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ABSTRACT: The design and maintenance of concrete dams in cold regions is a challenging task, in 
large due to the temperature difference between summer and winter. In order to enhance the knowledge 
of this, theme A of the 14th International Benchmark Workshop on Numerical Analysis of Dams is 
dedicated to the prediction of the extent of cracking in a concrete arch dam due to temperature variations. 
The current study proposes a solution to this using the finite element software COMSOL Multiphysics. 
A global model is set up to analyze the transient temperature variations as well as the displacements 
given the assumption of a linear material behavior. To predict the extent of cracking, a rate-dependent 
isotropic damage model is implemented as an extension of the built-in functionality of COMSOL 
Multiphysics. Furthermore, a submodel is created to allow for a higher mesh resolution in the non-linear 
analysis. The results indicate that the considered arch dam suffers a large risk of cracking due to 
temperature variations, especially on the downstream side. Most cracks propagate during the winter, 
although some cracks appear already when static loads are applied. 

1 Introduction  
Infrastructure such as bridges and dams located in cold regions are often exposed to tough 
environmental conditions, for example large variations in temperatures between summer and 
winter periods. Design and maintenance of structures in these regions therefore present a 
substantial challenge for the engineering community as a whole. To address and enhance the 
knowledge of this issue in relation to concrete dams, the International Committee on Large 
Dams (ICOLD) invited international specialist to solve theme A [1] of the 14th International 
Benchmark Workshop on Numerical Analysis of Dams. The benchmark problem concerns the 
prediction of the extent of cracking due the temperature variations in a concrete arch dam 
located in the northern parts of Sweden using non-linear finite element analysis. 
 
This study proposes a solution to the benchmark problem using the general-purpose finite 
element software COMSOL Multiphysics [2] to analyze the transient temperature and 
displacement variations including crack propagation. The paper is structured as follows. Details 
regarding the mathematical and numerical model are presented in section 2. In section 3, the 
process of setting up a model of the concrete arch dam in COMSOL Multiphysics is described 
including modelling assumptions and choices. Results are presented in section 4, and lastly, in 
section 5, conclusions to the study are presented. 

2 Mathematical and numerical model 
The mathematical model employed for all models is described in the following. All parts use 
built-in functionality of COMSOL Multiphysics [2], except the damage model used to describe 
concrete cracking which is specially implemented for this study. 

2.1 Heat transfer in solids 
The equations of heat transfer in continua are based on the first law of thermodynamics, from 
which the heat balance equation can be derived. Neglecting advective heat flux and heat 
sources, this is, for a solid continuum written as 



∙ 0,	with	  (1) 

 
where  is the density,  the specific heat capacity and  the absolute temperature. 
Furthermore, Fourier’s law states that the conductive heat flux  is proportional to the 
temperature gradient with the thermal conductivity  being the coefficient of proportionality. 
One of the most common boundary conditions when modeling heat transfer is convective 
cooling or heating. Using a heat transfer coefficient , the convective heat flux across a surface 
is described by 
 

∙  (2) 
 
where  is the surface normal and  the temperature of the external fluid far from the 
boundary. Alternatively, either the surface heat flux	 ∙  or surface temperature are directly 
prescribed. 

2.2 Solid mechanics 
Given an assumption of small displacements and rotations, the engineering strain measurement 
is used to relate displacements  and stains: 
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where  is the symmetric strain tensor. The equilibrium equations for solid mechanics follows 
from Newton’s second law, which if neglecting inertial terms can be written as 
 

0 ∙  (4) 
 
where  is the stress tensor and  a body force vector. Hooke’s law is then used to relate the 
stress tensor to the elastic strain tensor : 
 

, : , :  (5) 
 
where ,  is the 4th order elasticity tensor that for a isotropic material is given by two 
material constants, e.g. Young’s modulus  and Poisson’s ratio . The thermal strain tensor  
introduced in eq. (5) is calculated as 
 

 (6) 
 
where α is the secant coefficient of thermal expansion,  the strain reference temperature and 
 the 2nd order unit tensor. Either fixed boundary conditions can be applied by prescribing the 

displacement or natural boundary conditions by prescribing the surface traction 	normal to 
the surface, such that ∙ . Additionally, a spring type condition can be applied 
 

∙  (7) 
 
where  is a stiffness tensor and  an initial deformation of the surface. For the dam-rock 
interface, a similar condition is used to approximate the hinge action of the actual dam. This 
can be described as  

∙  (8) 



 
where the spring force  is a function of  which are the displacements of the dam 
and rock surface of the interface. The spring force is then set up to be elastic in both tangential 
directions of the interface, but free to separate in the normal direction, i.e. , 0  if 

0. The stiffness of the interface is set as a penalty factor. 

Constitutive model for concrete cracking 
To describe concrete cracking, an isotropic damage model based on the model implemented by 
Gasch and Ansell [3] as an extension to the built-in functionality of COMSOL Multiphysics is 
used. The model modifies eq. (5) by adding a damage parameter : 
 

1 1 , :  (9) 
 
where   is the effective stress. To define  , a scalar measure of strain ̃  is needed to 
characterise the current elastic domain. Here, a smoothed Rankine failure criterion is used: 
 

̃
1
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where   is the ith effective principal stress. Equation (10) only accounts for tensile failure 
given the positive parts operator and thus crushing is not considered by the model. Given the 
expected unstable behaviour of the arch dam, a modification of the model in reference [3] is 
made to help stabilize the solution. Inspired by the work of Cervera et al. [4], a viscous 
regularization is introduced such that the loading function is written as 
 

ϱϕ ̃ 0 (11) 
 
where  is an internal variable that keeps track of the current damage threshold. Equation (11) 
specifies that the rate of  is always positive and is given by the fluidity ϱ and a scalar flow 
function ϕ on the form 
 

ϕ ̃
max	 ̃ , 0

 (12) 

 
with /  where  is the tensile strength and  being a model parameter; here set to 5. 
The last essential component of the damage model is a damage evolution function which defines 
the growth of  with respect to	 . Using an exponential strain softening law, this is defined as 
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where  is a parameter that controls the initial slope of the softening curve. To ensure a mesh 
objective solution in that the correct amount of energy is dissipated during softening, the Crack-
band method is used. Hence the global material behaviour is given by a stress-crack opening 
law. However, on the local level of each Gauss point, a unique stress-strain relationship is 
defined from this global behaviour by considering the local element size . This enters the 
model in the definition of  that is given as  



2
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with  being the fracture energy. The local element size  is in this study determined from 
the element volume and using a correction factor to account for the element type, e.g. 
tetrahedral, pyramid or brick. Also the fluidity ϱ should be adjusted based on the element size 
to ensure mesh objective results, following Cervera et al. [4], we define 
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where ϱ is a model input parameter. The effect of the viscous loading function in eq. (11) is in 
principle that for high strain rates both   and   are artificially increased depending on the 
value of ϱ. This parameter is here used to stabilize the solution and is given a value of 0.001 
m/s; to be compared to the more realistic values in the region of 800-900 m/s reported by 
Cervera et al. [4] for seismic analyses of concrete dams. 

2.3 Finite element implementation of the mathematical model 
The mathematical model described is implemented by means of the finite element method [2]. 
The main dependent variables  and  are discretized using Lagrange elements with shape 
functions of first or second order (serendipity), while the dependent variable	  of the damage 
model is treated as an internal variable and only exists at element Gauss points. 

3 Modeling of a concrete arch dam in COMSOL Multiphysics 
To solve theme A [1] of the 14th International Benchmark Workshop on Numerical Analysis of 
Dams, two models are set up in COMSOL Multiphysics 5.3. A global model is used to solve 
the heat transfer problem (step 1) and the solid mechanics problem with linear material behavior 
(step 2). The final step to include concrete cracking (step 3) is solved using a submodel that 
only includes a small portion of the global model surrounding the arch dam to allow for a higher 
mesh resolution. 

3.1 Global model 
The description of the global model in the following follows the typical work flow of setting 
up a model in COMSOL Multiphysics [2]. 

Geometry 
The geometry is based on the geometrical model provided by Malm et al. [1] of the concrete 
dam and rock mass, but with some modifications made using the geometry tools available in 
COMSOL Multiphysics. Unnecessary features and details of the model are removed in order to 
obtain a better mesh quality. An additional domain is added below the rock domain to include 
infinite elements to reduce the boundary effects. Infinite elements apply a semi-infinite 
coordinate stretching through a function of a dimensionless coordinate, varying from 0 to 1. 
This means that boundary conditions on the outside of the infinite element layer are effectively 
applied at a very large distance from any region of interest. The geometry used is shown in 
fig. 1, including these infinite elements. 

Material properties 
Different material domains are shown in fig. 1 with all material properties used for the global 
model taken directly from Malm et al. [1]. 



Heat transfer definition 
The heat transfer physics is described by the physics interface Heat Transfer in Solids in 
COMSOL Multiphysics [2]. This adds a domain condition following eq. (1) as well as the 
appropriate boundary conditions for the respective surface. For all surfaces in contact with air 
and water, the convective type boundary condition described by eq. (2) is used with heat transfer 
coefficients  according to Malm et al. [1]. The two years of ambient temperature provided are 
combined to obtain a continuous temperature history, see fig. 4a. A thermal insulation boundary 
condition is used for surfaces with a normal direction aligned with the global x- and y-axis 
while the temperature of the bottom surface of the infinite elements domain is set to 4 °C. 

Solid mechanics definition 
The mechanical behavior of the concrete and rock is described by the physics interface Solid 
Mechanics in COMSOL Multiphysics [2]. This adds a domain condition following eqs. (3) to 
(6). The body load due to gravity  is non-zero only for the concrete domains. The only 
external load considered is the hydrostatic pressure acting on the reservoir and upstream surface 
of the dam body. A spring condition according to eq. (7) is used on all surfaces aligned with 
the global x- and y-axis, where the spring stiffness  is nonzero only in the normal direction 
of the respective surface. Its normal stiffness is set to E 10 ∙ 200 m⁄  in order to suppress 
rigid body motions without imposing unrealistic thermal stresses. To avoid excessive vertical 
deformations, the infinite elements domain is inactive for the mechanical analysis. Instead 
normal displacements are constrained to zero directly on the bottom surface of the rock domain. 
The dam-rock interface is in a simplified manner accounted for through the non-linear eq. (8) 
by adding a Thin Elastic Layer to the interior boundary. This also adds a boundary coordinate 
system to the interface to allow for separation only in its normal direction. 
 
The reinforcement is described by two Membrane physics interfaces [2], one for the vertical 
direction and one for the hoop direction. These are only active on the downstream and upstream 
surfaces of the arch dam and share degrees of freedom with the concrete domain. The 
reinforcement content described by Malm et al. [1] is accounted for by calculating an equivalent 
thickness of the membrane and the uniaxial behavior by modifying the elasticity tensor  to 
only have stiffness in the direction of the reinforcement bar of interest. 

Multiphysics coupling 
The coupling considered is the thermal strains in eq. (6) that enters the constitutive models of 
the solid mechanics with thermal expansion coefficients according to Malm et al. [1]. To avoid 

 

Figure 1: Geometry and materials of the global model and the submodel. 



strain variations of too high order due to temperature variations, the temperature is always 
downsampled to be constant in each finite element in eq. (6). 

Mesh 
The same mesh is used for the thermal and mechanical analyses and both use quadratic shape 
functions. For the arch dam, a triangular surface mesh with a size ~1 m is created and swept 
through the thickness with 5 elements. For the remaining parts, a free tetrahedral mesh is used 
with a size of ~1.5 m for the remaining concrete parts and ~10 m for the rock domain. However, 
a transition to a finer mesh is used close the upper surface, where in addition 4 boundary layers 
are added to better describe the convective heat transfer. The mesh is shown in fig. 2 and has 
in total 335 252 elements. 

Solution procedure 
A one-way coupling from the thermal analysis to the mechanical analysis is used, so these are 
solved in series, although COMSOL Multiphysics [2] allows them to be solved in a coupled 
manner as well. The solution is set up as: 
 
1. Thermal: Transient analysis with an implicit (BDF) time-stepping scheme and a Quasi-

Newton update of the stiffness matrix. 
2. Mechanical: Static analysis with a stationary solver and a parametric sweep to calculate one 

solution each month. A full Newton update of the stiffness matrix is used. 

3.2 Submodel  
The submodel used for the mechanical analysis with non-linear material behavior (step 3) is 
described in the following section, with emphasis on differences compared to the global model.  

Geometry 
The geometry of the submodel is constructed using the geometry tools in COMSOL 
Multiphysics [2] by modifying the global model. It includes the arch dam component, but also 
parts of the adjacent concrete spillway and abutment as well as the rock domain in order to limit 
boundary effects. The geometric model is shown in fig. 1 in relation to the global model. 

Material properties 
The same material properties as for the global model is used, except for the extra material 
properties needed to describe concrete cracking. These are the tensile strength  that is 
prescribed by the formulators [1] to 2.9 MPa and the tensile fracture energy . No value of  
is given which is thus calculated from the prescribed compressive strength following the fib 
Model Code 2010 [5], resulting in a fracture energy of 140.5 J/m2.  

 

Figure 2: Mesh of the global model including an infinite elements domain in the bottom. 



Solid mechanics definition 
The mechanical behavior of the submodel is set up similarly as that of the global model, with 
the main difference that the model now accounts for cracking in the arch dam domain. This is 
done using the rate-dependent damage model, presented in section 2.2, through the constitutive 
equation (9). The implementation of the model is done using the equation based modelling 
capability of COMSOL Multiphysics [2] and in principle it follows the description by Gasch 
and Ansell [3]. On all boundaries interfacing the global model, the displacements are 
constrained to those of the solution from step 2. As for the global model, gravity is applied to 
the concrete domains and the hydrostatic pressure from the reservoir is applied as an external 
load. Lastly, the dam-rock interface is defined using eq. (8). 

Multiphysics coupling 
The same definition as in the global model is used to account for thermal expansion. However, 
since a higher resolution is used for the submodel, the temperatures are interpolated to fit the 
new mesh. This is done automatically by the software. 

Mesh 
A free tetrahedral mesh with a maximum size of ~8 m is used for all parts except the arch dam. 
There, the mesh is created in a similar fashion as for the global model, but with a finer element 
size. The three different meshes presented in tab. 1 have been used to study the mesh 
convergence of the predicted crack pattern. All mesh elements in the submodel use linear shape 
functions which are preferred when modelling strain localization with the crack-band approach. 

Solution procedure 
The solution of the submodel is set up using an implicit time-dependent (BDF) solver to account 
for the transient crack propagation, however, no inertial effects are considered, see eq. (4). 
Given the non-linear behavior expected, a full Newton update of the stiffness matrix is used. 
The internal variable  and the displacement  are updated in sequence, with an outer iterative 
loop to ensure convergence of each increment. 

4 Results 

4.1 Step 1 – Thermal analysis 
The temperature distribution in the mid-section of the arch dam from step 1 of the benchmark 
problem is shown in fig. 3 for the coldest and the warmest months. Furthermore, three points 
are displayed in the figure, for which the temperature history is shown in fig. 4a together with 
the assumed water and ambient air temperatures. From the time history it can be observed that 
the dam body has a quite significant thermal inertia, where the internal peak temperature lags 
approximately one month compared to the ambient temperatures.  

4.2 Step 2 and 3 – Mechanical analyses with linear and non-linear material behavior 
The displacement history from both the linear analysis in step 2 (solid lines) and the non-linear 
analysis step 3 (lines with markers according to tab. 1) is shown in fig. 4b for the same point as 
displayed in fig. 3. Notice that the three markers almost coincide at each time instance.  

 Table 1: Submodel mesh properties of the arch dam domain.  

 Mesh # Marker Surface grid Thickness No. of elements  
 1 ■ 0.75 m 6 elements ~180 000  
 2 ♦ 0.58 m 8 elements ~363 000  
 3 ● 0.50 m 9 elements ~536 000  



Comparing the linear and non-linear solutions, it can clearly be concluded that cracking has a 
significant influence on the response of the dam. Already without any temperature effects there 
is a small difference in displacement, which indicates that cracking even occurs when only  
considering static loads. Once temperature effects are active the difference increases, especially 
during the cold months; for Point 2 the displacement is almost doubled during the second cold 
cycle. Cracks hence seem to propagate during winter and are closed during summer cycles.  
 

 (a)  (b) 

Figure 3: Temperature distribution at 120 days (a) and 690 days (b). 

 (a)  (b) 

Figure 4: Time evolution of temperature (a) and X-displacement (b) in the mid-section.  

 (a)  (b) 

Figure 5: X-displacement along vertical line (a) and horizontal line 14 m below the crest 
(b). Solid lines show solution from step 2 and lines with markers (see tab. 1) from step 3.  



The displacement histories, furthermore, indicate that the deformed shape of the dam changes 
due to cracking, since points 1 and 2 almost coincide during the cold cycles while they differ 
substantially for the linear analysis. This can be further confirmed by looking at the deformed 
shapes along the vertical center line of the dam shown in fig. 5a. It is clearly evident that a 
major non-linearity due to cracking appears close to mid-height of the dam, while the 
displacement at crest height returns to a value closer to the linear solution. Also the deformed 
shape along the dam changes as seen in fig. 5b, although not to the same extent. A further 
comparison can be made by looking at contour plots of the displacements for the linear analysis 
in fig. 6a-b and the non-linear analysis in fig. 6c-d.  
 
Figure 7 shows the predicted crack pattern and crack width at the first and second cold cycles 
viewed from the downstream side. It can, again, be concluded that the majority of crack 
propagation occurs during the second cycle. The crack pattern is dominated by tangential cracks 
that curve toward the dam-rock interface. A few diagonal cracks adjacent to the abutment also 
appear. These are visible on both the downstream and upstream surfaces and have propagated 
through the entire thickness of the dam; this might be very important when considering 
deterioration process and the durability of the dam. The crack width is calculated as 
max ̃, ∙  and should be viewed as the total crack width smeared in each finite 

element. Although crack widths up to 3.5 mm are visible it is difficult to draw detailed 
conclusions since it could be extreme values due to local effects. Also, the mesh is likely still 
too coarse to predict individual cracks as seen in-situ. Furthermore, the reinforcement helps 
smearing out the cracks as long as it stays in the elastic regime; a maximum reinforcement stress 
of approximately 330 MPa is predicted, which is close to, but below, the yield strength reported 
by Malm et al. [1].  
 
The difference in response of the three meshes (tab. 1) considered for the submodel are 
presented in fig. 4b and fig. 5. Although no proper mesh convergence is expected due to the 

 
a) 120 days 

  
b) 690 days 

 
c) 120 days 

 
d) 690 days 

Figure 6: X-displacement from step 2 (a-b) and step 3 using mesh 3 (c-d). Scale factor 300. 

 
a) 330 days 

 
b) 690 days 

Figure 7. Crack width on the downstream surface of the dam from step 3 using mesh 3. 



mesh dependency of a crack-band approach, overall the solutions seem to give similar results 
when looking at the displacements where the curves almost overlap. Furthermore, the crack 
patterns in fig. 8 qualitatively show a good agreement for all three meshes with clearly localized 
crack bands in the same part of the mid-section. 

5 Conclusions 
The study proposes a solution to theme A [1] of the 14th International Benchmark Workshop 
on Numerical Analysis of Dams using COMSOL Multiphysics [2]. The thermal analysis and 
the mechanical analysis with linear material behavior were solved using a global model 
including a large rock domain. For the analysis with non-linear material behavior a submodel 
was used. This greatly reduced the size of the non-linear model and allowed a higher resolution 
while maintaining a reasonable computational time. Cracking was described with a specially 
implemented rate-dependent isotropic damage model. The rate-dependency proved very 
important and useful to obtain a stable solution, which is often a major difficulty in the non-
linear analysis of large concrete structures. 
 
The performed analyses indicate that the considered arch dam suffers a large risk of cracking 
on the downstream side due to temperature variations; especially when the air temperature is 
below the water temperature as during winter. Most cracks do not propagate through the dam 
body which is good for the durability and safety of the dam. However, a few cracks close to the 
abutment do, which might be a concern. Overall, the proposed solution to the benchmark 
problem seems to be able to predict a realistic crack pattern for the concrete arch dam caused 
by temperature variations.  
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Mesh 1 
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Mesh 3 

Figure 8: Active crack pattern at 690 days for the three different meshes used in step 3 
shown for half the dam including the mid-section. Dark color shows 0.1 mm. 


