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Abstract

Different aspects of numerical simulations of turbulent flows are assessed by con-
sidering a fully-developed turbulent channel flow that is rotating in the spanwise direc-
tion. Differences between differential and explicit algebraic Reynolds-stress models
(RSMs) are investigated theoretically and numerically. Simulation results are com-
pared with existing DNS-data. Both families of RSMs are demonstrated to achieve
good qualitative agreement with the DNS. The results constitutes a demonstration of
the validity of the so called extended weak-equilibrium assumption for systems with
a superimposed solid body rotation. An original derivation, based on sound physical
grounds, of the extended weak-equilibrium assumption is presented.

It is further examined if the roll-cell vortex pattern, that constitutes a secondary
flow field, has an influence on the averaged solutions obtained by application of the
Reynolds-Averaged Navier-Stokes equations. This is assessed by comparison of re-
sults obtained by either considering the secondary plane as homogeneous in the span-
wise direction or by accounting for a fully three-dimensional flow field. Simulations
demonstrate that existence of roll-cells in the latter case yields results that are in closer
agreement with DNS-data compared with if they are suppressed as for the former case.

Aspects of numerical treatment of explicit source terms are also assessed in the
framework of finite volume methods for collocated grids.
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Introduction 1

1.1 Motivation
The fields of rotating turbomachinery, centrifugal separators as well as oceanography and
atmospheric dynamics all provide many examples of turbulent flows that are strongly influ-
enced by rotation. For these applications, amongst with others, it is often more convenient
and comprehensible to consider the flow field in a co-rotating, non-inertial, frame of refer-
ence.

A flowfield can in some contexts appear as instationary relative to an inertial framing but
stationary relative to a co-rotating frame of reference. Drastic reduction in computational
time should follow for numerical simulations if the latter is considered.

Imagine a centrifugal separator in which the shaft is rotating at a high speed, say 3600
revolutions per minute. The speed of the machinery is at a radius of half a meter around
190 meters per second relative to an external observer. A realistic scenario is that the flow
rate in the internal passages of the disk stack is in the order of centimeters per second. The
bulk flow velocity in the disk stack is thus four orders of magnitude slower than the local
speed of the machinery itself. Embedded secondary flow structures would appear on even
lower orders. A description of the flow within the disk stack in terms of absolute velocities
thus put demanding requirements on the numerical tolerance and resolution in order to
avoid round-off errors. In this case, a computational domain that is co-rotating with the
machinery appears as a more intuitive approach to adopt.

In the turbulence modelling community, it is not uncommon to make use of equilib-
rium assumptions to achieve closures. If an equilibrium assumption is applied to a tensor
quantity (of rank larger than one) the question may arise relative to what is that quantity
in equilibrium. Effects of rotation enter in an implicit manner if the tensor quantity is in
equilibrium relative to another tensor quantity that is rotating relative to an inertial frame.

However, the classical laws of mechanics are only valid in inertial reference frames. For
an application of these laws to non-inertial frames, the inertial acceleration must be accom-
panied by the Coriolis and centrifugal accelerations.

The Coriolis acceleration introduces the largest challenges for the descriptions of fluid
motion. At least for fluids with constant properties. This follows from the fact that the
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1.2. Background

centrifugal force is conservative and may be combined with the pressure to form a reduced
pressure. Therefore, the governing equations are rendered only by the Coriolis force which
survives to the equations for the fluctuating velocity field.

The Coriolis force acts perpendicular to both the mean and fluctuating velocity field and
will therefore act to set up secondary motions. Intertwined processes and phenomena are
bound to occur since secondary motion in the mean velocity field will alter the fluctuating
field which in turn will modify the mean field and so on.

These complexities make many flow predictions a real challenge for turbulence mod-
ellers. Nevertheless, the ability to produce accurate predictions of rotating flows are of con-
siderable interest since such flow scenarios arise in many important applications. Equally
important is to establish what the capabilities and limitation are of different models.

1.2 Background
It is well-known that the standard formulations of the commonly used eddy-viscosity mod-
els (e.g., those of Jones and Launder 1972, Wilcox 1988, Menter 1993, etc.) are insensitive
to the effects of rotation. This is a direct consequence of the underlying analogy drawn be-
tween molecular and turbulent viscosity. Such an analogy is equivalent to the assumption
of a clear-cut separation of the turbulent scales from the scales of the mean flow field. This
renders the eddy-viscosity assumption conceptually wrong, since the largest turbulent ed-
dies are known to be of comparable size to the flow domain. Nevertheless, models based
on the eddy-viscosity do yield very useful predictions for many applications.

However, the eddy-viscosity assumption is too crude for rotating flow scenarios. This
is because fluid elements are advected with the large eddies during the time-scales of an
eddy-turnover. A fluid element will thus be substantially redirected due to the Coriolis
force unless the rate of angular system rotation is very slow. This is a direct contradiction to
the molecular fluctuations which, in an close approximate sense, are unaffected by rotation
(referred to as material frame indifference).

Motivated by their popularity in many communities, efforts have been made to account
for effects of system rotation in the formulations of the eddy-viscosity models (e.g., Howard
et al. 1980, Hellsten 1998). However, these formulations are heavily based upon ad-hoc
empiricism and thus have little predictive value. It has also been shown in Hellsten 1998
that these ad-hoc corrections only probe with experimental data in a qualitative sense, at
best. Therefore it could be said that eddy-viscosity models do not appear as an attractive
approach when dealing with rotating systems and rotational effects.

Lets for a moment consider a turbulent shear flow Ui = (U(y), 0, 0)1 in a system with
angular counter-clockwise rotation Ωi = Ωkδk3. In this context, the influence of rotation
will, due to the Coriolis acceleration, appear as a sink 4uvΩ3 in the budget for the uu-
stress (uv is assumed to be negative). In the budget for the vv-stress it will appear as a
source, −4uvΩ3. Since the vv-stress is responsible for the transport of momentum in the
one direction of inhomogeneity, the energy content in that component is of the largest
significance to the mean velocity field.

From the situation described in the above paragraph it follows that the intercomponent
redistribution should be of great importance for prediction of flows subjected to system

1Obvious notations are used in this paragraph
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rotation. Therefore, each individual Reynolds-stress should be accounted for and hence
second-moment closures (SMCs) stand out as a promising approach.

A second-moment closure may be achieved through the solution of modeled equations
for the transport of the Reynolds-stresses. This category of models will be referred to as
differential Reynolds-stress models, DRSMs. These models are known to perform, at least,
reasonably well for rotating flows. Reasonable correlations between the Launder-Reece-
Rodi (LRR)model (Launder, Reece, et al. 1975) and experimental results are, as an example,
reported in Launder, Tselepidakis, et al. 1987 for a turbulent rotating channel. Promising
results are reported also in Jakirlic et al. 2002 for different DRSMs and a variety of rotating
and swirling turbulent flows.

Although the DRSMs constitute sophisticated turbulence closures, it should be empha-
sized that the transport equations of the Reynolds-stresses do not exhaust turbulence since
they are unclosed. To provide an example; many of the commonly used DRSMs have been
shown (Speziale 1981, 1985, 1989) to be inconsistent with physical constraints related to the
Taylor-Proudman theorem. The theorem suggests a reorganization to a two-dimensional
state in the limit of infinite rotation rate. As such, the generality of the models is thus
not infinite. (However, a rapid-pressure correlation, consistent with the Taylor-Proudman
theorem, has been proposed by, e.g., Ristorcelli et al. 1995.)

One transport equation for each independent Reynolds-stress component needs to be
solved to achieve a DRSM closure. This increases the workload of the computations quite
significantly compared to other, simpler, models. The DRSMs also increase complexity as-
sociated with numerical implementation of the modeled Reynolds-stresses into the mean
momentum equation. These are the main drawbacks associated with DRSMs. In this con-
text, algebraic formulations of the modeled Reynolds-stress transport equations have ap-
peared in latter decades as an attractive alternative. Algebraic formulations may be achieved
if it is assumed that the anisotropy of the stress field only have small departures from homo-
geneity. This was originally proposed by Rodi 1972 who has introduced the assumption of
negligible advection and diffusion of the stress anisotropy. This is usually referred to as the
weak-equilibrium assumption.

The full DRSMs will always be applicable to a wider range of flows compared to mod-
els that depend on the weak-equilibrium assumption, but, for many situations, it has been
shown to constitute a reasonable approximation that results in a family of two-equation
models. This category of models will be referred to as algebraic Reynolds-stress models
(ARSMs). Algebraic Reynolds-stress models are two-equation models derived from the
Navier-Stokes equations and do, as such, incorporate effects of rotation and intercompo-
nential redistribution from first principle. This is a important improvement compared to
eddy-viscosity models.

The algebraic Reynolds-stress models are tensorially implicit. As an unfortunate conse-
quence, iterative solution strategies may therefore converge to non-physical roots and render
the models numerically troublesome. Fortunately, pioneering work of Pope 1975 has shown
that tensorially explicit relations for the Reynolds-stresses may be derived with the aid of
the Cayley-Hamilton theorem. This has formed the foundation for the family of models
referred to as explicit algebraic Reynolds-stress models (EARSMs). Since Pope, imporoved
model formulations have been proposed by e.g., Taulbee 1992, Gatski and Speziale 1993,
Girimaji 1996 and Wallin and Johansson 2000 among others.

The workload associated with evaluating a few explicit algebraic relations is small com-
pared with solving the additional transport equations of the DRSMs. It is also less trou-
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1.3. Objective and outline

blesome than evaluating the implicit relations of the ARSMs. Furthermore, the EARSMs
are based on sounder physical grounds than the eddy-viscosity models and thus appears as
a promising candidate for predictions of complex flows at reasonable computational costs.

1.3 Objective and outline
The aim for a turbulence modeler is to achieve a model that is valid for a broad range of flow
situations. A rotating channel flow, computed in a one-dimensional computational domain,
is often considered as an attractive generic test case for investigating the performance of
models in rotating flow situations.

However, a brief review given in §5 provides examples of experimental and numerical
evidence that long-lived secondary structures are present in the rotating channel flow. Since
secondary flows are suppressed in a one-dimensional domain, there are reasons to believe
that such computations do not demonstrate the real capabilities of the model. Therefore the
following question will be addressed and investigated (in §5): are the capabilities of RANS-
models justified when the mean rotating channel flow field is forced to be one-componential? It is
considered as the main motivation for this work to bring clarity into this question.

The questionwill be addressed by conducting computations withEARSMs andDRSMs.
This is motivated from that it valuable to probe the actual differences between the EARSMs and
DRSMs in rotating flows. This is a second motivation for this work.

The computations will be carried out on a collocated grid using a finite volume method.
During the course of this work, so much attention was given to the numerical treatment
of the governing equations, that the lessons learned deserve to be addressed in a separate
chapter, §4.

The rest of the thesis is outlined as follows. The equations governing the mean field
and the turbulent stress field will be presented in §2. That chapter will emphasize on the
transformation properties of the equations to rotating reference frames.

The basic concepts of the turbulence models in the DRSM- and EARSM-framework
is presented in §3.
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Basic equations in rotating systems 2

An inertial frame of reference is one where the classical laws of Newtonain mechanics hold.
As stated by Liu and Sampaio 2012, Newton’s first law of motion

An object at rest stays at rest and an object in motion stays in motion with
the same speed and in the same direction unless acted upon by an unbalanced
force,

is essentially a definition of an inertial frame. Because; the same description would not be
true for a reference frame that itself accelerates. Newton’s second law of motion states that
the acceleration of an object is proportional to the sum of forces (per unit mass) that act
upon it. As such, it is only valid in an inertial frame and reads∑

n

(fi)n = mẍi (2.1)

if fi is a force,m the mass of the object, xi are spatial coordinates and a dot denotes a tem-
poral derivative. The transformation properties of Newton’s second law to a non-intertial
frame is of course well-established in the literature of classical mechanics. However, to es-
tablish a terminology and for ease of later reference, the transformation properties will be
briefly outlined here.

Equations of motion are only objective under a Galilean transformation. This means
that their form is only sustained under a change of frame from one inertial frame to another.
For validity of these equations in a non-inertial frame they must be transformed accordingly.

Themost general change of frame that allows for arbitrary translation, rotation and time
shift1 is referred to as an Euclidean transformation. An observable that is indifferent under
such a transformation is said to be Euclidean objective.

Extension of (2.1) to a non-inertial frame is based upon the assumption that the force
fi and the mass m are Euclidean objective observables. The transformation properties of
the acceleration ai = ẍi is derived directly from the transformed spatial coordinates. As
follows.

1For the discussion to be relevant for this work, the Euclidean spaces of all reference frames are anyway
restricted to be the same and without time-shift. For a general discussion, see e.g., Liu and Sampaio 2012.
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Two frames of reference (or “frames”) ζ and ζ∗ are associated with the spatial Carte-
sian co-ordinates xi = xi(ζ) and x∗

i = x∗
i (ζ∗). Both frames are considered in the same

Euclidean space (ζ, ζ∗ ∈ E3). To keep the discussion simple, any event is consider to take
place simultaneously in both frames such that t = t∗. The frame ζ is considered to be an
inertial frame defined by Newton’s first law.

The Euclidean transformation is given by the bijection

x∗
p = Qpi(t)xi + c∗

p(t) (2.2)

where Q is a proper orthogonal tensor so that QQT = QT Q = I and det(Q) = +1
(I is the identity matrix). Thus, Q is an orthogonal transformation without reflection that
preserves the inner product. The vector c∗

i represents translation.
A difference vector in ζ∗ is defined as v∗

p = x∗
p,2 − x∗

p,1 and transforms under (2.2) as

v∗
p = Qpjvj (2.3)

where vi = xi,2 − xi,1 is the corresponding difference vector in ζ. Observables that trans-
form as (2.3) are objective under that transformation. For later use it is mentioned that the
transformation property (2.3) generalizes to tensor quantities as

T ∗
pq = QpiQqjTij . (2.4)

The velocity and acceleration relative to ζ in ζ∗ can be derived directly from the defini-
tion of the Euclidean transformation (2.2). Time derivative(s) of (2.2) yields;

ẋ∗
p = Qpj ẋj + Q̇pjxj + ċ∗

p and (2.5)

ẍ∗
p = Qpj ẍj + 2Q̇pj ẋj + Q̈pjxj + c̈∗

p. (2.6)
Obviously, velocity and acceleration are not objective observables. The inverse transforma-
tions of (2.2) and (2.5),

xi = Qpi

{
x∗

p − c∗
p

}
and ẋi = Qpi

[
ẋ∗

p − Q̇ptQrt

{
x∗

p − c∗
p

}
− ċ∗

p

]
(2.7)

give the complete transformation of the acceleration to an arbitrary frame of reference as

ẍ∗
p = Qpj ẍj + 2Q̇psQrs

{
ẋ∗

r + ċ∗
r

}
+
{

Q̈ptQrt − 2Q̇ptQstQ̇skQrk

}{
x∗

r − c∗
r

}
. (2.8)

Amore recognizable form of the above relation is achieved by introducing the angular veloc-
ity of ζ∗ relative to the inertial system ζ. The tensor Q̇QT is skew-symmetric2 and without
any loss of generality

Q̇pkQqk ≜ Ωpq = εrpqΩr. (2.9)
Equation 2.9 is the rotational part of the relative motions between the frames and Ωi is
usually referred to as the spin vector of ζ∗. Algebraic manipulation of (2.8)3 and use of the

2Q is orthogonal, thus QQT = I . Time-differentiation applied to both sides and use of the chain rule
gives Q̇QT = −(Q̇T Q)T . The fact that matrix transposes commute with time derivatives were also used.

3The last parentheses expands as:

Q̈Q − 2(Q̇Q)2 = Dt(Q̇QT ) − Q̇Q̇T − 2(Q̇Q)2

= Dt(Q̇QT ) − Q̇(QT Q)Q̇T − 2(Q̇Q)2

= Dt(Q̇QT ) − (Q̇Q)2 ,

where Dt = D/Dt was used.
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2.1. Navier-Stokes equation in a non-inertial frame

spin tensor finally gives the acceleration in a non-intertial frame as

ẍ∗
p − Qpiẍi = 2εprsΩrẋ

∗
s

Coriolis
+ εpstεsrkΩtΩkx

∗
r

centrifugal
+ A. (2.10)

The first two terms on the right-hand side are Coriolis and centrifugal accelerations. The
last term, the symbolic A, contains all terms that have a non-linear time-dependence.

From Equation 2.10 it follows that Newton’s second law of motion in a non-intertial
references frame ζ∗ is given as∑

n

(f∗
p )n = m∗(ẍ∗

p + 2εprsΩrẋ
∗
s + εpstεsrkΩtΩkx

∗
r + A). (2.11)

2.1 Navier-Stokes equation in a non-inertial frame
The Reynolds-averaged Navier-Stokes equation for a fluid with constant properties, valid
in a reference frame that is rotating with constant angular velocity Ω(∗)

i , is given as:

DUi

Dt
= − ∂P

∂xi
+ ν

∂2Ui

∂xk∂xk
− ∂uiuk

∂xk
− 2εijkΩ(∗)

j Uk − εijkεjlmΩ(∗)
l Ω(∗)

k xm, (2.12)

∂Uk

∂xk
= 0. (2.13)

In (2.12) and (2.13); upper case Ui is the mean velocity; lower case ui is the fluctuating ve-
locity; upper case P is the mean kinematic pressure4; ν is the kinematic molecular viscosity;
x’s denote Cartesian co-ordinates and −uiuj is the kinematic Reynolds-stress tensor.

The last two terms in the momentum equation (2.12) can be recognized from (2.11).
For many applications the centrifugal force is unimportant. This follows from the fact that
it constitute a conservative force field. Mathematically, a conservative force field is one
that meets the condition of a vanishing rotational curl. With the rotational velocity vΩ,i ≜
εijkΩjxk the curl of the centrifugal force reads

(2.14)

εijk
∂

∂xk

[
εklmΩlvΩ,m

]
= (δilδjm − δimδjl)

∂

∂xj
ΩlvΩ,m

= ∂ΩivΩ,j

∂xj
− ∂ΩjvΩ,i

∂xj

= Ωi
∂vΩ,j

∂xj
− Ωj

∂vΩ,i

∂xj

= εjkjΩiΩk + εikjΩkΩj = 0

where the first equality is the Grassmann rule and it was used that Ωi is a constant quantity.
Equation 2.14 confirms that the centrifugal force constitutes a conservative field.

As one of the consequences of Helmholtz’s theorem, it follows that an arbitrary vector
field of which the rotation curl vanishes may be replaced by the negative gradient of a scalar,
say ψ. Using the relation

∂vΩ,i

∂xj
= ∂εiklΩkxl

∂xj
= εiklΩk

∂xl

∂xj
= εiklΩkδlj = εikjΩk (2.15)

4That is, static pressure normalized with the constant density.
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2.1. Navier-Stokes equation in a non-inertial frame

and the fact that vΩ,i is skew-symmetric, it then follows that

εijkεjlmΩlΩkxm = εijkΩjvΩ,k = vΩ,j
∂vΩ,i

∂xj

= −vΩ,j
∂vΩ,j

∂xi
= − ∂

∂xi

[vΩ,jvΩ,j

2

]
= − ∂ψ

∂xi
.

(2.16)

The negative potential gradient in (2.16) can be used in the momentum equation (2.12) to
form a modified pressure

P ′ ≜ P − ψ. (2.17)

For most practical uses, ψ may simply be neglected. In the following P will be used to
denote a mean scalar potential, defined equivalently either with or without the centrifugal
potential. It will, however, be referred to as the pressure for simplicity.

For ease of later reference, it is mentioned that decomposition used for the RANS equa-
tions, (2.12) and (2.13), is the Reynolds-decomposition (or the double-decomposition). As
is usually done for the treatment of turbulence, the instantaneous velocity and pressure fields,
ũi and p̃, has been decomposed into

ũi = ui + ui ≜ Ui + ui and p̃ = p+ p ≜ P + p. (2.18)

The mean quantities Φ = ϕ may be defined through their ensemble averages

Φ ≜ lim
N→∞

1
N

N∑
α=1

ϕ̃(α), (2.19)

which in practice should be realized of over a large number N independent experiments α.
To arrive at the RANS-equations, it is assumed that any two instantaneous quantites ϕ̃ and
ψ̃ conforms to the Reynolds-averaging rules;

ϕ = ψ = 0, (2.20)

ϕ̃ψ̃ = ϕψ + ϕψ, (2.21)

ϕψ = ψϕ = 0. (2.22)

The fluctuating part of the velocity decomposition in (2.18) does not disappear in the
balance of the mean momentum. Instead it appears as an unknown stress field through the
six unknown components of the symmetric Reynolds-stress tensor. The Reynolds-stresses
themselves depend upon higher-order moments. Thus, Equation 2.12 - 2.13 does not rep-
resent a closed system for the determination of the mean velocity and pressure. This consti-
tutes the infamous closure problem of turbulence.

The essence of Reynolds-stress modelling may be summarized as the search of how the
Reynolds-stress tensor should be tied to themean velocity field in a physically soundmanner.
In the next section, the equation governing the turbulent stress field will be presented.
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2.2. Basic equations for Reynolds-stress modelling

2.2 Basic equations for Reynolds-stress modelling
In this section the transport equations for the Reynolds-stress tensor will be presented. De-
pending on the modelling approach, the form that is most convenient to work with will
differ. Relevant forms of the equations for the approaches considered in this work will be
presented in §2.4. Different modelling approaches and modells will then be discussed in
subsequent chapters.

The set of equations governing the turbulent stress field is the Reynolds-Stress transport
(RST) equations. Relative to a non-inertial frame they are given as (see e.g., Hanifi et al.
1999)
Duiuj

Dt
Advection

= −
[
ujuk

∂Ui

∂xj
+uiuk

∂Uj

∂xk

]
Shear production

−2ν ∂ui

∂xk

∂uj

∂xk
Dissipation

+p
[∂ui

∂xj
+∂uj

∂xi

]
Pressure-strain

− ∂

∂xk

[
(uiujuk+puiδjk+pujδik)−ν ∂uiuj

∂xk

]
Diffusion ⇔ gradient of third-order and molecular flux

− 2
[
Ω(∗)

ik ukuj−uiukΩ(∗)
kj

]
Rotational production

(2.23)

with the nomenclature established in §2.1 or in symbolic form as
Duiuj

Dt
= Pij − εij + Πij + Dij + C(∗)

ij . (2.24)

In (2.24), Dij is used to denote the total stress diffusion and symbolically it expands as

Dij = − ∂

∂xk

[
Tijk + T

(m)
ijk

]
. (2.25)

For a givenmean velocity field, the effect of system rotation enters the equations through
the “rotational production” Cij . Thus, Cij constitutes the only non-inertial term. It it seen
that for Ωi = 0 the contribution from this term vanishes and the inertial form is recovered.

As mentioned, for modelling purposes it is useful to express the RST equations in al-
ternative forms. One such example is for the algebraic Reynolds-stress modells where the
so called weak-equilibrium is employed. In that context it is useful to introduce the Harnoy
derivative in order to achieve the correct equilibrium condition in rotating systems.

2.3 The Harnoy material derivative
In this section, it is necessary to extend the formalism that were established in the previous
sections. Following classical procedure in continuum mechanics, the deformation gradient
Fiα will first be defined in §2.3.1. Then in §2.3.2, the polar decomposition of the defor-
mation gradient will be used to arrive at the Harnoy derivative. The Harnoy derivative can
be described as the material derivative that advects with the mean flow and rotates with
the principal axes of the rate-of-strain tensor. It is an useful derivative in the context of
formulating equilibrium conditions.

2.3.1 The relative deformation gradient
A fluid body B ⊂ E3 is considered to occupy a region Kζ(t0) at some reference time t0 in
the frame of reference ζ. At some later t within a time interval [t0, t1] ⊂ R it occupies a re-
gion Kζ(t). The region Kζ(t0) represent an undeformed configuration and Kζ(t) a deformed
configuration.
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2.3. The Harnoy material derivative

Material points in Kζ(t0) will be represented with the Lagranian co-ordinates Xα ∈
Kζ(t0) and in the deformed configuration with the Eulerian co-ordinates xi ∈ Kζ(t).

The change from Kζ(t0) to Kζ(t) is given by the deformation map
χt

t0
(t) : Kζ(t0) 7→ Kζ(t) so that xi(t) = χt

t0,i(Xα). In other words, the mapping
χt

t0
carries a material pointXα at time t0 to the material point xi at time t. A sequence of

such mappings should thus be interpreted as the motion.
The evolution of a line element dXα from its state at τ < t ∈ [t0, t] to a state at the

later time t is given by

dxi =
∂χt

τ,i(xi(τ))
∂Xα

dXα ≜ F t
τ,iαdXα. (2.26)

The tensor F t
τ = F t

τ (τ) is usually referred to as the material deformation gradient
tensor. It describes the deformation of the fluid body B from one time to another.

From the definition of F in (2.26) it follows that the spatial velocity gradient may be
computed using time differentiation;

Ḟ t
τ,ij = ∂

∂t

[
∂χt

τ,i(xi(τ))
∂χτ

t0,k(Xα)
∂χτ

t0,k(Xα)
∂Xα

]
= ∂ũi(xi(t), t)

∂xj(τ)
(2.27)

where ũi is again the instantaneous velocity.
The transformation properties for the deformation gradient tensor will now be obtained.

Material points within a undeformed reference configuration K (t0) in frame ζ will be rep-
resented withXα and the same configuration in ζ∗ withX∗

γ . The Euclidean transformation
is given by

X∗
γ = Qγα(t0)Xα + c∗

γ(t0). (2.28)

Defining also Eulerian co-ordinate for the deformed configuration in ζ∗ asx∗
p = χp(X∗

γ , t
∗)

themapping for the deformation from ζ to ζ∗ is given through theEuclidean transformation

χ∗
t0,p(X∗

γ , t
∗) = Qpj(t)χ∗

t0,j(Xα, t) + c∗
p(t). (2.29)

The deformation gradient F∗ in ζ∗ is achieved from differentiation of (2.28) with respect
to X∗

γ and with the use of (2.28) and is given by

F∗
t0,pγ(X∗

γ , t
∗) = Qpj(t)Qγα(t0)Ft0,jα(Xα, t). (2.30)

The tensor Qγβ(t0) in (2.31) is the orthogonal transformation associated with a time
shift between the reference states of an undeformed configuration in ζ and ζ∗. Thus, F is
not Euclidean objective in the formal sense. However, consideration of a time shift given
by Qγβ will not be important for the purposes of the present work. The reference state for ζ
and ζ∗ will be considered at the same instant which renders Qγα to the Kronecker delta δγα.
Under this assumption the deformation transforms as a vector quantity. This is because one
of the indices is associated with Lagranian co-ordinates for undeformed configuration. To
summarize, the transformation properties of the deformation tensor reads

F∗
t0,pγ(X∗

γ , t
∗) = QpjFt0,jγ(Xγ , t). (2.31)
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2.3. The Harnoy material derivative

2.3.2 Polar decomposition of the deformation gradient
The deformation tensor may, like any second-order tensor, be decomposed into its unique
left and right decomposition

F t
τ,iα = Rt

τ,ijU
t
τ,jα = V t

τ,iβR
t
τ,βj . (2.32)

where R is a proper orthogonal tensor representing a pure solid-body rotation, U and V
are the right and left stretch tensors associated with the normal strain. The tensors U and
V are both positive definite so that all their eigenvalues are positive. They are also both
symmetric.

Equation 2.32 is the polar decomposition theorem usually references to Truesdell and Noll
2004 (originally published 1965). It represents a decomposition into either;

(i) first a stretch of the fluid element followed by a pure rotation (for the case of the right
stretch tensor) or;

(ii) a pure rotation followed by a stretch (for the left stretch tensor).
The spatial velocity gradient ∂ũi/∂xj = Ḟ t

τ is represented by a square matrix and can
as such be decomposed into its symmetric and skew-symmetric part,

∂ũi

∂xj
= s̃ij + w̃ij (2.33)

where

s̃ij = 1
2

(
∂ũi

∂xj
+ ∂ũj

∂xi

)
and w̃ij = 1

2

(
∂ũi

∂xj
− ∂ũj

∂xi

)
(2.34)

are the rate-of-strain and vorticity tensors. Substituting the polar decomposition (2.32,
using the right stretch tensor) into (2.34) gives

s̃ij = 1
2
Rt

τ,ikR
t
τ,jl

(
U̇ t

τ,kγU
t
τ,γl + U t

τ,kγU̇
t
τ,γl

)
, (2.35a)

w̃ij = Ṙt
τ,ikR

t
τ,kj − 1

2
Rt

τ,ikR
t
τ,jl

(
U̇ t

τ,kγU
t
τ,γl − U t

τ,kγU̇
t
τ,γl

)
. (2.35b)

The above expressions become more illuminating when examined for an instant τ = t. In
that case the decomposition RUT reduces to the Kronecker delta δiα so that

s̃ij = U̇ t
τ,ij

∣∣∣
τ=t

, w̃ij = Ṙt
τ,ij

∣∣∣
τ=t

. (2.36)

It is seen that the strain rate tensor is the rate of the stretch tensor at an instant t. The
vorticity tensor is, correspondingly, the rate of the rotation tensor. Thus, at an instant t both
tensors have a straight-forward relation to the deformation tensor.

Although the polar decomposition (2.32) is unique, there are infinitely many decompo-
sitions of the form (Boulanger and Hayes 2001, Jarić et al. 2006, Haller 2016)

Fiα = (RikPkj)(ΣjκPκα) ≜ QijGjα. (2.37)

The above decomposition is unique when accompanied with e.g., the condition of Σ as
diagonal. In that case, Σ = ΣU contains the triad of eigenvalues, λU

i , associated with the
triad of the principal axes of stretch. The principal axes of stretch constitutes the columns
of P .
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2.3. The Harnoy material derivative

In (2.37), G should be interpreted as the deformation of the principal axes of the stretch
tensor so that Q is the transformation that maps to them and

Ω(†)
ij ≜ Q̇ikQkj (2.38)

is the spin tensor of that transformation. With the corresponding procedure as above, it is
straight-forward to show that (Deville and Gatski 2012)

s̃ij = QipQjq s̃
†
pq

∣∣∣
τ=t

, s̃†
pq ≜

(
Σ̇U

pγΣU
γq + ΣU

pγΣ̇U
γq

) ∣∣∣
τ=t

(2.39)

where s̃† is the rate-of-strain given in a reference frame ζ† with axes

x†
pq = Qjpxj + c†

p. (2.40)

The ζ†-system is a reference system aligned with the diagonalized rate-of-strain tensor.
Since, the rate-of-strain is a property of the flow, ζ† is embedded in the flow and indepen-
dent of the observer.

Objectivity of the transformation (2.40), could also be realized through the requirement
of ΣU as diagonal. It implies that Σ̇U Σ is diagonal and thus symmetric. Therefore the
evolution of the eigenvector triad associated with of the strain-rate tensor is spin-free relative
to ζ†.

On the contrary, a tensor T whose eigenvectors are arbitrarily aligned relative to s̃ will
generally not be spin-free in its evolution. It follows that the rates of T are not invariant
under the transformation (2.40) but rather transforms as

QipQjq
DTij

Dt

∣∣∣∣∣
τ=t

=
DT †

pq

Dt

∣∣∣∣∣
τ=t

− T †
prΩ(†)†

rq + Ω(†)†
pr T †

rq. (2.41)

DT †/Dt is the advection of an arbitrary tensor quantity Tij relative to the principal axes of the
rate-of-strain tensor.

The objectivity (2.40) can even further be realized if T † is substituted with s̃† in (2.41).
Since Ω† must be traceless (from detQ† = +1) and since s̃† is diagonal (from the definition
of ζ†), then the last two terms in (2.41) must vanish. Therefore it transforms as an objective
tensor quantity (c.f., (2.11)).

The complete right-hand side of (2.41) is usually referred to as the Harnoy derivative
(Harnoy 1976) and will here be denoted D†/Dt. When transformed back into an inertial
frame ζ it is given by

D(†)T

Dt
≜ QipQjq

DT †
ij

Dt

∣∣∣∣∣
τ=t

= DTij

Dt

∣∣∣∣∣
τ=t

− TikΩ(†)
kj + Ω(†)

ik Tkj . (2.42)

As was mentioned before; the Harnoy derivative is relevant to consider in the context
of algebraic relations for the Reynolds-stress tensor and will be used in “alternative” forms
of the Reynolds-stress transport equation in the subsequent section.

12



2.4. Derived and alternative forms of the Reynolds-stress transport equation

2.4 Derived and alternative forms of the Reynolds-stress transport
equation

At this point an alternative form of the Reynolds-stress will be introduced that is valid and
indifferent in any frame. In this context, the intrinsic (or absolute) vorticity given by (see
e.g., Speziale 1991)

W
(∗)
ij = Wij + Ω(∗)

ij . (2.43)

is introduced. So is also the substitution

∂Ui

∂xj
→ Sij +W

(∗)
ij (2.44)

and, for later purposes, also the anisotropy of the tensorial dissipation

eij = εij

ε
− 2

3δij . (2.45)

Making use of the Harnoy derivative and (2.43)-(2.45), the RST equations may be written
in the alternative form

D(†)uiuj

Dt
− Dij = Pij + ε

[Πij

ε
− eij

]
− 2

3εδij + C(†)
ij (2.46)

where
C(†)

ij = uiukΩ(†)
kj − Ω(†)

ik ukuj (2.47)

and
Pij = Pij(uiuj , Sij ,W

(∗)
ij ). (2.48)

Equation 2.46 is valid in any reference frame and the left-hand side represents the transport
of the Reynolds-stresses relative to the principal axes of the rate-of-strain tensor.

The turbulent kinetic energy and the turbulent stress anisotropy are respectively deduced
from the Reynolds-stresses as

K = ukuk

2
and aij = uiuj

K
− 2

3
δij . (2.49)

The later can be interpreted as the relative energy content in each component and is traceless
and symmetric. The transport equation for the kinetic energy is achieved by taking half of
the trace of the RST equations and reads

DK
Dt

= P(K) − ε(K) + D(K) (2.50)

where
2P(K) = Pkk, 2ε(K) = εkk, 2D(K) = Dkk (2.51)

and sinceK is a scalar quantity is follows that

D(†)K

Dt
= DK

Dt
. (2.52)

The superscript (K) used in (2.50) and (2.51) will be omitted in the following.
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2.4. Derived and alternative forms of the Reynolds-stress transport equation

The transport equation for the Reynolds-stress anisotropy tensor follows from an appro-
priate material differentiation of its definition in (2.49) so that, with (2.46) and (2.50), it
reads

(2.53)K

ε

[D(†)aij

Dt
− D(a)

ij

]
= −

[
aij + 2

3δij

][P
ε

− 1
]

+ Pij

ε
+
[Πij

ε
− eij

]
− 2

3δij + aC(†)
ij

where
D(a)

ij = Dij

K
− uiuj

D
K2 (2.54)

is the diffusion of the anisotropy and

aC(†)
ij = aijΩ(†)

kj + Ω(†)
ik akj (2.55)

is the production of anisotropy due to the rotation of the principal axes of rate-of-strain
tensor.
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Differential and algebraic second-moment closures 3

In this work, two families of models will be considered; differential Reynolds-stress models
(DRSMs) and explicit algebraic Reynolds-stress models (EARSMs). Both families of mod-
els have in common that the Reynolds-stress tensor is provided frommodeled variants of its
transport equation (2.23). Basic concepts of differential Reynolds-stress modelling will be
presented in §3.1. The concepts of explicit algebraic Reynolds-stress models are then given
in §3.2.

3.1 Differential Reynolds-stress models
Closures of the full Reynolds-stress transport equations possess the appealing feature that
they are free from ad-hoc empiricism on the second-moment level. Closure assumptions are
introduced for higher moments. The hypothesis is that rather crude closure assumptions ap-
plied to higher-order moments will provide reasonable predictions of the turbulent stress
field. If so, one should expect a turbulent closure that applies to a broader range of appli-
cations than if some global assumption has been made for the second-moment itself. The
pioneering work, that laid the foundation for differential Reynolds-stress closures, is often
referenced to Rotta 1951.

To achieve a second-moment closure, models must be provided for the higher-order
terms in the Reynolds-stress transport equation. The unclosed terms are the pressure-strain
correlation (Πij), the third-order flux (Tijk) and the dissipation (εij). The most common
modeling approaches are based on the assumption of (Speziale 1991);

(i) a clear-cut separation of scales on the third-moment level. This implies that the gra-
dient of the third-moment flux may be modeled through a gradient diffusion hypothesis.

(ii) an assumption of sufficiently small anisotropies. This corresponds to an assumption
of local homogeneity of the turbulence. The implication is that models for the dissipation
and pressure-strain may be based upon Taylor-series expansions about an isotropic state.
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3.1. Differential Reynolds-stress models

3.1.1 The pressure-strain correlation
The intercomponential redistribution between the stress components is governed by the
pressure-strain correlation. This correlation is not seldom seen as the most challenging to
model.

Subtracting the divergence of the transport equations governing the fluctuating veloci-
ties (c.f., Hanifi et al. 1999) from the divergence of the RANS equations (2.23) reveals that
the fluctuating pressure is a solution to

∂2p

∂xk∂xk
= 2∂Uk

∂xl

∂ul

∂xk
−
[∂uk

∂xl

∂ul

∂xk
+ ∂uk

∂xl

∂ul

∂xk

]
. (3.1)

Equation 3.1 is a Poisson equation for the fluctuating pressure. The general form of (3.1)
suggest that the pressure-strain correlation may be divided into two terms with different
physical interpretation. One of the terms responds directly to changes in the mean velocity
field. This term is usually referred to as the rapid part. Physically it has the role of driving the
stress field to a more anisotropic state. The other term is not explicitly influenced by changes
in the mean field but responds explicitly only to changes in the fluctuating quantities. This
term is referred to as the slow part. The slow part drives the isotropization of the stress field.

The most common pressure-strain models can be written in the form

Πij

ε
− eij = −1

2

[
C0

1 + C1
1

P
ε

]
aij + C2

K

ε
Sij

+ C3
2
K

ε

[
aikSkj + Sikakj − 2

3
aklSlkδij

]
+ C4

2
K

ε

[
aikW

(∗)
kj −W

(∗)
ik akj

]
.

(3.2)

The first term on the right-hand side is the representation of the slow part whilst the others
are associated with the rapid part. Equation 3.2 is a based on a truncated Taylor-series
where tensorially linear terms in the anisotropy aij is kept. It is noted that the relation also
contains a scalar non-linearity through P/ε. The commonly used model of Launder, Reece,
et al. 1975 (labelled LRR in the following) and the linearized model of Speziale et al. 1991
(SSG) are both on the form of (3.2). The corresponding model coefficients are;

Launder, Reece and Rodi (LRR) model (c1 = 1.5, c2 = 2/5)

C0
1 = 2c1 = 3.0, C1

1 = 0, C2 = c2/2 = 4/5,

C3 = 2(9c2 + 6)
11

≈ 1.75, C4 = 2(7c2 − 10)
11

≈ 1.31,
(3.3)

Linearized Speziale, Sarkar and Gatski (L-SSG) model

C0
1 = 3.4 C1

1 = 1.8 C2 = 4/5, C3 = 1.25, C4 = 0.40. (3.4)

LLR

All coefficients involved in the rapid pressure-strain correlation of Launder, Reece, et al.
1975 are dependent and can be determined from another coefficient, c2. This follows from
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3.1. Differential Reynolds-stress models

underlying symmetry constraints that were used for the derivition of the model. The c2-
coefficient is calibrated such that the rapid pressure-strain model is consistent with the
Rapid Distortion Theory (RDT) of Crow 1968. The Rapid Distortion Theory describes
the state of an initially isotropic turbulence that is subjected to a homogeneous, curl-free,
strain. According to RDT,

lim
aij→0

Πij = 4
5
KSij (3.5)

so that it determines c2 (as 4/5).
The slow term is modeled through the linear return-to-isotropy model of Rotta 1951

and the constant c1 is chosen to capture the rate at which turbulence return to a isotropic
state in absence of shear.

L-SSG

The derivation of the SSG model is based on independent tensor groups of the pressure-
strain tensor. Therefore the coefficients can be determined independently. As such, the
SSG model will apply to a broader variety of flows compared to the simpler LLR model.

In the original model-proposal (Speziale et al. 1991), second-order terms in aij were
kept. Since also the higher-order terms are involved in the return to isotropy, the calibration
of C0

1 differs from that of Launder, Reece, et al. 1975. The C2-coefficient was achieved in
the same spirit as for Launder, Reece, et al., whereas the other coefficients were calibrated to
match other constraints. These constraints were e.g.; (i) consistency with equilibrium values
for homogeneous shear flow; (ii) stability limits for rotating shear flows and; (iii) decay rates
for of isotropic turbulence.

3.1.2 Closures for third-order flux and dissipation
Based on an assumption of a clear-cut separation of scales, the third-order transport

∂

∂xk
Tijk = ∂

∂xk

[
uiujuk + puiδjk + pujδik

]
(3.6)

is for all common models of the form

∂

∂xk
Tijk = − ∂

∂xk
Dijklmn

∂ulum

∂xn
(3.7)

where the diffusion tensor Dijklmn could take the form a functional with anisotropic depen-
dence on the Reynolds-stresses.

It is often assumed that the pressure-diffusion terms are negligible compared to the
triple velocity correlation. From symmetry constraints, allowing for interchange of any free
index of Tijk, (3.7) reduces to

Tijk = −Cs
K

ε

[
uiul

∂ujuk

∂xl
+ ujul

∂ukui

∂xl
+ ukul

∂uiuj

∂xl

]
. (3.8)

This is the model proposed by Launder, Reece, et al. 1975. The model was in fact derived by
Launder, Reece, et al. 1975 from a “servere simplification” of the exact transport equations
for uiujuk. However, the outcome is still a gradient driven diffusion of the stresses.
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3.1. Differential Reynolds-stress models

A simpler model, that correspond to that by Daly and Harlow 1970, follows from an
assumption of isotropic turbulence (aαα = 0) which reduces (3.8) to

Tijk = −2
3
C ′

s

K2

ε

[∂ujuk

∂xi
+ ∂ukui

∂xj
+ ∂uiuj

∂xk

]
(3.9)

For later use it is noted that half the trace of (3.9) gives the corresponding model for the
turbulent flux of kinetic energy as

T
(K)
k = −C ′

s

K

ε
ukul

∂K

∂xl
. (3.10)

With the model approaches briefly reviewed above, the Reynolds-stress transport equa-
tions are closed once complemented with a closure assumption for the tensorial dissipation
rate. The simplest approach follows from neglection of deviatoric part of the dissipation
tensor. In that case, it is modeled as isotropic

εij = 2
3ε, eij = 0. (3.11)

Equation 3.11 is consistent with the Kolmogorov theory which implies local isotropy
for the smallest, dissipating, scales. More sophisticated models are based on perturbations
about that state (c.f., Hanifi et al. 1999).

To close the system of equations, the scalar dissipation is achieved from a modeled
transport equation. In its simplest form it reads

Dε
Dt

= Cε1
P
K
ε− Cε2

ε2

K
− ∂

∂xk

[
T

(ε)
k − ν

∂ε

∂xk

]
. (3.12)

The differential Reynolds-stress models appears as a convincing route for physically
sound RANS predictions. However, with a closure achieved for the Reynolds-stress trans-
port equations, it still remains to implement them in the momentum equation. This is a
more complicated task than for models based on a turbulent viscosity.

The stress gradient appears as an explicit source term in the momentum equation. This
implies that the momentum-turbulence coupling is weak which may lead to stability prob-
lems. Especially when turbulent effects are dominant.

The fact that the stress gradient does not contribute to the diffusivity adds difficulties
associated with accuracy. This follows from the fact that increased diffusivity reduces the
Peclet number. Low Peclet numbers are essential for obtaining numerical accuracy of the
discretization (see e.g., Piquet 1999). Therefore, a differential Reynolds-stress model will
introduce more numerical diffusion compared with eddy-viscosity models. This puts de-
manding requirements on the numerical resolution and the numerical schemes.

A further complication compared with eddy-viscosity models is due to the explicit treat-
ment of the discrete turbulent terms. The role of the stress gradient is similar to that of the
pressure gradient and the balance between them drives the mean velocity. If this subtle bal-
ance is not sufficiently treated, numerical irregularities (wiggles) and servere non-physical
solutions may appear.

A sufficient treatment for avoiding irregularities implies; (i) face-fluxes of the discrete
Reynolds-stresses must be consistent with that of the pressure (ii) iterative procedures must
respect equilibrium between pressure and Reynolds-stress gradients. This will be further
assessed in §4.
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3.2. Explicit algebraic Reynolds-stress models

Additionally, the computational workload is most obviously increased compared with
simpler eddy-viscosity models since five additional transport equations must be solved.

Numerical complexity and computational expenses associated with the DRSMs forms
the motivation for deriving algebraic relations for the Reynolds-stresses from its transport
equations.

3.2 Explicit algebraic Reynolds-stress models
The fundamental hypothesis for establishing algebraic Reynolds-stress models is the weak-
equilibrium assumption of Rodi 1972. The weak-equilibrium assumption relates the state
of the turbulence to the local mean velocity rather than to its own history. The state of the
turbulence is taken as its degree of anisotropy governed by (2.53). The neglect of history
effects of the anisotropy is achieved through,

D(†)aij

Dt
= 0 or D(†)uiuj

Dt
= uiuj

K

DK
Dt

(3.13a)

and
D(a)

ij = 0 or Dij = uiuj

K
D(K). (3.13b)

Relating the equilibrium assumption to theHarnoy derivative rather than the substantial
material derivative is somewhat disputed (Weis and Hutter 2003). The former is usually re-
ferred to as the extended weak-assumption (Girimaji 1997; Gatski and Jongen 2000; Gatski
andWallin 2004). Originally (i.e., in Rodi 1972), the assumption was given as (considering
the advection)

Daij

Dt
= 0. (3.14)

In flows without curvature (i.e., straight streamlines) relative to an inertial frame, (3.13a)
and (3.14) are equivalent.

Bent streamlines imply a non-vanishing rotational curl of the rate-of-strain field. This
curl is accounted for by considering the Harnoy derivative. Neglecting the Harnoy deriva-
tive of the anisotropy is thus consistent with the assumption stated above, i.e., that the
turbulent state has no memory relative to the mean velocity.

On the contrary, (3.14) implies that the turbulent state has no memory relative to a
inertial frame but has inertia relative to the mean velocity. Which one is most appropriate
depends on the flow situation.

If the scales of the curvature are comparable to the large turbulent eddies, it would not
be reasonable to assume equilibrium for the turbulent state with the mean velocity. Thus, in
that situation, (3.14) is more applicable. In other situations, e.g., flows with a superimposed
solid-body rotation, condition (3.13a) is obviously the correct equilibrium assumption.

Using assumptions (3.13) in (2.44) yields an implicit algebraic expression for the anisotropy
that reads [

aij + 2
3δij

][P
ε

− 1
]

= Pij

ε
+
[Πij

ε
− eij

]
− 2

3δij + C(†,a)
ij . (3.15)

With the substitutions
K

ε
Sij → Sij ,

K

ε
W

(∗)
ij → W

(∗)
ij (3.16)
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3.2. Explicit algebraic Reynolds-stress models

and with the shear-production in the form Pij(aij , Sij ,W
(∗)
ij ) as

Pij

ε
= −

[4
3
Sij + (aikSkj + Sikakj) − (aikW

(∗)
kj −W

(∗)
ik akj)

]
(3.17)

yields

Naij = −A1Sij +
[
aikW

(∗)
kj −W

(∗)
ik akj

]
+A2

[
aikSkj + Sikakj + 2

3aklSlk

]
− 1
A0

aC(†)
ij

(3.18)

where N = (A3 +A4P/ε) and the As are related to the Cs through

A0 = C4 − 2
2

, A1 = 3C2 − 4
3A0

, A2 = C3 − 2
2A0

,

A3 = 2 − C0
1

2A0
, A4 = −C1

1 + 2
2A0

.

(3.19)

The contribution from aC(†)
ij may be fully accounted for when Ω(†) is due to a constant

superimposed solid-body rotation. In that case Ω(†) is a constant property and the intrinsic
vorticity can be redefined as

W
(∗)
ij → W

(†)
ij = W

(∗)
ij + 1

A0
Ω(†)

ij = Wij +
[
1 − 1

A0

]
Ω(∗)

ij (3.20)

where Ω(∗)
ij = Ω(†)

ij are co-rotating references frames. Equation 3.19 then becomes

Naij = −A1Sij +
[
aijW

(†)
kj −W

(†)
ik akj

]
+A2

[
aikSkj + Sikakj + 2

3aklSlk

] (3.21)

or
aij = ARSMij(aij , Sij ,W

(†)
ij ,P/ε). (3.22)

3.2.1 Formulations of EARSMs
The algebraic relations (3.21) that result from the weak-equilibrium assumption for the
Reynolds-stress anisotropy are tensorially implicit in aij and contain a scalar non-linearity
through P/ε = −aklSkl. This non-linearity is usually referred to as a quasi-linearity since
it is not tensorial.

The approach in deriving a relation explicit in aij starts from the representation of the
anisotropy tensor in terms of a set of basis tensors

aij = βkT
(k)
ij (3.23)

where {T (k)
ij = f (k)(Sij ,Wij)}with k = 1, 2, 3, . . . is the set of basis tensors (see e.g., Pope

1975 or Grundestam 2006 for details). The βs are scalar coefficients and may be functions
of the tensor invariants.

The anisotropy tensor is symmetric and traceless and therefore has five independent
components. It follows that it requires at least five independent tensors for a complete
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3.2. Explicit algebraic Reynolds-stress models

representation (Grundestam 2006). An EARSM where the tensorial basis is sufficient to
exactly reproduce the underlying ARSM (for a given P/ε) is referred to as complete.

For a known P/ε, a closed explicit relation is achieved once solutions are found for the
βs. The βs are solutions to the equation system that arises when (3.23) is used in (3.22).

The essence of an EARSM in a computational procedure may then be outlined as fol-
lows; (i) a finite number of tensors are computed from a known mean velocity field with
known turbulent scales; (ii) the βs are known functions of the invariants and may be com-
puted accordingly once the tensor basis is computed; (iii) the turbulent stresses are achieved
from known functions of the computed tensors and scalar coefficients.

In deriving an EARSM, a tensorial non-linearity in aij could enter the equation system
depending on the choice of underlying ARSM. This would require the βs to depend upon
aij which would render the equation system (i.e., (3.23) in (3.22)) unsolvable. In principal,
this disqualifies all (tensorialy) non-linear pressure-strain models as candidates for a complete
EARSM1. However, the quasi-linearity introduces the same obstacle. The resulting issue
have been circumvented in variety of fashions.

Starting with Pope 1975, the dissipation-to-production ratio P/ε was kept implicit.
This results in a semi-implicit expression for the anisotropy. The methodology for obtaining
a solution therefore requires either; (i) ad-hoc closure assumptions for P/ε; (ii) providing
an additional algebraic expression for P/ε or; (iii) actually keeping P/ε implicit during the
iteration procedure for aij .

Taulbee 1992 and Gatski and Speziale 1993 adopted approach (i). They prescribed
P/ε its equilibrium value [P/ε]eq. (given e.g., in Speziale 1991) and in that way linearized
the equation system. Whilst this approach is somewhat unsatisfactory (assessed below) the
mentioned workers contributed to the EARSM-approach by deriving the complete repre-
sentations for three-dimensional mean fields. Although Pope 1975 had already outlined the
methodology, the tedious algebra associated with inversion of the equation system for βs
was out of reach. Taulbee 1992 avoid much of the algebra by considering an approximated
ARSM. Gatski and Speziale 1993 achieved the solution for a more general ARSM by the
aid of computer software that handles symbolic expressions.

Girimaji 1996 andWallin and Johansson 1996 (alsoWallin and Johansson 2000) showed
that the linearizing approach P/ε = [P/ε]eq. is internally inconsistent. They showed that
when such a model is used away from equilibrium, there is “no guarantee” that −aklSkl =
[P/ε]eq. where aij = amodel

ij . Instead, both Girimaji 1996 and Wallin and Johansson 1996,
adopted approach (ii) from above. That is, they provided an algebraic expression for P/ε.
In that case, the methodology for closing the system may be outlined as; (i) the equation
system is inverted so that expressions for the βs is achieved; (ii) the anisotropy is then of
the general semi-implicit form

aij = aij(βs(P/ε), Sij ,Wij); (3.24)

(iii) the system is closed once a closed form solution for

P
ε

+ aklSkl = 0 (3.25)

is provided.
1Whilst this assertion is true for a complete EARSM, Grundestam et al. 2005 showed that non-linear

contributions from the pressure-strain tensor can be fully accounted for in the limit of two-dimensional mean
flow.
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3.2. Explicit algebraic Reynolds-stress models

3.2.2 The Wallin-Johansson model
The model of Wallin and Johansson 2000 has been used for the computations in this work
and will therefore be briefly presented in this subsection.

Wallin and Johansson adopted the same pressure-strain calibration for the underlying
ARSM as Taulbee 1992, i.e., c2 = 5/9. This approximation of the original LRR-model is
to some extent defended by referring to Lumley 1978 and to Shabbir and Shih 1992 who
proposed values of c2 close to 5/9. In terms of As, this choice of calibration amounts to
A2 = 0. This reduces the explicit relation for the anisotropy to

Naij = −A1Sij +
[
aikW

(†)
kj +W

(†)
ik akj

]
, (3.26)

where, for clarity, it is repeated that

W
(†)
ij ≜Wij +

[
1 − 1

A0

]
Ω(∗)

ij (3.27)

and Ω(∗)
ij = Ω(†)

ij . The adopted calibration results in the following coefficients for the un-
derlying ARSM;

Wallin & Johansson calibration (c1 = 1.8, c2 = 5/9)

C0
1 = 3.6, C1

1 = 0, C2 = 0.2, C3 = 2.0, C4 = 1.11, (3.28)

or,

A0 = −0.44, A1 = 1.20, A1 = 1.20,
A2 = 0, A3 = 1.80, A4 = 2.25.

(3.29)

Inserting the complete tensor representation (3.23) in the relation (3.26) and reduction
by the means of the Caylay-Hamilton theorem yields the following complete tensor repre-
sentation of aij ;

aij = β1Sij + β3(ΩikΩkj − 1
3IISδij)

+ β4(SikΩkj − ΩikSkj) + β6(SikΩklΩlj + ΩikΩklSlj − 1
3IV δij)

+ β9(ΩikSklΩlpΩpj − ΩikΩklSlpΩpj).
(3.30)

The corresponding coefficients reads

β1 = −N(2N2 + 7IIΩ)
Q

, β3 = −12N−1IV

Q

β4 = −2(N2 + 2IIΩ)
Q

, β6 = −6N
Q
, β9 = 6

Q

(3.31)

where
Q = 5

6(N2 − 2IIΩ)(2N2 − IIΩ) (3.32)

and the relevant tensor invariants of Sij and Ωij are

IIS = SklSkl, IIΩ = ΩklΩlk and IV = SklΩlmΩmk. (3.33)
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3.2. Explicit algebraic Reynolds-stress models

Wallin and Johansson found that the resulting algebraic expression for P/ε in terms of
N is a sixth order polynomial for which no closed solution can be found. Instead they gave
two proposals for closing the system. In the two-dimensional limit, N is given by a cubic
equation with the solution

N =


A3
3 + 3

√
P1 + P

1/2
2 + sgn

(
P1 −

√
P2
) 3

√∣∣∣P1 − P
1/2
2

∣∣∣, P2 ≥ 0
A3
3 + 2 6

√
P 2

1 + P2 cos
[

1
3 arccos

[
P1√

P 2
1 −P2

]]
, P2 < 0

(3.34)

where sgn is the signum function and

P1 =
[A2

3
27

+ A1A4
6

IIS − 2
3IIΩ

]
A3,

P2 = P 2
1 −

[A2
3

9
+ A1A4

3
IIS − 2

3IIΩ
]3
.

(3.35)

Wallin and Johansson suggested that (3.34) can be used as a first approximation also
for three-dimensional flows. As an alternative, they also proposed a closer approximation
to the three-dimensional solution achieved from a pertubation about the two-dimensional
limit.

As mentioned in §3.1.1, the underlying pressure-strain model follows from symmetry
constraints on the pressure-strain correlation. Those constraints have prevented calibration
with respect to the skew-symmetric part of the velocity gradient. It has been shown in e.g.,
Wallin and Johansson 2002 that this results in poor predictions for rotating flows for the
EARSM2. A recalibration of A0 has been addressed in Wallin and Johansson 2002. It is
proposed that the model shouldmatch neutral stability for rotating homogeneous shear flow.
Their calibration procedure gaveA0 = −0.72. This is indeed closer to the coefficients of the
L-SSG which, in terms of A-coefficients, gives A0 = −0.8 compared to A0 = −0.35 for
the original LRR-model. It should be mentioned that the recalibration of one coefficient,
that in fact is dependent on the others, is ad-hoc. Thus a broad generality is dubious.

In the original paper, the dissipation ε was proposed for determining the turbulent
length-scale. Menter et al. 2009 proposed slight changes to the model for use in conjunc-
tion with the BSL-formulation of theω-equation. Those changes were aminor recalibration
of A1 to 1.245 and that the eddy-viscosity on the form νt = K/ω should be used in the
diffusion terms of the k- and ω-equation. This formulation has been used in this work.

2The model was originally proposed without the extended part of the weak-equilibrium assumption. This
implies that last term in (3.27) was not part of the original model. If it is anyway accounted for it model
coefficients A1-A4 yields the A0 given in (3.28).
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Numerical methodology 4

This chapter will be concerned with some aspects of the numerical treatment of the partial
differential equations of the mean turbulent flow field. The numerical treatment is compli-
cated by the presence of the Coriolis force and the source terms that involve the Reynolds-
stress gradients. The latter is associated with second-moment closures.

Difficulties arise since a flux reconstruction at cell interfaces is needed for all discretizied
quantities. Insufficient balance in the flux reconstruction may cause irregularities and incor-
rect velocity magnitudes. The implication is that the reconstruction must be performed in
corresponding manner for the pressure and explicit source terms. It also implies that an
iterative procedure for the coupling of equations involved in the system of equations must
respect the correct balance. This chapter will in this context address;

(i) discretization of explicit source terms that gives a consistent flux reconstruction,
(ii) recognition of (i) from distributive iteration methods,
(iii) boundary-conditions that are consistent with the flux reconstruction.
Demonstration of a, in this respect, correct numerical treatment will be presented.

4.1 Discrete representation of mean flow equations
For the discrete representation of the governing equations, a computational grid G will be
considered. The grid G is the set of cell-centers in the fluid domain D such that

G = {xi ∈ D : xi = xi,p, p = 1, 2, . . . , n} , (4.1)

where n is the discrete number finite volumes Dp ⊂ D . Discrete unknowns reside in cell-
centers xi,p. That is, G is a collocated grid. A finite volume Dp is represented by its volume
Vp. A quantity ϕ in a cell-center xi,P with P ∈ p is designated ϕP . Cell-face values are,
when linear interpolation is used, given as

ϕf ≜ If (ϕP) = IfϕN + (1 − If )ϕP (4.2)

where I is a linear interpolation map I : ϕP 7→ ϕf , If is the interpolation coefficient
and ϕN withN ∈ p is the adjacent cell-centered value associacted with face f . Each face is
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4.2. Distributive iterations for the linearized equation system

represented by its area Af and its surface normal vector ni,f with ni,f > 0 when pointing
out from the finite volume. For the finite volume discretization, where Gauss’s theorem is
employed, the discrete continuity reads∫

Dj

[∂uk

∂xk

]
dDp

∼=
∑

f

[
uknkA

]
f

= 0, (4.3)

where Σf implies summation over all cell-faces associacted with a finite volume DP . Using
the same approach, the discrete momentum equation reads

(4.4)

∫
Dj

[∂ui

∂t
+ ∂uiuk

∂xk
− ∂

∂xk
(ν ∂ui

∂xk
)+ ∂p

∂xi
−fi

]
dDp

∼=

VP
∂ui

∂t
+
∑

f

[
uiuknkA

]
f

−
∑

f

[
ν
∂ui

∂xk
nkA

]
f

+
∑

f

[
pniA

]
f

− VPfi = 0

or in solvable form

aPui,P =
∑
N

[
aNui,N

]
−
∑

f

[
pniA

]
f

+ VPfi, (4.5)

where the as are discretization coefficients.
To avoid irregularities when collocated grids are used, Rhie and Chow 1983 introduced

the interpolation (or correction)

ui,f := Ii,f (ui,P) − Ii,f ( 1
af

)
[ ∂p
∂xi

∣∣∣
f

− Ii,f ( ∂p
∂xi

∣∣∣
P

)
]
, (4.6)

where “:=” is used to denote substitution (so that it reads; a is replaced with b). Equation 4.6
will be referred to as the standard Rhie-Chow interpolation and will be discussed further in
subsequent sections.

4.2 Distributive iterations for the linearized equation system
The discrete continuity and momentum equations (4.3) and (4.4) can be represented by the
equation system (boldface or tensor notation will be disregarded in this section for brevity)[

N(u) G
D C

] [
u
p

]
=
[
g
0

]
. (4.7)

where;N is the advection and diffusionmatrix;G is the gradient matrix;D is the divergence
matrix and; C is the matrix associated with the Rhie-Chow interpolation and g is explicit
source terms. Further, u is the row vector with the discrete representations of the velocity
components (u = [u1,1 · · ·u1,n u2,1 · · ·u2,n u3,1 · · ·u3,n]T ) and p is the corresponding vec-
tor for the discrete pressure values. Boundary conditions are already incorporated in (4.7).
With linearzing strategy for N(u) ≈ Ñ , (4.7) is represented by the linear equation system

Ax = b. (4.8)
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4.2. Distributive iterations for the linearized equation system

As is well-established in the literature, A is generally not easily invertible (see e.g., Ferziger
and Peric 2002; Wesseling 2000). This prevent a straight-forward application of both di-
rect and iterative methods. Rather sophisticated methods must therefore be employed. One
such approach is distributive iterations and it will be outlined in the following (see e.g., Wes-
seling 2000 for further details).

The construction of a distributive iteration method starts with the assumption that there
exist a linear system

ABx̂ = b, x̂ = B−1x (4.9)

which is both easier to solve and also solves the original system (4.7). To initiate an iterative
solution strategy from (4.9), the splitting AB = M −T is applied. In terms of the original
system (4.8) the splitting corresponds to

A = MB−1 − TB−1 (4.10)

so that it expands as the iterative method

xk+1 = xk −BM−1(Axk − b) (4.11)

where k + 1 is the current iteration and k is the previous iteration or its initial value and
Axk − b is the residuals. Equation 4.11 reveals that if the system converges, i.e., if (xk+1 −
xk) → 0, then it is consistent for any nonsingular B andM and solves the original system
(4.8). It also indicates thatB andM are allowed to be chosen arbitrarily and that, indeed, a
consistent solution may be found independent of the choice of T . The latter simply follows
from the absence of T in (4.11). Thus, reverting to an intermediate step in the derivation
of (4.11);

MB−1xk+1 = TB−1xk + b (4.12)

and choosing T = 0, one possible iterative path to the solution of (4.7) is given as

xk+1 = BM−1b. (4.13)

Of course, the number of alternatives are many (thus the wide variety of algorithms and
computer implementations for the same family of algorithms) but (4.13) will for simplicity
be considered here.

Well-known algorithms, such as the SIMPLE family of algorithms, originating from
the pioneering work of Patankar and Spalding 1972, can be cast into the form of (4.11) and
(4.13). Particular algorithms are distinguished by the choices ofM andB. The choices that
correspond to the SIMPLE and SIMPLEC algorithm will be presented in the following.
The later method is attributed to Doormaal and Raithby 1984.

Comparision between (4.7) and (4.8) gives

A =
[
Ñ G
D C

]
. (4.14)

From linear algebra it is known that a linear system with a lower (or upper) triangular matrix
is easily solved by the means of forward (or backward) substitution. Therefore its reasonable
to strive for

AB =
[
Q 0
R S

]
(4.15)
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as a general matrix structure in (4.9).
The original full block structure of (4.7) is recovered if B is on the general form

B =
[
I B12
0 B22

]
, (4.16)

so that

AB =
[
Ñ ÑB12 +GB22
D DB12 + CB22

]
. (4.17)

Since a non-singular B may be chosen arbitrarily and since it was argued that a matrix on
the lower triangular form in (4.15) is desirable, the B12 should be chosen as

B12 = −Ñ−1GB22, (4.18)

so that

AB =
[
Ñ 0
D (C −DÑ−1G)B22

]
. (4.19)

In the SIMPLE family of algorithms B22 is the identity matrix and that will be adopted
in the following. The system ABx̂ = b is turned into its iterative counterpart through the
splitting AB = M − T where T (as above) is a rest-matrix. To achieve the structure of
(4.13), T is here chosen as T = 0. The sub-blocks ofM are still to be chosen. Again a good
choice is one which produces a systemMy = c that is easily solvable (cf. (4.13)). It again
follows that a lower triangular form

M =
[
Q 0
D R

]
(4.20)

is a desirable structure of M . For clarity in the following it is convenient to define the
velocity and pressure corrections as

M

[
δu
δp

]
=
[
g
0

]
or

[
Q 0
D R

] [
δu
δp

]
=
[
g
0

]
(4.21)

so that when a solution of (4.21) is found, the velocity and pressure may be updated as[
uk+1

pk+1

]
= B

[
δu
δp

]
or

[
uk+1

pk+1

]
=
[
I −Ñ−1G
0 I

] [
δu
δp

]
. (4.22)

A close resemblance of the original system will produce fast convergence. Thus, Q should
approximate Ñ but should of course be easily invertible. For example, Q could be split into

Q = ÑD + ÑLU (4.23)

where
ÑD = diag(Ñ) and ÑLU = Ñ − diag(Ñ) (4.24)

so that the velocity correction is iteratively approximated as

δuk−1 ≈ Ñ−1
D (f − ÑLUδu

k). (4.25)
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Correspondingly, R is approximated with C − DÑ−1
D G. This implies that the pressure

correction equation is represented by a discrete Poisson equation. The matrix Ñ−1 in the
B12-block is also approximated as Ñ−1 = Ñ−1

D . The above choices correspond to the
SIMPLE algorithm.

The approximation Ñ−1 = Ñ−1
D in theM22- and the B12-block is a drastic simplifica-

tion that excludes influence of the pressure corrections from adjacent cells. This is “drastic”
since the pressure correction is elliptic and local variations are thus of global importance.
Large local variations between succeeding iterations are (most) likely in the early stages
of the solution process and are the reason why the SIMPLE algorithm requires significant
under-relaxation. It was in this virtue that Doormaal and Raithby 1984 proposed an alterna-
tive approximation of Ñ . The proposal of Doormaal and Raithby 1984 is that the diagonal
of Ñ is more consistently approximated by the entire row than by the diagonal itself so that

Ñ−1
αα ≈

∑
n

Ñ−1
αn . (4.26)

This approximation is applied to both theM22- and the B12-block. This is usually referred
to as the SIMPLEC algorithm (abbreviation for SIMPLE-Consistent). It has turned out
that the SIMPLEC algorithm requires essentially no under-relaxation on the pressure since
it is employs a less crude approximation.

Whilst both the mentioned algorithms should produce equal results at convergence,
their path to get there are different. An implication of this will be demonstrated in section
4.5.2.

4.3 Pressure boundary-condition on no-slip walls
A boundary-condition that respects a consistent flux reconstruction at walls can be con-
structed from the iterative method in the previous section.

A wall will here be represented by its normal vector nw and wall-interfaces with their
area Aw.

The velocity at the current iteration k + 1 is computed as (c.f., (4.22))

uk+1 = δuk+1 − Ñ−1Gδpk+1, (4.27)

and thus, at the wall and in its orthogonal direction, the balance reads

uk+1
j,w nj,wAw =

[
δuk+1

j,w nj,w − Ñ−1(Gδpk+1
w )jnj,w

]
Aw. (4.28)

Rearranging then gives a boundary-condition for pressure as

(Gδpk+1
w )jnj,w = Ew(Ñ)

[
Ew(δuk+1

j )nj,w − uk+1
j,w nj,w

]
(4.29)

where Ew represents some extrapolating mapping Ew : ϕP 7→ ϕw and uw is a prescribed
boundary condition for the velocity. Equation 4.29 represents a boundary condition for
pressure so that the boundary flux is consistent with the velocity boundary condition.
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4.4 Discretization of explicit source terms
The discretized continuity equation (4.3) introduces the requirement of a consistent face-
flux reconstruction. This means that face-interpolated representations of all quantities must
be consistent with their representations in cell-centers. It is in this virtue that the Rhie-
Chow interpolation arises.

However, the standard Rhie-Chow interpolation is not sufficient if significant explicit
source terms are present (Mencinger and Žun 2007). Since the RANS equations is in
part elliptic, local inaccuracies could cause severe global numerical artifacts. An extended
correction that yields a consistent flux reconstruction at cell-faces will be presented in the
following.

The discrete representation of the governing equation should be consistent with the
continuity constraint whether fluid is quiescent or in motion. It follows that a quiescent
fluid can be considered in order to construct a consistent flux reconstruction.

For a quiescent fluid, any body force must be balanced by the pressure gradient. The
requirement of a consistent flux reconstruction on cell-faces implies that such a balancemust
be fulfilled both by cell-centered and face interpolated representations of the quantities.

Evaluating the balance on a face f gives

∂p

∂xi

∣∣∣
f

= If (VP gi,P ) (4.30)

where gi is the explicit source terms. Equation 4.30 expands as

pN = pP + If (VPgk,p)δxk,f (4.31)

when central differencing is used for the pressure and where δxi,f = |xi,P − xi,N |. The
pressure gradient in cell-centers is computed as

∂p

∂xi

∣∣∣
P

=
∑

f

[
(IfpN + (1 + If )pP)ni,fAf

]
(4.32)

and when inserting the relation between neighbouring pressure nodes (4.31) it gives

∂p

∂xi

∣∣∣
P

=
∑

f

[
II (VPgk,Pδxk)niA

]
f
≜ g′

i,P . (4.33)

This result is consistent with those reported in Mencinger and Žun 2007. Equation 4.33
should be interpreted as the consistent discretization of body forces in cell-centers such that
the conservative variables (p and ui) are indeed conserved in its discrete representations.
Thus g′

i,P should be interpreted as a reconstruction of the source term in a cell-center P .
However, it still remains to construct the iterative solution procedure such that (4.33) is
respected.

Continuity is essentially ensured through a face-flux reconstruction of all quantities that
reside in the cell-centers. Here it should be remembered that a collocated grid is consid-
ered. The face-flux reconstruction required for the discrete continuity equation implies the
interpolation of the discrete momentum equation (4.5) onto cell-interfaces as

If (aP)ui,f = If (
∑
N
aNui,N ) − ∂p

∂xi

∣∣∣
f

+ If (VPgi,P). (4.34)
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The first term on the right-hand side expands as

(4.35)
If (

∑
N
aNui,N ) = If

∑
N(N)

aN(N)ui,N(N) + (1 − If )
∑
N
aNui,N

= If (aPui,P) − If ( ∂p
∂xi

∣∣∣
P

) + If (VPg
′
i,P)

where N (N ) reads neighbours of a neighbour and (4.34) was used for the second equality.
Equation 4.35 substituted back into (4.34) yields

ui,f := If (ui,P) − If ( 1
aP

)
[ ∂p
∂xi

∣∣∣
f

− If ( ∂p
∂xi

∣∣∣
P

)
]

+ If (VP
aP

)If

[
gi,P − g′

i,P

]
(4.36)

which may be interpreted as an extended Rhie-Chow interpolation. The standard scheme is
the first two terms on the right-hand side.

Equation 4.36 represent interpolation strategy for the face-flux reconstruction that en-
sures that the balance between pressure and explicit sources are respected such that continu-
ity is fulfilled.

4.5 A generic test case
In this section it will be demonstrated that the use of boundary condition (4.29) together
with the extended Rhie-Chow interpolation (4.36) yields a sufficient face-flux reconstruc-
tion. It will also be demonstrated that the SIMPLEC algorithmmore closely resembles the
preferred face-flux reconstruction compared to the SIMPLE algorithm.

The fully developed rotating channel flow will be considered for these demonstrations.
Only a brief description of the flow case will be given here since a more thorough study is
provided in §5.

The channel flowUi = (U(y), 0, 0) is considered to be homogeneous in the streamwise
(x-)direction and the infinite (z-)direction. The direction of the shear-gradient (y-direction)
is the one inhomogeneous direction. This is the wall-normal direction. The system rotation
vector is given as Ωkδk3 such that the Coriolis force εijkUjΩ3 acts only in the wall-normal
direction.

When differential or algebraic secondmoment closures are employed, both theReynolds-
stress gradient and the Coriolis force will contribute to the explicit source term in the wall-
normal direction. The centrifugal force may be considered to only contribute to a modified
pressure and may as such be disregarded (c.f., §2.1).

The constraint of non-permeable walls imply a zero valued velocity component in the
one direction of inhomogeneity, i.e., the wall-normal direction. Thus, the body forces must
be balanced by the pressure gradient in this direction. This is the situation that were dis-
cussed in §4.4. Therefore, the fully developed channel flow is a suitable generic test case to
demonstrate the importance of the numerical aspects that were previously discussed in this
chapter.

4.5.1 Numerical procedure
The computations have been carried out on a one-dimensional grid in terms of cell-centers.
The set of finite volumes spans the cross-stream width of the channel. Cyclic boundary con-
ditions are applied in the directions of homogeneity and a no-slip condition is applied on
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wall faces. The flow is driven by some source term such that a bulk velocity of unity (Ub = 1)
and a Reynolds number Re ≜ Ubδ/ν = 4029 was obtained (δ is the channel half-height).
The rotation number is defined as Ro = (2δ|Ω|)/Ub. Second-order discretization schemes
were employed for all terms. If not otherwise is stated, all normalized residuals where en-
sured to have been decreased with at least 12 orders of magnitude. For all computations
the Wallin-Johansson-EARSM (WJ-EARSM) with A0 = −0.72 was used for turbulence
closure.

4.5.2 Results
Results will first be presented for a coarse grid (n = 34). At this level of resolution, the
solutions are by no means converged in terms of grid resolution. However, it provides a
clear demonstration of the differences between the methods or treatments. Outcomes for a
properly resolved flow domain (n = 200) will be presented subsequently.

Figure .: Wall-normal velocities Uy for the standard and extended Rhie-Chow interpo-
lation and different boundary conditions.

Wall-normal velocities are shown in Figure 4.1 for rotation numberRo = 0.5. It is again
emphasized that the wall-normal velocity should vanish and deviations from this physical
constraint are driven by an inconsistent face-flux reconstruction.

It it seen that standard Rhie-Chow interpolation generates significant wall-normal ve-
locities. The velocities are at places in the order of one percent of the bulk velocity. It is also
noted that both boundary condition yield similar results for the standard scheme.

The gradients in the internal field vanishes when the extended Rhie-Chow interpolation
is employed with boundary condition ∂p/∂nw = 0. However, inconsistent flux in the wall-
cells perturb the entire flow field due to the ellipticity of the equations. The wall-normal
velocity vanishes to the order of the residuals when boundary condition (4.29) is used together
with the extended scheme. Thus, this numerical treatment should be preferred compared to
the others.
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Figure .: Normalized residuals for Ro = 1.50. Boundary condition (4.29) was used for
all cases.

In case of a proper grid resolution it was found that the extended Rhie-Chow interpo-
lation had positive influence on the robustness of the numerical implementation. This is
demonstrated in Figure 4.2 for Ro = 1.501.

Computations were carried out with both the standard and the extended scheme using
the SIMPLE algorithm. Residuals are shown also for the SIMPLEC algorithm, those
results are assessed later. All computations were initialized with a uniform velocity field
U(y) = 1.0. Boundary condition (4.29) was employed and all numerical settings were
identical except for the under-relaxation of the pressure. This was set to 0.3 for SIMPLE
and 1.0 for SIMPLEC.

Complications in achieving converged solutions were servere for Ro > 1.0 when the
standard scheme was used. Indeed, converged solutions could not be achieved for any of the
considered turbulence closures for any tested 1.0 < Ro < 3.0 with the standard scheme2.
These complications are attributed to significant irregularities (wiggles) due to the inconsis-
tent treatment of the face-flux reconstruction, see Figure 4.3.

Further, Figure 4.4 shows that the non-converged solution that were obtained with the
standard scheme got “locked” at a state that is far from the “reasonable” solution that were

1All rotation numbers 1.0 < Ro < 3.0 would yield the essentially the same conclusions.
2Extensive experimenting with a variety of numerical settings was carried out and the outcome was the

same whether SIMPLE or SIMPLEC was used.
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Figure .: Irregularities due to an insufficient face-flux reconstruction.

obtained with the extended scheme employed.

Figure .: Obtained solutions with standard and extended Rhie-Chow interpolation for
Ro = 1.50.

Differences between SIMPLE and SIMPLEC will be the last subject of this section. It
is repeated that those algorithms differ in the choices of the approximation of the inversion
of the linearized advection and diffusion matrix Ñ (c.f., §4.2).

Residuals for computations with both algorithms are included in Figure 4.2. In terms
of residual reduction there are only slight differences between the two. Those are most
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pronounced for the pressure residuals in the early stages of the solution procedure. The
pressure equations appear somewhat more well-behaved when SIMPLEC is employed.

Figure .: Development of the wall-normal velocity Uy through the path of iterations
using SIMPLE and SIMPLEC .

More importantly, Figure 4.5 demonstrates that the preferred face-flux reconstruction is
more closely resembled at each outer iteration by employing the SIMPLEC algorithm com-
pared with the SIMPLE algorithm. Figure 4.5 presents the wall-normal velocity probed at
the center line as a function of outer iterations.

This result should be understood as follows. The body force gi is computed from known
quantities without deviation from its definition. The opposite is true for the pressure. The
pressure is computed from the pressure correction equation given in (4.21). Combined with
(4.22) is evaluates as

pk+1 = δp, DÑ−1
D Gδp = D

[
Ñ−1

D (gi − ÑLUδU
k)
]

+ Cδp. (4.37)

Since Ñ−1
D is an approximation of Ñ−1, the preferred face-flux reconstruction is only ap-

proximated at each iteration. The consequence is what is seen in Figure 4.5. The SIMPLE
algorithm yields a discernible imbalance in the face-flux reconstruction at early stages of the
iterative course. The approximation of Ñ−1 is less crude for SIMPLEC, therefore a closer
resemblance is obtained.
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Rotating plane channel flow 5

In this chapter the fully developed channel flow will be considered. The channel will be
considered to rotate about an axis that is orthogonally oriented relative to the primary shear-
plane. This flow case is most easily analysed in a coordinate system that is co-rotating with
the system rotation, i.e., in a non-inertial system. Compared with its non-rotating counter-
part, the dynamics of motion will also be affected by the Coriolis acceleration.

In the averaged sense, the Coriolis acceleration is parallel to the wall-normal direction
and its magnitude is proportional to the magnitude of the mean velocity. Thus, its magni-
tude replicates the mean velocity profile up to a constant. On the one side of the channel,
where the Coriolis acceleration is in the opposite direction of positive mean velocity gradi-
ent, fluid elements will have the tendency to move. This is much like the situation in an
unstable density stratification. On this side, the flow is said to be destabilized and it is often
referred to as the pressure or the unstable side. The opposite situation occurs on the opposite
side. That is, the flow is stabilized when the Coriolis acceleration and velocity gradient are
directed in the same direction. This is the suction or the stable side. The close analogy to
density stratification is formally described by Bradshaw 1969.

Interesting flow phenomena can occur in the rotating channel already before breakdown
to turbulence. For the laminar flow situation (traditionally referred to as plane Poiseuille
flow) large-scale instabilities may develop due to the Coriolis acceleration. These instabili-
ties appears as a secondary flow field contained with streamwise roll-cells. In this context it
should be noted the laminar flow is only affected by rotation through an alternation in the
wall-normal pressure gradient if roll-cells are not present.

The laminar flow case has been studied by, for example, Hart 1971, Lezius and Johnston
1976 and Alfredsson and Persson 1989. A linear stability analysis carried out by Lezius and
Johnston 1976 indicates that Rec ≈ 44 is the lowest critical Reynolds number (Re =
δUb/ν) for the onset of the roll-cell-like instabilities and it occurs for Ro = 0.5. Stability
limits from linear stability analysis was, to some extend, experimetally confirmed for Re =
56 by Alfredsson and Persson 1989.

The analysis of Lezius and Johnston 1976 predicts that no roll-cell structures can persist
above Ro = 3.0. This result is consistent also with an thorough numerical investigation of
high rotations rates carried out by Wallin, Grundestam, et al. 2013.
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5.1. A conceptual stability analysis

Experimental observations of Alfredsson and Persson reveals that there is no or little
interaction between roll-cells at the low Reynolds numbers Re = 56 and 84. At a higher
Reynolds number Re = 295 with Ro ≈ 0.08 the roll-cells start to “twist”. The twists
propagate downstream and the roll-cells appear as instationary.

At higher rotation numbers (Ro ≈ 0.1 or so) the twisting is also accompanied by stream-
wise wave motions. If the Ro is further increased, the wavy disturbances eventually break
down into turbulence. It is noted by Alfredsson and Persson, that even when the flow
appears turbulent, instationary roll-cells are found embedded within the turbulent flow.

Also Kristoffersen and Andersson 1993 observed large-scale secondary flow structures
embedded within the flow in their direct numerical simulations. They provided results at
Re ≈ 2900 for 0 < Ro ≤ 0.5. The roll-cell pattern at Ro = 0.15 were in their simu-
lations persistent for long sampling times. This was thoroughly commented within their
paper. They concluded that certain combinations of computational domain sizes and ro-
tation numbers favours persistent roll-cells. Less favourable combinations will cause the
structures to drift. The roll-cells did therefore dimmish after for sufficient time averaging
for all the other rotation numbers considered in their simulations.

Similar results were reported by Grundestam et al. 2008 for Reτ = 180 with 0.98 ≤
Ro ≤ 2.49. They did also observe coherent streamwise roll-cells with timescales much
larger than the turbulence time scales. However, they were attributed as non-stationary.

Thus, experimental and numerical studies shows that large-scaled vorticies, so called
roll-cells, are present in the rotating channel flow for certain combinations of Reynolds and
rotation numbers. The scales of those are larger than the scales of the turbulence.

Contradictory to these results, manyRANS-simulations are carried out on one-dimensional
domains where secondary motions are suppressed. It is the main hypothesis of this work
that such a suppression of roll-cell will yield unjustified results, caused by a neglection of a
physical transport mechanism that is not accounted for in the modelling. However, there
is the possibility that the “one-dimensional approach” is justified due to a damping of the
roll-cells by the apparent (turbulent and molecular) resistance of the flow.

An important note is that the application of the one-componential limit removes rota-
tion terms from the equations governing the mean field. Therefore the mean velocity field
is altered from rotation implicitly only through the changes in the turbulent stress field.
Simulations that employs this limit thus connects rotational effects to the turbulence clo-
sure alone. This has been a motivation for the use of the rotating channel flow for probing
differences among turbulence models.

The mentioned hypothesis will be tested in §5.2-5.6. This is the main intention with
this chapter. Furthermore, despite its simple geometry, the rotating channel flow give rise
to counterintuitive phenomena. One such is the destabilization of the turbulence up to a
threshold rotation number followed by a stabilization. To bring further understanding into
subsequent sections, a short analytical explanation of this feature is provided in §5.1.

5.1 A conceptual stability analysis
The ambition with this brief section is to provide a qualitative picture as to how the action
of system rotation changes the turbulent channel flow field. In a conventional coordinate
system (where typically the x-axis is aligned with the mean flow), this analysis is rather
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5.1. A conceptual stability analysis

convoluted. Therefore, an alternative formulation of the Reynolds-stress equations will be
considered. This will be a diagonalized form.

The underlying ideas of this approach was introduced by Johnston et al. 1972 and refor-
mulated into the form that is adapted here by Tritton 1992.

Just like any real symmetric tensor and according to the spectral theorem, the Reynolds-
stress tensor can be diagonalized by the means of an orthonormal matrix (see e.g., Simonsen
and Krogstad 2005) through

uiuj = QpiQqjΣ‡
pq (5.1)

where Σ‡
ij is the diagonal eigenvalue matrix (of uiuj) and Qij is a proper orthogonal trans-

formation matrix. Consequently, a coordinate system ζ‡ is one where the Reynolds-stress
tensor is diagonalized. In other words, ζ‡ coincides with the principal axes of the Reynolds-
stress tensor.

The number of equations governing the evolution of the Reynolds-stresses are reduced
to three if the conventional formulation of the Reynolds-stress transport equations is trans-
formed into the ζ‡-system. The action of the rotation becomes more explicit and easier to
comprehend in this framework. This forms the motivation for the approach adapted here.

In order to characterize the processes involved in the stabilization and destabilization of
the turbulence, it is useful to consider a simplified transport equations on the general form

Dϕ
Dt

= P(ϕ) + C(ϕ) + [O.T.] . (5.2)

The quantity ϕ is used to represent any of the Reynolds-stresses or from them derived quan-
tities (e.g., the turbulent kinetic energy or stress differences). As above, P(ϕ) represents
the shear-production of a quantity ϕ and C(ϕ) the rotational production. Remaining terms
(diffusive, redistributive and dissipative) are lumped together and denoted as “other terms”,
[O.T.].

The use of (5.2) for the current analysis was justified by Johnston et al. 1972. They
argued that since the “other terms” either transport, redistribute or dissipate they can not
cause a local peak value in energy or total stress. The two production terms, that are written
explicitly in (5.2), are those that can do so.

Consequently, mechanisms that increase/decrease the total production (P(ϕ) + C(ϕ)) of
the appropriate ϕs, should in the approximate sense correspondingly increase/decrease the
levels of turbulence kinetic energy and turbulent stress.

In other words. For comparing the turbulent intensities of two flows, subjected to differ-
entmagnitude of system rotation, it is sufficient to compare themagnitude of the production
terms. At least approximately. It is emphasized that this is considered a tool to gain some
understanding of the effect of rotation. The “other terms” are by no means negligible.

In order to find the appropriate transformation matrix Q‡
ij (i.e., the matrix that maps

from a system aligned with the bulk flow to a system aligned with the principal stress axes)
it is useful to start with transformation to an intermediate coordinate system ζ†. The ζ†-
system is given as x

†
1
x†

2
x†

3

 =

 cos(α†) sin(α†) 0
− sin(α†) cos(α†) 0

0 0 1


︸ ︷︷ ︸

Q†

xy
z

 (5.3)
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and is arbitrary oriented with respect to the bulk flow direction. The angle α† is the rotation
of ζ† relative to ζ. As indicated by (5.3), the considered transformation is only in the (x, y)-
plane since the z-axis is already aligned with one of the principal axes of the Reynolds-stress
tensor in a channel flow.

By applying the transformationQpi(α†)Qqj(α†) on the “simplified” transport equations
(5.2) and introducing the local parameters

ξ ≜ −dU/dy and S ≜ −2Ω/ξ (5.4)

one achieves for the Reynolds-stresses:

Du1u1
†

Dt
= 2ξ

[
u1u1

† cos(α†) sin(α†) + u1u2
† cos2(α†)

]
+ 4Ωu1u2 + [O.T.] (5.5)

Du2u2
†

Dt
= −2ξ

[
u2u2

† cos(α†) sin(α†) − u1u2
† sin2(α†)

]
− 4Ωu1u2 + [O.T.] (5.6)

(5.7)
Du1u2

†

Dt
= −2ξ

[
u1u1

† sin2(α†) − u2u2
† cos2(α†)

]
+ Ω (u2u2 − u1u1) + [O.T.]

= 1
2ξ
[
−(u1u1

† −u2u2
†)(1 + 2S) + (u1u1

† +u2u2
†) cos(2α†)

]
+ [O.T.].

And correspondingly for the kinetic energy k, the first Reynolds-stress difference (u1u1 −
u2u2) and the quantity (u1u1 + u2u2):

Dk
Dt

= ξ
[

1
2(u1u1

† − u2u2
†) sin(2α†) + u1u2

† cos(2α†)
]

+ [O.T.], (5.8)

D(u1u1
† − u2u2

†)
Dt

= ξ
[
(u1u1

† + u2u2
†) sin(2α†) − 2u1u2

†(1 + 2S)
]

+ [O.T.], (5.9)

D(u1u1
† + u2u2

†)
Dt

= ξ
[
(u1u1

† − u2u2
†) sin(2α†) + 2u1u2

† cos(2α†)
]

+ [O.T.],
(5.10)

where (5.5)-(5.10) are derived from (2.23) and α† = 0 reassembles the equations in their
conventional forms.

As stated by the spectral theorem (in Equation 5.1), there exist a transformationQij(α‡)
which renders theReynolds-stress tensor diagonal. Thus by choosingα† = α‡ thenu1u2

‡ =
0. Using this in (5.8)-(5.10) yields

Dk
Dt

≈ ξ 1
2(u1u1

‡ − u2u2
‡) sin(2α‡), (5.11)

D(u1u1
‡ − u2u2

‡)
Dt

≈ ξ(u1u1
‡ + u2u2

‡) sin(2α‡), (5.12)

D(u1u1
‡ + u2u2

‡)
Dt

≈ ξ(u1u1
‡ − u2u2

‡) sin(2α‡), (5.13)

where the contribution from the “other terms” has been ignored.
To render the transformation matrix Q‡

ij unique, it is defined that u1u1 > u2u2. If
further the convention ξ < 0 is introduced, a energy transfer from the mean to the turbu-
lent field requires −1

2π < α‡ < 0 (c.f., (5.11)). Under this convention, and from (5.11), it
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follows that generation of turbulent kinetic energy is intensified from large first stress differ-
ences. Furthermore, the first stress difference (u1u1

‡ − u2u2
†) and (u1u1

‡ + u2u2
†) both

contribute to each others production. It thus follows that the production of (u1u1
‡−u2u2

‡),
(u1u1

‡ + u2u2
‡) and most importantly of k is the largest for the maximum of − sin 2α‡,

i.e., for α = α‡
thres. = −1

4π.
This means that the processes that transfers energy from themean flow to the turbulence

are most effective when the Reynolds-stresses are rotated with α‡
thres.. Any deviation from

this value will result in a less effective process of turbulent production.
No production of the off-diagonal component u1u2 can be allowed in the ζ‡-system.

This follows directly from its definition. Production of u1u2 would cause the ζ‡-system to
rotate away from a diagonalization of the Reynolds-stresses. Thus, u1u2 and its derivatives
are identically zero in ζ‡. From (5.7) this yields for α‡

thres. that production mechanism are
most effective for

Sthres. = −1
2 or 2Ω = −1

2dU/dy. (5.14)

Consider a rotating channel where on the pressure side ξ > 0 and on the suction side
ξ < 0. For the non-rotating case S = 0.

Increasing the system rotation rate from zero rotation rate (Ω > 0) will on the suction
side always render the parameter S > 0 to deviate from its threshold value of maximized
production, Sthres.. This means that the production processes is locally inhibited and the
turbulence stabilized.

On the pressure side the situation is initially the opposite. The turbulence is destabilized
(intsensified) until the threshold value of S = Sthres. = −1/2 is reached. At this point,
the production process is most effective. Further increasing the rotation rate renders the
turbulence to stabilize also on the pressure side.
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5.2 Simulations with one and two spatial coordinates
In this section, results will be reported for the fully developed rotating channel flow.

In the exact averaged sense, the velocity flow field is one-componential and inhomo-
geneous only in one direction. This will be referred to as the one-componential limit1. It
implies that the flow is exactly governed by the thin shear-layer equations such that the
Reynolds-Averaged Navier-Stokes equations (2.12) reduces to

d
dy

[
ν

dU
dy

− uv
]

= −dP
dy

(5.15)

and that the continuity equation is trivially satisfied. As above, x = x1 is the streamwise
direction, y = x2 is the wall-normal direction and z = x3 is the spanwise direction.

A non-rotating fully developed channel flow do not contain secondarymean flow. There-
fore, the application of the one-dimensional limit is useful. Because, it enable Reynolds-
averaged computations to be carried out on a one-dimensional flow-domain without any
time-dependence. It is unquestionable that it should yield the same results as if a fully
three-componential velocity vector would be considered.

On the contrary. An obvious consequence of applying the one-componential limit is
that the flow field is rendered advection-free and the existence of roll-cells is suppressed.
The transport of turbulent quantities thus relies on the modelling of molecular and turbulent
diffusion. As it was mentioned in §3.1, it is most common to employ a gradient diffusion
approach for the turbulent diffusion. The diffusivity is assumed to scale with the turbulent
scales.

However, roll-cells will advect momentum in the secondary plane at scales that exceeds
those of the turbulence (c.f., the introduction of this chapter). Therefore, it is plausible that
the advection due to the roll-cells amounts for a mixing process that can not captured by
the common approach in modelling of the turbulent diffusion. If so, a suppression of the
roll-cells will cause a possibly significant physical process to be neglected and unseen.

It thus seems plausible that application of the one-componential limit will render poor
predictions of turbulent rotating channel flows. At least if the turbulence model is not
coaxed to understand an increase in mixing scales. This section will provide results that
to some extend supports that hypothesis and suggests the application of the full RANS
equations and a two-dimensional computational domain for simulations of rotating channel
flows.

5.2.1 Triple decomposition
The onset of Coriolis force driven secondary flow can be predicted with the aid of linear
stability theory. In its formal sense, linear stability theory is valid only when applied to a
laminar flow.

However, Lezius and Johnston 1976 argues that the onset limit of roll-cells in a tur-
bulent flow can be determined from linear stability theory if the apparent resistance of the
flow is considered. The argumentation is based upon an assumption of clear-cut separation

1Here it should be emphasized that it is the mean velocity field that is referred to as one-componential.
It is however usual in the literature that a “one-component limit” refers to a fluctuating velocity that is in one
component only.
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of scales. That is, the scales of the instability modes are assumed to be much larger then
the turbulent scales. In that case, the interference of the turbulence with the onset-limit is
believed to be insignificant.

In this virtue it can be argued that a mean turbulent flow field can yield to sufficiently
large destabilizing forces. If so, superimposed three-dimensional vortices will shape. This
justify the application of the triple decomposition ofHussain and Reynolds 1970 (see also, e.g.,
Speziale 1987 and Piquet 1999 for more details in the following). The triple decomposition
reads

ϕ̃(xi, t) = Φ(xi) + Φ′(xi, t) + ϕ(xi, t) = Ψ(xi, t) + ϕ(xi, t) (5.16)

where; ϕ̃ is the instantaneous part; Φ = ϕ̃ is the time mean part; Φ′ is the vortex fluctuations
and; ϕ is the turbulent fluctuations.

In context of the triple decomposition, the total deviation from the mean, at an instant
t, is Φ′ +ϕ. If the destabilizing forces are sufficiently large, then a RANS solution will give
Φ′ ̸= 0 and the flow field at a time t is predicted as Ψ = Φ + Φ′.

In practice, the infinite channel direction is difficult to realize. The roll-cells can there-
fore exhibit some preferenced location due to the boundary conditions. This has been expe-
rienced by, e.g., Kristoffersen and Andersson 1993. A stationarity of the vortex field would
give a time average Φ′ ̸= 0 for some large sampling period. The averaging should therefore,
in addition to the time average, be taken over a sufficiently large number of wave periods in
the infinite direction. A sufficient phase average ⟨·⟩ should then yield ⟨Φ′(xi, t)⟩ = 0.

The vortex induced fluctuations may be achieved through

Φ′(xi, t) = Ψ(xi, t) − Ψ(xi, t). (5.17)

That is, the vortex fluctuations are represented by the deviation of an instant RANS solution
from the time averaged solution.

Furthermore, the vortex stresses are given as

U ′
iU

′
j(xi) = U ′

i(xi)U ′
j(xi)(t) (5.18)

where the representation of a vortex induced fluctuation of an instantaneous quantity ϕ̃ was
replaced with the fluctuating velocity U ′.

A superimposed vortex field will render the turbulent stresses to be instationary. Thus,
an averaging should be applied also to the turbulent stresses as

uiuj(xi) = ui(xi)uj(xi)(t). (5.19)

The lower overbar in (5.18) and (5.19) should be taken as a ensemble average and the upper
overbar is a time average.

Finally it is assumed that the turbulent fluctuations are uncorrelated with the vortex
fluctuations;

ϕ′ψ = 0. (5.20)

As a consequence of (5.20), the total stress induced by the fluctuating field (turbulence and
vortex) can be approximated as

U ′
iU

′
j(xi) + uiuj(xi). (5.21)
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In the case of a stationarity of the vortex field, the phase average yields⟨
U ′

iU
′
j(xi) + uiuj(xi)

⟩
=
⟨
U ′

iU
′
j + uiuj

⟩
(y) (5.22)

and corresponding for other quantities

⟨Φ(xi)⟩ = ⟨Φ⟩(y). (5.23)

The y-direction in (5.22) and (5.23) represents, as above, the wall-normal direction.
The triple decomposition can describe the growth of the vortex field by the extraction

of kinectic energy from the time-mean flow (Speziale 1987). Fundamentally, the classical
Reynolds (double) decomposition is incapable of this.

5.2.2 Numerical procedures
Simulations has been carried out on both a one- and two-dimensional domain for a straight-
forward comparison between results with andwithout the application of the one-componential
limit.

The thin-shear layer equations was solved on the one-dimensional domain and the
full RANS equations was solved on the two-dimensional domain in conjunction with the
triple decomposition. The velocity vector field is forced to be one-componential on a one-
dimensional domain. That case will therefore be designated 1D1C (one-dimensional, one-
componential). The same limitation is not asserted on a two-dimensional domain but all
three components of the velocity vector field may be encountered for. That case will there-
fore be designated 2D3C. The corresponding setups will be presented in subsequent subsec-
tions.

For both cases, the channel has been considered to be of half-height δ and rotate about
its infinite direction. The rotation vector is given as Ω(s)

i = Ω(s)
k δk3 and the rotation number

reads

Ro = 2δ|Ω(s)
3 |

Ub
. (5.24)

where the bulk flow velocity is defined as

Ub = 1
2δ

∫ 2δ

0
Udy, (5.25)

where the mean velocity vector is defined Ui = (U, V,W ). The flow is driven by the means
of a source term such that the desired Reynolds number

Re = Ubδ

ν
(5.26)

is obtained.
Simulations will be carried out for combination of Re’s and Ro’s given in 5.1. Those

combinations were chosen to correspond to a selection of DNS data of Grundestam et al.
2008. In the simulations of Grundestam et al., the friction Reynolds numberReτ = Uτδ/ν
was close to 180 (Uτ is the friction velocity).
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The one-dimensional domain

Computations for the 1D1C-case were carried out on a one-dimensional grid stretched
between the no-slip channel walls. Wall boundaries were resolved without wall-functions.
The spatial direction was discretized using a second-ordered central differencing scheme.
The stability criterion for the central differencing scheme is always satisfied for this setup
since the flow field is advection-free. Explicit source terms were numerically implemented
as it was proposed in §4.4 and the equation system was iterated to a steady solution by the
aid of the SIMPLEC algorithm.

The computational domain was divided into 200 finite volumes with clustering of cells
near the walls. Adjacent cells were stretched with a factor 1.10 in a region 0.2δ closest to
the walls. This rendered a wall-scale resolution of 0.01 < y+ = y1Uτ/ν < 0.04 for all
computations. Finite volumes in central region of the channel were homogeneously sized.
It was ensured that an use of 400 discrete volumes and a stretch factor of 1.025 did not,
visually, change the presented results.

The two-dimensional domain

For the 2D3C-case, the computational domain was extruded in the infinite z-direction.
The dimension in z was set to 14δ and cyclic boundary conditions was used on the top
and bottom faces. The same resolution was used in the wall-normal direction as for the
one-dimensional domain (i.e., 200 finite volumes with a 1.10 stretch factor in the wall re-
gions). In the central region of the channel, the wall-normal spacing is homogeneous and a
1:1 relation was used for the y-to-z dimensions of the volumes (i.e., quadratic cell-faces in
the central of the secondary plane). The solution was forwarded in time employing a back-
ward Euler scheme for all terms where a maximum Courant number Comax = 0.75 was
achieved for all computations. Solution residuals was ensured to be reduced with six orders
of magnitude at each time step. Solution for each time step was obtained by employing
the SIMPLEC algorithm. This approach requires that every last iteration within a inner
iteration must be executed without any under-relaxation. Furthermore, central differences
scheme was employed for the spatial discretization.

5.2.3 Closure approaches
The considered turbulence models are listed in Table 5.1. A few notes for the modelling
choices are in place.

The BSL-formulation (see Menter 1993) of the transport equation of ω has been used
for all models for the time-scale determining quantity.

An isotropic approach is chosen for the modelling of the turbulent diffusion and dissi-
pation. That is, for the diffusion, (3.9) and (3.10) is used for the DRSMs and EARSMs,
respectively. The Reynolds-stresses are, in the diffusion models, expressed in terms of the
eddy-viscosity assumption with νt = k/ω for the sake of consistency with the model for-
mulation proposed by Menter et al. 2009.

Hence, the modelling choices are made such that the DRSMs reflects the underlying
model choices of the EARSMs.
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5.3. Mean flow and wall friction predictions

Table 5.1: Consiered models and combinations of Reynolds and rotation numbers. The
EARSMs WJ and WJ-CC both incorporate the extended weak-equilibrium assumption
(see e.g., (3.27)) and only differ in the calibration of the coefficients. L-DRSM and CC-L-
DRSM are the corresponding full DRSMs.

Model Pressure-strain Re = 4026 6592 9605 10597
coefficients Ro = 0.98 1.50 2.06 2.49

1D1C

WJ (3.29) w/ A0= − 0.44 X X X X
CC-WJ (3.29) w/ A0= − 0.72 X X X X
L-DRSM (3.29) w/ A0= − 0.44 X X
CC-L-DRSM (3.29) w/ A0= − 0.72 X X
2D3C

CC-WJ (3.29) w/ A0= − 0.72 X X X X
CC-L-DRSM (3.29) w/ A0= − 0.72 X X X X

5.3 Mean flow and wall friction predictions
For a turbulence model to be of predictive use, it is essential that first moments are rea-
sonably well captured. For the non-rotating channel flow, time has revealed that crude
assumptions on the second moment level (eddy-viscosity models) may provide very reason-
able predictions of first moments. As it has been discussed previously, such assumptions
draw analogies between turbulent and molecular fluctuations. Fundamentally, this results
in models that are insensitive to the curl of the velocity field. Consequently, features that
are associated with system rotation will not be captured. However, the velocity curl has
an important redistributive influence on the turbulent stress field. This can be extrapolated
from the discussion in §5.1. For the rotating channel, it is fundamental for predictions of
first moments that this feature is captured.

This section will be concerned with how well first moments are predicted by the consid-
ered EARSMs and DRSMs. Furthermore it is examined whether the actual capabilities of
the models are demonstrated when the one-componential limit is employed.

Mean velocity profiles are presented in Figure 5.1 for the selection of rotation numbers.
The coefficients of the CC-L-DRSM are close to those of the L-SSG model. The

structure of the underlying pressure-strain model of the latter has allowed for calibration to
the velocity curl. This was briefly discussed in §3.1.1. One would therefore expect rotational
effects to be reasonably well captured. This is also what is seen in Figure 5.1 where the CC-
L-DRSM show close agreement with the data of Grundestam et al. 2008.

On the contrary, the coefficients of the L-DRSM are closer to those of the LRR-model.
The calibration of these coefficients are restricted to the irrotational part of the velocity field
due to the symmetry constraint that underlies the corresponding pressure-strain model. It
is seen in Figure 5.1 that this results in overpredicted rotational effects.

In any case, the EARSMs give close replications of their correspondingDRSMs. In this
context it should be noted that the one-componential limit implies that the EARSMs and
DRSMs only differ in the neglected diffusion of anisotropy. Nevertheless, also the 2D3C-
setup yields close replications for the velocity profiles. It should also be remembered that
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5.4. Primary turbulent shear-stress

the considered DRSMs reflects the calibration and model choices that has been made for
their corresponding EARSMs. Thus, the modelling possibilities in the DRSM-framework
are by no means exhausted.

The velocity profiles in Figure 5.1 are normalized with the bulk velocity. This implies
that the predictions of the friction velocity is not apparent in the figure. Therefore, the
normalized friction velocities are presented in Figure 5.2 as an important complement to
Figure 5.1.

A few observation should be noted. The most noteworthy is probably the excellent con-
sistency with DNS-data in case of the 2D3C-setup. Also a significant difference compared
to the 1D1C-case is noted.

It appear that application of the one-componential limit render underpredicted wall-
stress levels. This trend is pronounced for all the considered models.

As the rotation number increases the flow laminarize. Thus it is not surprising that all
models collapse into essentially the same value for increasing rotation number. This is be-
cause the molecular viscosity becomes more important compared with an apparent turbulent
viscosity as the turbulent levels decreases.

5.4 Primary turbulent shear-stress
The turbulent shear-stresses are the most important turbulent quantities to capture if the
main intention is to predict first moments. Because, those are the quantities that add to the
balance of the mean momentum. The prevailing shear-stress, the uv-component, is shown
in Figure 5.3. It should be emphasized that uv-component contains the contribution from
both the vortex and turbulent field in case of the 2D3C-setup (c.f., Equation 5.22).

From Figure 5.3 it is first noticed that the non-corrected models (WJ and L-DRSM)
overpredicts the effects of rotations to the extent that the flow is predicted to totally laminar-
ize at 1.50 < Ro < 2.06. This is inconsistent with linear theory andDNS, they predict total
laminarization at Ro = 3.0. Furthermore, the stress levels is seen to be under-predicted
also for the two lower rotation numbers. This is the main reason why the friction velocities
are under-estimated, as was seen in the previous section.

The CC-WJ and the CC-L-DRSM gives predictions that are in closer agreement with
DNS-data. However, the general agreement with DNS-results are relatively weak consid-
ering the 1D1C-setup. On the contrary, a close agreement is seen when stresses due to the
roll-cells are accounted for in 2D3C-setup. The difference between the two setups are more
pronounced for the lower rotation numbers. The 2D3C-solution approaches the 1D1C-
solution for increasing rotation rates. This indicate that the roll-cells are more extensively
damped by increased rotation rates than the turbulence. The relative effect of the roll-cells
will be assessed in a subsequent section.

The plateau of negative shear-stress on the stable of the channel is a striking feature
of the DNS-data that is not capture by means of modelling choices adopted here. This
plateau extends into regions of velocity gradient with equal sign. The implication is a energy
transfer from the fluctuating field back into the mean field. This is equivalent to a negative
production of the kinectic energy contained in the fluctuating field, see Figure 5.4.

In principle, this feature can be captured in the DRSM-framework. It should be under-
stood as follows. The production of kinetic energy is given by the relation P = −KakjSjk.
In solving the differential equations for the Reynolds-stresses, the turbulent anisotropy is
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5.4. Primary turbulent shear-stress

Figure .: Normalized streamwise velocity U for the set of rotation numbers and tur-
bulence models. DNS from Grundestam et al. 2008 (in this and all subsequent figures).
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5.5. Turbulent kinetic energy

Figure .: Normalized friction velocities for the set of rotation numbers and turbulent
models. Inline scale indicates magnitude relative to DNS. DNS-values are, for clarity,
shifted to the left of the actual rotation number.

allowed to advect and diffuse relative to the mean velocity field. Principally, this allow
anisotropy components to be transported into regions of velocity gradients with equal sign.
For the EARSMs on the other hand, the anisotropy is directly proportional to the velocity
field. Changes of sign will thus occur simultaneously.

Elaborating further on the discussion in the previous paragraph. It can be seen in Fig-
ure 5.4 that the qualitative trend of the production-to-dissipation ratio is actually captured
by the CC-L-DRSM. However, the peak of the negative production is too low. The pro-
duction of kinetic energy scales with shear-stresses which in turn are driven by the first
stress difference (c.f., (5.11)-(5.13)). Grundestam et al. 2008 attributes this feature to the
pressure correlation part of the diffusion. The first stress difference is under-estimated by
the CC-L-DRSM (as well as the all models), see Figure 5.5. It is plausible that the sim-
ple isotropic diffusion model that has been adopted for the DRSMs has contributed to
the under-estimation of the first-stresses and thus to the under-estimation of the negative
production.

Furthermore, a peak of production on the stable side is seen for the DRSM but not for
the EARSM.This peak must be attributed to the transport of anisotropy, this was discussed
in Grundestam 2004.

5.5 Turbulent kinetic energy
Thekinetic energy contained in the fluctuating field is another important quantity to capture
and the obtained predictions are shown in Figure 5.6. Again, the presented energy levels are
the combined contribution from the vortex and turbulent field in case of the 2D3C-setup.

It is interesting to note that the level of kinetic energy in the vicinity of the pressure wall
is generally higher and in closer agreement with DNS-data when roll-cells are present in
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5.5. Turbulent kinetic energy

Figure .: Normalized primary shear-stresses −uv

the 2D3C-case. This can be understood from that the rolls-cells acts to setup a secondary
motion. This implies a contribution to the advection term of the kinetic energy from the
secondary mean flow field.

It has been hypothesised in the introduction of this chapter that the roll-cells would
introduce a mixing mechanism that is not seen by the turbulence models when the roll-cells
are suppressed. The higher energy levels in the wall-regions for the 2D3C-setup compared
with 1D1C-setup provides support for this hypothesis.

It is also noteworthy that, contradictory to the other results presented so far, a signif-
icant difference is seen between the EARSM- and DRSM-solution for the 2C3D-setup.
Most obviously this would be explained from the fact that the polynomial expression for
the production-to-dissipation ratio is only an approximation in three-dimensional flows for
the Wallin-Johansson model. This was mentioned in §3.2.2. However, the production-
to-dissipation ratios are seen in Figure 5.4 to evaluate quite similarly for the EARSM and
DRSM – thus removing this a possible explanation. A systematic investigation of all in-
volved terms is necessary to fully resolve this ambiguity2.

2In this context, it should be mentioned that it was ensured that the 2D3C-solution resembled the 1D1C-
solution for Ro = 0. It should also be noted that the 2D3C-soltution approaches the 1D1C-solution for
increasing rotation numbers.
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5.5. Turbulent kinetic energy

Figure .: Normalized production-to-dissipation P/ε shown for Ro = 0.98 obtained
with CC-WJ and CC-L-DRSM.

Figure .: Normalized first stress difference (uu − vv) shown for Ro = 0.98 obtained
with CC-WJ and CC-L-DRSM. See Figure 5.3 for legends.
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5.6. Roll-cells

Figure .: Normalized kinetic turbulent energyK

5.6 Roll-cells
This section is concerned with the roll-cell structures that are present in the 2D3C-solution.

Contours of the velocity field in the secondary plane is shown in Figure 5.7 for an in-
stantaneous RANS-solution. It was arbitrarily chosen to present instants from DRSM-
solutions. The figure would only be marginally changed if EARSM-solutions was chosen
instead.

First it is noted that Figure 5.7, with the set of rotation numbers, is in close qualitative
agreement with a corresponding figure presented for the wall-normal velocity fluctuations
in Grundestam et al. 2008 (Figure 6 in that paper). The spread of the superimposed vortex
field in the wall-normal direction follow the same trend as velocity fluctuations captured by
DNS.

Inspecting Figure 5.7 for Ro = 0.98, it is seen the maximum magnitude of the sec-
ondary field is in the order of 20 percent of the bulk flow velocity. This should be considered
a strong secondary flow field. It can be compared to, e.g., the turbulent driven secondary
structures in a non-rotating square duct where the secondary flow field generally is one or-
der of magnitude weaker compared to what is seen for the roll-cells (see, e.g., Huser and
Biringen 1993).
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5.6. Roll-cells

Figure .: Normalized magnitude of secondary velocity field (vortex field)√
V 2 +W 2/Ub obtained with CC-L-DRSM.

In this light, the results that have been provided in the previous sections are easy to
understand. The roll-cells renders the flow field strongly three-dimensional and will induce
advection in the secondary plane. This is why large differences are seen between results from
the 1D1C- and 2D3C-setup. In the former case, transport in the wall-normal direction
depends solely on the modelling of the turbulent diffusion. In the latter case, turbulent
quantities are transported also by advection. Transport effects due to the roll-cells will not
be seen in the 1D1C-case, since the turbulent diffusion is assumed be proportional to the
turbulent scales.

The relative influence of the roll-cells are shown in two figures. Figure 5.8 shows the
contributions to the total stress from the turbulent and vortex fluctuations separately. Fig-
ure 5.9 show the corresponding contributions to the total kinetic energy of the fluctuating
field.

First it is noted that the roll-cells constitutes a significant portion of the stress and energy
contained in the fluctuating field. The general trend is that the stress and energy contain-
ment in the roll-cells are larger for the EARSM than for the DRSM. It is also noted that
the energy containment in the roll-cells reduces at a faster rate with respect to the rotation
number than the energy containment in the turbulent fluctuations. This is seen for both
models.
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5.6. Roll-cells

Figure .: Normalized primary shear-stress due to turbulent and vortex fluctuations.
DNS data is for the total primary stress of the fluctuating field (turbulent and vortex).
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5.6. Roll-cells

Figure .: Normalized kinetic energy contained in the turbulent and vortex fluctuations.
DNS data is for the total energy containment in the fluctuating field (turbulent and vortex).
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Concluding remarks 6

The present thesis has been concerned with numerical simulations of turbulent flows sub-
jected to system rotation. The fully developed rotating channel flow has been used to assess
different aspects of such simulations. Essentially three topics has been addressed. Those
were; (i) numerical treatment of explicit source terms associated with system rotation and
second-moment closure; (ii) differences between EARSMs and DRSMs in the context of
predicting effects of system rotation and; (iii) influence roll-cells on the solution of the mean
velocity field.

It was found that numerical implementation of explicit source terms has a crucial influ-
ence on the robustness of the solution procedure. Insufficient implementation yield severe
convergence difficulties. A redistribution strategy for the source terms were found necessary
in order to avoid numerical irregularities for large rotation rates. It was shown that for a suf-
ficient numerical treatment, the wall-boundary condition for pressure should be constructed
from the face-velocities. The face-velocities should in turn be constructed to be consistent
with the cell-centered representation. Furthermore, it was found that approximation choices
associated with distributive iteration methods influenced the face-flux reconstruction.

In summary it was recommended that; (i) explicit source terms are redistributed to ful-
fill the equilibrium condition with the pressure gradient; (ii) that the face-velocities are
corrected such that a consistent face-flux reconstruction is achieved (iii) that boundary
conditions for pressure are constructed from face-velocities and; (iv) that the SIMPLEC-
algorithm is used instead of SIMPLE.

In the context of turbulence modelling, it has been shown that the Wallin-Johansson-
EARSM is capable of capturing the rotation effects. However, two measures are necessary.
First the correct equilibrium condition must be applied. This condition is usually referred to
as the extended weak equilibrium condition and takes into account advection due to system
rotation. Secondly it was shown that a recalibration of the model, denoted CC-WJ, is
necessary in order to accurately predict the influence of system rotation.

Furthermore it was shown that for the rotating channel flow, the EARSMs produce
results that are in close agreement with their underlying DRSMs.

It is demonstrated that roll-cells has a significant influence on the RANS-solution. Roll-
cells are suppressed on one-dimensional computational domains and in the one-componential
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(mean velocity) limit. It is argued that application of this limit yields results that does not
demonstrate the real capabilities of the turbulence model. This is because roll-cells consti-
tute a transport mechanism that is not seen by the commonly used diffusion models. Those
relates the turbulent diffusion to the turbulent scales whilst, in reality, scales of the roll-
cells are much larger. This is believed to be an important result since it is commonly seen
that the “one-dimensional” rotating channel flow is used for evaluation of the capabilities
of turbulent models.
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