
Wind turbine simulations using spectral
elements

by

Elektra Kleusberg

May 2017

Technical Reports

Royal Institute of Technology

Department of Mechanics

SE-100 44 Stockholm, Sweden



Akademisk avhandling som med tillst̊and av Kungliga Tekniska Högskolan i
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Wind turbine simulations using spectral elements

Elektra Kleusberg

Linné FLOW Centre, KTH Mechanics, Royal Institute of Technology
SE-100 44 Stockholm, Sweden

Abstract
Understanding the flow around wind turbines is a highly relevant research ques-
tion due to the increased interest in harvesting energy from renewable sources.
This thesis approaches the topic by means of numerical simulations using the
actuator line method and the incompressible Navier–Stokes equations in the
spectral element code Nek5000. The aim is to gain enhanced understanding of
the wind turbine wake structure and wind turbine wake interaction. A verifica-
tion study of the method and implementation is performed against the finite
volume solver EllipSys3D using two types of turbines, an idealized constant cir-
culation turbine and the Tjæreborg turbine. It is shown that Nek5000 requires
significantly lower resolution to accurately compute the wake development,
however, at the cost of a smaller time step.

The constant circulation turbine is investigated further with the goal of
establishing guidelines for the use of the actuator line method in spectral
element codes, where the mesh is inherently non-equidistant and currently used
guidelines of force distribution based on Gaussian kernels are difficult to apply.
It is shown that Nek5000 requires a larger kernel width in the fixed frame of
reference to remove numerical instabilities. Further, the impact of different
Gaussian widths on the wake development is investigated in the rotating frame
of reference, showing that the convection velocity and the breakdown of the
spiral tip and root vortices are dependent on the Gaussian width.

In the second part, the flow around single and multiple wind-turbine setups
at different operating conditions is investigated and compared with experimental
results. The focus is placed on comparing the power and thrust coefficients
and the wake development based on the time-averaged streamwise velocity and
turbulent stresses. Further the influence of the tower model is investigated
both upstream and downstream of the turbine. The results show that the
wake is captured accurately in most cases. The loading exhibits a significant
dependence on the Reynolds number at which the airfoil data is extracted.
When the helical tip vortices are stable the turbulent stresses at the tip vortices
are underestimated in the numerical simulations. This is due to the finite
resolution and the projection of the actuator line forces in the numerical domain
using a prescribed Gaussian width, which leads to lower induced velocities in
the helical vortices.

Key words: Wind turbine, wakes, wake interaction, computational fluid dy-
namics, actuator line method, spectral elements, free-stream turbulence.
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Vindturbinssimuleringar med spektralelement

Elektra Kleusberg

Linné FLOW Centre, KTH Mekanik, Kungliga Tekniska Högskolan
SE-100 44 Stockholm, Sverige

Sammanfattning
Strömningen kring vinturbiner är ett högst aktuellt forskningsomr̊ade genom
det ökade intresset för att utvinna energi fr̊an förnyelsebara källor. Denna
avhandling behandlar omr̊adet genom numeriska simuleringar av inkompressibla
Navier–Stokes ekvationer i spektralelementkoden Nek5000 med actuator line-
metoden. Målet är att erh̊alla en ökad först̊aelse för strömningsstrukturerna i
vindturbinsvakar samt interaktionen mellan olika vakar. En verifiering av meto-
den och dess implementering görs genom att jämföra resultaten fr̊an simuleringar
av en idealiserad turbin med konstant cirkulation och Tjæreborgturbinen med
resultaten fr̊an finita volymskoden EllipSys3D. Det visas att Nek5000 kräver sig-
nifikant lägre upplösning för att noggrant återskapa vakutvecklingen, emellertid
p̊a bekostnad av ett mindre tidssteg.

Turbinen med konstant cirkulation studeras vidare med m̊alet att fastställa
riktlinjer för användandet av actuator line-metoden i spektralelementkoder,
där beräkningsnätet naturligt är icke-ekvidistant och befintliga riktlinjer för
Gaussisk kraftfördelning är sv̊ara att applicera. Det visas att Nek5000 i ett
stationärt referenssystem kräver en större bredd p̊a Gausskärnan för att dämpa
numerisk instabilitet. Vidare undersöks hur olika bredder p̊a den Gaussiska
kärnan p̊averkar vakutvecklingen i ett roterande referenssystem, vilket visar att
konvektionshastigheten och nedbrytningen av spiraltipp- och rotvirvlarna är
beroende av Gaussfördelningens bredd.

I den andra delen av avhandlingen studeras strömningen kring vindtur-
binskonfigurationer best̊aende av en eller flera turbiner vid olika förh̊allanden,
och resultaten jämförs med experimentella mätresultat. Fokuset ligger p̊a att
jämföra effekt- och dragkraftskoefficienterna baserade p̊a vakutbredningen fr̊an
tidsmedelbildad strömvis hastighet och turbulenta spänningar. Resultaten visar
att vaken i de flesta fall återskapas väl. Belastningen visar sig vara starkt
beroende av Reynoldstalet vid vilket datan för vingprofilen är extraherad. D̊a
virvlarna är stabila, underskattar simuleringarna de höga tangentiella hastig-
heterna som förekommer i de experimentella vingtippvirvlarna. Detta beror
p̊a den ändliga upplösningen, samt att actuator line-krafterna i den numeriska
domänen projiceras genom en Gaussisk funktion med en given bredd, vilket ger
lägre inducerade hastigheter.

Nyckelord: Vindturbiner, vakar, vakinteraktion, strömningsmekaniska beräkningar
(CFD), actuator line method, spektralelement, friströmsturbulens.
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Preface

This thesis deals with the physics associated with the flow around wind turbines.
The first part gives an overview of existing modeling techniques, the current
state-of-the art research and shows a selection of results. The second part
contains three articles. The published article has been adjusted to comply with
the present thesis format for consistency, but the contents have not been altered
as compared to the original counterpart.

Paper 1. E. Kleusberg, S. Sarmast, P. Schlatter, S. Ivanell & D. S.
Henningson, 2016. Actuator line simulations of a Joukowsky and Tjæreborg
rotor using spectral element and finite volume methods. J. Phys. Conf. Ser.
753 (8), p. 082011.

Paper 2. E. Kleusberg, P. Schlatter & D. S. Henningson, 2017.
Parametric study of the actuator line method in high-order codes. Technical
Report.

Paper 3. E. Kleusberg, R. F. Mikkelsen, P. Schlatter, S. Ivanell &
D. S. Henningson, 2017. High-order numerical simulations of wind turbine
wakes. Technical Report.

May 2017, Stockholm

Elektra Kleusberg
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Part I

Overview and summary





Chapter 1

Introduction

Over the last couple of decades wind power has become an increasingly large
contributor to the global energy budget and thus also a focus point of interna-
tional research. The humble beginnings of wind energy harvest can be traced
back to vertical axis wind mills, which transform wind energy into mechanical
energy (as opposed to wind turbines which transform wind energy into electrical
energy) used more than 2000 years ago for water pumping and grinding of
grain in Persia (EERE 2016). A millennium later, people in Europe, specifically
the Netherlands, harnessed wind power to combat their own problems. Here,
horizontal axis windmills were employed to drain marshes and lakes in the river
delta of the Rhine (EERE 2016). The next step, converting wind energy to
electrical energy, was introduced in several places simultaneously. In July 1887,
the Scottish professor James Blyth used a wind turbine to power the lights in
his cottage in Marykirk, Scotland (Sørensen 2015). Shortly thereafter in the
same year professor Charles F. Brush used a wind turbine to charge batteries
(The Guardian 2016a; Sørensen 2015). Since then there have been several bursts
of wind energy research and funding, the latest occurring in the seventies with
the international oil crisis (EERE 2016) and the necessity to achieve indepen-
dence of fossil fuels, a goal that has been attacked with renewed fervor due to
the general consensus among climate scientists (97%) that global warming is a
man-made phenomenon (NASA 2016). In 2008 the U.S. Department of Energy
released a report calling for an increase of the wind energy contribution to the
total required electrical energy of 20% by 2030 (EERE 2016). In Germany more
than 8% of the electrical energy was supplied by the wind energy sector in 2014
which amounts to 34.8% of the contribution of renewable energy to electricity
in Germany (Bundesregierung 2016). The German government has set the
goal of gaining 80% of the total electrical energy from renewable sources by
2050 in a process referred to as the German Energiewende (BWE 2016). This
is done using a three-pronged approach: building new wind farms at suitable
locations on land, repowering old sites and by extending the use of off-shore
wind energy (Bundesregierung 2016). However, at the same time this rush to
increase the energy from renewable sources has provoked a backlash in Europe.
The variability of the wind energy contribution to the grid in Germany has led
to grid problems in neighboring countries (The Guardian 2016b). Additionally,
local laws are passed, which restrict the available locations for wind energy
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2 1. Introduction

(Verfassungsgericht Bayern 2016). There is therefore a clear need for improve-
ment, first concerning the integration of the power grid on a European level
and second of the wind turbines themselves which is what this thesis concerns
itself with.

Nowadays, wind energy research seeks to provide answers to the many
challenges arising from the goals set by governments. Increasingly, wind turbines
are placed in wind farms to reduce the setup and grid-connection cost, especially
on off-shore wind sites, e.g. the Lillgrund wind farm off the Swedish coastline,
which is operational since 2008. Here, wind turbines are placed closely together,
between 3.3–4.3 wind turbine diameters apart which results in interaction
between the individual wind turbine wakes. This in turn impacts the power
production of the entire wind farm. It has been shown by Dahlberg (2009)
that the power output of turbines placed downstream of the first unobstructed
turbine row drops by 70% w.r.t the power output of the upstream turbine due
to the fact that energy has already been removed by the first turbine row, thus
reducing the downstream wind velocity. It is additionally proven that if the
distance between two turbines is increased (in Lillgrund this is caused by a
gap in the otherwise regular layout of the rows) the relative power production
of the downstream turbine increases again (Dahlberg 2009). This is due to
momentum entrainment from the freestream into the wake causing the wake
to “re-energize”. In general, due to the unsteadiness of the incoming flow in
field conditions, the vortices forming at the turbine blades and then convecting
downstream destabilize quickly causing the wake to transition to turbulence.
Turbines located in the wake of these turbines are therefore subject to an
increased level of turbulence intensity and thus heightened fatigue loading.

To take these complex features into account the wind energy industry
currently utilizes safety factors when designing wind turbines which take the
uncertainty of the loading into account (Simms et al. 2001). The dependence
of wind farm power production on the wake development must be carefully
addressed to be able to optimize the individual wind turbines as well as wind
farms in general. To improve the existing design of wind farms it is essen-
tial to understand their flow physics, starting with a single turbine and its
corresponding wake. State-of-the-art research is being conducted in the form
of experiments, mathematical theory and numerical simulations. This thesis
focuses on numerical modeling of wind turbines, where the influence of modeling
parameters and the underlying numerics are of vital importance.

1.1. Previous work

Gaining insight into the flow around wind turbines is challenging in many ways.
The flow contains a multitude of length scales, ranging from a fraction of the
boundary-layer thickness on the rotor blades which is of the order of O(mm) to
the length scales of the atmospheric boundary layer which are O(km) in which
the wind turbine is invariably placed. In addition, the velocity scales range
from the tip-speed (O(100m/s)), to the free-stream velocity (O(10m/s)) down
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to the boundary layer velocity. The range of length scales existing in wind
turbine flows has led to an extremely diverse research portfolio, with research
groups analyzing everything from single wind turbines (e.g. Ivanell et al. (2009);
Sarmast et al. (2014b); Mikkelsen (2003)) to wind farm wakes (Eriksson et al.
2014). Vermeer et al. (2003) introduced a widely accepted definition of the near
and far wake which will be used in this work. Here, the near wake is defined
by the dependency of the flow structure on the wind turbine geometry and
aerodynamics, e.g. the number of blades, 3D effects and the vortex structure.
The far wake begins where the wake properties are “independent” of the rotor
characteristics (“independent”, because each far wake is naturally a product of
its near wake) and the defining parameters are turbulence and wake interaction
effects between turbines. The near wake of a wind turbine is characterized by a
velocity deficit due to the energy extraction by the rotor and the release of tip
and root vortices at each blade which are the result of the pressure difference
between the upper and lower side of each rotor blade that cause the streamlines
to deflect on each side. On the low-pressure side the streamlines deflect towards
the center of each blade while on the high-pressure side the streamlines deflect
in the opposite direction causing a roll-up process at the tip and root which
culminates in the release of the tip and root vortices. Figure 1.1 schematically
shows the wake development behind a single wind turbine.

A finite wing is often approximated as a lifting line, where each airfoil section
is replaced with a bound vortex filament of a certain circulation Γ (Kundu
et al. 2012). Following the Kutta–Joukowsky theorem each vortex filament
is associated with a well-defined lift. According to the Helmholtz theorem a
vortex filament can terminate only at solid surfaces and must otherwise form
a closed path (Kundu et al. 2012). Applied to wind turbine blades this leads
to the release of vorticity in the wake with the same strength as the bound
vorticity. Any changes in the circulation along the rotor blades results in the
release of vorticity proportional to the change. An optimally operating wind
turbine according to Joukowsky (Sørensen 2015) will have a constant circulation
distribution along the blades. Trailing vortices in this case are only released
at the blade tip and root. Turbines operating at design condition often have a
near constant circulation along the blade (e.g. the Tjæreborg turbine shown in
Ivanell et al. (2009)). Turbines operating at off-design conditions are subject to
more circulation and lift changes along rotor blades as e.g. observed in Krogstad
& Eriksen (2013).

Crespo et al. (1999) provide an overview of wake models ranging from
the assumption of turbines in wind farms as distributed roughness elements
to individual wake models with superposition of interacting wakes such as
the PARK model (Katic et al. 1986). Analytical tools such as the PARK
model are used in commercial wind energy optimization software, such as
Openwind (2017) and WAsP (2017) due to their reduced computational time.
When studying single wind turbines classical aerodynamic models such as the
blade element momentum (BEM) method, which is based on a combination
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Figure 1.1: Schematic depiction of the wake development behind a single wind
turbine. The red, blue and green lines symbolize the vortices rolling up at the
tip and root of the rotor blades. The circulation Γ is conserved in the wake for
inviscid flows.

of momentum theory and the blade element method (Glauert 1935), enable
accurate estimations of blade loading and power. BEM has been extended by
Sørensen et al. (2006) to include wind-tunnel blockage effects. Additionally,
engineering modifications exist with which e.g. yaw, heavy loading and dynamic
wakes can be taken into account (Sørensen 2015).

Experimental campaigns have greatly contributed to the knowledge of wind
turbine loading and wake structures. Using a hot wire anemometer, Dahlberg
& Alfredsson (1979) measured the mean velocity and turbulence intensity of a
single two-bladed wind turbine under different ambient turbulence conditions,
and captured the pairing instability of the tip vortices for the first time using
smoke visualization. Further significant insights were provided by Medici et al.
(2011) who quantified the upstream effects of operating wind turbines by means
of experiments in conjunction with theoretical and numerical analysis, and
Medici & Alfredsson (2006) who detected that wind turbine wake meandering is
correlated to a low-frequency shedding similar to that of bluff bodies. Felli et al.
(2011) investigated the dependence of wake stability on the tip-vortex spiral
distance and the number of blades and showed that the mutual inductance
instability drives the wake destabilization. In Quaranta et al. (2015, 2016)
the instability mechanisms of both a one-bladed and two-bladed turbine are
analyzed and found to be in good agreement with linear theory. Widnall (1972)
had shown previously analytically that three modes of instability exist in a
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single helical vortex, a short-wave instability, a long-wave instability and a
mutual-interaction instability with increasing influence the smaller the helical
pitch is. The Norwegian University of Science and Technology (NTNU, Krogstad
& Eriksen (2013), Pierella et al. (2014), Krogstad et al. (2015) and Bartl &
Sætran (2017)) created an extensive experimental data set, ranging from a single
wind-turbine subject to uniform inflow to an in-line two-turbine setup with
sheared high-turbulent inflow. These studies, which were published as so-called
Blind Tests, compare existing computational methods with the experimental
data to estimate their capabilities of capturing prevalent wake structures and
the blade loading. The comparisons revealed a large scatter of the numerical
results, both in loading and wake development, showing the need for more
research in numerical modeling.

Insight into the near-wake flow physics can be attained using large-eddy
simulations (LES) of the three-dimensional, incompressible Navier–Stokes equa-
tions and so-called actuator models (Sørensen & Shen 2002; Mikkelsen 2003)
that replace the blade geometry with body forces. In Ivanell et al. (2009),
Troldborg (2009), Mikkelsen (2003) the wake generated by a wind turbine model
is investigated under a variety of inflow conditions (uniform, turbulent and
sheared), turbine configurations (yawed, coned, tilted) and operation param-
eters such as the tip-speed ratio (TSR). Ivanell et al. (2010) correlated the
turbulence intensity of the free-stream velocity with the length of the near wake
and investigated the wake stability by introducing harmonic perturbations in
front of the turbine and evaluating the response using Fourier series. Sarmast
et al. (2014a) used dynamic mode decomposition and proper orthogonal decom-
position to analyze the stability of the flow and determine the dominant modes
responsible for the onset of instability of a single three-bladed wind turbine
wake. The analysis of the tip-vortex stability is important, as the fatigue loading
of downstream turbines is lower when the downstream turbine is immersed in
a fully turbulent wake (Sørensen 2011). Churchfield et al. (2012) and Nilsson
et al. (2015) modeled the complete Lillgrund wind farm and analyzed the perfor-
mance of all turbines operating in an atmospheric boundary layer. Comparisons
with experimental data showed that actuator methods are very accurate in
predicting both the near-wake characteristics as well as large-scale wind-farm
characteristics. Porté-Agel et al. (2011) showed that actuator models, which
take wake rotation into account, perform better than non-rotational ones in the
near wake both when compared to a wind tunnel and field measurements in an
atmospheric boundary layer. On an even larger scale Calaf et al. (2010) used a
drag disk concept to conduct parametric studies of very large wind farms (where
the length of the wind farm exceeds the height of the atmospheric boundary
layer) and quantify the vertical momentum and kinetic energy transport across
the boundary layer. The power extracted by the turbines is in this case found
to be approximately equal to the vertical flux of kinetic energy. This data was
used to improve the Frandsen’s model (Frandsen 1992) to predict the roughness
length scales the the ABL experienced by the wind farm. In Meyers & Meneveau
(2012) the aforementioned roughness length scales are used to compute the
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optimal turbine spacing, for which maximum power is extracted, in a very large
wind farm dependent on different contributing factors, such as turbine and land
cost.

Apart from actuator methods the possibility exists to fully resolve the rotor
blades. For instance, Troldborg et al. (2015) and Zahle et al. (2009) resolved
the blade boundary layers of a single wind turbine using the Reynolds-averaged
Navier–Stokes (RANS) equations. Generally used only for the simulation of
single wind turbines, fully resolving the wind turbine geometry provides the
opportunity of detailed studies of e.g. tower–blade interaction (Zahle et al.
2009) or of the effect of the atmospheric boundary layer on the blade boundary
layer (Vijayakumar et al. 2014).

1.2. Contribution

This work employs the spectral element code Nek5000 to analyze the flow around
wind turbines and the subsequent wake effects between wind turbines placed in
the vicinity of each other. Motivated by the high parallelization, the flexibility
in geometry and fast convergence, Nek5000 is well suited for the analysis of the
flow physics around wind turbines. Several goals were set including:

• Verify the implementation of the actuator line method. This was done
by comparing the wake structure and blade loading of two different
wind turbines, the ideal constant circulation turbine and the Tjæreborg
turbine (Øye 1991) with a finite volume code. Based on an analysis
of the tip-vortex development it was shown that the vortices are less
dissipative in Nek5000. Differences in the helical tip vortex breakdown
were discerned, most prominently the fact that the helical tip vortices
merged further upstream in the finite volume code, while in Nek5000
several radii of vortex pairing was observed. By lowering the polynomial
order of the spectral elements an improved comparison was achieved.
However, it was observed, that due to the non-equidistant grid spacing a
lower time-step was required in the numerical simulations, thus leading
to no significant computational advantage.

• Investigation of parametric influences of the actuator line method and
evaluation of existing parametric guidelines with the goal of establishing
guidelines for the use of the actuator line method in the context of
spectral elements. Simulations in the rotating and fixed frame of reference
were conducted. It was shown that oscillations related to the spectral
element size can develop and amplify in the wake, dominating the wake
development. Conducted parametric studies narrowed down the problem
and provided corresponding guidelines for different flow scenarios.

• Introduce a method for modeling homogeneous isotropic turbulence
as an inlet boundary condition. This was done based on the method
by Schlatter (2001) and used to model the grid-generated wind-tunnel
turbulence of experiments conducted at NTNU (Krogstad & Eriksen
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2013; Krogstad et al. 2015). Using the inlet boundary condition the same
decay of the velocity fluctuations could be achieved as in the experiments.

• Investigate the wake development and performance coefficients of a
single wind turbine and wake interaction of two turbines at different
turbulence levels and compare with the extensive experimental data
set provided by NTNU. The experiments (Krogstad & Eriksen 2013;
Krogstad et al. 2015) had been conducted as blind tests and had shown
the large range of results that different numerical simulations predict.
The numerical results enable a detailed look at the flow development
in the streamwise direction providing further insight into the mainly
two-dimensional experimental data sets provided in the blind tests.

• Addition of tower and nacelle models designed to create a more realistic
approximation of a complete wind turbine and the ensuing wake. In
the specific case of modeling the wind turbine from the experiments by
Krogstad & Eriksen (2013) it was shown that the tower model influences
the performance coefficients when the blade passes by in front of the
tower. Additionally, it was shown that the tower model creates a distinct
wake deficit, which corresponds to experimental results. A wake center
deflection related to the tower model could be identified. While the
azimuthal wake deflection was well captured the vertical deflection was
only one fifth of the experimental wake deflection. This can be explained
by the fact, that the tower is modeled in a two-dimensional fashion, thus
neglecting any influences in the axial direction.

Thesis structure. In Chapter 2 the main numerical methods used in this
thesis are outlined. Chapter 3 provides an overview of the flow cases that are
investigated in papers 1–3 and shows selected results from the three papers
included in the thesis. Finally, in Chapter 4 the main conclusions are drawn
and an outlook into further research is given.



Chapter 2

Numerical modeling

2.1. Flow solver

The flow around wind turbines can generally be considered incompressible,
assuming the average wind speed around wind turbines ranges between 5 −
25[m/s] (Sanderse et al. 2011). Only at the blade tips may compressibility effects
play a role. However, usually the tip Mach number is low enough (M ≤ 0.25)
to be able to assume incompressibility (Tossas & Leonardi 2013). The motion
of the fluid flow around a wind turbine can therefore be described by the
three-dimensional incompressible Navier–Stokes and continuity equations in
non-dimensional form.

∂ui

∂t
+ uj

∂ui

∂xj
= − ∂p

∂xi
+

1

Re

∂2ui

∂xj∂xj
+ fi, (2.1)

∂uj

∂xj
= 0. (2.2)

Here, ui is the velocity, p the pressure, xi, t are the spatial and temporal variables
and fi are external volume forces. The Reynolds number Re = ρLU∞/µ
describes the ratio between inertial and viscous forces, where ρ is the density, L
a characteristic length scale, U∞ the fluid velocity and µ the dynamic viscosity.
The characteristic length scale chosen in wind turbine simulations is usually
either the chord c or the blade radius R of the wind turbine. In the present work
two different types of simulations may be distinguished, those in the fixed frame
of reference and those in the rotating frame of reference. To comply with the
rotating frame of reference Coriolis and centrifugal forces (fi,cor = 2εijkωjuk

and fi,cent = εijkωj(εklmωlxm), respectively) are included as forcing terms in
the Navier–Stokes equations. However, the use of the rotating frame of reference
is limited to single wind turbine simulations or multiple wind turbines operating
at the same rotational speed.

In this work the incompressible Navier–Stokes equations are integrated
in time with the open-source spectral-element solver Nek5000 (Fischer et al.
2008). Using a spectral element approach combines the geometric flexibility of
the finite element method with the exponential convergence of global spectral
methods (Fischer et al. 2008). When comparing spectral methods with other
approaches, e.g. finite-difference methods, it is important to note that spectral

8



2.2. Wind turbine modeling 9

element methods possess improved diffusion and dispersion properties. By
conducting modified wavenumber analysis it can be shown that the derivatives
are usually computed exactly in spectral methods (Moin 2010). In Nek5000 the
domain is partitioned into non-overlapping spectral elements where the solution
is expanded using Legendre polynomials on Gauss–Lobatto–Legendre (GLL)
quadrature points. By choosing GLL points, where the points are distributed
more densely at the element borders, the Runge phenomenon, which is observed
in high-order interpolation is decreased. To simplify parallelization the elements
are loosely coupled with only C0 continuity. The non-linear terms are integrated
explicitly in time by third-order extrapolation (EXT3), while the viscous terms
are integrated implicitly using a third-order backward differentiation scheme
(BDF3). The spatial discretization of the domain in this work is conducted on a
staggered PN–PN−2 grid (Maday & Patera 1989). A spatial filtering technique
developed by Fischer & Mullen (2001) is applied to the highest modes to stabilize
the numerical simulation. The filtering technique acts on the velocity field at
each time step by removing energy from the selected modes and redistributing it
on other modes. In the simulations the two modes with the highest wavenumber
are filtered with the highest wavenumber mode being filtered by 10%. The
mode with the second highest wavenumber is then filtered by 2.5% as the
filter strength of the lower modes is determined based on a quadratic function.
Additionally, to take into account possible aliasing errors, the non-linear terms
are oversampled using 3/2 more grid points in all directions. Nek5000 is highly
parallelized and has been shown to be scalable on hundreds of thousands of
processors (Kerkemeier et al. 2010).

2.2. Wind turbine modeling

A widely used method to predict the loading of wind turbines is the blade
element momentum (BEM) method, which was first published in a compact
way by Glauert (1935). The BEM method combines momentum theory with
the blade element method to compute the lift and drag forces at the rotor
blades. One of the basic assumptions of the BEM method is that the flow field
is divided into radially independent axisymmetric streamtubes. Based on this
assumption formulations for axial and angular momentum can be derived for
each annular section. Given the local angle of attack of the flow acting on
a blade and tabulated airfoil data based on geometry, Reynolds number and
angle of attack, the lift and drag coefficients of the airfoil can be determined for
each radial section using two-dimensional airfoil theory. Combining momentum
theory and the blade element method a closed set of equations is obtained
(Sørensen 2015) with which the induced velocities are computed. As the method
assumes axisymmetry it is only valid for an infinitely bladed rotor. To account
for a finite number of blades the BEM method is generally coupled with a tip
correction (Glauert 1935).



10 2. Numerical modeling

2.2.1. Actuator line method

By coupling the blade element method to the Navier–Stokes equations instead
of the momentum theory the so-called actuator disk (ACD) method is obtained,
where the forces are distributed on a disk. The ensuing flow field does not contain
distinct tip and root vortices, instead releasing vorticity continuously along the
entire disk. The method has proven to capture the averaged characteristics
of the wake development and the loading accurately (Mikkelsen 2003; Nilsson
et al. 2015). Using the ACD method the time-step is restricted by the CFL
condition provided the convection term is discretized explicitly. A more advanced
technique, the actuator line (ACL) method proposed by Sørensen & Shen (2002),
models each rotor blade as a line force, thus enabling the release of distinct tip
and root vortices. Figure 2.1(a) shows the discrete actuator lines, which are
defined along the span of each rotor blade. Figure 2.1(b) depicts the velocity
triangle at each position of the actuator line. The angle of attack is defined
as α and the blade pitch is θ. Using the local velocity triangle at each section
of the actuator line, and knowledge of the blade geometry, the lift and drag
coefficients can e.g. be determined from tabulated experimental data. A main
source of uncertainty in the actuator methods is the airfoil data with which the
sectional lift and drag forces are computed. The data is generally extracted
from 2D airfoil experiments which has been corrected for three-dimensional
and rotational effects. The aerodynamic forces are related to the lift and drag

coefficients CL and CD and the relative local velocity Urel =
�

(u2
t + u2

n), where
ut = Ωr(1+a�) and un = (1−a)U∞ (shown in figure 2.1(b)). Hereby, a denotes
the axial induction factor, a� the tangential induction factor, Ω the angular
velocity of the rotor and U∞ the free stream velocity. In Nek5000 the velocity at
the actuator line is determined using spectral interpolation routines. Equation
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Figure 2.1: (a) Schematic view of a wind turbine with actuator lines, and (b)
two-dimensional airfoil and corresponding forces and velocities. Taken from
paper1.
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(2.3) defines the lift and drag forces FL and FD with c denoting the chord of
the rotor

FL,D =
1

2
ρU2

relc CL,D, (2.3)

where subscripts L,D refer to lift and drag, respectively. Additionally, this
thesis considers an optimally operating rotor based on Joukowsky (Sørensen
2015), which assumes constant circulation along the rotor blade. With the
Kutta-Joukowsky theorem the lift force is computed according to FL = ΓρUrel,
where Γ is the constant circulation and ρ is the density. In this approximation,
the drag force is set to FD = 0. The aerodynamic forces FACL = (FL, FD)
along the actuator lines are then distributed on the grid points of the numerical
domain to avoid numerical singularities. A variety of distribution methods has
been proposed for this, the most basic being the convolution of the actuator
line forces with a three-dimensional Gaussian kernel according to

f(x) = FACL(xACL) ∗ ηε(d), ηε(d) =
1

ε3π3/2
exp

�
−
�
d

ε

�2
�
. (2.4)

Here, d = |x − xACL| symbolizes the distance between the grid points of the
numerical domain x and the points on the actuator lines xACL. The parameter ε
defines the width of the Gaussian distribution. The three-dimensional Gaussian
kernel has been analyzed extensively and was therefore chosen for the present
work. Another option is the two-dimensional Gaussian distribution which is
applied on the points perpendicular to the actuator line. This has the advantage
that the forcing does not go beyond the tip of the actuator line as it does for
the three-dimensional Gaussian (Mikkelsen 2003).

A number of guidelines for choosing the optimal Gaussian parameter ε have
been proposed. Mart́ınez-Tossas et al. (2015) show that the choice of ε impacts
the performance of the rotor significantly. Increasing ε leads to a wider support
over which the ACL force is spread and thus to a smaller maximum forcing.
This results in an increased streamwise velocity at the actuator line position, a
larger angle of attack and thus a higher power coefficient. A similar trend was
observed when using the actuator disk method. However, the sensitivity towards
the Gaussian width is decreased slightly. A change in the power coefficient is
also observed, when increasing the resolution of the domain in the vicinity of the
actuator lines owing to the fact that the Gaussian projects the force onto more
grid points. Shives & Crawford (2013) and K. O. Dag (private communication,
2017) asserted that the narrower the Gaussian width ε is chosen, the more the
circulation distribution on a wing resembles that of a lifting-line computation.
By decreasing ε, the size of the viscous core of the vortices detaching from
the blades is decreased, while the induction of the vortices increases (Shives
& Crawford 2013). A large ε reduces the downwash occurring at the blade
tips, thus leading to an overestimation of the circulation and lift at the blade
tip. Based on this knowledge the choice of � is recommended to be as low
as possible. The limiting factor here, as mentioned in e.g. Troldborg (2009)
and Mart́ınez-Tossas et al. (2015) is the relationship between the grid spacing



12 2. Numerical modeling

and ε. The support width according to Troldborg (2009) should be chosen
such that ε ≥ 2Δx, where Δx is the grid spacing. A smaller Gaussian width
leads to oscillations of the actuator line parameters, due to the inability of the
grid to capture the Gaussian force distribution adequately. Mart́ınez-Tossas
et al. (2015) experienced a reduced wake deficit when using ε < 2Δx with
oscillations in horizontal velocity profiles one diameter downstream of the ACL.
The oscillations are smoothed out further downstream and cede to be visible.
When operating in the rotating frame of reference the blades are fixed in the
grid. Therefore, the Gaussian distributes the ACL forces on the same GLL
points at each time step. Oscillations still arise in the loading along the ACL in
the rotating frame of reference if the force is not distributed over a sufficient
amount of points.

Apart from prescribing a constant ε along the blade (as also used in this
study) several other options have been proposed for example by Shives &
Crawford (2013), who prescribe a value of ε proportional to 1/8− 1/4 of the
chord. As an additional requirement, the grid spacing should be such that
ε ≥ 4Δx. This implies a very refined mesh in the vicinity of the blade tip
and is therefore not desirable in the spectral element setup. Jha et al. (2014)
recommends an elliptic distribution of the Gaussian width along the blade span.

Simulations in this thesis all employ the tip correction originally developed
by Prandtl and then integrated into the BEM method by Glauert (1935). This
is done to correct for the overestimation of the lift at the blade tips.

In the scope of this work only the ACL method has been employed. However,
a wide range of simulation tools exist with which different aspects of the flow
around wind turbines can be analyzed. For the aforementioned ACD method the
time-step is only restricted by the CFL condition, thus making the computation
less costly, while for the ACL method it is generally recommended to choose
the time step such that the ACL does not pass through more than one grid
point per time step (Troldborg 2009). Blends between the ACL and the ACD
method also exist (Nathan et al. 2015) which are designed to be able to increase
the time step compared to the ACL method. A more sophisticated model
is the so-called actuator surface method (Shen et al. 2009), where the local
aerodynamic forces are obtained from tabulated data and then distributed using
pre-defined functions which mimic the pressure distribution of an airfoil. The
mentioned approaches are generally used together with LES employing some
type of subgrid-scale model or RANS.

Previous investigations using the ACL in combination with spectral elements
have been conducted by Peet et al. (2013), Jin (2013), Chatterjee & Peet
(2015), Chatterjee & Peet (2016) and O’Dea & Guessous (2015). In Peet et al.
(2013) the actuator line is verified briefly against data from the Tjæreborg
turbine while Jin (2013) conducted parametric studies in the rotating frame
of reference. In Chatterjee & Peet (2015) and Chatterjee & Peet (2016) wind
turbine wake development is investigated under neutral atmospheric boundary
layer conditions. In O’Dea & Guessous (2015) the spreading of the force from
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the actuator lines to the grid is without using a Gaussian distribution. Instead, a
volume based on the blade geometry is defined and the applied force is confined
to that area.

2.2.2. Tower and nacelle model

The wind turbine towers are also modeled using a body-force approach similar to
the ACL method, based on tabulated experimental data from Sumer & Fredsøe
(2006). The data set is dependent on the diameter-based Reynolds number and
the incoming turbulence intensity T i. The tower forces are computed as

FT
L,D =

1

2
ρU2

T dC
T
L,D. (2.5)

UT is the velocity magnitude of the flow exactly at the tower position, d is
the tower diameter and CT

L,D are the tabulated lift and drag coefficients of the

cylinder, respectively. The lift force FT
L consists only of a fluctuating component,

while the tower drag force FT
D is computed as the superposition of a constant

drag with a component which oscillates at double the lift force frequency. The
frequency of the tower lift-force oscillation is characterized by the Strouhal
number St = fD/UT , where f is the oscillation frequency. Sarmast et al.
(2014a) and Chivaee (2014) use a similar approach to model the tower. Other
ways to include towers are e.g. using an immersed boundary approach such as
in Debnath et al. (2017) or using different types of forcing such as in Churchfield
et al. (2015). As a nacelle model an actuator disk approach is used with a
constant drag force FN

D = 1/2ρU2
∞πr2nacC

N
D . The drag coefficient of CN

D = 0.5.
Similar to the ACL method the nacelle and tower forces are distributed onto
the GLL quadrature points using the three-dimensional Gaussian kernel. The
Gaussian width is chosen accordingly, to ensure that the forces are projected
over an area resembling the tower and nacelle cross-sections.

2.3. Free-stream turbulence

Initial investigations were conducted using uniform inflow to study the de-
velopment of the undisturbed wake state. However, real turbines are al-
ways subject to incoming disturbances. The turbulence level, here charac-

terized by the turbulence intensity Ti = u�/U , where u� =
�

u2
x + u2

y + u2
z and

U =
�
U2
x + U2

y + U2
z , has a significant influence on the stall characteristics

as shown in Krogstad et al. (2015). These authors observed that the rotor
blades stall more gradually when the turbulence intensity Ti = 10% than in
the low-turbulence Ti = 0.3% case. Here Ux,y,z refers to the mean velocity and
ux,y,z to the fluctuation velocities. Devinant et al. (2002) investigated the flow
around a NACA 65(4)–421 airfoil for different Reynolds numbers and turbulence
levels and observed that the gradient of the linear lift region is less steep at high
turbulence levels. Up to Ti = 9% the maximum lift increased with increasing
turbulence. Turbulence can be included in wind turbine simulations in different
manners.
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A widely used method to include turbulent sheared flow in simulations
is the Mann model (Mann 1994), which is based on rapid distortion theory.
The method includes the velocity fluctuations generated in a so-called Mann
turbulence box as body forces upstream of the wind turbine positions (Troldborg
2009; Sarmast et al. 2014a; Nilsson et al. 2015; Chivaee 2014). Other methods
include running a precursor atmospheric boundary layer simulation and then
including it as an initial condition to actuator line simulations with periodic
boundary conditions in the streamwise direction or as a inflow boundary condi-
tion (Chatterjee & Peet 2015, 2016; Churchfield et al. 2012; Porté-Agel et al.
2011; Wu & Porté-Agel 2011).

Apart from using uniform inflow, this thesis also focuses on isotropic
homogeneous turbulence approaching wind turbines. The generated turbulence
is designed to imitate the characteristics of the grid-generated turbulence from
the wind tunnel experiments by Krogstad & Eriksen (2013) and Krogstad
et al. (2015). Grid turbulence may be approximated as isotropic homogeneous
turbulence due to the absence of shear. The decay of the turbulent stresses
and the turbulent kinetic energy corresponds to a power law Ti = A(z − z0)

−n.
Here, A is a constant and z0 is a virtual origin. The decay exponent n varies
between n = 0.5− 1 (Schlatter 2001).

The turbulence is generated using random sinusoidal modes superposed
to the uniform inflow at the inlet. The wavenumbers are chosen by dividing
the selected wavenumber space in concentric spherical shells (Schlatter 2001).
Each wave-number shell is discretized using a regular polyhedron, in this case a
dodecahedron, which leads to twenty wavenumbers per shell. The dodecahedra
are rotated randomly in space. The amplitude in each shell is defined using
the von Kármán spectrum. Through Taylor’s frozen turbulence hypothesis the
streamwise wavenumber component is transformed to a temporal fluctuation so
that its frequency spectrum can be included at the inlet. Figure 2.2 shows the
decay of the turbulence intensity designed to imitate the experimental setup
of Krogstad et al. (2015) where two turbines operating in turbulent inflow are
investigated. At the first turbine position the turbulence intensity is slightly
under 10% while at the second turbine position the turbulence has decayed
to 4.8%. The turbulence intensity matches well at the first turbine, while at
the second position the relative difference of the turbulence intensity w.r.t the
experiments is 6%. The isotropy was quantified using the difference between the
different rms-velocities. At the upstream turbine the difference is approximately
4%.
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Figure 2.2: Time-averaged development of the turbulent intensity Ti in the
empty domain for the high turbulence case investigated in Krogstad et al. (2015).
The dashed lines mark the positions of the two turbines. (green solid) Nek5000,
(orange dashed) power-law fit, (blue circles) experimental setup. The power law
decay is included with a decay exponent n = 1.015. The fitting was performed
between 4 ≤ z ≤ 20.



Chapter 3

Flow cases

This work analyzes four computational setups. The first two investigations
are conducted in a cylindrical domain, while the latter two are simulated in a
rectangular domain. The first case is the constant circulation turbine which is
used for validation purposes and to conduct parametric studies. The studies aim
at characterizing the numerical sensitivity of the ACL method and investigating
the dependency of the flow physics on the model parameters. The second case
is the Tjæreborg turbine which is used for validation purposes. In the third case
the wake development of a single wind turbine is investigated under different
operating conditions and compared to experimental data. The fourth case looks
at wake interaction between two turbines at different operating conditions and
ambient turbulence levels. For cases 1 and 3 a selection of results are shown.

3.1. Constant circulation turbine (Case 1)

In this flow case the setup is based on the assumption of constant circulation
along each blade. This theory was proposed by Joukowsky between 1911− 14
(Margoulis 1922) as a model for optimally operating two-bladed propellers. The
helical vortex system released behind the propeller consisted of one hub vortex
of twice the circulation of the blades and one tip vortex per blade. Using this
approach in the context of general momentum theory it may be shown that the
axial wake velocity becomes constant (Sørensen 2015). The maximum power
coefficient of the Joukowsky rotor asymptotically approaches the Betz-limit
from above for increasing TSR (Sørensen 2015). General momentum theory
assumes an infinitly bladed rotor, corresponding to the actuator disc concept.
An analytical solution of the Joukowsky rotor with a finite number of blades was
derived by Okulov & Sørensen (2010) where it was shown that the Joukowsky
rotor has a higher power coefficient at all tip-speed ratios than the Betz rotor.
Using the same assumption of constant circulation together with the Biot–Savart
law, Segalini & Alfredsson (2013) derived a vortex model which enables a free
wake expansion and contraction and the evaluation of the complete wake velocity
field. It was compared with LES in Sarmast et al. (2016), showing that using
the constant circulation assumption accurate wake predictions are possible at
negligible computational cost. The constant circulation assumption implies that
no vorticity is shed along the blade apart from at the tip and root where strong
vortices are released.

16
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3.1.1. Domain and boundary conditions

The constant circulation case is investigated in a cylindrical domain (shown
in figure 3.1) which employs Dirichlet boundary conditions at the inflow and
the lateral boundaries, while at the outlet a stress-free boundary condition
combined with an oscillation-damping sponge is applied (Chevalier et al. 2007).
The sponge forces the flow to the inflow velocity profile. The blade forces are
imposed between 0.1 < r < 1, where r is the radial coordinate of the rotor blades
to avoid infinite azimuthal velocity at the rotor center. The simulations of the
constant circulation cases are conducted both in the fixed and rotating frame of
reference using a cylindrical domain in which a single rotor is centered. Figure
3.1(a) shows the domain used when discussing this flow case and summarizes
the boundary conditions and the domain dimensions. Figure 3.1(b) shows the
general meshing strategy in the vicinity of the actuator line using the example
of the mesh used in paper 2. The mesh is made of one 120◦ slice which is
rotated and replicated around the streamwise axis and then extruded in the
streamwise direction. The ACLs are discretized with jACL = 91 points.

3.1.2. Selected results

In the following a comparison between results obtained in the fixed and rotating
frame of reference are presented based on parametric studies conducted in
paper 2. Additionally, two cases are shown which operated at different TSR.
Figure 3.2(a–b) shows the difference between a simulation operating in the fixed
and rotating frame of reference. The case represents the constant circulation
turbine at a tip-speed ratio of λ = 7.07 and a radius-based Reynolds number of
ReR = 10000. The Gaussian parameter ε = 2.5Δr, where Δr is the average grid
spacing along the actuator lines where the mesh is cylindrical. The actuator lines
are placed in the center of the domain. The simulation results obtained in the
rotating frame of reference show stable tip and root vortices being released from
the blade ends (shown in figure 3.2(a)), which destabilize 4−5 radii downstream
of the ACLs and begin pairing and merging shortly thereafter. The initial
behavior of the wake in the fixed frame of reference is similar, however, instead
of pairing a wavelength proportional to the spectral element azimuthal width
appears and dominates the wake development. The growth of the oscillations
induced by the actuator lines depends on the wake properties, such as the shear
and the tip vortex pitch. Reducing the number of blades, or reducing the tip
speed ratio λ delays the growth of the spectral element oscillations. Additionally,
an increased spanwise resolution or a large support of the Gaussian forcing leads
to a reduction of the oscillations. Figure 3.2(c) shows the wake development
for ε = 5Δr. The vortex core is much larger in this case and in the wake the
vortices are stable due to the weaker shear layer at the wake border. In this
case the oscillations associated with the spectral elements are not visible. Using
a smaller TSR the oscillations amplify further downstream in the wake (figure
3.2(d) at λ = 5.05) or are not amplified at all (figure 3.2(e) at λ = 3.21) due to
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Figure 3.1: (a) Sketch of the domain used for the constant circulation and the
Tjæreborg turbine (taken from paper 1). The domain boundary conditions and
parameters are defined in detail on the right. (b) Depiction of a quarter of the
mesh in the center of the domain where the actuator lines are positioned. Only
the spectral elements are shown here. The spectral elements are discretized
with 9th order polynomials.

the smaller wake deficit. The corresponding circulation imposed at the ACL is
taken from Sarmast et al. (2016).

3.2. Tjæreborg turbine (Case 2)

The Tjæreborg turbine uses the same domain as the constant circulation case.
The blade forces here are computed using tabulated airfoil data of the NACA
4412−43 airfoil and two-dimensional airfoil theory. The lift and drag coefficients
CL,D are dependent on the angle of attack, the blade geometry and the TSR.
Lift and drag forces are computed using equation (2.3). The Tjæreborg wind
turbine simulations are conducted at the optimum operating point, at TSR
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(a) (b)

(c) (d)

(e)

Figure 3.2: Case 1. Isocontour of vorticity magnitude in (a) rotating frame of
reference and (b) fixed frame of reference with a Gaussian width of ε = 2.5Δr,
TSR λ = 7.07, Γ = 0.133 (c) fixed frame of reference, ε = 5Δr, TSR λ = 7.07,
Γ = 0.133. (d) fixed frame of reference, ε = 2.5Δr, TSR λ = 5.05, Γ = 0.126,
(e) fixed frame of reference, ε = 2.5Δr, TSR λ = 3.21, Γ = 0.056. For (a-d) the
vorticity magnitude isocontour is set to ω = 6, for (e) the value is reduced to
ω = 3 to be able to see the vortical structures.

λ = 7.07. The blades are twisted linearly along the blade and pitched by
Θ = 0.54◦ (Ivanell et al. 2009).

3.3. NTNU turbines (Cases 3–4)

These two cases correspond to controlled wind-tunnel experiments conducted at
the Norwegian University of Science and Technology in Trondheim (Krogstad &
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Figure 3.3: (a) Domain setup of case 3 corresponding to Krogstad & Eriksen
(2013). (b) Domain setup of case 4 setup based on Krogstad et al. (2015). The
dark red lines indicate the streamwise positions where data is extracted and
compared to experimental results.

Eriksen 2013; Krogstad et al. 2015). The so-called Blind Tests were originally
designed to provide challenging validation cases for numerical simulations. The
focus of the experimental campaigns was to determine the blade loading and the
time-averaged wake development. The spread of simulation results throughout
the Blind Tests was astonishing. The spread of the loading coefficients of the
numerical simulations with respect to the experiments in Blind Test 1 was
generally in the range of ±15% for the power coefficient (Pierella et al. 2014).
In a similar experiment where two in-line turbines were investigated, the power
coefficient deviation of the undisturbed upstream turbine was 20% while the
thrust coefficient scattered by approximately 30% (Pierella et al. 2014). Most
simulation models did not reproduce the asymmetry generated by the tower as
it was usually not considered in the setup. Case 3 investigates the behavior of a
single wind turbine at different tip-speed ratios (Krogstad & Eriksen 2013). Case
4 adds a second turbine three rotor diameters downstream of the first turbine
and introduces a spanwise offset of approximately one diameter between the two
turbines (Krogstad et al. 2015). The domain size mimics the wind tunnel test-
section volume with the boundary layer thickness taken into account. Therefore,
a slip boundary condition can be used on the lateral boundaries. The lift and
drag forces are computed using tabulated data by Sarmast & Mikkelsen (2012).
The blade data is Reynolds number, angle of attack and geometry dependent.
These simulations are done in the fixed frame of reference. Tower and nacelle
models have been included to improve the comparison with the experimental
results. Additionally all these cases operate under a predefined level of inlet
turbulence ranging from 0.3% − 10%. Figure 3.3 shows the schematic setup
for both cases. The corresponding dimensions for each setup are given in table
3.1. The grid is Cartesian and contains approximately 80000 spectral elements
which are equidistantly spaced. Each spectral element is discretized with 9th

order polynomials. The actuator lines are discretized with jACL = 70 points.
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Boundary conditions

inlet Dirichlet
lateral slip
outlet convective outflow

Case 3 Δz = 2, 6, 10 lin = 7
Case 4 Δz = 2, 6 Δl = 6

Δw = 0.9
if Ti = 0.3% lin = 7
else Ti = 10% lin = 4

l = 25 w = 6 h = 4

Table 3.1: The domain and setup parameters of both NTNU cases based on
the experimental wind tunnel dimensions.

The main parameters of interest in this case are the averaged velocities and
turbulent stresses. The influence of the tower model on the upstream blade
parameters such as angle of attack and blade forces is investigated in addition
to tracking the wake centerline.

3.3.1. Selected results

The general wake development of case 1 when the tower and nacelle are included
is shown in figure 3.4. At the rotor center a high speed region is visible, where
the blade forces are not acting. The nacelle force, due to the small diameter,
does not contribute visibly to the wake deficit when modeled as a drag disk.
The tower wake deficit is dependent on its position w.r.t. the rotor. Outside of
the rotor wake the imposed tower drag force is larger due to the higher free-
stream velocity. Where the tip vortices are affected by the tower wake an earlier
breakdown of the spiral vortex structure may be seen. In figure 3.5 a comparison
of the time-averaged wake profiles is shown together with experimental data
from NTNU of a single wind turbine (case 3) operating at three different TSR,
stall condition λ = 3, optimal operating condition λ = 6 and runaway TSR
λ = 10. The computational data from simulations with the finite volume solver
EllipSys3D (Sørensen 1995) is included to show differences between the results
of the different numerical solvers. The numerical data matches the experimental
results well. In the case with λ = 3 there are small differences in the turbulent
stress development. The turbulent stress in the center of the wake is higher in
the experiments due to the nacelle wake and the fact that the blades operate in
stall for this TSR. At the tip vortex positions for Δz = 2 there are small dents
in the turbulent stress that are observed in the Nek5000 simulation but not in
the experiments or in the finite volume code EllipSysy3D. The local minima
are associated with the vortex centers where the streamwise fluctuations are
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Figure 3.4: Slice of the streamwise velocity w and isosurfaces of vorticity
magnitude (blue) |ω|. Isosurfaces of the streamwise force show the blades
(black), tower (white) and nacelle (gray). Taken from paper 3.

lower. In the cases with higher TSR the local minima are not observed due to
the earlier destabilization of the spiral tip vortices. At optimum TSR λ = 6
the wake development is predicted well for both numerical codes. The only
discrepancy is in the turbulent stress directly downstream of the rotor, where
both codes underestimate the turbulent stress of the tip vortices. This is an
inherent characteristic of the ACL method. Due to the core size generated by
the Gaussian and the finite resolution of the simulation, the induced velocity
of the vortices released from the blade tips is lower than that observed in the
experiments. For TSR λ = 10 the wake development in Nek5000 compares
well with the experimental data. In this case the tip vortices become unstable
almost immediately downstream of the rotor plane, causing large fluctuation
velocities which are the main contributing factor to the large turbulent stress.
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Figure 3.5: Case 3. (a,c,e) Time-averaged streamwise velocity and (b,d,f) time-
averaged turbulent stress at several horizontal lines in the wake defined in figure
3.3. (a–b) TSR λ = 3, (c–d) TSR λ = 6, (e–f) TSR λ = 10. (blue circles)
experimental data from NTNU, (red line) EllipSys3D, (green line) Nek5000. In
(c–d) a dashed green line shows the development of the wake without tower and
nacelle model included. Taken from paper 3.
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Conclusions and outlook

This thesis uses the actuator line (ACL) method (Sørensen & Shen 2002) to
investigate the flow behind wind turbines and wind turbine interaction. The
ACL method uses two-dimensional airfoil theory coupled with the incompressible
Navier–Stokes equations to replace the complex wind turbine geometry. The line
forces are distributed using a three-dimensional Gaussian kernel (Sørensen &
Shen 2002). The ACL method was implemented in Nek5000 (Fischer et al. 2008),
and has been extensively verified against the finite volume code EllipSys3D
(Sørensen 1995). The comparison was conducted both with a constant circulation
turbine with the parameters chosen according to Sarmast et al. (2016) and
the Tjæreborg turbine. Using sixty percent of the resolution of a comparable
simulation with EllipSys3D, it is shown that the helical tip vortices are less
dissipative in Nek5000 leading to a large region of vortex pairing in the wake. It
is shown that lower resolution is required to capture the same wake dynamics.
The time step requirement is however more stringent for Nek5000 due to the
non-equidistant grid.

Further parametric studies are conducted to establish the sensitivity of
the actuator line method to existing parameters such as the Gaussian width.
It is established that in the rotating frame of reference a Gaussian width of
2.5 times the averaged radial grid spacing is sufficient. Lower widths lead to
unphysical changes in the blade loading. The convection velocity of the tip and
root vortices is shown to change for different Gaussian widths, increasing for
larger widths for both tip and root vortices. In the fixed frame of reference
oscillations which are of the order of the spectral element width are shown to
amplify in the wake when using the same Gaussian width as in the rotating
frame of reference. Parametric studies to identify the influencing factors are
performed in a two-dimensional model case that allow for a transfer of the
conclusions to the large-scale wind turbine simulations. The influencing factors
are primarily the azimuthal resolution, the width of the Gaussian, filtering and
the shear layer gradient at the wake boundary. The influence of the oscillations
was also investigated when the wind turbine flow is subjected to perturbations
upstream of the wind turbine, causing the tip vortices to destabilize earlier. It
is shown that if the main objective is to capture the mean wake statistics the
Gaussian width requirements are the same as in the rotating frame of reference.
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For more detailed investigations, such as stability analysis of the wake, it is
recommended to use the rotating frame of reference or alternatively double the
azimuthal resolution or the Gaussian width. Additionally, an alternative force
distribution method to the Gaussian kernel proposed by Pinelli et al. (2010) is
investigated and shown to provide no significant improvement compared with
the Gaussian kernel w.r.t. the wake development. The integral loading is shown
to be conserved at lower widths of the force distribution using this new method
than when using the traditional Gaussian kernel.

The wind turbine wake development and interaction is investigated in the
context of experiments conducted at the Norwegian University of Science and
Technology (NTNU) in Trondheim (Krogstad & Eriksen 2013; Krogstad et al.
2015). The simulations use a turbulent inflow boundary condition to mimic
the grid-generated turbulence of the experiments. Due to the inclusion of a
tower and nacelle model a good agreement of the time-averaged streamwise
velocity and turbulent stress is achieved. The numerical simulations capture
the development of the turbulent stress due to the destabilized tip vortices very
well at high tip-speed ratios. At the optimum operating condition the turbulent
stress is underpredicted by a factor of five. This is due to the finite resolution
of the domain which in conjunction with the use of a Gaussian kernel to project
the actuator line forces onto the domain leads to smaller swirl velocities of the
helical vortices. The spanwise deflection of the wake caused by the tower in the
experiments is shown to occur using a simple force model for the tower. The
vertical deflection of the wake in the numerical simulations is however a fifth of
that in the experiments. Additionally, the upstream effect of the tower model
on the rotor blades is quantified.

Future studies will aim to investigate the flow around more complex wind
turbine setups, including yaw and sheared inflow. Additionally, the aim is to
investigate in more detail the wake interaction occurring between two turbines
such as in Krogstad et al. (2015), in particular the effect of the upstream vortical
structures at the downstream actuator lines. The influence of the tower model
on the dominant modes in the wake will be investigated using proper orthogonal
decomposition (POD), an approach used also by Sarmast et al. (2014b) and
Debnath et al. (2017). The tower model will be refined to include an improved
computation of the effective free-stream velocity and improvements of the tower
model will be investigated so that that the unsteady wake shedding behind the
cylindrical structure is taken better into account. The current simulations have
been run using a low Reynolds number, due to the fact that there is negligible
change in the velocity field with Reynolds number above Re = 1000 (Sørensen
et al. 1998).

In order to simulate high-Reynolds number flows, the use of explicit subgrid-
scale models will be considered. The final goal is to investigate the flow
structures and performance of the wind farm Lillgrund using the actuator line
method. Lillgrund has been previously used as a validation case by Churchfield
et al. (2012) and Nilsson et al. (2015) where the individual and overall power
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production was measured and compared to experimental data. In Nilsson et al.
(2015) curtailment of the front rows is investigated as a way to optimize the
overall power output. The detailed flow physics of the individual wind turbines
at different locations in the wind farm has not been investigated yet.



Acknowledgements

First and foremost I would like to thank Dan Henningson for providing me
with the amazing opportunity to join his research group. Discussions with you
always challenged me and led me to look at my research from new perspectives.
Additionally, I appreciate you encouraging the cooperation with the Wind
Energy department at the Danish Technical University. I am grateful to Philipp
Schlatter who was always there for the hands-on work, related to analyzing the
flow physics and understanding the underlying numerics of Nek5000. I could
rely on you for last minute corrections of papers and presentations at impossible
work-hours. My thanks also goes to Stefan Ivanell for sharing his insight into
the field of wind energy and providing me with opportunities to discuss my
work.

Further, I thank Jens Sørensen and Robert Mikkelsen for letting me join
their research group every couple of months. I learned very much, both from
you and your students, especially Kaya and Harald. I hope this collaboration
will continue to enrich my doctorate. Sasan, my thanks go to you for working
with me during my first year. Working with you has taught me a lot.

Equally important is the constant stream of support I have recieved from
my collegues. Thanks Mattias, Alex, Clio, Nicolò, Nicolas, Prabal and Erik for
discussing everything with me, be it research or politics. Talking to you usually
resulted in bursts of productivity. A special thanks to the late-night crew for
the incredible support... you know who you are. Thanks to all the Swedes and
Swedish-speakers (Ardeshir, Mattias, André and Erik) for slowly improving
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