
Dynamics and Thermodynamics of Translational and
Rotational Diffusion Processes Driven out of

Equilibrium

RAFFAELE MARINO

Doctoral Thesis
Stockholm, Sweden 2017



TRITA-CSC-A-2017:13
ISNN 1653-5723
ISRN-KTH/CSC/A–16/13-SE
ISBN 978-91-7729-405-4

KTH School of Computer Science and Communication
SE-100 44 Stockholm

SWEDEN

Akademisk avhandling som med tillstånd av Kungl Tekniska högskolan framlägges
till offentlig granskning för avläggande av teknologie doktorsexamen i fysik 2017-
06-15 klockan 10:00 i AlbaNova Universitetscentrum, Kungl Tekniska högskolan,
Roslagstullsbacken 21, Stockholm, FD 5, D5:3008.

© RAFFAELE MARINO, 15 June 2017

Tryck: Universitetsservice US AB



To my grandmother
To Iulia

To my family





v

Sammanfattning

Diffusionsprocesser är viktiga begrepp inom många vetenskapliga fält så-
som fysik, biologi, finans, samhällsvetenskaper. Sådana processer beskriver
hur en substans rör sig från områden med hög täthet till områden med låg
täthet. Ett av de mest berömda exemplen på diffusionsprocesser är Brownsk
rörelse. Brownsk rörelse är den oregelbundna och livliga rörelsen av en
mesoskopisk partikel i en vätska.

I denna avhandling undersöks dynamiken och termodynamiken av diffu-
sionsprocesser utanför jämvikt på mesoskopiska skalor. Vad gäller dynamiken
så presenteras teorin fär Brownsk rörelse av en partikel som kan röra sig i rum-
met och rotera i tre dimensioner. Vidare beskrivs hur diffusionsprocesser på
en n-dimensionell Riemannsk mångfald kan behandlas med användande av
Kolmogorovs framåtekvation. Vad gäller termodynamik så beskrivs i avhan-
dlingen hur termodynamiska storheter kan definieras på mesoskopiska skalor
med användning av den Brownska teorin. Teorin för stokastisk energetik samt
hur man beräknar entropiproduktionen längs en partikelbana beskrivs, vilket
ger en introduktion till den området stokastisk termodynamik.

Vidare införs begreppet anomal entropiproduktion. Denna anomali i en-
tropiproduktionen uppstår när diffusionsprocesser drivs ur jämvikt i ett rums-
beroende temperaturfält. Termen är ett uttryck för att den överdämpade
approximationen inte ger korrekta värden för termodynamiska kvantiteter.
Felet är en korrektionsterm som inte gör någon skillnad för den överdämpade
rörelsen i sig men som dominerar i entropiproduktion över lång tid, även i
gränsen när partikelns massa är liten.

I den första delen av avhandlingen analyseras en ellipsformad Brownsk
partikelns rörelse och rotationer i ett heterogent värmebad med utgångspunkt
från stokastisk termodynamik. Det visas hur de Brownska rotationerna bidrar
till entropiproduktionen och ger upphov till en ny term i den anomala en-
tropin.

Avhandlingen beskriver också multiskalmetoden och homogeniseringste-
ori. Multiskalmetoden är ett sätt att med störningsräkning hitta approxima-
tiva lösningar till differentialekvationer när problemet har separarade längd
och tidsskalor. Homogeniseringsterori är ett sätt att medelvärdesbilda över
ett systems snabba processer.

I den senare delen av avhandlingen beskrivs en Brownsk partikels rörelse
i ett homogent värmebad på vilken verkar en konstant kraft. Analysen, som
använder multiskalmetoden och homogeniseringsteori, utgår från en överdäm-
pad beskrivning av rörelse i rummet och rotationer, och ger som resultat en
effektiv beskrivning på stora skalor i rummet endast. Dessutom studeras
specialfallet av en Brownsk ellipsoid i en lutande potential.
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Abstract

Diffusion processes play an important role in describing systems in many
fields of science, as in physics, biology, finance and social science. Diffusion
processes formally describe the motion of a quantity from a region of high
concentration to another with low concentration. One of the most famous
example of diffusion process is the Brownian motion. At mesoscopic scale,
Brownian theory describes the very irregular and animated motion of a par-
ticle suspended on a fluid.

In this thesis the dynamics and thermodynamics of diffusion processes
driven out of equilibrium, at mesoscopic scale, are investigated. For dynam-
ics, theory of Brownian motion for a particle which is able to rotate and
translate in three dimensions is presented. Moreover, it is presented how to
treat diffusion process on a n-dimensional Riemann manifolds defining the
Kolmogorov forward equation on a such manifold.

For thermodynamics, this thesis describes how to define thermodynamics
quantities at mesoscopic scale using the tools of Brownian theory. The theory
of stochastic energetics and how to compute entropy production along a tra-
jectory are presented introducing the new field of stochastic thermodynamics.

Moreover, the "anomalous entropy production" is introduced. This anomaly
in the entropy production arises when diffusion processes are driven out of
equilibrium by a space dependent temperature field. The presence of this
term expresses the fallacy of the overdamped approximation in computing
thermodynamic quantities. This fallacy is given by a correction that does not
have any impact on trajectories, but controls the entropy production in the
long run, even in the small inertia limit.

In the first part of the thesis the translational and rotational motion of an
ellipsoidal particle in an heterogeneous thermal environment, with a space-
dependent temperature field, is analyzed from the point of view of stochastic
thermodynamics. It is shown how the Brownian rotational motion contributes
to the entropy production, with also an additional term in the “anomalous”
entropy.

The thesis also describes the multiscale method and homogenization the-
ory. The multiscale method is a perturbative method to find approximate
solutions of differential equations, which describe the motion of a system in
presence of separation of length and time scales. The homogenization theory
allows to average out fast processes for dynamics of the system.

In the final part of the thesis the motion of a Brownian rigid body three di-
mensional space in an homogeneous thermal environment under the presence
of an external force field is analyzed, using multiscale method and homoge-
nization theory starting from an overdamped description of the translational
and rotational motion. As result, effective equations describing only the trans-
lational long-term motion of the rigid body are presented. The particular case
of a Brownian ellipsoid in a external tilted periodic potential is also studied.
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Introduction

[. . . ] so I thought, as opposed to him in this small extent I am wiser:
that what I do not know, in no way I think I know.

–Apology of Socrates, Plato

Since the earliest days of thermodynamics, processes driven out of equilibrium
have always interested scientific community. How to build a theory which describes
processes driven out of equilibrium, like thermodynamics does at equilibrium, is
still an open question.

Thermodynamics is a theory which describes macroscopically systems at equilib-
rium. Using the words of J. Kurchan, “thermodynamics is a ’gift’ of mechanics" [1].
The motion of the microscopic components of a macroscopic system is the funda-
mental ingredient for thermodynamics. Indeed, by this, it is possible to derive the
same thermodynamics quantities using the tools of statistical mechanics.

But if the system is not so large to be considered macroscopic, and not so small
to be considered microscopic, how does the thermodynamics describe it? To fill
this gap physicists have developed stochastic thermodynamics.

Stochastic thermodynamics deals with systems that are in the "between" scale,
i.e. they are too big to be considered microscopic, and too small to be considered
macroscopic. This scale is usually referred to the mesoscopic scale.

At this scale the dynamics of a system is not reproducible by the usual deter-
ministic law of classical mechanics, but it is described by stochastic theories. The
most famous one is the Brownian motion.

This thesis deals with dynamics and thermodynamics of diffusion processes,
which perform translational and rotational Brownian motion, driven out of equilib-
rium. It is divided in two main parts, chapters 1−5 about the dynamics of diffusion
processes and chapters 6 and 7 about thermodynamics.

xv
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In the dynamics part, I introduce the mesoscopic scale, which is the physical
setting of this thesis, in Ch. 1. I deal with Brownian motion, from the origin to
today in Ch. 2. In Ch. 3 and Ch 4, I discuss the rotational motion of a Brownian
rigid body. The part of dynamics ends with Ch. 5, which describes homogenization
theory and multiscale methods used to perform the analysis in the published papers.

The thermodynamics part starts with Ch. 6. In this chapter, I recall the
main results obtained in stochastic energetics with particular emphasis about the
First Law of thermodynamics at mesoscopic scale. In Ch. 7, I conclude the thesis
with the explanation of the entropy production at mesoscopic scale, and with an
introduction of how the anomalous entropy production arises.

The papers on which the thesis is based are included.

Thesis outline

• Chapter 1: The Mesoscopic Scale
The first chapter describes the setting of the thesis. I introduce the mesoscopic
scale to give a general presentation of the physical world as treated in this
thesis. I also give an overview of the concepts of length and time scales for
processes which occur at mesoscopic scale. I end this chapter with an example
of length and time scale that appear in the advection-diffusion process on the
mesoscopic scale.

• Chapter 2: Brownian Motion
In this chapter I recall the theory of Brownian motion. The chapter starts with
a description of the theory developed by Einstein and Smoluchowski. I also
introduce the Langevin equation in the underdamped and the overdamped
case. I show how to derive the Langevin equation in overdamped case in the
small inertia limit, and I end with a discussion about the connection between
Paper I, II, III and IV and the Brownian theory.

• Chapter 3: Rotational Brownian Motion
Rotational Brownian motion is discussed in this chapter. I discuss the results
obtained in the literature, describing how to write down a rotational diffusion
equation from physical arguments. I recall the Langevin approach, which also
has been used in Paper I, when inertia cannot be neglected, to describe the
rotational Brownian motion. The discussion ends with examples in physics,
chemistry and biology.

• Chapter 4: Diffusion on Manifolds
The theory of diffusion on manifolds is introduced in this chapter. The dis-
cussion follows the Russian school of Kolmogorov. I discuss also the works of
K. Itô, K. Yosida and H. P. Jr. McKean describing the theory of Brownian
motion on Lie groups. I end up writing down a Langevin equation valid on
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Lie algebras and "injected" on the group by the McKean-Gangolli’s Injection
method. This method has been used also in Paper III

• Chapter 5: Homogenization and Multiscale Methods
This chapter, principally, deals with the analytical methodology used to per-
form the research in Paper I, II, III and IV. I make a simple introduction
to homogenization theory and the multiscale methods, and I apply them to a
simple advection-diffusion process. I conclude the chapter with a connection
to published papers.

• Chapter 6: Stochastic Energetics
In this chapter I introduce stochastic energetics. I start with a nutshell of
thermodynamics and I discuss the First Law of thermodynamics at trajectory
level at mesoscopic scale, following the pioneering contribution of Sekimoto
[2]. This chapter introduces some concept which are used in Paper I.

• Chapter 7: Stochastic Thermodynamics and Entropy Production
In this chapter I discuss entropy production. An historical overview of en-
tropy in thermodynamics and statistical mechanics is given to introduce en-
tropy production in stochastic thermodynamics. A section for the fluctuation
theorem is also given. This chapter ends with a discussion about anomalous
entropy production, which is the main result obtained in Paper I.

List of papers included in the thesis

Three peer-reviewed papers, and a manuscript in preparation are included in this
thesis.

Paper I: Raffaele Marino, Ralf Eichhorn, and Erik Aurell. "Entropy production
of a Brownian ellipsoid in the overdamped limit." Physical Review E
93.1 (2016): 012132.

Paper II: Erik Aurell, Stefano Bo, Marcelo Dias, Ralf Eichhorn, and Raffaele
Marino. "Diffusion of a Brownian ellipsoid in a force field." EPL (Eu-
rophysics Letters) 114.3 (2016): 30005.
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During my Ph.D. studying period I also have nurtured my passion for the K-SAT
problem. This passion has become a paper in October 2016, when I published
Paper V, see below.

The paper is an extension of the research that I performed during my Master
degree. In this paper we have presented a new algorithm, the Backtracking Survey
Propagation algorithm, to solve instances for the K-SAT problem, i.e. a constraint
satisfaction problem. We show that the Backtracking Survey Propagation algo-
rithm, in a time practically linear in the problem size, is able to find solutions very
close to the threshold, in a region unreachable by any other algorithm.

This paper has been mentioned on the web-page "ResearchItaly, the portal of
Italian research" of Italian Ministry of Education, University and Research, in the
section "Success stories" [3].
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Chapter 1

The Mesoscopic Scale

The stochastic description in terms of macroscopic variables
will be called mesoscopic. It comprises both

the deterministic laws and the fluctuations about them.

–N. G. Van Kampen

In this chapter we introduce the setting of the thesis. We discuss the mesoscopic
scale in general in Sec. 1.1, and introduce the concepts of length scales and time
scales in, respectively, Sec. 1.2 and Sec. 1.3, following Gray and Miller in [4]. We
conclude this chapter in Sec. 1.4 with an example of length and time scale, that
appear in the advection-diffusion process at mesoscopic scale.

1.1 General remarks

The term "mesoscopic", a word coined by Van Kampen in 1981 [5] from the old
Greek µεσoζ meaning "middle" or "intermediate", refers to intermediate between
long and short, and applies to microstructure to be seen in "between" the micro-
scopic and the macroscopic scale [6].

The macroscopic world is composed by objects which can be seen at naked
eye. This world is often considered while using the "thermodynamics limit" (system
volume, V , and particle numbers, N , tending to infinity with n = N

V kept constant),
which is a convenient mathematical device for obtaining bulk properties [7]. It is
governed by classical physics.

1
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The microscopic world contains atoms and molecules. We know that they exist,
but we cannot see them directly with our eyes. This world is interpreted by quantum
physics.

The interest in studying systems at mesoscopic scale, as suggested by Imry [7],
is not only in order to understand the macroscopic limit and how it is achieved
from the microscopic world, but it is in existence of many novel phenomena which
are intrinsic to mesoscopic systems. A mesoscopic system can be defined as a "large
molecule", but it is always (at least weakly) coupled to a much larger, essentially
infinite, system [7].

The boundaries between microscopic−mesoscopic and between mesoscopic−
macroscopic are not sharp. They can be approximately indicated around 1−10 nm
for the first and around 100 µm for the second [8]. As a physical example, a protein
is a mesoscopic object with a typical length around 2 nm, while a bacterium, e.g. E.
coli, is a mesoscopic object with a typical length around 2 µm. Both these objects
cannot be seen at naked eye, because the resolution of a human eye is around 0.1
mm ( order of magnitude of the diameter of a human hair).

Mesoscopic and macroscopic objects share the property that they are composed
by a huge number of atoms, but they differ substantially. The main difference,
according to [9], is that a macroscopic object can be characterized by the average
properties of the material from which it is constituted. For example, the free
expansion of an ideal gas is well described by the statistical mechanics and by the
classical laws of thermodynamics.

In contrast, the mesoscopic scale is the size at which fluctuations have a sig-
nificant effect on the behaviour of a system and must be taken into account in its
analysis. Indeed, a mesoscopic object is so small that deterministic classical physics
laws do not reproduce anymore the motion of the system.

A simple and useful example, described also by Zwanzig in [10], is the Brownian
motion of a particle suspended on a fluid. Let’s imagine to have a very small
spherical polystyrene particle, e.g. a spherical particle with radius a = 0.25 µm,
suspended on water. For a sake of simplicity the motion occurs only along one
dimension. When we look at the particle, we observe that it is in a very irregular
state of motion, generated by collisions with the water molecules, which never ends.

By Newton’s law of the classical physics, the equation of motion of the particle
is:

m
dv(t)
dt

= F (t), (1.1)

where m identifies the mass of the particle, v(t) its velocity and F (t) is total in-
stantaneous force on the particle at time t. This force is given by the interaction
of the Brownian particle with the surrounding medium.

By classical physics, F (t) is, in principle, dominated by a frictional force −γv,
proportional to the velocity of the particle. The friction constant γ is given by
Stokes’s law, γ = 6πηa where η is the dynamic viscosity of the medium. The
solution of (1.1), under this assumption, is v(t) = v(0)exp{−γt/m}. According to
this, the velocity of the Brownian particle decays to zero when time goes to infinity.
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In contrast, the equipartition theorem of energy shows that the mean squared
velocity of the particle at thermal equilibrium is < v2 >= kBT/m, where kB is
Boltzmann’s constant and T is the absolute temperature of the fluid. We infer,
therefore, that the actual velocity cannot remain at zero and that F (t) cannot be
only dominated by the frictional force.

Microscopic and mesoscopic objects differ by the fact that a mesoscopic system
is composed by a number of atoms such that fluctuations in the number of atoms
contained in the system are not important. The mesoscopic physics contains a huge
number of quantum effects, but these effects are out of the scope of the thesis and
will therefore not be treated.

The main message, here, is that the mesoscopic physics treats problems which
occur when a physical macroscopic system is miniaturized [7]. At this scale the
deterministic laws of classical physics do not reproduce anymore the evolution of
the system and stochastic theories to describe physical events must be introduced.

1.2 Length scales

Mesoscopic systems, which we are interested in, can span length scales that range
from few nanometers to few micrometers. In deciding what processes are considered
in a system of interest, the issue of the scale at which the process will be studied
is important. Identification of a length scale is related to which features must be
described in a process [4].

The concept of length scale, according to Gray and Miller in [4], is important
for physical phenomena where different length scales do not affect each other. If
this happens, length scales are said to be separated. In presence of separation of
length scales it is possible, therefore, to derive a self-consistent theory that only
describes the relevant length scales for a given problem [4]. In philosophy of science
this is treated by scientific reductionism. Scientific reductionism claims that the
effective description at larger length scales can be described by the physical laws on
the shortest length scales [6]. To quantify the idea that one can describe physics at
different length scales from one another, physicists have introduced the multiscale
analysis.

Separation of scales means that one scale of observation is separated from an-
other by order of magnitude. This quality implies the property that variation in
the measurement of a features in a process is not negligible if and only if the length
scale changes by several orders of magnitude with respect to changes in the length
scale of the measurement [4].

Length scale considerations are also important for measuring other properties of
interest such as temperature, velocity, and transport coefficients. When gradient of
a property of interest is large, the average value of that property depends strongly
on the length scale of measurement [4].

In this thesis, we will consider systems where the length scales are widely sep-
arated such that variables and parameters in the equations introduce the concept
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of hierarchy of length scale. For this reason we identify the following different
separated length scales:

`micro << `fast << `intermediate << `slow︸ ︷︷ ︸
`meso

<< `macro. (1.2)

These scales, from the smallest to the largest, are referred to, respectively, as
microscopic scale, mesoscopic scale and macroscopic scale. The smallest and the
largest, which we are not interested in, identify the length scales where, respectively,
quantum physics and classical physics hold.

The mesoscopic length scale has been divided in three different scales, respec-
tively fast, intermediate and slow scale. Although the actual magnitudes of these
scales will differ from system to system and are not connected to any specific and
universally applicable length [4], this qualification of scales is useful for discussion
of mesoscopic systems in this thesis. In next chapters, when the discussion will
need to, we will give a quantification of these scales.

As a general point of view the three scales that appear at `meso can be qual-
itatively justified in the following manner: the fast length scale is associated to
degrees of freedom of the system that reach an equilibrium distribution faster than
other degrees of freedom of the system. The slow length scale, instead, refers to
degrees of freedom such that are the slowest to reach an equilibrium distribution, if
this distribution exists. The intermediate length scale is a scale that connects the
fast and slow length scale. Sometime, this depends on the process under study in
the system, the `intermediate length scale could not be present. We introduce this
scale to be more general in the discussion of length scales.

1.3 Time scales

As in the previous section, here we present, the concept of temporal scales in a
mesoscopic system. According to Gray and Miller in [4], the temporal scales appear
in the system by the phenomena to be modelled, or, sometimes, by the spatial scales
of interest. For example, time scales of a chemical process can be related to reaction
rates, the time needed to reach equilibrium. Some reaction occurs before others,
and therefore the time needed to achieve a reaction is the time scale of that faster
reaction.

Many processes, like biological and chemical reactions, advection, diffusion, and
others are the starting point for identification of characteristic time scale of a system
[4]. The characteristic time (or “relaxation time”) can be defined as the amount of
time that a system needs to relax under an external “stimulus”.

A mesoscopic system may have multiple time scales depending on the processes
that are occurring. In this thesis three different types of time scales denoted,
respectively, as the fast, intermediate and slow scales and designated, respectively,
with τfast, τintermediate and τslow are considered. Also for temporal scales, as
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for length scales, we have a widely separation between them and they satisfy the
conditions:

τfast << τintermediate << τslow. (1.3)

A fast time scale is a measure of the time needed for a degree of freedom of a
system to approach an equilibrium configuration while the slow time scale refers to
a degree of freedom that is the slowest to reach an equilibrium distribution, if this
distribution exists. The intermediate time scale, as discussed before for the length
scale, is a temporal scale that connects the fast and slow time scale.

1.4 Example: the advection-diffusion process

Here we introduce the advection-diffusion process to help the reader in clarity the
previously described concepts about time and length scales.

The advection–diffusion process is a combination of the diffusion and convection
(advection) process, and describes physical phenomena where particles, energy, or
other physical quantities are transferred inside a physical system due to two pro-
cesses: diffusion and convection. Convection refers to the movement of a substance
within a medium. Diffusion is the movement of the substance from an area of high
concentration to an area of low concentration.

This process is one of the most frequently used models in science. The advection-
diffusion process is modeled by a partial differential equation that can be derived
using the physical law of mass conservation and Gauss’ theorem. We first introduce
the model and, hence, we show up the different time and length scales of the process.

The model

Let’s consider a substance of mass M , e.g. a dissolving tracer, in a moving fluid.
We assume also that no chemical reactions occurs during the transport process.
Such a motion in a control volume V is governed by the effects of fluid motion
(advection) and by the movement from an area of high concentration to an area of
low concentration (diffusion).

We define, following Socolofsky and Jirka in [11], C(~x, t) to be the concentration
of the substance and D the diffusion coefficient assumed constant in each direction.
The relation between mass and concentration is M =

∫
V
C(~x, t) dV . From Fick’s

law we know that the flux given by only the diffusion process is ~Jdiff = −D~∇C(~x, t).
The flux given by only the advection process, instead, is ~Jadvec = ~v(~x, t)C(~x, t). The
vector field ~v(~x, t) is the velocity field of the fluid. We assume that the fluid velocity
is smooth, steady, and periodic in all direction and that it is incompressible. Thus
~v(~x, t) = ~v(~x) with ~∇·~v(~x) = 0. The total flux of concentration along the directions
of motion is, therefore, equal to [11]:

~J(~x, t) = ~Jadvec + ~Jdiff = ~v(~x)C(~x, t)−D~∇C(~x, t). (1.4)
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To derive the advection diffusion equation we use the flux law and the conser-
vation principle of mass. From the conservation of mass, i.e. “the total mass in any
volume element of the system can only change if matter flows into (or out of) the
volume element” [12], one knows:∫

V

∂C(~x, t)
∂t

dV =
∫

Ω
~J(~x, t) · ~n dΩ, (1.5)

where ~n is the vector normal to the surface Ω and counted positive from the inside
to the outside. Applying Gauss’ theorem to the surface integral we obtain the
advection-diffusion equation:

∂C(~x, t)
∂t

+ ~∇ · (~v(~x)C(~x, t)) = D~∇ · ~∇C(~x, t). (1.6)

Length and time scales
Having developed the model for the advection-diffusion process, we display the dif-
ferent time scales and length scales of the process. To do that we use a dimensional
analysis on equation (1.6). This analysis is frequently used in turbulence and in
other branches of physics [13–15].

As first step, we split each variable in a dimensionless variable and a constant
term that contains all the information about the dimension of the variable. For
example, the variable ~x = Lref~̂x, t = τreft̂, D = DrefD̂, ~v = vref~̂v, and C = CrefĈ,
where variables address withˆ identify dimensionless terms, while the coefficient in
front of them has the full dimensional value. The reference values can be considered
as local values during the process where τref comparisons are being made at Lref
length scale. Equation (1.6), under this assumption, becomes:

1
τref

∂Ĉ(~̂x, t̂)
∂t̂

+ vref
Lref

~̂∇ · (~̂v(~̂x)Ĉ(~̂x, t̂)) = Dref
L2
ref
D̂
~̂∇ · ~̂∇Ĉ(~̂x, t̂). (1.7)

Comparing dimensional terms, one obtains the characteristic advection and dif-
fusion time scales. The advection (subscript a) and diffusion (subscript d) charac-
teristic temporal scales are [11]:

Advection: τa = Lref
vref

;

Diffusion: τd = (Lref)2

Dref
.

(1.8)

Therefore τa and τd identify, respectively, the mean time that the substance
needs to advect and to diffuse over scale Lref.

The ratio between the diffusion and the advection characteristic temporal scale,
gives a dimensionless number:

τd
τa

= Lrefvref
Dref

= Pe. (1.9)
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In the study of transport phenomena in a continuum Pe is called the Péclet number
[16]. The Péclet number is defined to be the ratio of advective transport rate of a
physical quantity to the diffusive transport rate of the same quantity [17]. In the
context of mass transfer, the Péclet number can be also expressed as the product
of the Reynolds number and the Schmidt number [17].

Comparing scaling terms for advection and diffusion, we observe that they have
different length scale dependence. Thus, each term dominates at a different length
scale. For example when Pe << 1, diffusion is dominant at small scale because of
the high molecular velocities relative to the particles of medium. The magnitude of
this length scale can be quantified by `d =

√
Drefτd. At larger scale the advection

process becomes relevant, while the diffusion are inefficient. At this scale the mean
path that the particles of the substance covers by convection is quantified by `a =
vrefτa.

In contrast, when Pe >> 1, the advection process is dominant with respect
to the diffusion process in the system, at small scale. In the case where Pe = 1
the two processes in the system are not separated. In this case, however, the scale
separation can be imposed between the time scale of the process and the time scale
of observation, to which are associated the respectively length scales.





Chapter 2

Brownian Motion

I did not believe that it was possible
to study the Brownian motion with a such precision.

–A. Einstein

In this chapter we recall the theory of Brownian motion. We start to describe in
Sec. 2.1 the physical aspects of the theory developed by Einstein and Smoluchowski.
In Sec. 2.2 we introduce the Langevin approach to the Brownian motion and we
end the section introducing the Langevin-Kramers equation for a Brownian particle.
In Sec. 2.3 we describe how to write down the Fokker-Planck equation from the
Langevin-Kramers equation, and we also describe the main result of the Brownian
theory, i.e. the overdamped dynamics. We end this chapter with the connections
with the papers published in Sec. 2.4.

2.1 Brownian motion: the origin

The theory of Brownian motion, developed in different formulations by Einstein,
Smoluchowski and Langevin between 1905 and 1906 [18–20], and reviewed in many
monographs [5, 21–27], describes the “random” motion of bodies suspended in a
fluid. According to Zwanzig [10], the theory of Brownian motion describes the
dynamics of non equilibrium system in the simplest way.

A simple example is a very small polystyrene particle in a glass of water. The
particle is in a very irregular state of motion, generated by collisions with the water
molecules. This is dubbed Brownian motion.

9
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Historically the discovery of this irregular and very animated state of motion
is due to the botanist Robert Brownian in 1827. He made this discovery when
he was examining pollen grains to elucidate the mechanism which by which the
grains moved towards the ova when fertilising flowers [28]. No theory was given to
explain this phenomenon, until 1905 when Einstein published his explanation [18].
The same explanation was independently developed by Smoluchowski [19], who was
responsible for many experiments checks to verify the Brownian theory [28].

To explain the Brownian motion, Einstein started by observing that the motion
of a pollen is induced by the frequent and never ending collisions on the pollen of the
molecules of the fluid in which it is suspended, in our case water. He also pointed
out, in his paper [18], that the specific motion of the molecules of the fluid is so
complicated to be described precisely, and therefore its effect on the particle can be
obtained probabilistically, in term of independent and identical impacts with the
pollen. These assumptions allowed him to describe the Brownian motion in terms
of a diffusive process.

To make the connection with a diffusion process explicit, Einstein used a kine-
matic argumentations. In his paper of 1905 [18], Einstein noted that in a time scale
τ the motions of n grains occur in successive time intervals as independent events.
He defined the function C(~x, t) as the function that describes the number of grains
in a volume element d~x at time t. To simplify our discussion we follow Einstein’s
paper [18] and, therefore, we confine ourselves in one dimension and in absence of
external force.

He observed that in the time scale τ the x-coordinate of the single particle will
increase of a distance ∆ for each particle. The probability that a given grain will
randomly move by ∆ along x-axis in the time interval τ is given by the function
φ(∆), which satisfies the following properties:∫ +∞

−∞
d∆φ(∆) = 1 , φ(∆) = φ(−∆). (2.1)

The distribution of the particles at time t + τ from the distribution at time t
will be given by the equation [18]:

C(x, t+ τ)dx = dx

∫ +∞

−∞
d∆C(x+ ∆, t)φ(∆). (2.2)

Considering experimental observation times that are larger compared to τ , and
noticing that φ(∆) mostly differs from zero for small values of ∆, one can Taylor
expand both sides of equation (2.2) in t and in x. The diffusion equation (the first
derivative averages out to zero) [18,29] then reads:

∂

∂t
C(x, t) = D

∂2

∂x2C(x, t); D = 1
τ

∫ +∞

−∞
d∆∆2

2 φ(∆) , (2.3)

where D is the diffusion coefficient defined in this way by Einstein.
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The solution of the equation (2.3) can be easily found, given C(x, 0) = C0δ(x)
as initial condition, with the characteristic function. The solution is a Gaussian:

C(x, t) = C0
1√

4πDt
exp

[
− x2

4Dt

]
. (2.4)

The mean square displacement along the x-axis is linear in t rather than t2 as
in ballistic motion and is given by 〈x2〉 = 2Dt, where 〈·〉 is the average with respect
to C(x, t). The diffusion coefficient follows Einstein relation, namely D = kBTγ

−1

where kBT is the thermal energy, kB is Boltzmann’s constant and T the temper-
ature, and γ−1 is the friction coefficient given by the Stokes’ law for a spherical
particle, γ = 6πηa, with a the radius of the particle and η the viscosity of the
fluid. For example the friction coefficient of a polystyrene spherical particle of ra-
dius a = 0.25µm, which performs Brownian motion in one dimension in water, i.e.
η = 0.89 fN s/µm2, is equal to γ = 4.2 fN s/µm.

It is also possible to introduce an external force field u, produced by a potential
U , i.e. u = − ∂

∂xU , in the process. If we also define with v = uγ−1 the velocity field
of the process the diffusion equation becomes the Fokker-Planck equation∗, which
has the form of a continuity equation:

∂

∂t
C(x, t) = ∂

∂x

[(
−v +D

∂

∂x

)
C(x, t)

]
; (2.5)

and in three dimension looks like equation (1.6) in Ch. 1.

2.2 Langevin approach to Brownian motion

The Langevin equation
In 1906 Langevin [20] gave his alternative formulation about the Brownian motion.
As in the previous section we confine us in one dimension to simplify the discussion.

Langevin observed, from statistical mechanics, the mean kinetic energy of a
Brownian grain of mass m should achieve at equilibrium the value given by the
equipartition theorem, i.e. 〈 12mv

2〉 = 1
2kBT . He also pointed out that on the grain

two forces act, the viscous drag and the fluctuation force.
The viscous drag is the force proportional to the velocity and acts on the oppo-

site direction of the motion of the particle. He assumed that this force has the same
formula of the classical physics, i.e. −γ dxdt where γ has been defined in previous
section.

The fluctuation force, indicated by X, was inserted by hand in the equation of
motion and represents the “in perpetuum” collision, i.e. frequent and incessant im-
pacts, of the molecules of the liquid with the Brownian motion [20]. The knowledge
about X is very little. Langevin made few statistical hypotheses to explain this

∗Also known as Kolmogorov forward equation.
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point. First of all, X is a fluctuation about a mean, so, it must, itself, have zero
mean 〈X〉 = 0 [21]. Second, X is a stationary process with a very short correlation
time. The correlation time is shorter than the only characteristic time of the pro-
cess τ = m/γ [21]. In the modern scientific terminology X(t) is a “Gaussian noise”
with zero mean and correlation function given by 〈X(t)X(t′)〉 = 2Bδ(t− t′), where
B is a “measure of the strength” of the fluctuation force [10].

The equation of motion for the position of the particle is given by Newton’s law
as:

m
d2x

dt2
= −γ dx

dt
+X. (2.6)

Multiplying both sides of equation (2.6) by x, observing that xdxdt = 1
2
dx2

dt ,
xd

2x
dt2 = 1

2
d2x2

dt2 − (dxdt )2, recalling v = dx
dt , averaging over a large number of different

particles, using the equipartition theorem cited before, and the properties of X, we
obtain:

d2〈x2〉
dt2

= 2kBT
m
− 1
τ

d〈x2〉
dt

, (2.7)

which describe the evolution in time of the average value of the square of the
displacement [29].

Recalling y = d〈x2〉
dt and solving the first order differential equation associated,

we obtain, returning to the average value of the square of the displacement, that:

〈x2(t)〉 = 2kBT
γ

t− Z0τe−
t
τ , (2.8)

where Z0 is a suitable integration constant.
Equation (2.8) tells us that after an exponential transient with typical time

given by the characteristic time of the process, i.e. τ = mγ−1, the mean square
displacement increases linearly with the time with diffusion coefficient given by
D = kBTγ

−1, in agreement with Einstein’s mean square displacement, obtained
from the solution of the diffusion equation.

The diffusion coefficient, however, can be computed also from the correlation
function of the velocity v = dx

dt . From classical mechanics, we know that, the
position is given by the equation of motion x =

∫ t
0 v(t). The displacement square

therefore will be given by :

〈x2(t)〉 =
∫ t

0
dt′
∫ t

0
dt′′〈v(t′)v(t′′)〉. (2.9)

Performing the time derivative and combining two equivalent terms on the right-
hand side, we can compute the diffusion coefficient as

D = 1
2 lim
t→∞

d

dt
〈x2(t)〉 = lim

t→∞

∫ t

0
dt′〈v(t′)v(t)〉. (2.10)

This is given by the observation that the correlation function of the velocity decays
to zero in a short time, with an order of magnitude much smaller than the typical
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characteristic time (for example in liquids this may order of picoseconds [10]). As
we have described before, the average value of the square of the displacement agrees
with Einstein’s mean square displacement after an exponential transient with typ-
ical time given by the characteristic time of the process. This allows us to derive
the simplest example of the relation of a transport coefficient, i.e. the diffusion
coefficient, to a time correlation function:

D =
∫ ∞

0
dt〈v(t)v(0)〉. (2.11)

The last equation is obtained under the observation that at equilibrium the velocity
correlation function can depend only on the time difference and cannot depend on
any arbitrary origin of the time axis [10].

The Fluctuation-dissipation theorem

The value of B as a measure of the strength of the fluctuation force can be easily
computed form physical observations.

We know that at equilibrium equipartition theorem tells us that 〈v2〉 = kBT
m .

The Langevin equation described in equation (2.6) can be rewritten in the following
form:

m
dv

dt
= −γv +X. (2.12)

A formal integration of equation (2.12) gives us the following result:

v(t) = v0e−
t
τ + 1

m

∫ t

0
dt′e−

t−t′
τ X(t′), (2.13)

where τ = mγ−1. The first term of the equation decays to zero in a time much
larger than the characteristic time of the process. The second term gives the amount
of the velocity produced by the random force X.

We want to compute the average of the square velocity, to be able to apply the
equipartition theorem and, therefore, able to quantify the strength of the fluctuation
force. To do that, we square the equation (2.13), we average it and, applying the
statistical properties of the random force, we end with:

〈v2(t)〉 = v2
0e−

2t
τ + B

γm
(1− e− 2t

τ ). (2.14)

Finally in the long time limit the l.h.s. of the equation (2.14) approaches the
value given by the equipartition theorem, i.e. 〈v2〉 = kBT

m , while the r.h.s becomes
equal to B

γm . We, finally, obtain:

B = γkBT. (2.15)
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This result is known as the Fluctuation-dissipation theorem. It relates the
strength of random force X to the magnitude of the friction coefficient γ. Using
the words of Zwanzig:

"It expresses the balance between friction, which tends to drive any system to a
completely dead state, and noise, which tends to keep the system alive" [10].

The Langevin-Kramers equation
Let’s now take the motion of a particle in a fluctuating environment in one dimen-
sion. We introduce, this time, an external force which is non linear. For example,
we want to describe the evolution of Brownian particle subjected to an external
force field dependent by the position, i.e. u(ext)(x) = −V (x)′, where V ′(x) is a
gradient of a non linear potential. A typical example is Brownian motion of a
molecular dipole in a periodic potential [10]. In this case the Langevin equation is
called Langevin-Kramers equation and it is given by:

dx

dt
= v, (2.16a)

m
dv

dt
= u(ext)(x)− γv +X. (2.16b)

whereX is the physical fluctuation force. The drag force is still linear in the velocity,
and the noise is related to friction from the Fluctuation-dissipation theorem as
described before. This formulation is also called the underdamped dynamics, from
which, in the next section, we start to show the main result of the Brownian theory:
the overdamped approximation.

2.3 From the underdamped to the overdamped dynamics

The dynamics of a Brownian particle can be described by a set of stochastic second-
order differential equations, i.e. equations (2.16). This description is usually called
the underdamped dynamics. This underdamped mathematical approach can be
substituted with the formalism of the overdamped dynamics.

The overdamped dynamics is an approximation, which allows neglecting the in-
ertial term if the mass of the particle is small or if the friction is large, reducing thus
the set of stochastic second-order differential equations to a set of first-order dif-
ferential equations. This reduction from second-order to first-order allows treating
the problem in a simpler way.

For example, if we set the mass to zero in the Langevin-Kramers equation, i.e.
in equation (2.16b), we obtain the overdamped dynamics and the stochastic second-
order differential equations of the motion of the system are mapped into a stochastic
first-order differential equation, i.e. equation (2.18). In a such situation, indeed,
the velocity disappears and the system is fully described only by the equation of
the position.
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From this set of equations one can also write down a partial differential equa-
tion called Fokker-Planck equation. The Fokker-Planck equation is a second-order
parabolic partial differential equation, and for a solution one needs initial conditions
and boundary conditions. The stochastic process described by a conditional prob-
ability satisfying the Fokker-Planck equation is equivalent to the Langevin integral
equation, where the integral is evaluated in the Itô sense.

Formally, to the Langevin-Kramers equation, i.e. equation (2.16), is associated
the following Fokker-Planck equation:

∂

∂t
p = − ∂

∂x
(vp) + 1

m

∂

∂v

(
[−u(ext)(x) + γv]p

)
+ γkBT

m2
∂2

∂v2 p, (2.17)

where p = p(x, v, t) is the probability distribution function of the Brownian particle
that has a certain position x and velocity v at time t.

If we set the mass to zero in equation (2.16b) we end up with:

γ
dx

dt
= u(ext)(x) +X. (2.18)

To this Langevin equation is associated the following Fokker-Planck equation:

∂

∂t
ρ = − 1

γ

∂

∂x
(u(ext)ρ) + kBT

γ

∂2

∂x2 ρ, (2.19)

where ρ = ρ(x, t) is the probability distribution function of the Brownian particle
that has a certain position x at time t.

The formal limit that allows to go from the underdamped dynamics to the
overdamped dynamics is called the small inertia limit. It can be explained in the
following manner.

One starts to observe the presence of variables in the system, to which are
associated two different time scales, i.e. a fast time scale and a slow time scale.

To the fast time scale, which is the characteristic time of the process, is as-
sociated the velocity variable. This time scale has an order of magnitude of
τfast = τ = m/γ. In the case that the mass of the particle is small, or the friction
coefficient is large, τfast is smaller than the time of the observation τslow, which is
referred to the time scale of the position x. The difference of order of magnitudes
between the time scales tells us that we are in a presence of separation of scales.

In other words, because the fast degree of freedom reaches in a time τfast an
equilibrium configuration, the corresponding probability distribution is statistically
independent from the probability distribution that describes the slow degree of
freedom, i.e. the position x of the particle.

Using therefore the homogenization theory, described in Ch. 5, it is possible
to average out the fast degree of freedom in the equation and to end up with an
effective equation, which describes the evolution of the system only with the slow
degree of freedom present in the dynamics.
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The Fokker-Planck equation in (2.17), describing the evolution of the probability
density as a function of the position and the velocity, can be mapped into an
effective Fokker-Planck equation describing the evolution of the probability density
as a function of the slow degree of freedom, i.e. the position x.

The effective Fokker-Planck equation is called also overdamped Fokker-Planck
and the stochastic process described by the conditional probability satisfying the
overdamped equation in (2.19) is equivalent to the Langevin equation†, expressed
in the form of equation (2.18)

The overdamped dynamics at equilibrium also allows computing thermodynam-
ics quantities as well as the underdamped dynamics. But what happen if the tem-
perature depends by the position? The curiosity of the reader will be satisfied in
the last section of the last chapter of this thesis.

2.4 Connection to papers

The theory of Brownian motion has been fully used in Paper I,II, III, and IV.
In Paper I, we have described with the Langevin-Kramers equation the motion of

a Brownian ellipsoidal particle, which can translate and rotate in three dimensions.
We have applied the homogenization theory, i.e. we have performed the small
inertia limit, from the underdamped Fokker-Planck associated and we have ended
up with the overdamped Fokker-Planck equation. Moreover, in the same paper,
we have also computed the thermodynamics in the underdamped and overdamped
case, and we have shown that the overdamped approximation fails in the evaluation
of the thermodynamics quantities, if the system is driven out of equilibrium by the
presence of a gradient of temperature.

In Paper II, III and IV, we have described the system in the overdamped case
for a Brownian particle, which can translate and rotate in the space, as a starting
point. We, using the homogenization theory, have averaged out the rotational de-
grees of freedom from the overdamped Fokker-Planck equation associated describing
rotational and translational motion and we have ended up with an effective Fokker-
Planck equation describing only the translational effective dynamics. Moreover we
have computed analytically the diffusion tensors and we have verified numerically
that the average displacement square grows linearly with the time.

†The Langevin equation has to be interpreted in Itô sense.



Chapter 3

Rotational Brownian Motion

False words are not only evil in themselves,
but they infect the soul with evil.

–Socrates

In this chapter we introduce rotational Brownian motion. We start by deriving
in Sec. 3.1 a Fokker-Planck equation, of rotational Brownian motion in non inertial
limit, by physical arguments. We introduce, therefore, the inertial case, writing
down a Langevin approach for angular velocity and orientational degrees of freedom
in Sec. 3.2. In Sec. 3.3 we compute the rotational diffusion tensor using the
arguments of Sec. 3.1 and 3.2. We end up in Sec. 3.4 our discussion of rotational
Brownian motion with useful examples in physics, chemistry and biology.

3.1 Rotational diffusion

The rotational diffusion studies the change of orientation of a particle due to random
torques exerted on it by the surroundings. Rotational diffusion is important, for
example, for describing the motion of a non spherical particle during sedimentation
and aggregation during the process of sedimentation [30–32].

Historically, rotational Brownian motion of a sphere around a given axis was
investigated by Einstein in 1906 [18, 33]. However, only in 1929, Debye [34] gave a
theory of rotational diffusion in a constant external field based on the Smoluchowski
equation. He assumed that collisions are so frequent that a particle can rotate
through only a very small angle before having another reorienting collision.

17
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In this section we consider rotations in three-dimensional space and we show
how to develop a theory describing rotational diffusion [35–39].

General remarks

The complications with respect to the translational Brownian motion (see Ch. 2)
arise from the non commutativity of rotations and from the finite extent of the
space of orientations [35].

The rotational problem is more complicated than the translational one also
because the orientation of a rigid body cannot be specified by a vector the time
derivative of which is the angular velocity of the body [38]. However, if the ori-
entation is specified by some appropriate coordinates, it is possible to derive a
Fokker-Planck equation for the distribution function for the orientation and angu-
lar velocity [38,40].

The orientation of a rigid body is completely determined by fixing one set of co-
ordinates in the body and another set in the laboratory, and specifying the rotation
which transforms one set into the other [36].

The orientation of a rigid body can be represented in different ways. For ex-
ample, using Eulerian angles [41–43], quaternions [35, 44], Cayley-Klein parame-
ters [36, 41], units vectors ("directors") attached to the particle [45, 46], and finally
differential geometry and the compact manifold SO(3) [47, 48], see also Appendix
A.

Furry in 1957 [35] treated the problem of the rotational Brownian motion of a
spherical rigid body representing rotations by quaternions [44], and ended up with
a rotational diffusion equation for the random rotational motion of spheres.

Favro in 1960 [36] developed a rotational diffusion theory for a rigid body of
arbitrary shape. The description of rotations used by this author is different from
the Furry’s representation. Indeed, Favro derived the independent variables, for
the description of rotation, by the Cayley-Klein parameters [41].

Valiev and Ivanov, instead, in their review on rotational Brownian motion [39]
describe a rotation by a rotation vector [49] ~Ω, where the absolute value |~Ω| is equal
to the angle of rotation, while the direction of the vector ~Ω is that of the axis of
rotation [39].

The Ariadne’s thread between the papers is that, in each representation of
rotations, any finite rotation can be looked upon as a succession of infinitesimal ro-
tations. The corresponding rotation is, therefore, the product of the corresponding
infinitesimal transformations [41,50].

An infinitesimal rotation is an orthogonal transformation of coordinate axes in
which the components of a vector are almost the same in both sets of axes (see
Appendix A). Moreover, infinitesimal rotations are a useful tool for describing the
evolution in time of a rigid body [41].

According to Goldstein [41], the change in differential time element dt of the
total angular momentum, defined with ~L, with respect to the body axes will vary
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only by the effects of the rotation of the body axes from the change with respect
to the laboratory axes. This change is in the components of the vector, and it is
given by an infinitesimal coordinate rotation.

The connection between the differential total momentum observed in the lab-
oratory frame (d~L)lab, and the differential total momentum observed in the body
frame (d~L)body is given, thus, by:

(d~L)lab = (d~L)body + d~α× ~L (3.1)

where d~α represents a vector composed by the three infinitesimal parameters spec-
ifying the representation of rotation (see Appendix A).

Dividing the equation (3.1) by the differential time element dt under consider-
ation, we obtain the time rate of change ~L [41]:(

d~L

dt

)
lab

=
(
d~L

dt

)
body

+ ~ω × ~L. (3.2)

The vector ~ω is called by Goldstein [41] the instantaneous "angular velocity" of the
body, i.e. the instantaneous angular rate of rotation of the body, and is defined
by the relation d~α = ~ωdt. The angular velocity lies along the direction of the
"instantaneous axis of rotation", i.e. the axis of the infinitesimal rotation occurring
between the time t and t+ dt [41] .

The components of angular momentum along the principal axes are proportional
to the components of the angular velocity, the factors of proportionality being the
principal moment of inertia, i.e. ~L = III~ω. III is the moment of inertia of the rigid
body. It is a tensor of second rank. We choose the body frame because the inertia
tensor III is independent of particle orientation in this frame.

The fundamental equation of motion for the total angular momentum of a rigid
body in the body frame, therefore, reads:(

III
d~ω

dt

)
+ ~ω × (III~ω) = ~N (e). (3.3)

The total external torque ~N (e) is the sum of the all applied torques on the system.
Equations (3.3), in classical mechanics, are also called Euler’s rotation equations
for the rigid body dynamics.

Rotational diffusion equation
For deriving a rotational diffusion equation we follow the works of Favro [36] and
Valiev and Ivanov [39]. A finite rotation can be represented by a rotational operator
acting on a probability distribution.

The rotationRRRz(α) of an angle α about z-axis transforms a distribution function
ψ(x, y, z) intoRRRz(α)[ψ(x, y, z)] = ψ(x cos(α)+y sin(α),−x sin(α)+y cos(α), z) [50].
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When α is small α = ε << 1 we can develop the distribution function in Taylor
series:

RRRz(ε)[ψ(x, y, z)] ∼ ψ(x, y, z) + ε

(
y
∂ψ

∂x
− x∂ψ

∂y

)
, (3.4)

and, taking only terms of the first order in ε, we obtain the infinitesimal operator
RRRz(ε) = 1 + ε

(
y ∂
∂x − x

∂
∂y

)
.

Carrying out similar calculation for RRRx(ε) and RRRy(ε) infinitesimal operators,
we note that they can be written as a vector product of ~x and ~∇, i.e. ~x × ~∇.
As expressed before, any finite rotation can be looked upon as a succession of
infinitesimal rotations (see Appendix A), i.e.

RRR(~α) = e−i~α· ~J , (3.5)

where ~α is the array collecting the angles of rotation, and ~J = ~x× 1
i
~∇∗, which has

the same form of the angular momentum operators of quantum mechanics when
multiplied by ~, the Plank’s constant h divided by 2π.

For obtaining a rotational diffusion equation, hence, we postulate, as made
in [35, 36, 39], that in a small enough time ∆t the probability that a rigid body
performs more than one rotation is zero. In other words, the angle of rotation
that a rigid body performs in a time ∆t is small because collisions are so frequent
that a particle can rotate through only a very small angle before having another
reorienting collision.

We now consider an ensemble of similar rigid bodies each of which undergoes
a large number of small random rotations in any macroscopic interval of time [36].
It is assumed that the probability of a body’s undergoing the rotation, represented
by vector ~ε, with absolute value |~ε| such that

√
~εᵀ~ε << 1, Fig. 3.1 (we normalize

the angle of rotation with π to be conformed with representation of rotations of a
rigid body given by Wigner [51]), in the range (~ε,~ε + d~ε), in a time ∆t is given in
body coordinate system by p(~ε,∆t)d~ε [36, 39].

Here body coordinates are used, because important quantities associated with
the shape of the body (inertia tensor, diffusion tensor, etc.) are constant when
referred to these coordinates [36].

The distribution probability p(~ε,∆t)d~ε satisfies following requirements:

1. p(~ε,∆t) does not depend on the orientation which the rigid body had before
the beginning of the rotation [39];

2. p(~ε,∆t) = p(−~ε,∆t);

3.
∫
d~ε p(~ε,∆t) εiεj is proportional to ∆t. Under this assumption the rotational

diffusion tensorD(rot)
ij can be defined as the second moment of the distribution

∗A word of clarification is needed about the imaginary unit i in the exponential and in the
operator ~J . We adopt this convention to express all the rotational operators in the same way
along all the thesis (see Appendix A).
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Figure 3.1: [a] Schematic picture of a rotation represented by a vector ~εᵀ =
(ε1, ε2, ε3). The reference frame Oxyz is assumed fixed at the center of mass of
the rigid body and identifies the orientation of the Brownian particle at t = 0.
At time t + ∆t collisions are so frequent that the particle has performed a small
rotation ~ε and the orientation of the particle is identified by the primed reference
frame Ox′y′z′. [b] Representation of the possible rotations of a rigid body given
by Wigner [51]: “each rotation is represented by a point inside, or on the surface
of, a sphere of unit radius. The distance from the origin to the point is φ/π, φ < π
being the angle of rotation from the standard or initial orientation. The direction
of the vector from origin to representative point gives the direction of the axis of ro-
tation, in agreement with the right hand screw-rule. Surface points at opposite ends
of a diameter represent the same rotation (change of orientation), since rotations
through π and −π give the same result”.

density p(~ε,∆t), divided by ∆t, i.e.:

D
(rot)
ij = 1

2

∫
d~ε p(~ε,∆t)εiεj∆t . (3.6)

According to equation (3.6), the tensor D(rot)
ij is symmetric and like every

symmetric second-rank tensor, it can be transformed to principal axes [39].

4. ∆t is small enough that moments of the distribution p(~ε,∆t) higher than the
seconds may be neglected [36].

The first requirement means that the particle does not have any memory about
the previous rotation, i.e. the stochastic process is a Markovian process [5,28]. The
second one reflects the homogeneity of the thermal bath, i.e. the torque acting on
the rigid body are randommoments of forces caused by interaction with surrounding
molecules in a uniform medium [39]. These two condition are obviously satisfied if
there are no any external torques applied to the rigid body tending to orient the
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body in any specific direction, i.e. the rigid body is free [35]. By the symmetry of
the probability distribution function we know the mean and the median occur at
the point about which the symmetry occurs, which we assume to be zero.

We define with P (~Ω, t) the probability density per unit weight [36] that the
orientation of the rigid body at time t belongs to the invariant volume element
dV = Γ−1d~Ω [36, 39]. The vector ~Ω identifies the orientation of the rigid body
while Γ−1 = 4 sin2 (Ω/2)/Ω2 [39]. Let W (~Ω, t)d~Ω be the probability of finding the
orientation of a randomly chosen member of the ensemble in the volume d~Ω at some
time t after the establishment of the ensemble [36].

The obvious connection between P (~Ω, t) andW (~Ω, t) is P (~Ω, t) = ΓW (~Ω, t) [39].
The assumption of Markovian property for the stochastic process allows us to

write the probability of finding the orientation of a rigid body at time t+∆t belongs
to the distribution W (~Ω, t+ ∆t)d~Ω as:

W (~Ω, t+ ∆t)d~Ω =
∫

d~ε p(~ε,∆t)W (~Ω0, t)d~Ω0, (3.7)

i.e. adding the contributions given by all possible elementary rotations ~ε which may
take place in the time ∆t [36]. The range of ~Ω0 includes only those orientations
which lead to the orientation ~Ω after the rotation ~ε. Thus, by using the inverse of
the operator defined in equation (3.5), we obtain:

W (~Ω0, t)d~Ω0 = ei~ε· ~JW (~Ω, t)d~Ω. (3.8)

Substituting equation (3.8) into (3.7) and changing from W (~Ω, t) to P (~Ω, t) we
obtain:

P (~Ω, t+ ∆t)Γ−1d~Ω =
∫

d~ε p(~ε,∆t)ei~ε· ~JP (~Ω, t)Γ−1d~Ω, (3.9)

where ~J plays the role of the angular momentum operator in analogy of quantum
mechanics [39].

By Liouville’s theorem the equation (3.9) may be valid for each invariant volume
element, and therefore may be now written in the form:

P (~Ω, t+ ∆t) =
∫

d~ε p(~ε,∆t)ei~ε· ~JP (~Ω, t). (3.10)

Expanding ei~ε· ~JP (~Ω, t) in powers of ~ε, collecting terms up to, and including,
the second powers, and expanding P (~Ω, t+ ∆t) in powers of ∆t [39], we get:

∂P (~Ω, t)
∂t

= −JjD(rot)
jk JkP (~Ω, t). (3.11)

We interpret equation (3.11) as the diffusion equation, in analogy of the ordinary
translational diffusion equation [35,36,39], with D(rot)

ij the rotational diffusion ten-
sor.
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Ω1 Ω2

Ω3

dA
~Ω′

Figure 3.2: In the picture an element of surface dA, normal to the direction of Ωl at
the point ~Ω′ in the orientations space, is shown. The general element of surface dA
is plotted in blue. The vector ~Ω′ passes through the surface dA and it contributes
to the current through the surface.

The equation of rotational diffusion (3.11) for the orientation distribution P (~Ω, t)
is independent by the representation used to describe the rotation. Indeed, if the
representation of rotation is not specified by the vector ~Ω but by Euler angles
φ, θ, ψ the rotational diffusion equation looks like as in the form of (3.11) but with
different infinitesimal operators ~J [39].

The equation written in (3.11) can be rewritten, in analogy with the trans-
lational case, also in term of a divergence of a current density in the space of
orientations.

To do that, we consider an element of surface dA, normal to the direction of
increasing of a general axis Ωl in the space of orientations at the point ~Ω [36]
(Fig. 3.2). Let’s assume that the rigid body performs small rotations. All such
rotations that allow the point in the space of orientations to go through the surface
dA will contribute to the current through the surface, and we collect all these
rotations into the set {~ε} [36]. In other words, the set {~ε} contains only small
rotations, of some fixed size |~ε|, that reach or pass the surface dA, i.e. it can be
described as the union of two groups of small rotations {~ε} = {~εon} ∪ {~εout}. The
set {~εon} ∈ {~ε} contains all such rotations ~ε which stop themselves on the surface
dA, while {~εout} ∈ {~ε} contains all such rotations ~ε which pass through the surface
and beyond. The fraction of rotations in {~εon} can be identified with β1, while the
fraction of rotations in {~εout} with β2. Observing that β1 + β2 = 1, we infer the
simple relation that β2 = 1− β1. In other words, the range of β1 goes from 0 to 1.

The probability transferred through the surface is P (~Ω′, t)Γ−1d~Ω′ where ~Ω′ is
the point of origin of the rotation [36]. The rotation of ~Ω′, as discussed previously,
includes those orientations which comes from the orientation ~Ω after a small rotation
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~ε ∈ {~εon}. Modifying ad hoc the rotational operator defined in equation (3.5), we
may write:

P (~Ω′, t)Γ−1d~Ω′ = eiβ1~ε· ~JP (~Ω, t)Γ−1d~Ω. (3.12)

The invariant volume element is on ~Ω and not anymore in ~Ω′ [36]. It is identified
by a small parallelepiped placed on the surface dA and oriented in the direction
of the change in ~Ω under the rotation dβ1~ε [36, 39], i.e. Γ−1d~Ω = Γ−1dA∆Ωl =
Γ−1dAdβ1(−i~ε · ~JΩl), where the last equivalence is given by the observation that
the rotational operator must be infinitesimal. The probability passed through
the surface given by all small rotations ~ε ∈ {~εon} in the time ∆t is given by
p(~ε,∆t)d~ε

∫ 1
0 dβ1Γ−1dA(−i~ε · ~JΩl)eiβ1~ε· ~JP (~Ω, t) and must be integrated over all

possible values of ~ε to get the total probability passed through the surface dA [36].
Dividing the result of integration by ∆tdA, we can write the rotational diffusion
equation, i.e. in Einstein’s summation convention, as:

∂P

∂t
= −Γ∂lJl, (3.13)

where ∂lJl is the divergence of the current density. The current density is equal to:

Jl = Γ−1(JjΩl)D(rot)
jk JkP (~Ω, t). (3.14)

In Ch. 4, where the works about diffusion on manifolds of Kolmogorov [52, 53]
are discussed, we will derive a Fokker-Planck equation on manifolds, which will also
describe rotational diffusion processes.

3.2 The Langevin approach

In this section we describe rotational Brownian motion using a Langevin approach.
In Ch. 2 we have derived the translational Brownian motion of a particle intro-
ducing, by hand, a random force in the Newton’s second law of motion, because of
the equipartition theorem. Here we will follow the same idea, i.e. we will derive a
Langevin equation for rotational degrees of freedom from the fundamental equation
of motion for the total angular momentum of a rigid body, and we will introduce
by hand, a rotational random torque, to model the thermal fluctuations.

Our setting is always the mesoscopic scale, and for simplicity, without loss of
generality, we assume that our rigid body is a particle that performs only random
rotations around its principal axes, i.e. the particle center of mass motion is absent.
A classical rotation is represented by a succession of infinitesimal rotations, see
Appendix A.

The fundamental equation of motion for the total angular momentum of a rigid
body in the body frame is given by Euler’s equations in (3.3). The total external
torque N (e), in this case, is composed by three terms: the viscous friction, the
external applied and the thermal noise one.
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The viscous friction torque is directed in the opposite verse of the motion of
the rigid body and it is proportional to the angular velocity ~ω. It is given by
−ηηη~ω, where ηηη is the rotational friction tensor. The rotational friction tensor is a
3× 3 symmetric and positive definite matrix with a unique symmetric and positive
defined square root ηηη1/2 [54], meaning (ηηη1/2)ᵀηηη1/2 = ηηη (the symbol ᵀ labels the
matrix transpose).

The external applied torque represents the deterministic torques acting on the
particle. For a sake of simplicity we restrict ourselves in the case where no deter-
ministic torques are applied on the rigid body. Only the viscous friction torque and
random one are used to balance rotational motion.

The thermal fluctuations represent the incessant collisions of the molecules of
the surrounding medium on the Brownian rigid body [28] which allow the particle
to perform random rotations. The strength of these thermal fluctuations is given
by
√

2kBTηηη1/2, where kB is the Boltzmann constant and T the temperature of
the bath. The thermal bath is assumed to be homogeneous. The fluctuations are
modeled by a vector ~ξ(t), which are unbiased Gaussian noise sources, i.e. zero
mean and correlation function equal to 〈ξi(t)ξj(t′)〉 = δijδ(t− t′). The fundamental
equation of motion for the total angular momentum of a Brownian rigid body,
therefore, looks like:(

III
d~ω

dt

)
+ ~ω × (III~ω) = −ηηη~ω +

√
2kBTηηη1/2~ξ(t), (3.15)

which is the inertial Langevin equation for rotational degrees of freedom.
In the case where the moment of inertia III is small or in the case of large friction,

the inertial terms can be neglected, i.e. the r.h.s. of equation (3.15) is zero. In this
case the approximate equation is called overdamped Langevin equation and has the
following form:

~ω =
√

2kBTηηη−1/2~ξ(t), (3.16)
where ~ω is the angular velocity.

Fixing on the body a unit vector ~n, to express the orientation of a particle,
assumed spherical for simplicity, the following relation holds:

d~n

dt
= ~ω × ~n . (3.17)

This relation, equation (3.17), is purely kinematic relation that holds for any unit
vector ~n fixed in the body of a particle and has nothing to do with whether or
not the particle is undergoing Brownian motion [21]. Therefore the overdamped
Langevin equation in (3.16) can be written as:

d~n

dt
=
√

2kBTηηη−1/2~ξ(t)× ~n, (3.18)

so, we have a Langevin equation in ~n alone, not involving ~ω. The same result can be
obtained performing the formal limit for small inertia using the multiscale analysis
(see Ch. 5), as computed in Paper I for an ellipsoidal Brownian particle.
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The Fokker-Planck associated to the process has the same form of equation
(3.11) with a rotational diffusion tensor equal to DDD(rot) = kBTηηη

−1. The rotational
diffusion tensor has dimension of [time]−1, and is not the same as that of the
translational diffusion tensor, which is [length]2[time]−1 [55]. In the next section,
i.e. Sec. 3.3, we will describe the Einstein’s relation for the rotational Brownian
motion.

Rotational diffusion of an object can be characterized by the time it takes for
the object to forget its initial orientation. This time is known as the rotational
relaxation time, and is related to the rotational friction tensor. By dimension
of the rotational diffusion coefficient, one can infer that the order of magnitude
of rotational relaxation time is inversely proportional to rotational diffusion co-
efficient. Characteristic rotational relaxation times for small molecules are very
fast, from picoseconds to nanoseconds, while for large macromolecules the order of
magnitude of milliseconds or longer. The rotational diffusion tensor may be deter-
mined experimentally through methods sensitive to nanoseconds, e.g. fluorescence
anisotropy [56–58]

3.3 Rotational diffusion tensor

In this section, we want to describe the Einstein’s relation for the rotational Brow-
nian motion, i.e. the connection between the rotational diffusion tensor and the
rotational friction tensor.

The discussion about the current density in Sec. 3.1 has been treated to explain
how the rotational diffusion tensor, defined by equation (3.6), is connected with
the rotational friction tensor. As Favro in [36], and Valiev and Ivanov in [39], we
follow the Einstein’s method [33] to establish this connection.

As first step, we assume that a weak external torque given by a scalar potential
ψ(~Ω) acts on the rigid body and causes the deterministic changing of the orientation.
The fundamental equation of motion for the total angular momentum of a rigid
body in body coordinate system, given in (3.3), therefore is:(

III
d~ω

dt

)
+ ~ω × (III~ω) = i ~Jψ(~Ω)− ηηη · ~ω, (3.19)

where the r.h.s. is composed by the torque on a typical body i ~Jψ(~Ω)†, given by the
scalar potential ψ(~Ω) multiplied the differential operator ~J , and the viscous drag on
the body, given by −ηηη ·~ω, where ηηη is the rotational friction tensor and ~ω the angular
velocity. A stationary distribution of orientation will be given by the Boltzmann
law P (stat)(~Ω) = c exp(−ψ(~Ω)/kBT ), where c is the integration constant.

Following Favro [36], and Valiev and Ivanov [39], we make several simplifying
assumptions on the equation (3.19) to compute an easily solution of the equation
(3.19).

†We recall that the inverse of the imaginary unit i is in the operator ~J .
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Firstly, we assume that the nonlinear term in the l.h.s, ~ω×(III~ω) (III is the moment
of inertia), may be neglected because the angular velocity ~ω is assumed to be small
enough. Secondly, ψ varies with respect to ~Ω slowly, such that the torque may be
treated as constant over a small interval [36].

Under these two simple assumptions the solution of equation (3.19) becomes:

~ω = ~ω0e(−III−1ηηηt) + i
[
1− e(−III−1ηηηt)

]
ηηη−1 ~Jψ(~Ω). (3.20)

We are interested in effects that take place in a time interval much bigger than
the typical time scale of the process, i.e. t >> IIIηηη−1, such that the angular velocity
of the rigid body can be assumed equal to ~ω∞ = iηηη−1 ~Jψ(~Ω). The rate of change
of the vector ~Ω [36, 39,41] is then given by the following relation:

d~Ω = −i~ω∞dt · ~J ~Ω. (3.21)

The current density caused by the presence of the scalar potential ψ(~Ω), accord-
ing to Valiev and Ivanov [39], is given by ~J (ψ) = W (~Ω)~ω∞ · ~J ~Ω = Γ−1P (~Ω)~ω∞ · ~J ~Ω.
Therefore the total current, for a rotational Brownian rigid body subjected to an
external potential, can be described by the sum of two terms, ~J (ψ) and ~J , where ~J
is given by the equation in (3.14), i.e. in Einstein’s summation convention :

J
(total)
l = J

(ψ)
l + Jl = Γ−1(JjΩl)(D(rot)

jk JkP (~Ω, t) + P (~Ω, t)η−1
jk Jkψ(~Ω)). (3.22)

Under the assumption of stationary conditions, the probability distribution
P (~Ω, t) must be substituted by P (stat)(~Ω) = c exp(−ψ(~Ω)/kBT ) and the equation
(3.22) written above becomes:

J
(total)
(stat)l = Γ−1(JjΩl)(D(rot)

jk − kBTη−1
jk )JkP (stat)(~Ω). (3.23)

By equation (3.13) and by stationary conditions, i.e. [39]:

0 = ∂lJ
(total)
(stat)l = Jj(D(rot)

jk − kBTη−1
jk )JkP (stat)(~Ω), (3.24)

we finally obtain the desired relationship between the rotational diffusion tensor
DDD(rot) and the rotational friction tensor ηηη:

DDD(rot) = kBTηηη
−1. (3.25)

The calculation of the rotational friction tensor ηηη can be performed analytically
for spherical and ellipsoidal particles. The rotational friction tensor for a spherical
particle obeys to Stokes’ law, i.e. ηηη = 8πνa3I where ν is the viscosity of the medium
where the Brownian particle is suspended, a is the radius of the particle and I the
identity matrix, while the general calculation of rotational friction tensor for an
ellipsoidal particle was performed in 1892 by D. Edwards in [59]. The results of
Edwards has been used explicitly in Paper I.
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3.4 Rotational diffusion in physics, chemistry and biology

Rotational diffusion is an important feature in the study of many physical, chemical
and biological topics. In this section we recall some important result obtained in
the last decades for these topics.

In physics, using digital video microscopy [42], fluorescence anisotropy [56–58,
60–62], or other techniques [63,64], one is able to compute, for example, the trans-
lational and rotational diffusion coefficients of particles and thereby determine their
form. As a simple tutorial example, we discuss how to compute the effective radius
of a virus with a spherical shape. Let’s assume that an experiment has studied
the time-dependence of interaction with light of a spherical virus immersed in a
water solution at 300 K. We also assume that the orientation of the virus can be
distinguished by its electrical properties. The result of the experiment is that the
rotational diffusion time is measured to be τr = 0.18 ms. The Stokes’ law and
the connection between the rotational diffusion coefficient and the characteristic
rotational relaxation time allows us to compute the effective radius of a spherical
virus. Indeed, the radius r = (3kBTτr/16πν)1/3, where ν is the viscosity of the
water, is equal to 35 nm.

Although it is useful to apply rotational diffusion for extrapolating the shape
and size of a particle, another interesting application of rotational diffusion exists.
This application consists of studying the equilibrium mechanical shear response of
viscoelastic soft materials by the size of the particle [65]. In other words, probe
particles having a known shape and size are introduced into a non-Newtonian vis-
coelastic soft material and by measuring their rotational diffusion one can deduce
the viscoelastic shear modulus of that soft material [65].

In chemistry rotational diffusion is used to describe the kinetics of diffusion-
controlled reaction between chemically asymmetric molecules [66], while in biology
it is used to describe rotational motion of biomacromolecules in membranes, like
rhodospsin chromophores [67] and protein in the human erythrocyte membrane [68].
For example, rhodospsin chromophores are light-sensitive receptor proteins involved
in visual phototransduction. The orientational and rotational motions of them
are directly observed with polarized light in normal physiological condition, and
therefore are useful cases for investigating rotational diffusion [67].



Chapter 4

Diffusion on Manifolds

That which does not kill us makes us stronger.

–F. Nietzsche

In this chapter we introduce the general theory of Brownian motion on mani-
folds. This theory was developed principally by A. N. Kolmogorov [52, 53, 69–71]
around 1930’s. Successively, K. Itô [72] in 1950 , K. Yosida [73] in 1952 and H. P.
Jr. McKean [74] in 1960, developed theories for Brownian motion on Lie Groups,
which are described also in many monographs [75–78]. We start, therefore, with re-
calling the Kolmogorov’s theory in Sec. 4.1. In this section we discuss and develop
the forward Fokker-Planck equation on manifolds. In Sec. 4.2 we discuss Itô [72],
Yosida [73,79] and McKean [74] works, and we end up describing the stochastic evo-
lution over the Lie groups writing down a Langevin equation valid on Lie algebras
and "injected" on the group by the McKean-Gangolli’s Injection method.

4.1 Fokker-Planck equation on manifolds

Sometimes physical systems are subjected to holonomic constraint. For example,
the motion of a particle constrained to lie on a curved surface is subject to a holo-
nomic constraint (see Fig.1). The dynamics of these systems cannot be described by
orthogonal curvilinear coordinates. Consequently, these system must be analyzed
through the general framework of analytical mechanics invoking the introduction
of generalized coordinate [80].
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Figure 4.1: The figure displays the motion of a particle constrained to lie on a
curved surface subject to some external force. The curved surface, i.e. the smooth
manifold with metric tensor gµν plotted in blue, is the holonomic constraint. The
trajectory performed by the particle is plotted in red.

At mesoscopic scales, a rigid body suspended in a fluid displays a continuous and
irregular motion given by the incessant collisions with the surrounding molecules.
If this irregular motion occurs on a curved space, how can this Brownian motion
be described? In other words, which modifications does a Fokker-Planck need to
describe a motion of a particle subjected to holonomic constraint?

For answering these questions we develop, in this section, the forward Fokker-
Planck equation on a closed n-dimensional Riemannian manifoldM following Kol-
mogorov’s works [52,53,69–71].

A closed n-dimensional Riemannian manifold is a smooth compact manifold of
dimensions n equipped with an inner product on the tangent space and without
boundary [81]. In this section the Einstein’s summation convention is used.

The admissible states ~x of a physical system G with n degrees of freedom form
a Riemannian manifoldM of dimensions n [70]. We assume that the Riemannian
manifold M is closed. The process of variation of the physical system G is said,
using the words of Kolmogorov [70], to be “stochastically determined” if “under an
arbitrary choice of ~x, the region U ⊂M and time s and t, with s < t, the probability
P (s, ~x, t,U) =

∫
U f(s, ~x, t, ~y)dV~y that the system in state ~x at time s will be in one

of the state of the U at time t is defined”. The function f(s, ~x, t, ~y) has to satisfy,
therefore, the following requirements [70]:∫

M
f(s, ~x, t, ~y)dV~y = 1; (4.1a)

f(s, ~x, t, ~y) =
∫
M
f(s, ~x, t′, ~z)f(t′, ~z, t, ~y)dV~z s < t′ < t, (4.1b)

where the invariant volume element has been denoted with dV~y.
Let’s suppose now to take a point ~y0 on the manifold M and let’s call the

neighborhood of this point U . We choose a coordinate system ~z = (z1, ..., zn) on
the neighborhood U inM [70], i.e. U ∈M. Moreover, we assume that in the open
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U

M

M

~y0

Figure 4.2: Schematic picture of a portion of a closed Riemannian manifold M.
The closed manifoldM is identified by the shaded dark blue sphere. The portion
of the closed Riemannian manifold is plotted in light blue, where in red is plotted
neighborhood U of point ~y0. The point ~y0 ∈ U is indicated by the dashed arrow.

set U of the point ~y0, for a given t, the following limits exist uniformly:

Ai(t, ~y) = lim
∆t→0

1
∆t

∫
U

f(t, ~z, t+ ∆t, ~y)(zi − yi)dV~z = lim
∆t→0

ai(t, ~y,∆t)
∆t ; (4.2a)

Bij(t, ~y) = lim
∆t→0

1
∆t

∫
U

f(t, ~z, t+ ∆t, ~y)(zi − yi)(zj − yj)dV~z = lim
∆t→0

bij(t, ~y,∆t)
∆t ;

(4.2b)

lim
∆t→0

1
∆t

∫
U

f(t, ~z, t+ ∆t, ~y)ρ3(~y, ~z)dV~z = lim
∆t→0

ν(t, ~y,∆t)
∆t = 0, (4.2c)

where the geodesic distance between ~y and ~z has been denoted with ρ(~y, ~z) [69,70].
Equation (4.2a) can be physically interpreted as a general velocity field (also

called drift term) of the physical system G, while (4.2b) a general diffusion tensor
of the process with the matrix Bij(t, ~y) symmetric and positive defined. We also
assume the property that the drift term Ai(t, ~y) and the diffusion tensor Bij(t, ~y)
are twice continuously differentiable in the open set U [70].

Let’s now define an arbitrary non-negative function Q(~y) of the class C3 on the
set U , such that Q(~y) is zero outside U . For two general point in the set U , i.e.
~y, ~z ∈ U , the function Q(~y) can be thus expressed as:

Q(~y) = Q(~z) + (yi− zi)
∂Q(~z)
∂zi

+ 1
2(yi− zi)(yj − zj)

∂2Q(~z)
∂zi∂zj

+ θ′ρ3(~y, ~z), |θ′| ≤ C ′,

(4.3)
where C ′ is a constant independent of ~z.
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If the point ~y ∈M− U and the point ~z ∈ U then the function

Q(~y) = Q(z) + θ′′ρ3(~y, ~z) |θ′′| ≤ C ′′, (4.4)

where C ′′ is a constant independent of ~z. Finally if ~y, ~z ∈M− U then

Q(~y) = 0. (4.5)

Under these assumptions we observe that [70]:∫
U

Q(~y)∂f(s, ~x, t, ~y)
∂t

dV~y = ∂

∂t

∫
M
Q(~y)f(s, ~x, t, ~y)dV~y. (4.6)

Applying the definition of derivative and the property described in equation (4.1b),
we obtain:

∂

∂t

∫
M
Q(~y)f(s, ~x, t, ~y)dV~y = lim

∆t→0

1
∆t

∫
M
f(s, ~x, t, ~z)∫

M
Q(~y)f(s, ~z, t+ ∆t, ~y)dV~ydV~z −

∫
M
Q(~z)f(s, ~x, t+ ∆t, ~z)dV~z.

(4.7)

Using the results for Q(~y) in (4.3), (4.4), (4.5) we can easily find:∫
U

Q(~y) ∂
∂t
f(s, ~x, t, ~y)dV~y =

∫
U

f(s, ~x, t, ~y)[
Ai(t, ~y) ∂

∂yi
Q(~y) +Bij(t, ~y) ∂2

∂yi∂yj
Q(~y)

]
dV~y.

(4.8)

The volume element dV~y is invariant. Following now the formalism of S. Wein-
berg [82], to be consistent also with the monographs [77, 78], we claim that the
volume element can be written as dV~y =

√
g(~y)dny, where g(~y) is the determinant

of the metric tensor gµν(~y) of the Riemannian manifold M [82]. Indeed, because√
g(~y) transforms as a scalar density is easily to check that dV~y =

√
g(~y)dny is

invariant under general coordinate transformations. Recall that the function Q(~y)
is arbitrary, after one integration by part for the integral containing the drift term
Ai(t, ~y) and after two integration by part of the integral containing the diffusion
tensor Bij(t, ~y) we obtain finally the second differential equation, using the words
of Kolmogorov in [69,70], at interior points of U :

∂

∂t
f(s, ~x, t, ~y) = − 1√

g(~y)

[
∂

∂yi

√
g(~y)Ai(t, ~y)− ∂2

∂yi∂yj

√
g(~y)Bij(t, ~y)

]
f(s, ~x, t, ~y).

(4.9)
It is very useful to make the following observation. The function f(s, ~x, t, ~y) is

a scalar function and transforms as a scalar. Indeed, it is easy to show that, under
general coordinate transformations, f(s, ~x, t, ~y)dV~y = f(s, ~x, t, ~y′)dV~y′ because dV~y
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is the invariant volume element. If at time t0 is also given a non negative function
h(t0, ~y), such that: ∫

M
h(t0, ~y)dV~y = 1; (4.10a)

h(t, ~y) =
∫
M
h(t0, ~x)f(t0, ~x, t, ~y)dV~x with t > t0. (4.10b)

This simple observation, allows us to define the quantity p(t, ~y) =
√
g(~y)h(t, ~y),

which by construction transforms as a scalar density. This density distribution
function satisfies the Fokker-Planck equation valid on manifoldM [52, 53]:

∂

∂t
p(t, ~y) = −

[
∂

∂yi
(Ai(t, ~y)p(t, ~y))− ∂2

∂yi∂yj
(Bij(t, ~y)p(t, ~y))

]
. (4.11)

Equations (4.9) and (4.11) were used in Paper III, respectively in equation (3)
and equation (10).

Let’s discuss in detail equation (4.9). The l.h.s. of equation (4.9) is composed by
a scalar function f(s, ~x, t, ~y) and the time derivative. Our setting is the mesoscopic
scale and we can assume that the time is non-relativistic, i.e. the time is the same
in any reference frame. For these reasons, the l.h.s of equation (4.9) is a scalar
because transforms as a scalar. The r.h.s., thus, has to follow the same nature of
transformation.

We observe that equation (4.9) can be rewritten in the following way:

∂

∂t
f(s, ~x, t, ~y) = − 1√

g(~y)
∂

∂yi

√
g(~y)J i(s, ~x, t, ~y) , (4.12)

where J i shall be a contravariant vector current defined as

J i(s, ~x, t, ~y) =
[
Ai(t, ~y)− 1√

g(~y)
∂

∂yj

√
g(~y)Bij(t, ~y)

]
f(s, ~x, t, ~y) . (4.13)

This current vector has to transform as a contravariant vector, because if J i(s, ~x, t, ~y)
is a contravariant vector the r.h.s. of equation (4.12) is the covariant divergence.
Because the covariant divergence transforms as a scalar [82], we obtain that both
sides of equation (4.9) transform as a scalar and are therefore invariant under gen-
eral coordinate transformations. The indices of the equation (4.12) have been raised
following the convention of Weinberg [82].

Let’s define with the symbol V ν;ν the covariant divergence of a contravariant
vector V ν [82] as:

V ν;ν = ∂V ν

∂yν
+ ΓννλV λ = 1√

g(~y)
∂

∂yν

√
g(~y)V ν , (4.14)
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where Γνµλ is the affine connection and Γννλ = 1
2

∂
∂yλ

lng = 1√
g(~y)

∂
∂yλ

√
g(~y). We

can also use the previous formula about the contraction of two indices in the affine
connection to simplify the formula for the covariant divergence of a tensor Tµν;µ , for
example:

Tµν;µ = ∂Tµν

∂yµ
+ ΓµµλT

λν + ΓνµλTµλ = 1√
g(~y)

∂

∂yµ
(
√
g(~y)Tµν) + ΓνµλTµλ. (4.15)

Because we want the equation (4.9) to be invariant under general coordinate
transformations, we assume thatBBB transforms as a tensor of rank two, and therefore
we may write:

1√
g(~y)

∂

∂yµ
(
√
g(~y)Bµν) = Bµν;µ − ΓνµλBµλ. (4.16)

For obtaining an invariant equation, therefore, the drift term may not trans-
form as a tensor of rank one, but must transform in a different way. Indeed, the
law of transformation for Ai(t, ~y), to make equation (4.9) invariant under general
coordinate transformations, is:

Ai
′(t, ~y) = ∂yi

′

∂yk
Ak(t, ~y) + ∂2yi

′

∂yk∂yl
Bkl(t, ~y), (4.17)

which is the usual transformation law for the the drift term. Therefore plugging
in equation (4.16) into (4.13), and using the formalism of covariant derivative, we
obtain:

∂

∂t
f(s, ~x, t, ~y) = −Jµ;µ(s, ~x, t, ~y) , (4.18a)

Jµ(s, ~x, t, ~y) =
[
KHµ −Bνµ;ν

]
f(s, ~x, t, ~y) , (4.18b)

where
KHµ = Aµ(t, ~y) + ΓµνλB

νλ(t, ~y) . (4.18c)

The new contravariant vector KHµ transforms under general coordinate transfor-
mations as a contravariant vector, and equation (4.18a) in each interior point U of
M holds and it is invariant. KHµ is often called Hänggi-Klimontovich drift [83–85].

4.2 Stochastic processes on Lie groups

Lie groups have many applications in real world. For example, elastic models of
DNA [86], steering of flexible needles [87] and nonholonomic kinematic systems such
as wheeled vehicles that are subject to rolling constraints [88–90] are applications
that are described by diffusion processes on Lie groups [78]. According to Chirikjian
[86], Lie groups can also be made use of like a configuration space over which
ensembles of conformations evolve.
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In this section we discuss stochastic processes on Lie groups recalling the pi-
oneering works of Itô [72], Yosida [73, 79] and McKean [74]. Let’s start with a
definition of Lie group. We refer to Appendix A for more details about Lie groups.

Lie groups [91, 92] provide a way to express the concept of a continuous family
of symmetries for geometric objects. By differentiating the Lie group action, you
get a Lie algebra action, which is a linearization of the group action. As a linear
object, a Lie algebra is often a lot easier to work with than working directly with
the corresponding Lie group. A formal definition given by Bishop and Crittenden
in [93] is: “a Lie group G is a set which is both a group and a manifold and such
that the group operation are C∞ , that is, the maps:”

G×G→ G given by (g, h)→ gh; (4.19a)

G→ G given by g → g−1 are C∞. (4.19b)
The whole information in a Lie group is almost contained in its Lie algebra [92].
A Lie algebra, according to Bishop and Crittenden [93], “ is a vector space L

for which is given a bilinear function from L× L to L, called bracket, and denoted
by [, ], which satisfies:

• [~x, ~x] = 0 for every ~x ∈ L, and that [~x, ~y] = −[~y, ~x] for every ~x, ~y ∈ L;

• the Jacobi identity: for every ~x, ~y, ~z ∈ L [~x, [~y, ~z]] + [~z, [~x, ~y]] + [~y, [~z, ~x]] = 0”.

The Lie algebra is the cornerstone of the Lie group theory. It allows to replace
complicated non-linear conditions of invariance by relatively simple linear infinites-
imal conditions.

Given a Lie group G, it is possible to define the left invariant vector field of G.
A left invariant vector field of G is, by definition given in [93], “a vector field which
is fixed under differentials of left translations, that is, if Lg : G → G is defined by
Lg(h) = gh, then X is a left invariant vector field if dLgX(h) = X(gh) for every
g, h ∈ G. Therefore, the Lie algebra of G, denoted by mmm, is the Lie algebra of the
left invariant vector field”.

Lie group and its Lie algebra are connected via exponential map. Formally, the
definition of the exponential map is [93]: “Let’s X ∈ mmm be a point on the algebra.
Let’s ζX be the integral curve of X starting at the identity. Then the exponential
map exp : mmm→ G is the map which assigns ζX to X”.

In other words, the exponential map is a map from the Lie algebra mmm of a Lie
group G to the group G and it is able to recapture the local group structure of the
Lie algebra on the group, see Fig. 4.3. The Lie algebra mmm, which is the tangent
space at the identity element e of the group G, is colored in red in Fig. 4.3. The
Lie Group G is colored in blue in Fig. 4.3. In Fig. 4.3 the exponential map is
indicated by eX , which is equal to ζX .

In this thesis we are interested in only matrix Lie groups, then the exponential
map coincides with the matrix exponential and is given by the ordinary series
expansion, i.e. exp(X) =

∑∞
n=0X

n/n! where X is a square matrix.
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e
X

mmm

eX

G

ζX

Figure 4.3: The picture displays how the exponential map works. The Lie algebra
mmm of a Lie Group G, colored in blue, is the tangent space at the identity element
of the group, indicated with e. In the figure the Lie algebra mmm is the plane colored
in red. Let’s X ∈ mmm be a point on the algebra. Let’s ζX be the integral curve of
X starting at the identity. Then the exponential map is the map which assigns
ζX to X. In the picture the exponential map is indicated by eX , which is equal to
ζX [93].

The first author to introduce Brownian motion on a Lie group was Yosida in
[79]. He analyzed the Brownian motion on the surface of a 3-sphere, studying a
homogeneous Markov process on a n-dimensional compact Riemannian space S
with a metric given by ds2 = gij(x)dxidxj such that the totality G of the isometric
transformations of S onto S constitutes a Lie group transitive on S [79]. Using the
property given by Kolmogorov [70] and using the infinitesimal operators of the Lie
group G, he shows that exists only and only one Brownian motion on the surface
of the 3-sphere S3 [79].

It is useful recall that every simply connected, closed 3-manifold is homeomor-
phic to the 3-sphere. Indeed, the Poincaré conjecture, the only problem solved of
the Seven Millennium Problems [94] proved in 2003 by Grigori Perelman [95–97],
provides that the 3-sphere is the only three-dimensional manifold (up to homeo-
morphism) with these properties. When thought as a Lie group S3 is often denoted
Sp(1) or U(1,HHH). It is a nonabelian, compact Lie group of dimension 3.

Itô in [72] generalized the result of Yosida to all Lie groups. For a n-dimensional
Lie group G, Itô [72] shows that a Markovian random process π(t) on G is called
to be a right (left) invariant Brownian motion on G if it satisfies the Kolmogorov-
Feller’s continuity condition [70, 98], temporal homogeneity, spatial homogeneity
and continuity.

The case of Brownian motion on SO(3) group manifold was explicitly con-
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structed by McKean in 1960 [74,75]. In this paper, the author introduce the method
of injection and with it the first stochastic differential equation on the Lie algebra
sososo(3). The McKean-Gangolli injection method "injects" a stochastic process from
the Lie algebra into the group using the exponential map and product integral
formula. In the following we explain the mathematical formalism of the method.

A stochastic differential equation with constant or time-varying coefficient has
the following form:

dxi = ai(t)dt+ bij(t)dW j(t). (4.20)
This equation describes a stochastic sample trajectories that evolve in a Euclidean
space Rn [78]. The term ai(t) transforms following the Itô’s lemma, while the matrix
bbb(t) transforms as a tensor of rank two under general coordinate transformations.
The term dW j(t) are Wiener processes with zero mean and correlation function
equal to 〈dW i(t)dW j(t′)〉 = δijδ(t − t′). The fact that the tensor bbb(t) does not
depend by coordinates ~x, the equation (4.20) can be interpreted as an Itô or a
Stratonovich equation (see Appendix B).

Identifying this Euclidean space Rn with an n-dimensional Lie algebrammm, asso-
ciated to a generic Lie group G, then through the exponential map, it is possible
to transfer, or "inject" with the words of McKean and Gangolli, this sample path
into the corresponding Lie group [78].

Each time that we use the exponential map, the path obtained brings us away
from the identity e of the group G. Since a Lie algebra is defined as the tangent
space at the identity, McKean and Gangolli [74,75,78,99,100] use the idea to reset
things at the identity at each step. To explain this resetting it is useful to introduce
an instructive example given by Gregory S. Chirikjian [78]. Let’s g ∈ G an element
of the Lie group G. At time t = 0 we assume that the element g(t) is at the
identity g(0) = e. At time t = dt, the evolution on the the Lie algebra mmm can be
exponentiated on the Lie Group using the exponential map, and therefore on the
Lie group the element is g(dt) = g(0) ◦ e(dxiJi), where the symbol ◦ identifies the
composition of two elements of the group, i.e. the multiplication, dxi is evaluated
at time dt, and J i are the generator of the Lie algebra, i.e. a basis for G (see
Appendix A). At the next step 2dt, g(2dt) = g(dt) ◦ e(dxiJi), where dxi is evaluated
at time 2dt and so on [78]. Finally, we can compute the general path g(t+ dt) ∈ G
defined recursively as:

g(t+ dt) = g(t) ◦ e(dxiJi), where g(0) = e, (4.21)

where g(t) is generated by the product integral:

g(t) =
⋂

0≤τ≤t
e(dxiJi). (4.22)

Equation (4.22) is an infinite product of exponential maps. It results from (4.21)
with infinitesimal dt [78].

This method has been used in Paper III, where the stochastic evolution of the
elements of Lie groups SO(3) and SU(2) has played a central role for describing
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the Brownian rotations of a Brownian rigid body subject to an external force field
in the R3 Euclidean space and C2 complex space, respectively.



Chapter 5

Homogenization and Multiscale
Methods

Science is organized knowledge.
Wisdom is organized life.

–I. Kant

In this chapter we introduce the homogenization theory and the multiscale meth-
ods. We do a simple introduction of these methods and we apply them to a simple
advection-diffusion process. We show that effective equations arise from the solv-
ability conditions.

The chapter is divided in four sections. In Sec. 5.1, following a pioneering
contribution published in the mid-1990s by M. Vergassola and M. Avellaneda [101],
we introduce the homogenization theory and the multiscale analysis. We show
how to define quantitatively the different time and length scales in an advection-
diffusion process and how to write the hierarchy of equations for the perturbative
analysis. In Sec. 5.2 we explain how solvability conditions work by using Fredholm
alternative, and in Sec. 5.3 we show how effective equations arise from solvability
conditions. We conclude this chapter introducing the connection with calculations
performed in the published papers in Sec. 5.4.

39
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5.1 Homogenization and multiscale methods

Many problems in physics, according to Mazzino et al. [102], show the separation
of different length and time scales between the degrees of freedom from which they
are described. Simulations with modern supercomputers are not able to describe
all the relevant scales involved in such difficult problems. A suitable technique, for
the treatment of such difficult problems with length and/or time scales separation,
is the Multiscale Methods. [102,103].

The multiscale analysis is an asymptotic method for solving problems which
have important features at multiple scales of time and/or scale. In mathematics
and physics, multiscale analysis consist of techniques used to construct uniformly
valid approximation to solution of perturbation problems, both for small as well
as large value of independent variables. In a regular perturbation expansion some
non-uniformity can appear as a result of resonant interactions between consecutive
orders of perturbation theory. This method, identified small and large scale of the
model under study, eliminates these non-uniformities and builds a solution as an
asymptotic sum [104].

Our aim is to show how the multiscale method works when applied to the anal-
ysis of a general problem containing fast and slow degrees of freedom. We want
to describe how effective equations, where the fast degrees of freedom are aver-
aged out, arise from the analysis. The procedure to average out such degrees of
freedom is called homogenization. Homogenization theory is concerned with the
derivation of equations for averages of solutions of equations with rapidly varying
coefficients. This procedure allows us to write effective equations for systems with
different temporal and spatial scales using perturbation theory. A first order per-
turbation theory is called averaging, while a second order perturbation theory is
called homogenization [105].

To show how homogenization and multiple analysis works, we apply the multi-
scale techniques to an advection-diffusion process with scale separation, following
the work of M. Vergassola and M. Avellaneda [101].

The following Langevin equation describes the motion of particles advected by
a velocity field ~v(~x, t) and subjected to molecular diffusion:

d~x(t)
dt

= ~v(~x, t) + ~W (t). (5.1)

With function ~x(t) has been denoted the position at time t of the particle which
was initially in ~x(0) = ~x0 [101]. The random movement of the particle is mod-
eled by random process ~W (t), with zero mean and white Gaussian noise in time
〈Wi(t)Wj(t′)〉 = 2Dδijδ(t − t′), where the molecular diffusivity is denoted by
DDD = DI, symmetric and definite positive tensor. With the symbol I is identified
the identity matrix.

The velocity field ~v(~x, t), as pointed out by Vergassola et al. [101], must belong
to one of the following classes:
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• the first class contains fields which are deterministic and periodic in space
and time, or fields which are periodic in space and time independent. The
period can be not the same in the various directions;

• the second class contains fields which are homogeneous and time independent,
or random, homogeneous and stationary fields.

The symbol 〈·〉 defines the average over periodicities and the ensemble average in
the random case. It is also assumed, here, that the velocity field mean value is
equal to zero [101].

As described in Ch. 2, the Fokker-Planck equation associated to the process
described by (5.1) is:

∂p(~x, t)
∂t

+ ~∇ · (~v(~x, t)p(~x, t)) = D~∇ · ~∇p(~x, t). (5.2)

where the probability density function that the particle has a certain position ~x at
time t is p(~x, t) [101].

We want to apply homogenization procedure to (5.2) to build an effective diffu-
sion equation at large scales. Specifically, as in [101], we are looking at the dynamics
of the density field p(~x, t) on large scales. These scales are larger than the periodic-
ities of ~v(~x, t). To do that we start to identify the fast and slow degrees of freedom
of the process.

Time and length scales
The strategy, that here we use, is to describe each variable occurring in equation
(5.2) as a dimensionless variable multiplying a dimensionful term (see Ch. 1). In
this way, it will be easier to separate the different scale of the process.

We start by assuming that the equation (5.2) describes the evolution of a Brow-
nian particle on a large scale in space, i.e. the variable ~x = L~̂x where L is the
dimensionful term of the variable, while ~̂x is the associated dimensionless variable.
The term L identifies size of the long length scale and it can be identified as the
`slow (see Ch. 1 Sec. 1.2). This long length scale is the length scale which we are
interested in.

The molecular diffusivity tensor, using the same strategy, can be rewritten as
DDD = D0D̂DD. D0 by order of magnitude equals kBT

6πηa is given by Stokes’ law and
Einstein’s relation, η the viscosity of the fluid and a is the radius of the particle,
assumed spherical.

The velocity field can be interpreted as ~v = v0~̂v, where v0 has an order of
magnitude equal to kBT

6πηalc , where lc, by order of magnitude D0
v0

, is the periodicity
of the velocity field. By assumption lc << L, therefore lc can be interpreted as the
fast length scale of the process, `fast.

At each length scale, lc and L, we can associate a time scale, respectively τc
(fast time scale) and τL (slow time scale). τc refers to the time of the periodicity of
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velocity field and it has an order of magnitude equal to τc = lc
v0
, while τL refers to

the time of the effective process that we are looking for. The ratio between lc
L << 1

denotes a small parameter ε for the multiscale analysis.
We are able now to define new independent variables for each scale:

~̃x = ε−1~̂x , ~X = ~̂x , (5.3)
and derivatives in the new variables become:

∂

∂x̂i
= ε−1 ∂

∂x̃i
+ ∂

∂Xi
, (5.4)

The time in the Fokker-Planck equation (5.2) is the time that describes the
evolution of a Brownian particle on a large scale in space, i.e. t = τLt̂. We,
therefore, define the relative time scales, which appear in the process, as:

θ = ε−2t̂ , ϑ = ε−1t̂ , τ = ε0t̂ , (5.5)
and derivatives become:

∂

∂t̂
= ε−2 ∂

∂θ
+ ε−1 ∂

∂ϑ
+ ∂

∂τ
(5.6)

We are interested in a perturbation analysis, thus, we require that the proba-
bility distribution function p must be dependent by all new independent variables:

p = p(θ, ϑ, τ, ~̃x, ~X) . (5.7)
We, therefore, write down the probability distribution function as an asymptotic
sum, with ε→ 0, i.e.:

p = p(0) + εp(1) + ε2p(2) + . . . , (5.8)

where the functional dependence in (5.7) on the various variables is inherited to all
p(i). The field p(0) is the only normalized to one. All other field p(i) with i > 0 may
be normalized to zero.

The fast length scale composed by ~̃x is essentially the fast spatial degree of
freedom, with the restriction that p, i.e. equation (5.7), has periodic boundary
condition in these variables.

The spatial periodicity is assumed to be lc. The small length scale ~̃x = ε−1~̂x,
is of order one only for very small ~̂x. The variable ~X defines the slow length scale,
i.e. the one we are interested in. This variable can be identified as the effective
coordinates of the center of the Brownian particle and it describes the effective
evolution of the particle’s center, where the fast degrees of freedom are integrated
away.

The fast time scale is identified with the variable θ. Such variable is essentially
the characteristic time of the process. The time ϑ can be identified as an intermedi-
ate time scale, at which the motion of the process is governed by a ballistic motion.
τ , instead, identifies the slow time where the particle performs an effective motion.



5.2. SOLVABILITY CONDITION: THE FREDHOLM ALTERNATIVE 43

Hierarchy of equations

After all these formal descriptions of small and large scales variables, we can plug
(5.4), (5.6) and (5.8) into (5.2) and, collecting terms of equal power in ε in the
resulting expression, we obtain the following hierarchy of inhomogeneous equations
(order ε−2, ε−1 and ε0):

O(ε−2) : ∂p(0)

∂θ
+ ∂

∂~̃x
· (~̂vp(0))− D̂ ∂

∂~̃x
· ∂
∂~̃x
p(0) = 0, (5.9a)

O(ε−1) : ∂p(1)

∂θ
+ ∂

∂~̃x
· (~̂vp(1))− D̂ ∂

∂~̃x
· ∂
∂~̃x
p(1) = −∂p

(0)

∂ϑ
+

− ∂

∂ ~X
· (~̂vp(0)) + 2D̂ ∂

∂~̃x
· ∂

∂ ~X
p(0),

(5.9b)

O(ε0) : ∂p(2)

∂θ
+ ∂

∂~̃x
· (~̂vp(2))− D̂ ∂

∂~̃x
· ∂
∂~̃x
p(2) = −∂p

(1)

∂ϑ
+

− ∂

∂ ~X
· (~̂vp(1)) + 2D̂ ∂

∂~̃x
· ∂

∂ ~X
p(1) − ∂p(0)

∂τ
+ D̂

∂

∂ ~X
· ∂

∂ ~X
p(0)

(5.9c)

In the variables ~̃x, the density p(0) obeys to periodic boundary condition.
To fix the dependence of the p(i) functions in (5.7) on the slow variables over fast

scale degrees of freedom we need to use solvability conditions, from which effective
equations for dynamics of large scales arise.

5.2 Solvability condition: the Fredholm alternative

In this section we describe in a simple way the concept of solvability condition.
Solvability condition of a differential equation is, with a trivial definition, the

condition that we need to impose for finding a non trivial solution of a non homo-
geneous differential equation. Mathematically speaking, solvability conditions are
described by Fredholm theory. Fast and slow independent variables and solvability
conditions are used to remove secular terms appearing into perturbation analysis.

For a sake of simplicity, following an example given by G. Pavliotis and A.
Stuart in [105], we consider the equation:

Au(~x, t) = f(~x, t), (5.10)

where A is a linear differential operator A : H → H with H an Hilbert space
with inner product (·, ·). The function u(~x, t) is unknown and lives on the Hilbert
space H and the function f(~x, t) is the known source function on H of the non
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homogeneous differential equation. Let A† : H → H be the adjoint of A via the
identity:

(Au(~x, t), v(~x, t)) = (u(~x, t),A†v(~x, t)) ∀u(~x, t), v(~x, t) ∈ H. (5.11)

Suppose now that v(~x, t) ∈ H denote any element of the kernel ker(A†) of A†,
i.e. ker(A†) = {v(~x, t) ∈ H | A†v(~x, t) = 0}. From equation (5.10) we deduce that
f(~x, t) is in the image of the linear differential operator A, i.e. f(~x, t) ∈ Im(A),
and substituting into (5.11) we infer that:

(f(~x, t), v(~x, t)) = 0 ∀v(~x, t) ∈ H. (5.12)

A necessary condition for the existence of a non trivial solution for (5.10), there-
fore, is that the function f(~x, t) has to be orthogonal to the kernel of the operator
A†.

5.3 Effective equations

In this section we solve the equations in (5.9), to build an uniformly accurate
approximation of p.

We start with equation in (5.9a). We consider the case of a compressible velocity
field, as in [101]. For the case of incompressible velocity field ∂

∂~̃x
· ~̂v = 0 we remind

to [106] and to Paper II and Paper III.
For a compressible velocity field, the solution of (5.9a) can be computed using

linearity and expressed as:

p(0) = m(~̃x, θ)ρ(0)( ~X, ϑ, τ), (5.13)

where m(~̃x, θ) is normalized to 1 over the fast spatial degrees of freedom and
ρ(0)( ~X, ϑ, τ) is normalized to 1 over slow spatial degrees of freedom [101].

Ballistic transport
Plugging the solution (5.13) in (5.9b) and applying solvability condition (see Sec.
5.2), we obtain the first effective equation. Averaging out the fast spatial degrees
of freedom, indeed, brings to have the following equation:

∂ρ(0)

∂ϑ
+ ~Vb ·

∂ρ(0)

∂ ~X
= 0. (5.14)

Equation (5.14) describes a ballistic transport. The effective velocity, or ballistic
velocity, is equal to:

~Vb = 〈~̂v(~̃x, θ)〉 =
∫

d~̃x ~̂v(~̃x, θ) m(~̃x, θ). (5.15)

The Brownian particle, therefore, in the intermediate time scale, performs a
ballistic motion with a constant velocity given by (5.15).
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Diffusive transport
For computing the effective diffusion equation to which we are interested in, we
need to find a solution for equation order O(ε−1). To seek this solution, we plug
(5.14) into (5.9b) and, using the linearity of Fokker-Planck, we obtain:

p(1) = ~χ(~̃x, θ) · ~∇ρ(0)( ~X, ϑ, τ), (5.16)

where ~χ is a vector field, which satisfies:
∂~χ

∂θ
+ ∂

∂~̃x
· (~̂v~χ)− D̂

(
∂

∂~̃x
· ∂
∂~̃x

)
~χ = −m(~̂v − ~Vb) + 2D∂m

∂~̃x
. (5.17)

On the above equation, the underline in the l.h.s. indicates that the derivative is
contracted only with the velocity field, and not with the auxiliary vector field ~χ.
Using Einstein’s summation convention, equation (5.17) becomes:

∂χk
∂θ

+ ∂

∂x̃i
(~̂viχk)− D̂δij

(
∂

∂x̃ i

∂

∂x̃j

)
χk = −m(v̂k −Vbk) + 2Dδki

∂m

∂x̃i
. (5.18)

Using the same procedure described before, i.e. plugging in equation (5.9c)
the solution obtained in (5.16), and applying solvability condition to the equation
(5.9c), we finally obtain the effective equation governing the large scales dynamics,
which will be expressed in Einstein’s summation convention for simplicity:

∂ρ(0)

∂τ
= D̂eff

ij

∂

∂Xi

∂

∂Xj
ρ(0) , (5.19)

where
D̂eff
ij = D̂δij − 〈(v̂i −Vbi)χj〉 (5.20)

In order to compute an effective equation of motion, the dimensionless variables
must be replaced to the original variables t and ~x, and the marginal probability
density ρ(t, x) =

∫
d~̃xp, i.e. the initial probability density, where the fast degrees of

freedom are integrated out, must be used. For our assumption on the probability
density function, equation (5.7), we conclude that ρ = ρ(0) and the effective long
term equation looks like:

∂ρ

∂t
+ ∂

∂xi

(
Vbi −Deff

ij

∂

∂xj

)
ρ = 0 . (5.21)

Although the original variables t and ~x appear in equation (5.21), we know that
this effective Kolmogorov forward equation is valid only in the long-term regime
[107], and can be used to describe the dynamics of the process in (5.1) in a such
regime.

Under arbitrary rotations the flow could be non-invariant. This property may
affect the effective diffusion tensorDDDeff , which might be anisotropic [45,101,107]. By
a physical intuition, we infer that this effective diffusivity tensor is symmetric and
positive defined. It can be computed, however, only solving the auxiliary equation
in (5.17).
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5.4 Connection to papers

The multiscale analysis has been applied in Paper I, II, III and IV. For each paper,
a proper scale separation for each process has been introduced and a hierarchy of
equations, as in (5.9), has been developed.

In Paper I, we have developed an effective equation for an underdamped dynam-
ics of a Brownian ellipsoidal particle, which performs translational and rotational
motion in three dimensions. We have derived, therefore, the overdamped dynamics
of a Brownian ellipsoidal particles, where fast degrees of freedom of velocity and
angular velocity are averaged out. Moreover we have applied the multiscale analysis
to thermodynamics functionals using the Feynman-Kac formula, see Appendix C
of Paper I.

In Paper II, Paper III and Paper IV, we have developed an effective diffusion
equation for an ovrdamped dynamics of a Brownian body, which performs transla-
tional and rotational motion in three dimensions, and subjected to an external force
field. We have derived, thus, an effective equation where fast degrees of freedom
of orientation are averaged out. In these case the calculation shown above, is sim-
ilar to the one in the papers. The main difference with the hierarchy of equations
(5.9) is the presence of the orientational degrees of freedom, which introduce new
terms in the multiscale analysis. In these papers, we have recalled methodology
of the literature for computing the effective diffusion tensor, which arises from the
solvability conditions. Equation (5.21) correspond to equation (18) in Paper II and
equation (52) in Paper III, but with the difference that the ballistic velocity and
the effective diffusion tensor have been computed analytically.



Chapter 6

Stochastic Energetics

We are what we repeatedly do.
Excellence, then, is not an act, but a habit.

–Aristotle

In this chapter we give a short introduction of the theory of stochastic energetics.
We start with a nutshell of thermodynamics in Sec. 6.1. In Sec. 6.2 we describe the
stochastic energetics at trajectory level at mesoscopic scale. We end this chapter
with Sec. 6.3, where we explain the connection of stochastic energetics with Paper
I.

6.1 General remarks

In this section we briefly review classical thermodynamics, assuming that the reader
is familiar with this field, in order to compare it with stochastic energetics [108].

Classical thermodynamics deals with the First and Second fundamental Laws
governing transformations of a systems ∗. The First Law is also called “the law
of conservation of energy” [12] and treats the exchange of heat, work and matter

∗The Zeroth Law, which states, according to Sekimoto [2], that “if a system is left isolated
for sufficiently long time from any environment and from any external system, it will reach a
state with no further macroscopic changes”, is assumed always valid, while the Third Law is out
of scope of this thesis.
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with the environment. The Second Law is about the variation of entropy. It is also
called “the entropy law” [12] and states that the total entropy never decreases.

In this chapter we focus our attention on the physical quantities heat and work,
leaving the discussion about the entropy to the next chapter, i.e. Ch. 7.

Classical thermodynamics is built upon empirical basis [109], where each macro-
scopic system is assumed as thermodynamics system. Thermodynamics variables,
as temperature T , volume V etc., identify a thermodynamics state of the system.
Energy E, volume V are extensive variables, whereas pressure P , temperature T
and magnetic field are intensive.

The thermodynamic equilibrium is defined by a thermodynamic macroscopic
state which does not change during the time.

A thermodynamics transformation is defined as a change of a state. If we
start from an equilibrium state the transformation is given by an external control
parameter. Thermodynamic transformations can be divided in two sets: reversible
and irreversible transformations.

A transformation is called reversible if, inverting the time arrow, the transfor-
mation does the same path back in the history. If a transformation is not reversible,
then is called irreversible.

If we are able to compute the mechanical energy of a system, then it is possible
to identify this energy as internal energy of the macroscopical thermodynamics
system. If we have an exchange of energy given by an external control parameter,
this exchange of energy is called work. Heat, therefore, is the form of exchange of
energy that is not given by work, or mass exchange [2].

The First Law of thermodynamics states that “the balance of energy is estab-
lished by changes in the internal energy of the system ∆E, the work W and the
heat Q during any process” [29]:

∆E = Q−W. (6.1)

We have used the following sign convention: we define W > 0 when the system
makes work on the environment and Q > 0 when the system receives heat from
the environment†. In other words in any thermodynamic process the balance of
exchanged work and heat is equal to the variation of the internal energy E [2].

The First Law of thermodynamics, therefore, distinguishes between two different
forms of energy, which can be exchanged by a system with the environment. The
addition of heat to a body is not due to the application of a generalized force, but
by conduction, convection or radiation. In all these cases the body changes its
thermodynamic state as a result of a change of motion at microscopic level [29].

In the next section we explain how Sekimoto [2,110] generalizes the First Law of
thermodynamics at mesoscopic scale using the Langevin equation, opening, thus,
the field of stochastic energetics.

†We inform the reader that we are following the usual sign convention for thermodynamics,
in contrast to the convention used by Sekimoto in [2]
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6.2 Stochastic energetics

The main idea of stochastic energetics is to describe the energy exchanges and
statistical properties for mesoscopic systems, in analogy with classical thermody-
namics for macroscopic systems. Mesoscopic internal energy, heat and work need
to be, therefore, introduced.

In this section we introduce the field of stochastic energetics following the works
of Sekimoto [2,110]. We present in detail the concept of heat along a trajectory, i.e.
physics of the Langevin equation, and the First Law of thermodynamics for system
governed by Langevin dynamics.

Langevin equations
We are interested in how to describe the exchanging of the energy between the par-
ticle and the thermal environment along an individual realization of such process.

We want to show explicitly the transferred energy along a single trajectory and
for this reason we are not interested in describing our dynamics with the Fokker-
Planck equation, because this equation deals with an ensemble of stochastic pro-
cesses [2], but we are interested in using the Langevin equation, described in Ch.
2, because more appropriate.

The underdamped and overdamped Langevin equation describing such motion
read:

d~x

dt
= ~v, m

d~v

dt
= ~f ext(~x, λ)− γγγ · ~v + ~ξ(t); (6.2a)

and
γγγ · d~x

dt
= ~f ext(~x, λ) + ~ξ(t). (6.2b)

Equation (6.2a) describes the underdamped dynamics of the Brownian particle
of mass m. We recall that ~x describes the position of the center of mass of the
particle, while ~v the velocity of the particle. The friction tensor is here denoted
by the symbol γγγ = γI, where I is the identity matrix in three dimensions, while
~f ext(~x, λ) is, in agreement with Sekimoto [2], an external force given by a potential
U(~x, λ), where λ is the control external parameter.

The external control parameter λ is governed by an agent which is able to
control macroscopically the system through it. This agent is also called external
system. The term "external" indicates that the evolution of the parameter λ is not
determined by equation (6.2a) and (6.2b) [2].

Equation (6.2b) describes the overdamped dynamics of the Brownian particle,
i.e. the mass of the particle is assumed small or the friction large. We recall that
the overdamped approximation is obtained by the formal small inertia limit.

In both equations the random fluctuation force is modeled by Gaussian white
noise sources, i.e. zero mean and correlation function 〈ξi(t)ξj(t′)〉 = 2Bδijδ(t− t′)
with t < t′, where B is a measure of the strength of the fluctuation force satisfying
the Fluctuation-dissipation theorem discussed in Sec. 2.2.



50

Definition of heat

By definition, the heat is an energy exchanged between the system and the ther-
mal environment [2, 110]. We know that the system is described by the Langevin
equations in (6.2), but how is the thermal environment defined?

The fluctuation force connects the environment and the particle with the strength
of the fluctuation force given by the Fluctuation-dissipation theorem. The environ-
ment can be defined as the background of the system with which the system is in a
perpetual contact. It is characterized by the thermodynamic variable temperature
T . In other words, the environment is the thermal reservoir in equilibrium at con-
stant temperature T . The time scale of the thermal bath is assumed always faster
than the characteristic time of the process.

As described in the previous section, thermodynamics was developed at equilib-
rium as a theory of the macroscopic world. The evolution of the humanity, driven
by the science, has brought to the description of the macroscopic world by the
movement of its microscopic components, using the statistical mechanics. Statisti-
cal mechanics describes physical phenomena in terms of a statistical treatment of
the behaviour of large numbers of atoms or molecules, i.e. microscopic components,
especially as regards the distribution of energy among them. More precisely the
primary goal of equilibrium statistical mechanics is to derive the classical thermo-
dynamics of materials in terms of the properties of their constituent particles and
the interactions between them. At mesoscopic grains the dynamics of a particle
can be described by stochastic theories and the thermodynamics must be defined.

Following Sekimoto [2], we suppose that the law of action and reaction holds
always between the Brownian particle and its environment: when the environment
exerts a force −γγγ · d~xdt + ~ξ(t) on the particle, given by the drag force −γγγ · d~xdt and the
fluctuation force with zero mean, i.e. ~ξ(t), the particle exerts the reaction force,
−(−γγγ · d~xdt + ~ξ(t)), on the environment [2].

The concept of heat, therefore, spontaneously arises as the form of exchange of
energy from the environment to the system [2]. Along a trajectory described by
the evolution of the center of mass of the particle, the work done by the Brownian
body on the environment in a infinitesimal displacement d~x(t), given by Langevin
equation, is given by the product between the infinitesimal displacement d~x(t) and
the reaction force that the particle exerts on the environment, that is, −(−γγγ · d~xdt +
~ξ(t))◦d~x(t) [2]. We have adopted the Stratonovich-type product ◦, to use the usual
rules of calculus about the differentials.

A physical motivation about the adoption of the Stratonovich-type product is
given by the fact that, as claimed by Wong [111], white noise does not exist in
any real world system and, therefore, the continuous motion of Brownian particles
needs to be considered within the framework of normal calculus [112, 113]. In
contrast, in finance, Itô calculus is preferred because stochastic processes are truly
discontinuous at short time scale [114].

The work can be positive or negative depending if the energy is lost by the
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Figure 6.1: Schematic picture of the energy balance of a system, for example a
particle, with its thermal environment and an external system [2].

system or by the environment, respectively. In both case there is a flux of energy
between the environment and the Brownian body. This energy transfer has been
defined as heat. In other words, the law of action and reaction, defined above
from the Langevin equation, allows to quantify the amount of energy that has been
transfered between the system and the environment.

Following the sign convention of Sekimoto [2], we assign the positive sign to the
heat when the system receives energy from the environment. At mesoscopic scale,
for instance, when the Brownian particle makes a positive work on the environment
releases energy in the environment and the heat is negative. Then, we can define
the equation when the system receives heat from the environment with:

δQ ≡
(
−γγγ · d~x

dt
+ ~ξ(t)

)
◦ d~x(t). (6.3)

The δ is introduced to remind that the heat is not differentials.

The First Law
The definition of the heat at the mesoscopic scale given in equation (6.3) and the
Langevin equations in (6.2) are sufficient to describe the First Law of thermody-
namics at mesoscopic scale [2].

When the inertia is not negligible the formalism used to describe the evolution
of a Brownian particle is the underdamped dynamics. In a such situation equation
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(6.3) becomes δQ = (md~v
dt + ~∇U) ◦ d~x. Using the Stratonovich calculus, we can

obtain easily, from the definition of the heat for the underdamped dynamics, the
following expression:

d

(
m
~v · ~v

2 + U(~x, λ)
)

= δQ+ ∂U

∂λ
◦ dλ. (6.4)

The l.h.s. of equation (6.4) identifies the differential of the total energy E =
m~v·~v

2 + U(~x, λ) of the system. In the r.h.s. of the equation we identify the work
done by the external system on the particle system with δW = ∂U

∂λ ◦ dλ and the
balance of energy for the system becomes:

dE = δQ+ δW, (6.5)

which is the analogous of the First Law of thermodynamics, see Fig. 6.1. Equation
(6.5) holds for each realization of the stochastic process [2].

If the variation of the external control parameter is abrupt, i.e. very fast respect
to the characteristic time of the process τ = m/γ, but slow respect to the time
resolution of the Langevin model [2], the purely mechanical energy relation in (6.5)
holds.

The relation in (6.5) can be also obtained when the inertia can be neglected.
The main difference, as pointed out by Sekimoto [2], is that the term of the kinetic
energy is not present in the complete differential form. In the case the temperature
T does depend on the position ~x, the balance of energy for the system can be
obtained only by the underdamped dynamics.

In the last decades experiments on systems at mesoscopic scales have been
performed. Typical experiments can be done recording the motion, controlled by
an optical trap [42, 115, 116], of a micron sized particle, like microscopic colloidal
particle suspended in a solution, with different shapes. From these experiments it
is possible computing the amount of energy discharged in the solution (heat) and
also have information on the work applied on the particle from the intensity and
the focus of the optical trap [115].

One experiment noteworthy was performed by Blicke and Bechinger [115]. They
were able to explore the limitations of classical thermodynamics, arising on scales
which thermal fluctuations are important, i.e. mesoscopic scale. They demon-
strated the experimental realization of a microscopic heat engine, comprising a
single colloidal particle subjected to a time dependent optical trap. Moreover, they
showed that the work associated with the system is a fluctuating quantity [115].

6.3 Connection to Paper I

In Paper I, we have used the definition of heat along the trajectory given by Seki-
moto [2], see equation (8). Moreover, in this paper we have generalized the concept
of heat to a Brownian particle which is able to translate and rotate in three dimen-
sions. In equation (8) of Paper I is possible to note this.
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The stochastic energetics has been useful to compute the heat performed by the
particle on the environment. This has been helpful for define the entropy production
of the system and for the environment, helping us to identify the anomalous term
in the entropy production. Ch. 7 will explain in detail the anomalous entropy
production term.





Chapter 7

Stochastic Thermodynamics and
Entropy Production

There is nothing impossible to him who will try.

–Alexander the Great

In this chapter we discuss entropy production in stochastic thermodynamics.
We start in Sec. 7.1 with an historical overview of entropy in thermodynamics
and statistical mechanics. We therefore introduce Shannon’s entropy and its rep-
resentation for continuous distributions, and we also discuss criticisms about en-
tropy for probability distributions in Information theory. In Sec. 7.2 we introduce
the fluctuation theorem. In Sec. 7.3 we discuss entropy production in stochastic
thermodynamics, introducing also Seifert’s work and we end this chapter with a
discussion about anomalous entropy production in Sec. 7.4.

7.1 Historical overview

In this section we recall the main basic concepts about entropy in thermodynam-
ics and statistical mechanics, discussing also the Second Law of thermodynamics.
We then introduce Shannon’s entropy and its representation for continuous dis-
tributions. The last discussion is about criticisms about Shannon’s entropy for
continuous distributions.
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Entropy in thermodynamics
Between 1850s and 1860s, the German physicist Rudolf Clausius coined an artificial
word for describing a new quantity related to the energy of a thermodynamical
system and also to its capability to change its thermodynamic state [117]. This
word is entropy. It is composed by a root "en", which stands for energy, and the
old Greek word τρóπoς, which stands for transformation, response.

Clausius, in his work "Abhandlungen über die mechanische Wärmetheorie" pub-
lished in 1864, described entropy as a transformation during a change of state, given
by dissipative energy, of a thermodynamic system. According to him, the change
of entropy of a system in classical thermodynamics is given by the ratio of heat re-
ceived by the system to the absolute temperature during the heat absorption [118].
More precisely, the mathematical statement of entropy in classical thermodynamics
reads:

∆S =
∫ bstate

astate

dQrev
T

, (7.1)

where the entropy change ∆S is described by integrating the quotient of the re-
versible heat addition and the absolute temperature over the change from the state
astate to state bstate of a given closed system [119].

Entropy is defined as a state function in classical thermodynamics, from which
we infer that each infinitesimal reversible transformation is given by dS = dQrev/T .

In general the equality in (7.1) may be substituted with an inequality, indeed for
irreversible processes Clausius postulated that in a closed system entropy cannot
decrease, which also known as Second Law of thermodynamics.

The Second Law of thermodynamics states that “the total entropy of any system
cannot decrease other than by increasing the entropy of some other system. Hence,
in a system isolated from its environment, the entropy of that system does not
decrease” [29].

Entropy in statistical mechanics
Boltzmann, Gibbs, and Maxwell gave to entropy a probabilistic interpretation
around 1870s and later.

Boltzmann proposed a statistical formulation given by his famous formula:

S(B) = kB lnW , (7.2a)

where
W = N !

N1!N2!....Ns!
, (7.2b)

with the N ’s representing possible states, configurations, of the system and kB the
Boltzmann constant [119]. In words Boltzmann’s formula in combinations with the
Second Law says that systems tend to go from order to disorder, i.e. low entropy
stands for high order, while high entropy stands for low order.
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Gibbs generalized the Boltzmann formula using probability theory. The formula
reads:

S(G) = −kB
∑
i

Pi lnPi (7.3)

where kB is Boltzmann’s constant. Pi identifies the probability of a microstate i
with energy Ei. A microstate is defined as microscopic configuration of a thermo-
dynamic system that the system, in the course of its thermal fluctuations, could
occupy with a certain probability. At each microstate is associated the energy Ei.

Maxwell helped the development of statistical mechanics with the formulation
of the kinetic theory [120]. Indeed, the Maxwell–Boltzmann statistics describes the
average distribution of non-interacting material particles over various energy states
in thermal equilibrium, and is applicable when the temperature is high enough or
the particle density is low enough to render quantum effects negligible.

Maxwell is also famous for his ideal experiment, in which he suggested how the
Second Law of thermodynamics might hypothetically be violated, i.e. the Maxwell’s
demon which is:

“ ... if we conceive of a being whose faculties are so sharpened that he can follow
every molecule in its course, such a being, whose attributes are as essentially finite
as our own, would be able to do what is impossible to us. For we have seen that
molecules in a vessel full of air at uniform temperature are moving with velocities by
no means uniform, though the mean velocity of any great number of them, arbitrarily
selected, is almost exactly uniform. Now let us suppose that such a vessel is divided
into two portions, A and B, by a division in which there is a small hole, and
that a being, who can see the individual molecules, opens and closes this hole, so
as to allow only the swifter molecules to pass from A to B, and only the slower
molecules to pass from B to A. He will thus, without expenditure of work, raise
the temperature of B and lower that of A, in contradiction to the second law of
thermodynamics.” [121–123].

Entropy and information: Shannon’s entropy

Entropy was slowly accepted and was not easy to understand in contrast to concepts
as energy, work, temperature etc. As a quantity that cannot be measured directly,
entropy has attracted some kind of mystic aurea [117]. For example, when Shannon
rediscovered entropy in 1948, he turned to von Neumann and asked him an advice
about how to call this quantities. Von Neumann told him:

"... call it entropy. In the first place your uncertainty function has been used
in statistical mechanics under that name, so it already has a name. In the second
place, and more important, no one knows what entropy really is, so in a debate you
will always have the advantage." [119]

In Information theory Shannon’s entropy describes the minimal information
capacity of the transmission channel that is required to transmit the signal. In
other words the information or entropy of a system is the minimal number of bits
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needed to specify it configuration [117]. The formal mathematical definition of the
Shannon’s entropy is:

S(S) = −
∑
ω∈Ω

Pω lnPω , (7.4)

where ω is a configuration of the physical system and Ω is the whole space of the
configuration, i.e.

∑
ω∈Ω Pω = 1∗. Equation (7.4) is Gibbs entropy, i.e. equation

(7.3), when each configuration ω is a microstate of the system.
In this thesis we are interested in continuous random processes and therefore

we identify with ω the outcome of a random experiment. A random variable is a
map X which associates with each outcome ω an element of a different set, usually
a real number, i.e. X : ω → x = X(ω). For a sake of simplicity we fix to one the
dimension of the experiment. Shannon’s entropy in this case is called in textbook
continuous or differential entropy [117].

To do that we first start to discretized the abscissa into of the width ∆x and
enumerate them with the index i. To each of these intervals we attach a column of
the height p(xi) centered horizontally at xi. In this way we generate a discretized
distribution, where the area of each column p(xi)∆x represents the probability of
xi. Making the limit of ∆x → 0 the sum must be replaced by an integral and the
probability becomes a density distribution [117]. The formula for the differential
entropy therefore reads:

S(S)diff = −
∫ +∞

−∞
dx p(x) ln p(x), (7.5)

where the equation (7.5) is defined formally up to a divergent constant. Indeed,
during the process of limit ∆x → 0, we have subtracted a constant dependent by
the resolution of the discretization but not on the shape of the distribution. In the
next subsection some criticism will be shown about the definition of the differential
entropy.

Criticisms on the differential entropy
Kolmogorov in the papers "On the Shannon Theory of Information Transmission in
the Case of Continuous Signals" [124] and "The theory of transmission of informa-
tion" [125], the first one presented in September 1956 and the second one presented
in October 1956 [53, 125], claims that "differential entropy", here called S(S)diff in
equation (7.5), does not have a straightforward meaningful interpretation. Indeed,
it has been defined up to a divergent constant dependent by the resolution of the
discretization.

Moreover, Kolmogorov [53, 124, 125] observed that equation (7.5) is even non-
invariant with respect to transformations of coordinates in the x-space. Indeed,

∗The entropy in this case is dimensionless, i.e. kB is set to one, to be uniform with information
theory formalism.
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a distribution function transforms as a density. Under general coordinate trans-
formations in the logarithm of equation (7.5) the Jacobian appears, which does
not have any physical meaning. Only for which transformations where the Jacobi
determinant is equal to 1, the differential entropy is invariant, because the local
volume is preserved [117].

7.2 Fluctuation theorem

The fluctuation theorem was developed independently by Evans et al. [126] and
Gallavotti et al. [127] and after studied and applied in non equilibrium thermo-
dynamics and stochastic thermodynamics by Crooks, Evans, Kurchan, Jarzynski,
Seifert and others [126, 128–147] and experimentally studied by Ciliberto, Collin,
Wang and others [148–150]

Fluctuation theorem refers to the Second Law of thermodynamics, but being an
equation rather than an inequality it is much stronger [117].

We will give now the formal definition of fluctuation theorem and integral fluc-
tuation theorem following Hinrichsen [117]. We refer to the scientific literature,
cited above, for a formal derivation of these theorems as this is out of the scope of
this thesis.

Let’s consider, as described in previous section, a real random variable X and
the corresponding probability density p(X). The fluctuation theorem is a relation
of the following form:

p(X) = eXp(−X). (7.6)

This equation tells us that the left part of distribution, the one indicated with
p(−X), goes to zero exponentially. This expression restricts the shape of the func-
tion p(X) to distributions which relate the left and right half of themselves. In
other words, when the the function of the positive random number X > 0 is given,
immediately we can infer the function for all negative random number X < 0.

By the observation that the probability density is an even function, i.e. p(X) =
p(−X), normalized to one, we can immediately infer the integral fluctuation theo-
rem:

〈e−X〉 = 1, (7.7)

where 〈·〉 identifies the integral over whole space where the density distribution
function is defined. Equation (7.7) is also known as integral fluctuation theorem.

If we use the Jensen’s inequality for convex functions, which by definition re-
lates the value of a convex function of an integral to the integral of the convex
function [117], we infer from the integral fluctuation theorem that the first moment
of the distribution is positive, i.e. 〈X〉 ≥ 0. Plugging in X the ∆S we obtain the
conventional Second Law of thermodynamics.

Crooks in 1998 [128] generalized the formulation of the fluctuation theorem to
stochastic microscopically reversible dynamics. This theorem, as made by Crooks
in 1999 [129], can be also applied to the entropy production ∆S/kB . The theorem
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states:
pF (∆S)
pR(−∆S) = e∆S/kB , (7.8)

where pF (∆S) is the probability distribution of this entropy production [129], and
pR(−∆S) is the probability distribution of the entropy production when the sys-
tem goes on time-reversal path [129]. The distinction between forward entropy
and reversed entropy is mandatory. Indeed, systems driven by a time process are
considered.

7.3 Entropy production in stochastic thermodynamics

Stochastic thermodynamics

Stochastic thermodynamics has emerged as a new branch of thermodynamics spe-
cially aimed at describing the time evolution of thermodynamic quantities such as
work, heat, and entropy [151].

The origin of this field can be found in works of Vulpiani, Sekimoto, Sasa, Van
der Broeck, Seifert, Jarzynski etc. [152–160].

The system considered by stochastic thermodynamics are composed by few com-
ponents (e.g. molecules). The amount of energy of such system is small, of order
of magnitude of 1 − 102 kBT [161], and to emphasize the smallness of the energy
scale, these systems are also referred to as "small systems" [161]. For example,
small systems obeying to stochastic thermodynamics include: few molecules exper-
iments [161], Brownian motion, etc. In this thesis, however, we are interested in
only diffusion processes.

At mesoscopic scales, as introduced in Ch. 1, fluctuations play an important
role. In contrast to the macroscopic scale, where fluctuations in a system vanish
with one over the square root of N , with N the number of components, because of
the enormous number of components which it is made, at mesoscopic scale fluctu-
ations are clearly not negligible. As a consequence, a realization of a mesoscopic
process can differ strongly from its average behavior.

Important results in the field of stochastic thermodynamics are the Jarzynski
equality [146, 162–164] and the Crooks fluctuation theorem [128, 129, 143]. The
Jarzynski equality relates the difference of Helmholtz’s free energy between two
states to the irreversible work along a ensemble of trajectories joining the same
states [164]. The Crooks fluctuation theorem, instead, relates the work done on a
system during a non-equilibrium transformation to the difference of Helmholtz’s free
energy between the final and the initial state of the transformation [129]. However,
in this thesis, we are interested in the entropy production and not in the work. For
this reason we leave the entire chapter to the entropy production, while we refer to
the literature for these two results concerning work.
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Entropy production
Entropy is produced in irreversible processes (see Ch. 6). It is not only an ensemble
property as described before, but also can be applicable to a single trajectory. We
will explain in this section how it is possible.

Let’s assume an overdamped motion of a Brownian spherical particle in three
dimensions, generalizing the work of Seifert in [133], in a time interval 0 ≤ t ≤ t′′.
Let’s assume also that the particle is connected to a homogeneous thermal bath with
constant temperature T and friction coefficient γ. The friction tensor, therefore,
will be γγγ = γI, where I is the identity matrix. The friction tensor is by definition
symmetric and positive definite.

Einstein relation holds at equilibrium, i.e. DDD = µµµkBT , where DDD is the diffusion
tensor given by relation DDD = DI, and µµµ = γγγ−1 is the mobility of the particle. We
assume also that such relation persists even in a non equilibrium situation [133].

The particle is subject to an external force which is given by ~F (~x, λ) =−∂~xV (~x, λ)
+ f(~x, λ), where V (~x, λ) is a conservative potential and ~f(~x, λ) is a force that can
be applied directly on the particle.

The variable λ is the external control parameter varied by some experimental
protocol and may be dependent on time. The three dimensional motion of the
Brownian particle is therefore described by the overdamped Langevin equation:

~̇x = µµµ~F (~x, λ) + ~ξ(t). (7.9)

The random fluctuations are modeled by Gaussian white sources with correlation
function given by 〈ξi(t)ξj(t′)〉 = 2Dδijδ(t− t′) and zero mean.

As described in Ch. 2 Sec. 2.2 we can define a probability density ρ(~x, t),
which describes the probability to find the Brownian particle in the position ~x at
time t, that satisfies the Fokker-Planck equation. The Fokker-Planck associated to
equation (7.9):

∂ρ(~x, t)
∂t

= −~∇ · ~J(~x, t) (7.10a)

where
~J(~x, t) = (µµµ~F (~x, λ)−DDD · ~∇)ρ(~x, t). (7.10b)

From here, Seifert defined in [133] the following entropy for the particle along a
trajectory ~x(t) for the system:

s(~x(t)) = −kB ln ρ(~x(t), t). (7.11)

where ρ(~x(t), t) is the solution of the Kolmogorov forward equation evaluated along
the trajectory ~x(t) performed by the Brownian particle. Obviously, the entropy
s(~x(t)) depends on initial boundary conditions for any given trajectory [133]. Equa-
tion (7.11) has been suggested by the definition of a non equilibrium Gibbs entropy
for continuous processes, which is in the form of equation (7.5) when it is multiplied
with kB .
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In equilibrium, i.e. for f(~x, λ) = 0 and constant λ [133, 165], the definition
of entropy production given in equation (7.11) assigns a stochastic entropy given
by s(~x(t)) = (V (~x(t), λ) − F(λ))/T , where F(λ) is the free energy given by the
usual formula in statistical mechanics. Therefore at any time this thermodynamic
relation holds along the trajectory.

Along the trajectory ~x(t) the average rate of change of the total entropy is given
by Ṡtot(t) ≡ 〈ṡtot(t)〉 = kB

∫
d~x( ~J(~x, t) · ~J(~x, t))/(Dρ(~x, t)) ≥ 0, where equality

holds only at equilibrium. The average rate of change of the entropy of environment
is given by Ṡenv(t) ≡ 〈ṡenv(t)〉 =

∫
d~x~F (~x, λ) · ~J(~x, t)/T . The two entropy can be

computed by the equation (7.11), we recall the reader interested in this to [133].
The rate of change for the system therefore can be easily computed as Ṡ(t) ≡

〈ṡ(t)〉 = Ṡtot(t)− Ṡenv(t).
The entropy production in the environment can be computed using the Seki-

moto’s stochastic energetics approach [2] (see also Ch. 6). The heat received to
the thermal bath during the motion of the particle is identified with the work done
by the particle on the environment. The infinitesimal entropy production in the
environment dSenv is equal to δQ/T . Using therefore the action reaction force to
define the heat, see Ch. 6, we obtain that the ∆Senv can be defined as:

∆Senv =
∫ t

t0

1
T

[
~F (~x, λ)

]
◦ d~x(t′) (7.12)

where we have adopted the Stratonovich-type product ◦, to use the usual rules of
calculus about the differentials. The term d~x(t′) identifies the infinitesimal dis-
placement of the trajectory given from the Langevin equation (7.9). In Paper I is
presented also the calculation for the entropy production in the environment given
for a system described by underdamped dynamics.

The most significant result given by Seifert [133, 134] is that the total entropy
production change along a trajectory ∆Stot = ∆Senv + ∆S, with ∆S given by the
difference between the logarithm of the probability density from the initial point to
the final point, obeys an integral fluctuation theorem [133]:

〈e−∆Stot/kB 〉 = 1, (7.13)

which is equal to the Second Law of thermodynamics 〈∆Stot〉 ≥ 0. According
to Seifert [165], this integral fluctuation theorem for the total entropy production
∆Stot may be universal. It may hold for any kind of initial condition, any force
which are time dependent, any potential and any length of trajectory.

As described in the in Sec. 7.1 the main criticism that one can observe in
the differential entropy and in equation (7.11) is that the entropy is not invariant
under general coordinate transformations. To solve this problem Seifert in [165,
166] introduces, explicitly, the correction with the Jacobian of the transformation
x → y. The equation (7.11), thus, becomes in a new set of coordinates s(~y(t)) =
−kB ln[ρ(~y(t), t)det( ∂y∂x )], (formally the term in the logarithm is assumed multiplied
to the correspondent thermal de Broglie length to make it dimensionless).
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Criticisms
However, we think that introducing the correction with the Jacobian of the trans-
formation x→ y into the equation, i.e. as Seifert did in [165,166], does not answer
to criticisms rose about the non-invariance under general coordinate transforma-
tions. We think, instead, that an answer may be sought following the "way" treaded
by Kolmogorov over seventy years ago.

We have described continuous processes, i.e. Brownian motion of particle, on a
n-dimensional closed manifolds in Ch.4. We have started to defineM as a closed
Riemannian manifold and to assume that a particle performs Brownian motion on
manifolds. The density probability that the particle is in a certain position x ∈
U ⊂M at time t is given by ρ(t, ~x) =

√
g(~x)h(t, ~x), where g(~x) is the determinant

of the metric tensor of the manifoldM, while h(t, ~x) is a scalar function in ~x that
satisfies the requirements in equations (4.10a) and (4.10b) in Ch.4, i.e. the scalar
function h(t, ~x) is normalized to 1 on the manifold and that the stochastic process
describing the Brownian motion on manifold is Markovian.

From classical thermodynamics and statistical mechanics, we know that the
entropy at equilibrium reaches the maximum. Let’s assume, therefore, that always
exists an hypothetical equilibrium state that will be reached if the source terms,
which drive the system out of equilibrium, are switched off. The entropy of this state
will be given by S(eq) = kB lnW , where W determines the value of the entropy of
total system (Brownian particle and fluid) at equilibrium [12]. For example, assume
that the particle, which performs Brownian motion on manifold, is subject to an
external force field. The presence of this force will be of course a source of entropy
production in the system. When the external force field will be shut down, the
particle will reach an equilibrium state. This equilibrium state is the state that we
are looking for. Indeed, we assume that at this equilibrium state is associated a
density probability given by ρ(eq)(t, ~x) =

√
g(~x)h(eq)(~x).

Using the Kullback–Leibler divergence [167] for density probability we obtain:

S(M)diff = −kB
∫
M
dV~x h(t, ~x) ln h(t, ~x)

h(eq)(~x)W
, (7.14)

where dV~x is the invariant volume on manifoldM.
Let’s discuss in detail equation (7.14). First of all, we observe that the formula

in (7.14) is invariant with respect to transformations of coordinates in the x-space
and that it is defined up to a constant. Indeed, it is easily to see that by con-
struction the equation (7.14) is invariant under general coordinate transformations,
because dV~x is the invariant volume on manifoldM and the ratio in the logarithm
is dimensionless. Moreover, this equation does not show anymore the presence of a
divergent constant dependent by the the resolution of discretization because that
term goes away in the ratio of the logarithm.

When the system reaches the hypothetical state of equilibrium the equation
(7.14) becomes equal to S(eq) > 0. The equation is also additive and definite
positive, and therefore can be identified as entropy.
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This equation is not completely new in the scientific literature. Already Van
Kampen, in "The definition of entropy in non-equilibrium states" published in 1959
[168], and de Groot and Mazur in "Non-equilibrium thermodynamics" [12] defined
in a similar way the entropy from the "Gibbs entropy postulate" [12].

In the equation of these authors it is present, therefore, the Boltzmann’s con-
stant kB , which does not play a relevant role by observations of Jaynes in 1957
[169,170]. Our equation matches the equation of Van Kampen [168] and de Groot
and Mazur [12] in the case of flat space. However it generalizes their results for
Brownian motions on manifolds.

It is simple to check that equation (7.14) does not affect in anyway the fluctua-
tion theorem. Indeed, we have assumed that the metric tensor does not depend by
the time.

One, therefore, can use the following definition of entropy production for the
system along a trajectory on a manifold:

s(~x(t)) = −kB ln h(t, ~x)
h(eq)(~x)W

. (7.15)

This equation avoids the problem of the change of coordinates because the term
defined inside the logarithm is by construction a scalar function. The physical
meaning must be the same of Seifert’s entropy.

7.4 Anomalous entropy production

We have seen in the previous chapter how to define for a Brownian particle ther-
modynamics quantities as energy, heat, entropy, work etc. In this chapter, we have
given an introduction for the entropy production along a single trajectory. This sec-
tion is devoted to describe the arising of anomalous entropy production proposed
in [47,171,172] and also analyzed in Paper I.

Definition of anomalous entropy production
Along this thesis we have also shown how compute effective equations for the dy-
namics of Brownian particle averaging out the fast degrees of freedom. We want to
ask now the following question: may this procedure of integration of fast degrees
of freedom of the process affect the thermodynamics and in particular the entropy
production?

We show a simple example. Let’s take the motion of a Brownian sphere de-
scribed by underdamped Langevin equations. Let’s imagine, for simplicity, that
the particle performs only translational Brownian motion on a fluid in a vessel A
where the temperature T of the fluid is constant. Let’s assume that the mass of
the particle is small and the friction is large. Under this assumption the system
can be also expressed using the overdamped approximation. In both formulations,
i.e. underdamped and overdamped dynamics, it is possible compute the thermody-
namics quantities. We note that the entropy production described by the effective
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equation, i.e. by the overdamped equation, has the same structure of the entropy
production described from the underdamped equations. In this case the effective
equation describes the dynamics and thermodynamics of the system as the under-
damped formalism does, and, therefore, the answer of our question seems to be
negative.

Let’s now take the same Brownian spherical particle. This time, we allow the
particle to perform a Brownian motion in a different vessel, for simplicity we call this
vessel B. This vessel has the peculiarity that the fluid, which its contains, displays
a temperature that is not anymore constant, but it is dependent by the position, i.e.
T (~x)†. Going to compute the thermodynamics, i.e. the entropy production, for the
underdamped case and the overdamped case, we obtain two different expressions
for the entropy production. In this case the answer of our question is positive.
We claim, thus, that, the overdamped approximation does not estimate completely
the thermodynamics of the Brownian particle, although correctly, it describes its
evolution in space [171].

The term that is missing in the expression of entropy production in the over-
damped approximation is called “anomalous entropy production”. It was dubbed
with this name because it has some property similar to other anomalies in physics
[46, 47, 171]. As noted by Celani et al. [171], the most famous example of anomaly
encountered in classical physics is the “viscous dissipative anomaly” [13]. This vis-
cous dissipative anomaly is related to the energy dissipation in a fluid flow. A such
dissipation of energy does not vanish even in the small viscosity limit. When the
viscosity is exactly zero, then this viscous dissipative anomaly vanishes [13]. This
“viscous anomaly” identifies the loss of time-reversal symmetry of fluid dynamics
when it goes from the non-viscous case to the viscous one. The entropic anomaly
shows the same behavior. Indeed, in this entropic case the broken symmetry is the
time-reversal symmetry implied by detailed balance of the fast state.

Physical interpretation of anomalous entropy production

To explain better this phenomenon we refer to the example of the Brownian spheri-
cal particle that performs translational motion in the vessel B, i.e. the fluid, where
that particles is suspended, displays a gradient of temperature.

The overdamped dynamics is obtained averaging out the velocities, i.e. the
fast degrees of freedom. It is assumed, fairly, that the velocities instantaneously
equilibrate to the local Maxwell Boltzmann distribution. In three dimensions this
distribution is given by w(~v|~x) = (m/(2πkBT (~x)))3/2exp[−m~v ·~v/2kBT (~x)], where
m is the mass of the particle.

This distribution is symmetric under time inversion, indeed the position ~x does
not change under time reversal because even variable, while the fast degrees of
freedom, although it is a odd variable, i.e. changes under time inversion, in the
Maxwell Boltzmann distribution appears multiplied by itself.

†We assume a smooth temperature profile, e.g. a linear one [171]
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The underdamped dynamics, instead does not show this symmetry. As com-
puted by Celani et al. [171] and by us in Paper I, the velocity statistic is given by:

p(~v|~x) = w(~v|~x)
(

1 + 5kBT (~x)−m~v · ~v
6γk2

BT
2(~x) m~v · ~∇kBT (~x)

)
, (7.16)

where terms of order γγγ−2 or higher (we recall that the particle is spherical and
the friction tensor is given by γγγ = γI) are negligible. The small correction, which
shows the broken symmetry in the time inversion for velocity, plays an important
role for the production of entropy. Indeed, the term that effectively breaks the
time-reversal symmetry is the momentum of the particle. The momentum of the
particle, therefore, is a source of entropy production, because is not balanced when
we invert the time arrow.

By the fact that the temperature is space dependent, during the motion the
particle visits positions at different temperatures and exchanges heat at different
temperatures. This process produces entropy and it takes place with a frequency of
order of magnitude γ/m. This exchanging of heat, together with the asymmetry in
the velocity, yields to a finite contribution of entropy. However, when we start with
the overdamped approximation our analysis for the thermodynamics quantities, we
forget, i.e. we neglect, this anomalous term.

The equation (7.16) shows, as discussed by Celani et al. [171], that trajectories
which follow a down gradient motion with speeds larger than the thermal velocity,
occur with higher probability (positive sign of the correction in the equation) than
trajectories which follow a slow up gradient motion. This correction in equation
(7.16) does not take part in the spatial flux of particles. Indeed, we can directly
check this by multiplying by ~v and integrating over velocity. Moreover, the mean
kinetic heat exchange is not affected by this small correction. Indeed, this correction
is odd in velocity coordinates.

The exchange of heat occurs during a cycling. At higher temperature the heat
is absorbed by the particle and at lower temperature the heat is released into the
environment by the particle. The duration of a cycle is of order of magnitude
m/γ, i.e. the characteristic time of the process. The order of magnitude of the
entropy produced is, therefore, given by the difference of inverse temperatures at
extremes of the trajectory times heat exchanged, i.e. ∼ kBT−1|∇T |γ−1m

√
kBT/m.

A similar contribution with opposite sign is given, instead, by the cycles traveled
in the reversal way. However, the cycles that are characterized by a travel forward
in time occur with higher probability than cycles that are characterized by a travel
backward in time. This probability is given by ∼ T−1|∇T |γ−1m

√
kBT/m obtained

by equation (7.16). The last observation allows to compute the average entropy
production rate. This rate has an order of magnitude equal to ∼ γ−1T−1|∇kBT |2
[171,172], which is the anomalous term rate.

Using Seifert’s definition for entropy production for the particle, equation (7.11),
the source of the anomaly can be isolated from the total entropy production of the
original Langevin-Kramers dynamics, i.e. underdamped dynamics. The total en-
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tropy production will be given by two contribution: the regular entropy production
and the anomalous one. The regular entropy production is identified as the entropy
produced in the process that is the same of the entropy production produced in
the overdamped approximation and, in the case where no external force fields are
applied, reads:

∆Sreg = kB

∫ t

t′

~v(τ) · ~∇T (~x(τ))
T (~x(τ)) dτ, (7.17)

where t′ < t.
The anomalous entropy production term, instead, is given by :

∆Sanom = kB

∫ t

t′

5kBT (~x(τ))−m~v(τ) · ~v(τ)
2k2
BT

2(~x(τ)) ~v(τ) · ~∇kBT (~x(τ))dτ, (7.18)

where t′ < t.
In the small inertia limit, the anomalous entropy production obeys to the inte-

gral fluctuation theorem (7.13):

〈e−∆Sanom/kB 〉 = 1. (7.19)

Moreover, using the multiscale analysis, has been proved in [47, 171] that does
not exists any sequential functional of the overdamped trajectories that gives lim-
iting statistic of ∆Sanom (see Supplemental Material [171]). In other words, no
redefinition of the entropy production, obtained from the overdamped dynamics,
can give this “anomalous” term [171].

The average rate of the anomalous entropy production, obtained by the multi-
scale analysis of functionals [171,172], is given by :

d〈∆Sanom〉
dt

= 5
6

∫
ρ(~x, t) (kB ~∇T ) · (kB ~∇T )

γT
d~x. (7.20)

As we have introduce in the previous sections, entropy is a measure of the
irreversibility of a process. In other words, the ratio between the probability of the
reversed path and the forward one allows to compute the entropy produced in the
environment along the trajectory [140].

Following Celani et al. [171], we can use the fluctuation theorem to quantify this
irreversibility. Indeed, in the underdamped dynamics, we know that the fluctuation
theorem is satisfied by entropy production in the environment. More precisely,
reversal process is a process where the time arrow is inverted, which implies the
inversion also in the direction of the velocity. Mathematically one gets:

P (~x[t,t′],−~v[t,t′])
P (~x[t′,t], ~v[t′,t])

= e−∆Senv/kB . (7.21)

Similarly, in the overdamped case is possible compute the entropy production
in the following way:

P (over)(~x[t,t′])
P (over)(~x[t′,t])

= e−∆S(over)
env /kB . (7.22)
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From the ratio of equation (7.21) and (7.22), recalling the presence of scale
separation, it is possible to have that, in the small inertia limit, the anomalous
entropy production satisfies the following relation:

P (−~v[t,t′]|~x[t,t′])
P (~v[t′,t]|~x[t′,t])

= e−∆Sanom/kB . (7.23)

Equation (7.23) shows that the breaking of time and velocity reversal symmetry
at a given spatial position is associated to anomalous term [171].

Connection to Paper I
In Paper I, we have computed anomalous entropy production for an ellipsoidal
Brownian particle which performs rotational and translational motion. We have
generalized the result of Celani et al. [171] and Lan et al. [47].

We have started defining the entropy production of the particle and of the
environment and we ends, after a long and tedious calculation with the multiscale
analysis, with the anomalous entropy production rate for this specific system.

The equation (7.18) becomes more complicated because of the presence of the
rotational degrees of freedom, see equation (16.c) Paper I, but satisfying always
the integral fluctuation theorem, see equation (49) Paper I. Also the rate of the
anomalous entropy production found becomes more complicated, because of the
presence of the rotational degrees of freedom, see equation (51.c) Paper I.

From the result obtained in equation (51.c) Paper I, we have also pointed out
that without translational motion anomalous entropy production cannot arise.

The result obtained by us in this paper is valid for any particle with three
mutually perpendicular symmetry planes [173], including, in particular, the large
class of spheroids, but also rods and rod-like shaped objects.



Appendix A

In this appendix we describe the connection between the Rallison’s method [174]
used in Paper II and the differential geometry method used in Ch. 4 and Paper III.

We start by describing how to derive an expression for the rotational differential
operator in terms of derivatives with respect to a generic rotation matrix RRR [174].
We then recall the main mathematical definitions of SO(3) and SU(2) group man-
ifolds. We end this appendix describing the rotational differential operator in local
coordinates on manifolds.

Rotational differential operator and infinitesimal rotations

We start by defining, following the formalism of J. M. Rallison [174], two frames of
reference for the particle orientation:

• the body frame S′, which is free to rotate:

• an initial reference frame S, which allows to define a rotating frame fixed in
the particle S′ a time t = 0.

As well described in many books of classical mechanics [41, 175, 176], proper
rotations in three dimensions are identified by the set of special orthogonal matrices,
with determinant equal to det(RRR) = 1 and such that RRRRRRᵀ = RRRRRR−1 = I, where I
identifies the identity matrix and where ᵀ identifies the transpose. RRR is a matrix
3× 3. Such rotations allow a vector to rotate with the transformation law:

x′i = Riωxω, (24)

where xω identifies the vector in the reference frame S at time t = 0 and x′i the
resultant rotating vector in the new reference frame S′. We adopt Einstein sum-
mation convention and the convention that tensors to be evaluated in the reference
state shall have Greek suffix, while Latin suffix are used in the current state [174].

Assume now to perform an infinitesimal rotation φφφ. An infinitesimal rotation is
a special orthogonal transformation of coordinate axes in which the components of
a vector are almost the same in both sets of axes, i.e. the change is infinitesimal [41].

Here we recall some property about infinitesimal rotations following H. Gold-
stein in [41].
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For any general component x′i the equations of infinitesimal transformation can
be written in matrix notation as:

~x′ = φφφ~x = (I + dRRR)~x . (25)

Equation (25) claims that the form of an infinitesimal transformation is φφφ =
(I + dRRR), i.e. it is almost the identity transformation, differing at most by an
infinitesimal operator dRRR [41].

The main difference between finite rotations and infinitesimal rotations is that
the first group is not commutative under the operation of multiplication of two
rotations, because matrix multiplication is not commutative, while the second one
is commutative under the operation of multiplication.

Given two infinitesimal rotations φφφ1 and φφφ2, their product is:

φφφ1φφφ2 = I + dRRR1 + dRRR2 , (26)

neglecting higher order infinitesimals. The product in the reverse order interchanges
only dRRR1 and dRRR2, which has no effect on the result, because matrix addition is
always commutative [41].

An infinitesimal rotation has the inverse matrix φφφ−1 = (I − dRRR), and know-
ing that the property that for an orthogonal transformation the inverse matrix is
identical with the transpose, we easily infer the property that

dRRR = −dRRRᵀ , (27)

which is the definition of an antisymmetric matrix.
An infinitesimal rotation transforms, under orthogonal transformations given

by a matrix BBB, as φφφ′ = BBBφφφBBBᵀ [41]. Orthogonal matrices are all those matrices such
that BBBBBBᵀ = BBBBBB−1 = I, but with determinant equal to det(BBB) = ±1. The group
of orthogonal transformations in three dimensions is called O(3), and contains the
spacial case of special orthogonal transformations .

dRRR is a skew-symmetric matrix‡ composed by the three independent parameters
specifying the rotation. An explicit form of dRRR, without losing in generality, is:

dRRR =

 0 dα3 −dα2
−dα3 0 dα1
dα2 −dα1 0

 . (28)

The three independent parameters specifying the rotation, i.e. dα1, dα2, dα3
can be collected in an array of elements, i.e. d~α = (dα1, dα2, dα3). This array of
three elements, we claim, transforms as a vector if the transformation is a special
orthogonal transformation.

‡A skew-symmetric matrix is a square matrix with diagonal elements are equal to zero and
the non-vanishing off-diagonal elements are the negative of elements situated symmetrically across
the diagonal.
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If d~α is truly a vector, its components must transform under orthogonal matrix
BBB according to the equations:

dα′i = Biωdαω. (29)

The quantity d~α has been introduced as an array of three independent parameters
specifying the rotation, given as elements of an antisymmetric matrix. This does
not assure that the array d~α transforms as a vector [41].

To show that we formally derive such transformation, following the derivation
given by H. Goldstein in [41].

The quantities dαω are related to the elements of dRRR by the equation:

dαω = 1
2εωµνdRµν . (30)

The quantity εωµν is known as Levi-Civita symbol. It is by definition equal to zero
if any two of the indices ωµν are equal, and either +1 or −1 otherwise, according
as ωµν is an even or odd permutation of 123. The Levi-Civita symbol is a tensor
density whose components are the same in all coordinate systems [82].

A tensor is defined, respect to a square matrix, only in terms of its transforma-
tion properties under orthogonal coordinate transformations [41].

By definition, a tensor with upper indices µ, ν ... and lower indices κ, λ ...
transform like the product of contravariant vectors UµW ν ... and covariant vectors
VκVλ... [82].

A quantity that transforms as a tensor except for extra factors of the Jacobian
determinant is called a tensor density [82].

To see that the Levi-Civita symbol is a tensor density we consider the following
quantity:

∂x′ρ
∂xµ

∂x′σ
∂xν

∂x′η
∂xλ

εµνλ. (31)

This quantity is completely antisymmetric in the indexes ρ, σ, η and therefore pro-
portional to ερση [82]. The equation (31) is the determinant of |∂x′/∂x|, and thus
is easily to infer that :

∂x′ρ
∂xµ

∂x′σ
∂xν

∂x′η
∂xλ

εµνλ =
∣∣∣∣∂x′∂x

∣∣∣∣ ερση. (32)

From the property that under orthogonal transformations φφφ′ = BBBφφφBBBᵀ, we infer
the transformation law of the infinitesimal operator dRRR, i.e. dRRR′ = BBBdRRRBBBᵀ. Using
the relation in (30), we can write:

dα′i = 1
2εijkdR

′
jk = 1

2εijkBjµdRµνBkν . (33)

By making use of Levi-Civita tensor density properties, one can also express the
skew-symmetric matrix dRµν in terms of dαω as:

dRµν = εωµνdαω. (34)
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Plugging in (34) into (33), and using the identity 1
2εijkεωµνBjµBkν = Biωdet(BBB)

[41], we obtain the transformation law for d~α:

dα′i = det(BBB)Biωdαω. (35)

The array d~α, therefore, under orthogonal transformations transforms as a
pseudovector. However, under special orthogonal transformations, i.e. when the
det(BBB) = 1, d~α transforms as a vector. For proper rotations the equations (35) and
(29) agree [41].

The property that d~α transforms as a vector, allows us to write:

d~x′ = ~x′××× d~α = dRRR~x = dRRRRRRT ~x′. (36)

By definition of cross product and by the fact that ~x′ is arbitrary, we find
dαi = 1

2εijkRkαdRjα. Finally one gets the important relation:

∂Rmn
∂αk

= εmklRln. (37)

The relation in (37) allows us to quantify the derivative of an infinitesimal rotation
with respect to parameters of rotations’ representation. Hence if f is any scalar
function of orientation,

∂f

∂αk
= ∂Rjω

∂αk

∂f

∂Rjω
= εjkiRiω

∂f

∂Rjω
. (38)

Moreover, this approach can be also generalized for the whole space of possible
orthogonal transformations, as made by J. M. Rallison in [174]. We do not present
this generalization because out of the scope of this thesis.

Group theory for SO(3) and SU(2) group manifolds

Rotations are linear transformations which evolve continuously from the identity
transformation [41]. As described in the previous section, infinitesimal rotations are
special orthogonal transformations of coordinate axes in which the components of a
vector are almost the same in both sets of axes, i.e. the change is infinitesimal [41].
In R3 the cross product describes the infinitesimal generators of rotations. These
infinitesimal generators form the Lie algebra sososo(3) of the rotation group SO(3). To
define Lie algebra and generators we start by the definition of a Lie group.

A Lie group, by definition, is a group which is also a manifold [93]. To make
sense of this definition, we should describe the concept of group and the concept
of manifold and how they are related. Groups, as described by Olver [91], are
an “algebraic abstraction” of the notion of symmetry. The rotation groups in two
or three-dimensional space are the most famous examples in physics. Manifolds,
which form the main objects in differential geometry, instead, are a generalization
of concepts of curves and surfaces in space.
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In general, a manifold locally looks like Euclidean space, but globally is quite
different to the Euclidean space. The matching of this two different fields of math-
ematics synthesises a new theory that can be applied to many physical and math-
ematical problems [91].

Let’s now recall the definition of groups and Lie groups given in literature:
“A group G is a set of elements g with the following properties:

• the set is closed under operation of multiplication. Multiplying any two ele-
ments g1 and g2 in G, their product g1g2 is also an element of G. Multipli-
cation is associative, so for any three element of (g1g2)g3 = g1(g2g3);

• exists the identity element e of G such that eg = ge = g for any element
g ∈ G;

• for every element g, exists a unique inverse element g−1 such that gg−1 =
g−1g = e.

Multiplication is not necessarily commutative. That is, g1g2 is not necessarily the
same of g2g1. If g1g2 = g2g1 for every pair of elements then the group is said to be
abelian, otherwise is nonabelian” [92].

A Lie group, according to Bishop et al., “ is a set which is a both a group and
a manifold and such that the group operations are C∞, that is, the maps:

G×G→ G given by (g, h)→ gh

G→ G given by g → g−1 are C∞
(39)

” [93].
The Lie group G is characterised by the invariance of certain vector fields under

the group multiplication. These invariant vector fields form a finite-dimensional
vector space, called the Lie algebra of G, which is in a precise sense the infinitesimal
generator of G. The whole information in the group is almost contained in its Lie
algebra [92].

A Lie algebra, according to Bishop et al., “is a vector space L for which is
given a bilinear function from L×L to L, called bracket, and denoted by [, ], which
satisfies:

• [~x, ~x] = 0 for every ~x ∈ L, and that [~x, ~y] = −[~y, ~x] for every ~x, ~y ∈ L;

• the Jacobi identity: for every ~x, ~y, ~z ∈ L [~x, [~y, ~z]] + [~z, [~x, ~y]] + [~y, [~z, ~x]] = 0

” [93].
The Lie algebra is the cornerstone of the Lie group theory. It allows to replace

complicated non-linear conditions of invariance by relatively simple linear infinites-
imal conditions.

Here we recall the main properties of SO(3) and SU(2) group in their funda-
mental representation, respectively, the special orthogonal group and the special
unitary group, which represent rotations in three dimensions.
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The special orthogonal group SO(3) is composed by 3× 3 orthogonal matrices
whose determinant are equal to 1. This group describes the rotation in three di-
mensional space. The special unitary group SU(2) is composed by 2 × 2 unitary
matrices whose determinant are equal 1. These two groups are homomorphic be-
cause the mapping between them is not one to one. Indeed the SU(2) group covers
the SO(3) group twice, i.e. the map is 2 : 1.

The Lie groups SU(2) and SO(3) have the same dimension. The dimension of
a Lie group, by definition of Bade et al., can be obtained counting the number of
real parameters needed to specify a member of the group. This dimension is, then,
equal to the number of dimensions of the manifold of the group members [177].

The rotation group has dimension equal to 3 because three parameters are
needed to specify a rotation. Two parameters are needed to pick an axis of rotation,
while one parameter is needed to give the angle of rotation. The matrix group
SO(3) is three dimensional because a general 3 × 3 matrix has nine parameters,
but the orthogonality and unit determinant condition together set six constraints.
The matrix group SU(2) is three dimensional because a general 2 × 2 unitary
matrix can be described by 4 parameters and the determinant condition gives one
constraint [41].

SO(3) group manifold

The SO(3) group is the group of all rotations about the origin of the three-
dimensional Euclidean space R3, under the operation of composition [178, 179].
SO(3) additionally preserve the volume element and the Levi-Civita tensor density
εijk, also called the constant structure of the group. By definition, a transformation
that preserve the origin, Euclidean distance and orientation is a rotation about the
origin [41]. The composition of two rotation is another rotation and each rotation
has a unique inverse. The identity map satisfies the definition of rotation.

The Lie group, according to Choquet-Bruhat et al. [81], SO(3) is a compact
manifolds of dimension equal 3, where a compact manifold is defined as a manifold
that is compact as a topological space [81].

As described before, rotations are linear transformations in the Euclidean space
R3 [81], and can be represented by matrices, once a basis of R3 has been chosen.
When we choose an orthonormal basis of R3, every rotation is represented by an
orthogonal 3× 3 matrix with determinant equal to 1. This representation is called
the fundamental representation [81].

As described in the previous section, it is often helpful considering a finite small
rotation as a sequence of infinitesimal rotations. If it is so, we can build up a
rotation through a finite angle α, as a succession N times through the angle α/N
for N very large. For N → ∞ and for a general rotation in three dimensions we
obtain:

RRR(~α) = lim
N→∞

(
I + i

∑
k αkJJJk
N

)N
= ei

∑
k
αkJJJk , (40)
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where ~α, JJJk are respectively the vector of SO(3) group parameters (angles in our
case), the generators of SO(3). JJJ i are the generators of the rotations in three
dimensions§:

J1 =

 0 0 0
0 0 −i
0 i 0

 , J2 =

 0 0 i
0 0 0
−i 0 0

 , J3 =

 0 −i 0
i 0 0
0 0 0

 . (41)

The sum in the exponential in equation (40), i
∑
k αkJJJk, is an element of the Lie

algebra sososo(3).
The Lie algebra sososo(3) is defined as the tangent space of SO(3) at the identity

element e. The peculiarity of sososo(3) is that it is isomorphic to R3 [93].
The group is covered by the exponential map. Each element of g ∈ SO(3),

therefore, has the form as in equation (40) [81, 93]. The commutator between two
generators of the Lie algebra sososo(3) is given by [JJJk,JJJ l] = iεklhJh, therefore, the sum
i
∑
k αkJJJk = εkµναk is the same infinitesimal operator in equation (28).

SU(2) group manifold
The group SU(2) is the special unitary group of degree 2. This is the group of
2 × 2 unitary matrices with determinant 1, i.e. unitary transformation in a 2-
dimensional complex linear space. The dimension of the group is 3 as the number
of the parameters and the generators of the group [180]. We define the set of
parameters as ~α = (α1, α2, α3)ᵀ, where ᵀ identifies the transpose, and the set of
generator as ~σ = (σ1, σ2, σ3)ᵀ. The σi, where i = 1, 2, 3, are all Hermitian and
unitary matrices and are called Pauli matrices:

σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. (42)

They square to one σ2
1 = σ2

2 = σ2
3 = I, where I is the identity matrix. They are

traceless and satisfy the relations:

σiσj = δij + iεijkσk, (43)

where the structure constant of the group is εijk the Levi-Civita symbol. The
commutator relations are:

[σi, σj ] = σiσj − σjσi = 2iεijkσk. (44)

Useful identities are: Tr(σi) = 0, Tr(σiσj) = 2δij , Tr([σi, σj ]σk) = 4iεijk.
For every vector ~x ∈ R3 we identify an element x of the Lie algebra sususu(2) as

follows:

~x =

 x1
x2
x3

 ↔ x =
3∑
i=1

xiσi. (45)

§The generators of the group SO(3) has been multiplied by −i. It has been done to have the
same notation for rotational operators along all the thesis.
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Identified the element on the Lie algebra sususu(2) with the notation just specified
above, the following relations are satisfied:

~x× ~y = 1
2i [x, y] ,

~x · ~y = 1
2Tr(xy) ,

~x× ~y · ~z = 1
4iTr([x, y]z) .

(46)

Any element U of SU(2) group can be expressed as:

U(~α) = e( i2
∑3

j=1
αjσj) , (47)

where it is simple verify that UU† = I by the unitary, where † identifies the Hermi-
tian conjugate. Indeed, using the property that the logarithm of the determinant
of a matrix AAA it is equal to the trace of the logarithm of the matrix AAA, we obtain:

log (det(U(~α))) = Tr(log(U(~α))) = Tr( i2

3∑
j=1

αjσj) = 0. (48)

We can infer then that det(U(~α)) = 1.
Using Taylor series we get that equation (47) can be rewritten as U(~α) =

cos(α2 )I + i sin(α2 )~n ·σσσ, where ~n is a unitary vector, which allows writing the array
of parameter as ~α = α~n, with α the angle of rotation. The existence of the factor
1
2 in equation shows that for a rotation of 2π, we get U = −I, whereas the rotation
of a vector through an angle of 2π obviously leaves the vector unchanged. The
mapping of SU(2) in SO(3) is not one to one. There are two elements of SU(2)
corresponding to each element of SO(3). This mapping is called homomorphism.

Local coordinates on manifolds

In this section we introduce the concept of local coordinates on manifolds and how
they are related to Lie groups.

A manifold with dimension m is:
“a Hausdorff topological space such that every point has a neighbourhood home-

omorphic to Rm, i.e. an Euclidean space” [93].
Formally, we can define a bijective map ψi : Ui → Vi such that for each open

sets Ui on the manifold is associated only one open set Vi ∈ Rm. The result of this
simple operation is a definition of a local coordinate patch Vi of the open set Ui. In
other words we are mapping a small piece of the curved space, the manifold, into
a small piece of a flat space, the Euclidean space. The coordinates on this small
piece of flat space are called local coordinates and are defined by the continuous
map ψi.
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It is also useful to define for a given point p on the manifold “a change of
coordinate” between different local coordinate patches. To do that we imagine
that the point p on the manifold is in the intersection of two open sets Ui an
Uj , i.e. U ′ = Ui ∩ Uj . Applying the bijective map defined above, we obtain two
different open sets V ′i = ψi(U ′) and V ′j = ψj(U ′). To go from V ′i to V ′j we can
therefore define two different bijective maps such that ψij = ψj ◦ ψ−1

i : V ′i → V ′j ,
ψji = ψi ◦ ψ−1

j = V ′j → V ′i and ψij = ψ−1
ji . These maps have been built with the

meaning of “a change of coordinate on the manifold in local coordinate patches” [48].
On a Lie group we can translate the local coordinates on manifold in the follow-

ing way. Assume that we are close to the identity of the group, i.e. to the element
e. We define the open set Ue on the manifold as the “patch” on the manifold close
to the identity element of the group. By the left group action, it is possible building
up patches Ug = g(Ue) close to each point of the manifold. Using the bijective map
defined before, local coordinates for patch Ug looks like Vg = ψe[g−1(Ug)].

From now on we will refer to the Lie group SO(3), but the discussion can be
immediately generalised to the Lie group SU(2).

In local coordinate, it is possible write down the equation (40) as:

RRR(~α) = RRR∗rrr(~α) = RRR∗ei
∑

i
αiJJJi , (49)

where the RRR∗ is a general rotation, and the rrr(~α) is a small rotation around RRR∗.
Equation (49) provides a one to one mapping between vectors in the open ball√
~αᵀ~α < π and a local patch of the manifold SO(3) centred around the point

RRR∗ [181]. The simple idea, here, is to use the fact that rotations are transformations
which evolve continuously from the identity. This allows treating the dependence
of the orientation on a local patch for a special orthogonal transformation as a
continuously evolving rotation transformation from the identity.

The term RRR∗, in equation (49), identifies a point on the manifold where a small
rotation rrr(~α) on a local patch occurs. By conditions enumerated at the beginning
of this appendix, the term RRR∗ at time t = 0 identifies the identity transformation,
i.e. the body frame is set to be coincident with the initial reference frame S. When
the motion of the rigid body starts, we assume that the RRR∗ is always updated to
the last rotation [181], and we perform a small rotations rrr(~α), as a succession of
infinitesimal rotation in the local patch. In other words we map the patch around
the generalRRR∗ with a patch close to the identity. We have constructed at every point
RRR∗ on the manifold SO(3), therefore, a continuous, invertible mapping between a
neighbourhood of RRR∗ on the manifold and an open set in R3 [181].

By the fact that the sum in the exponential in equation (49), i
∑
k αkJJJk = dRRR,

gives the same infinitesimal operator in equation (28), and by the observation that
the elements of a skew-symmetric operator transform as a vector under proper
rotation, we deduce that the open set in R3 defined by the patch around RRR∗ is the
Lie algebra sososo(3). The Lie algebra sososo(3) allows us to define the derivative with
respect to parameters of the group manifold, which specify a small finite rotation
on the local patch.



78 APPENDIX A

Numerically this operator reads:[
RRR∗

∂

∂~α
ei
∑

k
αkJJJk

]
~α=0

(50)

where the derivatives are computed at ~α = 0 because of infinitesimal rotation
around the general rotationRRR∗. In other words, we set the evolution of the rotation
on the Lie algebra sososo(3), which is isomorphic to the Lie algebra R3 with cross
product [93]. This Lie algebra is used to represent in a general way the orientational
degrees of freedom by infinitesimal generators.
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In this appendix we describe when the Itô or a Stratonovich stochastic integration
are the same.

Let’s start to write a Kramers-Langevin equation for a one dimensional trans-
lational Brownian motion with mass m = 1:

∂x(t)
∂t

= v(t),

∂v(t)
∂t

= a(x(t), t) + b(x(t), t)ξ(t),
(51)

where x(t) is the position of the Brownian particle, v(t) the velocity, a(x(t), t) the
drift term and b(x(t), t) the diffusion coefficient. ξ(t) identifies the white noise, i.e.
zero mean and correlation function equal to 〈ξ(t)ξ(t′)〉 = δ(t − t′). For a sake of
simplicity, we set a(x(t), t) = 0 and the equation (51) reads:

dx(t) = v(t)dt,
dv(t) = b(x(t), t)dW (t),

(52)

where W (t) is a Wiener process.
We define α ∈ [0, 1] as parameter that shows if we are doing an integration by

Itô (i.e. α = 0) or by Stratonovich (i.e. α = 0.5). The second equation in (52) can
be written as:

dv(t) = b(x(t) + αdx(t), t)dW (t), (53)
and expanding in Taylor’s series one obtains:

dv(t) = b(x(t), t)dW (t) + αb
′
(x(t), t)dx(t)dW (t). (54)

Replacing dx(t) of the equation (52) into the equation written above, one obtains
that the term proportional to α is order O(t 3

2 ) and then negligible.
The first term in the r.h.s. of equation (54) is the term given by the Itô’s inte-

gration, therefore in this case one does not have to specify what kind of integration
is considered in the Langevin equation.

Whether the Langevin equation has the following form:

∂s(t)
∂t

= a(s(t), t) + b(s(t), t)ξ(t), (55)

79
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where s(t) is a degree of freedom of the system [28], one has to specify what kind
of integration is considered.
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working out some analytical calculations and for drawing up the manuscript.

III Paper III is a follow-up of Paper II and was conducted principally by me.
I formulated the research question of the project and performed the analytical
calculations in collaboration with my supervisor Erik Aurell. I implemented
the code for simulations and did the numerical analysis for the project. I made
all the plots used in the paper. I wrote the manuscript in collaboration with
the co-author and I followed the whole review process.

IV Paper IV is in collaboration with Ralf Eichhorn. I performed under his su-
pervision the analytical investigation. I performed also the numerical analysis,
implemented the code for the simulation and analyzed the results. I also played
an active role in the discussion for drawing up the manuscript.
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