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Abstract

The purpose of system identification is to construct mathematical models of dynamical
system from experimental data. With the current trend of dynamical systems encountered
in engineering growing ever more complex, an important task is to efficiently build
models of these systems. Modelling the complete dynamics of these systems is in
general not possible or even desired. However, often, these systems can be modelled
as simpler linear systems interconnected in a dynamic network. Then, the task of
estimating the whole network or a subset of the network can be broken down into
subproblems of estimating one simple system, called module, embedded within the
dynamic network. The prediction error method (PEM) is a benchmark in parametric
system identification. The main advantage with PEM is that for Gaussian noise, it
corresponds to the so called maximum likelihood (ML) estimator and is asymptotically
efficient. One drawback is that the cost function is in general nonconvex and a gradient
based search over the parameters has to be carried out, rendering a good starting point
crucial. Therefore, other methods such as subspace or instrumental variable methods are
required to initialize the search. In this thesis, an alternative method, called model order
reduction Steiglitz-McBride (MORSM) is proposed. As MORSM is also motivated
by ML arguments, it may also be used on its own and will in some cases provide
asymptotically efficient estimates. The method is computationally attractive since it is
composed of a sequence of least squares steps. It also treats the part of the network
of no direct interest nonparametrically, simplifying model order selection for the user.
A different approach is taken in the second proposed method to identify a module
embedded in a dynamic network. Here, the impulse response of the part of the network
of no direct interest is modelled as a realization of a Gaussian process. The mean
and covariance of the Gaussian process is parameterized by a set of parameters called
hyperparameters that needs to be estimated together with the parameters of the module of
interest. Using an empirical Bayes approach, all parameters are estimated by maximizing
the marginal likelihood of the data. The maximization is carried out by using an iterative
expectation/conditional-maximization scheme, which alternates so called expectation
steps with a series of conditional-maximization steps. When only the module input
and output sensors are used, the expectation step admits an analytical expression. The
conditional-maximization steps reduces to solving smaller optimization problems, which
either admit a closed form solution, or can be efficiently solved by using gradient descent
strategies. Therefore, the overall optimization turns out computationally efficient. Using
markov chain monte carlo techniques, the method is extended to incorporate additional
sensors. Apart from the choice of identification method, the set of chosen signals to use
in the identification will determine the covariance of the estimated modules. To chose
these signals, well known expressions for the covariance matrix could, together with
signal constraints, be formulated as an optimization problem and solved. However, this
approach does neither tell us why a certain choice of signals is optimal nor what will
happen if some properties change. The expressions developed in this part of the thesis
have a different flavor in that they aim to reformulate the covariance expressions into a
form amenable for interpretation. These expressions illustrate how different properties
of the identification problem affects the achievable accuracy. In particular, how the
power of the input and noise signals, as well as model structure, affect the covariance.
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Sammanfattning

Systemidentifiering används för att skatta en modell av ett dynamiskt system genom att
anpassa modellens parametrar utifrån experimentell mätdata inhämtad från systemet
som ska modelleras. Systemen sommodelleras tenderar att växa sig så omfattande i skala
och så komplexa att direkt modellering varken är genomförbar eller önskad. I många
fall går det komplexa systemet att beskriva som en komposition av enklare linära system
(moduler) sammakopplade i något vi kallar dynamiska nätverk. Uppgiften att modellera
hela eller delar av nätverket kan därmed brytas ner till deluppgiften att modellera en
modul i det dynamiska nätverket. Det vanligaste sättet att skatta parametrarna hos en
model är genom att minimera det så kallade prediktionsfelet. Den här typen av metod
har nyligen anpassats för att identifiera moduler i dynamiska nätverk. Metoden åtnjuter
goda egenskaper vad det gäller det modelfel som härrör från stokastisk störningar under
experimentet och i de fall där störningarna är normalfördelade sammanfaller metoden
med maximum likelihood-metoden. En nackdel med metoden är att functionen som
minimeras vanligen är inte är konvex och därmed riskerar metoden att fastna i ett lokalt
minimum. Det är därför essentiellt med en bra startpunkt. Andra metoder krävs därmed
för att hitta en startpunkt, till exempel kan instrumentvariabelmetoder användas. I den här
avhandlingen föreslås en alternativ metod kallad MORSM. MORSM är motiverad med
argument hämtade från maximum likelihood och är också asymptotiskt effektiv i vissa
fall. MORSM består av steg som kan lösas med minstakvadratmetoden och är därmed
beräkningsmässigt attraktiv. Den del av nätverket som är utan intresse skattas enbart
ickeparametriskt vilket underlättar valet av modellordning för användaren. En annan
utgångspunkt tas i den andra metoden som föreslås för att skatta en modul inbäddad
i ett dynamiskt nätverk. Impulssvaret från den del av nätverket som är utan intresse
modelleras som realisation av en Gaussisk process. Medelvärdet och kovariansen hos den
Gaussiska processen parametriseras av en mängd parametrar kallade hyperparametrar
vilka skattas tillsammans med parametrarna för modulen. Parametrarna skattas genom
att maximera den marginella likelihood funktionen. Optimeringen utförs iterativt med
ECM, en variant av förväntan och maximering algoritmen (EM). Algoritmen har två
steg. E-steget har en analytisk lösning medan CM-steget reduceras till delproblem som
antingen har analytisk lösning eller har låg dimensionalitet och därmed kan lösas med
gradientbaserade metoder. Den övergripande optimeringen är därmed beräkningsmässigt
attraktiv.Med hjälp avMCMC tekniker generaliserasmetoden till att inkludera ytterligare
sensorer vars impulssvar också modelleras som Gaussiska processer. Förutom valet
av metod så påverkar valet av signaler vilken nogrannhet eller kovarians den skattade
modulen har. Klassiska uttryck för kovariansmatrisen kan användas för att optimera
valet av signaler. Dock så ger dessa uttryck ingen insikt i varför valet av vissa signaler är
optimalt eller vad som skulle hända om förutsättningarna vore annorlunda. Uttrycken
som framställs i den här delen av avhandlingen har ett annat syfte. De försöker i stället
uttrycka kovariansen i termer som kan ge insikt i vad som påverkar den nogrannhet
som kan uppnås. Mer specifikt uttrycks kovariansen med bland annat avseende på
insignalernas spektra, brussignalernas spektra samt modellstruktur.
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CHAPTER 1
INTRODUCTION

Many complex systems can at some level be analyzed or described by interconnections
of simpler systems. Examples can be found in diverse disciplines, such as Biology (del
Vecchio et al., 2008), Cognitive Sciences (Quinn et al., 2010), Economics (Materassi and
Innocenti, 2009). Many complex systems that can be described as an interconnection of
dynamical systems are systems which are spatially distributed, as is the case in for instance
power systems (Chow and Kokotovic, 1985), autonomous vehicles (Ren and Beard, 2008)
or Geology (Bailly et al., 2006). Models of these complex systems are vital in order to
understand, analyze and control these systems.

1.0.1 Purpose of modelling

A model is an abstraction of the real world that tries to capture the behaviour of a system
in some sense. As an abstraction, its aim is to accurately describe relevant behaviour and
obscure uneccesary complexity. What is relevant and what is irrelevant is determined by the
purpose of the model and the modelling effort should reflect the intended use of the model
(Ljung, 1999). There are many differerent purposes for models and we will list a few here,
and later, come back the purpose of also modelling the structure of a system.

Prediction: A model can be used to predict the future behaviour of a system, e.g., a model
can be used to predict the price of a stock or predict the weather in the (near) future.

Simulation: A model can be used to simulate the behaviour of a system under different
conditions allowing experiments, which may be costly, to be performed on the model
instead of the actual system. We may also train system operators on a model before
handling the real system, for instance letting pilots land their aircrafts in simulation
before attempting it in harsh weather.

System design: A model can be used for analyzis and design. From a model of a system,
we can extract important features such as pole locations or nonminimum phase zeros
and design controllers to effectively control the system behaviour. We could also

1



2 CHAPTER 1. INTRODUCTION

realize that controlling the system in its current form is hard and that it should be
redesigned instead.

Measurement: A model can be used to estimate unmeasured variables of a system. For
instance, in navigation, dead reckoning calculates ones current position from a previous
position and velocity information. The same principle is applied when driving into a
tunnel and the GPS signal is lost.

Diagnosis: A model can be used to track the behaviour of a system. By comparing the
observed behaviour with what the model predicts, unexpected behaviour, e.g., due to
equipment malfunctioning, can be detected.

1.0.2 Motivating examples

As there are many purposes of models, there are also many types of models. We are
concerned with a special type of model, one in which dynamical systems are interconnected
in a structure. Many systems are naturally modelled as simpler systems interconnected in a
structure. For example, neurons are the basic building block of the nervous system, each
neuron is interconnected with other neurons and structured models are used to describe the
causal relationship when neurons transmit (Quinn et al., 2010). Other eamples of systems
that naturally can be modelled as networks include drainage networks (Bailly et al., 2006),
power systems (Chow and Kokotovic, 1985), distributed control of multiagent systems
(Dimarogonas et al., 2012; Olfati-Saber et al., 2007). We will look at a few examples in
greater detail to exemplify how they can be modelled as networks of dynamical systems.

1.0.3 Water supply system

The water supply systems is an engineering system that nicely fits the description of systems
interconnected in a structure. The water supply system is a network of components that
together provide water to consumers (which may be residential, industrial, commercial
or governmental institutions). We consider pressure control of the pipe network, which
transfers water to the consumers from the set of supply nodes, which could be for example
water purification facilities or water storage facilities. The goal of the pressure controller is
to have enough pressure in each node of the network to supply sufficient amount of water to
consumers in the network. At the same time, water is a scarce resource in many parts of
the world, and high pressure increases the risk of pipes breaking and increases the amount
of leaking water. Furthermore, considerable amount of energy can be saved with efficient
pressure control. Thus, proper management of the pressure in the network is needed for safe
and effective operation of the network. The system can be modeled as a set of pipes, storage
tanks, consumer nodes and supply nodes. The pipes transport the water between different
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nodes in the network. We can describe the dynamics of a tank in the network as
V̇i =

∑
j∈i

qij

qij =
(pi − pj

Rij

)1∕a
,

where V _i is the volume in the tank located in node i, qij is the flow of water in the pipe
between nodes i and j, pi is the pressure at node i, i is the set of neighbors of node i, a isthe flow exponent and Rij is the resistance coefficient. If the pressure can be controlled in a
node i, we consider the pressure pi a control input, otherwise it is modeled as determined by
the pressure at neighboring nodes.

1.0.4 Flotation plant

The second example of a dynamic network is concentration of ore, using froth flotation.
Froth flotation is a process that is used to separate hydrophobic from hydrophilic materials
and is common in processing industries. In the flotation plant, the objective is to separate
the valuable mineral from ore, while minimizing the amount of undesired minerals in the
extracted concentrate. At the same time, as much of the mineral as possible should be
harvested. Thus, the residual tailings should mainly be composed of finely ground waste
rock. In a flotation cell, froth flotation is done by adding certain chemical reagents to render
the desired mineral hydrophobic, so that air bubbles lift the mineral. The resulting froth
layer is then skimmed to produce the concentrate. Normally a flotation process consists of
several flotation cells connected in cascade together with cyclones, mills, and mixing tanks
as seen in the schematics of a typical plant in Figure 1.1. The plant can be described as a
network composed of interconnected systems with simple dynamics.

Steam pressure control

Industrial power plants are often equipped with several parallel boilers with controlled
and close to constant loads. Together they produce steam at high pressure that will be
used in the plant. However, steam is consumed at intermediate and low pressure in one
intermediate pressure (IP) header and one low pressure (LP) header respectively, with rapid
and large variations in consumption (Majanne, 2005). In the middle a set of back pressure
turbines feed the IP header and LP header appropriate amounts of steam respectively. In
order to control the pressure in the IP header and LP header, it is necessary to accurately
control the pressure in the high pressure (HP) header as well. The boilers should, for energy
effectiveness, operate at close to constant loads. Therefore, an accumulator tank is used to
handle the rapid fluctuations in load. When the demand for steam is low, the accumulator
tank may store steam, as long as its internal pressure is less than the pressure in the IP header.
When demand is high, the steam tank may discharge steam into the LP header as long as the
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Figure 1.1: Schematic of a floatation plant with several cascades of flotation cells. (Image
courtesy of ABB).

steam tanks internal pressure is higher than the pressure in the LP header. The plant can
be modeled as in Figure 1.2, where neither the demand nor the feedback structure of the
control system has been modeled.

fuel
Boiler

IP

...
... Σ

HP
Turbine Turbine Σ

LP

fuel
Boiler

Steam tank

Figure 1.2: Steam pressure control model.
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1.1 Motivation of structured models

The main point of this chapter is to motivate why we should care about representing the
structure as well as the dynamics. What is it that makes it worthwile to take the structure into
account? However, framing the question this way is socially biased. In systems theory we
are used to abstract away the physical detail of the system under investigation and represent
it in the most convenient representation, be it the impulse response, transfer function or
states space representation. Each representation preserves the input to output relation and a
rich theory and powerful toolset enables us to predict, analyze and design systems (see e.g.
Kailath, 1979; Åström and Murray, 2008). An integral part of this theory is the ability to
interconnection subsystems in intricate structures, and analyze the composition. Moreover,
this toolset also includes tools that allow us to design feedback controllers of uncertain
systems. Thus, from an estimated model of the system dynamics we can use the model for a
wide range of purposes. From a system identification perspective, this means that, for many
purposes, characterising the input output relationship is the end goal. Therefore, we will
spend some time on the purpose of modelling and its relation to structure, different types of
structure and what additional benefit we can achieve by taking structure into account. We
start by mentioning a list of a few reasons of keeping the structure in mind.

Understandability: A network of simple systems can make for a truly complex system.
Deconstructing the complex system as composed of interconnected simpler system
can make the system easier to understand. Each of the individual simple systems can
be understood, analyzed and verified. It is also possible to zoom out by bundling
groups of highly connected systems together and thus focus on a higher level in a
hierarchy of possible levels of detail. This enables vizualization of different aspects
of the complex system.

Curse of dimensionality: When the size of the network increases, several types of con-
straints may render it unpractical or even infeasible to handle all the measurement data
from the system all at once at one location. First of all, for many problems with large
dimensions, usually referred to as Big Data, the amount of data may not easily fit on
one computer. Secondly, if the system is distributed in space, e.g., the power system,
sending the data over long distances might be associated with a cost, introducing delay
and vulnerabilities to the system. If we respect the structure of the system, we can
use local models that only require part of the data and solve problems in a distributed
and parallel manner.

Controller design: In control design, delays can often be of higher priority than model
errors, since feedback can compensate for model errors, in many cases (Bakule, 2008).
From the discussion on the curse of dimensionality, a decentralized controller which
relies on local computations and local data will, in general, have less delays. How to
design decentralized control laws has a rich theory (Siljak, 2011). Also approaches
which design decentralized controllers based on the signal structure of a system has
been proposed (Rai and Warnick, 2013).
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Attack modelling: If an adversary would like to disrupte a system, he would naturally
prefer to remain undetected. Any attacker, if he would like to remain undetected, need
to respect the structure of the model of the system, i.e., the attacker need to disrupt
the normal operation of the system and at the same his attack should not conflict
with what the model predicts of the system, because then the attack will be detected.
Structural information in the model is providing constraints on how an attacker can
affect the system without being detected. The assumption is that a coordinated attack
involving several parts of the network is harder and more involved.

Vulnerability analysis: Engineered systems such as the power grid, communication sys-
tems and water transportation network provide essential service for our society and
disturbances in these networks can have severe consequences. Ideally, a system should
continue to operate close to normal operation in case some part of the network fails.
The structural information of a system can be used to analyze how vulnerable the
system is to individual failures. For example, how resilient is the power transmission
system to power line failures (Holmgren, 2006).

Adaptability: The larger a system gets, the more likely it is that some part of it will change.
Some equipment dynamics may change due to age, wear and tear, or due to being
updated. In multi agent systems, agents may join and disconnect from the network
at any time. Then, there is an advantage if minor local changes in the system can
be captured by local updates of the model. Especially, if (re)-identification of the
complete system is expensive.

1.1.1 Obeying the physics

From a physical modelling perspective, there is an argument to model interconnection
of subsystem as variable sharing (Willems, 2007). For example, an elementary circuit of
passive components can naturally be thought of as a network. We might remember Kirchoff’s
current law which states that the sum of the currents going into a node should be zero. There
is a symmetry to this law; every current is treated equally. The law simply states that the
variables (currents) related to the interconnected passive components are set equal. It is not
apriori apropriate to say that any one of the currents is the cause of the others.
The argument made in Dankers (2014), is that, once a voltage source is connected to the
circuit, the voltage source drives the currents of the circuit to be nonzero, then it is natural
to think of the voltage of the voltage source as the input driving the currents which we
choose to model as outputs. In essence it makes sense of thinking of the system as a transfer
function mapping the input signal (voltage) to output signals (currents). Identifying the
transfer function or any other representation of the relationship between input and output is
the traditional focus of system identification and a rich litterature exist on different methods,
how to design inputs as well as a theory on how accurate we can expect the models to be.
While models relating the causal dependence between signals through transfer function are
useful, care should be taken when making claims about the underlying physical system.
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1.1.2 Subsystem structure representation

The closed loop transfer function is a compact and unique representation of the input output
map and can serve many purposes. However, many different connections of subsystems
may generate the same transfer function. In fact, there is no structural information of how
subsystems are interconnected in the closed loop transfer function. The actual connection of
subsystem that correctly models the mechanism which the system acheives its behaviour,
denoted as the complete computational structure (Yeung et al., 2010), cannot be inferred
from partial measurement of the states of the system. The naive solution would be to probe
every state of the system, i.e., measure everything and everywhere, to obtain the complete
computational structure. This solution is certainly not practical, and in most cases not
feasible.

1.1.3 Signal structure representation

The signal structure models the causal dependence between the measured signals available
as a graph where each edge models the causal dependence between two signals and the
signals are the nodes of the graph. One should not interpret the signal structure as the
interconnection of subsystems. However it reveals the open loop casual depence among
the measured variables. Identifying this structure is a lot easier than the correct subsystem
structure. There are two main bodies of literature that study the causal dependence of signals,
Granger causality and the Causal inference.
Granger causality informally says that X is causing Y if we are better able to predict the
future of Y using all available information, than if we would not include the information in
X (Granger, 1963). Causality is thus defined in terms of predictability; which naturally is
not an acceptable definition of causation in most scientific fields. This conflict is also visible
in the example in Section 1.1.1 and in the litteratur on Causal influnce (Pearl, 2000).
Models employed in Causal inference are based on Bayesian Networks (Pearl, 1988). One
limitation in this framework is that there is no notion of time. Another limitation with
Causal inference is that it only contains a comprehensive theory for acyclic models, i.e.,
models without feedback loops (see e.g., Pearl (2000)). However, there are recent efforts
to extend the framework to the cyclic case (see e.g., Mooij et al., 2011; Hyttinen et al.,
2012; M. Schmidt and Murphy, 2009). While models based on causal inference currently
lack a developed treatment of feedback loops and notion of time, the underlying Bayesian
framework has been used in connection to modelling based on Granger causality (Chiuso
and Pillonetto, 2010; Aravkin et al., 2011; Chiuso and Pillonetto, 2012). This thesis will
work with Granger causality, and sometimes use the Bayesian framework.
Within the literature based on Granger causality there are many proposed model structures
due to different assumptions on how the signals are generated, what signals are available
and the presence of noise. We will try to give an overview of a few types of models, by no
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means comprehensive, to try to give a flavor of the different formulations and try to connect
them.
A Directed information graph is a graph relating signals through the concept of direct
information (Marko, 1973; Massey, 1990), which is an information theoretic version of
Granger causality. In a Directed information graph, nodes represent the signals as random
processes and directed edges denotes wheter there is direct information from one process
to another. Another related concept is that of Minimal generative model graphs, which are
graphs of factorizations of the joint probability density of the signals of minimal degree.
The Minimal generative model graph may be nonunique or not even exist. However, under
some minor conditions on the joint distribution, the Minimal generative model graph is
equivalent to the Directed information graph (Amblard andMichel, 2010; Quinn et al., 2011).
The Directed information graph, on the other hand, always exists and is unique. When
estimating the Directed information graph, the main challenges is the practical difficulty
of estimating direct information and devising statistical tests for determining when there is
direct information between two signals (Amblard and Michel, 2010).
There are also significant contributions that take a system theoretic framework. In this
setting there are three different classes of models that differ mainly in the assumptions on the
available signals, i.e., the availability of known signals and assumptions on the noise affecting
measured signals. Slight variations of these models appear in the literature. However, we
will briefly relate these three models to each other. We have changed the notation compared
to how they are presented in the literature to show their similarities. Hopefully, this will aid
in putting the contributions made in the literature in context.
The first type of model, the linear dynamical graph (LDG) considers models without known
reference signals, the model is thus completely driven by noise:

w(t) =

⎡⎢⎢⎢⎢⎢⎣

0 G12(q) … G1m(q)
G21(q) 0 … G2m(q)
⋮ ⋱ ⋮

Gm1(q) Gm2(q) … Gmm(q)

⎤⎥⎥⎥⎥⎥⎦

w(t) + v(t).

The internal variables w(t) are driven by the unknown noise process v(t). The internal
variables w(t) are considered the nodes in the graph and nonzero modules Gij(q) representsedges. When all modules are causal (strictly proper) transfer functions, the LDG and the
directed information graph are the same, i.e., they share the same set of vertices (Etesami
and Kiyavash, 2014). A module Gij(q) is identically zero if and only if there is no directed
information, in other words, Gij(q) = 0 if wi is causally independent of wj given the other
internal variables.
The dynamical structure function (DSF), on the other hand, is developed in a nonstochastic
setting (Goncalves et al., 2007; Yeung et al., 2010; Yeung et al., 2011). The DSF can be
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described by the following set of equations,

w(t) =

⎡⎢⎢⎢⎢⎢⎣

0 G12(q) … G1m(q)
G21(q) 0 … G2m(q)
⋮ ⋱ ⋮

Gm1(q) Gm2(q) … Gmm(q)

⎤⎥⎥⎥⎥⎥⎦

w(t) + R(q)r(t),

where r(t) is a known reference signal. The DSF is defined as the set (G(q), R(q)), where
G(q) captures the causal dependencies between the internal variables w(t). The closed loop
transfer function from r tow is given by (I−G(q))−1R(q). In Goncalves andWarnick (2008)
conditions were derived when it is possible to reconstruct R(q) and G(q) from knowledge
of the closed loop transfer function, e.g., when R(q) is diagonal it is possible to reconstruct
(G(q), R(q)) from (I − G(q))−1R(q). In Y. Yuan et al. (2015), a technique for retrieving a
minimal state-space representation from a DSF were presented.
Lastly, the model structure that we will consider in this thesis is dynamic networks (Van den
Hof et al., 2013; Dankers et al., 2016; Weerts et al., 2015). The dynamics for the internal
variablesw(t) is the same as for the DSF withR(q) often taken as the identity matrix. Similar
to LDG, there is also a noise source v(t) that excites the system. Measurements are collected
as w̃(t) with additive noise e(t). The dynamics and measurements are thus described by

w(t) =

⎡⎢⎢⎢⎢⎢⎣

0 G12(q) … G1m(q)
G21(q) 0 … G2m(q)
⋮ ⋱ ⋮

Gm1(q) Gm2(q) … Gmm(q)

⎤⎥⎥⎥⎥⎥⎦

w(t) + R(q)r(t) + v(t),

w̃(t) = w(t) + e(t)

1.2 Identification in systems with structure

We will now review parts of the literature of identification in systems with structure. We
consider the literature divided in three distinct topics; identification of the structure of the
network, i.e., the set of edges that are present; identification of the whole network; and
identification of a specific module in the network. Here we will restrict the focus to the
literature regarding the signal structure respresentation of a network. We will not cover
the literature based on directed information to infer the topopoly because of the practical
difficulty of estimating direct information and the contrbutions of this thesis is grounded
in the system theoretic framework of dynamic networks. How to relate a physical system
to some simpler model structure while still being able to identify some important physical
properties is important, but will not be covered. One approach to this problem is Grey-box
modelling; to give an example, in Linder (2014), a state space representation based on
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physical modelling is carefully discretized and a tuned parametrization of the closed loop
transfer function is identified. From the transfer function estimate a subset of the physical
parameters can be estimated, and a multistep approach is suggested to increase the set of
identfiable parameters.

1.2.1 Topology detection

Detecting the set of edges in the graph is a difficult problem for large networks, especially
when there are no known reference signals, as is the case for LDGs. Many of the approaches
to identify the topology of the netwok assumes some kind of sparsity, i.e., that each internal
variable only causally depends on a few other internal variables. Seneviratne and Solo
(2012a) and Seneviratne and Solo (2012b) considers the l0 norm using Laguerre basis
functionmodels. Adebayo et al. (2012) andGoncalves andWarnick (2008) derives conditions
when the DSF can be reconstructed from knowledge of the closed loop transfer function.
Based on this, Y. Yuan et al. (2011) proposes the l0 norm to reconstruct the DSF. Convex
relaxations such as the l1 norm is used in Napoletani and Sauer (2008) and Timme (2007) to
identify the complete network. In least absolute shrinkage and selection operator (LASSO)
(Tibshirani, 1996) type of methods, the l1 norm is used as a constraint on the connectivity,
see e.g., Julius et al. (2009) where finite impulse response (FIR) models are used. M. Yuan
and Lin (2006) introduced the group LASSO (gLASSO) extension to Tibshirani’s LASSO.
While the LASSO penalizes the l1 norm of the coefficient vector, the grouped Lasso divides
the coefficient vector into predetermined sub-vectors and penalizes the sum of the l2 norms
of the sub-vectors. Using compressed sensing and modules modelled using FIR models,
Sanandaji et al. (2012) and Sanandaji et al. (2011) presents a method to recover the topology
of the network. A compressed sensing approach is also taken in Hayden et al. (2016)
with a special focus on designing experiments to ensure reconstruction of the network. A
nonparametric approach based on variations of Wiener filtering are presented in Innocenti
and Materassi (2008), Materassi and Innocenti (2010), Materassi and Salapaka (2012),
and Materassi et al. (2011). A compressed sensing approach, based on a sparse Wiener
filter is presented in Materassi et al. (2013). In Torres (2014) and Torres et al. (2014), the
modules of a directed acyclic network, i.e. without feedback, are modeled using states space
models and the topology is identified using subspace methods. Also in a state space setting,
Shahrampour and Preciado (2015) assumes that control can be applied to the network to
drive internal variables to zero and the topology recovered from power spectral density
estimates. Bottegal and Picci (2014), Bottegal and Picci (2015), and Bottegal and Pillonetto
(2013) identifies a special type of complex system where a flocking component is present in
the the description of the signals of the system. This flocking component can be viewed as a
low-dimensional unmeasured input to the system.
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1.2.2 Identification of the whole network

For very large networks there is a line of research that tries to identify the whole network
when the interconnection structure is known. To do so, assumptions are often made on
the network, either that it is composed of identical modules or that modules arise from
discretizations of spatially distributed systems where the modules are only connected to a
few neighbors. This structure is motivated by practical applications were partial differential
equations have been discretized, for example heat conduction or flexible structures. Since
the objective is to identify large networks, the focus is on algorithms that scale well with the
number of modules, which traditional methods do not. The assumption that the modules are
identical is made in Massioni and Verhaegen (2008) and Massioni and Verhaegen (2009).
In M. Ali et al. (2009), M. Ali, A. Ali, Abbas, et al. (2011), M. Ali, A. Ali, Chughtai,
et al. (2011), and M. Ali, Popov, et al. (2011), more complex noise structures, parameter
varying modules, as well as the closed loop case are considered. Using a special type of
matrices, called Sequentially Semi-separable matrices, a linear scaling in time complexity
is achieved (van Wingerden and Torres, 2012; Torres, 2014). Any matrix can be written in
this form; however, if the order of the Sequentially Semi-separable matrices grows large,
the nice scaling in the number of modules is lost. Under the assumption that the systems
only interact with spatially close neighbors, Haber and Verhaegen (2012) and Haber and
Verhaegen (2014) propose a distributed algorithm to efficiently estimate all modules. An
approach based on the Alternating Direction of Multipliers is presented in Hansson and
Verhaegen (2014), which can be implemented in a distributed manner.

1.2.3 Identification of a module

The main interest in this work is to identify a module or a set of modules in the network.
Recently, this topic has gained popularity (see e.g., Chiuso and Pillonetto, 2012; Dankers,
Van den Hof, Bombois, and P. S. Heuberger, 2013; Dankers, Van den Hof, and P. S. C.
Heuberger, 2013; Dankers, Van den Hof, Bombois, and P. S. C. Heuberger, 2014; Gunes
et al., 2014; Materassi and Salapaka, 2015; Van den Hof et al., 2013; Galrinho et al., 2015b).
Also in this case the interconnection structure is assumed known. To estimate a transfer
function in the network, a number of methods have been proposed. Some have been shown
to give consistent estimates (Dankers, Van den Hof, Bombois, and P. S. Heuberger, 2013;
Dankers, Van den Hof, and P. S. C. Heuberger, 2013), provided that a certain subset of
signals is included in the identification process. In these methods, the user has the freedom
to include additional signals. However, little is known about how these signals should
be chosen, and how large the potential is for variance reduction. In Van den Hof et al.
(2013), under the assumption that there is no measurement noise, the direct method and
joint input-output method (Ljung, 1999) are generalized and conditions are given under
which the methods give consistent estimates. The conditions are that the noise signals are
mutually uncorrelated and uncorrelated with the reference signals. The spectral density of
the measured internal variables should be positive definite (persistence of excitation) and
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both the model set for the modules and noise models have to be flexible enough to capture the
true system. The two-stage method and the instrumental variable (IV) method (Ljung, 1999)
are also generalized in Van den Hof et al. (2013). However, in contrast, these methods rely
more on the external reference signals. The persistence of excitation condition in this case
concerns the spectral density of the measured internal variables projected onto the reference
signals. The condition is that the spectral density of the projected internal variables needs
to be positive definite. The benefit is that it is not necessary to include noise models. Some
flexibility in how to choose the set of signals to use in the predictor is introduced for the
direct method in Dankers, Van den Hof, and P. S. C. Heuberger (2013) and for the two-stage
method in Dankers, Van den Hof, Bombois, and P. S. Heuberger (2013). Conditions are
given on the set of signals in order to achieve consistency. Sensor noise is added to the
framework in Dankers, Van den Hof, Bombois, and P. S. C. Heuberger (2014) and three
generalizations of the basic closed-loop instrumental variable (BCLIV) method of Gilson
and Van den Hof (2005) are presented. When there are no external signals available, i.e.,
in the case of LDGs, (Dankers et al., 2015) generalizes error-in-variables techniques. In
the same setting, (Materassi and Salapaka, 2015) derives conditions on the structure of the
topology under which it is possible to recover the module dynamics from a Wiener filter.
The method in Dankers et al. (2015) places some restrictions on the noise which may be
restrictive. However, the noise restrictions may be loosened by high order noise modelling.
A fully non-parametric approach has been proposed by Dankers and Van den Hof (2015);
the method proposed by Pintelon et al. (2010a) and Pintelon et al. (2010b) can also be used
in this scenario, where a semi-parametric approach is taken—the noise model is captured by
a high order model and the plant model of interest is parametric.
Linder and Enqvist (2016) extends several of the mentioned methods by introducing a
framework to handle inputs that are unknown and only indirectly measured by their effect
on other signals in the system. Similar to what was done by Goncalves and Warnick (2008)
for DSFs, Weerts et al. (2015) derives conditions how structural information, external signal
properties and disturbance signal properties determines if topology and dynamics can be
distinguished when the disturbance is full rank. Weerts et al. (2016) extends the results to
non full-rank disturbances. The analysis of the accuracy of the presented methods is less
developed than the consistency analysis. Before discussing what has been done in is this
regard, we will take a step back, and discuss how the accuracy of a model can be analyzed.
We will come back to this issue towards the end of this section.

1.3 Model accuracy

Depending on which method we use, we have to include some measurements and inputs to
achieve consistent models. However, consistency is not the whole story. In order for us to
trust a model that our identification algorithm gives us, we need some kind of guarantee
that the model lies sufficiently close to the true module. To analyze the accuracy, mainly
two approaches are possible, either the error sources are regarded as stochastic or they are
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regarded as deterministic. Considering the errors as stochastic leads to confidence regions
of the model error (see e.g., Goodwin and Payne (1977), Söderström and Stoica (1989), and
Ljung (1999)). In the deterministic case, hard bounds on the model error can be given in the
frequency domain or in the time domain (see e.g., Milanese and Vicino (1991), Milanese
and Novara (2011), Wahlberg and Ljung (1992), and Ninness and Goodwin (1995)).

1.3.1 Confidence ellipsoids

This thesis takes the classical stochastic approach where we describe the accuracy of the
estimated parameters �̂ as confidence ellipsoids around the true system parameters �o. This
is motivated by that, under reasonable assumptions (see Ljung (1999) for details), as the
number of measurementsN grows large, the random variable√N(

�̂ − �o
) converges in

distribution to a Gaussian random variable with zero mean and covariance matrix P . For
finite data, the covariance matrix is approximated as

Cov
{
�̂ − �o

}
≈ 1
N
P . (1.1)

In some cases, we may not be interested in the model parameters themselves, but in some
system theoretic property J , e.g., the frequency response function or the poles of the system.
Assuming sufficient smoothness of J (with respect to the parameters �) and bounded
moments of sufficiently high order of the noise, it follows that

√
N(J

(
�̂N

)
− J (�o)) ∈ (

0,AsCov
{
J
(
�̂N

)})
, asN → ∞ (1.2)

where, using Gauss’ approximation formula (also known as the delta method (Casella and
R. Berger, 2002)) (Ljung, 1999), it can be shown that AsCov{J(�̂N

)} in (1.2) is given by
AsCov

{
J
(
�̂N

)}
= ∇J ∗(�o)P∇J (�o). (1.3)

1.3.2 Motivation of asymptotic results

The asymptotic covariance is based on an assumption that the amount of input-output
data available tends to infinity. The assumption is that for large enoughN , (1.2) provides a
reasonable approximation. In Garatti et al. (2004), some answers on when this is a reasonable
assumption are given. Non-ellipsoidal confidence regions are considered in Bombois et al.
(2009), which seem to give better approximations for smallN , but are still based on a large
number of samples. An interesting approach for non-asymptotic confidence regions has
been developed in Campi and Weyer (2005), Campi and Weyer (2010), Csaji et al. (2012),
Csáji et al. (2012), and Kolumbán et al. (2015). From this approach, promising methods
based on hypothesis testing are emerging, which provide non-asymptotic confidence regions
under mild assumptions on the noise distribution (Csaji et al., 2012; Csáji et al., 2012;
Kolumbán et al., 2015). In Csaji et al. (2012) and Csáji et al. (2012), the noise terms are
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assumed independent and symmetrically distributed around zero, and in Kolumbán et al.
(2015) it is shown that the symmetry requirement may be replaced by exchangeability. The
non-asymptotic case is also considered in (Douma, 2006; Hjalmarsson, 2005).

1.3.3 Parameter accuracy

The covariance matrix P in (1.3) has a long history of study. Early on, it was realized that
some scalar measures of the covariance matrix P , e.g., the determinant of P and weighted
trace Tr{WP }, grow with the model order, see for example Box and Jenkins (1976) and
Gustavsson et al. (1977). Some more recent results can be found in Forssell and Ljung
(1999), Agüero and Goodwin (2007), Bombois et al. (2005), and Agüero and Goodwin
(2006). In these contributions, it is analyzed in which settings open loop or closed loop
identification is optimal, e.g., it is shown that under input constraints open loop identification
is preferred (Agüero and Goodwin, 2006), while under output power constraints, typically
closed loop is better (Agüero and Goodwin, 2006).

1.3.4 Frequency function estimate

Assuming that  ∈, the classical open loop variance approximation
AsCov

{
G
(
ej!, �̂N

)}
≈ n
N
�v(!)
�u(!)

, (1.4)
was derived in Ljung (1985). This expression tells us that the variance of the estimated
frequency response function Ĝ, evaluated at the frequency !, depends on the noise spectrum
to signal spectrum ratio at that frequency. The variance increases linearly with the model
order n. The result (1.4) is only valid when both n andN go to infinity. For finite model order,
the expression can be quite misleading. Refinements of (1.4) can be found in Hildebrand
and Gevers (2004), Hjalmarsson and Ninness (2006), Ninness and Hjalmarsson (2004), Xie
and Ljung (2001), Xie and Ljung (2004), and Wahlberg et al. (2012). Variance expressions
that are exact for finite model order are derived for some model structures in Xie and Ljung
(2001), Xie and Ljung (2004), Ninness and Hjalmarsson (2004), and Hjalmarsson and
Ninness (2006) and expressions for spectral estimates of AR Models are presented in Xie
and Ljung (2004). For closed loop identification, variance expressions that are exact for finite
model order are derived in Ninness and Hjalmarsson (2005a) and Ninness and Hjalmarsson
(2005b). It is also known that the variance of the frequency response function satisfies a
waterbed effect, similar to the Bode integral (Rojas et al., 2009).

1.3.5 Geometric approach

The geometric approach, the main analysis tool used in the second part of this thesis,
was developed in Hjalmarsson et al. (2011), where the asymptotic variance of a smooth
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function of the model parameters is expressed as an orthogonal projection onto the subspace
spanned by the predictor error gradient (see also Mårtensson (2007)). The importance of this
subspace, and the geometric properties of prediction error estimates were first recognized
in a series of papers (Ninness and Hjalmarsson, 2004; Ninness and Hjalmarsson, 2005a;
Ninness and Hjalmarsson, 2005b). The geometric analysis has since been applied to analyze
different settings: In Mårtensson and Hjalmarsson (2009) the variance of identified poles
and zeros are quantified and it is shown that non minimum phase zeroes and unstable
poles can be estimated with finite variance, even when the model order tends to infinity; in
Hjalmarsson et al. (2011) the difference in variance between the error-in-variables setting
compared to when the input noise is zero is studied; when the minimum variance controller
is the optimal experiment for closed loop identification is addressed in Mårtensson and
Hjalmarsson (2011); some results on optimal and robust experiment design are presented
in Mårtensson and Hjalmarsson (2011). The geometric approach has also been applied to
MISO systems (Ramazi et al., 2014).

1.3.6 Multiple input multiple output (MIMO) results

There are far less results that consider the variance of MIMO system estimates. The paper
Agüero et al. (2012) shows that the variance of the parameter estimates satisfies a waterbed
effect. For fixed denominator models, it is not possible to simultaneously minimize both
the bias error and the variance error at a particular frequency (Ninness and Gómez, 1996).
In Bazanella et al. (2010), it is established that it is not necessary to excite all inputs in
closed loop control of MIMO systems, provided the controller is sufficiently complex and
the noise is sufficiently exciting. It is however preferable to excite all inputs at the same time
in MIMO identification (Mišković et al., 2008).

1.3.7 Accuracy in identification of a module

There are but a few results that try to quantify the variance of different methods when a
module in a network is estimated. In general, the available results are restricted to special
cases of networks, in order to be able to say something meaningful. Cascaded modules are
such a special case considered inWahlberg et al. (2009). Themain result is that measurements
downstream do not improve the variance of the estimate of the first module, if the modules
are identical and have the same parametrization. Cascaded modules are also considered
in Chapter 6. In Hägg et al. (2011), a generalization of cascade modules is considered.
Here, the effect of sensor placement, input spectrum, and common dynamics is considered.
The same structure is considered in Chapter 7, where high order models are used for some
of the modules. In a MISO system setting, the paper Gevers et al. (2006) studies which
parameters are identified with decreased variance when an input signal is added (the added
input is considered to be zero to start with). For MISO systems, it is shown in Ramazi
et al. (2014) that the estimation accuracy decreases when inputs are correlated, and it is
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shown how this effect depends on the correlation structure and the model structure. The
above contributions all consider a direct approach. A technique to reduce the variance of
a two stage method is presented in Gunes et al. (2014). The two step method first tries to
obtain estimates of the inputs to the module of interest, and in a second step the module of
interest is estimated (Van den Hof et al., 2013). The main idea in Gunes et al. (2014), is to
simultaneously minimize the prediction error of the two steps in the two step method. This
leads to a variance reduction compared to the two stage method, however, it is not clear how
large the reduction will be. How to design identification experiments in dynamic networks
is considered in Bombois et al. (2016).

1.4 Regularization and Bayesian system identification

Regularization is used extensively in several fields, e.g. in functional-approximation (Wahba,
1990), applied statistics, and machine learning (Hastie et al., 2009; Bishop, 2006). Reg-
ularization techniques have recently been introduced into the system identification field
as a different approach to system identification (Nicolao and Pillonetto, 2008). Instead of
searching for the true system within a finite model structure, e.g., FIR models, regularization
methods search for the system impulse response within an infinite-dimensional hypothesis
space. The intrinsical ill-posedness of the problem is circumvented by imposing specific
properties (e.g. smoothness or sparsity) on the estimated impulse response. The approach
also admits a Bayesian interpretation (Rasmussen and Williams, 2006). Regularization has
its mathematical foundation in reproducing kernel Hilbert spaces (Aronszajn, 1950). One
of the key features of regularization is the definition of a so-called kernel which encodes
prior information on the unknown system’s impulse response. Special care has to be taken
in system identification about which kernels to use since the kernels should encode that the
impulse response is stable and possibly smooth (Pillonetto et al., 2014). Several different
kernels for use in system identification has been proposed, e.g., the stable spline kernels
(Pillonetto and Nicolao, 2010) and the tuned/correlated kernel (Chen et al., 2012) as well as
using multiple kernels (Chen et al., 2014). Chen and Ljung (2014) has proposed a method
to construct kernels based on standard concepts of system theory. An overview of different
kernels can be found in Dinuzzo (2015). The proposed kernels depend on some hyperpa-
rameters which may estimated from data, e.g., using marginal likelihood maximization (see
eg Aravkin et al. (2012). This procedure can be seen as an alternative to model selection
(Pillonetto and Nicolao, 2010). Marginal likelihood maximization is also known as em-
pirical Bayes (Maritz and Lwin, 1989), type 2 maximum likelihood (J. O. Berger, 1993),
generalized maximum likelihood (Wahba, 1990), or evidence approximation (Bishop, 2006).
It has been shown in Pillonetto and Chiuso (2015) that this procedure has some favorable
robustness properties with respect to other hyperparameter selection techniques such as
SURE (Stein, 1981). Regularization methods have recently been used for other problems in
system identification, for example subspace identification (Chiuso et al., 2008), estimation
of exponential signals (Pillonetto et al., 2010), correlation functions (Bottegal and Pillonetto,
2013), identification with data corrupted by outliers (Bottegal et al., 2016), and identification
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with missing data (Risuleo et al., 2016).

1.5 Statement of contributions

The main contributions of this thesis are structured into two parts.

Part I: Identification methods

In the first main part of the thesis we introduce model order reduction Steiglitz-McBride
(MORSM) which will be applied to dynamic networks in Chapter 4. We also introduce a
Bayesian approach for identification in dynamic networks, network empirical Bayes (NEB).

Chapter 3. Model Order Reduction Steiglitz-McBride: In this chapter, we propose a
method, MORSM, which is motivated by an aymptotic maximum likelihood (ML)
criterion and bears a strong resemblence to the iterative method Box-Jenkins Steiglitz-
McBride (BJSM). The asymptotic ML criterion of the ASYM method is reformulated
in a way that techniques from BJSM can be used to minimize it. Second, we show that
MORSM is asymptotically efficient in open loop with one iteration. We perform a
simulation study, where we observe that MORSM has better finite sample convergence
properties than BJSM, and that it is a viable alternative to prediction error method
(PEM). The chapter is based on the publication:
N. Everitt and M. Galrinho and H. Hjalmarsson (2017b). "Optimal model order

reduction with the Steiglitz-McBride method for open-loop data". submitted to
Automatica.

Chapter 4. Model Order Reduction Steiglitz-McBride in dynamic networks: In this chap-
ter, based on MORSM, we propose method to deal with the noise contribution when
identifying a module in a dynamic network using a semi-parametric approach. First,
we estimate a high order autoregressive with exogenous input (ARX) model of an
appropriate part of the network. Second, we estimate the module of interest using sig-
nals simulated from the ARX model and the Steiglitz-McBride method. We motivate
the method by an asymptotic ML criterion and argue that this will lead to an estimate
with lower variance than existing time domain methods. We support this argument by
simulations, where we observe that the method is most beneficial for colored noise.
The chapter is based on the publication:
N. Everitt, M. Galrinho and H. Hjalmarsson (2017a). "Incorporating noise modeling

in dynamic networks using non-parametric models". In: Proceedings of the
20th IFAC World Congress.



18 CHAPTER 1. INTRODUCTION

Chapter 5. An empirical Bayes approach: In this chapter, we explore ways to use regu-
larization to reduce the variance of the estimated modules. The dynamic network is
transformed into an acyclic structure, where any reference signal of the network is
the input to a cascaded system. In this alternative system description, the first block
captures the relation between the reference and the noisy input of the target module,
the second block contains the target module. The blocks that do not contain the target
module are modeled nonparametrically. An extension to include additional sensors
downstream of the target module is also proposed. To keep the number of additional
parameters to estimate low, we propose modeling as a Gaussian process also the
impulse response of the path linking the target module to any additional sensor. In
this case, however, the measured outputs and the unknown paths do not admit a joint
Gaussian description. As a consequence, the E-step of the ECM method does not
admit an analytical expression, as opposed to the one-sensor case. To overcome this
issue, we use Markov chain Monte Carlo (MCMC) techniques to solve the integral
associated with the E-step. In particular, we design an integration scheme based on
the Gibbs sampler that, in combination with the ECM method, builds up a novel
identification method for the target module. The chapter is based on the publications:
N. Everitt, G. Bottegal and H. Hjalmarsson (2017). "An empirical Bayes approach

to identification of modules in dynamic networks". submitted to Automatica.
N. Everitt, G. Bottegal, C. R. Rojas and H. Hjalmarsson (2016). "Identification of

modules in dynamic networks: An empirical Bayes approach". In: Proceedings
of the 55th IEEE Conference on Decision and Control.

Part II: Covariance analysis

The second main contribution regards covariance analysis in mainly acyclic dynamic net-
works. Acyclic meaning that there is no feedback in the network. This may seem at first
sight as a severe limitation to the applicability of the analys. However, a common way of
dealing with networks with feedback is to reformulate the problem into forms analyzed in
this part. In fact, the methods presented in Chapter 4 and Chapter 5, which are applicable to
networks with feedback, use such reparametrizations.

Chapter 6. Cascade models: Cascaded modules are considered in this chapter. We quan-
tify the accuracy improvement from additional sensors when estimating the first of a
set of modules connected in a cascade structure. We present results on how the zeros
of the first module affect the accuracy of the corresponding model. The results are
illustrated on FIR systems. The chapter is based on the publications:
N. Everitt, C. R. Rojas and H. Hjalmarsson (2013). "A geometric approach to

variance analysis of cascaded systems". In: Proceedings of the 52nd IEEE
Conference on Decision and Control.
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N. Everitt (2015). “Identification of Modules in Acyclic Dynamic Networks A
Geometric Analysis of Stochastic Model Errors”. Licentiate thesis. KTH Royal
Institute of Technology.

Chapter 7. Generalized parallel cascade models: Two types of generalized cascadedmod-
ules are considered in this chapter. The first structure may represent a system where
several actuators with unknown dynamics are used to excite a system. Upper and
lower bounds are provided for the variance of the estimated plant dynamics. The
second structure may represent a sensor network where additional sensors are used
to increase the accuracy of the estimated plant dynamics. Again, upper and lower
bounds are provided for the variance of the estimated plant dynamics. The results are
illustrated on FIR systems. The chapter is based on the publications:
N. Everitt, C. R. Rojas and H. Hjalmarsson (2014). "Variance Results for Parallel

Cascade Serial Systems". In: Proceedings of the 19th IFAC World Congress.
N. Everitt (2015). “Identification of Modules in Acyclic Dynamic Networks A

Geometric Analysis of Stochastic Model Errors”. Licentiate thesis. KTH Royal
Institute of Technology.

Chapter 8. SIMO models with spatially correlated noise: In this chapter the effect of
the noise correlation structure is examined in single input multiple output (SIMO)
models. It is shown how the estimation accuracy depends on the correlation structure
of the noise, model structure andmodel order. A formula for the asymptotic covariance
of the frequency response function estimates and the model parameters is developed
for the case of temporally white, but possibly spatially correlated additive noise. It is
shown that when parts of the noise can be linearly estimated from measurements of
other blocks with less estimated parameters, the variance decreases. The expressions
reveal how the order of the different blocks and the correlation of the noise affects
the variance of one block. In particular, it is shown that the variance of the block of
interest levels off when the number of estimated parameters in another block reaches
the number of estimated parameters of the block of interest. We show that the effect of
the input spectrum is less significant than expected. The optimal correlation structure
for the noise is determined for the case when one block has one parameter less than
the other blocks. The chapter is based on the publications:
N. Everitt, G. Bottegal, C. R. Rojas and H. Hjalmarsson (2017). "Variance analysis

of linear SIMO models with spatially correlated noise". Automatica. 77: 66–81.
N. Everitt, G. Bottegal, C. R. Rojas and H. Hjalmarsson (2015b). "On the Effect of

Noise Correlation in Parameter Identification of SIMO Systems". In: Proceed-
ings of the 17th IFAC Symposium on System Identification.

N. Everitt (2015). “Identification of Modules in Acyclic Dynamic Networks A
Geometric Analysis of Stochastic Model Errors”. Licentiate thesis. KTH Royal
Institute of Technology.
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Chapter 9. MIMO models with correlated input and noise: In this chapter the effect of
the noise correlation structure is examined in MIMO models. It is shown how the
estimation accuracy depends on the correlation structure of the noise, correlation
structure of the input, model structure and model order. A formula for the asymptotic
covariance of the frequency response function estimates and the model parameters is
developed for the case of temporally white, but possibly spatially correlated additive
noise and similar assumptions on the input. The developed covariance formulas
for MIMO systems are valid for finite model orders. We illustrate the connections
with results for SIMO and MISO models discussed in Chapter 8. The interplay of
model structure, input correlation and noise orrelation is exemplified by numerical
simulations. The chapter is based on the publication:
N. Everitt, G. Bottegal, C. R. Rojas and H. Hjalmarsson (2015a). "On the variance

analysis of identified linear MIMO models". In: Proceedings of the 54th IEEE
Conference on Decision and Control.

1.5.1 Authors contributions

The orders of the authors reflects their contribution. The co-authors have contributed with
discussion and normal supervision. The articles written together with Miguel Galrinho are
to be considered shared equally.

1.6 Other publications

M. Galrinho, N. Everitt and H. Hjalmarsson (2017). "ARX modeling of unstable linear
systems". Automatica. 75: 167–171.

J. Mårtensson, N. Everitt and H. Hjalmarsson (2017). "Covariance analysis in SISO linear
systems identification". Automatica. 77: 82–92.



CHAPTER 2
BACKGROUND

This thesis concerns, first, methods for identifying dynamical systems interconnected in
networks from experimental data, and second, the analysis of the accuracy of the obtained
models. The objective of this chapter is to provide a theoretical background for the results
presented in this thesis. The system identification method considered is mainly the prediction
error method. However, since Bayesian estimation forms the basis for the methods presented
in Chapter 5, an introduction to Bayesian estimation is given. The geometric analysis that is
instrumental for the second part of this thesis is based on Hilbert space theory and a brief
background is provided towards the end of this chapter.

2.1 System identification

System identification concerns building mathematical models from observed data from the
system. The mathematical model should provide a good approximation of the behavior
of the system relevant to the intended use of the model, e.g., simulation, prediction or
control. We consider linear time invariant (LTI) dynamic systems with m inputs collected
in a column vector uc(t) and p outputs collected in a column vector yc(t) (the subscript cdenotes continuous time, which we will drop when we move to discrete time). The output
of the system can be described by the relation

yc(t) = ∫
∞

−∞
g(t − �)uc(�) d�

where g(t) is the impulse response. We collect measurements of the output of the system at
equidistant samples with sample time Ts. We thus have samples y(t) = y(kTs), k = 1,… ,
according to

y(t) = y(kTs) = ∫
∞

−∞
g(kTs − �)u(�) d�. (2.1)

We assume that we also have access to the control signal at these samples, i.e., uk = u(kTs).The inter sample behavior of the input signal is assumed to satisfy a zero order hold (ZOH)

21
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assumption. Under this assumption the signal u is assumed to be constant in between sample
instances, i.e.,

u(t) = u(kTs), (k − 1)Ts≤t ≤ kTs. (2.2)
For convenience, we let t enumerate the sampling instances. Under the ZOH assumption,
the output samples y(t) given by (2.1) can be written as

y(t) =
∞∑
l=0

glu(l)(t − l), t = 0, 1,… (2.3)

where

gl = ∫
lTS

(l−1)Ts
g(�) d�.

Introducing the time shift operator q, defined by
qy(t) = y(t + 1),

(2.3) can be written as
y(t) = Go(q)u(t),

where Go(q) is the transfer function Go(q) = ∑∞
l=1 glq

−l. However, in practice, we cannot
measure the output of the system exactly. There are always measurement noise and distur-
bances acting on the system. These are modeled as a zero mean white noise signal e(t) with
variance �, filtered through an inversely stable filterHo(q), so that our basic description of
a (discrete) linear system is

y(t) = Go(q)u(t) +Ho(q)e(t). (2.4)

2.2 Prediction error identification

We model the system (2.4) as
y(t) = G(q, �)u(t) +H(q, �)e(t),

where G(q, �) andH(q, �) are rational functions which are parametrized with the parameter
vector � ∈ Rn. Thus, (2.5) describes a set of models. For a given �, (2.5) can be used to
predict the future output of the system given past samples of the output and input. The
mean square optimal one-step ahead predictor is the conditional expectation, denoted by
ŷ(t|t − 1, �) and is given by

ŷ(t|t − 1, �) = H−1(q, �)G(q, �)u(t) +
[
I −H−1(q, �)

]
y(t). (2.5)



2.2. PREDICTION ERROR IDENTIFICATION 23

The prediction error is
"(t, �) = y(t) − ŷ(t|t − 1, �). (2.6)

The objective is to find the model within the set of models that most accurately describes the
system. In PEM, the most accurate model is the one that minimizes a cost function VN (�)based on the prediction errors of the observed inputs and outputs. The cost function is a
sum of some scalar norm l of the prediction error, i.e.,

VN (�) =
1
N

N∑
t=1

l("(t, �)). (2.7)

In this work, a quadratic norm will be used with the noise variance as weighting matrix �−1,
i.e.,

l("(t, �)) = 1
2
"⊤(t, �)�−1"(t, �). (2.8)

This norm uses the (usually) unknown noise (co)-variance. However, this covariance can be
estimated from the data. Since we are interested in the asymptotic properties of the estimates
�̂, it is interesting to note that minimizing the cost function

det

{
1
N

N∑
t=1

"(t, �)"(t, �)⊤
}

(2.9)

gives the same asymptotic covariance matrix as minimizing (2.7) with the norm (2.8) based
on the true noise covariance.
PEM is a general purpose method that can be used under fairly genereal circumstances.
However, in general it is required to solve a nonlinear optimization problem. For models
where the predictor is linear in the parameters, PEM becomes numerically attractive. One
such case is the ARX model. We now consider a single input single output (SISO) system.
Note that the system (2.5) can be represented as

Ao(q)y(t) = Bo(q)u(t) + e(t), (2.10)
where

Ao(q) ∶= 1
Ho(q)

=∶ 1 +
∞∑
k=1

aokq
−k,

Bo(q) ∶= Go(q)
Ho(q)

=∶
∞∑
k=1

bokq
−k

are stable transfer functions. Let us consider the finite truncation of the model (2.10)
A(q, �n)y(t) = B(q, �n)u(t) + e(t),
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where

A(q, �n) = 1 +
n∑
k=1

akq
−k, B(q, �n) =

n∑
k=1

bkq
−k, (2.11)

and
�n =

[
a1 … an b1 … bn

]⊤
.

Here, A(q) and B(q) are both modeled with n coefficients. Note that (2.10) is in general
not in the model set defined by (2.11) due to the truncation by n coefficients. Nevertheless,
{aok} and {bok} are sequences converging to zero. Thus, if n is chosen large enough, (2.11)can model (2.10) with good accuracy.
An advantage of ARX models is that they are linear in the model parameters. In particular,
the PEM estimate of �n is obtained by minimizing the cost function

VN (�n) =
1
N

N∑
t=1

[
A(q, �n)y(t) − B(q, �n)u(t)

]2, (2.12)

which can be done by linear least squares. Write (2.11) as
y(t) = ('n(t))⊤�n + e(t),

where
'n(t) =

[
−y(t − 1) … −y(t − n) u(t − 1)… u(t − n)

]⊤
. (2.13)

Then, the least squares estimate of �n is given by
�̂nN ∶=

[
RnN

]−1rnN , (2.14)
where

RnN = 1
N

N∑
t=1

'n(t)
[
'n(t)

]⊤, rnN = 1
N

N∑
t=1

'n(t)y(t).

2.2.1 High order modelling

Despite the simplicity of ARX models, they are not appropriate to model (2.4) for most
practical uses. As the order n is required to be arbitrarily large, the estimated model will
have unacceptably high variance.
Nevertheless, the high order ARX model estimate can be used to obtain a model of low
order, reducing the variance. This can be done efficiently without re-using the data. The
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reason is that the estimate �̂nN and its covariance, asymptotically, are a sufficient statistic for
our problem. To observe this, consider the infinite order ARX model

y(t) = '⊤(t)� + e(t), (2.15)
where

'(t) ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−y(t − 1)
−y(t − 2)

⋮

u(t − 1)
u(t − 2)
⋮

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, � ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a1
a2
⋮

b1
b2
⋮

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

Then, the probability density function of yN ∶= {y(t)}Nt=1 given � is

p
(
yN |||�

)
=

N∏
t=1

1√
2��o

e−
[
y(t)−'⊤(t)�

]

2�o

2

= Ce−
1
2�o

(
�⊤

∑N
t=1 '(t)'

⊤(t)�+2
∑N
t=1 '

⊤(t)y(t)�
)
e−

1
2�o

∑N
t=1 y(t)

2
,

where we treat �o as a known constant (in this case, because it is a scalar, it does not influencethe estimation of the parameters of interest). Then, it follows from Lehmann and Casella
(1998) that RN ∶=

∑N
t=1 '(t)'

⊤(t) and rN ∶=
∑N
t=1 '

⊤(t)y(t) form a sufficient statistic for
the data yN . Alternatively, since �̂N = R−1N rN , we can say that �̂N andRN are the sufficient
statistic. However, when n is finite, there is a bias error induced by the truncation of the
parameter sequences {ak} and {bk}. If that error is assumed to be small, the estimate �̂nN will
contain practically the same information about the system dynamics as the data. Thus, the
data could in principle be disregarded, and �̂N alone be used to obtain an estimate of a lower
order model that is asymptotically efficient. This idea will be explored in Chapter 3, where
the high order arx model will be reduced by least squares estimation on data pre-filtered by
the high-order model.

2.3 Maximum likelihood

Assume now that the true system is of FIR type and we model it as such, i.e., the true system
is given by

y(t) = g1u(t − 1) + g2u(t − 2) +⋯ + gnu(t − n) + e(t) (2.16)
and the model is given by

y(t) = '⊤(t)g + e(t),
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where

'(t) ∶=

⎡⎢⎢⎢⎢⎢⎣

u(t − 1)
u(t − 2)
⋮

u(t − n)

⎤⎥⎥⎥⎥⎥⎦

, g ∶=

⎡⎢⎢⎢⎢⎢⎣

g1
g2
⋮

gn

⎤⎥⎥⎥⎥⎥⎦

.

The prediction errors for this model is given by (2.6) with
ŷ(t|t − 1, g) = '⊤(t)g.

If we assume that the noise is Gaussian, in addition to being independent, the likelihood
function, i.e. the probability density function of the measurements as predicted by our model,
is given by

L(g) ∶= p
(
yN |||g

)
=

N∏
t=1

1
2�o

e−
[
y(t)−'⊤(t)g

]

2�o

2

.

TheML estimate is the argument that maximizes the likelihood function. Since the logarithm
is an increasing function we may instead, for convenience, maximize the log likelihood:

gML = argmax
g

logL(g).

Writing out this expression, we get

gML = argmax
g

− 1√
2��o

N∑
t=1

[
y(t) − '⊤(t)g

]2 − N
2
log �o.

We observe that the first term corresponds to the PEM cost function. For Gaussian mea-
surement noise, the PEM estimate and the ML estimate are the same, implying that PEM is
optimal in a maximum likelihood sense. The PEM estimate is given by

ĝPEM =

[ N∑
t=1

'(t)'⊤(t)

]−1[ N∑
t=1

'⊤(t)y(t)

]
,

which can be written succinctly as
ĝPEM =

[
�⊤�

]−1�⊤y,

where

� =

⎡⎢⎢⎢⎢⎢⎣

'⊤(1)
'⊤(2)
⋮

'⊤(N)

⎤⎥⎥⎥⎥⎥⎦

, y =

⎡⎢⎢⎢⎢⎢⎣

y(1)
y(2)
⋮

y(N)

⎤⎥⎥⎥⎥⎥⎦

. (2.17)
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We can calculate the bias of the estimate, i.e., the difference between the expected value of
the estimate and the true paramters, as

E
{
ĝPEM − go

}
= E

{
go +

[
�⊤�

]−1�⊤e − go
}
= 0,

where e is the collection of measurement noise, stacked similar to (2.17). The covariance of
the estimate is given by

E
{(
ĝPEM − go

)(
ĝPEM − go

)⊤} = �[�⊤�
]−1,

In the next section we will try to reduce the covariance of the estimate by allowing some
bias. The goal is to reduce the mean squared error by this trade-off.

2.4 Bayesian estimation and regularization

In this section, we will take a Bayesian perspective and introduce a prior ditribution for
the coeffiecients, in order to encode our prior belief about the system, for example that
the system is stable. We take as a prior for the impulse response g a zero-mean Gaussian
distribution, i.e.

p
(
g; �, K�

)
∼ (

0, �K�
)
. (2.18)

In this thesis, we will fix the structure of the covariance matrix so as to correspond to the
first-order stable spline kernel (Pillonetto and Nicolao, 2010):

{
K�

}
i,j = �

max(i,j), � ∈ [0, 1). (2.19)
The hyperparameter � regulates the decay velocity of the realizations from (2.18), whereas,
� tunes their amplitude. In this context, K� is usually called a kernel (due to the connection
between Gaussian process regression and the theory of reproducing kernel Hilbert space,
see e.g. Rasmussen and Williams (2006) for details) and determines the properties of the
realizations of g. In particular, the stable spline kernel enforces smooth and BIBO stable
realizations (Pillonetto and Nicolao, 2010). However, there are many other kernels that
may be used to do system identification, see Section 1.4. Our posterior belief about g, after
taking the observed measurements into account, can be updated using Bayes’ rule

p(g|y) = p(y|g)p(g)
p(y)

. (2.20)

where p(y|g) is the likelihood of the data y and, under Gaussian noise assumptions, is
Gaussian ditributed, i.e.

p(y|g) ∼ (
�g, �IN

)
. (2.21)
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The posterior is also Gaussian since the prior is chosen as a so called conjugate prior. The
conjugate-prior property is an important property in Bayesian estimation which states that
the posterior has the same distribution as the likelihood if the prior is chosen as a conjugate
prior (see e.g. Bishop (2006) for details). The posterior distribution is available in closed
form (Anderson and Moore, 1979)

p(g|y) ∼
([

�⊤�
�

+ �−1K−1
�

]−1
�−1�⊤y,

[
�⊤�
�

+ �−1K−1
�

]−1)
.

The minimum mean squared error (MMSE) estimate is given by E{g|y} (Casella and
Lehmann, 2003)

ĝMMSE =
[
�⊤�
�

+ �−1K−1
�

]−1
�−1�⊤y

The mean of this estimate is

E
{
ĝMMSE} =

[
�⊤�
�

+ �−1K−1
�

]−1
�−1�⊤�go

and we see that the estimate is biased

E
{
ĝMMSE − go

}
= −

[
�⊤�
�

+ �−1K−1
�

]−1
�−1K−1

� go,

and has the covariance matrix

Cov
{
ĝMMSE} = �

[
�⊤� + �

�
K−1
�

]−1
�⊤�

[
�⊤� + �

�
K−1
�

]−1

From the expressions for the bias and variance, we see that the parameter � tunes the bias
and covariance. Large values of � corresponds to a prior with large covariance and will
give an estimate close to ĝPEM with similar covariance and small bias. Small values of �
corresponds to a prior with small covariance and will give an estimate closer to zero with a
small covariance and large bias.

2.4.1 Statistical properties of the PEM estimates

We assume that the model is in the model set, i.e., there exists a �o such thatGo(q) = G(q, �o)andHo(q) = H(q, �o). Under mild regularity conditions (see Ljung (1999) for details), asN
goes to infinity, the parameter error√N(

�̂N − �o
) converges in distribution to the normal

distribution with zero mean and covariance matrix AsCov
{
�̂N

}, which we conveniently
denote by

√
N(�̂N − �o) ∈ (

0,AsCov
{
�̂N

}) asN →∞. (2.22)
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where
AsCov

{
�̂N

}
∶=

(
E
{
 (t, �o)�−1 ⊤(t, �o)

})−1, (2.23)
 (t, �o) ∶= d

d�
"(t, �)|||�=�o . (2.24)

In following chapters we will express (2.23) as
AsCov

{
�̂N

}
= ⟨	,	⟩−1, (2.25)

where 	 will depend on the problem at hand and the inner product of two functions f, g ∶
T → C1×m is defined as

⟨f, g⟩ ∶= 1
2� ∫

�

−�
f
(
ej!

)
g∗
(
ej!

)
d!. (2.26)

Often, we are not interested in the covariance of the parameters themselves, but in some
“system theoretic” quantity. Let J ∶ Rn → C1×q be a differentiable function of � such that
J (�o) is the quantity of interest. Assuming sufficient smoothness of J (with respect to �),
bounded noise moments of sufficiently high order, and using (2.22), it follows that

√
N
(
J
(
�̂N

)
− J (�o)

)
∈ (

0,AsCov
{
J
(
�̂N

)}) asN →∞. (2.27)
where, using Gauss’ approximation formula (or the delta method (Casella and R. Berger,
2002)) (Ljung, 1999) and (2.22), it can be shown that1

AsCov
{
J
(
�̂N

)}
∶= lim

N→∞
N ⋅ E

{(
J
(
�̂N

)
− J (�o)

)∗(J(�̂N
)
− J (�o)

)}

= ∇J ∗(�o)⟨	,	⟩−1∇J (�o),
where ∇J (�) ∈ Cn×q is the gradient of J with respect to �.

2.5 Dynamic networks

In this thesis we will work with networks of dynamic systems. We will spend some time in
this section to formalize the different quantities in the network and the network structures we
consider. Consider as an example the dynamic network given in Figure 2.1. In the network
we have a set of internal variables {wk} which encode the states of the network. Their
dynamics can be described by

w(t) = G(q)w(t) + r(t). (2.28)
1This definition is slightly non-standard in that the second term is usually conjugated. For the standard

definition, all results in the thesis have to be transposed.
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w1

r1

G21 w2

r2

G32 w3

r3

G43 w4 �

e4
w̃4

G25 G63 G74

r5 w5 G56 w6 �

e6
w7 �

e7
w̃7

G85 w̃6

w8 �

e8
w̃8

Figure 2.1: An example of a dynamic network. The internal variables {wk} are describedby the dynamics (2.28), where {rk} is the set of reference signals. The set of measurements
{yk} are described by (2.30), where {ek} is the measurement noise.

The example network of Figure 2.1 is described by
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

w1
w2
w3
w4
w5
w6
w7
w8

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0 0 0 0
G21 0 0 0 G25 0 0 0
0 G32 0 0 0 G36 0 0
0 0 G43 0 0 0 0 0
0 0 0 0 0 G56 0 0
0 0 G63 0 0 0 0 0
0 0 0 G74 0 0 0 0
0 0 0 0 G85 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

w1
w2
w3
w4
w5
w6
w7
w8

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

r1
r2
r3
0
r5
0
0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

We will, in parts of the thesis, be adding process noise v so that the system dynamics is
described by

w(t) = G(q)w(t) + r(t) + v(t). (2.29)
The internal variables are measured with additive white noise e, i.e.,

w̃(t) = w(t) + e(t) = (I − G(q))−1[r(t) + v(t)] + e(t), (2.30)
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where the inverse (I − G(q))−1 is assumed to exist. In the example only {w4(t), w6(t), w7(t), w8(t)}are measured so that
⎡⎢⎢⎢⎢⎢⎣

w̃4(t)
w̃6(t)
w̃7(t)
w̃8(t)

⎤⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎣

w4(t)
w6(t)
w7(t)
w8(t)

⎤⎥⎥⎥⎥⎥⎦

+

⎡⎢⎢⎢⎢⎢⎣

e4(t)
e6(t)
e7(t)
e8(t)

⎤⎥⎥⎥⎥⎥⎦

= Gcl(q)

⎡⎢⎢⎢⎢⎢⎣

r1(t)
r2(t)
r3(t)
r5(t)

⎤⎥⎥⎥⎥⎥⎦

+

⎡⎢⎢⎢⎢⎢⎣

e4(t)
e6(t)
e7(t)
e8(t)

⎤⎥⎥⎥⎥⎥⎦

,

for some Gcl(q) that depends on the dynamics of the modules in G.
The dynamic networks that we consider in this thesis consist of m scalar internal variables
wj(t), j = 1,… , m and m scalar external reference signals rl(t), l = 1,… , m, that can be
manipulated by the user. Some of the reference signal may not be present, i.e., they may
be identically zero. Define as the set of indices of reference signals that are present. In
the dynamic network, the internal variables are considered nodes and transfer functions are
the edges. Introducing the vector notation w(t) ∶= [w1(t) … wm(t) ]⊤, r(t) ∶= [ r1(t) … rm(t) ]⊤,
the dynamics of the network are defined by the equation

w(t) = G(q)w(t) + r(t) + v(t), (2.31)
where

G(q) =

⎡⎢⎢⎢⎢⎢⎣

0 G12(q) ⋯ G1m(q)
G21(q) 0 ⋱ ⋮

⋮ ⋱ ⋱ G(m−1)m(q)
Gm1(q) ⋯ Gm(m−1)(q) 0

⎤⎥⎥⎥⎥⎥⎦

,

Gji(q) is a proper rational transfer function for j = 1,… , m, i = 1,… , m and the reference
signal is a zero mean processes with finite moments of all orders and has power spectrum
�r(!). The internal variables w(t) are measured with additive white noise, that is

w̃(t) = w(t) + e(t),

where e(t) ∈ Rm is a measurement noise sequences obtained by unknown stable filters
driven by Gaussian white noise with noise covariance matrix �. To ensure stability and
causality of the network the following assumption hold for the networks considered.
Assumption 2.1. The network is well posed in the sense that all principal minors of
limq→∞(I − G(q)) are non-zero (Van den Hof et al., 2013).

In the second part of the thesis, systems with acyclic structure without process noise will
be consider. There, to stress that these systems may not only be the result of special
parametrizations of dynamic networks, the measurements will be denoted by y(t) instead of
w̃(t).
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2.5.1 Zero order hold assumption

As discussed above, any modeling effort should take into account the intended use of the
model. The assumption in this work is that we have access to one or several discrete control
signals and samples of the outputs. In general, we would like to be able to model networks
of continuous time systems. Each of the modules are modeled under the ZOH assumption.
The inter sample behavior of signals in the network will however not (in general) satisfy
this assumption. For this to hold at least approximately, all systems need to have low pass
behavior and we need to sample at a high rate. Thus, in general, discrete time models of
the modules will not be good approximations of their continuous time counterparts. The
models will still be able to predict the sampled input output behavior of the modules, but
the accuracy of a particular model is intrinsically linked to the other modules in the network.
Even the network structure may be different from the continuous time network (Dankers,
Van den Hof, and Bombois, 2014). If the network changes, the model will change too. As
discussed in Pintelon and Schoukens (2012, Chapter 13), if the objective is to accurately
model the module, it would be preferable to take another route using a band limited (BL)
assumption on the signal and continuous time models. If the goal of the identification is
continuous time models, the IV based method of Dankers, Van den Hof, and Bombois (2014)
can be used. A signal u(t) with power spectrum �(!) is considered BL if �(!) = 0 for all
! > !max for some !max. If the physical interpretation of the parameters is not the main
concern, then the sensor could be equipped with anti aliasing filters (to realize a BL setup),
which would violate the ZOH assumption. However, discrete time models would accurately
capture the dynamics of the modules, even though the dynamics of the anti-aliasing filters
would be part of the models. From a control perspective, this is not that bad. If we are only
interested in accurately modeling the behavior of the system up to some frequency, and
we sample fast, the error will be small. For a further discussion on these issue we refer to
Pintelon and Schoukens (2012, Chapter 13).

2.6 Hilbert space fundamentals

Many of the results derived in this thesis has its foundation on Hilbert space theory. In this
section we introduce some notation and review a few fundamental results from this theory.

2.6.1 Inner product

We will mainly be concerned with functions f ∶ T→ Cn×m that arise as the restrictions of
f ∶ C → Cn×m to the domain z = ej!, ! ∈ [0, 2�]. This thesis will alternate between the
notation f (!), f (ej!), and f (z) as is convenient. We will consider vector valued complex
functions as row vectors and the inner product of two such functions f, g ∶ T → C1×m is
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defined as
⟨f, g⟩ ∶= 1

2� ∫
�

−�
f
(
ej!

)
g∗
(
ej!

)
d! (2.32)

When f and g are matrix-valued functions, we will still use the notation ⟨f, g⟩ to denote∫ �−� f(ej!)g∗(ej!) d!, whenever the dimensions of f and g are compatible. In particular,
⟨f, f⟩ is the Gramian matrix of the rows of f .

2.6.2 Orthonormal functions

WhenW ∶ T → Cm×m is such thatW (z) is a positive definite hermitian matrix for all z,
the W2 -norm of f ∶ T → Cn×m is given by

‖f‖W =
√
Tr{⟨fW , f⟩} (2.33)

where Tr{⋅} denotes the Trace operator. When W ≡ I (the identity), we write ‖f‖ and
denote this the 2-norm of f .
We call two functions f, g orthogonal if ⟨f, g⟩ = 0; if f, g are matrix valued, they are
considered orthogonal if every entry of the resulting matrix is zero. A set of functions
{k}nk=1 is said to be orthonormal if they are mutually orthogonal with unit 2-norm.

2.6.3 The spaces 2 and 2

The space n×m2 consists of all functions f ∶ T → Cn×m, such that ‖f‖ < ∞. When n = 1,
the notation is simplified to m2 . For f ∶ T → Cn×m, fi ∶ T → C1×m denotes the ith
row of f . m

2 is defined as the m2 -functions that are analytic in E. If 	 ∈ n×m2 for some
positive integers n and m, then 	 denotes the span of the rows of 	 .

2.6.4 Subspaces

For an 2-function 	 ∈ n×m2 , we denote by 	 ⊂ m2 the r-dimensional subspace spanned
by the rows of 	 , r ≤ n. An orthonormal basis of 	 consists of a set of r orthonormal
functions that span	 , where r also corresponds to the dimension of the subspace	 . Givenan 2-function 	 ∈ n×m2 , it is straightforward to construct an orthonormal basis of 	 as
a linear combination of the rows of 	 , e.g., by using the Gram-Schmidt orthogonalization.

2.6.5 Takenaka-Malmquist functions

In some cases it is possible to derive explicit expressions for a set of orthonormal basis
functions that span a given subspace. A well known case (Ninness and Gustafsson, 1997) is
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when
Span

{
�n
A(q)

}
= Span

{
q−1

A(q)
,
q−2

A(q)
,… ,

q−n

A(q)

}
, (2.34)

where A(q) = ∏na
k=1

(
1 − �kq−1

), ||�k|| < 1 for some set of specified poles {�1,… , �na},
n ≥ na, and where

�n =

⎡⎢⎢⎢⎢⎢⎣

q−1

q−2

⋮

q−n

⎤⎥⎥⎥⎥⎥⎦

.

Then, it holds that (Ninness and Gustafsson, 1997)

Span
{

�n
A(q)

}
= Span

{1,… ,n}

where {k} are the Takenaka-Malmquist functions given by

k(q) ∶=
√
1 − ||�k||2
q − �k

�k−1(q), k = 1,… , n (2.35)

�k(q) ∶=
k∏
i=1

1 − �iq
q − �i

, �0(q) ∶= 1, (2.36)

and with �k = 0 for k = na + 1,… , n. Notice that the system zeros do not affect the basis
functions above.

2.6.6 Orthogonal projections

We denote the orthogonal projection of f onto the space 	 by Proj	 {f}, i.e., Proj	 {f}is the unique solution to
min
g∈	‖g − f‖.

Given an orthonormal basis {k}rk=1 of 	 , the projection is readily calculated as

Proj	 {f} =
r∑
k=1

⟨f,k⟩k. (2.37)

It can alternatively be expressed as
Proj	 {f} = ⟨f, 	⟩⟨	,	⟩−1	. (2.38)
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2.7 Geometric tools for variance analysis

Many results in this thesis are based on the following results from Hjalmarsson and Mårtens-
son (2011), restated here for completeness.
Lemma 2.1. (Lemma II.3 in Hjalmarsson and Mårtensson (2011)) Suppose that J ∶ Rn →
C1×q is differentiable and let the asymptotic covariance matrix AsCov

{
J
(
�̂N

)}
be defined

by (2.28) where 	 ∈ n×m2 . Suppose that  ∈ q×m2 is such that

∇J (�o) = ⟨	, ⟩, (2.39)

then

AsCov
{
J
(
�̂N

)}
= ⟨, 	⟩⟨	,	⟩−1⟨	, ⟩
=
⟨

Proj	 {},Proj	 {}
⟩
. (2.40)

Finally it holds that

AsCov
{
J
(
�̂N

)}
=

r∑
k=1

⟨,k⟩⟨k, ⟩, (2.41)

where 	 is the subspace of m2 spanned by the rows of 	 , and {k}rk=1 is any orthonormal
basis for this space.

Proof. Taking the inner product of (2.38) with itself, (2.40) follows. Similarly, (2.41)
follows from taking the inner product of (2.37) with itself. ■

Since there are many functions  for which (2.39) holds, there is a large degree of freedom
in the choice of  . In Hjalmarsson and Mårtensson (2011, Lemma II.8) it is shown that all
solutions  ∈ q×m2 to the equation ∇J (�o) = ⟨	, ⟩ are given by

 = ∇J (�o)∗⟨	,	⟩†	 + s⟂, (2.42)
where s⟂ is any q×m2 -function orthogonal to 	 and 	 † denotes the X† of 	 . We will
explore this degree of freedom in the next lemma, where a re-parametrization of J (�) is
used to find an expression for a  that fulfills the condition (2.42).
Lemma 2.2. (Lemma II.9 in Hjalmarsson and Mårtensson (2011)) Let J , 	 , and 	 be as
in Lemma 2.1 and suppose that ∇J (�o) = 	

(
zo
)
L for some zo ∈ C and L ∈ Cm×q . Let

{k}rk=1, r ≤ n, be an orthonormal basis for 	 . Then
AsCov

{
J
(
�̂N

)}
= L∗

r∑
k=1

∗k(zo)k(zo)L.
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Proof. Let � =
[ ⊤1 … ⊤r ]⊤. Then there exists a full (column) rank T ∈ Cn×r such that

	 = T� . Inserting this in (2.40) and some straightforward algebra gives the result. ■

The next lemma will be useful to derive upper bounds for (2.28). For two two closed
subspaces of m2 ,  and  , we use  +  to denote the subspace {x + y ∶ x ∈  , y ∈ }
and  =  ⊕  to denote that  is the direct sum of  and  which means that  is the
orthogonal complement of  in . Furthermore, we define  ⊖  to be the orthogonal
complement of  in  +  , i.e.,  +  =  ⊕ ( ⊖ ).
Lemma 2.3. (Lemma II.6 in Hjalmarsson and Mårtensson (2011)) Let  and  be two
closed subspaces of m2 such that  ⊆  ⊆ m2 and let  ∈ q×m2 . It holds that
⟨

Proj{},Proj{}
⟩
− ⟨Proj{},Proj{}⟩ =

⟨
Proj⊖{},Proj⊖{}

⟩
. (2.43)

Proof. By definition it follows that  +  =  ⊕ ( ⊖ ) and since  ⊆  we have +  =  . Thus, Proj{} = Proj{} + Proj⊖{} and by taking the inner product
of each side of the equation with itself, the result (2.43) follows. ■

Upper bounds for (2.40) can now be constructed by taking  = 	 and  = m2 for example.
It is immediate from (2.43) that

⟨
Proj{},Proj{}

⟩
− ⟨Proj{},Proj{}⟩ ≥ 0.

Lemma 2.3 will prove useful when deriving upper bounds for the asymptotic covariance in
dynamics networks.
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CHAPTER 3
MODEL ORDER REDUCTION STEIGLITZ-MCBRIDE

In this chapter, we introduce model order reduction Steiglitz-McBride (MORSM), which
is motivated by an aymptotic ML criterion and bears a strong resemblence to the iterative
method Box-Jenkins Steiglitz-McBride (BJSM). The setting of this chapter is SISO system
identification and MORSM will be shown to be asymptotically efficient for open loop data.
The method of this chapter will, in the following chapter, be shown to be particularly suited
for identification in dynamic networks.

3.1 Introduction

The prediction error method (PEM) is a well-know approach for estimation of parametric
models (Ljung, 1999). If the model orders are chosen correctly, a quadratic cost function
provides asymptotically efficient estimates when the noise is Gaussian. The drawback is that,
in general, PEM requires solving a non-convex optimization problem, which can converge
to minima that are only local. Alternative methods, such as subspace (van Overschee and de
Moor, 1996) or instrumental variable (Söderström and Stoica, 1983) methods, do not suffer
from non-convexity, being useful to provide initialization points for PEM.
Other methods first estimate a high order model. In general, this is an ARX model, for which
the global minimum of the prediction error cost function can be found by least squares.
Because it is high order, this estimate will have high variance. However, it can be reduced
to a parametric model description of low order. If the model reduction step is performed
according to an exact maximum likelihood (ML) criterion, the low order estimates are
asymptotically efficient (Wahlberg, 1989). This approach still requires, in general, solving a
non-convex optimization problem.
Another possibility to perform model order reduction from a high order model is with the
weighted null-space fitting (WNSF) method (Galrinho et al., 2014). Although it can be
motivated by an exact ML criterion, this criterion is not minimized explicitly. Rather, it is
interpreted as a weighted least squares problem by fixing the parameters in the weighting.

39
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One problem with estimation of parametric models is the choice of model orders. Model
order selection and estimation based on ML has a long history (see e.g. Whittle, 1951; Box
and Jenkins, 1976; E. Hannan and Deistler, 1988). One classical approach to model order
selection is to estimate the model orders from data. For autoregressive moving average
with exogenous input (ARMAX) models, one iterative procedure is the Hannan-Rissanen-
Kavalieris type methods (E. J. Hannan and Kavalieris, 1984; E. J. Hannan and Rissanen,
1982) (see e.g. E. Hannan and Deistler (1988) for an in-depth statistical analysis), which,
at each iteration, estimates the innovations and selects new model orders according to an
information criterion.
While the plant model order can sometimes be based on physical intuition, the noise model
order is usually a more abstract concept. This has been observed in Schoukens et al. (2011),
where a frequency domain method is proposed to estimate a parametric model of the plant
and a high order noise model. Because this approach does not require a noise model order
selection, it can be seen as more user friendly.
If the data are obtained in open loop, the asymptotic properties of the plant and noise model
estimates obtained with PEM are uncorrelated, if the two transfer functions are independently
parametrized (Ljung, 1999). Therefore, when a parametric noise model estimate is not of
interest, asymptotically efficient estimates of the plant can be obtained as long as the noise
model order is chosen high enough for the system to be in the model set. The limitation of
choosing the noise model order arbitrarily large with PEM is that, as more parameters are
estimated, the complexity of the problem increases, and it is more difficult to find the global
minimum.
However, if a high order ARX model is estimated, there are no issues with local minima,
while the order is arbitrarily large. Then, for the model reduction step, an approximate asymp-
totic ML criterion allows separating the estimation of the plant and noise model (Wahlberg,
1989). This allows obtaining asymptotically efficient estimates of the plant in open loop
without the high order structure of the noise model affecting the difficulty of the problem.
Nevertheless, the model reduction step still requires solving a non-convex optimization
problem. The ASYM method (Zhu, 2001) is based on this approach.
Another approach that does not require a parametric noise model is the BJSM method (Zhu
and Hjalmarsson, 2016). This method uses a high order ARX model estimate to pre-filter
the input and output data, creating a pre-filtered data set for which the output noise is
approximately white. Then, a noise model is no longer required when estimating the plant
based on the pre-filtered data set. Instead of explicitly minimizing a non-convex function,
BJSM applies the Steiglitz-McBride to the pre-filtered data set. In Zhu and Hjalmarsson
(2016), it is shown that this procedure is asymptotically efficient in open loop. However,
there are two limitations. First, even if the true noise model is known exactly, a high order
estimate is still required to achieve efficiency. Second, although the method does not apply
local non-linear optimization techniques, the number of Steiglitz-McBride iterations needs
to tend to infinity to obtain a consistent estimate.
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Our contributions are the following. First, we make a connection between ASYM and BJSM,
and propose a method—termed model order reduction Steiglitz-McBride (MORSM)—
connecting ideas from both. More specifically, the asymptotic ML criterion of the ASYM
method is reformulated in a way that techniques from BJSM can be used to minimize it.
Second, we show that MORSM is asymptotically efficient in open loop with one iteration.
Third, we perform a simulation study, where we observe that MORSM has better finite
sample convergence properties than BJSM, and that it is a viable alternative to PEM.

3.2 Problem formulation

Assumption 3.1 (True system). The system has scalar input u(t), scalar output y(t) and is
subject to scalar noise e(t). The relationship between these signals is given by

y(t) = Go(q)u(t) +Ho(q)e(t), (3.1)
where Go(q) andHo(q) are rational functions

Go(q) = Lo(q)
F o(q)

=
lo1q

−1 +⋯ + lomlq
−mol

1 + f o1 q
−1 +⋯ + f omf q

−mof
,

Ho(q) = Co(q)
Do(q)

=
1 + co1q

−1 +⋯ + comcq
−moc

1 + do1q
−1 +⋯ + domdq

−mod
.

The transfer functions Go, Ho, and 1∕Ho are assumed to be stable. The polynomials Lo
and F o—as well as Co and Do—do not share common factors.

Let the input sequence {u(t)} be a realization of a stochastic process generated by a random
sequence {w(t)}. Also, let t−1 be the �-algebra generated by {es, ws, s ≤ t − 1}. Then,
the following assumption applies for the input signal.
Assumption 3.2 (Input). The sequence {u(t)} is defined by

u(t) = Fu(q)w(t),

where Fu(q) is a stable and inversely stable finite dimensional filter, where {w(t)} is inde-
pendent of {e(t)}, satisfying

E
{
w(t)|t−1} = 0, E

{
w2(t)|t−1} = �2o , |w(t)| ≤ C,∀t

for some finite positive finite constant C .

Assumption 3.2 implies that the system is operating in open loop. Also, Fu can be interpretedas the stable minimum phase spectral factor of the input spectrum.
For the noise, the following assumption applies.
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Assumption 3.3 (Noise). {e(t)} is a stochastic process that satisfies

E{e(t)| (t − 1)} = 0, E
{
e2(t)||| (t − 1)

}
= �2o , E

{|e(t)|10} ≤ C,∀t

for some positive finite constant C .

3.3 The Prediction Error Method

The idea of PEM is to minimize a cost function of the prediction errors. In this section, we
discuss how PEM can be used to estimate a model of the system (3.1). First, we consider a
Box-Jenkins (BJ) model, and then a high order ARX model.

3.3.1 Box-Jenkins model

In a Box-Jenkins model, G(q) andH(q) are rational transfer functions parameterized inde-
pendently, according to

y(t) = G(q, �)u(t) +H(q, �)e(t), (3.2)
where

G(q, �) = L(q, �)
F (q, �)

=
l1q−1 +⋯ + lmlq

−ml

1 + f1q−1 +⋯ + fmf q
−mf

,

H(q, �) = C(q, �)
D(q, �)

=
1 + c1q−1 +⋯ + cmcq

−mc

1 + d1q−1 +⋯ + dmdq
−md

,

and

� =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

f1
⋮

fmf
l1
⋮

lml

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, � =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

c1
⋮

cmc
d1
⋮

dmd

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (3.3)

We assume thatHo(q) is in the model set defined byH(q, �) (i.e., mc ≥ moc and md ≥ mod).Moreover, the order of the polynomials of Go(q) are assumed to be known (i.e., mf = mofand ml = mol ). For simplicity of notation only, we also assume that m ∶= mf = ml.
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The one step ahead prediction errors of the Box-Jenkins (BJ) model (3.2) are given by

"(t, �, �) = D(q, �)
C(q, �)

[
y(t) − L(q, �)

F (q, �)
u(t)

]
.

The parameter estimates using PEM with a quadratic cost function are determined by
minimizing the loss function

VN (�, �) =
1
N

N∑
t=1

"2(t, �, �), (3.4)

whereN is the number of data samples. We denote by �̂PEMN the estimate of � obtained by
minimizing (3.4). Moreover, �o corresponds to the vector � evaluated at the coefficients of
F o(q) and Lo(q).
Since the system operates in open loop (Assumption 3.2), it is well known that, when PEM
is applied to the model (3.2), under weak conditions, the (normalized) error of the estimated
parameters �̂PEMN converges to the Gaussian distribution (Ljung, 1999)

√
N
(
�̂PEMN − �o

)
∈ (

0, �2oM
−1
CR

)
, asN → ∞,

where the asymptotic covariance matrix (we omit the argument of the transfer functions for
brevity)

MCR =
1

2��2o ∫
�

−�

[
− Go

F oHo�m
1

F oHo�m

][
− Go

F oHo�m
1

F oHo�m

]∗
�u d!,

with �m(q) = [ q−1 … q−m ]⊤ and �u the spectrum of the input {u(t)}.
When {e(t)} is Gaussian, PEM with a quadratic cost function is asymptotically efficient,
meaning that M−1

CR corresponds to the Cramér-Rao lower bound—the smallest possible
asymptotic covariance matrix for a consistent estimator(Ljung, 1999). Again, we recall that
only the orders of Go(q) need to be chosen correctly to achieve efficiency, while H(q, �)
only needs to includeHo(q). Thus, if only a model for Go(q) is of interest, and the order of
Ho(q) is unknown, mc and md can be let grow to infinity (guaranteeing thatHo(q) is in the
model set) without asymptotically affecting the estimate of �.
An important remark is that minimizing the loss function (3.4) is a non-convex optimization
problem. Therefore, a good initialization point is required to converge to the global mini-
mum. For Box-Jenkins models, an initialization point that is sufficiently close to the global
minimum is particularly challenging to obtain. Moreover, the problem becomes yet more
challenging if we want to let the order of the noise model H(q, �) be arbitrarily large, as
PEM will have increased problems with local minima.
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3.3.2 High order ARX model

To circumvent the limitations of solving a non-convex optimization problem, we consider
the following approach. Note that the system (3.1) can be represented as

Ao(q)y(t) = Bo(q)u(t) + e(t), (3.5)
where

Ao(q) ∶= 1
Ho(q)

=∶ 1 +
∞∑
k=1

aokq
−k,

Bo(q) ∶= Go(q)
Ho(q)

=∶
∞∑
k=1

bokq
−k

are stable transfer functions (by Assumption 3.1).
Consider also the ARX model

A(q, �n)y(t) = B(q, �n)u(t) + e(t),

where

A(q, �n) = 1 +
n∑
k=1

akq
−k, B(q, �n) =

n∑
k=1

bkq
−k, (3.6)

and
�n =

[
a1 … an b1 … bn

]⊤
.

Here, we assumed, without loss of generality, that A(q) and B(q) are both modeled with n
coefficients. Note that (3.5) is not in the model set defined by (3.6) due to the truncation by
n coefficients. Nevertheless, the stability assumption on Go(q) and 1∕Ho(q) implies that
{aok} and {bok} are sequences converging to zero. Thus, if n is chosen large enough, (3.6)
can model (3.5) with good accuracy.
An advantage of ARX models is that they are linear in the model parameters. In particular,
the PEM estimate of �n is obtained by minimizing the cost function

VN (�n) =
1
N

N∑
t=1

[
A(q, �n)y(t) − B(q, �n)u(t)

]2, (3.7)

which can be done by linear least squares. Thus, it can be solved as follows. Write (3.6) as
y(t) =

[
'n(t)

]⊤�n + e(t),
where

'n(t) =
[
−yt−1 … −yt−n ut−1… ut−n

]⊤
. (3.8)
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Then, the least squares estimate of �n is given by
�̂n,lsN ∶=

(
RnN

)−1rnN , (3.9)
where

RnN = 1
N

N∑
t=1

'n(t)('n(t))⊤, rnN = 1
N

N∑
t=1

'n(t)y(t).

In the analysis, we will use the slightly modified estimate
�̂nN ∶=

(
RnN,reg

)−1
rnN , (3.10)

where

RnN,reg =
⎧⎪⎨⎪⎩

RnN if‖‖‖[RnN ]−1
‖‖‖2 < 2∕�

RnN +
�
2I2n otherwise

,

for some small � > 0. The reason is that �̂nN is easier to analyze statistically, while the first
and second order statistical properties of �̂n,lsN and �̂nN are asymptotically identical (Ljung
and Wahlberg, 1992).
It follows from Assumption 3.2 and Assumption 3.3 (see Ljung and Wahlberg (1992) for
details),

�̂nN → �̄n ∶=
[
R̄n

]−1r̄n,
where R̄n and r̄n are the limits of RnN and rnN w.p.1, respectively.
To guarantee that the true system (3.5) is asymptotically in the model set defined by the ARX
model (3.6), n should be allowed to grow to infinity. Accordingly, we let the model order
depend on the sample sizeN . For our theoretical results, we use the following assumption.
Assumption 3.4 (Model order). It holds that

n(N)→∞, as N →∞,
n(N)4+�∕N → 0, as N → ∞,

for some � > 0.

Introduce the notation �̂N ∶= �̂n(N)N and, for future reference,

�no ∶=
[
ao1 … aon bo1 … bon

]⊤
, (3.11)

�o ∶=
[
ao1 ao2 … bo1 bo2 …

]⊤
. (3.12)
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The asymptotic properties of �̂N have been established in Ljung and Wahlberg (1992). We
will need the following result on the rate of convergence of the ARX model.
Lemma 3.1. Assume that Assumptions 3.1, 3.2, 3.3 and 3.4 hold. Then with probability 1,

sup
!

‖‖‖‖‖‖

[
A
(
ej!, �̂N

)
− Ao

(
ej!

)

B
(
ej!, �̂N

)
− Bo

(
ej!

)
]‖‖‖‖‖‖2

= (m(N)),
where

m(N) = n(N)
√
logN∕N(1 + d(N)) + d(N)

and

d(N) ∶=
∞∑

k=n(N)+1

|||a
o
k
||| +

|||b
o
k
||| ≤ C̄�n(N), (3.13)

for some C̄ <∞ and � < 1.

Proof. See Appendix 3.A.1. ■

Lemma 3.1 implies that, as N tends to infinity, the coefficients of A(q, �̂N
) converge to

those of Ao(q) = 1∕Ho(q), and the coefficients of B(q, �̂N
) converge to those of Bo(q) =

Go(q)∕Ho(q). Therefore, B(q, �̂N
)
∕A

(
q, �̂N

) can be used as a high order estimate ofGo(q),
and 1∕A(q, �̂N

) as a high order estimate ofHo(q). We thus define these high order estimates
by

G
(
q, �̂N

)
∶=

B
(
q, �̂N

)

A
(
q, �̂N

) , H
(
q, �̂N

)
∶= 1

A
(
q, �̂N

) . (3.14)

Despite the simplicity of ARX models, they are not appropriate to model (3.1) for most
practical uses. As the order n is required to be arbitrarily large, the estimated model will
have unacceptably high variance.
Nevertheless, the high order ARX model estimate can be used to obtain a model of low
order, reducing the variance. This can be done efficiently without re-using the data. The
reason is that the estimate �̂N and its covariance are asymptotically a sufficient statistic for
our problem as we saw in Section 2.2.1.

3.4 Model reduction

Having estimated a high order ARX model, we are interested in using this estimate to obtain
a low order estimate G(q, �). In this section, we discuss available approaches to do so.
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3.4.1 Exact Maximum Likelihood

Being a sufficient statistic, �̂N and its covariance can be used to obtain an estimate of � that
is asymptotically efficient. This can be done using an exact ML criterion (Wahlberg, 1989).
Let �n(�, �) be the parameter vector �n obtained from � and �, satisfying the relations

A(q, �) = 1
H(q, �)

, B(q, �) = G(q, �)
H(q, �)

.

This procedure consists in minimizing
[
�̂N − �n(�, �)

]⊤[Cov{�̂N
}]−1[�̂N − �n(�, �)

]
,

where Cov{�̂N
} denotes the covariance of the estimated vector �̂N . Since this covariance

matrix is in general unknown, in practice the cost function (3.15) requires an approximation.
We consider two possibilities that do not affect the asymptotic properties of the obtained
estimates.
One possibility consists in replacing [Cov{�̂N

}]−1 by a consistent estimate—for example,
RnN (Wahlberg, 1989). In this case, we minimize

[
�̂N − �n(�, �)

]⊤RnN
[
�̂N − �n(�, �)

]
, (3.15)

which yields asymptotically efficient estimates of G(q, �) andH(q, �). Because �n(�, �) is
nonlinear in general, minimizing (3.15) is a non-convex optimization problem.
Another possibility is to write the covariance matrix as function of the low order parameters
� and �—denoted Rn(�, �) (see Wahlberg (1989) for details). In this case, we minimize the
criterion

[
�̂N − �n(�, �)

]⊤Rn(�, �)[�̂N − �n(�, �)
]
, (3.16)

Although minimizing (3.16) seems, at first sight, more complicated than minimizing (3.15),
it is observed in Wahlberg (1989) that the cost function (3.16) can be approximated by an
asymptotic ML criterion that allows separating the estimation of G(q, �) andH(q, �), while
still providing asymptotically efficient estimates.

3.4.2 Asymptotic Maximum Likelihood (ASYM)

As shown in Wahlberg (1989), minimizing (3.16) is asymptotically the same as minimizing
1
2� ∫

�

−�

|||G
(
ej!, �̂N

)
− G

(
ej!, �

)|||
2 �u

(
ej!

)

|||H
(
ej!, �̂N

)|||
2 d!

+ �̂2

2� ∫
�

−�

|||H
(
ej!, �̂N

)
−H

(
ej!, �

)|||
2

|||H
(
ej!, �̂N

)|||
2 d!, (3.17)
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where �̂2 is a consistent estimate of �2o . Because the first term in (3.17) is only dependent
on G(q, �) and the second term onH(q, �), G(q, �) can be estimated by minimizing the first
term. The minimization problem we are interested in becomes

VN (�) = ∫
�

−�

|||G
(
ej!, �̂nN

)
− G

(
ej!, �

)|||
2 �u

(
ej!

)

|||H
(
ej!, �̂N

)|||
2 d!. (3.18)

The idea of the ASYM method (Zhu, 2001) is to minimize the time domain equivalent
to (3.18) for finite sample size:

VN (�) =
1
N

N∑
t=1

([
B
(
q, �̂N

)

A
(
q, �̂N

) − G(q, �)
]
A
(
q, �̂N

)
u(t)

)2

. (3.19)

Minimizing (3.19) is still a non-convex optimization problem. However, it is pointed out
in Zhu (2001) that this minimization problem has an advantage over directly estimating
G(q, �) using PEM, which makes the method numerically more reliable. Because the output
is not used explicitly in (3.19), and the noise contribution is only present indirectly through
the high order estimates, the influence of the disturbance is reduced.

3.4.3 BJSM method

In alternative to using local non-linear optimization techniques, the BJSM method uses the
Steiglitz-McBride iterations. The idea of BJSM is to first estimate a high order ARX model
and then apply the Steiglitz-McBride method (Steiglitz and McBride, 1965) to a data set
pre-filtered by the ARX model estimate. The estimates obtained are asymptotically efficient
in open loop. Because BJSM uses the Steiglitz-McBride, we start by reviewing the latter.

Steiglitz-McBride

The setting for the Steiglitz-McBride algorithm is when the transfer functionHo(q) equals
one (i.e. Co(q) = Do(q) = 1). The objective is to estimate L(q, �) and F (q, �).
Consider the following three steps. First, an ARX model

F (q, �)y(t) = L(q, �)u(t) + e(t)

is estimated using least squares, providing an initialization estimate �̂0N . Second, the output
and input are filtered by

yf (t) = 1
F
(
q, �̂1N

)y(t), uf (t) = 1
F
(
q, �̂1N

)u(t).
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Third, least squares is applied to the ARX model
F (q, �)yf (t) = L(q, �)uf (t) + e(t),

providing a new estimate—�̂1N . Then, we can continue to iterate by repeating Steps 2 and 3.
We define the estimate obtained at iteration k by �̂kN .
Notice that, since the true system has an output error (OE) structure, and we are estimating
an ARX model, we are actually minimizing, in Step 1, the function

VN (�) =
1
N

N∑
t=1
[F (q, �)y(t) − L(q, �)u(t)]2, (3.20)

which, evaluated at the true parameter �o, equals

VN
(
�o
)
= 1
N

N∑
t=1

[
F
(
q, �o

)
e(t)

]2. (3.21)

From (3.21), we observe that the true parameter �o does not correspond to the cost function
of a white sequence. Consequently, the initialization estimate �̂0N is not consistent. However,
at iteration k we have, evaluated at � = �o,

VN (�o) =
1
N

N∑
t=1

[
F
(
q, �o

)

F
(
q, �̂kN

)e(t)
]2
. (3.22)

So, assuming convergence to the true parameters (i.e., �̂kN → �o, as k → ∞ andN → ∞),
(3.22) asymptotically corresponds to (3.4) for an OE model structure.
Convergence of the Steiglitz-McBride has been studied in Stoica and Söderström (1981),
where it is shown that the method is locally convergent when the additive output noise is
white. Moreover, it will be globally convergent if the signal-to-noise ratio is sufficiently large.
Assuming convergence, the estimates are asymptotically Gaussian distributed. However, in
general, the covariance of the estimated parameters does not asymptotically attainM−1

CR.
The Steiglitz-McBride is thus an attempt to minimize (3.4), but it only does so consistently
with additive white noise, and even then it is not asymptotically efficient.

BJSM

In Zhu and Hjalmarsson (2016), the BJSM algorithm is introduced. This algorithm copes
with two limitations of the Steiglitz-McBride. First, it is consistent for systems with BJ
structure, instead of only OE. Second, it is asymptotically efficient for open loop data.
The method uses the following procedure. First, an ARX model (3.6) is estimated with
least squares. Second, the original data set is pre-filtered by A(q, �̂N

). Third, the Steiglitz-
McBride algorithm is applied to the pre-filtered data set.
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Recall that, to be convergent, the Steiglitz-McBride algorithm requires thatHo(q) = 1. The
main idea of BJSM is thus to use A(q, �̂N

) as an estimate of [Ho(q)]−1 and pre-filter the
data according to

ypf(t) = A
(
q, �̂N

)
y(t), upf(t) = A

(
q, �̂N

)
u(t).

Then, the pre-filtered data satisfies

ypf(t) = Lo(q)
F o(q)

upf(t) + A
(
q, �̂N

)
Ho(q)e(t), (3.23)

which asymptotically is according to, due to Lemma 3.1,

ypf(t) ≈ Lo(q)
F o(q)

upf(t) + e(t). (3.24)

Since (3.24) is of OE structure, the Steiglitz-McBride algorithm can be applied to the data
set {ypf(t), upf(t)}.
Notice that, if we were to apply PEM to the pre-filtered data set, we would minimize,
motivated by (3.24),

VN (�) =
1
N

N∑
t=1

(
ypf(t) − L(q, �)

F (q, �)
upf(t)

)2
. (3.25)

To avoid an explicit non-convex minimization problem, we use the Steiglitz-McBride method
instead. Although the Steiglitz-McBride is not asymptotically efficient, the BJSM method is
when used with open loop data (Zhu and Hjalmarsson, 2016).
However, not all the information in �̂N is being used, as the filtering (3.23) only uses
A
(
q, �̂N

). In other words, the ARX model is not used as a sufficient statistic for this
problem. For the method to still be asymptotically efficient, the output data are used when
constructing the pre-filtering. This leads to two limitations.
The first is a counter-intuitive result. Suppose that Ho(q) = 1 (i.e., the true system is
already of OE structure). Then, we have that Ao(q) = 1, and estimating a FIR model would
suffice to asymptotically model the true system. However, this would maintain the data set
unchanged when applying the filtering (3.23), and BJSM would simply be reduced to the
Steiglitz-McBride method, which is not asymptotically efficient. If, on the other hand, it
is not assumed that Ao(q) = 1 and an estimate A(q, �̂N

) is still computed, BJSM will be
asymptotically efficient. Thus, although an FIR model is asymptotically a sufficient statistic
for a system of OE structure (like the ARX model is for BJ structures) it is not possible to
make use of this information when applying the BJSM method, since it does not exploit the
full statistical properties of the high order model.
As for the second limitation, we observe that although BJSM avoids solving a non-convex
optimization problem by applying the Steiglitz-McBride algorithm, it has the disadvantage
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of requiring the number of iterations of the Steiglitz-McBride to tend to infinity in order
to provide consistent and asymptotically efficient estimates (Zhu and Hjalmarsson, 2016).
To bypass this problem but still avoid a non-convex minimization procedure, we use the
Steiglitz-McBride with the ASYM method. This will allow us to obtain an asymptotically
efficient estimate in one iteration.

3.5 Model Order Reduction Steiglitz-McBride

The objective of our approach is to minimize (3.19) without using a non-convex optimization
method. To do so, we use an approach that combines ideas from ASYM and BJSM.
First, we write (3.19) as

VN (�) =
1
N

N∑
t=1

[
B
(
q, �̂N

)
u(t) − L(q, �)

F (q, �)
A
(
q, �̂N

)
u(t)

]2
. (3.26)

Then, we notice that (3.26) has the same form as (3.25) if we define
ypf(t) ∶= B

(
q, �̂N

)
u(t), upf(t) ∶= A

(
q, �̂N

)
u(t), (3.27)

and thus the same idea (i.e. applying the Steiglitz-McBride to {ypf(t), upf(t)}) can be used.
The only difference between this approach and BJSM is in the pre-filtered output. Compar-
ing (3.27) and (3.23), we observe that upf(t) are defined similarly, but ypf(t) are different.
The difference lies in the true output not being used to construct the new pre-filtered data
set. Rather, it is simulated from the input and the ARX model estimate. Indeed, we can
simulate the output with

ys(t) ∶=
B
(
q, �̂N

)

A
(
q, �̂N

)u(t), (3.28)

and then apply the same filter as in (3.23), but on the simulated output, according to
ypf(t) = A

(
q, �̂N

)
ys(t) = B

(
q, �̂N

)
u(t), (3.29)

obtaining the proposed pre-filter (3.27).
In summary, the proposed method is as follows:

1. estimate an ARX model using the input-output data {u(t), y(t)}, t = 1,… , N , accord-
ing to (3.9);

2. construct the pre-filtered data {upf(t), ypf(t)}, according to (3.27);
3. apply the Steiglitz-McBride method with {upf(t), ypf(t)} to obtain estimates L(q, �̂N )and F (q, �̂N ) of Lo(q) and F o(q), respectively.
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Note that the pre-filtered data set (3.27) only depends on the original output data {y(t)}
through the least squares estimate �̂N . With this method, we treat the high order ARX
model as if it was a sufficient statistic for our problem, and disregard the data without loss
of information (asymptotically). Indeed, as will be shown in the next section, this procedure
is asymptotically efficient for open loop data.
Moreover, there are two advantages for disregarding the data after the high order ARXmodel
has been estimated. Although these are formally shown in the next section, we observe them
here, supported by intuitive explanations.
First, the pre-filter (3.27) uses the complete statistical information contained in the estimate
�̂N . So, if the noise contribution affecting the true system (3.1) is white, a high-order FIR
model can be estimated instead of an ARX. In this case, A(q, �̂N

)
= 1.

Second, this procedure asymptotically (in N) only requires one iteration. To intuitively
understand why this is the case, we recall why the Steiglitz-McBride is an iterative method.
Note that the initialization step of the Steiglitz-McBride minimizes (3.20), which, when
evaluated at the true parameters, as in (3.21), does not correspond to a cost function of a
white sequence. Therefore, the initialization estimate �̂0N is biased. Then, we start iterating.
At the first iteration, the cost function evaluated at �o is given by (3.22) with F (q, �̂0N ).
Because F (q, �̂0N ) is biased, the true parameter will still not correspond to the cost function
of a white sequence. Therefore, the new estimate �̂1N will not be consistent either. However,
by continuing to iterate, it can be shown that, under the conditions observed in Stoica and
Jansson (2000), �̂kN → �o, as k → ∞ andN → ∞. Concerning the original BJSM method,
since the pre-filtered data is according to (3.23), it is asymptotically approximately an OE
model structure, and a similar procedure takes place.
On the other hand, the alternative pre-filtering, which disregards the original data, satisfies

ypf(t) = Lo(q)
F o(q)

upf(t) +
(
B
(
q, �̂N

)

A
(
q, �̂N

) − Lo(q)
F o(q)

)
upf(t). (3.30)

This is a noise-free equation, except for the noisy parameters in the ARX model. However,
from Lemma 3.1, the second term in (3.30) tends to zero asymptotically. As consequence,
the variance of the error sequence being minimized by the Steiglitz-McBride iterations
disappears asymptotically, and only one iteration is required.
We observe that the proposed method essentially consists of applying the Steiglitz-McBride
algorithm to perform model order reduction based on an asymptotic ML criterion. We will
thus refer to the method as model order reduction Steiglitz-McBride (MORSM).
The idea of using the Steiglitz-McBride to, in some sense, perform model order reduction,
is not new. Variants of the Steiglitz-McBride method have been applied to estimate rational
filters from an impulse response estimate, instead of applying the method directly to data (see,
e.g. Evans and Fischl, 1973; McClellan and Lee, 1991; Shaw, 1994). However, although
some of these procedures are in some sense optimal under specific conditions, we consider
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a quite general system identification problem and motivate the application of the method
based on an ML criterion. This, as we proceed to show, not only provides asymptotically
efficient estimates under a quite general class of systems and external signals, but also does
so in one iteration.

3.5.1 Noise Model

One of the advantages of MORSM is that it does not requires a noise-model order selection.
However, if a low-order noise model is wanted, it can be estimated independently of the
plant model using a similar procedure, starting from the second term in(3.17). Minimizing
this term is the same as minimizing, in the time domain,

V H
N (�) = 1

N

N∑
t=1

[
1

D(q, �)
(
D(q, �)e(t) − C(q, �)A

(
q, �̂N

)
e(t)

)]2
. (3.31)

We recognize that the Steiglitz-McBride can be applied to (3.31) with (assuming {e(t)} is
available)

yk(t) ∶= 1
D
(
q, �̂k−1N

)e(t), uk(t) ∶=
A
(
q, �̂N

)

D
(
q, �̂k−1N

)e(t). (3.32)

Then, the estimate �̂k+1N is given by

�̂k+1N =

[
1
N

N∑
t=1

'k(t)
[
'k(t)

]⊤
]−1

1
N

N∑
t=1

'k(t)yk(t). (3.33)

Although {e(t)} is not available, the terms 'k(t)('k(t))⊤ and 'k(t)yk(t) contain prod-
ucts e(i)e(j), which may be replaced by a scaling of the respective expected value (i.e.,
E{e(i)e(j)} = 0 if i ≠ j and E{e(i)e(j)} = 1 if i = j).

3.6 Asymptotic properties

In this section, we analyze both the convergence and asymptotic covariance of MORSM. To
derive these results, we will need a formal expression for the estimate of � at iteration k + 1
of the MORSM algorithm. Define

y(t, �, �) = B(q, �)
F (q, �)

u(t), y
(
t, �o, �

)
= Bo(q)
F (q, �)

u(t),

u(t, �, �) = A(q, �)
F (q, �)

u(t), y
(
t, �o, �

)
= Ao(q)
F (q, �)

u(t),
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and
�(t, �, �) = Lo(q)

F o(q)
B(q, �) − Bo(q)

Bo(q)
u(t, �, �)

−A(q, �) − A
o(q)

Ao(q)
y(t, �, �).

The same definition also applies to vector valued signals, such as (3.8).
Using that the pre-filtered data set consists of filtered versions of u(t) and that G(q) can be
represented both using Lo(q) and F o(q) as well as using Bo(q) and Ao(q), we have that

u(t) = 1
B
(
q, �̂N

)ypf(t) = Lo(q)Ao(q)
F o(q)Bo(q)

1
A
(
q, �̂N

)upf(t). (3.34)

Filtering (3.34) by

F o(q)
A
(
q, �̂N

)
B
(
q, �̂N

)

Ao(q)F
(
q, �̂N

) ,

we arrive at the noise-free equation

F o(q)
A
(
q, �̂N

)
Ao(q)

y
(
t, �̂N , �̂

k
N
)
= Lo(q)

B
(
q, �̂N

)
Bo(q)

u
(
t, �̂N , �̂

k
N
)

relating the pre-filtered data. Equivalently,
F o(q)y

(
t, �̂N , �̂

k
N
)
= Lo(q)u

(
t, �̂N , �̂

k
N
)
+ F o(q)�

(
t, �̂N , �̂

k
N
)
,

which can be written in regression form as
y
(
t, �̂N , �̂

k
N
)
=
[
'm

(
t, �̂N , �̂

k
N
)]⊤�o + F o(q)�

(
t, �̂N , �̂

k
N
)
. (3.35)

Given �̂kN , the next parameter estimate in the Steiglitz-McBride iterations �̂k+1N , is defined
as the least squares estimate of �o in the linear regression (3.35):

�̂k+1N =
[
Rm

(
�̂N , �̂

k
N
)]−1rm(�̂N , �̂kN

)
, (3.36)

where

Rm(�n, �) = 1
N

N∑
t=m+1

'm(t, �n, �)
[
'm(t, �n, �)

]⊤,

rm(�n, �) = 1
N

N∑
t=m+1

'm(t, �n, �)y(t, �n, �).

Notice that (3.35) is a linear regression form of (3.30) with the notable difference that the
error made in the ARX model enters linearly into �(t, �̂N , �̂kN ). The initialization step of the
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Steiglitz-McBride algorithm in MORSM, estimating an ARX model, corresponds to the
second and third step of the algorithm without pre-filtering, i.e., with F (q, �̂−1N ) ≡ 1. Thus,
the initialization step �̂0N is contained in the analysis of the iterations. As before, the ARX
model error tends to zero asymptotically. This is, in essence, what enables the following
results.

Theorem 3.2. Let Assumptions 3.1, 3.2, 3.3, and 3.4 hold. Then,

�̂kN → �o as N → ∞, w.p. 1, for all k ≥ 0

Proof. See Appendix 3.A.2. ■

Theorem 3.2 implies that the proposed algorithm achieves consistency in the initialization
estimate—that is, �̂0N is a consistent estimate of �o.
For the asymptotic covariance, we have the following theorem.

Theorem 3.3. Let Assumptions 3.1, 3.2, 3.3, and 3.4 hold. Then,

lim
N→∞

N E
{(
�̂kN − �o

)(
�̂kN − �o

)⊤} = �2oM−1
CR,

and
√
N
(
�̂kN − �o

)
∼ (

0, �2oM
−1
CR

)
, asN →∞, for k ≥ 1.

Proof. See Appendix 3.A.4. ■

From Theorem 3.3, we observe that the proposed method has the same asymptotic covariance
as PEM with Gaussian noise (3.5). Therefore, it is asymptotically efficient with open loop
data. Moreover, it is obtained in one iteration, i.e., for k = 1.

3.7 Numerical simulations

In this section, we perform Monte Carlo simulations to study the performance of the method.
First, we illustrate the advantages with respect to the BJSM algorithm, with which is bears
similarities, and how it may be an appropriate method to initialize PEM. Second, we perform
comparisons to other methods using systems where PEM can have difficulties with local
minima.
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3.7.1 Advantages with respect to BJSM

Although using different motivations, the algorithms for MORSM and BJSM have close
similarities. In Zhu and Hjalmarsson (2016), simulation studies have been performed with
examples where BJSM can be an alternative to PEM when PEM has convergence problems.
Here, we illustrate how BJSM and MORSM typically perform similarly given that the
algorithms converge, but that MORSM converges much faster. First, we illustrate how
MORSM only requires one iteration for an asymptotically efficient estimate, while this is not
sufficient for BJSM. Second, we illustrate how even when (for finite sample size) MORSM
requires more than one iteration for convergence, it is still a much faster converging method
than BJSM.

One iteration scheme

In the first simulation, we illustrate that MORSM, unlike BJSM, gives an asymptotically
efficient estimate in one iteration.
For the simulation, the data are generated by

y(t) = q−1 + 0.1q−2

1 − 1.2q−1 + 0.6q−2
u(t) + 1 + 0.7q

−1

1 − 0.9q−1
e(t). (3.37)

One hundred Monte Carlo simulations are performed with eight sample sizes logarithmically
spaced betweenN = 200 andN = 20000. The sequence {u(t)} is obtained by

u(t) = 1
1 − q−1 + 0.89q−2

w(t), (3.38)

where {w(t)} and {e(t)} are independent Gaussian white sequences with unit variance.
We compare PEM, BJSM (one and 100 iterations), and MORSM (one and 100 iterations).
All methods estimate a plant parameterized with the correct orders, and PEM also estimates
a correctly parameterized noise model. For BJSM and MORSM, an ARX model of order
50 is estimated in the first step. In the iterative versions, the estimate obtained in the last
iteration is the one used. As the objective of this simulation is to observe convergence
and asymptotic variance properties, PEM is started at the true parameters, and all methods
assume known initial conditions.
The results are presented in Figure 3.1, where the average root mean square error (RMSE)
of the impulse response from 1000 Monte Carlo runs is presented for each sample size. The
RMSE is given by

RMSE = ‖go − ĝ‖2, (3.39)
where go is the impulse response of Go(q) and ĝ is the impulse response of the estimated
plant model. In Figure 3.1, we observe that MORSM and BJSM perform similarly with
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Figure 3.1: Average RMSE as function of sample size for several methods, obtained from
200 Monte Carlo runs with a fixed system.

100 iterations for all the sample size range used. MORSM performs slightly worse with
one iteration than with 100 for small sample sizes, but they have the same performance for
largerN . However, the same is not true for BJSM with one iteration, for which the RMSE
does not even decrease with increasing sample size.
In conclusion, if a sufficiently amount of iterations are performed, both MORSM and
BJSM attain the asymptotic covariance of PEM. However, BJSM theoretically needs the
Steiglitz-McBride iterations to tend to infinity, while MORSM only needs one iteration.

Convergence Speed

In the following simulation, we will compare the performance of PEM and the proposed
method with randomly generated systems, with structure

y(t) =
lo1q

−1 + lo2q
−2 + lo3q

−3 + lo4q
−4

1 + f o1 q
−1 + f o2 q

−2 + f o3 q
−3 + f o4 q

−4 u(t) (3.40)

+
1 + co1q

−1 + co2q
−2 + co3q

−3 + co4q
−4

1 + do1q
−1 + do2q

−2 + do3q
−3 + do4q

−4 e(t), (3.41)
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Table 3.1: Sample mean, sample standard deviation and theoretical standard deviation for
MORSM with 100 iterations.

N True values -1.200 0.600 1.000 0.100
Sample mean -1.195 0.594 1.000 0.109

200 Sample � 0.043 0.039 0.063 0.105
Theoretical � 0.033 0.031 0.050 0.080
Sample mean -1.200 0.600 1.000 0.100

20000 Sample � 0.003 0.003 0.005 0.008
Theoretical � 0.003 0.003 0.005 0.008

where {u(t)} is given as in the previous simulation, and {e(t)} is Gaussian white noise with
variance chosen to obtain a signal-to-noise ratio

SNR =
∑N
t=1[G

o(q)u(t)]2
∑N
t=1[Ho(q)e(t)]2

= 5. (3.42)

The coefficients of Lo(q) are generated from a uniform distribution, with values between −1
and 1. The coefficients of the remaining polynomials are generated such that F o(q), Co(q),
and Do(q) have all roots inside a half-ring in the unit disc with a radius between 0.7 and
0.9, with positive real part. We do this with the objective of studying a particular class of
systems: namely, the systems are effectively of fourth order (i.e., no poles are extremely
dominant over others), they can be approximated by ARX models roughly of orders between
30 and 100, and they resemble physical systems.
An important practical aspect in implementing the proposed method is how to choose the
ARX model order, in case we do not previously have information of an appropriate order
to choose. As we have seen, theoretically the ARX model order should tend to infinity as
function of the sample size. However, for practical purposes it is sufficient to choose an order
that can correctly capture the dynamics of the true system. We then propose the following
procedure to choose the order of the ARX model. Since our objective is to minimize the
loss function (3.4) using an indirect approach, we repeat the estimation for a grid of ARX
model orders, and choose the low order model that minimizes (3.4). Because with MORSM
we do not need to compute a low-order modelH(q, �), we may use the highest order ARX
polynomial A(q, �̂N

) instead when computing the loss function (3.4). Although this is a
very noisy estimate, the error induced will be the same for every computation. For the class
of systems we consider, we choose the ARX model order from a grid of values between 25
and 125, spaced with intervals of 25.
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Moreover, whenmore than one iteration is used, the same criterion can be applied to optimize
over the number of iterations—that is, we choose the model obtained at the iteration that
minimizes the cost function (3.4).
We consider the following methods:

• the prediction error method, initialized at the true parameters (PEMt);
• the Box-Jenkins Steiglitz-McBride (BJSM).
• the iterative model order reduction Steiglitz-McBride (MORSM);
• the iterative Model Order Reduction Steiglitz-McBride method, estimating also a

noise model (MORSMh);
• the one-iteration Model Order Reduction Steiglitz-McBride, estimating also a low-

order noise model (MORSM1h).

All the iterative methods perform a maximum of 10000 iterations. MORSM and BJSM have
a stopping criterion of 10−4 as tolerance for normalized norm of the last iteration, and PEM
uses the default 10−2. With PEM, we estimate initial conditions, and with MORSM and
BJSM we truncate them. Although a procedure to estimate initial conditions for this type of
methods has been proposed in Galrinho et al. (2015a), it is only applicable if the plant and
noise model share the same poles (e.g., autoregressive moving average (ARMA), ARMAX)
or if the noise model poles are known (e.g., OE), which is not the case of BJ models.
The performance of each method is evaluated by calculating the FIT of the impulse response
of the plant, given by, in percent,

FIT = 100
(
1 − RMSE

‖go − ḡo‖
)
, (3.43)

where ḡo is the average of go.
The results are presented in Figure 3.2, with the average FIT as function of sample size.
Unlike in Figure (3.1), this more challenging scenario and for the range of sample sizes
does not allow to observe that one iteration of MORSM provides an asymptotically efficient
estimate. If we continue to iterate, there is an improvement in the obtained model estimate,
and both MORSM (without low-order noise-model estimate) and BJSM perform similarly,
attaining the performance of PEM (initialized at the true parameters) for this range of sample
sizes.
The performance of MORSM also improves for small sample size if a noise model is
estimated in the iterative version. The estimation ofH(q, �), as pointed out in Section 3.5.1,
is independent of the estimation ofG(q, �). The improvement observed in the model estimate
is because having an estimate ofH(q, �) allows for a more accurate computation of (3.4)
when choosing the best model over all the iterations.
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Figure 3.2: Average FIT for several methods, obtained from 100 Monte Carlo runs with
random systems.

The fact that, for finite sample size, both MORSM and BJSM require more than one iteration
for convergence does not render MORSM useless with respect to BJSM. In Table 3.2, we
indicate the average number of iterations required for MORSM and BJSM to converge, for
the difference sample sizes used. From here, we conclude that, even when MORSM needs
more than one iteration to converge, it still converges faster than BJSM. Moreover, BJSM
needs approximately the same amount of iterations independently of sample size, while the
number of iterations required for MORSM decreases with sample size. This is in accordance
with our theoretical result that, asymptotically, MORSM gives an efficient estimate in one
iteration.

Initialization for PEM

Here, we illustrate how MORSM can be an appropriate method to initialize PEM. For that,
we repeat the simulation in the previous section with the following methods:

• the prediction error method, with default MATLAB initialization (PEMd);
• the prediction error method, with MORSM1h as initialization (PEMm1);
• the prediction error method, with MORSMh as initialization (PEMm).
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Figure 3.3: Average FIT for several methods, obtained from 100 Monte Carlo runs with
random systems.

The results are presented in Figure 3.3, where we can compare how PEM performs with
the default MATLAB initialization and with the MORSM initialization, as well as how
much PEM can improve the MORSM estimate. For reference, we also include PEMt and
MORSMh from the previous simulation.
In Figure 3.3, we see that the standard MATLAB initialization for PEM is not always
accurate enough to find the global minimum: for all the sample sizes used, there are cases
when PEM does not converge to the same parameters as PEMt, which decreases the average
FIT. On the other hand, there is a considerable improvement for PEM if it is initialized with
MORSM, performing close to PEM initialized at the true parameters for the smallest sample
sizes and identically otherwise. However, initializing with one iteration of MORSM or with
the iterative version gives identical performance. Therefore, if MORSM is used to initialize
PEM, it may not be needed to wait for MORSM to converge. Alternatively, the iterative
version of MORSM with low-order noise model estimate also performs similar to these: in
this case, using it to initialize PEM showed no improvement. As initialization for PEM, a
few iterations of MORSM might be a good compromise as the number of PEM iterations
decreases with iterative MORSM compared to only one MORSM iteration (cf. Table 3.2).
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Table 3.2: Average number of iterations until convergence for several methods and different
sample sizes. For PEM with different initializations, only the PEM iterations are counted.

Method\N 400 818 3425 7007 29328 60000
BJSM 46 54 116 111 119 117
MORSM 23 13 8 6 4 3
PEM 18 18 15 16 12 18
PEMt 7 5 3 2 2 2
PEMm 7 4 2 1 1 1
PEMm1 10 6 4 3 2 1

3.7.2 Comparison with other methods

In this section, we perform a simulation study with two systems for which PEM has difficulty
finding the global minimum. We point out to settings where MORSM is a good alternative
to PEM and other competitive methods.
The following methods will be compared:

• the prediction error method, with default MATLAB initialization (PEMd);
• subspace method with CVA weighting (SS);
• refined instrumental variable method (RIV);
• the iterative model order reduction Steiglitz-McBride (MORSM);
• the prediction error method, initialized at the true parameters (PEMt).

PEMd, SS and PEMt are according to the implementation in MATLAB2016b with default
settings. RIV is according to the implementation in the CAPTAIN toolbox v7.5:11 with
default settings. With PEM and RIV, the plant and noise models always have the correct
order. With SS, the state-space model order is chosen as the maximum order of the plant
and noise model. With MORSM, the plant is estimated with the correct order, and the noise
model is of high order.
Here, we do not initialize PEM with MORSM, as we want to make use of the feature that
MORSM does not require estimating a low-order noise model. However, we include PEM
initialized at the true parameters as benchmark.
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Figure 3.4: Boxplot of FIT for several methods, obtained from 100 Monte Carlo runs of
System 1.

System 1: widely separated eigenvalues

The first system we consider is given by

Go(q) =
0.016 + 0.026q−1 − 0.0375q−2

1 − 1.6252q−1 + 0.642q−2
. (3.44)

This system, with its widely separated eigenvalues, is problematic for PEM in some condi-
tions if the initial conditions are not very close to the true parameter values (Young, 2008).
Here, we begin by repeating the simulation in Young (2008), for which RIV does not have
the same convergence problems as PEM. In the considered scenario,

Ho(q) =
1 + 0.5q−1

1 − 0.85q−1
, (3.45)

{ut} and {et} are zero-mean Gaussian white-noise sequences with variances 8.8 and 0.0009,
respectively, and the sample size isN = 1700. We perform 100 Monte Carlo simulations.
The obtained FITs are shown in Figure 3.4. Confirming the results in Young (2008), there is
probably a local minimum for the PEM cost function giving a FIT around 85, where the
optimization procedure often converges to with the default initialization in MATLAB. In
this simulation, the subspace method CVA is an appropriate approach to avoid the local-
minimum issue with PEM; however, the median performance is inferior to PEM. Also RIV
avoids the problematic local minimum of PEM, but has a median performance superior to
subspace. Finally, MORSM performs similarly to RIV and to PEM initialized at the true
parameters.
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Figure 3.5: Boxplot of FIT for several methods, obtained from 100 Monte Carlo runs of
System 1 with the more complicated noise model.

We now consider the same simulation settings except for the noise model, now given by

Ho(q) =
1 + 0.23q−1 + 0.07q−2 + 0.05q−3 + 0.014q−4

1 − 3.04q−1 + 3.85q−2 − 2.36q−3 + 0.616q−4
. (3.46)

In this case, the results are given in Figure 3.5. PEMwith the default MATLAB initialization
has less instances of significantly lower performance than in the previous scenario; however,
the optimization did not converge at all in two cases. Subspace CVA is not competitive,
having poor median performance. Although RIV has a median performance similar to
PEM, it has a considerable amount of instances of significantly lower performance. Finally,
MORSM has a median performance similar to RIV and PEM, but with no instances of
significantly lower performance. In this case, there could still be margin to improve the
MORSM estimate, as PEM when initialized at the true parameters has a slightly better
median performance.

System 2: resonance peaks

The second system we consider is a 6th order system with three resonance peaks, given by

Go(q) =
0.08q−1 + 0.53q−2 − 0.29q−3+

1 − 1.89q−1 + 2.26q−2 − 1.78q−3+
⋯ − 0.51q−4 + 0.23q−5 + 0.04q−6

⋯ + 1.63q−4 − 1.09q−5 + 0.56q−6
. (3.47)

Also here, we consider two scenarios. In both scenarios, the noise model is given by

Ho(q) =
1 + 0.8q−1

1 − 0.9q−1
, (3.48)



3.7. NUMERICAL SIMULATIONS 65

20

40

60

80

100

FIT

PEM
SS

RIV
MORSM
PEM-m

Figure 3.6: Boxplot of FIT for several methods, obtained from 100 Monte Carlo runs of
System 2.

{et} is a Gaussian white-noise sequence with unit variance, and the sample size isN = 2600.
The input will be different in each scenario. In the first, {ut} is a Gaussian white-noise
sequence with unit variance.
The FITs obtained from 100 Monte Carlo simulations are shown in Figure 3.6. Like the
case in Figure 3.4, there is a local minimum in the PEM cost function corresponding to
FIT between 30 and 40%, to where the optimization procedure often converges with the
standard MATLAB initialization. The subspace method also provides a model that gives a
FIT around 30–40%. Also like in Figure 3.4, RIV and MORSM always avoid the non-global
minimum that PEM sometimes converges to, and both perform close to PEM initialized at
the true parameters.
In the following, we show a scenario where MORSM is considerably advantageous with
respect to the remaining methods. The setting is the same as before, except for the input. In
this case, the input is given by

u(t) =
√
0.05

1 − 1.85q−1 + 0.87q−2
w(t), (3.49)

where {w(t)} is the input from the previous simulation.
The FITs obtained from 100 Monte Carlo simulations are shown in Figure 3.7. Here, PEM
with the default MATLAB initialization also has a considerable amount of instances of
significantly lower performance. The subspace methods is favored with this setting compared
to the previous one, but the median performance is still worse than PEM. Here, the median
performance of RIV is only slightly inferior to that of PEM, and it also has a considerable
amount of instances of significantly lower performance. On the other hand, MORSM has no
instances of significantly lower performance, while the median performance is only slightly
inferior to that of PEM and RIV. Despite the robust performance of MORSM, it does not
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Figure 3.7: Boxplot of FIT for several methods, obtained from 100 Monte Carlo runs of
System 2 with colored input signal.

attain the performance of PEM initialized with the true parameters, meaning that MORSM
is not converging to the global minimum of PEM, but still always finds a model with good
performance.

3.8 Summary

In this chapter, we proposed a least squares method for estimation of models with a plant
parameterized by a rational transfer function and a high order noise model. The method was
shown to provide consistent and asymptotically efficient estimates of the plant if data are
obtained in open loop.
Essentially, the method performs model order reduction based on an asymptotic ML crite-
rion using the Steiglitz-McBride method. We thus name it model order reduction Steiglitz-
McBride (MORSM). The method uses ideas from the ASYM and BJSM methods. However,
unlike ASYM,we avoid a non-convex optimization procedure by applying Steiglitz-McBride;
unlike BJSM, we propose a procedure that only requires one iteration to provide asymptoti-
cally efficient estimates.
Finally, we performed two simulation studies to analyze the performance of the method, from
which the following are observed. First, MORSM is asymptotically efficient in one iteration,
while BJSM is not. Second, even when extra iterations are required for convergence with
finite sample sizes, MORSM still converges in less iterations than BJSM. Third, MORSM
may be a viable alternative to PEM, specially when PEM has difficulty in finding the global
minimum.
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3.A Proofs and auxilliary lemmas

3.A.1 Proof of Lemma 3.1

The result follows from Theorem 3.1 in Ljung and Wahlberg (1992). Next, we verify the
conditions of that theorem. Assumption 3.1 and the finite dimensionality of Go and Ho

implies that
max

(||ak||, ||bk||
) ≤ C�k (3.50)

for some C < ∞ and 0 < � < 1. This implies that Condition S1 holds. Furthermore, the
bound (3.50) implies the inequality in (3.13) for some C̄ < infty. Assumption 3.3 clearly
implies Condition S2 (for any p ≤ 5). Assumption 3.4 implies Conditions D1 and D3. Thus
all conditions in Theorem 3.1 of Ljung and Wahlberg (1992) have been verified and the
result in the lemma follows from this theorem.

3.A.2 Proof of Theorem 3.2

Using Parseval’s formula, we have

R̄(�) = 1
2� ∫

�

−�

[
−Bo�m
Ao�m

][
−Bo�m
Ao�m

]∗
�u

|F (�)|2 d! (3.51)

We notice that R̄(�) > 0 whenever � is in the stability region for the coefficients of polyno-
mials of degree m

S̄ ∶=
{
� ∈ R2m ∶ F (z, �) = 0⇒ |z| < 1}. (3.52)

We introduce the notation
f (N) = (g(N))

to mean that f (N) decays to zero with the rate g(N), i.e., that there exists some positive
constants C andN0 such that for allN ≥ N0,

‖f (N)‖ ≤ C|g(N)| as N →∞.

From Lemma 3.1 it follows that
Rm

(
�̂N , �

)
− R̄(�) = (m(N)). (3.53)

By standard continuity arguments, with probability 1
Rm

(
�̂N , �

)
> 0
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for large enoughN . Hence, forN large enough, using (3.35) in (3.36)

�̂k+1N = �o +
[
Rm

(
�̂N , �

k
N
)]−1 1

N

N∑
t=m+1

'm
(
t, �n, �kN

)
F o(q)�

(
t, �̂N , �̂

k
N
)
. (3.54)

Now, since {u(t)} is uniformly bounded and 1∕F (q, �) is uniformly stable, it follows that
‖‖‖'

m(t, �̂N , �kN
)‖‖‖ ≤ C1,

for some C1 <∞, and furthermore, by Lemma 3.1, it follows that
F o(q)�

(
t, �̂N , �̂

k
N
)
= (m(N)).

It thus follows that
�̂k+1N − �o = (m(N)), (3.55)

for any k ≥ 0 and
‖‖‖�̂

k+1
N − �o

‖‖‖ → 0, as N →∞, w.p. 1.

3.A.3 Auxiliary lemmas

This section includes a few results needed for the proof of Theorem 3.3 in Section 3.A.4.
Lemma 3.4. Assume that X(q) =

∑n
k=1 xkq

−k and Z(q) =
∑n
l=1 zlq

−l are stable filters
and let v(t) be quasi-stationary. Then,

‖‖‖‖‖‖
1
N

N∑
t=m+1

X(q)v(t)Z(q)v(t)
‖‖‖‖‖‖2

≤ ‖X‖2‖Z‖2C

for some C <∞.

Proof.
‖‖‖‖‖‖
1
N

N∑
t=m+1

X(q)v(t)Z(q)v(t)
‖‖‖‖‖‖

2

=
‖‖‖‖‖‖
1
N

N∑
t=m+1

n∑
k=1

xkvt−k
n∑
l=1

zlvt−l
‖‖‖‖‖‖

2

=
‖‖‖‖‖‖

n∑
k=1

xk
n∑
l=1

zl
1
N

N∑
t=m+1

vt−kvt−l
‖‖‖‖‖‖

2

≤ n∑
k=1

||xk||2
n∑
l=1

||zl||2
||||||
1
N

N∑
t=m+1

vt−kvt−l
||||||

2

≤ n∑
k=1

||xk||2
n∑
l=1

||zl||2|||R
N
vv(k − l)

|||
2

≤ ‖X‖22‖Z‖22C2,
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where the last equality is due to the quasi stationarity of v(t). ■

Lemma 3.5. Let Assumptions 3.1, 3.2, 3.3, and 3.4 be in force. Let � n be an m × 2n
deterministic matrix, with m fixed. Then, we have that

√
N� n

[
�̂N − �̄n

]
∼ (0, P ), as N → ∞, (3.56)

where

P = �2o limn→∞�
n[R̄n]−1[� n]⊤, (3.57)

if the limit exists.

Proof. See Ljung and Wahlberg (1992, Theorem 7.3). ■

Lemma 3.6. Let {xn} be a sequence of random variables that is asymptotically Gaussian
distributed—{xn} ∼  (0, P ) as N → ∞. Let {Mn} be a sequence of random square
matrices that converge in probability to a non-singular matrixM , and {bn} be a sequence
of random vectors that converges in probability to b. Also, let

yn =Mnxn + bn. (3.58)
Then, yn converges in distribution to  (

b,MPM⊤).

Proof. See Söderström and Stoica (1989, Lemma B.4). ■

Lemma 3.7. Let n be the subspace of 22 spanned by the rows of
[
−F1F2�n F3�n
F2�n 0

]
, (3.59)

where

�n(q) =
[
q−1 … q−n

]⊤
, (3.60)

Fi(q) =
∞∑
k=0

f ikq
−k. (3.61)

Suppose that F1, F2 and F3 are exponentially stable, i.e., for an exponentially stable Fi
|f ik| ≤ C�k, for some C <∞, � < 1, (3.62)

and that there is a causal exponentially stable inverse

F̃2(q) =
∞∑
k=0

f̃ 2k q
−k, ||f̃k||2 < C�k. (3.63)

Let  =
[∑∞

k=1 dkq
−k 0

]
be exponentially stable. Then

‖‖‖ − Projn{}‖‖‖2 ≤ C�n, for some C <∞, � < 1. (3.64)
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Proof. We will construct an explicit approximation to  that belongs to n. Let
F̃2 =

[∑∞
l=1 �lz

−l 0
]
,

which is exponentially stable since both  and F̃2 are exponentially stable. Take as approxi-
mation for 

̂n =
[∑n

l=1 �lF2(z)z
−l 0

]
,

which by construction belongs to 	 . Introduce the notation  = [ 1 2 ]. Hence
‖‖‖k − Proj	̃ {}

‖‖‖2 ≤ ‖‖ − ̂n‖‖2
=
‖‖‖‖‖
1 −

n∑
l=1

�lF2(z)z−l
‖‖‖‖‖2

=
‖‖‖‖‖‖
F2(z)

[
F̃2(z)1 −

n∑
l=1

�lz
−l

]‖‖‖‖‖‖2
≤ ‖‖F2(z)‖‖2

‖‖‖‖‖‖

∞∑
l=n+1

�lz
−l
‖‖‖‖‖‖2≤ C�n,

for some C <∞ and � < 1 since F2 and F̃2 are exponentially stable. ■

3.A.4 Proof of Theorem 7.3

We start by using (3.54) to write
√
N
(
�̂k+1N − �o

)
=M−1

N xN ,

where
MN = Rm

(
�̂N , �

k
N
)

xN = 1√
N

N∑
t=m+1

'm
(
t, �̂N , �

k
N
)
F o(q)�

(
t, �̂N , �̂

k
N
)
.

From (3.53) and Theorem 3.2, for k ≥ 1, we have that
MN →MCR, as N → ∞, w.p. 1.

Assume for now (we will prove it later) that
xN ∼ (0, P ), as N → ∞.

Then, using Lemma 3.6, we have that
√
N
(
�̂k+1N − �o

)
∼ (

0,M−1
CRPM

−1
CR

)
, as N → ∞. (3.65)
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3.A.5 xN

We will now establish the asymptotic distribution and covariance of xN . To this end, wefirst define

�m(�n, �) ∶= 1
F (q, �)

[
−B(q, �n)�m
A(q, �n)�m

]
,

Ξm(�n, �) ∶= F o(q)
Ao(q)F (q, �)

[
−Bo(q) Ao(q)

][A(q, �n) − Ao(q)
B(q, �n) − Bo(q)

]
.

Then we rewrite �(t, �̂N , �kN
) as

�
(
t, �̂N , �

k
N
)
= −

B
(
q, �̂N

)

Ao(q)F
(
q, �kN

)[A(q, �̂N
)
− Ao(q)

]
u(t)

+
A
(
q, �̂N

)

Ao(q)F
(
q, �kN

)[B(q, �̂N
)
− Bo(q)

]
u(t)

= − Bo(q)
Ao(q)F

(
q, �kN

)[A(q, �̂N
)
− Ao(q)

]
u(t)

+ Ao(q)
Ao(q)F

(
q, �kN

)[B(q, �̂N
)
− Bo(q)

]
u(t)

= 1
F o(q)

Ξm
(
�̂N , �

k
N
)
u(t).

We can thus express xN as

xN = 1√
N

N∑
t=m+1

�m(�̂N , �kN
)
u(t)Ξm

(
�̂N , �

k
N
)
u(t).

We will in the remainder of the proof need some properties regarding the filters �m and Ξm
that are easily established using Lemma 3.1:

‖‖‖Ξ
m(�̂N , �kN )

‖‖‖ = (m(N)) (3.66)
‖‖‖�

m(�̂N , �kN
)
−�m(�̂N , �o

)‖‖‖ = (m(N)) (3.67)
‖‖‖�

m(�̂N , �o
)
−�m(�o, �o)‖‖‖ = (m(N)) (3.68)

‖‖‖Ξ
m(�̂N , �kN

)
− Ξm

(
�̂N , �

o)‖‖‖ = (m2(N)) (3.69)
‖�m(�o, �o)‖ = (1) (3.70)

For future reference, we will establish the limit of √Nm2(N). The dominating term in
m(N) is n(N)√logN∕N and terms with d(N) will be neglected. ForN large enough, we
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have
lim
N→∞

√
Nm2(N) = lim

N→∞

√
Nn(N)2

logN
N

= lim
N→∞

[
n(N)4+�

N

] 2
4+� logN

N
�
4+�

= 0,

where the first term goes to zero by Assumption 3.4.
Using Lemma 3.4 and Lemma 3.6 with (3.66) and (3.67), it follows that difference between
xN and

1√
N

N∑
t=m+1

�m(�̂N , �o
)
u(t)Ξm

(
�̂N , �

k
N
)
u(t) (3.71)

tend to zero asN → ∞ w.p.1, and therefore they have the same asymptotic distribution and
the same asymptotic covariance. We will analyze (3.71) instead. Similarly, using Lemma 3.4
and Lemma 3.6 with (3.66) and (3.68), it follows that difference between (3.71) and

1√
N

N∑
t=m+1

�m(�o, �o
)
u(t)Ξm

(
�̂N , �

k
N
)
u(t) (3.72)

tend to zero asN → ∞w.p.1, andwewill analyze (3.72) instead. Similarly, using Lemma 3.4
and Lemma 3.6 with (3.69) and (3.70), the difference between (3.72) and

1√
N

N∑
t=m+1

�m(�o, �o
)
u(t)Ξm

(
�̂N , �

o)u(t) (3.73)

tend to zero asN →∞ w.p.1, and we will analyze (3.73) instead.
We rewrite Ξm(�̂N , �o)u(t) as

Ξm
(
�̂N , �

o)u(t) = 1
Ao(q)

[
−Bo(q)u(t)�n
Ao(q)u(t)�n

]⊤[
�̂N − �̄n

]

= 1
Ao(q)

[
'n

(
t, �o, �

o)]⊤[�̂N − �̄n
]
. (3.74)

Thus, we have shown that xN has the same distribution and covariance as
TN ∶= Zn

√
N
[
�̂N − �̄n

]
, (3.75)

where

Zn =
N∑

t=m+1
'm

(
t, �o, �o

)F o(q)
Ao(q)

[
'n

(
t, �o, �o

)]⊤, (3.76)

and we will analyze TN instead.
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3.A.6 Asymptotic covariance of TN

Using Lemma 3.5, we have that
TN ∼ (0, Q), as N → ∞,

where
Q = �2o limn→∞Z

n[R̄n]−1[Zn]⊤,

provided the right hand side limit exists. This will be shown next. We start by analyzing R̄n.
R̄n = E

{
'n(t)

[
'n(t)

]⊤}

= ⟨	,	⟩,
where 	 is given by

	 =

[
−Go�n Ho�n
�n 0n×1

]
Uo

and Uo is a spectral factor of the the covariance matrix of the input u(t) and the noise e(t),
given by

Uo =

[
Fu 0
0 �o

]
.

For (3.76), we have that

Zn = E
{
'm

(
t, �o, �o

)F o(q)
Ao(q)

[
'n

(
t, �o, �o

)]⊤}

= E
⎧⎪⎨⎪⎩

[
−Bo

F o�mu(t)
Ao

F o�mu(t)

][
−Go�nu(t)
�nu(t)

]⊤⎫⎪⎬⎪⎭

=

⟨[
− Go

F oHo�m 0n×1
1

F oHo�m 0n×1

]
Fu,

[
−Go�n 0n×1
�n 0n×1

]
Fu

⟩

= ⟨, 	⟩, (3.77)
with

 =

[
− Go

F oHo�m 0m×1
1

F oHo�m 0m×1

]
Fu,
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where the last equality is due to the fact that the added column in the right argument of the
inner product is multiplied by the zero column in  when the inner product is taken. Hence,
we can write the asymptotic covariance matrix of TN as

lim
N→∞

E
{
TNT

⊤
N
}
= �2o ⟨, 	⟩⟨	,	⟩−1⟨	, ⟩
= �2o

⟨
Proj	 {},Proj	 {}

⟩
, (3.78)

where 	 is the subspace in 1×22 spanned by the rows of 	 . Lemma 3.7 gives that, as
n→ ∞, S ⊆ 	 and

lim
N→∞

E
{
TNT

⊤
N
}
= �2o ⟨, ⟩ = �2oMCR.

3.A.7 Summing up

Consider TN defined in (3.75). As observed in Section 3.A.6, it follows from Lemma 3.5
that

TN ∼ (
0, �2oMCR

)
, as N → ∞. (3.79)

The asymptotic normality of√N(
�̂N − �̂o

) follows from (3.65) and (3.79), together with
that√N(

�̂N − �̂o
) has the same asymptotic distribution as TN . From (3.65) and (3.79), it

now follows that
√
N(�̂kN − �o) ∼ (

0, �2oM
−1
CR

)
, as N → ∞. (3.80)



CHAPTER 4
MODEL ORDER REDUCTION STEIGLITZ-MCBRIDE IN

DYNAMIC NETWORKS

In this chapter, model order reduction Steiglitz-McBride (MORSM) will be generalized to
dynamic networks. In this setting, the method will resemble standard two-stage methods,
but use high order noise modelling. Like for the SISO case, we motivate the method using
asymptotic ML arguments. We argue that this should decrease the estimation error compared
with standard two-stage and IV methods.

4.1 Introduction

Dynamic networks are often too complex to be estimated as a whole using the prediction
error method (Ljung, 1999). Estimating a chosen part of the network is computationally
more appealing. However, using internal signals as inputs to the identification problem and
applying a direct prediction error method (PEM) is often problematic: with feedback loops,
the noise must be correctly modeled to obtain consistent estimates; with sensor noise, we
have an errors-in-variables (EIV) setting, for which PEM is biased. Approaches to obtain
consistent estimates of network modules have been studied by among others Dankers et al.
(2016), Dankers et al. (2015), Dankers and Van den Hof (2015), Gunes et al. (2014), and
Van den Hof et al. (2013).
In an errors-in-variables (EIV) setting and without estimating a noise model, possible
approaches include instrumental variable (IV) methods (Dankers et al., 2015) and two-stage
methods (Van den Hof et al., 2013). In the latter, noiseless inputs are simulated from a high
order estimate of an appropriate part of the network. Although these methods are consistent,
disregarding noise modeling may come at a cost in estimation error. Some frequency-domain
methods deal with this issue: a fully non-parametric approach has been proposed by Dankers
and Van den Hof (2015); the method proposed in Pintelon et al. (2010a) and Pintelon et al.
(2010b) can also be used in this scenario, where a semi-parametric approach is taken—the
noise model is captured by a high order model and the plant model of interest is parametric.

75
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v3(t) v2(t)

r(t) + G23(q) + G12(q)

G31(q) +

v1(t)

w3(t) w2(t)

w1(t)

Figure 4.1: Example of a dynamic network.

In this chapter, we propose a time-domain method to deal with the noise contribution also
using a high order model. The proposed method is based on model order reduction Steiglitz-
McBride introduced in Chapter 3 for SISO systems. Here, we extend this approach to
estimate a module in a dynamic network. First, we estimate a high order ARX model of an
appropriate part of the network. Second, we estimate the module of interest using signals
simulated from the ARX model and the Steiglitz-McBride method.
Although the basic idea resembles two-stage methods, the main contribution is that we
use an asymptotic ML criterion (Wahlberg, 1989) to derive the filters that simulate the
signals. Because of the theoretical support on an ML criterion, we argue that the method
may provide lower estimation error than alternative approaches. We support this argument
by simulations, where we observe that the method is most beneficial for colored noise.

4.2 Problem formulation

Consider the dynamic network in Fig. 4.1, written as
⎡⎢⎢⎢⎣

w1(t)
w2(t)
w3(t)

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣

0 G12(q) 0
0 0 G23(q)

G31(q) 0 0

⎤⎥⎥⎥⎦

⎡⎢⎢⎢⎣

w1(t)
w2(t)
w3(t)

⎤⎥⎥⎥⎦
+
⎡⎢⎢⎢⎣

v1(t)
v2(t)
v3(t)

⎤⎥⎥⎥⎦
+
⎡⎢⎢⎢⎣

0
0
r(t)

⎤⎥⎥⎥⎦
. (4.1)

We have the following assumptions:

• G12(q), G23(q), and G31(q) are rational transfer functions in the delay operator q−1,with at least one containing a delay;
• {v1(t)}, {v2(t)}, and {v3(t)} are unknown process noise sequences given by Gaussianwhite noise sequences with finite variance filtered by unknown stable filters;
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• {w1(t)}, {w2(t)}, and {w3(t)} are measurable signals, whose measurements are given
by

w̃k(t) = wk(t) + ek(t), (4.2)
k = {1, 2, 3}, where {e1(t)}, {e2(t)}, and {e3(t)} are measurement noise sequences
obtained by unknown stable filters driven by Gaussian white noise;

• {r(t)} is a known bounded reference signal, uncorrelated with the noise signals.

We will use this network throughout the chapter to review available methods and to explain
the proposed method. The objective is to estimate G12(q), parametrized as

G12(q, �) =
L12(q, �)
F12(q, �)

=
l1q−1 +⋯ + lmq−m

1 + f1q−1 +⋯ + fmq−m
, (4.3)

where � = [ f1 ⋯ fm l1 ⋯ lm ]⊤ are the parameters to estimate. We assume that there is unique
� = �o such that G12(q) = G12(q, �o).
Alternatively to the recursive description in (4.1), the network can also be described by the
relation from its external input signals to the measured output signals (4.2):

⎡
⎢⎢⎢⎣

w̃1(t)
w̃2(t)
w̃3(t)

⎤⎥⎥⎥⎦
= S(q)

⎡⎢⎢⎢⎣

G12(q)G23(q)
G23(q)
1

⎤⎥⎥⎥⎦
r(t) +Hv(q)

⎡⎢⎢⎢⎣

v1(t)
v2(t)
v3(t)

⎤⎥⎥⎥⎦
+
⎡⎢⎢⎢⎣

s1(t)
s2(t)
s3(t)

⎤⎥⎥⎥⎦
, (4.4)

with S(q) = [1 − G12(q)G23(q)G31(q)]−1 and

Hv(q) = S(q)
⎡⎢⎢⎢⎣

1 G12(q) G12(q)G23(q)
G23(q)G31(q) 1 G23(q)

G31(q) G12(q)G31(q) 1

⎤⎥⎥⎥⎦
. (4.5)

Estimating the individual networkmodules with PEMusing the complete network description
can be problematic in several aspects. For this reason, identification in dynamic networks
concerns estimating particular modules of interest. In our example, we are interested in
G12(q). If the signals {w1(t), w2(t)} were known, the perhaps most natural approach to
estimate G12(q) would be to use these signals as output and input to PEM. This is known as
the direct approach (Van den Hof et al., 2013). Because there is feedback in the network, this
approach has a disadvantage that the noise contribution {v1(t)}must be correctly modeled to
achieve a consistent estimate of G12(q). Nevertheless, the direct approach is not applicable
in our setting: because {w1(t), w2(t)} are not known, but measured with noise according
to (4.2), we need to use {w̃1(t), w̃2(t)} as output and input to the identification problem.
This creates an errors-in-variables (EIV) problem, for which PEM provides biased estimates.
We proceed to review two possible time-domain methods to consistently identify G12(q):the two-stage (or indirect) method and the instrumental variable IV method.
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4.2.1 The Two-Stage Method

The two-stage method was proposed by Van den Hof and Schrama (1993) to obtain consistent
estimates of a plant from closed-loop data without having to estimate a noisemodel. However,
it can also be applied in the network case to simulate the desired input signal as follows (Van
den Hof et al., 2013).
For the first stage, the measured input to G12(q) is (4.4)
w̃2(t) = S(q)G23(q)r(t) + S(q)[G23(q)G31(q)v1(t) + v2(t) + G23(q)v3(t)] + e2(t). (4.6)

Because {r(t)} is uncorrelated with the noise signals, estimating a high-order FIR model
(without loss of generality, one delay is assumed in G23)

w̃2(t) =
n∑
k=1

�kq
−kr(t) + e(t), (4.7)

where n is the model order and {�k}nk=1 are the parameters to estimate, provides a high order
estimate of S(q)G23(q) that is arbitrarily close to a consistent estimate as n increases. This
stage provides estimates {�̂k}nk=1 of {�k}nk=1, by solving the least-squares problem

�̂ =

[
1
N

N∑
t=1

'(t)⊤'(t)

]−1[
1
N

N∑
t=1

'(t)w̃2(t)

]
, (4.8)

whereN is the sample size, � = [ �1 ⋯ �n ]⊤, and '(t) = [ r(t−1) ⋯ r(t−n) ]⊤.
For the second stage, we simulate a noiseless input to G12(q) by

ŵ2(t) ∶=
n∑
t=1

�̂kq
−kr(t). (4.9)

Then, PEM can be applied to the output error (OE) model
w̃1(t) = G12(q, �)ŵ2(t) + e(t), (4.10)

which provides a consistent estimate of G12(q).

4.2.2 The Instrumental Variable Method

Instrumental variable methods (Söderström and Stoica, 1983) can provide consistent esti-
mates of a plant without estimating a noise model and in an EIV setting (Thil et al., 2008).
Thus, they are appropriate to estimate systems in dynamic networks (Dankers et al., 2015).
IV methods are a generalization of the least-squares method. To explain the idea, we start
by using (4.1) and (4.2) to write

w̃1(t) = '(t)⊤� + F12(q)v2(t) + F12(q)e1(t) − L12(q)e2(t), (4.11)
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where '(t) = [ −w̃1(t−1) ⋯ −w̃1(t−m) w̃2(t−1) ⋯ w̃2(t−m) ]⊤. With an IV method, � is estimated
by solving

�̂ =

[
1
N

N∑
t=1

z(t)⊤'(t)

]−1[
1
N

N∑
t=1

z(t)w̃2(t)

]
, (4.12)

where z(t) is a vector containing an appropriate set of variables called instruments. If
z(t) ≡ '(t), (4.12) reduces to the least-squares method, which provides biased estimates
because the residual term

w̃1(t) − '(t)⊤� = F12(q)v2(t) + F12(q)e1(t) − L12(q)e2(t) (4.13)
is not white. Using (4.12) provides a consistent estimate if z(t) is correlated with '(t) and
uncorrelated with the residual term (4.13). Here, the reference signal {r(t)} may be used to
construct the instruments because it is correlated with {w̃1(t), w̃1(t)} and uncorrelated with
{v2(t), e1(t), e2(t)}. On the other hand, {w̃3(t)} is not a candidate instrument because it is
correlated with {v2(t)}. Although a generalized IV approach allows other instruments to
be used (Dankers et al., 2015), we consider it outside the scope of this chapter because it
requires estimating a parametric noise model.

4.2.3 Summary and potential improvement

The reviewed approaches to estimate systems in dynamic networks focus on obtaining
consistent estimates of particular modules, but they do not attempt to reduce the variance of
the estimates. The latter problem has been considered, for example, in the two-stage method
extension by Gunes et al. (2014). However, none of these approaches considers the noise
signal properties when estimating a particular module. While we want to avoid estimating a
parametric noise model, not taking the noise properties into account potentially increases
the estimation error.
For SISO systems, there are approaches that capture the noise model with a high order
model and the plant with a parametric model: for example, the method by Schoukens et al.
(2011) in the frequency domain and the method by Everitt, Galrinho, et al. (2017b) in the
time domain. To estimate a module in a dynamic network with a similar semi-parametric
approach, the frequency domain method in Pintelon et al. (2010a) and Pintelon et al. (2010b)
can be applied. This method consists of two steps. In the first step, the parts of the noisy
input and output signals to the module of interest that are correlated with the reference signal
are estimated with the noise covariance, using the local polynomial method. In the second
step, the non-parametric estimates of these signals and of the noise covariance are used as
starting point to estimate a parametric plant model using the sample maximum likelihood
method (SML) estimator.
In this chapter, we address the problem of noise modeling in dynamic networks in the time
domain, by extending the model order reduction Steiglitz-McBride (MORSM) method
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by Everitt, Galrinho, et al. (2017b) to this scenario. With this method, the parametric
estimate of the plant is obtained from a high order estimate, where the reduction is motivated
by an asymptotic ML criterion. We proceed to review the SISO version of this method and
the theoretical background that motivates it, which will be essential for the generalization to
estimate modules in dynamic networks.

4.3 The Model Order Reduction Steiglitz-McBride Method

Consider the SISO system
y(t) = G(q)u(t) +H(q)e(t), (4.14)

where G(q) andH(q) can be described by rational transfer functions. We parametrize the
plant by G(q, �), similarly to (4.3). MORSM allows us to obtain an asymptotically efficient
estimate of G(q) without estimating a parametric model for H(q) and without explicitly
solving a non-convex optimization problem.
If PEM is used with data obtained in open loop, H(q) can be over-parametrized without
affecting the asymptotic properties of the estimated G(q, �). However, choosing the noise-
model order arbitrarily large will make the problem computationally more difficult for PEM.
The exception is if an ARX model structure is used, in which case the global minimum of
the prediction error criterion can be found by least squares. This consists in estimating the
model

A(q, �)y(t) = B(q, �)u(t) + e(t), (4.15)
where

A(q, �) = 1 +
n∑
k=1

akq
−k, B(q, �) =

n∑
k=1

bkq
−k, (4.16)

and � = [ a1 ⋯ an b1 ⋯ bn ]⊤, providing estimates �̂.
If the ARX-model order n is allowed to be arbitrarily large, (4.15) models (4.14) with
arbitrary accuracy (Ljung and Wahlberg, 1992). Then, asymptotically in model order, the
ARX-model estimate can be used to obtain high order estimates of G(q) andH(q) by

Ĝ(q) = B(q, �̂)
A(q, �̂)

, Ĥ(q) = 1
A(q, �̂)

. (4.17)

The asymptotic distribution of the high order estimate G(q, �̂) can be characterized in the
frequency domain by (Wahlberg, 1989)

Ĝ
(
ej!

)
− G

(
ej!

)
∼

(
0, n
N
�v

(
ej!

)

�u
(
ej!

)
)
, (4.18)
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where �u
(
ej!

) is the spectrum of the input and �v
(
ej!

) is the spectrum of the noise term
v ∶= H(q)e(t). This motivates that the reduction from the high order estimate Ĝ(q) to a
low order one—G(q, �)—be performed by minimizing the asymptotic maximum likelihood
criterion

VN (�) = ∫
�

−�
|Ĝ(ej!) − G(ej!, �)|2�u

(
ej!

)

�v
(
ej!

) d!. (4.19)

Because �v
(
ej!

) is typically unknown, we need to replace it by an estimate. As shown
by Wahlberg (1989), �v

(
ej!

) may be replaced by its high order (scaled) estimate |Ĥ(q)|2
without affecting the asymptotic properties of the estimate of G(q, �). Thus, minimizing

VN (�) = ∫
�

−�
|Ĝ(ej!) − G(ej!, �)|2 �u

(
ej!

)

|Ĥ(
ej!

)|2 d! (4.20)

provides an asymptotic efficient estimate of �.
In the time domain, a consistent estimate of (4.20) for finite sample size is given by

VN (�) =
1
N

N∑
t=1

[
Ĝ(q) − G(q, �)

Ĥ(q)
u(t)

]2
. (4.21)

In turn, using (4.17), we can re-write (4.21) as

VN (�) =
1
N

N∑
t=1
[B(q, �̂)u(t) − G(q, �)A(q, �̂)u(t)]2. (4.22)

The ASYM method (Zhu, 2001) consists in minimizing (4.22), which is an OE problem
with a simulated output and filtered input, defined by

ŷ(t) ∶= B(q, �̂)u(t), û(t) ∶= A(q, �̂)u(t). (4.23)

Using PEM, a non-convex optimization routine is required to minimize (4.22). An alternative
is to use the Steiglitz-McBride method (Stoica and Söderström, 1981), which uses least
squares iteratively (we refer to it as Steiglitz-McBride). This method is not asymptotically
efficient when applied to the measured data (Stoica and Söderström, 1981); however, when
applied to the simulated data set (4.23), Steiglitz-McBride provides asymptotically efficient
estimates in one iteration (Everitt, Galrinho, et al., 2017b).
Motivated by this, the Model Order Reduction Steiglitz-McBride method consists of the
following two steps: first, estimate a high-order ARX model, using least squares; second,
apply Steiglitz-McBride to the data set (4.23), which is motivated by an asymptotic ML
criterion.
We identify three advantages compared to a direct PEM estimation. First, we transform a
Box-Jenkins problem into an OE one, which is computationally simpler. Second, the user



82
CHAPTER 4. MODEL ORDER REDUCTION STEIGLITZ-MCBRIDE IN DYNAMIC

NETWORKS

does not need to choose a parametrization for the noise model. Third, we avoid a non-convex
optimization routine by applying Steiglitz-McBride. These properties make MORSM an
appealing method to estimate systems in dynamic networks.

4.4 MORSM for Dynamic Networks

To generalize MORSM to dynamic networks, consider the SIMO ARX model from r(t) to
the input and output signals ofG12(q) (the module of interest),w2(t) andw1(t), respectively:

A(q, �)

[
w2(t)
w1(t)

]
= B(q, �)r(t) +

[
e1(t)
e2(t)

]
(4.24)

whereA(q, �) is 2×2,B(q, �) is 2×1, and the parameter vector � contains all the polynomials
in these transfer matrices. An estimate �̂ can then be obtained by least squares, which allows
us to obtain high order estimates

[
T̂23(q)
T̂13(q)

]
= A−1(q, �̂)B(q, �̂), (4.25)

where
[
T23(q)
T13(q)

]
∶= S(q)

[
G23(q)

G12(q)G23(q)

]
. (4.26)

Having estimates of T13(q) and T23(q), the asymptotic ML estimate ofG12(q) can be derivedfrom these estimates, using that they are related by T13(q) − G12(q)T23(q) = 0. To do this,we start by writing the asymptotic distribution

T̂13
(
ej!

)
− G12

(
ej!

)
T̂23

(
ej!

)
∼

(
0, n
N
P
(
ej!, �o

)

�r
(
ej!

)
)
, (4.27)

where �r
(
ej!

) the spectrum of the reference signal r(t) and

P
(
ej!, �

)
=
[
−G12

(
ej!, �

)
1
]
�v̄

(
ej!

)[−G12
(
e−j!, �

)

1

]
, (4.28)

where �v̄
(
ej!

) is the spectrum of the noise signal

v̄(t) ∶=

[
w̃2(t)
w̃1(t)

]
−

[
T23(q)
T13(q)

]
r(t). (4.29)
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This suggests that the model reduction step should be according to the cost function

VN (�) = ∫
�

−�
|T̂13

(
ej!

)
− G12

(
ej!, �

)
T̂23

(
ej!

)|2 �r
(
ej!

)

P
(
ej!, �o

) d!. (4.30)

As with MORSM, we replace �v̄
(
ej!

) in (4.28) by a high order estimate—that is, the
spectrum of the signal

̂̄v(t) =

[
w̃2(t)
w̃1(t)

]
−

[
T̂23(q)
T̂13(q)

]
r(t) (4.31)

instead of (4.29)—and apply Steiglitz-McBride to perform the model reduction. However,
we have two problems to address. First, the term P

(
ej!, �o

) depends on the true parameters
�o. Second, a spectral factor of this term is not available in closed form to simulate the
signals.
Concerning the first problem, we replace �o by a consistent estimate. Because it is an
ML criterion, this can be done without affecting the asymptotic properties of the ML
estimate (Wahlberg, 1989). To obtain a consistent estimate, we may set P (ej!, �o) in (4.30)
to one and minimize the time-domain cost function

V 0N (�) =
1
N

N∑
t=1

([
T̂13

(
ej!

)
− G12

(
ej!, �

)
T̂23

(
ej!

)]
r(t)

)2. (4.32)

To do this, we apply Steiglitz-McBride with the data set
ŷ0(t) = T̂13(q)r(t), û0(t) = T̂23(q)r(t), (4.33)

which provides a consistent estimate �̂ that we use to replace �o in (4.30).
Concerning the second problem, a standard approach to obtain a spectral factorization of
P
(
ej!, �̂

) is to write the state-space form of the signal [ G12(q,�̂) 1 ] ̂̄v(t) and compute the
Kalman filter. However, numerical problems might occur when solving the Riccati equation
because of the potential high order of the model. Because we only need a high order estimate
of the spectral factor, we instead fit an autoregressive (AR) model D(q)x̂(t) = e(t) using
least squares, where

D(q) = 1 +
n∑
k=1

dkq
−k, x̂(t) ∶=

[
−G12

(
q, �̂

)
1
]
̂̄v(t). (4.34)

Then, if D̂(q) is the AR-model estimate, we have that |D̂(q)|2 ≈ P−1
(
ej!, �̂

). Finally,
minimizing (4.30) with this estimate of P−1(ej!, �̂) corresponds to minimizing

VN (�) =
1
N

N∑
t=1

([
T̂13

(
ej!

)
− G12

(
ej!, �

)
T̂23

(
ej!

)]
D̂(q)r(t)

)2, (4.35)
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which provides the final data set for the Steiglitz-McBride:
ŷ(t) ∶= T̂13(q)D̂(q)r(t), û(t) ∶= T̂23(q)D̂(q)r(t). (4.36)

In summary, the MORSM algorithm for networks consists of the following steps:

1. estimate an ARX model and construct estimates T̂13(q) and T̂23(q), according to
(4.25);

2. apply the Steglitz McBride method to the simulated data set (4.33), providing a
consistent estimate �̂;

3. estimate an AR model from the signal x̂(t), defined by (4.34) and (4.31);
4. apply the Steglitz-McBridemethod to the simulated data set (4.36), with D̂(q) obtained

in Step 3.

4.5 Numerical simulations

In this section, we perform a simulation study covering three cases with different noise
signal spectra. For all cases, the transfer function we are interested in estimating is

G12(q) =
q−1

1 − 0.8q−1
, (4.37)

while the remaining modules in the network are

G23(q) =
0.2q−1

1 − 0.5q−1
, G31(q) =

−0.1q−1

1 − 0.4q−1
. (4.38)

We generate the reference signal by r(t) = [1 − 0.7q−1]−1er(t), where {er(t)} is Gaussian
white noise with unit variance. The sample size isN = 5000.
We compare the following methods:

• two-stage method (2-Stage), estimating an FIR model of order n = 30 (first stage)
according to (4.7) and (4.8), and estimating an OE model using PEM (second stage)
with (4.10) and simulated input (4.9);

• instrumental variable method (IV), estimating (4.12) with z(t) = [ rt−3 rt−4 rt−5 ]⊤;
• the SML, according to the implementation in the MATLAB toolbox (version October

2011) complementing the book Pintelon and Schoukens (2012), with 50 degrees of
freedom for the covariance estimate and order 1 for the local polynomial approxima-
tion;
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• the proposed method (MORSM), estimating an ARX model of order n = 15 (first
step), an AR model of order n = 30 (third step), and using 5 Steiglitz-McBride
iterations (second and fourth steps).

For SML, the MIMO local polynomial method is first used with {r(t)} as input and
{w̃1(t), w̃2(t)} as outputs; then, the obtained non-parametric frequency-domain estimates of
the latter signals and of the noise covariance are used with the sample maximum likelihood
method. We obtain the initial estimate for the optimization problem by applying iterative
quadratic maximum likelihood (IQML), which, in turn, is initialized by weighted total least
squares (WTLS)—functions that are available in the toolbox. A maximum number of 100
iterations (default) is used.
The settings for all the methods were chosen based on a few empirical observations regarding
performance. In a more extensive simulation study, a data-based selection of these settings
should be used instead. However, we do not consider it for the purpose of this preliminary
simulation.
For illustrative purposes, it would be interesting to observe how much is gained from Step
2 to Step 4 of the proposed method, as well as how much is lost by not using �o when
obtaining the spectral factor. With this purpose, the following estimates are also included
for comparison:

• Step 2 of the proposed method (naive MORSM);
• the proposed method with G12(q, �o) used in Step 3 when constructing (4.34) (oracle

MORSM).

We evaluate the performance using the FIT of the estimated impulse response of G12(q),given in percent by

FIT = 100
(
1 −

‖g12 − ĝ12‖2
‖g12 −mean(g12)‖2

)
, (4.39)

where g12 and ĝ12 are vectors with the impulse coefficients of G12(q) and G12
(
q, �̂

) (for a
particular method), respectively. We perform 100 Monte Carlo runs.
The three cases we study are:

I the process and sensor noises are uncorrelated Gaussian white noise sequences with
unit variance;

II the process noise sequences are low-pass signals generated by vk(t) = H(q)evk (t),
k = {1, 2, 3}, whereH(q) = [

1 − 0.95q−1
]−1, and {evk (t)} are mutually uncorrelated

white Gaussian noise sequences with unit variance, and the sensor noise sequences
are as in Case I).
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Figure 4.2: Simulation studies with white process and sensor noise signals (Case I).

III the process noise sequences are as in Case II), and the sensor noise sequences are gen-
erated to have the same spectra, by sk(t) = H(q)esk (t), k = {1, 2, 3}, where {esk (t)}are mutually uncorrelated white Gaussian noise sequences with unit variance.

Although correlation between signals should not affect the methods, we consider the uncor-
related case for simplicity.

Case I)

The results for the case where all noise contributions are white are presented in the left
plot of Fig. 4.2. In this case, there is hardly any improvement from Step 2 of the proposed
method (naive MORSM) to the complete method (MORSM), which also has little advantage
over the two-stage method (2-Stage). The reason is that the total noise contribution when
driven by white noise signals does not have a considerable influence, and may be disregarded
at almost no cost in performance. Moreover, there is no observable difference between
the proposed method and using knowledge of the true system to filter the signals in Step
3 (oracle MORSM), meaning that our proposal of replacing the true system in Step 3 by
the estimate obtained in Step 2 is acceptable in this case. The IV method we use is not
competitive with the remaining methods here. Finally, SML and MORSM have similar
performance.

Case II)

The results for the case where the process noise signals are low pass are presented in the
middle plot of Fig. 4.3. In this case, there is a clear improvement from naive MORSM to
MORSM, while the 2-Stage is not competitive. Thus, when the noise contributions are
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Figure 4.3: Simulation studies with low-pass process noise signals and white sensor noise
signals (Case II).

0

50

100

↓ 19 ↓ 1 ↓ 5 ↓ 1

naive MORSM
MORSM

oracle MORSM
2-Stage

IV
SML

Figure 4.4: Simulation studies with low-pass process and sensor noise signals (Case III).

sufficiently correlated in time, performing the filtering derived from the asymptotic ML
approach is beneficial. Moreover, replacing the true system with a consistent estimate in
the ML weighting does not deteriorate our approach here either, as MORSM and the oracle
version have identical performance. The IV method we use has better performance than in
the previous case, because it benefits from additional correlations in the internal network
signals. Like MORSM, the SML method is also capable of handling the colored noise
signals used.
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Case III)

The results for the case where both the process and sensor noise signals are low-pass signals
are presented in the right plot of Fig. 4.4. In this case, the estimate naive MORSM is very
poor, but the improvement to the complete method is considerable. Also here, MORSM
performs similarly to the case that the true system is used in Step 3 (oracle MORSM), even
if the true system is replaced by a poor estimate (the one obtained by naive MORSM). The
SML and MORSM are competitive in this simulation, but 2-Stage and IV are not.
In summary, our simulations suggest that the proposed method can provide a smaller
estimation error than standard two-stage and IV methods. If the noise contributions are not
sufficiently colored, the two-stage method performs very similar to the proposed method.
With increasingly colored process noise, IVmethods may benefit from additional correlations
in the internal network signals, but performance of the two-stage method deteriorates. If
also the sensor noise is highly colored, performance of both IV and two-stage is affected.
Meanwhile, the proposed method showed good performance in all the cases studied, and is
competitive with the SML method. More extensive simulation studies are required to test
the robustness and limitations of the method.

4.6 Summary

In this chapter, we proposed a method for estimation of systems in dynamic networks. The
method resembles standard two-stage methods, but we motivate the simulated signals using
asymptotic ML. We argue that this should decrease the estimation error compared with
two-stage and IV methods, and support this argument with simulations.
The proposed method showed also competitive performance with the frequency-domain
sample maximum likelihood method. These methods are conceptually similar, although
using different approaches. Besides the time- and frequency-domain difference, MORSM
uses a high order ARX model to capture the dynamics of the system, while SML uses the
local polynomial method to obtain a high order estimate of the noise and the frequency
response function. In both cases, the parametric estimate is motivated by an ML criterion. A
more in-depth comparison between these methods—both theoretical and experimental—is
considered for future work.



CHAPTER 5
AN EMPIRICAL BAYES APPROACH

In this chapter, we explore ways to use regularization to reduce the variance of the estimated
modules. Simular to the two-stage method and MORSM in dynamic networks, the dynamic
network is transformed into an acyclic structure, where any reference signal of the network
is the input to a cascaded system. This system is modeled following a Bayesian kernel-
based approach, which enables the identification of the target module using empirical
Bayes arguments. In particular, the target module is estimated using a marginal likelihood
criterion, whose solution is obtained by a novel iterative scheme designed through the
Expectation/Conditional Maximization (ECM) algorithm. In the second part of this chapter,
an extension to include additional sensors downstream of the target module is proposed.

5.1 Introduction

As observed in Van den Hof et al. (2013), dynamic networks with known topology can
be seen as a generalization of simple compositions, such as systems in cascade, series or
feedback connection. Therefore, identification techniques for dynamic networks may be
derived by extending methods already developed for simple structures. This is the idea
underlying the method presented in Van den Hof et al. (2013), which generalizes the two-
stage method, originally developed for closed-loop systems, to dynamic networks (Forssell
and Ljung, 1999). Instrumental variable methods for closed-loop systems (Gilson and Van
den Hof, 2005) are adapted to networks in Dankers et al. (2015). Similarly, the methodology
proposed in Wahlberg et al. (2009) for the identification of cascaded systems is generalized
to the context of dynamic networks in Gunes et al. (2014). In that work, the underlying
idea is that a dynamic network can be transformed into an acyclic structure, where any
reference signal of the network is the input to a cascaded system consisting of two LTI
blocks. In this alternative system description, the first block captures the relation between
the reference and the noisy input of the target module, the second block contains the target
module. The two LTI blocks are identified simultaneously using PEM (Ljung, 1999). In this
setup, determining the model structure of the first block of the cascaded structure may be
complicated, due to the possibly large number of interconnections in the dynamic network.

89
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Furthermore, it requires knowledge of the model structure of essentially all modules in the
feedback loop. Therefore, in Gunes et al. (2014), the first block is modeled by an unstructured
FIR model of high order. The major drawback of this approach is that, as is usually the
case with estimated models of high order, the variance of the estimated FIR model is high.
The uncertainty in the estimate of the FIR model of the first block will in turn decrease the
accuracy of the estimated target module.
The objective of this chapter is to propose a method for the identification of a module in
dynamic networks that circumvents the high variance that is due to the high order model of
the first block. The main contributions of this chapter are two-fold. First, we discuss the
case where only the sensors directly measuring the input and the output of the target module
are used in the identification process. Following a recent trend in system identification, we
use regularization to control the variance (Chen et al., 2012). In particular, by exploiting
the equivalence between regularization and Gaussian process regression (Pillonetto et al.,
2014), we model the impulse response of the first block as a zero-mean stochastic process.
The covariance matrix is given by the recently introduced first-order stable spline kernel
(Pillonetto and Nicolao, 2010), whose structure is parametrized by two hyperparameters.
An estimate of the target module is then obtained by empirical Bayes (EB) arguments, that
is, by maximization of the marginal likelihood of the available measurements (Pillonetto
et al., 2014). This likelihood depends not only on the parameter of the target module, but
also on the kernel hyperparameters and the variance of the measurement noise. Therefore,
it is required to estimate all these quantities. This is done by designing a novel iterative
solution scheme based on an Expectation Maximization (EM)-type algorithm (Dempster
et al., 1977), known as the Expectation/Conditional Maximization (ECM) algorithm (Meng
and Rubin, 1993), which alternates the so called expectation step (E-step) with a series
of conditional-maximization steps (CM-steps). When only the module input and output
sensors are used, the E-step admits an analytical expression, because the joint likelihood
of the module output and the sensitivity function is Gaussian. As for the CM-steps, one
has to solve relatively simple optimization problems, which either admit a closed form
solution, or can be efficiently solved using gradient descent strategies. Therefore, the overall
optimization scheme for solving the marginal likelihood problem turns out computationally
efficient.
The second main contribution of this chapter deals with the case where more sensors spread
in the network are used in the identification of the target module. Adding information
through addition of measurements used in the identification process has the potential to
further reduce the variance of the estimated module (Everitt, Bottegal, Rojas, et al., 2017).
The downside is that an additional measurement comes with another module to estimate,
also increasing the number of parameters to estimate. To keep the number of additional
parameters to estimate low, we propose a method that exploits regularization, modeling as
a Gaussian process also the impulse response of the path linking the target module to any
additional sensor. In this case, however, the measured outputs and the unknown paths do
not admit a joint Gaussian description. As a consequence, the E-step of the ECM method
does not admit an analytical expression, as opposed to the one-sensor case described above.
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To overcome this issue, we use MCMC techniques (Gilks et al., 1995) to solve the integral
associated with the E-step. In particular, we design an integration scheme based on the
Gibbs sampler (S. Geman and D. Geman, 1984) that, in combination with the ECM method,
builds up a novel identification method for the target module reminiscent of the so called
empirical Bayes Gibbs sampling (Casella, 2001).
The effectiveness of the proposed methods is demonstrated through numerical experiments.
The methods proposed in this chapter are close in spirit to some recently proposed kernel-
based techniques for blind system identification (Bottegal and Picci, 2015) and Hammerstein
system identification (Risuleo et al., 2015).

5.2 Problem formulation

We consider dynamic networks that consist ofL scalar internal variableswj(t), j = 1,… , L
and L scalar external reference signals rl(t), l = 1,… , L, that can be manipulated by the
user. Some of the reference signal may not be present, i.e., they may be identically zero.
Define  as the set of indices of reference signals that are present. In the dynamic network,
the internal variables are considered nodes and transfer functions are the edges. Introducing
the vector notation w(t) ∶= [w1(t) … wL(t) ]⊤, r(t) ∶= [ r1(t) … rL(t) ]⊤, the dynamics of the
network are defined by the equation

w(t) = G(q)w(t) + r(t), (5.1)
where

G(q) =

⎡
⎢⎢⎢⎢⎢⎣

0 G12(q) ⋯ G1L(q)
G21(q) 0 ⋱ ⋮

⋮ ⋱ ⋱ G(L−1)L(q)
GL1(q) ⋯ GL(L−1)(q) 0

⎤
⎥⎥⎥⎥⎥⎦

,

whereGji(q) is a proper rational transfer function for j = 1,… , L, i = 1,… , L. The internal
variables w(t) are measured with additive white noise, that is

w̃(t) = w(t) + e(t),

where e(t) ∈ RL is a stationary zero-mean Gaussian white-noise process with diagonal
noise covariance matrix �e = diag

{
�1,… , �L

}. We assume that the �i are unknown. Toensure stability and causality of the network the following assumptions hold for all networks
considered in this chapter.
Assumption 5.1. The network is well posed in the sense that all principal minors of
limq→∞(I − G(q)) are non-zero (Van den Hof et al., 2013).
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Assumption 5.2. The sensitivity path
S(q) ∶= (I − G(q))−1

is stable.
Assumption 5.3. The reference variables {rl(t)} are mutually uncorrelated and uncorrelated
with the measurement noise e(t).

Thus, we can write
w̃(t) = S(q)r(t) + e(t). (5.2)

We define aj as the set of indices of internal variables that have a direct causal connectionto wj , i.e., i ∈ j if and only if Gji(q) ≠ 0. Without loss of generality, we assume
that j = 1, 2,… , p, where p is the number of direct causal connections to wj (we may
always rename the nodes so that this holds). The goal is to identify module Gj1(q) givenNmeasurements of the reference r(t), the “output” w̃j(t) and the set of p neighbor signals inj . To this end, we express w̃j , the measured output of module Gj1(q) as

w̃j(t) =
∑
i∈j

Gji(q)wi(t) + rj(t) + ej(t). (5.3)

The above equation depends on the internal variables wi(t), i ∈j , which we we only havenoisy measurement of; these can be expressed as
w̃i(t) = wi(t) + ei(t) =

∑
l∈

Sil(q)rl(t) + ei(t). (5.4)

where Sil(q) is the transfer function path from reference rl(t) to output w̃i(t). Together, (5.3)and (5.4) allow us to express the relevant part of the network, possibly containing feedback
loops, as a direct acyclic graph with two blocks connected in cascade. Note that, in general,
the first block depends on all other blocks in the network. Therefore, accurate low order
parametrization of this block depends on global knowledge of the network.
Example 5.1. As an example consider the network depicted in Figure 5.1, where, using
(5.3) and (5.4), the acyclic graph of Figure 5.2 can describe the relevant dynamics, when
wj = w3 is the output and we wish to identify G31(q).

In the following, we briefly review two standard methods for closed-loop identification that
we will use as a starting point to derive the methodology described in the chapter.

5.2.1 A two stage method

The first stage of the two-stage method (Van den Hof et al., 2013), proceeds by finding a
consistent estimate ŵi(t) of all nodes wi(t) in j . This is done by high-order modeling of
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G31
r4 r2

+
w4 G14 +

w1 G21 +
w2 G32 +

w3

G12 G23

G43

Figure 5.1: Network example of 4 internal variables and 2 reference signals.

S12(q) S14(q)
S22(q) S24(q)

G31(q)

G32(q)
+ w3

r2

r4

+
w1

+
w2

Figure 5.2: Direct acyclic graph of part of the network in Figure 5.1.

{Sil} and estimating it from (5.4) using the prediction error method. The prediction errors
are constructed as

"i(t, �) = w̃i(t) −
∑
l∈

Sil(q, �)rl(t), (5.5)

where � is a parameter vector. The resulting estimate Sil(q, �̂) is then used to obtain the
node estimate as

ŵi(t) =
∑
l∈

Sil(q, �̂)rl(t). (5.6)

In a second stage, the module of interest Gj1(q) (and the other modules inj) is parameter-
ized by � and estimated from (5.3), again using the prediction error method. The prediction
errors are now constructed as

"j(t, �) = w̃j(t) − rj(t) −
∑
i∈j

Gji(q, �)ŵi(t).

5.2.2 Simultaneous minimization of prediction errors

It is useful to briefly introduce the simultaneous minimization of prediction error method
(SMPE) (Gunes et al., 2014). The main idea underlying SMPE is that if the two predic-
tion errors (5.5) and (5.7) are simultaneously minimized, the variance will be decreased
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r1 S11(q) +
w1

G21(q) +
w2

Figure 5.3: Basic network of 1 reference signal and 2 internal variables.

(Wahlberg et al., 2009). In the SMPE method, the prediction error of the measurement w̃jdepends explicitly on � and is given by
"j(t, �, �) = w̃j(t) −

∑
i∈j

Gji(q, �)
∑
l∈

Sil(q, �)rl(t). (5.7)

The method proceeds to minimize

VN (�, �) =
1
N

N∑
t=1

⎡⎢⎢⎣
"2j (t, �, �)

�j
+

∑
i∈j

"2i (t, �)
�i

⎤⎥⎥⎦
. (5.8)

In (Gunes et al., 2014), the noise variances are assumed known, and how to estimate the noise
variances is not analyzed. As an initial estimate of the parameters � and �, the minimizers
of the two-stage method can be taken.
The main drawback is that the least-squares estimation of S may still induce high variance
in the estimates. Additionally, if each of the ns estimated transfer functions in S is estimated
by the first n impulse response coefficients, the number of estimated parameters in S alone
is ns ⋅ n. Already for relatively small dimensions of S the SMPE method is prohibitively
expensive. To handle this, a frequency domain approach is taken in Dankers and Van den
Hof (2015). In this chapter, we will instead use regularization to reduce the variance and
the complexity.

5.3 An empirical Bayes method

In this section we derive our approach to the identification of a specific module based on
EB. For ease of exposition, we give a detailed derivation in the one-reference-one-module
case. The extension to general dynamic networks follows along similar arguments.
We consider a dynamic network with one non-zero reference signal r1(t). Without loss of
generality, we assume that the module of interest is G21(q), and hence G22(q),… , G2L(q)are assumed zero (We can always rename the signals such that this holds). The setting we
consider has been illustrated in Figure 5.3. We parametrize the target module by means of a
parameter vector � ∈ ℝn� . Using the vector notation introduced in the previous section, we
denote by w̃1 the stacked measurements w̃1(t) before the module of interest G21(q, �), andby w̃2 the stacked output of this module w̃2(t). We define the impulse response coefficients
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of G21(q, �) by the inverse discrete-time Fourier transform

g�(t) ∶=
1
2� ∫

�

−�
G21(ej!, �)ej!t d!. (5.9)

Similarly we define s11 as the impulse response coefficients of S11(q), where S11(q) is, asbefore, the sensitivity path from r1(t) tow1(t), and e1(t) and e2(t) are the measurement noise
sources (which we have assumed white and Gaussian). Their variance is denoted by �1 and
�2, respectively. We rewrite the dynamics as

w̃1 = S11r1 + e1,
w̃2 = G�S11r1 + e2,

(5.10)

where G� is the N ×N lower triangular Toeplitz matrix of the N first impulse response
samples g� . The same notation holds for the impulse response s11 and its Toeplitz-matrix
version S11 = N{s11}. In general, given a vector a ∈ Rm, we define by  n{a} the m × nlower triangular Toeplitz matrix whose elements are the entries of a. Lower case letters
indicate, in general, column vectors and, when there is no confusion, capital letters indicate
their Toeplitz form, so given a ∈ Rm, we have that A =  n{a}, where the number of
columns n is consistent with the rest of the formula. We further rewrite (5.10) as

w̃1 = R1s11 + e1,
w̃2 = G�R1s11 + e2.

(5.11)

where R1 = N{r1}. For computational purposes, we only consider the first n samples of
s11, where n is large enough such that the truncation captures the dynamics of the sensitivity
S11(q) well enough. Let Z ∶=

[
w̃⊤1 w̃⊤2

]⊤; we rewrite (5.11) as

Z = W�s11 + e, W� =

[
R1
G�R1

]
e =

[
e1
e2

]
(5.12)

Note that e is a random vector such that

�e ∶= E
{
ee⊤

}
=

[
�1I 0
0 �2I

]
. (5.13)

5.3.1 Bayesian model of the sensitivity path

To reduce the variance in the sensitivity estimate (and also reduce the number of estimated
parameters), we cast our problem in a Bayesian framework and model the sensitivity function
as a zero-mean Gaussian stochastic vector (Rasmussen and Williams, 2006), i.e.

p
(
s11; �, K�

)
∼ (

0, �K�
)
. (5.14)
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The structure of the covariance matrix is given by the first-order stable spline kernel (Pil-
lonetto and Nicolao, 2010):

{
K�

}
i,j = �

max(i,j), � ∈ [0, 1). (5.15)
The parameter � regulates the decay velocity of the realizations from (5.14), whereas, �
tunes their amplitude. In this context, K� is usually called a kernel (due to the connectionbetween Gaussian process regression and the theory of reproducing kernel Hilbert space,
see e.g. Rasmussen and Williams (2006) for details) and determines the properties of the
realizations of s. In particular, the stable spline kernel enforces smooth and BIBO stable
realizations (Pillonetto and Nicolao, 2010).

5.3.2 The marginal likelihood estimator

Since s11 is assumed stochastic, it admits a probabilistic description jointly with the vector
of observations Z, parametrized by the vector

� =
[
�1 �2 � � �

]
. (5.16)

In particular, having assumed a Gaussian distribution of the noise, the joint description is
also Gaussian, that is,

p

([
Z

s11

]
; �

)
∼

([
0
0

]
,

[
�z �zs
�sz �K�

])
, (5.17)

where �z = W��K�W ⊤
� + �e, and �zs = �⊤

sz = W��K� . It is instrumental to derive the
posterior distribution of s11 given the measurement vector Z. It is given by (Anderson and
Moore, 1979)

p
(
s11|Z; �

)
∼ (

PW ⊤
� �

−1
e Z, P

)
, (5.18)

P = (W ⊤
� �

−1
e W� + (�K�)−1)−1, (5.19)

and it is also parametrized by the vector �.
The module identification strategy we propose in this chapter relies on an empirical Bayes
approach. We introduce the marginal probability density function (pdf) of the measurements

p(Z; �) = ∫ p
(
Z, s11

)
ds11 ∼ (

0, �z
)
, (5.20)

that is, the pdf of the measurements after having integrating out the dependence on the
sensitivity path s11. Then, we can define the (log) marginal likelihood (ML) criterion as the
maximum of the marginal pdf defined above

�̂ = argmax
�

p(Z; �) (5.21)
= argmin

�

{
log det

{
�z

}
+Z⊤�−1z Z

}
,
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whose solution provides also an estimate of � and thus of the module of interest.

5.3.3 Computation of the solution of the marginal likelihood criterion

Problem (5.21) is nonlinear and may involve a large number of decision variables, if n� islarge. In this section, we derive an iterative solution scheme based on the ECM algorithm
(Meng and Rubin, 1993), which is a generalization of the standard ExpectationMaximization
(EM) algorithm. In order to employ EM-type algorithms, one has to define a latent variable;
in our problem, a natural choice is s11. Then, a (local) solution to (5.21) is achieved by
iterating over the following steps:

(E-step). Given an estimate �̂(k) (computed at the k-th iteration of the algorithm),
compute

Q(k)(�) ∶= E
{
log p

(
Z, s11; �

)}
, (5.22)

where the expectation is taken with respect to the posterior of s11 when the estimate
�(k) is used, i.e., p(s11|Z, �̂(k)

);
(M-step). Solve the problem

�̂(k+1) = argmax
�

Q(k)(�). (5.23)

First, we turn our attention on the computation of the E-step, i.e., the derivation of (5.22).
Let ŝ(k)11 and P̂ (k) be the posterior mean and covariance matrix of s11, computed from (5.18)
using �̂(k). Define Ŝ(k)11 ∶= P̂ (k) + ŝ(k)11 ŝ(k)T11 . The following lemma provides an expression
for the function Q(k)(�).
Lemma 5.1. Let �̂(k) =

[
�̂(k)1 �̂(k)2 �̂(k) �̂(k) �̂(k)

]
be an estimate of � after the k-th iteration of

the EM method. Then

Q(k)(�) = −1
2
Q(k)0 (�1, �2, �) −

1
2
Q(k)s (�, �), (5.24)

where

Q(k)0 (�1, �2, �) =
(
log det

{
�e

}
+Z⊤�−1e Z − 2Z⊤W� ŝ

(k)
11

+Tr
{
W ⊤
� �

−1
e W�Ŝ

(k)
11

})
, (5.25)

Q(k)s (�, �) = log det
{
�K�

}
+ Tr

{(
�K�

)−1Ŝ(k)11
}
.

(5.26)

Having computed the function Q(k)(�), we now focus on its maximization. We first note
that the decomposition (5.24) shows that the kernel hyperparameters can be updated inde-
pendently of the rest of the parameters:
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Theorem 5.2. Define

Q�(�) = log det
{
K�

}
+ n log Tr

{
K−1
� Ŝ(k)11

}
. (5.27)

Then

�̂(k+1) = argmin
�∈[0,1)

Q�(�), (5.28)

�̂(k+1) = 1
n
Tr
{
K−1
�̂(k+1)

Ŝ(k)11
}
. (5.29)

Therefore, the update of the scaling hyperparameter is available in closed-form, while the
update of � requires the solution of a scalar optimization problem in the domain [0, 1], an
operation that requires little computational effort, see Bottegal et al. (2016) for details.
We are left with the maximization of the function Q(k)0 (�1, �2, �). In order to simplify this
step, we split the optimization problem into constrained subproblems that involve fewer
decision variables. This operation is justified by the ECM paradigm, which, under mild
conditions (Meng and Rubin, 1993), guarantees the same convergence properties of the
EM algorithm even when the optimization of Q(k)(�) is split into a series of constrained
subproblems. In our case, we decouple the update of the noise variances from the update
of �. By means of the ECM paradigm, we split the maximization of Q(k)0 (�1, �2, �) in a
sequence of two constrained optimization subproblems:

�̂(k+1) = argmax
�

Q(k)0 (�1, �2, �) (5.30)
subject to �1 = �̂(k)1 , �2 = �̂

(k)
2 ,

�̂(k+1)1 , �̂(k+1)2 = argmax
�1, �2

Q(k)0 (�1, �1, �) (5.31)

subject to � = �̂(k+1).
The following result provides the solution of the above problems.
Theorem 5.3. Introduce the matrix D ∈ RN2×N such that Da = vec

{N{a}}, for any
a ∈ RN . Define

Â(k) = D⊤
(
R1Ŝ

(k)
11 R

⊤
1 ⊗ IN

)
D (5.32)

(
b̂(k)

)⊤ = w̃⊤2 N
{
R1ŝ

(k)
11

}
, (5.33)

where ⊗ denotes the standard Kronecker product. Then

�̂(k+1) = argmin
�

g⊤� Â
(k)g� − 2

(
b̂(k)

)⊤g� . (5.34)
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The closed form updates of the noise variance estimates are as follows

�̂(k+1)1 = 1
N

(‖‖‖w̃1 − R1ŝ
(k)
11
‖‖‖
2

2
+ Tr

{
R1P̂

(k)R⊤1
})

,

�̂(k+1)2 = 1
N

(‖‖‖w̃2 − G�̂(k+1)R1ŝ
(k)
11
‖‖‖
2

2
+ Tr

{
G�̂(k+1)R1P̂

(k)R⊤1G
⊤
�̂(k+1)

})
. (5.35)

Each variance is the result of the sum of one term that measures the adherence of the
identified systems to the data and one term that compensates for the bias in the estimates
introduced by the Bayesian approach. The update of the parameter � involves a (generally)
nonlinear least-squares problem, which can be solved using gradient descent strategies.
Note that, in case the impulse response g� is linearly parametrized (e.g., it is an FIR system
or orthonormal basis functions are used (Wahlberg, 1991)), then the update of � is also
available in closed-form.
Example 5.2. Assume that the linear parametrization g� = L�, L ∈ RN×n� , is used, then

�̂(k+1) =
(
L⊤Â(k)L

)−1L⊤b̂(k). (5.36)

5.3.4 Identification algorithm

The proposed method for module identification can be summarized in the following steps.

Algorithm 1: Identification algorithm for dynamic network
Input :Measurement data Z, reference signal r.
Initialization: An initial estimate of �̂(0), set k = 0.
repeat

Compute ŝ(k)11 and P̂ (k) from (5.18).
Update kernel hyperparameters �(k+1) and �(k+1) using (5.29)–(5.28).
Update the vector �(k+1) solving (5.34).
Update the noise variances �(k+1)1 and �(k+1)2 using (5.35).
Set �(k+1) = [

�(k+1)1 �(k+1)2 �(k+1) �(k+1) �(k+1)
].

Set k = k + 1.
until � has converged

The method can be initialized in several ways. One option is to first estimate Ŝ11(q) by anempirical Bayes method using only r1 and w̃1. Then, ŵ1 is constructed from (5.6), using
the obtained Ŝ11(q). Finally, G is estimated using the prediction error method, using ŵ1 asinput and w̃2 as output.
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5.3.5 Extension to general structures

In this section, we generalize the previous algorithm to a general network structure with
m ≤ L reference signals {rl1 (t),… , rlm (t)}, and p ≤ L modules {Gj1(q),… , Gjp(q)}sharing the same output w̃j(t) as the module of interest, and modeled in time domain as
{g�1 ,… , g�p}. For any i = 1,… , p, we can write

w̃i = Rl1sil1 +…+ Rlmsilm + eki = Rsi + eki , (5.37)
where R ∶= [Rl1…Rlm ] and si =

[
s⊤il1

… s⊤ilm
]⊤. Using these definitions we can also write

(cf. (5.3))
w̃j = rj + G�1Rs1 +…+ G�pRsp + ej . (5.38)

Defining also

w =
⎡⎢⎢⎢⎣

w̃1
⋮

w̃p

⎤⎥⎥⎥⎦
, s =

⎡⎢⎢⎢⎣

s1
⋮

sp

⎤⎥⎥⎥⎦
, G� =

[
G�1 … G�p

]
, ew =

⎡⎢⎢⎢⎣

e1
⋮

ep

⎤⎥⎥⎥⎦
,

we obtain the following expression for the network dynamics
w =

(
Ip ⊗ R

)
s + ew

w̃j − rj = G�
(
Ip ⊗ R

)
s + ej , (5.39)

or, with
Z =

[
w(

w̃j − rj
)
]
,

i.e., the measurements related to the input of the module of interest stacked on top of the
measurement related to the output of the module of interest. Then we have the compact
notation

Z =W�s + e, W� =

[ (
Ip ⊗ R

)

G�
(
Ip ⊗ R

)
]
, e =

[
ew
ej

]
. (5.40)

Each sensitivity path sil is given a prior of the form (5.14), with hyperparameters �il and
�il, assuming mutual independence between the sensitivity paths. Although it may appear
more sensible to incorporate some correlation among the sensitivity paths, at present, it
is not clear how this can be done using Gaussian priors. Some recent work suggests to
enrich the stable spline kernel with a component enforcing low McMillan degree (Prando
et al., 2014). Furthermore, as we will see, assuming independent priors allows the kernel
hyperparameters to be updated independently. Introducing � as the diagonal matrix with
elements corresponding to {�il}, and similarly, defining K� with diagonal elements {K�il},we have

p
(
s;�,K�

)
∼ (

0,
(
�⊗ In

)
K�

)
. (5.41)
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We collect all the parameters characterizing the model into the vector �. It follows that
p(Z; �) ∼ (

0, �z
)
, (5.42)

where �z =W�(�⊗ In)K�W⊤
� + �e, and

�e = diag
{
�1,… , �p, �j

}
⊗ IN . (5.43)

Therefore, we can define the following ML criterion
�̂ = argmax

�
log p(Z; �). (5.44)

Having set the notation, we outline the ECM algorithm for this general setting below. To
this end, note that

p(s|Z; �) = (ŝ,P), (5.45)
where

ŝ = PW⊤
��

−1
e Z, (5.46)

P =
(
W⊤

��
−1
e W� +

(
(�⊗ In)K�

)−1)−1. (5.47)

We use again the notation ŝ(k), P̂(k), Ŝ(k) to mean the estimates of the corresponding quantities
at iteration k.
Theorem 5.4. Let � collect all the parameters characterizing (5.44), and let �(k) be its
estimate after the k-th iteration of the ECM method. Then the estimate �(k+1) is obtained by
means of the following updates:

Hyperparameters. Define
Q�ij (�) = log det

{
K�

}
+ n log Tr

{
K−1
� Ŝ(k)ij

}
, (5.48)

where Ŝ(k)ij is the n × n diagonal block of Ŝ(k) corresponding to the path sij . Then �ij
and �ij are updated as in Theorem 5.2, for any i, j.

Module parameters. Define
Â(k) ∶=

(
Ip ⊗D

)⊤(R̄Ŝ(k)R̄⊤ ⊗ IN
)(
Ip ⊗D

)
, (5.49)

(
b̂(k)

)⊤
∶=

(
w̃j − rj

)⊤[N
{
Rŝ(k)1

}
… N

{
Rŝ(k)p

}]
, (5.50)

where D is as in Theorem 5.3 and R̄ = Ip ⊗ R. Then

�̂(k+1) = argmin
�

g⊤� Â
(k)g� − 2

(
b̂(k)

)⊤
g� , (5.51)
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where

g� ∶=
⎡
⎢⎢⎢⎣

g�1
⋮

g�p

⎤
⎥⎥⎥⎦
.

Noise variances.
�̂(k+1)i = 1

N

(
‖w̃i − Rŝ(k)i ‖22 + Tr

{
RP̂(k)i R⊤

})

�̂(k+1)j = 1
N

(‖w̃j − rj − G�̂(k+1) (I ⊗ R)ŝ(k)‖22
+Tr

{
G�̂(k+1)R̄P̂

(k)R̄⊤G⊤
�̂(k+1)

})
, (5.52)

where P(k)i is the nm × nm diagonal block of P(k), corresponding to the covariance
matrix of ŝ(k)i .

5.4 Including additional sensors

By using the kernel-based approach adopted above, the sensitivity paths could be modeled
with only a few hyperparameters while still keeping the module of interest parametric.
One potential benefit with this approach is that including another reference signal will not
increase the number of estimated parameters significantly. Although the complexity of the
problem increases slightly, only a few extra hyperparameters need to be estimated and the
dimensions of (5.34) remain the same in the update of �.
As reference signals can be added with little effort, a natural question is if also output
measurements “downstream” of the module of interest can be added with little effort. In
Example 5.1 the measurement w4 is such a measurement that, with the same strategy as
before, can be expressed as

w4(t) = G43(q)w3(t) + r4(t). (5.53)
Using this measurement for the purpose of identification would require the identification
of G43(q) in addition to the previously considered modules. The signal w4(t) containsinformation about w3(t), and thus information about the module of interest. The price we
have to pay for this information is the additional parameters to estimate and, as we will see,
another layer of complexity.
To extend the previous framework to include additional measurements after the module of
interest, let us consider the case where we would like to include only one additional measure-
ment, in this context denoted by w̃3(t); the generalization to more sensors is straightforward
but notationally heavy. Let the path linking the target module to the additional sensor be
denoted by F (q), with impulse response f . Furthermore, let us for simplicity consider the
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r1 S11(q) +
w1

G21(q) +
w2

F (q) +
w3

Figure 5.4: Basic network of 1 reference signal and 3 internal variables.

one-reference-signal-one-input case again, i.e., (5.10), (5.11). The setting we consider has
been illustrated in Figure 5.4. We model also this module using a Bayesian framework by
interpreting f as a zero-mean Gaussian stochastic vector, i.e.,

p
(
f ; �f , K�f

)
∼(

0, �fK�f
)
, (5.54)

where again K�f is the first-order stable spline kernel (5.15). We introduce the following
variables

� =
[
�1 �2 �3

]
, (5.55)

Z =
⎡⎢⎢⎢⎣

w̃1
w̃2
w̃3

⎤⎥⎥⎥⎦
, (5.56)

Zf = w̃3. (5.57)
For given vales of �, s and f , we construct

Ws =
⎡⎢⎢⎢⎣

R

G�R

FG�R

⎤
⎥⎥⎥⎦
, (5.58)

Wf = N{G�Rs}, (5.59)
� = diag{�}⊗ IN . (5.60)

Notice that the last internal variable w3 can be expressed as
w3 = FG�Sr

= G�FSr
= G�FRs
= G�RFs
= G�Rv, (5.61)

where commutation of the matrices follows from the fact that they are lower-triangular
Toeplitz matrices, and v ∶= Fs. For ease of exposition, we will also use the notation
v = f ∗ s.
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The key difficulty in this setup is that the description of the measurements and the system
description with both s and f no longer admit a jointly Gaussian probabilistic model, because
v in (5.61) is the result of the convolution of two Gaussian vectors. In fact, a closed-form
expression is not available. This fact has a detrimental effect in our empirical Bayes approach,
because the marginal likelihood estimator of

� =
[
� �s �s �f �f �

]
, (5.62)

where �s, �s are the hyperparameters of the prior of s, that is
�̂ = argmax

�
p(Z; �) (5.63)

= argmax
� ∫ p(Z, s, f ; �)dsdf, (5.64)

does not admit an analytical expression, since the integral (5.63) is intractable. To treat this
problem, again we resort to EM-type methods. In this case, the latent variables to add to the
problem are both s and f , so that the EM method has to alternate between the following
steps:

(E-step). Given an estimate �̂(k) (computed at the k-th iteration of the algorithm),
compute

Q(k)(�) ∶= E
{
log p(Z, s, f ; �)

}
, (5.65)

where the expectation is taken with respect to the target distribution when the estimate
�(k) is used, i.e., p(s, f |Z, �̂(k));
(M-step). Solve the problem

�̂(k+1) = argmax
�

Q(k)(�). (5.66)

While the M-Step remains substantially unchanged, the E-step requires more attention. Now,
it requires the computation of the integral

E
{
log p(Z, s, f ; �)

}
= ∫ log p(Z, s, f ; �)p

(
s, f |Z, �̂(k))dsdf,

which does not admit an analytical solution, because the posterior distribution p(s, f |Z, �̂(k))
is non-Gaussian (it does not have an analytical form, in fact). However, using Markov Chain
Monte Carlo (MCMC) techniques, we can compute an approximation of the integral by
sampling from the joint posterior density (also called a target distribution)

p(s, f |Z; �). (5.67)
As pointed out before, (5.67) does not admit a closed-form expression and hence direct
sampling is a hard task. However, if it is easy to draw samples from the conditional probability
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distributions, samples of (5.67) can be easily drawn using the Gibbs sampler. In Gibbs
sampling, each conditional is considered the state of a Markov chain; by iteratively drawing
samples from the conditionals, the Markov chain will converge to its stationary distribution,
which corresponds to the target distribution. In our problem, the conditionals of (5.67) are
as follows:

p(s|f,Z; �). Using (5.58), we write the linear model
Z = Wss + e, (5.68)

where e = [
e⊤1 e⊤2 e⊤3

]⊤. Then, given f , the vectors s and Z are jointly Gaussian, so
that

p(s|f,Z; �) ∼ (
ms, Ps

)
, (5.69)

with

Ps =
(
W ⊤
s �

−1Ws +
(
�sK�s

)−1)−1

ms = PsW ⊤
s �

−1Z.

p(f |s,Z; �). Given s and r, all sensors but the last becomes redundant. Using (5.59)
we write the linear model

Zf = Wff + e3, (5.70)
which shows that

p(f |s,Z; �) ∼ (
mf , Pf

)
, (5.71)

with

Pf =

(
W ⊤
f Wf

�3
+ (�fK�f )

−1

)−1

mf = Pf
W ⊤
f

�3
Zf .

The following algorithm summarizes the Gibbs sampler used for dynamic network identifica-
tion. In this algorithm,M0 is the number of initial samples that are discarded, which is also
known as the burn-in (Meyn and Tweedie, 2009). These samples are discarded since the
Markov chain needs a certain number of samples to converge to its stationary distribution.

5.4.1 The ECM method with additional sensor

We now discuss the computation of the E-step and the CM-steps using the Gibbs sampler
scheme introduce above.
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Algorithm 2: Gibbs sampler for a dynamic network
Input :A parameter vector �
Output :Samples from the target distribution p(s, f |Z; �)
Initialization: compute initial value of s0 and f 0.
for k← 1 toM +M0 doDraw the sample sk from p

(
s|fk−1, Z; �)

Draw the sample fk from p
(
f |sk, Z; �)

end

Theorem 5.5. Introduce the mean and covariance quantities

sMs = 1
M

M0+M∑
k=M0+1

sk, (5.72)

fMs = 1
M

M0+M∑
k=M0+1

fk, (5.73)

vMs = 1
M

M0+M∑
k=M0+1

vk, (5.74)

PMs = 1
M

M0+M∑
k=M0+1

(sk − sMs )(s
k − sMs )

⊤, (5.75)

PMf = 1
M

M0+M∑
k=M0+1

(fk − fMs )(f
k − fMs )

⊤, (5.76)

PMv = 1
M

M0+M∑
k=M0+1

(vk − vMs )(v
k − vMs )

⊤, (5.77)

where sk, fk and vk = sk ∗ fk are samples drawn using Algorithm 2.

Define

Q̃s(�, �, x,X) ∶= log det
{
�K�

}
+ Tr

{(
�K�

)−1(xx⊤ +X)
}
,

Q̃z(�,Z, x,X) ∶= N log � + 1
�
‖Z − Rx‖22 + 1

�
Tr
{
RXR⊤

}
,

Q̃f (�,Z, �, x,X) ∶= N log � + 1
�
‖‖Z − G�Rx‖‖22 + 1

�
Tr
{
G�RXR

⊤G⊤�
}
.

Then

−2Q(k)(�) = lim
M→∞

Q̃s(�s, �s, sMs , P
M
s ) + Q̃s(�f , �f , fMs , PMf ) + Q̃z(�1, w̃1, sMs , P

M
s )

+Q̃f (�2, w̃2, �, sMs , P
M
s ) + Q̃f (�3, w̃3, �, vMs , P

M
v ). (5.78)
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The CM-steps are now very similar to the previous method and follows by similar reasoning
as in the proof of Theorem 5.3.
Theorem 5.6. Let �̂(k) be the parameter estimate obtained at the k:th iteration. Define
SMs = sMs

(
sMs

)⊤ + PMs , SMv = vMs
(
vMs

)⊤ + PMv ,

Âs = D⊤(RSMs R
⊤ ⊗ IN )D, b̂⊤s = w̃

⊤
2 N{RsMs }

,
Âv = D⊤(RSMv R

⊤ ⊗ IN )D, b̂⊤v = w̃
⊤
3 N{RvMs }

.

Then the updated parameter vector �̂(k+1) is obtained as follows

�̂(k+1) = argmin
�

g⊤�

(
1
�2
Âs +

1
�3
Âv

)
g� − 2

(
1
�2
b̂⊤s +

1
�3
b̂⊤v

)
g� . (5.79)

The closed form updates of the noise variances are

�̂(k+1)1 = 1
N

(‖w̃1 − RsMs ‖22 + Tr
{
RPMs R⊤

})
,

�̂(k+1)2 = 1
N

(‖‖‖w̃2 − G�̂(k+1)Rs
M
s
‖‖‖
2

2
+ Tr

{
G�̂(k+1)RP

M
s R⊤G⊤

�̂(k+1)

})
,

�̂(k+1)3 = 1
N

(‖‖‖w̃3 − G�̂(k+1)Rv
M
s
‖‖‖
2

2
+ Tr

{
G�̂(k+1)RP

M
v R⊤G⊤

�̂(k+1)

})
. (5.80)

The kernel hyperparameters are updated through (5.28) and (5.29) for both s and f .

5.4.2 Identification algorithm

The proposed method for module identification can be summarized in the following steps.

Algorithm 3: Identification algorithm for dynamic network
Input :Measurement data Z, reference signal r.
Initialization: An initial estimate of �̂(0), set k = 0.
repeat

Compute the quantities (5.72)–(5.77) using samples generated from Algorithm 2.
Update kernel hyperparameters �(k+1)s , �(k+1)s , �(k+1)f and �(k+1)f using
(5.29)–(5.28).
Update the vector �(k+1) solving (5.79).
Update the noise variances �(k+1)1 , �(k+1)2 and �(k+1)3 using (5.80).
Set �(k+1) = [

�(k+1)1 �(k+1)2 �(k+1)3 �(k+1)s �(k+1)s �(k+1)f �(k+1)f �(k+1)
].

Set k = k + 1.
until � has converged
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As can be seen, the main difference with the one-input-one-sensor algorithm (see Section
5.3.4) is that the first steo of the algorithm requires a heavier computational burden, because
of the integration via Gibbs sampling. Nevertheless, as will be seen in the next section, this
pays off in terms of performance in identifying the target module.

5.5 Numerical simulations

In this section, we present results from two Monte Carlo simulations to illustrate the perfor-
mance of the proposed method, which we abbreviate as Network Empirical Bayes (NEB)
and its extension NEBX outlined in Section 5.4, and we compare with SMPE (see Section
5.2.2). We consider the network case of Example 5.1 and a simple closed loop network.
The reference signals used are zero-mean unit-variance Gaussian white noise. The noise
signals ek are zero-mean Gaussian white noise with variances such that noise to signal ratios
Var{w}k∕Var{e}k are constant. The setting of the compared methods are provided in
some more details below, where the model order of the plant G(q) is known for both the
SMPE method and the proposed NEB method.
NEB: The method is initialized by the two-stage method. First, Ŝ(q) is estimated by least-
squares. Second, G is estimated using MORSM (Everitt, Galrinho, et al., 2017b) from the
simulated signal ŵ obtained from (5.6) and w̃j . MORSM is an iterative method that is
asymptotically efficient for open loop data presented in Chapter 3. Then, the iterative method
outlined in Section 5.3.4 is employed with the stopping criteria ‖‖‖�̂(k+1) − �̂(k)

‖‖‖∕
‖‖‖�̂(k)

‖‖‖ <
10−10.
NEBX: The method is initialized by NEB. f 0 is obtained by an empirical Bayes method
using simulated input and measured output of f . Then, the iterative method outlined in
Section 5.4 is employed with the stopping criteria ‖‖‖�̂(k+1) − �̂(k)

‖‖‖∕
‖‖‖�̂(k)

‖‖‖ < 10−10, or a
maximum of 50 iterations.
SMPE: The method is initialized by the two-stage method, exactly as NEB. Then, the cost
function (5.8), with a slight modification, is minimized. The modification of the cost function
comes from that, as mentioned before, the SMPE method assumes that the noise variances
are known. To make the comparison fair, also the noise variances need to be estimated. By
maximum likelihood arguments, the logarithm of the determinant of the complete noise
covariance matrix is added to the cost function (5.8) and the noise variances are included in �,
the vector of parameters to estimate. The tolerance is set to ‖‖‖�̂(k+1) − �̂(k)

‖‖‖∕
‖‖‖�̂(k)

‖‖‖ < 10−10.
The simulations were run in Julia, a high-level, high-performance dynamic programming
language for technical computing (Bezanson et al., 2017).
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5.5.1 Closed-loop identification

The first Monte Carlo simulation is from a system operating in closed loop with an unknown
low order controller with N = 200 data samples. This setting is slightly different to the
standard closed-loop setting in that the measurement noise of w̃2 is not fed back in the loop,
and that the signals w1 and w2 are treated completely symmetric. The noise to signal ratio
are all set to 1. The true plant and true controller are chosen such that the sensitivity function
S(q−1) has an impulse response that can be well approximated by n = 100 impulse response
coefficients. The closed loop is depicted in Figure 5.5, where

r1

+
w1 G +

w2

C

Figure 5.5: Closed loop network of first Monte Carlo simulation.

G(q, �) =
b1q−1 + b2q−2

1 + a1q−1 + a2q−2
, (5.81)

The controller C is given by

C(q, �) = 0.8 + 0.4q−1 − 0.5q−2

1 + 0.5q−1 + 0.2q−2
, (5.82)

with the parameter vector � = [b1, b2, a1, a2], and true parameters �0 = [0.4, 0.5,−0.4, 0.3].
The two methods are compared using the fit of the impulse response coefficients of g
according to

FIT = 1 −
‖‖‖g0 − ĝ

‖‖‖2
‖‖g0‖‖2

(5.83)

For this example, the proposed NEB method achieves a higher fit, on average, than the
SMPE method, cf. the box plot of Figure 5.6. Comparing the fits obtained at each Monte
Carlo run (see Figure 5.7), it can be seen that NEB consistently performs at least as good
as SMPE for almost every Monte Carlo run and in some runs considerably better. From
the sample means and variance reported in Table 5.1, it can be seen that, in general, the
estimates produced by NEB have smaller variance than SMPE while their mean values are
similar.
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Table 5.1: Sample mean and sample variance of the parameters estimates for Ĝ for compared
methods.

b01 = 0.2 b02 = 0.3 a01 = 0.4 a02 = 0.5
Method Es b̂1 N Vars b1 Es b̂2 N Vars b2 Es â1 N Vars a1 Es â2 N Vars a2
SMPE 0.21 0.43 0.31 0.93 0.50 3.4 0.16 2.8
NEB 0.20 0.22 0.31 0.26 0.68 2.9 0.23 2.0

0.86

0.88

0.9

0.92

0.94

0.96

0.98

1

FIT

SMPE
NEB

Figure 5.6: Box plot of the fit of the impulse response of G obtained by the SMPE, and
NEB methods respectively.

5.5.2 Dynamic network example

This Monte Carlo simulation compares the NEB method and NEBX with the SMPE method
on data from the network of Example 5.1, illustrated in Figure 5.1, where each of the modules
are of second order, i.e.

Gij(q) =
b1q−1 + b2q−2

1 + a1q−1 + a2q−2
,

for a set of parameters that were chosen such that all modules are stable and all sensi-
tivities {S12(q), S24(q), S22(q), S24(q)} are stable and can be well approximated with 70
impulse response coefficients. Two reference signals, r2(t) and r4(t) are available and
N = 200 data samples are used with the goal to estimate G31(q) and G32. In total 6
transfer functions are estimated, {S12(q), S24(q), S22(q), S24(q), G31(q) and G32(q)}, where
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0.85 0.9 0.95 1

0.95

1

FITSMPE

FIT
NE

B

NEB/SMPE

Figure 5.7: Each fit of the impulse response coefficients of G for NEB compared with
SMPE for 100 Monte Carlo simulations. The black line represents y = x, i.e., when SMPE
performs equally good as NEB. Note the scaling of the x-axis of this figure.

Table 5.2: Sample mean and sample variance of the parameters estimates for Ĝ31 for thethree compared methods.

b01 = 0.2 b02 = 0.3 a01 = 0.4 a02 = 0.5
Method Es b̂1 N Vars b1 Es b̂2 N Vars b2 Es â1 N Vars a1 Es â2 N Vars a2
SMPE 0.20 0.088 0.28 0.075 0.36 1.6 0.53 0.85
NEB 0.21 0.049 0.29 0.070 0.36 0.94 0.52 0.62
NEBX 0.20 0.024 0.29 0.036 0.40 0.60 0.50 0.52

{S12(q), S24(q), S22(q), S24(q)} are each parameterized by n = 75 impulse response coef-
ficients in all methods. For NEBX also G43(q) is estimated by n = 75 impulse response
coefficients. The noise to signal ratio at each measurement is set to Var{w}k∕Var{e}k =
0.1 and the additional measurement used in NEBX has a lower noise to signal ratio of
Var{w}4∕Var{e}4 = 0.01.
The fits of the impulse responses of G31 and G32 for the experiment are shown as a boxplot
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Table 5.3: Sample mean and sample variance of the parameters estimates for Ĝ32 for thethree compared methods.

b01 = 0.4 b02 = 0.5 a01 = 0.5 a02 = 0.15
Method Es b̂1 N Vars b1 Es b̂2 N Vars b2 Es â1 N Vars a1 Es â2 N Vars a2
SMPE 0.34 1.9 0.44 2.1 0.60 5.0 0.23 3.0
NEB 0.34 0.30 0.44 0.30 0.65 1.0 0.26 0.84
NEBX 0.36 0.11 0.45 0.16 0.63 0.68 0.25 0.55

in Figure 5.8 and Figure 5.10 respectively. Comparing the fits obtained at each Monte
Carlo run (see Figure 5.11 and Figure 5.11), the proposed NEB and NEBX methods are
competitive with the SMPE method for this network. In many cases, the SMPE method
failed to produce a reasonable estimate as 10 percent of the Monte Carlo runs gave a negative
fit and were removed before the impulse response fits, boxplots and parameter sample means
and variances were computed. From the sample means and variance reported in Table 5.2
and Table 5.3, it can be seen that, in general, the estimates produced by NEB and NEBX have,
in general, significantly smaller variance than SMPE, while the mean values are roughly the
same. Recalling that one of the motivations of the proposed methods was to reduced the
variance induced by the high order modeling of the sensitivity paths, both the closed-loop
example and network example gives some support for this motivation.
In almost all of theMonte Carlo runs, NEBX outperformed NEB in this simulation. However,
NEBX is significantly more computationally expensive than NEB.

5.6 Summary

In this chapter, we have addressed the identification of a module in dynamic networks
with known topology. The problem is cast as the identification of a set of systems in
series connection. The second system corresponds to the target module, while the first
represents the dynamic relation between exogenous signals and the input and the target
module. This system is modeled following a Bayesian kernel-based approach, which enables
the identification of the target module using empirical Bayes arguments. In particular, the
target module is estimated using a marginal likelihood criterion, whose solution is obtained
by a novel iterative scheme designed through the ECM algorithm. The method is extended to
incorporate measurements downstream of the target module, which numerical experiments
suggest increases performance.
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Figure 5.8: Box plot of the fit of the impulse response of G31 obtained by the methods
SMPE, NEB and NEBX respectively.
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Figure 5.9: Fit of impulse response coefficients of G31 for SMPE compared with NEB and
NEBX respectively for 100 Monte Carlo simulations. The black line represents y = x, i.e.,
when SMPE performs equally good as NEB and NEBX.
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Figure 5.10: Box plot of the fit of the impulse response of G32 obtained by the methods
SMPE, NEB and NEBX respectively.

5.A Proofs

Proof of Lemma 5.1

From Bayes’ rule it follows that

log p
(
Z, s11; �̂(k)

)
= log p

(
Z|s11, �̂(k)

)
+ log p

(
s11; �̂(k)

)
, (5.84)

with (neglecting constant terms)

log p
(
Z|s11, �

)
∝ −1

2
log det

{
�e

}
− 1
2
‖Z −W�s11‖2�−1e

log p
(
s11; �

)
∝ −1

2
log det

{
�K�

}
− 1
2
s⊤11(�K�)

−1s11 .

Now we have to take the expectation w.r.t. the posterior p(s11|w̃2; �̂(k)
). Developing the

second term in the first equation above and recalling that

Ep(s11|w̃2;�̂(k))
{
s⊤11As11

}
= Tr

{
AŜ(k)11

}
, (5.85)

the statement of the lemma readily follows.



5.A. PROOFS 115

0.4 0.6 0.8 1

0.8

1

FITSMPE

FIT
NE

B/N
EB

X

NEB/SMPE
NEBX/SMPE

Figure 5.11: Fit of impulse response coefficients of G32 for SMPE compared with NEB and
NEBX respectively for 100 Monte Carlo simulations. The black line represents y = x, i.e.,
when SMPE performs equally good as NEB and NEBX. Note the scaling of the x-axis of
this figure.

Proof of Theorem 5.3

In (5.25), fix �e to the value �̂(k)e (computed inserting �(k)1 and �(k)2 ). After multiplication
by a factor −2, we obtain the �-dependent terms

−2Z⊤(�̂(k)e
)(−1)W� ŝ

(k)
11 = −

2
�(k)2

y⊤G�R1ŝ
(k)
11 + k1 (5.86)

= − 2
�(k)2

y⊤ N
{
R1ŝ

(k)
11

}
g� + k1, (5.87)

Tr
{
W ⊤
�
(
�(k)e

)−1W�Ŝ
(k)
11

}
= 1
�(k)2

Tr
{
G�R1Ŝ

(k)
11 R

⊤
1G

⊤
�

}
+ k2 (5.88)

= 1
�(k)2

vec
{
G�

}⊤(R1Ŝ(k)11 R⊤1 ⊗ IN
)
vec

{
G�

}
+ k2

= 1
�(k)2

g⊤� D
⊤
(
R1Ŝ

(k)
11 R

⊤
1 ⊗ IN

)
Dg� + k2, (5.89)
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where k1 and k2 contain terms independent of �. Recalling the definitions of Â(k) and b̂(k),
(5.34) readily follows.
Now, let � be fixed at the value �̂(k+1). After multiplication by a factor −2, the function
(5.25) can be rewritten as

Q(k)0 (�1, �2, �̂
(k+1)) = N(log �1 + log �2) +

‖‖w̃1‖‖22
�1

+
‖‖w̃2‖‖22
�2

−
2w̃⊤1
�1

R1ŝ
(k)
11 −

2w̃⊤2
�2

G�̂(k+1)R1ŝ
(k)
11

+ 1
�1
Tr
{
R⊤1R1Ŝ

(k)
11

}
+ 1
�2
Tr
{
R⊤1G

⊤
�̂(k+1)

G�̂(k+1)R1Ŝ
(k)
11

}
. (5.90)

The results (5.35) follow by minimizing (5.90) with respect to �1 and �2. Differentiatingw.r.t. �1 and �2 and calculating the zeros.

Proof of Theorem 5.5

Using Bayes’ rule we can decompose the complete likelihood as
log p

(
Z, s11, f ; �

)
= log p

(
Z|s11, f ; �

)
+ log p

(
s11; �

)
+ log p(f ; �),

and we will analyze each term in turn. First, note that

−2 log p
(
s11|�

)
= log det

{
�sK�s

}
+ s⊤11

(
�sK�s

)−1
s11

= log det
{
�sK�s

}
+ Tr

{(
�sK�s

)−1
s11s

⊤
11

}

Replacing s11s⊤11 with its sample estimate yields the first term in (5.78). Similarly,

−2 log p(f |�) = log det
{
�fK�f

}
+ Tr

{(
�fK�f

)−1
ff⊤

}
.

Replacing ff⊤ with its sample estimate yields the second term in (5.78). Finally,
−2 log p

(
Z|t, s11; �

)
= log det{�} +

(
Z − Ẑ

)⊤�−1(Z − Ẑ
)
, (5.91)

with

Ẑ ∶=
⎡⎢⎢⎢⎣

Rs

G�Rs

G�Rv

⎤⎥⎥⎥⎦
.
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The first term of (5.91) isN times the sum of the logarithms of the noise variances squared.
The second term of (5.91) decomposes into a sum of the (weighted) error of each signal.
Then, the first weighted error is given by

�1‖‖w̃1 − Rs‖‖22 = ‖‖w̃1‖‖22 − 2w̃⊤1Rs + Tr
{
Rss⊤R⊤

}
.

Replacing s and ss⊤ with their respective expected values gives the third term in (5.78),
with the corresponding noise variance term of (5.91) added. Similar calculations on the
remaining two weighted errors in (5.91) gives the last two terms in (5.78). This concludes
the proof.





Part II

Covariance analysis
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CHAPTER 6
CASCADE MODELS

In the second and final part of the thesis, the covariance of modules embedded in different
networks is analyzed. The aim is to illustrate how different properties of the identification
problem affects the achievable accuracy. In particular, we quantify how the properties of the
input and noise signals, as well as model structure, affect the covariance. The structures
consider in this part will all be acyclic, i.e., they will not contain feedback loops. However,
identification in networks with feedback can be solved by converting the network to acyclic
forms, as was examplified by the methods presented in the first main part of this thesis.

6.1 Introduction

We start by considering the relatively simple interconnection structure of modules connected
in cascade. Cascaded modules are very common in applications; consider for example the
flotation plant example in Chapter 1. Our concern in this chapter is the accuracy of the
model of the first module, and we try to give some insight into how much the accuracy is
improved by additional measurements. It turns out that the zero locations of the first module
play an important role and we analyze how the zeros of the first module affect the accuracy.
We quantify the contribution of each sensor to the accuracy, with focus on a frequency range
dependent on the zeros of the transfer function of interest. This information might be useful
in determining if we should use additional sensors. There is a trade-off to be made since
additional sensors means more data have to be collected, and more parameters have to be
identified. Hence, if the gain in accuracy is concentrated mainly in regions of little interest,
the additional effort may not be worthwhile. For FIR systems, the results are illustrated by
numerical simulations. A surprising special case occurs when the first module contains a
zero on the unit circle; as the model orders of all modules grow large at the same rate, the
variance of the frequency function estimate, evaluated at the corresponding frequency of the
unit-circle zero, is shown to be the same as the case where the other modules are completely
known.
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6.2 Problem formulation

u G1 G2 … Gm

+
y1

+
y2

+
ym

e1 e2 em

Figure 6.1: Cascaded structure.

Consider the SISO LTI systems connected in cascade as depicted in Figure 6.1, the output
of which can be described by the following set of equations:

yk(t) =
k∏
i=1

Gi(q)u(t) + ek(t), k = 1,… , m. (6.1)

Define

y(t) =
⎡⎢⎢⎢⎣

y1(t)
⋮

ym

⎤⎥⎥⎥⎦
, e(t) =

⎡⎢⎢⎢⎣

e1(t)
⋮

em

⎤⎥⎥⎥⎦
, (6.2)

and T as the row vector containing all frequency responses between u and y(t)⊤, i.e.,

T ∶=
[
G1 G2G1 … Gm⋯G1

]
.

Then we can express the relationship between the input, noise and outputs as follows:
y(t)=T ⊤u(t) + e(t).

We assume that the additive noise sequences, {ei(t)
} are mutually independent zero mean

white noise sequences, independent of the input u(t), with variances �i, i = 1,… , m, i.e.,
Cov{e(t)} = �,

where � = diag{�1,… , �m
}. The models of the modules are independently parameterized,

module Gi is parameterized with �i ∈ Rdi , ni ∈ R for all i = 1,… , m, and let � =[
�⊤1 … �⊤m

]⊤ and n = ∑m
i=1 ni. We assume the true system is in the model set and denote the

true parameters by �o, i.e.,
Gk(q) = Gk

(
q, �ok

)
, k = 1,… , m.
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We are interested in estimating the first module G1. The predictor of y(t) based on � is givenby
ŷ(t) = T ⊤(�)u(t).

The predictor error gradient defined in (2.23), of dimension n × m, is then given by
 (t) = −T ′(�)u(t),

where T ′(�) ∈ n×m2 is the gradient of T with respect to � and is given by

T ′ =

⎡⎢⎢⎢⎢⎢⎣

G′1 G2G′1 ⋯ Gm⋯G2G′1
0 G′2G1 ⋱ Gm⋯G3G′2G1
⋮ ⋱ ⋱ ⋮

0 ⋯ 0 G′mGm−1⋯G1

⎤⎥⎥⎥⎥⎥⎦

,

whereG′i is the gradient ofGi with respect to �, for i = 1,… , m. From (2.23) and Parseval’s
relation we can express the asymptotic covariance of the parameter estimate as

AsCov
{
�̂N

}
= ⟨	,	⟩−1

	 = T ′(�o)R�−1∕2 ∈ n×m2 ,

where R is the spectral factor of the input power spectrum �u(!). From this equation it is
clear that we can rewrite

T ′(�o) = 	�1∕2R−1,

and hence, with L = �1∕2R−1, we may use Lemma 2.2 to express the asymptotic covariance
matrix for the estimate of the transfer functions from the input to the outputs as

AsCov
{
T̂
(
ej!

)}
= 1
�u(!)

�1∕2
l∑

k=1
∗k(ej!)k(ej!)�1∕2. (6.3)

We are only interested in Ĝ1, so we only need to consider the top left corner of (6.3). To
this end, without loss of generality, the basis functions can be expressed according to the
following definition:
Definition 1. The basis functions {k} are expressed as

k ∶=
[
c1k1k … cmk mk

]
, (6.4)

where cjk ∈ R≥0. If jk ≠ 0, then jk has unit 2-norm for all j and k, i.e., ‖‖‖jk‖‖‖ = 1 for all
k ≤ l, j ≤ m. For each basis functionk, the coefficients

{
cjk
}m
j=1

satisfy ‖‖‖
[
c1k … cmk

]‖‖‖
2

2
= 1,

which ensures that ‖‖k‖‖ = 1. If jk = 0 then cjk is defined to be zero.
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With this notation, we obtain

AsVar
{
Ĝ1

(
ej!

)}
=

�1
�u(!)

(
c1k
)2 l∑

k=1

|||1k
(
ej!

)|||
2
. (6.5)

In the next section we will provide a specific basis function 1 that is used to obtain
insights into (6.5), insight into how much AsVar

{
Ĝ1

(
ej!

)} is reduced by additional mea-
surements. The basis function will be determined by a zero of G1

(
ej!

) and we will analyze
AsVar

{
Ĝ1

(
ej!

)} with focus on a frequency range dependent on this zero.

6.3 Variance results for one branch of cascaded systems

6.3.1 Basis functions and variance results

In this section we present a theorem that lets us determine one basis function, 1, of a set{k}lk=1 that spans 	 and satisfies
⟨i1,ij

⟩
= 0, i = 1,… , l j = 2,… , m. (6.6)

Not only is the first basis function 1 orthogonal to all other basis functions k, k = 2,… , l,
but also, every column of 1 is orthogonal the corresponding column in all other basis
functions k, k = 2,… , l. This allows us to compute the variance expression (6.5) at a
specific frequency point.
Lemma 6.1. Let G1 have a zero in � ∈ C and none of

{
Gk

}m
k=1 have a pole in �, i.e., there

is no pole-zero cancellation of the zero � in 	 . Let
{i

k
}li
k=1 be a basis (not necessarily

orthonormal) for the space spanned by the rows of the i-th column of 	 for i = 1,… , m.
Then we can choose an orthonormal basis

{k}lk=1 for 	 , in the form of (6.4), such that
⟨i1,ij

⟩
= 0, i = 1,… , m j = 2,… , l, (6.7)

where

c11=
b1
�1∕21

(
b21
�1∕21

+
b2
�1∕22

||G2(�)||2 +⋯ +
b2m
�1∕2m

||Gm(�)⋯G2(�)||2
)−1∕2

, (6.7a)

i1=bi
li∑
k=1

i
k(�)i

k, i = 1,… , m, (6.7b)

and
{
bi
}m
i=1 are normalization constants such that ‖‖‖i1‖‖‖ = 1, i.e.,

b2i =

( li∑
k=1

|||i
k(�)

|||
2
)−1

,
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and b2i = l
−1
i when i

k is an orthonormal basis, e.g., the basis
{
z−k

}
.

Proof. See Appendix 6.A.2. ■

Notice that (6.7) does not follow from the orthogonality of the basis functions {k} as the
next example illustrates.
Example 6.1. Consider

	 (z) =

[
z−1 z−2

z−1 −z−2

]
,

formed from{1
k
}1
k=1 = z

−1 and{2
k
}1
k=1 = z

−2. Recall that{z−k}∞k=0 forms a (complete)
orthonormal set (Friedman, 1970). Then one choice of basis functions is

1(z) = 2−1∕2
[
z−1 z−2

]
, 2(z) = 2−1∕2

[
z−1 −z−2

]

and ⟨1,2⟩ = 0, even though ⟨11,12⟩ = ⟨
z−1, z−1

⟩
= 1.

6.3.2 Variance results

The work invested in calculating a specific basis function will now be put to use. The
covariance of the transfer function estimate will, at the frequency of the zero, be strongly
linked to that specific basis function as the next theorem shows.
Theorem 6.2. Assume that G1 has a zero at � = rej!� , where r ∈ R≥0 and that the
assumptions in Lemma 6.1 hold. Then

AsVar
{
Ĝ1

(
ej!�

)} ≤ �1
�u

(
!�

)‖‖f1‖‖2
(
1 −

(
1 −

(
c11
)2)⟨11, f1

‖‖f1‖‖

⟩2)
, (6.8)

where c11 and 11 are chosen according to Lemma 6.7 and where

f1 =
l1∑
k=1

1
k
(
ej!�

)1
k.

If r = 1, i.e., the zero is lies on the unit circle, then
AsVar

{
Ĝ1

(
ej!�

)}
=

�1
�u

(
!�

)(c11
)2b−21 , (6.9)

or equivalently

AsVar
{
Ĝ1

(
ej!�

)}
= Z−1, (6.10)



126 CHAPTER 6. CASCADE MODELS

where

Z = b21
�u

(
!�

)
�1

+ b22
�u

(
!�

)
�2

|||G2
(
ej!�

)|||
2
+⋯ + b2m

�u
(
!�

)
�m

|||Gm
(
ej!�

)
⋯G2

(
ej!�

)|||
2
.

Proof. Using Lemma 6.4 we can rewrite (6.5) as

AsVar
{
Ĝ1

(
rej!�

)}
=

�1
�u

(
!�

)
l∑

k=1

(
c1k
)2|||

⟨1k, f1⟩|||
2
. (6.11)

To arrive at (6.8) from (6.11), we notice that we can bound the contribution from the other
basis functions through ck ≤ 1 and∑l

k=1
|||
⟨
f1,1k⟩|||

2
= ‖‖f1‖‖2, where the second equalityis due to Lemma 6.4 in Appendix 6.A.1. We can form the upper bound

l∑
k=1

(
c1k
)2|||||

⟨
f1
‖‖f1‖‖

,1k
⟩|||||

2

=
(
c11
)2|||||

⟨
f1
‖‖f1‖‖

,1k
⟩|||||

2

+
l∑

k=2

(
c1k
)2|||||

⟨
f1
‖‖f1‖‖

,1k
⟩|||||

2

≤ (
c11
)2|||||

⟨
f1
‖‖f1‖‖

,1k
⟩|||||

2

+
l∑

k=2

|||||

⟨
f1
‖‖f1‖‖

,1k
⟩|||||

2

≤ (
c11
)2|||||

⟨
f1
‖‖f1‖‖

,1k
⟩|||||

2

+

(
1 −

|||||

⟨
f1
‖‖f1‖‖

,1k
⟩|||||

2)

= 1 −
(
1 −

(
c11
)2)|||||

⟨
f1
‖‖f1‖‖

,1k
⟩|||||

2

.

Using this bound in (6.11) gives (6.8). If r = 1, i.e., when the zero is on the unit circle, then
f1 = b−11 11, i.e., it is a scaled version of the first basis function. The orthogonality of {1k}gives that (6.11) simplifies to

AsVar
{
Ĝ1

(
ej!�

)}
=

�1
�u

(
!�

)(c11
)2b−21 .

By inserting the value of c11 provided by Lemma 6.7, (6.9) and (6.10) follows. ■

Remark 6.1. If G1 has a unit circle zero in � = rej!� , then (6.10) and (6.10) in Theo-
rem 6.2 are exact expression for the asymptotic variance of the transfer function estimate
Var

{
Ĝ1

(
ej!

)} at the frequency ! = !� . In (6.10), Z is a weighted sum of terms, where
sensor k corresponds to a term

b2k
�k
SNR(!)

|||G1
(
ej!

)|||
2 ,
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where �k
SNR(!) is the signal to noise ratio at sensor k, i.e., for sensor k we have that

�k
SNR(!) =

�u(!)
|||G1

(
ej!

)
⋯Gk

(
ej!

)|||
2

�k

This means that a higher ratio between the gain from the output of G1 to a given sensor
and the noise variance leads to better accuracy. The constants {bj

}m
j=1, i.e., the weights forthe different signal to noise ratios in Z, provide a scaling that in some sense depends on

the “size” of the corresponding spaces. This weighting gives that sensors far away from G1(sensors further to the right in Figure 6.1) contribute less to the accuracy of the model of
G1. If we only use the first measurement, we get

AsVar
{
Ĝ1

(
ej!�

)}
=

�k
�u(!)

1
b2k

For fixed denominator models, e.g., FIR models, this is exactly the high model order
approximation 1.4, so this constant reflects the contribution to the model error from themodel
complexity. The expressions (6.10) and (6.10)) give insight into how much the variance
of Ĝ1

(
ej!�

) would increase if we for example remove one sensor since this corresponds to
removing the corresponding term in Z.

Similar observations can be made when r ≠ 1 regarding the upper bound in (6.8). If we
take a closer look at c11 , we see that a similar weighted sum of the signal to noise ratio
�k
SNR(!) of the sensors appears, almost the same as in Z. This means that a higher ratio

between the gain from the output of G1 to a given sensor and the noise variance leads to
better accuracy. Again, {bj

}m
j=1, i.e.,the weights for the different signal to noise ratios in c11 ,provide a scaling that in some sense depends on the “size” of the corresponding spaces. This

weighting gives that sensors far away from G1 (more to the right in Figure 6.1) contribute
less to the accuracy of the model of G1.
Note that if one module is zero at ej!� , i.e., Gj

(
ej!�

)
= 0, then sensors downstream of Gj

will not reduce the variance of G1(ej!� ) regardless of their signal-to-noise ratio. This shouldcome as no surprise since any measurement downstream of Gj will be zero, regardless
of G1

(
ej!�

). This generalizes to the following observation: if Gj
(
ej!�

) is small, then the
benefit to the accuracy of Ĝ1

(
ej!�

) from sensors downstream of Gj is limited. These results
are related to those found in Wahlberg et al., 2009, where, in the case of three modules,
knowing y2 and y3 will not improve the quality of the estimate of �1, ifG2

(
q, �o2

)
G′1

(
q, �o1

)
=

G′2
(
q, �o2

)
G1

(
q, �o1

). Our results have a weaker condition and provide a weaker result, that
is, if one zero is common between G1 and G2, then y2 and y3 will not considerably improve
the quality of the estimate around the corresponding frequency.
The previous result is valid for Ĝ1

(
ej!�

), i.e., at the same frequency as the zero. We will in
the following corollary extend (6.8) to hold for all frequencies.
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Corollary 6.3. Let the assumptions of Theorem 6.2 hold, where G1 has a zero at � = rej!� .
Then

AsVar
{
Ĝ1

(
ej!

)} ≤ �1
�u

(
ej!

)‖‖f1‖‖2
(
1 −

(
1 −

(
c11
)2)⟨11, f1

‖‖f1‖‖

⟩2)
, (6.12)

where

f1 =
l1∑
k=1

1
k
(
ej!

)1
k.

and where c11 and 11 are chosen according to Lemma 6.7.

Proof. Follows from the proof of Theorem 6.2, by changing !� to ! in the definition of f1,
but keeping c11 and 11 according to Lemma 6.7. ■

if ! ≈ !� , we can expect 11 and f1 to be similar and that (6.12) will provide a rather tight
upper bound. However, if f ⟂ 1, i.e., ⟨f,1⟩ = 0, then (6.12) gives the upper bound

AsVar
{
Ĝ1

(
ej!

)} ≤ �1
�u

(
ej!

)‖‖f1‖‖2,

which is the same as if we would only use the first measurement to estimate Ĝ1
(
ej!�

).
Theorem 6.2 and Corollary 6.3 only consider one basis function determined by one zero of
G1. If we know additional zeros, Theorem 6.2 provides different sets of basis functions for
the different zeros and corresponding lower bounds for the variance at the corresponding
frequencies. However, using Gram-Smith orthogonalization we can determine orthonormal
basis functions of one set and refine the lower bounds in Theorem 6.2 and Corollary 6.3
accordingly.

6.4 Variance results for several branches of cascaded systems

In this section we generalize the previous result to an arbitrary number of branches. We
only consider the case of one additional branch, even though the generalization to a tree
structure is straightforward. We assume that we have an extra branch of m systems, which
are connected in cascade, with the output of G1 as input to the first additional system as
depicted in Figure 6.2. The additional module Gi is parameterized with �i ∈ Rni , ni ∈ Z≥0
for all i = 1,… , 2m. The parameter vector is extended to �e =

[
�⊤,�⊤m+1,…,�⊤2m

]⊤ and let
ne =

∑2m
i=1 ni. The measured extra outputs can be described by the following set of equations:

yk(t) =

( k∏
i=1

Gm+i(q)

)
G1(q)u(t) + ek(t), k = m + 1,… , 2m. (6.13)
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The noise satisfies
Cov{e(t)} = �e,

where �e = diag
{
�1,… , �2m

}. Before we continue, we partition T and 	 according to

T =
[
G1 T1

]
.

We append T as follows:

Te ∶=
[
G1 T1 T2

]
, T2 =

[
Gm+1G1 Gm+2Gm+1G1 ⋯ G2m⋯Gm+1G1

]
.

The predictor error gradient is then of dimension ne × 2m, and is given by
 = −T ′e (�)u(t),

where T ′(�) ∈ ne×2m2 is the gradient of Te with respect to �, and is given by

T ′e =
⎡⎢⎢⎢⎣

G′1 G′1T1 G′1T2
0 T ′1G1 0
0 0 T ′2G1

⎤⎥⎥⎥⎦
.

The variance of the estimated parameters can also this time be expressed as
AsCov

{
�̂e
}
= ⟨	e, 	e⟩−1

	e = T ′e (�
o)R�−1∕2e ∈ ne×2m2 .

em+1 em+2 e2m

�
ym+1

�
ym+2

�
y2m

Gm+1 … G2m

u G1 G2 … Gm

�
y1

�
y2

�
ym

e1 e2 em

Figure 6.2: Cascaded structure with two branches.
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It is straightforward to extend the previous results to this case. The only thing that is different
is the constant c11 in Lemma 6.1, Theorem 6.2 and corollary 6.3. The constant c11 now
becomes:
c11 = b1�

−1∕2
1

(
b21�

−1
1 + b22�

−1
2
||G2(�)||2 +⋯ + b2l �

−1
m
||Gm(�)⋯G2(�)||2

b2m+1�
−1
m+1

||Gm+1(�)||2 +⋯ + b22m�
−1
2m
||G2m(�)⋯Gm+1(�)||2

)−1∕2 (6.14)

and subsequently Z in (6.10) is changed accordingly. We get

Z = b21
�u

(
!�

)
�1

+b22
�u

(
!�

)
�2

|||G2
(
ej!�

)|||
2
+⋯ + b2m

�u
(
!�

)
�m

|||Gm
(
ej!�

)
⋯G2

(
ej!�

)|||
2

+b2m+1
�u

(
!�

)
�m+1

|||Gm+1
(
ej!�

)|||
2
+⋯ + b22m

�u
(
!�

)
�2m

|||G2m
(
ej!�

)
⋯Gm+1

(
ej!�

)|||
2
.(6.15)

The remarks concerning Theorem 6.2 and corollary 6.3 also applies in this case. We see
that a sensor k adds a term

b2k
�k
SNR(!)

|||G1
(
ej!

)|||
2 ,

where �k
SNR(!) is the signal to noise ratio at sensor k. We see that also in this case,

the weighting b2k gives that sensors far away from G1 (more to the right in Figure 6.2)
contribute less to the accuracy of Ĝ1. Also note that adding one branch, i.e.,adding modules
Gm+1,… , G2m, do not reduce (nor increase) the weights bk for 2 ≤ k ≤ m; the contribution
of the first branch stays the same.

6.5 Numerical simulations

In this section, we consider FIR systems, all with true order p. That is, module j can be
expressed for some {gj,k

}p
k=1 ∈ R

p as

Gj(q) =
p∑
k=1

gj,kq
−k.

The first system G1 has a zero at � = ej!� , !� ∈ [0, 2�], �u ≡ 1, and we estimate each
transfer function with n1 parameters. We only give the expressions for two modules to ease
notation, but, the generalization to more sensors is straightforward. We assume that we
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can take {l
k
}
=

{
z−k

}n1+(l−1)p
k=l as a basis for l-th column of 	 . This assumption is a

rank condition, based on that the l-th column will consist of the functions {z−k}n1+(l−1)pk=l .
Thus, we exclude degenerate cases, e.g., when G1 = G2. In the case we consider, b−2l =
n1 + (l − 1)p − (l − 1) and (6.10) becomes

AsVar
{
Ĝ1

(
ej!�

)}
=

n1

�−11 + n1
n1+p−1

�−12
|||G2

(
ej!�

)|||
2 . (6.16)

We would expect that when we estimate both G1 and G2 with many parameters, the benefit
of the second sensor would diminish. However, this is not the case when G1 has a zero onthe unit circle, as then, using (6.10) in Theorem 6.2,

lim
n1→∞

lim
N→∞

N
n

Var
{
Ĝ1

(
ej!�

)}
= 1

1
�1
+ 1

�2
|||G2

(
ej!�

)|||
2 .

This is the same asymptotic variance as if the module G2 was completely known (the noise
signals are uncorrelated, so the optimal variance is the inverse of the sum of the information
in each signal).
To us, this is a surprising result. However, it fits with the discussion on optimal input design
of structured systems, where the input signal should be designed to hide unimportant system
properties (see, e.g., Hjalmarsson (2009)). Here, since G1

(
ej!�

)
= 0, the output signal y2

does not contain any information about G2(ej!� ) in the limit when the number of estimated
parameters tends to infinity. However, what we measure in y2 is 0 + noise, but the zero is
the quantityG1

(
ej!�

) we try to identify, and hence y2 can be used entirely to estimate this
quantity.
In the following example and Example 6.3, (6.16) and its generalization are verified by
MATLAB simulations.
Example 6.2. We consider a setup according to (6.1), with two FIR transfer functions:
G1 = z−1 + z−2 and G2 = z−1, where �1 = �2 = 1. The first system, G1, thus has a zeroat z = ej� . The input signal is white noise with variance �2u = 1. The variance at !� = �is estimated in 3 ways: from (6.10), directly from (2.23) and as the sample variance from
1,000 Monte-Carlo simulations. When estimating the given system with FIR models of
order n1, (6.10) reduces to

AsVar
{
Ĝ1

(
ej!�

)}
= 1

1
n1
+ 1

n1+1

.

Each estimate in the Monte-Carlo simulations is the minimizer of the cost function
N∑
i=1

(
y1(i) − G1(q)u(i)

)2 + (
y2(i) − G1(q)G2(q)u(i)

)2,
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Table 6.1: Comparison of the asymptotic variance of Ĝ1
(
ej�

)with Monte-Carlo simulations.
n−11 AsVar

{
Ĝ1

(
ej�

)} (6.9) Directly from (2.23) Monte-Carlo
n1 = 2 0.6000 0.6000 0.5913
n1 = 10 0.5238 0.5238 0.5413

Table 6.2: Comparison of the asymptotic variance of Ĝ1
(
ej�

)with Monte-Carlo simulations.
The outputs y1-y4 are used here.

n−11 AsVar
{
Ĝ1

(
ej�

)} (6.9) Directly from (2.23) Monte-Carlo
n1 = 2 0.3371 0.3309 0.3305
n1 = 10 0.2336 0.2314 0.2561

with N = 104 data points. The minimization is solved with Matlab’s built in function
lsqnonlin, initialized at the true parameter values of the systems.
The Monte-Carlo simulations come close to what is predicted by (6.10) (cf. Table 6.1). The
reduction in variance, compared to only using y1, is centered around the frequency of thezero (see Figures 6.3 and 6.4). Note that if we only use y1 then N∕n1 Var

{
Ĝ1

(
ej!�

)}
= 1 for

all frequencies. The intuition is that the input to the second system is zero at the frequency
ej!� and therefore, with a slight abuse of notation, y2

(
ej!�

) is a signal uncorrelated with the
input u(ej!�). Thus, y2(ej!� ) tells us that either G1

(
ej!�

)
= 0, or G2

(
ej!�

)
= 0 (or both).

Furthermore, the transfer functions in our model set are all continuous, which implies that if
G2 is large around ej!� , it is unlikely to drop to zero at ej!� . Thereby, y2 gives us information
that G1(ej!� ) is small. A related aspect, not presented in the figures, is that the estimate of
G2

(
ej!�

) is poor because of the poor signal-to-noise ratio, as expected. When the number
of estimated parameters increases, the reduction in variance becomes more focused around
!� . This is due to the increased order of the basis functions (cf. Figures 6.3 and 6.4).
Example 6.3. Consider the case when two additional modules are appended to the setup
of Example 6.2, still satisfying (6.1), with G3 = z−2, G4 = z−1−z−2∕

√
2 and �3 = �4 = 1.Simulations are performed in the same way as in Example 6.2. Again, the Monte-Carlo

simulations come close to what is predicted by (6.10) (cf. Table 6.3). Notice the similarities
between the sets of Figures 6.3 and 6.4 compared to Figures 6.5 and 6.6; we get a variance
reduction that is focused around the frequency of the unit circle zero, but, when we use
more sensor the reduction is larger, and for both sets, as more parameters are estimated, the
variance reduction becomes more focused.

The fit is significantly better in Figure 6.3 compared to Figures 6.4–6.6 because the ratio
between number of samples and estimated parameters is larger. The difference between the
Monte-Carlo simulations and the theory is smooth because only a relatively small number
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Figure 6.3: Asymptotic variance of Ĝ1 in Example 6.2, weighted by number of estimated
parameters of Ĝ1 (n1 = 2), and number of data pointsN = 104, at frequencies [0, 2�]. The
variance is reduced around the frequency where G1 is zero, when the output y2 from G2 isalso used.

of parameters of Ĝ1 is estimated compared to the number of frequencies.

6.6 Summary

In this chapter we have analyzed the asymptotic variance of the first of a set of modules
connected in a cascade structure. The main contribution is the result on how the zeros of
the first module affect the accuracy of the corresponding model. The analysis has revealed
a surprising result. When the first module contains a zero on the unit circle, as the model
orders grow large, the variance at the corresponding frequency of the unit-circle zero is
shown to be the same as if the other modules were completely known. Additionally, we
have derived quantifications of the increase in accuracy for a broader frequency range, the
extent of which depends on the number of estimated parameters and model structure.
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Figure 6.4: Asymptotic variance of Ĝ1 in Example 6.2, weighted by number of estimated
parameters of Ĝ1 (n1 = 10), and number of data points N = 104, at frequencies [0, 2�].
The reduction in variance is more focused around the frequency where G1 is zero compared
to Figure 6.3.

6.A Proofs and auxilliary lemmas

6.A.1 Auxilliary lemmas

Lemma 6.4. Let  be a finite-dimensional subspace of m2 , {k
}∞
k=1 be an orthonormal

basis for m2 and
{k

}r
k=1 a basis for  . If the function f ∶ C → Cm is given by

f (z) =
r∑
k=1

k(�)k(z),

where � ∈ C, then for any G ∈ 
⟨G, f⟩ = G(�). (6.17)

Proof. We can express G as

G =
r∑
j=1

Gjj ,
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Figure 6.5: Asymptotic variance of Ĝ1 in Example 6.3, weighted by number of estimated
parameters of Ĝ1 (n1 = 2), and number of data pointsN = 104, at frequencies [0, 2�]. The
variance is reduced more than in Figure 6.3, when also y3 and y4 are used.

for some scalars {Gj
}. From the orthogonality of the basis functions we have that

⟨G, f⟩ =
⟨ r∑
j=1

Gjj ,
r∑
k=1

k(�)k

⟩

=
r∑
k=1

Gkk(�) = G(�).

■

Remark 6.2. The function f is strongly related to the so-called “reproducing kernel” for the
space  (see Ninness and Hjalmarsson (2004) and the references therein).
Corollary 6.5. Let G ∈  and f be as in Lemma 6.17. Then

⟨G, f⟩ = 0 (6.18)

if and only if

G(�) = 0.

Proof. Follows directly from Lemma 6.4. ■
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Figure 6.6: Asymptotic variance of Ĝ1 in Example 6.3, weighted by the number of estimated
parameters of Ĝ1 (n1 = 10), and number of data points N = 104, at frequencies [0, 2�].
The variance is reduced more than in Figure 6.4, when also y3 and y4 are used.

6.A.2 Proof of Lemma 4.2.1

For ease of notation we will assume that�u
(
ej!

)
= 1 for! ∈ [0, 2�] and �1 =⋯ = �m = 1;it is straightforward to adjust the derivations for the general setting. It is not obvious that1 = [

c1k1k … cmk mk
], as defined by (6.4), lies in the space spanned by the rows of 	 ;

however, this will be clear from how we construct 1. To construct 1, we project 	 onto
the space  , defined as the span of the m functions {�i

} that have i1 in the ith column and
zeros in the other columns, e.g., the first one being �1 =

[ 11 0 ⋯
]. Here, k1 is defined as in(6.7b). The reason for this construction is that we can write (6.7) as

⟨
�i,j⟩ = 0, for i = 1,… , m for j = 2,… , m, (6.19)

since ⟨�i,j⟩ = 0 if and only if
⟨i1,ij

⟩
= 0. Furthermore, the basis functions for 	 ,

{k}lk=1, satisfy (6.19) if and only if they are orthogonal to  for k ≥ 2. Applying the
projection of 	 onto the space  according to (2.37), we obtain

Proj{	} =
⎡⎢⎢⎢⎣

⟨
G′1,11⟩11 ⟨

G2G′1,21⟩21 ⋯
⟨
Gm⋯G′1,m1 ⟩m1

0 0 0 0
⋮ ⋮ ⋮ ⋮

⎤
⎥⎥⎥⎦
, (6.20)
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where all rows are zero except the first because of Corollary 6.5. Furthermore, we have used
the fact that k1 , k = 1,… , l have unit norm. Applying Lemma 6.4 to (6.20) we obtain

Proj{	} =
⎡⎢⎢⎢⎣

G′1(�)
0
⋮

⎤⎥⎥⎥⎦

[
b111 b2G2(�)21 ⋯ bmGm(�)⋯G2(�)m1

]
.

Normalize the vector [ b111 b2G2(�)21 ⋯ bmGm(�)⋯G2(�)m1
] to form1. Note that Proj{	} =

[ C 0 ]⊤1 = Proj1{	} for some constant vector C , i.e., rank{Proj{	}
}
= 1 and 1 isa basis vector for the space spanned by the rows of Proj1{	}. Consequently, the part of 	that is orthogonal to 1 is also orthogonal to  ,

	 − Proj1{	} = Proj⟂{	} ⟂  ,
where ⟂ is the orthogonal complement of  in 2. However, for 2 ≤ k ≤ l, k lies in the
space spanned by the rows of 	 − Proj1{	}, since this corresponds to he part of 	 that is
orthogonal to 1 ({k}lk=1 is an orthonormal basis). As noted above, (6.7) is equivalent to
(6.19), which only holds if k, for 2 ≤ k ≤ l, is orthogonal to  . But, we know that k, for
2 ≤ k ≤ l, lies in 	 − Proj1{	} which we showed was orthogonal to  and the theorem
follows.





CHAPTER 7
GENERALIZED PARALLEL CASCADE MODELS

In this chapter, we generalize the cascade models of the previous chapter to include parallel
paths. We consider two forms of parallel serial structures, one multiple-input multiple-output
structure and one single-input multiple-output structure. We derive lower and upper bounds
on the asymptotic covariance of the frequency response function estimate and the model
parameters for the case of temporally white noise.

7.1 Introduction

The first structure is an abstraction of the structure found in the motivating example on
steam pressure control in Chapter 1. This structure has also been considered in Hägg et al.
(2011), whose key results concern the case when there is common dynamics among the
modules. The closed loop structure used in Chapter 4 and Chapter 5 can also fit in this
formulation. The second structure can be an example of a network of spatially distributed
sensors where the sensor dynamics are not completely known and therefore need to be
estimated if these sensors are to be used. The structure considered corresponds to a star
topology with the module of interest in the center (Yang et al., 2007). This structure can
also lend some insight into the usefulness of additional sensors in Chapter 5. In the previous
chapter, the model order of all the modules was the same. In this chapter, the model order
of the system of interest will be fixed, while the model order of every other module will be
allowed to increase. By letting the model order grow large we provide upper bounds on the
variance of the parameter estimates. A lower bound can in turn be found by assuming the
other modules to be known.

7.2 Problem formulation

We consider two types of networks of linear dynamic systems depicted in Figure 7.1 and
Figure 7.2. For both networks, we wish to identify a model for module G. The first network

139
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u1(t) G1(q)

e1(t)
�

y1(t)

⋮ ⋮ ⋮ ⋮ � G(q) �
y(t)

e(t)

um(t) Gm(q)

em(t)
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Figure 7.1: Structure 1: Parallel serial structure.
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Figure 7.2: Structure 2: Multi-sensor structure.

is the parallel serial (cascade) structure considered in Hägg et al. (2011), see Figure 7.1. For
this network, the dynamics are given as
Structure 1:

y(t) =
m∑
k=1

G(q)Gk(q)uk(t) + e(t), (7.1a)
yk(t) = Gk(q)uk(t) + ek(t), k = 1,… , m, (7.1b)

where each input signal uk(t) is feed to the actuator module Gk(q), the output of which ismeasured in yk(t) with additive noise ek(t). The sum of the outputs of all actuators is fed to
the module G(q), which is the one we are interested in. The output of G(q) is measured as
y(t) with additive noise e(t). For the second network structure, depicted in Figure 7.2, the
dynamics are given as
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Structure 2:
yk(t) = Gk(q)G(q)u(t) + ek(t), k = 1,… , m, (7.2a)
y(t) = G(q)u(t) + e(t), (7.2b)

where there is only one input u(t), which is fed to the module of interest G(q) and measured
as y(t) with additive noise e(t). The output of G(q) is also fed to additional sensor modules
Gk(q) whose outputs are measured with additive noise. We assume that the additive zero
mean stationary sequences {ei(t)

} are mutually independent, and independent of the input
signals uk(t), k = 1,… , m and input signal u(t), with spectra �ei (!), i = 1,… , m, the same
holds for e(t) with spectrum �e(!). We will in the derivations, for improved readability,
assume that the noise sequences are white noise with with variances �i, i = 1,… , m, the
same holds for e(t) with variance �. The derivations for the general case follows analogously
to the white noise case. The input is assumed to be a realization of a weakly stationary
stochastic process with spectrum �u(!). The inputs uk(t), k = 1,… , m (input u(t)) are
assumed to be a realization of a weakly stationary stochastic process with spectra�uk (!), k =
1,… , m (spectrum�u(!)). The models of the modules are independently parametrized, i.e.,
Gk(q) = Gk

(
q, �k

), k = 1,… , m and G(q) = G(q, �). We stack the parameters together in
� =

[
�⊤1 ,… , �⊤m, �

⊤
]⊤, where �i ∈ Rdi , di ∈ Z≥0 for all i = 1,… , m + 1, � ∈ Rd .

7.3 Variance bounds for the parallel serial structure

In this section, we study the parallel cascade structure described by (7.1), and visualized in
Figure 7.1. The main idea is to express the covariance of �, the parameters of the module of
interest, as a sum of two parts, where the second part is a projection onto a space whose
size depends on the model structure of the other modules. From this expression it will be
possible to determine upper and lower bounds on the covariance of �. If we assume that the
other modules are known exactly the projection becomes zero and we get a lower bound on
the covariance. On the other hand, if we assume that the space is large, the projection can
be removed and we get an upper bound.
The one step ahead predictor of y(t) based on � is given by

ŷ(t) = T (�)⊤u(t),

where

T =
⎡⎢⎢⎢⎣

G1
(
q, �1

)
0 0 G(q, �)G1

(
q, �1

)

0 ⋱ 0 ⋮

0 0 Gm
(
q, �m

)
G(q, �)Gm

(
q, �m

)

⎤
⎥⎥⎥⎦
.
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The predictor error gradient is then given by

 = −

⎡⎢⎢⎢⎢⎢⎣

G′1
(
q, �1

)
u1(t) 0 0 G′1

(
q, �1

)
G(q, �)u1(t)

0 ⋱ 0 ⋮

0 0 G′m
(
q, �m

)
um(t) G′m

(
q, �m

)
G(q, �)um(t)

0 0 0 G′(q, �)
(∑m

k=1Gk(q, �k)uk(t)
)

⎤⎥⎥⎥⎥⎥⎦

.

Utilizing the assumption that the input signals are independent, (2.23) and Parseval’s relation,
we can express the asymptotic covariance of the parameter estimate as

AsCov
{
�̂
}
= ⟨�A, � ⟩−1, (7.3)

where
� = diag

{
G′1

(
q, �o1

)
,… , G′1

(
q, �om

)
, G′(q, �o)

}
,

and

A =

[
D B∗

B S

]
,

with D ∈ m×m with elements

Dij =

{
�ui (�

−1
i + |G|2�−1), i = j,

0, otherwise,
(7.4)

B ∈ 1×m has elements
Bi = �uiGiG�

−1, i = 1,… , m,

and S is the scalar function

S =
m∑
k=1

�uk
||Gk||2�−1.

We now have an expression for the asymptotic covariance for �̂ in the lower right corner
of (7.3). As our next step, we will apply Lemma 7.3 to reformulate the covariance of �̂ in
(7.3) as the sum of two parts where the second part is a projection onto a space that depends
on the model structure of the other modules. Then we will use Lemma 2.3 to derive lower
and upper bounds. We are interested in G, so we need make the split to have all quantities
related to G1,… , Gm in the first part and the ones related to G in the second part. Thus, we
make the split

�1 = diag
{
G′1,… , G′m

}
, �2 = G′,
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and
	2	

∗
1 = G

′B� ∗1 , 	1	
∗
1 = �1D�

∗
1 , 	2	

∗
2=G

′SG′∗.

We assume that rank{D} = m, which holds, e.g., when �u1 (!),… , �um (!) > 0 and
furthermore, we assume that also �1D� ∗1 has full rank. From Lemma 7.3 we have that the
asymptotic covariance matrix of �̂ is

AsCov{�̂} =
[⟨
G′S,G′

⟩
−
⟨
ProjR1 {},ProjR1 {}

⟩]−1 (7.5)
with  = G′B� ∗1 [R1†]∗, where R1 is a spectral factor of �1D� ∗1 , i.e.,

�1
(
ej!, �o

)
D
(
ej!, �o

)
� ∗1

(
ej!, �o

)
= R1

(
ej!

)
R⊤1

(
e−j!

)
,

such that the function R1(z) is analytic in the unit disc and has full rank on the unit circle.From (7.5) it is still not clear how different quantities affect AsCov{�̂}. To allow for an
interpretation of (7.5), we will consider two extreme cases of the model order of the modules{
Gk

}m
k=1. We first consider the modules {Gk

}m
k=1 to be known. Then no basis function of{

Gk
}m
k=1 have to be estimated and

⟨
ProjR1 {},ProjR1 {}

⟩
= 0, since the projection is

made onto the empty set R1 . This corresponds to a lower bound on AsCov{�̂} since the
projection is made onto a smaller subspace, cf. Lemma 2.3. The bound is given by

AsCov{�̂} ≥
[⟨

G′
m∑
k=1

ML
uk
, G′

⟩]−1
, (7.6)

where

ML
uk
=
�uk

||Gk||2
�

, k = 1,… , m.

The second case is when the model order grows large for the models associated with the
modules {Gk

}m
k=1. Formally, if the rows of G′k span 2 for all k, we have that G′k = 2 for

all k. This implies that �1 = m2 . This is a conservative upper bound since G′k ⊆ 2 ⊂ 2.
In this case, the projection in Lemma 7.4 can be removed (since the projection is made ontom2 and ̃ ∈ m2 ), which gives that

AsCov{�̂} <
[⟨
G′(S − ̃ ̃∗), G′

⟩]−1,
where

̃ ̃∗ = BD−1B∗ =
m∑
k=1

�uk |GkG|2�−2
�−1k + |G|2�−1 . (7.7)

Simplifying the above expression leads to

AsCov{�̂} <
[⟨

G′
m∑
k=1

MU
uk
, G′

⟩]−1
, (7.8)
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where,

MU
uk
=

�uk
||Gk||2

� + |G|2�k
, k = 1,… , m. (7.9)

We summarize the results in the following theorem for non-white noise spectra.
Theorem 7.1. Let the system dynamics be described (7.1). We assume that the additive zero
mean stationary sequences

{
ei(t)

}
are mutually independent, and independent of the input

signals uk(t), k = 1,… , m, with spectra �ei (!), i = 1,… , m; the same holds for e(t) with
spectrum �e(!). The inputs uk(t), k = 1,… , m are assumed to be a realization of a weakly
stationary stochastic process with spectra �uk (!), k = 1,… , m. The models of the modules
are independently parametrized, i.e., Gk(q) = Gk

(
q, �k

)
, k = 1,… , m and G(q) = G(q, �).

We assume that D in (7.4) is full rank (rank{D} = m). Then
[⟨

G′
m∑
k=1

ML
uk
, G′

⟩]−1
≤ AsCov{�̂} <

[⟨
G′

m∑
k=1

MU
uk
, G′

⟩]−1
, (7.10)

where

ML
uk
=
�uk

||Gk||2
�e

, k = 1,… , m, (7.11a)

MU
uk
=

�uk
||Gk||2

�e + |G|2�ek
, k = 1,… , m. (7.11b)

Remark 7.1. Comparing (7.11a) and (7.11b) in (7.10) with open loop SISO identification,
we see that∑m

k=1Muk plays the same role as the signal to noise ratio. For the corresponding
open loop SISO case, we have

AsCov{�̂} =
[⟨
G′
�u
�e
, G′

⟩]−1
,

The lower bound directly corresponds to this case with �u = ∑m
k=1�uk

||Gk||2. When we
know the dynamics of the actuators, the measurements of {yk(t)

}m
k=1 are redundant. On the

other hand, when the actuator dynamics {Gk(q)
}m
k=1 are estimated with high order models,

the spectrum of the noise also plays a role. In (7.9), the power spectrum of the input signal
fed to the system of interest G(q), is the same as in (7.7). However, the denominator is
given by the spectrum of the noise affecting y(t), �e, and by �ek , the spectrum of the noise
affecting the input measurement yk, weighted by the module of interest |G|2. Since �ek ,the noise spectrum at the input measurements, is scaled by the system of interest G, high
noise variance in the input measurements hurts us the most at frequencies where the gain of
the system of interest is high.
The next example illustrates the benefit of knowing a disturbance.
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u(t)
G1(q)

e1(t)
�

y1(t)

� G(q) �
y(t)

e(t)

v(t)
G2(q)

e2(t)
�

y2(t)

Figure 7.3: Network considered in Example 7.1.

Example 7.1. We consider a system with one input u(t) and a measurable disturbance v(t)
with spectrum �v(!). The noise e(t) affecting the output of the system of interest y(t) is
white noise with variance �. The system is shown in Figure 7.3. We will compare the case
when the disturbance v(t) is not measured with the case when it is measured and used in the
predictor (v(t) known). We assume that we estimate many parameters in G1 and G2, andthus we can consider the upper bound given by (7.11b) in (7.10). In the first case, the noise
affecting y(t) is given by e(t) +G(q)G2(q)v(t), which has spectrum �+ ||G(q)G2(q)||2�v(!).Hence, the upper bound in (7.11b) is given by

AsCov{�̂} ≤
[⟨

G′
�u|G1|2

� + |GG2|2�v + |G|2�1
, G′

⟩]−1
, (7.12)

when the disturbance v(t) is not measured. The disturbance thus increases the variance of �̂,
since it increases the denominator in (7.12). If we measure the disturbance, the upper bound
on the covariance is instead given by (7.11b) as

AsCov{�̂} ≤
[⟨

G′
(

�u|G1|2
� + |G|2�1

+
�v|G2|2
� + |G|2�2

)
, G′

⟩]−1
, (7.13)

The variance is decreased in (7.13) compared with (7.12) for two reasons: (i) we reduce
the noise affecting y(t), and (ii) we provide a new excitation. From the reduced noise (i),
the first term inside the parenthesis in (7.13) is larger than the corresponding term in (7.12).
The second term inside the parenthesis in (7.13) corresponds to the new excitation (ii).

7.4 Variance bounds for the multi-sensor structure

In this section we study the multi-sensor structure described by (7.2), which is visualized in
Figure 7.2. The main idea is to express the covariance of �, the parameters of the module of
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interest, as a sum of two parts, where the second part is a projection onto a space whose
size depends on the model structure of the other modules. From this expression it will be
possible to determine upper and lower bounds on the covariance of �. If we assume that the
other modules are known exactly the projection becomes zero and we get a lower bound on
the covariance. If, on the other hand, we assume the space is large the projection can be
removed and we get an upper bound. The minimum variance one step ahead predictor of
y(t) based on � is given by

ŷ(t) = T (�)⊤u(t), (7.14)
where

T =
[
G1

(
q, �1

)
G(q, �) … Gm

(
q, �m

)
G(q, �) G(q, �)

]
.

The predictor error gradient is then given by

 (t) = −

⎡⎢⎢⎢⎢⎢⎣

G′1
(
q, �1

)
G(q, �) 0 0 0

0 ⋱ 0 0
0 0 G′m

(
q, �m

)
G(q, �) 0

G′(q, �)G1
(
q, �1

)
… G′(q, �)Gm

(
q, �1

)
G′(q, �)

⎤⎥⎥⎥⎥⎥⎦

u(t).

Using (2.23) and Parseval’s relation, we can express the asymptotic covariance of the
parameter estimate as

AsCov
{
�̂
}
= ⟨�A, � ⟩−1, (7.15)

� = diag
{
G′1

(
q, �o1

)
,… , G′1

(
q, �om

)
, G′(q, �o)

}
,

where � should be interpreted as block wise diagonal, and

A =

[
D B∗

B S

]
,

with D ∈ m×m with elements
D = diag

{|G|2�−11 , |G|2�−12 ,… , |G|2�−1m
}
. (7.16)

B ∈ 1×m+1 has elements
Bi = �uGGi�−1i

and S is the scalar function

S = �u�−1 +
m∑
k=1

�u||Gk||2�−1k .
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We now have an expression for the asymptotic covariance for �̂ in the lower right corner
of (7.15). As our next step, we will apply Lemma 7.3 to reformulate the covariance of �̂ in
(7.15) as the sum of two parts where the second part is a projection onto a space that depends
on the model structure of the other modules. Then we will use Lemma 2.3 to derive lower
and upper bounds.We are interested in G, so we need make the split to have all quantities
related to G1,… , Gm in the first part and the ones related to G in the second part. Thus, we
make the split

	2	
∗
1 = G

′B� ∗1 , 	1	
∗
1 = �1D�

∗
1 , 	2	

∗
2 = G

′SG′∗,

and
�1 = diag

{
G′1,… , G′m

}
, �2 = G′.

We assume that 	̃1	̃∗1 has full rank (rank
{
	̃1	̃∗1

}
= m), which essentially is an identifiability

condition. This holds, e.g., when

�u(!) > 0,
|||G

(
ej!

)|||
2
> 0, ! ∈ [−�, �].

From Lemma 7.3 we have that the asymptotic covariance matrix for �̂ is given by (7.5)
with  = G′T� ∗1 [R1

†]∗, where R1 is a minimum phase spectral factor of �1D� ∗1 , i.e.,
�1
(
ej!, �o

)
D
(
ej!, �o

)
� ∗1

(
ej!, �o

)
= R1

(
ej!

)
R⊤1

(
e−j!

) such that the function R1(z) is ana-lytic in the unit disc and has full rank on the unit circle. As in Section 7.3, we consider two ex-
treme cases of the model order of the estimated models of the modules {Gk(q)

}m
k=1 to give aninterpretation ofAsCov{�̂}. The first is to consider the modules {Gk(q)

}m
k=1 to be known, so

no basis functions of {Gk(q)
}m
k=1 have to be estimated and

⟨
ProjR1 {},ProjR1 {}

⟩
= 0

(the space R1 is empty and hence the projection onto this space is zero). This case corre-
sponds to a lower bound on AsCov{�̂}. The bound is given by

AsCov{�̂} ≥
[⟨

G′
(
�u
�
+

m∑
k=1

ML
uk

)
, G′

⟩]−1
, (7.17)

where,

ML
uk
=
�u||Gk||2
�k

, k = 1,… , m.

The second case is when the model order grows large. Formally, we assume the rows of G′kspan 2 for all k, i.e., we assume that G′k = 2 for all k, so then �1 → m2 . The upperbound will be conservative since the space G′k is a subset of 2, i.e., G′k ⊆ 2 ⊂ 2.
Thus we make the projection onto a larger space and ̃ has a component that is not in2. Inthis case, Lemma 7.4 gives that

AsCov{�̂} <
[⟨
G′(S − ̃ ̃∗), G′

⟩]−1,
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where

̃ ̃∗ = BD−1B∗ =
m∑
k=1

�u||Gk||2
�k

.

Simplifying the above expression leads to

AsCov{�̂} <
[⟨
G′
�u
�
,G′

⟩]−1
. (7.18)

We summarize the results in the following theorem for non white noise spectra.
Theorem 7.2. Let the system dynamics be described (7.2). We assume that the additive
zero mean stationary sequences

{
ei(t)

}
are mutually independent, and independent of the

input signal u(t), with spectra �ei (!), i = 1,… , m; the same holds for e(t) with spectrum
�e(!). The input is assumed to be a realization of a weakly stationary stochastic process
with spectrum �u(!). The models of the modules are independently parametrized, i.e.,
Gk(q) = Gk

(
q, �k

)
, k = 1,… , m and G(q) = G(q, �). We assume that D in (7.16) is full

rank (rank{D} = m). Then
[⟨

G′
(
�u
�e

+
m∑
k=1

ML
uk

)
, G′

⟩]−1
≤ AsCov{�̂} <

[⟨
G′
�u
�e
, G′

⟩]−1
, (7.19)

where

ML
uk
=
�u||Gk||2
�ek

, k = 1,… , m. (7.20)

Remark 7.2. Comparing (7.19) with open loop SISO identification of G, we see that the
upper bound coincides with the expression for the corresponding SISO case:

AsCov{�̂} =
[⟨
G′
�u
�
,G′

⟩]−1
.

The lower bound (7.17) indicates that if highmodel orders are used for themodels{Ĝk(q)
}m
k=1,the benefit of including measurements {yk(t)

}m
k=1 in the predictor (7.14) is limited. If we

do not have to estimate the dynamics of the sensor modules {Gk
}m
k=1, each sensor gives a

contributionMuk = �u|Gk|2∕�ek . We see that a sensor k adds a term
�k
SNR(!)

|||G
(
ej!

)|||
2 ,

where �k
SNR(!) is the signal to noise ratio at sensor k. This is the same quantity that

determines the variance of the first estimated module of the cascaded systems in Chapter 6,
cf. Remark 6.1.
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7.5 Numerical simulations

In this section, we verify the correctness of the presented results for both parallel cascade
systems (Structure 1) and multi-sensor systems (Structure 2) by Monte-Carlo simulations of
FIR systems. In all examplesN = 1000 measurements are used and the sample variances
of the frequency function estimate of 500 noise realizations is computed using (1.3). The
noise source and input are assumed mutually independent zero mean Gaussian white noise
with unit variance. When the input r2 is not considered it is set to zero. The estimates are
computed as the minimizer of

VN (�) =
1
2N

{ N∑
t=1

"(t)⊤�−1"(t)

}
,

where "(t) = y(t) − ŷ(t). We consider examples with m = 1 and m = 2 input signals (m = 1
and m = 2 additional sensors) and 3 FIR systems, all with true order p = 3, i.e.,

G1 = G2 = 1 + 0.5q−1 + 0.25q−2,
G = 1 + 0.2q−1 + 0.04q−2.

The systems G1, G2 are estimated with 30 parameters and the system of interest in all
examples, G, is estimated with 3 parameters:

Ĝi =
29∑
k=0

ĝi,kq
−k i = 1, 2, Ĝ =

2∑
k=0

ĝ3,kq
−k.

For Structure 1, the parallel serial structure, the sample covariance of the transfer function
estimates shows strong similarity to the asymptotic (both in samples and parameters) theoretic
expression, see Figure 7.4. In the case of one input signal (m = 1), then r2 = 0 and G is
estimated. Knowing the first impulse response coefficient of G1 and G2 gives a reduction in
variance of Ĝ as seen in Figure 7.5. For Structure 2, the multi-sensor structure, the variance
of the transfer function estimate Ĝ does not improve by using also using y2, and is the same
as what would be achieved by only using y, cf. Figure 7.6. When we know the first coefficient
of G1 and G2, the estimate of the first impulse response coefficient g3,1 is improved which
results in a lower variance for the estimated transfer function Ĝ, cf. Figure 7.7. Knowing
some parameters in G1 and G2 makes all the difference.

7.6 Summary

In this chapter, we have examined the covariance of the parameter estimates of one module
in a parallel cascade structure, as well in a multi-sensor structure. Conservative upper
bounds on the asymptotic covariance of the parameter estimates were derived when little
assumptions were made on the remaining systems in the network. We derived asymptotic



150 CHAPTER 7. GENERALIZED PARALLEL CASCADE MODELS

0 �0

2

4

6

8

10

!

N
Va

r{
Ĝ
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Figure 7.4: Structure 1: Comparison of the variance of Ĝ(!) for Monte-Carlo simulations
(MC) and the asymptotic theory for m = 1, 2.
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Figure 7.5: Structure 1: Comparison of the variance of Ĝ(!) for Monte-Carlo simulations
(MC) and the asymptotic theory for m = 2, when the first impulse response coefficients of
G1 and G2 are known.
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Figure 7.6: Structure 2: Comparison of the variance of Ĝ(!) for Monte-Carlo simulations
(MC) and the asymptotic theory for m = 1, 2.
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Figure 7.7: Structure 2: Comparison of the variance of Ĝ(!) for Monte-Carlo simulations
(MC) and the asymptotic theory for m = 2, when the first impulse response coefficients of
G1 and G2 are known.
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variance expressions for two types of structured dynamic systems: parallel cascade systems
(Structure 1) and multi-sensor systems (Structure 2). For the parallel cascade structure,
when the actuator dynamics {Gk

}m
k=1 are completely unknown, the variance reduction from

knowing one input (compared to neglecting it and considering it as noise), was shown to be
two-folded. One part corresponded to increased excitation and the other to noise reduction.
Previous knowledge about the additional sensors in the multi-sensor structure is imperative
for a variance reduction; in fact, without prior knowledge there is no asymptotic variance
reduction.

7.A Technical preliminaries

Here we recall some technical preliminaries that reformulate the Schur complement into
orthogonal projections.
Lemma 7.3. Assume that the asymptotic covariance matrix for an estimate of a vector
� =

[
�⊤1 �⊤2

]⊤
, �1 ∈ Rn1 , �2 ∈ Rn2 , can be written as

P−1� = ⟨	,	⟩ =
[
⟨	1, 	1⟩ ⟨	1, 	2⟩
⟨	2, 	1⟩ ⟨	2, 	2⟩

]

where 	 =
[
	⊤1 	⊤2

]⊤
, 	1 ∈ n1×m2 , 	2 ∈ n2×m2 , and 	1

(
ej!

)
	1

(
e−j!

)⊤ is positive
semidefinite and has rank p. Then the asymptotic covariance matrix for �2 is

P�2 =
[
⟨	2, 	2⟩ −

⟨
ProjR1 {},ProjR1 {}

⟩]†

with  = 	2	∗1 [R1
†]∗, whereR1 is a spectral factor of	1

(
ej!

)
	⊤1

(
e−j!

)
, i.e.,	1

(
ej!

)
	⊤1

(
e−j!

)
=

R1
(
ej!

)
R⊤1

(
e−j!

)
such that the function R1(z) is analytic in the unit disc and has rank p

for all z in this domain.

Proof. The spectral factor R1 exists under the given assumptions; see Theorem 10.1 in
Rozanov (1967). Rewriting

⟨	2, 	1⟩ =
⟨
	2	

∗
1 [R1

†]∗, R1
⟩
,

and applying the standard inverse of a partitioned matrix (Horn and Johnson, 1990) and
Lemma 2.1 proves Lemma 7.3. ■

In the next lemma, we let the number of estimated parameters in the m first modules grow
large to make the projection in Lemma 7.3 trivial to calculate.
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Lemma 7.4. Let 	 be defined as in Lemma 7.3 and assume that 	1 = �1	̃1 and 	2 =
�2	̃2 for some �1 ∈ n1×m12 , �2 ∈ n2×m22 , 	̃1 ∈ m1×m2 and 	̃2 ∈ m2×m2 , and that
rank

{
	̃1	̃∗1

}
= m1. If �1 = m12 , then

P�2 =
[⟨
�2(	̃2	̃∗2 − ̃ ̃

∗), �2
⟩]−1,

with ̃ = 	̃2	̃∗1 [R
−1
1 ]

∗, where R1 is a spectral factor of 	1
(
ej!

)
	⊤1

(
e−j!

)
, analytic in the

unit disc with rank m1 for all z in this domain.

Proof. R1 is an invertible mapping, hence �1R1 = �1 = m12 , which implies that
Proj�1R1

{
�2̃

}
= Projm12

{
�2̃

}
= �2̃ in Lemma 7.3. ■





CHAPTER 8
SIMO MODELS WITH SPATIALLY CORRELATED NOISE

In this chapter, we move from considering cascaded systems to considering parallel systems.
We examine how the estimation accuracy of a linear single input multiple output (SIMO)
model depends on the correlation structure of the noise, model structure and model order. We
derive formulas for the asymptotic covariance of the frequency response function estimate
and the model parameters for the case of temporally white, but possibly spatially correlated
additive noise. The optimal correlation structure for the noise covariance is also investigated.

8.1 Introduction

SIMO models are interesting in themselves. They find applications in various disciplines,
such as signal processing and speech enhancement (Benesty et al., 2005), (Doclo and
Moonen, 2002), communications (Bertaux et al., 1999), (R. Schmidt, 1986), (Trudnowski et
al., 1998), biomedical sciences (McCombie et al., 2005) and structural engineering (Ulusoy
et al., 2011). Some of these applications are concerned with spatio-temporal models, in the
sense that the measured output can be strictly related to the location at which the sensor is
placed (Stoica et al., 1994), (Viberg et al., 1997), (Viberg and Ottersten, 1991). In these
cases, it is reasonable to expect that measurements collected at locations close to each
other are affected by disturbances of the same nature. In other words, noise on the outputs
can be correlated; understanding how this noise correlation affects the accuracy of the
estimated model is a key issue in data-driven modeling of SIMO systems. We characterize
the covariance between the estimated parameters of the estimated modules as well as the
covariance between the estimated module transfer functions. The results of this chapter
are related to the ones found in Ramazi et al. (2014), where multiple input single output
(MISO) models are considered, which instead can have correlated inputs. In the MISO
case, correlation is detrimental for the accuracy. For white inputs, it was recently shown in
Ramazi et al. (2014) that an increment in the model order of one transfer function leads to
an increment in the variance of another estimated transfer function only up to a point, after
which the variance levels off. For MISO models, the concept of connectedness Gevers et al.
(2006) gives conditions on when one input can help reduce the variance of an identified

155
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transfer function. These results were later refined in Mårtensson (2007). Note that variance
expressions for the special case of SIMO cascade structures are found in Wahlberg et al.
(2009) and in Chapter 6.
As a motivation, consider a system that can be described by the model:

y1(t) = �1,1u(t − 1) + e1(t),
y2(t) = �2,2u(t − 2) + e2(t),

where the input u(t) is white noise and ek, k = 1, 2 is measurement noise. We consider two
different types of measurement noise (uncorrelated with the input). In the first case, the noise
is perfectly correlated; let us for simplicity assume that e1(t) = e2(t). For the second case,
e1(t) and e2(t) are independent. It turns out that in the first case we can perfectly recover theparameters �1,1 and �2,2, while, in the second case we do not improve the accuracy of the
estimate of �1,1 by also using the measurement y2(t). The reason for this difference is that,in the first case, we can construct the noise free equation

y1(t) − y2(t) = �1,1u(t − 1) − �2,2u(t − 2)

and we can perfectly recover �1,1 and �2,2, while in the second case neither y2(t) nor e2(t)contain information about e1(t).
Also the model structure plays an important role for the benefit of the second sensor. To
illustrate the effet of model structure, we consider a third case, where again e1(t) = e2(t).This time, the model structure is slightly different:

y1(t) = �1,1u(t − 1) + e1(t),
y2(t) = �2,1u(t − 1) + e2(t).

In this case, we can construct the noise free equation
y1(t) − y2(t) = (�1,1 − �2,2)u(t − 1).

The fundamental difference is that now only the difference (�1,1 − �2,1) can be recovered
exactly, but not the parameters �1,1 and �2,1 themselves. They can be identified from y1(t)and y2(t) separately, as long as y1 and y2 are measured. A similar consideration is made in
Ljung et al. (2011), where SIMO cascade systems are considered.
We will generalize these observations in the following contributions:

• Novel expressions are provided for the variance-error of an estimated frequency
response function of a SIMO linear model in orthonormal basis form, or equivalently,
in fixed denominator form (Ninness et al., 1999). The expression reveals how the
noise correlation structure, model orders and input variance affect the variance-error
of the estimated frequency response function;
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• For a non-white input spectrum, we show where in the frequency spectrum the benefit
of the correlation structure is focused;

• When one module is identified using less parameters, we derive the noise correlation
structure under which the mentioned model parametrization gives the lowest total
variance.

The chapter is organized as follows: in Section 8.2 we define the SIMO model structure
under study and provide an expression for the covariance matrix of the parameter estimates.
Section 8.3 contains the main results, namely a novel variance expression for LTI SIMO
orthonormal basis function models. The connection with MISO models is explored in
Section 8.6. In Section 8.4, the main results are applied to a non–white input spectrum. In
section 8.5 we derive the correlation structure that gives the minimum total variance, when
one block has less parameters than the other blocks. Numerical experiments illustrating the
application of the derived results are presented in Section 8.7. A final discussion ends the
chapter in Section 8.8.

8.2 Problem formulation

G1(q) �
e1(t) y1(t)

⋮

u(t) Gk(q) �
ek(t) yk(t)

⋮

Gm(q) �
em(t) ym(t)

Figure 8.1: Block scheme of the linear SIMO system.

We consider linear time-invariant dynamic systems with one input and m outputs (see
Figure 8.1). The model is described as follows:

⎡⎢⎢⎢⎢⎢⎣

y1(t)
y2(t)
⋮

ym(t)

⎤⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎣

G1(q)
G2(q)
⋮

Gm(q)

⎤⎥⎥⎥⎥⎥⎦

u(t) +

⎡⎢⎢⎢⎢⎢⎣

e1(t)
e2(t)
⋮

em(t)

⎤⎥⎥⎥⎥⎥⎦

, (8.1)
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where q denotes the forward shift operator, i.e., qu(t) = u(t + 1) and the Gi(q) are causalstable rational transfer functions. The Gi are modeled as
Gi(q, �i) = �i(q)�i, �i ∈ Rni , (8.2)

where n1 ≤⋯ ≤ nm and �i(q) =
[1(q) … ni (q)

]
, i = 1,… , m, for some orthonormal

basis functions {k(q)}nmk=1. Let us introduce the vector notation

y(t) ∶=

⎡⎢⎢⎢⎢⎢⎣

y1(t)
y2(t)
⋮

ym(t)

⎤⎥⎥⎥⎥⎥⎦

, e(t) ∶=

⎡⎢⎢⎢⎢⎢⎣

e1(t)
e2(t)
⋮

em(t)

⎤⎥⎥⎥⎥⎥⎦

.

The noise sequence {e(t)} is zero mean and temporally white, but may be correlated in the
spatial domain:

E{e(t)} = 0,
E
{
e(t)e⊤(s)

}
= �t−s�, (8.3)

for some positive definite matrix covariance matrix�. We express� in terms of its Cholesky
factorization

� = �CH�⊤CH , (8.4)
where �CH ∈ Rm×m is lower triangular, i.e.,

�CH =

⎡⎢⎢⎢⎢⎢⎣

11 0 … 0
21 22 … 0
⋮ … ⋱ 0
m1 m2 … mm

⎤⎥⎥⎥⎥⎥⎦

(8.5)

for some {ij}. Also notice that since � > 0,
�−1 = �−⊤CH�

−1
CH . (8.6)

The assumption that the modules have the same orthogonal parametrization in (8.2) is less
restrictive than it might appear at first glance, and made for clarity and ease of presentation.
Some comments on the model structure are listed below:

• A model that consists of a linear combination of non-orthonormal basis functions can
be transformed into this format by a linear transformation, which can be computed by
the Gram-Schmidt procedure (Trefethen and Bau, 1997).
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• Any model structure of the form
Gi(q, �i)ut = � ⊤t �i, � ⊤t+1 = A�t + But

fits our framework (Ninness et al., 1999), where A ∈ Rni×ni and B ∈ Rni×1 are
arbitrary, but A has a specified set of eigenvalues {�1,… , �ni}. In addition, it is
essential for our analysis that the modules share eigenvalues (poles). Notice that fixed
denominator models, with the same denominator in all transfer functions, also fit
this framework (Ninness et al., 1999). ARX or BJ models do not fit the framework
presented here because the poles are not fixed. It may be possible to extend some
results of this chapter to such more general models if a similar approach is taken as in
Section 7 of (Ninness et al., 1999).

• It is not necessary to restrict the input to be white noise. Section 8.4 will discuss
how the results can be generalized and study the case when the input signal is an
Autoregression (AR) process.

• Note that the assumption that n1 ≤ ⋯ ≤ nm is not restrictive as it only represents an
ordering of the modules in the system.

• We can describe quite a few dynamic networks as SIMO systems. Any number of
modules connected in cascade can be transformed to this form, however, it is not
optimal to do so. For example, if G1(q) and G2(q) are connected in cascade, they can
be modeled by a SIMO model where the first module is G1(q) and the second parallelmodule is G1(q)G2(q). Any number of parallel branches fits our SIMO model. The
main limitation is that we can not have feedback to u(t) from any of the outputs.

8.2.1 Weighted least-squares estimate

By introducing � = [
�⊤1 … �⊤m

]⊤ ∈ Rn, n ∶= ∑m
i=1 ni and the n×m transfer function matrix

	̃ (q) =
⎡⎢⎢⎢⎣

�⊤1 0 0
0 ⋱ 0
0 0 �⊤m

⎤⎥⎥⎥⎦
,

we can write the model (8.1) as a linear regression model
y(t) = '⊤(t)� + e(t), (8.7)

where
'⊤(t) = 	̃⊤(q)u(t).

An unbiased and consistent estimate of the parameter vector � can be obtained from weighted
least-squares, with weighting matrix �−1 giving the linear unbiased estimator with lowest
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variance (see, e.g., Ljung (1999) or Söderström and Stoica (1989)). The covariance matrix
� is assumed known, however, this assumption is not restrictive since � can be estimated
from data and replacing � by a consistent estimate does not affect the asymptotic covariance
of �̂ (Cox and Reid, 1987). The estimate of � is given by

�̂N =

( N∑
t=1

'(t)�−1'⊤(t)

)−1 N∑
t=1

'(t)�−1y(t).

Inserting (8.7) in (8.8) gives

�̂N = � +

( N∑
t=1

'(t)�−1'⊤(t)

)−1 N∑
t=1

'(t)�−1e(t).

Under Assumption 1, the noise sequence is zero mean, hence �̂N is unbiased. It can be
noted that this is the same estimate as the one obtained by the prediction error method and,
if the noise is Gaussian, by the maximum likelihood method (Ljung, 1999). It also follows
that the asymptotic covariance matrix of the parameter estimates is given by

AsCov
{
�̂N

}
=
(
E
{
'(t)�−1'⊤(t)

})−1. (8.8)
In the problem we consider, using Parseval’s formula and (8.6), the asymptotic covariance
matrix, (8.8), can be written as1

AsCov
{
�̂N

}
= ⟨	,	⟩−1, (8.9)

where
	 (q) = 1

�
	̃ (q)�−⊤CH . (8.10)

Note that 	 (q) is block upper triangular since 	̃ (q) is block diagonal and �−⊤CH is upper
triangular.
With formal assumptions in place, we now consider the introductory example in greater
detail.
Example 8.1. Consider the model

y1(t) = �1,1q−1u(t) + e1(t), (8.11)
y2(t) = �2,1q−1u(t) + �2,2q−2u(t) + e2(t), (8.12)

which uses the delays q−1 and q−2 as orthonormal basis functions. With

� =
⎡⎢⎢⎢⎣

�1,1
�2,1
�2,2

⎤⎥⎥⎥⎦
(8.13)

1Non-singularity of ⟨	,	⟩ usually requires parameter identifiability and persistence of excitation (Ljung,
1999).
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the corresponding regression matrix is

'⊤(t) =

[
u(t − 1) 0 0
0 u(t − 1) u(t − 2)

]
.

The noise vector is generated by
[
e1(t)
e2(t)

]
= Lw(t) =

[
1 0√
1 − �2 �

][
w1(t)
w2(t)

]
, (8.14)

where w1(t) and w2(t) are uncorrelated white processes with unit variance. The parameter
� ∈ [0, 1] tunes the correlation between e1(t) and e2(t). When � = 0, the two processes
are perfectly correlated (i.e., identical); conversely, when � = 1, they are completely
uncorrelated. Note that, for every � ∈ [0, 1], one has E{e1(t)2

}
= E

{
e2(t)2

}
= 1. In fact,

the covariance matrix of e(t) becomes

� = LL⊤ =

[
1

√
1 − �2√

1 − �2 1

]
.

Then, when computing (8.9) in this specific case gives

AsCov
{
�̂N

}
= 1
�2

⎡⎢⎢⎢⎣

1
√
1 − �2 0√

1 − �2 1 0
0 0 �2

⎤⎥⎥⎥⎦
. (8.15)

We note that:
AsCov

{[
�̂1,1 �̂2,1

]⊤}
= 1
�2
�,

AsCov
{
�̂2,2

}
= 1
�2
�2.

The above expressions reveals two interesting facts:

1. The (scalar) variances of �̂1,1 and �̂2,1, namely the estimates of parameters of the two
modules related to the same time lag, are not affected by possible correlation of the
noise processes, i.e., they are independent of the value of �. However, note that the
cross correlation between �̂1,1 and �̂2,1 in (8.15):

Var
{
(�̂1,1 −

√
1 − �2�̂2,1)

}
=

[
1

−
√
1 − �2

]⊤
1
�2
�

[
1

−
√
1 − �2

]

= 1
�2
�2. (8.16)

This cross correlation will induce a cross correlation in the transfer function estimates
as well.
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2. As seen in (8.15), the variance of �̂1,2 strongly depends on �. In particular, when �
tends to 0, one is ideally able to estimate �̂1,2 perfectly. Note that in the limit case
� = 0 one has e1(t) = e2(t), so that (8.1) can be rearranged to obtain the noise-free
equation

y1(t) − y2(t) = (�1,1 − �2,1)u(t − 1) + �1,2u(t − 2),

which shows that both �1,2 and the difference �1,1 − �2,1 can be estimated perfectly.
This can of course also be seen from (8.15), cf. (8.16).

The example shows that correlated measurements can be favorable for estimating for esti-
mating certain parameters, but not necessarily for all. The main focus of this chapter is to
generalize these observations to arbitrary basis functions, number of systems and number of
estimated parameters. Additionally, the results are used to derive the optimal correlation
structure of the noise. But first, we need some technical preliminaries.

8.2.2 Noise correlation structure

As seen in Example 8.1, strong noise correlation may be helpful in the estimation. In fact,
the variance error will depend on the non-estimable part of the noise, i.e., the part that
cannot be linearly estimated from other noise sources. To be more specific, define the signal
vector ej∖i(t) to include the noise sources from module 1 to module j, with the one from
module i excluded, i.e.,

ej∖i(t) ∶=

⎧⎪⎪⎨⎪⎪⎩

[
e1(t) … ej(t)

]⊤
j < i,

[
e1(t) … ei−1(t)

]⊤
j = i,

[
e1(t) … ei−1(t) ei+1(t) … ej(t)

]⊤
j > i.

Now, the linear minimum variance estimate of ei given ej∖i(t), is given by
êi|j(t) ∶= %⊤ijej∖i(t). (8.17)

where the vector %ij in (8.17) is given by
%ij =

(
Cov

{
ej∖i(t)

})−1 E{ej∖i(t)ei(t)
}
.

We define ei(t) − êi|j(t) as the non-estimable part of ei(t) given ej∖i(t) and introduce the
notation

�i|j ∶= Var
{
ei(t) − êi|j(t)

}
, (8.18)

and we make the convention that �i|0 ∶= �i.
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Definition 2. When êi|j(t) does not depend on ek(t), where 1 ≤ k ≤ j, k ≠ i, we say that
ei(t) is orthogonal to ek(t) conditionally to ej∖i(t).

The intuition behind Definition 2 is that if we wish to estimate ei(t) and we already know
ej∖i(t), then, we do not gain anything from ek(t), if ei(t) is orthogonal to ek(t) conditionally to
ej∖i(t). The variance of the non-estimable part of the noise is closely related to the Cholesky
factor of the covariance matrix �. We have the following lemma.
Lemma 8.1. Let e(t) ∈ Rm have zero mean and covariance matrix � > 0. Let �CH be the
lower triangular Cholesky factor of �, i.e., �CH satisfies (8.4), with {ik} as its entries as
defined by (8.5). Then for j < i,

�i|j =
i∑

k=j+1
2ik. (8.19)

Furthermore, ij = 0 is equivalent to that ei(t) is orthogonal to ej(t) conditionallyto ej∖i(t).

The proof is given in Appendix 8.A.1. As a small example of why this formulation is useful,
we consider the following covariance matrix.
Example 8.2. Let

� =

⎡⎢⎢⎢⎢⎢⎣

1 0.6 0.9 0
0.6 1 0.54 0.18
0.9 0.54 1 0
0 0.18 0 1.09

⎤⎥⎥⎥⎥⎥⎦

, �CH =

⎡⎢⎢⎢⎢⎢⎣

1 0 0 0
0.6 0.8 0 0
0.9 0 0.44 0
0 0.3 0 1

⎤⎥⎥⎥⎥⎥⎦

. (8.20)

From � (and �CH ) it is seen that E{e1(t)e4(t)
} and E

{
e3(t)e4(t)

} are zero. Additionally,
the Cholesky factorization and Lemma 8.1 gives that e3(t) is orthogonal to e2(t) conditionallyto e2∖3(t) (since 32 is zero). This means that there is no information about e3(t) in e2(t) if
we already know e1(t). This is not apparent from � where E{e2(t)e3(t)

} is non-zero. If we
know e1(t) a considerable part of e2(t) and e3(t) can be estimated. Without knowing e1(t),
�1 = �2 = �3 = 1, while if we know e1(t), (8.19) gives that �2|1 = 0.64 and �3|1 = 0.19.

Similar to the above, for i ≤ m, we also define

ei∶m(t) ∶=
⎡⎢⎢⎢⎣

ei(t)
⋮

em(t)

⎤⎥⎥⎥⎦
,
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and for j < i we define êi∶m|j(t) as the linear minimum variance estimate of ei∶m(t) basedon the other signals ej∖i(t), i.e.,

êi∶m|j(t) ∶=
⎡⎢⎢⎢⎣

êi|j(t)
⋮

êm|j(t)

⎤⎥⎥⎥⎦
.

Furthermore, we define
�i∶m|j ∶= Cov

{
ei∶m(t) − êi∶m|j(t)

}
. (8.21)

8.3 Covariance of frequency response estimates

In this section, we present novel expressions for the variance-error of an estimated frequency
response function. The expression reveals how the noise correlation structure, model orders
and input variance affect the variance-error of the estimated frequency response function.
We will analyze the effect of the correlation structure of the noise on the transfer function
estimates. To this end, collect all m transfer functions into

G ∶=
[
G1 G2 … Gm

]
.

For convenience, we will simplify notation according to the following definition:
Definition 3. The asymptotic covariance of Ĝ(ej!o) ∶= G(ej!o , �̂N) for the fixed frequency
!0 is denoted by

AsCov
{
Ĝ
}
.

In particular, the variance of Ĝi
(
ej!o

)
∶= Gi

(
ej!o , �̂Ni

) for the fixed frequency!0 is denotedby
AsVar

{
Ĝi
}
.

Definition 4. Define �k as the index of the first system that contains the basis functionk(ej!o).
Notice that �k − 1 is the number of systems that do not contain k, because of the orderingof the modules. Let the entries of � be arranged by basis function as follows:

�̄ =
⎡⎢⎢⎢⎣

�̄1
⋮

�̄nm

⎤⎥⎥⎥⎦
, �̄k =

⎡⎢⎢⎢⎣

��k,k
⋮

�m,k

⎤⎥⎥⎥⎦
, (8.22)

for k = 1,… , nm, i.e., the parameters [ �1,1 … �m,1 ]⊤ related to 1 first and the parameters
related to nm last.
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Theorem 8.2. Let Assumption 9.1 hold. Suppose that the parameters �i ∈ Rni , i = 1,… , m,
are estimated using weighted least-squares (8.8). Let the parameters {�i} be collected in �̄
according to (8.22) and the corresponding weighted least-squares estimate be denoted by ̂̄�.
Then, the covariance of ̂̄� is

AsCov
{
̂̄�
}
= 1
�2
diag

{
�1∶m, ��2∶m|�2−1,… , ��nm∶m|�nm−1

}
, (8.23)

where ��nm∶m|�nm−1 is defined by (8.21).

The proof of Theorem 8.2 will come after the following corollary. In particular, Theorem 8.2
says that the covariance matrix of the parameters related to the k-th basis function is given
by

AsCov
{
̂̄�k
}
= 1
�2
��k∶m|�k−1, (8.24)

where, for �k ≤ i ≤ m,

AsVar
{ ̂�i,k

}
=
�i|�k−1
�2

, (8.25)
and �i|�k−1 is given by (8.18). An interpretation of why this is the case is given in Sec-
tion 8.3.1
Corollary 8.3. Under the same assumptions as Theorem 8.2, it holds that

AsCov
{
Ĝ
}
=

nm∑
k=1

⎡⎢⎢⎣
0�k−1 0
0 AsCov

{
̂̄�k
}⎤⎥⎥⎦

|||k
(
ej!o

)|||
2
, (8.26)

where AsCov
{
̂̄�k
}
is given by (8.24) and 0�k−1 is a (�k − 1) × (�k − 1) matrix with all

entries equal to zero. For �k = 1, 0�k−1 is an empty matrix. In (8.26), 0 denotes zero
matrices of dimensions compatible to the diagonal blocks.

Corollary 8.3 and Theorem 8.2 are now proven.

Proof. The asymptotic variance is given by (8.9) with 	 (q) = 	̃ (q)�−⊤CH . Let n = n1+⋯+
nm. From the upper triangular structure of �−⊤CH and n1 ≤ n2 ≤ ⋯ ≤ nm, an orthonormal
basis for 	 , the subspace spanned by the rows of 	 , is given by


k
(
ej!

)
∶=

[k 0 … 0
]
, k = 1,… , n1


k
(
ej!

)
∶=

[
0 k−n1 0 …

]
, k = n1 + 1,… , n2

⋮ (8.27)

k
(
ej!

)
∶=

[
… 0 k−n+nm

]
, k = n − nm + 1,… , n.



166 CHAPTER 8. SIMO MODELS WITH SPATIALLY CORRELATED NOISE

First note that )G∕)� = 	�⊤CH . Then, using Lemma 2.2,

�2 AsCov
{
Ĝ
}
= �CH

n∑
k=1


k
(
ej!o

)∗
k
(
ej!o

)
�⊤CH .

Sorting the sum with respect to the basis functions k(ej!o), we get
�2 AsCov

{
Ĝ
}
= �CH

nm∑
k=1

|||k
(
ej!o

)|||
2
[
0�k−1 0
0 I

]
�⊤CH .

Using Lemma 8.11 found in Appendix 8.A.2, we get

AsCov
{
Ĝ
}
= 1
�2

nm∑
k=1

[
0�k−1 0
0 ��k∶m|�k−1

]
|||k

(
ej!o

)|||
2
.

Thus, (8.26) and Corollary 8.3 follows. The covariance of Ĝ can also be expressed as
AsCov

{
Ĝ
}
= T AsCov

{
̂̄�
}
T ∗, (8.28)

where
T =

[1I(1) 2I(2) … nmI(nm)
]
,

I(k) =

[
0

Im−�k+1

]
∈ Rm×(m−�k+1).

But, (8.28) equals (8.26) for all ! and thus (8.23) follow. ■

Remark 8.1. The covariance of ̂̄�k, which contain the parameters related to basis function
k, is determined by which other models share the basis function k; cf. (8.16) of the
introductory example. The asymptotic covariance of Ĝ can be understood as a sum of the
contributions from each of the nm basis functions. The covariance contribution from a basis
function k is weighted by |||k

(
ej!o

)|||
2 and only affects the covariance between systems

that contain that basis function, as visualized in Figure 8.2.

8.3.1 Interpretation of Theorem 8.2

The orthogonal basis functions correspond to a decomposition of the output signals into
orthogonal components and the problem in a sense becomes decoupled.
Example 8.3. Consider the system described by

y1(t) = �1,11(q)u(t) + e1(t),
y2(t) = �2,11(q)u(t) + e2(t),
y3(t) = �3,11(q)u(t) + �3,22(q)u(t) + e3(t), (8.29)
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AsCov ̂̃�1 |1(ei!)|2

AsCov ̂̃�k |k(ei!)|2

AsCov ̂̃�nm |nm (ei!)|2

⋮

⋮

Figure 8.2: A Graphical representation of AsCov{Ĝ} where each term of the sum in (8.26)
is represented by a layer. A basis function only affect the covariance between modules that
also contain that basis function. Thus, the first basis function affects the complete covariance
matrix while the last basis function nm only affects modules �nm ,… , m.

Suppose that we are interested in estimating �3,2. From (8.25), we can deduce that this
parameter has significantly lower variance (depending on the noise correlation)

AsVar
{
�̂3,2

}
=
�3|2
�2

compared to AsVar
{
�̂3,1

}
=
�3
�2

.

To understand the mechanisms behind this expression, let u1(t) = 1(q)u(t), and u2(t) =2(q)u(t) so that the system can be visualized as in Figure 8.3, i.e., we can consider u1 and
u2 as separate inputs.
First we observe that it is only y3 that contains information about �3,2, and the term �3,1u1contributing to y3 is a nuisance from the perspective of estimating �3,2. This term vanishes
when u1 = 0 and we will not be able to achieve better accuracy than the optimal estimate of
�3,2 for this idealized case. So let us study this setting first. Straightforward application of
the least-squares method, using u2 and y3, gives an estimate of �3,2 with variance �3∕�2,which is larger than (8.30) when e3 depends on e1 and e2. However, in this idealized case,
y1 = e1 and y2 = e2, and these signals can thus be used to estimate e3. This estimate can
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�1,1 �
e1(t) y1(t)

u1(t) �2,1 �
e2(t) y2(t)

�3,1 �
e3(t) y3(t)

u2(t) �3,2

Figure 8.3: The SIMO system of Example 8.3, described by (8.29).

then be subtracted from y3 before the least-squares method is applied. The remaining noise
in y3 will have variance �3|2, if e3 is optimally estimated (see (8.17)–(8.18)), and hence the
least-squares estimate of �3,2 will now have variance �3|2∕�2, i.e., the same as (8.30).
To understand why it is possible to achieve the same accuracy as this idealized case when u1 isnon-zero, we need to observe that our new inputs u1(t) and u2(t) are orthogonal (uncorrelated,since u(t) is white and 1 and 2 are orthonormal). Returning to the case when only the
output y3 is used for estimating �3,2, this implies that we pay no price for including the term
�3,1u1 in our model, and then estimating �3,1 and �3,2 jointly, i.e., the variance of �̂3,2 will
still be �3∕�2. With u1 and u2 correlated, the variance will be higher, see Section 8.6 for
a further discussion. The question now is if we can use y1 and y2 as before to estimate e3.Perhaps surprisingly, we can use the same estimate as when u1 was zero. The reader may
object that this estimate will now, in addition to the previous optimal estimate of e3, containa term which is a multiple of u1. However, due to the orthogonality between u1 and u2, thisterm will only affect the estimate of �3,1 (which, in this example, we were not interested in),
and the accuracy of the estimate of �3,2 will be �3|2∕�2, i.e., (8.30). Figure 8.4 illustrates thesetting with ỹ3 denoting y3 subtracted by the optimal estimate of e3. In the figure, the new
parameter �̃3,1 reflects that the relation between u1 and ỹ3 is different from �3,1 as discussedabove.
Remark 8.2. A key insight from the discussion of Example 8.3 is that for the estimate of
a parameter in the path from input i to output j, it is only outputs that are not affected by
input i that can be used to estimate the noise in output j; when this particular parameter is
estimated, using outputs influenced by input i will introduce a bias, since the noise estimate
will then contain a term that is not orthogonal to this input. In (8.25), this manifests itself in
that the numerator is �i|�k−1; it is only the �k − 1 first systems that do not contain ui.
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�1,1 �

e1(t)
y1(t)

u1(t) �2,1 �

e2(t)
y2(t)

u1(t) �̃3,1 �

e3(t) − ê3|2(t)
ỹ3(t)

u2(t) �3,2

Figure 8.4: The SIMO system of Example 8.3, described by (8.29), but with ỹ3 denoting y3subtracted by the optimal estimate of e3.

8.3.2 Transfer function estimates

We now turn our attention to the variance of the individual transfer function estimates.
Corollary 8.4. Let the same assumptions as in Theorem 8.2 hold. Then, for any frequency
!0, it holds that

AsVar
{
Ĝi
}
=

ni∑
k=1

|||k
(
ej!o

)|||
2

AsVar
{
�̂i,k

}
, (8.30)

where

AsVar
{
�̂i,k

}
=
�i|�k−1
�2

, (8.31)

and �i|j is defined in (8.18).

The proof follows directly from Theorem 8.2, since (8.30) is a diagonal element of (8.26).
From Corollary 8.4, we can tell when increasing the model order of the l-th transfer function
model Gl will increase the asymptotic variance of another transfer function estimate Ĝi.
Corollary 8.5. Under the same conditions as in Theorem 8.2, if we increase the number of
estimated parameters of Gj from nj to nj + 1, the asymptotic variance of Gi will increase, if
and only if all the following conditions hold:

1. nj < ni,
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2. ei(t) is not orthogonal to ej(t) conditioned on ej∖i(t),

3. |||nj+1
(
ej!o

)|||
2 ≠ 0.

Proof. See Appendix 8.A.3. ■

Remark 8.3. Corollary 8.5 explicitly tells when an increase in the model order of Gj from
nj to nj + 1 will increase the variance of Gi. Notice that if nj ≥ ni then there will be no
increase in the variance of Ĝi, no matter how many additional parameters we introduce to
the model Gj . Naturally, if ei(t) is orthogonal to ej(t) conditioned on ej∖i(t), êi|j(t) does not
depend on ej(t) and there is no increase in the variance of Ĝi, cf. Section 8.3.1.

8.3.3 A graphical representation of Corollary 8.5

Following the notation in Bayesian Networks (Koski and Noble, 2012), Conditions 1) and
2) in Corollary 8.5 can be interpreted graphically. Each module is represented by a vertex
in a weighted directed acyclic graph . Let the vertices be ordered by model order, i.e., let
the first vertex correspond to Ĝ1. Under the additional assumption that module i is the first
module with order ni, let there be an edge, denoted by j → i, from vertex j to i, j < i, if
ei(t) is not orthogonal to ej(t) conditioned on ej∖i(t). Notice that this is equivalent to ij ≠ 0.Let the weight of the edge be ij and define the parents of vertex i to be all nodes with a linkto vertex i, i.e., pa(i) ∶= {j ∶ j → i}. Then, (8.31), together with Lemma 8.1, shows that
only outputs corresponding to parents of node i affect the asymptotic variance. Indeed, a
vertex without parents has variance

AsVar
{
Ĝi
}
=
�i
�2

ni∑
k=1

|||k
(
ej!o

)|||
2
, (8.32)

which corresponds to (8.30) with

�i|0 = ⋯ = �i|i−1 = �i.

Thus, AsVar{Ĝi
} is independent of the model order of the other modules.

As an example, consider four systems with the lower Cholesky factor of the covariance of
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e(t) given by:

� =

⎡⎢⎢⎢⎢⎢⎣

1 0.4 0.2 0
0.4 1.16 0.08 0.3
0.2 0.08 1.04 0
0 0.3 0 1.09

⎤⎥⎥⎥⎥⎥⎦

(8.33)

=

⎡⎢⎢⎢⎢⎢⎣

1 0 0 0
0.4 1 0 0
0.2 0 1 0
0 0.3 0 1

⎤⎥⎥⎥⎥⎥⎦
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

�CH

⎡⎢⎢⎢⎢⎢⎣

1 0 0 0
0.4 1 0 0
0.2 0 1 0
0 0.3 0 1

⎤⎥⎥⎥⎥⎥⎦

⊤

(8.34)

If the model orders are distinct, the corresponding graph is given in Figure 8.5, where one
can see that AsVar{Ĝ4

} depends on y2 (and on y4 of course), but depends neither on y3
nor y1 since 43 = 41 = 0, AsVar

{
Ĝ3

} depends on y1, but not on y2 since 32 = 0 and
AsVar

{
Ĝ2

} depends on y1, while the variance of Ĝ1 is given by (8.32). If n2 = n4, the
first condition of Corollary 8.5 is not satisfied and we have to cut the edge between Ĝ4 and
Ĝ2. Similarly, if n1 = n2, we have to cut the edge between Ĝ2 and Ĝ1, and if additionally
n1 = n2 = n3, we have to cut the edge between Ĝ3 and Ĝ1.

Ĝ4

Ĝ2 Ĝ3

Ĝ1

Figure 8.5: Graphical representation of Conditions 1) and 2) in Corollary 8.5 for the Cholesky
factor given in (8.33).

8.3.4 Answering the introductory questions

We now revisit the fundamental question posed in the beginning; how much will an added
sensor improve the accuracy of an estimate of a certain target transfer function in the network.
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We have seen that the crucial factor is what additional dynamics need to be estimated. One
of the main messages of Theorem 8.2 is that a sensor (added module) only improves the
accuracy of the dynamics not shared by the added module. The best parametrization would
then be to parametrize each module by a mutually exclusive subset of the chosen orthogonal
basis functions. However, in general, choosing such a parametrization is not possible, since
the true modules are assumed to be in the model set. This implies that the true modules
must lie in the corresponding subspace, or alternatively, that we have previous knowledge of
the dynamics of one module that we wish to estimate in the other. Relaxing the assumption
that the true module should be in the model set will introduce a bias error and also lead
to an increase in the variance error. The size of the additional variance error is not well
understood at this time. How to manage the bias–variance trade–off in identification of
dynamic networks is thus a very interesting problem for future research.

8.4 Effect of input spectrum

In this section we will see how a non-white input spectrum changes the results of Section 8.3.
A colored input introduces a weighting by its spectrum �u, which means that the basis
functions need to be orthogonal with respect to the inner product ⟨f, g⟩�u ∶= ⟨f�u, g⟩.
If �u(z) = �2R(z)R∗(z), where R(z) is a monic stable minimum phase spectral factor;
the transformation �̃i(q) = �−1R(q)−1�i(q) is a procedure that gives a set of orthogonalbasis functions in the weighted space with the weighted inner product ⟨f, g⟩�u . If we usethis parametrization, all the main results of the chapter carry over naturally. However, in
general, the new parametrization does not contain the same set of models as the original
parametrization (Span{�i

} ≠ Span
{
�̃i
}).

Example 8.4. If the input is white noise filtered through a first order MA-filter with one
zero in �1 = 0.9, then the inverse of the spectral factor would be R(q)−1 = (1 − 0.9q−1)−1.
If �1 = q−1, then �̃1 = q−1

1−0.9q−1 , i.e., �1 has one non-zero impulse response coefficient
while �̃1 has an infinite number, so they do not span the same space.

Another way to incorporate a non-white input spectrum, is to use the Gram-Schmidt method,
which maintains the same model set and the main results are still valid. However, the effect
of the input filter is absorbed in the basis functions and it is hard to distinguish the effect of
the input filter. If we would like to keep the original parametrization, there is another way to
study the effect of the input filter. Using white noise filtered through an AR-filter as input,
we may use the developed results to show where in the frequency range the benefit of the
correlation structure is focused.
We will use FIR basis functions for the SIMO system, which are not orthogonal with respect
to the inner product induced by the input spectrum. We let the input be given by

u(t) = 1
A(q)

w(t) (8.35)
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where w(t) is a white noise sequence with variance �2w and the order na of A is less than the
order of G1, i.e., na ≤ n1. In this case, following the derivations of Theorem 8.2, it can be
shown that

AsVar
{
Ĝi
}
=

ni∑
k=1

AsVar
{
�̂i,k

}|||k
(
ej!o

)|||
2 (8.36)

where

AsVar
{
�̂i,k

}
=
�i|�k−1
�u(!0)

and the basis functions k have changed due to the input filter. The solutions boil down to
finding explicit basis functions k for the case (Ninness and Gustafsson, 1997) when

Span
{

�n
A(q)

}
= Span

{
q−1

A(q)
,
q−2

A(q)
,… ,

q−n

A(q)

}

where A(q) =∏na
k=1(1 − �kq

−1), ||�k|| < 1 for some set of specified poles {�1,… , �na} andwhere n ≥ na. As discussed in Section 2.6.5, it then holds that

Span
{

�n
A(q)

}
= Span

{1,… ,n}

where {k} are the Takenaka-Malmquist functions (Ninness and Gustafsson, 1997) given
by

k(q) ∶=
√
1 − ||�k||2
q − �k

�k−1(q), k = 1,… , n

�k(q) ∶=
k∏
i=1

1 − �iq
q − �i

, �0(q) ∶= 1

and with �k = 0 for k = na + 1,… , n. We summarize the result in the following theorem:
Theorem 8.6. Let the same assumptions as in Theorem 8.2 hold. Additionally the input u(t)
is generated by an AR-filter as in (8.35). Then for any frequency !0 it holds that

AsVar
{
Ĝi
}
= 1
�u(!0)

(
�i

na∑
k=1

1 − ||�k||2
||ej!o − �k||2

+ �i(n1 − na) +
i∑

j=2
�i|j−1(nj − nj−1)

)
(8.37)

Proof. The proof follows from (8.36) with the basis functions given by the Takenaka-
Malmquist functions and using that �k−1(q) is all-pass, and for k > na, alsok(q) is all-pass.
This means that |||k

(
ej!

)|||
2
= 1 for all k > na. ■
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0 �∕2 �

1

2

3

4

5

6

7

!

�u(!)
� = 1
� = 0.4
�2/�2u

Figure 8.6: Asymptotic variance of Ĝ3
(
ej!, �̂2

) for � = 1 and � = 0.4. Also shown is
�2∕�2, the first term of AsVar{Ĝ3

(
ej!, �̂2

)} in (8.38).

Example 8.5. Consider Example 8.1 again, but now with filtered input when n1 = 2 ,
n2 = 3 and na = 1. Then, (8.37) simplifies to

AsVar
{
Ĝ2

}
=
�2
�2
+

�2
�u(!0)

+
�2|1

�u(!0)
. (8.38)

where �2 = E
{
u(t)2

} .

In Figure 8.6 the variance of Ĝ2 for an input filtered with A(q) = 1 − 0.8q−1 is presentedfor Example 8.5. The filter is of low-pass type and thus gives high input power at low
frequencies which results in low variance at those frequencies. Correlation between noise
sources decreases the variance mainly where �u(!) is small, i.e., at higher frequencies.
The third term in (8.38) is where the benefit from the correlation structure of the noise at the
other sensors enters through �2|1. This contribution is weighted by 1∕�u(!). The benefitthus enters mainly where �u(!) is small. The first term gives a variance contribution that is
not focused around frequencies where �u(!) is small. This contribution is not reduced by
correlation between noise sources. Thus, the variance is less affected by a non-white input
spectrum than what is expected by the asymptotic in model order result (1.4), which in our
case is n2�2∕�u(!) (dashed line) in Figure 8.6. The same reasoning can be made for the
general expression (8.37).
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8.5 Optimal correlation structure

In this section we characterize the optimal correlation structure, in order to minimize the
total variance of �̂, defined as

tvar �̂ ∶= Tr
{
AsCov

{
�̂
}}
,

where Tr{⋅} denotes the trace operator. In most applications, the noise correlation structure
can not be manipulated, so why study the optimal correlation structure? One reason is that
in some applications we might indirectly affect the noise correlation structure, e.g., when
we are allowed to chose the placement of sensor or if we need to decide which sensors to
use from a set of sensors. Additionally, in a dynamic network setting, we may choose not
to model dynamics related to other input signals (Van den Hof et al., 2013). These inputs
signals will give a correlated noise contribution to the output. In general, this contribution
will not be temporally white. However, this chapter can be a first step in analyzing also this
case. In this section, we will find the optimal correlation structure when the parametrization
of the system is such that n1 + 1 = n2 = … = nm, i.e., the first module has one parameter
less than the others. In Section 8.3, we have seen that if a basis function is not estimated
in a module, e.g., the corresponding parameter is known to be zero, parameters related to
the same basis function of the other modules are estimated with reduced variance. Assume
the SIMO structure of (8.1) and let the input be white noise with unit variance. Recalling
Theorem 8.2, only the parameters related ton2 (q), �̄n2 , are estimated with reduced variance.
Thus, without loss of generality, we only consider tvar ̂̄�n2 . The covariance matrix of ̂̄�n2 is
given by �2∶m|1. In particular, the variance of the entries of ̂̄�n2 is

AsVar
{
�̂k,n2

}
=
�k|1
�2

, k = 2,… , m. (8.39)

As before, �k|1 is the non-estimable part of ek(t) given e1(t). The total variance of ̂̄�n2 isthen
tvar �̃ ∶=

m∑
k=2

AsVar
{
�̂k,n2

}
= Tr

{
1
�2
�2∶m|1

}
.

We are interested in understanding how the correlation of e1(t) with e2(t),… , em(t), i.e.,
�12,… , �1m, should be in order to obtain the minimum value of the above total variance.
This problem can be expressed as follows:

minimize
�12,…, �1m

Tr
{
�2∶m|1

} (8.40)
subject to � > 0, (8.41)

where the constraint on � implies that not all choices of the entries �1i are allowed. Directlycharacterizing the noise structure using this formulation of the problem appears to be hard.
Therefore, it turns out convenient to introduce an upper triangular Cholesky factorization of
�, namely define B upper triangular such that � = BB⊤. Note that
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1. the rows of B, b⊤i , i = 1,… , m, are such that ‖‖bi‖‖2 = �i;
2. E{e1ei

}
= �1i = b⊤1 bi;

3. there always exists an orthonormal matrix Q such that B = �CHQ, where �CH is
the previously defined lower triangular Cholesky factor.

Lemma 8.7. Let

B =

[
� p⊤

0 M

]
, M ∈ Rm−1×m−1, p ∈ Rm−1×1, n ∈ R;

then

�2∶m|1 =M(I − 1
�1
)pp⊤M⊤. (8.42)

See Appendix 8.A.4. Note that the constraint � > 0 is satisfied as long as |�| > 0. Using
Lemma 8.7 we reformulate (8.40); keeping � andM fixed, sinceMM⊤ corresponds to the
part of � which we are not allowed to manipulate, and letting p vary, we have

maximize
b1

Tr
{
1
�1
Mpp⊤M⊤

}

subject to ‖p‖2 = �1 − |�|2

Let us define v1, … , vm−1 as the right singular vectors ofM , namely the columns of the
matrix V in the singular value decomposition (SVD)M = USV ⊤. The following result
provides the structure of B that solves (8.40).
Theorem 8.8. Let the input be white noise. Let n1 + 1 = n2 = … = nm. Then (8.40) is
solved by an upper triangular Cholesky factor B such that its first row is

b∗1 = �1
⎡
⎢⎢⎣

�√
�1 − |�|2v1

⎤
⎥⎥⎦
. (8.43)

Proof. Observe that Tr
{
1
�1
Mpp⊤M⊤

}
= 1

�1
p⊤M⊤Mp = 1

�1
‖Mp‖2. The minimizer p is

(a rescaling of) the first right singular vector ofM , namely v1. Hence b∗1 =
[
�
√
�1−|�|2v1

]⊤.
■

Theorem 8.8 gives a result that helps understanding when an additional sensor has a positive
effect in the identification of the SIMO system. The result may serve as a guideline for
decision-making on whether adding a sensor may give an improvement. Suppose that
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G2(q), … , Gm(q) represent the dynamic effect of the input u(t) on a spatial structure at dif-
ferent locations (see, e.g., Kirkegaard and Brincker (1994) and Papadimitriou and Lombaert
(2012) for applications to linear structural systems). The output measurements are corrupted
by a noise source with a spatial correlation. Assume that, to improve the accuracy of the
models at these locations, we have the freedom to add an additional sensor. The optimal
location where this sensor should be added is given by Theorem 8.8, that is, it corresponds to
the point where the resulting output is affected by a noise source that satisfies the correlation
condition (8.43). However, one obtains an advantage in adding this additional sensor only if
G1(q), i.e., the dynamic effect of u(t) on this new output, can be modeled using fewer basis
functions than G2(q), … , Gm(q), which is the essence of Theorem 8.2 and Corollary 8.5.
Remark 8.4. Theorem 8.8 deals with a special case. We note that extension to the case where
n1 < ni−1, i = 2, … , m is straightforward. However, obtaining a result for the general case
where each transfer function is modeled with a different number of basis function is involved
and is left for future work. Note that it is possible to iteratively design the covariance matrix
by only considering �i+1∶m|i, in each step, for i = m − 1,… , 1, i.e., by iteratively adding
an additional sensor where it would be of most use. However, this approach is greedy and
suboptimal in general.

8.6 Connection between MISO and SIMO models

There is a strong connection between the results presented here and those regarding MISO
systems presented in Ramazi et al. (2014). We briefly restate the problem formulation and
some results from Ramazi et al. (2014) to show the connection. The MISO data generating
system is in some sense the dual of the SIMO case. With m spatially correlated inputs and
one output, a MISO system is described by

y(t) =
[
G1(q) G2(q) … Gm(q)

]
⎡⎢⎢⎢⎢⎢⎣

u1(t)
u2(t)
⋮

um(t)

⎤⎥⎥⎥⎥⎥⎦

+ e(t).

The input sequence {u(t)} is zero mean and temporally white, but may be correlated in the
spatial domain,

E{u(t)} = 0
E
{
u(t)u⊤(s)

}
= �t−s�u,

for some positive definite matrix covariance matrix �u = �CH�⊤
CH , where �CH is the

lower triangular Cholesky factor of �. The noise e(t) is zero mean and has variance �. The
asymptotic covariance of the estimated parameters can be expressed using (8.9) with

	 = 	MISO ∶= 	̃�CH . (8.44)
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We make the convention that∑k2
k=k1

xk = 0 whenever k1 > k2.
Theorem 8.9 (Theorem 4 in Ramazi et al. (2014)). With n1 ≥ n2 ≥ ⋯ ≥ nm, for any
frequency !0 it holds that

AsVar
{
Ĝi
}
=

m∑
j=i

�
�2i|j

nj∑
k=nj+1+1

|||k
(
ej!o

)|||
2
, (8.45)

where nm+1 ∶= 0 and �2i|j is the variance of the non-estimable part of ui(t) given uj∖i(t).

Corollary 8.10 (Corollary 6 in Ramazi et al. (2014)). With n1 ≥ n2 ≥ ⋯ ≥ nm. Suppose
that the order of block j is increased from nj to nj+1. Then there is an increase in the
asymptotic variance of Ĝi if and only if all the following conditions hold:

1. nj < ni,

2. ui(t) is not orthogonal to uj(t) conditioned on uj∖i(t),

3. |||nj+1
(
ej!o

)|||
2 ≠ 0.

Remark 8.5. The similarities between Corollary 8.4 and Theorem 8.9, and between Corol-
lary 8.5 and Corollary 8.10 are striking. In both cases it is the non-estimable part of the input
and noise, respectively, along with the estimated basis functions that are the key determinants
for the resulting accuracy. Just as in Corollary 8.4, Theorem 8.9 can be expressed with
respect to the basis functions:

AsVar
{
Ĝi
}
=

ni∑
k=1

AsVar
{
�̂i,k

}|||k
(
ej!o

)|||
2
. (8.46)

However, now
AsVar

{
�̂i,k

}
= �
�2i|�k

, (8.47)

where �2i|l is determined by the correlation structure of the inputs ui(t) to the systemsGi(q, �i)
that do share basis function k(q) (i = 1,… , �k). Note that in the SIMO case we had

AsVar
{
�̂i,k

}
=
�i|�k
�2

,

where �i|�k is determined by the correlation structure of the noise sources ei(t) affectingsystems Gi(q, �i) that do not share basis function k(q) (i = 1,… , �k). Note that (8.45)found in Ramazi et al. (2014) does not draw the connection to the variance of the parameters.
This is made explicit in the alternate expressions (8.47) and (8.46).
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The correlation between parameters related to the same basis functions is not explored in
Ramazi et al. (2014). In fact, it is possible to follow the same line of reasoning leading
to Theorem 8.2 and arrive at the counter-part for MISO systems. Let the first �k systems
contain basis function k, so

AsVar
{
̂̄�MISO
k

}
= ��−11∶�k ,

where �1∶�k denotes the covariance matrix of the first �k inputs. Hence

AsCov
{
Ĝ
}
= �

n1∑
k=1

⎡⎢⎢⎣
�−11∶�k 0

0 0m−�k

⎤⎥⎥⎦
|||k

(
ej!o

)|||
2
,

and
AsCov

{
̂̄�MISO

}
= � diag

{
�−11∶�1 , �

−1
1∶�2

,… , �−11∶�nm

}
. (8.48)

Note that, while the correlation between the noise sources is beneficial, the correlation in
the input is detrimental for the estimation accuracy. Intuitively, if we use the same input to
parallel systems, and only observe the sum of the outputs, there is no way to determine the
contribution from the individual systems. On the other hand, as observed in Example 8.1,
if the noise is correlated, we can construct equations with reduced noise and improve the
accuracy of our estimates.
This difference may also be understood from the structure of 	 , which through (8.9) deter-
mines the variance properties of any estimate. Consider a single SISO system G1 as thebasic case. For the SIMO structure considered in this chapter, as noted before, 	SIMO of
(8.10) is block upper triangular with m columns (the number of outputs), while 	MISO is
block lower triangular with as many columns as inputs. 	MISO is block lower triangular
since 	̃ is block diagonal and �CH is lower triangular in (8.44). Adding an output yj to the
SIMO structure corresponds to extending 	SIMO with one column (and nj rows):

	SIMOe =

[
	SIMO ⋆

0 ⋆

]
, (8.49)

where the zero comes from that 	SIMOe also is block upper triangular. Since 	MISO is block
lower triangular, adding an input uj to the MISO structure extends 	MISO with nj rows (andone column):

	MISOe =

[
	MISO 0
⋆ ⋆

]
, (8.50)

where ⋆ denotes the added column and added row respectively. Addition of columns to 	
decreases the variance of G1, while addition of rows increases the variance. First, a short
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motivation of this will be given. Second, we will discuss the implication for the variance
analysis.
Addition of one more column to 	 in (8.49) decreases the variance of G1. With 	 =[
 1 …  m

]
, ⟨	,	⟩ = ∑m

k ⟨ k,  k⟩, where ⟨ k,  k⟩ ≥ 0 for every k. The variance of
the parameter estimate �̂N decreases with the addition of a column, since

⟨	e, 	e⟩−1 ≤ (⟨
 m+1,  m+1

⟩
+ ⟨	,	⟩)−1.

On the other hand, addition of rows leads to an increase in variance of Ĝ1, e.g., consider(2.43) in Lemma 2.2,

AsCov
{
G1(�̂N )

}
= L⊤

r∑
k=1


k
(
zo
)∗

k
(
zo
)
L,

where L = �−⊤CH
[
1 0 … 0

]⊤ for any number of inputs, and {
k }

r
k=1 is a basis for the

linear span of the rows of 	MISO. As can be seen from (8.50), the first rows of 	MISOe are
the same as for 	MISO and the first r basis functions can therefore be taken the same (with
a zero in the last column). To accommodate for the extra rows, ne extra basis functions
{

k }
r+ne
k=r+1 are needed. Thus, {

k }
r+ne
k=1 is a basis for the linear span of 	MISOe . We see that

the variance of G1(�̂eN ) is larger than G1(�̂N ) since

AsCov
{
G1(�̂eN )

}
= AsCov

{
G1(�̂N )

}
+ L⊤

r+ne∑
k=r+1


k
(
zo
)∗

k
(
zo
)
L,

and L⊤
k
(
zo
)∗

k
(
zo
)
L ≥ 0 is positive semidefinite for every k.

Every additional input of the MISO system corresponds to addition of rows to 	 . The
increase is strictly positive provided that the explicit conditions in Corollary 8.10 hold.
Every additional output of the SIMO system corresponds to the addition of one more column
to 	 . However, the benefit of the additional columns is reduced by the additional rows
arising from the additional parameters that need to be estimated, cf. Corollary 8.5 and the
preceding discussion. When the number of additional parameters has reached n1 or if e1(t)is orthogonal to ej(t) conditioned on uj∖1(t) the benefit vanishes completely. The following
examples clarify this point.
Example 8.6. We consider again Example 8.1 for three cases of model orders of the second
model, n2 = 0, 1, 2. These cases correspond to 	 given by the first n2 + 1 rows of

	SIMOe (q) =
⎡⎢⎢⎢⎣

q−1 −
√
1 − �2∕�q−1

0 1∕�q−1

0 1∕�q−2

⎤⎥⎥⎥⎦
,
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respectively. When only y1 is used (	 = q−1):
AsVar

{
�̂1,1

}
= ⟨	,	⟩−1 = 1.

When n2 = 0, the second measurement gives a benefit determined by how strong the
correlation is between the two noise sources:

AsVar
{
�̂1,1

}
= ⟨	,	⟩−1 = (1 + (1 − �2)∕�2)−1 = �2.

However, already if we have to estimate one parameter inG2 the benefit vanishes completely,
i.e., for n2 = 1:

AsCov
{
�̂
}
= ⟨	,	⟩−1 =

[
1

√
1 − �2√

1 − �2 1

]
.

The third case, n2 = 2, corresponds to Example 8.1, which shows that the first measurement
y1 improves the estimate of �2,2 (compared to only estimating Ĝ2 using y2):

AsVar
{
�̂2,2

}
= �2|1 = �2.

Example 8.7. We consider the corresponding MISO system with unit variance noise e(t)
and u(t) instead having the same spectral factor

�CH =

[
1 0√
1 − �2 �

]
.

for � ∈ (0, 1]. We now study the impact of the second input u2(t) when

G1(q) = �1,1q−1 + �1,2q−2, G2(q) =
n2∑
k=1

�2,kq
−k

and n2 = 0, 1. These two cases correspond to 	 given by the first n2 + 2 rows of

	MISO
e (q) =

⎡⎢⎢⎢⎣

q−1 0
q−2 0√

1 − �2q−1 �q−1

⎤⎥⎥⎥⎦
,

respectively. When only u1 is used or G2 is known (	 =
[
q−1 q−2

]⊤):
AsCov

{
�̂1
}
= ⟨	,	⟩−1 = I.

When n2 = 1, the variance of �̂1,1 is increased depending on the correlation between the
two inputs:

AsVar
{
�̂
}
= 1
�2

⎡⎢⎢⎢⎣

1 0 −
√
1 − �2

0 �2 0
−
√
1 − �2 0 1

⎤⎥⎥⎥⎦
.
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Also notice that the asymptotic covariance of
[
�̂1,1 �̂2,1

]⊤ is given by �−1, the inverse of
the covariance matrix of u(t) and that AsVar{�̂2,2

}
= �−11 . As � goes to zero the variance

of
[
�̂1,1 �̂2,1

]⊤ increases and at � = 0 the two inputs are perfectly correlated and we loose
identifiability.

8.7 Numerical simulations

In this section, we illustrate the results derived in the previous sections through three sets of
numerical Monte Carlo simulations.

8.7.1 Effect of model order

Corollary 8.5 is illustrated in Figure 8.7, where the following systems are identified using
N = 500 input-output measurements:

Gi = �̃i�i, i = 1, 2, 3 �̃i(q) = F (q)−1�i(q),

�i(q) =
[1(q),… ,ni (q)

]
, k(q) = q−k, (8.51)

with
F (q) = 1

1 − 0.8q−1
, �01 =

[
1 0.5 0.7

]⊤
,

�02 =
[
1 −1 2

]⊤
, �03 =

[
1 1 2 1 1

]⊤
.

The input u(t) is drawn from a Gaussian distribution with variance �2 = 1, filtered by F (q).
The measurement noise is normally distributed with covariance matrix � = �CH�⊤CH ,
where

�CH =
⎡⎢⎢⎢⎣

1 0 0
0.6 0.8 0
0.7 0.7 0.1

⎤⎥⎥⎥⎦
,

thus �1 = �2 = �3 = 1. The sample variance is computed using

Cov
{
�̂s
}
= 1
MC

MC∑
k=1

|||G3
(
ej!o , �03

)
− G3

(
ej!o , �̂3

)|||
2
,

whereMC = 2000 is the number of realizations of the input and noise. The same realizations
of the input and noise are used for all model orders.
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Figure 8.7: Sample variance of G3
(
ej!, �̂3

) as a function of the number of estimated param-
eters of G1 and G2.

The variance of G3
(
ej!, �̂3

) increases with increasing ni, i = 1, 2, but only up to the pointwhere ni = n3 = 5. After that, any increase in n1 or n2 does not increase the variance
of G3

(
ej!, �̂3

), as can be seen in Figure 8.7. The behavior can be explained by Corollary
8.5: when n3 ≥ n1, n2, G3 is the last block, having the highest number of parameters, and
any increase in n1, n2 increases the variance of G3. When for example n1 ≥ n3, the blocksshould be reordered so that G3 comes before G1. In this case, when n1 increases the firstcondition of Corollary 8.5 does not hold and hence the variance of G3

(
ej!, �̂3

) does not
increase further.

8.7.2 Effect of removing one parameter

In the second set of numerical experiments, we simulate the same type of system as in
Example 8.1. We let � vary in the interval [0.001, 1]. For each �, we generateMC = 2000
Monte Carlo experiments, where in each of them we collectN = 500 input-output samples.
At the i-th Monte Carlo run, we generate new trajectories for the input and the noise and we
compute �̂i as in (8.8). The sample covariance matrix, for each �, is computed as

Cov
{
�̂s
}
= 1
MC

MC∑
i=1

(
�̂i − �

)(
�̂i − �

)⊤.

Figure 8.8 shows that the variance of �̂21 is always close to one, no matter what the value of
� is. It also shows that the variance of the estimate �̂22 behaves as �2. In particular, when �
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approaches 0 (i.e., almost perfectly correlated noise processes), the variance of such estimate
tends to 0. All of the observations are as predicted by Corollary 8.2 and Example 8.1.

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

�

var�̂21
var�̂22

Figure 8.8: Sample variance of the parameters of the first module (as functions of �) when
the second module has one parameter.

8.7.3 Optimal correlation structure

A third simulation experiment is performed in order to illustrate Theorem 8.8. We consider
a system with m = 3 outputs; the modules are

G1(q) = 0.3q−1, G2(q) = 0.8q−1 − 0.4q−2,
G3(q) = 0.1q−1 + 0.2q−2,

so that

� =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

�11
�21
�31
�22
�32

⎤⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0.3
0.8
0.1
−0.4
0.2

⎤⎥⎥⎥⎥⎥⎥⎥⎦

.
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The noise process is generated by the following upper triangular Cholesky factor:

R =
⎡⎢⎢⎢⎣

�
√
1 − �2 cos �

√
1 − "2 sin �

0 0.8 0.6
0 0 1

⎤⎥⎥⎥⎦
=

[
" p⊤

0 M

]
,

where � = 0.1 and � ∈ [0, �] is a parameter tuning the correlation of e1(t) with e2(t)and e3(t). The purpose of this experiment is to show that, when � is such that p =[√
1−�2 cos � d

√
1−�2 sin �

]⊤ is aligned with the first right-singular vector v1 ofM , then the
total variance of the estimate of the sub-vector �̃ = [ �12 �22 ]⊤ is minimized. In the case
under analysis, v1 = [ 0.447 0.894 ]⊤ = [ cos �0 sin �0 ]⊤, with �0 = 1.11. We let � take values in
[0, �] and for each � we generateMC = 2000Monte Carlo runs ofN = 500 input-output
samples each. We compute the sample total variance of �̃ as

tvar ̂̃�s = 1
MC

MC∑
i=1

(
(�̂22,i − �22)2 + (�̂32,i − �32)2

)
,

where �̂22,i and �̂32,i are the estimates obtained at the i-th Monte Carlo run.
The results of the experiment are reported in Figure 8.9. It can be seen that the minimum
total variance of the estimate of �̂ is attained for values close to �0 (approximations are due
to low resolution of the grid of values of �). An interesting observation regards the value of
� for which the total variance is maximized: this happens when � = 2.68, which yields the
second right-singular vector ofM , namely v2 = [ −0.894 0.447 ]⊤.

8.8 Summary

In this chapter, we have examined how the estimation accuracy of a linear SIMO model
depends on the correlation structure of the noise, model structure and model order. A
formula for the asymptotic covariance of the frequency response function estimate and the
model parameters has been developed for the case of temporally white, but possibly spatially
correlated additive noise. It has been shown that when parts of the noise can be linearly
estimated from measurements of other blocks with less estimated parameters, the variance
decreases. The expressions reveal how the order of the different blocks and the correlation of
the noise affect the variance of one block. In particular, it has been shown that the variance
of the block of interest levels off when the number of estimated parameters in another block
reaches the number of estimated parameters of the block of interest. The optimal correlation
structure for the noise was determined for the case when one block has one parameter less
than the other blocks.
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Figure 8.9: Total sample variance of the parameter vector �̃ as function of �.

8.A Proofs and auxilliary lemmas

8.A.1 Proof of Lemma 8.1

Let v(t) = �−1CHe(t) for some real valued random vector e(t) (�−1CH exists and is unique for
� > 0 (Horn and Johnson, 1990)). Then Cov{v(t)} = I . Similarly e(t) = �CHv(t). Theset {v1(t),… , vj(t)} is a function of {e1(t),… , el(t)} only and vice versa, for all 1 ≤ l ≤ m.
Thus, if {e1(t),… , el(t)} are known, then also {v1(t),… , vl(t)} are known, but nothing isknown about {vl+1(t),… , vm(t)}. Thus, for l < i the best linear estimator of ei(t) given
e1(t),… , el(t), is

êi|l(t) =
l∑

k=1
ikvk(t), (8.52)

and ei(t)−êi|l(t) has variance �i|l = ∑i
k=l+1 

2
ik. For the last part of the lemma, we realize that

the dependence of êi|l(t) on el(t) in Equation (8.52) is given by il∕ll (since v1(t),… , vl−1(t)do not depend on el(t)). Hence êi|l(t) depends on el(t) if and only if il ≠ 0.
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8.A.2 Lemma 8.11

Lemma 8.11. Let � > 0 and its Cholesky factor �CH be partitioned according to e1∶�k−1
and e�k∶m,

� =

[
�1 �12
�21 �2

]
, �CH =

[
(�CH )1 0
(�CH )21 (�CH )2

]
.

Then ��k∶m|�k−1 = (�CH )2(�CH )
⊤
2 .

Proof. Similar to the derivations of Lemma 8.1, there exists some random vector v(t) with
Cov{v(t)} = I , such that e(t) = �CHv(t) and v1∶�−1(t) are known since e1∶�−1(t) areknown. Furthermore ê�k∶m|�k−1(t) = (�CH )21v1∶�−1(t), which implies e�k∶m|�k−1(t) −
ê�k∶m|�k−1(t) = (�CH )2v�k∶m(t) and the results follows since Cov

{
v�k∶m(t)

}
= I . ■

8.A.3 Proof of Corollary 8.5

To prove Corollary 8.5 we will use (8.30). First, we make the assumption that l is the last
module that has nl parameters. This assumption is made for convenience since reordering
all modules with nl estimated parameters does not change (8.30). First of all, we see that
if nl ≥ ni, then (8.30) does not increase when nl increases. If instead nl < ni, the increase
in variance is given by 2il|||nl+1

(
ej!o

)|||
2, which is non-zero if and only if il ≠ 0 and

|||nl+1
(
ej!o

)|||
2 ≠ 0. From Lemma 8.1 the theorem follows.

8.A.4 Proof of Lemma 8.7

The inverse of B is

B−1 =

[
�−1 −q⊤

0 M−1

]
, q⊤ ∶= �−1p⊤M−1,

so that

�−1 = B−⊤B−1 =

[
�−2 −q⊤�−1

−q�−1 M−⊤M−1 + qq⊤

]
.

Hence, using the Sherman–Morrison formula (Bartlett, 1951) it is straightforward to show
(8.42).





CHAPTER 9
MIMO MODELS WITH CORRELATED INPUT AND NOISE

In this chapter, we generalize the covariance results for multi-input single-output (MISO)
systems (Ramazi et al., 2014) and single-input multi-output (SIMO) systems discussed in
the previous chapter.

9.1 Introduction

Modern control systems for industrial plants are based on mathematical models of the plant
dynamics. These control systems need to handle several decision variables (input signals),
having access, through sensing devices, to a possibly large number of measured variables
(output signals). The whole structure can be modeled as a MIMOmodel and its identification
is a crucial task. In particular, assessing the quality of the identified model by quantifying
model uncertainties is an important aspect that must be taken into account when designing
model-based and robust control schemes (Barenthin and Hjalmarsson, 2008).
We focus on quantifying these model uncertainties in the identification of MIMO systems,
where each system module is expressed as the linear combination of (known) basis functions
and where the linear coefficients are unknown. Adopting a stochastic framework, we assume
that measurements are corrupted by additive noise, with a given probabilistic description.
We assume the system is in the model set and study the accuracy of the identified model
in terms of the parameter error covariance matrix (Ljung, 1999). Our aim is to understand
how the experimental conditions and model structure influence this covariance matrix. To
this end, we simplify our analysis by assuming that the input signals are temporally white,
but may be spatially correlated. We make a similar assumption for the output noise. Under
these conditions, we derive an insightful expression for the parameter error covariance
matrix. In particular, we characterize the behavior of this covariance matrix in terms of the
input and noise correlation matrices and the model orders of the modules composing the
MIMO system. Our results show that the combination of suitable input and noise correlation
structures and proper model orders of the modules, may significantly improve the accuracy

189
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Figure 9.1: Block scheme of the linear MIMO system.

of the estimated model for a specific module. This has important implications in experiment
design for MIMO systems (Hjalmarsson, 2009) and fault-detection and diagnosis (Isermann,
2005).
In the literature, there are readily available formulas quantifying the model error of identified
MIMO systems. However they provide little insight in what affects the model error. There
are other expressions that try to give this insight, however, they are typically valid only
asymptotically (in both the number of samples and model orders of the modules). One
classic result, valid for large data lengthN and large model order n, is given by the following
expression (Zhu, 2001; Z. D. Yuan and Ljung, 1984)

Cov
{
vec

{
Ĝ
}}

≈ n
N
�−1u ⊗�v,

where �u is the input spectrum and �v the noise spectrum. This expression was extended
in Ninness and Gómez (1996) to a general set of orthonormal basis functions, denoted by
{k(z)}:

Cov
{
vec

{
Ĝ
}}

≈ 1
N

n∑
k=1

||k(z)||2�−1u ⊗�v.

Note that both expressions are valid only for large model orders. Our results, instead, are
exact for finite model orders (but still asymptotic in data length).

9.2 Problem formulation

We consider LTI dynamic systems with m inputs and p outputs (see Figure 9.1). The model
is described as follows:

y(t) = G(q)u(t) + e(t) (9.1)
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where

G(q) =

⎡⎢⎢⎢⎢⎢⎣

G11(q) G12(q) … G1m(q)
G21(q) G22(q) … G2m(q)
⋮ ⋮ ⋱ ⋮

Gp1(q) Gp2(q) … Gpm(q)

⎤⎥⎥⎥⎥⎥⎦

.

Here q denotes the forward shift operator, i.e., qu(t) = u(t + 1) and the Gij(q) are causalstable rational transfer functions. The modules Gij are modeled as
Gij(q, �ij) = �ij(q)�ij , �ij ∈ Rnij , (9.2)

where �ij(q) =
[ 1(q) … nij (q) ], i = 1,… , p and j = 1,… , m, for some orthonormal basis

functions {k(q)}nk=1. The basis functions can be tailored according to a priori knowledge
on the system dynamics; for example, Laguerre basis functions can be tailored to the time
constant of the system (Wahlberg, 1991). Examples of more general basis functions can be
found in P. S. C. Heuberger et al. (1995) and Ninness and Gustafsson (1997). The noise
sequence {e(t)} is zero mean and temporally white, but may be correlated in the spatial
domain:

E{e(t)} = 0, E
{
e(t)e(s)⊤

}
= �t−s�, (9.3)

for some positive definite matrix covariance matrix �, and where E{⋅} is the expectation
operator. We express � in terms of its Cholesky factorization

� = �CH�⊤CH , (9.4)
where �CH ∈ Rp×p is lower triangular, i.e.,

�CH =

⎡⎢⎢⎢⎢⎢⎣

�11 0 … 0
�21 �22 … 0
⋮ ⋮ ⋱ ⋮

�p1 �p2 … �pp

⎤⎥⎥⎥⎥⎥⎦

, (9.5)

for some {�ij}. Also notice that since � > 0,
�−1 = �−⊤CH�

−1
CH . (9.6)

The input sequence {u(t)} is also zero mean and temporally white, but may be correlated in
the spatial domain:

E{u(t)} = 0, E
{
u(t)u(s)⊤

}
= �t−s�, (9.7)
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for some positive definite matrix covariance matrix �. We express � in terms of its upper
triangular Cholesky factorization1

� = �CH�⊤
CH , (9.8)

where �CH ∈ Rm×m is upper triangular. Also �−1CH is upper triangular and we denote its
elements by {ij} according to

�−1CH =

⎡⎢⎢⎢⎢⎢⎣

11 12 … 1m
0 22 … 2m
⋮ ⋮ ⋱ ⋮

0 0 … mm

⎤⎥⎥⎥⎥⎥⎦

. (9.9)

We summarize the assumptions on input, noise and model as follows:
Assumption 9.1. The input {u(t)} is zero mean temporally white noise with finite moments
of all orders, and (9.7) holds with � > 0. The noise {e(t)} is zero mean and temporally
white, i.e., (9.3) holds with � > 0. It is assumed that E{|e(t)|4+�} < ∞ for some � > 0.
The data are generated in open loop, that is, the input {u(t)} is independent of the noise
{e(t)}. The true input-output behavior of the data generating system can be captured by
our model structure, i.e., the true system can be described by (9.1) and (9.2) for some
parameters �oij ∈ Rnij , i = 1,… , p, j = 1,… , m. The orthonormal basis functions {k(q)}are assumed stable.

9.2.1 Weighted least-squares estimate

We introducing the notation
� =

[
�⊤11 �⊤21 … �⊤p1 … �⊤1m �⊤2m … �⊤pm

]⊤
∈ Rn,

the total number of parameters n ∶= ∑p
i=1

∑m
j=1 nij , the transfer function matrix

	̃ (q)
(n×pm)

= diag
{
�⊤11, �

⊤
21,… , �⊤pm

}

and the notation
vec{G(q)}
(pm×1)

=
[
G.1(q) G.2(q) … G.m(q)

]⊤
,

where G.j denotes the jth column of G. We can then write
vec{G(q)} = 	̃⊤(q)�

1The standard Cholesky factorization is defined with a lower triangular factor but for reasons that will be clear
in following sections, we need the upper triangular counterpart.
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and describe the model (9.1) as a linear regression model
y(t) = '⊤(t)� + e(t), (9.10)

where, using Theorem T2.13 in Brewer (1978),
'(t) = 	̃ (q)

(
u(t)⊗ Ip

)
.

An unbiased and consistent estimate of the parameter vector � can be obtained from weighted
least-squares, with weighting matrix �−1 giving the linear unbiased estimator with lowest
variance (see, e.g., Ljung (1999) and Söderström and Stoica (1989)). � is assumed known;
however, this assumption is not restrictive since � can be estimated from data and replacing
� by a consistent estimate does not affect the asymptotic covariance of �̂ (Cox and Reid,
1987). However, in certain applications, not knowing � will increase the covariance of �̂.
Under Assumption 9.1, the noise sequence is zero mean, hence �̂N is unbiased. It also
follows that the asymptotic covariance matrix of the parameter estimates is given by

AsCov
{
�̂N

}
= E

{
'(t)�−1'⊤(t)

}−1, (9.11)
where the expectation is over the input sequence. By repeated use of the mixed product rule
of Kronecker products (T2.4 in Brewer (1978)) (9.11) can be expressed as

AsCov
{
�̂N

}
= E

{
	̃ (q)

(
u(t)u⊤(t)⊗�−1

)
	̃⊤(q)

}−1. (9.12)
In the problem we consider, using Parseval’s formula, (9.4) and (9.6), the asymptotic
covariance matrix, (9.12), can be written as2

AsCov
{
�̂N

}
=
(
1
2� ∫

�

−�
	
(
ej!

)
	∗

(
ej!

)
d!

)−1
= ⟨	,	⟩−1, (9.13)

where
	 (q) = 	̃ (q)(�CH ⊗�−⊤CH ). (9.14)

Note that	 (q) is block upper triangular since 	̃ (q) is block diagonal,�⊤CH is upper triangular
and �CH is upper triangular3. In the following, we will analyze how model structure, input
and noise properties affect (9.13).

9.2.2 Characterizing the asymptotic covariance

We notice, using (9.14), that we can write
) vec{G(q)}

)�
= 	̃ (q) = 	 (q)(�−1CH ⊗�⊤CH ).

2Non-singularity of ⟨	,	⟩ usually requires parameter identifiability and persistence of excitation (Ljung,
1999), both of which are satisfied under Assumption 9.1.

3The reason for introducing the upper triangular factorization �CH is to obtain this block upper triangular
structure.
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Introduce
L ∶= (�−1CH ⊗�TCH ). (9.15)

Then, using Lemma 2.2,

AsCov
{
vec

{
Ĝ
(
ej!o

)}}
= L⊤

n∑
k=1


k
(
ej!o

)∗
k
(
ej!o

)
L. (9.16)

To analyze (9.16), we will consider a few special cases. To this end, we need to characterize
the basis functions {

k }.

9.2.3 Basis functions

We need the following assumption on the model structure:
Assumption 9.2. For each row i, if Gij contains k, then Gi(j+1) contains k.
Assumption 9.2 states that the modules that do not contain k are located in the upper leftcorner of G, which is somewhat restrictive since this may not be achieved by renaming the
modules, in general. We will also need the following definition:
Definition 5. For each basis function k, let

Qk ∶= diag
{
q1,… , qmp

}
,

where

qi ∶=

{
1 if entry i of vec{G(q)} contain k
0 if entry i of vec{G(q)} does not contain k

The rows of 	 that contain k are given by
kQk(�CH ⊗�−⊤CH ). (9.17)

Lemma 9.1. Let Assumption 9.2 hold and let 	 be the rowspace of 	 . Let {
l (q)}

n
l=1 be

such that for every basis function k and every row i of vec{G} that has the basis functionk, there is a basis function of the form


l (q) ∶=

[
0 … 0 k(q) 0 … 0

]
,

i.e., the entry in column i of 
l (q) is k. Then {

l (q)}
n
l=1 is a set of basis functions for	 .
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Proof. See Appendix 9.A.2. ■

Example 9.1. To illustrate Lemma 9.1, we consider a system with 2 inputs and 2 outputs.
When all modules contain k, Assumption 9.2 is satisfied, and (9.17) gives that the rows of
	 that contain k are given by

k
⎡
⎢⎢⎢⎢⎢⎣

11�11 11�21 12�11 12�21
0 11�22 0 12�22
0 0 22�11 22�21
0 0 0 22�22

⎤
⎥⎥⎥⎥⎥⎦

,

and since the matrix is full rank, a set of basis functions can be given by Lemma 9.1. We
now look at which non-full parametrizations comply with Assumption 9.2. Assumption 9.2
tells us that the modules in G that contain k should be located in the lower right corner.Naturally, if only G22 contains k, then (9.17) is given by

k
⎡⎢⎢⎢⎢⎢⎣

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 22�22

⎤⎥⎥⎥⎥⎥⎦

,

and the only basis function is 
1 (q) = [ 0 0 0 k(q) ]. If Assumption 9.2 still is to hold, we

are allowed to add k to either G12 or G21. In the first case, (9.17) is given by

k
⎡⎢⎢⎢⎢⎢⎣

0 0 0 0
0 0 0 0
0 0 22�11 22�21
0 0 0 22�22

⎤⎥⎥⎥⎥⎥⎦

,

and the second basis function is 
2 (q) = [ 0 0 k(q) 0 ]. If instead k is added to G21, (9.17)is given by

k
⎡⎢⎢⎢⎢⎢⎣

0 0 0 0
0 11�22 0 12�22
0 0 0 0
0 0 0 22�22

⎤⎥⎥⎥⎥⎥⎦

,

and the second basis function is 
2 (q) = [ 0 k(q) 0 0 ]. To illustrate what happens when

Assumption 9.2 is not satisfied, consider the case when G12 does not contain k and the



196 CHAPTER 9. MIMO MODELS WITH CORRELATED INPUT AND NOISE

rest of the modules do. Then, (9.17) is given by

k
⎡⎢⎢⎢⎢⎢⎣

11�11 11�21 12�11 12�21
0 0 0 0
0 0 22�11 22�21
0 0 0 22�22

⎤⎥⎥⎥⎥⎥⎦

,

and the set of basis functions are not on the required form:


1 (q) =

[
0 0 0 k,

]
,


2 (q) =

[
0 0 k 0

]
,


3 (q) = k(�211 + �221)−1∕2

[
�11 �21 0 0

]
.

9.3 Covariance of MIMO models

The configuration of basis function prescribed by Lemma 9.1 allows us to derive a neat
expression for the asymptotic covariance matrix in (9.16) which in turn will be exemplified
for a few special structures.
Theorem 9.2. Let Assumptions 9.1 and 9.2 hold. Then (9.16) is simplified to

AsCov
{
vec

{
Ĝ
(
ej!o

)}}
=

n∑
k=1

|||k
(
ej!o

)|||
2
L⊤QkL. (9.18)

where Qk is given by Definition 5 and

L ∶= �−1CH ⊗�⊤CH .

Proof. Follows from (9.16) using Lemma 9.1. ■

Remark 9.1. The formula (9.18) is a decomposition of the variance of vec{Ĝ(q)} as the
sum of the contributions of each module basis function k. The weighting factor L⊤QkL is
determined by which other modules also contain the basis function k. In fact, it is possibleto associate L⊤QkL as the covariance of the parameters related to the basis function ksimilar to the results found in Chapter 8.
Remark 9.2. If Assumption 9.2 does not hold, (9.18) still holds, but, in this caseQk in (9.18)must be replaced by P⊤QkP , where P is an orthogonal matrix such that the rowspace ofkQkP is the same as the rowspace of kQkL.
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Wewill now consider a few special cases where we can give some insights into the expression
(9.16). We will analyze the weighting factor

L⊤QkL (9.19)
that depends on the other modules that contain k.

9.3.1 Full parametrization

We first consider the case when all modules Gij contain the same set of basis functions, i.e.,
the model orders are identical: n11 = n21 =⋯ = npm. Naturally, in this case Assumption 9.2
holds and Theorem 9.2 gives that (9.18) holds with Qk = Imp which, when inserted in in(9.19), gives that

L⊤QkL = �−1 ⊗�. (9.20)
Hence, we have the following corollary:
Corollary 9.3. Let Assumption 9.1 hold. Let all modules have the same model order. Then

AsCov
{
vec

{
Ĝ
}}

=
n∑
k=1

||k||2(�−1 ⊗�). (9.21)

Remark 9.3. This is a generalization of (9.1) derived in Ninness and Gómez (1996), to finite
model orders, when there is no temporal correlation in neither input nor noise.

9.3.2 Unused input

We consider next the case when we do not estimate parameters related to basis functionk for modules with input {ui}�k−1i=1 , i.e., modules G11, G21,… , Gp(�k−1) do not contain k.Also in this case Assumption 9.2 holds and Theorem 9.2 gives that (9.18) holds with

Qk =

[
0p(�k−1) 0
0 Im−�k−1

]
⊗ Ip, (9.22)

where 0p(�k−1) is a matrix of zeros of dimension p(�k − 1) × p(�k − 1), and Im−�k−1 is anidentity matrix of dimension (m − �k − 1) × (m − �k − 1). Inserting (9.22) in (9.19) and
using Lemma 9.7 gives

L⊤QkL =

[
0p(�k−1) 0
0 �−1�k∶m

]
⊗�, (9.23)

where �−1�k∶m is the inverse of the covariance matrix for the inputs [ u� (t) … um(t) ]⊤. Inserting
(9.23) in Theorem 9.2 leads to the following corollary:
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Corollary 9.4. Let Assumption 9.1 hold. Assume that for each basis function k, there is a
�k such that no module with input {uk}

�k−1
k=1 contains the basis function k. Then

AsCov
{
vec

{
Ĝ
}}

=
n∑
k=1

||k||2
[
0p(�k−1) 0
0 �−1�k∶m

]
⊗�. (9.24)

Remark 9.4. If there is only one output, p = 1, we recover the MISO case of Theorem 4 of
Ramazi et al. (2014), i.e., the main diagonal of (9.24) corresponds to the module variance
results of Theorem 4 of Ramazi et al. (2014).

Depending on the input correlation structure, the contribution from a basis function to the
variance of a parameter may be greatly reduced, given that the basis function is not present
in modules with inputs strongly correlated to the input related to that particular parameter.
Define �2i|l∶o as the variance of ui(t) conditioned on [ ul(t) … uo(t) ]⊤ (see Ramazi et al. (2014)).
From (9.24), Lemma 9.6 in the Appendix and Lemma 9.7, it can be seen that the variance
of a module depends on the inverse of the variance of the input to that module, conditioned
on the inputs of modules that contain the basis function. To give an example, consider the
lower right element of �−1�k∶m, which is given by 1∕�2m|�k∶m−1. If there is information about
um(t) in {u1,… , u�k−1} (not found in {u�k ,… , um−1}), then �2m|�k∶m−1 > �2m|1∶m−1 and the
variance of Ĝmp will be lower.

9.3.3 Unused output

We now consider the case when we do not estimate a parameter for basis function k for all
modules that affect output {yi(t)}�k−1i=1 , i.e., modules G11, G12,… , G(�k−1)m do not contain
basis function k. Also in this case Assumption 9.2 holds and Theorem 9.2 gives that (9.18)
holds with

Qk = Im ⊗
[
0p(�k−1) 0
0 Ip−�k−1

]
, (9.25)

where 0p(�k−1) is a matrix of zeros of dimension p(�k − 1) × p(�k − 1), and Ip−�k−1 is anidentity matrix of dimension (p−�k−1)× (p−�k−1). Inserting (9.25) in (9.19) and usingLemma 8.1 we obtain

L⊤QkL = �−1 ⊗
[
0p(�k−1) 0
0 ��k∶m|�k−1

]
, (9.26)

where��k∶m|�k−1 is the covariance of [ e� (t) … em(t) ]⊤ given the other noise sources [ e1(t) … e�−1(t) ]⊤.
In this case, the following corollary follows from Theorem 9.2:
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Corollary 9.5. Let Assumption 9.1 hold. Assume that for each basis function k, there is a
�k such that no module that affect output {yk(t)}

�k−1
k=1 contains k. Then

AsCov
{
vec

{
Ĝ
}}

=
n∑
k=1

||k||2�−1 ⊗
[
0p(�k−1) 0

0 ��k∶m|�k−1

]
. (9.27)

(9.28)

Remark 9.5. Result (9.27) is a generalization of the SIMO result of Corollary 8.3 in the
sense that if there is only one input, m = 1, we recover Corollary 8.3.
Depending on the noise correlation structure, the parameter variance contribution from a
basis function may be greatly reduced, given that the basis function is not present in modules
with outputs affected by noise strongly correlated to the noise affecting the output related
to the parameter. Define �i as the covariance of ei(t) and �i|�k−1 as the covariance of ei(t)
conditioned on the noise sources [ e1(t) … e�k−1(t) ]⊤. Consider the lower right element of
��k∶m|�k−1, which is given by �m|�k−1. If there is information about em(t) in {e1,… , e�k−1},
then �m|�k−1 < �m and the variance of Ĝmp will be lower.

9.4 Numerical simulations

9.4.1 First experiment

In this section we illustrate the developed results on a system with 2 inputs and 2 out-
puts. To better illustrate the results, the parameter variances will be studied instead of
AsCov

{
vec

{
Ĝ
}}. However, the results have a direct link to the parameter variance, cf. Re-

mark 9.1. The system is given by

G(q) =

[
q−1 2q−1 + q−2

q−1 + 4q−2 q−1 + 2q−2

]
. (9.29)

The model is

G(q, �) =

[
�111q

−1 �112q
−1 + �212q

−2

�121q
−1 + �221q

−2 �122q
−1 + �222q

−2

]
, (9.30)

where all parameters have been given a superscript that denotes which basis function they
correspond to. One parameter, related to the basis function q−2, is not estimated forG11, andthis will lead to a decrease in variance for the other parameters related to the basis function
q−2 when compared to those related to the basis function q−1. We will investigate how the
amount of correlation in the input determines the variance reduction. The Cholesky factors



200 CHAPTER 9. MIMO MODELS WITH CORRELATED INPUT AND NOISE

of the noise and input are given by

�CH =

[
1 0
0.8 (1 − 0.82)1∕2

]
, �CH =

[
(1 − �2)1∕2 �

0 1

]
,

respectively. Thus �21 = �22 = 1, while the parameter � determines the amount of correlation
between the inputs, i.e., E{u1(t)u2(t)

}
= �. For each �, we generateMC = 2000Monte

Carlo experiments, where in each of them we collectN = 2000 input-output samples. At
the i-th Monte Carlo run, we generate new trajectories for the input and the noise and we
estimate �̂i as in (8.8). We will study the sample covariance matrix scaled by the number of
samplesN for each �

AsCov
{
�̂
}
= N
MC

MC∑
i=1

(
�̂i − �o

)(
�̂i − �o

)⊤,

It is seen in Figure 9.2 that the variance is reduced for all parameters related to the basis
function q−2 compared to those related to q−1, as long as there is correlation between
the inputs (the variance would have been the same if also G11 had a parameter related to
q−2). The variance of �̂212 is independent of the input correlation and behaves exactly as the
parameters of Corollary 9.4, even though the Corollary is not applicable since �221 is stillestimated. This indicates that it should be possible to strengthen Corollary 9.4. The whole
input excitation of q−2u2(t) is used for this estimate, i.e., AsVar{�̂212

}
= �1∕�22 = 1, since

y1(t) does not depend on q−2u1(t). The variance of �̂221 is strictly smaller than �̂121, regardlessof the input correlation. The variance of this parameter behaves exactly as in Corollary 9.5,
even though the assumptions of Corollary 9.5 are not met (�212 is still estimated). This
indicates that it should be possible to strengthen Corollary 9.5. The measurement y1(t)can be used to estimate the noise affecting y2(t) without corrupting the estimate �̂221, i.e.,
AsVar

{
�̂221

}
= �2|1∕�21|2, since y1(t) does not depend on q−2u1(t). The estimate �̂222 also

benefits, from not having to estimate a parameter related to q−2 in G11, as long as there iscorrelation between the inputs.

9.4.2 Second Experiment

Let again the system be given by (9.29) and the model by (9.30). In this experiment we vary
the noise correlation instead of the input correlation. Let the Cholesky factors of the noise
and input be given by

�CH =

[
1 0
� (1 − �2)1∕2

]
, �CH =

[
0.8 (1 − 0.82)1∕2

0 1

]
,

respectively. It is seen in Figure 9.3 that the variance is reduced in all parameters related to the
basis function q−2 compared to those related to q−1 as long as there is correlation between the
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Figure 9.2: Variance of the parameters of G11, G12, G21 and G22 respectively. The parame-
ters related to the basis function q−2, �212, �221 and �222, are estimated with reduced variance
compared to those related to the q−1. The variance of �212 does not depend on the input
correlation.

outputs. The variance of �̂212 behaves as the MISO case, i.e., AsVar{�̂212
}
= �1∕�22 = 1 and

AsVar
{
�̂212

} does not dependend on the correlation between the outputs. The variance of �̂221
and �̂222 are lower than �̂121 and �̂122 respectively when there is correlation. Furthermore, the
variances are the same when there is no correlation. When � goes to one, the non-estimable
part of e2(t) conditioned on e1(t) goes to zero and we achieve perfect estimation of �̂221.
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Figure 9.3: Variance of the parameters of G11, G12, G21 and G22. The parameters related to
the basis function q−2, �212, �221 and �222, are estimated with reduced variance compared to
those related to the q−1. The variance of �212 does not depend on the noise correlation.

9.5 Summary

In this chapter, we have extended existing variance formulas for MIMO systems to finite
model orders, assuming temporally uncorrelated input and noise. We have shown that
model structure strongly influences the effect spatial correlation in inputs and noise have on
the variance of module transfer function estimates. We have highlighted connections with
recently developed results for SIMO and MISO models. The interplay of model structure,
input correlation and noise correlation has been exemplified by numerical simulations.
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9.A Proofs and auxiliary lemmas

9.A.1 Useful lemmas

Lemma 9.6. Let u(t) ∈ Rm have zero mean and covariance matrix � > 0. Let �CH be the
upper triangular Cholesky factor of � so that (9.8) holds, and let the elements of its inverse
be denoted as in (9.9). Then, for k ≤ i − 1

�2i|k∶i−1 =
1∑i

j=k 
2
ji

.

Proof. This Lemma is just the parallel formulation of Lemma 3.1 in Ramazi et al. (2014) for
an upper triangular Cholesky decomposition and the proof follows along the same lines. ■

Lemma 9.7. Let u(t) ∈ Rm have zero mean and covariance matrix � > 0. Let �CH be
the upper triangular Cholesky factor of � so that (9.8) holds. Let �−1CH be partitioned
according [ [u1(t) … ui−1(t)] ]⊤ and [ ui(t) … um(t) ]⊤ as:

�−1CH =

[[
�−1CH

]
11

[
�−1CH

]
12

0
[
�−1CH

]
22

]
.

Then

�−1i∶m =
([
�−1CH

]
22
)⊤[�−1CH

]
22

Proof. Express
⎡⎢⎢⎢⎣

ui(t)
⋮

um(t)

⎤⎥⎥⎥⎦
=
[
�CH

]
22

⎡⎢⎢⎢⎣

ri(t)
⋮

rm(t)

⎤⎥⎥⎥⎦
,

where [�CH
]
22 is given by the corresponding partitioning of �CH and r(t) is white noise

with E
{
r(t)r⊤(s)

}
= �t−sI .

�i∶m = [�CH ]22
(
[�CH ]22

)⊤.
The lemma follows by taking the inverse and realizing that ([�CH ]22)−1 = [�−1CH ]22. ■

9.A.2 proof of Lemma 9.1

Since 	 is given by (9.14), each row of 	 only contains one of the basis functions {k}nk=1.This, together with the fact that the basis functions {k(q)}nk=1 are orthogonal gives that
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the rowspace of 	 is the direct sum of the rowspaces of the rows of 	 that contain k. Inother words, we can look at the rows containing a specific basis function k separately fromthe rows containing other basis functions, and in the end, join the sets of basis functions
together. We can sort the rows of 	 in (9.14) according to {k}nk=1 by sorting the rows of
	̃ first:

⎡
⎢⎢⎢⎢⎢⎣

1Q1
2Q2
⋮

nQn

⎤⎥⎥⎥⎥⎥⎦

,

where Qk is given by Definition 5, and where some rows potentially containing all zeros
were added. The rows of 	 that contain k (potentially with some rows added containing
all zeros) are given by

kQk(�CH ⊗�−⊤CH ). (9.31)
Applying the Gram-Smith (orthonormalization) process (Horn and Johnson, 1990), starting
from the last rows, it can be shown that the set of basis functions can be chosen according
to the lemma, since (9.31) is the Kronecker product of two upper triangular matrices. We
will give an inductive proof in the following. Each of the columns of 	 corresponds to one
module Gij . The columns of 	 are ordered with respect to the inputs, so that for example
the last p columns of 	 correspond to the modules related to the last input um, and withineach input, the columns are ordered in increasing order of output, i.e., the last column
corresponds to output yp. This ordering will be important in the following. If we start
out with zero modules containing the basis function k and consecutively add this basis
function to modules, Assumption 9.2 gives a condition on which modules we are allowed
to add the basis function to. We are only allowed to add a basis function to a module Gijif module Gi(j+1) contains the basis function and if G(i+1)j contains the basis function (foran index outside G, j ≥ p, i ≥ m we are allowed to add the basis function, which is the
case for the first module of each input, given that the second condition holds). The basis for
the induction is the case when only Gmp contains k and in this case the lemma trivially
holds. If we now wish to add the basis function k to Gij , looking at the structure of the
corresponding row of 	 , we see that this row has nonzero entries for columns corresponding
to inputs l ≥ i and outputs s ≥ j. However, to be allowed to add the basis function to Gij weare required by Assumption 9.2 to already have added the basis functions to those modules
corresponding to inputs l > i and outputs s ≥ j and the only part not in the span of the
previous set of basis functions is the column corresponding to Gij .



CHAPTER 10
CONCLUSIONS AND FUTURE WORK

The first contribution in this thesis is model order reduction Steiglitz-McBride (MORSM),
which provides asymptotically efficient estimates for open loop data in a SISO setting.
Motivated by maximum likelihood arguments, it is shown to be asymptotically efficient in
one least-squares iteration. From simulations, MORSM seems to be a competitive approach
to find the global minimum of the PEM cost function. In a dynamic network setting,
MORSM resembles standard two-stage methods, but the simulated signals used in MORSM
are motivated by asymptotic maximum likelihood (ML) arguments. This should decrease
the estimation error compared with two-stage and instrumental variable (IV) methods,
which simulations seem to support. In simulation, MORSM proved competitive in terms
of performance with the frequency-domain sample maximum likelihood method (SML)
method. Although, these methods are different in several aspects, they are both motivated
by a ML criterion. Also, from a user perspective, they are attractive because the noise model
is of high order.
The second proposed method of this thesis, network empirical Bayes (NEB), was introduced
following a Bayesian kernel-based approach, which enables the identification of the target
module using empirical Bayes arguments. This method estimates the target module using a
ML criterion, whose solution is obtained by a novel iterative scheme designed through the
ECM algorithm. The method was also extended to incorporate measurements downstream of
the target module, which numerical experiments suggest increases performance. In contrast
to the network version of MORSM, NEB in its present form does not handle process noise
or non-white measurement noise.
Both MORSM and NEB share the attractive feature that additional reference signals may be
added without much trouble. In the case of MORSM, an additional reference signal only
increases the complexity of the initial high order ARX, given that the same set of inputs
can be used in the second stage. This, of course, requires that the method is generalized
to handle more than one input in the second stage. However, the dimension of the initial
high order least squares problem will increase. In the case of NEB the additional burden is
minor; while an additional reference signal increases the dimensionality of the updates of
the sensitivities, it only adds a few extra hyperparameters to estimate.
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The second part of the thesis provided some insights into how the interplay between model
structure (model order and parametrization) and signal properties (signal spectrums and
signal correlations) determines the covariance of the module estimates. Each chapter
illustrates some aspect of covariance analysis in dynamic networks and together they provide
a starting point for a deeper understanding of the factors that determine the achievable
accuracy of module estimates.
In Chapter 7, we noticed that including additional reference signals may have the dual
effect of reducing the effective noise affecting the module estimate and providing additional
excitation. This lesson carries over directly to the methods presented in this thesis and might
be applicable to other prediction error methods as well. Also from Chapter 7, when using
additional sensors downstream of the module of interest, the take home message was that the
gain of including these sensors diminish, if there was additional dynamics to estimate. The
upper bound on the gain in accuracy, which from simulations seemed rather tight, indeed
diminished to zero.
In contrast, for finite number of data samples, NEB benefited from including additional
sensors downstream of the module of interest. There are two main reasons how this can be
explained. First, we expect that as the model order of the additional dynamics grow, the
gain diminishes. However, NEB uses regularization to control the growth in parameters
or in some sense the effective model order. Therefore, the analysis based on high order
models is not valid. Second, the additional measurement provides an additional output that
the predictor needs to comply with, which could make it more likely that the optimization
finds the global minima and do not end up in a local one.
On the other hand, for cascaded systems in Chapter 6, unit-circle zeros still benefited from
additional sensors downstream even though the model orders were allowed to grow. These
results are inline with the results found in Mårtensson (2007), where, for example, non-
minimum phase zeros of SISO systems are estimated with finite variance even though the
model order tends to infinity.
In Chapter 8, correlated noise in SIMO models leads to variance reductions. In a dynamic
network, this leads to the possibility to include additional measurements in the predictor
when it can be assumed that the noise is correlated. An interesting closely related idea has
been pursued in Van den Hof et al. (2017) and Weerts et al. (2017). In these contributions
the noise is assumed perfectly correlated, i.e., the noise is of low rank. This is exploited by
including this knowledge as a constraint in the estimation, leading to essentially variance
free results.

10.1 Future work

The major limitation with the current version of MORSM is that it only works for SISO
systems. At first glance, there seem to be major difficulties to generalize the method, since
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the implied prefiltering does not work in a MIMO setting. In fact, it may not even be allowed
due to inconsistent dimensions. This is because in the SISO case the high order estimate of
A has been moved from the left to the right of G in (3.19), which is not possible for MIMO
systems, in general. A promising way forward is to keep the estimated A as a weighting
factor. The iterations in the second stage would then be weighted least squares instead of least
squares iterations. If this is the correct approach, then, MORSM would even more resemble
weighted null-space fitting (WNSF), where weighted least squares is used. However, this
development is left for future work. In the network setting, the current version is limited to
simple networks that only has one external reference and the internal variable at the output
of the module of interested is generated only by the module of interest (i.e., the row of the
transfer matrix in (5.40) containing the module of interest has no other non-zero entries
than the module of interest). If this is not the case, (4.27) will be multivariate. Because
multivariate asymptotic ML is covered by (Zhu, 2001), we can use the results therein to
generalize the proposed method to cover such cases.
The main limitation with NEB is the noise assumptions and the lack of noise modelling.
Without one, NEB may not be applied to the more challenging case when there is process
noise in the network leading to noise correlation. One option would be to estimate a noise
model of high order in the initialization stage of the method. This noise model would then
be kept fixed throughout the iterations of the method.
The noise assumptions in the second part of the thesis also lack both noise modelling and
process noise. As seen in the simulation study for network MORSM in Chapter 4, noise
correlation affects the performance of all compared methods negatively. Including more
realistic assumptions on the noise would improve the applicability of the covariance analysis
of the structures examined. This would allow for comparison of direct approaches, such as
the direct prediction error method, and indirect approaches such as the ones considered in
this thesis. Perhaps, this can change the calculus of how beneficial sensors are to include in
the identification procedure. For example in cascade models, downstream sensors would not
only carry secondary information about the module of interest, but also information about
the process noise affecting the other measurements, which could prove beneficial.
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