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Abstract 

Concrete dams located in northern regions are exposed to large seasonal temperature variations. 

These seasonal temperature variations have resulted in cracking in thin concrete dams. 

Continuous monitoring and evaluation of existing dams are important to increase the knowledge 

about massive concrete structures and to ensure dam safety.  

The aim of this degree project is to increase the knowledge about how cracking occurs in 

concrete dams and how it affects the dam safety. This was achieved by simulating the 

development of cracks in a concrete arch dam exposed to seasonal temperature variations using 

finite element analysis (FEA). The accuracy of the model was evaluated by comparing the 

results with measurements from a Swedish concrete arch dam. Finally, effect of cracks and 

temperature on the dam safety was investigated.  

FEA was used to predict the crack pattern and displacements in the arch dam. The analyses 

were performed both with linear elastic and nonlinear material behavior. Two models were 

analyzed, in one model the dam was considered to be a homogeneous arch, the other model 

included contraction joints. The cracking was simulated using temperature envelopes from the 

location of the Swedish arch dam. To evaluate the displacements in the arch, further analyses 

were carried out, where the cracked arch dam was exposed to the actual temperature variations 

at the location. The results were compared to the crack pattern and measurements of 

displacements of the Swedish arch dam. To investigate the effects from the cracking on the 

safety of the dam, a progressive failure analyses performed. 

The results show that the downstream face of the arch cracked under hydrostatic pressure. The 

cracks propagated further during winter when the temperature load was applied. The resulting 

crack pattern corresponded well with the survey of the cracks from the Swedish arch dam. The 

FE-models with nonlinear material developed a horizontal plastic hinge due to excessive 

cracking in a region halfway down from the crest. The plastic hinge affected the shape of the 

deflected arch. The magnitude of the displacements and the shape of the deflected arch was 

captured with the nonlinear models. A safety factor of 3 for internal structural failure in the arch 

was found in the failure analyses. The safety factor of the arch only decreased slightly due to 

the cracking. During a cold winter, the safety factor decreased to 2.5.  

Keywords: Arch dam, Concrete, Finite element analysis, Cracking, Progressive 

failure analysis 
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Sammanfattning 

Betongdammar belägna i nordliga klimat blir utsatta för stora säsongsburna 

temperaturvariationer. Dessa temperaturvariationer har orsakat sprickbildning i tunna 

betongdammar. Kontinuerlig övervakning och utvärdering av befintliga dammar är viktigt för 

att öka kunskapen om massiva betongkonstruktioner och för att säkerställa dammsäkerheten.  

Syftet med det här examensarbetet är att öka kunskapen om hur sprickor uppstår i valvdammar 

samt hur de påverkar anläggningens säkerhet. Målet är att med finit elementanalys (FEA) 

analysera uppsprickningen av betongen i en valvdamm som påverkas av säsongsburna 

temperaturvariationer. Tillförlitligheten i modellen utvärderas genom att jämföra med 

mätningar från en svensk valvdamm av liknande dimensioner. Slutligen utvärderas hur 

dammens säkerhet påverkas av sprickbildningen.  

FE-analys användes för att förutsäga sprickmönstret och förskjutningarna i valvdammen. 

Analyserna utfördes både med linjärelastiskt och icke-linjärt materialbeteende. Två modeller 

användes i analysen, i ena modellen betraktades dammen som homogen och i den andra 

inkluderades gjutfogar. Sprickmönstret simulerades med temperaturcykler baserade på 

extremtemperaturer tagna intill den svenska valvdammen. För att utvärdera förskjutningarna i 

dammen gjordes vidare analyser där den spruckna dammen utsattes för temperaturvariationer 

uppmätta från samma plasts. Resultaten från analysen jämfördes med mätningar av 

förskjutningar och kartering av sprickor från den svenska valvdammen. För att undersöka hur 

säkerheten påverkades av sprickbildningen utfördes progressiv brottanalys.  

Resultaten visar att dammen spricker på nedströmssidan när den utsätts för vattentryck. 

Sprickorna fortplantas under vintern när temperaturlasten appliceras. Sprickmönstret stämmer 

överens med kartering av den verkliga dammen. FE-modellerna med icke-linjärt 

materialbeteende utvecklade en plastisk led längs horisontella sprickor halvvägs ner från krönet. 

Den plastiska leden påverkade dammens utböjda form. Förskjutningarna och dammens utböjda 

form i de ickelinjära modellerna stämmer väl överens med de uppmätta förskjutningarna. Vid 

brottanalysen var säkerhetsfaktorn mot materialbrott i dammen 3. Säkerhetsfaktorn minskade 

något till följd av sprickorna. Under en kall vinter sjönk säkerhetsfaktorn till 2,5.  

Nyckelord: Valvdamm, Betong, Finit elementanalys, Sprickor, Progressiv brottanalys 

 





v 

Preface 

The research presented in this project was carried out from January to June 2017 at Sweco 

Energuide AB in collaboration with the Division of Concrete Structures, Department of Civil 

and Architectural Engineering at the Royal Institute of Technology (KTH). The project was 

initiated by Dr. Richard Malm who also supervised the project, together with adj. prof. 

Manouchehr Hassanzadeh.  

The research presented was carried out as a part of "Swedish Hydropower Centre - SVC". SVC 

has been established by the Swedish Energy Agency, Elforsk and Svenska Kraftnät together 

with Luleå University of Technology, KTH Royal Institute of Technology, Chalmers 

University of Technology and Uppsala University. www.svc.nu. 

The authors would like to extend gratitude to Dr. Richard Malm for his encouragement, advice 

and guidance throughout the project. Alongside the supervisors, a thank you is also extended to 

MSc Agnetha Bergström for the opportunity to carry out the research at Sweco Energuide AB.  

Finally, thanks are extended to Scanscot Technology AB for sponsoring the project with 

licenses for the FE-software BRIGADE/Plus. 

Stockholm, June 2017 

 

Jonas Enzell and Markus Tollsten 





 

vii 

Table of content 

Abstract ..................................................................................................................................... 1 

Sammanfattning ....................................................................................................................... 3 

Preface ....................................................................................................................................... 5 

1   Introduction ....................................................................................................................... 1 

1.1 Background ................................................................................................................ 1 

1.2 Aim ............................................................................................................................ 2 

1.3 Outline ....................................................................................................................... 3 

2   Concrete arch dams ........................................................................................................... 5 

2.1 Principles of design .................................................................................................... 5 

2.2 Mechanical loads ....................................................................................................... 7 

2.2.1 Water pressure ............................................................................................... 8 

2.2.2 Uplift pressure ................................................................................................ 8 

2.2.3 Gravity load ................................................................................................... 9 

2.2.4 Ice load ........................................................................................................... 9 

2.2.5 Seismic load ................................................................................................. 10 

2.3 Thermal load ............................................................................................................ 10 

2.3.1 Temperature distribution .............................................................................. 10 

2.3.2 Thermal stress .............................................................................................. 11 

2.3.3 Ambient temperature ................................................................................... 12 

2.4 Dam behavior and effects from cracking ................................................................. 12 

2.4.1 Crack pattern in arch dams .......................................................................... 12 

2.4.2 Deterioration processes ................................................................................ 13 

2.4.3 Potential failure modes ................................................................................ 14 

3   FE-modelling of concrete dams ...................................................................................... 17 

3.1 Material behavior ..................................................................................................... 17 

3.1.1 Concrete ....................................................................................................... 17 

3.1.2 Reinforcement steel ..................................................................................... 21 

3.2 Nonlinear material models for concrete .................................................................. 22 

3.2.1 Damage theory ............................................................................................. 23 

3.2.2 Plasticity theory ........................................................................................... 24 

3.2.3 Damage-coupled plasticity ........................................................................... 26 

3.2.4 Concrete damaged plasticity in BRIGADE/Plus ......................................... 27 

3.3 Rock and dam interaction ........................................................................................ 29 

3.4 Solution techniques for nonlinear FE-simulations .................................................. 31 

3.4.1 Newton-Raphson method ............................................................................. 32 

3.4.2 Newmark’s method ...................................................................................... 33 



 

viii 

 

3.4.3 Implicit quasi-static solver ........................................................................... 34 

3.5 Calculation of crack width ....................................................................................... 34 

3.6 Progressive failure analysis ..................................................................................... 35 

4   Case study ......................................................................................................................... 39 

4.1 Geometry ................................................................................................................. 39 

4.2 Material properties ................................................................................................... 41 

4.3 Loads ........................................................................................................................ 42 

4.4 Temperature data ..................................................................................................... 42 

4.5 Measured data .......................................................................................................... 43 

5   FE-models for the case study .......................................................................................... 45 

5.1 Geometry ................................................................................................................. 45 

5.2 Mesh ........................................................................................................................ 47 

5.3 Material model ......................................................................................................... 50 

5.3.1 Concrete ....................................................................................................... 50 

5.3.2 Reinforcement .............................................................................................. 52 

5.4 Thermal analyses ..................................................................................................... 53 

5.4.1 Temperature histories ................................................................................... 53 

5.4.2 Simulation properties ................................................................................... 55 

5.5 Mechanical analyses ................................................................................................ 56 

5.5.1 Boundary conditions and contact properties ................................................ 56 

5.5.2 Static load ..................................................................................................... 57 

5.5.3 Thermal cracking ......................................................................................... 58 

5.5.4 Temperature history dependent displacements ............................................ 58 

5.5.5 Progressive failure analyses ......................................................................... 58 

6   Cracking behavior ........................................................................................................... 61 

6.1 Thermal analyses ..................................................................................................... 61 

6.2 Crack pattern ............................................................................................................ 62 

6.2.1 Linear elastic model ..................................................................................... 62 

6.2.2 Model 1 ........................................................................................................ 63 

6.2.3 Model 2 ........................................................................................................ 64 

6.2.4 Crack width .................................................................................................. 65 

6.3 Displacements .......................................................................................................... 66 

6.3.1 Linear elastic model ..................................................................................... 66 

6.3.2 Model 1 ........................................................................................................ 67 

6.3.3 Model 2 ........................................................................................................ 68 

6.4 Evaluation of the mechanical FE-model .................................................................. 69 

6.4.1 Friction coefficient of the dam-rock interaction .......................................... 69 

6.4.2 Parameter study of the fracture energy ........................................................ 70 

7   Evaluation of results ........................................................................................................ 73 



 

ix 

7.1 Evaluation of crack pattern ...................................................................................... 73 

7.2 Evaluation of displacements .................................................................................... 74 

8   Evaluation in ultimate limit state ................................................................................... 79 

9   Discussion ......................................................................................................................... 83 

9.1 Fracture energy ........................................................................................................ 83 

9.2 Foundation contact ................................................................................................... 84 

9.3 Evaluation against measurements ............................................................................ 85 

9.3.1 Crack pattern and displacements ................................................................. 85 

9.3.2 Quality of measurement data ....................................................................... 87 

9.3.3 Usage of a linear elastic model .................................................................... 88 

9.4 Progressive failure analysis ..................................................................................... 88 

10   Conclusions and further research .................................................................................. 89 

10.1 Conclusions .............................................................................................................. 89 

10.2 Further research ....................................................................................................... 90 

Bibliography ........................................................................................................................... 91 

Appendix A. Temperature data ............................................................................................ 95 

Appendix B. Comparison between calculated and measured displacements ................... 99 

 

 



 

 

 

 

 

 



 

1 

 

1  

 

Introduction 

1.1 Background 

Arch dams are one of three principal designs of concrete dams. They are thinner than gravity 

dams and transfer horizontal loads through arch action. Arch dams are most suitable in deep 

and narrow valleys, see Figure 1.1. Thin concrete dams are sensitive to seasonal temperature 

variations (USACE, 1994). In cold climates, thermal cracks often occur during the winter. The 

cracks initiate in the downstream parts of the dam where the concrete shrinks and tensile stresses 

occurs. In warm climates, the thermal expansion pushes the arch in the upstream direction 

during the summer (Tarbox and Charlwood, 2014). If the displacement is too large, the 

stabilizing pressure can be lost and cracks may occur along the foundation and in the contraction 

joints. The cracking caused by seasonal temperature variations is often cyclic and the cracks 

grow successively over several years.  

 

Figure 1.1: The Drăgan Floroiu arch dam, Romania (ICOLD, 2017) 

Sweden has many concrete dams connected to hydropower plants, these are an essential part of 

the infrastructure. In total, five large arch dams exist in Sweden according to Nordström et al. 

(2015), where two of these are about 40 m high. Most of the Swedish concrete dams were built 

between 1950 and 1970 and the maintenance of these dams poses an increasing challenge to 

the engineering community. Sweden has large seasonal temperature variations over the year 
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with cold winters. Several dams have developed cracks because of the seasonal temperature 

variations.  

Thermal cracking during the hydration and the subsequent cooling of concrete has been studied 

extensively for dams and other massive concrete structures. The influence from seasonal 

temperature variations has been less studied, but have been shown to cause cracking in concrete 

dams. For example, using FEA, Maken et al. (2014) showed how cracking occurred in a 

multiple arch dam in Quebec, Canada and Malm and Ansell (2011) simulated  how cracking 

occurred in a Swedish buttress dam, both due to seasonal temperature variations. Seasonal 

temperature variations have a large impact on the displacements in concrete dams as well. For 

example, using FEA, Léger and Seydou (2009) reproduced the crest displacements in a gravity 

dam in Quebec, Canada and Andersson and Seppälä (2015) reproduced the crest displacements 

of a Swedish arch dam due to seasonal temperature variations.  

The impact from cracks on the safety of a Swedish concrete buttress dam was studied by Fu 

and Hafliðason (2015) using numerical analysis. The failure modes of arch dams have been 

studied with reduced scale tests by Oliveiraa and Fariab (2006) and Zhang et al. (2014). 

Limited research has been performed on the cracking of arch dams due to seasonal temperature 

variations. Increased knowledge about the cracking behavior will be useful in both design of 

new arch dams and in the maintenance of old dams. In most cases, calibrated linear elastic FE-

models are used to predict the displacements in the dam, for example Andersson and Seppälä 

(2015). The linear elastic models can be well calibrated to certain parts of a dam. If the dam has 

undergone nonlinear deformations such as cracking or crushing, a linear elastic model will not 

be able to capture the entire behavior of the dam. More research about the displacements of 

deformed concrete dams could lead to more sophisticated dam monitoring programs and 

improve dam safety.  

Arch dams have a good ability to transfer loads around damaged sections. However, the 

consequences of a dam failure are devastating. The effect on the dam safety of nonlinear 

behavior such as cracking from temperature variations is therefore important to analyze.  

Finite element analysis (FEA) is a powerful tool for predicting the behavior of structures and 

especially useful to analyze nonlinearities. FEA will be used in this project to predict the crack 

pattern and displacements of a Swedish concrete arch dam. The nonlinear behavior is caused 

by the material models and the thermal loading. The dam safety and the impact on the safety 

from cracking and temperature variations in the arch dam will also be analyzed using FEA. The 

FE-software BRIGADE/Plus was used to perform all numerical analyses.  

The arch dam studied in this project is used in one of the themes in the upcoming conference 

14th ICOLD International Benchmark Workshop on Numerical Analysis of Dams. The 

participants of the conference will predict the crack pattern and the displacements of the dam 

using FE-analysis. The authors of this report will also attend the conference with a contribution 

based on the results from Chapter 6 in this report.  

1.2 Aim  

The aim of this project was to predict the displacements and crack pattern of a concrete arch 

dam located in northern Sweden, which is subjected to seasonal temperature variations. To 
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predict the crack pattern, the finite element method is used. The analyses were performed before 

obtaining any information about the displacements or crack pattern from the Swedish dam.  

The research questions studied in this project are: 

- How do cracks arise in arch dams exposed to seasonal temperature variations? 

- Is it possible to predict the crack pattern and displacements in a concrete arch dam 

exposed to seasonal temperature variations?  

- How is dam safety affected by cracks and temperature variation caused by seasonal 

temperature variations? 

1.3 Outline 

The structure of the report and the content of each chapter is presented below.  

In Chapter 2, basic design principles and the behavior of arch dams are described. Mechanical 

and environmental loads acting on dams and the behavior and potential failure modes of arch 

dams are presented. 

In Chapter 3, concepts of finite element methods (FEM), relevant to modeling dams and 

massive concrete structures are presented. Material characteristics of concrete and 

reinforcement relevant to thermal and mechanical FE-analyses are presented.  

In Chapter 4, the case study and the studied arch dam are presented. The geometry, material 

properties and mechanical and thermal loads are described. Measurements for evaluation of the 

model are also presented.  

In Chapter 5, the procedure of the FE-analyses is described. The model, mesh, material model, 

loads, boundary conditions and solution methods for the thermal and mechanical analyses are 

presented.  

In Chapter 6, 7 and 8, the results are presented. Chapter 6 presents results from the thermal 

analyses and the calculated extent of the cracking of the arch. Chapter 7 presents results from 

the evaluation of the crack pattern and displacements. Chapter 8 presents the results of the 

failure analyses.  

Discussion of the results, the method and simplifications that have been made are presented in 

Chapter 9. Conclusions and suggestions for further research are presented in Chapter 10.  
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Concrete arch dams 

2.1 Principles of design  

Arch dams are curved in the horizontal plane. They are constructed using solid concrete cross 

sections. The dam transfers horizontal hydrostatic loads to the foundation and abutments using 

arch action (USBR, 1977). The arch action transfers loads through compression along the axis 

of the arch (Figure 2.1). The arch is shaped as thin as possible to optimize the utilization of the 

compressive strength of the concrete.  The design also aims to eliminate tensile stress in the 

structure. To achieve a uniform stress distribution, the arch is designed with smooth, circular 

features without sharp corners. Arch dams are usually unreinforced. However, arch dams in 

low and wide valleys might require reinforcement (Malm, 2017).  

 

Figure 2.1: Terms used for arch dams, reproduction from several figures in USACE (1994) 

While casting massive concrete structures, large amounts of heat is produced. The heat induces 

thermal expansion, which can damage the structure. Arch dams are therefore casted as separate 
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monoliths with contraction joints between as illustrated in Figure 2.2 (USACE, 1994). The 

separation allows for free thermal expansion during the casting and cooldown period, which 

reduces the restraining forces. The contraction joints are built with shear keys to transfer loads 

better and are grouted when the structure is finished. The grouted joints are more sensitive to 

tensile stress than the monoliths due to their lower tensile strength.  

 

Figure 2.2: Construction of the arch dam Sarvsfossen, Norway. The dam is casted as separate 

monoliths and the shear keys are visible (Agder Energi, 2017) 

To ensure that arch action is achieved, the ratio between the crest length and the height of the 

dam must be kept relatively low. USACE (1994) recommends a length to height ratio (L/H-

ratio) below six. This makes arch dams suitable for deep and narrow valleys. The shape of the 

dam sites varies and the arch is designed accordingly. In deep, narrow valleys, the arch is 

designed with a single center point (USACE, 1994). In unsymmetrical valleys with one steep 

and one flat wall, the arch is modelled with two center points. In wide valleys, arches are given 

a more elliptical shape with three center points. Examples of the various layouts are depicted in 

Figure 2.3.  

 
(a) (b) (c) 

Figure 2.3: Various layouts of arch dams with a single center point (a) two center points (b) 

and three center points (c) (USACE, 1994) 

Arch dams, which are only curved in the horizontal plane, are called single curvature dams. 

Single curvature dams were most common before 1950 (USACE, 1994). Arch dams with an 

additional curvature in the vertical section are called double curvature arch dams, see Figure 
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2.4. By adding double curvature, the dam can utilize arch action in the vertical section and 

transfers loads more efficiently. 

  

Figure 2.4: Single and double curvature arch dam (USACE, 1994) 

Arch dams are slender but carry large forces; large pressures are therefore generated in the 

foundation. It is preferable to build arch dams on solid rock with few shears and faults. USACE 

(1994) recommends making the dam-rock interface as smooth as possible by removing all 

weathered rock and all prominent points. That way, stress peaks and other structural 

inefficiencies can be reduced. The rock is usually excavated so that the base of the arch is 

extended into the foundation. This way, the risk for gaps between the base of the arch and the 

foundation is minimized (USACE, 1994). It also prevents the dam from sliding while retaining 

some capacity for rotation to relieve stresses.   

There are five large concrete arch dams in Sweden (Nordström et al., 2015). ICOLD consider 

dams with a height over 15 m to be large. The two largest arch dams in Sweden has a height of 

about 40 meters. Due to the smooth alpine landscape in Sweden, few rivers run in narrow 

gorges. Compared to international concrete arch dams, the Swedish dams are therefore low and 

wide, with a L/H-ratio close to five. Due to the low L/H-ratio, all Swedish arch dams are 

reinforced. The Swedish Power Companies' guidelines for dam safety, (RIDAS, 2011) are used 

as the code for dam safety in Sweden. It includes guidelines for gravity and buttress dams but 

does not provide specific guidelines for arch dams. However, the prescribed values and 

procedures in RIDAS are often used in analysis of arch dams in Sweden (Andersson et al., 

2016).  

2.2 Mechanical loads 

Arch dams are exposed to the same loads as other dams. However, they are more sensitive to 

temperature loads than gravity dams (USACE, 1994). According to USACE (1994), the 

following should be considered in design of arch dams: gravity, reservoir water, temperature 

changes, silt, ice, uplift and earthquake loads (Figure 2.5). The mechanical loads will be 

presented in this section, while the temperature load will be presented in Section 2.3.  
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Figure 2.5: Loads on dams 

2.2.1 Water pressure  

The reservoir water will apply a hydrostatic pressure on the dam. Depending on the design, the 

dam might have a water level on the downstream side as well. The hydrostatic pressure acts 

perpendicular to the exposed surfaces. The magnitude depends on the density of water and 

increases linearly with the distance below the surface according to  

𝑝 = 𝜌𝑤 𝑔 ℎ 
(2.1) 

where 

𝜌𝑤 is the density of water [kg/m3] 

𝑔 is the gravitational acceleration [m/s2] 

ℎ is the distance below the surface [m] 

2.2.2 Uplift pressure 

The hydrostatic pressure affects the pore pressure in the adjacent materials. In porous materials, 

such as soil and gravel, this will result in an upwards pressure underneath the dam. Arch dams 

are typically built on rock but uplift will occur in cracks and fissures where water can enter, 

both in the dam structure and the foundation (Ghanaat, 1993). The uplift pressure reduces the 

normal pressure beneath the dam, which leads to less potential friction and a lower resistance 

to sliding failure. The uplift has a considerable effect on the sliding stability of gravity dams 

and thick arch dams, but can normally be neglected in thin arch dams (Ghanaat, 1993). Systems 

to reduce the uplift such as grout curtains and drainage systems are installed in most dams.  
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2.2.3 Gravity load 

The solid concrete cross sections make dams heavy. The dam section and foundation needs to 

be designed for the gravity load, which is calculated as the product of the unit weight of concrete 

and the volume as  

𝐺 = 𝛾𝑐 ∗ 𝑉 
(2.2) 

where 

𝛾𝑐 is the unit weight of concrete [N/m3] 

𝑉 is the volume [m3] 

The gravity load can have a beneficial effect on the stress distribution in the structure. Double 

curvature arch dams can be designed with overhang or undercutting, see Figure 2.6 (USACE, 

1994). Overhang of the crest reduces the tensile stress in the upper section of the downstream 

face. Undercutting refers to when the foundation of the arch undercuts the concrete above it in 

the upstream face. This reduces the risk for horizontal crack propagation along the foundation, 

which is often an issue with arch dams.  

  

Figure 2.6: Double curvature arch dam with overhang in the downstream face and 

undercutting in the upstream face to reduce tensile stresses  

2.2.4 Ice load 

Ice load refers to a horizontal pressure that develops from contact with ice. Ice loads are larger 

in cold climate and varies seasonally. The magnitude of the ice load is complex to estimate due 

to influence from several factors (Johansson et al., 2013). The thermal expansion of the ice, the 

variation of water level, wind loads and water streams influences the ice load. Since no globally 

accepted model is available to determine the ice load based on these factors, a standard value 

is usually used in design. The standard value in northern Sweden is a line load of 200 kN/m, 

applied along the surface of the water (RIDAS, 2011). An ice thickness of 1 meter should be 

used with a triangular pressure distribution in the vertical direction.  



CHAPTER 2. CONCRETE ARCH DAMS  

10 

 

2.2.5 Seismic load 

When building dams, earthquakes are the dominating load in most countries. Seismic activity 

causes ground motions, which causes dynamic effects in structures. The dynamic loads can 

cause tensile stresses which are especially problematic in the contraction joints which might 

separate (Ghanaat, 1993). Earthquakes have also caused damage in the foundation of arch dams 

(Tarbox and Charlwood, 2014). In Sweden, earthquakes are generally not considered in design 

due to the low seismic activity (RIDAS, 2011).  

2.3 Thermal load 

Thermal variations in massive concrete structures can be divided into three stages (Townsend, 

1981). The first stage is the curing of the concrete, when heat is generated during the hydration 

process. The heat production is reduced by modifying the composition of the concrete and by 

adding cooling systems. The intermediate period is when the concrete cools down and assumes 

the temperature of the environment. The time for this period depends on the geometry and mass 

of the structure. Finally, the structure enters the serviceability stage where the structure is 

subjected to the ambient temperature variations. The serviceability stage will be in focus in this 

report. 

2.3.1 Temperature distribution  

It takes a long time for massive concrete structures to reach thermal equilibrium with the 

environment. This is a result of the high specific heat and a relatively low thermal conductivity 

of concrete. When following the temperature fluctuations of the environment, the temperature 

distribution in large concrete structures will not be linear. A linear temperature distribution will 

only be achieved in thin concrete structures or after a long time in an environment with constant 

temperature.  

An example of the temperature distribution in a large concrete section is depicted in Figure 2.7. 

The section is 5 meters wide and the initial temperature was set to 4 ˚C. One side was heated to 

20 ̊ C and a transient thermal FE-analysis was performed. As seen in the figure, the temperature 

in the concrete close to the surface will change quite rapidly while the temperature in the center 

of the section will be more stable. The daily temperature variation will affect the temperature 

less than 1 m into a cross section, while the seasonal temperature variations will propagate 5-6 

m into a massive concrete structure (Malm, 2016). 
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  Figure 2.7: Temperature distribution in a 5 m thick concrete cross section from a transient 

analysis, with an initial temperature of 4 ˚C and an applied temperature of 20 ˚C on one side. 

The temperature was applied using a film condition. The temperature distributions at different 

time steps are compared  

2.3.2 Thermal stress 

The thermal load results from the difference in thermal expansion between the stress-free 

temperature and the operational temperature (USACE, 1994). In arch dams, the stress-free 

temperature is the temperature when the contraction joints were closed. When the contraction 

joints are closed, the arch will act as a monolith and can be assumed to be free from thermal 

stress.  

Free thermal expansion will not cause stress in the concrete, only a volumetric change. 

However, restrained expansion will cause stresses, which might result in cracking and 

deterioration of the concrete. In large structures, the material expansion is often restrained by 

mechanical loads, constraints, or uneven material expansion.  

During the winter when the air is colder than the water, the concrete in the downstream face 

will shrink relative to the upstream face (USACE, 1994). This will cause tensile stresses on the 

downstream face of the dam, which makes the dam lean downstream. In the summer time, the 

air will be warmer than the water and this will cause compressive stress on the downstream 

face, which makes the dam to lean upstream.  

Temperature variations have been shown to cause cracking in concrete dams (Tarbox and 

Charlwood, 2014). These cracks often propagate over several cycles of temperature variation 

(Malm and Ansell, 2011). The cracking might be initiated by an extreme event such as the first 

filling of the reservoir, an earthquake or extreme temperatures (Tarbox and Charlwood, 2014). 

If the cracking is initiated by an extreme event, it might expand during the following cycles of 

thermal expansion. Cracking due to cyclic thermal expansion often occur close to restraints or 

in large, massive areas without contraction joints 
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2.3.3 Ambient temperature 

In northern Sweden, the temperature can vary between 30 ˚C in the summer and -40 ˚C during 

the winter. For serviceability analysis of massive concrete structures, temperature variations 

over less than a week is normally not interesting (Malm, 2016). Weekly or monthly mean 

temperatures are therefore often used in thermal analysis of dams. The temperature in the water 

varies with the air temperature but due to the specific heat of water, the water temperature is 

more stable. In the winter time, the surface water freezes but the temperature of the non-frozen 

water will not fall below 0 ˚C. If no measurements of water temperature is available, Malm 

(2016) gives an approximation of the water temperature as 

𝑇𝑤𝑎𝑡𝑒𝑟 = 0.8 ∗ 𝑇𝑎𝑖𝑟 , 𝑇𝑤𝑎𝑡𝑒𝑟 > 0 ˚C 
(2.3) 

In still water, the temperature at the surface will vary with the seasonal temperature variations. 

However, the water below 10 meters will have a constant temperature close to 4 ˚C (Malm, 

2016). If the water is turbulent, which is often the case close to dams; the temperature 

distribution will be close to uniform through the depth of the reservoir.  

In southern regions, with considerable sun exposure, solar radiation has proved to be an issue 

in massive concrete structures (FERC, 1999). Solar radiation will increase temperature 

difference in the dam and can cause temperature peaks in the surface of the concrete. The 

amount of heat from the solar radiation depends on the latitude as well as the orientation and 

angle of the dam face. It has a larger effect during the summer. In Sweden, the solar radiation 

is usually neglected in the analysis of dams because of the high latitude. In addition, the 

downstream face of many dams is insulated to reduce the temperature gradient during the 

winter. This also blocks the direct solar radiation.  

2.4 Dam behavior and effects from cracking  

2.4.1 Crack pattern in arch dams 

If arch dams are well designed, they carry loads efficiently. However, there are certain crack 

patterns, which are common in arch dams. Cracks often occur in abrupt changes of the geometry 

in the layout of the arch or around openings, such as galleries and spillways (USACE, 1994).  

Horizontal cracks can occur in the cantilever element of arch dams (USACE, 1994). In the 

upstream face of the arch, tensile stresses can arise along the foundation (Figure 2.8).  In the 

downstream face, stresses arise higher up, around half the height of the dam. This crack pattern 

is common in low and wide dams and single curvature dams. By utilizing overhang and 

undercutting, the tensile stress is reduced in double curvature arch dams, see Section 2.2.3.  
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Figure 2.8: Cracking of the cantilever elements of an arch dam 

Pont-du-Roi is a French arch dam with a high L/H-ratio. It gives a good example of the crack 

pattern shown in Figure 2.8. During the first filling of the reservoir, it developed a horizontal 

crack along the downstream face of the dam (Tarbox and Charlwood, 2014). The crack 

propagated down to the abutments on the sides of the dam (Figure 2.9). A horizontal crack also 

developed on the upstream face of the dam, close to the foundation.  

 

Figure 2.9. Crack pattern of the arch dam Pont-du-Roi (Tarbox and Charlwood, 2014). 

In the arch, the stress is often highest along the foundation and abutments where the horizontal 

load is transferred to the rock (USACE, 1994). Many arch dams have cracks along the 

foundation and abutments.  

Structural joints and contraction joints are weaker than the rest of the structure (FERC, 1999). 

Cracking is often initiated in the joints. The joints might even separate and be the cause of 

potential failure modes.  

2.4.2 Deterioration processes  

Cracks have a significant effect on the deterioration of concrete structures. Open cracks will 

allow water and chemicals to enter (Tarbox and Charlwood, 2014). Water and chemicals can 
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increase the deterioration rate of concrete and cause corrosion of the reinforcement. It can also 

result in freeze-thawing damage.  

Large cracks can cause permanent deformation and local softening of the material. The local 

permanent deformations can affect the deflected shape of the arch (Tarbox and Charlwood, 

2014). The softening of the material could also cause additional deflection as illustrated in  

Figure 2.10 (Malm, 2017).  

 

Figure 2.10: Increased deflection (Malm, 2017) 

Excessive cracking can result in leakage. This may be considered a failure even though it might 

not threaten the global stability of the dam (Tarbox and Charlwood, 2014). Leakage can lead to 

erosion of the concrete. The erosion can weaken the structure. If the leakage occurs close to the 

foundation, the risk for sliding might increase.  

2.4.3 Potential failure modes 

The combination of cantilever and arch action provides good ability to allocate stresses if parts 

of the structure are overloaded or cracked. The stress redistribution could cause unintended 

stress concentrations. Stress concentrations can result in local weakening of the cross section 

with crushing or increased cracking, which might reduce the strength in the ultimate limit state. 

However, in most cases, arch dams provide good load carrying capacity. The arch structure is 

not likely to fail even under extreme loading conditions (USBR and USACE, 2015). In fact, 

there are no recorded structural failures of arch dams which were initiated by material failure 

in the concrete. 

Historically, the most common failure mode in concrete arch dams is sliding failure in the 

foundation or abutments (USBR and USACE, 2015). Sliding failure usually occur in the 

interface between the dam and rock or in faults in the rock but they rarely occur spontaneously. 

They are usually initiated by an event such as the first filling of the dam, earthquakes, or floods. 

Cracks along the foundation or the abutments of an arch dam will weaken the shear resistance 

and increase the risk for sliding failure. If the crack is filled with water, the dam will have 

increased uplift locally, which might further decrease the resistance to sliding failure (FERC, 

1999). 
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The stability of arch dams relies on hydrostatic pressure on the upstream face of the dam. Low 

reservoir water level reduces the stability of the arch. Combined with earthquake loads the 

vertical joints could separate and a monolith could fall out (Goldgruber, 2015). A risk for 

instability failure could also occur during warm summers when the thermal expansion leans the 

dam in the upstream direction, which reduces the compression in the vertical joints (Tarbox and 

Charlwood, 2014). 
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FE-modelling of concrete dams 

3.1 Material behavior  

3.1.1 Concrete 

Concrete is an anisotropic material characterized by large compressive strength, low tensile 

strength and a brittle failure. The tensile failure is more brittle than the compressive failure. In 

a simple mechanical analyses, where nonlinearity will not be crucial for the behavior of the 

structure or stresses are low, concrete may be assumed linear elastic. Eurocode 2 (2013) defines 

the mean elastic modulus as  

𝐸𝑐𝑚 = 22 (
𝑓𝑐𝑚

10
)

0,3

 (3.1) 

where 

𝑓𝑐𝑚 is the mean cylindrical compressive strength of concrete [MPa] 

According to fib (2010) the density of concrete unreinforced concrete varies between 2000-

2600 𝑘𝑔/𝑚3. ACI (2007) did a study where they tested the density of the concrete in 18 

American concrete dams and found that the density varied between 2360-2550 𝑘𝑔/𝑚3. Malm 

(2016) gives a unit weight of 24 𝑘𝑁/𝑚3, which is often used in design.  

According to fib (2010) the Poisson’s ratio of concrete varies between 0.14-0.26, where 0.2 is 

an accurate estimation. Eurocode 2 (2013) gives a Poisson’s ratio of 0.2 for uncracked 

concrete.  

Uniaxial compressive behavior  

The behavior of concrete is dependent on microcracks. In uniaxial compression, microcracks 

arise due to tensile strains perpendicular to the loading direction, see Figure 3.1 (Mang et al., 

2003). The microcracks will start forming around 40 % of the compressive strength, which 

makes the stress-strain relationship linear. When the stress rises, the stress-strain relationship 

shows a gradual curvature as the microcracks propagate until the compressive strength is 

reached. When the stress reaches the compressive strength, strain softening will commence and 

Chapter 
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the stress drops until the concrete fails. Eurocode 2 (2013) gives the ultimate strain 휀𝑐𝑢1 =
3.5 ‰ in design for normal strength concrete. 

 

Figure 3.1: Compressive stress-strain relationship and the crushing of concrete (Mang et al., 

2003)  

Eurocode 2 (2013) provides the following compressive stress-strain relationship 

𝜎𝑐 = (
𝑘 ∗ 𝜂 − 𝜂2

1 + (𝑘 − 2) ∗ 𝜂
) ∗ 𝑓𝑐𝑚 

(3.2) 

where 

𝜂 is the ratio between the compressive strain and the strain at the peak stress, 𝜂 = 휀𝑐/휀𝑐1  

휀𝑐 is the compressive strain  

휀𝑐1 is the compressive strain at peak stress 𝑓𝑐, 휀𝑐1 = 0.8𝑓𝑐𝑚
0,31  

𝑘 is a factor relating the Young’s modulus to 휀𝑐1, 𝑘 = 1.05 𝐸𝑐𝑚
|𝜀𝑐1|

𝑓𝑐𝑚
  

Uniaxial tensile behavior  

When the concrete is loaded in tension, the microcracks will be stable until 60 % of the tensile 

strength and the stress-strain relationship will be linear, see Figure 3.2 (Mang et al., 2003). After 

the linear phase, until the tensile strength is reached, the stiffness of the concrete will gradually 

decrease. When the tensile strength is reached, the microcracks propagates into continuous 

cracks and the concrete quickly loses the load carrying capacity.  

 

Figure 3.2: Development of the tensile failure of concrete (Mang et al., 2003)  
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It is usually sufficiently accurate to assume linear elasticity up to the tensile strength (Malm, 

2016). In Eurocode 2 (2013), the mean tensile strength (𝑓𝑐𝑡𝑚) of concrete varies between 1.5 

and 5.0 MPa and is calculated as  

𝑓𝑐𝑡𝑚 = {
0.30 ∗ 𝑓𝑐𝑘

2
3                       𝑓𝑜𝑟 ≤ 𝐶50/60

2.12 ∗ ln (1 +
𝑓𝑐𝑚

10
)        𝑓𝑜𝑟 > 𝐶50/60

 
(3.3) 

where  

𝑓𝑐𝑘 is the characteristic cylinder compressive strength [MPa] (𝑓𝑐𝑘 = 𝑓𝑐𝑚 + 8 𝑀𝑃𝑎)  

In design, cracked concrete is usually assumed not to take any tensile stress. This assumption 

is often not sufficiently accurate while evaluating the actual behavior of structures. The cracked 

tensile behavior of concrete is described with the fracture energy and a crack-opening curve 

(Malm, 2016). The fracture energy describes the energy required to open a unit area of a crack 

until it is stress free, it is often expressed in [𝑁𝑚/𝑚2] (Karihaloo, 2003). The fracture energy 

depends on many variables such as the water/cement ratio, maximum aggregate size, age of the 

concrete, curing conditions and the size of the structure (fib, 2010). The fracture energy is best 

decided through experiments but can according to fib (2010) be estimated as  

𝐺𝑓 = 73 ∗ 𝑓𝑐𝑚
0.18  

(3.4) 

The expression assumes normal aggregate sizes. In massive concrete structures, such as dams, 

large aggregates are normally used. Higher fracture energies can therefore be expected in these 

applications (Malm, 2016). 

The crack-opening curve describes the decreasing residual tensile stress in the concrete while 

the cracks propagates. The area under the crack-opening curve corresponds with the fracture 

energy. The three most common crack-opening curves are the linear, bilinear- and exponential 

expressions presented in Figure 3.3 (Malm, 2009).  

 

Figure 3.3: A linear, bilinear and exponential crack-opening curve (Malm, 2009) 

The linear and bilinear expressions are given in the figure and the exponential curve is 

calculated as 

𝜎

𝑓𝑡
= 𝑓(𝑤) −

𝑤

𝑤𝑐
𝑓(𝑤𝑐) 

(3.5) 
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where  

𝑓(𝑤) = (1 + (
𝑐1𝑤

𝑤𝑐
)

3

) 𝑒
−

𝑐2𝑤
𝑤𝑐  

(3.6) 

where 

𝑤 is the crack displacement  

𝑤𝑐 is the stress-free crack width  

𝑐1 is a material parameter, 𝑐1 = 3.0 for normal density concrete  

𝑐2 is a material parameter, 𝑐2 = 6.93 for normal density concrete  

Regardless of which curve is used, the cracks are initiated at the tensile strength. However, the 

rate of unloading and the stress-free crack displacement will differ. The exponential crack-

opening curve is closest to the real unloading-behavior. The fracture energy is equal in the three 

curves.  

In FE-modelling, it is recommended to define the crack-opening curve dependent on 

displacement rather than the strain (Malm, 2016). If the crack-opening curve is dependent on 

the strain, the model will be mesh sensitive and the fracture energy will vary depending on the 

element size.  

Multiaxial behavior 

The behavior of concrete in multiaxial loading is different from the uniaxial loading. Figure 3.4 

depicts a failure envelope for concrete subjected to biaxial loading. The direction of the cracks 

depends on the principal stress.  In the state of simultaneous tension and compression, the 

strength in both compression and tension will be reduced. During biaxial tension, the strength 

of the concrete is not affected noticeably. Under biaxial compression, with 𝜎1 = 𝜎2, the 

concrete will be partially confined which increases the strength of the material (Malm, 2016). 

The concrete is typically 16 % stronger in biaxial compression than in uniaxial compression. 

The triaxial failure envelope resembles the biaxial failure envelope except for the triaxial 

compression. If concrete is confined in three directions, it can take higher loads. In Eurocode 2 

(2013), the strength for confined concrete can be increased by 375 %.  
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Figure 3.4: Biaxial failure envelope (Malm, 2006) 

Thermal properties  

The thermal properties of concrete is primarily depending on the aggregate content and the 

moisture condition of the material (Kim et al., 2003). Concrete has a moderate thermal 

conductivity, higher than other building materials such as wood but lower than metals. ACI 

(2007) performed tests of the thermal properties of the concrete in 18 dams around North 

America. They found that the thermal conductivity in varied between 1.6 and 3.7 W/(m*K). 

The same paper found that the specific heat varies between 870 and 1090 J/(kg*K).  

According to FHWA (2011), the thermal expansion of concrete varies between 0.73 ∗ 10−5 

and 1.3 ∗ 10−5 and ACI (2007) a variation between 0.77 −  1.25 ∗ 10−5 in dams. Eurocode 2 

(2013) gives a thermal expansion of 10−5 𝐾−1. The thermal expansion of steel and concrete are 

similar, which is advantageous since the differential material expansion usually can be 

disregarded. 

3.1.2 Reinforcement steel  

Steel is an isotropic material with a ductile failure. Steel is assumed linear elastic until it reaches 

the yield stress. According to Eurocode 2 (2013), the elastic modulus can be assumed to be 

200 𝐺𝑃𝑎, the Poisson’s ratio 0.3 and the density 78.5 𝑘𝑁/𝑚3 for reinforcement steel. 

A typical stress-strain curve is presented in Figure 3.5 (a). In Eurocode 2 (2013), the stress-

strain relationship is represented with a bilinear curve (Figure 3.5 (b)). The bilinear curve is 

defined by the elastic modulus 𝐸, the yield strength 𝑓𝑦𝑘, the ultimate strength 𝑘𝑓𝑦𝑘 and the 

ultimate strain 휀𝑢𝑘. Eurocode 2 (2013) suggests the following values 
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𝑓𝑦𝑘 = 500 𝑀𝑃𝑎  

𝑘𝑓𝑦𝑘 =  540 𝑀𝑃𝑎 ↔  650 𝑀𝑃𝑎  

휀𝑢𝑘 = 5 %.  

Steel is usually assumed isotropic and a von Mises failure criterion can be used for the 

multiaxial behavior.  

 
(a) (b) 

Figure 3.5: a) Stress strain curve of reinforcement steel, b) representation according to 

Eurocode 2 (Malm, 2016) 

3.2 Nonlinear material models for concrete  

There are two different approaches to modelling cracking behavior in concrete, smeared and 

discrete crack models (Malm, 2016). The two methods are depicted in Figure 3.6. In discrete 

cracking, a crack plane is defined and the rest of the structure is linear elastic. This generates a 

physical crack. In smeared cracking, the crack is distributed over an element. The failure is 

represented by reduced stiffness after the tensile or compressive strength is reached. Smeared 

cracking has the advantage that the location of the crack does not need to be known before the 

analysis. Cracks can be initiated anywhere in the structure. A cracked element represents a 

region with a scatter of minor cracks and dominant cracks will only appear in the late stages of 

loading. This report will focus on smeared cracking.  

 

Figure 3.6: A discrete and a smeared crack modelling (Malm, 2006) 
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There are three basic theories behind modeling cracks in concrete; fracture mechanic theory, 

damage theory and plasticity theory (Malm, 2016). The three theories all introduce cracks as a 

local reduction of the stiffness in the structure where the crack appears. This report will focus 

on plasticity theory, damage theory and damage-coupled plasticity. Concrete damaged 

plasticity, a material model in BRIGADE/Plus, which utilizes damage-coupled plasticity, will 

also be presented.  

3.2.1 Damage theory 

In damage theory, a damage parameter (𝑑) is introduced that reduces the stiffness of the 

material. The damage parameter represents the amount of damage in the material (Malm, 2016). 

The damage parameter is zero for uncracked concrete and reaches one when the concrete is 

completely cracked. The damage parameter can be illustrated with a cross section area, which 

is progressively reduced as the material fails as seen in Figure 3.7. The size of the damage 

parameter is defined with a failure criterion. For low confining pressures, the failure criteria 

can be based on the biaxial failure envelope.  

 

Figure 3.7: Reduced stiffness illustrated as a percentage of the sectional area using damage 

theory (Malm, 2016). 

In simple damage theory, the material is idealized to be isotropic, i.e. the damage has the same 

impact on the material in all directions (Malm, 2016). The stiffness is calculated as 

𝑫𝑠 = (1 − 𝑑) ∗ 𝑫0 
(3.7) 

where 

𝑫𝑠 is the secant stiffness matrix 

𝑫0 is the initial stiffness matrix 

To represent the anisotropic behavior of concrete, two different damage parameters are 

introduced, 𝑑𝑡 for tension and 𝑑𝑐 for compression. The uniaxial damage evolution is depicted 

in Figure 3.8. The damage parameter reduces the stiffness but does not leave any permanent 

displacements after unloading.  
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Figure 3.8: Uniaxial damage evolution 

Damage theory is easy to use, since it requires few material properties, which can be captured 

in standard tests. Since the stiffness matrix only changes with an external parameter, the 

calculation time required for analysis is short (Malm, 2016). The theory does not cause any 

permanent deformations after unloading.  

3.2.2 Plasticity theory 

Plasticity theory is normally used for analyzing ductile materials, such as metals. With some 

modification, plasticity theory can be used for modelling concrete, which is a quasi-brittle 

material. The flow theory of plasticity is usually used for concrete rather than the total 

deformation theory (Karihaloo, 2003). The flow theory assumes small strains and relates the 

stresses to stress rates rather than the total strain. The strain is divided into an elastic (휀𝑒𝑙) and 

a plastic (휀𝑝𝑙) part. The plastic strain describes the permanent displacement from cracking and 

crushing. The material is linear elastic up to an initial elastic limit. After the elastic limit is 

reached, the material will deform plastically.  

In compression, the concrete will be elastic to 30-60 % of the compressive strength. Strain 

hardening will then commence until the compressive strength is reached. When the compressive 

strength is reached, the material will soften. In tension, the concrete will be elastic until 70-80 % 

of the tensile strength, but it is often sufficiently accurate to assume linear elasticity until the 

tensile strength is reached. After the tensile strength is reached, the material will soften. The 

tensile plastic evolution can be described with the crack opening curves described in Section 

3.1.1. Figure 3.9 presents the typical uniaxial plastic stress-strain relationship for concrete. 

When the material is unloaded, the elastic strain will be recovered. The unloading will have the 

same stiffness as the initial elastic modulus. If the material is loaded again, it will follow the 

track of the unloading and resume the strain softening.  
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Figure 3.9: Uniaxial plastic stress-strain relationship for concrete 

Yield surface 

In a multiaxial system, the elastic limit will be defined using a yield surface in the stress-space 

(Malm, 2009). The biaxial and triaxial behavior of concrete is similar; a biaxial yield function 

is therefore used if low confining pressure is expected. For metals, von Mises yield-function is 

often used as the yield surface. The most commonly used models for concrete are Drücker -

Prager or Mohr-Coulomb yield functions (Figure 3.10). Many modifications have been done to 

the original yield surfaces represent experimental data better.  

 
(a) (b) (c) 

Figure 3.10: Von Mises (a), Drücker -Prager (b) and Mohr-Coulomb (c) biaxial failure 

criterion in biaxial loading (Malm, 2006) 

Hardening 

When the yield stress is reached, plastic deformations will commence. The yield surface will 

successively change size as the material is deformed nonlinearly to represent the strain 

hardening and softening (Malm, 2009). In tension, the yield surface will contract to represent 

strain softening after the tensile strength is reached. In compression, the surface will expand 

after the initial elastic limit to represent strain hardening until the compressive strength is 

reached. When the compressive strength is reached, the surface will contract to represent the 

softening of the material. 

The hardening is controlled by an internal scalar, the hardening parameter (𝜅). The hardening 

parameter is history dependent. It describes the evolution of the plastic behavior dependent on 
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the plastic strain rate of the material, �̇� = 𝑓(휀̇𝑝). The scalar only permits expansion or 

contraction of the yield surface, no displacements or rotation, this is denoted isotropic 

hardening.  

Flow rule 

Concrete undergo considerable volume changes during plastic deformations, usually referred 

to as dilation (Malm, 2009). The dilation can be described by a plastic potential function (G). 

The plastic deformation in a material is described by the flow rule. The flow rule couples the 

yield surface to the stress-strain relationship. The flow rule is expressed in terms of the plastic 

strain rate (Karihaloo, 2003). It can be expressed as 

휀̇𝑝𝑙 = �̇�
𝜕𝐺

𝜕𝜎
 (3.8) 

where  

�̇� is the hardening parameter  
𝜕𝐺

𝜕𝜎
 is the derivative of the plastic potential function  

The hardening parameter will determine the magnitude of the inelastic strain and the derivative 

of the plastic potential function will determine the direction of the flow. To represent the 

anisotropic properties of concrete, separate hardening parameters are usually used for the tensile 

and compressive inelastic deformations. The plasticity theory requires continuous updates of 

the stiffness matrix. This can affect the convergence rate and result in slower calculations.  

3.2.3 Damage-coupled plasticity 

The damage theory does not produce any permanent displacement and the plasticity theory does 

not reduce the stiffness. Both the compressive and tensile failure in concrete is characterized by 

degraded stiffness and permanent deformations. Material models that couple the damage and 

plasticity theories have been developed to represent this behavior (Gasch, 2016). A comparison 

of the uniaxial unloading curves of the different material models is presented in Figure 3.11. 

The damage-coupled plasticity theory updates the stiffness matrix in the same way as the 

plasticity theory, which affects the convergence rate. 

 

Figure 3.11: Comparison between the plasticity theory, damage theory and damage-coupled 

plasticity, reproduction from Gasch (2016) 
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3.2.4 Concrete damaged plasticity in BRIGADE/Plus  

Concrete damaged plasticity is a built-in material model in BRIGADE/Plus. Concrete damaged 

plasticity is continuum-based and uses damage-coupled plasticity theory (Dassault Systèmes, 

2014). The model is based on the research of Lubliner et al. (1989) and Lee and Fenves (1998). 

The material model can be used with or without reinforcement for most element types. It is 

designed for low confining pressures, up to four or five times the compressive strength. The 

model represents the cyclic behavior of concrete and can include rate sensitivity. It is therefore 

suitable for dynamic or cyclic loading but can be used as a general-purpose concrete material 

model.  

The damaged plasticity material model has separate failure functions for tension and 

compression. The material is elastic up to the initial elastic limit. The stress-strain relationships 

are given as a combination of plastic deformation and reduced stiffness from a damage 

parameter. The tensile uniaxial behavior and damage parameter has the option to be defined 

using displacement instead of strain. The uniaxial stress-strain relationship is defined as 

𝜎𝑡 = (1 − 𝑑𝑡)𝐸0(휀𝑡 − 휀𝑡
𝑝𝑙) (3.9) 

𝜎𝑐 = (1 − 𝑑𝑐)𝐸0(휀𝑐 − 휀𝑐
𝑝𝑙) (3.10) 

where  

𝑡 denotes tension and 𝑐 denotes compression 

𝜎 is the stress 

𝑑 is the damage parameter 

𝐸0 is the initial elastic modulus  

휀 is the total strain  

휀𝑝𝑙 is the plastic strain 

The uniaxial stress-strain relationships are depicted in Figure 3.12. 

 

Figure 3.12: Uniaxial compressive and tensile stress-strain relationship (Dassault Systèmes, 

2014)  

The multiaxial behavior is defined by t biaxial yield surface depicted in Figure 3.13. The yield 

surface is a combination of two Drücker–Prager yield surfaces. It was proposed by Lubliner et 
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al. (1989) and was modified by Lee and Fenves (1998) to account for the different hardening 

in tension and compression.  

 

Figure 3.13: Biaxial failure surface in concrete damaged plasticity (Dassault Systèmes, 2014)  

Concrete damaged plasticity includes the stiffness recovery factors 𝑤𝑡 and 𝑤𝑐 (Dassault 

Systèmes, 2014). The stiffness recovery factors determine the load reversal behavior of the 

material under cyclic loading. The concrete typically recovers most of the stiffness when the 

load reverses from tension to compression but loses a lot of stiffness when transferring from 

compression to tension. The uniaxial cyclic behavior is presented in Figure 3.14. The stiffness 

recovery parameters vary between zero and one, where 𝑤 =  1 represents full stiffness recovery 

and 𝑤 = 0 represents zero stiffness recovery.  

 

Figure 3.14: Uniaxial cyclic behavior (Dassault Systèmes, 2014) 

The material model includes a non-associated flow rule. The flow potential is described with 

the Drücker -Prager hyperbolic function, given as 
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𝐺 =  √(휀𝑓𝑡 tan 𝜓)2 + �̅�2 − �̅� tan 𝜓 (3.11) 

where  

�̅� is the hydrostatic pressure  

�̅� is the equivalent Mises stress 

휀 is an eccentricity which determines the rate at which the function approaches the asymptote 

𝜓 is the dilation angle, the inclination of the asymptote measured in the �̅� − �̅�-plane, see 

Figure 3.15  

The Drücker -Prager hyperbolic function is depicted in Figure 3.15. Malm (2009) showed that 

the dilation angle has a large effect on the ductility of the concrete during shear failures. A large 

dilation angle increases the ultimate strength and ductility while a small dilation angle decreases 

it.  

 

Figure 3.15: The flow potential of the concrete damaged plasticity is given by the Drücker -

Prager hyperbolic function (Malm, 2009) 

Serious convergence issues can arise in FE-analysis when a material undergo stiffness 

degradation. To improve the rate of convergence, concrete damage plasticity includes the option 

of introducing viscoplastic regularization (Dassault Systèmes, 2014). Viscoplastic 

regularization adds a strain rate dependence to the material. If the strain rate increases in a soft 

(damaged) element, the viscoplasticity increases the stiffness of the element. The risk for large 

deformations during small time steps are therefore reduced and convergence is more likely. 

Viscoplastic regularization allows stresses outside of the yield surface for a short time. The user 

gives the viscosity parameter, 𝜇 which represents the relaxation time of the viscoplastic system. 

A small viscosity parameter compared to the characteristic time increment does not interfere 

with the behavior of the model but can increase the convergence rate (Dassault Systèmes, 2014).  

3.3 Rock and dam interaction 

When dams are analyzed, care must be taken to the interaction between the foundation and the 

dam structure. To simplify the analysis, the surfaces of the dam and foundation can be 

completely bonded to each other (Malm, 2016). This can result in large tensile stress in the dam, 

especially along the foundation in the upstream face. This assumption can be sufficient if it 

does not disturb the stress distribution of the dam. It is the most common assumption for 

earthquake simulations.  
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If the assumption with a complete bond is not sufficient, the more realistic option of a surface 

interaction can be used (Malm, 2016).  Surface interactions allows for cohesion or friction for 

the tangential behavior. In the normal direction, the surfaces can be modeled to stick to each 

other but can also be allowed to separate if tensile stresses arise. The friction can be formulated 

using Coulomb friction with the following failure criterion (Dassault Systèmes, 2014)  

𝜏𝑐𝑟𝑖𝑡 = 𝜇𝑝 
(3.12) 

where, 

𝜇 is the friction coefficient  

𝑝 is the normal pressure 

The surfaces will slide relative to each other if the shear stress exceed the failure criterion. The 

failure criterion is depicted in Figure 3.16. The friction coefficient between concrete and rock 

of good quality can be set to 𝜇 = 1.0 according to (RIDAS, 2011).  

 

Figure 3.16: Failure criterion of Coulomb friction (Dassault Systèmes, 2014)  

In BRIGADE/Plus, normal pressure in surface interactions are defined in one of two ways; hard 

contact or soft contact. The hard contact allows the surfaces to interact when they are in physical 

contact. If the surfaces separate, no interaction is maintained (Figure 3.17 (a)). The hard contact 

does not allow for any overclosure of the surfaces. The soft contact allows the surfaces to retain 

interaction after separation and the normal pressure is decided by a pressure-overclosure 

relationship. The normal pressure can be calculated with an exponential relationship (Dassault 

Systèmes, 2014)  

 𝑝 = 0 for ℎ ≤ −𝑐0 

(3.13)  
𝑝 =

𝑝0

𝑒 − 1
(

1

𝑐0
(

h

c0
+ 2) e

(
h
c0

+1)
−

1

𝑐0
) for ℎ > −𝑐0 

where 

𝑝0 is the pressure at zero overclosure 

ℎ is the clearance/overclosure  

𝑐0 is the stress-free clearance  

The exponential pressure-overclosure relationship is presented in Figure 3.17 (b). 
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(a) (b) 

Figure 3.17: Normal pressure using hard contact (left) and soft contact (right) (Dassault 

Systèmes, 2014)  

Some care should be taken when assigning connections in FE-models. The surface with coarser 

mesh should normally be assigned as master region and the surface with finer mesh, slave 

region (Malm, 2016). This increases the chance of convergence and the convergence rate.  

3.4 Solution techniques for nonlinear 

FE-simulations  

FE-analysis is a method for numerical solution of field problems. It can be used for several 

different problems including heat transfer and stress analysis (Cook et al., 2001). The stress 

analyses are divided into static and dynamic problems. The static problem is defined by the 

force equilibrium equation, as 

𝐅 = 𝐊 ∗ 𝐮 
(3.14) 

𝐊 is the stiffness matrix 

𝐅 is the force vector  

𝐮 is the nodal displacement vector 

The force equilibrium is solved by increasing the load gradually. At every increment, 

equilibrium is found. In some cases, the problem includes sources of nonlinearity. The 

nonlinearity can be introduced from material properties, boundary conditions or loads. These 

problems are solved through an iterative method such as Newton-Raphson. If a static problem 

is unstable and has convergence issues, dynamic solution methods can be more effective in 

solving the problem. Dynamic solvers dedicated to solving static problems are called quasi-

static. A quasi-static solver uses a dynamic equilibrium equation but the loads are applied slow 

enough that the kinematic effects does not interfere with the results (Malm, 2016). The inertia 

effects of the dynamic system can regularize the unstable behavior. The dynamic equilibrium 

equation is defined as 

𝐅 = 𝐌 ∗ �̈� + 𝐂 ∗ �̇� + 𝐊 ∗ 𝐮 
(3.15) 
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𝐌 is the mass matrix 

𝐂 is the damping matrix 

�̈� is the nodal acceleration vector 

�̇� is the nodal velocity vector 

The dynamic definition adds effects from the velocity and acceleration to the force equilibrium, 

which creates a differential equation. The differential equation is solved using a numerical 

method, such as Newmark’s methods or Euler backwards.  

3.4.1 Newton-Raphson method 

Newton-Raphson is a method for numerically finding roots of real value functions through 

iteration. The tangent of a function is used to successively find better approximations of the 

root, see Figure 3.18 (a). This method does not guarantee a solution but has a quadratic 

convergence rate (Pohl, 2005). Newton-Raphson’s method is defined as 

𝑢𝑖+1 = 𝑢𝑖 −
𝑓(𝑢𝑖)

𝑓′(𝑢𝑖)
 

(3.16) 

The Newton-Raphson method is widely used in FE-analyses to solve nonlinear problems. It is 

the method used by the static and dynamic implicit solver in BRIGADE/Plus to find equilibrium 

(Dassault Systèmes, 2014). In a load-controlled FE-analysis, the tangential stiffness is used to 

find updated values of the displacements. A Newton Raphson iteration in a static FE-problem 

is defined as 

𝒖𝑖+1 = 𝒖𝑖 + 𝑲𝑖
−1 ∙ (𝑭𝑁 − 𝑰𝑖) (3.17) 

where  

𝑰𝑖 is the internal force vector, 𝑰𝑖 = 𝑲𝑖 ∙ 𝒖𝑖 for static problems 

𝑭𝑁 is the external force vector 

The Newton-Raphson method has a fast convergence. However, the stiffness matrix is inverted 

in every iteration of the solution, which requires considerable computational power for large 

models (Malm, 2016). To reduce the number of matrix inversions, a modified Newton-Raphson 

method has been introduced as illustrated in Figure 3.18 (b). The modified method updates the 

stiffness at the start of every increment, not at every iteration. The displacements are iterated as  

𝒖𝑖+1 = 𝒖𝑖 + 𝑲0
−1 ∙ (𝑭𝑁 − 𝑰𝑖) (3.18) 

The convergence rate of the modified method is lower which means that more iterations will 

be necessary. However, this method is sometimes more efficient in large systems due to the 

reduced number of matrix inversions.  
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(a) (b) 

Figure 3.18: Original (a) and modified (b) Newton-Raphson method (Malm, 2016) 

3.4.2 Newmark’s method  

Newmark developed a general method for solving differential equations through numerical 

integration. According to Malm (2016), Newmark’s method can be used for expressing the 

equation of motion as 

�̇�𝑖+1 = �̇�𝑖 + (1 − 𝛾)�̈�𝑖Δ𝑡 + 𝛾�̈�𝑖+1Δ𝑡 
(3.19) 

𝑢𝑖+1 = 𝑢𝑖 + �̇�𝑖Δ𝑡 + (1/2 − 𝛽)�̈�𝑖Δ𝑡2 + 𝛽�̈�𝑖+1Δ𝑡2 
(3.20) 

where 

Δ𝑡 is the time increment  

𝛾 is a weight factor for the acceleration between the step 𝑖 and 𝑖 + 1 in the velocity term, 0 <
𝛾 < 1 

𝛽 is a weight factor for the acceleration between the step 𝑖 and 𝑖 + 1 in the displacement term, 

0 < 𝛽 < 0.5 

The variables 𝛾 and 𝛽 can be varied to obtain different implicit and explicit integration rules. 

An artificial damping can be introduced through the variable 𝛾. If 𝛾 = 1/2, there will be no 

artificial damping. Explicit integrations are unstable for large time steps. For Newmark’s 

method, the criteria for stability of a time step in is given as (Malm, 2016) 

Δ𝑡

𝑇𝑛
≤

1

𝜋√2
∗

1

√𝛾 − 2𝛽
 

(3.21) 

where 

𝑇𝑛 is the natural period  
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3.4.3 Implicit quasi-static solver 

BRIGADE/Plus includes an implicit quasi-static solver. The implicit solver uses Euler 

backwards to solve the equation of motion (Dassault Systèmes, 2014). Euler backwards is an 

application of Newmark’s method with 𝛾 = 1 and 𝛽 = 1/2, which gives  

�̇�(𝑖+1) = �̇�(𝑖) + ∆t ∙ �̈�(𝑖+1) 
(3.22) 

𝐮(𝑖+1) = 𝐮(𝑖) + ∆t ∙ �̇�(𝑖+1) 
(3.23) 

The quasi-static solver uses a lumped mass matrix to calculate the acceleration as  

�̈�(𝑖+1) = 𝐌−1 ∙ (𝐅(𝑖+1) + 𝑰(𝑖+1)) 
(3.24) 

Newton-Raphson is used to find equilibrium for the increment. The process is iterated until 

convergence within the desired tolerance. If the iterations do not converge, the solver will 

reduce the time step and repeat the process. The stiffness matrix is inverted during the Newton-

Raphson method; the quasi-static solver will therefore require considerable computational 

power for large systems. 

Numerical damping is introduced by truncating the acceleration at every iteration (Dassault 

Systèmes, 2014). Only the velocity and displacements are continued through the step. With 𝛾 =
1 and 𝛽 = 1/2, the Euler backwards is unconditionally stable since  

Δ𝑡

𝑇𝑛
≤ ∞ 

 

Because of the kinematic effects, the loading rate should be considered (Malm, 2016). It is not 

good to load a structure too fast using a linear load amplitude. If the final displacement is 

known, a load may be applied using a constant velocity to minimize the kinetic energy. Another 

method is to use a smooth loading curve with a lower loading rate initially and close to the 

failure. When dynamic solution methods are used, care must be taken so that the kinematic 

energy does not become too large. In a quasi-static solution the kinematic energy in the model 

should be very low compared to the strain energy (Dassault Systèmes, 2014).  

3.5 Calculation of crack width 

When using a smeared crack approach, a cracked element represents a region (band) of cracks. 

The crack band has a scatter of microcracks and a fully developed crack. If the element is large, 

the region can contain several cracks. Malm (2016) suggests the following expression as an 

estimation of the crack width 

𝑤 = 𝐿′휀𝑐𝑟 
(3.25) 

where  
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𝐿′ is the element length, perpendicular to the crack direction 

휀𝑐𝑟 is the cracking strain 

In complex FE-models, the mesh is often non-structured and the element sizes differs. The 

crack width can be approximated by using the average distance between the integration points 

as 𝐿′. As seen in Figure 3.19, the full element length can be used as 𝐿′ for a rectangular or 

hexagonal mesh with one integration point. For a triangular or tetrahedral mesh, with one 

integration point, the width of the crack band can be can be approximated as 𝐿′ = 𝐿/2.  

 

Figure 3.19: Element distribution and estimation of crack band width  

3.6 Progressive failure analysis 

In analytical dam safety analyses, safety factors are calculated as the ratio between the resisting 

load action and the design load for a certain failure mode. In RIDAS (2011), the safety factor 

for sliding failure (𝑠𝑔) is calculated as  

𝑠𝑔 =
∑ 𝑉

∑ 𝐻
tan  𝛿𝑔 (3.26) 

where  

∑ 𝑉 is the sum of the vertical forces  
∑ 𝐻 is the sum of the horizontal forces  

𝛿𝑔 is the friction angle  

The safety factor for overturning is calculated as  

𝑠𝑠 =
𝑀𝑅

𝑀𝑆
 

(3.27) 

𝑀𝑅 is the resisting moment  

𝑀𝑆 is the overturning moment  
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In FE-analyses, the resisting forces cannot be calculated without driving the dam to failure. To 

determine the safety factor and the failure mode of a structure while using FEA, progressive 

failure analysis is performed (Malm, 2016). In the progressive failure analysis, the FE-model is 

driven to failure either by reducing the material strength with constant load or by increasing the 

load with constant material properties. The method of reducing the material strength is called 

the reduced strength method and the method of increasing the load is referred to as the overload 

method. The reduced strength method is suitable for calculating sliding and overturning safety. 

The sliding safety can be calculated by reducing the friction angle and the overturning safety 

can be calculated by reducing the density of the concrete. The reduced strength method can 

only be implemented with linear elastic material model since nonlinearities will be 

misrepresented in advanced material models (Nordström et al., 2015). The overload method is 

therefore more common while considering material failures.  

Dams are dependent on resisting forces for global stability. To get a reliable safety factor, 

favorable loads are not increased during the overload method. For instance, increased gravity 

load or vertical water pressure on an inclined front plate will increase the friction and the 

resistance to sliding failure.  

To calculate the safety factor of a structure, the design load is first applied. The non-favorable 

loads are then increased by a factor 𝜆 until failure. The safety factor is calculated as 

𝑠 =
𝑓𝑎𝑖𝑙𝑢𝑟𝑒 𝑙𝑜𝑎𝑑

𝑑𝑒𝑠𝑖𝑔𝑛 𝑙𝑜𝑎𝑑
=

(1 + 𝜆𝑚)𝑃

𝑃
= 1 + 𝜆𝑚,    𝜆 > 0 

(3.28) 

During the progressive failure, the structure usually softens until the ultimate load is reached 

where after, the structure fails (Figure 3.20). The failure load is defined as the peak load.  

 

Figure 3.20: Progressive failure using the overload method 

While analyzing dams with progressive failure analysis, the water pressure, uplift and ice loads 

are usually increased until failure. The water pressure is increased by adding additional 

pressure. The added pressure can be either uniform or triangular (Nordström et al., 2015). 

Adding a uniform pressure is analogous to raising the water surface of the reservoir and adding 

a triangular pressure is analogue to increasing the density of the water (Figure 3.21). Increasing 

the density, gives results closer to the results of analytical calculations according to RIDAS 

since the position of the resultant force from the water pressures does not change (Malm, 2016). 
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(a) (b) 

Figure 3.21: Methods of adding increased water pressure, increased pressure (a) overflow (b) 

(Fu and Hafliðason, 2015) 
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Case study  

The aim of this report is to study the behavior of a reinforced concrete arch dam. The crack 

patter and displacements was studied under seasonal temperature variations with FE-analyses. 

Thermal and mechanical FE-analyses were performed to predict the crack pattern and 

displacements of the dam. The results from the analyses were compared to the crack pattern 

and displacements from a similar Swedish reinforced concrete arch dam. The crack pattern and 

displacements of the dam were unknown to the authors while performing the analyses. The 

safety factor for the cracked dam was calculated using progressive failure analysis. This chapter 

presents the geometry of the dam, material properties, loads and the environmental data used in 

the analyses.  

The studied dam will be used as a theme for the 14th ICOLD International Benchmark 

Workshop on Numerical Analysis of Dams in Stockholm, Sweden in August 2017. The 

conference is held every second year and focuses on numerical analysis of dams. During the 

conference, the participants present solutions for one of the predetermined themes to compare 

the results. The authors of this report will send a contribution to the conference based on the 

results from Chapter 6 in this report.  

4.1 Geometry  

The studied dam is a reinforced concrete arch dam. A model of the geometry of the dam and 

the surrounding rock was given by Malm et al. (2017). The dam consists of a single curvature, 

single radius arch. The arch is supported by a spillway on one side and a concrete abutment 

casted on the rock on the other side. A plan view and cross sections of the dam is presented in 

Figure 4.1. The arch is 39 m high, has a crest length of 170 m and a radius of 110 m. The dam 

has an L/H-ratio of 4.4. This makes the dam low and wide compared to many international arch 

dams.  

Chapter 
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Figure 4.1: Plan view and cross sections of the studied dam  

The upstream and downstream faces of the arch are reinforced in both the vertical and horizontal 

direction according to Figure 4.2. The downstream face of the dam is covered by an insulating 

wall like many Swedish dams. The wall was installed to reduce the influence from sudden 

environmental loads such as solar radiation and reduce the temperature gradient during cold 

winters.  

 

Figure 4.2: Sketch of the reinforcement in the arch dam  

The foundation of the arch is excavated into the rock (Figure 4.3). The excavation is round and 

the function of the foundation resembles a hinge. Sliding is prevented but the dam is allowed 

small rotation. To prevent cohesion between the rock and dam, an asphalt coating has been 
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applied to the interface surface. In the FE-model used in this project, the foundation was 

simplified with flat surfaces.  

 

Figure 4.3: Sketch of the foundation reconstruction from Malm et al. (2017) 

4.2 Material properties  

The thermal and mechanical properties used in the analyses for the concrete, reinforcement 

steel and rock are presented in Table 4.1. The concrete is of the quality C30/37. The 

reinforcement is of the quality KS 40, an old Swedish standard quality. The nonlinear material 

models for the steel and concrete are presented in Section 5.3.  

Table 4.1: Material properties (Malm et al., 2017) 

Material properties  Unit Concrete Steel Rock 

Quality 
 

C30/37 KS 40 
 

Mechanical properties     
Density kg/m3 2300 7800 2700 
Young's modulus  GPa 33 200 40 
Poisson's ratio - 0.2 0.3 0.15 
Fracture energy1 Nm/m2 280   
Compressive strength MPa 38 

  

Tensile strength MPa 2.9 
  

Yield stress MPa 
 

360 
 

Ultimate strength MPa 
 

600 
 

Ultimate strain % 
 

15 
 

     

Thermal properties 
    

Thermal conductivity kW/(m*K) 2 39 3 
Thermal expansion 1/K 0.00001 0.00001 0.00001 
Specific heat capacity J/(kg*K) 900 450 850 
Stress/strain free temperature °C 4 4 4 

1The fracture energy was not provided by Malm et al. (2017), see Section 5.3.1. 
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The downstream face of the dam is insulated and will have a higher thermal resistance than the 

rest of the structure. The heat transfer coefficients are presented in Table 4.2. The coefficients 

represent the heat transfer to the surface by convection and were provided by Malm et al. 

(2017). 

Table 4.2: Heat transfer coefficients, from Malm et al. (2017) 

Material interactions Heat transfer coefficient 
(W/m^2*K) 

Insulated downstream face and Air 4 

Concrete and Air 13 

Concrete and Water 500 

Rock and Air 13 

Rock and Water 500 

4.3 Loads 

The loads considered in the analyses were gravity load, hydrostatic pressure and seasonal 

temperature variations (Figure 4.4). The water level is assumed to reach the crest of the arch. 

The dam does not have a tail water level.  

 

Figure 4.4. Loads on the dam 

4.4 Temperature data 

The temperature data used is representative for concrete dams in northern Sweden. A 

temperature envelope consisting of the maximum and minimum weekly average temperatures 

between 1961 and 2011 was used while calculating the crack pattern of the dam. The 

temperature envelopes was provided by Malm et al. (2017) and are depicted in Figure 4.5. The 

data for the temperature envelopes is presented in Appendix A.  
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Figure 4.5. Ambient temperature envelopes 

For the analyses of the deflections, a temperature history was created from the weekly average 

temperatures between October of 2005 and June of 2016. The temperature data for the air was 

provided by SMHI (2017). The water temperature was calculated using Equation 2.3. Two years 

of the temperature history, between 2007 and 2008 is depicted in Figure 4.6. The full 

temperature history is presented in Appendix A.  

 

Figure 4.6. Temperature history between 2007 and 2008 based om weekly averages 

4.5 Measured data 

The results from the analyses of the dam was compared to measurement of the displacements 

from a Swedish arch dam with similar dimensions. The Swedish dam has fixed alignment points 

on the downstream face of the dam and the deflections are measured by triangulation. The 

alignment points are depicted on the studied geometry in Figure 4.7. The calculated deflections 

were compared with measured data from 14 occasions between 2006 and 2015. The 

measurements were normalized to the abutments of the dam, point 6 and 7 in Figure 4.7. The 

measured data is presented together with the resulting deflections from the analyses in 

Chapter 7. The displacements were defined in the north-south directions when they were 

received and were transformed to the stream direction, see Section 5.1. The displacement in the 

crest in Section 03 and 09 were calculated with a linear interpolation between the adjacent 

alignment points.  
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Figure 4.7: Alignment points for triangulation  
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FE-models for the case study 

The FE-software BRIGADE/Plus was used for all FE-simulations in this project.  

5.1 Geometry 

The geometry was created by the authors of this project, it can be found in Malm et al. (2017). 

The model consists of six parts, all defined as solids, see Figure 5.1. The concrete is divided 

into three parts: the spillway, arch and the abutment. The rock is also divided into three parts. 

The solid directly under the base of the arch is denoted the foundation and matches the arch to 

simplify the meshing procedure. The rest of the rock is divided into two parts to simplify the 

meshing process.  

 

Figure 5.1: Geometry of the analyzed arch dam  

During the thermal analyses, the original geometry was used. During the mechanical analyses, 

the rock volume was reduced to extended 12 m upstream, 24 m downstream and 24 m to the 

side of the abutment.  

Chapter 
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The reinforcement was modeled with membranes. The reinforcement membranes were placed 

113 mm into the arch structure, which results in a concrete cover of 100 mm. The reinforcement 

bars were defined using “Rebar” which is a built-in function in BRIGADE/Plus. The function 

rebar defines the reinforcement in a shell or membrane. If the shell is given a negligible 

thickness, it can be used as reinforcement in a solid. The horizontal reinforcement was defined 

along the radial axis in a cylindrical coordinate system. The coordinate system was defined in 

the central axis of the arch.  

The reinforcement membranes were connected to the arch as “embedded regions”, which locks 

the embedded (slave) elements to the nodes of the surrounding model. The contact between the 

dam and the rock was defined with a surface interaction, as described in Section 5.5.1. All other 

parts were connected using “tie” connections, which locks the slave nodes to the master surface.  

Two geometric models were used; Model 1 where the arch was considered as a solid monolith 

and Model 2 where contraction joints were introduced (Figure 2.3). The same geometry was 

used in the two models and the contraction joints were introduced as partitions in the arch and 

foundation. In BRIGADE/Plus, partitions within an element shares a common mesh and 

therefore they cannot be separated. The partitions can be assigned separate material properties. 

The concrete in the joints was given a lower tensile strength. The contraction joints are 

reinforced, so the reinforcement was not altered between the two models.  

 

 

Figure 5.2: The two geometrical models  

The deflections of the arch were calculated in the stream direction, which has an angle of 13° 

to the x-axle (Figure 5.3). The deflections were normalized to the abutment and spillway, which 

represents point 6 and 7 in Figure 4.7.  
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Figure 5.3: Direction of the deflection 

5.2 Mesh 

Separate meshes were created for the thermal and mechanical analyses. The meshes were 

created in BRIGADE/Plus. In the thermal analyses, linear tetrahedral elements were used for 

the spillway, abutment and rock. Linear, hexahedral elements were used for the arch and 

foundation. The mesh is presented in Table 5.1 and Figure 5.4.  

Table 5.1: Mesh details for the thermal analyses 

Part Element  Seed Nodes Elements 

Arch DC3D8 2 9360 7108 

Foundation DC3D8 2 5810 4248 

Spillway DC3D4 2.6 1506 5962 

Abutment DC3D4 2 351 1252 

Small rock DC3D4 4 3105 11252 

Large rock DC3D4 5 10278 43766 

Reinforcement1  

Sum     30410 73588 
1The reinforcement was not included in the thermal analyses 
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Figure 5.4: Mesh used in the thermal analyses 

In both Model 1 and Model 2, linear, tetrahedral elements were used for the concrete and rock. 

Triangular membrane-elements were used for the reinforcement. The elements along the 

interface between the arch and the foundation were fitted exactly to each other to ensure better 

contact for the irregular surface. The meshes are presented in Table 5.2, Figure 5.5 and Figure 

5.6. The reinforcement mesh is depicted in  

Table 5.2: Mesh details for Model 1 and Model 2 

 Model 1 Model 2 

Part Mesh Seed Nodes Elements Mesh Seed Nodes Elements 

Arch C3D4 1.3 11226 44171 C3D4 1 26511 121341 

Foundation C3D4 1.3 7513 29347 C3D4 1 21380 103834 

Spillway C3D4 2.6 2002 8062 C3D4 2 4802 22440 

Abutment C3D4 2 351 1252 C3D4 2 827 3425 

Small rock C3D4 4 3105 11252      

Large rock C3D4 11 928 2964 C3D4 5 13441 64305 

Reinforcement M3D3 1.1 9168 16952 M3D6 1.1 29812 14262 

Sum     34293 114000      96773 329607 
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Figure 5.5: Mesh used in Model 1 

 

Figure 5.6: Mesh used in Model 2 
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(a) 

 

(b) 

Figure 5.7: Mesh for the reinforcement in the upstream face (a) and the downstream face (b) 

5.3 Material model 

The mechanical analyses were performed for Model 1 and Model 2. For comparison, the 

analyses were also performed for Model 1 with linear elastic material properties. During the 

nonlinear mechanical analyses, only the arch was assigned nonlinear material properties to save 

computational time. The thermal and linear elastic material properties are presented in Section 

4.2. 

5.3.1 Concrete 

The material was defined using the material model “concrete damaged plasticity” in 

BRIGADE/Plus, see Section 3.2.4. The uniaxial compressive stress-strain relationship was 

described using Equation 3.2. It was made linear up to 40 % of the compressive strength (Figure 

5.8). The material was not assigned a compressive damage parameter, since it was assumed not 

to carry large enough compressive stresses for it to crush. This means that if the concrete fails 

in compression, the failure is only governed by plasticity.  
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Figure 5.8: Compressive stress-strain relationship used in the damaged plasticity material 

model 

The uniaxial tensile stress-strain relationship was defined linear elastic up to the tensile strength. 

The plasticity was described using the exponential crack-opening curve given in Equation 3.5 

(Figure 5.9 (a)). The fracture energy 𝐺𝑓 = 280 𝑁𝑚/𝑚2 was used, which results in a stress-free 

crack displacement of 0.5 𝑚𝑚. The tensile damage parameter was defined using a linear 

expression, starting at zero for the undamaged material. The damage was initiated at the tensile 

strength and reached the maximum value at the stress-free displacement (Figure 5.9 (b)). A 

maximum damage parameter of 𝑑𝑚 = 0.8 was used. The plastic tensile behavior and the 

damage parameter were made dependent on displacements, not strain to avoid mesh sensitivity.  

The fracture energy is an important parameter in numerical analysis. If low fracture energies 

are used, the solution often becomes unstable since it leads to large scale cracking and a quick 

degradation of the stiffness. A parameter study was performed on the fracture energy in this 

project to find a suitable value. Model 1 was used and a large value was first used for the fracture 

energy to verify that the model and material model functioned properly. The fracture energy 

was then lowered successively until a stable solution with a reasonable value of the fracture 

energy was found. The fracture energy 𝐺𝑓 = 280 𝑁𝑚/𝑚2 was found to give a reasonable 

convergence rate and crack pattern, it corresponds to twice the value given in Equation 3.4 for 

C30/37 concrete.  

The contraction joints in Model 2 was given the same material properties as the rest of the arch 

but a tensile strength of 𝑓𝑡 = 1.9 𝑀𝑃𝑎 was used (Figure 5.9). The same fracture energy was 

used for the concrete in the contraction joints and the monoliths. This results in a larger stress-

free crack displacement of 0.7 𝑚𝑚 in the contraction joints. The fracture energy could also be 

reduced so that the stress-free crack displacement would be the same in the entire dam.  
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(a) (b) 

Figure 5.9: Tensile stress-displacement relationship (a) and damage parameter (b) used in the 

damaged plasticity material model 

A dilation angle of 35 ° was used and the eccentricity in the Drücker -Prager hyperbolic function 

was set to 0.1. The dilation angle describes the volumetric change when the material undergoes 

shear and has a large effect on the ductility during a shear failure. A low dilation angle gives a 

brittle shear failure and by increasing the dilation angle, the ductility increases (Malm, 2006). 

According to Malm (2009) concrete under normal confining pressures can be assumed to have 

a dilation angle between 25-40°, the dilation angle 35° is chosen from that interval. Since the 

cracking is assumed to originate from tension rather than shear, the dilation angle was assumed 

to have a large impact on the cracking behavior of the dam and was not researched further.  

The parameter for viscoplastic regularization was set to 10−4. The ratio between biaxial and 

uniaxial compressive strength was set to 1.16. The default value of 0.67 was used for the factor 

𝐾𝑐. The factor is the ratio of the second stress invariant on the tensile meridian and the second 

stress invariant on the compressive meridian (Dassault Systèmes, 2014). It determines the shape 

of the yield surface in the deviatoric plane.  

5.3.2 Reinforcement 

The reinforcement steel was defined with the bilinear stress-strain curve in Section 3.1.2. 

Material properties according to Table 4.1 were used. The expression is depicted in Figure 5.10. 
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Figure 5.10: Bilinear stress-strain relationship according to Eurocode 2 (2013)  

5.4 Thermal analyses 

To calculate the temperature distribution in the dam, transient thermal FE-analyses were 

performed. The thermal analyses were performed independently from the mechanical analyses. 

The thermal analyses were divided in to two phases; first extreme temperatures were applied to 

analyze the development of cracks in the dam. Thereafter, an actual temperature history was 

applied to calculate the displacements of the damaged arch.  

5.4.1 Temperature histories 

Cracking behavior 

While analyzing the cracking behavior of the dam, two separate two-year temperature-histories 

were created from the temperature envelopes described in Section 4.4. The first temperature 

history, Case 1a, started with the temperature envelope of the warm year followed by the 

envelope of the cold year. The second temperature history, Case 1b, started with the temperature 

envelope of the cold year followed by the envelope from the warm year. The temperature 

histories are depicted in Figure 5.11. The initial temperature was set to 4 °C for both histories. 

To get a smooth transition from the initial temperature, Case 1a started in April and Case 1b in 

September.   
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Figure 5.11: Temperature histories used in the analyses of the cracking behavior  

Post-cracking behavior  

For the post-cracking behavior, the real temperature history described in Section 4.4 was used. 

The first measurement of displacements was from September 2006. To ensure that the 

temperature had time to propagate through the dam, the temperature history from 2005 and 

onward was applied. This temperature history is hereafter referred to as Case 2. The temperature 

history of Case 2 was applied as a continuation of the temperature history of Case 1b (Figure 

5.12).  

 

Figure 5.12: Temperature history of Case 1b followed by Case 2, note that the temperature 

history of Case 2 was analyzed until June of 2016 but the entire history is not depicted  
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5.4.2 Simulation properties  

Transient thermal FE-analyses was performed. All thermal analyses were performed using fixed 

time steps. Case 1a and Case 1b was analyzed using a 10-day increment and the post-cracking 

history was analyzed using a 7-day increment. For comparison, steady state analyses of Case 

1a and 1b were also performed.  

The entire model was given the initial temperature of 4 °C, which corresponds to the stress-free 

temperature. The temperatures were applied on the faces of the geometry using “film 

conditions” i.e. Robin boundary conditions. The boundary conditions are presented in in Figure 

5.13. The surfaces were given heat transfer coefficients according to Table 4.2. The parts of the 

model were connected using tie-constraints. The water level was assumed to reach the crest of 

the dam and all the surfaces below was given the water temperature. The surfaces exposed to 

the air were given the air temperature. The sides of the rock were given adiabatic boundary 

conditions and the bottom was given a constant temperature of 4 °C. The film conditions were 

given constant heat transfer coefficients according to Section 4.2. The reinforcement was not 

included in the thermal analyses.  

 

(a) (b) 

 

(c) (d) 

Figure 5.13: Temperature surface films: water-dam and water-rock (a), air-rock (b) air-

insulated downstream surface (c) and air-concrete (d) 

The temperatures were applied as Robin boundary conditions rather than nodal temperatures. 

With Robin boundary conditions, heat transfer coefficients can be used. This reduces the risk 

for unreasonable thermal gradients, which might arise if the nodes of an element are defined 

with the different temperatures.  
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5.5 Mechanical analyses 

Mechanical analyses were performed to analyze the:  

 Cracking behavior of the dam,  

 Displacement under serviceability load  

 Safety factor of the dam 

The dam was subjected to gravity load, hydrostatic pressure and thermal loads.  

5.5.1 Boundary conditions and contact properties  

In the mechanical analyses, boundary conditions were applied on the rock. The nodes at the 

bottom of the rock were fixed in the vertical direction (Figure 5.14). The nodes on the upstream 

and downstream faces of the rock were fixed in the x-direction. The nodes at the side of the 

abutment were fixed in the y-direction.  

 

Figure 5.14: Boundary conditions in the mechanical analyses, illustrated with arrows 

A simplified model of the dam structure was used, where the interface between the dam and 

foundation was modeled with flat surfaces. To recreate the hinge function in the base of the 

arch described in Section 4.1, a surface interaction was used. The tangential behavior was 

modeled using isotropic Coulomb friction, denoted “penalty friction” in BRIGADE/Plus 

(Dassault Systèmes, 2014). A large friction coefficient (𝜇 = 40) was used. The high friction 

coefficient prevents the surfaces from moving relative to each other but allows the structure to 

relive stress concentrations if necessary. For comparison, a model with a normal friction 

coefficient (𝜇 =  1) is presented if Chapter 6.  

The normal pressure was modelled using soft contact (see Section 3.3). A pressure at zero 

overclosure of 𝑝0 = 0.6 𝑀𝑃𝑎 and a stress-free clearance 𝑐0 = 2 𝑚𝑚 was used. To reduce stress 

concentrations, the contact was not applied between the rock and concrete on the side of the 

abutment and spillway which was facing the arch, see Figure 5.15. The soft contact applies a 
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pressure on the bodies depending on the clearance between the contact surfaces. To prevent the 

soft contact from lifting the dam, the contact pressure was ramped up along with the gravity 

load. The contact pressure was ramped up by allowing exaggerated overclosure, which was 

gradually removed during the loading. 20 % of the hydrostatic pressure was also applied along 

with the gravity load to lean the dam forward and thereby increasing the pressure on the toe of 

the dam.  

 

 

Figure 5.15: No interaction was applied between the rock and concrete on the side of the 

abutment and spillway which was facing the arch 

5.5.2 Static load 

The static loads (gravity load and hydrostatic pressure) was applied in two steps. During the 

first step, the gravity load and 20 % of the hydrostatic pressure was applied. The rest of the 

hydrostatic pressure was applied in the second step. The first step used a static solver. Since 

some cracking was expected in the second step, an implicit quasi-static solver was used. The 

gravity load was applied for all the concrete parts: the arch, spillway and abutment but not for 

the rock. It was defined using the built-in function for gravity load in BRIGADE/Plus (Dassault 

Systèmes, 2014). The hydrostatic pressure was applied to all exposed surfaces upstream from 

the dam (Figure 5.16). It was applied using the built in function for hydrostatic pressure in 

BRIGADE/Plus (Dassault Systèmes, 2014). The water level was defined at the crest of the dam.  
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Figure 5.16: Hydrostatic pressure 

5.5.3 Thermal cracking  

To study the cracking of the dam, the temperature distribution obtained from the thermal 

analysis was applied to the model. The temperature distribution was applied as a predefined 

field. It was applied in a new step, after the static loads. Both the temperature history from Case 

1a and 1b was studied. Because severe cracking and nonlinear behavior was expected, an 

implicit quasi-static solver was used.  

5.5.4 Temperature history dependent displacements 

To study the displacements of the cracked dam, the temperature distribution of Case 2 was 

applied, according to Section 5.5.3. An implicit quasi-static solver was used. A restart analysis 

was performed on the cracked model from Case 1b. The effect from the cracks was therefore 

accounted for. The analysis was performed for the linear elastic model, Model 1 and Model 2. 

5.5.5 Progressive failure analyses 

To calculate the safety factor for the dam, progressive failure analyses was performed. An 

overload analysis was performed where an additional triangular hydrostatic pressure was 

introduced, which increased until failure, see Section 3.6. Progressive failure analyses were 

performed for both Model 1 and Model 2. Three analyses were performed on both models; the 

models were driven to failure from the: 

 Static load, before the thermal load was applied  

 After the thermal load was applied with an air temperature of about 0 °C 

 After the thermal load was applied with an air temperature of about -25 °C 
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The progressive failure analyses were performed using the quasi static solver in 

BRIGADE/Plus. The analyses were performed with the large-displacement formulation, 

“nlgeom” (Dassault Systèmes, 2014).  
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Cracking behavior 

6.1 Thermal analyses 

Case 1 was used to simulate the cracking of the dam and consists of temperature envelopes to 

represent extreme temperatures. Case 1a is a warm year followed by a cold year and Case 1b is 

a cold year followed by a warm year, see Section 5.4.1. The temperature distribution in the arch 

during July of the warm year is presented in in Figure 6.1 (a). The temperature along the 

surfaces are close to the ambient temperatures but the base of the arch is colder where the rock 

has not been heated. The temperature distribution in the arch during January of the coldest year 

is presented in Figure 6.1 (b). The temperature distributions are taken from Case 1b. The 

temperature distribution for the extreme temperatures from Case 1a and 1b was 

indistinguishable from each other.  

 
(a) (b) 

Figure 6.1: The temperature distribution during the warmest month (a) and the coldest 

month (b)  

For comparison, steady state analyses were performed for Case 1a and 1b. The temperature 

distribution along the thickness of the dam, 14 m and 28 m down from the crest are presented 

in Figure 6.2. Along the upstream face of the dam, the temperature from the transient analyses 

are close to those from the steady-state analyses. The thermal insulation on the downstream 

face reduces the thermal gradient at the surface and delays the temperature change. In the 

middle of the cross section, the temperature deviates more. During both the warm summer and 

the cold winter, the temperature difference in the middle of the cross section is 1 °C at the 

14 m-level and 2 °C at the 28 m-level. The deviation is larger while the temperature is changing 

Chapter 
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rapidly. The largest deviation between the transient and steady state analyses was in May of the 

warm year, with a maximum temperature deviation of 5.8 °C at the 28 m-level. 

 

 

 

 

 

Figure 6.2: Temperature distribution in the arch, 14 and 28 m below the crest with transient 

and steady state analyses 

6.2 Crack pattern 

6.2.1 Linear elastic model 

The model was analyzed with linear elastic material properties to get an understanding of the 

behavior of the structure. The tensile stress distribution for the linear elastic arch is used to 

visualize the crack pattern. The concrete will crack if tensile strength (𝑓𝑐𝑡 = 2.9 𝑀𝑃𝑎) is 

reached but the linear elastic model will not account for the stress allocation of the cracked 

material. Figure 6.3 (a) depicts the arch under static load (no temperature load). The tensile 

strength is reached in a region in the downstream face of the arch, which indicates cracking. 

During the summer, the tensile stress in the structure decreased below the tensile strength 

(Figure 6.3 (b)). Crack propagation is therefore not expected during the summer. The tensile 

stress exceeded well beyond the tensile strength during the winter, with a maximum of 𝜎𝑡 =
9.2 𝑀𝑃𝑎. The high tensile stress indicates extensive cracking, illustrated with the grey color in 

Figure 6.3 (c) and Figure 6.3 (d). 
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(a) Static (b) Summer  

 
(c) Winter (d) Winter 

Figure 6.3: Tensile stress in the arch during: static load (a), summer (b), winter (c) and (d) 

(grey: 𝜎𝑡 > 2.9 𝑀𝑃𝑎)  

Figure 6.4 presents a vector plot of the principal stresses in the downstream face of the dam 

during the winter. The vector plot provides additional information about the crack pattern. 

Large vertical tensile stresses cover an area in the downstream face approximately half way 

down from the crest. Closer to the abutments, the stresses vector changes direction, creating a 

circular pattern.  

 

Figure 6.4: Vector plot of the principal stress in the downstream face of the dam 

6.2.2 Model 1 

Model 1 has a solid arch and does not include contraction joints. The development of the crack 

pattern in for Model 1 is presented in Figure 6.5. The crack pattern is represented by the damage 

parameter. The cracks are initiated under the static load and the development continues during 

the winter.  The crack pattern is similar to the indicated pattern from the linear elastic analysis. 

The crack pattern has a circular form, where cracks occur at the foundation on the side of the 

dam and propagates into horizontal cracks across the dam face.  
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(a) Static load (b) -6 °C 

 
(a) -17 °C (b) -26 °C 

Figure 6.5: Development of the crack pattern in Model 1, represented by the damage 

parameter. The crack pattern is presented for the static load (a), an air temperature of -6 °C 

(b), an air temperature of -17 °C (c) and the minimum temperature, -26 °C (d) 

The upstream face and a cross section of the cracked arch in Model 1 are presented in Figure 

6.6. Some cracks propagate through the dam.  

 
(a) (b) 

Figure 6.6: Crack pattern on the upstream face (a) and a cross section (b) of the arch in Model 

1, the cracks are represented by the damage parameter 

The crack patterns of Case 1a and Case 1b are presented in Figure 6.7. The patterns are similar 

but not identical. The cracking is initiated under the static load; this might reduce the difference 

between the two cases.  

 

(a) Case 1a (b) Case 1b 

Figure 6.7: Crack pattern for the temperature history of Case 1a (a) and Case 1b (b) 

6.2.3 Model 2 

Model 2 includes contraction joints in the arch. The analysis of Model 2 was carried out using 

the temperature history of Case 1b. The development of the crack pattern for Model 2 is 
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presented in Figure 6.8. The crack pattern is similar to Model 1 but it is less circular. Most of 

the cracks from the foundation are initiated in the contraction joints. The crack pattern of 

Model 1 is dominated by one horizontal crack. In Model 2 there are several horizontal cracks. 

The horizontal cracks reach higher on the arch as well. The crack pattern of Model 2 indicates 

that the arch action is degraded compared to Model 1. This means that Model 2 relies more on 

cantilever action in the monoliths. 

 

(a) Static load  (b) -6 °C 

 
(c) -17 °C (d) -26 °C 

Figure 6.8: Development of the crack pattern in Model 2, represented by the damage 

parameter. The crack pattern is presented for the static load (a), an air temperature of -6 °C 

(b), an air temperature of -17 °C (c) and the minimum temperature, -26 °C (d) 

The upstream face and a cross section of the cracked arch in Model 2 are presented in Figure 

6.9. Some cracks propagate through the dam.  

 

Figure 6.9: Crack pattern on the upstream face (a) and a cross section (b) of the arch in Model 

2, the cracks are represented by the damage parameter  

6.2.4 Crack width 

Figure 6.10 presents the most prominent cracks in the arch for Model 1 and 2. The crack width 

is calculated using Equation 3.25, with half the element length as 𝐿’. The plots are created during 

the coldest winter and the cracks with a width larger than 0.1 mm are presented. The crack 

pattern in Model 1 is dominated by one horizontal crack along the downstream face. During the 

coldest period, this crack develops a plastic hinge, which affects the deflected shape of the arch. 

Model 2 has a different crack pattern, which is dominated three prominent cracks. Plastic hinges 

are formed in these cracks but they are not as prominent as in Model 1. The deflected shape of 

the arch is presented in Section 6.3.  
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(a) 

 
 

(b) 

Figure 6.10: Prominent cracks, regions with crack width larger than 0.1 mm during the coldest 

winter for Model 1 (a) and Model 2 (b) (unit: mm) 

6.3 Displacements 

6.3.1 Linear elastic model 

All deflections were calculated in the stream direction, see Section 5.1. The deformed linear 

elastic model is depicted in Figure 6.11. The crest of the arch deflected 27 mm downstream 

under the static load in the linear elastic model. Relative to the static load, the crest deflected 

30 mm downstream during the winter and 16 mm upstream during summer.  

 
(a) Winter (b) Summer 

Figure 6.11: Deflection in the linear elastic model during winter (a) and summer (b), (scale 

factor: 400, unit: mm) 

The deflection of the arch for the static load and the extreme temperatures is presented in Figure 

6.12. The sections are depicted in Figure 4.7.  
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Figure 6.12: Deflections of the linear elastic model  

6.3.2 Model 1 

The deflected shape of Model 1 is presented in Figure 6.13. In Model 1, the crest deflected 

28 mm downstream under the static load. Relative to the static deflection, the dam deflected 

26 mm downstream during the winter and 14 mm upstream during the summer. The dominating 

horizontal cracks in the downstream face formed a plastic hinge along the arch. The hinge 

formed during the winter and does not recover during the summer. It affects the deflection of 

the arch which deviates from the linear elastic behavior.  

 
(a) Winter (b) Summer 

Figure 6.13: Deflected shape of Model 1 during the winter (a) and summer (b) (scale factor: 

400, unit: mm) 

The deflection of Model 1 is presented in Figure 6.14.  
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Figure 6.14: Deflections of Model 1 

6.3.3 Model 2 

The deflected shape of Model 2 is presented in Figure 6.15. In Model 2, the crest deflected 

26 mm downstream under the static load. Relative to the static deflection, the dam deflected 

32 mm downstream during the winter and 6 mm upstream during the summer. Hinges are 

formed in the arch but are not as prominent as in Model 1, which gives the deflected shape a 

rounder form.  

 
(a) Winter (b) Summer 

Figure 6.15: Deflected shape of Model 2 during the winter (a) and summer (b) (scale factor: 

400, unit: mm) 

The deflection of Model 2 is presented in Figure 6.16. 
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Figure 6.16: Deflections of Model 2  

6.4 Evaluation of the mechanical FE-model  

6.4.1 Friction coefficient of the dam-rock interaction 

The base of the arch dam is excavated into the rock and therefore prevented from sliding 

downstream. The interface between the dam and the rock was simplified using flat surfaces, 

which means that the geometry does not prevent the dam from sliding. In the FE-model, the 

tangential behavior was described using Coulomb friction. Two linear elastic models with 

different friction coefficients are compared in Figure 6.17. Using a low friction coefficient, the 

base of the dam would slide and give the arch a strange deflection. While using a higher friction 

coefficient, the base of the dam would be fixed to the foundation and give a shape that could be 

expected from an arch dam. BRIGADE/Plus includes a “rough” property, which prescribes an 

infinite friction coefficient. While this option was used, stress peaks would occur in the concrete 

and cause non-converging solutions. The friction coefficient used in the analyses was 𝜇 = 40. 

A high friction coefficient was used to obtain negligible sliding but still allow for stress relief.  
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(a) 𝜇 = 1 (b) 𝜇 = 40 

Figure 6.17: Deflection of the arch using a low friction coefficient, 𝜇 = 1 (a) and a high 

friction coefficient, 𝜇 = 40 (b) (scale factor: 150, unit: meter) 

6.4.2 Parameter study of the fracture energy 

A parameter study was performed for the fracture energy using Model 1. A high fracture energy 

was first used to validate that the model functioned correctly. The fracture energy was thereafter 

decreased gradually. As seen in Figure 6.18, the same crack pattern was obtained for all fracture 

energies but the cracking was more extensive for the lower energies. However, the crack pattern 

stayed similar through the parameter study with a dominant crack along the downstream face, 

which extended down to the foundation at both sides. Equation 3.4 gives a fracture energy of 

𝐺𝑓 = 140 𝑁𝑚/𝑚2. While using that fracture energy, the solutions became unstable and would 

crash while applying the hydrostatic pressure. A fracture energy of 𝐺𝑓 =  280 𝑁𝑚/𝑚2 was 

used in the analyses.  

 
(a) 𝐺𝑓 = 1400 𝑁𝑚/𝑚2 (b) 𝐺𝑓 = 720 𝑁𝑚/𝑚2 

 
(c) 𝐺𝑓 = 420 𝑁𝑚/𝑚2 (d) 𝐺𝑓 = 280 𝑁𝑚/𝑚2 

Figure 6.18: Extent of cracking in the parameter study with decreasing fracture energy, 

represented by the damage parameter 

Figure 6.19 depicts the strain in the fully developed cracks. More cracks are formed and the 

crack openings are larger when the fracture energy is lowered but the pattern of the cracks 
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remain roughly the same. The strain in the largest cracks only increased slightly while the 

fracture energy was decreased. 

 
(a) 𝐺𝑓 = 1400 𝑁𝑚/𝑚2 (b) 𝐺𝑓 = 720 𝑁𝑚/𝑚2 

 
(c) 𝐺𝑓 = 420 𝑁𝑚/𝑚2 (d) 𝐺𝑓 = 280 𝑁𝑚/𝑚2 

Figure 6.19: Strain in the fully developed cracks 
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Evaluation of results 

7.1 Evaluation of crack pattern 

The crack pattern provided by the dam owner was reproduced on the studied geometry and is 

depicted in Figure 7.1. Three types of cracks can be identified. The arch has wide band of 

horizontal cracks. The region is 15 m high and spans most of the downstream face. Diagonal 

cracks propagate from the foundation into the horizontal region. Most of the diagonal cracks 

originates from the contraction joints. The contraction joints have cracked open along the base 

of the arch. The cracks in the contraction joints appear along the interface with the monoliths.  

 

Figure 7.1: Crack pattern of a Swedish arch dam, reproduced on the studied geometry. Large 

cracks, damp cracks and cracks with efflorescence are marked with the continues lines and 

minor cracks are marked with dashed lines 

For comparison, the crack patterns of Model 1, which has a sloid arch and Model 2, which 

includes contraction joints are presented in Figure 7.2 

  

Chapter 
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(a) Model 1  (b) Model 1 

 
(c) Model 2 (d) Model 2 

Figure 7.2: Crack patterns: full pattern (a) and prominent cracks (b) of Model 1, full pattern 

(c) and prominent cracks (d) of Model 2 

7.2 Evaluation of displacements 

To match the measurement data, the deflections in the arch were exported from the same 

sections as the alignment points in the real dam, see Figure 4.7. All deflections are presented in 

the flow direction. All displacements resulting from the analyses of the linear elastic model, 

Model 1 and Model 2 are presented in Appendix B, along with the corresponding measurement 

data. In this chapter, the displacements from two representative dates are presented; March and 

August of 2015.  

The deflections for the horizontal sections are presented in Figure 7.3. The displacements along 

the crest (Section 100) are similar to the measurements for Model 1 and 2. The shape also 

corresponds well. The divergence in the displacements is larger further down in the arch, along 

Section 200 and 300. The measurements in Section 200 and 300 are located on straight lines, 

which indicated a strange shape. This is discussed in further depth in Chapter 9.  
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Figure 7.3: Displacements from simulations and measurements in the horizontal section 

The displacements in the vertical sections are presented in Figure 7.4. The measurement data 

confirms that a hinge has been formed in the arch but they are not detailed enough to confirm 

exact location of the hinge.  
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Figure 7.4: Displacements in vertical sections 

The linear elastic model captures the maximum downstream deflection but the shape of the 

crest displacements differs. The shape of the crest displacements matches the measured 

displacements better during the winter than during the summer. The deflected shape of the 

linear elastic model does not develop a hinge, the displacements further down in the arch are 

therefore underestimated.  

Table 7.1 presents the mean difference and standard deviation between the measurements and 

the simulations. The systematic divergence is low along the crest. There are three points with 

large systematic divergence, Alignment Point 206, 209, 303 and 306. The simulations are 

systematically overestimating the deflections in Alignment Point 206 and 306 and 

underestimating the deflections in Alignment Point 209 and 303.  
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Table 7.1: Mean difference and standard deviation between measurements and the results of 

the FE-analyses 

 

 

 

Mean 

difference 

[mm]

Standard 

deviation      

[mm]

Mean 

difference 

[mm]

Standard 

deviation      

[mm]

Mean 

difference 

[mm]

Standard 

deviation      

[mm]

102 2.2 3.0 -3.1 2.9 -3.3 2.8

104 3.4 4.5 0.1 4.1 2.5 3.8

106 3.0 5.0 2.0 4.4 4.1 4.1

108 9.7 3.8 4.7 3.4 3.9 3.2

110 12.3 2.6 1.4 2.4 -1.5 2.3

112 11.4 2.6 3.5 2.6 1.9 2.4

203 2 -8.4 2.6 1.2 2.4 1.1 2.3

206 1,2 -6.7 3.5 8.1 2.8 10.6 2.7

209 2 -17.1 3.8 -11.0 3.6 -12.4 3.5

303 1 -18.3 1.6 -10.1 1.6 -10.2 1.6

306 2 -8.9 2.6 4.3 2.5 5.8 2.5

309 -4.1 3.3 1.0 3.3 0.4 3.3
1 - Missing value August 2012, 2 - Missing value Mars 2013

Alignment Point

Linear Elastic Model 1 Model 2





 

79 

 

8  

 

Evaluation in ultimate limit state  

Progressive failure analyses were performed for both Model 1, which has a solid arch and 

Model 2, which includes contraction joints. The models were driven to failure using three load 

cases:  

 Load Case A: Progressive failure of a cracked model with an air temperature of 0 °C 

 Load Case B: Progressive failure of a cracked model with an air temperature of -25 °C 

 Load Case C: Progressive failure of a model only subjected to static load, before the 

thermal load was applied  

The failure curves for Model 1 are presented in Figure 8.1 and the failure curves for Model 2 

are presented in Figure 8.2. Both models acted linear up to double the design pressure, load 

factor (1 + 𝜆) = 2, for all load cases. In Load Case A and C, the structure softened gradually 

when the pressure increased from a load factor of 2 to 3. The structure failed for a load factor 

above 3. The cracked model had a slightly lower safety factor than the uncracked. In Load Case 

B, the structure weakened faster and failed at a load factor slightly above 2.5.  

The models undergo large displacements during the analyses, as can be seen in the figures. 

However, the strength of the structure barely increases after a displacement of 0.5 m. For 

displacements of this magnitude, a real dam would exhibit behaviors which cannot be captured 

in these analyses. For example, is would cause uncontrollable leakage which could damage the 

structure further.  
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Figure 8.1: Progressive failure of Model 1  

 

Figure 8.2: Progressive failure of Model 2 

The development of the cracks in the arch is presented in Figure 8.3 for Model 1 and Figure 8.4 

for Model 2. Up to a load factor of 2, no significant change in the crack pattern occur. The 

original crack pattern propagated further between a load factor of 2 and 2.5 and vertical cracks 

appeared along the crest. Between a load factor of 2.5 and the failure, large regions of the arch 

cracked.  
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(a) (1 + 𝜆) = 1 (b) (1 + 𝜆) = 2 

 
 

(c) (1 + 𝜆) = 3 (d) (1 + 𝜆) = 3.2 

Figure 8.3 Development of the crack pattern during the progressive failure analysis in 

Model 1 

 
(a) (1 + 𝜆) = 2 (b) (1 + 𝜆) = 2.5 

 
(c) (1 + 𝜆) = 3 (d) (1 + 𝜆) = 3.2 

Figure 8.4 Development of the crack pattern during the progressive failure analysis in 

Model 2 

The shape of the arch during the failure is depicted in Figure 8.5. The arc folds at mid-height. 

The failure is centered around the very distinct hinge in Model 1. In model 2, a larger region 

undergoes plastic deformations.  

 
(a) (b) 

Figure 8.5: Shape of the final deflection in Model 1 (a) and Model 2 (b) (unit: meter, scale 

factor: 60) 
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Discussion  

9.1 Fracture energy 

The fracture energy is an important factor in numerical simulations of concrete. Malm et al. 

(2017) did not provide a fracture energy for the concrete in the studied arch dam. Therefore, a 

fracture energy had to be assumed for the analyses in this project.  

Equation 3.4 gives a fracture energy of  𝐺𝑓 = 140 𝑁𝑚/𝑚2 for C30/37 concrete. The fracture 

energy in Equation 3.4 does not consider the size of the aggregates in the concrete but assumes 

normal aggregate sizes. Dams usually have large aggregates, which leads to higher fracture 

energies. According to Bažant (2002), regular concrete typically has a characteristic length of 

0.5 m, while dam concrete with large aggregates can have a characteristic length of 3 m. This 

corresponds to a six times higher fracture energy. Ghaemmaghami and Ghaemian (2006) 

performed tests on the fracture energy of concrete with different aggregate sizes in dam 

concrete. They found that the fracture energy increased from 72 𝑁𝑚/𝑚2 with an aggregate size 

of 20 𝑚𝑚 to 178 𝑁𝑚/𝑚2 for an aggregate size of 56 𝑚𝑚.  

It is likely that the fracture energy of the concrete in the studied dam is larger than the one given 

in Equation 3.4. To find a suitable fracture energy for the analyses, a parameter study was 

performed. When a fracture energy of  𝐺𝑓 = 140 𝑁𝑚/𝑚2 was used, the solutions would not 

converge. The energy 𝐺𝑓 = 280 𝑁𝑚/𝑚2 was found to give a reasonable compromise between 

cracking and convergence rate.  

Even though the cracking was more extensive while using a lower fracture energy, the cracking 

would initiate in the same location and a similar crack pattern was obtained. Introducing 

viscoplasticity also improved the convergence of the analyses.  

A dynamic solver was used to improve the convergence. The kinetic energy was low through 

the analyses. The kinetic energy in the model never exceeded 1 % of the strain energy in the 

quasi-static steps for Model 1 or Model 2. 

Hillerborg (1988) used the characteristic length to relate the stress-strain curve before the peak 

stress to the crack-opening curve as  

Chapter 
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𝑙𝑐ℎ =
𝐸𝐺𝑓

𝑓𝑡
2  

(9.1) 

For C30/37 concrete with 𝐺𝑓 = 280 𝑁𝑚/𝑚2, the characteristic length is 𝑙𝑐ℎ = 1.1 𝑚 and with 

𝐺𝑓 = 140 𝑁𝑚/𝑚2, the characteristic length is 𝑙𝑐ℎ = 0.55 𝑚. The characteristic length can be 

used as a maximum element length in FE-models but refers to the distance between the 

integration points rather than element size (analogous to the calculation of the crack width in 

Section 3.5). During the analyses in this project, tetrahedral elements with one integration point 

and lengths between 1 − 1.3 𝑚 were used. This results in a distance between the integration 

points of approximately 0.5-0.65 𝑚 and the convergence should therefore not be affected.  

The characteristic length is calculated for unreinforced concrete. Reinforced concrete also has 

a higher chance of convergence, since the energy released when the concrete cracks can be 

transferred to the steel. Larger elements can therefore be used.  

9.2 Foundation contact 

During the modelling, one important issues has been the interaction between the dam and the 

foundation and instabilities linked to it. The geometry of the round excavation in the rock was 

simplified by flat surfaces. With a large scale-factor, the rotation in the foundation of an arch 

dam could look like Figure 9.1 (a). When hard contact interaction was used (Section 3.3) and 

the dam leaned downstream from the hydrostatic pressure, only the row of nodes along the toe 

of the dam would be in contact with the foundation (Figure 9.1 (b)). This result in compressive 

and shear stress concentrations. The bad contact would also lead to non-converging solutions. 

Instead, soft contact interaction was used. The soft contact allows the arch (slave surface) to 

penetrate the rock (master surface). This moved the center of rotation closer to the middle of 

the foundation (Figure 9.1 (c)). The soft contact also allows for interaction after separation of 

the surfaces, which reduced stress concentration in the model. During the analysis of the 

cracking of the dam, which is presented in Chapter 6, the largest gap between the heel and the 

foundation was 4 mm. The largest overclosure in the toe was 2 mm. The vertical displacements 

in the base of the dam were considered insignificant compared to the size of the structure. The 

maximum tangential displacement in the base of the arch was 0.5 mm downstream, relative to 

the foundation.  

 
(a) (b) (c) 
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Figure 9.1: What an actual arch dam foundation could look like (a), approximation using hard 

contact (b) and approximation using soft contact (c) 

Soft contact acts as a spring. If there are no forces counteracting the spring, it will expand. The 

soft contact interaction will push surfaces out to the stress-free distance if no external pressure 

e.g. gravity load is counteracting it. When the contact pressure was applied before the gravity 

load, the arch would be lifted and stress concentrations would arise. The contact pressure was 

therefore applied along with the gravity load. To lean the dam downstream and achieve the 

desired shape of the foundation contact, some hydrostatic pressure was also applied along with 

the gravity load. 

9.3 Evaluation against measurements  

9.3.1 Crack pattern and displacements  

Model 1 was created with a solid arch, while Model 2 included contraction joints. The crack 

pattern in Model 2 seems to agree best with the survey of the cracks. The crack pattern in 

Model 2 is less circular than that of Model 1 and has a wider region of horizontal cracks. The 

diagonal cracks and the cracks in the contraction joints also agrees better with the survey.  

Along the crest of the arch, the predicted displacements of Model 1 and 2 corresponded well 

with the measured deflections. Both the magnitude and shape of the deflection was captured. 

The divergence between the model and measurements was larger further down in the arch.  

Along Section 200 and 300, all measurements are located on a straight line, while the 

deflections obtained from the FE-analyses are curved (Figure 7.3). The model does not agree 

well to the measurements along these sections. There are four alignment points where the 

divergence is significant; point 206, 209, 303 and 306, see Table 7.1. The divergences in these 

points are systematic. As seen in Figure 9.2, the calculated deflections are underestimated 

compared to the measurements in Section 09, while it is overestimated in Section 06.  

 

(a) (b) (c) 
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Figure 9.2: Deflection in the vertical sections  

Section 03 

As seen in Figure 9.2 (a), the calculated deflection in Alignment Point 303 is underestimated 

compared to the measurements. All the measured points are placed on a straight line in this 

section; this could mean one of two things. Either a local sliding has occurred in this section or 

a plastic hinge exists but is located below the alignment points. No information was made 

available about the state of the foundation in this project, so a local sliding could have occurred. 

In the survey of the cracks, no extensive cracking was indicated below the alignment points in 

Section 03. The development of a plastic hinge in this region is therefore not judged likely.  

Section 06 

In Section 06, the deflections obtained in the FE-analyses were overestimated compared to the 

measurements, as seen in Figure 9.2 (b). The overestimation could be a result of incorrect 

material properties. For example, the fracture energy may be too low or the reinforcement might 

not be stiff enough.  

Section 09 

In Alignment Point 309, the calculated deflection is underestimated (Figure 9.2 (c)). This could 

mean that the measured dam is more severely cracked in this section than the FE-model. 

However, the survey of the cracks does not indicate this.  

Comparison using modified measurements  

The calculated displacements diverge from the measurements at four points. The measurements 

indicate a strange shape of the arch. One explanation for this could that the alignment points 

are poorly calibrated.  

Another explanation could be a mix up in the manual handling of the data, where the alignment 

points were incorrectly labeled. Such an error is considered unlikely. However, to illustrate this, 

a modification of the received measurements was made, where Alignment Point 303 and 306 

switched places with each other. The modified data is presented in Figure 9.3. This modification 

resulted in a good correspondence between the model and the modified measurements in 

Section 300. A similar modification, did not resulted in significantly better correspondence for 

section 200, since the measured displacements were similar in all points.  
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Figure 9.3: Shape of the arch indicated by the measurements, zero deflection is assumed in 

contact with the foundation.   

9.3.2 Quality of measurement data  

The arch dam only has 12 alinement points for measuring displacements. The measurements 

along the crest provides a good image of the behavior. However, it is hard to produce precise 

description of the behavior further down in the arch. If measurements were available from more 

points further down in the dam, it would be possible to understand the deflected shape better.  

The measurements were performed 1-2 times per year and were performed in the autumn and 

spring, not during the extreme temperatures. Measurements performed during January and July, 

might be more relevant. Additional systems for measuring deflections, such as pendulums could 

also be valuable. Pendulums enables continuous monitoring and can be coupled with systems 

to warn the dam owner if sudden displacements occur. It is important to measure deformations 

in the base of the dam and sliding. The dam could already have instrumentation for this purpose 

but no data was made available for this project.  

The measurements contained several random errors. The measurements from March 2013 did 

not include measurements from three of the alignment points. The same data was given for 

September 2007 and June 2008; these two measurements can therefore be discarded. The 

measurements for August 2012 included unreasonable data in three alignment points. However, 

the crest displacements for that date were reasonable. During 2012, maintenance work was 
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performed on the arch. The data from that year might therefore be less reliable. The data from 

the measurements is presented in Appendix B.7. 

9.3.3 Usage of a linear elastic model  

It requires less work analyze FE-models with linear elastic material properties. It is therefore 

preferable to use linear elastic models when it is possible. The linear elastic model cannot 

describe the plastic behavior. In this project, it leads to an underestimation of the displacements 

in the lower sections of the arch. The crest displacements for the linear elastic model is 

presented in Figure 7.3. The linear elastic model does not have the right shape along the crest 

but captures the maximum deflection quite well. The crest shape of the linear elastic model 

diverges more from the measurements during the summer than the winter. If the crest 

displacement was the only object of interest, a parameter study could be performed to calibrate 

a linear elastic model to fit the crest displacements quite well.  

9.4 Progressive failure analysis 

The failure mode analyzed in the progressive failure analyses was an internal structural failure 

in the arch. Several potential failure modes were not considered. For example, the material in 

the spillway and abutment were linear elastic. The linear elasticity makes the concrete stronger 

and potential failure modes initiated in these parts will not be captured. However, the abutment 

and spillway takes large compressive forces from the arch action. A failure could potentially be 

initiated in the abutment or spillway, which could result in a sliding failure or instability in the 

arch.  

The simplification of the foundation prevents sliding between the rock and the concrete. A 

sliding failure is therefore not possible to capture. Since the base of the arch is excavated into 

the foundation, a pure sliding failure is not likely to occur. A sliding failure could initiate in 

cracks in the concrete or in fractures in the rock. To analyze such a failure, a more detailed 

geometric model would be required.  

All design loads were not included in the progressive failure analyses. The ice load and the 

uplift were not considered. As mentioned in Section 2.2.2, the uplift is negligible for thin arch 

dams according to Ghanaat (1993). The ice load should not affect the calculations considerably 

either since the dam is high and the ice load represents a low percentage of the total applied 

load (Andersson et al., 2016). However, if a sliding failure was analyzed, the uplift should be 

considered.  

When the hydrostatic pressure reached high values, the contact between the rock and concrete 

became an issue. Under high hydrostatic pressure, only sections of the toe of the arch was in 

contact with the rock. The contact was often the source of instability, which canceled the 

solution. Therefore, a more detailed geometrical model regarding the irregular geometry of the 

rock and the curved base of the dam would be preferable to obtain more accurate results.  
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Conclusions and further research  

10.1 Conclusions  

Thermal and mechanical finite element analyses were performed to predict the crack pattern 

and displacements of an arch dam. The analyses were performed with linear elastic and 

nonlinear material properties. Two different geometrical models were used, where one model 

included the contraction joints and in the other, the dam was considered to be a monolith. The 

analyses confirmed that seasonal temperature variations have large impact on massive concrete 

structures in a northern climate. The arch dam developed significant cracking on the 

downstream face. The cracks affected the deflected shape of the dam, leaving a permanent 

deformation along the crack.  

The linear elastic analysis gave an indication of the crack pattern. The indication of the stress 

distribution can be valuable in design but is not sufficiently accurate while evaluating existing 

structures. Both nonlinear models captured the crack pattern in a good way. The model with 

contraction joints gave the best representation of the crack pattern. The wider region of 

horizontal cracks, a less circular pattern and the cracks in the contraction joints corresponded 

better with the real dam.  

The nonlinear models represented the displacements along the crest in a good way. The shape 

of the deflected arch was also captured in the model with good accuracy. The linear elastic 

model captured the maximum crest displacements but failed to give a good representation of 

the crest shape and the deflections in the lower sections of the arch.  

The safety factor of 3 for an internal structural failure in the arch was found for normal 

temperatures. The safety factor reduced to 2.5 during a severe winter. The cracked dam was 

weaker than the undamaged dam and the safety factor reduced slightly. The model was not 

detailed enough to examine other potential failure modes, such as the risk for sliding failures in 

the dam or in weak zones in the rock.  

During this project, convergence issues are primarily a result from the interaction between the 

rock and concrete and the material model. The interaction issues were solved by using a soft 

contact with an exponential pressure-overclosure relationship. A stress-free displacement of 

𝑐0 = 2 𝑚𝑚 was used. A pressure at zero overclosure of 𝑝0 = 0.6 𝑀𝑃𝑎 was used, which 

corresponds with the weight of the concrete for the average height of the arch.  
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The convergence issues arising from the material model was resolved by using higher fracture 

energy, 𝐺𝑓 = 280.0 𝑁𝑚/𝑚2 and a lower damage parameter, 𝑑𝑚𝑎𝑥 = 0.8. Introducing 

viscoplasticity in the material model and using a dynamic solver also helped to improve the 

convergence issues.  

10.2 Further research  

The geometrical model was somewhat simplified in this project. The model can be refined 

especially regarding the foundation of the arch dam. Such a project would establish whether the 

interaction model used in this project is appropriate and answer which generalizations are 

appropriate for arch dams in general.  

The safety against sliding failure and other potential failure modes should be examined further. 

Such a study would be effective in combination with a geological survey to determine the state 

of the rock in the foundation.  

It would be interesting to do a more detailed survey of the crack pattern in the arch dam from 

which the measurements were obtained. The amount of instrumentation in the dam should also 

be increased to be able to do more thorough analyses of the dam and to get earlier warnings if 

movements occur. Continues measurements of the displacements can for instance be performed 

using pendulums.  
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Appendix A. Temperature data 

A.1 Temperature envelopes 

 

  

Air Water Air Water

℃ ℃ ℃ ℃

January -0.2 0 -25.8 0
February 0.6 0.4 -23.6 0

March 2.4 1.7 -15.7 0
April 6.5 4.6 -6.5 0
May 14.8 10.4 1.1 0.8
June 18.5 13.0 6.6 4.6
July 19.7 13.8 10.0 7.0

August 18.0 12.6 7.3 5.1
September 12.6 8.8 1.9 1.3

October 8.0 5.6 -6.4 0
November 3.1 2.2 -15.9 0
December 0.6 0.4 -23.8 0

Warm Cold
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A.2 Time history October 2005-June 2016 

 

Air Water Air Water Air Water Air Water Air Water Air Water

℃ ℃ ℃ ℃ ℃ ℃ ℃ ℃ ℃ ℃ ℃ ℃

1    -10.1 0  -5.6 0  -7.2 0  -9.5 0  -18.7 0

2    -10.6 0  -8.4 0  -4.2 0  -6.2 0  -9.6 0

3    -5.9 0  -7.7 0  -1.6 0  -11.9 0  -8 0

4    -4.6 0  -18.2 0  -9.3 0  -4.7 0  -13.4 0

5    -12.7 0  -12 0  -7 0  -9.5 0  -14.9 0

6    -8.5 0  -15.5 0  -3.5 0  -15.9 0  -13.2 0

7    -7.4 0  -13.9 0  -4.8 0  -16.5 0  -16 0

8    -15.8 0  -16.5 0  -2.7 0  -14.3 0  -18.2 0

9    -15.5 0  -5 0  -7.3 0  -9.7 0  -9.6 0

10    -6.7 0  -7.2 0  -8.1 0  -3.7 0  -4.6 0

11    -7.9 0  1.7 1.2  1.1 0.8  -3.4 0  -9.7 0

12    -7.3 0  -3.8 0  -2.7 0  -3.5 0  -7.7 0

13    -4.2 0  1.7 1.2  -0.2 0  -8.4 0  -2.3 0

14    0.2 0.2  -0.7 0  2.1 1.5  0.4 0.3  0.3 0.2

15    1.5 1  -0.6 0  7.9 5.5  3.2 2.2  2.3 1.6

16    5.2 3.7  4 2.8  7.7 5.4  6.8 4.8  0.8 0.5

17    7.1 5  5 3.5  3.6 2.5  5.5 3.9  1.7 1.2

18    11.3 7.9  3.2 2.2  3.6 2.5  7.9 5.5  2.3 1.6

19    4.1 2.8  4.1 2.9  9.9 6.9  9.6 6.7  7.6 5.3

20    8.7 6.1  5.3 3.7  16 11.2  10.1 7.1  15.1 10.6

21    8.2 5.7  9 6.3  8.3 5.8  8.7 6.1  8.2 5.8

22    9.2 6.5  10.4 7.3  11.9 8.4  9.4 6.6  9.5 6.6

23    15.5 10.9  17.5 12.2  10 7  10 7  10.2 7.2

24    15.4 10.8  11.4 8  13 9.1  17.6 12.3  10.3 7.2

25    13.8 9.7  10.7 7.5  13.9 9.8  17.5 12.3  11.8 8.3

26    18.8 13.2  12.8 9  13.7 9.6  10.7 7.5  14.8 10.3

27    15.3 10.7  16.5 11.6  17.6 12.3  14 9.8  16.5 11.6

28    13.1 9.2  11 7.7  10.1 7.1  14.2 10  17 11.9

29    15.9 11.2  14.8 10.3  11.6 8.1  14.6 10.2  14.6 10.2

30    16.8 11.8  14.7 10.3  11.9 8.4  17.4 12.2  15.4 10.8

31    18 12.6  12.7 8.9  10.4 7.3  13.8 9.7  15.9 11.1

32    16.3 11.4  17 11.9  7.5 5.2  10.4 7.3  16.1 11.2

33    14.3 10  15.2 10.7  6.3 4.4  12.6 8.8  10.7 7.5

34    13.5 9.5  13.9 9.8  4.5 3.2  12.1 8.5  7.6 5.3

35    12.3 8.6  7 4.9  7.8 5.5  10.5 7.4  7.1 4.9

36    11.3 7.9  6.6 4.6  4.9 3.4  9 6.3  10.9 7.6

37    10.4 7.3  7 4.9  0.5 0.3  7.8 5.5  9.2 6.5

38 7.9 5.5  5.6 3.9  5.4 3.8  2.3 1.6  2.5 1.8  5.7 4

39 7.7 5.4  4.8 3.4  6.8 4.7  -3.7 0  -0.9 0  3.1 2.1

40 1.6 1.1  3.7 2.6  6.8 4.8  0.2 0.2  -2 0  7.5 5.3

41 -4.2 0  2.8 1.9  1.8 1.3  -4.5 0  -1.1 0  -0.2 0

42 6.2 4.3  -4.6 0  2.7 1.9  -7.7 0  -1.2 0  -0.5 0

43 2.4 1.7  -9 0  3.3 2.3  -9.3 0  0.2 0.2  -1.3 0

44 -3.2 0  -4.4 0  2.9 2.1  -7.1 0  -4.5 0  -1.1 0

45 -3.1 0  -1.3 0  -3.5 0  -7.9 0  0.7 0.5  -9 0

46 -8.5 0  0.7 0.5  -5.9 0  -3.8 0  0 0  -11.3 0

47 -7.3 0  0.1 0.1  -4.9 0  -4.4 0  -6.8 0  -14.3 0

48 -5.9 0  -1.1 0  -8 0  -13.1 0  -0.3 0  -14.1 0

49 -7.4 0  -0.4 0  -6.7 0  -6.2 0  -13.1 0  -13.6 0

50 -11.5 0  -6.2 0  -0.3 0  -11.9 0  -13.3 0  -13.6 0

51 -9.3 0  -3.1 0  -4.1 0  -4.7 0  -17.2 0  -18.1 0

52   -14.5 0

Week

2005 2006 2007 2008 2009 2010
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Air Water Air Water Air Water Air Water Air Water Air Water

℃ ℃ ℃ ℃ ℃ ℃ ℃ ℃ ℃ ℃ ℃ ℃

1 -8.8 0  -6.1 0  -12.7 0  -7.5 0  -8.2 0  -22.9 0

2 -12.1 0  -10.7 0  -17.8 0  -21.8 0  -11 0  -13.1 0

3 -11.1 0  -6.8 0  -12 0  -13.2 0  -13.6 0  -20.3 0

4 -11.9 0  -11 0  -6.9 0  -10.2 0  -5.1 0  -6.8 0

5 -7.7 0  -21.5 0  -12.3 0  -3.1 0  -7.4 0  -11.7 0

6 -6.2 0  -13.9 0  -5.8 0  -1.1 0  -3 0  -2.1 0

7 -12.7 0  -8 0  -6.3 0  -3.4 0  -3.2 0  -6.4 0

8 -23.2 0  -7.3 0  -3.3 0  0.3 0.2  -1.4 0  -10.5 0

9 -14.4 0  -4.8 0  -10.4 0  0.5 0.3  -0.7 0  -5.9 0

10 -1.4 0  -2.6 0  -12.7 0  0.9 0.6  -0.7 0  -2.6 0

11 -3.6 0  -0.6 0  -8.6 0  -6.7 0  -2.2 0  -1.1 0

12 -5.4 0  -0.9 0  -4.3 0  -0.4 0  -3.5 0  -3.4 0

13 -3.2 0  -0.6 0  -4.7 0  -1.8 0  -0.3 0  1.3 0.9

14 -5 0  -5.7 0  -2.7 0  0.4 0.3  2.5 1.8  1.7 1.2

15 2.7 1.9  0.4 0.3  3.5 2.5  3.7 2.6  2.5 1.7  0.6 0.4

16 3.9 2.8  -0.4 0  2.6 1.8  5.8 4.1  2.9 2  1 0.7

17 5.1 3.5  3.4 2.4  3 2.1  2.2 1.5  2.4 1.7  3.8 2.6

18 7.3 5.1  2.2 1.6  6.4 4.5  2.4 1.7  6.2 4.3  9.2 6.4

19 3.1 2.2  3.9 2.8  11.8 8.2  7.3 5.1  5.3 3.7  6.8 4.8

20 9.3 6.5  6.9 4.8  13.3 9.3  14.9 10.4  6.5 4.6  6.4 4.5

21 7.7 5.4  10.8 7.6  16.4 11.5  9.5 6.7  7.8 5.5  11.7 8.2

22 8 5.6  5.9 4.1  12.9 9  16.2 11.3  7.6 5.3  14.2 9.9

23 10 7  7.9 5.6  11.3 7.9  12.2 8.6  8.6 6  8.7 6.1

24 11.1 7.8  10.7 7.5  13.3 9.3  7.5 5.3  10.4 7.3  11.5 8.1

25 11.9 8.4  12.6 8.8  16.2 11.4  9.8 6.9  12.4 8.7  14.1 9.9

26 16.3 11.4  11.7 8.2  15.1 10.5  14 9.8  14.4 10.1  8.4 5.9

27 18 12.6  15.6 10.9  13.4 9.4  19.9 14  12.5 8.7    

28 14 9.8  13.8 9.7  11.9 8.3  18.1 12.6  13.2 9.2    

29 18 12.6  12.2 8.6  16.9 11.9  21.3 14.9  12.6 8.8    

30 16.7 11.7  14.5 10.2  16.8 11.8  17.1 12  13.2 9.3    

31 14.4 10.1  14.1 9.8  15.2 10.7  19.3 13.5  14.2 9.9    

32 10.2 7.1  12.6 8.8  13.3 9.3  13.5 9.5  12.9 9    

33 13.6 9.5  15.1 10.6  12.8 9  10.8 7.6  14.9 10.4    

34 14.4 10.1  10.2 7.2  11.6 8.1  10.2 7.2  13.9 9.7    

35 10.7 7.5  10 7  12.6 8.8  11.7 8.2  9.7 6.8    

36 11.8 8.2  7.5 5.2  11.5 8  10.5 7.4  9.3 6.5    

37 9.4 6.6  9 6.3  10.4 7.3  7.4 5.2  11.1 7.8    

38 7.2 5  5.2 3.7  3.4 2.4  3 2.1  8.8 6.2    

39 8.5 6  3.7 2.6  5 3.5  6.2 4.3  6.8 4.7    

40 4.4 3.1  6.3 4.4  6.1 4.3  2 1.4  0.2 0.2    

41 2.4 1.7  2.6 1.8  -1.3 0  -4.2 0  4.2 2.9    

42 2.5 1.8  -0.9 0  -0.4 0  0.6 0.4  2.5 1.8    

43 1 0.7  -3.4 0  0.9 0.6  0.6 0.4  -0.5 0    

44 4.5 3.1  -1.1 0  -2.3 0  -4.5 0  2.6 1.8    

45 -0.2 0  -4.7 0  -1.7 0  -2.7 0  -2.7 0    

46 1.2 0.8  -0.3 0  -7.2 0  -3 0  -3.7 0    

47 -1 0  0.8 0.6  -4.2 0  -4.4 0  -3.7 0    

48 -0.9 0  -7.9 0  -8.6 0  -2.3 0  -3.9 0    

49 -5.6 0  -13.2 0  -3.1 0  -4.7 0  -4.7 0    

50 -2.8 0  -8.6 0  -2.9 0  -5.6 0  -6.3 0    

51 -4.7 0  -14.9 0  -1.9 0  -12.9 0  -3.7 0    

52 -5.6 0  -14.6 0  -1.8 0  -3.2 0  -6.8 0    

20162011 2012 2013 2014 2015
Week
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Appendix B. Comparison between 

calculated and measured 

displacements 

B.1 Section 100 
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B.2 Section 200 
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B.3 Section 300 
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B.4 Section 03 

 



APPENDIX B. COMPARISON BETWEEN CALCULATED AND MEASURED DISPLACEMENTS 

106 

 

 
 

 

  



  

107 

 

B.5 Section 06 
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B.6 Section 09 

 



APPENDIX B. COMPARISON BETWEEN CALCULATED AND MEASURED DISPLACEMENTS 

110 

 

 

  



  

111 

 

B.7. Measurements 

 
 

102 104 106 108 110 112 203 206 209 303 306 309

Sep 2006 8.5 17.3 17.7 4.5 -7.9 -11.7 24.3 25.0 27.8 28.9 22.0 11.0

Sep 2007 5.4 14.6 15.4 2.4 -8.0 -12.7 22.6 23.8 25.7 28.1 20.4 8.2

Jun 2008 5.4 14.6 15.4 2.4 -8.0 -12.7 22.6 23.8 25.7 28.1 20.4 8.2

Sep 2008 7.7 17.5 17.0 3.9 -6.9 -11.8 24.0 24.8 26.1 28.4 21.5 8.9

Sep 2009 8.6 16.4 17.6 4.0 -7.8 -10.7 25.3 26.0 27.2 29.4 22.9 10.7

Sep 2010 9.7 18.3 18.2 4.2 -7.3 -10.9 24.5 23.9 26.1 27.8 20.8 9.4

Mar 2011 21.6 39.2 41.6 25.7 10.7 1.3 34.3 39.2 37.2 35.4 30.8 15.6

Aug 2011 4.9 13.1 14.0 -0.7 -12.8 -16.9 22.5 21.4 24.3 27.9 19.5 8.0

Aug 2012 2.8 10.5 10.2 -1.8 -12.5 -15.1 18.5 -6.0 15.5 -19.0 16.7 -0.9

Mar 2013
1

15.0 31.9 36.2 22.9 8.5 -1.2 31.9 13.1

Mar 2014 18.9 34.0 37.0 22.9 8.9 0.2 32.3 37.4 37.5 34.1 30.1 15.7

Aug 2014 2.7 10.4 11.0 -2.4 -14.5 -17.7 21.2 20.6 21.7 25.4 17.8 3.7

Mar 2015 14.3 29.8 34.3 20.2 6.6 -1.6 29.6 34.8 35.7 29.6 27.5 13.2

Aug 2015 7.1 15.8 15.4 1.5 -12.0 -16.5 20.4 22.9 24.9 25.8 17.8 8.2

Measured displacements downstream 

1 - Missing value Mars 2013

Date
Alignment Point


