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. . . that the powerful play goes on, and you may contribute a
verse.

Walt Whitman





Abstract

The algebra of SU(2) is ubiquitous in physics, applicable both to the atomic
spin states and the polarisation states of light. The method developed by
Majorana and Schwinger to represent pure, symmetric spin-states of arbitrary
value as a product of spin-1/2 states is a powerful tool that allows for a great
conceptual and practical simplification. Foremost, it allows the representation
of a qudit on the same geometry as a qubit, i.e., the Bloch sphere.

An experimental implementation of the Majorana representation in the
realm of quantum optics is presented. The technique allows the projection of
arbitrary quantum states from a coherent state input. It is also shown that
the method can be used to synthesise arbitrary interference patterns with unit
visibility, and without resorting to quantum resources. In this context, it is
argued that neither the shape nor the visibility of the interference pattern is a
good measure of quantumness. It is only the measurement scheme that allows
for the perceived quantum behaviour.

The Majorana representation also proves useful in delineating uncertainty
limits of states with a particular spin value. Issues with traditional uncertainty
relations involving the SU(2) operators, such as trivial bounds for certain
states and non-invariance, are thereby resolved with the presented pictorial
solution.
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Sammanfattning

SU(2) algebra är vanligt förekommande i fysik och tillämpas både för atomä-
ra spinntillstånd och för ljusets polarisationstillstånd. En metod utvecklad
av Majorana och Schwinger för att representera rena, symmetriska och god-
tyckliga spinntillstånd som en produkt av spinn-1/2 tillstånd är ett kraftfullt
verktyg som leder till både konceptuella och praktiska förenklingar. Fram-
förallt leder den till att en qudit kan representeras med samma geometri som
en qubit, dvs på Blochsfären.

Här presenteras en experimentell tillämpning av Majoranas representation
inom kvantoptik, med en teknik som möjliggör projektionen av godtyckliga
kvanttillstånd från koherenta intillstånd. Metoden kan också användas för att
framställa godtyckliga interferensmönster med fullständig visibilitet, även ut-
an att använda kvantmekaniska intillstånd. Argument framförs för att varken
formen eller visibiliteten av interferensmönstret är bra mått på graden av
kvantmekaniskt ursprung till interferensen. Det är enbart mätmetoden som
gör interferensen “oortodox”.

Majoranas representation visar sig också vara användbar för att beskriva
osäkerhetsgränser av tillstånd med bestämda spinnvärden. De problem med
traditionella osäkerhetsrelationer som involverar SU(2) operatorer, bland an-
nat triviala gränser för vissa tillstånd och icke-invarians, försvinner med den
presenterade, bildbaserade, lösningen.
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Preface

This thesis is a compilation of the work presented in Papers I-V. The golden
chord running through the entire thesis is the a highly useful, but relatively
unknown, Majorana representation.

Chapter 1 introduces the necessary background, dealing with rotations
in Hilbert space and their representations. The equivalence of spin states
of atomic systems with the two-mode states of light is developed, both of
which fall under the purview of SU(2) transformations. In Chapter 2, the
basic theory of the Majorana representation is described, along with some
applications. This serves as the introductory material for Paper I & II in
particular. It was only in retrospect that we realised the equivalence of our
methods to those of Majorana’s, and therefore the papers do not explicitly
mention the Majorana representation. The experimental realisation of the
representation in interferometry is developed in Chapter 3, describing the
main results of Papers I-IV. Chapter 4 focuses on the uncertainty relations
pertaining to the SU(2) group. The related problems are discussed and the
solutions presented. This chapter is devoted to the contents of Paper V.

The thesis concludes with a summary of main results in Chapter 5, and a
brief discussion of conclusions in Chapter 6.

Following the old adage that a picture is worth a thousand words, I’ve
tried to include a related artwork as the cover of each chapter. Special thanks
here goes to the Escher Company and Nicolas Brunner for giving me the
permission to use the images. Each chapter, moreover, begins with a historical
introduction to set the context. As a student of physics, I’ve found that
delving in the historical confusions that accompany scientific revolutions is an
incomparable learning experience.

Finally, in the words of Thomas Young, the last man who knew everything,
“The longer a person has lived the less he gains by reading, and the more likely
he is to forget what he has read and learnt of old; and the only remedy that I
know of is to write upon every subject that he wishes to understand, even if
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x PREFACE

he burns what he has written.” . . .my effort has been to present the physics in
the most cogent and thorough manner. However, a good narrative demands
brevity, with the result that certain details may have been skipped. Relevant
references are included whenever that is the case. It is my sincere hope that
the reader will enjoy the presented work.

Saroosh Shabbir
Stockholm

April 14, 2017
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Chapter 1

Introduction

The seminal experiment of Stern and Gerlach [17, 18] in 1922 demonstrated
the quantisation of angular momentum and laid the foundation of spin-1/2
physics, although it would take a few more years until the concept of spin
was formalised by Uhlenbeck and Goudsmit [43]. Passing a beam of silver
atoms through an inhomogeneous magnetic field, what Stern and Gerlach had
expected to see on the screen were three distinct points, according to the
quantisation à la Sommerfield and Bohr. This was already a major departure
from the classical world which predicted a single smear of atoms corresponding
to the continuous allowed values of the angular momentum. The results,
however, caused a bigger sensation than expected: the beam of silver atoms
was seen to split neatly in two distinct paths. This dual response of the silver
atoms to the magnetic field was later labelled as spin-up and spin-down and
is today recognised as the quintessential example of the strangeness of the
quantum world.

The spatial quantisation seen in the Stern-Gerlach experiment was not
just a conceptual oddity in our understanding of the workings of nature. By
the 1970s it was clear that systems with such binary possibilities can be used
to encode the quantum analogue of the basic classical unit of information:
the bit. Thus, the logical 1 and 0 of classical information find their quantum
mechanical alter-ego, called the qubit, in the spin-up and spin-down states
of the electron, or the orthogonal polarisation states of the photon. It also
became evident that the structure of quantum mechanics offers increased com-
putational advantage over the classical schema because of the possibility of
quantum states to exist in the superposition of the logical 1 and 0 states - a
fact that fundamentally defies human experience and remains, to this day, a
topic of debate about the interpretation of quantum mechanics. Today, quan-
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4 CHAPTER 1. INTRODUCTION

tum computation is a thriving research field where we are beginning the see
the first scalable, practical realisations [8]. Even outside academia, industrial
giants such as Google and IBM are quickly trying to tap into the technological
power offered by the quantum world [10]. And all this began with that rela-
tively simple experiment in 1922, with results communicated, quite literally,
on the back of the envelope (Fig.1.1).

Figure 1.1: Walther Gerlach’s postcard to Niels Bohr [16] (8 February 1922) with
the message, “Attached [is] the experimental proof of directional quantization. We
congratulate [you] on the confirmation of your theory.”. The picture on the left shows
the accumulated collimated silver atoms in the absence of the magnetic field. The
right picture is the response in the presence of the magnetic field. A splitting can be
clearly seen in the centre where the field is the strongest.

This chapter provides a brief introduction to some basic ingredients of
quantum mechanics, beginning with a discussion of angular momentum with
details about the spin-1/2 case. The group theoretical structure is highlighted
as it offers keen insights. The treatment here is brief and far from complete,
with the intended purpose of presenting a quick review of the fundamentals
and to bring to the fore a few subtle aspects that might have been overlooked
in the first encounter with quantum mechanics. For this section I draw mainly
from notes based on Sakurai [37].



1.1. GEOMETRY OF SPIN-1/2 SYSTEMS 5

1.1 Geometry of spin-1/2 systems

The valence shell of silver atoms contains a single electron which responds
to the inhomogeneous magnetic field of the Stern-Gerlach (SG) apparatus.
The results of the experiment necessitate the inclusion of angular momentum
as it becomes obvious that the electrons should really be considered as tiny,
magnetic gyroscopes, instead of merely as small magnets†. Since electrons
are point particles, there is a difficulty in attributing the property of spin in
the classical understanding of the term, which is why it is referred to as the
intrinsic angular momentum.

SG

Figure 1.2: The Stern-Gerlach (SG) apparatus consists of a strongly inhomogeneous
magnetic field. Beams of atoms with a single electron in their outer shell split into
two when passing through a SG device. This spatial quantisation is due to the spin
states of the electron.

The experiment shows that the electrons possesses only two distinct pos-
sibilities when subjected to an inhomogeneous magnetic field of the SG device
as shown in Fig. 1.2. Since the SG apparatus essentially measures the spin-
angular momentum, in the parlance of quantum mechanics we say that the
system is composed of a 2-dimensional Hilbert space with the basis vectors
as spin-up |↑〉 and spin-down |↓〉. Hilbert space is an abstract complex vector
space and its state vectors, known as kets (or bras), are postulated to embody
complete information about the physical system. Because these vectors form
a complete basis, any arbitrary state of the system can be expanded in terms
of these, in a similar manner as an arbitrary geometric vector can be expanded
in terms of the Euclidean basis vectors. For example, an arbitrary spin state
of the silver atoms in the Stern-Gerlach experiment can be written as

|ψ〉 = c+ |↑〉+ c− |↓〉 . (1.1)

In the matrix representation, these basis vectors are depicted as column vec-

†The latter option would result in most of the electrons ending up towards the stronger
end of the magnetic field.



6 CHAPTER 1. INTRODUCTION

tors

|↑〉 =
(

1
0

)
, |↓〉 =

(
0
1

)
, (1.2)

which form spinors of the Pauli two-component formalism. For an arbitrary
ket, the components of the two-component spinor χA are

χA
.=
(
c+

c−

)
= c+

(
1
0

)
+ c−

(
0
1

)
, (1.3)

where c+ and c− are the expansion coefficients of Eq. (1.1), and the lower-
index A is used to denote a two-component spinor. In general, the spinor
notation can be used to represent higher spin states, in integer multiples of
1/2:

0, 1/2, 1, 3/2, 2, 5/2, · · · .

For the spin state n/2, the “spinor-tensor” χAB···F has n indices. The use of
indices affords a compact notation for representing higher spin-states which
will prove to be useful in discussing the Majorana representation. Its real
strength, however, is that it allows to encapsulate Lorentz invariance in the
relativistic version of quantum mechanics. The indices denote the covariant
components in quantum field theory [32].

Similar to geometric vectors and tensors, spinors transform linearly when
subjected to small infinitesimal rotations. However, in contrast to ordinary
vectors, spinors transform to their negative when rotated by 2π. This curious
geometric property is what distinguishes elementary particles of intrinsic spin-
1/2, such as electrons and muons, from spin-1 particles like photons. However,
even though photons are bosons with intrinsic spin 1, the polarisation state
of the photon is isomorphic to the spin-1/2 system†. In fact, the geometrical
representation of the spin-1/2 system can be used to represent any system
with 2 basis states.

1.2 Rotations in Hilbert space
Similar to the way we can transform ordinary vectors in the 3-dimensional
Euclidean space by rotations, the ket vectors can also be rotationally trans-

†The missing Sz = 0 state of the photon is due to the fact that the photon is massless
and consequently possesses no rest-frame (see [15]). Thus, the electromagnetic field of a
propagating photon is necessarily transverse.
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formed in Hilbert space. Given a vector V = (Vx, Vy, Vz) in real space R3, a
rotation transforms the components of the vector asV

′
x

V ′y
V ′z

 = R

VxVy
Vz

, (1.4)

where rotation operator R is represented as a real, 3 × 3 orthogonal matrix.
The set of all rotation matrices forms the group of spatial rotations SO(3),
with the associated Lie algebra manifested in the fact that rotations about
any two axes do not commute.

There is an isomorphism between rotations in real space R3 and the state
space in quantum mechanics. In Hilbert space, the ket vector |ψ〉 transforms
analogously to V via the rotation operator D(R)

|ψ′〉 = D(R) |ψ〉 . (1.5)

The matrix representation of D(R) depends on the dimensionality of the sys-
tem. Moreover, isomorphic to the case of spatial rotations, D(R) has the same
group properties as R.

In classical mechanics, it is known that angular momentum is the gener-
ator of rotations. In quantum mechanics, however, we postulate that angular
momentum operator is the generator of rotations. Consequently, in terms of
the angular momentum operator J, the rotation operator D(R) takes the form

D(n̂, φ) = exp
(−i J · n̂ φ

~

)
(1.6)

for a rotation by an angle φ about the direction characterised by a unit vector
n̂. Thus the components of the angular momentum vector J = (Jx, Jy, Jz) are
the generators of the SO(3) group with the Lie algebra

[Jk, Jl] = i~εklmJm, (1.7)

where {k, l,m} = {x, y, z}, and εklm is the fully symmetric Levi-Civita tensor.
J2 is the Casimir invariant of the group, i.e., it commutes with all the three
generators, Jx, Jy and Jz. It should be noted here that, although the above
discussion is valid for angular momentum in general, it is the orbital part of
the angular momentum that generates spatial rotations. To differentiate be-
tween orbital and spin angular momentum, which add up to the total angular
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momentum of a particle J, the orbital and spin part are denoted as L and S
respectively.
Restricting the discussion to only the spin part, we can write the 2× 2 matrix
representation of D(n̂, φ) as

exp
(−i S·n̂ φ

~

)
.= exp

(−i σ·n̂ φ

2

)
, (1.8)

where σ represents the vector composed of the three Pauli matrices,

σx =
(

0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
. (1.9)

The Pauli matrices (after multiplication by i to make them anti-Hermitian)
form the generators of the special unitary group SU(2), which is homomorphic
to SO(3), the group of spatial rotations introduced earlier. Specifically, there
exists a two-to-one mapping between SO(3) and SU(2).

The 2× 2 matrix in Eq. (1.8) acts on the two-component spinor χA, in a
similar manner as D(n̂, φ) acts on the state ket |ψ〉

χ′A = exp
(−i σ·n̂ φ

2

)
χA

=
[
cos
(
φ

2

)
− i σ·n̂ sin

(
φ

2

)]
χA. (1.10)

This follows from the property of the Pauli matrices, namely,

(σ·n̂)n =

1 for n even,
σ·n̂ for n odd.

Eq. (1.10) leads to an elegant geometric representation of the 2-state system
as the 2-sphere. To express a spinor along an arbitrary direction in terms
of the basis components, we start with the spin-up state along the z-axis.
If α and β are the polar and azimuthal angles that characterise n̂, we can
transform the given spin-up state by first rotating it by an angle β about the
y-axis followed by a rotation by an angle α about z-axis. The transformed
spin state is then

χA =
[
cos
(
α

2

)
− iσz sin

(
α

2

)][
cos
(
β

2

)
− iσy sin

(
β

2

)](1
0

)
, (1.11)
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which simplifies to

χA =

cos
(
β
2

)
e−iα/2

sin
(
β
2

)
eiα/2

. (1.12)

In terms of the ket notation, the state can be expressed as

|ψ〉 = e−iα/2 cos
(
β

2

)
|↑〉+ eiα/2 sin

(
β

2

)
|↓〉 . (1.13)

Equivalently, a succinct representation in terms of the expansions coefficients
is as follows:

tan−1 β

2 e
iα = c−

c+
. (1.14)

Thus, an arbitrary spin-1/2 pure state can be expressed in terms of the po-
lar angles on the surface of the unit sphere. This geometric picture is the
familiar Bloch sphere, shown in Fig. 1.3, which proves extremely useful in
visualising SU(2) transformations as well as depicting higher spin states as
will be described in the next chapter. The Bloch sphere is essentially the Rie-
mann sphere - the geometrical representation of the extended complex plane,
C ∪ {∞}, but with more added structure such that each pair of antipodal
points on the surface of the sphere represent mutually orthogonal states. In
formal mathematical terms, the projective Hilbert space for a 2-dimensional
system is a complex projective line CP 1, i.e., the Riemann sphere.

1.3 Higher Spin
Spin-1/2 particles can be combined to form higher spin states. Specifically,
if we look at the system of two spin-1/2 particles such as electrons, in terms
of the projection along the z-axis |m1z,m2z〉, we have the following four spin
states:

|↑, ↑〉 , |↑, ↓〉 , |↓, ↑〉 , |↓, ↓〉 , (1.15)

where |↑, ↓〉 denotes the spin-up state of the first electron and the spin-down
state of the second electron respectively. The dimensionality of the combined
system is therefore 4. This is called the standard basis representation. We
can, however, also label the possible states in terms of the eigenvalues of the
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x

y

z

Figure 1.3: The Bloch sphere is a geometric representation of the state space of a
spin-1/2 system. The North and South poles depict the spin-up |↑〉 and spin-down
|↓〉 states, respectively. All the points on the surface of the sphere represent pure
spin states, parameterised by the polar angles α and β. Mixed states lie inside the
surface. (Image credits: Modified original work by Geek3 via Wikimedia Commons.
Used under CC BY 3.0.)

square of the total spin, S2 = (S1 +S2)2, and the eigenvalues of the combined
spin projection of the two electrons along the z-direction Sz = S1z+S2z, where
subscripts 1 and 2 denote the first and the second electron, respectively. The
eigenvalues of these operators are s(s+ 1) and m, respectively, and the states
are represented as |s,m〉. In this representation, the joint eigenkets are:

|1, 1〉 , |1, 0〉 , |1,−1〉 , |0, 0〉 . (1.16)

The first three states with s = 1 are collectively referred to as the triplet, and
the s = 0 state is called the singlet. One can change between representations
by a suitable choice of transformation matrix. Specifically, it amounts to the
diagonalisation of the matrix representing the total spin angular momentum
S by a unitary matrix whose elements are the Clebsch-Gordan coefficients. In
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terms of the m1z,m2z base kets, the |s,m〉 states are

|1, 1〉 = |↑, ↑〉 , (1.17)

|1, 0〉 = 1√
2

(|↑, ↓〉+ |↓, ↑〉), (1.18)

|1,−1〉 = |↓, ↓〉 , (1.19)

|0, 0〉 = 1√
2

(|↑, ↓〉 − |↓, ↑〉). (1.20)

It follows that it is possible to spatially split the states, similar to the orig-
inal SG experiment, according to their m value. Fig. 1.4 shows a schematic
of the experiment for a two electron system. Each beam at the output cor-
responds to a particular value of the spin projection m along a particular
direction.

SG

Figure 1.4: The Stern-Gerlach (SG) experiment can be extended to composite spin
systems. Similar to the original experiment, the beams are seen to split according to
their different m values.

1.3.1 Representation of the rotation operator
As mentioned in Section 1.2 , the matrix representations of the rotation op-
erator D(R) depends on the dimensionality of the system. Thus for the two
spin-1/2 system considered above, the matrix representation is a 4 × 4 mat-
rix. However, we see that the two spin-1/2 system is divided into two energy
sectors corresponding to the s = 1 and s = 0 values which means that by a
suitable choice of basis, an arbitrary 4 × 4 rotation operator can to brought
to a block diagonal form:

j = 0 0
0 j = 1

. (1.21)
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Each block in such a matrix is itself a (2j + 1) × (2j + 1) matrix, corre-
sponding to a definite j value. These (2j+1)×(2j+1) matrices are referred to
as the irreducible representations of the rotation operator D(R) as they them-
selves cannot be broken into further smaller units, and they together form a
group. Each block is thus disjoint, with the states for different j residing in
separate manifolds, unaffected by transformations on each other. Expressed
in the notation of group theory, the addition of angular momentum obeys the
following rule:

D(R) = D (j1) ⊗D (j2)

= D (j1+j2) ⊕D (j1+j2−1) ⊕D (j1+j2−2) ⊕ · · ·D (|j1−j2|) (1.22)

which, in the particular case of two spin-1/2 particles becomes:

D (1/2) ⊗D (1/2) = D (1) ⊕D (0). (1.23)

In essence, the direct product of two irreducible representations is decomposed
into a direct sum of two irreducible representations.

1.3.2 Permutation symmetry
The fundamental indistinguishability of identical quantum particles puts a re-
striction on their permutation symmetry. In particular, systems of half-integer
spin particles, known as fermions, have totally anti-symmetric wavefunctions†

and integer spin particles, or bosons, have totally symmetric wavefunctions
with respect to the exchange of particles. The Young tableaux (Appendix
A) allows us to keep track of the permutation symmetries of the spin states
of composite systems. For a system of two spin-1/2 particles, the following
Young Tableaux in obtained:

⊗ = ⊕ , (1.24)

where the symmetric sector is composed of
(

1 1 , 1 2 , 2 2
)
, and

the only allowed antisymmetric state is 1
2 . Comparing with Eq. (1.23)

we can identify the triplet sector of two spin-1/2 particles as being composed
of completely symmetric states and the singlet state as being anti-symmetric.
In general, symmetric states are restricted to N + 1 dimensional state-space
for an N spin-1/2 system. It turns out, rather fortuitously, that one can
represent the symmetric sector of a particular j also on the Bloch sphere via
the Majorana representation. This forms the subject of the next chapter.

†Including spin, space and any other degrees of freedom a particle may have.
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1.4 SU(2) rotations in optics
In the realm of optics, the polarising beam-splitter plays the role analogous
to the Stern-Gerlach apparatus. Just as the Stern-Gerlach apparatus splits
the beam of atoms according to their spin states, this humble optical ele-
ment allows us to separate the beam into its two component polarisations
— horizontal and vertical. Thus, the Hilbert state formulation of the two-
state system and its corresponding rotations that was developed in the earlier
sections applies equally well to any two-mode state of light, e.g., path or po-
larisation. With that in mind, we realise that the optical elements such as
the non-polarising beam splitter and the phase shifter perform rotations in
Hilbert space and are therefore members of the SU(2) group. Specifically, the
beam splitter performs rotations along the x-axis, analogous to the Jx opera-
tor and the action of the phase-shifter amounts to rotation about the z-axis,
equivalent to Jz. Thus the unitary rotation operators are

Û(θ)BS = exp(−iθJy/~), (1.25)

with θ = π/2 for a 50:50 beam-splitter and

Û(φ)PS = exp(−iφJz/~) (1.26)

for a phase-shifter. Other linear optical elements can also be defined in terms
of the angular momentum operators. In fact, we can write the most general
SU(2) rotation ÛSU(2) in terms of these two angular momentum component
operators Ĵy and Ĵz, and three arbitrary angles, namely

ÛSU(2)(α, β, γ) = exp(−iαJz/~) exp(−iβJy/~) exp(−iγJz/~). (1.27)

The polarisation state of light has traditionally been represented on the
Poincaré sphere, shown in Fig. 1.5, which is completely equivalent to the
Bloch-Sphere, and maps the circular polarisations on the poles, horizontal
and vertical polarisations along the x-axis and the diagonal polarisation states
along the y-axis. Similar to Eq. (1.27), a universal SU(2) gadget can be con-
structed in the polarisation domain by using two quarter-wave plates and one
half-wave plate [2].

The vector from the centre to a point on the surface of the Poincaré sphere
is known as the Stokes vector, the length of which quantifies the degree of
polarisation in a given direction. We will see in Chapter 2 that this classical
description of polarisation falls short in the quantum domain, and one has to
account for higher order statistics for a complete description of polarisation
in the quantum world.
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Figure 1.5: The Poincaré sphere depicts the polarisation state of a monochromatic
light-field. The North and South pole depict the right |R〉 and left |L〉 circularly
polarised light, respectively. The points on the surface along the x-axis represent the
linearly horizontal |H〉 and vertical |V 〉 polarisation states and the y-axis represents
the linear diagonal |D〉 and anti-diagonal |A〉 polarisations. (Image credits: Modified
original work by Geek3 via Wikimedia Commons. Used under CC BY 3.0.)





Concentric Rinds by M. C. Escher The Majorana representation of angular
momentum state j lies on the surface of a sphere concentric with spheres of distinct
radii, each representing a specific j value.
All M. C. Escher works © 2017 The M. C. Escher Company - the Netherlands. All
rights reserved. Used with permission (www.mcescher.com).



Chapter 2

Majorana Representation

As early as 1932, Ettore Majorana had devised a method of constructing a
state of arbitrary angular momentum j as a superposition of 2j spin-1/2 par-
ticles [28, 29]. The paper remained largely unknown until, serendipitously,
the 17 year old Julian Schwinger came across it in 1935. What had caught
Schwinger’s eye was not the intended purpose of the paper by Majorana; Ma-
jorana was trying to generalise the Stern-Gerlach experiment to arbitrarily
varying magnetic fields and magnetic moments. Schwinger was baffled by the
paper’s claim that a state with angular momentum j can be represented as
2j points on the surface of the unit sphere. Majorana himself had perhaps
found the claim self-evident, and had therefore expended only 4 lines by way
of explanation. Within two years Schwinger had proved the method to his
satisfaction [40], leaving, in his own words, the most important insights im-
plicit [41]. Finally in 1951, Schwinger explicitly proved that the commutation
relations of an arbitrary angular momentum vector can be reduced to those
of the two-dimensional isotropic harmonic oscillator [3].

At the age of 31, in 1938, Ettore Majorana went missing, and in a peculiar
instance of art imitating life, his paper and the influence of its results have
remained largely unknown. As mentioned above, Majorana was mostly inter-
ested in the behaviour of an arbitrary magnetic moment in the presence of an
arbitrarily varying magnetic field, finding in the process that it is related to
that of a spin-1/2 system. He demonstrated that the net effect of the field
is the independent precession of each of the spin-1/2 representative points on
the unit sphere in proportion to the product of the Larmor frequency and the
gyromagnetic ratio. In effect, however, the relative positions of the 2j repre-
sentative points remains invariant in time. The other major result in the paper

17
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was the non-zero probability of spin flip in the case of vanishing magnetic field
for the case of a spin-1/2 particle. Majorana’s results were later generalised
by Bloch and Rabi∗ for arbitrary j, forming the basis of nuclear magnetic res-
onance [5]. The demonstration of spin flip in vanishing quadrupole field was
subsequently found to be relevant for the problem of Bose-Einstein condensa-
tion (BEC) of atomic gases. In short, the atoms become untrapped because
of transition to the other spin state in a quadrupole magnetic trap and con-
sequently cannot be cooled further by means of evaporative cooling. This,
in turn, prevents the formation of the BEC. Various ways of plugging the
“Majorana hole” have been devised by creating magnetic traps with non-zero
minimum (see M. Inguscio comment [29] on [28]).

More recently, Penrose and colleagues have used the Majorana represen-
tation in expressing geometric proofs for Bell’s theorem [31, 45]. This chapter
presents an introduction to the method and aims to highlight its geometric
representation that is particularly lucid. Since the method remains not widely
known, the sources of literature are unfortunately quite few on the subject.
However, Penrose’s “A Road to Reality” [32] offers a refreshingly clear treat-
ment of the subject, and for the first part of this chapter I’ve drawn mainly
from this work†.

2.1 Majorana’s method
Majorana started by considering an atom with magnetic moment −gjµ0,
where g is the gyromagnetic ratio, j is the angular momentum, and µ0 is
the Bohr magneton. A particle with angular momentum j is a 2j + 1 level
system with m = −j, · · · , j. Thus, a generic state with angular momentum j
can be written as

|ψ〉 = cj |j, j〉+ cj−1 |j, j − 1〉+ · · ·+ c−j |j,−j〉 , (2.1)

The state has a bijective correspondence with the roots of a polynomialM(z),
which in turn has a bijective correspondence to points in S2, i.e., the surface
of the Bloch Sphere. The Majorana polynomial is defined as

M(z) =
2j∑
k

ck

(
2j
k

)1/2

z2j−k, (2.2)

∗Isidor Rabi was a student of Otto Stern (of Stern-Gerlach fame).
†Penrose also describes an easier technique for deriving the spherical harmonics, sum-

marised in Appendix B.



2.2. SCHWINGER BOSON REPRESENTATION 19

and the roots ξk of M(z), belonging to the extended complex plane, are
mapped by stereographic projection on the surface of S2, i.e., (x, y, z) ↔
(x+ iy)/(1− z), where (x, y, z) form the coordinate axes of the Bloch Sphere.
In simpler terms

tan−1(θk/2)eiφk = ξk, (2.3)

where θk and φk are the polar and azimuthal angles for a particular point on
the surface of the sphere. Eq. (2.3) is to be compared with Eq. (1.14).

With the application of a magnetic field on the atom with angular momen-
tum j > 1/2, the representative points precess around the direction of the field
with frequency g ·ω, where ω is the Larmor frequency. This is consistent with
classical results: each representative point indicates the direction of a little
gyroscope with angular momentum ~/2. It follows that the relative positions
of the points comprising the Majorana representation of the state remain in-
variant in time. This is the real strength of the Majorana representation: any
SU(2) transformation rotates the representative points rigidly, and it follows
that, each state has a signature representation on the Bloch sphere. We will
highlight this aspect towards the end of the chapter while discussing SU(2)
orbits.

2.2 Schwinger boson representation
Schwinger’s major realisation was that commutation relations of an arbitrary
angular momentum operator can be reduced to those of a two-dimensional
isotropic harmonic oscillator. Considering two simple harmonic oscillators,
we denote their annihilation operators as â and b̂. By definition they have the
following commutation relations

[â, â†] = [b̂, b̂†] = 1, [â, b̂] = 0. (2.4)

Thus, the two oscillators are uncoupled. Assuming that we have n1 and n2
excitations in the respective oscillators, in terms of the annihilation/creation
operators and the vacuum, the state of the system can be written as

|n1, n2〉 = (â†)n1(b̂†)n2
√
n1!
√
n2!
|0, 0〉 . (2.5)

Next, we can construct the a complex 2-vector from the pair of oscillators

a ≡
(
â

b̂

)
, (2.6)
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and use this, along with the Pauli operators, to construct real-valued observ-
ables

Qµ ≡ atσµa : µ = {0, x, y, z}, (2.7)

where σ0 = 1. It follows immediately that the commutation relations for these
newly defined operators

[Qk, Ql] = 2εklmiQm, (2.8)

obey the same algebra as that of the angular momentum operators given in
Eq. (1.7). Thus, the Schwinger boson representation of the angular momen-
tum operators is

Jx = ~
2(â†b̂+ b̂â†),

Jy = −i~2(â†b̂− b̂†â), (2.9)

Jz = ~
2(â†â− b̂†b̂).

This Schwinger boson representation proves extremely useful for the mode
transformation relations in interferometry as will be discussed in the next
chapter.

Instead of using the Fock-state basis for the two oscillators, we can sub-
stitute

n1 → j +m, n2 → j −m, (2.10)

to change into the angular momentum eigenstate notation:

|n1, n2〉 ≡ |j,m〉 = (â†)j+m(b̂†)j−m√
j +m!

√
j −m!

|0, 0〉 . (2.11)

In effect, the above substitution allows us to visualise the system as being
composed of n1 = j + m spin-1/2 particles in the spin-up state |↑〉, and
n2 = j − m in the spin-down state |↓〉. It should, however, be noted that
only symmetric states with total spin j are constructed when we combine
n1 + n2 = 2j spin-1/2 particles, in contrast with the usual rules of angular
momentum addition which gives both symmetric and anti-symmetric states
with a range of total angular momentum values j, j − 1, j − 2 · · · . These
primitive particles of spin-1/2 are, in effect, bosons since they occupy the
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same state, namely, more than one particle in the spin-up state and vice versa,
which is why the Schwinger oscillator model is also known as the Schwinger-
boson representation. This allows a direct implementation of the system as a
two-mode photon number state, keeping in mind that a photon polarisation
is a two-state system. Given N photons, we can distribute them in N + 1
ways over the two modes. Thus, this system naturally forms the basis of the
symmetric sector of the Hilbert space.

It is mentioned in section 1.3 that it is possible to represent the symmetric
sector of a superposition of spin-1/2 particles on the Bloch sphere and the
Schwinger-boson representation allows us to do precisely that. For the simpler
case discussed above, the state of angular momentum j is represented as j+m
points on the north pole of the Bloch sphere and j −m points on the south
pole. A special case is the SU(2) coherent state |j, j〉, which has all its spins
pointing in the same-direction, with the highest possible m value,

|j, j〉 = (â†)2j√
(2j)!

|0, 0〉 . (2.12)

Thus, this state can be represented as 2j = n1 +n2 = N degenerate points on
the north pole of the Bloch sphere.

2.2.1 Majorana representation of N photons in two-
modes

For an arbitrary superposition of spin states the representation becomes much
more tractable in the two-mode number (Fock) state |n1, n2〉 basis. As men-
tioned above, this system is isomorphic to a two-level spin system and nat-
urally restricts us to the symmetric subspace of the full Hilbert space of
N = n1 + n2 spinors. A general two-mode state of N photons can be written
as

|ψ〉 =
N∑
n=0

cn |n,N − n〉

=
N∑
n=0

bn(â†)n(b̂†)N−n |0, 0〉 , (2.13)

where bn = cn/
√
n!(N − n)!, and (â†, b̂†) are the bosonic creation operators

for the two modes. Dividing† the above expression by (b̂†)N leads to
†Operator division is not a well-defined concept in quantum mechanics. Our justification

for doing so is that the final expression is valid according to the rules of quantum mechanics
and it is that expression that we work with subsequently.
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|ψ〉
(b̂†)N

=
N∑
n=0

bn

(
â†

b̂†

)n
|0, 0〉 . (2.14)

Substituting (â†/b̂†)n = zn, where z is a complex number, we get

|ψ〉
(b̂†)N

=
N∑
n=0

bnz
n |0, 0〉 = bN (z − z1)(z − z2) · · · (z − zN ) |0, 0〉 , (2.15)

where z1, · · · , zN are the (complex) roots to the equation
∑
bnz

n = 0. This
follows from the fundamental theorem of algebra. Substituting back the defi-
nition for z

|ψ〉
(b̂†)N

= bN

(
â†

b̂†
− z1

)(
â†

b̂†
− z2

)
· · ·
(
â†

b̂†
− z3

)
|0, 0〉 (2.16)

= bN

(b̂†)N
(â† − z1b̂

†)(â† − z2b̂
†) · · · (â† − znb̂†) |0, 0〉 . (2.17)

This leads to the state being finally expressed as

|ψ〉 = (b̂†)N |ψ〉
(b̂†)N

= bN (â† − z1b̂
†)(â† − z2b̂

†) · · · (â† − znb̂†) |0, 0〉 . (2.18)

The above factors in terms of the bosonic creation operators â† and b̂† consti-
tute the Majorana decomposition of the state |ψ〉. In terms of the spherical
polar coordinates Eq. (2.18) can be written as

|ψ〉 = 1√
N

N∏
n=1

(
cos(θn/2)â†R + exp(iφn) sin(θn/2)â†L

)
|0, 0〉 , (2.19)

where N is the normalisation factor. Each of the factors in the above equa-
tion can be represented as a point on the Bloch sphere with coordinates
(sin(θ) cos(φ), sin(θ) sin(φ), cos(θ)).

As an example, we consider the NOON state with N = 4

|ψNOON 〉 = |4, 0〉 − |0, 4〉 = [(â†)4 − (b̂†)4] |0, 0〉 . (2.20)

Using the method presented above, we can factorise the creation operators

|ψNOON 〉 = (â† + b̂†)(â† − b̂†)(â† − ib̂†)(â† + ib̂†) |0, 0〉 . (2.21)
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x

y

z

Figure 2.1: The Majorana representation of the NOON N = 4 state comprises of
four points distributed symmetrically along the equator of the Bloch sphere. (Image
credits: Modified original work by Geek3 via Wikimedia Commons. Used under CC
BY 3.0.)

In terms of polarisation, each of the factors above represent a diagonal, anti-
diagonal, left- and right-circularly polarised state, respectively. Thus, the
Majorana representation of the NOON state with N = 4 points distributed
symmetrically along the equator of the Bloch sphere as shown in Fig. 2.1.

In essence, the Majorana representation allows us to represent the sym-
metric states of a d-level system (qudit) on the same geometry as that of
a qubit. In terms of the spinor-tensor notation introduced in Chapter 1, it
allows the decomposition of a n-index spinor as a symmeterised product of
1-index spinors:

χAB···F = α(AβB · · ·φF ), (2.22)

where round brackets around indices denote symmetrisation.

2.3 Polarisation characteristics via Majorana Represen-
tation

The Majorana representation in the two polarisation mode basis allows us to
immediately deduce certain polarisation characteristics of the states. Recall
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from chapter 1 that the Stokes operator measures the direction of the po-
larisation represented on the Poincaré sphere. Thus, the state of equation
Eq. (2.12) corresponds as nearly as possible to a classical spin vector point-
ing in a given direction. These coherent spin states most closely mimic the
dynamics of a classical spin angular momentum. Conversely, we can see that
the more symmetric a distribution of points on the sphere, the smaller the
length of the Stokes vector is going to be. For example, by drawing vectors
to each of the representative points of the NOON state, we can immediately
see that their vector sum vanishes. Thus, such states are first order unpo-
larised. This is the phenomenon of hidden polarisation; states that appear
unpolarised and require a higher order correlation measurement to reveal their
polarisation structure. One such example is the bi-photon of the parametric
down-conversion |1, 1〉. The Majorana representation of the state comprises
of two points, situated at antipodal points. Even though the Stokes vector
of the state is zero, the variance of the Stokes vector is not, which becomes
apparent if coincident measurements are performed on the state.

By a similar argument we can deduce that the vertices of the Platonic
solids also form states that are clearly first order unpolarised. Zimba [44] has
highlighted these as perfect states, a class of states that, in addition to being
first order unpolarised, also have isotropic variance. These are called anti-
coherent spin states. Sánchez-Soto et al. [38] have extended the idea of higher
order polarisation in analogy to the concept of higher order coherence functions
and highlighted their metrological importance. These will be discussed in
detail in the next chapter.

2.4 SU(2) orbits
Perhaps the most important implication of Majorana’s formula is the rigid
transformation of representative points on the Bloch sphere as a result of a
unitary transformation. The points maintain their relative position and states
can thus be distinguished from each other by their Majorana representation.
As a consequence of the rotational invariance, mutually SU(2)-transformable
states have the same representation. Thus, in the context of realisable quan-
tum experiments, particularly in optics, this has an important consequence:
The Majorana representation can serve as an initial test of whether a final
state can be deterministically reached via any possible SU(2) transformation
implemented for example via linear optical elements. In order to delineate
which states are connected via SU(2) transformations, we write an orbit gen-
erating state for each excitation manifold. For the N = 2 case, the situation
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is simple as the only relevant orbit parameter is the angle θ subtended by the
two points at the centre of the sphere. Therefore, we can fix one of the points
at the north pole and constrain the other to move on the Greenwich-Meridian.
In the form of Eq. (2.19), hence the orbit generating state for N = 2 is

|ΨN=2〉 = 1√
N
â†R

[
cos(θ/2)â†R + sin(θ/2)â†L

)
|0, 0〉 . (2.23)

By changing θ, we change the relative position of the points with respect to
each other and thereby create states that lie on different SU(2) orbits, i.e.,
are not connected by an SU(2) transformation. A similar approach can be
taken for the higher manifolds, although the complexity increases sharply as
the number of photons, and consequently points on the surface of the Bloch
sphere, increases. For N = 3, we again fix one of the points on the north
pole (θ1 = φ1 = 0), constrain the second to move on the Greenwich-Meridian
(φ2 = 0) and the third point nominally is allowed all possible θ and φ values.
The orbit generating state for N = 3 is thus

|Ψ3〉 = 1√
N
â†R

(
cos(θ2/2)â†R + sin(θ2/2)â†L

)
(
cos(θ3/2)â†R + eiφ3 sin(θ3/2)â†L

)
|0, 0〉 . (2.24)

The representation of orbit generating states in such a succinct manner allows
us to calculate uncertainty limits for each excitation manifold in a systematic
way. It should, however be noted that Eq. (2.24) considers states with reflec-
tional symmetry as being on the same orbit. This is not strictly correct. For
N ≥ 3, states with reflectional symmetry lie on different orbits, but these or-
bits have nonetheless the same values for angular momentum variance triplets.
Uncertainty limits and their relevance to metrology and interferometry are the
subject of Chapter 4.



Rippled surface by M. C. Escher The phenomenon of interference is pervasive in
nature. From the classical waves on top of a puddle to single photons in the quantum
world, all manifest interference effects.
All M.C. Escher works © 2017 The M.C. Escher Company - the Netherlands. All
rights reserved. Used with permission (www.mcescher.com).



Chapter 3

Interferometry

Despite Newton’s efforts to “corpuscularise” light in the 16th century, the
wave theory of light triumphed in 1818 with the demonstration of Poisson’s
spot. Since the beginning of the century, the wave theory had been gaining
dominance, starting with Young’s double slit experiment. Passing the light
beam through two small holes and imaging them on the screen a little further
away, Young saw dark and bright fringes that arise due to the interference of
wave amplitudes from the two openings. However, just about a century later
in the early 1900’s, Planck had to resort to the concept of quantisation to
resolve the issue of ultraviolet catastrophe in the blackbody radiation. Planck
postulated that energy is exchanged between the electromagnetic field and the
blackbody in discrete quanta. This was soon followed by Einstein’s seminal
work on the photo-electric effect [13] which showed that the field itself is
quantised. Thus, the modern concept of the light corpuscle, or photon, made
its way back into physics for good.

Up until that point, interference was considered exclusively a wave phe-
nomenon. The obvious question then was whether the observed interference
pattern persists if light is attenuated down to a single quantum of light. In
1909, Taylor [42] set out to answer that question using a gas flame as the
source of light, and using screens made of smoked glass to attenuate it. The
interference pattern was observed even with the faintest intensities. Through
simple energy considerations, Taylor concluded that there could at most have
been only one photon in the setup at any given time with the consequence
that the observed interference pattern could have been formed by that single
photon alone. This turned out to be a case of correct insight, albeit based
on erroneous reasoning since after about half a century, Hanbury Brown and
Twiss [21] concluded that thermal sources, such as gas lamps, produce pho-

27
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tons in bunches. Despite heavy attenuation, it is quite difficult to acquire only
single photons with such sources.

By 1956, when Hanbury Brown and Twiss (HBT) used intensity correla-
tions to resolve the angular diameter of Sirius [22], Michelson interferometry
(MI) with radio waves was the norm in astronomy. Measuring the angu-
lar diameter of a star using MI relies on observation of interference fringes
(amplitude-amplitude correlation) which requires precise alignment and ex-
treme stability, and moreover, the fringes are very sensitive to atmospheric
fluctuations. In the HBT experiment, on the other hand, light was col-
lected by two receivers and directed to two photo-multiplier tubes and their
current-correlation was then recorded. This amounted to a measurement of
the intensity-intensity correlation. The results of the HBT experiment caused
quite a stir and were received with general skepticism by physicists. HBT had
measured the fourth-order† coherence function g(2) = P (A,B)/P (A)P (B),
i.e., the probability of joint detection divided by the probability of singles de-
tection at A and B independently. Their measured value of g(2) = 2 indicated
the propensity of the photons to arrive in bunches which was a puzzle for the
physics community at that time. The argument was that since the star emits
photons at random, they are obviously uncorrelated so P (A,B) = P (A)P (B)
and g(2) should equal 1. After almost a decade of debate and uncertainty,
the question was finally settled by Glauber in a series of papers in the 1960’s
[19, 20]. Glauber explained the results of the HBT experiment in fully quan-
tum mechanical terms, showing that the thermal light emiited by a star does
indeed have correlations higher than those of a coherent state which, on the
contrary, has no correlations to any order and emits photons completely at
random. Thus, higher order correlation measurements became a standard
tool to characterise states and Glauber’s theory of optical coherence helped
the field of quantum optics into adolescence.

Observation of an interference pattern from single photons requires a light
source which emits photons more equally spaced in time compared to a co-
herent state, i.e, anti-bunched light. Such on-demand single-photon sources
have become available now, but still suffer from low efficiency. However, inter-
ference experiments with single photon sources have raised some interesting
questions: do photons interfere with themselves or each other? What discrim-
inates classical interference from quantum? Do quantum states offer any real
advantage, in e.g., information processing or computing, over classical states?

These are profound questions which have only recently been answered. In
any case, it is clear that interference phenomena is pervasive in physics, span-

†The function is fourth order in electric field amplitude and second order in intensity.
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ning the whole spectrum from classical to quantum, and that interferometry is
a useful tool to probe the properties of light itself as well as external parameters
in a given experiment. The next section describes an important experiment
with single photons and discusses the conditions necessary for quantum inter-
ference. Following that, we study interferometry as a tool for metrology and
probe the question of what discriminates classical from quantum interference.

3.1 Interference with single photons

One of the most curious manifestations of quantum interference is the Hong-
Ou-Mandel effect [26]. Two identical single photons incident on the two ports
of a (non-polarising) beam splitter are always seen to exit the outputs to-
gether, |1, 1〉 → 1/

√
2(|2, 0〉+ |0, 2〉), giving rise to the N = 2 NOON state.

Simultaneous coincidence counts are never observed, provided the photons
are indistinguishable with respect to all degrees of freedom. Increasing the
delay of one photon with respect to the other makes the photons distinguish-
able in time and therefore a revival of coincident counts in observed. The
visibility of the HOM dip indicates the distinguishability of the two photons;
with perfect indistinguishability the visibility of the interference curve should
be unity. However, this is hard to achieve in practice because of imperfect
(spatial) mode overlap at the beam-splitter.

(a) (b)

Figure 3.1: Hong-Ou-Mandel effect. (a) Two indistinguishable incoming photons
always exit the same port of the interferometer. Coincident measurements are never
observed. (b) Experimental results of the HOM interference (reprinted from [26]).
At the point of perfect temporal distinguishability, controlled by the position of the
beam-splitter with respect to each photon, the minimum in the dip is observed. As
the beam-splitter is displaced and the path length altered between the two photons,
the coincident count increases until the photons become completely distinguishable.
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As can be seen in Fig. 3.1 (b), increasing delay from the point of complete
distinguishability shows a monotonic increase of coincident detection proba-
bility. However, increasing the number of photons at the input modes shows
a non-monotonic trend in the coincident projection probabilities as the distin-
guishability is increased. This has been attributed to a revival of coherence
between different interfering photons, e.g., the |2, 1〉 state. It has also been
claimed that it is a general observation in quantum to classical transitions in
the interference of large number of particles [33].

Part of the explanation of this seemingly curious phenomenon is that gener-
alising the HOM experiment to higher photon numbers is not straightforward.
Inserting 2 photons at each input does not result in an N = 4 NOON state,
in contrast to the usual HOM observation. The resulting state is, in fact

|ψ〉 =
√

3√
8
|4, 0〉+

√
2√
8
|2, 2〉+

√
3√
8
|0, 4〉 , (3.1)

which includes the contribution from the |2, 2〉 state, in addition to the NOON
state constituents, |4, 0〉 and |0, 4〉.

3.1.1 Distinguishability Transformations
To analyse the effect of distinguishability, we model the input state in the
HOM experiment as a four mode state

|ψHOM2 (γ)〉 = cos(γ) |1, 1〉 ⊗ |0, 0〉+ sin(γ) |1, 0〉 ⊗ |0, 1〉 , (3.2)

where γ parameterises the distinguishability transformation, i.e., the delay in
this case, and ranges from 0 ≤ γ ≤ π/2. The first two kets in this equation
denote the early spatial modes and the ones to the right of the tensor product
refer to the late spatial modes. Thus as γ is increased from 0, the states
becomes a superposition of the early and late modes (Fig. 3.2).

As mentioned above, maximal interference of the input photons occurs at
the BS when γ = 0,

ÛBS |1, 1〉 ⊗ |0, 0〉 = 1/
√

2(|2, 0〉+ |0, 2〉)⊗ |0, 0〉 . (3.3)

Thus, an appropriate qualitative measure of the indistinguishability of the
input state is the projection probability onto the maximally interfering state:

I ≡ | 〈ψHOM2 (0)|ψHOM2 (γ)〉 |2. (3.4)

By a similar argument, to properly assess the indistinguishability of the pho-
tons at the output, one must project on the maximally interfered state of
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(a) (b)

Figure 3.2: (a) Schematic representation of the HOM experiment. Note that the
different colours of the photon wave-packets are meant to indicate different spatial
modes, not different frequency. (b) Early (left) and late (right) photon modes for each
degree of freedom (indicated by red and green). t-axis represents the time at which
the photons impinge on the BS. The indistinguishability transformation γ increases
downwards, and as it increases the state becomes a superposition of the early and
late temporal modes until finally one of the photon occupies the late mode only.

Eq. (3.3). However, experimental consideration allow only for coincident
measurements which means projection onto |1, 0, 0, 1〉 〈1, 0, 0, 1| instead of the
N = 2 NOON projector. For the simple case of 2-photon HOM interference,
the coincident projection probability still give rise to a monotonic trend as a
function of distinguishability transformation. This is not the case in general. A
HOM-type experiment with higher number of photons shows a non-monotonic
behaviour as a function of the distinguishability parameter if the state is pro-
jected on the improper projector. Moreover, even single photon states can be
projected onto states which tend to show a non-monotonic behaviour which
leads us to conclude that such an observed phenomenon is neither a result of
interference between higher photon numbers, nor a signature of quantum to
classical transition. We also perform such an experiment, presented in Paper
III, using the methods developed in Paper I which is the topic of the next
section.

In short, the degree of indistinguishability at the output for any state is
properly assessed by the overlap with the state that shows maximal interfer-
ence, Iout = | 〈ψ(0)|Û †Û |ψ(γ)〉 |2 ≡ Iin, where Iin indicates the indistinguisha-
bility measure at the input. It follows from this that, if the indistinguishability
at input varies monotonically, the properly measured interference at the output
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also shows a monotonic trend.

3.2 Quantum Metrology
Science is empirical and thus intimately tied to the limitations of measure-
ments that can be performed, and since nature is ultimately quantum me-
chanical, the best achievable precision in measurements is dictated by the
laws of quantum mechanics. The field of quantum optical metrology and its
related fields, such as quantum lithography, quantum sensing and quantum
imaging, utilise interferometry to perform precision measurements or imaging.
The Mach-Zehnder is an SU(2) interferometer (Fig. 3.3); a two-mode device
with a relative phase difference between the two modes. This relative phase-
shift carries information about the parameter one wishes to estimate such as
the distortion of space due to a gravitational wave in the LIGO [1] †.

c

d

Figure 3.3: Mach-Zehnder Interferometer. The state of the single photon after
passing through the beam-splitter becomes a superposition of the two output modes.
One of the paths experiences a phase-shift relative to the other. The paths are then
recombined and a suitable measurement Ô is performed at the output of the second
BS.

Just as we see bright and dark fringes in the Young’s experiment as the
path length of the two beams from the slit varies, the Mach-Zehnder interfer-
ometer also shows modulation of the intensity as a function of the phase-shift.
Using perfectly balanced 50:50 BS, given that there is no relative path length
difference between the two arms of the interferometer, all light exits the d

†Although the LIGO experiment employs the Michelson interferometer, it is mathemat-
ically equivalent to the Mach-Zehnder interferometer.
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port. With an introduction of a π phase-shift, light is seen to exit only the
c port. With intermediate phase difference, light exits both ports. It fol-
lows that measuring the intensity difference from the two output ports of the
Mach-Zehnder interferometer, the unknown phase between 0 to 2π can be
estimated.

As mentioned in Chapter 1, the optical elements such as the beam splitter
and the phase-shifter belong to the SU(2) group and are isomorphic to rota-
tions around the y and z axis, respectively. Using this, the overall unitary
transformation corresponding to the MZI can therefore be expressed as

ÛMZI = exp
[
i
π

2~Jy
][
−iφ

~
Jy

][
−i π2~Jy

]
(3.5)

We start with a single photon at the input of the beam splitter. The Majorana
representation of such a state is a single point at the north (or equivalently
south) pole of the Bloch sphere. The rotation of π/2 by the first beam splitter
rotates the state onto the x-axis†. Applying a phase-shift of φ rotates the
state clockwise on the equatorial plane, and the final beam splitter rotates it
into the yz-plane. One can see that this series of rotations corresponds to a
total rotation of −φ around the x-axis, therefore

ÛMZ = exp(iφJx/~). (3.6)

Using the Schwinger representation from Eq. (2.9), the above takes the form

ÛMZ = exp
[
i
φ

2
(
â†b̂+ b̂†â

)]
. (3.7)

The relation in terms of the input output modes is therefore expressed as(
â0

b̂0

)
= Û †MZ

(
â2

b̂2

)
ÛMZ , (3.8)

where 0 denotes the modes at the input of the first beam splitter, and 2 refers
to the output modes of the second beam splitter. The output field is then
measured using a suitable Hermitian operator Ô as the measurement observ-
able. One candidate for such an observable, as mentioned above, is the photon
number difference operator Ô = b̂†2b̂2 − â†2â2, corresponding to the intensity
difference, and another is the parity operator of one of the output modes

†Here, the convention that a positive rotation corresponds to a counter-clockwise rotation
about an axis is used.
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Π = (−1)(â†2â2).

Given a coherent state input in one of the ports |α〉 |0〉, the measurement
of photon number difference yields

〈Ô〉 = |α|2 cosφ = n̄ cosφ, (3.9)

where n̄ is the average photon number of the coherent state. Thus, the field
shows one modulation, on the order of λ, as the phase φ varies from 0 to
2π. This agrees with the Rayleigh diffraction limit which states that given a
light of wavelength λ, the minimal resolvable distance is λ/2. Moreover, the
variance is given by

∆O =
√
〈Ô2〉 − 〈Ô〉2 = |α|. (3.10)

Using error propagation one can then estimate (to a good approximation) the
precision of estimated phase

∆φ = ∆O
d〈Ô〉/dφ

= 1
|α|| sinφ| . (3.11)

Thus, the precision is optimal at φ = π/2, where the slope is the highest, and
is ∆φ = 1/

√
n̄. This is known as the shot noise limit and is a consequence

of the Poissonian statistics of classical light. One can increase the slope by
increasing the intensity, however, such an approach is not always feasible in
practice. In the field of bio-sensing, for example, the used samples are highly
light sensitive and therefore require probe fields of very low intensity.

In contrast, NOON states 1/
√

2(|N, 0〉 − |0, N〉) offer a metrological ad-
vantage. On account of the superposition, NOON states acquire an N times
phase-shift

ÛPS

[ 1√
2

(|N, 0〉 − |0, N〉)
]

= 1√
2

(|N, 0〉 − eiNφ |0, N〉). (3.12)

This is in contrast to the single photon superposition state 1/
√

2(|1, 0〉+|0, 1〉),
or even to an SU(2) coherent state |N, 0〉. By using these superposition states,
one sees N times faster oscillation. This behaviour of the NOON state is called
phase super-resolution, and in the context of quantum lithography seemed
promising in order to write features N times smaller than the wavelength
of light [7]. These features could be, for example, wires and transistors on a
computer chip. However, it was soon realised that quantum lithography suffers
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from a lack of efficient N photon absorbing resists. Nevertheless, by using
coincident detection, phase-super resolution has been employed in quantum
imaging [30]. The N times enhancement seen in phase super-resolution is a
consequence of strong correlations within the NOON state that give rise to a
shorter de Broglie wavelength, which also bears upon the estimated precision.
To estimate the precision, we need to use the parity observable since the
expectation value of the photon number difference does not behave in an
oscillatory manner for the NOON state. The precision is ∆φ = 1/N , which
is called the Heisenberg limit and, as the name suggests, derives from the
Heisenberg uncertainty relation. In chapter 4, the Heisenberg uncertainty
relation is discussed in detail. One application of Heisenberg limited metrology
has been demonstrated by Crespi et al. [12], who have used the NOON state
with N=2 to measure the concentration of a blood protein in an opto-fluidic
device. The solution has a concentration dependent refractive index which
induces a relative phase shift between the two arms measured by coincident
detection.

Phase super-resolution was considered a manifestly quantum feature. How-
ever, it has been shown recently that one can achieve phase super-resolution
using classical light, but instead of a two-port interferometer such as the Mach-
Zehnder interferometer, one requires an multi-port interferometer [34]. Thus
one can only achieve phase-super resolution using classical light provided one
uses a non-SU(2) interferometer. This avoids the difficult problem of gener-
ating quantum states, such as high optical non-linearities required for single
photons from parametric down conversion. Moreover, using time-reversal sym-
metry of quantum mechanics, Resch et al. [34] have further shown that it is
possible to swap the generation with detection, the point of merit being that it
is easier to detect non-classical states, such as the NOON states, than to gen-
erate them. However, the important point is that the cost of a non-linearity
has to be paid, either at the generation stage or at the detection.

It is now completely understood that only the shortening of the period
seen in phase-super resolution cannot be attributed to quantum effects. In-
efficient detection and losses can lower the visibility of the detected signal,
despite the increase in the number of oscillation with the consequence that
the maximum slope becomes comparable to the slope of a signal with only a
single oscillation per cycle.

Finally, the Majorana representation indicates which states apart from the
NOON states are also metrologically useful. The more symmetric a distribu-
tion of points for a given state, the higher is its metrological utility. The
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anti-coherent spin states mentioned in Chapter 2 are also metrologically sig-
nificant for the same reason. Moreover, the stars of the quantum universe
discussed by Björk et al. [4] are also interesting since they show maximum
sensitivity to rotation about any arbitrary direction.

3.3 Projecting non-classical two-mode states via Majo-
rana representation

Recall from Eq. (2.18), that the Majorana representation allows us to write
any two-mode N photons state as a direct product of N two-mode, single
photon states:

|ψ〉 = bN (â† − z1b̂
†)(â† − z2b̂

†) · · · (â† − znb̂†) |0, 0〉 . (3.13)

To project out the arbitrary state |ψ〉, each of the normalised factors in the
Majorana representation (â†−znb̂†) |0, 0〉 is implemented as an arm of an inter-
ferometer with two wave plates. The first one compensates the relative phase
between an and bn by θn = −Arg(zn), transforming the elliptically polarised
state to a linearly polarised state. The second wave-plate is a polariser rotated
to the angle ρn = arctan |zn| to allow the linearly polarised state to pass while
blocking the orthogonal polarisation. Each arm is thus an SU(2) interferom-
eter. However, the interferometer an a whole is non-SU(2). If the detectors
in each of the arms fire coincidently, the state has been projected probabilis-
tically. As an example consider the NOON N = 4 state in Eq. (2.20). Given
that 4 photons enter the setup shown in Fig. 3.4, the coincident click in each
of the four detectors projects out the NOON state. The success probability
is approximately 2.34%: The probability of two photons exiting at each out-
put mode of the first beam splitter is 3/32, which is multiplied twice by 0.5,
the probability of coincident detection at each of the final beam splitters, to
yield the stated success probability. there is some success probability of coin-
cident detection albeit much lower than for the 4 photon input state. Thus,
non-classical resources are not required in principle for the probabilistic pro-
jection of non-classical states. It is worth reiterating here that it is only the
non-linear construction of the interferometer and the subsequent non-unitary
measurement process of post-selection that allows the non-classical states to
be detected.

Moreover, splitting a two-mode coherent state spatially into N paths re-
sults in a product state of identical coherent states |α/

√
N, . . . , α/

√
N〉. The

projection probability in each arm is therefore independent of any other pro-
jection probability. The total probability then is simply the product P =
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Figure 3.4: Setup for projecting NOON N = 4 state from a |4, 0〉 input state.
Each arm of the interferometer (dashed boxed) is designed to project each factor
in the Majorna representation of the NOON N = 4 state as given in Eq. (2.21).
The quarter-wave (QWP) and the half-wave plate (HWP) combined project out the
circular polarisations and the arm with only the HWP is used to project linear hori-
zontal/vertical polarisations.

∏N
n=1 Pn of N individual projection probabilities [19, 20]. Thus, given a co-

herent state input, instead of implementing each arm of the interferometer
in parallel (splitting in space), one can instead implement the arms in series,
i.e., split in time. Fig. 3.5 shows the concept schematically. This follows from
the fact that a coherent state does not have any correlations in space or time:
Glauber in 1960’s showed that the n-fold coincidence probabilities are com-
pletely uncorrelated for the coherent state. Experimentally, this allows for a
considerable simplification since one can implement one arm at a time, record
the detected signal, modify the setup and implement the second arm and so on.
Note that this would not be possible for a thermal state, since an attenuated
thermal state has different statistics than the unattenuated state. However,
the is a limitation in using the coherent state. It is imperative that the exci-
tation of the coherent state is low enough so that the probability of detecting
photons higher than N remains low. This reduces the success probability and
increases the time for the experiment.
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Laser

Laser

Laser

(a) (b)

(c)

Figure 3.5: Splitting a coherent state. (a) A beam splitter splits the coherent state
|α〉 impinging on one of its input ports into uncorrelated product states, |tα, rα〉,
where t and r denote the transmission and reflection parameters of the beam-splitter
(BS). (b) Two phase-stabilised lasers with adjusted excitations produce the same
output state. (c) This can also be achieved by a pulsed laser, with different time
modes equivalent to the t and r modes.

3.4 Arbitrary interference patterns
To see the interference pattern of the projected state, one can add a phase-
shifting element that scans the relative phase shift between the two modes
from 0 to 2π and adapting the N arms of the interferometer according to the
above prescription as shown in Fig. 3.6. Thus, not only is it possible to detect
features of non-classical states with a coherent state input and linear optics, it
is also possible to have manipulated the states prior to detection. In principle,
the visibility of interference patterns thus constructed can be 1.

Moreover, one can approach the problem from the opposite end, namely
given an interference curve, one can ask if it is possible to reconstruct the
state the generates it?

Given a coherence state input, the projection probability is given by

P (φ) ∝ | 〈α, α| Û †(φ) |ψ〉 |2 (3.14)

= α2N exp(−2α2)|
N∑
n=0

bn exp(iαn)|2. (3.15)

In the expression above, the sum enclosed inside the absolute sign can be
recognised as the truncated Fourier series. Thus, we can write the Majorana
representation of the state from the Fourier series expansion of an arbitrary
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Figure 3.6: Setup for synthesising arbitrary interference patterns. A weakly excited
coherent state, diagonally polarised, impinges on a birefringent wedge that imparts
a phase-shift φ between the horizontal and vertical polarisation. The beam is sub-
sequently divided into N paths using non-polarising beam splitters. In each path a
certain polarisation state is projected out with the use of a birefringence wedge set
to the differential phase θn and a polariser set at ρn. Coincident detection at all N
detectors projects out the required interference pattern.

interference pattern. The coefficients from the series expansion are inserted
in the expression for an arbitrary state which can be factorised to obtain the
Majorana representation.

We have used this method to synthesise unusual, non-sinusoidal interfer-
ence patterns. These include rectangular, saw and phase-differential patterns,
presented in Papers I & II. We’ve also shown N = 10, 15, 30 and 60 NOON
states. All of these patterns can in theory be obtained with unit visibility,
but in imperfect optics, photon dark counts and reduced detector efficiency
lowers the achieved visibility. In our experiment, the quartz wedges used to
impart a differential phase shift are mounted on translation stages and ro-
tational stages control the polariser position. The precision of these stages
contributes to random errors.

The method can be directly scaled up to classical detectors with the use
of ordinary silicon photo-diodes. In that case, the projection probability p(φ)
is proportional to photocurrent.

In conclusion, since it is possible in principle to synthesise arbitrary inter-
ference patterns with unit visibility, neither the shape nor the visibility are
good discriminators of classical vs. quantum interference. Careful accounting
of the resources is necessary to estimate the success probability which is much
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higher using single-photon sources instead of a highly attenuated coherent
state as input. However, the difficulties in obtaining on-demand single photon
sources and the great experimental simplicity afforded by using a coherent
state input is a good motivation to use the latter.





Waves and Particles Photons and atoms manifest both wave and particle prop-
erties depending on the experiment performed to probe them. The illustration is
inspired by the work of M. C. Escher.
Image Credits: Peter Shadbolt, Nicolas Brunner and colleagues. Used with permis-
sion.



Chapter 4

Uncertainty Relations

In the early 1910s, one of the outstanding conundrums in the field of atomic
physics was the observed spectral lines of various elements, Helium being the
prime example. It was known that elements absorbed and emitted light of par-
ticular frequencies but the underlying physics was not known. Another related
mystery was the stability of orbiting electrons around the nucleus; electrons,
being charged particles, should radiate energy as they revolve around the nu-
cleus, ultimately falling into the nucleus. In 1913, Bohr apparently settled
both these issues by postulating that the electrons revolve around the nucleus
in certain stable orbits without radiating any energy. The electrons could only
transition between these orbits by absorbing and emitting light of frequency
corresponding exactly to the difference in energies between the two orbits.
Thus, in line with the progress made earlier in that century, not only was
light understood to be emitted and absorbed in discrete quanta, even matter
itself was explained to transition by analogous quantum jumps∗. The expla-
nation created as many questions as it answered, but was nevertheless hugely
successful in explaining the spectral data.

In 1925 Heisenberg, Jordan and Born developed the matrix mechanics
formulation [6] of quantum physics which was able to describe the atomic
transitions with spectacular accuracy at the cost of Bohr’s definite orbits. In
a clear departure from classical physics, all measurable dynamical variables
(observables), such as momentum and position, were represented by matrices
in matrix mechanics. Since matrices do not commute in general, neither do
their corresponding observables, the implication of which were to be clarified
by Heisenberg in a couple of years. In the meanwhile, Schröndinger presented

∗Ironically, Bohr was not a proponent of the light-quanta.

43
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his wave-mechanics formulation which, though not without issues of its own,
was favoured by the physics community over the mathematically arcane matrix
mechanics due to its intuitive description as well as similarity with the classical
field theory. It described atomic transitions as resonance phenomena of the
electron’s standing wave around the nucleus. Both descriptions were later
shown to be equivalent, mostly by Dirac and in part by Schrödinger himself.
Dirac recognised the commutators of matrix mechanics as being equivalent to
the Hamilton-Jacobi formalism. However, neither approach could overcome
the measurement impasse; the quantum jumps of the electron transitions were
discontinuous, instantaneous phenomena and in principle the only empirical
reality. It was not possible to observe an electron during its orbit around
the nucleus. Counter to classical expectations, the theory gave no description
of the trajectory of the electron, and even seemed to suggest that there was
no meaningful way to talk about the trajectories of particles in the quantum
world.

Heisenberg presented his uncertainty principle in the seminal paper of 1927
[23]. He argued that the future trajectory of the electron inside the atom could
not be accurately calculated because its momentum and position could not be
precisely known already in the present. The uncertainty in the position and
the uncertainty in the momentum follow a trade-off relation

δxδp ≥ ~/2, (4.1)

so that the precise determination of one precludes the other. Kennard [27]
later formulated these uncertainties as standard deviations of position and
momentum

∆x∆p ≥ ~/2. (4.2)

The Robertson-Schrödinger uncertainty relations [35, 36, 39] generalises the
concept to any pair of non-commuting operators

(∆A)2(∆B)2 ≥
∣∣∣∣14〈{Â, B̂}〉 − 〈Â〉〈B̂〉

∣∣∣∣2 + 1
4 |〈[Â, B̂]〉|2, (4.3)

where (∆A)2 = 〈Â2〉 − 〈Â〉2 is the variance. The expression allows for non-
canonical uncertainty relations based on the commutation relations of the two
involved operators.

Today, the Heisenberg uncertainty relation is understood mainly as prepa-
ration uncertainty - fluctuations in measurements of position and momentum
on an ensemble of identically prepared states. Given one ensemble, we choose
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to measure either position or momentum in a given run of the experiment.
The product of the dispersion, or variance, in the collected experimental data
for position and momentum respectively is bounded by the above expres-
sion. Thus, the Heisenberg uncertainty relation does not imply simultaneous
measurement of the two observables and neither does it deal with the mea-
surement disturbance even though Heisenberg’s original presentation included
all of these ideas. This is hardly surprising since Heisenberg predated the sta-
tistical interpretation of quantum mechanics. This chapter is restricted only
to the preparation uncertainty relations.

4.1 A note on complementarity

A related, though distinct, concept to uncertainty in quantum mechanics is
complementarity. The most famous complementarity relation is the wave-
particle duality due to Bohr. There has been some debate about whether
uncertainty relations and complementarity relations are equivalent†. Bohr
considered complementarity as an overarching principle of which Heisenberg
uncertainty relations were one manifestation. Heisenberg himself, both in
his initial papers and the subsequent Chicago lectures [24] considered only
the relations themselves, without discussing the concept of complementarity
in detail. Englert [14] in deriving his distinguishability-visibility inequality,
D + V ≤ 1, emphasises that it is independent of, and not derived from, any
uncertainty relation. He shows that both the distinguishability and visibility
depend on the same operator whereas for an uncertainty relation two different
operators are required. This has been challenged recently by Coles et al. [11],
who have also claimed that by using entropic uncertainty relations one can
show the equivalence of uncertainty and complementarity relations.

However, what is clear is that both complementarity and uncertainty rela-
tions are a consequence of the non-commutativity of the observables. We will
develop and discuss the implications of this fact for variance based uncertainty
relation.

4.2 Uncertainty relations in optics

The analogous operators to position and momentum for the electromagnetic
field are the quadratures, or equivalently the position and momentum of the

†For a nice review related to interferometry, see [9].
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harmonic oscillator

X̂1 = 1
2(â+ â†), X̂2 = 1

2i(â− â
†), (4.4)

where â and â† are the annihilation and creation operators for the quantised
single-mode field. Based on the commutation relation of the creation and an-
nihilation operators, [â, â†] = 1, the commutation relation for the quadratures
is

[X̂1, X̂2] = i

2 . (4.5)

Inserting this in the Robertson-Schrödinger uncertainty relation, it follows
that

(∆X̂1)2(∆X̂2)2 ≥ 1
16 . (4.6)

The coherent state minimises the above product and therefore belongs to
the class of minimum uncertainty states, of which squeezed states is another
example.

Since interference by definition involves more than one mode, a more ap-
propriate approach it to use the Cramer-Rao inequality from the quantum
estimation theory for the two-mode interferometry,

∆φ ≥ 1√
F
, (4.7)

where F = 4∆2n̂1 is the Fisher information. Here, φ is understood as the
externally applied phase-shift and ∆2n̂1 is the variance in the photon number
in mode-1. We see that for the N -photon NOON state, ∆φ ≈ 1/N which is the
Heisenberg limit. This can also be inferred from the Majorana representation
of the NOON state; an N photon NOON state requires only a 2π/N rotation
around the z-axis (equivalent to an applied phase-shift) to map onto itself.

It is worth stating here that the more commonly known uncertainty rela-
tion between number and phase operator [∆n∆φ] ≥ 1 has been purposefully
avoided here. The foremost reason is that the phase operator is not well-
defined which is contrary to the operationally defined phase-shift operator
used in the Cramer-Rao inequality. Secondly, it is also not clear how the in-
equality should be applied to multi-mode states. For handwaving argument, it
is, however, possible to take the operational approach and interpret the num-
ber operator as the number difference operator and the phase as the relative
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phase-shift and derive the shot noise limit for the coherent state. To derive
the Heisenberg limit for the NOON state however, the number operator has
to be interpreted differently.

To conclude, coherent states are minimum uncertainty states, reaching
the lowest possible product of uncertainties for the (X1, X2) observable pair.
However, they are not metrologically advantageous in the sense of providing
phase super-sensitivity.

4.3 Uncertainty relations for angular momentum oper-
ators

We saw in Chapter 1 that rotations around axes do not in general commute
and consequently the generators of these rotations do not commute as well.
For the SU(2) group, the relevant commutation relation is [Jk, Jl] = i~Jm,
leading to the uncertainty relation

(∆Jk)2(∆Jl)2 ≥ 1
4 |〈Jm〉|

2, (4.8)

where {j, k, l} = {x, y, z} as before and ~ has been set to 1. This uncertainty
relation is non-canonical and thus does not provide a simple trade-off relation
between the involved quantities. Moreover, a few issues become readily evident
on inspection. First, the left hand side is zero for the eigenstates of the
two operators and thus the uncertainty relation becomes trivial. Second, the
relation is not SU(2) invariant: states transformable into one another via
SU(2) relations give different bounds. Suppose we start with (|↑〉 + |↓〉)/

√
2,

i.e., the eigenstate of the Jx operator. The variance for Jx is then obviously
zero for the given state. However, the state can be rotated to |↑〉 via a suitable
SU(2) operation - a beam splitter in this case. As a result, the uncertainty
product is now non-zero. Ideally we would like an uncertainty relation that is
the same for all the states on the same orbit, i.e., mutually transformable to
each other via SU(2) rotations.

4.3.1 Operational uncertainty relations
Our first attempt to address these issues is to take an operational approach by
considering the covariance matrix which encapsulates complete second-order
statistics of the angular momentum operators

Γkl = 〈JkJl + JlJk〉/2− 〈Jk〉〈Jl〉. (4.9)
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The matrix is hermitian by construction, i.e., it has real eigenvalues, and
corresponds to experimentally measurable quantities. Since it is symmetric,
the covariance matrix can always be diagonalised, leaving only the principle
variances in the rotated frame(∆Jx)2 0 0

0 (∆Jy)2 0
0 0 (∆Jz)2

. (4.10)

Moreover, being a second rank tensor, it has three invariants; the determinant,
the sum of the principle minors and the trace, which allows us to write three
uncertainty relations in terms of its three principal eigenvalues (λ1, λ2, λ3)

0 ≤ λ1λ2λ3 ≤ 〈J3
0 (J0 + 1)3〉/27, (4.11)

〈J2
0 〉 ≤ λ1λ2 + λ2λ3 + λ3λ1 ≤ 〈J2

0 (J0 + 1)2〉/3, (4.12)

〈J0〉 ≤ λ1 + λ2 + λ3 ≤ 〈J0(J0 + 1)〉. (4.13)

In deriving the above we have used the Schwinger boson representation of the
angular momentum operators introduced in Chapter 3, namely, Jµ = â†σµa/2
with µ = {0, x, y, z} and consequently J0 = 2N . The upper and lower bounds
are saturated by the NOON states and SU(2) coherent states, respectively.
Thus, the SU(2) coherent states |N, 0〉 are also minimum uncertainty states,
similar to the coherent state |α, α〉, which minimises the quadrature uncer-
tainty relations, as shown earlier. It is also worth stating explicitly here that
these relations are by construction appropriate for a two-mode analysis in
contrast to the quadrature and number-phase uncertainty relations.

It follows that even though the relations are still state dependent, they
are SU(2) invariant since the eigenvalues of the Γkl matrix are SU(2) invari-
ant. For each excitation manifold N , the Casimir operator J0 is a constant
by definition, leading to non-trivial lower bounds for all inequalities, except
Eq. (4.11). Further comparison of the three relations, we find that the bounds
of the trace relation encapsulates those of the other two. Thus the trace rela-
tion is the most restrictive, and hence the most useful.

In variance space with (〈(∆Jx)2〉, 〈(∆Jy)2〉, 〈(∆Jz)2〉) as the axes, the
eigenvalues of the covariance matrix (λ1, λ2, λ3) for a particular state denote
a point. The rotation of the state around any of the 3 axes in the Bloch
sphere corresponds to the permutation of these eigenvalues, i.e., the points
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transform linearly. Hence the variance point (λ1, λ2, λ3) can be transformed
into (λ1, λ3, λ2) by a simple rotation on the Bloch sphere, and the correspond-
ing points are connected by a line. It follows that given the degeneracy of
the eigenvalues, one obtains a polygon which is the convex hull of the allowed
variance points for a given state, and by extension for all state on its SU(2)
orbit. Furthermore, all states on the boundary and inside the polygon corre-
spond to physically realistic states. Threefold degeneracy of the eigenvalues
leads to an irregular hexagon as shown in Fig. 4.1.

Figure 4.1: Convex hull of the allowed variance points for a given orbit. Rotation of
the state around the axes of the Bloch sphere leads to the permutation of covariance
matrix eigenvalues. These permuted eigenvalues form the vertices of the convell hull
of the allowed variance values. The surface normal of the polygon is along the (1,1,1)
direction.

For N = 2, the upper bound and lower bounds of the uncertainty relations
formed by the NOON state and the SU(2) coherent state, respectively lead to
the shown triangles in Fig. 4.2. The question then arises if all of the points in
between these planes correspond to physical states. To investigate this, a more
systemic approach is required, one that generates the permissible variance
triplets for all the states in a given manifold. We use the orbit generating
states for N = 2 and N = 3, given in Chapter 2, to find all possible orbits in
a given manifold and calculate their covariance eigenvalues. Each of the orbit
generates its own polygon in variance space. Having obtained all the possible
polygons for all the orbits in a given manifold, they are stacked together to
form the volume of permissible uncertainty triplets presented in Paper V. The
resulting figures have a non-trivial structure which cannot be arrived at purely
from the uncertainty relations presented earlier.
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Figure 4.2: The variance bounds for N = 2. The triangle closer to the origin
corresponds to the variance values for orbit of the SU(2) coherent state while the
upper triangle is for the NOON state orbit.



Chapter 5

Summary of main results

5.1 Synthesis of arbitrary, two-mode, high-visibility N-
photon interference patterns - Paper I

The paper is a proof of principle demonstration of using a highly attenu-
ated coherent state input and linear optics to construct arbitrary interference
patterns. Using the method described in chapter 3, we synthesise unusual
interference patterns such as square and triangular, as a function of the ap-
plied phase-shift. We also show the increased frequency of the N = 60 NOON
state. Since the method allows us to construct any interference pattern, we
argue that neither the shape nor the visibility of an interference pattern in-
dicates whether quantum or classical resources have been employed. It is
the non-linearity of the measurement scheme that allows for the projection
of quantum states or for the construction of interference patterns normally
associated with those states. The essential point is that it is easier to pay the
necessary cost of non-linearity at the measurement stage rather than at the
input, i.e., detect rather than generate. This is line with the scheme proposed
by Hofmann [25] and by Resch et al. [34] to detect NOON states. However,
our method is more general as it allows for the detection of any arbitrary
state. Moreover, we demonstrate an experimental simplicity in consequence
of the lack of correlations in the coherent state. To project out a N = 60
NOON state by conventional means, one would normally require an appro-
priate interferometer with 60 arms, each with its own single photon detector.
Coincident detection in all of the 60 arms would then project out the required
state. Alternatively, using a simplified interferometer, one requires photon
number resolving detectors.
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The major insight in our paper is that, a coherent state remains a coherent
state if one splits it in time or space. Namely, one doesn’t need to split the
state in 60 spatial-paths simultaneously, but instead one can implement each
arm of the interferometer one by one, record the counts and multiply the
projection probabilities. The time taken for such an implementation is longer,
but the pay-off is that the experiment is considerably easier to implement.

The interference patterns can be constructed with unit visibility using our
method and hence we argue that neither the shape nor the visibility is a
good indicator of quantum interference. The essential point is that visibility
is in general not a good metric for the success probability of quantum state
generation and measurement. Careful consideration of the used resources leads
to the correct conclusions about phase-sensitivity; even though our results
show phase super-resolution with up to 86% visibility for the N = 60 NOON
state, it is clear that we are far above the Heisenberg limited phase sensitivity.

5.2 Arbitrary interference curves by coincidence detec-
tion: theory and experiment - Paper II

This paper extends the scheme of Paper I to completely classical methods.
We argue that, at a further expense of success probability, the scheme can
be implemented using classical detectors, i.e, silicon photodiodes instead of
the single-photon sensitivity avalanche photodiodes. We demonstrate δ-like
interference patterns, with an increasingly narrower peak as the number of
arms in the interferometer are increased.

We discuss the optimisation in detail and find that in the case the required
projectors are pairwise orthogonal in polarisation, e.g., in the case of NOON
states, one not only saves on experimental complexity, but also gains in suc-
cess probability. We also carry out a detailed error analysis. As mentioned
for Paper I, the projection visibility can in principle be 1, but in practice is
lower due to e.g., photon dark counts, imperfect mode overlap, and imperfect
polarisation optics. All of the polarisation optics except the beam splitters
used in the experiment are mounted on motorised stages and the visibility as
a result is limited by the precision of these. Finally, the detector efficiency
also contributes to the uncertainty in the detected signal. The error analysis
is relatively simple since we employ a coherent state input. If another input
such as a thermal state is used, the analysis is complicated by the fact that
a thermal state has correlations in contrast to the coherent state and con-
sequently the intensity fluctuations from the different detectors will also be
correlated.
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5.3 Non-monotonic projection probabilities as a func-
tion of distinguishability - Paper III

The quantum mechanical description of interference relies on indistinguisha-
bility of the interfering entities. In the case of the Hong-Ou-Mandel effect,
these involve the indistinguishability of the two photons in time; delaying one
photon with respect to another at the input of the beam-splitter make the
photons distinguishable with respect to each other which results in their co-
incident detection at the output modes. We argue that the proper way to
assess the indistinguishability at the input is by measuring its overlap with
the maximally interfering state which always shows a monotonic decrease as a
function of the chosen distinguishability parameter. Extending the discussion
to higher number of photons in the HOM-type experiment such as two pho-
tons enter each input mode of the interferometer, it has been claimed that the
non-monotonic behaviour is due to a revival of coherence between the inter-
fering terms [33]. We argue on the contrary and demonstrate that by choosing
the proper measure of indistinguishability, even for the higher photon number
experiment the projection probability decreases monotonically with respect
to the distinguishability parameter. Moreover, we also demonstrate that by
choosing an improper indistinguishability projector, one can also observe a
non-monotonic trend for even single photon states. Thus, non-monotonicity
is neither related to coherence revival, nor is limited to higher photon numbers.
It is an artefact brought about by the choice of projectors.

We also generalise the concept of distinguishability transformations to
other mechanisms in addition to time overlap, such as polarisation and linear
loss. We experimentally verify the non-monotonic polarisation distinguishabil-
ity transformation for the two photon case. The indistinguishability projector
is chosen on purpose not to be proper to demonstrate our claim. The experi-
ment is carried out using the methods of Paper I, i.e, by using an attenuated
coherent input and post-selecting the two photon case.

5.4 Reply to comment on ‘non-monotonic projection
probabilities as a function of distinguishability - Pa-
per IV

In light of the criticism by authors of the comment to our paper, we clarify
that we do not consider the decrease of probabilities, either monotonic or oth-
erwise, as a function of increasing distinguishability as a quantum to classical



54 CHAPTER 5. SUMMARY OF MAIN RESULTS

transition. It is, in fact, this particular interpretation that we object to in our
paper. We further reiterate that such a non-monotonic dependence on the
distinguishability parameter can also occur for single photon fermionic states,
which we already accounted for the paper. Our definition of distinguisha-
bility includes any mechanism that effects interference, and consequently we
do not discriminate between predictability, decoherence etc, and also do not
categorise the distinguishability transformations into unitary or non-unitary
processes. We finally state that since such a non-monotonic behaviour can be
observed for a wide variety of interference cases and even for single particle
fermionic and bosonic cases, such an interference signal does not necessary
accompanies transitions from quantum to classical regime.

5.5 SU(2) uncertainty limits - Paper V
The first part of the paper presents three operational uncertainty relations
involving all three angular momentum operators. These relations fix two major
issues related to conventional Heisenberg-Schrödinger uncertainty relations for
the SU(2) group, namely the trivial bound for the eigenstate of the involved
operators and the non-invariance of bounds for two states connected via an
SU(2) transformation. Despite this, we find that these uncertainty relations
do not belong to the domain of physically realisable states. For example, the
variance triplet (0.75, 0.75, 0.25) satisfies all three relations but no pure two-
mode state has these values of variance. In order to demarcate the uncertainty
bounds for all pure states in a particular manifold, we systematically calculate
their variance triplets via their Majorana representation. Since the Majorana
representation is SU(2) invariant, finding the variance triplet for one state is
equal to the variance triplets for all states in its orbit, i.e., transformable via
and SU(2) transformation or by a rotation on the Bloch sphere in other words.
Thus, the convex hull of variance for each orbit in a particular excitation
manifold is a polygon with the number of sides decided by the degeneracy
of the variance values. Stacking the polygons together gives the non-trivial 3
dimensional bounds for all permissible variance values. The points just outside
the “waist” of the structures for both N = 2 and N = 3 are allowed by all
three uncertainty relations, but do not correspond to any physically realistic
pure, two-mode states. However, mixed states, though restricted between the
planes of the SU(2) coherent state and the NOON state, do not necessarily
lie inside the presented uncertainty volumes of the pure states.



Chapter 6

Conclusions and Outlook

We have presented the powerful method of Majorana in the context of quan-
tum optics. Experiments related to interferometry and theoretical research
into the polarisation properties of light have been presented. Fundamentally,
the method allows the representation of a symmetric state of arbitrary an-
gular momentum (qudit) on the same geometry as that of a 2-level system
(qubit). The d = n + 1 level qudit corresponds to n unordered points on the
surface of the Bloch sphere. In Chapter 2, we’ve seen how this Bloch sphere
representation allows for easy recognition of SU(2) orbits: since any SU(2)
transformation rotates the representative constellation of points rigidly, all
states on the same orbit have the same relative position of points. Hence,
states connected by any arbitrary SU(2) transformation can be identified by
their signature representation.

We’ve employed the Majorana representation for projecting out arbitrary
N -photon two-mode states from a weakly excited coherent state by means
of a multi-port interferometer and post-selection, as discussed in Chapter 3.
The method thus allows us to construct arbitrary interference patterns. By
employing the Fourier series expansion, we show in Paper I and II that it
is also possible to use the method to experimentally construct the state and
the interferometer corresponding to a given interference pattern both in the
classical and the quantum regime. Using the technique, we’ve constructed
unorthodox patterns such as those corresponding to rectangular, triangular
and delta functions. We’ve also shown N = 60 phase super-resolution, i.e., a
60 times faster oscillating signal than what one ordinarily observes. Given that
it is possible to construct any arbitrary interference pattern, we argue that
neither the shape nor the visibility of the interference curve is an indication of
whether quantum resources have been employed, or more generally, if it can
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be attributed to quantum interference. However, correct accounting of the
resources can indicate whether the interference exhibits phase super-sensitivity
- the precision with which an unknown phase can be estimated - which is a
manifestly quantum phenomenon.

The construction of arbitrary interferometers to project out required states
is relevant for designing photonic gates. With the current emphasis on inte-
grated quantum photonic devices, and the realisation that perhaps a modular
approach might be more beneficial instead of full integration, fixed circuits
which project out particular quantum states might find high utility in appli-
cations such as sensing.

By construction, the Majorana representation is only valid for states with
SU(2) symmetry. The factorisation method used to find the Majorana repre-
sentation presented in Chapter 2 relies on the fundamental theorem of algebra
— any single variable polynomial of degree n can be completely factored over
the field of complex numbers. The single variable in our case is defined as the
ratio of the creation operators of the two modes. Factorisation of a multivari-
ate polynomial, on the other hand, is a much harder problem with no general
solutions. For some cases, the factorisation may as well exist, but even so the
geometric representation will be hard to visualise. For example, the relevant
geometry for the SU(3) case is the surface of a 5 dimensional sphere. Visual
representation of a state on such a geometry is a daunting task in itself, with
the result that any possible benefits for the approach will be severely min-
imised.

We also use the Majorana representation to investigate uncertainty re-
lations for the SU(2) group constituting the angular momentum operators
(Jx, Jy, Jz) along the three Euclidean directions. Uncertainty relations pro-
vide a useful heuristic for assessing the metrological utility of states. For
example, states with higher sum uncertainty tend to be metrologically advan-
tageous. As noted earlier, such states have a symmetric distribution of the
representative points on the Bloch sphere.

It is obvious that the covariance matrix approach can be extended to
higher number of operators, and by extension, to symmetries other than SU(2).
The eight Gell-Mann operators together form the SU(3) group, and similar
uncertainty relations as those presented for the SU(2) group can be written.
However, as we’ve noted, these uncertainty relations falls short in delineating
real, physical bounds, remaining limited in utility. Finding a similar volume
for the all permissible variances presented in Paper V will not be possible
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for the SU(3) group due to the factorisation issue discussed in the preceding
paragraph.





Appendix A

The Young Tableaux

The Young tableaux is a useful bookkeeping technique to categorise states
according to their permutation symmetry. Each box represents the state of
an individual particle. In the case of an electron, for example, the box can have
either 1 or 2 inside, denoting the case of spin-up or spin-down. Symmetric
tableau are represented by horizontally combined boxes , whereas vertically
stacked boxes represent antisymmetric states. Boxes can be combined
according to the following rules:

1. The numbers inside the boxes should always increase in going down-
wards.

2. Numbers should either remain the same or increase from left to right.

For the two electron system, the allowed symmetric states are therefore:
1 1 , 1 2 , 2 2 . We see that the only allowed anti-symmetric state,

according the rules enumerated above is: 1
2 .

The method can be easily extended to more particles and even to higher
dimensional systems. For three level particles, for example, numbers 1—3 are
used to denote the three basis states.
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Appendix B

Derivation of spherical
harmonics from the Majorana
Representation

This useful method of deriving the spherical harmonics from Majorana repre-
sentation is based on the exercise [22.34] from [32]. We start by considering
two antipodal points on the Bloch sphere, represented by two 2-component
spinors ξA and ηA. Recall from Chapter 1 that a 2-component spinor has one
index. These 2-component spinors have the following components in terms of
the spherical polar coordinates:

{ξ+, ξ−} = eiφ/2 cos(θ/2), e−iφ/2 sin(θ/2), (B.1)
{η+, η−} = −eiφ/2 sin(θ/2), e−iφ/2 cos(θ/2), (B.2)

where + and - are used to denote the up and down components, respectively,
consistent with the convention used in Chapter 1. In terms of these compo-
nents, the state |1, 0〉 with j = 1 can be expressed as

|1, 1〉 = ξ+η+ = −eiφ sin(θ/2) cos(θ/2), (B.3)

which simplifies to −eiφ sin(θ). This can be recognised as the unnormalised
spherical harmonic Y11. Similarly for the other states in the j = 1 symmetric
sector:

|1, 0〉 = ξ+η− + ξ−η+ = cos2(θ/2)− sin2(θ/2) = cos(θ), (B.4)
|1,−1〉 = ξ−η− = eiφ sin(θ/2) cos(θ/2) = eiφ sin(θ), (B.5)
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REPRESENTATION

which are equal to Y10 and Y1−1 respectively. The summation in Eq. (B.4) is
due to the fact that we have to consider all possible permutations of particles.
On the same lines, for j = 2 we get the following table:

|2, 2〉 ξ+ξ+η+η+ ei2φ sin2(θ)
|2, 1〉 ξ+ξ−η+η+ + ξ+ξ+η−η+ eiφ sin(θ) cos(θ)

|2, 0〉 ξ+ξ+η−η− + ξ−ξ−η+η++
4ξ+ξ−η+η−

3 cos2(θ)− 1

|2,−1〉 ξ+ξ−η−η− + ξ−ξ−η−η+ e−iφ sin(θ) cos(θ)
|2,−2〉 ξ−ξ−η−η− e−i2φ sin2(θ)

Higher spherical harmonics can be derived in the similar way. Note that only
spherical harmonics corresponding to integer values of j are arrived at using
the above method. For spin-weighted spherical harmonics corresponding to
states with half-integer values of j, the method is still valid, but becomes more
involved.
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