
Numerical Calculations of
Efimov States in Ultracold

Atomic Systems

Kajsa-My Blomdahl

A thesis presented for the degree of

Master of Science and Engineering

School of Chemical Science and Engineering
Royal Institute of Technology

Stockholm, Sweden
September, 2016



1

Numerical Calculations of Efimov States in
Ultracold Atomic Systems

Kajsa-My Blomdahl

Abstract

In systems of ultracold atoms, the quantum Efimov effect can appear
where identical bosons form an infinite tower of bound trimer states in the
resonant limit, at the bound dimer dissociation threshold. The most charac-
teristic feature of this effect is that their energy spectrum obey a geometric
scaling law, which is universal in the sense that it emerges irrespective of the
nature of the two-body forces. Using a model potential, constructed to re-
semble the two-body interaction between alkali atoms, which was fine-tuned
to control the scattering length, energy eigenvalues for the two- and three-
body problem were calculated numerically. The results where fitted to the
analytic theory and the appearance of the first Efimov state was positioned
at a scattering length of -9.23rvdW , which is in good agreement with the
universal value -9.2rvdW .

KEYWORDS Efimov Effect, Ultracold Atoms, Universality, Scattering
Length, Numerical Calculations.
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Numerisk Beräkning av Efimovtillst̊and i System
av Ultrakalla Atomer

Kajsa-My Blomdahl

Sammanfattning

I system av ultrakalla atomer kan en kvanteffekt, kallad Efimoveffekt,
uppkomma där identiska bosoner bildar ett oändligt torn av bundna tre-
kroppstillst̊and d̊a spridningslängden g̊ar mot oändligheten, vid dissociation-
ströskeln för en svagt bunden dimer. Det mest utmärkande för denna effekt
är att Efimovtillst̊andens energispektrum följer en geometrisk skalningslag,
som är universell i den meningen att den framträder oberoende av hur atom-
ernas parvisa växelverkan ser ut. Med hjälp av en modellpotential som kon-
struerats för att efterlikna den parvisa växelverkan mellan tv̊a alkaliatomer
finjusterades spridningslängden. Energiegenvärdena för tv̊a- och tre-kropps
problemen beräknades numeriskt vid olika spridningslängder. Resultaten
jämfördes med den analytiska teorin och den första tre-kroppsresonansen
uppkom vid spridningslängden -9.23rvdW , vilket överenstämmer med det
experimentellt funna universella värdet -9.2rvdW .

NYCKELORD Efimoveffekt, Ultrakalla Atomer, Universalitet, Spridningslängd,
Numeriska Beräkningar.
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1 Introduction

1.1 Ultracold Quantum Atoms

All particles of matter can exhibit wave-like behavior, which can be described
by quantum mechanics. At normal temperatures (300 K) only the electrons
in an atom follow quantum rules and behave like waves rather than particles.
However, in a quantum gas, atoms follow quantum rules. The wave length
of any matter is given by the de Broglie wave length, which is related to the
particle momentum, p, via the Planck constant, h

λdeBroglie =
h

p
=

h

mv
. (1)

For an atom to exert wave-like behavior, a de Broglie wave length of ap-
proximately the typical average spacing between identical particles in a gas
is required. In a low density gas, this distance is about one micron. This
criteria is not fulfilled at room temperature. The temperature is connected
to the kinetic energy through

kBT

2
=
mv2

2
, (2)

where kB is the Boltzmann constant. An atom is approximately 104 times
heavier than an electron. This means that for an atom to follow quantum
rules, its velocity needs to be reduced by the same order, see equation (1),
which correspond to reduction of the temperature by a factor of 108 to
approximately 300 nK. The creation of samples of atoms that cold was first
achieved in 1995 when a dilute vapor of bosonic rubidium-87 atoms was
cooled to below 170 nK, using a combination of laser trapping and cooling
in conjunction with magnetic trapping and evaporate cooling, creating the
first observed Bose-Einstein Condensate [2].

Atoms interact by colliding, so their interactions are essentially short-
range. The wave-like behavior of either one electron or a pair of electrons
in an atom are described by an atomic orbital (or wave function), which
is a mathematical function that can be used to calculate the probability of
finding an electron in any specific region around the nucleus. Each atomic
electron is characterized by a unique quantum state specified by a set of
quantum numbers denoted n, l,ml and ms, which respectively correspond
to the principle quantum number, the angular momentum (or azimuthal)
quantum number, the magnetic quantum number and the spin quantum
number. The orbital angular momentum quantum number determines the
shape of the orbital, as it governs the number of nodes going through the
nucleus. Atomic orbitals with l : 0, 1, 2 correspond to s-, p- and d-waves
respectively. Just as electrons, colliding ultracold atoms also have quantized
orbital angular momentum, where the collisions can be s-wave, p-wave and
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d-wave etc., depending on how many units of orbital angular momentum the
atoms carry. In the ultracold regime, where there is essentially no energy,
the lowest energy s-wave collisions with zero angular momentum dominate.

1.2 The Efimov Effect

In 1970, Vitaly Efimov made a theoretical prediction concerning the behav-
ior of a three-body system consisting of three identical bosons with resonant
short-ranged two-body interactions. At sufficiently low energies, when only
s-waves contribute to the quantum mechanical interactions between two par-
ticles, the scattering of the two particles is determined by their s-wave scat-
tering length a, which describes the strength of the interparticle interaction.
Negative scattering lengths correspond to an attractive effective interaction,
while positive scattering lengths correspond to a repulsive effective inter-
action. This because the scattered wave is either pulled in or pushed out,
respectively. The resulting phase shifts are illustrated in Figure 1.

a1 < 0

a2 < a1

r

Ψ

a1 > 0

a2 > a1

r

Ψ

Figure 1: Left: The wave function is pulled inwards when the magnitude of
a negative scattering length is increased. Right: The wave function is pushed
outwards when a positive scattering length increases.

The potential depth is not determined by the scattering length, but
a larger positive scattering length will cause the the underlying attractive
potential in a two-body bound state to become less attractive until it reaches
a constant depth at a = ±∞. Contrariwise, increasing the magnitude of
a negative scattering length will increase the potential depth, making the
interaction more attractive until it reaches the constant value, see Figure 2.
However, at negative scattering lengths the interaction will always be to
weak to support a two-body bound state.
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Figure 2: The two-body interaction potential energy is plotted as a function of
the interparticle separation at for different scattering lengths a. As the magnitude
of the negative scattering length increases the potential becomes more attractive
until it reaches a constant depth at a = ±∞. Increasing the magnitude of a positive
scattering length will have a repulsive effect on the interaction but the underlying
potential will still be attractive.

Alternatively, the scattering length can be described as a function of the
potential.

i At V = 0, there is no pair-wise interaction and a = 0.

ii A small potential (blue line in Figure 2) correspond to a small and
negative a.

iii Increasing the potential gives a stronger attraction and a larger |a|
until the wave function reaches a node, where a bound state is formed
at a→ −∞.

iv Increasing the potential a bit further will cause a ∼ ∞, after that there
is a turning point and a → 0 when the potential is increased. This
behavior is then repeated in the same way until a new bound state is
formed.

The system approaches the resonant regime as |a| increases and resonance
occur when the scattering length is much larger in magnitude than the
characteristic range r0 of the interaction. In the resonant limit where a →
±∞ each of the three pairs approaches the dissociation threshold and a
two-body bound state appears at the scattering threshold E = 0 [4]. For
two identical bosons close to the zero-energy threshold at positive scattering
lengths, a weakly bound dimer state is supported with binding energy
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ED =
h̄2

ma2
. (3)

At negative scattering lengths, the state disappears into the scattering con-
tinuum, or into deeply bound dimer states, because the interaction is too
weak to support such a weakly bound dimer state.

For a system consisting of three atoms two different scattering state
regions and one bound state region are possible, see Figure 3. An atom-
dimer threshold is formed by the diatomic energy function in (3). Inside the
region limited by the atom-dimer threshold and the zero-energy limit, a free
atom and a dimer coincide and the only channel possible is elastic scattering
of one atom by a dimer. For E > 0 the channel with three free atoms is open.
The three-body continuum boundary is formed by the triatomic threshold
at a < 0 and the atom-dimer threshold at a > 0. Bound states below the
continuum boundary are inevitable bound trimer states or deeply bound
dimers [9].

The effect Efimov discovered was an infinite series of three-body bound
states accumulating at the scattering threshold, that connect from the tri-
atomic threshold to the atom-dimer threshold and whose binding energies
and sizes are geometrically spaced [7]. These trimers, called Efimov states,
have identical shape and follow a geometrical scaling law, where the spacing
in size and binding energy for adjacent states at unitarity (i.e. a = ±∞)
scale by a universal factor of approximately 22.7 (eπ/s0) and 22.7−2 (e−2π/s0)
respectively, where s0 = 1.00624. That is, another state emerges at the tri-
atomic threshold when the scattering length is increased by a factor of 22.7.
This new state is 22.7 times larger and have a binding energy 22.72 times
smaller than the previous one. These series of states which form with ever
increasing spatial extent, could in theory be as giant as the universe itself.

Another intriguing property concerning these trimers is that they can
exist even if the two-body attraction is too weak to support a bound pair,
which is the case in the region of negative scattering lengths. This means
that the state falls apart into three free particles if one particle is removed,
like the Borromean rings, stability of the state is secured by the three when
no bound pairs can form, see Figure 4.

Efimov states are not solely limited to systems of three identical bosons.
The effect persist in other three-body systems, provided at least two of the
three pairs are almost bound, i.e. have a large s-wave scattering length.
However, in this report the discussion will be confined to systems of three
identical bosons.

1.3 Universality

The Efimov effect is universal in the sense that it emerges irrespective of the
the nature of the two-body forces. The concept of universality is demon-
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Figure 3: The energy of the three-body system is plotted as a function of the
inverse scattering length a. Three different regions can be identified. The three
atom continuum for E > 0 (upper two quadrants), the atom-dimer region which
is the region enclosed by the horisontal axis and the atom-dimer threshold (black
line in the fourth quadrant) and the trimer region shown in gray. Efimov states are
represented by the blue lines.

strated when apparently different physical systems exhibit the same behav-
ior. In systems with resonant two-body interaction universality is realized
when the magnitude of the scattering length is much larger than the effective
range of the two-body interaction potential |a|� r0. In this region, details
of the short-rang interactions become irrelevant because the wave length
of the defining function is larger than the range of the pair-forces and the
two-body physics is fully governed by the s-wave scattering parameter [9].

The universal aspects of the two-body system implies the appearance of a
shallow dimer with binding energy given by (3). Outside the universal range,
the natural binding energy for the two particles should be approximately
ED = h̄2

mr2
0
. Other low-energy observables governed by the scattering length

are the mean-square radius 〈r2〉 = a2

2 and the cross section σ = 8πa2

(1+a2k2)
,

where k is the relative wave vector of the two atoms [4]. These relations are
exact at the scattering threshold i.e. a = ±∞ and approximate for a� r0.
This unique dependence on a parameter with dimensions of length can be
expressed in terms of a continuous scaling symmetry. When the scattering
length a is scaled by a positive real number λ: a→ λa the above mentioned
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Figure 4: The Borromean rings consist of three linked circles that form a Brunnian
link, e.i. if one circle is the removed the two remaining circles are unlinked.

observables scale with powers of λ indicated by their dimensional analysis.
The dimer binding energy is proportional to 1/a2 so the scaling symmetry
constrains its dependence on the inverse square of the scattering length for
the energy

ED(λa) = λ−2ED(a). (4)

The mean-square radius is proportional a2, so the scaling symmetry con-
strains its dependence with the same power

〈r2(λa)〉 = λ2〈r2〉. (5)

The scattering cross section is a function of scattering length and energy E ∼
k2. The scaling symmetry constrains its dependence with the corresponding
power of two

σ(λ−2E, λa) = λ2σ(E, a). (6)

The universal aspects in systems of three identical bosons are realized in the
low energy regime for systems with a large two-body scattering length. The
continuous scaling invariance do not apply in this sector. The scaling sym-
metry of the asymptotic Efimov spectrum is characterized by a discrete scale
invariance, which in the limit of resonance and an infinitely large scattering
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length, scale with the geometrical factor λ = eπ/s0 ' 22.7. The scaling
law applies radially, i.e. if the plane is parametrized as 1/a = H cos ξ and
K = H sin ξ, then for a given ξ there is a scaling symmetry H → λH, see
the dashed line in Figure 5. One example is the original case considered
by Efimov where ξ = −π/2. This discrete scaling symmetry which leads to
an infinite number of bound states is a manifestation of the renormalization
group limit cycle [3]. Universality in the three-body sector requires an ad-
ditional parameter which incorporates all relevant short-range interactions
among the three particles that are not included in the two-body scattering
length. This three-body parameter κ∗ have dimensions of wave number and
is defined by the asymptotic behavior of the spectrum of Efimov states in
the resonant limit as [4, 9]

κ∗ = (m|E0
T |/h̄2)1/2. (7)

The three-body parameter serves as a short-ranged boundary condition for
the three-body wave function and determines the position of the entire tower
of states as it is the binding wave number of the lowest-lying Efimov state
at unitarity i.e. a = ±∞ [14].

-Κ*

a-

1�a1�4

SignHELH  E¤ L1�4

Figure 5: The energy spectrum of the three-body system plotted as a function of
the inverse scattering length a. The binding wave number κ∗ and the corresponding
s-wave scattering length at which the first Efimov resonance appears in three-body
recombination are marked with arrows.
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1.4 Experimental Evidence

The first observations of an Efimov state was reported in 2006 by the
Innsbruck-group of Grimm and coworkers, Austria [19]. In experiments
with ultracold gases of caesium atoms, with magnetically tunable two-body
interactions, they found the first signatures of the exotic three-body state
consisting of three-body recombination resonances emerging when an Efi-
mov state couples to the triatomic threshold at distinct negative s-wave
scattering lengths a−. The atomic interactions in the ultracold quantum
gas was controlled by the use of Feshbach resonances, which make it pos-
sible to tune the scattering length by means of applied external magnetic
fields. By optically trapping thermal samples of caesium atoms, losses from
the trapped gas caused by three-body recombination was measured. The
resonance loss for three identical bosons can be presented in terms of a
recombination length defined by [10, 19]

ρ3 =

(
2m√

3h̄
L3

)1/4

, (8)

where L3 is the atom-loss rate constant is given by

L3 = 3C(a)
h̄a4

m
, (9)

where C(a) is an analytic expression for additional dependence. Efimov
physics display logarithmically periodic behavior C(22.7a) = C(a). Com-
bining (8) and (9) leads to the relation

ρ3/a = 1.36C1/4 (10)

Observations of a giant loss in atom-loss spectroscopy suggest the presence of
an Efimov resonance and constitutes the evidence of these exotic states. The
Innsbruck-group found such characteristic losses at recombination lengths of
about 60,000a0 (where a0 = 0.529Å is the Bohr radius) for T = 10 nK and
at 12,000a0 for T = 250 nK. At T = 10 nK, the Efimov resonance started to
appear from the free atom continuum at a scattering length of a− = −850a0

[19].
Since then, observations of Efimov states of different atomic species have

been reported. Efimov states have not only been observed in homogeneous
gases but also in ultracold mixtures of different alkali metals, such as mix-
tures of lithium and caesium atoms [24].

1.5 Aims and Objectives

The aim of this project is to numerically calculate Efimov states, and com-
pare the numerical results with the universal analytical theory, in order to
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survey the limitations of this theory. A model potential, constructed to
resemble the pair-wise interaction between alkali atoms, will be used and
integrated to a program for quantum mechanical three-body calculations.
This program expresses the wave function as a sum of gaussian trail func-
tions expressed in jacobian coordinates [13, 17]. The model potential will
contain two variable parameters, one long-distance van der Waal coefficient
which serve to quantify the dispersion (i.e. the potential depth) interaction
between two neutral atoms and one short-range coefficient that determines
the separation distance at energy minimum and indirectly the cut-off dis-
tance.

The main objective is to numerically find solutions that correspond to
Efimov state properties. The project will then continue by surveying their
properties when the two different parameters in the model potential are
varied.

2 Analytical Theory

2.1 The Faddeev equations

The Efimov effect will subsequently be derived from coordinate space Fad-
deev equations using the method of expansion in terms of hyperangular
functions. The focus will be restricted to states with total angular mo-
mentum number L = 0. Quantum mechanical systems of three particles
are described by the Faddeev equations which simultaneously describe all
possible exchanges and/or interactions in the system. A three-body system
contains three different two-body subsystems. The Faddeev equations is a
set of three coupled integro-differential equations which are well defined and
avoids singularities, which appear in the s-matrix for three-body Schrödinger
operators, whose existence arise from the zero eigenvalues and resonances
of the two-body subsystem [11]. The general idea employed in the Faddeev
equations for solving the three-body Schrödinger equation is to sum up the
pair forces in each of the three two-body subsystems.

The configuration space of a three-body system can be described by any
of the three sets of Jacobi coordinate systems shown in Figure 6.

1 2

3

r

R

1 2

3

r'

R'
1 2

3

r''
R''

Figure 6: Jacobi coordinates.
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The first system have the following Jacobi coordinates

r = r12, (11)

R = r3 − (r1 + r2)/2. (12)

The Jacobi coordinates for the two other systems (r′, R′ and r′′, R′′) are
defined in the same way through Figure 6. The total wave function of three
identical bosons is written as a sum of three components expressed in terms
of the different set of coordinates shown in Figure 6

Ψ(r1, r2, r3) = ψ(r,R) + ψ(r′, R′) + ψ(r′′, R′′). (13)

Where the wave functions satisfy the Faddeev set of equations [11]

(T − E)ψ + Vi(ψ + ψ′ + ψ′′) = 0 for i = 1, 2, 3, . . . (14)

where V1 is the two-body interaction between particle 2 and 3 etc.

2.2 Hyperspherical Formalism

The hyperradius is a quantity that describe the size of a few-body system and
for a system of three equal masses it is expressed in terms of the interparticle
distances given by

ρ =

√
r2

2
+

2R2

3
(15)

and the hyperangle, which correlates the length of two Jacobi vectors (17),
are given by

α = arctan

(√
3r

2R

)
. (16)

Each coordinate set is defined by the two Jacobi vectors

ρ sinαi = ri ρ cosαi = Ri, (17)

where i indicates the corresponding set of Jacobi coordinates. Note that ρ
is the same in all Jacobi systems, it can also be written

ρ =
1√
3

√
r2

12 + r2
23 + r2

13. (18)

Wave functions with angular momentum zero are commonly referred to as
s-waves. The internal state of a three-body system is in general described
by three variables (i.e. {r,R, θ}, where θ is the angle between ~r and ~R).
However, for s-wave symmetry reasons θ is not required in this case. Atomic
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interactions that are purely s-wave depend on the hyperradius ρ and the
hyperangle α only. The hyperradius serves as an adiabatic parameter in the
sense that it is treated as a slow varying parameter [16, 21].

When expressed in hypersperical coordinates and excluding the center of
mass contributions, the Schrödinger equation incorporates a grand angular
momentum (Tα) which accounts for the pairwise structure of the potential.
It can be explained as an orbital angular momentum operator for a sin-
gle particle in six-dimensional space [20]. The six-dimensional Schrödinger
equation in the adiabatic hyperspherical representation can subsequently be
expressed in terms of the hyperradius and five diabatic hyperangles, col-
lectively denoted by Ω. The kinetic energy operator T in hyperspherical
coordinates is then given by [11, 23]

T = Tρ +
h̄2

2mρ2
Tα, (19)

with the hyperradial operator

Tρ = − h̄2

2m

(
ρ−5/2 ∂

2

∂ρ2
ρ5/2 − 1

ρ2

15

4

)
(20)

and the hyperangular operator

Tα = − 1

sin (2αi)

∂2

∂α2
i

sin (2αi)− 4 +
l̂2ri

sin2 (αi)
+

l̂2Ri
cos2 (αi)

, (21)

where l̂ri and l̂Ri are the orbital angular momentum operators with respect
to r and R. Since we only will take s-waves into account, the eigenvalues of
l̂ri and l̂Ri will be zero. If the orbital angular momentum of each subsystem
is neglected the Schrödinger wave function (13) for three identical particles
takes the form

Ψ(r1, r2, r3) = ψ(ρ, α1) + ψ(ρ, α2) + ψ(ρ, α3). (22)

The Faddeev equations (14) then reduce to the set of three equations by
cyclic permutation of the three hyperangles of

(T − E)ψ(ρ, α1) + V (
√

2ρ sinα1)[ψ(ρ, α1) + ψ(ρ, α2) + ψ(ρ, α3)] = 0. (23)

The three Faddeev equations can be reduced into one by rotation of the
second and third system into the first. The rotation is performed by inte-
grating out the four angular variables of r and R, so that the coordinates
of system two and three are expressed in the coordinates of the first system
[11]. The rotational operator for particles with equal masses is given by

R[ψ] =
2√
3

∫ π/2−|π/6−α1|

|π/3−α1|

sin (2α′)

sin (2α1)
ψ(ρ, α′) dα′. (24)



Numerical Calculations of Efimov States in Ultracold Atomic Systems 16

The resulting Faddeev equation now becomes

(25)

(T − E)ψ(ρ, α) + V (
√

2ρ sinα)

[
ψ(ρ, α)

+
4√
3

∫ π/2−|π/6−α|

|π/3−α|

sin (2α′)

sin (2α)
ψ(ρ, α′) dα′

]
= 0,

where α = α1, α2 or α3. The resulting differential equation depends of only
two variables: ρ and α.

2.3 Hyperspherical Adiabatic Expansion

For three identical particles, all Faddeev components take identical func-
tional form, which reduces the three coupled equations to one single equa-
tion. The corresponding Hamilton operator which solves the three-body
eigenvalue problem is written as a two-dimensionsional radial equation given
by [23]

H = Tρ +
h̄2

2mρ2
Tα + V (ρ) (26)

The wave function varies parametrically with ρ and is expanded in a com-
plete set of hyperangular functions φn. It can be expressed exactly by the
infinite sum

ψ(ρ, α) =
1√
3

∑
n

fn(ρ)

ρ5/2

φn(ρ, α)

sinα cosα
, (27)

where φn are the eigensolutions of the hyperangular function α. The dis-
crete scale invariance characteristic for the Efimov effect originates from
continuous scale invariance in the attractive two-body interaction potential.
Two-body scale invariance leads to separability of the three-body problem
in hyperspherical coordinates. The adiabatic hyperspherical approximation,
or low-energy approximation, assumes that the wave function can be sep-
arated in terms of one hyperradial part and one hyperangular part. Thus,
neglecting the variation of the wave function in hyperradius when solving
the hyperangular part corresponds to

ψ(ρ, α) ≈ f(ρ)

ρ5/2

φ(ρ, α)

sinα cosα
. (28)

In the resonant limit, this approximation becomes exact for all finite valued
ρ. The hyperangular wave functions are eigensolutions to the hyperangular
part of the Hamiltonian such that
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[
Tα +

2mρ2

h̄2

3∑
i=1

Vi

]
φn(α) = λn(ρ)φn(α), (29)

which together with the single variable Faddeev equation (25) result in an
integro-differential eigenvalue equation [4]

(30)

[
∂2

∂α2
− λn(ρ)

]
φn(ρ, α) +

2mρ2

h̄2 V (
√

2ρ sinα)

[
φ(ρ, α)

+
4√
3

∫ π/2−|π/6−α|

|π/3−α|
φ(ρ, α′) dα′

]
= 0.

For short-ranged potentials the adiabatic eigenfunctions reduces to [16]

φn(ρ, α) = N sin

[√
λn(α− π

2
)

]
(31)

with some normalization factorN . This is true because for ρ� r0, V (
√

2ρ sinα)
equates to zero unless

√
2ρ sinα < r0 ⇒ sinα < r0√

2ρ
� 1. So then sinα ≈ α

and

∫ π/2−|π/6−α|

|π/3−α|
φ(ρ, α′) dα′ →

∫ π/3+α

|π/3−α|
φ(ρ, α′) dα′ ≈ 2αφ(ρ,

π

3
), (32)

where there is no α dependence and the equation can easily be solved. The
eigenvalues λn are the adiabatic potentials associated with φn(α). They are
determined by the boundary condition imposed by the factor 1/sinα cosα in
(27) where φ(ρ, α) must vanish as α→ 0 or π/2. Because (31) vanished for all
values of λ at α = π/2, the boundary condition reduces to the one at α = 0
(i.e. the limit r � R, which is when the bosons interact). The derivation of
the eigenvalue equation was first described by Efimov [8] and is shown in its
full extent by Fedorov and Jensen [11]. The principle idea is to equate the
derivative of the logarithm of the wave function with respect to α at α = 0
in the two regions for which the integro-differential eigenvalue equation (30)
can be solved analytically. The resulting transcendental equation for λn(ρ)
is finally given by√

λn cos

[√
λn
π

2

]
− 8√

3
sin

[√
λn
π

6

]
=
√

2
ρ

a
sin

[√
λn
π

2

]
. (33)

The eigenvalues can be calculated by solving (33) numerically. The lowest
two eigenvalues for a > 0 and the lowest eigenvalue for a < 0 was calcu-
lated numerically as functions of ρ/a and are shown in Figure 7. When
the scattering length approaches infinity (a = ∞) (33) has the solution
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λ∞ = −1.01251. Similarly the eigenvalues approach constants independent
of a. In the limit where ρ→ 0 the lowest eigenvalue approaches

λ0(ρ)→ −s2
0

(
1 + 1.897

ρ

a

)
, (34)

where s0 =
√
−λ0(0) ' 1.00624 (where λ0(0) = |λ∞|) and is the solution to

the transcendental equation

s0 cosh
π

2
s0 =

8√
3

sinh
π

6
s0. (35)

It turns out that these adiabatic hyperspherical potentials play an essential
roll as they largely determine the scaling behavior for the three-body spec-
trum. The scaling is caused by an emergent effective potential of the form
−(s2

0 +1/4)/ρ2, as we will show below in (41), when the characteristic inter-
action range r0 is much smaller than the magnitude of the scattering length.
This potential appears right below the three-body break-up threshold and
behaves like an attractive −1/R2 long-range potential. The corresponding
hyperradial wave function will oscillate infinitly fast near the origin and
there will be no lower boundary for the three-body energy, creating an infi-
nite number of bound states with a spectrum that is not bounded from be-
low. This is called the Thomas collapse and it causes an infinite three-body
binding energy when the interaction radius tend to zero, which is highly
unphysical. For all realistic interactions there is always some short-range
interaction that make the effective potential repulsive at small distances.
The physical origin of this repulsion is a consequence of the Pauli exclusion
principle, which causes an abrupt increase in energy of the system when
the electronic clouds surrounding the atoms starts to overlap. The position
of this barrier determines the ground Efimov state energy as well as the
three-body parameter κ∗. The role of three-body parameter is to terminate
the attractive potential at small ρ. It has been found that this barrier is
universal and located at the hyperradius ρ = 2rvdW , where rvdW is the van
der Waals radius [6].

The hyperradial wavefunctions fn are solutions to a coupled set of dif-
ferential equations expressed by the infinite sum

(36)

[
h̄2

2m

(
− ∂2

∂ρ2
+
λn(ρ/a)− 1/4

ρ2
−Qnn(ρ)

)]
fn(ρ)

+
∑
m

[
2Pnm(ρ)

∂

∂ρ
+Qnm(ρ)

]
fm(ρ) = Efn(ρ),

where the effective potential Vn depends on the adiabatic potential λn(ρ) as
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Figure 7: The two lowest eigenvalues at a > 0 (solid lines) and the lowest eigen-
value for a < 0 (dashed line) are plotted as functions of log ρ/|α|.

Vn(ρ) = [λn(ρ)− 1

4
]
h̄2

2mρ2
(37)

and the off-diagonal coupling matrices are given by the kinetic energy oper-
ators acting on the hyperangular functions [16]

Pnm(ρ) ≡

〈
Φn

∣∣∣∣∣ ∂∂ρ
∣∣∣∣∣Φm

〉
Qnm(ρ) ≡

〈
Φn

∣∣∣∣∣ ∂2

∂ρ2

∣∣∣∣∣Φm

〉
, (38)

where Φn(ρ, α, α′, α′′) = φn(ρ, α) + φn(ρ, α′) + φn(ρ, α′′). The adiabatic
hyperspherical approximation now consist of neglecting the off-diagonal ele-
ments in (36). This is justifiable in regions of ρ where the adiabatic potential
is independent or varies slowly with ρ since Φn(ρ, α, α′, α′′) in these cases
would be independent of ρ, because they include derivatives with respect
to ρ, which then would go to zero. This causes the coupling terms to van-
ish. In regions of small ρ, changes in the adiabatic potential λ is of order
ρ/a, which is evident from (33). Consequently, changes in φn(ρ, α), which
was calculated in equation (31), is of order ρ/a as well. Changes in the
off-diagonal coupling terms given by equation (38) will subsequently be of
order 1/a and 1/a2, respectively. It is evident that both terms vanish as the
magnitude of the scattering length increases and the approximation is exact
in the resonant limit. The diagonal radial equation is subsequently obtained
by

h̄2

2m

(
− ∂2

∂ρ2
+
λn(ρa)− 1

4

ρ2
−Qnn(ρ)

)
fn(ρ) = Efn(ρ), (39)

where the diagonal coupling term can be neglected for the same reasons
mentioned above. For ρ � |a|, the eigenvalues approach constant values
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λn(0). In this region, equation (39) reduces to

h̄2

2m

(
− ∂2

∂ρ2
+
λn(0)− 1

4

ρ2

)
fn(ρ) = Efn(ρ). (40)

Here, all channel potentials (given in equation (37)) except V0(ρ) are re-
pulsive, see the region log (ρ/|a|) � 0 in Figure 7. This will lead to an
exponential decrease as ρ → 0 of the hyperradial wave functions fn(ρ) for
n ≥ 1, so only f0(ρ) needs to be taken into account. Inserting equation (34)
into (40) then gives

h̄2

2m

(
− ∂2

∂ρ2
−
s2

0 + 1
4

ρ2

)
f0(ρ) = Ef0(ρ), (41)

where the boundary condition for small ρ is specified by choosing a hyperra-
dial matching point R0 and the logarithmic derivative R0f

′
0(R0)/f0(R0).The

binding wave number κ of an Efimov state with binding energy ET is defined
by

ET =
h̄2κ2

m
. (42)

Equation (40) can then be written

1

2

(
− ∂2

∂ρ2
−
s2

0 + 1
4

ρ2

)
fn(ρ) = κ2f0(ρ). (43)

However, the energy eigenvalue in this region (ρ � |a|) can be neglected
and the general solution to the hyperradial function in equation (43) then
has the form [4]

f0(ρ) =
√
ρ [Aeis0 ln (κρ) +Be−is0 ln (κρ)], (44)

where A = −e2iθB, for some angle θ. Because |A|= |B|, since there is no
loss between the incoming probability and the outgoing probability, only a
phase shift differ between A and B. The general solution for small ρ is then

f(ρ)→ N√ρ sin [s0 ln(cκρ) + θ], (45)

for some constant c and some normalization factor N . The angle θ can be
calculated through

θ = −|s0|ln cκR0 + arccot

[
1

|s0|

(
R0
f ′(R0)

f(R0)
− 1

2

)]
. (46)

θ is another way to express the three-body parameter. It is related to the
previous three-body parameter κ∗ through the relation
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θ = −s0 ln c+ s0 lnκ∗ + α0 modπ, (47)

where the angle α0 is given by

α0 = −1

2
s0 ln 2− 1

2
arg

Γ(1 + is0)

Γ(1− is0)
. (48)

Up until this point we have only considered Efimov’s original case for a =
±∞. Now follows a similar derivation for any (large) a. Here it is convenient
to introduce polar coordinates, where H is the radial variable and ξ the
angular variable defined by 1/a = H cos ξ and K = H sin ξ. Where K is
the wave number variable which defined by K = sign (E)(m|E|h̄2)1/2. By
changing coordinates and introducing the variable x = ρH, the hyperradial
ground state wave function (39) is then the solution to

−

(
∂2

∂x2
+
λ0(x cos ξ)− 1

4

x2
− 2(sin ξ)2

)
f0(ρ) = 0 (49)

and the corresponding hyperangular wave function (31) is

φ(ρ, α) = sin [
√
λ0(|x cos ξ0|)(α(ρ)− π/2)]. (50)

By solving f0(ρ) and its derivative, using λ0 for both positive and negative
scattering lengths for ρ = R0, where r0 < R0 � a, and choosing κ = H = 1.
The angular equation (47) can be expressed as a function of ξ. The universal
function is then defined as

∆(ξ) = −2θ, (51)

where the constant c has been absorbed into the equation so that the con-
dition ∆(−π

2 ) = 0 is satisfied. The function was divided into three subset
functions, one where the hyperradial function and its derivative was calcu-
lated at negative scattering lengths, covering the −π < ξ < −π

2 region. Two
similar θ-functions were calculated for positive scattering lengths, where
one of the functions were shifted with −π to remain in the right quadrant
so that the range of −π

2 < ξ < −π
4 was covered. The composed function

was calculated using Mathematica and is illustrated in Figure 8.

Efimovs equation for the three-body binding energy E
(n)
T of the nth

trimer is given by the radial law

E
(n)
T +

h̄2

ma2
= (e

−2π
s0 )n−n∗e

∆(ξ)
s0

h̄2κ2
∗

m
, (52)

where the angle ξ is defined by

tan ξ = −
√
mET

h̄2 a. (53)
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Figure 8: The universal function ∆(ξ) plotted as a function of ξ/π.

Here the angle ξ = −π/4 correspond to the atom-dimer threshold, ξ =
−π/2 corresponds to infinitely large s-wave scattering lengths, and ξ = −π
correspond to the triatomic threshold, see Figure 9.
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Figure 9: The angle ξ is plotted together with three Efimov states with κ2∗ = 1 a.u.
The axes labelled 1/a and K correspond to H1/4 cos ξ and H1/4 sin ξ respectively.

Equation (52) implies the following relations

κ(n)/κ(n+1) = eπ/s0 , (54)

a
(n)
− /a

(n+1)
− = e−π/s0 , (55)
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E
(n)
T /E

(n+1)
T = e−2π/s0 , (56)

and

a
(n)
− κ(n) = −1.5(6), (57)

where a− correspond to the scattering length at ξ = −π, see Figure 5.
The relations given in (54) and (56) are valid in the limit of resonance.
The universal relation presented in equation (57) connects the zero energy
scattering length, or resonance position, to the corresponding bound-state
wavenumber.

The left-hand side of (52) is proportional to H2. Plotting the analytical
Efimov states on the a−1-K plane on the interval −π < ξ < −π

4 gives rise to
the characteristic Efimov curves shown in Figure 9 and Figure 10. To allow
for a greater range to be shown in the figure, the discrete scaling symmetry
was reduced from 22.7 to 2.2 by plotting H1/4 sin ξ versus H1/4 cos ξ.
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Figure 10: Efimov states with κ2∗ = 1 a.u. The axes labelled 1/a and K correspond
to H1/4 cos ξ and H1/4 sin ξ respectively.
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3 Numerical Calculations

3.1 Two-Body Calculations

A model potential was used to simulate the interatomic potential between
two particles. It was constructed to resemble the interaction between alkali
atoms, such as caesium, with characteristic van der Waals features at large
interatomic separations. The realistic repulsive features at short distances
were neglected and the interaction was set to zero at r = 0. The potential
energy minimum was constructed to have depth and distance characteristic
for that of atomic states. The potential contained two parameters which
could be fine-tuned to control the scattering length between the two bosons,
and by increasing the magnitude of the scattering length, bring a real or
virtual two-body bound state close to the two-atom threshold. The model
potential was defined as

V (r; cw, rc) = −
cw(1− (1 + r2

rc2
)e−

r2

rc2 )2

r6
. (58)
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Figure 11: Model potential with the parameteric values cw = 147 a.u. and
rc = 1.83 a.u. and an energy minimum of -0.3 a.u.

The two-body scattering length a is defined by the low-energy limit

lim
k→0

k cot δ(k) = −1

a
, (59)

where k is the wavenumber and δ(k) is the s-wave phase shift. The wave
function, and its derivative, for atom-atom scattering states in the L = 0
channel is given by
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lim
r→∞

ψ(r) =
sin [kr + δ0(k)]

kr
(60)

and

lim
r→∞

ψ′(r) =
cos [kr + δ0(k)]

r
− sin [kr + δ0(k)]

kr2
. (61)

The logarithmic derivative of the wave function is then

lim
r→∞

ψ′(r)

ψ(r)
= k cot [kr + δ0(k)]− 1

r
. (62)

By defining the parameter χ as

χ(r, k) =

(
ψ′(r)

ψ(r)
+

1

r

)
1

k
, (63)

the scattering length can then be obtained by combining (62) and (63), while
solving for tan δ0(k)

lim
r→∞

tan δ0(k) = lim
r→∞

1− χ(r, k) tan kr

χ(r, k) + tan kr
(64)

and then evaluate the limit when k → 0 taken so that k � 1/r, i.e. kr � 1

lim
k→0

tan δ0(k) = lim
(k,r)→(0,∞)

1

χ(r, k)
, (65)

which finally yields the scattering length as

a = − lim
k→0

tan δ0(k)

k
= lim

(k,r)→(0,∞)

(
r − ψ(r)

ψ′(r)

)
. (66)

Numerically solving the wave function and its derivative given by[
− h̄2

2µ
52 +V (r; cw, rc)

]
ψ = Eψ, (67)

where µ is the reduced mass, made it possible to determine the scatter-
ing length. The Schrödinger equation (67) was solved using the command
”NDSolve” in Mathematica for the range r = {10−5, 300} a0, with boundary
conditions ψ(10−5) = 0 and ψ′(10−5) = 10−5.

In order to extract the scattering length from the numerical solution
ψ(r), the numerical solutions for ψ(r) and ψ′(r) was evaluated at zero energy
and inserted into equation (66). The command ”FindMinimum” was then
used to minimize a, to retrieve the scattering length for a specific parameter
set (cw, rc).
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To study Efimov states we sought to find parameter settings which
yielded a large scattering length. We therefore varied both parameters in
search of such values. Figure 12 shows r−ψ(r)/ψ′(r) plotted as a function of
r with the parametric values cw = 147 a.u. and rc = 1.83 a.u. The function
approaches a constant value as r →∞, which according to equation (66) is
the scattering length for that particular parameter setup.
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Figure 12: The function approaches a constant value at r = 150 a0, which cor-
respond to the scattering length a = −5956 a0. The model potential parameters
cw = 147 a.u. and rc = 1.83 a.u.

The wave functions for three different scattering lengths was plotted
as a function of r in the zero energy limit. Here, the scattering length
correspond to the value of r where the asymptotic wave function crosses the
horizontal axis. The two parameters was adjusted to make the wave function
extended horizontally Figure 13. This was achieved with the parametric
values cw = 147 a.u. and rc = 1.83 a.u.



Numerical Calculations of Efimov States in Ultracold Atomic Systems 27

a < 0

a ® ±¥

a > 0

10 50 90

r Ha0L

Ψ

Figure 13: The wave functions for three different scattering lengths are plotted as
functions of r. The wave function is visibly extend horizontally at the parameter
setup {cw, rc} = {147, 1.83} a.u. (red curve). The blue and green curve have
the parameter settings {cw, rc} = {134, 1.83} a.u. and {cw, rc} = {160, 1.83} a.u.
respectively.

3.2 Three-Body Calculations

The numerical calculations of energy eigenvalues of the three-boson system
were performed using a Fortran program, with a computational code based
on a code named Few-Body 1 (TBS1) for Muon Molecules made by M.
Kamimura, E. Hiyama, Y. Kino, and J. Wallenius (1996). It is programmed
on the basis of Coupled-Rearrangement-Channel Gaussian-Basis Variational
Method published by M. Kamimura in 1988 [17]. The program was further
developed by my supervisor, Svante Jonsell, to treat three-body energy cal-
culations for three identical bosons with two-body interaction modeled by
the potential shown in (52).

The program uses The Gaussian Expansion Method (GEM) [13], with
basis sets constructed in Jacobian coordinates (shown in Figure 6) for all
three rearrangement channels, to solve the Shrödinger equation for two- and
three-body systems. The basis set consist of Gaussian-shaped functions,
which are expanded by geometric progression when a set of range parameters
is applied [13]. The basis set for a state with orbital angular momentum J,M
is given by

ΨJM =

3∑
α=1

lmax∑
lα=0

Lmaxα∑
Lα=0

imaxαl∑
i=1

ImaxαL∑
I=1

cαlαLαiIφαlαLαiI , (68)
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(69)
φαlαLαiI = NαlαLαiIr

lα
α R

Lα
α e−(rα/rαlαi)

2
e−(Rα/RαLαI)2

× [Ylα(r̂α)⊗ YLα(R̂α)]JM .

As discussed previously, the calculations will only be performed with l =
L = 0. Diagonalization of the Hamiltonian with Gaussian basis functions
yields both ground, and excited eigenstates.

The Gaussian range parameters consist of four length parameters which
determine the radial distance limits for the two radial coordinates and two
parameters which determines the number of basis functions to be used in
the calculations for each coordinate.

Table 1: The Gaussian range parameters used in the numeric calculations of an
Efimov state. The radial parameters are given in units of a0.

nmax rmin rmax Nmax Rmin Rmax

20 0.01 25.0 25 0.01 20.0

The total number of basis functions (nmax ×Nmax) is equal to 500 with
the range parameter set presented in Table 1. So the program will calculate
the eigenvalues of a 500 × 500 matrix, which is an easy task. The input
file contained the range parameters mentioned above and the two potential
parameters (52) used to control the scattering length and interaction po-
tential energy-depth. The potential parameters were set to maximize the
scattering length magnitude while keeping the potential depth as shallow as
possible to avoid deeply-bound dimers. The energy eigenvalues for both the
two- and the three-body system were calculated with different parameter
settings corresponding to large scattering lengths and the range parameters
were adjusted to optimize the calculations. A characteristic feature of an
Efimov state is a three-body system with lower energy eigenvalues than the
corresponding two-body system. When a possible Efimov state was found,
one of the potential parameters (rc) were fixed at two similar values and the
other parameter (cw) was adjusted at those values in small steps to change
the scattering length and the energy eigenvalues for both the two- and the
three-body system were calculated for each parameter setting. This was
done for the purpose to see how ET varies with a.
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4 Results

4.1 Numerical Data

The collected data used in the calculations to fit the analytical theory in
Section 4.3 is presented in Table 5 see Appendix A. Figure 14a illustrates
the raw data collection sampled using two slightly different rc-parameter
values. When presented in the form used in Figure 14a, the results does not
obviously resemble the characteristic Efimov states presented in Figure 10,
Section 2.3. However, if the results are plotted using the same scaling as
in Figure 10, the shape of the measured points resemble the characteristic
Efimov shaped curves, see Figure 14b.
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(a) The resulting energy eigenvalues
versus the inverse scattering length.
The two-body system is shown in red
and the three-body system in blue.
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(b) The resulting energy eigenvalues
scaled as E1/8 plotted as functions of
the inverse scattering length scaled as
1/a1/4.
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(c) Plotted results selected from Ta-
ble 5, where only results retrieved using
rc = 1.83 a.u. have been used.
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(d) Plotted results from Table 6 con-
taining seven more data points.

Figure 14: The resulting energy eigenvalues calculated for rc = 1.83 a.u. are
plotted as functions of the inverse scattering length with the same scaling as in
Figure 14b. The plotted results are presented in atomic units.
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4.2 Experimental and Analytically Derived Wave Functions

All calculations have been performed with atomic units with h̄ = m =
1. The Gaussian wave function calculated with input parameters given in
Table 2 becomes visibly extended at large scattering lengths Figure 15.

Table 2: Input parameter settings used in the numeric calculations of an Efimov
state. The radial parameters are given in units of a0.

cw (a.u.) rc (a.u.) nmax rmin rmax Nmax Rmin Rmax

147 1.83 20 0.01 25.0 25 0.01 20.0
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R Ha0L
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Figure 15: The Gaussian wave functions plotted as a function of R with r =
10−5 a0 (blue), r = 2a0 (purple) and r = 8 a0 (green), with the potential parameter
setting {cw, rc} = {147, 1.83} a.u.

To compare the numerical wave function with the analytically derived
wave function for an Efimov state, the binding energy and scattering length
of the corresponding experimental eigenstate was used to calculate the an-
gular variable ξ defined in (58). Subsequently, for the first eigenstate, using
the polar coordinates introduced in section 2.3 and equation (52), the radial
variable can be calculated through

K = −
√
|E3b| H = |E3b|+

1

a2
. (70)

Since the scattering length is negative, the hyperradial wave function is
calculated using the adiabatic hyperspherical potential function for a <
0 given in (33), which is also shown in Figure 7. The hyperradial wave
function (39) was calculated using (49). The hyperangular wave function
was calculated through equation (50) and the ground state wave function
was then calculated using (28).
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The analytical wave function was normalized to fit the numerically de-
rived gaussian wave function, the two wave functions are illustrated in Fig-
ure 16.
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Figure 16: The Gaussian wave function and the normalized analytical wave func-
tion plotted as a function of r at R = 2 a0, with the potential parameter setting
{cw, rc} = {147, 1.83} a.u.

4.3 Efimov States

The numerically calculated energy eigenvalues was fitted into the analytical
theory by first calculating the angle ξ0 (52) and κ2

∗ (49) for each energy
eigenvalue |E3b|. The scattering lengths with largest magnitude had a κ∗ of
approximately 0.17 a.u. Ideally, κ∗ should be constant for all a but since
cw was used to vary a, also the short-range physics, and hence the three-
body parameter will show some variation. The three-body parameter κ2

∗
was therefore recalculated for each energy eigenvalue using equation (52)

κ2
∗ =

(
|E3b|+

1

a2

)
e−∆(ξ)/s0 . (71)

To fit the numerical values into the analytical theory, the energy was recal-
culated by numerically solving for the new angle ξ1 by combining equation
(52) and (53) ((

tan ξ

a

)2

+

(
1

a

)2
)
− e−2π/s0e∆(ξ)/s0κ2

∗ = 0. (72)

By back-substituting the result into (53), the new values for K was obtained
and the new H-values were calculated using equation (52). The fitted nu-
merical data for the three-body ground state is illustrated in Figure 17. To
be able to compare the results with the analytical theory, the results were
scaled from the discrete scaling symmetry of 22.7 down to 2.2 by plotting
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H1/4 sin ξ versus H1/4 cos ξ. The corresponding κ∗ within this scale is ap-
proximately 0.64 a.u.
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Figure 17: The numerically derived energy eigenvalues are here fitted into the
universal function. The axes labelled 1/a and K correspond to H1/4 cos ξ and
H1/4 sin ξ respectively and within this scale κ∗ is approximately 0.64 a.u.

Figure 18a shows two excited Efimov state calculated from the fitted
data and plotted together with the ground state and the three Efimov states
analytically derived in Section 2.3, Figure 10. By adjusting κ2

∗ to 0.029 a.u.
in the analytical calculations, a value that approximately correspond to
ξ1 = 1.5708 (π/2) in the numerical calculations, the analytical results and
the numerical and fitted results was made to overlap almost exactly, see
Figure 18b.
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1�a Ha0

-1L
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(a) The numerically derived ground
state and two excited states (points) to-
gether with the three analytically de-
rived states (lines).
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(b) By adjusting κ2∗ to 0.029 a.u. in
the analytical calculations, the three
first analytically and numerically de-
rived trimers was made to overlap.

Figure 18: Numerically fitted data and analytically derived results for the three
lowest lying Efimov states.

The scattering length at which the first Efimov state started to emerge
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from the triatomic continuum was calculated by slowly varying the param-
eter cw while keeping rc = 1.83 a.u., until the energy eigenvalue of the
three-body problem crossed the scattering threshold E > 0. The van der
Waal radius was calculated for each state and the resulting scattering length
was expressed in numbers of van der Waal radii. The van der Waal radius
is given by [5]

rvdW =
1

2

(mλcw
h̄2

)1/4
, (73)

where λ = 1 for the ground Efimov state and cw is the van der Waal coeffi-
cient for the potential given by equation (58), in Section 3.1.

Table 3: Calculated scattering lengths a for the first emerging ground Efimov
state near the triatomic threshold.

cw (a.u.) E3b · 104 (a.u.) rvdW (a0) a−(a0) a−/rvdW

127 -39.8 1.678 -19.62 -11.69
126 -30.9 1.675 -18.55 -11.07
125 -22.3 1.671 -17.58 -10.51
124 -14.2 1.668 -16.69 -10.00
123 -6.46 1.665 -15.88 -9.53

122.5 -2.74 1.663 -15.50 -9.31
122.3 -1.28 1.662 -15.35 -9.23
122.0 0.883 - - -

The results presented in Table 3 shows that the first recombination res-
onance, indicating an Efimov state, appears at a position with scattering
length a− = −9.23rvdW . Table 4 summarizes the resulting values for the
resonance position a− and the corresponding bound-sate wavenumber κ∗ for
the model potential used in the numerical calculations in terms of their van
der Waals radius rvdW and its inverse. The theoretical universality relation
value given in equation (57) is also included in the table.
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Table 4: Numerically calculated values of the resonance position a− and the cor-
responding bound-state wavenumber κ∗ for the ground state trimer. Presented to-
gether with the theoretically predicted value for the universally related parameters.
Here, the van der Waals radius r1 was calculated for cw = 147 (a.u.) corresponding
to the angle ξ1 closest to −π/2 which would correspond to the closest approxima-
tive value of κ∗. The van der Waal radius r2 was calculated using cw = 122.3 (a.u.)
which correspond to the radial value at a−.

κ∗ (a.u.) κ∗r1 a−/r2 a−κ∗(
r1
r2

)

Model 0.17 0.29 -9.23 -2.72
Theory - - - -1.50266

Braaten [4] - - - -1.5(6)

5 Discussion

5.1 Relevance of the Results

All calculations have been carried out using atomic units, where the mass
m = 1 equals the mass of an electron and the reduced Planck constant h̄ = 1.
Therefore, the results are not directly pertinent to realistic atoms as the used
masses would have to be an order of 104 greater. However, realistic energy
eigenvalues can presumably be obtained by changing relevant parameters to
model some specific atoms and vary the model potential parameters to ob-
tain a large s-wave scattering length magnitude, while keeping the potential
depth as shallow as possible.

A problem of using realistic masses is that there will be very many two-
body states, due to complicated short-range physics which is difficult to get
analytically.

5.2 Universality of the Three-Body Parameter

To reconnect with the discussion concerning the hyperspherical potentials
and the emerging long-range potential in Section 2.3, let us now turn to the
three-body parameter that sets the potential barrier at small distances. At
first it was thought that the position for the first Efimov resonance was ran-
dom and the three-body parameter was regarded as the only non-universal
feature in Efimov physics. However, after many Efimov resonances had
been experimentally observed it was clear that all first resonances seemed
to appear at the same position, regardless of the atomic species used. The
value of the s-wave scattering length where the first Efimov state appear is
fixed within a 10% window at about -9.2rvdW [6, 26]. Our results are in
good agreement with these findings, we found a resonance position a− at
−9.23rvdW , see Table 3.
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The numerical results for the universal relation, presented in Section 2.3,
equation (57), differ from both the theoretical value calculated by Braaten
[4] and the theoretical value calculated by us, see Table 4. This deviation
from the analytical theory have also been acknowledged in other studies for
the ground Efimov state [15]. However, the studies also showed that Efimov
resonances of higher order are in good agreement with the theoretical value.
Since we only were able to find a ground state Efimov resonance, this could
not be tested. The deviation of the universal relation for the first Efimov
state is probably due to the fact that finite range corrections is not taken
into account, which maybe significant at small scattering lengths.

Studies have also revealed the existence of a universal repulsive hyper-
spherical barrier, that emerges in the adiabatic three-body potential in sys-
tems of ultra cold atoms, that prevent the state from being to small. The
barrier has been shown to appear at a distance of 2rvdW for two-body po-
tentials with a van der Waals tails [6, 26]. The existence of this barrier were
not investigated in this work and can not be confirmed by our results. How-
ever, the knowledge of this barrier made it justifiable to neglect the repulsive
feature in the model potential, see Section 3.1.

The effective potential of the form −(s2
0 + 1/4)/ρ2 derived in Section

2.3, essentially functions as a three-body potential energy function. The
properties of this kind of potentials are well known, as a similar form governs
the interactions between two charged particles. The constant s0 is related
to the strength of the effective dipole moment.

As mentioned in Section 1.4, Efimov states have been found in heteronu-
clear systems containing a mixture of two atomic species, as well. However,
the scaling factor differs in these systems from the scaling factor (λ = 22.7)
associated with states of three identical bosons. These systems, character-
ized by having one large two-body scattering length and one small two-body
scattering length, where found to have a much larger scaling factor if the two
atoms had similar masses, but a much smaller if the trimer consisted of one
light and two heavy atoms [12]. Heteronuclear systems with small scaling
constants opens new possibilities to study the discrete scaling symmetry. As
the energy gap between the ground- and excited-state trimers can be largely
reduced, the possibility of observing several Efimov states increases.

5.3 N-Body Efimov States

The Amado-Greenwood theorem states that for identical bosons with N ≥ 4,
there will not exist an infinite number of bound states corresponding to a
shallow (N − 1)-body bound state with binding energy tuned to E = 0
[1]. However, the theorem does not forbid an infinite number of N-body
bound state at some other accumulation point E 6= 0. For four identical
bosons at negative scattering lengths, where there is an Efimov trimer at
the triatomic threshold at some scattering length a−, the Amado-Greenwood
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theorem entails that the trimer cannot produce an infinite series of tetramers
accumulating at E = 0. However, at some positive scattering length a+ there
exist an Efimov trimer at the atom-dimer threshold E = −ED, which can
produce an infinite number of tetramers accumulating at the threshold [4].

Recent theoretical studies have shown that the Efimov effect can be ex-
tended to higher-body systems. The problem with four interacting particles
is by far more challenging than the three-body problem. However, it turns
out that when an Efimov state is created at a negative scattering length, two
corresponding universal tetramer states are created at slightly less negative
scattering lengths [25]. Four-body bound states must have larger binding
energy than the deepest trimer state. Numerical calculations have shown
that there is at least one N-body bound state tied to every Efimov trimer.
Five-body resonances have been obsereved by the Innsbruck group [27] and
N-body weakly bound states have been theoretically predicted up to N=16
[18]. The many-body physics for these kind of universal states seems to be
fixed only by two-body forces.

5.4 Future Applications

Practical applications of Efimov states have been limited so far but it have
been suggested that Efimov-trimers could be used to develop a new class of
superconductors.

For more theoretical applications, Efimov physics may help us to under-
stand the structure of nuclei and perhaps other systems. The Lithium-11
isotope, for example, have a nuclei consisting of two loosely bound neutrons
and a compact body of three protons and six neutrons. If one of the loosely
bound neutrons are removed the state falls apart just like an Efimov state
[22].

6 Personal Reflections

I feel like I have just begun to scratch the surface of the intriguing forces and
relations that govern the behavior of atoms and I have realized how much
there is left to learn and understand about our microcosmos.

I have learned very much during this project. Apart from everything I
have encountered concerning Efimov physics, I have learned a lot about the
concept of scattering, how to use Mathematica and how to write in LaTex.
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Appendices

A Numerical Data

Table 5: The calculated energy eigenvalues are here presented together with the
scattering length and the potential parameters.

cw (a.u.) rc (a.u.) a (a0) 1/a (a−1
0 ) E3b (a.u.) E2b · 105 (a.u.)

147 1.83 -5955.87 -0.000167902 -0.0286428 1.13747
146.7 1.83 -1198.75 -0.000834202 -0.0281897 1.39219
146.4 1.83 -665.314 -0.00150305 -0.0277388 1.61727
154.5 1.855 -617.526 -0.001619365 -0.0269058 1.65378
154.4 1.855 -546.938 -0.001828361 -0.0267678 1.71713
154.3 1.855 -490.771 -0.00203761 -0.0266301 1.77815
146 1.83 -416.884 -0.002398749 -0.0271411 1.87795

154.1 1.855 -408.408 -0.002448532 -0.0263553 1.89362
153.7 1.855 -303.945 -0.003290069 -0.0258082 2.10081
145.5 1.83 -283.708 -0.003524751 -0.0263995 2.15139
145 1.83 -214.688 -0.004657922 -0.0256643 2.37816
153 1.855 -209.533 -0.004772518 -0.0248594 2.40044

152.3 1.855 -159.552 -0.006267549 -0.0239214 2.63825
144 1.83 -144.141 -0.006937651 -0.0242128 2.72853

151.4 1.855 -121.824 -0.008208563 -0.0227316 2.8781
143 1.83 -108.044 -0.009255489 -0.0227872 2.98335

150.5 1.855 -98.3185 -0.010171026 -0.0215603 3.06468
142 1.83 -86.1807 -0.011603526 -0.0213881 3.17511
148 1.855 -63.5397 -0.015738192 -0.0184068 3.41249
139 1.83 -53.0917 -0.018835336 -0.0173548 3.5378
146 1.855 -49.2141 -0.02031938 -0.0159938 3.5872
135 1.83 -34.5389 -0.028952862 -0.0123846 3.78894
140 1.855 -28.7318 -0.034804642 -0.00939113 3.87594
150 1.83 157.228 0.00636019 -0.0332927 -4.12653
149 1.83 237.474 0.004210987 -0.031719 -1.6779

148.4 1.83 343.794 0.002908719 -0.0307861 -0.582472
148.2 1.83 404.453 0.002472475 -0.030477 -0.271523
148 1.83 491.365 0.002035147 -0.0301689 0.0149809

147.9 1.83 550.638 0.001816075 -0.0300152 0.149573
147.8 1.83 626.28 0.00159673 -0.0298618 0.278671
147.7 1.83 726.157 0.001377113 -0.0297085 0.402472
147.6 1.83 864.138 0.001157223 -0.0295556 0.521175
147.5 1.83 1067.17 0.000937058 -0.0294028 0.635002
147.4 1.83 1395.44 0.00071662 -0.0292503 0.744119
147.3 1.83 2016.53 0.000495901 -0.0290981 0.848747
147.2 1.83 3637.54 0.000274911 -0.0289461 0.949056
147.1 1.83 18641.7 0.000053643 -0.0287943 1.04524
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Table 6: Calculated energy eigenvalues for rc = 1.83 with seven more values added
for scattering lengths approaching the resonance limit.

cw (a.u.) a (a0) 1/a (a−1
0 ) E3b · 103 (a.u.)

122.3 -15.3517 -0.065139366 -0.128
122.5 -15.5004 -0.064514464 -0.274
123 -15.8828 -0.062961191 -0.646
124 -16.6972 -0.059890281 -1.42
125 -17.5852 -0.056866001 -2.23
126 -18.5573 -0.05388715 -3.09
127 -19.6261 -0.050952558 -3.98
135 -34.5389 -0.028952862 -12.3846
139 -53.0917 -0.018835336 -17.3548
142 -86.1807 -0.011603526 -21.3881
143 -108.044 -0.009255489 -22.7872
144 -144.141 -0.006937651 -24.2128
145 -214.688 -0.004657922 -25.6643

145.5 -283.708 -0.003524751 -26.3995
146 -416.884 -0.002398749 -27.1411

146.4 -665.314 -0.00150305 -27.7388
146.7 -1198.75 -0.000834202 -28.1897
147 -5955.87 -0.000167902 -28.6428

147.1 18641.7 0.000053643 -28.7943
147.2 3637.54 0.000274911 -28.9461
147.3 2016.53 0.000495901 -29.0981
147.4 1395.44 0.00071662 -29.2503
147.5 1067.17 0.000937058 -29.4028
147.6 864.138 0.001157223 -29.5556
147.7 726.157 0.001377113 -29.7085
147.8 626.28 0.00159673 -29.8618
147.9 550.638 0.001816075 -30.0152
148 491.365 0.002035147 -30.1689

148.2 404.453 0.002472475 -30.477
148.4 343.794 0.002908719 -30.7861
149 237.474 0.004210987 -31.719
150 157.228 0.00636019 -33.2927
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B Fitted Data

Table 7: The numerical data recalculated and fitted into the corresponding ana-
lytical parameters.

ξ0 ξ1 κ2
∗ (a.u.) H (a.u.)

-1.57179 -1.59375 0.0286994 0.166022
-1.57576 -1.69677 0.028463 0.150681
-1.57982 -1.83213 0.0282177 0.132021
-1.58067 -1.86666 0.027412 0.126042
-1.58197 -1.92564 0.0273346 0.119426
-1.58328 -1.99356 0.0272567 0.112708
-1.58536 -2.12133 0.0278796 0.10406
-1.58588 -2.15742 0.0270967 0.100383
-1.59127 -2.57511 0.0267764 0.0884879
-1.59249 -2.66939 0.0274449 0.0898207
-1.59986 -3.14132 0.0270058 0.0958424
-1.60106 -3.14133 0.02621 0.0944199
-1.6113 -3.14139 0.025692 0.0934821
-1.61535 -3.14141 0.026201 0.0944037
-1.62519 -1.06871 0.025057 0.387086
-1.63203 -3.14147 0.0254489 0.0930389
-1.63995 -3.14149 0.024451 0.0911965
-1.64997 -3.14151 0.0247387 0.0917315
-1.68628 -3.14154 0.0229307 0.0883158
-1.71281 -3.14156 0.0228816 0.0882211
-1.7301 -3.14156 0.0219032 0.0863144
-1.82532 -3.14158 0.0211367 0.0847907
-1.9156 -3.14158 0.0199682 0.0824137
-1.53595 -1.04014 0.0304532 0.466098
-1.54716 -1.16044 0.0298479 0.332151
-1.55422 -1.25871 0.0295186 0.269011
-1.55663 -1.29676 0.0294088 0.250693
-1.55908 -1.33776 0.0292981 0.233681
-1.56031 -1.35942 0.0292423 0.225653
-1.56156 -1.38188 0.029186 0.217935
-1.56281 -1.40517 0.0291291 0.210523
-1.56407 -1.42931 0.0290718 0.20341
-1.56533 -1.45432 0.0290136 0.19659
-1.56661 -1.67088 0.0289547 0.155692
-1.56789 -1.63906 0.0288951 0.160133
-1.56918 -1.53489 0.0288344 0.177876
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