where all information about the model is available. The
ability to insert speci�c desired values like density, masses, cross sectional properties
etc is available. This option becomes very handy when many values needs to be
inserted. This option made the modelling procedure much quicker than if inserting
each property manually.

The Excel spreadsheet was very much appreciated since all calculations performed
were completed in Excel and could thus be easily collected and inserted into the
SAP2000 spread sheet. All of the sections except for the cables were created as
general sections. Since we have basically lumped all properties into beam elements,
the elements will naturally not have a speci�c cross section. The moments of in-
ertia, cross section area and the torsional constant were inserted along with the
speci�ed element. However, when it was necessary to use the Excel spreadsheet
to import properties, all sorts of structural properties such as shear area, section
modulus, plastic modulus, shear center etc. could have been de�ned. These have
been neglected in SAP and will thus not be accounted for. These were not needed
for any of the programs to complete the analysis. The cables were inserted one by
one by the command 'De�ne Element'. By inserting the cable area manually, SAP
automatically calculates the structural parameters of the element.

Boundary conditions and constraints To determine where the bridge deck
meets the pier and the pylon, every joint for each of the seven deck-pier-pylon
connections where placed by coordinates, this would then result in all of them sharing
that very joint. This would make the connection become rigid. In order to get the
structural mechanics correct, the deck must be continuous along its length, and be
able to control the support conditions between deck-pylon and deck-pier individually.
Thus, the joint connecting all the components was disconnected resulting in four
individual joints, the end joint of the deck element to the left of the pylon, the start
joint of the deck element on the other side of the pylon, the joint at the top of the
pier and the joint at the bottom of the pylon. Once the joint is disconnected one
can start merging the appropriate joints that will create the desired behavior.

Two methods were tested in order to see which of the methods that would be most
appropriate for the support conditions.

Method 1. Creating two constraints A constraint in SAP2000 is a set of two or
more joints that are constrained such that their displacements relate (CSIAmerica,
2015). Constraints may be used to model rigid-body behavior, in which joints
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translate and rotate together in a rigid connection; equal-displacement behavior,
in which displacements along certain degrees of freedom, is equal; and symmetry /
anti-symmetry conditions (CSIAmerica, 2015). Constraints enhance computational
e�ciency by reducing the number of equations necessary for solution.

To create these constraints either body constraints or weld constraints may be uti-
lized, in our case the latter became relevant. Body constraints are explained by CSI
America as 'A Body constraint is applied to a set of joints that translate and ro-
tate together as a rigid body. Rigid behavior is automatically applied to all degrees
of freedom within the constraint, though only certain degrees of freedom may be
speci�ed' (CSIAmerica, 2015).

Weld constraints operates in the same way as body constraints, the di�erence is
that only these constraints connects joints within a small tolerance. This means
that if the same constraints are needed in multiple locations in the same model, the
weld constraints are practical since it only operates with joints in the same area.
The problem with Body constraints is that when applying the same constraint in
several places in the model, all of the joints will try to connect with each other which
will make the behavior erroneous. This was tested in the SAP2000 model in the
beginning at �rst which ultimately gave rise to errors. Since the support conditions
between the pylon and deck, deck and pier are of the same character for all seven
piers and towers, the same body constraint were assigned to them all which made the
joints trying to achieve a connection with each other causing all the pier-deck-pylon
to move in one unit.

Body constraints are not really wrong to use, but an individual constraint for each
location must be created in order to be applied only in the assigned area. However,
creating the same body constraint for a new area seemed rather time consuming and
unnecessary. If anything needs to be changed then it needs to be changed in all the
created constraints. When using weld constraints only one constraint would need
to be de�ned, since it would only connect to joints within a certain tolerance. Any
speci�c changes needed, could therefore be easily changed once. Thus the decision
using weld constraints were ultimately the choice.

After disconnecting the joint connection between the deck, pylon and pier, there
were four individual joints; two deck joints, the joint in the bottom of the pylon
and the top of the pier. The two resulting deck joints were connected by merging
into one joint, making the deck continuous. In order to get the presuppositions
for the support conditions for the joints deck-pylon and pier-deck, we created two
constraints in which the connection between the deck and the pylon are based on
terms that the connection is completely �xed. The connection between the deck
and the pier is considered as pinned. The constraints are created by allowing no
rotation or translations whatsoever between the deck and the pylon, whereas only
rotation around the Y-axis, is allowed between the deck and the pier.

By selecting the deck joint and the pylon joint simultaneously we could assign the
constraints between them. This procedure is shown in �gure (3.13)
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After explosion

Merged deck joint

Before disconnecting the node

Figure 3.13: Illustration of method 1.

Method 2. Merging three joints, creating one constraint Constraints may
be used to model rigid-body behavior, this is why we chose to try the merging three
joints, the deck-deck-pylon connection. The deck still requires to be continuous
and the pylon connection to the deck is still �xed, just like in method 1, and due
to the rigidity between these components we could merge them all into one joint.
Thus, only one body constraint was needed i.e. the pier to deck-pylon connection.
This constraint was created just like in method 1, but this time assigned to the
two resulting joints. This procedure can be seen in Fig. 3.14. This method was
ultimately chosen for the �nal model.

After explosion

Merged deck joint

Before disconnecting the node

Figure 3.14: Illustration of method 2.

For the method of modelling the connection as completely rigid, the same methods
as previously illustrated i.e. method 1 and 2 could be used. In order to simulate
the rigid behavior all the degrees of freedom were locked.

Nonlinear static analysis In SAP2000, geometric nonlinearity comes from P-
� e�ects caused by the application of external loading upon the deformed shape
of a structure. To complete a nonlinear static analysis we needed to de�ne load
cases. This is where we decide to perform a nonlinear static analysis on the dead
load or any type of load. In our case it was solely the dead weight, but in order
to obtain the geometric nonlinearity parameters the option to choose P-� e�ects
and large displacements is available under the same setting. The load case type
and analysis type is also chosen in the same window and for this analysis it was,
naturally, static respectively nonlinear. The deformed shape of the bridge structure
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after the nonlinear static analysis is shown in Fig. 3.15, demonstrating the cable
sag.

Figure 3.15: The deformed shape from the nonlinear static analysis, demonstrating
the cable sagging into the catenary curve.

When the cables were subjected to the dead load, a nonlinear static analysis was
performed. The cables would then go into tension carrying the dead load of the
bridge and thus reach a state of equilibrium. From the nonlinear static analysis we
obtained the tension forces and elongation of the cables due to dead load, this does
not give the cables the carrying e�ect when live loads are applied and thus the initial
shape needed to be found. How this is managed in SAP is presented below.

Initial cable geometry and shape iterations The shape iterations were com-
pleted by �rst performing the nonlinear static analysis to create the tension in the
cables. By selecting all cables and displaying the element forces, exporting them
into an Excel spread sheet the forces could be collected and inserted in the com-
bined formula in order to obtain the temperature load that were to be applied to
the cables. The temperature loads, all individual for each cable were applied and
thus a nonlinear static analysis was performed again in order to get the new tension
forces in the cables.

These iterations were performed four times before terminating the procedure.

Nonlinear Dynamic Analysis For the nonlinear dynamic analysis, a modal
analysis has been completed. This modal analysis was based on small additional
vibrations from the calculated nonlinear static equlibrium state, as de�ned by a
preceding non-linear static analysis.

Modal analysis In order to perform a modal analysis another solution step was
needed to be de�ned. The load case type is selected as Modal and the number of
frequencies and mode shapes desired can be chosen. SAP calculates the dynamic
response either by using eigen vectors or Ritz vectors, but in this analysis only
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eigen vectors have been used. It is necessary to calculate the mode shapes based
on a stressed situation, starting from de�ning a static nonlinear load case with
permanent loads, like performed in the previous section and then make the modal
analysis start with an initial sti�ness iterated from the nonlinear static case. This
option, 'sti�ness at end of nonlinear case' were selected under the Modal load case.

3.3 The Analyzed Models

The two models, created in both programs, have been re�ned with more accuracy
step by step to evaluate what was necessary to account for and what had less impact.
The number of re�nements of the models had to be limited in order to remain within
the time line. Both models presented in the thesis generate fair results, the main
result is presented as the �nal model and the other as alternative result. Both are
presented in the result chapter.

The models have been treated equally in both programs in order to make a fair
comparison. Di�erences in how the data is being processed in the programs may
a�ect the results. The algorithms that the software are based upon have not been
further researched, nor have we been able to examine what types of mathematical
solution methods are utilized in the programs or how these may have an impact on
the results.

Additionally, the beam theories has not been consistent in both programs, it has
been applied in which it serves the best purpose. This is discussed in the chapter
Concluding Remarks and Further Work.
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Results

4.1 Overview

A �nite element analysis has been conducted to compare the dynamic responses
of the Millau Viaduct. The comparison was between the two programs SAP2000
and BRIGADE/Plus, measured values of the viaduct and also with the frequencies
calculated from the FE-model made by the company Greisch. These can be found
under 'Initial' in the tables. Two types of models were made in both programs,
one with �xed constraints and one with pinned constraints between the deck-pier
connections. The results are presented in this chapter, starting with the �xed con-
nection. The frequencies are �rst displayed in a table followed by the �rst �ve mode
shapes in the vertical and transversal direction.

We have compared our mode shapes with the measured mode shapes in reality,
however the design team have compared their measured mode shapes with their
own theoretical FE-model. Thus, we cannot speci�cally say that the measured mode
shapes appeared in the same order that the FE-model showed. We believe that the
measured mode shapes have been matched with the initial FE-model, hence we
matched the mode shapes from the SAP and BRIGADE models with the measured.
This is why some of the lower frequencies can be found in the higher modes and vice
versa.

Mode number two appeared as a longitudinal in the initial model, but during the
measuring of the modes there was no wind that would give rise to longitudinal mode
shapes. Thus the second mode was precluded from the SAP and BRIGADE models
because there were nothing to compare.

Since �ve of the �rst transversal and vertical mode shapes are presented, mode
number 11 is not included as it is the sixth transversal mode. Number 12 is the �fth
vertical mode.
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4.1.1 Frequencies for a �xed connection

The obtained frequencies from the two software presented along with the measured
and theoretical frequencies can be seen in table 4.1. Mode number

Table 4.1: The �rst �ve modes transversal and vertical frequencies for a �xed con-
nection between deck and pier

Fixed connection between deck and pier
Initial Measured SAP2000 BRIGADE/Plus

Mode Movement Frequency Frequency Frequency Frequency
[Hz] [Hz] [Hz] [Hz]

1 Transverse 0.175 0.183 0.234 0.232
3 Transverse 0.222 0.232 0.263 0.262
4 Vertical 0.250 0.256 0.293 0.398
5 Transverse 0.275 0.299 0.372 0.359
6 Vertical 0.280 0.293 0.336 0.439
7 Transverse 0.316 0.336 0.400 0.385
8 Vertical 0.321 0.336 0.392 0.467
9 Transverse 0.353 0.385 0.436 0.418
10 Vertical 0.370 0.385 0.459 0.492
12 Vertical 0.423 0.433 0.492 0.500
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Vertical Mode Shapes, Fixed

The vertical mode shapes for a �xed connection between deck and pier is presented
in Fig. 4.1 to 4.15.

Figure 4.1: Measured; Vertical Mode 4

Figure 4.2: SAP2000; Vertical Mode 3, f=0.293 Hz

Figure 4.3: BRIGADE/Plus; Vertical Mode 5, f=0.398 Hz

71



CHAPTER 4. RESULTS

Figure 4.4: Measured; Vertical Mode 6

Figure 4.5: SAP2000; Vertical Mode 4, f=0.336 Hz

Figure 4.6: BRIGADE/Plus; Vertical Mode 10, f=0.439 Hz

72



4.1. OVERVIEW

Figure 4.7: Measured; Vertical Mode 8

Figure 4.8: SAP2000; Vertical Mode 6, f=0.392 Hz

Figure 4.9: BRIGADE/Plus; Vertical Mode 26, f=0.467 Hz
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Figure 4.10: Measured; Vertical Mode 10

Figure 4.11: SAP2000; Vertical Mode 11, f=0.459 Hz

Figure 4.12: BRIGADE/Plus; Vertical Mode 48, f=0.492 Hz
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Figure 4.13: Measured; Vertical Mode 12

Figure 4.14: SAP2000; Vertical Mode 15, f=0.492 Hz

Figure 4.15: BRIGADE/Plus; Vertical Mode 54, f=0.500 Hz
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Transversal Mode Shapes

The transversal mode shapes for a �xed connection between deck and pier is pre-
sented in Fig. 4.16 to 4.30.

Figure 4.16: Measured; Transversal Mode 1

Figure 4.17: SAP2000; Transversal Mode 1, f=0.234 Hz

Figure 4.18: BRIGADE/Plus; Transversal Mode 1, f=0.232 Hz
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Figure 4.19: Measured; Transversal Mode 3

Figure 4.20: SAP2000; Transversal Mode 2, f=0.263 Hz

Figure 4.21: BRIGADE/Plus; Transversal Mode 2, f=0.262 Hz
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Figure 4.22: Measured; Transversal Mode 5

Figure 4.23: SAP2000; Transversal Mode 5, f=0.372 Hz

Figure 4.24: BRIGADE/Plus; Transversal Mode 3, f=0.359 Hz
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Figure 4.25: Measured; Transversal Mode 7

Figure 4.26: SAP2000; Transversal Mode 7, f=0.400 Hz

Figure 4.27: BRIGADE/Plus; Transversal Mode 4, f=0.385 Hz
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Figure 4.28: Measured; Transversal Mode 9

Figure 4.29: SAP2000; Transversal Mode 8, f=0.436 Hz

Figure 4.30: BRIGADE/Plus; Transversal Mode 6, f=0.418 Hz
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4.1.2 Frequencies for a pinned connection

The obtained frequencies from the two software presented along with the measured
and theoretical frequencies can be seen in table 4.2.

Table 4.2: The �rst �ve transversal and vertical frequencies for a pinned connection
between deck and pier

Pinned connection between deck and pier
Initial Measured SAP2000 BRIGADE/Plus

Mode Movement Frequency Frequency Frequency Frequency
[Hz] [Hz] [Hz] [Hz]

1 Transverse 0.175 0.183 0.234 0.168
3 Transverse 0.222 0.232 0.263 0.251
4 Vertical 0.250 0.256 0.147 0.149
5 Transverse 0.275 0.299 0.373 0.333
6 Vertical 0.280 0.293 0.210 0.211
7 Transverse 0.316 0.336 0.401 0.293
8 Vertical 0.321 0.336 0.285 0.286
9 Transverse 0.353 0.385 0.434 0.427
10 Vertical 0.370 0.385 0.358 0.356
12 Vertical 0.423 0.433 0.426 0.412
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Vertical Mode Shapes

The vertical mode shapes for a pinned connection between deck and pier is presented
in Fig. 4.31 to 4.45.

Figure 4.31: Measured; Vertical Mode 4

Figure 4.32: SAP2000; Vertical Mode 1, f=0.147 Hz

Figure 4.33: BRIGADE/Plus; Vertical Mode 1, f=0.149 Hz
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Figure 4.34: Measured; Vertical Mode 6

Figure 4.35: SAP2000; Vertical Mode 2, f=0.210 Hz

Figure 4.36: BRIGADE/Plus; Vertical Mode 3, f=0.211 Hz
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Figure 4.37: Measured; Vertical Mode 8

Figure 4.38: SAP2000; Vertical Mode 5, f=0.285 Hz

Figure 4.39: BRIGADE/Plus; Vertical Mode 7, f=0.286 Hz
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Figure 4.40: Measured; Vertical Mode 10

Figure 4.41: SAP2000; Vertical Mode 6, f=0.358 Hz

Figure 4.42: BRIGADE/Plus; Vertical Mode 12, f=0.356 Hz
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Figure 4.43: Measured; Vertical Mode 12

Figure 4.44: SAP2000; Vertical Mode 9, f=0.426 Hz

Figure 4.45: BRIGADE/Plus; Vertical Mode 14, f=0.412 Hz
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Transversal Mode Shapes

The Transversal mode shapes for a pinned connection between deck and pier is
presented in Fig. 4.46 to 4.60.

Figure 4.46: Measured; Transversal Mode 1

Figure 4.47: SAP2000; Transversal Mode 3, f=0.234 Hz

Figure 4.48: BRIGADE/Plus; Transversal Mode 2, f=0.168 Hz
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Figure 4.49: Measured; Transversal Mode 3

Figure 4.50: SAP2000; Transversal Mode 4, f=0.263 Hz

Figure 4.51: BRIGADE/Plus; Transversal Mode 4, f=0.251 Hz
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Figure 4.52: Measured; Transversal Mode 5

Figure 4.53: SAP2000; Transversal Mode 7, f=0.373 Hz

Figure 4.54: BRIGADE/Plus; Transversal Mode 10, f=0.333 Hz
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Figure 4.55: Measured; Transversal Mode 7

Figure 4.56: SAP2000; Transversal Mode 8, f=0.401 Hz

Figure 4.57: BRIGADE/Plus; Transversal Mode 8, f=0.293 Hz
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Figure 4.58: Measured; Transversal Mode 9

Figure 4.59: SAP2000; Transversal Mode 11, f=0.434 Hz

Figure 4.60: BRIGADE/Plus; Transversal Mode 16, f=0.427 Hz
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Concluding Remarks and Further

Work

5.1 Discussion

The two models with di�erent support conditions generated di�erent results. Not
only did they di�er in frequencies but they di�ered in the type of modes that would
appear �rst. We will start by the alternative result i.e. the model with the pinned
support condition.

This model was created �rst. Since a spherical bearing is a bearing that allow angular
rotation about a central point in two orthogonal directions, modelling this support
condition as pinned seemed as a good approximation. However, in the models the
angular rotation is only permitted in one direction, since we have modelled a 2D
beam model in 3D.

The results turned out in a plausible range and all the modes, both vertical and
transversal appeared. The main concern with the SAP and BRIGADE models was
that the vertical modes governed the �rst few modes, whilst the �rst couple of modes
generated from the project were transversal, the vertical ones showed in the latter
modes. In the beginning it was concluded that this was because the viaduct had
been modelled as straight, without the curved alignment.

The second model i.e. the main result was modelled with �xed supports, both the
deck-pylon and deck-pier. This support was chosen to be modelled as �xed since
Michel Virlogeux had let us know that the connection is in fact rather rigid. The
fact that the pier splits into two contributes to the rigidity and had to be accounted
for. In the models we had considered this in the parallel axis theorem resulting
in just one column. To make the resulting column follow the bridge deck and to
maintain the rigid connection it was modelled as �xed. Frequencies resulting from
these models resulted in a closer range to the measured frequencies.

It turned out that when modelling this rigid connection as �xed the �rst few modes
were in fact transversal, as in the theoretical and measured modes. The assumption
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made earlier, that the vertical modes governed the �rst couple of modes were because
of the straight alignment was incorrect. As previously stated, when sti�ening the
structure in the right places, the structure will naturally displace in new patterns,
which is what happened when the connections were sti�ened.

Though there is still a signi�cant di�erence between the frequencies from the project
and the frequencies from the models. In a visit to France, it was emphasized that
the V shape of the piers had to be accounted for by modelling it, that it would
not be possible to make the connection by just one column. Many solutions were
speci�cally created to obtain a slender con�guration of the bridge. The split did
not only increase the rigidity allowing for a more slim deck, but it would make
the piers move continuously part by part. This could not be simulated with one
column and was said to have too much of an impact on the frequencies. This
connection, modelling the two columns, would instead be modelled with a pinned
support condition on both supports resulting in a less sti� structure. We believe that
the frequencies would result in lower, much closer values if this had been considered.

We had our doubts whether it could have been the mass of the models that were
incorrect, but since the frequencies did not vary linearly this theory was rejected.
Just by studying the frequency formula i.e. the ratio between the structure's sti�ness
and mass, it is clear to see that this was not the case.

The SAP and BRIGADE models turned out di�erently as well, even though the
same material and structural parameters have been consistent in both models. This
is believed to be because of how the cable behavior have been considered in the
software. Timoshenko beam theory is often used in FEA packages today, but SAP
does not have the beam theories speci�ed in the program. There is no speci�c
�switch o��-button which is available in BRIGADE. Since only moments of inertia,
corss-sections and torsional constants were calculated the shear areas were never
included nor needed in the dynamic analysis. In SAP, the shear areas were assigned
zero, which made it seem like shear deformation has not been included. Thus, we
believe that SAP has been utilizing the Euler-Bernoulli beam theory. However, when
applying Euler-Bernoulli beam theory in BRIGADE it could not converge but using
Timoshenko beam theory the analysis could be completed and generated reasonable
results. We have no understanding of why this were so, nor did the manufacturers of
BRIGADE/Plus. It was stated that the Timoshenko beam theory has no limitations
in nonlinear analysis, Euler-Bernoulli does. Due to time limitations we could not go
into detail to �gure this out.

As shown in the results, in BRIGADE mode number 12 from the measured modes
appeared as the 54th mode, whilst SAP appeared as number 15. This seemed to be
because BRIGADE includes shear cable modes due to the Timoshenko beam theory.
It would have been more accurate to use Euler-Bernoulli beam theory on the cables.
This is believed to be why BRIGADE includes many more modes before �nding the
matching mode.

Noteworthy, the initial model was completed with the OECS method using an equiv-
alent elastic modulus with a linear analysis. The equivalent elastic modulus is so low
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that the truss element used to simulate the cable will not behave in a linear elastic
manner, but will adopt a small sag only allowing for tension, assuming a parabolic
shape. This modulus will be low enough to not be able to resist compression. We
chose to complete a nonlinear analysis with the MECS method using beam elements.
We believe that by using this method we would obtain a better approximation of the
reality. By meshing the cables they will adopt a more realistic shape, forming the
shape of a catenary. Additionally, since a lumped mass matrix is used in SAP and
BRIGADE, a �ner mesh will create a more consistent �ner distribution of each �nite
element. The beam element also simulated the cable behavior better than a single
truss element, due to the bending sti�ness which will carry the cable self-weight.
This will ultimately include the cable vibrations that the OECS method precludes.
This has also had an impact on the results. The OECS method is perhaps a good
approximation, but since our primary aim was to come as close to reality as possible,
the MECS method seemed most reasonable to adopt.
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5.2 Conclusions

Two models were analyzed, the pinned connection and the �xed connection between
the deck and pier, both modelling the pier with one column. Due to the spheri-
cal bearings permitting angular rotation, this was simulated by adopting a pinned
connection. This resulted in the �rst few modes being primarily vertical. This was
believed to be due to that the curved alignment of the bridge had been neglected.
In order to get the structural mechanics correct as this connection is rigid, this was
instead modelled as �xed. The shapes of the �rst couple of modes turned out to be
transversal. It could be concluded that not modelling the curved alignment did not
have the big impact that we thought from the beginning.

After an analysis of our results, it was concluded that the speci�c V shaped connec-
tion had to be modelled as two columns to simulate the correct behavior. This is
assumed to be a key feature to the �right� frequencies.

As for the di�erences in the results between the programs, we believe that applying
Timoshenko beam theory in BRIGADE lead to that shear cable vibrations were
included. Timoshenko is more sensitive towards cable vibrations and the more
correct way to handle this would have been to apply Euler-Bernoulli to the cables.

By using the MECS method and a meshing scheme of eight �nite elements we believe
that we have made a more realistic approximation of the cable as it adopts a catenary
shape simulating the sag. Even though beam elements can resist both bending and
compression, which a cable cannot. This bending sti�ness is necessary to carry the
self-weight. The MECS method is also capable to show the cable vibrations that is
precluded in OECS method.

Additionally, the option to assign the beam elements the ability to resist tension
only was applied. This way of modelling the cables were evaluated to be the most
accurate way to approximate the reality.
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5.3 Alternative Approaches

Since the two shafts supporting the deck were modelled as one single column with two
di�erent support conditions i.e. the �xed and the pinned. As previously mentioned,
this had to be modelled with two columns instead of one due to the very speci�c
solution for the slender appearance of the piers. This feature was considered very
important to make the bridge appear like it was dancing across the valley. This
required a rigid connection that would contribute to a slim con�guration.

eccentricity

Figure 5.1: Alternative modelling approach to the deck-pier connection.

The two shafts could be modelled in two ways shown in 5.1. The important part is
to actually model the two shafts. The distance between the shafts and the center
part of the pier would be connected with eccentricity. Meaning that the end node
would be �xed in space and that the force would transmit from that node to the
top node of the center pier. The connection would be modelled as pinned, in order
to allow for angular rotation and making the piers follow the motion of the deck as
tra�c loads enter the bridge. Due to the time limit, there were no time to rectify
or test this to see whether it would generate better results. However, we believe
that modelling it this way would make the connection less rigid than when applying
a �xed condition, but more rigid than one single pinned connection. This would
ultimately lead to frequencies in between the result models and thus closer results
to the reality.
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Appendix A

Calculations of Sectional Properties

In order to calculate the moment of Inertia of the whole deck, each sti�ener had to
be accounted for along with the plates of the deck. For calculating the structural
properties we have utilized the theory for cold-rolled steel pro�les with open thin
walls. A complete set of equations using the theory of open thin-walled steel sections
is shown below.

All the calculations are performed using Mathcad. Credit to Bert Norlin, The Royal
Institute of Technology (KTH), whose help with material and the calculations this
has been very valuable.

A.1 The Theory of Cold-rolled Steel Pro�les

With respect to the initial coordinate system (y0; z0), The cross-sectional area for
each element is calculated, in our case one element represents one side of the sti�ener.

A =

Z
dA (A.1)

Sz = Fy =

Z
y0dA (A.2)

Sy = Fz =

Z
z0dA (A.3)

Fyy =

Z
y20dA (A.4)

Fzz =

Z
z20dA (A.5)
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Fyz =

Z
y0z0dA (A.6)

F! =

Z
!0dA (A.7)

Fy! =

Z
y0!0dA (A.8)

Fz! =

Z
z0!0dA (A.9)

F!! =

Z
!2
0dA (A.10)

With the coordinate system regarding to origo in the center of gravity, yg, zg

Fgy =

Z
ygdA = 0 (A.11)

Fgz =

Z
zgdA = 0 (A.12)

Iz = Fgyy =

Z
y2gdA (A.13)

Iy = Fgzz =

Z
z2gdA (A.14)

Iyz = Fgyz =

Z
ygzgdA (A.15)

Fgy! =

Z
yg!gdA (A.16)

Fgz! =

Z
zg!gdA (A.17)

Fg!! =

Z
!2
gdA (A.18)

With the coordinate system regarding to origo in the shear centre, SC ys, zs

F�yy =

Z
y2�dA (A.19)
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F�zz =

Z
z2�dA (A.20)

F�yz = 0 (A.21)

Fs! = 0 (A.22)

I! =

Z
!2
sdA (A.23)

A =
X

Ai (A.24)

Ai =
p
h2 + b2 � t (A.25)

h = zR � zL (A.26)

b = yR � yL (A.27)

yg =
X Fyi

A
(A.28)

Fyi =
(yL + yR)Ai

2
(A.29)

zg =
X Fzi

A
(A.30)

Fzi =
(zL + zR)Ai

2
(A.31)

Fzzi =

Z R

L

z2dA =

t

sin 

h
z3R
3
� z3L

3

i
=

t

3 sin 

�
(zR � zL)(z

2
L + zLzR + z2R)

�
=�

f
h

sin�
= Ai

�
=

(z2L + zLzR + z2r )
Ai

3
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Iy =
X

Fzzi � Az2g =
X

Fzzi � (
P
Fzi)

2

A
(A.32)

Iz =
X

Fyyi �
(
P
F 2
yi)

A
(A.33)

Fyyi = (y2L + ylyR + y2R)
Ai

3
(A.34)

Fyzi =

Z l

0

yzdA (A.35)

y = yL + s
b

l
(A.36)

z = zL + s
h

l
(A.37)

Z
yzdA =

Z l

0

�
yL + s b

l

� �
zL + sh

l

�
tds =Z

yzdA =

Z l

0

�
yLzL + s

�
bzL
l

+ hyL
l

�
+ s2 bh

l2

�
tds =�

yLzL + sl + l2

2

�
bzL
l

+ hyL
l

�
+ l3

3
bh
l2

�
t =

(2yLzL + 2yRzR + yLzR + yRzL)
Ai

6

Iyz =
X

Fyzi � (
X

Fyi)

P
Fzi

A
(A.38)

� = 0:5 arctan
�2Iyz
Iy � Iz

; Iy 6= Iz (A.39)

Iy < Iz;� = � + � (A.40)

�
I�
I�

�
=
Iy + Iz

2
�
r

(Iy � Iz)2

2
+ I2yz (A.41)

Wy =

(
Iy

(zmax�zg
�Iy

(zmin�zg

(A.42)
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Wz =

(
Iz

(ymax�yg
�Iz

(ymin�yg

(A.43)
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