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Abstract
Flow through a sinuous stenosis with varying degrees of shape asymmetry and
at Reynolds number ranging from 250 up to 800 is investigated using direct nu-
merical simulation (DNS), global linear stability analysis and sensitivity analy-
sis. The shape asymmetry consists of an offset of the stenosis throat, quantified
as the eccentricity parameter, E. At low Reynolds numbers in a symmetric
geometry, the flow is steady and symmetric. Our results show that when Rey-
nolds number is increased, the flow obtains two simultaneous linearly stable
steady states through a subcritical Pitchfork bifurcation: a symmetric state
and an asymmetric state. The critical Reynolds number for transition between
the states are found to be very sensitive to asymmetric shape variations, thus
bifurcation can also occur with respect to eccentricity for a given Reynolds
number. The final state observed in the DNS can be either nearly symmetric
or strongly asymmetric, depending on the initial condition. When eccentric-
ity is increased from zero, the symmetric state becomes slightly asymmetric,
flow asymmetry varying nearly linearly with eccentricity. When eccentricity
is increased further, the nearly symmetric state becomes linearly unstable. A
linear global stability analysis shows that the eigenvalue sensitivity to eccen-
tricity is of the second order, this is also confirmed by preliminary sensitivity
analysis. For higher Reynolds numbers, the asymmetric solution branch dis-
plays regimes of periodic oscillations as well as intermittency. Comparisons are
made to earlier studies and a theory that attempts to explain and unite the
different numerical and experimental results within the field is presented.
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Preface
This paper is a master thesis for the degree Master of Science in Engineer-
ing Physics (Swedish: Civilingenjör i Teknisk Fysik) at the Royal Institute of
Technology (KTH), Sweden. The research has been carried out at the Engi-
neering Department of the University of Cambridge under the supervision of
Dr. Matthew Juniper and Dr. Outi Tammisola. The thesis presents numerical
studies in the field of fluid mechanics, with applications in biomechanics. It
is written in a classical thesis layout with introduction, method, results and
discussion, and finally a conclusion. The method section also includes a part
on background theory, so that the material should be accessible for people with
a bachelor’s degree in mechanical engineering or equivalent.

August 2014, Stockholm
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You asked, ’What is this transient pattern?’ If we tell the
truth of it, it will be a long story; It is a pattern that came
up out of an ocean and in a moment returned to that ocean’s
depth.

Omar Khayyam (1048–1131)
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Introduction

Motivation.
The flow through a stenosis, a converging-diverging pipe, see Figure 1, has
attracted a lot of attention because of its geometric similarities with artery
obstructions, e.g., Arteriosclerosis infested blood vessels. Arteriosclerosis is a
narrowing of artery walls which is caused by buildup of plaques and choles-
terol in the blood. The disease predisposes the artery for thrombosis (blood
clotting) and eventually, when the blood clot detaches from the artery wall,
to infarction. Infarction is responsible for roughly 1 in 4 of all deaths in the
UK and the total societal cost in terms of hospital treatment, loss of labor
etc. is estimated at £19 billion each year (British Heart foundation, 2012).
Ku et al. (1985) showed that there is a positive correlation between plaque
formation and low, oscillating wall shear stress, which is why understanding
the flow through a stenosis is essential for understanding triggering mechanism
of thrombosis and by that also infarction. Further, many people suffer from
Arteriosclerosis in the carotid artery. Infarction caused by this stenosis will be
in the brain and is therefore known as stroke. Today, however, one chooses
not to operate the stenosis once it has been located, because the operation in
itself can cause blood clotting and is more likely to trigger infarction than the
stenosis itself. Therefore, it is of major interest to being able to categorize
a stenosis in whether it is likely to cause thrombosis or not and that is only
achievable with a rigorous understanding of stenotic flows.

There are also industrial applications of the stenosis geometry, in the so-called
Venturi pipes. Venturi pipes are often used in the chemical process and ve-
hicle industries to determine flow speed in a pipe. In airplanes the venturi
pipe determines the airplane’s velocity in regards to the surrounding air, which
combined with the air speed gives the air plane’s ground speed (Liptak, 2003).

Previous studies of stenotic flows.
The flow through an axisymmetric stenosis was investigated experimentally by
Ahmed & Giddens (1983). In their study, a constriction with a sinusoidally
varying axial profile of a length of two pipe diameters and a blockage ratio rang-
ing from 25 to 75% was examined. At 75% blockage ratio, discrete frequency
oscillations of the shear layer was noted at Re = 500. Vétel et al. (2008) used
a slightly different stenosis model in the shape of two intersecting circle arcs.

1



2

Figure 1: Model of a stenosis with an Arteriosclerosis infested artery. Lower
picture taken from Engineering News, Imperial College London (2012).

The stenosis was symmetric in their study as well and Reynolds number ranged
from 116 to 1160. Non-stationary flow was noted for Re > Rec ≈ 400. Griffith
et al. (2008) did a joint numerical-experimental study of the effect of block-
age ratio, going from an areal occlusion ratio of 20% up to 95% and Reynolds
number ranging from 50 to 2500. Experimental results also suggested non-
stationary flow at Re ≈ 400 for a stenosis obstruction ratio of 75% in the form
of Kevin-Helmholtz waves in the post-stenotic recirculation region, growing in
amplitude while being convected downstream, thus demonstrating convective
instability. Sherwin & Blackburn (2005) did a numerical study of a symmetric
stenosis, using DNS and global linear stability analysis. It was shown that the
flow is stationary, symmetric and stable up to a critical Reynolds number of
Rec = 722, where the flow becomes unstable. Non-stationary flow was observed
for Re > Rec = 688 in a secondary solution branch. Varghese et al. (2007)
performed DNS-simulations for Re = 500, 1000 and E = 0, 0.05. In their study,
non-stationary flow was only observed at Re = 1000 and E = 0.05 and was in
the form of turbulence in the post-stenotic region z > 4.

For Re > 440, Vétel et al. (2008) reported intermittent flow with alternating
turbulent and laminar phases. As Reynolds number increased, the turbulent
phases became longer and turbulent region moved further upstream until tur-
bulent phases took over at Re ≈ 922 and intermittency was gone, the time-
averaged flow being stationary. At Re = 1000, Ahmed & Giddens (1983)
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reported turbulence for z > 4. Numerical results by Varghese et al. (2007), on
the other hand, reported a stationary, symmetric jet for E = 0 at Re = 500
and 1000. Sherwin & Blackburn (2005) reported intermittency for Re > 688.

According to experimental results by Vétel et al. (2008), the flow was nearly
symmetric for Re ≤ 302, but at Re = 348 the flow had underwent a Coanda-
type wall attachment to one side and was strongly skewed. Varghese et al.
(2007), on the contrary, reported a symmetric jet for E = 0 at Re = 500 and
1000, the jet being skewed only at E = 0.05 and Re = 500.

There are thus big discrepancies between the different studies, the gap between
experimental and numerical results is especially noticeable. All experimental
studies have reported non-stationary flow above Rec ≈ 400, while the only nu-
merical study that has observed non-stationary behavior below Re = 1000 is
Sherwin & Blackburn (2005), the critical Reynolds number being Rec ≈ 688,
which was in the form of long time-scale intermittency. No numerical study, to
the author’s knowledge, has been able to replicate the type of periodic shear
layer oscillations that were reported by Ahmed & Giddens (1983) at Re = 500.
Griffiths et al. (2013) showed that the discrepancy in the steady flow regime
between the studies by Varghese et al. (2007) and Vétel et al. (2008) could be
accredited to shape asymmetry, but no stability or shape sensitivity analysis
was conducted. Nor did it offer any explanation to the discrepancies in the
non-stationary flow regime as the investigated Reynolds number ranged from
Re = 1 to Re = 400. Griffiths et al. (2013) did show, however, that any kind
of deviation is most likely caused by shape asymmetry, as it was shown that
the flow is very robust to asymmetric inlet flow conditions, because of the sta-
bilizing effect of the stenosis constriction. However, none of the studies carried
out so far have done a proper investigation of the hydrodynamic stability’s
shape sensitivity. As has been noticed previously, hydrodynamic stability is
what governs the flow through a stenosis, but so far only stability analysis for
a perfectly symmetric stenosis has been investigated (Sherwin & Blackburn,
2005).

This thesis aims to bridge that gap and to quantify the effect of shape asym-
metry to see whether or not this is the source of discrepancy in numerics and
experiments, in the stationary as well as the non-stationary regime. To accom-
plish this, DNS, global linear stability analysis and shape sensitivity analysis
are used. Modal stability analyses for a range of different eccentricities are
performed, to see whether the leading eigenmode becomes unstable at lower
Reynolds numbers for asymmetric geometries. If a modal instability is observed
at a certain Reynolds number for slightly asymmetric geometries, but not for
symmetric ones, this could explain why critical Reynolds numbers are different
in numerical studies (symmetric geometries) and experimental studies. The
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shape of the bifurcation, i.e. to what degree it is subcritical, is evaluated by
varying the initial conditions in the DNS.



Methods

Theory
Background

In this project, an incompressible, Newtonian fluid that obeys the Navier-Stokes
equations

∂û
∂t̂

+ (û · ∇)û = −∇p̂+ 1
Re
∇2û. (0.1)

is under consideration. For a brief derivation of this equation along with a
discussion of some basics of the numerics used to solved it, see the Appendix.
Because(0.1) is the relevant equation for this study, two assumptions have al-
ready been made; the fluid is incompressible and the fluid is Newtonian (Kundu
et al., 2012). The primary area of interest for this research is blood flow. Flow
velocity in blood vessels is generally well below 0.5a, where a is the speed of
sound in the relevant fluid, in all mammals (Li, 1988), meaning that the flow is
subsonic and can with good accuracy be treated as incompressible. However,
blood’s viscosity has been shown to vary with the shear rate, being thinner
when shear rate is high (Owen et al., 2006), hence non-Newtonian. Therefore,
before using the results presented in this paper in medical practice or biolog-
ical theory, it is necessary to consider what effects a non-Newtonian fluid can
have on the results. For more background information on computational fluid
dynamics, see the appendix.

Spectral Element Method and Direct Numerical Simulation
The equations governing the flow are the Navier-Stokes equations (0.1). Direct
numerical simulations (DNS) is a method where the flow is found by directly
time-integrating (or "time-stepping") the Navier-Stokes equations, hence the
name "direct". The benefit of this method is that it is theoretically simple and
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6 METHODS

involves no approximation or linearization of any kind, other than the approx-
imations associated with the incompressible Navier-Stokes equations and the
omnipresent error sources surrounding numerical methods, as is outlined in the
Appendix section.

There is a range of numerical techniques available for implementation of the
DNS method. In this study, the spectral element method (SEM) is used. SEM
is a combination of the finite element method, FEM, and the spectral method,
SM, (Patera, 1984) hence the name spectral element method. Now follows a
short description of SEM. The domain under investigation is firstly divided
into subdomains called elements. In each element, the spectral method is used.
Consider the problem in one spatial dimension x; in each element i, there are
N i
x + 1 nodes; {xij}j=0,1,...,Nix and N i

x + 1 interpolants; {φ(x)ij}j=0,1,...,Nix . The
solution in each element is projected onto the interpolants,

u(x) =
Ni∑
j=0

aijφ
i
j(x),

where aij = aij(t). In 3D, the nodes are the tensor product of the nodes in 1D
and the same goes for the interpolants,

rijkl = (xj , yj , zl)i, j, k, l = 0, 1, 2, ..., N i,j,k

u(x) =
Ni∑
j=0

aijklφ
i
j(x)φik(y)φil(z).

Inserting this ansatz into the equation will transform the partial differential
equation (in this case the Navier-Stokes equations) into an ordinary differential
equation in time. The ODE is then usually solved using a finite difference
method in time, or "time-stepping" method. The number of nodes N i can
differ but is usually the same for each element, so N i = N , and lies typically
within the interval 5<N<15. One may greatly enhance numerical efficiency
by choosing interpolants and nodes wisely. By using Gauss-Lobatto-Legendre
collocation points as nodes and Lagrangian polynomials as interpolants, one
has the advantage that

φin(rim) = δnm,

so that
u(rim) = aim,

meaning that one may evaluate the solution in each node rijkl by only consid-
ering the value of one coefficient without any additional computations. Gauss-
Lobatto-Legendre points are defined as

xij : (1− x2)L′N (x) = 0
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and Lagrangian polynomials as

φij(x) = −1
N(N + 1)

(1− x2)L′N,j(x)
(xij + 1)LN,j(xij)

,

where LN (x) are the Legendre polynomials (Deville et al., 2002). The main
advantage of the spectral element method is that it combines the flexibility
of FEM and the accuracy of SM. When dividing up the domain into smaller
subdomains, it is possible to vary the size of the elements and thus also the
resolution. This enables higher resolution to be used in critical regions, e.g.,
near cracks, where higher precision is needed, giving the method great flexibil-
ity and enables it for employment in a wide range of problems with different
geometries. It has been proven (Patera, 1984) that the accuracy of the spectral
method converges exponentially with the polynomial order;

|ui − u(xi)| < εaN , ε <∞, |a| < 1.

Thus there is an exponential convergence in each element with the polynomial
order and SEM inherits the accuracy of SM and flexibility of FEM.

The open-source software Nek5000 (Fischer et al., 2008) was used in this study
for DNS-simulations. Nek5000 uses the SEM technique with Gauss-Lobatto-
Legendre quadrature as nodes and Lagrangian polynomials for interpolants,
as were described earlier. Nek5000 employs both explicit and implicit time-
stepping techniques, depending on which term in the Navier-Stokes equations
it is calculating. The convective terms are treated explicitly and therefore one
gets a stability criterion, a CLF-parameter, as

∆t < C min{∆x/|V x|,∆y/|V y|,∆z/|V z|}

where min denotes the minimal value over the entire flow field, and C is the
Courant number which is usually 1. In other words, a fluid particle may not
travel more than element in one time step (Fischer, 1990).

Hydrodynamic stability
Solutions of differential equations have a property called stability. A solution
y0 is linearly stable if

lim
t→∞

|y0(t) + εd| = y0, ∀d s.t. |d| = 1, ε > 0,

that is, if a solution after being perturbed goes back to the original state after
an infinitesimal displacement in any direction in state space, it is linearly stable
(Boyce et al., 2010). If it drifts away from the solution, it is linearly unsta-
ble. The solution is conditionally stable if it goes back to the original state for
ε < a0 but drifts away for ε > a0, for some a0 ∈ <. That is, if the displacement
is small enough, it will go back to its original state. This study is concerned
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with global linear stability, therefore all conditionally stable solutions will be
categorized simply as (linearly) stable.

Within hydrodynamic stability analysis, the solutions that are being investi-
gated are solutions to the Navier-Stokes equations, i.e., the velocity field and
pressure, q = (u, v, w, p), in a certain domain. The flow under investigation
is called the base flow, Q = (U, P ). To investigate its stability, a perturba-
tion (displacement) q = (u, p) is added to the base flow and inserted into the
Navier-Stokes equations;

∂(U + u)
∂t

+ ((U + u) · ∇)(U + u) = −∇(P + p) + 1
Re
∇2(u + U).

Because the base flow U is a solution, it already satisfies the Navier-Stokes
equations and all the terms without u drop out,

∂u
∂t

+ (u · ∇)u + (U · ∇)u + (u · ∇)U = −∇p+ 1
Re
∇2u.

Since we are considering linear stability, the quadratic term can be neglected
and the equation takes the form

∂u
∂t

+ (U · ∇)u + (u · ∇)U = −∇p+ 1
Re
∇2u.

This equation is known as the perturbation equation. By making a Fourier
transformation of the perturbation q in time, q = q̂(r)eσt and considering
each frequency σ separately, one can write the perturbation equation as

σq̂ = Lq̂,

where L is the linear spatial perturbation operator. This is an eigenvalue
problem that via discretization becomes similar to finding the eigenmodes and
eigenvalues of the system matrix L. If an eigenvalue has a positive real part,
σr > 0, its mode will grow exponentially in time and is thus an unstable mode.
If the eigenvalue is negative, the mode will decay exponentially and the mode
is stable. If there is at least one unstable mode, the base flow is unstable.

To decrease computational cost, one can do local stability analysis in two (or
one) dimension in a certain geometric region and treat each wavenumber in the
third (and second) spatial dimension separately, as was done in the previous
paragraph with the time. In global stability analysis, one is considering three
dimensional modes in the entire domain. Thus far we have assumed a temporal
approach and only been considered with absolute instabilities, i.e., modes that
grow in time. It is possible, however, that the flow is everywhere absolutely
stable but perturbations still grow; it is then convectively unstable and the
spatial wave number has a positive real part.(Huerre & Monkewitz, 1999)
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What has been explained so far in this section is the modal approach of sta-
bility, which is based upon the modes of the system. However, in non-normal
systems, i.e., in systems where modes of L are not orthogonal, the base flow
may be stable so that all modes decay in time but perturbations still grow at
first, and it is not before some time they start decaying. If a perturbation is
written as a sum of the system modes, and all modes decay in time, then the
perturbation will asymptotically decay as well, but it is possible that it grows in
magnitude before decaying. This phenomenon is called transient growth and is
due to the cancellation effect between modes. Consider for instance two modes
that (almost) cancel each other out and one of them decays more rapidly than
the other, then their sum may increase because the cancellation is decreasing.
The type of analysis that deal with this approach is known as the non-modal
approach.(Schmid, 2007)

Figure 2: Example of supercritical and subcritical pitchfork bifurcation. Cour-
tesy of Franz Josef Elmer.

The Navier-Stokes equations can sometimes have multiple solutions even with
fully known initial and boundary conditions. When changing a parameter such
as the Reynolds number, and the flow goes from having one solution to several,
or there is a discontinuity in the flow at a certain point, it is called a bifurcation.
A bifurcation can be subcritical or supercritical, if the other solutions appear
at the same point where the former solution goes unstable, it is supercritical.
If not, the bifurcation is subcritical. Figure 2 illustrates the difference. (Cliffe
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et al., 2008)

To perform a global stability analysis, the eigenvectors (modes) and eigenvalues
of the system matrix L must be found. Because we are doing three dimensional
stability analysis, the system matrix L is very large, typically in the order of
107 × 107. Because the leading eigenmodes (those with the largest value of
σr) are what dominates the flow, one is usually only interested in finding the
leading eigenvalues and their modes. The Arnoldi algorithm is an iterative
method which, in essence, saves computation time by finding the eigenvalues
of a smaller matrix which converges to the extreme eigenvalues of the system
matrix L using the Rayleigh-Ritz procedure (Heath, 2002). Although this
method is computationally feasible with contemporary computer hardware, it
does require a lot of memory storage because it has to store the system matrix
L, which occupies about 200TB of hard drive space using double precision, 16
bit numbers. To decrease this memory storage demand, a time-stepping Arnoldi
algorithm can be used in which system matrices are never stored (Bagheri et
al., 2010). For a more detailed description of the Arnoldi method, see the
Appendix.

Sensitivity
This section follows the sensitivity theory that was presented by Tammisola
et al., 2014. Sensitivity is the eigenvalue drift due to a change in the system
matrix L. Consider the disturbance equation,

σq̂ = Lq̂. (0.2)

If one changes the system matrix L by adding a perturbation to the system
δL, the eigenvalue and eigenmode will change;

(σ + δσ)(q̂ + δq̂) = (L+ δL)(q̂ + δq̂) (0.3)

where δσ is the eigenvalue drift and δq̂ is the eigenmode correction. In this
study, the geometry is changed, which engenders a difference in base flow U,
s.t. U∗ = U + δU. This in turn leads to a perturbation of L, since L = L(U).
The change in geometry is quantified by the eccentricity E (defined in section
problem description), so the shape sensitivity is the eigenvalue drift due to E,
or δσ(E). Following the standard perturbation approach (Baumgärtel, 1984),
one can divide up the sensitivity into different orders;

δσ = σ1(E)+σ2(E2)+O(E3), δq̂ = q̂1(E)+ q̂2(E2)+O(E3), δL(δU) = L1(E).

Since we are considering small changes in E, all third order terms, O(E3),
are neglected. Insertion into the disturbance equation and equating first and
second-order terms gives

(L0 − σ0I)q̂1 = −δLq̂0 + σ1q̂0
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for the first order drift. Taking the inner product, defined as

< a,b > = 1
2π

∫ 2π

0

∫
D(r,z)

a∗ · bdφdrdz,

of this equation with the adjoint mode q̂+
0 gives after rearranging

σ1 = < q̂+
0 , δL{q̂

+
0 } >,

because of the property < q̂+
0 , q̂0 >= 1 and adjoint property of the matrix L0.

This is the first order (linear) eigenvalue drift. The equation for the second
order sensitivity σ2(E2) can also be obtained by using the inner product of the
adjoint mode q̂+

0 ,
σ2 = < q̂+

0 , δL{q̂
+
1 } > .

By integration by parts this can be rewritten as

σ1 = < −∇ûT∗0 û+
0 +∇û+

0 û∗0, δU > (0.4)

σ2 = < −∇ûT∗1 û+
0 +∇û+

0 û∗1, δU > (0.5)
where û is the velocity field of the mode. Equivalently,

σ1 = 1
2π

∫ 2π

0

∫
D(r,z)

(−∇ûT0 û+∗
0 +∇û+∗

0 û0) · δUdφdrdz (0.6)

σ2 = 1
2π

∫ 2π

0

∫
D(r,z)

(−∇ûT1 û+∗
0 +∇û+∗

0 û1) · δUdφdrdz (0.7)

By Fourier decomposing the modes in the azimuthal direction, we can con-
sider each azimuthal Fourier mode separately, as was done earlier for the
time variable; û0 =

∑
ũ0,m(r, z)e−imφ. Because we are assessing each az-

imuthal mode individually, the modes will only have one wavenumber m each
so û0 = ũ0(r, z)e−imφ. This is called a bi-global approach (Theofilis, 2003).
The adjoint must have the same wave number as its direct counterpart due to
the property < ûi, û+

k > = δik. If it had a different wave number, this inner
product would have to be zero because of the integration in the azimuthal di-
rection, so u+

0 = ũ+
0 (r, z)e−imφ. The adjoint mode can, however, have very

different spatial structure. Inserting this ansatz and the Fourier series of the
base flow, δU =

∑
δŨmb(r, z)e−imbφ, into the expression for the first order

sensitivity, we get

σ1 =
∫
D(r,z)

(−∇ũT0,mũ+∗
0,m +∇ũ+∗

0,mũ0,m) · δŨmb=0(r, z)dφdrdz (0.8)

for the azimuthal mode with wave number m, because the wavenumbers of the
mode and adjoint mode cancel due to the complex conjugate of the adjoint,
and all azimuthal modes of the base flow other than mb = 0 integrates to zero.
By a similar procedure, and with the knowledge that the correction vector’s
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wavenumber m1 is m1 = m + mb, we get the final expression of the second
order sensitivity for a mode with wave number m as

σ2 =
∑
mb

∫
D(r,z)

(−∇ũT1,m−mb ũ
+∗
0,m +∇ũ+∗

0,mũ1,m−mb) · δŨmbdφdrdz. (0.9)

because the equation m1 +mb−m = 0 =⇒ m1 = m−mb has to be fulfilled for
the integral in the azimuthal direction to be non-zero. Finally, the first order
correction vector ũ1 can be found from the disturbance equation (0.3) minus
the unperturbed disturbance equation (0.2);

−ũ1 · ∇Umb −Umb · ∇ũ1−∇p̃+ 1
Re
∇2ũ1− σũ1 = ũ0 · ∇δUmb + δUmb · ∇ũ0.

(0.10)

Problem description

Figure 3: Schematics of the stenosis geometry under investigation. Taken from
Griffiths et al. (2013) with a few modifications.

The simplified stenosis geometries considered here (see Figure 3 for illustration)
are adopted from Varghese et al. (2007). The origin of the coordinate system is
put at the centerline of the throat. z is the streamwise coordinate, x and y the
horizontal and vertical cross-stream coordinates, respectively. In this thesis,
the "cross-stream" direction refers to the y-direction. The constriction is of
length 2D, where D is pipe diameter. The smallest diameter at the throat is
0.5D, giving a ratio 0.75 between the minimum and maximum cross-sectional
areas (the degree of the stenosis is 75

r∗(z∗) = 0.5D[1− 0.25(1 + cos(2πz∗/L)]
throughout the stenosis, i.e., for −D < z∗ < D. The star ∗ denotes dimensional
coordinates. The shape asymmetry consists of an offset of the stenosis walls
in the y-direction, known as eccentricity. The eccentricity has a sinuous axial
profile, defined as

Ez(z∗) = 0.5ED[1 + cos(2πz∗/L)],
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Figure 4: The blue dots mark points in (E,Re)-space for which flow was found
using DNS-simulations.

so that the eccentricity is zero at the boundaries of the stenosis, |z∗| = D,
and reaches its peak at the throat where it equals E. E is thus an undimen-
sional parameter quantifying the shape asymmetry. The wall coordinates in
the eccentric stenosis model will then be

y∗ = r∗ cos(φ) + Ez

x∗ = r∗ sin(φ), φ : 0→ 2π

at each cross section. The inlet is placed 6D upstream of the throat, where a
Poiseuille inlet velocity profile is poised as

U∗ = 4Û
(
D
2
)2 − r∗2
D2
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Figure 5: The mesh used for performing DNS-simulations when Re < 400. The
upper two images show the domain and boundaries of elements and the lower
images all nodes.

where Û is the maximum inlet velocity found at the centerline. Throughout
this paper, undimensionalized coordinates will be used;

U = U∗

Ũ

(x, y, z) = (x∗, y∗, z∗)
D

t = t∗
Ũ

D
,

where Ũ is the average inlet velocity. The Reynolds number is thus defined as

Re = ŨD

ν

and the governing equations are the undimensionalized Navier-Stokes equations
(0.1), with no-slip boundary conditions at the walls, Poiseuille inlet flow and no
boundary condition at the outlet. The problem is thus defined by two variables;
the eccentricity E and the Reynolds number Re. Arteriosclerosis mostly affects
larger, high-pressure blood vessels such as the common carotid artery. Using
the diameter of the common carotid artery, Bharadvaj et al. (1982) showed
that a representative, time-averaged, Reynolds number for this blood vessel is
R̃e = 380. It was also noted, however, that because of the pulsatile nature of
blood flows, the peak Reynolds number can be as high as 1200. Most studies
on stenotic flows have been in the range of 100 < Re < 1000. The regions in
(Re,E)-space that were investigated in this study are indicated in Figure 4.
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Figure 6: Mesh convergence for Re = 350, E = 0.26%. The difference in µy
was everywhere less than 1.6% between 8000 elements and 16880 elements, and
0.4% between 16880 elements and 33760 elements.

Implementation
For performing DNS simulations, a three-dimensional mesh consisting of 8000
hexahedral elements with 6 nodes in each spatial direction in each element, i.e.,
a polynomial order of N = 5, was used. The mesh, on display in Figure 5, con-
sisted of 80 cells uniformly elongated 100 times in the axial direction, creating
the 8000 element mesh with in total 1728000 node. The domain extended 6D
upstream of the stenosis throat and 25D downstream. This domain is similar
to that used by Griffiths et al. (2013), who also employed a spectral element
method, and was reported to be more than enough - extending the domain
further had no impact on the results from DNS simulations.

A mesh convergence study was done, see Figure 6. It was concluded that
the mesh of 8000 elements was sufficient for describing the stationary flow at
Re < 400. For Re > 400, it was noticed that the 8000 element mesh did
not produce results convergent with the higher meshes, so the 16880 element
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mesh of 3646080 nodes was used instead. The 16880 and 33760 element mesh
(7292160 nodes) did produce similar results for all cases examined, and all
critical Reynolds numbers and eccentricities presented in this paper was con-
firmed with a higher mesh. The 16880 and 33760 meshes exhibited hexahedral
elements of sinusoidally varying length along the axial direction in the region
|z| < 2, such that element length was two times smaller at z = 0 than in the
region |z| > 2. In DNS simulations, a time-step of ∆t = 10−3 was used for the
8000 and 16880 element meshes. In order to keep the CLF parameter below
the stability threshold, the time-step had to be decreased to 2 × 10−4 for the
33670 element mesh. Simulations were performed until the time trace repeated
itself, i.e., steady state was reached in the case of non-oscillatory flow, which
usually occurred after 100-400 time units (100000-400000 time-steps).



Results and Discussion

Validation
The DNS code was validated against results results from Griffith et al. (2013).
Figure 7a shows a comparison between the axial vorticity in the present study
(upper row) and Griffith et al. (lower row). At all displayed cross-sections,
the two studies give very similar results. The slight apparent difference in
the contour plots are attributed to different colorschemes. When the investi-
gations have overlapped, namely for DNS simulations at Re = 350, 400 and
E : 0 → 5%, quantitative comparisons in flow field show similar results, in no
way are the studies contradictory. Stability analysis performed around E = 0
for Re = 350, 400 gave essentially the same results as Sherwin & Blackburn
(2005). Although the investigated range of Reynolds number was different, the
mode shapes were qualitatively similar, see Figure 7b. Further, the azimuthal
wave number’s influence on stability was the same; the least stable mode was
m = 1, then m = 2, m = 3 and m = 4, in that order, of the four leading modes
investigated. Although the eigenvalues cannot be compared exactly because
no results under Re = 500 was presented in the study by Sherwin & Black-
burn, by making a linear extrapolation of the data based on eigenvalues for
Re = 600 and Re = 500 down to Re = 400, an approximate comparison can be
made. Doing so shows that the leading eigenvalue should have a real part of
around −0.10. Because there is a certain curvature in the (Re, σr)-space graph,
this should be taken as an upper bound and the eigenvalue is expected to be
slightly below this number. The eigenvalue in the present study was found to
be σr = −0.11 for Re = 400, thus matching the predicted value based on results
by Sherwin & Blackburn well. Further, the flow at E = 0, Re = 500 found by
DNS simulations matches the one found by Varghese et al. (2008); both are in
the shape of a wide, axisymmetric jet emerging from the stenosis throat with a
long, thin, recirculation region on the sides. Thus validation of both the DNS
code and stability analysis have been made. The sensitivity analysis is in turn
compared to the results from the stability analysis for various eccentricities.

Direct Numerical Simulations
For all examined Reynolds numbers, ranging from Re = 250 to Re = 800, the
flow separates in the diverging section of the stenosis and a jet is formed. The
deflection of the jet can be described by tracking flow asymmetry as a function
of the streamwise coordinate. A similar way of describing the flow was used
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(a)

(b)

Figure 7: a) Axial vorticity shown over cross-sections at z=2,4,6,8 and 10
respectively, left to right, for flow through a stenosis with E = 5% and for
Re=300. The upper row displays results obtained from the present study and
the lower is from Griffiths et al. (2013). b) Contours of axial velocity of leading
mode in the meridional plane x = 0. The white (red) color represents positive
and black (blue) color negative streamwise velocity. The upper image is from
Sherwin & Blackburn (2005) and lower from the present study, for Re = 750
and Re = 350 respectively. Both are modes with azimuthal wavenumberm = 1.

by Griffiths et al. (2013). Flow asymmetry is defined as the normalized first
moment of the streamwise velocity component uz;

µy =
∫
yuzdA∫
uzdA

. (0.11)
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(a)

(b)

Figure 8: Flow at Re = 350 and E = 0, 0.2%, top to bottom. a) Streamwise
velocity, all negative velocities are represented as blue to highlight the recircu-
lation surrounding the jet. b) Projection of streamlines upon the meridional
plane x = 0. To elucidate the flow, the axes are not equal but the ordinate has
been dragged out in relation to the abscissa.

To compare flows with a wider range of shape asymmetries, the maximum flow
asymmetry µ̂y is used,

µ̂y = max
z>1
{µy(z)}. (0.12)

Because the flow will stay attached up to z ≈ 0.5, the flow asymmetry in the
region |z| < 1 reflects the shape asymmetry rather than the amount of flow
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deflection, hence the maximum flow asymmetry µ̂y is defined for z > 1.

As the jet emerges from the stenosis, it is surrounded by a long, thin annual
recirculation zone. When introducing an eccentricity, the length of the recir-
culation zone depends on the azimuthal angle φ, the zone being contracted in
the upper region of the pipe and prolonged in the lower region, see Figure 8.
This is the result of a weak Coanda type wall attachment (Panitz & Wasan,
1972). At the throat of the stenosis, the flow is still attached and symmetric in
regards to the walls at the specific cross-section, i.e., it is just as asymmetric
in regards to the pipe as the eccentricity of the stenosis. So if E = E0, then
the streamwise velocity will be at its peak at y = E0 and have the same value
for y = E0 + y0 as y = E0 − y0 for any y0 less than the local pipe radius.
In the diverging section, the rate of expansion is dependent on the azimuthal
angle because of the eccentricity; in the upper region the rate of expansion is
smaller than that in the lower region, see Figure 3 for clarification. Because of
incompressibility, a greater expansion rate means a slower speed, and so there
is an asymmetry in the streamwise velocity profile and by that also the pressure
profile according to the Bernoulli principle (assuming that the viscous forces
are very much smaller than those arising from inertia and pressure). At around
z ≈ 0.5 the flow separates and forms an inner jet and an outer recirculation
zone, see Figure 8b. Knowing that the pressure is symmetric in regards to the
local walls at the cross section z = 0 along with the streamlines in Figure 8b is
enough to infer the pressure distribution along the pipe, and by that also the
shape of µy(z); the asymmetric expansion rate in the pipe leads to an asym-
metric pressure profile at z = 0.5, pushing the jet upwards. The deflection
of the jet towards the upper wall then causes the pressure to increase in the
upper region of the pipe and for z > 1.5, this secondary pressure buildup is
the dominant force so that the fluid particles are accelerated downwards. At
z ≈ 7, the pressure profile is largely symmetric and the only remaining force
is the viscosity, which tends to symmetrize the flow by means of stream wise
momentum diffusion to the sides, hence the smooth convergence to µy = 0 for
large z.
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Figure 9: Flow asymmetry as a funcion of z for Re = 350 and E =
0.2, 0.23, 0.26, 0.28, 0.3%.

When eccentricity is increased beyond a certain value E0, e.g., E0 = 0.27 for
Re=350 and E0 = 0.17 for Re = 400, the flow asymmetry increases with a
discontinuous “jump”. This can be seen in figure 9 (Re=350), where the asym-
metry jumps from µ̂y = 0.06 to µ̂y = 0.12 at E0 = 0.027. Thus the flow can
be divided into two regimes; the regime when E < E0 and E > E0. These
two regimes will be called branch 1 and branch 2 respectively. The physics
of this new flow regime, branch 2, of flows is largely the same - the flows also
exhibit a Coanda type wall attachment to the upper side, but of a stronger kind
because the flow separates earlier than in the case of the previous flows. This
gives the asymmetric pressure profile a chance to push the jet upwards over a
longer distance, largely increasing flow asymmetry in the post-stenotic region,
see Figure 10b. A physical interpretation of the discontinuous jump itself will
be given in Section 3.2, "Stability". Another important difference between the
two regimes is the azimuthal dependence of the length of the recirculation zone,
see Figure 10a. The upper part of the recirculation region, at φ = 0, is thinner
and shorter, and the recirculation region continues to shrink until (exactly)
φ = π

2 , after which the recirculation grows again to its maximum length at
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(a)

(b)

Figure 10: a) Streamwise velocity of the two groups of solutions, branch 1
(upper image) and branch 2 (lower image) for the same Reynolds number and
eccentricity, Re = 350, E = 0.26%. Positive streamwise velocity is represented
by red color and negative by blue color. The blue part with negative velocity
is displayed as partly transparent for clarity. b) Streamlines for the bifurcated
and non-bifurcated flow.

φ = π. The pattern is the same for the other side, φ : 0 → −π. In the imme-
diate post stenotic region there is an increased jet speed and a thinner shear
layer on the lower side of the jet, caused by a thicker recirculation zone.

In some previous studies, e.g., Vétel et al. (2008), a stenosis model of two inter-
secting circle arcs was used instead of the sinusoid model in the present study.
Figure 11 shows a comparison between these two cases. The physics is simi-
lar, with a difference that because the rate of pipe area expansion is different,
flow separation will occur slightly farther downstream, giving the asymmetric
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Figure 11: Cross-section flow asymmetry as function of z for E = 0.1%. The
sinusoidal axial profile is represented by the green lines and the circular axial
profile by the blue. The dashed lines correspond to Re=350 and solid lines to
Re=400.

pressure distribution less distance over which to push the jet upwards, leading
to a less deflected jet. The same discontinuity as was found in the sinusoid
geometry at E = E0 was also found in the circular one, albeit at a slightly
higher E0. Therefore, when comparing results between these two geometries,
one should only expect qualitative agreement in terms of Reynolds number or
eccentricity.

The stenosis in the carotid artery, i.e., the blood vessel providing the brain
with fresh blood, formed right after the carotid bifurcation, has usually the
shape of an occlusion at one side of the artery wall, unlike a symmetric steno-
sis. This shape can be approximated with the present model and an eccen-
tricity of E = 0.25, where the upper part of the pipe wall is straight, see
Figure 12a. Therefore, very large eccentricities were investigated as well. Re-
sults are presented in Figure 12 and 13. Expectedly, flow asymmetry increases
monotonously with geometric asymmetry, seemingly without any other discon-
tinuity than that which has already been noticed. For higher E, the part of
the recirculation zone that is in the lower side of the pipe, i.e. for φ = π, is
getting thicker and longer. In the upper part, the recirculation zone is being
split in half, one immediately after the stenosis and one downstream, by the jet
reflection of the upper wall. For E = 0.1, flow remains attached to the upper
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(a) Cross-stream velocity uy and streamwise velocity uz in the yz-plane, x = 0.

(b) Flow asymmetry µy to z for Re = 350 and a range of eccentricities.

Figure 12

wall at the stenosis, and there exist two circulation zones. At very high E,
e.g., E = 0.25 for Re = 350, the shear layer is wavy and the jet reflection to
the upper wall occurs directly after the stenosis, which leads to the flow being
symmetric for z > 15. The discontinuity noticed earlier at E = E0 is very
clear in Figure 13. However, for lower Reynolds number, Re = 250 and 300,
it seems to vanish and the flow changes smoothly with eccentricity. Another
observation is that maximum flow asymmetry seems to converge for different
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Figure 13: Maximum flow asymmetry as a function of eccentricity E, a) for
Re = 350 and 400, b) for Re = 250, 300, 350 and 400. All dots represent steady,
stable solutions found by using a fluid at rest as initial condition.

Reynolds numbers as eccentricity increases. Because Figure 13 plots the loga-
rithm of the maximum flow asymmetry, the observed convergence is relative.

Stability and sensitivity analysis
In order to investigate whether the discontinuity observed at E = E0 can be
attributed to a bifurcation, a global linear stability analysis around the less
asymmetric flow states at 0 ≤ E < E0 was performed, see Figure 14. At E = 0
(symmetric flow), the leading eigenmode is degenerate, i.e. the same eigenvalue
is associated with multiple eigenfunctions. Here, two eigenfunctions have the
same eigenvalue, and are shifted π/2 in the azimuthal direction in relation to
each other. Since the base flow is axisymmetric, one could equivalently solve
the complex bi-global eigenvalue problem with azimuthal wave number m = 1;
then these modes would be the real and imaginary parts of the leading complex
eigenmode. This can be seen by letting a(r, z) symbolize the complex 2D-mode.
Since the two modes in 3D, M1 and M2, are shifted φ/2 in relation to each
other in the azimuthal direction they can be written as M1 = a(r, z)e−i1φ and
M2 = a(r, z)e−i1(φ+π

2 ) = −ia(r, z)e−i1φ, so that <(M1) = <(a(r, z)e−i1φ) and
<(M2) = =(a(r, z)e−i1φ). These two modes, however, have different shape
sensitivity and one of them becomes the sole leading mode when an eccentric-
ity has been introduced. This leading mode is on display in Figure 14b, for
E = 0 and E = 0.2. It is located downstream of the stenosis, with a positive
streamwise velocity component in the upper half of the pipe and a negative in
the lower half, since the mode has an azimuthal wave number of m=1. When
an eccentricity has been introduced, the azimuthal dependence is more compli-
cated and it is no longer mono frequent in φ. The eigenvector correction when
increasing E is such that the streamwise velocity decreases in the meridional
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(a)

(b)

Figure 14: Stability analasys for Re = 350. a) The spectrum for Re = 350, E =
0 and E = 0.2%. b) The streamwise velocity component of the leading eigen-
mode for E = 0 and E = 0.2% in meridional plane x = 0.

plane x = 0, rendering the lower side strongly negative, and the upper side
slightly positive. In the meridional plane y = 0, where the unperturbed mode
was everywhere zero because e−i±π2 = 0, the streamwise velocity of the mode
was found to be positive. The cross-stream velocity also changes into having a
strong positive component directly after the stenosis.
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Figure 15: Real part of leading eigenvalue, σr, to eccentricity for Re = 400,
along with a quadric fit.

A strictly monotonous increase of the real part of the leading eigenvalue was
observed when increasing eccentricity, see Figure 15. Thus the leading eigen-
mode is destabilized by eccentricity. Making a quadratic least square fit and
extrapolating shows that the eigenvalue is expected to cross the critical line
and mode rendered unstable at E = 0.17% for Re = 400, exactly where the
discontinuity occurs in Figure 13. The nonlinear mode shape in DNS can be
approximated by taking the difference between the bifurcated flow at E > E0
and a “base flow”, which is taken to be the less asymmetric flow state before
the bifurcation. Observe that we do not have to take a mean flow in time as
a base flow since the bifurcation is steady. This nonlinear mode shape is com-
pared to the linear mode shape in Figure 16. An identical study performed for
Re = 350 projected the leading mode to turn unstable at E = 0.27%, which
also is right were the discontinuity occurred in Figure 13. It can therefore be
concluded that a bifurcation does indeed occur and is responsible for the ob-
served discontinuity. Plotting the flow just before the bifurcation as well as
just after the bifurcation, the difference in flow between these two cases and
the leading eigenmode clearly illustrates how the flow changes because of the
growth of the mode, see Figure 16. In Figure 16, the eigenmode has been scaled
with a scaling factor λ retrieved from the equation,

min
λ

∫
u∗z − (λqz + uz)dV,



28 RESULTS AND DISCUSSION

Figure 16: Spatial structure of the flow at first bifurcation, for the cross-stream
velocity uy and streamwise velocity uz respectively. Going downwards: flow
before bifurcation, bifurcated flow, flow difference, leading mode for Re = 350,
E = 0.26%.

where u∗z is the streamwise velocity of the bifurcated flow, uz the streamwise
velocity of the flow before bifurcation and qz the streamwise component of the
mode. The positive cross-stream velocity right after the throat of the stenosis
accounts for the observed upward deflection of the jet that was noted in Fig-
ure 9. The strongly negative streamwise velocity in the lower side of the pipe,
especially in the immediate post-stenotic region, explains the thicker and longer
lower recirculation zone. The fact that this bifurcated flow has a thinner shear
layer increases the growth rate of shear layer instability, e.g., Kevin-Helmholtz
instability.

As Figure 15 clearly shows, the eigenvalue drift could be quadratic, i.e., of
second-order, albeit with a first order term. A least square quadric fit gives the
dependence σr = 2.8E2 + 0.14E − 0.11, demonstrating that although there is
a first order term, the second order drift is dominant. Results from sensitivity
and stability analysis converge at lower eccentricities but there is a discrepancy
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Figure 17: Hysteric behavior of Reynolds number 350 and 400, includes solu-
tions that were found from an initial condition other than zero.

that increases with eccentricity. The convergence is, however, not proportional
to E3, which would be expected since the sensitivity analysis incorporates the
first and second order eigenvalue drift while the stability analysis should in-
clude all orders. The reason for this discrepancy is currently being investigated
and a better agreement between the two techniques will be pursued later on.

A Fourier transformation of the disturbed base flow showed that the domi-
nant Fourier modes are mb = ±1, which is expected since these are the wave
numbers that are dominant for the radius of a translated circle. There was an
mb = 0 component as well, which explains the linear eigenvalue drift in Fig-
ure 15. The sensitivity analysis was done for mb = −2,−1, 0, 1, 2 and the rest
of the Fourier series of the base flow modification was truncated, mb = ±2 gave
an eigenvalue drift less than 1% of the one for mb = ±1. Because the domi-
nant Fourier modes of the base flow were mb = ±1, the dominant eigenvector
correction modes that correspond to these wave numbers are m1 = mb + 1
since the eigenmode under consideration has the wave number m = 1. Hence
the correction vector has two dominant modes of wave numbers m1 = 0 and
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m1 = 2 respectively. These two modes accounted for 80 − 90% of the total
eigenvalue drift in the sensitivity analysis. The correction vectors can explain
the characteristic shape of the recirculation zone in the bifurcated flow which
was on display in Figure 10. The mode is of wave number m = 1, and with
the two correction modes, it also incorporates m = 0 and 2. The m = 2 mode
is responsible for the local minimum of the length of the recirculation zone at
φ = π/2. If the streamwise velocity is negative at φ = 0, it will be positive at
φ = π/2 for a mode with wavenumber m = 2, which superposed with the base
flow means a shorter recirculation region. At φ = π the m = 2 mode will again
be negative, increasing the extent of the recirculation region. The reason for
the upper recirculation region being considerably shorter than the lower one is
due to the contribution from them = 1 component, i.e., the undisturbed mode.
The m = 0 component has probably a negative streamwise velocity and that is
why the overall streamwise velocity of the mode becomes increasingly negative
with eccentricity, as could be seen in Figure 8b. Lastly, the m = 2 correction
mode is likely what generates the extreme thickness of the recirculation zone
in the immediate post stenotic region, which is observable in Figures 16 and 10.
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Figure 18: Pitchfork bifurcation diagram for E = 0 and 0.04%. The dashed
lines are suggestions for what the unstable solutions might look like, the solid
lines represent stable solutions that have been found by extrapolation based on
known, stable solutions.

Pitchfork bifurcation
As has already been established, a bifurcation occurs at E = E0, defining
two different groups, or "branches", of solutions. Using a solution in branch
2 (E > E0) as initial condition for geometries with E < E0 new steady, sta-
ble, solutions belonging to branch 2, different from the ones that were found
when using a fluid at rest as initial condition, were found. Thus hystere-
sis was achieved, meaning that the bifurcation is subcritical. The results for
Re = 350, 400 are presented in Figure 17, the upper solid lines represent branch
2 and the lower solid lines branch 1. As can be infered from Figure 17, for a
perfectly axisymmetric stenosis there is one one solution at Re = 350, but at
least two solutions at Re = 400; one where the jet is symmetric and one where
the jet is strongly deflected to the wall.
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Figure 19: Bifurcation map for the upper branch at E = 0.16, 0.04 and 0%.

By using the same technique as was outlined in the previous paragraph, but
adjusting Re instead of E, it was found that there are two solutions for the
symmetric geometry E = 0 for Re ≥ 390, i.e., the second branch appears at
Re = 390. The observed solution was deflected to the upper wall, but since
the problem is axisymmetric for this case, the solution can be shifted to any
degree in the azimuthal direction, meaning that for Re ≥ 390, the jet can be
deflected in any direction, so it is a pitchfork bifurcation. The hysteric behavior
shows that the bifurcation is subcritical, so the stenosis exhibits a subcritical
pitchfork bifurcation. A bifurcation diagram for E = 0 and E = 0.04% is pre-
sented in Figure 18. Increasing Reynolds number in branch 1 forE = 0 gives
steady, symmetric solutions all the way up to Re = 700. For Re = 800, the
solution is slowly repelled away from the steady, symmetric state, in agreement
with Sherwin and Blackburn (2005) who observed transition into turbulence
at Rec ≈ 722. Doing the same for E = 0.27 gives Rec ≈ 350. To illustrate
the hypersensitivity of this branch, consider a pipe with a diameter of 2 cm.
When introducing a shape asymmetry the width of a human hair in this pipe,
the critical Reynolds number decreases by more than 50%. The second branch
is also affected by E, albeit not to quite the same extent as branch 1. Criti-
cal Reynolds number was found to be Rec ≈ 390 for branch 2 at E = 0 and
Rec ≈ 360 for E = 0.16, see Figure 19. As eccentricity is increased, flow
asymmetry is increased and critical Reynolds number decreased for that part
of the second branch pointing in the same direction as the shape asymmetry,
c.f. Figure 18. The part of branch 2 that points the other way, called branch
2-, is affected in the opposite way; for E = 0.16, the critical Reynolds number
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Figure 20: Branch map, the deathline marks the transition from stable to
unstable when increasing Re, i.e., the solution is stable below the deathline
and unstable above it. The other way around for the birthline.

Rec for branch 2- is Rec ≈ 440.

The critical Reynolds number for branch 1, i.e., the threshold Reynolds num-
ber that marks the transition from stable to unstable (increasing Re), was
captured for a range of different eccentricities and an interpolation between
these points resulted in the red line in Figure 20. The same was done for the
points in (E,Re)-space where branch 2 appeared, resulting in the green line in
Figure 20. The positive branch 2 extended backwards, into the domain with
negative eccentricity. So, provided that the Reynolds number is above the green
line when the eccentricity is negative, there is a solution with a jet deflected
upwards, but a shape asymmetry pointing in the downwards direction, as was
observed for Re = 400 and E = −0.04%. Naturally, introducing a shape asym-
metry in the y-direction is physically equivalent with doing so in the opposite
direction −y. Therefore, the results concerning branch points can be mirrored
about the y-axis in Figure 20. It is now clear that branch 2- is simply the
positive branch 2’s counterpart in the direction -y, and it can be observed in
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the positive direction of the same reason that the positive branch 2 extends in
the domain of negative eccentricity. The critical line of branch 1 decays rapidly
and tangents the critical line of branch 2 at around (E,Re) = (0.32%, 330). At
this point, the bifurcation goes from being subcritical to supercritical, without
hysteresis. When increasing eccentricity, the flows of both branch 1 and 2 are
getting increasingly asymmetric, however branch 1 is more sensitive to shape
variations and so the gap between branch 1 and 2 decreases with eccentricity,
and for all (E,RE) > (0.4%, 320), no discontinuity between branch 1 and 2
could be observed.

Non-stationary flow; oscillations and intermittency
When increasing Reynolds number in branch 2, the lower recirculation zone
becomes increasingly thicker in the post stenotic area because of the m = 2
correction mode, and longer because of the m = 0 correction and m = 1
base mode. Because the cross-sectional area is limited, the section where fluid
particles pass through gets smaller, see Figure 21a. Due to continuity of the
incompressible flow, the fluid particles passing through the stenosis pick up
speed, because of the increased blockage ratio. So the jet emerging from the
stenosis is thinner and has a greater top speed. Because the pipe has a limited
cross-section this leads to an increase of the streamwise velocity gradient in
the cross-stream direction and a thinner shear layer, rendering the flow more
susceptible to shear layer instability.

The saturation process of the instability responsible for bifurcation involves
several different nonlinear phenomena, with an overshoot and a settling time
that grows with Reynolds number, see Figure 21b. For Re > Rec ≈ 425,
sporadic shear layer oscillations coupled with vortex shedding occurs when the
growing mode reaches a local maximum during its settling phase. No oscilla-
tions, however, could be observed after the flow had settled in. Figure 22 shows
a snapshot of the velocity field in the meridional plane x = 0 during the oscilla-
tions and after the flow has reached steady state. To elucidate the oscillations,
the difference between the two velocity fields have been plotted as well. The
vorticity field of the oscillations are also in Figure 22. Vortex shedding occur
for all azimuthal angles, but is more prominent where recirculation region is
thicker, which is in the lower end of the pipe, at φ = π. The vortices have a
very characteristic appearance, being tilted in the streamwise direction with
an alternating positive and negative phase from each shear layer. It is thus
not a classical Karman vortex street, since vortices in a Karman vortex street
from the same shear layer are of the same sign (e.g., the upper shear layer of
a circular cylinder for Re > 40), but something more complicated like a 2P
vortex shedding mode that emerges in the wake of a heaving circular cylinder
(Singh et al., 2013). The vortices emerge at z ≈ 5.0, right after the point
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(a) Trace of fluid particles starting at inlet in the meridional plane x = 0 for Re =
500, E = 0, branch 2.

(b) Time trace of cross-stream velocity uy at (r, z) = (0, 3) for Re = 450, E = 0,
branch 2.

Figure 21

where the recirculation zone has reached maximum thickness, and are then
convected downstream. Because the vortices are only shed when the extent of
the recirculation region is at a temporal local extreme as the flow settles in to
branch 2, the oscillations are not continuous but come in burst-like packages.
Figure 23 shows a time trace for Re = 500, E = 0, branch 2 at different po-
sitions along the centerline. As the vortices are being convected downstream,
they increase in amplitude, and so there is a convective instability that am-
plifies these oscillations in the flow. This is in agreement with experimental
results from Griffiths et al. (2008), who observed Kevin-Helmholtz waves being
formed in the post-stenotic region which then grew in amplitude while being
convected downstream, and later could turn into turbulence. The Strouhal
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(a)

(b)

Figure 22: a) Snapshot of the velocity field in meridional plane x = 0 of the
flow at time t=300 for Re = 500, E = 0, when flow has reached steady state
and flow difference between the two cases, in that order, top to bottom. b)
Horizontal and vertical cross-stream vorticity Wx, Wy for flow difference.

number, St, of the oscillations depended on Reynolds number, but lied within
the interval 2.5 < St < 5 for 350 < Re < 800, matching well the Strouhal
number of the oscillations found in this study, which also depend on Reynolds
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Figure 23: Time trace of cross-stream velocity uy at centerline for different for
different axial positions z, Re = 500 and E = 0, branch 2.

number as well as eccentricity, but was generally found to lie within the inter-
val 3 > St > 2. The oscillations are harmonic and of discrete frequency. The
fact that the Strouhal number is so high, O(1), is another indication that the
observed oscillations result from small scale shear layer instability rather than
large scale wake instability, since that would have a Strouhal number around
one order of magnitude below this frequency. Griffiths et al. (2010) showed
that the seemingly convective instability observed in experiments might be ex-
plained by global non-modal transient growth. For Re = 400 and an occlusion
ratio of 75%, it was found that an optimal perturbation has a maximal energy
amplification of 2.18 ∗ 105, corresponding to a velocity increase in the order of
100. Hence, it is possible for a perturbation that is only 1% of the base flow
velocity to grow to the same order of magnitude as the base flow itself. The
observed oscillations are in agreement with experimental results of Ahmed &
Giddens (1983), who observed shear layer oscillations in the trailing edge of
the recirculation zone at Re = 500.
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Figure 24: Cross-stream velocity uy at (r, z) = (0, 3) for Re = 700, E = 0,
branch 2.

A global, linear stability analysis was performed around the asymptotic steady
flow. Results are shown in Figure 27 in the appendix. One unstable global
mode and two modes very near the critical line, σr ≈ −0.09, were found. De-
spite the unstable mode, the flow in the DNS was found to be steady without
any tendency of diverging from the steady state. Because the eigenvalue lies
very close to the critical line, this slight discrepancy between two numerical
techniques could be accredited to the numerical approximations innate in all
numerical schemes, which usually converges but at some points might lead to
different results. Despite the obvious similarities in flow between the global
modes and the oscillations (compare Figures 22 and 27), it is unlikely that
these oscillations were caused by growth of these modes since the leading, un-
stable mode is stationary and the others are stable. Even if one might expect a
certain eigenvalue drift when the base flow is perturbed to the state it is in when
oscillations occur (at a local extremal during its settling phase), it is unlikely
that the oscillations can be explained using these global modes as the frequen-
cies do not match; The frequency of the modes are σi = 0.22⇒ f = σi

2π ≈ 0.03,
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Figure 25: Instantaneous streamwise velocity contours. Left: experimental
results from Vétel et al. (2008) for Re = 440, ∆t = 0.94. Right: Numerical
results from the present study for Re = 700 and ∆t = 1.

so the frequencies mismatch by a factor of 100.

For Re > Rec ≈ 525, the flow is intermittent. The non-linearity during the
settling phase into branch 2 depicted in Figure 21 becomes more violent as
Reynolds number increases and as a result, the sporadic vortex induced oscil-
lations grow in amplitude. For Re > Rec ≈ 525, the oscillations grow so large
while being convected downstream that the sinusoidal cross-stream velocity
with respect to z gives the jet a wavy appearance when being superimposed
with the base flow. Eventually, the amplitude of the waves grow large enough
to direct the jet towards the pipe walls, diffusing the jet, making the flow lose
all structure and thus causing local turbulence. Turbulence is firstly observed
in the critical region around 12 < z < 17, then quickly travels upstream as
the oscillations are growing in the second critical region 7 < z < 11. The
turbulence continues upstream up to z ≈ 5. At that point the flow has lost
all structure in z > 5. Because the Reynolds number is too low to sustain
the turbulence, the chaotic flow is convected downstream and relaminarization
occurs. When the flow returns to a laminar state, it is firstly attracted to
branch 1 and is thus in the form of a symmetric, wide jet. It is then repelled to
branch 2 by growth of the mode that is presented in Figure 14, which is why
the lower recirculation region grows in thickness between t = 0 and t = 20∆t.
At t = 20∆t, a second recirculation region emerges in the upper part of the
pipe because of the jet deflection of the upper wall, and the jet breakdown
caused by the shear layer oscillations accompanied by turbulence emerges from
the downstream region. At t = 25∆t, the turbulence has reached its peak of
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Figure 26: Time trace of cross-stream velocity uy at different positions along the
centerline. Left: experimental results from Vétel et al. (2008), for Re = 720.
Right: numerical results at the same positions for Re = 750.

spatial extent and is later convected downstream. This pattern then repeats
itself all over again with a period of approximately 30∆t. This intermittent
pattern stands in excellent agreement with experimental results by Vétel et al.
(2008). The growth and shape of the lower recirculation zone, the emergence of
the upper recirculation zone at t = 20∆t, the spatial wavenumber of the shear
layer oscillations λz ≈ 1, the spatial extent of the turbulence and the time
scales are all in outstanding agreement, as Figure 25 clearly shows. Further, a
similar intermittency phenomenon was observed by Lashgari et al. (2013) for
a planar X-junction geometry.

As Reynolds number increases, the turbulent phases become longer on the ex-
pense of laminar phases. This whole procedure is outlined in Figures 24 and 25,
which shows snapshots of the flow along with time traces of the cross stream
velocity uy at the centerline, three pipe diameters downstream of the stenosis
throat. Another comparison between the numerical results of the present study
and those by Vétel et al. is shown in Figure 26. Both the intermittency pattern
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and the timescales are in near-perfect agreement, albeit for somewhat different
Reynolds number. As was noted before, however, flow behavior can be shifted
in Reynolds number and eccentricity because of the different axial profiles.
However, as can be noted in Figure 26, in the numerical results there is an
exponential decay in the time trace of uy before the turbulence sets in, which
is absent in the experimental findings. There are two possible explanations for
this discrepancy; the geometric differences or the noise present in all experi-
mental investigations naturally absent in high-order SEM numerical schemes,
which should lead to a quicker descent into turbulence when the flow is unsta-
ble. The global stability analysis performed for Re < Rec ≈ 525 presented in
Figure 27 revealed three global modes that could be unstable for this regime
Re > Rec ≈ 525. It might have been possible to continue the steady state to
Rec > 525 by means of selective frequency damping, but that was beyond the
scope of the present work. Although mode 2 and 3 in Figure 27 have striking
similarities with the oscillatory flow in Figure 22, results indicate that it is not
these global linear modes that govern the non-stationary flow, but rather the
convective instability of vortex induced oscillations from the recirculation zone.

Comparisons with earlier studies
The results obtained so far is in agreement with those made by Griffiths et
al. in 2013. Both quantitatively and qualitatively, no discrepancy between the
research of the present study and that by Griffiths et al. could be observed
where the studies overlapped, i.e., for Re ≤ 400. Griffiths et al. also noted
the discontinuity in flow asymmetry around E = E0, and hysteresis for Re=350.

Griffiths et al. (2008) showed via experiments that Kevin-Helmholtz waves are
formed in the shear layer between the jet and recirculation zone, causing oscil-
lations that are convected downstream, growing in amplitude as they go along
and causing local turbulence at z=12. Griffiths et al. (2010) showed that this
seemingly convective instability can occur due to global non-modal transient
growth of perturbations. This is in agreement with the present study that
found oscillations growing in amplitude while being transported downstream
from the recirculation region and eventually causing local turbulence in the
region 12 < z < 17 and intermittency for Re > 525. Oscillations were reported
to begin at Re = Rec ≈ 400, which also is in agreement with the present study
that found oscillations for Re > Rec ≈ 425.

The flow being described by Varghese et al., (2007) at E=0, Re=500, 1000,
fits the description of branch 1. The flow was reported as being laminar and
steady in both cases, exhibiting a wide, symmetric jet. Sherwin and Blackburn
(2005) showed, however, that branch 1 goes unstable at a critical Reynolds
number of 722. A possible explanation is that Varghese et al. did not give
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the simulation sufficient time to be repelled from what should be an unstable
solution. Supporting this explanation is the fact that an iterative method was
used, slowly increasing Re with a linear step increment of 10, which should
mitigate disturbances and therefore keep the solution close to that of branch
1. For E = 5% and Re = 500, a deflected jet of the same kind as the flow in
branch 2 was found. The flow was reported to be steady, which also agrees with
the asymptotic results of the present study for these parameters. For E = 5%,
Re = 1000, turbulence in the post-stenotic region for z > 4 was reported, also
in agreement with the present study’s result for branch 2.

The experimental results of Ahmed and Giddens (1983) showed discrete fre-
quency oscillations at E = 0, Re = 500, in excellent agreement with the present
study’s results on branch 2. Unfortunately, no data was presented so a quan-
titative comparison cannot be made. At E = 0, Re = 1000, the flow was
reported to be fully turbulent, in agreement with the present study.

Vétel et al. (2008) used a stenosis model of two intersecting circle arcs. As
was noted earlier, one should not expect a perfect, quantitative agreement,
but a qualitative comparison is possible. Results from this study suggested a
weak, Coanda-type wall attachment occurring at low Reynolds numbers, like
the flow in branch 1. At Re = 348, the study found that the jet was strongly
deflected to a side, just like branch 2 in the present study. Since branch 2 exists
only for Re > 390 at E = 0, it is likely that there was an unintended shape
asymmetry in the stenosis in the order of E = 0.3%, despite the alleged toler-
ance of 25 microns in the 2 cm diameter pipe, meaning that the eccentricity
in theory should be lower than 0.125%. The rest of the reported results are in
excellent agreement with the present study for branch 2, although the critical
Reynolds numbers are somewhat different. Vétel et al. noted oscillations at a
critical Reynolds number of Rec ≈ 400, which is in good agreement with this
study’s critical Reynolds number of Rec ≈ 425. However, the critical Reynolds
number for intermittency was reported to be Rec ≈ 440, whereas that number
was estimated at Rec ≈ 525 in the present study. This discrepancy can pre-
sumably be explained by the different axial shape profiles of the stenosis, as
was noted earlier. The intermittency patterns are almost identical, albeit for
different Reynolds numbers. A difference is that the present study did not find
the swirling motion reported by Vétel et al. The reason for this might be that
the stenosis model used in the experiments did not have a shape asymmetry
as has been modeled in this study in the form of eccentricity, but some more
complicated, semicircular shape.



Conclusion

Direct numerical simulations, global linear stability analysis and sensitivity
analysis of the flow in a symmetric and slightly asymmetric stenosis have
been carried out. The results show that flow stability is extremely sensitive
to shape asymmetry due to second-order eigenvalue drift. The dominant cor-
rection modes of the leading global mode are of azimuthal wave numbersm = 0
and m = 2, the unperturbed base mode being m = 1. At an eccentricity E0
that is a function of Reynolds number, the leading eigenmode turns unstable
and the flow bifurcates to another branch of steady solutions. In this new group
of solutions, the post-stenotic recirculation zone has a characteristic appear-
ance that arise due to the azimuthal dependence (m = 0, 1, 2) of the corrected
leading mode being superposed with the axisymmetric base flow. The thickness
and extent of the recirculation zone turns into a function of azimuthal angle φ,
being especially thick in the lower side of the immediate post-stenotic region,
leading to increased blockage, thinner shear layer and consequently a strongly
skewed jet.

The bifurcation is a subcritical pitchfork bifurcation. Thus there exists two
groups of solutions to the Navier-Stokes equations for the same Reynolds num-
ber and eccentricity, provided that the Reynolds number is high enough, Re >
390 for the perfectly symmetric stenosis. Flows in the first group are axisym-
metric for a symmetric geometry and nearly axisymmetric for the asymmetric
cases, flows in the other group are strongly skewed to one side. For a fixed
Reynolds number and eccentricity, Re = Re0, E = E0, there is only one, just
slightly asymmetric, solution in the first group and in the second group there
is one solution for each azimuthal angle φ = φ0, the jet being able to stick
to the wall at any angle, provided that the eccentricity is small enough and
Reynolds number high enough. The first group of solutions remains stationary
all the way up to the point of instability, expected to occur at Rec ≈ 722 for a
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perfectly axisymmetric geometry following Sherwin et al. (2005). The stability
of this group of solutions is extremely sensitive to asymmetric shape variations
due to the second-order sensitivity. Because the other group of solutions have
a thinner shear layer, it is more susceptible to shear layer instability and for
Re > Rec ≈ 425, sporadic shear layer oscillations occur. The oscillations then
grow in amplitude while being convected downstream. ForRe > Rec ≈ 525, the
oscillations grow to such amplitude that local turbulence is caused at z ≈ 14,
which travels upstream until the flow loses all structure for z > 4 and relaminar-
ization occur. The whole nonlinear pattern then repeats itself at a fairly regular
frequency, being highly intermittent. As Reynolds number increases, the tur-
bulence reaches further upstream and the turbulent phases become longer on
the expense of laminar phases.

The present work explored the underlying physics of stenotic flow, presented a
theory that may unite some of the findings and explain observed discrepancies,
both numerical and experimental, between different studies within the field.
The results clearly demonstrates that future research within stenotic flow must
take shape asymmetry and the observed bifurcation into account. The theory
presented thus serve as a suitable precursor and fundament for more complex,
anatomically correct, stenoses, e.g., with pulsatile inlet conditions, compliant
walls and non-newtonain effects.
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Background. Applying the Newtonian laws of mechanics to a continuous fluid
and assuming incompressibility of the fluid under investigation, i.e., ∇ · u = 0,
as well as a linear relationship between the stress tensor and strain tensor
(Newtonian fluid), that yield the constitutive equation

σij = 2µSij ,

where σij is the Cauchy stress tensor, µ the viscosity and Sij = 1
2 ( duidxj

+ duj
dxi

),
one gets the incompressible Navier-Stokes equations;

∂u
∂t

+ (u · ∇)u = −1
ρ
∇p+ ν∇2u + 1

ρ
F.

In this project we are not considering external forcing of any kind, and therefore
F = 0. Further, by undimensionalizing the coordinates with a characteristic
velocity U , a characteristic length L, a characteristic time scale L

U , and the
dynamic pressure ρU2, one gets the non-dimensional Navier-Stokes equations;

∂û
∂t̂

+ (û · ∇)û = −∇p̂+ 1
Re
∇2û,

which is the relevant equation for this study.
The incompressible Navier-Stokes equations (0.1) amount to four distinct but
coupled scalar differential equations with the continuity equation ∇ · u = 0.
Since there are 4 unknown variables, assuming the density to be known, these
equations provide a complete description of the fluid dynamics. However, be-
cause of the second (convective) term in (0.1), the equation is non-linear and
no analytical solution has yet been found, nor a proof that there is one. There-
fore, for (0.1) to be solved, numerical techniques have to be employed, which is
the reason for Computational Fluid Dynamics, CFD. One of the most common
methods of CFD is the finite difference approach. This numerical technique
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is based on discretization of the domain, so that the equation is solved in a
finite number of points. The solution can then be found at any location in the
domain via interpolation between neighboring points, or ’nodes’.

By discretization the domain, operators are transformed into matrices. Con-
sider for instance the operator derivate, ∂

∂x . The derivative of y in node xi,
∂y
∂x (xi), can be approximated as y(i+1)−y(i−1)

2∆x . Inserting this into a differential
equation yields a recursion equation which, along with the boundary conditions,
gives a matrix equation that can be solved to find the solution yi for every i.
The more nodes in the domain, the better the precision. More nodes, however,
also means greater computational cost. Because the flow usually has an initial
condition but no final condition (that is often what one wants to find out),
time is different from the spatial variables in the sense that it is semi-infinite.
Therefore, one cannot convert time dependence into a matrix the same way as
one does for spatial variables, because the matrix would be infinite. Instead, an
iterative method is used for the time, or "time-stepping", so that the equation
is solved in the domain for one time at a time. The solution then works as
initial condition for the next iteration.

Stability is an important property of numerical techniques. A numerical scheme
is unstable if an error grows with each iteration. Since errors always occur, for
instance when a float number of single precision is being rounded of to 7 correct
decimals, a numerical technique that is unstable is practically useless. Further,
a numerical time-stepping technique can be categorized as explicit or implicit.
If the recursion equation can be written as an explicit equation for the next
time step yn+1

i at a specific node i without any other term of that time step
yn+1
m , then the next iteration can be found by simply updating y at all nodes
i, i.e., the equation to be solved in each time step is Iyn+1 = Ayn, where
A ∈ C(n × n). If this is the case, the algorithm is said to be explicit. If on
the other hand the recursion equation involves y at different nodes for the next
time step, then the equation to be solved takes the form Byn+1 = Ayn, where
A and B are complex matrices, and the algorithm is said to be implicit. For the
algorithm to be stable, a certain criterion has to be fulfilled, namely that U ∆t

∆x
can not be larger than a certain number that is called the CLF-parameter. The
CLF-parameter depends on the employed numerical method but is generally
higher for implicit algorithms than explicit ones. Thus implicit algorithms have
the advantage that they are more stable than their explicit counterparts, albeit
more computationally demanding.

Hydrodynamic Stability - Arnoldi iteration. To perform a global stability anal-
ysis, the eigenvectors (modes) and eigenvalues of the system matrix L must be
found. Because we are doing three dimensional stability analysis, the system
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matrix L is very large, typically in the order of 107 × 107. The size of the
matrix renders computation of eigenmodes very challenging and an efficient
algorithm is needed. One such algorithm is the Rayleigh-Ritz procedure in the
Arnoldi algorithm, which was used in this study. Because the leading eigen-
modes (those with the largest value of σr) are what dominates the flow, one
is usually only interested in finding the leading eigenvalues and their modes.
The Arnoldi algorithm is an iterative method which, in essence, saves compu-
tation time by finding the eigenvalues of a smaller matrix which converges to
the extreme eigenvalues of the system matrixL using the Rayleigh-Ritz proce-
dure. The Arnoldi algorithm is basically a numerically superior Gram-Schmidt
method that produces an orthonormal basis for Krylov subspaces. A Krylov
subspace Kk of a matrix A is the span of k number of vectors that have been
produced by power iteration of A;Kk = [x0, Ax0, ..., A

k−1xo]. This power it-
eration will make Kn, dim(A) = n × n, tend to the leading eigenvectors of A,
making it ill-conditioned as a basis for the modes of A. This can be remedied
by QR-factorization; QnRn = Kn, where Qn is an orthonormal matrix and
Rn is upper triangular, so that Qn forms an orthonormal basis of Kn. Now,
consider the matrix H that satisfies AQn = QnH. The k:th column of this
matrix equation is

Aqk = h1,kq1 + ...hk,kqk + hk+1,kqk+1 =⇒ hjk = qHj Aqk (0.13)

for j = 1, 2, .., k. h(k+1),k can then be found from (0.13). This is similar to a
Gram-Schmidt procedure where uk = Aqk is projected onto the already known
qii=1,..,k and the rest is qk+1. With proper normalization, this procedure yields
an orthonormal basis for the Krylov subspace Kk. In each such iteration, Qk =
[q1, .., qk], where q1, .., qk are the Arnoldi vectors found so far. Uk = [qk+1, .., qn]
are the Arnoldi vectors yet to get, so Qn = [Qk Uk]. Then,

H = QHn AQn =
(
QHk
UHk

)
A
(
Qk Uk

)
=
(
QHk AQk QHk AUk
UHk AQK UHk AUk

)
=
(
Hk M
F N

)
.

Since we know that H is a Hessenberg matrix, F can only have one non-zero
element in its upper-righthand corner which is hk+1,k and known from (0.13).
Thus both F and Hk are known. Eigenvalues and eigenvectors of Hk are called
Ritz-values and Ritz-vectors. The Ritz eigenpairs usually converge to the dom-
inant eigenpairs of A, meaning that it is sufficient to compute the eigenpairs
of Hk to find the eigenpairs of A. Of course, the eigenpairs of Hk still has
to be computed. This problem is however much smaller because the number
of iterations k0 required for the eigenpairs to converge to those of A is much
smaller than n; k0 << n, and dim(Hk0) = k0 × k0. Therefore, the Ritz eigen-
pairs can be found by using some conventional method such as QR-iteration
(Heath, 2002). Although this method is computationally feasible with contem-
porary computer hardware, it does require a lot of memory because it has to
store the system matrix A, which has around 107 × 107 = 1014 elements for
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three dimensional studies. As was noted before, this matrix alone occupies
about 200TB of hard drive space. To decrease this memory storage demand,
a time-stepping Arnoldi algorithm can be used in which system matrices are
never stored (Bagheri et al., 2010).
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Figure 27: Velocity field and vorticity Wy in the plane x = 0 of four leading
modes of asymptotic, stationary flow for Re = 450, E = 0, branch 2, top to
bottom. The corresponding eigenvalues are; σ = 0.004, −0.09± 0.22i, −0.1.

Global Stability Analysis. A global, linear stability analysis was performed
around the asymptotic steady flow for Re = 450, E = 0, results are shown
here in Figure 27.
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