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Abstract

After only two years of service, extensive cracking was found in the webs of two
light-rail commuter line bridges in Stockholm, the Gröndal and Alvik bridges. Due
to this incident it was found necessary to study the means available for analysing
shear cracking in concrete structures subjected to in-plane stresses. The aim of this
PhD project is to study shear cracking with these two bridges as reference. In this
thesis, the first part aims to study the possibility of using finite element analysis
as a tool for predicting shear cracking for plane state stresses. The second part is
concerning how the shear cracks are treated in the concrete design standards.

Shear cracking in reinforced beams has been studied with non-linear finite element
analyses. In these analyses the shear cracking behaviour was compared to exper-
iments conducted to analyse the shear failure behaviour. Finite element analyses
were performed with two different FE programs Abaqus and Atena. The material
model used in Atena is a smeared crack model based on damage and fracture theory
with either fixed or rotated crack direction. The material model used in Abaqus is
based on plasticity and damage theory. The fixed crack model in Atena and the
model in Abaqus gave good results for all studied beams. For the two studied deep
beams with flanges the results from the rotated crack model were almost the same
as obtained with the fixed crack model. The rotated crack model in Atena gave
though for some beams a rather poor estimation of the behaviour.

The calculation of crack widths of shear cracks has been studied for the long-term
load case in the serviceability state for the Gröndal and Alvik bridges, with the
means available in the design standards. The methods based on the crack direction
corresponding to the principal stress and do not include the effect of aggregate in-
terlocking seems to be too conservative. Two of the studied methods included the
effect of aggregate interlocking, it was made either by introducing stresses in the
crack plane or implicitly by changing the direction of the crack so that it no longer
coincide with the direction of principal stress. For calculations based on probable
load conditions, these methods gave estimations of the crack widths that were close
to the ones observed at the bridges. Continuous measurements of cracks at the
Gröndal and the Alvik bridges have also been included. Monitoring revealed that
the strengthening work with post-tensioned tendons has, so far, been successful. It
also revealed that the crack width variations after strengthening are mainly tem-
perature dependent where the daily temperature variation creates movements ten
times greater than those from a passing light-rail vehicle. Monitoring a crack be-
tween the top flange and the webs on the Gröndal Bridge showed that the top flange
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was moving in a longitudinal direction relative to the web until the strengthening
was completed. The crack widths in the sections strengthened solely by carbon fibre
laminates seem to increase due to long-term effects.

Keywords: Shear, plane state stress, crack width, FE analysis, design standards,
serviceability state,
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Sammanfattning

Vid en rutininspektion av två nybyggda spårvagnsbroar, Gröndals- och Alviksbron,
i Stockholm upptäcktes kraftiga sneda sprickor i liven på spännbetongbroarnas
lådtvärsnitt. Detta resulterade i att det ansågs viktigt att studera vilka metoder
som finns för att studera skjuvuppsprickning av betongkonstruktioner vid plant
spänningstillstånd. Syftet med detta doktorandprojekt är att studera skjuvupp-
sprickning med dessa broar som utgångspunkt. I avhandlingens första del studeras
möjligheten att använda analyser med finita element för att analysera skjuvupp-
sprickning. Andra delen av avhandlingen behandlar hur skjuvsprickor beaktas i
dimensioneringnormer för betong.

Skjuvuppsprickning i armerade betongbalkar har studerats med icke-linjära finita
element analyser. Dessa analyser har jämförts med resultat från experiment utförda
för att analysera beteendet vid skjuvbrott. Finita element analyser har blivit ut-
förda med två finita element program Abaqus och Atena. Materialmodellen i Atena
representerar sprickorna som ett kontinuum och baseras på brottmekanik och skade-
mekanik, med antingen en fix eller en roterande sprickriktning. Materialmodellen
som används i Abaqus är baserad på plasticitetsteori och skademekanik. Modellen
i Atena som beskriver sprickorna med fix riktning och Abaqus modell gav goda
resultat i samtliga beräkningar. För de två höga balkarna med flänsar erhölls en
god överensstämmelse mellan modellen i Atena med roterande sprickriktning och
motsvarande med fix sprickriktning. Modellen i Atena med roterade sprickriktning
gav dock i vissa fall relativt undermålig approximation av balkarnas respons.

Beräkningen av sprickbredder enligt dimensioneringsnormer för skjuvsprickor har
studerats för långtidslast i brukgränstillstånd för Gröndals- och Alviksbron. De
metoder som baseras på att sprickriktningen motsvarar huvudspänningsriktningen
och inte inkluderar inverkan av låsning mellan ballast i sprickytorna tenderar att
överskatta sprickbredderna. Två av beräkningsmetoderna inkluderade inverkan av
låsning mellan ballast i sprickytorna. Detta beaktades antingen genom införsel av
spänningar i sprickplanet eller implicit beakta detta genom att ändra sprickans
lutning så att den inte längre sammanfaller med huvudspänningsriktningen. För
beräkningar baserade på mer rimliga förutsättningar, tillskillnad från dimensioner-
ingsförutsättningar, gav dessa metoder uppskattningar av sprickbredder som är nära
vad som observerats på broarna. Resultatet från kontinuerliga mätningar av sprick-
breddsvariationen på Gröndals- och Alviksbron är också inkluderat i avhandlingen.
Slutsatsen från dessa mätningar är att förstärkningen av broarna med spännstag
verkar fungerat bra. Mätningarna indikerar också att variationen i sprickbredd hu-
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vudsakligen beror på temperaturvariationen. Dygnsvariationen i temperatur orsakar
variationer i sprickbredd som är tio gånger större än vad som uppstår från en pas-
sage med en spårvagn. Mätningarna av horisontella sprickor som uppstått mellan
fläns och liv på Gröndalsbron visar att överflänsen försköts horisontellt i förhållande
till balklivet fram till att förstärkningsarbetet var klart. Mätningarna visar också
att sprickbredden hos sprickor i sektioner som förstärkts endast av kolfiberlaminat
verkar öka på grund av långtidseffekter.
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Chapter 1

Introduction

1.1 Background

Two newly built light-rail commuter line bridges in Stockholm revealed extensive
cracking in the webs of their concrete hollow box-girder sections in 2001. The
bridges, called Gröndal Bridge and Alvik Bridge where both constructed with the
balanced cantilever technique in the main and the two adjacent spans. The cracks
were first observed after only two years of service and subsequent inspections showed
that the cracks were increasing in both size and number. The bridges were closed
for traffic while strengthening work was performed. The bridges were closed due to
the risk of shear failure because it was assumed that the bridges did not fulfil the
requirements in the ultimate limit state. Subsequent investigations, later suggested
that the cause of the cracking was due to inadequate shear reinforcement in the webs
in the serviceability state. The construction company claimed that the Swedish
standard gave inadequate shear reinforcement, and the reason why these bridges
have extensive cracking has today still not been found.

It is of interest to study the tools that are available to analyse shear crack initiation
and propagation in cases of plane stress states that for instance occur in slender
box-girder webs. Design standards have methods for evaluating crack widths devel-
oped for tensile or flexural cracks, but often regarding shear cracks it is not specified
how the reinforcement stress or strain should be calculated for a plane stress state.
Therefore usually the crack width of shear cracks is not controlled in practise. An-
other tool for analysing shear cracks is the finite element method. The constitutive
models for describing concrete are mainly based on fracture mechanics, plasticity
theory or damage theory. With these methods implemented in the finite element
programs, advanced simulations of arbitrary structures can be made where it is pos-
sible to follow the progressive cracking through increased loading all the way up
to failure. Predicting the response of reinforced concrete members subjected to in
plane stresses is not as straightforward as it first may appear. Under a particular set
of loads, new cracks may form, pre-existing cracks may propagate or close, and the
forces will be resisted through concrete and reinforcement steel in interaction. The
concrete bodies will be bounded by rough crack surfaces capable of transmitting
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CHAPTER 1. INTRODUCTION

shear and compression at the contact locations, but not able of transmitting tensile
forces. However, in the un-cracked concrete between the cracks tensile stresses will
be carried.

1.2 Aims and scope

The idea of this PhD project is to use the Gröndal and Alvik bridges as a reference
to study shear cracking. The study in this thesis is initially performed based on
methods already available in the design standards. The second phase of the project is
to develop realistic finite element models of these bridges, where the knowledge from
performed measurements may act as input. In order to develop these models first
the capability of the finite element programs to describe the shear crack initiation
and propagation must be studied.

The aim of this work is to study shear cracking initiation and propagation in concrete
structures. The first part of this thesis aims to study the possibility to use finite
element analysis as a tool for predicting shear cracking. Here the fundamental theo-
ries that form the basis for the constitutive concrete material models are described.
A selection has been made to the theories that are implemented in the commercial
finite element programs Atena and Abaqus that have been used for analyses in this
thesis. The purpose of the finite element analyses in this thesis is to analyse concrete
beams from crack initiation and follow the crack propagation towards shear failure.
The models are used to compare the analytical response with that obtained from
experiments. The study includes the load and deformation response, as well as the
crack pattern and the crack width. The second part is concerning how the shear
crack are treated in the concrete design standards. Numerical studies are performed
based on design loads in serviceability state, as well as an estimation of the actual
crack widths based on more probable load conditions.

1.3 General structure of the thesis

The contents of the chapters are presented below to give an overview of the structure
of this thesis.

In Chapter 2, a review of the constitutive material models for finite element analyses
of concrete is presented. The chapter starts with a description of the uniaxial and
biaxial behaviour of concrete, and proceeds to describe how this is implemented in
models based on fracture mechanics, plasticity theory and damage theory.

In Chapter 3, a literature study of calculation of crack widths in plane stress state
in the concrete design standards is presented. First the methods in the standards
that specify how the calculation can be made are extensively described. After this
a general comparison of the methods is presented.

In Chapter 4, concrete beams which fail in shear are studied with finite element
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1.3. GENERAL STRUCTURE OF THE THESIS

analyses. The results from the finite element analyses are compared with some
classical measurements from the literature made by Leonhardt and Walter (1962)
and in addition deep beams are analysed based on the measurements made by
Nylander and Holmgren (1975). The finite element analyses are performed with
two different finite element programs and different constitutive material models.
Conclusions from the finite element analyses are also presented in this chapter.

In Chapter 5, the Gröndal and Alvik bridges are presented. A presentation of
the crack width measurements made on these bridges are presented together with
the results from the first three years of monitoring. The influence of the traffic
load, temperature and the effect of strengthening the bridges are presented. In this
chapter also the methods prescribed in the design standards are used to evaluate
the crack width of shear cracks. Crack width calculations are also performed for
more probable load combinations to compare the calculated crack widths with the
crack widths measured on the bridges.

In Chapter 6, the conclusions of the the study in this thesis are presented and
directions for further research are suggested.
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Chapter 2

Numerical models of concrete

2.1 Material properties and strength of concrete

In this section different constitutive material models for concrete are presented.
Various material models have been developed over the years and the intention of
this chapter is not to describe all of them. Instead the focus in this chapter is
to describe the most common material models that are implemented in the finite
element programs used later on in the thesis.

2.1.1 Basic types of failure

In fracture mechanics three types of fracture are defined; tension (mode I), shear
(mode II) and tear (mode III) as seen in Figure 2.1. In concrete and other similar
materials, mode I is the most common type of crack growth and it could in some
cases occur in its pure form. The other modes are rarely obtained in their pure
form. Combinations of the different modes often occur, and in concrete it is usually
a combination of mode I and II. (Elfgren, 1989)

Modus I Modus II Modus III

(a) Mode I (b) Mode II (c) Mode III

Figure 2.1: Different types of failure. Reproduction from Björnström et al. (2006).
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CHAPTER 2. NUMERICAL MODELS OF CONCRETE

The behaviour at failure of concrete at low pressures differs from that at higher pres-
sures. At low pressures the failure is typically brittle in nature, which is the case
for tensile stresses and compressive stresses at low hydrostatic pressures. If concrete
is subjected to higher hydrostatic pressures, on the other hand, the material can
deform plastically on the failure surface like a ductile material before failure strains
are obtained (Chen, 1982). This has been observed in triaxial tests of concrete cylin-
ders and the results are illustrated in Figure 2.2. At moderate confining pressure,
the failure mode is characterised by the formation of inclined shear planes. As the
ratio σ2/σ1 increases, so does the compressive strength of concrete and a transition
from a brittle to a ductile type of failure is observed. For the limit case σ2/σ1 = 1
characterising a purely hydrostatic stress state, no peak strength is observed. (Mang
et al., 2003)

Figure 2.2: Stress-displacement diagrams obtained from triaxial compression for
three levels of confining pressure σ2. From Mang et al. (2003)

2.1.2 Uniaxial stress

Compression

From experimental tests it has been shown that concrete is highly non-linear in
uniaxial compression. An illustration of the typical uniaxial behaviour of concrete
is shown in Figure 2.3. The stress-strain curve is linear elastic up to approximately
30 % of the ultimate compressive strength. After this, the stress-strain curve in-
creases gradually up to about 70 to 75 % of the ultimate compressive strength.
In this stage, strains orthogonal to the externally applied load lead to additional
bond cracks between the aggregate and the cement paste in the direction of loading
and therefore to a decrease of the macroscopic stiffness. This leads to a non-linear
stress-strain curve. Upon further loading the number of bond cracks increases and
the matrix cracking starts. After reaching the peak value, the stress-strain curve
descends, this is normally defined as softening. As the curve descends the crushing
failure occurs at the ultimate strain. (Mang et al., 2003)
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2.1. MATERIAL PROPERTIES AND STRENGTH OF CONCRETE

0.15 σ

Hognestad

softening

Failure strain

Initial elastic
modulus 

Peak 
compressive
stress

ε ε

−ε

−σ

cu

cuc0

Ultimate strain

Figure 2.3: Response under uniaxial compression. Reproduction from Bangash
(2001)

Tension

Tensile failure in porus and brittle materials is preceded by micro-cracking that
increases in size and number. The micro-cracks are localised as the deformation
increases and finally merging to one actual crack. Micro-cracks are local damage
that is initiated where the material is weakened and where stress concentrations
occur for instance between the aggregate and the cement paste. (Björnström et al.,
2006)

When a test specimen consisting of brittle material is loaded in tension with a defor-
mation controlled loading the tensile stresses increase with increased crack opening
displacement w until the tensile strength is reached, see Figure 2.4. Thereafter
the tensile stress reduces until the test specimen reaches failure, i.e the specimen
is divided in two separate parts. Before reaching the tensile strength the extent
of the micro-cracking is rather small and distributed over the entire volume. At
maximum stress the micro-cracking propagates and is concentrated within a limited
area, called the fracture process zone. Afterwards all micro-cracking occurs within
the fracture process zone and increased deformation leads to an increased number of
micro-cracks that merges. Thereby the stress-displacement curve descends and the
material is softening. It is in the fracture process zone that the visual traction free
crack develops. More energy consumed per deformation unit, the more ductile the
material is. A ductile material has a larger possibility of redistributing and counter
balance stress concentrations. (Björnström et al., 2006)
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CHAPTER 2. NUMERICAL MODELS OF CONCRETE

Fracture process zone

Crack

Peak 
tensile 
stress

w

σ

Figure 2.4: Formation of micro-cracks under uniaxial tensile loading and the pro-
gression to a macro-crack. Reproduction of Björnström et al. (2006)

2.1.3 Biaxial stress

The constitutive behaviour of concrete under biaxial states of stress is different from
the constitutive behaviour under uniaxial loading. Figure 2.5 illustrates a biaxial
failure envelope for concrete and the cracking that corresponds to the stress state.
(Feenstra and de Borst, 1993)

-1,5

-1

-0,5

-1,5 -1 -0,5 0

2

cf

1

cf0

-1,5 0

σ

σ

Rankine criterion
for tensile failure

Drucker-Prager criterion
for compressive failure

Biaxial tension
uniaxial tension

uniaxial compression

Biaxial compression

2

σ 1

σ
=

σ1

σ2

σ2

σ1 σ1

σ2

σ1

σ2

Figure 2.5: Yield criteria for biaxial stress state illustrated for plane stress state.
Reproduction of Björnström et al. (2006)

The tensile cracking occurs in the first, second and the fourth quadrant. A biax-
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2.2. CONSTITUTIVE MODELS FOR CONCRETE

ial compression state is illustrated in the third quadrant. In the first quadrant the
cracking occurs perpendicularly to the principal tensile stress. In the second and the
fourth quadrant the crack is oriented perpendicularly to the tensile stress. (Björn-
ström et al., 2006) The uniaxial compressive strength, fc, increases approximately
16 % under conditions of equal biaxial compression. The increase in compressive
strength is even larger if the stress ratio σ1/σ2 = 0.5 which results in a 25 % increase.
A lateral compressive stress decreases the tensile strength, which according to Vonk
(1992) originates from that the lateral compressive stress introduces tensile stresses
at the micro-level due to the heterogeneity of the material, which increases the pro-
cess of internal damage. A lateral tensile stress has no major influence on the tensile
strength. According to Feenstra and de Borst (1993) the increase in the compressive
strength under biaxial compressive loading can be explained by the internal friction
and aggregate interlocking. (Feenstra and de Borst, 1993)

The definition of a failure, or more precise a yield, surface for a biaxial stress state
is a vital part of concrete models based plasticity theory and will be described later
in Section 2.2.3.

2.2 Constitutive models for concrete

In this section the general theories of fracture mechanics, plasticity theory and dam-
age theory for concrete structures are presented. Combinations of these theories have
been implemented in the FE programs that later are used for finite element analysis
in this thesis. The constitutive models implemented in the studied FE programs are
presented in Section 2.4.

2.2.1 Non-linear fracture mechanics

Hillerborg et al. (1976) proposed the first non-linear theory of fracture mechanics. It
includes the tension softening fracture process zone through a fictitious crack ahead
of the pre-existing face crack whose faces are acted upon by certain closing stresses
such that there is no stress concentration at the tip of this extended crack, as seen in
Figure 2.6. The stress increases from zero at the tip of the pre-existing traction-free
macro-crack to the full strength of the material ft. The proposed model assumes
that the fracture process zone is of negligible thickness and thereof the alternative
name discrete crack model. (Karihaloo, 2003)

Two material parameters are essential to describe the material behaviour in the
discrete crack model; the stress-displacement relation σ(w) in the softening zone
and the fracture energy, which is defined as the area under the tension softening
curve. (Karihaloo, 2003)

A more detailed description of the tension softening behaviour and the fracture
energy is presented in Section 2.3.
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a l0 p

w wc
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I

σ(w)
f
t

crack length

Figure 2.6: A traction-free crack of length a0 terminating in a fictious crack with
residual stress transfer capacity σ(w) whose faces close smoothly near
its tip (the critical stress intensity factor KI = 0). Reproduction from
Karihaloo (2003).

2.2.2 Non-linear fracture mechanics based on crack bands

Micro-cracking and the bridging in the fracture process zone is not continuous and
it does not necessary develop in narrow discrete regions in line with the continuous
traction free crack. Because of this, it has been argued that the tension softening
relation σ(w) can equally well be approximated by a strain softening relation σ(ε),
i.e. a decreasing stress with increasing inelastic strain. However, this strain is related
to the inelastic crack opening displacement w and the fracture energy. This means
that the ultimate strain at rupture, εc is related to wc and in other words the strain is
now defined by a fracture criterion. Characterising the tension softening behaviour
of concrete in this ”smeared” manner through a strain softening constitutive relation
was introduced by Bažant (1979) and was further developed by Bažant and Oh
(1983). To relate the inelastic strain ε to the crack opening displacement w and
the fracture energy Gf , a width h had to be defined where ε = w/h. It is assumed
that the micro-cracks in the fracture process zone are distributed over a band of
width h, hence the name crack band model. As the micro-cracks are assumed to
be smeared over an element, the whole element fractures as the tensile strength is
reached. (Karihaloo, 2003) The total strain in an element is defined as the sum of
the elastic strain and the inelastic strain. There are two approaches for determining
the crack direction in the smeared crack methods. The first method, called the
fixed crack model, is obtained if the smeared cracks in the crack band are normal
to the principal tensile stress at the moment of crack initiation and their direction
does not change during the subsequent growth of the crack band even when the
direction of the principal stress changes. In the second method the crack rotates
as the direction of the principal stress changes and the cracks are therefore always
normal to the principal tensile stress direction, hence the name rotated crack model.
One main difference between these two approaches is how the shear stresses and
shear strains are treated at the smeared crack bands. In the fixed crack model
the need for a shear retention factor which reduces the shear modulus is needed to
avoid convergence difficulties and to avoid physically unrealistic and distorted crack
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patterns. In concrete the shear retention factor allows for the roughness of crack
faces due to aggregate interlocking, etc. The shear modulus is normally reduced
with increasing strain, which represents a reduction of the shear stiffness due to
crack opening. In the rotated crack model no shear stresses can occur in the crack
plane since the crack follows the direction of the principal stress. In this case an
implicit shear modulus is calculated to provide co-axiality between the rotating
principal stress and strain. (Rots, 2002)

2.2.3 Plasticity theory

Plasticity is a tool for describing ductile material behaviour. It is, however, also
used for finite element analysis of brittle behaviour. The classical theory of plastic-
ity, like any mathematical representation of the mechanical behaviour of solids, may
be viewed in two ways; as a translation of the physical reality or as a model that
approximates the behaviour under certain circumstances. Regarding concrete it has
generally been acknowledged that such prominent features of plasticity theory as
a well-defined yield criterion and a strictly elastic unloading are approximations at
best. Nevertheless, many problems involving brittle materials have been quite suc-
cessfully treated by means of plasticity theory, according to Lubliner et al. (1989). In
problems in which tension, with the attendant crack development, plays a significant
role - such as shear failure in reinforced concrete structures - the usual procedure
nowadays is to apply plasticity theory in the compression zone, and treat the zones
in which at least one principal stress is tensile by one of several versions of fracture
mechanics. (Lubliner et al., 1989)

Yield and failure functions

In biaxial tests on concrete and geomaterials it is usually found that the various
critical surfaces in stress space are similar. Concrete can exhibit a significant vol-
ume change when subjected to severe inelastic states. In Figure 2.7 (a) it can be
seen that the increase in volume can be more than twice as large for the hydro-
static compressive stress state, illustrated as σ1/σ2 = −1/ − 1 in Figure 2.7, as
for uniaxial compression σ1/σ2 = −1/0. In Figure 2.7 (a) the points marked on
the stress-volumetric strain diagrams indicate the limit of elasticity, the point of
inflection in the volumetric strain, the bendover point corresponding to the onset
of instability or localisation of deformation and the ultimate load. The critical sur-
faces corresponding to these material states are illustrated in Figure 2.7 (b). The
surfaces’ give an indication of the ”expansion” of the failure surface, i.e. the reserves
of strength that concrete has from the moment its elastic limit is reached until it
completely ruptures. (Karihaloo, 2003)

The same result is not found in triaxial compression tests, at least not for sufficiently
high hydrostatic pressures, as illustrated in Figure 2.2. This means that, while the
yield surface (however defined) is closed, the failure surface is open in the direction
of hydrostatic pressure, as seen in Figure 2.8. (Lubliner et al., 1989)
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(a) (b)

Figure 2.7: (a) Volumetric strain in biaxial compression, (b) typical loading curves
under biaxial stresses. From Karihaloo (2003).

failure surface

elastic limit 
surface

Figure 2.8: 3D failure surface and the elastic limit. Reproduction from Riedel (2000)

Since the critical surfaces are similar in the biaxial behaviour of concrete, a yield
function is used in the plasticity based models. This yield function is initially defined
so that it corresponds to the elastic limit and the surface expands during subsequent
loading up to failure. The size of the yield function is based on the material prop-
erties defined for the uniaxial behaviour of concrete. The yield surface is based on
the strengths defined as the material no longer acts elastic and the failure surface
is based on the ultimate strengths. In uniaxial tension, as described in Section 2.3,
normally the material is defined to be elastic up to the tensile strength. This means
that in the biaxial tensile meridian the yield surface is equal to the failure surface. In
compression the material is usually assumed to be initially elastic up to 30 % - 60 %
of the compressive strength.

Several different failure (or yield) criterions have been developed for concrete ma-
terials. In Figure 2.9 some common failure surfaces are presented together with
experimental data from Kupfer and Gerstle (1969). For steel usually the von Mises
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failure criterion is used, see Figure 2.9 (a). The yield criterions most often used
for concrete materials are the Drucker-Prager and Mohr-Coulomb criteria, see Fig-
ure 2.9 (b) and (c) respectively. These criterions, however, do not according to
Lubliner et al. (1989) represent experimental results for concrete very well unless
suitably modified. One modification is for instance to use a combination of the
Mohr-Coulomb and the Drucker-Prager yield functions, where the Drucker-Prager
is used for biaxial compression and the Mohr-Coulomb is used otherwise.
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Figure 2.9: Failure criterions for biaxial stress state illustrated for plane stress state.
Reproduction from Jirásek and Bažant (2002).

Hardening

The strain tensor in plasticity based models is decomposed into an elastic part and
a plastic part. Plasticity theory permits a description of the dependence of strain in
the material on its history through the introduction of an internal scalar variable,
here defined as κ. The internal variable usually describes irreversible material be-
haviour and its evolution is expressed by means of rate equations which are functions
of the plastic strain rate, dκ = f(dεp). In both the work-hardening hypothesis and
the strain-hardening hypothesis, the internal parameter, called hardening parameter
is integrated along the loading path to give the scalar hardening variable, κ. The
hardening rule defines the motion of the subsequent yield surfaces during plastic
loading. The yield condition generalises the concept of yield stress to multi axial
stress states and includes the history dependence through the scalar hardening vari-
able. Since the yield function is dependent on the loading history through κ it can
only expand or shrink in the stress space, not translate or rotate. Such hardening
is called isotropic hardening, whether the work-hardening or the strain-hardening
approach is used. The direction of the plastic strain tensor dεp is determined from
the derivative of the plastic potential function, this is illustrated in Figure 2.10.
(Karihaloo, 2003)

Isotropic hardening is generally considered to be a suitable model for problems in
which the plastic straining goes well beyond the initial yield state and where the
Bauschinger effect is not noticeable. The Bauschinger effect refers to one particular
type of directional anisotropy induced by plastic deformation, namely that an initial
plastic deformation of one sign reduces the resistance of the material with respect
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to a subsequent plastic deformation of the opposite sign. The isotropic hardening
theory is, therefore, used for processes involving large plastic strain and in which
the plastic strain rate does not continuously reverse direction sharply. The models
are intended for problems involving essentially monotonic loading, as distinct from
cyclic loading. In a different approach called kinematic hardening the yield surface
translates as a rigid body in the stress space, and therefore maintaining size, shape
and orientation of the initial yield surface. Kinematic hardening is more appropriate
to use cases of cyclic and reversed types of loading for materials with a pronounced
Bauschinger effect. (Chen, 1982)

Flow rule

As previously mentioned the shape of the yield surface at any given loading condition
can be determined by the hardening rule. The connection between the yield surface
and the stress-strain relationship is determined with a flow rule.

Concrete can exhibit a significant volume change when subjected to severe inelastic
states. This change in volume, usually referred to as dilation, caused by plastic
distortion can be reproduced well by using an adequate plastic potential function G,
(Lubliner et al., 1989). The evolution of the inelastic displacements in the fracture
process zone is defined through the flow rule. The flow rule is defined in equation
(2.1).

dεp = dκ
∂G

∂σ
(2.1)

where dκ ≥ 0 is a scalar hardening parameter which can vary throughout the strain-
ing process. The gradient of the potential surface ∂G

∂σ
defines the direction of the

plastic strain increment vector dεp, and the hardening parameter dκ determines its
length. (Chen and Han, 1995)

The most simple case is when the plastic potential function coincides with the yield
surface, i.e. has the same shape. The plastic flow develops along the normal to
the yield surface. This is called associated flow rule because the plastic flow is
connected or associated with the yield criterion. The other approach where two
separate functions are used for the plastic flow rule and the yield surface, and where
they do not coincide is called non-associated flow rule. In this case the plastic flow
develops along the normal to the plastic flow potential and not to the yield surface.
(Gálvez et al., 2002)

An example of a plastic potential function is illustrated in Figure 2.10. This function
is the Drucker-Prager hyperbolic plastic potential function used in the material
model concrete damaged plasticity in Abaqus. In the figure hardening through the
scalar hardening parameter is illustrated. This function will be described in more
detain in Section 2.4.2. The parameters in Figure 2.10 are
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p̄ is the hydrostatic pressure stress, which is a function of the first stress
invariant I1
p̄ = −I1/3 = −(σ11 + σ22 + σ33)/3

q̄ is the Mises equivalent effective stress.
q̄ =

√
3J2 where J2 is the second deviatoric stress invariant

J2 = σ2
11 + σ2

22 − σ11σ22 for biaxial loading
ψ is the dilation angle, measured in the p̄-q̄ plane at high confining pressure.

q

p

d
p

ψ

Hyperbolic Drucker-Prager 
flow potential

ε

Hardening

_

_

Figure 2.10: The Drucker-Prager hyperbolic plastic potential function in the merid-
ional plane. From Hibbitt et al. (2004).

2.2.4 Damage theory

The progressive evolution of micro-cracks and nucleation and growth of voids are
represented in concrete damage models by a set of variables which alter the elastic
and/or plastic behaviour of concrete at the macroscopic level. In practical imple-
mentation, the damage models are very similar to the plasticity theory described in
Section 2.2.3. In all concrete damage models, unloading leaves no residual damage
regardless of the degree of damage induced up to the instant of unloading. This
means that there is no "plastic" deformation, which is rather unrealistic. For this
reason there are theories that couple the stiffness reduction with the plastic defor-
mation, later described in Section 2.2.5. (Karihaloo, 2003)

In damage models the total stress-strain relation have the following form

σ = Ds : ε (2.2)

where σ is the stress tensor, ε is the strain tensor. The secant stiffness tensor Ds

of the damaged material depends on a number of internal variables which can be
tensorial, vectorial or scalar. The expression in Equation (2.2) differs from clas-
sical non-linear elasticity by a history dependence, which is introduced through a
loading-unloading function F . This function vanishes upon loading and is nega-
tive otherwise. It is the counterpart of the yield function in plasticity theory. For
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damage growth, F must remain zero for an infinitesimal period, so that its deriva-
tive dF/dt = 0. The theory is completed by specifying the appropriate material
dependent evolution equations for the internal variables. (de Borst, 2002)

Isotropic damage models

For the case with isotropic damage evolution, the total stress-strain in Equation
(2.2) specialises so that the initial shear modulus and the initial bulk modulus are
degraded with separate scalar damage variables d1 and d2. A simplification of the
isotropic model can be made by assuming that the degradation of the secant shear
stiffness (1−d1)G and the secant bulk moduli (1−d2)K degrade in the same manner
during damage growth, i.e. d ≡ d1 = d2. This means that the Poisson’s ratio of the
material remains unchanged during damage growth and leads to the expression in
Equation (2.3).

σ = (1− d)D0 : ε (2.3)

where the damage variable d grows from zero at an undamaged state to one at
complete loss of integrity. The stiffness tensor D0 represent the stiffness of the
undamaged material. (de Borst, 2002)

In case of proportional loading of concrete structures, where cracking often results
from a practically uniaxial tensile stress, isotropic models are generally considered
as sufficiently accurate. It should be noted that the stiffness of the compressive
struts in reinforced concrete members may be considerably underestimated. (Mang
et al., 2003)

2.2.5 Damage-coupled plasticity theory

The damage strain described in Section 2.2.4 is not a permanent strain. It is fully
recovered on unloading unlike the equivalent plastic strain. It is known that for
concrete after unloading some permanent strains remain, that is due to sliding and
friction at the micro-cracks. Since failure mechanics of concrete in tension as well as
in compression for low levels of confinement is associated with stiffness degradation
as well as with inelastic deformations, models characterised by a coupling between
damage and plasticity have been developed.

The simplest mode of coupling between damage and plasticity is a scalar damage
elasto-plastic model based on the effective stress concept developed by Ju (1989).
The stress-strain equation for the model is presented below

σ = (1− d)D0 : (ε− εp) (2.4)

According to the effective stress concept the plastic yield function is formulated in
terms of effective stress. The effective stress is calculated according to Equation
(2.5).

σ̂ =
σ

1− d
(2.5)
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2.2.6 Modified compression field theory

The Modified Compression Field Theory (MCFT) was developed by Vecchio and
Collins (1986, 1988). The difference between MCFT and the preceding model Com-
pression Field Theory (Mitchell and Collins, 1974), is that in MCFT the tension
stiffening effect is included. MCFT is a smeared crack model with a rotated crack
direction. It is used to a varying extent in several different design standards, as
the Norwegian (NS 3473, 2004) and the Canadian (Canadian Code, 1994) concrete
standards. It is also used in the American Bridge standard (AASHTO LRFD, 2004)
and in the Swedish handbook for design of high performance concrete (HPCS, 2000).
In these standards MCFT is used for shear design in the ultimate limit state. In the
Norwegian standard there is a possibility to use the methods in MCFT to calculate
the reinforcement stresses for crack width control in the serviceability state. The
implementation of the modified compression field theory in the Norwegian standard
is described in Section 3.1.2.

The modified compression field theory is developed to calculate the response in
members subjected to in plane stresses. The method is developed so that it is
possible to follow an element from initial loading to failure. The reinforcement
stress varies along the reinforcement and has its maximum at a crack. The concrete
member will be capable of transmitting shear and compression at the crack surface
due to the aggregate interlocking, but not able to transmit tensile forces. This is
illustrated in Figure 2.12. However, in the un-cracked concrete between the cracks
tensile stresses will be carried. The mean principal stress capacity σc1 decreases
with increasing mean principal strain ε1 in the element. Cracked concrete is treated
as a new material with its specific stress-strain characteristics, as seen in Figure
2.13. Equilibrium, compatibility and stress-strain relationship are defined from mean
values of the stresses and the strains. These mean values should represent the
combined behaviour of cracks and the un-cracked concrete between the cracks. The
uniaxial behaviour in tension and compression is illustrated in Figure 2.11.
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Figure 2.11: Relationship of the mean stress and mean strain in (a) tension and (b)
compression. Reproduction from Vecchio and Collins (1986, 1988).

The axes for principal strain and stress are assumed to coincide. The experiments
conducted by Vecchio and Collins (1986) showed that the difference between these
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two directions was less than 10◦ for elements with longitudinal and transverse rein-
forcement. The crack width is calculated as a product of the mean principal tensile
strain and the inclined crack spacing.

D
σcr τcr

w

τcr
σcr

Figure 2.12: Shear stress τcr and compressive stress σcr at a crack. In the figure
D is the maximum size of the aggregate particles. Reproduction from
Vecchio and Collins (1986).

Figure 2.13: Modified compression field theory for reinforced concrete. From Vecchio
and Collins (1986).
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2.3 Tension softening

The definition of the formation of micro-cracks to macro-cracks in finite element
analyses is performed by introducing a crack opening law, it is often also referred
to as tension softening. The crack opening law can normally be defined in terms of
fracture energy or be defined with a stress-strain or stress-displacement relationship,
see Figure 2.14. The fracture energy Gf is a material parameter that describes the
amount of energy that is needed to open a unit area of a crack, to obtain a stress
free crack. The fracture energy can be determined according to the test method
designed by RILEM 50-FMC (1985) for a three-point bend specimen. The area
under unloading part of the σ-w graph in Figure 2.14 corresponds to the fracture
energy. The fracture energy Gf for ordinary concrete is according to Bangash (2001)
normally between 50 and 200 N/m.

Crack

ft

w,

σ

Gf

(ε)

Figure 2.14: Crack opening with fracture energy. Reproduction from Björnström
et al. (2006).

For models where there is no reinforcement in significant regions of the model, the
approach based on a stress-strain relationship will introduce unreasonable mesh sen-
sitivity into the results, according to Hibbitt et al. (2004) and Cervenka et al. (2005).
For these cases it is better to define the fracture energy or defining the stress and
crack opening displacement curve. According to Elfgren (1989) the element size
dependency can be avoided if associated with a localisation criterion or localisa-
tion limiter. A localisation limiter is for instance used in Atena and described in
section 2.4.1.

The most simple way to introduce the crack opening law is to use a linear approxi-
mation. When defining the fracture energy in FE programs, a linear crack opening
law is usually used. The linear softening behaviour can in most cases provide a
solution that gives accurate results, even though the material response tends to be
slightly too stiff. The crack opening that corresponds to a stress free crack with a
linear tension softening model is calculated as shown in the equation below

wc = 2
Gf

ft

(2.6)
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More detailed expressions can be used for describing the softening response, one
commonly used bilinear expression derived by Hillerborg (1985) is illustrated in
Figure 2.15 (a). According to Karihaloo (2003) the by far best and most accurate
model is the exponential function experimentally derived by Cornelissen et al. (1986)
and is presented in Figure 2.15 (b). The following exponential model was proposed
by Cornelissen et al. (1986)

σ

ft

= f(w)− w

wc

f(wc) (2.7a)

where f(w) is a displacement function given by

f(w) =
[
1 +

(c1w
wc

)3]
exp

(
− c2w

wc

)
(2.7b)

where,
w is the crack opening displacement.
wc is the crack opening displacement at which stress can no longer be trans-

ferred.
wc = 5.14 Gf/ft for normal weight concrete.

c1 is a material constant and c1 = 3.0 for normal density concrete.
c2 is a material constant and c2 = 6.93 for normal density concrete.
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(a) Bilinear function (b) Exponential function
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Figure 2.15: Bilinear (Hillerborg, 1985) and exponential (Cornelissen et al., 1986)
tension softening model.

2.4 Finite element programs

2.4.1 Atena

In Atena, the constitutive material model for describing the non-linear behaviour of
concrete in a 2D plane stress state is called SBETA. It is based on the concept of
smeared cracks, damage and fracture mechanics.
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The concrete failure in both, tension (cracking) and compression (crushing) causes
discontinuities in the displacement fields, which are according to Jendele et al. (2001)
in basic disagreement with the assumptions of continuum mechanics. On the macro
level, concrete failure exhibits itself in the form of strain softening, and is of strongly
localised nature. Therefore, special techniques based on localisation limiters defined
by Bažant and Oh (1983) in form of crack bands are adopted to describe the post-
peak behaviour of concrete within the finite element model.
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Figure 2.16: Uniaxial stress. Reproduction from Cervenka et al. (2005).

The stress-strain law describing the damage of concrete due to a monotonic loading is
shown in Figure 2.16. The ascending branch in tension is linear, and in compression
it is a second degree parabola. In the constitutive model no residual damage occurs
after unloading which is typical for damage models. This is illustrated with the
two unloading paths in Figure 2.16. The peak stresses in the uniaxial behaviour,
f

′ef
t and f ′ef

c , are determined from the biaxial failure surface shown in Figure 2.17,
experimentally derived by Kupfer et al. (1969).
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Figure 2.17: Failure criteria for biaxial stress state. Reproduction from Cervenka
et al. (2005).
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Two types of formulations are used for the crack opening. In the first method a
fictitious crack model based on a crack-opening law and fracture energy is used in
combination with crack bands. This formulation is suitable for modeling of crack
propagation in concrete. The second model is based on a stress-strain relation in a
material point. This formulation is not suitable for normal cases of crack propagation
in concrete and should only be used in some special cases. (Cervenka et al., 2005)

The default crack opening law in Atena is the exponential function originally derived
by Cornelissen et al. (1986), which is illustrated in Equation (2.7a). There are
four other crack opening laws available in Atena, but the exponential function is
according to Karihaloo (2003) most accurate for describing the tension softening
behaviour. Therefore only the exponential function is used in the analyses.

Within the smeared crack approach adopted in SBETA two options are available for
crack models; fixed crack model and rotated crack model, see Figure 2.18. In both
models’, cracks are formed when the principal stress exceeds the tensile strength.
In the fixed crack approach the crack direction is determined by the principal stress
direction at the moment of crack initiation. During further loading this direction is
fixed. In the rotated crack model, the crack direction changes when the principal
stress direction changes due to further loading. In the rotated crack model, no shear
strain occurs on the crack plane. To ensure the co-axiality of the principal strain
axes with the material axes the tangent shear modulus Gt is calculated according
to Crisfield and Willis (1989).

Gt =
σc1 − σc2

2(ε1 − ε2)
(2.8)

(a) (b)

Figure 2.18: Smeared crack models in Atena; (a) Fixed crack model and (b) Rotated
crack model. (Cervenka et al., 2005). Axes x and y represent the local
coordinate system. The weak material axis m1 is normal to the crack
direction and the strong axis m2 is parallel with the cracks.

In the fixed crack model the reduction of the shear modulus after cracking is per-
formed with a shear retention factor according to the law derived by Kolmar (1986),
which is illustrated in Figure 2.19. The shear modulus is calculated as the initial
shear modulus multiplied with the shear retention factor. Therefore, the shear mod-
ulus reduces with increasing strain in the direction normal to the crack, and this
represents a reduction of the shear stiffness due to the crack opening. In Figure 2.19
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the shear retention factor is illustrated for three different reinforcement ratios, 0,
1 % and 2 %. In Atena the effect of reinforcement when calculating the shear reten-
tion factor is neglected, i.e. the shear retention factor is calculated for un-reinforced
concrete.
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Figure 2.19: Shear retention factor derived by Kolmar (1986). The curve ρ = 0 is
used in Atena for the shear retention factor. Reproduced from Cervenka
et al. (2005).

Localisation limiter, controls localisation of deformations in the failure state. It is a
region (band) of material, which represent a discrete failure plane in the FE analysis,
see Figure 2.20. In reality these failure regions have some dimension. However, since
according to experiment the dimensions of the failure region are independent of the
size of the structure, they are assumed in Atena as fictious planes. According to
Björnström et al. (2006) the maximum size of elements in a crack band based model
is described in the equation below.

h ≤ 2EcGf

f 2
t

= 2lch (2.9)

where
lch is the materials characteristic length and usually equal to 300 mm for

normal concrete. lch is the upper limit of the element size.
Ec is the elastic modulus.

The purpose with the failure band approach in Atena is to reduce the effect of mesh
sensitivity, both for element size and element orientation. The orientation effect is
reduced even more with the failure band for skew meshes, by the following equations.

L
′

= γL

γ = 1 + (γmax − 1)
θ

45◦
, 0◦ ≤ θ ≤ 45◦ (2.10)

where
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θ is the minimum of the angles θ1 and θ2 between the direction normal to
the failure plane and the element sides, see Figure 2.20.

L
′ is the length of the crack band with skew mesh. The length is denoted L′

t

for tension and L′
c for compression.

γ is a factor accounting for skew mesh, the recommended value of γmax = 1.5.

The crack width is calculated as the total crack opening displacement within the
crack band

w = εcrL
′

t (2.11)

where
εcr is the crack opening strain, which is equal to the strain normal to the

crack direction in the cracked state after the complete stress release.

y

x

4 noded element

crack
direction

L

L

c

t

1

2

θ
θ

Figure 2.20: Definition of localization (crack) band. From Cervenka et al. (2005).

2.4.2 Abaqus

In Abaqus there are three material models for modelling the non-linear behaviour of
concrete. Two of the models are based on the smeared crack approach and they are
called concrete smeared cracking and brittle cracking. Concrete smeared cracking can
only be used in static analyses in Abaqus/Standard and brittle cracking in dynamic
analyses in Abaqus/Explicit. The third model is based on plasticity theory and is
called concrete damaged plasticity. It was developed by Lubliner et al. (1989) and
includes the modifications that later were proposed by Lee and Fenves (1998). This
model can be used for both static and dynamic analyses. In this model it is possible
to define the material degradation of compression as well as tension. It can be
defined so that its tensile softening behaviour is based on a crack-opening law and
fracture energy. Damage is associated with the failure mechanisms of the concrete
(cracking and crushing) and therefore results in a reduction in the elastic stiffness.
Within the context of the scalar-damage theory, the stiffness degradation is isotropic
and characterised by degradation variables dt and dc for tension and compression
respectively. The stress-strain relationship under uniaxial tension and compression
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loading are, respectively

σt = (1− dt)E0(εt − ε̃p
t ), (2.12a)

σc = (1− dc)E0(εc − ε̃p
c), (2.12b)

where
E0 is the initial undamaged elastic modulus.
ε̃p

t is the equivalent plastic strain in tension.
ε̃p

c is the equivalent plastic strain in compression.

The biaxial yield function used in concrete damaged plasticity, was developed by
Lubliner et al. (1989) and includes the modifications that later were proposed by
Lee and Fenves (1998). The yield function is a combined geometric shape of two
different Drucker-Prager type functions, and is illustrated in Figure 2.21.
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Figure 2.21: Biaxial yield surface in the constitutive model concrete damaged plas-
ticity. From Hibbitt et al. (2004).

The yield criterion is based on an invariant function of the state of stress, i.e. inde-
pendent of the choice of the coordinate systems. The parameters in Figure 2.21 are,
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α is a dimensionless coefficient.
α = fb0−fc0

2fb0−fc0
where 0 ≤ α ≤ 0.5

fc0 is the initial uniaxial compressive yield stress.
fb0 is the initial equibiaxial compressive yield stress.
ft0 is the uniaxial tensile stress at failure.
p̄ is the hydrostatic pressure stress, which is a function of the first stress

invariant I1
p̄ = −I1/3 = −(σ11 + σ22 + σ33)/3

q̄ is the Mises equivalent effective stress.

q̄ =
√

3
2
S : S =

√
3J2 where J2 is the second deviatoric stress invariant

J2 = σ2
11 + σ2

22 − σ11σ22 for biaxial loading
and S is the effective deviatoric stress tensor S = σ̄ + pI

β is a dimensionless coefficient.
β = σ̄c(ε̃

p
c )

σ̄t(ε̃
p
t )

(α− 1)− (α+ 1)

ˆ̄σc(ε̃
p
c) is the effective compressive cohesion stress

ˆ̄σt(ε̃
p
t ) is the effective tensile cohesion stress

The Drucker-Prager hyperbolic plastic potential function used in concrete damaged
plasticity is illustrated in Figure 2.22 and in Equation (2.13). The flow in the
Drucker-Prager function is non-associative (not identical with the yield surface) in
the meridional plane if the dilation angle and the material friction angle are different.

G =
√

(εft0 tanψ)2 + q̄2 − p̄ tanψ (2.13)

where,
ε is the eccentricity, which defines the rate at which the plastic potential

function approaches the asymptote. Increasing value of ε provides more
curvature to the low potential.

ψ is the dilation angle, measured in the p-q plane at high confining pressure.

d
p

t0εf

ψ

Hyperbolic Drucker-Prager 
flow potential

ε

Hardening

q

p

_

_

Figure 2.22: The Drucker-Prager hyperbolica plastic potential function in the merid-
ional plane. From Hibbitt et al. (2004).

The experimental observation in most quasi-brittle materials, including concrete, is
that the compressive stiffness is recovered upon crack closure as the load changes
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from tension to compression. On the other hand, the tensile stiffness is not recovered
as the load changes from compression to tension once crushing micro-cracks have
developed. This behaviour is illustrated in Figure 2.23, where Γt = 0 corresponds
to no recovery as load changes from compression to tension and Γc = 1 corresponds
to complete recovery as the loading changes from tensile to compressive. (Hibbitt
et al., 2004)
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(1-d )Ec    0
(1-d )Ec    0(1-d )t

E    0

G  = 0c G  = 1c

Figure 2.23: Uniaxial load cycle (tension-compression-tension) assuming default val-
ues for the stiffness recovery factors Γt = 0 and Γc = 1. From Hibbitt
et al. (2004).

The concrete damaged plasticity model is primarily intended for analysis of concrete
structures under cyclic and/or dynamic loading. The model is also suitable for the
analysis of other quasi-brittle materials such as rock, mortar and ceramics. Under
low confining pressures, concrete behaves in a brittle manner; the main failure mech-
anisms are cracking in tension and crushing in compression. The brittle behaviour
of concrete disappears when the confining pressure is sufficiently large to prevent
crack propagation. Under these circumstances, failure is driven by the consolidation
and collapse of the concrete micro-porous micro structure, leading to a macroscopic
response that resembles that of a ductile material with work-hardening. (Hibbitt
et al., 2004)

Material models exhibiting softening behaviour and stiffness degradation often lead
to severe convergence difficulties in implicit analysis programs. Some of these con-
vergence difficulties can be avoided by using a viscoplastic regularisation of the
constitutive equations. The concrete damaged plasticity model can be regularised
using viscoplasticity, therefore permitting stresses to be outside of the yield surface.
The viscoplastic strain rate tensor, dεp

v, is defined as

dεp
v =

1

µ
(εp − εp

v) (2.14)

The parameter µ is the viscosity parameter representing the relaxation time of the
viscoplastic system and εp is the plastic strain evaluated in the invicid backbone
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model. The stress-strain of the viscoplastic model is given as

σ = (1− dv)D
0(ε− εp

v). (2.15)

The solution of the viscoplastic system relaxes to that of the inviscid case as ∆t/µ→
∞, where ∆t is the time increment. Using the viscoplastic regularisation with a small
value for the viscosity parameter (small compared to the characteristic time incre-
ment) usually helps improve the rate of convergence of the model in the softening
regime, without compromising results. (Hibbitt et al., 2004)

2.4.3 Comparison of the material properties

The purpose with the finite element models used for analysis in Chapter 4 is to
compare the capability in the two FE programs to simulate shear cracking. To
make this comparison as comparative as possible all material properties are set as
similar as possible. Some differences between the two models will still occur since
Atena’s model is based on the concept of fracture mechanics with smeared cracks
and the Abaqus model is based on plasticity theory.

The behaviour in uniaxial tension has models based on the two programs been made
linear elastic up to the tensile strength. In Abaqus tension softening can be given
almost any shape but in Atena it is governed by some predefined shapes. In both
models the exponential function developed by Cornelissen et al. (1986) is used for
the descending part of the stress and crack opening displacement curve. In uniaxial
compression, Atena uses a second degree parabola and in Abaqus an initial elastic
state up to 30 % of the compressive strength and afterwards an identical compression
curve has been used as the one in Atena.

The failure envelope in the biaxial stress state can not be made equal in the two
constitutive material models since there is a difference in how these curves are defined
and even used. In the material model in Abaqus the function is used as a yield surface
which can both expand and shrink depending on loading conditions. In Atena the
failure envelope is fixed and the strength from the biaxial envelope is imported
in the uniaxial curves to determine if the material reaches failure. Since models
in the two programs are assumed to be linear elastic up to the tensile strength
there is no difference in the failure envelope for initial undamaged materials for
the zones including tension. However, in biaxial compression the two envelopes
produce different curves. The yield (or failure) surfaces for initial uniaxial strengths
with undamaged materials are illustrated in Figure 2.24 in plane stress. In both
yield surfaces the ratio of the biaxial and the uniaxial compressive strengths has
been chosen equal to 1.1625. This ratio is fixed to this value in Atena, while in
Abaqus almost an arbitrary value can be chosen. The difference between the two
envelopes is that the surface developed by Kupfer et al. (1969) has the highest
biaxial compressive strength when the lower of the two compressive stresses is equal
to 0.4fc0 and in the envelope developed by Lee and Fenves (1998) the highest biaxial
compressive strength it is obtained at 0.8fc0. The two envelopes intersect each other
in the biaxial compression zone for σ1/σ2 ≈ 0.41. For ratios less than this, Atena
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yields a higher biaxial compressive strength. For higher level of biaxial compression
σ1/σ2 ≥ 0.41 the biaxial compressive strength obtained with Abaqus is higher. At
the ratio σ1/σ2 = 0.5 the biaxial compressive strength is 1.255fc0 in Atena and
1.286fc0 in Abaqus. As illustrated previously in Figure 2.9, the Drucker-Prager
yield surface overestimates the biaxial compressive strength for higher ratios of σ1/σ2

compared to the measurements made by Kupfer et al. (1969).
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Figure 2.24: Biaxial failure (yield) curves in the material models used in Atena
(Kupfer et al., 1969) and Abaqus (Lee and Fenves, 1998).
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Chapter 3

Design in the serviceability state

The crack width control in the serviceability state for reinforced or pre-stressed con-
crete structures is usually achieved by limiting the stress increment in the bonded
reinforcement to some appropriately low value and ensuring that the bonded rein-
forcement is suitably distributed, according to Gilbert (2001). This possibility exists
in several National Codes, but not in the Swedish standard BBK 04 (2004).

This chapter describes how the reinforcement stress and crack width are calculated
in different standards. Compatibility between strains in reinforcement and concrete
after cracking is only maintained in the vicinity of the cracks if the relative dis-
placement (slip) is taken into account, Borosnyói and Balázs (2005). In nearly all
standards, the crack width is calculated as a function of the strain difference of re-
inforcement and concrete and the influence length where slip between reinforcement
and concrete is assumed to occur. The influence length is usually assumed equal
to the crack spacing for a stabilised crack pattern. The difficulty when calculating
the crack width is that normally it is not specified how the reinforcement stress or
strain should be calculated for a plane stress state. This problem exists in several
of the standards today such as Model Code 90, MC 90 (1993).

Some standards on the other hand specify how to calculate the reinforcement stress
in inclined cracks for plane stress states. Three standards that specify how to cal-
culate the reinforcement stress are the Swedish standard BBK 04, the Norwegian
standard NS 3473 and Eurocode 2. The procedure in these standards for calculating
reinforcement stresses at a crack is presented in Section 3.1. Section 3.2 describes
how the crack width could be calculated according to the standards mentioned
above.

All parameters in this chapter are defined in the same manner as in their respective
design standard. Therefore, some parameters that describe the same property may
be defined differently in the sections of the respective standards. Explanations of
the parameters used, are made where they are used for the first time.
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3.1 Reinforcement stress in plane stress states

The Swedish standard BBK 04 (2004) has opposite to its previous version BBK
94 (1994) introduced two methods for calculating the stress in the reinforcement
at a possible crack. The Swedish standard introduced these methods after that
excessive cracking were observed at the Gröndal and Alvik bridges. These bridges
are furthered described and analysed in Chapter 5.

At cracking, the reinforcement is assumed to carry all tensile forces according to
BBK 04. In this way the reinforcement stresses can be calculated from equilibrium
with the stress state calculated for un-cracked concrete. The inclination of the
crack can be chosen from the interval corresponding to the direction of the principal
compressive stress to the direction that yields equal reinforcement stresses in the
horizontal and vertical reinforcement.

In the second method in BBK 04, the reinforcement stress in the shear reinforce-
ment may be calculated from equilibrium with the shear force. In this method the
horizontal reinforcement has no effect since only vertical equilibrium is considered.
Calculation with this method should be based on the crack inclination that corre-
sponds to the direction of the principal compressive stress. This method will not be
studied in the following of this thesis.

The Norwegian concrete standard NS 3473 has two methods for calculating the
reinforcement stress at a crack for plane stress states. The simplified method could
be calculated in the same manner as the method in BBK 04 where the reinforcement
stress is obtained from equilibrium with the stresses for un-cracked concrete.

The general method in NS 3473 is based on the Modified Compression Field Theory
(MCFT), developed by Vecchio and Collins (1986). This method takes the effect of
aggregate interlocking into account, with shear stress and compressive stress occur-
ring in the crack plane. The shear force is calculated as a function of crack width,
aggregate size and the compressive stress in the crack plane.

Even in Eurocode 2 there is a method for calculating the reinforcement stresses.
This method is defined in the same way as in BBK 04 and the simplified method in
NS 3473. The inclination of a crack should be chosen so that it coincides with the
direction of the principal compressive stress.

The methods for calculating the reinforcement stress in this section are valid for
plane stress states and for a complete description of the methods see (BBK 04,
2004, Chapter 6.7.3); (NS 3473, 2004, Chapter A12.5) and (EC 2, 2004, Chapter
6.1-6.4, 7.3.1).

3.1.1 BBK 04

At a plane stress state the reinforcement stresses after cracking may approximately
be determined from the condition that they are in equilibrium with the stresses
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calculated for un-cracked concrete. In webs and similar construction parts, a rep-
resentative reinforcement stress could also be calculated from equilibrium with the
shear force according to a truss model. The crack direction, θ, should correspond
to the direction of the principal stress at the centre of gravity of the cross-section.
The crack direction, θ, is here defined as the direction of the struts in relation to
the horizontal x-direction. The reinforcement stresses calculated for a plane stress
state may be reduced with the factor ν according to Equation (3.1).

ν = 1− β

2.5κ1

· fctk

ζσc1

≥ 0.4, (3.1)

where
β is a coefficient that considers the effect of long-term load and repeated

load with,
β = 1.0 at first loading,
β = 0.5 for long-term or repeated load.

κ1 is a coefficient that accounts for bond of the reinforcement, where
κ1 = 0.8 for ribbed bars,
κ1 = 1.2 for intended bars,
κ1 = 1.6 for plain bars.

For intended bars κ1 could be set equal to 0.8, provided that the bar’s nominal
specific rib area ≥ 0, 15d for a nominal bar diameter d ≤ 10 mm and ≥ 0, 20d for d >
10 mm.

ζ is a factor where the crack safety can be varied.
fctk is the characteristic design value of the tensile strength.
σc1 is the principal stress in concrete calculated for a un-cracked state. (BBK

04, 2004, Chapter 4.3)

Reinforcement stresses in cracked concrete

Tensile forces are carried by reinforcement or un-cracked concrete. At control if
the concrete is cracked all contemporaneous effects should be included such as e.q.
restraint.

Reinforced concrete often consists of orthogonal reinforcement. At calculation of the
stress in the reinforcement, the shear forces should be taken into consideration. In
the calculation of the reinforcement stresses at a crack, described below, the effect
of the shear forces may be assumed to be included.

σsxr =
σx + cot(θ) · τxy

ρx

, (3.2a)

σsyr =
σy + tan(θ) · τxy

ρy

, (3.2b)
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where
σx is the normal stress in the concrete in the x-direction.
σy is the normal stress in the concrete in the y-direction.
τxy is the shear stress in the concrete.
σsxr is the tensile reinforcement stress in the x-direction at a crack.
σsyr is the tensile reinforcement stress in the y-direction at a crack.
ρx is the reinforcement ratio in the x-direction,

ρx = Asx/(bw · sx).
ρy is the reinforcement ratio in the y-direction,

ρy = Asy/(bw · sy).
θ is the direction of the struts in relation to the horizontal x-direction.

In Equation (3.2a) and Equation (3.2b), the tensile stress is defined as positive and
compressive stress as negative. In the equations’ (3.2a) and (3.2b) the concrete is
assumed to only carry compressive stresses. For calculation in the serviceability
state the crack direction θ should be chosen within an interval. The interval limits
correspond to the direction of the principal compressive stress and the direction
that yields equal reinforcement stresses in the horizontal and vertical reinforcement,
σsxr = σsyr. (BBK 04, 2004, Chapter 6.7.3)

3.1.2 NS 3473

Strains and stresses are calculated as average values over a cracked region, meaning
that they represent the combined behaviour in and between cracks. The strains can
be assumed constant in local regions and through the thickness, but vary from one
point to another in the structure.

Strains in different directions are mutually dependent through geometrical require-
ments, and the relationship can be determined with e.g. Mohr’s circle.

When designing for shear force, a plane state of stresses in beam webs can be
assumed. The considered section is divided into areas where each area is calculated
for the corresponding stress-strain state. Within each area a constant stress state
may be assumed. Sufficient horizontal and vertical reinforcement should be provided
to obtain equilibrium with the assumed inclined compression field. The stress in the
reinforcement should be checked. Calculated principal compressive stress shall not
exceed fc2max, which is defined in equation (3.3).

fc2max =
fcd

0.8 + 100ε1

≤ fcd (3.3)

fc2max is the maximum principal compressive stress capacity, see Figure 2.11.
fcd is the design value of the compressive cylinder strength.
ε1 is the mean principal strain in reinforced concrete that represent the com-

bined behaviour in and between cracks.
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Reinforcement stresses in cracked concrete

Figure 3.1: Stresses and strains in cracked reinforced concrete shell or beam section.
From NS 3473 (2004).

Stresses in cracks are determined by the requirement of equilibrium between the
stress resultant in the cracks and the calculated mean stress, as seen in Figure 3.2.

σ

σ
σ

σ
τ

τ

τ =τ

τyx

xy

y

x
x

xy

yx

1

1 2

2

σ

σ
τ

τ
x

xy

yx

1

1
y y

σc1

σsx

σsv

θ

σ

σ
τ

τ
x

xy

yx

2

2
y

σsxr

σsvr

θ
σcr=

τcr=

αα

Figure 3.2: Basis for determination of equilibrium in cracked areas. Reproduction
from NS 3473 (2004).

Stresses in the reinforcement at a possible crack, σsxr and σsvr, may be determined
from equilibrium conditions. The stresses should be limited to the design value fyp.

σsxr = σsx +
(σc1 + σcr)(1− cot θ · cotα) + τcr(cot θ + cotα)

ρx

≤ fyp, (3.4a)

σsvr = σsv +
(σc1 + σcr)

cot θ/ sin α
cot θ+cot α

− τcr/ sin α
cot θ+cot α

ρy

≤ fyp, (3.4b)
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where
θ is the angle between the principal compressive stress direction and the

x -axis.
α is the angle between the reinforcement in the v -direction and the x -axis.

If α = 90◦, v ≡ y.
sy is the reinforcement spacing, measured along the x -axis, as illustrated in

Figure 3.1.
τcr is the shear stress transmitted in a crack.
σcr is the mean compressive stress perpendicular to a crack.
σc1 is the mean tensile stress between the cracks.
σsx is the mean tensile reinforcement stress along the x -axis between cracks.
σsv is the mean tensile reinforcement stress along the v -axis between cracks.

τcr and σcr are determined from equilibrium conditions and from the equations (3.5a)
and (3.5b). If nothing else is documented the shear stress, τcr, transmitted from the
concrete in the cracks could be assumed to be

τcr = 0.18τcr,max + 1.64σcr − 0.82σ2
cr/τcr,max, (3.5a)

τcr,max = 2ftd/(0.31 + 24wm/(Dmax + 16)), (3.5b)

where
fcd is the design value of the tensile strength.
τcr,max is the maximum shear stress which can be transferred in a crack.
σcr is the mean compressive stress perpendicular to the crack.
Dmax is the maximum aggregate particle size (in millimetre) in the concrete.

For lightweight concrete Dmax = 0.
wm is the mean crack width (in millimetre).
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3.1.3 EC 2

According to (EC 2, 2004, Chapter 7.3.1(8)) the reinforcement stress may be cal-
culated from the forces in the ties with a truss model, illustrated in Figure 3.3,
where the struts are oriented according to the compressive stress trajectories in the
un-cracked state. This means that the reinforcement stresses according to EC 2
could be calculated in the same manner as in BBK 04 where the crack inclination
corresponds to the direction of the principal compressive stress. The reinforcement
stresses are defined in equation (3.2a) and (3.2b).
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B   - struts D   - shear reinforcement

A   - compression chord C   - tensile chord

Figure 3.3: Truss model for determination of the reinforcement stresses. From EC 2
(2004).
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3.2 Crack width calculation

The calculation of cracks where the crack angle deviates more than 15◦ from the
reinforcement direction, is performed with an inclined crack spacing. The crack
spacing at inclined cracks is calculated in the same manner in several different codes,
e.g BBK 04 (2004), NS 3473 (2004), EC 2 (2004) and MC 90 (1993), and is defined
in Equation (3.6).

srm =
( sin θ

srm,x

+
cos θ

srm,y

)−1

, (3.6)

where
θ is the angle between principal compressive stress and the reinforcement in

x-direction.
srm,x is the crack spacing calculated for the reinforcement in the x-direction.
srm,y is the crack spacing calculated for the reinforcement in the y-direction.

The main difference of the different codes is the calculation of the crack spacing in
the two reinforcement directions. In the following section only equations for crack
spacing at a stabilised crack pattern are shown. At crack width control in the ser-
viceability limit state the structure is assumed to be in stabilised crack pattern. The
definition of a stabilised crack pattern is when a load increase does not significantly
increase the number of cracks.

3.2.1 BBK 04

In this method it is presumed that the conditions of minimum reinforcement are
satisfied. The characteristic value of the crack width wk and the mean crack width
wm is defined as

wk = 1.7wm, (3.7a)

wm = ν
σs

Es

srm, (3.7b)

ν = 1− β

2.5κ1

· σsr

σs

≥ 0.4, (3.7c)

where
Es is the modulus of elasticity of the reinforcement, Es = Esk = 200 GPa.
srm is the mean value of the crack spacing according to Equation (3.8).
ν is a coefficient that accounts for tension stiffening. If σs is reduced with ν

according to Section 3.1.1, ν = 1 in Equation (3.7b).
σs is the stress in the non-prestressed reinforcement at a crack, calculated

according to Section 3.1.1. In tendons, only the stress that exceeds the
effective prestress should be accounted for.

σsr is the value of σs at the load causing cracking, i.e immediately after the
formation of a crack.
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The mean crack width spacing srm (in mm) is determined from the following equa-
tion

srm = 50 + κ1κ2
φ

ρr

, (3.8)

where
Aef is the effective concrete tension area according to Figure 3.4, i.e. the

part of the tension zone with the same centre of gravity as the bonded
reinforcement.

As is the area of the bonded tensile reinforcement.
ρr is the effective reinforcement ratio,

ρr = As/Aef .
φ is the bar diameter in mm.
κ2 is a coefficient which accounts for the strain distribution according to

Equation (3.9) and Equation (3.10).
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Figure 3.4: a – d Determination of effective concrete area Aef according to BBK 04.
Reproduction of BBK 04 (2004).

κ2 = 0.125
ε1 + ε2

ε1

(3.9)

The strains ε1 and ε2 in Equation 3.9 are chosen according to Figure 3.5, where
ε1 > ε2. With the height of the effective concrete area according to Figure 3.4 and
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the strain distribution in Figure 3.5, Equation 3.9 can be rewritten to

κ2 = 0.25− def

8(h− x)
, (3.10)

where
def is the height of the effective concrete area.
c is the thickness of the concrete cover.
h is the total heigth of the memeber.

For a member in bending def is limited to (h−x)/3 where x is the distance from the
edge of the compressive zone to the neutral axis. If the distance in Figure 3.4 (b)
and (c) exceeds 16φ the bars should be considered as single bars. (BBK 04, 2004,
Chapter 4.5)

Aef
ε

1

2
ε

ε

Figure 3.5: Strains ε1 and ε2 for determination of the coefficient κ2 in accordance
with BBK 04 (2004). Reproduction of BBK 04 (2004).

3.2.2 NS 3473

The characteristic crack width in a tensile reinforced zone subjected to tensile forces
and ordinary shrinkage may generally be calculated with the following expression

wk = lsk(εsm − εcm − εcs), (3.11)

where
lsk is the influence length of the crack where slip between concrete and rein-

forcement is assumed to occur.
εsm is the mean principal strain in the reinforcement for the influence length

of the crack at the outer layer of the reinforcement.
εcm is the mean principal strain in the concrete at the same level and length

as εsm.
εcs is the strain from free shrinkage (negative), i.e. increasing effect of the

crack width in Equation (3.11).

It may be assumed that shear stresses are transmitted parallel to possible cracks.
The direction of cracks shall be assumed normal to the direction of the principal
tensile strain. (NS 3473, 2004, Chapter 15.6)
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Stabilised crack pattern

a) Influence length
For a stabilised crack pattern the influence length lsk could be assumed equal to
the characteristic crack spacing srk. The characteristic crack spacing for cracks
perpendicular to the reinforcement direction is determined by the following equation.

srk = 1.7 · srm = 1.7
(
sro +

kcAcef

Σ(πφ/(ftkkb/τbk))

)
, (3.12)

where the summation includes all reinforcement in the effective concrete area Acef .

In plates, shear walls or diaphragms reinforced with single bars or bundles of bars
with equal bar diameter and fixed spacing, the characteristic crack spacing may be
calculated from

srk = 1.7
(
sro +

(ftk/τbk)kbkchcefsb

πnφ

)
, (3.13)

where
sro is a constant length with an assumed loss of bond, and is taken to be equal

to the concrete cover c.
ftk/τbk is the ratio between tensile and bond strength, and equal to

ftk/τbk = 0.75 for ribbed bars,
ftk/τbk = 1.15 for intended wires and prestressing strands,
ftk/τbk = 1.50 for plain bars.

Acef is the effective concrete area according to Figure 3.6.
hcef is the height of the effective concrete area,

hcef = 2.5(h− d),
hcef = 2.5(c+ φ/2) < (h− x) for single bars in one layer.
For sections reinforced on both sides and with tension in the entire section,
hcef is calculated for each face, but limited to h/2.

kc is a coefficient that accounts for the strain distribution in the effective area
of the concrete, calculated for a cracked section, where (εI ≥ εII) and
kc = (1 + εII/εI)/2.

kb is a coefficient which accounts for reduced bond for bundled reinforcement,
where
kb = 0.15n+ 0.85.

c is the thickness of the concrete cover.
φ is the bar diameter.
sb is the spacing between the bars or bundles, limited to

sb ≤ 15φ,
sb ≤ 15φ

√
n (for bundles).

n is the number of bars in a bundle.

The calculated characteristic crack spacing shall not exceed 2.0(h− x), and not be
less than 2.5c when c < (h− x).
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Figure 3.6: Effective concrete area according to NS 3473 (2004) (a) beam, (b) plate
with separate bars and (c) wall, crack through. Reproduction from NS
3473 (2004).

If the reinforcement is significantly unevenly distributed between different parts in
the tensile zone of the section, the value of the characteristic crack spacing should
be calculated for each part separately.

For reinforcement with fixed transverse bars spaced at distance s, could the crack
spacing be taken as n ·s if the calculated crack spacing is between n ·s and (n+0.3)s.

b) General method
In general, the mean principal reinforcement strain εsm can be calculated with the
principles described in Section 3.1.2. Mean strains may be calculated with the
assumption that concrete contribute between cracks with the mean tensile stress
βs · ftk and the corresponding mean strain βs · ftk/Eck,

where
βs is a factor which gives the relation between the mean tensile stress and

strength of the concrete in the effective area for the characteristic crack,
βs = 0.6 for short-term monotonous loads,
βs = 0.4 for long-term loads or repeated loads.
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3.2. CRACK WIDTH CALCULATION

c) Simplified method
The calculation of the crack width may be simplified and calculated with the fol-
lowing equation

wk = srk

(
(1− βsσsr2/σs2) · σs2/Esk − εcs

)
, (3.14)

where
σs2 is the reinforcement stress in the crack for the actual forces in the section.
Esk is the characteristic value of the elastic modulus for the reinforcement.
σsr2 is the reinforcement stress in the crack for the force in the section that

yields the maximum tensile stresses in the un-cracked structure equal to
the characteristic tensile stress of concrete.

σsr2 is calculated with the same relationship between the forces in the section
(same height of the tensile zone) as in the calculation of σs2 and shall not
exceed σs2. (NS 3473, 2004, Chapter A15.6.2.1)

3.2.3 EC 2

The characteristic crack width may be calculated with Equation (3.15).

wk = sr,max(εsm − εcm), (3.15)

where
sr,max is the maximum crack spacing.
εsm is the mean strain in the reinforcement under relevant loading, including

the effect of imposed deformations and taking into account the effects of
tension stiffening. Only the additional tensile strain beyond the state of
zero strain of the concrete at the same level is considered.

εcm is the mean strain in the concrete between cracks.

εsm − εcm could be calculated with following equation

εsm − εcm =
σs − kt

fct,eff

ρp,eff
(1 + αeρp,eff )

Es

≥ 0.6
σs

Es

, (3.16)

where
σs is the stress in the tension reinforcement assuming a cracked section. For

pre-tensioned members, σs may be replaced with ∆σp the stress variation
in prestressing tendons from the state of zero strain of the concrete at the
same level.

αe is the relationship between the elastic modulus of the reinforcement and
concrete,
αe = Es/Ecm.

ρp,eff is the effective reinforcement ratio,
ρp,eff = (As + ξ2

1A
′
p)/Ac,eff .

Ac,eff is the effective tensile concrete area with the height hc,eff , where hc,eff is
limited of the lowest value of 2.5(h− d), (h− x)/3 and h/2, according to
Figure 3.7.

A
′
p is the area of the tendons within the area Ac,eff .
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kt is a factor dependent on the duration of the load, where
kt = 0.6 for short term loads,
kt = 0.4 for long-term loads.

ξ1 is the adjusted ratio of bond strength taking into account the different
diameters of prestressing and reinforcing steel,
ξ1 =

√
ξφs/φp, and

ξ1 =
√
ξ if only prestressing steel is used to check cracking.

ξ is the relationship between bond strength of prestressing steel and rein-
forcing steel, according to Table 3.1.

φs is the largest bar diameter of reinforcing steel.
φp is the equivalent tendon diameter,

φp = 1, 6
√
Ap for bundles.

a) beam

b) slab

c) member in tension

Figure 3.7: Effective tensile concrete area according to EC 2 (2004) for some typical
cases. From EC 2 (2004).
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Table 3.1: Ratio of bond strength between tendons and reinforcing steel.
Prestressing steel pre-tensioned bonded, post-tensioned

≤ C50/60 ≥ C55/67
Smooth bars and wires - 0.30 0.15
Strands 0.60 0.50 0.25
Intended wires 0.70 0.60 0.30
Ribbed bars 0.80 0.70 0.35

In situations where bonded reinforcement is fixed at reasonably close centres within
the tensile zone (distance ≤ 5(c+ φ/2)), the maximum crack spacing may be calcu-
lated with Equation 3.17.

sr,max = 3.4c+ 0.425
k1k2φ

ρp,eff

, (3.17)

where
c is the concrete cover.
k1 is a coefficient which accounts for bond between the reinforcement and

concrete,
k1 = 0.8 for high bond bars, such as ribbed bars etc,
k1 = 1.6 for bars with an effectively plain surface (e.g. prestressing
tendons).

k2 is a coefficient that accounts for the strain distribution within the tensile
zone,
k2 = 0.5 for bending,
k2 = 1.0 for pure tension.
For cases with eccentric tension or for local areas, intermediate values can
be calculated with following expression
k2 = (ε1 + ε2)/(2ε1), where ε1 ≥ ε2.

Where the spacing of the reinforcement exceeds 5(c + φ/2) or where there is no
bonded reinforcement within the tensile zone, an upper bound of the crack width
may be found by assuming a maximum crack spacing

sr,max = 1.3(h− x). (3.18)

Cracking due to tangential action effects may be assumed to be adequately checked
if the requirements of minimum reinforcement are satisfied, according to (EC 2,
2004, Chapter 7.3.3). The minimum reinforcement ratio and maximal reinforcement
spacing can be calculated with Equation (3.19).

ρw,min =
0.08

√
fck

fyk

smax = 0.75d(1 + cotα) (3.19)

where
ρw,min is the minimum reinforcement ratio required.
fck is the characteristic compressive cube strength.
fyk is the characteristic yield strength of the reinforcement.
smax is the maximum reinforcement spacing required.
α is the angle between the bending and the shear reinforcement.
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3.3 Comparison of the studied standards

This section provides a general comparison of the calculation methods for the ser-
viceability state in the studied standards. In Section 5.3 a comparison of the different
standards is made for the Gröndal and Alvik bridges.

3.3.1 Reinforcement stresses

The reinforcement stresses at a crack, σsxr and σsyr may be calculated in the same
manner for the following standards; BBK 04 (2004), NS 3473 (2004) (simplified
method) and EC 2 (2004). The equations for the reinforcement stresses at a possible
crack are displayed below

σsxr =
σx + τxy cot(θ)

ρx

, (3.20a)

σsyr =
σy + τxy tan(θ)

ρy

. (3.20b)

The definition of the parameters used in the equations above were previously defined
in the equations’ (3.2a) and (3.2b).

The equations for calculating the reinforcement stresses in a possible crack according
to the general method in NS 3473 are defined in equations’ (3.4a) and (3.4b). With
orthogonal reinforcement directions these equations can be rewritten to

σsxr =
σx + τxy cot(θ) + σcr + τcr cot(θ)

ρx

, (3.21a)

σsyr =
σy + τxy tan(θ) + σcr − τcr tan(θ)

ρy

. (3.21b)

The difference compared to the other methods is that in the general method in NS
3473 shear and compressive stress could appear in the crack due to aggregate inter-
locking. The compressive stress, σcr, is defined as positive and leads to an increase
of the reinforcement stresses. The shear stress, τcr, reduces the reinforcement stress
in the vertical bars, but increases the stress in the horizontal bars. The relation-
ship between the shear and the compressive stress are displayed in Figure 3.8. In
Figure 3.8 it is seen that the compressive stress arises when the shear stress reaches
18 % of its maximum value τcr,max.
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Figure 3.8: Relationship between shear and compressive stress in a crack.

Equation (3.21a) and Equation (3.21b) can be satisfied with no shear stress on the
crack and no compressive stresses on the crack only if

ρy(σsyr − σsy) = ρx(σsxr − σsx) = σc1. (3.22)

However, the stress in the reinforcement at a crack cannot exceed the yield strength,
that is σsxr ≤ fyp and σsyr ≤ fyp. Hence if the calculated average stress in either
reinforcement (σsx or σsy) is high, it may not be possible to satisfy Equation (3.22).
In this case, equilibrium will require shear stresses on the crack.

3.3.2 Crack spacing

The calculation of the crack spacing in the studied standards is made in similar ways,
as previously shown in equations’ (3.8), (3.13) and (3.17). The equations for the
mean crack spacing under the assumption of no reinforcement bundles, according to
the different standards is presented below

BBK 04: srm = 50 + κ1 ·
(4κ2) · def · s

πnφ
,

NS 3473: srm = c+
ftk

τbk
· kc · hcef · sb

πnφ
,

EC 2: srm = 2c+ k1
k2 · hcef · s

πnφ
.

All these methods have a constant in the expression for the crack spacing. In NS
3473 the constant is equal to the concrete cover, twice the concrete cover in EC 2
and 50 mm in BBK 04 independently of the concrete cover.

The strain distribution within the effective tensile concrete area is considered in the

47



CHAPTER 3. DESIGN IN THE SERVICEABILITY STATE

same way in all standards where the coefficients are

BBK 04: κ2 =
1 + ε2/ε1

8
,

NS 3473: kc =
1 + εII/εI

2
,

EC 2: k2 =
1 + ε2/ε1

2
.

The reason for BBK 04 being four times smaller than the other standards is that,
NS and EC have included a factor 4 from the calculation of the reinforcement area.

The effect of bond between reinforcement and concrete is considered in the same
way in all studied standards, with a small difference in values. The relationship
between tensile and bond strength is presented in Table 3.2. From Table 3.2 it can
be seen that the bond is assumed larger in NS 3473 than in BBK 04 resulting in a
larger crack width in BBK. In Eurocode the ratio between tensile and bond strength
is only divided in two categories; high bond bars and effectively plain surface. The
values for these categories are the same as BBK 04 for bond with ribbed bars and
smooth bars.

Table 3.2: Relationship between tensile and bond strength.
Reinforcement type NS 3473 BBK 04 EC 2
Ribbed bars 0.75 0.80 0.80
Intended bars/wires 1.15 1.20 0.80
(& prestressed stands)
Smooth bars 1.50 1.60 1.60

The height of the effective tensile concrete area, i.e. the area that contributes to
transmit the tensile forces from the reinforcement through bond to the surrounding
concrete, is higher in NS 3473 and EC 2 compared to the Swedish standard BBK
04. For single bar reinforcement in one layer the effective height is 25 % higher in
NS 3473 and EC 2 compared to BBK 04.

3.3.3 Crack width

In BBK 04 and Eurocode 2 it is not clearly indicated which reinforcement strain that
should be used at a crack width calculation. After strict reading it can be interpreted
that ε = σs/Es corresponds to the maximum strain in the reinforcement at a crack.
It is though unclear which direction that should be used if the reinforcement stresses
in the two directions differ, but in this case it is most logical to take the strain in
the most utilised reinforcement. This interpretation leads to the conclusion that the
crack spacing is a fictive value, and is intended to be used for multiplying a suitable
length and the strain in the reinforcement bar in one of the reinforcement directions.
(Westerberg, 2005)
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In the Norwegian standard NS 3473 the mean principal strain in the reinforcement
is equal to the mean principal strain of the studied element, in accordance with
the modified compression field theory. The maximum strain that occurs in the
reinforcement at a crack is σsxr/Es and σsyr/Es respectively. These maximum strains
are not directly used for the crack width calculation since it is the mean principal
strain, normal to the crack direction, in the element that determines the crack width.
Thereby in this method the crack spacing may be seen as a physical property where
it represents the perpendicular distance between two cracks.

The calculation of crack width in all standards is performed where the concrete is
initially cracked. This is assumed by the factor defined as β in BBK 04, βs in NS
3473 and kt in EC 2. For a long-term load the factor is 0.5 in BBK 04 and 0.4
in the other standards and thereby assuming that the effect of tension stiffening
corresponds to a stress in the un-cracked concrete of 50 % and 40 % respectively of
the tensile strength.

According to EC 2 crack widths do not need to be calculated for tangential effects
if the requirements of reinforcement are satisfied, as seen in equation 3.19. Only a
small amount of reinforcement is needed to fulfil the requirements and thereby EC
2 implies that the crack width almost never has to be checked. In Section 5.3 the
crack widths of the Gröndal and Alvik bridges are calculated and even though the
requirements are satisfied, large cracks are obtained for the long-term load.
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Chapter 4

Finite element modelling of beams
failing in shear

To study the capability to model the behaviour at shear failure with different FE-
packages, a few examples were analysed. The studied examples are simply supported
reinforced concrete beams, which fail in shear. All the studied beams lack shear
reinforcement, so that the failure is a pure material failure. The FE analyses are
made to study if the same failure mode is obtained in the numerical analyses as in
the experiments. The results of the FE analyses are also compared to the measured
load/deformation curves to see how well the programs estimate the ultimate load
and the structural behaviour. It is also important to see which factors in the FE
programs that have great influence of the results. Another interesting part to study
is how the FE programs can be used to estimate the crack widths. To compare the
FE programs all input data have been made as similar as possible.

The analyses are performed with the material model concrete damaged plasticity
in Abaqus and the material model SBETA in Atena. For comparison with the FE
results the program Response (Bentz, 2000) also have been used. This program is
based on the Modified Compression Field Theory (MCFT). In the program a feature
called ”member response” is included where it is possible to obtain load/deformation
curves for beams. More analyses with the modified compression field theory, but as
a design tool in the serviceability state is presented in Section 5.3.

The experiments used for comparison in this chapter only include one experiment per
beam, in other words they are not reproduced. If the experiments would be repro-
duced it is likely that there would be differences in the obtained results. According
to the author’s knowledge, the only beam that been experimentally reproduced sev-
eral times under identical conditions is a notched un-reinforced beam, performed
by Petersson (1981). This beam has been the subject in extensive analyses, Rots
et al. (1985); de Borst (1986) among others. These experiments are not really of
interest in this thesis since one important part here is comparing experimental and
numerical crack pattern. Reviews of experimental shear tests of reinforced concrete
structures can for instance be found in Broo (2006); Coronelli and Mulas (2006).
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4.1 General description of the numerical models

The models made with Atena 2D was modeled with the material definition SBETA,
with either fixed or rotated crack direction. The Abaqus models were made with the
material definition concrete damaged plasticity, where the element can be damaged
by either tension or compression. The damage is isotropic, meaning that the ”cracks”
may be assumed to follow the principal strain direction. For more information about
the material models used in the analyses see Section 2.4.1 and Section 2.4.2.

The material parameters used in the finite element analyses with Abaqus and Atena
are based on the measured cube strength of the respective beams. The other material
properties are calculated as a function of the cube strength in Atena with equations
from MC 90 (1993). Common to all the numerical analyses is that they are based
on the equations presented in Table 4.1. In all the equations the strength should
be inserted in MPa and the units of the obtained parameters are presented in the
table. The uniaxial material curves used as input are illustrated in Figure 4.1.

w   t0 w   t d

t

ε   ε   cc0

f cf

= ε    + wc0c= w    + wt0

(a) (b)

Ec

Ec

Gf

−σσ

w −ε

Figure 4.1: Uniaxial material curves, a) tension and b) compression.

Table 4.1: Equations for calculating the material parameters.
Parameter Equation
Initial elastic modulus Ec = (6000− 15.5fcu)

√
fcu [MPa]

Poisson’s ratio ν = 0.2
Compressive cylinder strength fc = 0.85fcu [MPa]
strain at fc εc0 = 2fc/Ec

Plastic softening compression wd = 5 · 10−4 [m]
Tensile strength ft = 0.24f

2/3
cu [MPa]

Fracture energy Gf Gf = 25ft [Nm/m2]
according to Vos (1983)
Crack opening displacement wc = 5.14Gf/ft [m]

In addition to these material parameters, other parameters exist in the two different
constitutive models. These material parameters such as for instance the dilation
angle required in Abaqus, are described in the section for the respective studied
beam. The effect of the size of the dilation angle has in these analyses been rather
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negligible unless the angle has been close to the upper limit, corresponding to the
material friction angle, or close to its lower limit which is zero degrees. This is
illustrated for one of the studied beams in Figure 4.11.

The fracture energy used in this chapter is based on the expression derived by
Vos (1983), presented in Table 4.1. According to MC 90 (1993) the fracture energy
required to propagate a tensile crack of a unit area can be determined from Table 4.2.

Table 4.2: Fracture energy according to MC 90 (1993) for different concrete grades
and aggregate sizes, Dmax.

Gf [N/m]
Dmax C12 C20 C30 C40 C50 C60 C70 C80

8 40 50 65 70 85 95 105 115
16 50 60 75 90 105 115 125 135
32 60 80 95 115 130 145 160 175

To get as good approximations as possible of the finite element analyses all of the
material properties presented in Table 4.1 and in Figure 4.1 should have been mea-
sured.

4.1.1 Instability problems

Some sources of instability include local yield, snap-through, surface wrinkling or
localised material failure. When local instabilities develop, it may not be possible to
obtain a static solution. At a brittle failure the diagonal shear crack usually initiates
rapidly, where it’s nearly invisible just before the peak load, and after the peak
load it dominates the appearance. Modelling this as a static analysis with Abaqus,
could in some cases result in convergence difficulties due to local instabilities. This
resulted in that several of the Abaqus models using the Static General or the Static
Riks method could not calculate the response after the maximum load was reached.
Therefore, it is suitable to create a quasi-static analysis with Abaqus/Explicit to
perform these calculations.

Otherwise, there are several ways to some extent avoid these convergence difficul-
ties in static analyses in Abaqus. These convergence difficulties can some times be
avoided by using a viscoplastic regularisation of the constitutive equations. Vis-
coplastic regularisation usually increases the chance of convergence without com-
promising the results. That is if the viscosity parameter µ is given a small value
compared to the time increment. Another way to overcome the convergence dif-
ficulties when using a static method, is to introduce artificial damping. This can
be done by introducing discrete dashpots to all nodes in all directions or by using
the function automatic stabilization in Static General. A different approach
in Abaqus/Standard to prevent premature termination of the equilibrium iteration
process is to use the commando *Controls, Analysis=Discontinuous. This com-
mando can be used when considerable non-linearity is expected in the response,
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including the possibility of unstable regimes as the concrete cracks. This allows
relatively many iterations before the program begins to check the convergence rate.
It increases the number of equilibrium iterations (without severe discontinuities)
to eight instead of four after which the check is made whether the residuals are
increasing in two consecutive iterations. It also increases the number of consecu-
tive equilibrium iterations (without severe discontinuities) to ten instead of eight at
which the check of the logarithmic rate of convergence begins. (Hibbitt et al., 2006)

Analyses with Abaqus by Plos (2004); Plos and Gylltoft (2004, 2006) for analysing
the shear capacity of the Källösund Bridge also indicated convergence problems with
the concrete damaged plasticity model. The Källösund Bridge is a box-girder bridge
built with the balanced cantilever technique, and it is in some ways similar to the
bridges studied in Chapter 5. These analyses showed that it could be problems
with convergence difficulties in Abaqus/Standard, at the initiation of shear cracks.
In their analyses it was found that second order nine-node three dimensional shell
elements were needed to represent shear cracking realistically. It is however uncertain
if any of the suggested methods mentioned above were tested in their analyses.

4.1.2 Loading in the numerical analyses

All the studied experiments were loaded with a load-controlled system, which means
that the load could only increase. The loading procedure has two effects when com-
paring the experimental results with the numerical analyses. Firstly the unloading
part after that the peak load was reached could never be measured. The second effect
is that while a displacement-controlled loading system would result in a drop after
initiation of a crack, a continuous load-controlled loading system would have a crack
plateau. According to Mang and Meschke (1992) the length of the crack plateau
becomes shorter with increasing reinforcement. Thereby resulting in a shorter time
to redistribute the stresses. The difference between the ultimate load and the load
corresponding to the crack plateau becomes larger with increasing reinforcement ra-
tio, (Mang and Meschke, 1992). In the experiments used for comparison with the FE
analyses, the loading was load-controlled but occurred with discrete reading of the
loading level. The difference between these different loading types is illustrated in
Figure 4.2. The discrete readings of the load levels will not probably reach the max-
imum load, therefore the displacement at failure is not available in the experimental
results.
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Figure 4.2: Difference in obtained response depending on the loading system.

In the static analyses in Atena and Abaqus/Standard the load is applied as a forced
displacement. Abaqus/Explicit is a dynamic analysis program, but in this case a
static solution is of interest, hence care must be taken that the beam is loaded slowly
enough to eliminate significant inertia effects. For problems involving brittle failure,
this is especially important since the sudden drop in load carrying capacity that
normally accompanies the brittle failure generally lead to increases in the kinetic
energy content of the response. Therefore, the beams in Abaqus/Explicit are loaded
by applying a very small velocity, which ensures a quasi-static solution, i.e. the
kinetic energy in the beam is small throughout the response. The member response
analyses in Response can only be made as load-controlled, which means that any
drop in the load carrying capacity will never be obtained.
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4.2 Leonhardt’s shear beams

4.2.1 Description of the measurements

Leonhardt and Walter (1962) tested several beams to determine the maximum
shear stress and the minimum web reinforcement required to ensure adequate safety
against shear failure. Two of the experimentally tested beams referred to as beam
3 and 5 in Leonhardt and Walter (1962) have been analysed with the finite element
method. In the following beam 3 will be referred to as ”short beam” and beam
5 as ”long beam”. The beams have been modeled with two different FE-packages,
Abaqus 6.5 and Atena v3. The beam here referred to as ”long beam” have earlier
been studied in the Atena manuals, Kabele et al. (2005); Cervenka (2001) and by
Most (2005).

In Figure 4.3 the geometry, reinforcement, and configuration of the tested beam
are shown. The beams have two longitudinal reinforcement bars’ φ26, with the
concrete cover 37 mm and the beams lack vertical shear reinforcement. The beams
are loaded symmetrically with two concentrated loads acting at a distance a, see
Table 4.3, from the support ends. The loads and the supports are applied through
30 mm thick steel plates to distribute the loads and to avoid stress concentrations
and concrete crushing. In Table 4.3 the dimensions of the two beams are defined.

Figure 4.3: Geometry and configuration of the tested beams.

Table 4.3: Dimensions of the concrete beams.
Length Distance to load Width Height Shear span
l (mm) a (mm) b (mm) h (mm) a/d

Short 1450 540 190 320 2
Long 1950 810 190 320 3

The beams were loaded with 10 % of the expected load capacity in each load stage.
The loading rate during the load stages was 50 kN/minute and between the loading
steps they paused for 30 minutes. Figure 4.4 illustrates the crack pattern at failure
observed in the measurements of the two beams. The short beam was loaded in the
experiment where the last load step was reached at 117.7 kN with a mid deflection
of 3.68 mm and failure was reached for the load 150 kN. In the measurements of the
longer beam the last loading stage prior to failure was 58.9 kN with a mid deflection
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of 2.57 mm. The shear failure occurred directly after this load step at the left side of
the beam at the load 60.3 kN. After this the left side of the beam was strengthened
and the beam was loaded until shear failure was reached on the right side of the
beam at 76.5 kN.

(a)

(b)

Figure 4.4: Observed crack pattern of the two tested beams, (a) short beam and (b)
long beam. From (Leonhardt and Walter, 1962)

4.2.2 Description of the numerical analyses

The finite element calculations have been made with both 3D solid models and 2D
plane stress models. In all cases the plane stress models were deemed accurate
enough to simulate the crack propagation. The FE models are compared with
both the measured load/displacement curve and the crack pattern to evaluate the
reliability of the models. The material parameters used in all models are calculated
for concrete with cube strength 33.5 MPa according to the example in the Atena 3D
tutorial manual. The tensile strength should according to the equation in Table 4.1
be 2.49 MPa. For the long beam the tensile strength of 1.64 MPa has been used,
according to the Atena 3D tutorial manual and Most (2005).

Table 4.4: Material properties used in the FE models for concrete
Initial elastic modulus Ec 31.72 GPa
Poisson’s ratio ν 0.20
Compressive cylinder strength fc 28.48 MPa
Strain at fc εc0 1.79 mm/m
Tensile strength (long beam) ft 1.64 MPa
Tensile strength (short beam) ft 2.49 MPa
Fracture energy Gf 62.35 N/m

The dilation angle which has to be defined in Abaqus concrete damaged plasticity,
have in the examples of these two beams been set equal to ψ = 30◦. This means that
the material is assumed to dilate for shear strains and causes dilation as a result of
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the crack slip. The influence of the size of the dilation angle has been studied for
the long beam and the results are presented in Figure 4.11.

The FE models have been made for several different element sizes and element
types to find a converging solution. The load and deformation response show good
agreement for a quite coarse mesh while to get a good estimate of the crack pattern
a detailed mesh is required. A result of the calculations is that different element
types do not change the result to any appreciable extent. The results from the
FE models in the two programs are presented with quadrilateral elements, with the
same maximum size of the elements in the mesh. The models in Abaqus/Explicit are
modelled with elements with one integration point due to limitations in the program.
All other FE analyses are presented with elements with four integration points. In
the model of the short and the long beam the maximum size of the element edge
is 10 mm and 15 mm respectively. The reason for choosing such small elements is
only to obtain as detailed crack pattern as possible.

4.2.3 Analysis of the long beam

Load/deformation response

In the measurements of the long beam the last loading stage prior to failure was
58.9 kN with a mid deflection of 2.57 mm. The shear failure occurred directly after
this load step at the left side of the beam at the load 60.3 kN. After this the left
side of the beam was strengthened and the beam was loaded until shear failure was
reached on the right side at 76.5 kN. The effect of the strengthening on the failure
capacity is not studied by Leonhardt and Walter (1962). The higher value of the
failure load on the right side of the beam was used in Kabele et al. (2005) and Most
(2005) where the corresponding displacement at failure was extrapolated linearly
from the last known load step. This value seems uncertain and it is only mentioned
in this thesis to show that a slightly higher failure was also reached.

The load and displacement curve from the experiment is presented in Figure 4.5
together with the curves from some of the numerical models. One of the numerical
models presented in Figure 4.5 is a fixed crack model in Atena. The results from
two Abaqus models are illustrated in the load/displacement graph. The models
are defined with the same material properties and the only difference between the
Abaqus models is that the solution has been performed with an implicit and explicit
solution scheme. The Abaqus models have a maximum allowed damage of 0.9,
which corresponds to the maximum reduction of the stiffness 90 %. The numerical
results obtained with Response are also presented in Figure 4.5. In the analysis with
Response the crack spacing has been automatically calculated in the program. For
un-reinforced sections the crack spacing is selected as five times the depth of the
section and otherwise calculated as s = c+0.1db/ρ. Where c is the concrete cover, db

is the reinforcement diameter and ρ is the reinforcement ratio. The crack spacing is
smaller than calculated in Response according to the finite element analyses and the
design methods presented in Chapter 3. According to the standards the horizontal
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mean crack spacing should be approximately 100 mm. An analysis with the crack
spacing equal to 100 mm has also performed in Response and is illustrated in Figure
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Figure 4.5: Experimental and numerical load/displacement curves.

The model made in Abaqus/Standard had convergence difficulties at the unloading
after the peak load. This model was made with viscoplastic regularisation with
µ = 10−7, see Equation (2.14). Since the static model calculated the peak load
and had a bit of the unloading, no need to improve the model further was deemed
necessary.

In Atena it is possible to use the CEB bond model to describe the interaction
between the concrete and the reinforcement. The effect of using the bond model for
the long beam is shown in Figure 4.6. As seen in the figure the difference between
with and without the CEB bond model is rather negligible. The difference between
the two models is small probably due to the fact that the beam is modeled with
very small elements and therefore the effect of bond is more accurately accounted
for even without the bond model.
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Figure 4.6: Load/displacement curve calculated with Atena with and without CEB
bond model.

The previous results from the FE models with Atena were based on the fixed crack
model. A model based on the rotated crack model has also been developed. The FE
model with the rotated crack has the same parameters as the fixed crack model. One
exception is though that the rotated cracks follow the direction of the principal stress
and therefore a tangent shear modulus is introduced. This parameter is introduced
to include the effect of shear forces in the crack plane since shear forces can not
occur as a result that the crack follows the principal stress direction.

The difference between the fixed and the rotated crack model in Atena has been
studied for the long beam and the difference in load/displacement curves is presented
in Figure 4.7. The model based on the rotated crack model yields a peak load that
largely exceeds the load obtained with the fixed crack model. The maximum load
obtained with the rotated crack model was 87.3 kN with the mid span deflection
6.0 mm. The predicted deflection at the peak load from the rotated crack model is
more than twice the displacement obtained with the other FE models.
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Figure 4.7: Load/displacement curve calculated with Atena with fixed and rotated
crack model respectively.

The fixed crack model in Atena and especially the Abaqus models give a good
estimate of the failure load. The modified compression field theory shows a slightly
smaller load capacity than the FE analyses and the measurement. The difference
between Response with automatically calculated crack spacing and the experiment is
rather small and with the crack spacing 100 mm the results obtained with Response
shows an even better agreement. The numerical method that differs from the other
for this beam is the rotated crack model in Atena that yields a peak load which
largely exceeds the load obtained from the measurements. The peak load and the
corresponding mid deflection for all models are presented in Table 4.5.

According to the Swedish standard BBK 04 (2004) the shear strength of this beam
can be calculated as displayed in Equation (4.1). This equation includes the expres-
sion from Betonghandbok-Konstruktion (Svensk Byggtjänst, 1990) for increase of
the shear strength if loads act closer to the support than 3d.

Vc = bwdfvr (4.1)

where,
bw is the width of the cross-section,

bw = 190 mm
d is the effective height of the cross-section,

d = 270 mm
fvr is the shear strength including the increase of loads acting close to the

support,
fvr = 0.33d

a
ξ(1 + 50ρ)ft, fvr ≤ ft
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a is the distance from the support to the load,
ρ is the reinforcement ratio, where ρ ≤ 0.02

ρ = 0.02
ξ = (1.6− d) if 0.2 m < d ≤ 0.5 mm

The shear strength for this beam according to BBK 04 (2004) with the material
parameters used in the FE analyses is Vc = 67.1 kN, calculated with Equation (4.1).

Table 4.5: Peak load and mid deflection at peak load.
Load [kN] Deflection [mm]

Abaqus/Explicit, max damage = 0.9 62.0 2.52
Abaqus/Standard, max damage = 0.9 60.0 2.59
Atena fixed crack model 71.8 3.01
Atena fixed crack model with CEB bond 70.3 2.91
Atena rotated crack model 87.3 6.04
Response 53.8 2.05
Response, sm = 100 mm 59.1 2.48
Experiment (last load step) 58.9 2.57
Experiment (failure load at left side) 60.3 -

The quasi-static analysis made in Abaqus/Explict requires low kinetic energy to
avoid dynamic effects. Figure 4.8 shows the strain and kinetic energy respectively
of the whole Abaqus/Explicit model throughout the response. The maximum ratio
of the kinetic and strain energy is only approximately 0.5 %, which assures for small
dynamic effects.
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Figure 4.8: Strain and kinetic energy from the calculations with Abaqus/Explicit
and max damage = 0.9.
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To study the mesh sensitivity, calculations have been made with two different sizes
of elements. The fine mesh consists of elements with the element length of 5 mm
and the coarse mesh consists of elements with the element length 40 mm. The
beams modelled in Abaqus consisting of the fine and the coarse mesh is illustrated
in Figure 4.9. Similar models were also developed in Atena to study the mesh
sensitivity.

a)

b)

Figure 4.9: Illustration of the element size in the models to study the mesh sensitiv-
ity, (a) fine mesh and (b) coarse mesh..

The load/displacement curves for the fine and the coarse mesh are shown in Fig-
ure 4.10. In Abaqus there is a very small difference between the response of the
models with the fine and the coarse mesh. The results from the coarse mesh model
show slightly better agreement with the measured load/displacement curve, but
instead it gives a very poor graphical illustration of the crack pattern. The crack
pattern obtained with the coarse mesh model is illustrated in Figure 4.14. The mod-
els in Atena show a larger difference in the ultimate load between the fine and the
coarse mesh. For coarse meshes the analyses in Abaqus underestimate the ultimate
load, while for Atena a coarse mesh produces overestimation of the peak load.
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Figure 4.10: Load and displacement response for fine and coarse meshes in the two
programs, (a) Abaqus/Explicit and (b) Atena with the fixed crack
model.

For the beam with the coarse mesh the effect of the dilation angle was studied
in Abaqus. Analyses where made with different size of the dilation angle ψ =
[10, 20, 30, 40, 50, 56.3] degrees and the result are presented in Figure 4.11. For
small values of the dilation angle the behaviour is very brittle and for angles close
to the material friction angle β = arctan(3/2) ≈ 56.3◦ the material behaviour is
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ductile. The difference between 20◦, 30◦ and 40◦ is rather small, where the peak
load is reached for 55, 58 and 60 kN respectively.
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Figure 4.11: Influence of the dilation angle in concrete damaged plasticity models.

As previously mentioned this beam has also been analysed by Kabele et al. (2005)
and Most (2005). In Kabele et al. (2005) the beam was analysed with both 2D and
3D models, their 2D models in Atena had rather coarse meshes and therefore gives
peak loads similar to the one presented for the coarse mesh model with Atena in
Figure 4.10. One of the 3D models in Kabele et al. (2005), which includes the CEB
bond model shows a result that is closer to the result obtained with the Abaqus
models and the experiment. A reason for why the 3D model gives a different peak
load is that the material model in Atena 3D called Fracture-Plastic model is based
on both fracture mechanics and plasticity theory and therefore is more similar to the
material model concrete damaged plasticity in Abaqus, than the 2D model in Atena
SBETA. The fracture-plastic model includes more of the plasticity theory including
a plastic potential function similar to the one described in Section 2.2.3. The load
and displacement response of the 3D model in Kabele et al. (2005) is presented in
Figure 4.12. In this figure the result from the analysis performed by Most (2005)
also is illustrated. The analysis performed by Most (2005) is based on the discrete
cracking model presented in Section 2.2.1. In the figure the results from the quasi-
static analysis made in Abaqus and the analysis with the fixed crack model in Atena
is presented as a reference.
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Figure 4.12: Comparison of the numerical analyses performed in this section with
analyses found in the literature by (Kabele et al., 2005) and (Most,
2005).

Crack pattern

Figure 4.13 illustrates the observed crack patterns from the experiments and the
crack pattern obtained from the FE programs. A shear crack that originates near the
support and propagates towards the loading plate caused failure in the experiment.
In Figure 4.13 b) the elements induced with damage from an Abaqus/Explicit model
with maximum damage of 0.9 is illustrated. Induced damage less than 0.1 are
displayed as white in the Abaqus model. In the Abaqus model the shear crack
between the support and the loading plate initiates. This crack is though not causing
failure in the Abaqus model. Instead failure is governed by a flexural shear crack
closer to the loading plate. A shear crack similar to the crack causing failure in the
measurement was also obtained in the Atena fixed crack model. Atena therefore
shows a better agreement of the crack pattern with the observed crack than the
Abaqus model. A crack filter has been used to remove the small cracks, w <
0.01 mm, in the analyses from Atena, illustrated in Figure 4.13 c) and d).
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a)

b)

c)

d)

Figure 4.13: Crack pattern at peak load. a) sketch of the observed crack pat-
tern from the experiment, b) elements with induced damage from
ABQUS/Explicit with max damage 0.9, c) Atena fixed crack model
with CEB bond model, and d) Atena rotated crack model.

As the analyses in Abaqus showed better agreement with the measured failure load
and the corresponding deflection, the fixed crack model in Atena shows better agree-
ment with the observed crack pattern.

Figure 4.14 illustrates the crack pattern obtained with the coarse mesh model in
Abaqus/Explict. In Figure 4.14 a) the induced damage is illustrated and due to the
large elements the crack direction is not clearly illustrated. Therefore, the direction
of the principal tensile plastic strain is illustrated in Figure 4.14 b).
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PE,  Mi n.  I n- Pl ane Pr i nc i pal

a)

b)

Figure 4.14: Crack pattern at peak load for the coarse mesh model in
Abaqus/Explicit. a) elements with induced damage with max damage
0.9, and b) principal tensile plastic strain.

Figure 4.15 and Figure 4.16 illustrate loading stages calculated with Abaqus and
Atena respectively. In Figure 4.17 and Figure 4.18 the results from Response are
presented with the automatic calculation of the crack spacing and the fixed crack
spacing of 100 mm respectively.

In the figures the crack pattern for different load levels is illustrated. All the figures
illustrate the crack pattern for the mid span deflection of 1.5 mm where the resulting
force is between 43 and 46 kN for all the calculations. For this load level flexural
shear cracks have started to initiate in the Abaqus and Atena models. In the model
made with automatic crack calculation of the crack spacing in Response a large
flexural shear crack has already appeared. The figures also illustrate the crack
pattern at the peak load for all the programs. The calculations made with Abaqus
and Atena also show the crack pattern after the peak load where the load/deflection
has stabilised after the drop in load. In the Response models it was not possible
to obtain the crack pattern after the peak load because these analyses are load-
controlled.
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Figure 4.15: Load/displacement curve with crack stages of the beam, made with
Abaqus/Explicit where max damage = 0.9.
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Figure 4.16: Load/displacement curve with crack stages of the beam, made with
Atena.
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Figure 4.17: Load/displacement curve with crack stages of the beam, made in Re-
sponse with automatic calculation of the crack spacing.
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Figure 4.18: Load/displacement curve with crack stages of the beam, made in Re-
sponse with sm = 100 mm.

The illustration of the crack pattern obtained with Response was not scaled correctly.
Therefore, the Response figures have been scaled so that the distance between the
load plate and the support plate correspond with the distance in the figures from
the FE models.

Crack width

The calculated crack width is presented for two load stages in Table 4.6. The first
crack width is calculated at the mid span deflection 1.5 mm, resulting in correspond-
ing force of 43 to 46 kN in the calculations. The second crack width presented is
calculated at the peak load. The crack width was not measured in the experiment
and therefore only a comparison between the different analyses can be made. In
Abaqus the crack width is not calculated, but it can be calculated in the same way
as in Atena, by multiplying the crack opening strain after the complete stress release
with the characteristic length. The characteristic length is calculated in Atena to
minimise the effect of element size and element orientation, as seen in Section 2.4.1.
There is a small difference in the crack width calculated in Abaqus with Explicit
and Standard, this is not unexpected since there are some small dynamic effects
in the Explicit model. The other reason is that the graphic information such as
plastic strain, has been chosen to be stored at some preselected time increments
and therefore the time increment does not exactly coincide with the peak load. The
calculated crack widths in Abaqus/Explicit, Abaqus/Standard, the fixed model in
Atena and Response with the crack spacing sm = 100 mm show quite a good agree-
ment, with a crack width at the peak load of 0.18 − 0.28 mm. The crack width
calculated in Response with the automatic determination of the crack spacing is
much larger than according to the other models. The rotated crack model in Atena
gives a crack width at the peak load which largely exceeds the other models, this is
of course an effect of that the failure does not occur in this model until at a much
larger deformation and load is reached.
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Table 4.6: Largest calculated crack width in mm for two load levels.
Load level

δ = 1.5 mm Peak load
(F ≈ 45 kN)

Abaqus/Explicit 0.07 0.21
Abaqus/Standard 0.05 0.26
Atena fixed crack 0.05 0.18
Atena rotated crack 0.07 0.81
Response 0.23 0.48
Response, sm = 100 mm 0.07 0.28

4.2.4 Analysis of the short beam

Load/deformation response

In the short beam test, the last loading stage prior to failure was 117.7 kN with a
mid deflection of 3.68 mm. The shear failure occurred between this load step and the
subsequent load step, at the load 150.0 kN. The load and displacement curve from the
experiment is presented in Figure 4.19 together with the curves from the numerical
models. One of the numerical models presented in Figure 4.19 is the fixed crack
model in Atena. The results from two quasi-static Abaqus models are illustrated in
the load/displacement graph. The difference between these two models is how much
the elements can be damaged. The two Abaqus models have a maximum allowed
damage of 0.8 and 0.9 respectively. The difference in result between the Abaqus
models with maximum damage of 0.8 and 0.9 respectively, is seen in Figure 4.19 after
that a crack initiates where the model with lower maximum damage yields a slightly
higher failure load. In the analysis of the long beam there was no difference between
two different maximum damage alternatives, until the unloading of the beam. It is
only in the propagation of the cracks the difference is seen between two alternatives
of maximum damage. The numerical results from Response with automatic crack
spacing and crack spacing of 100 mm are also presented in Figure 4.19.
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Figure 4.19: Experimental and numerical load/displacement curves.

In Figure 4.19 it can be seen that both the finite element analyses and the measure-
ments show a change in inclination at approximately 70 to 80 kN with a deflection
of ≈ 1.2 mm. At this point the shear crack initiates, but the structure still has the
capacity to carry a higher load. This inclination change is typical for beams with
rather small ratio of shear span to depth. In the results obtained with Response the
capacity of the beam was reached at this point. The failure behaviour obtained in
the experiment of this beam is a flexural-shear failure, which is also obtained with
all the numerical models. The finite element analyses provide very similar results
regarding crack pattern, ultimate load and deflection. The measurement shows a
higher failure load than the numerical results from the models in Figure 4.19. The
probable reason for this is that the material parameters for the actual beam are
higher than the ones used in the numerical analyses. For comparison, the shear
strength according to BBK 04 (2004) in Equation (4.1) and increased due to that
the load is closer to the support than the distance 3d is Vc = 127.7 kN. To obtain
the measured ultimate load of 150 kN with Equation (4.1), the tensile strength must
be approximately 2.7 MPa.

The previous result for the short beam with Atena was based on the fixed crack
model. A model based on the rotated crack model has also been developed. In
Figure 4.20 the load and deformation response is illustrated for the fixed and the
rotated crack method in Atena.
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Figure 4.20: Experimental and numerical load/displacement curves.

Unlike the other FE models, the rotating crack model in Atena overestimates the
response in the load/deflection curve compared to the measured load/displacement
curve. In the analysis of the long beam, the rotating model gave a more ductile
behaviour which resulted in overestimation of the load capacity and the mid deflec-
tion. The peak load in the rotating crack model was calculated to 138.0 kN while the
other numerical methods gave a peak load less than 120 kN, as shown in Table 4.7.
In Table 4.7 the last measured load step is shown as well as the failure load. The
ultimate load was reached between two predetermined load steps and therefore the
corresponding deflection is not available.

Table 4.7: Peak load and mid deflection at peak load.
Load [kN] Deflection [mm]

Abaqus/Explicit, max damage = 0.9 118.3 4.45
Abaqus/Explicit, max damage = 0.8 114.4 4.09
Atena fixed crack model 107.9 3.45
Atena rotated crack model 138.0 3.68
Response 80.6 1.07
Response, sm = 100 mm 87.6 1.22
Experiment (last load step) 117.7 3.68
Experiment (failure load) 150.0 -

As previously stated, quasi-static analysis with Abaqus/Explicit requires low kinetic
energy to avoid dynamic effects. Figure 4.21 shows the strain and kinetic energy of
the whole Abaqus model in Figure 4.22 c) throughout the response. The maximum
quota of the kinetic and strain energy is only approximately 0.1 %, assuring small
dynamic effects.
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Figure 4.21: Strain and kinetic energy from the calculations with Abaqus/Explicit
and max damage = 0.8.

Crack pattern

Figure 4.22 illustrates the crack pattern obtained in the test of the short beam and
the crack pattern calculated with the FE programs. In Figure 4.22 a) and b) the
crack pattern from the test of the left and right side of the beam are illustrated
respectively. Figure 4.22 c) and e) illustrates the elements with induced damage
from the calculations with Abaqus. The difference between these two models is how
much the elements can be damaged. The model in Figure 4.22 c) has a maximum
allowed damage of 0.9. In Figure 4.22 e) the Abaqus model has a maximum damage
of 0.8 corresponding to a 80 % reduction of the stiffness. Induced damage less than
0.1 are displayed as white in the two models. The difference between the Abaqus
models with maximum damage of 0.8 and 0.9 respectively, is seen in Figure 4.19
after that a crack initiates where the model with lower maximum damage yields a
slightly higher failure load. In Figure 4.22 d) and f) the crack pattern obtained with
the fixed and the rotated crack model in Atena is illustrated. In the figures of the
crack patterns obtained with Atena a crack filter removing w < 0.01 mm has been
used. The crack pattern obtained with the rotating crack model does not show as
good agreement with the experiment as the crack pattern obtained with the fixed
crack model in Atena.
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b)

d)

f)

a)

c)

e)

Figure 4.22: Crack pattern at peak load. a) Experimental crack pattern of the left
side of the beam, b) experimental crack pattern of the right side of the
beam, c) elements with induced damage from ABQUS/Explicit with
max damage 0.9, d) Atena fixed crack model, e) elements with induced
damage from ABQUS/Explicit with max damage 0.8 and f) Atena ro-
tated crack model.

The figures’ 4.23, 4.24 and 4.25 illustrate loading stages calculated with Abaqus,
the fixed crack model in Atena and Response respectively. In Figure 4.25 the crack
pattern is illustrated for the analysis with the automatic calculation of the crack
spacing and for the analysis with crack spacing equal to 100 mm. The figures
illustrate the load/displacement curves and crack patterns at different load levels.
All the figures illustrate the crack pattern for the load level where the inclination
change of the load/displacement curve appears. This change in inclination is reached
at approximately 75 kN for the Abaqus and the Atena models. The figures also
illustrate the crack pattern at the peak load for all the programs.
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Figure 4.23: Load/displacement curve with crack stages of the beam, made with
Abaqus/Explicit where max damage = 0.8.
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Figure 4.24: Load/displacement curve with crack stages of the beam, made with
Atena.
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Figure 4.25: Load/displacement curve with crack stages of the beam, made with
Response.
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Crack width

The calculated crack width is presented for two load stages in Table 4.8. The first
crack width is calculated where the inclination change occurs in the load/displacement
curve. For this point the mid span deflection is approximately 1.2 mm, resulting
in a corresponding force of 70 to 88 kN in the calculations. In the analysis with
the rotated crack model in Atena this change in inclination occurs at an earlier
stage where the deflection is about 0.8 mm and the crack width is only 0.01 mm.
Therefore, this crack width has been chosen at the deflection 1.2 mm instead. The
second crack width presented is calculated at the peak load. The crack width was
not measured in the experiment and therefore only a comparison between the dif-
ferent analyses can be made. In Abaqus the crack width is not calculated, but it
has been calculated afterwards in the post-processor in the same way as in Atena,
by multiplying the crack opening strain after the complete stress release with the
characteristic length. There is a difference in the crack width at the peak load cal-
culated in Abaqus with maximum damage 0.8 and 0.9. This depends on that the
model with maximum damage 0.8 reaches failure at a larger deflection and peak
load, which results in a larger crack width. The crack width calculated in Response
with the automatic determination of the crack spacing is more than twice as large
as the crack width obtained with crack spacing 100 mm. The rotated crack model
in Atena gives a crack width at the peak load which is much smaller than the other
models.

Table 4.8: Largest calculated crack width in mm for two load levels.
Load level

δ ≈ 1.2 mm Peak load
Abaqus/Explicit dmax=0.8 0.18 1.55
Abaqus/Explicit dmax=0.9 0.19 1.29
Atena fixed crack 0.26 1.82
Atena rotated crack 0.13 0.60
Response 0.28 -
Response, sm = 100 mm 0.13 -
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4.3 Nylander’s deep beams

4.3.1 Description of the measurements

Nylander and Holmgren (1975) tested 10 flanged deep beams to determine the effect
of cracking on the state of stress and the strength near supports of deep beams. The
beams differed in the amount of the vertical and horizontal reinforcement in the
webs. Two of these beams which failed in shear, called B1 and B5 in the experiments,
have been modelled with the FEM programs Abaqus 6.6 and Atena v3.

All tested beams had the same geometry and it is illustrated in Figure 4.26 and Table
4.9. The beams were loaded symmetrically with two concentrated forces applied at
the distance 1.225 m from the support ends. All tested beams had a low shear span
to depth ratio of 1.25. The columns at the supports where constructed of concrete
with higher strength, so that the failure would occur in the beams.

Figure 4.26: Geometry of the tested beams. (Nylander and Holmgren, 1975)

Table 4.9: Dimensions of the concrete deep beams.
Length Distance to load Width Height Shear span

Web Flange Web Flange
(mm) (mm) (mm) (mm) (mm) (mm)
3850 1225 100 500 800 150 1.25

The loading arrangement used in the experiments is shown in Figure 4.27. The
beams were loaded on the top with a load-controlled system, consisting of two hand-
jacks loading 75 kN each, at every loading increment. Between the loading steps
they paused for 15 to 20 minutes where the cracks were marked out and measured.
At the beginning and the end of every loading increment the gauge readings were
recorded.
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Figure 4.27: Experimental loading arrangement.

There is a difference in reinforcement plan between the two beams where beam 5 has
anchorage plates welded at the ends of the flexural reinforcement bars in the bottom
flange, as seen in Figure 4.28. The two beams also had a difference in material
properties where beam 1 was made with concrete of slightly higher strength.

Figure 4.28: Reinforcement plan for the tested beams. The support labeled A rep-
resent beam 1 and support B represent beam 5.

In Figure 4.29 the crack pattern of the tested beams are presented. The numbers
at the cracks indicate the load level (in Mp where 1 Mp = 10 kN) when the cracks
occur. The failure load of beam 1 was measured to 500 kN and to 370 kN of
beam 5. The last loading stage before failure was 450 kN with a mid deflection of
5.77 mm of beam 1. Beam 5 reached the last loading step at 304 kN with the mid
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deflection 3.89 mm. In Figure 4.29 the crack causing failure is illustrated with a
greater thickness. The maximum crack width measured at the end of each load step
is presented when comparing the result with the finite element analyses in Table
4.13 and Table 4.15.

Figure 4.29: Experimental crack pattern of the studied beams B1 and B5.

4.3.2 Description of the FE models

The finite element calculations have been performed with 2D plane stress models.
The analysis of the previous beams showed that the 2D models where accurate
enough to predict the failure load, the crack pattern, etc. In this case there is shear
reinforcement in the transverse direction of the flanges. Due to modelling these
beams as two dimensional, this transverse reinforcement will be neglected.

In the initial 2D analyses made with Abaqus compressive failure in the web above
the column, govern the ultimate load capacity of the beams. The compressive failure
was reached for a load of approximately 280 kN, which is slightly more than half the
ultimate load measured at the experiment. These 2D models could not account for
the confinement effect, due to the compressive stresses in the transverse direction
of the beam. According to Grassl (2004) the dilation of concrete in compression
leads to increasing confinement. To account for this effect an associated plastic flow
potential was assumed, with the dilation angle equal to the material friction angle,
ψ = β = arctan(3/2). This produces a more ductile behaviour of the material,
which is the effect of high confining stress from triaxial compressive stress as shown
previously in Figure 2.2.
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In the models made in Atena this premature compressive failure never occurred.
Instead the finite element analyses in accordance with the measurements predicted
a shear failure.

The material properties for Beam 1 is presented in Table 4.10 and the properties for
beam 5 is presented in Table 4.11.

Table 4.10: Material properties used in the FE models for concrete in beam 1
Initial elastic modulus Ec 31.91 GPa
Poisson’s ratio ν 0.20
Compressive cylinder strength fc 28.90 MPa
Strain at fc εc0 1.81 mm/m
Tensile strength ft 2.52 MPa
Fracture energy Gf 62.97 N/m

Table 4.11: Material properties used in the FE models for concrete in beam 5
Initial elastic modulus Ec 29.63 GPa
Poisson’s ratio ν 0.20
Compressive cylinder strength fc 24.14 MPa
Strain at fc εc0 1.63 mm/m
Tensile strength ft 2.23 MPa
Fracture energy Gf 55.85 N/m

4.3.3 Analysis of the B1 beam

Load/deflection response

In the measurements of the deep beam B1 the last loading stage before failure was
450 kN with a mid deflection of 5.8 mm. The shear failure occurred between this
and the subsequent load step, at the load 500.0 kN. The load and displacement
curve from the experiment is presented in Figure 4.30 together with the curves from
the numerical models. One of the numerical models presented in Figure 4.30 is
from a model in Abaqus/Explicit with associated plastic flow. The Abaqus model
has a maximum damage of 0.8 corresponding to a 80 % reduction of the stiffness.
The results from two Atena models are also illustrated in the load/displacement
graph. The difference between the two Atena models is that they have a fixed
and rotated crack direction respectively. It was not possible to define the column in
Response, analyses without the column would result in significantly softer behaviour.
Therefore, no results are presented from Response for the deep beam.
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Figure 4.30: Experimental and numerical load/displacement curves of the deep beam
B1.

The results from the measurements show that there is a difference in inclination of
the load/displacement curve at the load 150 kN with the mid deflection of 0.35 mm.
A similar inclination change in the load/displacement curve was seen in the results
from the short beam. The finite element models give that the inclination change
in the loading curve appears for a higher load. This could probably be a result
of how the measurements were performed where the beam was loaded to 150 kN
and the next registered load level was 225 kN, the actual change in inclination may
have appeared anywhere between these two load steps. The calculated loads in the
finite element analyses exceed the measured and the change in inclination of the
load/deformation curve appears at the initiation of the shear crack. This occurs at
approximately 250 kN in Abaqus and at 280 kN in Atena. The initiation of the
shear cracks is followed by a drop in the load carrying capacity and after this the
models made with both programs are following the measured load/deflection curve.
In the Abaqus model a few flexural cracks close to the mid section of the beam
occur before the initiation of the shear crack, at a load level of 220 kN. The ultimate
load was reached in the fixed and rotated model in Atena for 424 kN and 440 kN
respectively. The corresponding mid deflection was 3.6 mm and 3.9 mm respectively,
which is much less than the measured deflection of the last load step of 5.8 mm.
The model made with Abaqus shows, again, a lower ultimate load than Atena with
the ultimate load 374 kN and the corresponding deflection 5.3 mm. The measured
and the calculated peak load and the corresponding deflections are summarised in
Table 4.12.

The models made in Atena and the model in Abaqus shows rather bad agreement
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Table 4.12: Peak load and mid deflection at peak load.
Load [kN] Deflection [mm]

Abaqus/Explicit, max damage = 0.8 373.8 5.34
Atena fixed crack model 423.8 3.61
Atena rotated crack model 440.4 3.91
Experiment (last load step) 450.0 5.77
Experiment (failure load) 500 -

with either the measured load or deflection at failure. While Abaqus gives a de-
flection close to the measured at the last load step, the load is only 81 % of the
measured at the last load step and only 75 % of the failure load at 500 kN. Atena
yields a better estimation of the load, but gives to stiff behaviour with a deflection
of 3.6 mm and 3.9 mm for the fixed and the rotated models respectively. These
deflections correspond to 62 % and 67 % of the deflection at the last load step. In
both FE models evidently the material properties are not accurate enough.

In both the Abaqus and the Atena model the compressive strength is the govern-
ing parameter regarding the obtained failure load. An increase of the compressive
cylinder strength, by setting it equal to the value of the measured cube strength
fc = 34 MPa results in a load capacity of 405 kN with the corresponding mid de-
flection of 5.4 mm in Abaqus. In the fixed crack model in Atena the load capacity
increases to 438 kN with the mid deflection 3.7 mm. The difference between the
original models and the modified models with increased compressive strength is
illustrated in Figure 4.31.
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Figure 4.31: Experimental load/displacement curve of the deep beam and numer-
ical curves from Atena and Abaqus with compressive strengths fc =
29.8 MPa and fc = 34 MPa.

In Figure 4.32 it is illustrated the effect of increasing the fracture energy to 75 N/m
which should be used for concrete grade C30 with maximum aggregate size 16 mm
according to MC 90 (1993) as seen in Table 4.2. The increase in fracture energy
does not increase the ultimate load in the Atena analysis especially, it only increases
the peak load with 4 kN.
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Figure 4.32: Experimental load/displacement curve of the deep beam and numerical
curves from Atena with fracture energy Gf = 62.97 N/m according to
Vos (1983) and Gf = 75 N/m according to MC 90 (1993).

Crack pattern

In Figure 4.33 a) and b) a sketch of the observed crack pattern from the experiments
of the left and right side of the beam respectively, is presented. Figure 4.33 c) illus-
trates the damaged elements at the ultimate load obtained from the analysis with
Abaqus/Explicit. The elements with induced damage less than 0.1 are illustrated
as white and the element with damage 0.8 are illustrated as black. The fixed and
the rotated crack models made with Atena are illustrated in Figure 4.33 d) and e)
respectively. A crack width filter has been used to remove the crack widths less than
0.01 mm from the crack patterns obtained with Atena.
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b)

d)

e)

a)

c)

Figure 4.33: Crack pattern at peak load. Experimental crack pattern of the left
side of the beam, b) experimental crack pattern of the right side of the
beam, c) elements with induced damage from ABQUS/Explicit with
max damage 0.8, d) Atena fixed crack model, e) Atena rotated crack
model.

The best representation of the shear crack is obtained with the Abaqus model while
the shear crack in the analyses in Atena has too large inclination. In the experiments
additional shear cracks occur closer to the loading plate than the primary shear
crack. This is not seen in the Abaqus model, instead an additional shear crack to
the left of the primary crack propagates just before failure. The primary shear crack
in the Atena models has a higher inclination compared to the Abaqus model and
the experiment.

Crack width

In Table 4.13 the measured crack width at the end of the load steps is presented.
In addition, the obtained crack widths from the FE analyses are presented. Neither
of the analyses reached the load step 450 kN and therefore only comparison of
crack widths up to 375 kN can be made. The variation in crack width throughout
the analyses is illustration in Figure 4.34. The crack width in Figure 4.34 is the
maximum crack width calculated for one element in the model. The maximum
crack width for the different steps does not necessarily have to be taken from the
same element throughout the whole analysis. The crack width obtained with the
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fixed and the rotated crack model in Atena differs quite much, as it has for the
other studied beams. For all load levels the rotated crack give a small crack width
compared to the experiment and other calculated crack widths.
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Figure 4.34: Experimental and numerical load vs maximum crack width curves of
the deep beam B1.

Table 4.13: Largest measured and calculated crack width in mm of the shear cracks.
Load level

225 kN 300 kN 375 kN 450 kN
Experiment 0.70 0.85 1.60 2.10
Abaqus 0.57 1.11 - -
Atena fixed crack 0.73 1.26 1.94 -
Atena rotated crack 0.33 0.58 0.77 -

The rotated crack model have for all previous models given a larger number of cracks
compared to the corresponding model with fixed crack direction. The physical crack
is represented by several parallel cracks in the rotated crack model. To obtain as
good estimation of the crack width as possible the crack width of all the closely
aligned parallel cracks should be summarised, since they all actually describe only
one physical crack. In Figure 4.35 an enlarged picture of the cracks at the ultimate
load in the Atena rotated crack model is illustrated. The cracks are illustrated in the
centre of each element and the number next to the crack displays its crack width in
metre. As seen in the figure there are two or three elements with almost equal size
in crack width, per row perpendicular to the crack direction. The maximum crack in
an element is for this load level 0.9 mm and the summation of all parallel cracks give
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a total crack opening displacement of 2.6 mm. The summation of cracks is made for
two rows of elements, where both rows gives the same result. The summation gives
a crack width that is closer to the experiments and closer to the maximum crack
width in Abaqus and the fixed crack model in Atena. Closely aligned parallel cracks
also appear in the fixed crack model and in Abaqus and should be summarised in the
same manner to get an as good estimate as possible of the crack width of physical
crack. Common for the these analyses is that the main part of the crack opening
displacement is appearing in only one element per row perpendicular to the crack
direction, see Figure 4.40. Therefore the need of summarising the crack width of
these parallel cracks is, at lest according to these analyses, not necessary.
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Figure 4.35: Several parallel cracks represent the physical crack in the Atena rotated
crack model.

Choosing larger elements in the rotated crack model does not replace the small
parallel cracks with one large crack. Instead the crack band gets wider for larger
elements, which is illustrated in Figure 4.36.

a) b)

Figure 4.36: Crack pattern for a) fine and b) coarse mesh with rotated crack model
in Atena. The crack band gets wider for larger elements.
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4.3.4 Analysis of the B5 beam

Load/deflection response

In the measurements of the deep beam B5 the last loading stage before failure was
304 kN with a mid deflection of 3.9 mm. Shear failure occurred between this and the
planed subsequent load step, at the failure load 370.0 kN. The load/displacement
curve from the measurement is presented in Figure 4.37 along with the curves from
the numerical models. One of the numerical models presented in Figure 4.37 is from
a model in Abaqus/Explicit with associated plastic flow. The Abaqus model has a
maximum damage of 0.9 corresponding to a 90 % reduction of the stiffness. The
results from two Atena models are also illustrated in the load/displacement graph.
The difference between the two Atena models is that they have a fixed and rotated
crack direction respectively. As earlier mentioned it was not possible to define the
column in Response and therefore no results are presented from Response for the
deep beam.
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Figure 4.37: Experimental and numerical load/displacement curves of the deep beam
B5.

The results from the measurements show that there is a difference in inclination of
the load/displacement curve at the load 150 kN with the mid deflection of 0.35 mm.
A similar inclination change in the load/displacement curve was seen for the other
studied beams with low ratio of shear span to depth. The reason why the inclination
change appear for higher loads in the FE analyses have been discussed previously
for the deep beam B1. The shear crack initiates at 202 kN in the Abaqus analysis
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and at 237 kN in the Atena analyses. In the experiment the shear crack appeared at
the load 190 kN. The ultimate load obtained with the analyses in Atena is a slight
overestimation compared to the measured load of 370 kN. The ultimate load was
reached in the fixed and rotated model in Atena for 400 kN and 388 kN respectively.
The corresponding mid deflection was 3.7 mm and 3.4 mm respectively, which is
smaller than the deflection at the last load step. The analyses made with Atena gives
to stiff behaviour for both the deep beams. The analyses made with Atena by Öman
and Blomkvist (2006) also gave to stiff behaviour in the load/displacement response,
where the ultimate load was adequately captured but at a rather small deflection.
The model made with Abaqus gives a very good estimation of the load/displacement
response. The analysis made with Abaqus shows, again, a lower ultimate load than
Atena with the ultimate load 335 kN and the corresponding deflection 4.7 mm.
The measured and the calculated peak load and the corresponding deflections are
summarised in Table 4.14.

Table 4.14: Ultimate load and displacements for numerical analyses and experiment.
Load [kN] Deflection [mm]

Abaqus/Explicit, max damage = 0.9 335.0 4.65
Atena fixed crack model 399.8 3.74
Atena rotated crack model 387.5 3.41
Experiment (last load step) 303.9 3.89
Experiment (failure load) 370.0 -

Crack pattern

In Figure 4.38 a) and b) a sketch of the observed crack pattern from the experiments
of the left and right side of the beam respectively, is presented. Figure 4.38 c) illus-
trates the damaged elements at the ultimate load obtained from the analysis with
Abaqus/Explicit. The elements with induced damage less than 0.1 are illustrated
as white and the element with damage 0.9 are illustrated as black. The fixed and
the rotated crack models made with Atena are illustrated in Figure 4.38 d) and e)
respectively. A crack width filter has been used to remove the crack widths less than
0.01 mm from the crack patterns obtained with Atena.
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Figure 4.38: Crack pattern at peak load. Experimental crack pattern of the left
side of the beam, b) experimental crack pattern of the right side of the
beam, c) elements with induced damage from ABQUS/Explicit with
max damage 0.9, d) Atena fixed crack model, e) Atena rotated crack
model.

The best representation of the shear crack is obtained with the Atena models. The
primary shear crack in the Abaqus model have a low inclination in the region close
to the support and a higher inclination compared to the the experiment of the upper
part of the crack.

Crack width

In Table 4.15 the measured crack width at the end of the load steps is presented
along with the obtained crack widths from the FE analyses. The variation in crack
width during the loading history is illustrated in Figure 4.39. The crack width
presented in Figure 4.39 is the maximum crack width calculated for one element in
the model. The maximum crack width for the different steps does not necessarily
have to be taken from the same element throughout the whole analysis. The crack
width obtained with the rotated crack model is only approximately half as much
as the crack width obtained with the fixed crack model in Atena. The reason why
the rotating crack model yielding smaller crack widths have been described in the
analyses of the deep beam B1.
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Figure 4.39: Experimental and numerical load vs maximum crack width curves of
the deep beam B5.

Table 4.15: Largest measured and calculated crack width in mm of the shear cracks.
Load level

225 kN 300 kN
Experiment 1.10 2.50
Abaqus 0.92 2.03
Atena fixed crack 0.92 1.32
Atena rotated crack 0.43 0.61

From the Abaqus analyses of deep beam 5, the variation in maximum principal
plastic strain over a crack is illustrated in Figure 4.40. The plastic strain is shown
for all nodes lying on path 1. The path is not exactly parallel to the direction of the
maximum plastic strain and therefore the distribution of strain is a bit unsymmet-
rical. The maximum plastic strain in the most damaged element is approximately
ten times higher than the strain in the adjacent element.
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Figure 4.40: Variation in maximum principal plastic strain over a crack obtained
with a concrete damaged plasticity model in Abaqus.

4.4 Conclusions of the numerical analyses

The main advantage with Atena is that for the analyses of the beams in this chapter,
the program had no convergence problems to describe the response of the concrete
beams, even after that the ultimate load was reached. Even with a coarse mesh,
the diagonal shear crack was successfully captured. The analyses with Atena with
a coarse mesh overestimated the load capacity and the corresponding deflection,
though. In heavily reinforced concrete structures, or structures with large finite ele-
ments when many reinforcement bars are crossing each finite element, the crack band
approach described for Atena in Section 2.4.1 will provide too conservative results,
and the calculated crack widths may be overestimated. This is the consequence of
the fact that the crack band approach assumes that the crack spacing is larger than
a finite element size. In heavily reinforced structures, or if large finite elements are
used, it may occur that the crack spacing will be smaller than finite element size.
This is especially true if shell/plate elements are used. In this case, typically large
finite elements can be used, and they usually contain significant reinforcement. This
will result in that the program overestimates the cracking and due to this, larger
deflection may be calculated. The program ATENA 3D allows the user to manually
define the crack spacing and by choosing a crack spacing manually, compensation
for this can be made. This user defined spacing is used as crack band size in cases
when the user defined crack spacing is smaller than the size of the crack band Lt,
see Figure 2.20, that would be calculated by formulas presented in Section 2.4.1.

The beams modelled in Abaqus/Standard had some difficulties finding convergence
after the brittle failure and in some cases the unloading response after the peak load
was not possible to obtain. With the techniques presented in Section 4.1.1 it was
usually possible to get a converging solution in a static analysis. Often the analyses
with Standard could reach the peak load and to some extent unload, but as much
unloading as obtained with Explicit could never be obtained. The results presented
from Abaqus in this chapter are principally modelled with Abaqus/Explict. There
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are many reasons for doing these analyses as quasi-static instead of static. The
main reason is the lack of premature termination of the calculations in Explicit.
One important reason for choosing a quasi-static analysis in Explicit instead of
static analysis in Standard is that the cpu time can be several times shorter. This
is because when analysing models with many degrees of freedom and the risk of
instability due to cracking the cpu time in Abaqus/Standard can be very long.

If it is a brittle failure where the initiation of a shear crack directly leads to failure
the results from Response are close to the results from the FE analyses and the
measurements. This can be seen in the analyses of the long beam where the ultimate
load in Response is 89 % of the measured. Changing the crack spacing in Response
so that it better corresponds with what is predicted in the design methods, improved
the estimation of the peak load. For the analysis with the crack spacing 100 mm the
obtained load in Response is 98 % of the measured load. For beams with low ratio
of the shear span to depth, where the initiation of the shear crack occurs long before
the ultimate load is reached, Response predicted beam failure at the initiation of
the shear crack. For the short beam the ultimate load according to Response is only
approximately 70 % of the load obtained with Abaqus and the fixed crack model in
Atena. It seems that the calculation in Response is not able to continue beyond the
crack plateau.

4.4.1 Load/displacement curve

The ultimate load obtained with Atena was often higher than the load obtained
in Abaqus. In two of the analysed beams, all of the simulations gave a lower load
capacity than what was obtained in the experiments. This is probably because the
used material parameters underestimate the actual concrete used in the experiments.

The rotated crack model in Atena gave for three of the analysed beams a higher
load capacity than the fixed crack model. The largest difference was obtained in the
simulation of the long beam where the load capacity according to the rotated model
was almost 25 % and higher than obtained with the fixed crack model. Even larger
differences between the models were obtained of the mid deflection of the beam at
the peak load. In the rotated crack model the deflection was almost twice as large
as the corresponding deflection in the fixed crack model.

4.4.2 Crack pattern

The fixed model in Atena predicted in all models a very good estimation of the crack
pattern. In the analysis of the long beam, the Abaqus models did not predict a shear
crack similar to the one causing failure in the measurement, instead a flexural shear
crack closer to the loading plate caused failure. For the other studied beams the
Abaqus models gave a good estimation of the crack pattern. The crack pattern
obtained with the rotated crack model in Atena did not show as good agreement
for the simulated beams as the other two finite element models. Concrete damaged
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plasticity is not a smeared crack model, but when the tensile strength is reached the
material is degraded similarly as in smeared crack models. The degradation in an
element is isotropic, meaning that it does not matter if the principal stress direction
changes, instead the damage degradation only differs on tensile and compressive
damage. Even though the concrete damaged plasticity in this way is similar to the
rotated crack model it gives, at least for the beams analysed in this thesis, a better
prediction of the crack pattern.

4.4.3 Crack width

The analyses made in this chapter showed that crack widths may be calculated
with finite element analyses with reasonable accuracy. Since all of the studied finite
element material models are continuum based, there will not be one discrete crack.
Instead the crack will be represented by inelastic/plastic strains within the elements.
In shear cracks there can be some elements in a row perpendicular to the direction
of the crack that will be affected. Therefore the crack width should be summarised
from these elements if it is evident that the crack width in these elements should
represent one physical crack. For the analyses made in Abaqus and in Atena with
the fixed crack model it was basically one element that exhibited a large majority,
in these analyses usually 90 % of the crack opening strain. The other elements in
the same row perpendicular to the crack direction, therefore gave rather negligible
crack widths. In the rotated crack model in Atena the crack width obtained in a
few elements in the same row perpendicular to the crack direction was almost of the
same size, as seen in Figure 4.35.
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Figure 4.41: Sketch of typical distribution of crack width in adjacent elements for
the rotated and the fixed crack model.
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Chapter 5

The Gröndal and Alvik Bridges

5.1 Introduction

Routine bridge inspections carried out on two similar and newly built balanced
cantilever bridges revealed extensive cracking in the webs of their concrete hollow
box-girder sections. The bridges, called the Gröndal Bridge and the Alvik Bridge,
form part of a light-rail commuter line and are located in the southwest of Stock-
holm. The cause of the cracking is still under investigation and has resulted in several
articles in Swedish construction industry magazines; see e.g. Sundquist (2002); Gus-
tavson and Ronnebrant (2002); Hallbjörn (2002). The cracks first appeared after
only a few years of service and subsequent inspections showed that the number and
size of the cracks were increasing. The crack widths varied mainly between 0.1 and
0.3 mm, but in some few isolated cases they were up to 0.6 mm.

The bridges were closed for traffic while strengthening work was performed. The
bridges were closed due to the risk of shear failure because it was assumed that
the bridges did not fulfil the requirements in the ultimate limit state. Subsequent
investigations, later suggested that the cause of the cracking was due to inadequate
shear reinforcement of the webs in the serviceability limit state. The crack width in
the serviceability state is analysed in Section 5.3. Today’s national design standards
demand that the crack width control should be made, but normally they do not
specify how the calculations of the reinforcement stress/strain should be made for
in-plane stresses. The bridges with the longest span made with balanced cantilever
technique are located in Norway, where Raftsundet Bridge has a main span of 298
m, which is described in Fergestad and Rambjoer (1998, 1999). The tradition of
constructing balanced cantilever bridges, has led to that the Norwegian standard
specifies how the stress in the reinforcement for the crack width calculation could
be made. The Norwegian standard has adopted and made some minor changes to
the Modified Compression Field Theory, developed by Mitchell and Collins (1974);
Vecchio and Collins (1986, 1988), in order to make it more suitable to the design
process. The new Swedish standard has introduced methods for calculating rein-
forcement stress for the crack width calculation in plane stress states, as a result of
the problems with Gröndal and Alvik bridges.
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Because of the progressive nature of the cracking in combination with a wariness for
shear cracks, the bridges were closed for traffic towards the end of 2001. Strengthen-
ing of the bridges was undertaken in two stages. The first stage was to temporarily
strengthen the bridges using Dywidag tendons in the cracked sections and thereby
allowing traffic to resume on the bridges.

From autumn 2002 to summer 2003 permanent strengthening was carried out.
The permanent strengthening consisted of post-tensioned Dywidag tendons drilled
through the centre of the webs, at the most severely cracked sections. In addition to
this, carbon fibre laminates were attached on the inside of the webs at the sections
where cracking was limited, but where strengthening was also deemed necessary. In
Figure 5.1 an elevation of the Alvik Bridge is shown together with illustrations of
the cracking and the permanent strengthening plan. A similar strengthening plan
was also used for the Gröndal Bridge. For more information about the strengthening
of these bridges see Täljsten and Carolin (2003). The cracking at the most critical
section of the Gröndal Bridge is shown in Figure 5.3.

Stockholm Transport (SL), the bridge owners, also made the decision to perform de-
tailed monitoring of the cracks after strengthening. The monitoring was undertaken
by the Division of Structural Design and Bridges, Royal Institute of Technology,
Stockholm (KTH) using Linear Variable Differential Transformers (LVDT) to mea-
sure the variation in crack widths. The measurements and the instrumentation is
further described in Section 5.2. Another monitoring system was installed using
fibre-optics and was performed by City University in London under the supervision
of Luleå University of Technology, Täljsten and Hejll (2005). In the work done by
Borbolla and Mazolla (2003) it is suggested that solar radiation is an attributing
factor to the cracking and therefore temperature sensors were used to measure the
temperature on the surface of the concrete. Also because of this study, the monitor-
ing using the LVDT’s was concentrated to the webs of the box-girder predominantly
facing the south-west, i.e. where the effects of solar radiation are predominant for
these structures. These faces were also the ones with a larger number and wider
cracks. In Section 5.2.4 the results of the first three years of monitoring are pre-
sented. In Section 5.3 comparison of the methods for crack width calculation in the
standards are presented.

5.1.1 Description of the bridges

Both the bridges are continuous hollow box-girder type bridges built in pre-stressed
concrete using the balanced cantilever construction method for the main and two
immediately adjacent spans, see Figure 5.1. The main spans are 140 m and 120 m for
the Alvik Bridge and the Gröndal Bridge respectively. The two spans immediately
adjacent to the main span are, in both cases, approximately 70 m. The webs in both
bridges are slender with a thickness of 350 mm and 386 mm of Gröndal and Alvik
bridges respectively and a total height of the box-girder close to main span supports
of approximately 7.5 m. Figure 5.2 shows an elevation of the main and adjacent
spans of the Alvik Bridge together with details of the permanent strengthening
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solution. The pre-stressing tendons are confined to the top and bottom flanges,
with the ones in the top flange centered about the supports of the main span and
the ones in the bottom flange centered about the midspan. The figure also shows
the approximate extent of the cracking together with the sketch of the strengthening
work on the bridge. CFRP denotes carbon fiber reinforced plastics and the use of
/ or \ denotes the direction of the laminates. A similar strengthening solution was
used on the Gröndal Bridge.
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Figure 5.1: Elevation of the Gröndal Bridge in the construction stage.

Alvik Stora Essingen

3 4 5 6

Figure 5.2: Elevation of Alvik Bridge with strengthening plan

Figure 5.3 shows the observed crack pattern of the Gröndal Bridge at the most
critical section which will be studied in this paper.

(a) (b)

Figure 5.3: Crack pattern at the west and east side respectively of the critical section
on the Gröndal Bridge. (Borbolla and Mazolla, 2003)
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5.2 Crack width measurements

5.2.1 introduction

The measurements of the variation in crack width presented are divided into two
parts; dynamic and long-term measurements. The dynamic measurements were de-
signed to study the effect of passing light rail vehicles. The dynamic measurements
were sampled with frequencies of 200 to 1000 Hz. The long-term measurements
started at Gröndal Bridge in November 2002 and in Mars 2003 at Alvik Bridge.
This means that the long-term measurements started after the temporary strength-
ening was completed for both bridges. Therefore, the measurements only show the
variation in crack width starting from an unknown value. This makes comparison
between the original structures and after strengthening impossible. The long-term
measurements are used to study the long-term behaviour of the strengthened bridges
due to temperature and seasonal changes, relaxation of the tendons, etc. The aim
with the long-term measurement is to verify if the strengthening is sufficient. The
long-term data are continuously sampled every 10th minute.

5.2.2 Measurement instrumentation

The sensors used to measure displacements are Linear Variable Differential Trans-
formers, abbreviated LVDT. All the LVDT transducers have been calibrated in the
laboratory using the same cable lengths as those finally used on site. The LVDT’s
were attached perpendicularly to the cracks and measure the displacement across
the cracks, as seen in Figure 5.4. A sketch of the sensors is illustrated in Figure 5.5.
The two blocks on the sensors are glued to the concrete surface using plastic padding
which secures the armature and the transformer in their respective positions. The
armature is free to move within the transformer and any movement results in a
change of the output voltage.

Figure 5.4: Photograhs of two LVDT sensors. The figure on the right hand side shows
a sensor measuring the longitudinal movement of the top flange relative
to the web. The left figure shows a sensor measuring the movement
perpendicular to a crack.

100



5.2. CRACK WIDTH MEASUREMENTS
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Figure 5.5: Sketch of the sensors used on the Gröndal and Alvik bridges. All dimen-
sions are in mm. Reproduction from James (2004).

To study if there are any inherent errors in the LVDT sensors, dummy sensors
are attached to an un-cracked area of the webs on both bridges. Most of the LVDT
sensors are attached over cracks in the webs, but on Gröndal Bridge and Alvik Bridge
there are also one and two sensors respectively, measuring on the longitudinal cracks
between the top flange and the webs of the box-girder section. This sensor is called
5/10G8 on Gröndal Bridge and on Alvik Bridge the sensors are called MP4 and
MP5. In Figures 5.6 and 5.7 the sensor positions on the Gröndal Bridge and the
Alvik Bridge are illustrated respectively.
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Figure 5.6: Sensor positions on the Gröndal Bridge. From Malm et al. (2006).

At the Grönal Bridge a total of six LVDT’s were used to measure the displacements
across cracks. For this bridge five of the transducers were of the same type while one
of them differed from the rest. The specifications for these two types of LVDT’s are
given below together with their transducer identification numbers. The transducer
measuring movement at the crack between the top flange and the web of the box
girder was:

ID number: 5/10G8 LVDT
Type: RDP D5/10G8
Measuring range: ± 0.25 mm
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Linearity: ≤ 0.1 %
Temperature coeff. of sensitivity 0.01 % per◦C

All of the other transducers on the bridge, including the dummy sensor were of the
type specified below:
ID numbers: 3372, 3374, 3376 (D), 3377 and 3379 LVDT
Type: RDP D5/100K
Measuring range: ± 2.54 mm
Linearity: ≤ 0.5 %
Temperature coeff. of sensitivity 0.01 % per ◦C
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Figure 5.7: Sensor positions on the Alvik Bridge.

A total of seven LVDT’s were used to measure the displacements across cracks at
the Alvik Bridge. For this bridge the same type of transducer was used for all of
the LVDT’s:
LVDT type: Schaevitz LVDT SE 100
Measuring range: ± 2.54 mm
Linearity: ≤ 0.6 %
Temperature coeff. of sensitivity: 0.05 % per ◦C

In addition to the LVDT sensors, thermocouples of type T were also installed. Three
temperature gauges were mounted on Gröndal Bridge, and on Alvik Bridge a total
of five temperature gauges were installed, see Figures 5.6 and 5.7. The temperature
gauges were mounted on the concrete surface of the webs and therefore measure the
surface temperature. The temperature gauges attached to the outside of the web
were protected from direct solar radiation, via a layer of polystyrene, a plywood layer
and an outer layer of aluminium foil. For more information about the measurement
setups see Sundquist and James (2004) and James (2004).

102



5.2. CRACK WIDTH MEASUREMENTS

5.2.3 Dynamic measurement

The dynamic measurements are only presented for the three sensors on the Gröndal
Bridge that measured largest displacement across the crack, i.e. the largest crack
width variation. Sensor 3372 and 3374 measure the crack width variation at the
most critical section of the bridge on the west and east side respectively of the webs
in the box-girder section. Sensor 3379 measures the crack width variation at the
same side as 3372, but in a section closer to the mid span. The light rail vehicles
consist of three bogies, as seen in Figure 5.8, and the velocity was calculated from
the measured signals to approximately 40 km/h.

Figure 5.8: Sketch of the light rail vehicle, (Sundquist and James, 2004).
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Figure 5.9: Six dynamic measurements of light rail vehicle passages.

The dynamic measurements presented in Figure 5.9 show that the crack that sensor
3774 monitors is much more sensitive than the others. It moves almost as much
as 3372 even when the trains pass on the track opposite its location. This could
be a result from several different factors. As seen in Figure 5.6 the sensor 3374 is
mounted closer to the bottom flange, and it can be seen in Figure 5.3 that most
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of the cracking has occurred in the lower part of the cross-section. The crack that
sensor 3374 monitors could also be farther away from reinforcement bars than the
other measured cracks.

5.2.4 Long-term measurement

The long-term measurements are only shown for a few selected sensors in order to
make the result more easy to interpret. For the Gröndal Bridge the results are shown
for the sensors in the most critical section of the bridge. The sensor 5/10G8 measures
the horizontal displacement between the top flange and the web. Decreasing value
of this sensor indicates that the top flange is moving towards Gröndal, see Figure
5.6, relative to the web. In Figure 5.10 the measured displacement of the dummy
sensor, 3376 (D), is also shown. The sensors, 3372, 3374 and 3376 (D) show a
jump in January 2003, which are due to unfortunate sensors interference during
the strengthening work. The sensor 5/10G8 shows an almost linearly increasing
movement between the flange and the web, until the end of May 2003. This coincides
with the period of the permanent strengthening with post-tensioning of Dywidag
tendons, which started in May 2003 and was completed at the 1st of July 2003.
Some parts of the signals are incomplete due to power failure.
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Figure 5.10: Long-term measurement of the Gröndal Bridge.

The largest daily variation due to the temperature variation is approximately 0.03 mm
for the sensors monitoring displacement across the cracks on the webs. This can for
instance in sensor 3372 on the Gröndal Bridge in Figure 5.10. This daily variation is
approximately 10 times larger than the variation due to a light train passage, which
was shown in Figure 5.9.

On the Alvik Bridge, the sensor MP1 measuring the crack width variation on the
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west web and the sensor MP5 measures the horizontal displacement between the
top flange and the web. In Figure 5.11 the measured displacement of the dummy
sensor, MP6 (D), is also shown.
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Figure 5.11: Long-term measurement of the Alvik Bridge.

The measurements on the Alvik Bridge do not show any of the linearly increasing
horizontal displacement between the top flange and the web that was observed in the
measurements on the Gröndal Bridge. The crack width displacement measured with
this sensor, MP5, mainly show a variation in crack width due to the seasonal change.
The dummy sensor on Alvik Bridge, MP6 (D), shows larger seasonal movements than
the corresponding dummy sensor on the Gröndal Bridge, 3376 (D). This is probably
a result of the difference in temperature sensitivity of the sensors. One sensor on
Gröndal Bridge, 5/10G8, measuring the horizontal displacement between the top
flange and the web shows even a decreasing value after permanent strengthening.
On Alvik Bridge nearly all sensors show decreasing trends in the measured crack
width. The sensor MP1 on Alvik Bridge differs from the others in the respect that
it shows an increasing crack width, this is further analysed in Section 5.2.5.

5.2.5 Statistical analysis

To determine if the cracks are progressive a matched pair t-test was performed. The
mean temperature inside the box-girder section was calculated for a randomly se-
lected subsequent five day periods after that the strengthening was completed. This
temperature was then compared to find a matching mean temperature of another
subsequent five day period that was found in the following part of the measurement,
i.e. subsequent year. The mean crack width measured for the sensors during these
periods were calculated and stored if following criterions were satisfied:
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1. The difference of the two mean temperatures was less than 0.5◦.C

2. They were collected from the same seasonal period (approximately one or two
years apart).

3. No sampling errors have occurred during these two five day periods.

The mean values were then collected in a table where the first year was stored as the
before reading and results from the subsequent year were stored as the after result,
see table in Section A.1. This procedure was done 30 times for all the sensors on
the Alvik Bridge. Since 30 before and after measurements have been collected the
sample can be assumed to be normally distributed, according to the central limit
theorem. The variance of the population was unknown and therefore estimated with
the variance of the sample, leading to a t-distribution according to Johnson (2000).
The null hypothesis and the alternative hypothesis were defined as
H0: The mean value before and after are equal.
H1: The mean value before and after are not equal.

The analysis was performed at the significance level 1 %, with 29 degrees of freedom.
The statistical analysis was performed with the statistical software SPSS 12.0 SPSS
Inc. (2003). Statistics of the samples are presented in Table 5.1.

Table 5.1: Paired samples statistics of the before and after data.
Sensors Mean [µm] N Std. deviation [µm] Std. error [µm]
MP1Before -8.75 30 7.49 1.37
MP1After 0.20 30 6.22 1.13
MP2Before -17.93 30 11.87 2.17
MP2After -20.89 30 7.80 1.42
MP3Before -8.15 30 4.85 0.89
MP3After -10.78 30 2.94 0.54
MP4Before 14.93 30 11.47 2.09
MP4After 14.35 30 11.48 2.10
MP5Before -21.88 30 8.80 1.61
MP5After -27.99 30 9.00 1.64
MP6Before -11.77 30 2.09 0.38
MP6After -12.82 30 2.62 0.48
MP7Before -18.75 30 6.71 1.23
MP7After -22.91 30 5.22 0.95

The results from the paired sample test is presented in Table 5.2. If the probability σ
of the before − after samples is larger than the significance level the null hypothesis
can not be rejected.

The null hypothesis could not be rejected for the sensors’ MP2 and MP4, but had
to be rejected for all the other sensors at the significance level 1 %. This means that
only these two sensors show the same behaviour before and after. Sensors’ MP6 and
MP7 decrease in crack width, which means that the strengthening has worked even
better than intended. This can be seen in the confidence interval where the zero
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Table 5.2: Paired samples test of the before and after data.
99 % Confidence
Interval of the

Difference
Mean Std. Std. σ

Sensors [µm] deviation error Lower Upper (2-tailed)
MP1Before −MP1After -8.95 3.88 0.71 -10.90 -7.00 0.000
MP2Before −MP2After 2.96 6.00 1.10 -0.06 5.98 0.011
MP3Before −MP3After 2.63 3.56 0.65 0.83 4.42 0.000
MP4Before −MP4After 0.58 1.93 0.35 -0.39 1.56 0.108
MP5Before −MP5After 6.11 2.51 0.46 4.84 7.37 0.000
MP6Before −MP6After 1.06 1.35 0.25 0.37 1.74 0.000
MP7Before −MP7After 4.16 5.20 0.95 1.55 6.78 0.000

value is excluded and the difference before - after is positive, indicating larger values
in the before readings. Sensor MP5 also has a positive confidence interval but this
sensor is measuring the relative difference between the web and the flange and a
displacement in either direction show that the there is a movement between the web
and the flange. The sensor called MP1 has increased in crack width during the first
years of measurement, according to the calculated 99 % confidence interval. Even
for a confidence interval of 99.99 % there is a significant difference in the readings of
sensor MP1 made from one year compared to the subsequent year as seen in Table
5.3. For this significance level sensor MP1 and MP5 are the only sensors that has a
significant difference in the before - after readings.

Table 5.3: Paired samples test of the before and after data.
99.99 % Confidence

Interval of the
Difference

Mean Std. Std. σ
Sensors [µm] deviation error Lower Upper (2-tailed)
MP1Before −MP1After -8.95 3.88 0.71 -12.14 -5.76 0.000
MP2Before −MP2After 2.96 6.00 1.10 -1.97 7.90 0.011
MP3Before −MP3After 2.63 3.56 0.65 -0.30 5.56 0.000
MP4Before −MP4After 0.58 1.93 0.35 -1.00 2.17 0.108
MP5Before −MP5After 6.11 2.51 0.46 4.04 8.17 0.000
MP6Before −MP6After 1.06 1.35 0.25 -0.06 2.17 0.000
MP7Before −MP7After 4.16 5.20 0.95 -0.11 8.44 0.000

Figure 5.12 illustrates the difference in behaviour between the two sensors, MP1 and
MP7, after that the strengthening was completed. In the figure it can be seen that
the sensor MP1 shows an increasing trend while MP7 shows a decreasing trend in
the crack width. The sensors MP1 and MP7 are mounted on the same side of the
Gröndal Bridge, but where MP1 is in a section strengthen solely with carbon fibre
laminates and MP7 is in a section strengthened with both Dywidag-tendons and
carbon fibre laminates.

107



CHAPTER 5. THE GRÖNDAL AND ALVIK BRIDGES

07/07 04/11 03/03 01/07 29/10 26/02 26/06 24/10 21/02

-0.03

-0.02

-0.01

0

0.01

0.02
D

is
p
la

ce
m

en
t 

[m
m

]

Date2003 2006

MP1

MP7

Differance 
2004
= 0.02 mm

Differance 
2005
= 0.035 mm

Differance 
2003
< 0.01 mm

Figure 5.12: Crack width variation after strengthening.

5.2.6 Conclusion

The measurements show that the displacement across the cracks of the box-girder
bridges is about ten times larger due to the daily temperature variation than the
crack width variation from a passing light rail vehicle. The displacement measured
across the cracks from daily temperature variation can be nearly half as much as
the variation in crack width from the seasonal change. The long-term measurements
presented show the results from the first three years of monitoring. All the mon-
itored cracks seem to mainly follow the seasonal change and most sensors show a
stable trend. The strengthening work with post-tensioned tendons has so far been
successful. One of the monitored cracks on the Alvik Bridge, sensor MP1, seems to
be progressive and has also been proven to propagate with a matched pair t-test.
This crack is the only monitored crack that is in a section where only carbon fibre
laminates where used for strengthening. It is unlikely that this increase is due to
creep or relaxation of tendons, since the other monitored cracks in the web do not
show any indication of progressive behaviour. The sensor measuring the movement
between the top flange and the web of the Gröndal Bridge showed an increasing
trend the first seven months. After the permanent strengthening with the post-
tensioned tendons the increasing movement between the top flange and the web
stopped. The hollow box-girder section can now, after strengthening, be regarded
as a homogenous section which was the assumption when designing the bridge. This
may not however be the case of the Alvik Bridge since one of the sensors measuring
the relative displacement of the flange and the web seems to be increasing.
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5.3 Crack width calculation

The crack width calculations for the long-term load in the serviceability state have
been performed for all sections from one of the main span supports to the centre
of the main span. At the most critical section of Gröndal Bridge the crack width
calculations were also performed for a load combination with more probable loads
to estimate the actual crack widths.

The calculations for half the mainspan in both Alvik and Gröndal Bridges were
based on the stresses in the webs at the center of gravity specified by the company
designing these two bridges. The more detailed calculations, where only one section
of the Gröndal Bridge is studied, of the crack widths were based on the sectional
forces, kindly provided by the company designing these two bridges. The calculations
on both Alvik and Gröndal Bridges were performed in the centre of gravity of each
section, before strengthening. The sectional forces do not include the effects of the
temperature gradient and only include the effect of the global shear force in the webs.
The specified concrete quality is K45 according to BBK 94 (1994), which almost
correspond with the concrete grade C35/45 in BBK 04 (2004). The measurements
of the cube strength showed that the actual strength was closer to the grade C45/55.
The calculations with the long-term load in the serviceability state, in Section 5.3.1
and 5.3.2, is based on the concrete quality C35 in the Norwegian standard NS
3473 (2004), see Table 5.4. The tensile strength used from BBK 94 (1994) has
been reduced with a factor ζ = 1.2 in accordance with Section 3.1.1. There is a
rather large difference in the tensile strength obtained from the standards, where
BBK is much more conservative than the others. The long-term calculations have
been performed with the effective modulus of elasticity including the effect of creep.
According to NS 3473 (2004) the ”in-situ” compressive strength of the concrete
should be used for calculation in the serviceability limit state.

Table 5.4: Material properties for concrete quality K45 according to BBK 94 and
C35 for NS 3473 and EC 2.

Modulus of elasticity Compressive strength Tensile strength
[GPa] [MPa] [MPa]

BBK 94 Eef = 11.0 fck = 32.0 ftd = 1.75
NS 3473 Eef = 11.0 fcd = 27.3 ftk = 2.90
EC 2 Eef = 11.2 fck = 35.0 ftk = 3.20

5.3.1 Long-term load

The long-term load combination was performed according to the Swedish standard,
(BV Bro, 2004), in the serviceability limit state where the load coefficients for ballast
and traffic are equal to 1.25 and 0.40 respectively and all other load coefficients,
from pre-stressing, gravity loads and the construction process, are equal to 1. As
previously stated, the calculations with long-term load were based on the stresses in
the webs at the center of gravity. These stresses are calculated with the assumption
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that the material is elastic and homogenous. This results in a slight overestimation
of the crack width. The purpose of this calculation is to find where the most critical
section is located and the main reason is to compare the methods for calculating the
crack width. The result from the long-term crack width calculation is presented for
the Gröndal and Alvik Bridge in Figure 5.13 and 5.14 respectively. In the figures
the x-axis corresponds to the distance from pier 7 for the Gröndal Bridge and pier
4 for the Alvik Bridge towards the midspan. The calculations have been performed
with the following methods

• NS 37473 with both the general and the simplified method,

• Eurocode 2,

• BBK 04 with both the upper and lower value of the crack inclination

• Modified Compression Field Theory

For these bridges the lower value of the crack inclination according to BBK 04 is
determined by the direction of the principal compressive stress. The upper value
of crack inclination is the crack angle that gives equal stress in the two reinforce-
ment directions. The design methods are more extensively described in Chapter 3.
The calculations have been made with the Modified Compression Field Theory to
study the effects of assuming initially un-cracked structure. One requirement when
constructing the bridges was that the theoretical crack width should be less than
0.3 mm for the long-term load in the serviceability state. As seen in Figure 5.13 and
5.14 it is only a few sections close to the main span that satisfy this requirement
for all the methods. The crack width is calculated in nearly the same manner for
the simplified method in NS, the method in Eurcode and the BBK method with
crack inclination that results in equal reinforcement stresses. These methods does
not therefore differ as much in the obtained crack width. Calculation of the crack
width with these methods has not taking into account the yielding of the reinforce-

ment, since this would give constant crack width, wk = ν
fyp

Es

srk for several of the

sections. Calculation with the general method in NS and the modified compression
field theory has implemented the bilinear criteria of the reinforcement. The crack
width do not become constant due to the fact that the reinforcement yields in these
methods, since the crack width is calculated from the mean principal strain that
represent the combined behaviour in and between cracks. These methods therefore
include a redistribution of the stresses as the reinforcement yields.

The general method in NS and the BBK method with equal reinforcement stresses,
denoted as BBK 04 σsxr = σsyr in the figures, gives approximately the same crack
widths in the sections with lower loadings. The crack widths obtained with these
two methods are smaller than in the other design methods. At larger load level
the crack width obtained with the general method in NS increase in relation to the
BBK method and yields crack widths at the same size as the other design methods.
The modified compression field theory, denoted as MCFT in the figures, gives crack
widths much smaller than the design methods for sections with relatively large ratio
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Figure 5.13: Calculated characteristic crack widths for half the main span of the
Gröndal bridge, and the cross-sectional stresses used as input.

between the compressive and the shear stress. At the most critical sections, MCFT
yields crack widths that are approximately at the same size as the crack widths
obtained from the design methods.

The calculated crack widths are larger at the Alvik bridge than at the Gröndal bridge
and the primary reason for this is the higher shear stress at the critical sections.
These higher shear stresses are a result of the induced torsion from the asymmetric
cross-section of the Alvik bridge.

Table 5.5 present the inclination that was measured on the studied cracks on the
Gröndals bridge, described in Section 5.2. The table also include the calculated
inclination of the cracks at the centre of gravity of the sections for the long-term
load case. The column denoted σsxr = σsyr represents the crack angle that yields
equal stresses in the two reinforcement directions and is the upper limit of the crack
inclination in the BBK 04 method. The column denoted as θ = θp represents the
crack angle equal to the direction of the principal stress. This angle is used in the
simplified method in NS, the EC 2 method and the lower limit of crack inclination
in the BBK method.

Table 5.5 shows that the calculated crack angle for the long-term load case is close
to the measured, but always overestimating the inclination. The long-term load
combination overestimates the load acting on the bridge and therefore resulting in an
overestimation of the theoretical crack inclination. Another cause that contributes
to the overestimation of the angle is that the inclination is dependent on other effects
not included in the calculations, such as transversal bending moments. Comparison
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Figure 5.14: Calculated characteristic crack widths for half the main span of the
Alvik bridge, and the cross-sectional stresses used as input.

Table 5.5: Measured and calculated crack inclination.
Distance Calculated crack inclination at the Gröndal Bridge
from Measured Long-term load Without traffic load
pier 7 [m] inclination θ = θp σsxr = σsyr θ = θp σsxr = σsyr NS g
14.2 22◦ 26◦ 28◦

26.5 27◦ 29◦ 32◦ 26◦ 29◦ 27◦

34.7 26◦ 27◦ 30◦

with a load combination that better estimates the real load level shows a better
agreement with the observations. These load combination is calculated without the
influence of the traffic load, which is further described in Section 5.3.3. In Table 5.5
the inclination obtained with the general method in NS 3473 is denoted as NS g.

5.3.2 Analysis of stress state at cracking

The stresses used as input in the crack width calculations in the preceding section
where based on some simplifications. These stresses would only occur if the material
were homogenous and elastic resulting in an un-cracked section. In the general
method in NS the stress state can be calculated for an cracked cross section to get
a more accurate estimation of the crack widths. In Table 5.6 the sectional forces,
calculated by the consulting company is presented. These forces are calculated for
section 7.442, one of the most critical sections of the Gröndal bridge, located 26.5 m
from pier 7 towards the midspan.
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All calculations with the modified compression field theory and the general method
in NS 3473 will in the following sections be based on the mean stresses in the cross-
section’s centre of gravity calculated with the principles presented in this section.
The calculations are based on the principle with reducing the sectional stiffness
presented in Hsu (1993). The cross-sectional forces are incrementally increased and
the cross-section is assumed to be cracked where the tensile strength is exceeded.
The stiffness of the cross-section is reduced where the cracked part of the section
is assumed to be unable to carry tensile stresses and therefore not included in the
calculation of new cross-sectional constants. In the equivalent concrete cross-section
the equivalent concrete area of the tendons are included. With the new cross-
sectional constants the mean shear stress in the center of gravity for the crack cross
section is calculated. Cracking of the concrete webs will induce stress distribution
leading to increased shear stress in the un-cracked flanges. The cracked web is
still assumed to carry the compressive stresses in the same way as the un-cracked
cross section. The mean compressive stress is thereby calculated based on the cross-
sectional constants for the un-cracked section.

Table 5.6: Resulting cross-sectional forces from loads in section 7.442 of the Gröndal
bridge.

cross-sectional forces
T [MNm] M [MNm] V [MN] N [MNm]

Concrete 0.020 -46.381 6.395 -2.977
Ballast 0.008 -19.924 2.600 -1.254
Pre-stress -0.007 74.595 0.018 -56.595
d.o. after loss from relaxation -0.006 60.422 0.015 -45.842
Restraint from pre-stress 0.005 1.307 -0.088 5.175
Cantilevering 0.000 -12.050 0.000 0.000
Traffic, normal 0.189 -0.092 0.927 -0.443
Traffic, max 0.330 -16.594 1.893 -0.965

For the long-term load combination in the serviceability state the cross-sectional
forces for this section is M = 28.2 MNm, N = −45.6 MN and Veqv = 9.7 MN.
Shear force Veqv includes the effect of torsion and reduction of shear force due to
the inclination of the bottom flange. The relaxiation loss for the long-term load
combination for this section is 0.19 according to the company designing the bridges.

In Figure 5.15 half of the cracked box-girder section is illustrated. The sectional
forces are increased to M/2, N/2 and Veqv/2 to calculate the reduced cross-sectional
constants with respect to cracking. White areas in the figure is assumed to be
cracked and is therefore not included in the calculated cross-sectional constants. The
first figure next to the cross-section illustrates the axial stress calculated for the un-
cracked section, since cracks are assumed to have negligible effect on the compressive
capacity. Unlike the program Response, (Bentz, 2000), the compressive stress is not
assumed to increase in cracked sections. One condition for the compressive stress
to increase is that the cracks are continuous. Even though the web is assumed to
be cracked at the calculation of cross-sectional constants, see Figure 5.15, it is not
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Figure 5.15: Cracked cross-section for calculation of the stresses in the centre of
gravity. Gray area indicates un-cracked concrete. (* = reinforcing steel
and o = tendons.) Figures to the right of the cross-section illustrates
the compressive and shear stress distribution of the section.

likely that continuous cracks appear in serviceability state. Instead this is to be
expected in the ultimate limit state. In the serviceability state it is more likely that
the cracks are shorter, which clearly could be seen in Figure 5.3 of the cracking at
the Gröndal Bridge. The figure to the right in Figure 5.15 illustrates the shear stress
in the cross-section calculated with cross-sectional constants based on the cracked
section.

The result of the calculations with the general method in NS and the MCFT with
stresses for a cracked section is presented in Table 5.7. The crack widths presented
were calculated with material properties according to the standards defined in Table
5.4. For comparison the results from the other methods are also presented, where
these are calculated with the stresses for the elastic material.

Table 5.7: Calculated characteristic crack width for the long-term load case with
material properties for K45 according to BBK 94 and C35 according to
NS 3473 and EC 2.

Characteristic crack width wk [mm]
BBK 94 NS 3473 EC 2

NS general method 1.01 0.72 0.59
NS simplified method 1.14 1.02 1.02
BBK 04 σsxr = σsyr 0.82 0.71 0.68
BBK 04 θ = θp 1.30 1.12 1.08
Eurocode 2 1.46 1.21 1.21
MCFT 0.81 0.30 0.27

The crack widths according to the general method in NS and the modified compres-
sion field theory are reduced at the more accurate estimation of the stress state in
the section. In relationship to the results presented in figure 5.13 for this section
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the crack widths are reduced with 13 % and 45 % for the general method in NS
and MCFT respectively. From Table 5.7 it may also be concluded that these two
methods and especially MCFT are sensitive to the size of the tensile strength.

5.3.3 Estimation of actual crack widths

For one of the most critical sections of the Gröndal Bridge, section 7.442 located
26.5 m from pier 7 towards the midspan, calculations have been made for more
probable load combinations. To obtain more likely results of the calculated crack
width, a special traffic load have been used. This load corresponds to a tram of
29.7 m per track, where each tram consists of 6 axles with the axle load of 100 kN.
In this traffic load a dynamic factor of 5 % is included. The sectional forces of
this load is denoted as ”Traffic, normal” in Table 5.6. The second load combination
corresponds to one empty tram with the axle load of 62.2 kN, see Pucciarelli (2003),
placed on one of the tracks. The traffic load in these load combinations are placed
to yield maximum shear force in the studied section. In the third load combination
the effect of the traffic load is neglected. In all of the load combinations in this
section the load coefficients are equal to 1.0 to correspond to actual conditions. The
calculations are made to obtain an estimate of the actual crack widths with a lower
relaxation loss, χ = 0.14, compared to the long-term load combination to better
describe the actual losses. The measurements of the cube strength showed that the
actual strength was close to the grade C45 and therefore the material properties have
been chosen according to NS 3473 for concrete C45 with the compressive strength
fcd = 34.3 MPa, tensile strength ftk = 3.35 MPa and the fictive modulus of elasticity
Eef = 11.9 GPa. Comparison between calculated and measured crack widths should
be based on the mean crack width, since the the characteristic crack width is equal
to the 95 %-fractile. The results of the calculations with probable loads and material
properties are presented in Figure 5.16.

Calculations made with the general method in the Norwegian standard and espe-
cially the modified compression field theory are sensitive to the size of the tensile
strength. In the general method in NS this is especially tangible in calculations
with lower loads. Calculations for the load combination without the traffic load for
the material properties in Table 5.4 for K45 in BBK 94 and C35 according to NS
3473 and EC 2 is presented in Table 5.8. The structures does not crack due to this
load combination according to the modified compression field theory and therefore
no crack widths are presented in Table 5.8. The simplified method in NS and the
method in EC 2 yield constant crack width for several different material properties,
as seen in Table 5.8. The reason for this is due to the limitations in Equation (3.19).

5.3.4 Evaluation of the design methods

Trams have at most passed the bridges with 10-minutes traffic in both directions.
The effects of this is much less than having a tram permanently standing in a section
yielding the maximum shear in the studied section. Thereby the load combination
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Figure 5.16: Calculated mean crack widths for load combinations with variable loads
consisting of (1) two trams (one on each track), (2) one empty tram and
(3) without traffic load.

Table 5.8: Calculated mean crack width for the load combination ”without traffic”
with material properties for K45 according to BBK 94 and C35 according
to NS 3473 and EC 2.

Mean crack width wm [mm]
BBK 94 NS 3473 EC 2

NS general method 0.41 0.21 0.14
NS simplified method 0.48 0.48 0.48
BBK 04 σsxr = σsyr 0.34 0.27 0.25
BBK 04 θ = θp 0.55 0.43 0.40
Eurocode 2 0.63 0.57 0.57
MCFT - - -

that best correspond to the actual conditions should be the load combination in
Section 5.3.3, where the traffic is excluded. The measurement in Section 5.2.3 showed
that the change in crack width due to a single tram passing is very small. This also
indicates that the traffic load should be excluded to obtain a load combination
similar to the one on the actual bridge.

For the load combination without the traffic load the simplified method in NS, the
method in BBK with crack inclination according to the direction of the principal
stress and the EC 2 method gives mean crack widths of 0.48 mm, 0.39 mm and
0.55 mm respectively. These methods assume that the reinforcement carry all the
tensile forces when the concrete cracks. The reinforcement stresses can thereby be
calculated from equilibrium with the stress state calculated for un-cracked concrete.
These calculated values on the mean crack widths are almost as large as the largest
cracks of 0.6 mm observed on the Gröndal bridge and these large observed cracks
appear principally at the construction joints and at anchorage zones for the tendons.
Figure 5.3 shows that most of the cracks near the centre of gravity at the cross-section
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has a width of approximately 0.2 mm. Due to this the following conclusion can be
drawn; the methods based on the crack inclination corresponding to the principal
stress for un-cracked concrete such as the simplified method in NS, the BBK method
and the method in EC 2, overestimates the crack widths at lower load levels that
correspond to serviceability state. The conclusion made for these methods is only
valid if the reinforcement ratio differ in the two directions. The lower and the upper
limit on the crack inclination in the BBK method coincide, when the reinforcement
ratio is equal in the two directions and therefore gives the same results and only a
small difference in crack width is obtained compared with the simplified method in
NS and the method in EC 2.

Using the BBK method with the crack inclination that yields equal stresses in the
two reinforcement directions, earlier denoted BBK 04 σsxr = σsyr, on the other
hand gives smaller crack widths compared to all other studied methods for large
load levels. Allowed characteristic crack widths in the serviceability state should in
this case be less than 0.3 mm, which is much less than obtained for these bridges.
Since this method gives reasonable crack widths for load levels appropriate in the
serviceability state this method should give good estimations of the crack width
when designing in the serviceability state.

The mean crack width calculated with the general method in NS and the BBK
method with the crack inclination that yields equal reinforcement stresses in the
two directions, BBK 04 σsxr = σsyr, are 0.13 mm and 0.23 mm respectively for the
load combination where the traffic load is excluded and with concrete properties
close to the actual, as seen in Figure 5.16. These crack widths and especially the
crack width obtained with the BBK method are in good agreement with the crack
widths observed in the Gröndal bridge of approximately 0.2 mm, as seen in Figure
5.3. Borbolla and Mazolla (2003) made finite element analyses on the Gröndal brige
based on material properties for concrete C35 according to Eurocode 2 and for a load
case where the traffic was neglected. Unlike the load combination used in Section
5.3.3 they also included the thermal effect. The crack width that Borbolla and
Mazolla (2003) obtained for the same section that was studied in Section 5.3.3 was
0.25 mm, which is the same value that was obtained with BBK 04 σsxr = σsyr as seen
in Table 5.8. The crack width that Borbolla and Mazolla (2003) calculated is almost
twice as large as the one calculated with the general method in NS. Borbolla and
Mazolla (2003) did not get the largest crack width in this section, but instead they
got the characteristic crack width of 0.62 mm appearing 4 m closer to the midspan.
The thermal effect have according to Borbolla and Mazolla (2003) a large effect
of initiating cracks. After that the cracks have been initiated the influence of the
thermal effects of the crack width decrease. This is because influence of the restraint
moments induced from the temperature effect decrease due to the decreasing bending
stiffness of the cracked section, Westerberg (2005).

The calculations made in this chapter shows that the general method in the Norwe-
gian standard NS 3473 and the BBK method where the crack inclination is chosen
so that the reinforcement stresses are equal in the two direction both are appropri-
ate to use for comparing calculated crack widths with observed actual cracks. The
other studied methods yields crack widths that are substantially larger for reason-
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able load levels. At a design stage safety margins are used for material properties,
loads, etc. and therefore it should not be necessary that the calculation method in
it self overestimates the calculated crack widths.

Calculations with material properties from the different standards show that the
general method in NS and the modified compression field theory are sensitive to the
size of the tensile strength. The effects of this i especially evident for load levels
originating crack widths allowed in the serviceability state, in this case w < 0.3 mm.

The calculations on the Gröndal and Alvik bridge show that the modified compres-
sion field theory in its actual design is not suitable to use for calculating crack widths
for long-term loads in the serviceability state. The method was not developed for
this purpose. In the modified compression field theory the concrete structure is
un-cracked until the tensile strength has been exceeded, unlike the design methods
where the concrete is presumed to be initially cracked. With some modifications of
the method, like the ones implemented in the general method in NS, it could be a
powerful tool to estimate the crack widths even for design purpose.
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Chapter 6

Conclusions and further research

6.1 Conclusions

In this thesis, shear cracking has been studied with different methods for analysing
concrete structures subjected to plane state stresses. Shear cracking in reinforced
beams has been studied with numerical analyses using finite element models. In
these analyses the shear cracking behaviour was compared to tests conducted to
analyse the shear failure behaviour. The calculation of crack widths of shear cracks
has been studied for the long-term load case in the serviceability state, with the
means available in the design standards. Continuous measurements of cracks at the
Gröndal and the Alvik bridges have also been included. The reason for this has been
to gather information to develop realistic finite element models that can simulate the
cracking behaviour of these bridges. The models should include the entire loading
history, starting from the construction stage and also include the evolution of the
material properties.

6.1.1 Finite element analyses

The results from the numerical analyses of the beams in Chapter 4 showed that
the analyses with both finite element packages, successfully captured the failure
behaviour, including the response in the load/displacement curve, crack pattern and
to some extent crack width. To make as accurate calculations as possible the analyses
must be based on material parameters that corresponds to the actual concrete. To
get a good estimate of the crack pattern and crack width, rather small elements
where required in all analyses. The load/displacement response could be accurately
described for coarser meshes.

One advantage using Atena for the finite element analyses is that it calculates all
material properties based on the cube strength with equations from MC 90 (1993).
Another great advantage with this program is that it is specially designed for con-
crete, which makes it easier for the user since good default values are given. The
main advantage is that, even though the analyses described severe cracking the pro-
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gram never had problems finding a convergent solution. A novice user can rather
easy create advanced models in Atena. Abaqus which is a multi-physics program,
can successfully be used to obtain similar results as in Atena. The program though
requires more experience of the user, for example in defining the material behaviour
or obtaining a converging solution. The main advantage with Abaqus is that almost
arbitrary properties can be given, and the user is not governed by predefined prop-
erties. In the author’s perspective Atena would be a perfect program for consulting
companies that require advanced analyses. Abaqus is perhaps more useful to re-
searchers, who may have to define more complicated/detailed behaviour or loading
conditions.

The fixed crack model in Atena and the concrete damaged plasticity model in Abaqus
gave similar results that corresponded well with the experimental response for all
the tested beams. The crack widths calculated with these models were close to the
crack widths measured in the experiments. Based on the analyses in this thesis, it
could not be said that one of these material models is exclusively better than the
other.

The rotated crack model in Atena mostly gave higher load capacity than the fixed
crack model and the Abaqus model based on plasticity theory. The rotated crack
model could in some cases give results that were very different from the other meth-
ods. For the analyses of the long beam when the brittle failure occurred after an
almost linear loading curve, the rotated model in Atena completely missed the fail-
ure predicted by the other methods and seen in the experiments. The mid deflection
at failure was more than twice as large for this model compared to the other meth-
ods and the experiment, and the ultimate load was approximately 50 % larger than
obtained in the experiment. For this brittle type of failure the calculation with Re-
sponse shows a very good estimation of the behaviour, at least if the crack spacing
had been set equal to what was calculated with the standards.

In Atena the rotated crack model always gave smaller crack widths than the fixed
crack model. The crack width obtained with the fixed crack model was in the
analysis of the short beam three times larger at failure than obtained with the
rotated crack model. Since all of the studied finite element material models are
continuum based, there will not be one discrete crack. Instead the crack will be
represented by inelastic/plastic strains within the elements. Therefore the crack
width should be summarised from the adjacent elements if it is evident that the
crack width in these elements represent one physical crack. In the analyses with the
rotated crack model the representation of the physical crack was distributed almost
evenly distributed over a few elements. Therefore, the maximum crack width in one
element from the analyses with the rotated crack model could be almost three times
smaller than corresponding crack width obtained from the fixed crack model.

6.1.2 Measurements on the bridges

The measurements of the cracks of the Gröndal and the Alvik bridges, show that
the crack widths mainly follow the seasonal change and most sensors show a stable
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trend. The effect of temperature variation is much larger than the variation from
passing light rail vehicles. The measurements show that the displacement across
the cracks of the box-girder bridges is about ten times larger due to the daily tem-
perature variation than the crack width variation from a passing light-rail vehicle.
The displacement measured across the cracks from daily temperature variation can
be nearly half as much as the variation in crack width from the seasonal change.
The only monitored crack that is in a section solely strengthened by carbon fibre
laminates on Alvik Bridge is showing an increasing trend. This increasing trend can
easily be seen in the figures, and the increase has been proven with a matched pair
t-test. It is unlikely that this increase is due to creep or relaxation of tendons, since
the other monitored cracks in the web do not show any indication of progressive be-
haviour. The sensor measuring the movement between the top flange and the web
of the Gröndal Bridge showed an increasing trend the first seven months. After the
permanent strengthening with the post-tensioned tendons the increasing movement
between the top flange and the web stopped. The hollow box-girder section can now,
after strengthening, be regarded as a homogenous section which was the assumption
when designing the bridge. Continuing monitoring and subsequent reporting of the
findings are of great importance. Especially the crack that seems to propagate must
be studied further.

6.1.3 Design methods

In general, the calculations based on the crack direction normal to the direction
of the principal tensile stress where much more conservative in determining the
size of the crack width. In methods neglecting stresses originating from aggregate
interlocking, the calculations showed that one good approach could be to implicitly
include this effect by changing the crack direction so that it corresponds to the
direction that yields equal reinforcement stresses. The method that calculated the
crack width in this manner in BBK 04 (2004) gave reasonable results for loads in
the serviceability state. The crack width calculated with the general method in
the Norwegian standard NS 3473 (2004) which accounts for stresses in the crack
plane gave similar results compared with the method in BBK 04 (2004) with the
crack direction that corresponds to equal reinforcement stresses. The calculations
on the Gröndal and Alvik bridges show that the modified compression field theory
in its actual design is not suitable to use for calculating crack widths for long-term
loads in the serviceability state. With some modifications of the method, like the
ones implemented in the general method in NS 3473, it could be a powerful tool to
estimate the crack widths even for design purpose.

6.2 Further research

The objective of this PhD project is to use the knowledge about the shear cracking
behaviour in finite element analyses to develop realistic models that describe the
segmental construction of the Alvik and Gröndal bridges. The idea is that these
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models will describe the segmental construction where new elements will be intro-
duced to the model during the analysis stage. These new elements will be given
time dependent material properties than describe the hardening. The reason for
these finite element analyses is to study which effects that caused cracking. One
initial hypothesis is that the post-tensioning of the tendons in the bottom flange
after completing the structure as well as the thermal effect have a large effect of
initiating cracking.

One of the hopes of this PhD project is to lead to recommendations for calculation
of inclined cracks in the design standards. This can hopefully be achieved with the
starting-point from advanced numerical models for shear cracking and combining
this with the models already available in the standards. The requirements for models
in the design standards is to be easy to comprehend and should give reliable results.
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Appendix A

Measurement data

A.1 Statistical data

Results from the before and after measurement used in the statistical analysis in
Section 5.2.5 are presented in the following table. The values in the table are mean
crack widths in µm measured for a subsequent five day period. The Before date is
the randomly selected first date of the subsequent five day period when the before
readings are gathered. The After date corresponds to the after values, which is
taken at approximately a year when the mean temperature in the box-girder section
is similar to the mean temperature of the before days.
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APPENDIX A. MEASUREMENT DATA

N
r

B
efore

A
fter

1
B

1
A

2
B

2
A

3
B

3
A

4
B

4
A

5
B

5
A

6
B

6
A

7
B

7
A

1
03-09-29

04-10-03
-7.73

1.22
-29.77

-25.74
-12.21

-11.95
12.76

12.77
-24.08

-29.65
-13.39

-13.69
-16.36

-21.73
2

04-06-11
05-06-01

3.84
5.35

-17.61
-12.51

-3.76
-2.17

3.85
4.68

-30.08
-29.41

-13.92
-13.45

-17.36
-18.30

3
03-12-15

04-12-19
-18.58

-7.32
-7.88

-18.17
-9.48

-11.85
27.87

26.63
-12.77

-17.86
-9.72

-10.15
-24.12

-30.03
4

03-09-23
05-09-19

-7.67
12.55

-32.37
-26.58

-13.88
-14.01

9.33
5.42

-27.76
-38.61

-13.60
-16.07

-15.23
-19.07

5
04-05-21

05-05-07
1.02

4.22
-14.89

-19.12
-2.56

-8.70
8.77

12.92
-25.54

-30.05
-13.11

-13.35
-20.17

-23.58
6

03-08-11
04-08-13

-2.66
3.63

-31.37
-31.50

-12.89
-12.95

-0.37
-1.73

-35.27
-40.47

-15.24
-16.02

-8.76
-16.24

7
03-07-22

04-08-08
-3.66

4.15
-30.32

-30.12
-14.25

-12.94
-3.00

-4.53
-35.92

-41.28
-14.74

-15.87
-8.16

-14.77
8

04-04-04
05-03-28

-8.76
-1.60

-5.80
-14.95

-1.46
-8.04

20.34
22.48

-18.59
-24.36

-9.85
-11.22

-25.64
-17.33

9
03-12-14

04-12-18
-18.59

-7.47
-8.07

-18.86
-9.51

-12.07
27.91

26.27
-12.67

-18.27
-9.69

-10.22
-24.20

-18.93
10

03-10-01
04-10-07

-8.10
-0.21

-28.54
-26.96

-12.48
-12.85

13.37
14.10

-23.56
-28.58

-13.09
-13.46

-16.42
-22.75

11
03-07-07

05-07-21
-1.37

10.35
-22.10

-29.35
-7.71

-14.80
-1.58

-1.30
-29.54

-42.66
-11.90

-18.12
-8.90

-25.13
12

03-10-06
04-10-07

-10.22
-0.21

-30.78
-26.96

-13.45
-12.85

14.52
14.10

-22.94
-28.58

-13.15
-13.46

-17.99
-22.75

13
03-11-21

04-12-06
-17.40

-5.78
-27.12

-20.01
-11.89

-11.08
24.57

24.04
-15.95

-21.08
-11.13

-11.04
-24.73

-27.64
14

03-11-19
04-11-16

-17.34
-3.99

-27.71
-28.03

-12.31
-13.33

23.79
21.08

-16.78
-23.04

-11.24
-11.88
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