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I 

Abstract 

Reinforced concrete slabs are a conventional type of foundation that is widely used in 
residential, commercial and industrial buildings. Most of the slab foundations are constructed 
directly on the ground without another structural medium in between and some of the slabs 
are therefore influenced by ground softening. A slab foundation is designed to transfer 
vertical loads and bridge imperfections in the ground, but excessive soil distortion may 
destroy the support conditions of the slab and through this influence the stability of the 
superstructures. 

The aim of this project is to study how ground softening and its further development influence 
a typical concrete slab. Furthermore, an approximate analytical method to evaluate the 
condition of a slab due to ground softening was studied. A practical case has been studied to 
capture the actual failure behaviours of a reinforced concrete slab, based on a previous project. 
For the case studied, possible future mining activities close to a high bay warehouse may 
cause damaging settlement in the underground. The fault that may appear softens the soils 
underneath the foundation, which may deteriorate and cause collapse of the concrete slab 
under the warehouse. Two types of failure scenarios were studied; subsoil softening and 
subsoil collapse. 

The Finite Element Method (FEM) was used to analyse the behaviour of the slab and the 
development of the failures in the subsoil. A commercial FEM software package, Abaqus, 
was used as the analytic tool, with a built-in Concrete Damaged Plasticity model (CDP) that 
for the concrete material model. Both linear and nonlinear material properties have been used 
in the analyses, with the same softening effect of the subsoil. A large number of models were 
analysed to simulate the development of the fault and capture the failure modes of the slab at 
different stages.  

Excessive tensile cracks and vertical deformations were found in both failure scenarios 
studied. A possible internal stability problem of the warehouse due to this was also found. The 
nonlinear behaviour of the concrete slab was captured through the failure scenarios before 
damage. It is shown that the serviceability of the reinforced concrete slab can be influenced 
by softening ground, and a more realistic description of the possible failures was here 
obtained based on the nonlinear model compared to previous elastic analyses. 

Keywords: Reinforced concrete slab, Nonlinear, Ground softening, Finite Element Method 
(FEM), Abaqus, Concrete Damaged Plasticity (CDP).  
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Sammanfattning 

Armerade betongplattor är en vanlig typ av fundament som ofta används för bostäder, 
kommersiella och industriella byggnader. De flesta av grundplattorna konstrueras direkt på 
marken utan andra strukturella medium emellan och vissa av plattorna påverkas därför av 
mjuknande undergrunder. En grundplatta är konstruerad för att överföra vertikala laster och 
överbrygga imperfektioner i marken, men stora sättningar i undergrunden kan förstöra 
plattans stödförhållanden och genom detta störa stabiliteten för överbyggnaderna. 

Syftet med projektet är att studera hur mjuknande undergrund och dess propagering påverkar 
en typisk betongplatta. Vidare används en approximativ analysmetod för att utvärdera 
tillståndet hos en platta på sådan mark. Ett praktiskt fall har studerats för att fånga det verkliga 
brottbeteendet hos en armerad betongplatta, vilket bygger på ett tidigare genomfört projekt. 
För det studerade fallet kan eventuell framtida gruvdrift nära ett höglager orsaka skadliga 
sättningar i undergrunden. Den förkastning som kan uppstå kan leda till uppmjukning av 
jordarna under fundamentet, vilket kan förvärras och orsaka kollaps av betongplattan under 
lagret. Två typer av brottscenarier studerades; uppmjuknande respektive full kollaps av 
undergrunden. 

Finita Element Metoden (FEM) användes för att analysera beteendet hos plattan och 
utvecklingen av fbrott och förskjutning i undergrunden. Ett kommersiellt FEM programpaket, 
Abaqus, användes som analytiskt verktyg, med en inbyggd plasticitets och skademodell 
(CDP) för att beskriva betongmaterialets egenskaper. Både linjärelastiska och icke-linjära 
materialegenskaper har använts i analyserna, för att simulera effekten av den mjukande 
undergrunnden. Ett stort antal modeller analyserades för att simulera skadepropageringen och 
fånga brottmoder i plattan genom olika skeden. 

Dragsprickor och vertikala deformationer uppstod i bägge de studerade scenariorna. Ett 
möjligt intern stabilitetsproblem hos lagret på grund av detta konstaterades också. Det olinjära 
beteendet hos betongplattan fångades fram tills allvarlig skada uppstod. Det visas att 
funktionen i bruksgränsstadiet hos den armerade betongplattan kan påverkas genom 
uppmjuknande undergrund, och att en mer realistisk beskrivning av möjliga brott här kunde 
erhållas genom den olinjära modellen, jämfört med tidigare elastiska analyser. 

Nyckelord: Betongplatta , Icke-linjärt uppträdande, Finita Element Metoden (FEM), FE-
modell, Abaqus, Plasticitets och skademodell för betong (CDP). 
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1  
 
Introduction 

1.1 Background 

High efficiency of transportation and storage are much more important today than in former 
times, in logistics, retail and manufacturing industries, are this has promoted one type of 
building called high bay warehouse. This type of warehouse has sprung up in rural areas 
around big city centres, as it allows quick and easy access to goods. Many design schemes are 
available but all these warehouses have one thing in common; that the superstructures were 
usually constructed on reinforced concrete slabs. The condition of these slabs determines the 
stability of the warehouse as its superstructures usually are constructed directly on the slab 
foundation. The superstructure is designed to have enough capacity against wind loads and 
snow load, especially in Nordic counties such as Sweden. Thus, the stability of the slab is 
essential. Slab foundation is widely used in commercial and industrial buildings, as it can 
easily be built with machines, and can bridge imperfections in the subsoil. In a general sense, 
vertical interaction, the transmission of forces through interaction between foundation, 
superstructure and the ground to provide a consistent base pressure distribution [1] is the 
foremost advantage with the type of foundation. However, all these advantages of slab 
foundations are based on evenly settled subsoils. Since the number of underground 
constructions is increasing, the slab foundations are facing challenges from softening ground 
caused by underground cavities. When the subsoil is weakened and the concrete slab loose its 
support at some part, it is not always known what will happen to the foundations and the 
buildings. Earth subsidence has occurred in many countries, and sometimes caused enormous 
personal and property losses.  

A reinforced concrete slab has been studied in this project in order to evaluate the nonlinear 
behaviour of such slabs. The studied slab was previously analysed [2], using linear elastic 
material properties. The slab is part of Spendrups warehouse in Grängersberg, constructed on 
a concrete slab directly on the ground. Possible adjacent mining activities are planned and this 
may cause instability of the moraine layers about five to eight meters under the concrete slab. 
Unfavourable settlements and cracks may occur in the concrete slab due to the weakened 
moraine layers, and due to that the rock fill layers over the weakened moraine layers will be 

Chapter 
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softened or totally collapsed, a part of the slab may be exposed and without support. This will 
then cause severe damage to the warehouse floor and may buckle the superstructures. 
Furthermore, structural distortion may twist the rigid connections and stretch electric wires, 
which can cause a fire disaster.  

Primary assessment of the foundation has been made through FE-analyses with a purely 
elastic model, with the influence of reinforcement bars neglected and with static load cases 
considered. Details of this analysis can be seen in [2]. In order to refine this study, the 
concrete damaged plasticity (CDP) model is introduced through a FE-analysis to capture the 
nonlinear behaviour of the concrete slab. With the development of computers and the finite 
element method (FEM) procedures, nonlinear analysis has become more and more popular 
than before. It has now been widely used in analysing concrete structures, not only plain 
concrete but also reinforced concrete structures [3]. For FEM analyses, simple models in 
aspect of geometry are preferred, but often with sophisticated material models. The slab 
studied in this project was analysed in order to understand how a concrete slab of this type is 
affected by softening ground.  
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1.2 Aims and goals 

The aim of this project is to study the behaviour of reinforced concrete slabs on softening 
ground under static loading and capture the failure modes of such concrete slabs. Although 
nonlinear analysis is seldom used in practical design since it is complex and requires detailed 
input, such as e.g. reinforcement details throughout the structures, it is still a useful tool for 
appraising the capacity of existing structures [4]. It is beneficial to learn from complex 
nonlinear analysis and give basic methods for analysis of deformed concrete slab foundations 
caused by softening ground caused by underground cavities. 

In order to accomplish this task, the following questions need to be answered: 

• How will softening ground affect a concrete slab foundation and how can this be  
converted into numerical models? 

• How does the results of an improved, nonlinear FE-model differ from the previously 
studied elastic linear case [2] and when does the nonlinearity of the concrete slab start  
to be noticeable?  

• How to evaluate the serviceability of a slab and which factors should be considered - 
e.g. deformation, principle stress or concrete crack width? 

Since finite element models cannot represent every detail of the original structure, some 
simplifications were introduced for a more effective analysis. Some important issues are listed 
below: 

• The load case in this project is static loading, dynamic loadings was not considered; 

• The layout of reinforcement bars was simplified as evenly distributed in the slab; 

• No Poison’s ratio was introduced in the subsoil, which was modelled assuming  
elastic materials; 

• To avoid ambiguities, ‘,’ is used as the thousand separator, and ‘.’ as the  
decimal mark; 

• Access to geotechnical information of the subsoils under the studied slab is limited,  
so information was adopted from [2] and verified through comparison with results in  
other relevant scientific papers; 

• Connection between the slab and the ground was simplified as a tie connection in the  
FE-model. 
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1.3 Structure of report 

There are totally five chapters in this report. 

Chapter 1 gives a general background information and limitations of this project.  

Chapter 2 describes technical information of the construction materials and the failure 
scenarios of the subsoils. 

Chapter 3 introduces the finite element model of the studied concrete slab and describes how 
the material models were tested in Abaqus. 

Chapter 4 presents the evaluation of numerical results with the possible failure types of the 
structure shown in 3D deformation FE-plots. The results are discussed. 

Chapter 5 summarizes the behaviour of the concrete slab and the performance of the material 
model, and gives some suggestions for future works. 
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2  
 
Technical information  

2.1 Basic information of the warehouse  

A high bay warehouse is firstly a storage building built up with frame structures using high 
strength materials. The main function of this type of building is to provide efficient storage of 
goods, directly connected a production factory or as a freestanding unit. The Spendrups 
warehouse is constructed on a reinforced concrete slab, a slab is a member for which the 
minimum panel dimension is not less than five times the overall thickness [5]. Obviously, this 
structure satisfies the description of a slab according to Eurocode 2. Based on drawings [6], it 
can be concluded that this warehouse was built on three reinforced concrete slabs with a 
thickness of 400 mm. The slabs have the same dimensions, which is 44.4×54.5m2, and are 
separated by expansion joints.  

The warehouse has loading docks for trucks to load and unload goods, which lead to that the  
total load in the warehouse is higher when the trucks are parked and  waiting to be loaded. 
However, the internal load during normal situations is only from machines, storage facilities, 
productions and workers. Besides the load from movable objectives inside the warehouse, this 
includes the dead load of the exterior structures including walls and roof.  These loads are 
directly placed on the concrete foundation, with the design load evenly distributed and with a 
magnitude of 175 kPa, which corresponds to 17.5 tonnes per square meter [7]. 

There is a fault (which is a known zone of weakness in the bedrock), situated with an inclined 
angle to the slab. A fault can be defined as a fracture or fracture zone along which there has 
been a relative displacement [8]. The fault is close to one corner of the slab angled at about 
45˚ relative to the main axes of the building. Figure 2.1 shows the fault and the closest 
concrete slab, with the rest of the warehouse foundation outlined. Figure 2.2 explains the 
principles of a fault or fault zone schematically. As shown in the figure, fractures occur in the 
at bedrock leading to relative movement between two pieces of bedrock so that along the 
projection line of the bedrock fracture, graben appears in the soil deposit. The original soil 
stiffness is thus reduced and loose soil starts settling due to its self-weight and vertical 
external loads.  There is a possibility that the fault zone in under the slab due to the mining 

Chapter 
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activity. Soil weakening is assumed to occur as the fault zone affects the corner of the studied 
slab. Secondary ruptures may also occur, see Figure 2.3. 

 

Figure 2.1: Schematic diagram of one concrete slab and how the fault line interacts 
with the foundation at one corner of slab. 

 

Figure 2.2: Schematic diagram showing a fault or fault zone and how this influence the 
soil layers, reproduction from [9]. 



   2.1. BASIC INFORMATION OF THE WAREHOUSE 

7 

 

Figure 2.3: Schematic diagram of a secondary rupture, reproduction from [9]. 
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2.2 Subsoil components 

Structures are usually not constructed directly on natural earth deposits, but normally after 
soil replacement. The slab studied was founded on artificial fills which has been verified 
through the geographic information system (GIS) by Sveriges geologiska undersökning 
(SGU). From the map found on the SGU website [10], it can be seen that the warehouse was 
constructed on fills and that the original soil type of this area is moraine, as shown in Figure 
2.4. 

 

Figure 2.4: Geographic map of the warehouse location in Grängersberg, reproduction 
from [10]. 

Soil stiffness is often a complicated phenomenon to be described and in the interest of 
simplicity, equivalent elastic soil stiffness parameters (elastic soil moduli) are often used, 
defined as the ratio of stress to strain along an axis and often to be employed in soil 
characterization and analyses [11]. The most important subsoil layer which influences the slab 
would here be the rock fill layer since the slab is directly on the top of this. A representative 
average E-modulus of 50 MPa of the rock fill was suggested by [2], with other two alternative 
values also considered for a sensitivity analysis, chosen as 25 MPa and 100 MPa, respectively. 
These values are chosen on basis of [12] 
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Table 2.1: Young’s modulus of rock fill under different compact conditions [12]. 

Young’s modulus, E 

45 MPa long term for compacted crushed rock fill 

90 MPa short term for compacted crushed rock fill 

15 MPa long term for uncompacted crushed rock fill 

30 MPa short term for uncompacted crushed rock fill 

 

By comparing the design values and the table values, the modulus 50 MPa chosen of present 
the rock fill is close to the long-term modulus for compacted crushed rock fill from Table 2.1. 
In addition, 25 MPa and 100 MPa are close to the short-term elastic modulus for un-
compacted crushed rock fill and for compacted crushed rock fill, respectively. The elastic 
modulus of the rock fill assumed in this project is reasonable and thus realistic.  

Unfortunately, not enough technical data for the subsoil layers was given for this project, for 
instance are the gravel size, ground water level and compaction condition not known. The soil 
type under the rock fill is moraine; typical in Sweden and other Nordic countries. The 
engineering property of moraine depends on the size of the gravel the water content. The 
engineering property of the moraine is summarized in Table 2.2. The property of moraine can 
be compared with typical values of Young’s modulus for granular material [13]. These values 
are given in Table 2.3. 

 

Table 2.2: Components and Young’s modulus of the soil layers. 

Material Thickness (m) Young’s Modulus (MPa) 

Rock fill 2 50; 25; 100* 

Moraine 3 40 

Bottom 
moraine 

3 100 

Rock - 20×103 

*Further explanation of the sensitivity test is given in part 3.3. 
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Table 2.3: Typical values of Young’s modulus for granular material [15]. 

 

Based on the two tables above, the values of Young’s modulus for the upper moraine layers 
correspond to that of loose well-graded gravel/sand or medium sand. Moreover, for the 
bottom moraine layer, the value is in accordance with well-graded medium gravel/sand. 
Therefore, also the assumed values of Young’s modulus for the moraine layers under the slab 
are realistic and thus can be used for further computations. 

2.3 Reinforcement 

Reinforcement is known as steel bars or mesh of steel wires, which increase tensile capacity 
of concrete structures. In this concrete slab, the tensile reinforcement are of most interest. The 
total area of tensile reinforcement is 1005 mm2/m, which is the same area of compression 
reinforcement. The original layout of the reinforcement is simplified in order to corporate 
with FEM and avoid singular problems. The reinforcement bars are assumed to be uniformly 
distributed in a 400 mm thick slab, with a dimension of Φ16/200. The top and bottom 
concrete covers are both 38 mm and the surrounding concrete cover is 30 mm [6]. 

The concrete cover is the distance between the surface of the reinforcement closest to the 
nearest concrete surface and the nearest concrete surface [14].  Sufficient thickness of 
concrete cover protects the steel reinforcement from being corroded by substances from 
external environment. The minimum thickness of the concrete cover of this slab needs to be 
verified. Concrete cover in Eurocode 2 is defined through the equation: 

𝑐𝑐𝑛𝑛𝑛𝑛𝑛𝑛 = 𝑐𝑐𝑛𝑛𝑚𝑚𝑛𝑛 + 𝑐𝑐𝑑𝑑𝑑𝑑𝑑𝑑                                                                                                               (2.1) 

𝑐𝑐𝑛𝑛𝑚𝑚𝑛𝑛 = max {𝑐𝑐𝑛𝑛𝑚𝑚𝑛𝑛,𝑏𝑏;   𝑐𝑐𝑛𝑛𝑚𝑚𝑛𝑛,𝑑𝑑𝑑𝑑𝑑𝑑 + 𝛥𝛥𝑐𝑐𝑑𝑑𝑑𝑑𝑑𝑑,𝛾𝛾 − 𝛥𝛥𝑐𝑐𝑑𝑑𝑑𝑑𝑑𝑑,𝑠𝑠𝑠𝑠 − 𝑐𝑐𝑑𝑑𝑑𝑑𝑑𝑑,𝑎𝑎𝑑𝑑𝑑𝑑; 10 𝑚𝑚𝑚𝑚}                           (2.2)                                                                                    

where 𝑐𝑐𝑛𝑛𝑛𝑛𝑛𝑛 is nominal cover, 𝑐𝑐𝑛𝑛𝑚𝑚𝑛𝑛 minimum cover, 𝑐𝑐𝑑𝑑𝑑𝑑𝑑𝑑 allowance in design for deviation, 
𝑐𝑐𝑛𝑛𝑚𝑚𝑛𝑛,𝑏𝑏 minimum cover due to bond requirement, 𝑐𝑐𝑛𝑛𝑚𝑚𝑛𝑛,𝑑𝑑𝑑𝑑𝑑𝑑 minimum cover due to environment 

USCS Description Loose (MPa) Medium (MPa) Dense (MPa) 

GW, SW Gravel/Sand  

well-graded 

30-80 80-160 160-320 

SP Sand, uniform 10-30 30-50 50-80 

GM, SM Sand/Gravel silty 7-12 12-20  20-30 
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conditions, 𝛥𝛥𝑐𝑐𝑑𝑑𝑑𝑑𝑑𝑑,𝛾𝛾 addictive safety element, 𝛥𝛥𝑐𝑐𝑑𝑑𝑑𝑑𝑑𝑑,𝑠𝑠𝑠𝑠 reduction of minimum cover for use of 
stainless steel and 𝑐𝑐𝑑𝑑𝑑𝑑𝑑𝑑,𝑎𝑎𝑑𝑑𝑑𝑑 reduction of minimum cover for use of additional protection. 

The recommended values of 𝛥𝛥𝑐𝑐𝑑𝑑𝑑𝑑𝑑𝑑,𝛾𝛾, 𝛥𝛥𝑐𝑐𝑑𝑑𝑑𝑑𝑑𝑑,𝑠𝑠𝑠𝑠 and 𝑐𝑐𝑑𝑑𝑑𝑑𝑑𝑑,𝑎𝑎𝑑𝑑𝑑𝑑 are 0 if no further specification is 
given. Based on these requirements， the concrete slab in this project is evaluated as  in 
exposure class 2 (XC2), structural class 3 (S3). Thus, the distance 𝑐𝑐𝑛𝑛𝑚𝑚𝑛𝑛,𝑑𝑑𝑑𝑑𝑑𝑑=20 mm is based 
on the table of values of minimum cover in Appendix A. The concrete cover of the slab for 
top and bottom surfaces and the surroundings, are thus adequate. 

 

Table 2.4: Properties of steel reinforcement. 

Yield strength 435 MPa 

Young’s modulus 200 GPa 

 

2.4 Possible failure scenarios 

There were two possible failure scenarios, described in the report of the first study of the slab 
[2]: 

1 Softening of the bottom layer. In aspect of constitutive model, this was achieved by 
reducing the stiffness of this layer by a reduction factor 100, so that its stiffness is 
entirely reduced. In the following part of the report, this will refer to Failure Case I 
(FCI), and with e.g. FCI_2 meaning that fault has reached the point at 2 m from the 
slab corner on both the longitudinal (54.5 m) and transversal (44.4 m) sides.  
 

2 Sudden failure of the entire subsoil causes exposing of the concrete slab at the corner 
over the fault line. In this case, the subsoil under this part does not give any support to 
the slab, which means that only the concrete slab itself is carrying the load through 
bending. This loading case is referred to as Failure Case II (FCII) in the following 
parts of the report. 
 

It is difficult to describe the mechanism behind how the fault reduces the stiffness of the 
bottom moraine layers. However, some similar cases can be studied for comparison. In 2011, 
an in-situ investigation of elasticity of a fault zone done by Phillipe [15] who concluded that 
the stiffness of sealed fractures are 101-102 GPa m-1, while the stiffness of faults, stylolites and 
open fractures are ~ 0.1 GPa m-1. The difference modulus difference between a sealed fault 
and an open fracture varies from about 100 to 1000.  As explained in Figure 2.3, the 
secondary rupture occurs if the fault continues to affect the upper soil layers after the first 
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fracture occurs. The soil softening effect is caused by the ruptures, which reduce the elastic 
modulus of the bottom moraine layer with a factor of 100 in FCI, since it assumes the layer is 
softened but still provides support to the slab. The smallest ratio is chosen in order to 
differentiate FCI and FCII. The latter describes a severe fault movement, which means that 
the movement between the two pieces of bedrocks is larger than in FCI, and further on, the 
opening distance of the ruptures in the upper layers suddenly are increased, thus the soil will 
totally lose contact and friction. In this case, the slab corner is without any support. 

The fault zone is assumed to propagate toward the central part of the slab and in FCI the fault 
line is increased every 2 m per step. For FCII, in order to describe the phenomena more 
precisely, the fault line was started from 2 m and increased every 1m propagation in every 
step. Thus, case 1:1 is a balanced solution for both sides of the slab. The fault propagation is 
explained schematically in Figure 2.5.  

 

Figure 2.5: Propagation angle 1:1(45˚) of the fault, reproduction from [2]. 

2.5 Nonlinear analysis method 

Nonlinear analysis has been used in many fields, not only in civil engineering but also for 
example in the auto industry and defence industry. Especially when optimizing structures or 
testing new materials, FEM based nonlinear analysis shows its convenience and economic 
efficiency. In this project, the method is used to evaluate a deformed concrete structure, by 
predicting the maximum allowable deflections of a concrete slab.  
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The slab is here subjected to static loading through ground settlement and before the fault 
develops, a monotonic increase of the actions is expected. The material properties related to 
stiffness are here more close to realistic compared with those for a linear analysis. The user-
defined data in the FEM software should follow the existing guidelines, for instance the 
defined curve of material stiffness should adequately represent the behaviour. The test of used 
material model can be found in Chapter 3. 

For concrete structures, compression damage is a common phenomenon when local 
compressive strains exceed the limit. According to Eurocode 2, the ultimate compressive 
strains εc for concrete vary from 0.002 to 0.003. The concrete tensile stress-strain curve 
indicates that concrete behaves elastic before cracking. When the tensile stress exceeds the 
cracking stress, the stress decreases linearly as the concrete softens, with no damage at this 
stage. In  the Abaqus user manual, it is stated that the strain at failure in standard concrete is 
typically 10-4, which suggests that tension stiffening that reduces the stresses to zero occur at 
a total strain of about 10-3 [16]. In this project, the main factor that limits the bearing capacity 
of the slab is the tensile strain. The nonlinear behaviour of the concrete should satisfy the 
fundamental strain-stress curves and softening effects and damages should be clearly seen in 
the results after the FEM calculations. Given by Eurocode 2, stress-strain curves for concrete 
and steel suitable for overall analysis should be used. The design strength of concrete used for 
this slab corresponds to concrete C25/30. Design values of the concrete is shown in Table 
2.5. 

 

Table 2.5: Characteristic properties of concrete C25/30 [2]. 

Characteristic average tensile strength, fctm 2.6 MPa 

Characteristic average compressive strength, fcm 33 MPa 

Young’s modulus 32 GPa 
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Figure 2.6: Response of concrete to uniaxial loading in tension (a) and compression (b) 
[16]. 
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3  
 
Finite element method 

Evaluation of the concrete slab was performed with FEM, in which a physical body of the 
structure was transformed into a model with finite numbers of elements. The FE-model 
represents the geometry, material properties and boundary conditions of the real structure. In 
this chapter, modelling approach and the model itself are illustrated. The concrete damaged 
plasticity (CDP) model described by Lubliner [17] is a popular model for simulation of 
concrete behaviours in Abaqus. The model of the concrete slab was tested using both an 
elastic and a CDP material model. 

3.1 Analysis tool 

This analysis was performed with the finite element software Abaqus Standard [18]. The 
Abaqus/CAE (Complete Abaqus Environment) is an interactive figural interface for Abaqus 
Standard. Users can import or draw the model through this interface and allows users to 
define different material models, loads and discretize the model into an element mesh. In this 
project, as the goal is to study the nonlinear property of concrete, some of the input values 
regarding the material property requires user to choose by themselves in accordance with 
existing standards. Abaqus/CAE will not only calculate the results but can also interpret the 
results in contour plots or figures. For example, deformations of the structure can be directly 
read from the software interface.  

3.2 FE-model 

In order to understand the global behaviour of the structure, the first analysis was started with 
an elastic model. In the first step, the whole slab is assumed to behave purely elastic, and the 
concrete slab is modelled with 4-node linear shell elements with the subsoil layers modelled 
as 8-node linear solid elements. Slab and subsoil layers were connected using a tie 
connection. Critical bending moments and crack widths were checked with respect to [2]. No 

Chapter 
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reinforcement was assembled in this stage, but was introduced during the next step, the 
nonlinear analysis. 

The next analysis is to evaluate the concrete slab using the CDP material model with 
reinforcement placed in the concrete slab based on a simplified layout. The concrete slab was 
here modelled with 8-node solid elements, so was the subsoils. Reinforcement bars were 
modelled using 2-node 3D linear truss elements, embedded in the concrete slab. In the Abaqus 
interface, the interaction module allows users to embed elements in the host element. In this 
analysis, reinforcement bars were embedded in the host concrete slab. The appearance of the 
model is shown in Figure 3.1. The subsoil layers were expanded for 5 m in the horizontal 
plane in order to reduce boundary effects, meshed as shown in Figure 3.1. The subsoils, 
supported on mountain rock with a Young’s modulus of 20 GPa, were thus modelled with 
zero degrees of freedom on the bottom layer. Slab and bottom moraine layers were further 
refined during the analysis due to different studied failure cases. 

In order to describe the vertical cracking through the slab, this was meshed with five element 
layers in the vertical direction. Slab and subsoils were meshed using 8-noded solid elements 
(C3D8R), with 33670 and 28080 elements, respectively. Reinforcement bars were introduced 
as 2-noded truss elements (T3D2), with 74 and 91 elements for every single bar in 
longitudinal (54.5 m) and transversal (44.4 m) directions, respectively. In total, there are 
80808 elements representing reinforcement bars.  

The effect of the failure scenario is another important aspect in this analysis. In FCI, the 
failure of the subsoils was numerically generated by applying a temperature dependent 
material function in Abaqus. When defining the material property of the moraine layers, a 
partition was done to distinguish the affected soils from the unaffected soils. The affected part 
of the soil was assigned as a temperature dependent material. A part of the stiffness of the 
bottom moraine layer was assigned with a temperature dependent material for which the 
stiffness was reduced as the fictitious temperature changed. In the material module of Abaqus, 
the affected part of the bottom moraine was assigned to have an E-modulus of 100 MPa at 
20°C in the first step. In the second step, this part was assigned to have an E-modulus of 1 
MPa at 30°C. The first step was the static loading step and the design load was applied on the 
slab without any failures at 20°C with an E-modulus of 100 MPa; and in the second step, the 
softening effect of the soil was introduced at 30°C with an E-modulus as of 1 MPa. The 
stiffness of the failure part was linearly reduced from 100 MPa to 1 MPa with the fictitious 
temperature varies from 20°C to 30°C, so that the softening effect was simulated.  

In FCII, the slab corner does not get any support from the subsoils, which means that the 
interaction between subsoils and the slab corner is lost. Removal of the tie connection 
between the slab and subsoils generate sudden failure of the subsoil. Alternatively, this can be 
modelled using two analysing steps, as in FCI. The stiffness could be linked to the 
temperature or other factors, but this could introduce dynamic effects during the analyses.  
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Figure 3.1: Finite element model of the concrete slab and surrounding subsoil layers. 

3.3 Convergence analysis and sensitivity test 

Element sizes will significantly influence the results in a finite element analysing process and 
excessive fine meshes are computational expensive. In this case, it would be wise to choose 
the most optimal element size before going through the entire process. The results of this 
convergence analysis were extracted at the centre line of the slab in the longitudinal direction 
(54.5 m). Vertical deformation, bending moment and stress are compared for different 
element sizes. The convergence analysis tested four different sizes, 2000 mm, 1000 mm, 600 
mm and 300 mm.  

 

Figure 3.2: Principle stress S12 curves for different element sizes. 
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Figure 3.3: Principle stress S13 for different element sizes. 

 

Figure 3.4: Displacement U3 curves for different element sizes. 
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Table 2.3, and were tested on a model without any influence from the fault. The results for 
the vertical deformations are shown in Table 3.1. 

 

Table 3.1: Vertical deformations of the slab corner due to different Young’s modulus of 
rock fill. 

E (MPa) U3, Slab (m) 

25 -0.067 

50 -0.056 

100 -0.050 

 

From Table 3.1, it can be seen that the values of deformation vary from 0.050 m to 0.067 m, 
and that a stiffer layer reduces the vertical deformation of the concrete slab. In this project, a 
value of 50 MPa was therefore chosen as representative as the Young’s modulus of the rock 
fill. When a smaller settlement of the slab is required, a replacement of rock fill layer with 
stiffer materials is recommended. The variation of the deformation due to different Young’s 
modulus of rock fill in accordance with time are plotted in Figure 3.5. 

 

Figure 3.5: Vertical deformations of the slab corner due to different Young’s modulus of 
rock fill. 
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3.4 Material models for nonlinear analysis 

3.4.1 Concrete model 

Concrete damaged plasticity (CDP) is a popular concrete model used in FEM analysis since it 
is primarily intended for reinforced concrete structures. Two main failure mechanisms of the 
CDP model are tensile cracking and compressive crushing of the concrete. In this project, the 
tensile cracking is the most important since it is the main type of failure and no severe 
compressive damage was found in the slab. In a numerical aspect, values of 𝜀𝜀𝑠𝑠

~𝑝𝑝𝑝𝑝, the tensile 
equivalent plastic strain will be checked. Since there is no standard data for the input values in 
Abaqus for CDP model, the reliability of input data is important. 

Concrete used for casting the slab was C25/30, which corresponds to a uniaxial tensile 
strength of 2.6 MPa according to Eurocode 2. A concrete cube with a dimension of 100 mm 
was modelled in Abaqus to test the CDP model with a predefined vertical displacement of 5 
mm of the top surface with a fixed bottom. Figure 3.6 shows the tested concrete cube with its 
boundary conditions. 

 

 

Figure 3.6: Geometry of tested concrete cube. 
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The compressive behaviour was defined by stress and inelastic strain. Compressive data in 
Abaqus are defined in a tabular function of inelastic strain, where these data are positive 
values for both stress and strain. The relation is defined by: 

𝜀𝜀𝑐𝑐~in =  𝜀𝜀𝑐𝑐 − 𝜀𝜀0𝑐𝑐~𝑑𝑑𝑝𝑝                                                                                                                   (3.1)                                                              

 

𝜀𝜀0𝑐𝑐𝑑𝑑𝑝𝑝 =  𝜎𝜎𝑐𝑐/𝐸𝐸0                                                                                                                          (3.2)    

where 𝜀𝜀𝑐𝑐~in is inelastic strain, 𝜀𝜀𝑐𝑐 total strain, 𝜀𝜀0𝑐𝑐~𝑑𝑑𝑝𝑝 elastic strain,  𝜎𝜎𝑐𝑐 tensile stress and 𝐸𝐸0 
Young’s modulus of concrete.                                                                                                         

The tensile stiffening can be defined by functions of cracking displacement, cracking strain or 
fracture energy cracking criterion. In this project, fracture energy was chosen to describe the 
tensile behaviour of the concrete.  Since Hillerborg proposed fractural energy in 1976, it has 
been generally accepted for many practical purposes, since it reduces many limitations in 
special situations [19]. The concept is based on Gf, a material parameter that describes the 
energy required to open a unit area of a crack, and be specified directly as a material property. 
In Abaqus, the fracture energy can be defined with a tabular function associated with the 
failure stress, σt0. Typical values of Gf range from 40 N/m for a typical construction concrete, 
with a compressive strength of approximately 20 MPa, to 120 N/m for a high-strength 
concrete, with a compressive strength of approximately 40 MPa [20]. A linear relation is 
shown in Figure 3.7. 

 

Figure 3.7: Post-failure stress-fracture energy curve [21]. 

 

The linear crack-opening curve is the simplest version and in order to modify the model more 
realistic, bilinear and exponential curves as shown in Figure 3.8 could be good alternatives to 
the linear curve. The exponential curve is the closest to the real behaviour of concrete. Due to 
the requirement of different types of analysis, the accuracy of the curve can be chosen from 
linear to exponential curves. However, since building up an exponential curve is time 
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consuming, the bilinear curve was chosen to describe the crack opening of the CDP model to 
balance computational time and accuracy. 

The data used in the concrete damaged plasticity model is shown in Appendix B. The stress-
strain relation was modified as shown in Figure 3.9, from where it can be seen that the 
maximum tensile stress is approximately 2.6 MPa, which corresponds to the uniaxial tensile 
strength of concrete C25/30. The strain at failure in standard concrete is typically 10-4, which 
suggests that tension stiffening reduces the stress to zero at a total strain of about 10-3 [16]. 
The cracking strain of the CDP model, reducing the stress to zero is about 2×10-3, is thus 
realistic. 

 

 

Figure 3.8: Bilinear crack opening law. 
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Figure 3.9:  Stress-strain relation of the CDP model. 

 

3.4.2 Steel reinforcement model 

The yield strength of the reinforcement used in the slab is 435 MPa [2]. In order to verify the 
reliability of the reinforcement model, a steel rod with a radius of 100 mm and a total length 
of 1000 mm was modelled in Abaqus. One end of the rod is totally fixed. The stress-strain 
relation of the steel was not directly used in Abaqus, but converted to “true stress” and 
“logarithmic strain”. This was done using the following equations: 

𝜎𝜎𝑠𝑠𝑑𝑑𝑑𝑑𝑑𝑑 = 𝜎𝜎𝑛𝑛𝑛𝑛𝑛𝑛(1 + 𝜀𝜀𝑛𝑛𝑛𝑛𝑛𝑛)                                                                                                      (3.3) 

 

𝜀𝜀𝑝𝑝𝑛𝑛
𝑝𝑝𝑝𝑝 = ln(1 + 𝜀𝜀𝑛𝑛𝑛𝑛𝑛𝑛) − 𝜎𝜎𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

𝐸𝐸
                                                                                                   (3.4) 

where 𝜎𝜎𝑠𝑠𝑑𝑑𝑑𝑑𝑑𝑑 is Cauchy stress (true stress), 𝜎𝜎𝑛𝑛𝑛𝑛𝑛𝑛 nominal stress, 𝜀𝜀𝑛𝑛𝑛𝑛𝑛𝑛 nominal strain, 𝜀𝜀𝑝𝑝𝑛𝑛
𝑝𝑝𝑝𝑝 

logarithmic plastic strain and E Young’s modulus for concrete. 
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Table 3.2: Input data for steel HRB500. 

Sigma_nom (MPa) Epsilon_nom Sigma_true (MPa) Epsilon_log 

5.00×108 0.002 5.01×108 -5.07×10-4* 

5.10×108 0.018 5.19×108 1.52×10-2 

4.90×108 0.02 5.00×108 1.73×10-2 

5.60×108 0.07 5.99×108 6.47×10-2 

6.30×108 0.11 6.99×108 1.01×10-2 

6.00×108 0.14 6.84×108 1.28×10-1 

*The negative value is replaced by 0 in Abaqus. 

A typical yielding strain for a steel rod is 0.2%. The result of the stress-strain relation of the 
tested steel rod is shown in Figure 3.10. Although it is slightly different from a standard steel 
tensile stress-strain curve at the ‘plateau zone’, the tendency and the maximum stress make it 
sufficient to use in the analysis. Stress-stain data are given in the Appendix C. 

 

 

Figure 3.10: Stress-strain relation of tested steel model. 
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4  
 
FEM Results and Discussion 

The deformation was evaluated based on the property of the concrete slab itself, since there 
are no relevant rules about concrete slab built on the ground in the Eurocode. The applied 
method relates to different values of vertical deformations of adjacent columns and column 
distances. Within the range of applied ground settlement, no reinforcement failure was found 
during the analyses. Two main aspects were considered as the key criteria to determine 
whether the condition of the slab is acceptable, vertical deformation and the concrete crack 
width. This also reflects on the internal stresses The principle stresses of the CDP model were 
compared with stresses from the elastic model and it could be seen that when the stress of the 
elastic model exceeded the tensile stress capacity of C25/30; tensile damage starts to 
influence the stress-strain relation. 

4.1 Slab vertical deformations  

For FC_I, both the modified elastic slab model and the CDP model followed the same 
deformation curve when the load was applied during the first step (0-1 s). The curves started 
to separate when the failures were introduced in the second step (1-2 s).  As shown in Figure 
4.1, in FCI_4 the blue line represents the deformation of the CDP model with a stiffer 
behaviour than the elastic model. The nonlinear behaviour of concrete reduced the 
deformation to around -0.013 m at around 1.7 s before the load was fully applied at 2 s. The 
corresponding deformation of the elastic slab model had a parabolic increase. The maximum 
absolute deformation results of the elastic model and the CDP model are 0.018 m and 0.0156 
m, respectively. The difference is 2.4 mm, which is 15.4% of the CDP models result and at 
this stage it can be concluded that the CDP model gives a better solution. Deformations for all 
failure scenarios are summarized in Tables 4.1 and 4.2. 

 

Chapter 
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Table 4.1: Vertical deformations of FCI and ratio compared to the thickness of the 
slab. 

I (m) 2 4 6 8 10 12 14 16 18 
U3 (mm) -16 -15 -19 -24 -43 -56 -71 -89 -106 
% 4.0 3.8 4.9 6.0 10.7 14.0 17.9 22.2 26.6 

 

 

Table 4.2: Vertical deformations of FCII and ratio compared to the thickness of the 
slab. 

II (m) 2 3 4 
U3 (mm) -14 -17 -160 
% 3.5 4.2 40.0 

 

 

 

Figure 4.1: Vertical deformations curve in relation to time, FCI_4. 
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Figure 4.2: Vertical deformations curve in relation to time, FC_6. 

 

 

Figure 4.3: Vertical deformations curve in relation to time, FC_8. 
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Figure 4.4: Maximum vertical displacement for different scenarios in FCI. 

 

 

 

Figure 4.5: Maximum vertical displacement for different scenarios in FCII. 
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FCI_10, which is nearly 1.8 times as the results of FCI_8, it means that the slab starts to lose 
its stiffness. A conclusion can be drawn that concrete damages start to occur at FCI_8. 

In FCII, this phenomenon can be more clearly observed as the vertical deformation at FCII_4 
is 8 times the deformation at FCII_3. By then the concrete was clearly damaged, which can 
also been verified by the PEEQT contour plot in the forthcoming Figure 4.12. Deformation 
comparisons for all failure scenarios are shown Figures 4.6 and 4.7. In Figure 4.7, FCII_4 
showed sign of converge problems and the analysis was terminated at around 0.9 s. This 
result has been improved by applying a viscosity parameter with a magnitude of 10-4 [21].  

Based on the table guidelines from [22], the maximum allowable differential settlement 
between adjacent columns should not exceed 0.002L for medium and low compressible soils 
for industrial and residential buildings (frame structure), where L is the centre point distance 
between adjacent columns. Internal stability needs to be checked, regardless of global 
requirements. The locations of the columns and dimensions are shown in Figure 4.8. 
Deformations at the columns are shown in Figures 4.9 and 4.10. 

 

 

Figure 4.6: Displacement U3 from different failure lengths of CDP model in FCI. 
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Figure 4.7:  Displacement U3 from different failure lengths of CDP model in FCII. 

 

 

Figure 4.8: Layout of columns. 
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Figure 4.9: Summarized deformation of studied scenarios along the longer side (54.5 m) 
of the slab -from FCI. 
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In Figure 4.8, L1 is the distance between the first and second column, L2 between the second 
and the third column while Lf shows the location on the slab affected by the fault. The ratio of 
vertical settlement and distance between adjacent columns for deferent scenarios are 
calculated as shown below. Deformations between the first and the second columns are 
checked in the following. 

For Lf < 6000 mm, L = L1,; 

 

|U1 – U2| < 0.002L                                                                                                                   (4.1) 

 

For 6000 mm < Lf < 9000 mm, L = L2;  

 

|U2 –U3| < 0.002L                                                                                                                    (4.2) 

where U is vertical deformation, L distance between columns, UN deformation at column (N = 
1, 2. 3…) and Lf length of fault affected along one side of the slab.  

When Lf < 6000 mm, the results for FCI becomes: 

Lf = 2 m →  

    |U1 – U2| = |16.10 mm – 18.65 mm| = 2.55 mm < 0.002×6000 mm = 2 mm    OK! 

Lf = 4 m →  

    |U1 – U2| = |15.30 mm – 17.84 mm| = 2.54 mm < 0.002×6000 mm = 2 mm    OK! 

Lf = 6 m → 

    |U1 – U2| = |19.50 mm –15.95 mm| = 3.55 mm < 0.002×6000 mm = 12 mm    OK! 

and for FCII: 

Lf = 2 m→  

    | U1 – U2| = |18.07 mm – 14.04 mm| = 4.03 mm < 0.002×6000 mm = 2 mm    OK! 

Lf = 3 m → 

    |U1 – U2| = |18.10 mm – 16.68 mm| = 1.42 mm < 0.002×6000 mm = 2 mm    OK! 
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Lf = 4 m →  

    |U1 – U2| = |160.17 mm –14.97 mm| = 145.20 mm > 0.002×6000 mm = 12 mm    not OK!! 

Interesting to note is that in FCI, the maximum vertical deformation did not appear at the 
corner of the slab until the fault length reached 6 m on each side, which is deferent from what 
was expected. In FCII, when the fault reached 4 m, the vertical deformation increased  by 885% 
compared to FCII_3, corresponding to that the concrete slab totally lost its bearing capacity. 

When 6000 mm < Lf < 9000 mm, the results for FCI becomes: 

Lf = 8 m →  

    |U2 – U3| = |23.97 mm –18.39 mm| = 5.58 mm < 0.002×9000 mm = 18 mm    OK! 

Lf = 10 m → 

    |U2 – U3| = |36.04 mm –20.32 mm| = 15.72 mm < 0.002×9000 mm = 18 mm    OK!  

Lf = 12 m → 

    |U2 – U3| = |47.00 mm –22.35 mm| = 24.65 mm > 0.002×9000 mm = 18 mm    not OK!! 

Lf = 14 m →  

    |U2 – U3| = |61.14 mm –26.12 mm| = 35.02 mm > 0.002×9000 mm = 18 mm    not OK!! 

From the results above, a conclusion can be draw that there is rick for the superstructure to 
lose its stability when the fault reach a length of 12 m, since the deformation difference 
between adjacent columns exceeds the limit. Furthermore, this result complies with Figure 
4.6 and 4.7, as in these figures, vertical deformations have a significant increase in FCI_12 
and FCII_4. Original data of deformations of the slab corner and along both side of the slab 
are summarized in Appendix D. 

4.2 Tensile cracks in the concrete slab 

In Abaqus results module, it is possible to view the distribution and directions of the cracks. 
When the tensile stress exceeds the tensile strength of the concrete, cracks appear. In a 
numerical aspect, this is represented by the value of the equivalent plastic tensile strain 
(PEEQT). If the PEEQT value of one element is larger than zero, it means that this element is 
cracked, which can be visually seen at the in the result plots where cracks are shown with 
different colours due to different PEEQT values. During the FEM analysing process, the 
bottom surface of the slab was found to have some cracks along the edges, but this occurred 
under the normal loading steps and the affected area was very small and thus not interpreted 
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as a failure, but a numerical discrepancy. The most important question is when the slab will 
show crack patterns on the top surface, over an adequate proportion of the total area. The 
earliest failures were found for FCI_12 and FCII_3. as shown in Figures 4.11 and 4.12. In 
Figure 4.13, it can be seen how the damage zone develops through the slab as the fault in the 
FCI case propagates a further 2 m.  

From the PEEQT values, it is possible to calculate the crack length by applying Hoke’s law: 

 

𝜀𝜀 ∙ 𝐿𝐿 = ∆𝐿𝐿                                                                                                                             (4.1)  

 

where 𝜀𝜀 is tensile strain, 𝐿𝐿 element length and ∆𝐿𝐿 cracking width. 

When cracks starts to appear across the slab, the L value needed in the calculation is√2 × 𝐿𝐿, 
so in FCI_12 by multiplying a weighted mean value of PEEQT, the crack width was 
estimated as 0.5 mm, which should be compared to the maximum allowable crack with of this 
concrete slab that is 0.2 mm [2]. Therefore, the crack width the slab has now is 1.5 times 
bigger than the limit. In FCI_10, the slab does not show any cracks on the top surface. In 
FCII_4, L multiplied with a weighted mean value of PEEQT gives a crack width as large as 
113 mm, obviously corresponding to severe damage of the concrete slab. In FCII_3, the crack 
width was calculated as 0.08 mm, which is acceptable with respect to the allowable crack 
width. Some other contour plots showing cracks can be found in Appendix E.As the slab was 
meshed with multiple layers, cracks through the vertical direction were also identified in the 
FE-analysis, with examples here shown in Figure 4.14 and Figure 4.15. One example is in 
FCI_16, where the cracks initiated from the top surface of the slab and propagated through the 
full thickness. When the slab has a large area with the PEEQT values over zero, for example 
in FCI_14, FCI_16, etc., these cracks are considered as failures. Crack width values are 
shown in Table 4.3. 

 

Table 4.3: Crack widths calculated based on Figure 4.12. 

PEEQT (average) L (mm) ΔL (mm) 

1.89×10-5 160 3.02×10-3 

1.13×10-4 160 1.81×10-2 

2.07×10-4 80 1.66×10-2 

Sum 3.77×10-2 
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Figure 4.11: Cracking on the top surface of the concrete slab for FCII_3. 

 

 

Figure 4.12: Cracking on the top surface of the concrete slab for FCI_12. 
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Figure 4.13: Cracking on the top surface of the concrete slab for FCI_14. 

 

 

 

Figure 4.14: Contour plot of cracks through the whole thickness of the slab. 
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Figure 4.15: Cracks through the vertical direction of the slab, FCI_4. 
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4.3 Maximum principle stress of the slab 

The biggest difference between the CDP and the elastic model is the stress-strain relation of 
the concrete material. As shown in Table 2.5, the tensile capacity of C25/30 is 2.6 MPa. 
Theoretically, the maximum principle stress of the CDP model should never exceed this value 
and based on the results from the FE analysis, this was verified. The softening behaviour and 
stiffness degradation often cause convergence problems which was solved by adding 
viscoelasticity in the CDP model. By doing this, the program allows stresses to locate outside 
the yield surface [23]. An example of the distribution of the principle stresses are given in 
Figure 4.16. For the results shown in Figures 4.17-4.20, stresses are compared along one side 
of the slab; with a length of 44.4 m. When the tensile stress has exceeded the tensile failure 
stress, the normal stiffness of concrete is thus reduced and so as the tensile stress. Reflecting 
on the figures, the principle tensile stress is reduced where there is a tensile failure. The 
results were extracted from the mid part of the slab, in the vertical direction.  

 

 

Figure 4.16: Stress distribution of FCI 



4.3. MAXIMUM PRINCIPLE STRESS OF THE SLAB 

39 

 

 

Figure 4.17: Stress comparison between CDP and elastic model, FCI_14. 

 

 

Figure 4.18: Stress comparison between CDP and elastic model, FCI_16. 
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Figure 4.19: Stress comparison between CDP and elastic model, FCI_18. 

 

 

Figure 4.20: Stress comparison between CDP and elastic model, FCII_4. 
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instance the strain and displacement relation curve, starts to influence the results. However, 
the maximum stress remains at roughly the same level for FCI_14, and with the maximum 
stress for the elastic model reaching around 2.3 MPa. As the failure length continue to 
increase to 18 m, the maximum stress of the elastic curve will reach 2.6 MPa, which is the 
tensile capacity of C25/30. The curve of the CDP model has an obvious drop at around 18 m 
along the x-axis, which can be seen in Figure 4.19. Around that point, the concrete is 
considered as damaged. 

From the Figures 4.17-4.20, one common phenomenon can be identified. Where the fault has 
an influence, the two stress curves show different maximum values. When the stress values 
for the elastic model exceeded 2.6 MPa (not reached in some scenarios), the stress value of 
the concrete went down and the concrete slab showed tensile failure around that point. The 
data containing calculated stress and PEEQT values are summarised in Appendix F.  
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5  
 
Summary 

This project focuses on evaluating concrete slab foundations on softening ground. During the 
study of this topic, FEM was applied to analyse the nonlinear behaviour of a specific concrete 
slab. Extensive FEM analyses were performed to study the research questions based on the 
special case with partially softening ground caused by an active fault. With the use of the 
FEM software Abaqus, results of deformations, stresses and crack patterns were graphically 
interpreted.  

For the cases studied, first failures of the slab were found for FCI_10 and FCII_3, which has 
improved the results compare to [2]. Due to ground softening, the slab lose contact with the 
soil and thus the load capacity of the slab is decreased. Figures 4.6 and 4.7 showed that the 
vertical displacement of one corner of the slab increased significantly as the area of softened 
soil increased. Furthermore, a better failure behaviour was captured with FCI. 

The FEM analyses give predictions of the nonlinear behaviour of the concrete slab. The slab 
studied only covers limited amount of cases, primarily to identify the most realistic failure 
mode of the slab and give technical reference values.  

5.1 Simulation of the softening ground 

The softening ground was simulated using the same strategy for both the elastic material 
model and the CDP model; softening and sudden failure of the bottom moraine layer were 
simulated. Propagation of the fault under the slab was generated by increasing the affected 
area of the bottom moraine layer, as described in Section 2.4. The results in Section 4.1 
shows that the nonlinear analysis method gives a stiffer solution than the elastic method for 
the studied slab. The maximum allowable failure length is increased in both failure scenarios, 
under the same type of ground softening condition. In FCI, with the use of a fictitious 
temperature-dependent material function of Abaqus, the softening affect was progressively 
simulated and the degradation of subsoil stiffness was thus archived. In FCII, a part of the 
exposed slab does not get any support from the subsoil, which means that the subsoil collapse 

Chapter 



        

44 

due to intense ground movement in the fault. Figure 4.5 shows that the load bearing capacity 
of the slab in FCII has been significantly reduced when the fault locates within 2 to 4 m on 
each side of the slab. 

The two failure scenarios studied for the slab do not cover all possible ground softening cases, 
but they have provided reliable technical data for the failure behaviours of the slab and are in 
good agreement with previous results. 

5.2 Nonlinearity of the concrete slab 

Conventional concrete is a mixture of aggregates and cement, the complexity of its 
composition and the variety of its property results in a complicated material. Nonlinear 
deformation behaviour of concrete is difficult to study with traditional methods. For a long 
time, reinforced structures were analysed using elastic theories and the bearing capacities 
were designed for the ultimate limit state. This kind of method depends on empirical data 
based on a large amount of experimental test data. It is adequate for design of regular concrete 
structures but cannot provide computational equations for complex structures and reveal the 
characters of structures during different loading stages. With the help of FEM, it is possible to 
capture the nonlinearity of reinforced concrete structures numerically.  

In aspect of the global geometry of the slab here studies, the nonlinearity was obtained by 
comparing the vertical deformations between the CDP model and the elastic model, which 
was shown in Section 4.1. The most obvious nonlinear behaviour of the slab was found in 
FCI_4, 6 and 8, for which the newly formed stress-strain relations due to the latest tensile 
failure plane made the slab behave stiffer than in the elastic case. The magnitude of the 
maximum vertical deformations were reduced and the deformation capacity was improved. 

Concerning the interior aspect of individual elements, the principle stress distribution of the 
slab has given good examples for how to distinguish the differences between the two types of 
models. Among the areas without tensile failures, the principle tensile stresses for both 
models show approximately the same results. However, when the CDP model show tensile 
cracking, the maximum principle tensile stress is significantly reduced. 

5.3 Serviceability of the studied slab 

Deflection of a structure is a common criterion to check when designing for serviceability and 
the designer must verify that the structure can perform its intended function under the day-to-
day service loads [24]. However, unlimited deflections can cause serious damages to the 
structure. For instance, in this project large settlements of the concrete slab will affect the 
original structure and may cause a local tensile failure of the slab. This may also influence the 
adjacent parts connected to the slab, if any. Based on the results from the FEM model, the 
maximum allowable failure length for the investigated cases FCI & II are approximately 10 m 
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and between 3-4 m, respectively. Concerning the internal stability of the warehouse 
constructed on the slab, the maximum allowable failure cases are FCI_10 and FCII_3, which 
are in good agreement with the acceptable limits for this project. The elastic model used for 
comparison here gives 6-8 m and 4-6 m for the two studied cases [2]. Since the CDP model 
cannot give values of bending moment, the failure length cannot be compared in terms of 
bending moment capacity. FCI does give a more optimistic result than FCII, which is 
expected. Due to the rules and existing cases regarding vertical deformation of concrete slabs 
constructed on the ground, the evaluation of the slab should be determined in accordance with 
practical purpose.  

Excessive deformations of concrete are always accompanied by cracks. The maximum 
allowed crack width has been set as wk = 0.2 mm, which thus is the criterion for determining 
if the cracks are acceptable. Based on the results from FE-model, the earliest failures were 
found in FCI_12 and FCII_3. Tensile stress are generated by bending, and those elements 
with a PEEQT values over 0, cracks start to appear and the tensile failure planes are 
perpendicular to the direction of principle tensile stresses. In a global view, the directions of 
the earliest tensile failure exhibited on the contour plots are in accordance with bending. 
When tensile failure occurs, the stiffness of concrete is reduced to a failure state, and the 
corresponding tensile stresses are thus reduced. With oversized cracks, it allows cement and 
reinforcement to react with oxidation substances from external environment, carbonations and 
erosions will occur and there will be a risk these materials lose their original stiffness. 
Moreover, in aspect of the structures appearance, uncontrolled cracks will cause unacceptable 
deflections, which will affect the structures original functions and aesthetic appearance. Based 
on the technical values, the softened ground will indeed cause failures of the slab. 

5.4 Suggestions for future work 

To this date, mining activities, underground construction works and even overuse of 
groundwater may have caused ground settlement under the studied type of concrete slab. 
Problems has occurred as time went by. With the help of nonlinear analysing method, it is 
possible predict the behaviour of concrete slabs on softening ground. 

There are many simplifications made in the FE-model used in this project, such as geometry 
of the slab and layout of the reinforcement bars. In addition, the subsoils of the FE-model 
were modelled with purely elastic materials. This could be improved by introducing plastic 
properties for the soils and connections between the slab and the ground can be improved 
with spring connections. As concrete is still a complex material to be built up into numerical 
model, the reliability of the CDP model is of vital importance. It is recommended to test the 
behaviour of the material model before analysing the entire model.  

In nonlinear analysis of concrete, post-tensile behaviour is important. Once a tensile failure 
has occurred in a concrete slab, subsequent failure planes may form as the slab continues to 
deform, new stress-strain relations will form with respect to the newer formed failure plane. If 
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the condition allows, physical test of concrete samples should be done in order to capture the 
realistic failure modes. Summarisation of stress-strain relations of concrete at different 
cracking levels from similar structures is recommended for early stage assessment of such a 
structure. 
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Appendix A. Durability and cover 
to reinforcement 

Table A.1: Exposure classes related to environmental conditions in accordance with 
EN 206-1 [25]. 

Corrosion induced by carbonation 

XC1 Dry or permanently wet Concrete inside building with 
low air humidity  

Concrete permanently 
submerged in water 

XC2 Wet, rarely dry Concrete surfaces subject to 
long-term water contact 

Many foundations 

XC3 Moderate humidity Concrete inside building with 
moderate or high air humidity 

External concrete sheltered 
from rain 

XC4 Cyclic wet and dry Concrete surfaces subjected 
to water contact, not within 
exposure class XC2 
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Table A.2: Recommended structural classification [25]. 

Structural Class 
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The recommended Structural Class (design working life of 50 years) is S4 for the indicative 
concrete strengths given in Annex E and the recommended modifications to the structural 
class is given in Table A.2. The recommended minimum Structural Class is S1.  
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Table A.3: Values of minimum cover, cmin, dur, requirements with regard to durability for 
reinforcement steel in accordance with EN 10080 [25]. 

Environmental requirement for cmin, dur (mm) 

Structural 
Class 

Exposure Class according to Table A.1 

X0 XC1 XC2/XC3 XC4 XD1/XS1 XD2/XS2 XD3/XS3 

S1 10 10 10 15 20 25 30 

S2 10 10 15 20 25 30 35 

S3 10 10 20 25 30 35 40 

S4 10 15 25 30 35 40 45 

S5 15 20 30 35 40 45 50 

S6 20 25 35 40 45 50 55 
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Appendix B. User input data of 
CDP model and Steel model 

Table B.1: Original stress-strain relation of concrete C25/30. 

Compression_Nom 
Sigma_o Epsilon_o 
0 0 
1.30×107 0.0005 
2.20×107 0.001 
2.70×107 0.0015 
3.00×107 0.002 
2.80×107 0.0025 
2.65×107 0.003 
2.50×107 0.0035 

 

Table B.2: Input stress-strain data of concrete C25/30. 

Compression_True 
Sigma_t Epsilon_t 
0 0 
1.30×107 9.38×10-5 
2.20×107 3.13×10-4 
2.70×107 6.56×10-4 
3.00×107 1.06×10-3 
2.80×107 1.63×10-3 
2.65×107 2.17×10-3 
2.50×107 2.72×10-3 

 

Elastic modulus of C25/30 is 32 GPa. 
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Table B.3: Parameter defined by user. 

Item Value Unit 
Elastic modulus 2.5×103 Pa 
Poisson’s ratio 3.2×1010 - 
Dilatation angle 31 ˚ 
Eccentricity 0.1 - 
K 0.666 - 
Viscosity parameter 10-4 [21] - 
Gf 138 N/m 
fc 2.6×106 Pa 
ft 3.3×107 Pa 
 

Table B.4: Original stress-strain relation of HRB500. 

Nom_ stress-strain 
Sigma_nom Epsilon_nom 
5.00×108 0.002 
5.10×108 0.018 
4.90×108 0.02 
5.60×108 0.07 
6.30×108 0.11 
6.00×108 0.14 

 

Table B.5: True stress-strain relation of HRB500.  

True_ stress-strain 
Sigma_true Epsilon_log 
5.01×108 0 
5.19×108 1.52×10-2 
5.00×108 1.73×10-2 
5.99×108 6.47×10-2 
6.99×108 1.01×10-1 
6.84×108 1.28×10-1 

 

Elastic modulus of HRB500 is 200 GPa. 
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Appendix C. Stress-strain data of 
the steel model in Abaqus 

Stress 
(Pa) 

Strain 

0 0 3.71×108 1.45×10-3 

2.23×106 8.52 ×10-6 5.07×108 4.03×10-3 

4.46×106 1.70×10-5 5.02×108 1.68×10-2 

7.80×106 2.98×10-5 5.04×108 1.84×10-2 

1.28×107 4.90×10-5 5.15×108 2.29×10-2 

2.03×107 7.78×10-5 5.38×108 3.20×10-2 

3.16×107 1.21×10-4 5.58×108 3.94×10-2 

4.86×107 1.86×10-4 5.86×108 4.95×10-2 

7.40×107 2.83×10-4 6.40×108 6.47×10-2 

1.71×108 7.45×10-4 

Continues in the right 

 

  



        

56 



        

57 

Appendix D. Vertical deformation 
curves for FCI and FCII along the side 
of 54.5 m. 

FCI 

Note: In order to avoid boundary effects, the data was extracted at a distance of 1.2 m (two 
elements) from the slab corner, which interacts with the fault.  

 

Figure D.1: Vertical deformations along onside of the slab for FCI_2. 
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Figure D.2: Vertical deformations along onside of the slab for FCI_4. 

 

Figure D.3: Vertical deformation along onside of the slab for FCI_6. 
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Figure D.4: Vertical deformation along onside of the slab for FCI_8. 

 

Figure D.5: Vertical deformation along onside of the slab for FCI_10. 
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Figure D.6: Vertical deformations along onside of the slab for FCI_12. 

 

Figure D.7: Vertical deformations along onside of the slab for FCI_14. 
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FCII 

 

Figure D.8: Vertical deformations along onside of the slab for FCII_2. 

 

 

Figure D.9: Vertical deformations along onside of the slab for FCII_3. 
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Figure D.10: Vertical deformations along onside of the slab for FCII_4. 
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Table D.1: Deformations at structure columns for FCI. 

Failure length (m) Deformations at structure column (mm) 

2 18.65 

4 17.84 

6 15.95 

8 18.39 (Column 2) /23.97(Column 1) 

10 20.32/36.04 

12 22.35/47.00 

14 26.12/61.14 

 

Table D.2: Deformations at structure columns for FCII. 

Failure length (m) Deformations at structure column (mm) 

2 18.07 

3 18.10 

4 14.97 
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Appendix E. Contour plots showing 
cracks on the top surface of the slab 

FCI 

 

Figure E.1: Cracking on the top surface of the slab, FCI_14 
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Figure E.2: Cracking through the slab, FCI_14. 

 

FCII 

 

Figure E.3: Cracking on the top surface of the slab, FCI_3. 
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Appendix F. Stress and PEEQT 
data for failed cases. 

Failure scenarios which tensile damages were found. 

FCI 

Table F.1: PEEQT and maximum principle stress value in accordance with time for 
FCI_12. 

T (s) PEEQT Stress, 
Maximum 
principle 
(Pa) 

0 0 0 
0.1 0 -16371.3 
0.2 0 -32742.9 

0.35 0 -57299.6 
0.575 0 -94134.3 
0.825 0 -135061 

1 0 -163710 
1 0 -163710 

1.01 0 -163702 
1.02 0 -163694 

1.035 0 -163682 
1.0575 0 -163662 

1.09125 0 -163631 
1.14125 0 -163581 
1.19125 0 -163525 
1.24125 0 -163462 
1.29125 0 -163392 
1.34125 0 -163311 
1.39125 0 -163218 
1.44125 0 -163111 
1.49125 0 -162985 
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1.54125 0 -162835 
1.59125 0 -162653 
1.64125 0 -162429 
1.69125 0 -162144 
1.74125 0 -161764 
1.79125 0 -152558 
1.84125 0 20683.91 
1.89125 0 299464.3 
1.94125 0 827350.1 
1.99125 0 2389613 

1.993438 3.76×10-6 2425649 
1.996719 1.43×10-5 2362699 

2 2.09×10-5 2315379 
 

Table F.2: PEEQT and maximum principle stress value in accordance with time for 
FCI_14. 

T (s) PEEQT Stress, 
Maximum 
principle 
(Pa) 

0 0 0 
0.1 0 -16877.1 
0.2 0 -33754.5 

0.35 0 -59070.2 
0.575 0 -97044.2 
0.825 0 -139238 

1 0 -168774 
1 0 -168774 

1.01 0 -168780 
1.02 0 -168788 

1.035 0 -168798 
1.0575 0 -168815 

1.09125 0 -168840 
1.14125 0 -168879 
1.19125 0 -168918 
1.24125 0 -168958 
1.29125 0 -168996 
1.34125 0 -169028 
1.39125 0 -169048 
1.44125 0 -169042 
1.49125 0 -168981 
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1.54125 0 -168795 
1.59125 0 -168267 
1.64125 0 -166445 
1.69125 0 -153036 
1.74125 0 -71810.4 
1.79125 0 66174.2 
1.84125 0 273430.9 
1.89125 0 612127 
1.94125 0 1267758 
1.99125 5.07×10-5 2123924 

1.993438 8.28×10-5 1877387 
1.995625 0.000123 1617277 
1.996445 0.000136 1593822 
1.996753 0.000141 1585194 
1.997214 0.00015 1570868 
1.997906 0.000165 1545159 
1.998945 0.000188 1502097 

2 0.000218 1450577 
 

Table F.3: PEEQT and maximum principle stress value in accordance with time for 
FCI_16. 

T (s) PEEQT Stress, 
Maximum 
principle 
(Pa) 

0 0 0 
0.1 0 -16736.2 
0.2 0 -33472.8 

0.35 0 -58575.5 
0.575 0 -96228.1 
0.825 0 -138062 

1 0 -167344 
1 0 -167344 

1.01 0 -167342 
1.02 0 -167341 

1.035 0 -167339 
1.0575 0 -167335 

1.09125 0 -167327 
1.14125 0 -167309 
1.19125 0 -167281 
1.24125 0 -167240 
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1.29125 0 -167179 
1.34125 0 -167089 
1.39125 0 -166953 
1.44125 0 -166736 
1.49125 0 -166363 
1.54125 0 -165631 
1.59125 0 -163724 
1.64125 0 -153739 
1.69125 0 -97546.4 
1.74125 0 1142.095 
1.79125 0 143501.4 
1.84125 0 358759 
1.89125 0 717745.9 
1.94125 0 1435742 
1.95375 0 1746631 
1.9725 0 2445588 

1.979375 1.63×10-5 2410136 
1.981953 2.44×10-5 2346992 
1.98582 3.27×10-5 2277102 

1.987271 3.33×10-5 2268902 
1.989446 3.33×10-5 2198379 
1.990262 3.33×10-5 2172269 
1.991485 3.33×10-5 2110969 
1.991944 3.33×10-5 2078650 
1.992632 3.33×10-5 2038550 
1.993665 3.33×10-5 2002189 
1.994052 3.33×10-5 1991906 
1.994632 3.33×10-5 1983092 
1.995504 3.33×10-5 1974681 
1.99681 3.33×10-5 1957556 
1.99877 3.33×10-5 1926166 

1.999078 3.33×10-5 1919483 
1.999385 3.33×10-5 1913909 
1.999846 3.33×10-5 1903490 

2 3.33×10-5 1899988 
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Table F.4: PEEQT and maximum principle stress value in accordance with time for 
FCII_3. 

T (s) PEEQT Stress, 
Maximum 
principle (Pa) 

0 0 0 
0.035 0 109909.8 
0.14125 0 443805.2 
0.29125 0 915212.4 
0.44125 0 1386650 
0.59125 0 1858119 
0.74125 1.64×10-5 2277754 
0.89125 1.72×10-5 2364376 
1 4.77×10-5 2133955 

 

Table F.5: PEEQT and maximum principle stress value in accordance with time for 
FCII_4. 

T (s) PEEQT Stress, 
Maximum 
principle 
(Pa) 

0 0 0 
0.035 0 148767.8 
0.14125 0 600849.5 
0.29125 0 1239013 
0.44125 0 1877103 
0.59125 5.57×10-6 2322401 
0.70375 2.2×10-5 2196003 
0.712832 2.2×10-5 2128913 
0.718826 2.2×10-5 1990481 
0.720443 2.2×10-5 1942334 
0.721807 2.2×10-5 1788912 
0.722199 2.2×10-5 1638035 
0.722259 2.2×10-5 1610367 
0.722311 2.2×10-5 1589597 
0.722354 2.2×10-5 1567902 
0.72239 2.2×10-5 1541276 
0.722421 2.2×10-5 1525800 
0.722447 2.2×10-5 1514404 
0.722469 2.2×10-5 1505456 
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0.722487 2.2×10-5 1503873 
0.722503 2.2×10-5 1500773 
0.722524 2.2×10-5 1492221 
0.722541 2.2×10-5 1487373 
0.722564 2.2×10-5 1485823 
0.722584 2.2×10-5 1486233 
0.72261 2.2×10-5 1489459 
0.722633 2.2×10-5 1494389 
0.722652 2.2×10-5 1501108 
0.722668 2.2×10-5 1506657 
0.722701 2.2×10-5 1522384 
0.722729 2.2×10-5 1537394 
0.722823 2.2×10-5 1597600 
0.722843 2.2×10-5 1611227 
0.72291 2.2×10-5 1653071 
0.722947 2.2×10-5 1673780 
0.722978 2.2×10-5 1690598 
0.723018 2.2×10-5 1711355 
0.723053 2.2×10-5 1729039 
0.723082 2.2×10-5 1743209 
0.723122 2.2×10-5 1761232 
0.723155 2.2×10-5 1775347 
0.723224 2.2×10-5 1801301 
0.723457 2.2×10-5 1866056 
0.723653 2.2×10-5 1905445 
0.724081 2.2×10-5 1954939 
0.724641 2.2×10-5 1986246 
0.726529 2.2×10-5 2013940 
0.732903 2.2×10-5 2050106 
0.754416 2.3×10-5 2152968 
0.773284 2.65×10-5 2124304 
0.777113 2.74×10-5 2116834 
0.782384 2.92×10-5 2102762 
0.784142 3.02×10-5 2096753 
0.786442 3.18×10-5 2086067 
0.789608 3.45×10-5 2066702 
0.790663 3.57×10-5 2058649 
0.791009 3.62×10-5 2055278 
0.792174 3.80×10-5 2042954 
0.793158 4.03×10-5 2029697 
0.793292 4.09×10-5 2028205 
0.793467 4.19×10-5 2025036 
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0.793614 4.28×10-5 2019483 
0.793936 4.46×10-5 2005816 
0.79417 4.59×10-5 1998090 
0.794258 4.63×10-5 1994968 
0.794558 4.78×10-5 1984285 
0.795568 5.29×10-5 1947164 
0.795916 5.49×10-5 1934483 
0.796096 5.60×10-5 1927966 
0.796248 5.70×10-5 1922891 
0.79676 6.06×10-5 1902928 
0.797465 6.80×10-5 1876063 
0.79806 9.09×10-5 1834509 
0.798367 0.00012 1753103 
0.798791 0.000176 1710874 
0.798913 0.000196 1690748 
0.798959 0.000205 1682288 
0.799059 0.000226 1663782 
0.799191 0.000262 1634547 
0.799372 0.000335 1560598 
0.799432 0.000365 1523580 
0.799483 0.000394 1486120 
0.79955 0.000437 1426866 
0.799586 0.000464 1391828 
0.799634 0.000503 1338453 
0.799674 0.00054 1273520 
0.799729 0.000598 1156249 
0.799758 0.000631 1088502 
0.799797 0.000679 969651.3 
0.799849 0.000752 759716.1 
0.799877 0.000792 651140.6 
0.799935 0.000919 382661.3 
0.799984 0.001042 198273.8 
0.800025 0.001111 155409.9 
0.800047 0.001149 148752.5 
0.800076 0.001199 146601.4 
0.80014 0.001306 143038.5 
0.800194 0.001396 142884.7 
0.800223 0.001444 143809.3 
0.800282 0.00155 149309.8 
0.800314 0.001609 151740.9 
0.800357 0.001687 153225.9 
0.800392 0.001754 155276.4 



        

74 

0.800422 0.001811 155523.5 
0.800488 0.001932 154029.5 
0.800543 0.002034 153016.5 
0.800573 0.002088 151567.4 
0.800612 0.002158 148494.8 
0.800633 0.002195 146795.3 
0.800677 0.002269 142844.4 
0.800713 0.00233 140691.3 
0.800744 0.00238 137483.6 
0.800849 0.002534 145808.8 
0.800905 0.002614 153672.4 
0.80098 0.002711 168443.1 
0.800995 0.00273 172554.5 
0.801029 0.002772 182110.2 
0.801048 0.002793 189797.2 
0.801085 0.002835 213394.8 
0.801167 0.002924 236705.7 
0.801236 0.003005 205442 
0.801327 0.003111 173172 
0.801403 0.003196 164229.7 
0.801569 0.003352 169264.3 
0.801658 0.003423 180311.4 
0.801704 0.003457 184584.2 
0.801767 0.003503 188427.7 
0.80182 0.003539 191552 
0.801865 0.003569 195046.1 
0.801958 0.003624 204828.1 
0.80199 0.003642 208900.5 
0.802017 0.003657 213370.6 
0.802053 0.003676 220167.2 
0.802072 0.003685 223405.1 
0.802112 0.003705 228594.7 
0.802167 0.00373 235441.8 
0.802195 0.003743 238211.2 
0.802291 0.003783 243804 
0.802343 0.003803 248056.2 
0.802411 0.003828 254959.4 
0.802504 0.00386 263085.5 
0.802553 0.003875 269176.9 
0.802716 0.003922 278257.3 
0.802941 0.003977 276692.7 
0.803057 0.004002 276607.8 
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0.80345 0.004073 269375.8 
0.803781 0.004119 267163.2 
0.804237 0.00417 262709.4 
0.804622 0.004203 259943.4 
0.804876 0.004223 256370.6 
0.805044 0.004236 252896.1 
0.805275 0.004253 247379.5 
0.805753 0.004286 238973.5 
0.806412 0.004323 233356.5 
0.806967 0.004346 232931.5 
0.807708 0.004367 231114.1 
0.808333 0.004381 229288.9 
0.80915 0.004399 235300.7 
0.810276 0.004428 237106.1 
0.810858 0.004443 237350.6 
0.81166 0.004464 234515 
0.812336 0.004481 231368.4 
0.812686 0.00449 230161.3 
0.813447 0.004507 227072.7 
0.814443 0.004528 222881.8 
0.817804 0.004587 214342.9 
0.818513 0.004599 212566.3 
0.820906 0.004637 208106.4 
0.822208 0.004655 206070.5 
0.823911 0.004677 205178 
0.827618 0.004729 206344.8 
0.829916 0.004763 208589.7 
0.831735 0.004798 218613 
0.834239 0.004853 219729.5 
0.834768 0.004864 219240.7 
0.83586 0.004887 218527.4 
0.839548 0.004965 218031.3 
0.841554 0.005012 219985 
0.84418 0.005092 226610.7 
0.845608 0.005158 238520.6 
0.846813 0.005227 240725.1 
0.84783 0.005293 239728.3 
0.847966 0.005302 240398.1 
0.848246 0.005323 239871.5 
0.848857 0.00537 237928.7 
0.849183 0.005396 239436.7 
0.849352 0.005409 240108.3 



        

76 

0.849584 0.005429 241131.5 
0.850064 0.00547 243754.4 
0.850325 0.005493 244771.7 
0.850667 0.005522 245499.7 
0.851308 0.005579 247190.3 
0.851552 0.0056 248772.5 
0.851887 0.005631 249810.5 
0.85258 0.005694 253781.5 
0.853164 0.005748 258146.7 
0.854436 0.005865 271426.9 
0.854853 0.005906 275966.2 
0.855204 0.005941 278474.8 
0.856389 0.006051 286073.7 
0.857666 0.006158 296924.4 
0.858509 0.006222 302188.4 
0.859221 0.00627 309496.8 
0.859609 0.006296 318611 
0.859815 0.00631 325816 
0.860243 0.006343 341291.4 
0.860832 0.006396 377060 
0.861136 0.006427 392711.8 
0.861799 0.0065 410916.7 
0.862358 0.006559 413780 
0.862656 0.006588 415143.4 
0.863273 0.006644 421528 
0.863486 0.006663 427034.6 
0.863596 0.006672 430222 
0.863966 0.006706 435306.5 
0.864279 0.006735 440378 
0.86471 0.006776 442183.5 
0.864933 0.006797 441676.2 
0.865239 0.006827 440947 
0.865398 0.006843 440238.6 
0.865616 0.006865 437552 
0.866067 0.00691 431215.5 
0.86705 0.006998 415508.7 
0.867879 0.007065 413198.8 
0.868321 0.0071 415181.3 
0.86855 0.007119 410893.5 
0.869048 0.007159 418381.2 
0.8697 0.00722 429519.6 
0.870054 0.007257 433512.2 
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0.870353 0.007289 433923 
0.870745 0.007332 431376.7 
0.872066 0.00748 423338.2 
0.87252 0.007531 418821.6 
0.872755 0.007557 416797.6 
0.873549 0.007645 407058 
0.874641 0.007764 391077 
0.876901 0.008014 367949.7 
0.879309 0.008277 384895.9 
0.880024 0.008354 387836.9 
0.881008 0.008461 362906.3 
0.881839 0.008551 275813.1 
0.882539 0.008628 242953.1 
0.88313 0.008696 236374 
0.883436 0.008732 240156.7 
0.884102 0.008811 252659 
0.884319 0.008837 259428.5 
0.885054 0.008927 287033.9 
0.885215 0.008948 288218.4 
0.885346 0.008964 289025.5 
0.885787 0.009019 296490.5 
0.885939 0.009038 300905.9 
0.886067 0.009055 304953.9 
0.886332 0.009089 312920.5 
0.886388 0.009096 314632.3 
0.886576 0.00912 323157 
0.886641 0.009129 326161.8 
0.886728 0.00914 328262.2 
0.886801 0.009149 329756.1 
0.886863 0.009157 330972 
0.886943 0.009168 332099.9 
0.887216 0.009204 334642.5 
0.887808 0.009283 338615 
0.888584 0.009394 341320.6 
0.888851 0.009433 340402.6 
0.888851 0.009433 0 
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