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Abstract

Learning to control an uncertain system is a problem with a plethora of
applications in various engineering �elds. In the majority of practical scenarios,
one wishes that the learning process terminates quickly and does not violate
safety limits on key variables. It is particularly appealing to learn the control
policy directly from experiments, since this eliminates the need to �rst derive
an accurate physical model of the system. The main challenge when using such
an approach is to ensure safety constraints during the learning process.

This thesis investigates an approach to safe learning that relies on a partly
known state-space model of the system and regards the unknown dynamics as
an additive bounded disturbance. Based on an initial conservative disturbance
estimate, a safe set and the corresponding safe control are calculated using a
Hamilton-Jacobi-Isaacs reachability analysis. Within the computed safe set a
variant of the celebrated Q-learning algorithm, which systematically explores
the uncertain areas of the state space, is employed to learn a control policy.
Whenever the system state hits the boundary of the safe set, a safety-preserving
control is applied to bring the system back to safety. The initial disturbance
range is updated on-line using Gaussian Process regression based on the mea-
sured data. This less conservative disturbance estimate is used to increase the
size of the safe set. To the best of our knowledge, this thesis provides the �rst
attempt towards combining these theoretical tools from reinforcement learning
and reachability analysis to safe learning.

We evaluate our approach on an inverted pendulum system. The proposed
algorithm manages to learn a policy that does not violate the pre-speci�ed
safety constraints. We observe that performance is signi�cantly improved when
we incorporate systematic exploration to make sure that an optimal policy is
learned everywhere in the safe set. Finally, we outline some promising direc-
tions for future research beyond the scope of this thesis.



Referat

Maskininlärning för att uppnå en reglerstrategi för ett delvis okända system
är ett problem med en mångfald av tillämpningar i olika ingenjörvetenskapliga
områden. I de �esta praktiska scenarier vill man att inlärningsprocessen ska
avsluta snabbt utan att bryta inte mot givna bivillkor. Särkild lockande är det
att lära in en reglerstrategi direkt från experiment eftersom man då kringgår
nödvändigheten att härleda en exakt modell av systemet först. Den största ut-
maningen med denna metod är att säkerställa att säkerhetsrelaterade bivillkor
är uppfyllda under hela inlärningsprocessen.

Detta examensarbete undersöker ett tillvägagångssätt att uppnå säker mask-
ininlärning som bygger på en delvis känd modell av tillståndsrummet och be-
traktar de okända dynamikerna som en additiv begränsad störning. Baserat
på en initial konservativ uppskattning av störningen, beräknas en säker till-
ståndsmängd och en motsvarande reglerstragi genom använding av Hamilton-
Jacobi-Isaacs nåbarhetsanalys. Inom den beräknade tillståndsmängden an-
vänds en variant av Q-inlärning som systematiskt utforskar okända delar av till-
ståndsrummet för att lära in en reglerstrategi. När systemet stöter på gränsen
av den säkra tillståndsmängden, tillämpas istället en säkerhetsbevarande regler-
strategi för att få systemet tillbaka till säkerhet. Den första uppskattningen
av störningen uppdateras kontinuerligt genom Gaussprocessregression baserad
på uppmätt data. Nya, mindre konservativa uppskattningar används för att
öka storleken på den säkra tillståndsmängden. Så vitt vi vet är detta exa-
mensarbete det första försöket att kombinera dessa teoretiska metoder, från
förstärkningsinlärning och nåbarhetsanalys, för att uppnå säker inlärning.

Vi utvärderar vår metod på ett inverterat pendelsystem. Den föreslagna
algoritmen klarar av att lära in en reglerstrategi som inte bryter mot i förväg
speci�erade bivillkor. Vi iakttar att prestandan kan förbättras avsevärt om vi
integrerar systematisk utforskning för att säkerställa att den optimala regler-
strategin lärs in överallt i den säkra tillståndsmängden. Slutligen diskuterar vi
några lovande inriktingar för framtida forskning utöver omfattningen av detta
arbete.
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Chapter 1

Introduction

1.1 Motivation

Traditional control strategies often rely on a model of the system that shall be con-
trolled. As models usually re�ect only parts of the reality, those approaches often
su�er from poor model accuracy. Though this problem could possibly be accounted
for by e.g. applying robust control strategies, there is a promising approach that
avoids the problem completely: Learning the control in an online manner by em-
ploying standard reinforcement learning methods such as Q-Learning. The problem
with applying reinforcement learning methods to control tasks is that the chal-
lenge of satisfying constraints during the learning process is not well addressed yet.
Safety-critical control applications are therefore not feasible in this framework. A
workaround is to assume some knowledge about the system and worst-case distur-
bances to design a safety-preserving controller that acts when the learning algorithm
would cause a constraint violation. The disturbance bounds can then be updated
iteratively by applying statistical modelling tools to obtained data.

Applications of this framework could come from many di�erent �elds. One simple
application is a lawn-mower robot that learns how to move within a garden without
destroying the family's wading pool. Another one could be an unmanned aerial vehi-
cle that should avoid hitting trees, houses, or humans. A third possible application
of this framework could be an autonomous vehicle that should learn to drive on a
road without ever leaving the road. Keeping these examples in mind, I will further
illustrate our approach in the next section.

1.2 General Idea

This thesis implements a safe learning approach on an inverted pendulum. This
system has the advantage to only have two states so that it can be analysed neatly
and results can be illustrated fairly easily. As pendulums however not really are
the �safety-critical applications" you would come to think of �rst, I will explain the
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approach based on an autonomous vehicle.

Controlling such a vehicle with a standard model-based control technique requires an
accurate model of the state-space that might be di�cult to obtain. To overcome this
challenge, we could apply model-free reinforcement learning algorithms. This implies
that the car itself would try a control action (e.g. steering left) and subsequently
receive a reward that depends on if the car ended up in a desirable state (the middle
of the road), or not (the roadside ditch). Based on this feedback, the vehicle could
gradually learn a control policy that assigns control actions which make the car stay
in the middle of the road to each state-action pair.

An obvious issue with this approach is that one might need to waste quite a lot of
cars to roadside ditches before the controller �nally learned an accurate policy. This
becomes even more critical if we regard a crowd of people alongside the road instead
of a ditch. Therefore, we need to be able to ensure that the car never leaves the
road. For example, one could apply a safety-preserving control each time the car
gets too close to the edge of the road. An obvious question now is how to determine
how close �too close" is. This question is not trivial, because we do have uncertain
dynamics. Therefore, we cannot predict exactly in which direction we turn after
applying a certain control action. Luckily, there is way out of this dilemma that
does not require a certain model of the system (which was something we wanted to
avoid initially).

Instead, we model the known parts of the vehicle into a state-space model and and
think of the unknown parts of the model as an additive state-dependent disturbance.
The only thing we then need is a conservative bound of this disturbance. Dependent
on this bound and our known control limits, we can predict to which state the
vehicle can get in the worst case, i.e. with a disturbance that drives the vehicle
perpendicularly away from the middle of the street. Calculating all states that one
should avoid because they potentially lead to an unsafe state is what Hamilton-
Jacobi-Isaacs (HJI) reachability analysis does. Assuming a malicious disturbance
and a control action that is trying to counteract that disturbance, HJI reachability
analysis provides us with a safe set around the middle of the street and a safety-
preserving control. If the vehicle applies this control at the edges of the safe set, no
disturbance will ever manage to push it o� the road. Inside the set, the learning
controller can freely choose actions to learn a policy. This approach enables us to
safely learn a control for the vehicle while staying on the road for all time.

The only problem remaining is that the initial estimate for the disturbance bounds
might be very conservative and lead to a small safe set. We therefore collect data
samples while learning and estimate a less conservative disturbance model based on
that. The method employed for disturbance estimation is Gaussian Process (GP)
regression. GP regression is a valuable tool because it yields not only an estimate
for the disturbance but also a measure for how certain this estimate is. We then can
apply the new estimate with a safety margin that depends on the certainty of the
estimate to calculate a larger safe set.



In summary, this thesis introduces a framework for safely learning a control strategy
for a given system with an additive disturbance with known bounds. On the basis
of the known disturbance range, a safe set in which the system can learn safely
is estimated with HJI reachability analysis. Within that set, the Reinforcement
Learning algorithm can choose learning actions freely as long as the safety-preserving
control is applied when the system hits the edges of the safe set. After some learning
episodes, the disturbance bounds can be updated based on real-world data. To this
end, GP regression is conducted on the collected disturbance samples.

1.3 Outline

The remaining parts of the thesis are structured as follows:

• Chapter 2 provides the reader with the theoretical background that is neces-
sary to understand the details of the implementation. A short introduction is
given to reinforcement learning, GP regression and HJI reachability analysis.

• Chapter 3 describes some related areas of research and presents the approach
by Akametalu et al. [1] that this thesis is largely based on.

• Chapter 4 introduces the general framework in which the learning takes place.
This chapter aims at giving a rough overview of the employed method without
going into unnecessary detail.

• Chapter 5 describes the implementation details of the approach. This chap-
ter builds largely on the theoretical background and the solution framework
provided in chapters 2 and 4.

• Chapter 6 presents some of the �ndings from the implemented approach and
brie�y compares di�erent methods.

• Finally, Chapter 7 concludes the thesis and discusses possible suggestions for
future work.





Chapter 2

Theoretical Background

2.1 The Reinforcement Learning Problem

The following section aims at giving an overview to the standard reinforcement
learning problem and methods. It is based on the introduction provided in the text
book [2], which contains a lot of additional information. Reinforcement learning is
a �eld of machine learning that tackles the problem of how a learning agent should
choose actions in order to maximise some notion of reward accumulated over time.
To learn an optimal policy, the agent needs to interact with its environment by
observing the current state, taking an action and collecting the reward obtained
by choosing this action. Given a state st at time t, the agent selects an action at
according to some policy πt and �nds itself subsequently in a new state st+1 while
receiving some immediate reward rt+1. Reinforcement learning algorithms provide
di�erent ways of how the agent should modify π to maximise its expected return,
where the return at time step t is typically de�ned as

Rt =
K∑
k=0

γkrt+k+1. (2.1)

In this equation, K describes the horizon of the problem (which could be in�nite)
and γ ∈ [0, 1] denotes the discount factor that can be used to weigh sooner rewards
more than later rewards.

An important framework to model reinforcement learning problems are Markov De-
cision Processes (MDP). To model a problem as an MDP, it is necessary that the
system ful�lls the Markov property. That means that the system response at time
t+1 only depends on the state and chosen action at time t. An MDP is then de�ned
by a quintuple (S,A, T, r, γ), where S is the state-space and A is the action space;
T describes the transition probabilities of arriving at a state s′ given a state s and
an action a, i.e. T (s, a, s′) = p(s′|s, a); r(s, a) is the reward function that assigns
rewards to state s and action a and γ is the discount factor. If the horizon over
which the return is calculated is �nite, the MDP is called a Finite-Horizon MDP. If
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the horizon is in�nite and the reward is discounted, i.e. γ < 1, the MDP is called
In�nite-Horizon MDP with Discounted Reward. If the reward is undiscounted and
we concern the ergodic average reward, the MDP is an In�nite-Horizon MDP with
Average Reward and the objective is instead to maximise the average reward.

Given an MDP, reinforcement learning algorithms typically try to estimate value
functions that describe �how favourable" a state is, if we start from a state s and
follow a policy π. The state-value function under policy π (or value function for
short) V π is de�ned in terms of expected return, i.e.

V π(s) = Eπ{Rt|st = s}. (2.2)

A higher expected return implies that a state is more favourable. Alternatively, the
value of being in a state s, taking an action a and then following a policy π is de�ned
by the action-value function:

Qπ(s, a) = Eπ{Rt|st = s, at = a}. (2.3)

This action-value function describes how favourable a state-action pair is. A policy
is better than another, if it achieves a higher expected return for all states and thus
has a higher value V π(s) for all s. An optimal policy π∗ is one maximising V π(s)
over all policies in each state s:

V ∗(s) = max
π

V π(s), (2.4)

where V ∗ is called the optimal state-value function. As the optimiser π∗ to (2.4)
is not necessarily unique, π∗ can be formally expressed as element of the set of
optimizers:

π∗(s) ∈ argmax
π

V π(s). (2.5)

The relation between V ∗ and the optimal action-value function Qπ
∗
can then be

expressed as
V ∗(s) = max

a
Qπ
∗
(s, a). (2.6)

Given an MDP as de�ned above, there are algorithms to compute the optimal pol-
icy explicitly. For Finite-Horizon MDPs, the optimal policy along with its average
reward can be computed using Dynamic Programming [3]. In�nite-Horizon MDPs
with Discounted Reward and In�nite-Horizon MDP with Average Reward can be
solved with two algorithms, Value Iteration and Policy Iteration. As the MDPs in
this thesis are In�nite-Horizon MDPs with Discounted Reward, the solution methods
for this class will be explained below. The �rst algorithm, Value Iteration, initial-
izes the values of the states randomly and then updates the values each iteration
according to the following expression:

Vk+1(s) = max
a

[
r(s, a) + γ

∑
s′

T (s, a, s′)Vk(s
′)

]
. (2.7)



This algorithm is based on the Bellman optimality equations that state

V ∗(s) = max
a

E {rt+1 + γV ∗(st+1)|st = s, at = a} (2.8)

= max
a

[
r(s, a) + γ

∑
s′

T (s, a, s′)V ∗(s′)

]
. (2.9)

For more details the reader is referred to [2]. Value Iteration can be shown to
converge to the optimal policy in polynomial time in the number of states and the
magnitude of the largest reward. As Value Iteration requires an in�nite number of
steps to converge to exactly the right values, the execution of the algorithm is usually
stopped when the changes in the values become smaller than some value ε. Policy
Iteration works in a similar way but evaluates and improves a policy π directly. As
the policy usually converges much faster than the values, Policy Iteration gives good
results when the actual underlying policy is more important than the value function
itself.

Reinforcement learning algorithms

Reinforcement algorithms in general try to estimate the value function when the
MDP is not entirely known, i.e. transition probabilities and reward function are
unknown. One may classify existing algorithms into two categories: model-based
and model-free. The former ones try to estimate the underlying model to make
it more accurately match the real environment. The latter ones try to obtain the
optimal policy directly without explicitly approximating the underlying dynamics.
All algorithms explained below are model-free.

A classic algorithm in the �eld of reinforcement learning, known as Q-learning, was
presented by Watkins in 1989 [4]. In its simplest form the learning update of this
algorithm is given by

Qt+1(st, at) = Qt(st, at) + αt

[
rt+1 + γmax

a
Qt(st+1, a)−Qt(st, at)

]
. (2.10)

In this expression, Qt+1 is the learned action-value function, α is the step size or
learning rate, and rt+1 is the reward obtained by taking action at from state st
and arriving in the succeeding state st+1. Each iteration, only the Q-value of one
state-action pair (st, at) is updated, and

Qt+1(s, a) = Qt(s, a) ∀(s, a) 6= (st, at). (2.11)

Q converges to the optimal action-value function Q∗ as long as the following two
conditions on the sequence of step sizes α are ful�lled [5]

∞∑
t=1

αt =∞, αt ≥ 0, ∀t, (2.12)

∞∑
t=1

α2
t <∞, (2.13)



and all state-action pairs are visited in�nitely often as the number of transitions
approaches in�nity. One learning rate that ful�lls the condition posed in (2.12) is
α = 1

t+1 . The condition that all state-action pairs needs to be visited in�nitely
often deals with the trade-o� between exploration and exploitation. This describes
the need to �nd a balance between applying the policy that is currently estimated
to be best and exploring unknown regions of the state-space. One way to ensure
this balance is to employ an ε-greedy policy that makes the agent choose a random
action with probability ε and the action maximising Q(s, a) otherwise. Alternatively,
the Q-values could be optimistically initialized to the maximum possible value Vmax

(for an in�nite horizon) that is achieved when the agent would always receive the
maximum possible reward rmax.

Q0 = Vmax ≤
∞∑
k=0

γk max
s,a

r(s, a) =
maxs,a r(s, a)

1− γ
. (2.14)

In this case, exploration is encouraged because the algorithm will in the beginning
of the learning process lower the values from all experienced states and therefore the
probability of choosing unexplored state-action-pairs increases.

Several improvements to the classical Q-learning algorithm have been proposed with
the aim of accelerating the convergence speed. Speedy Q-learning is a variant of
traditional Q-learning that was introduced in 2011. It proposes slight changes in the
update of the Q-values. Instead of only taking the Q-function of the current iteration
into account, the modi�ed update incorporates also the previous Q-function. The
learning update, only for (st, at), becomes

Qt+1(st, at) = Qt(st, at) + αt

[
rt+1 + γmax

a
Qt−1(st+1, a)−Qt(st, at)

]
+ (1− αt)

[
rt+1 + γmax

a
Qt(st+1, a)− rt+1 + γmax

a
Qt−1(st+1, a)

]
. (2.15)

The second term goes to zero as the Q-values converge to the optimal values. There-
fore, the usual step size conditions do not need to be ful�lled for this term and the
algorithm achieves a larger step size while still ensuring convergence. More detailed
convergence results can be found in [6].

Another variation of Q-learning is the Delayed Q-learning algorithm. The major
change compared to traditional Q-learning is that the Q-values are only updated
after m samples are collected so that the update rule for (st, at) becomes

Qt+1(st, at) =
1

m

m∑
i=1

(
rki + γmax

a
Qki(ski , a)

)
+ ε (2.16)

where m and ε ∈ (0, 1) are inputs to the algorithm. The algorithm is designed such
that for an update to be performed, the change in the Q-value has to exceed 2ε.
Furthermore, the number of attempted updates is limited, such that after the update
of a state-action pair's Q-value has been attempted m times, a successful update of



any Q-value has to occur until the update is attempted again. It is then possible
to obtain a probably approximately correct (PAC) guarantee [7]. This guarantee
implies that with high probability an upper bound holds on the sample complexity,
i.e. the number of time steps that the agent executes a policy whose value at
the current state is not ε-close to that of the optimal policy. The details of the
convergence proof can be found in [7]. An important distinction between Delayed
Q-Learning and all other reinforcement learning algortihm introduced in this section
is, that Delayed Q-Learning is an on-policy algorithm. On-policy algorithms update
the Q-values according to the policy followed while o�-policy learns the optimal
Q-values independently of the policy followed.

A di�erent approach to Q-learning for large state and action spaces is Q-learning
with function approximation. In this method, information from a limited subset of
the state-space is generalised to cover the whole state-space. In the case of linear
function approximation, the Q-function becomes

Qθ(s, a) =

n∑
i=1

θi,aϕi(s) = θ Tϕ, (2.17)

where θ is the parameter matrix and ϕ is the vector of basis functions. ϕi can for
instance be chosen to be a Gaussian radial basis function

ϕi(s) = exp
(
−||s−mi||2

2σ2
i

)
(2.18)

where mi is the mean and σi is the standard deviation of the resulting Gaussian
function. These parameters need to be tuned in order for the function approximation
to accurately approximates the true function. For instance, the standard deviation
of the basis functions determines which distance generalization takes place over. In
the t-th iteration of the learning process, a gradient-descent update of one column of
the parameter matrix (corresponding to the current action) can then be performed
in each iteration:

δt = rt+1 + γmax
a

Qθ(st+1, a)−Qθ(st, at) (2.19)

θ•,at+1 = θ•,at + α · δt · ϕt(st). (2.20)

A detailed convergence analysis of this method can be found in [8].

2.2 Gaussian Processes for Regression

The following introduction to Gaussian processes (GP) is based on [9] and [10].
Generally speaking, GPs are powerful non-parametric methods that can be applied
for regression and classi�cation. Simple regression methods assume a speci�c type
of function, e.g. linear or quadratic, and try to estimate the parameters of that
function. Gaussian processes are not restricted to one speci�c type of function but



estimate instead of parameters the function that suits the present data best (given
some prior that de�nes for instance the desired wiggliness of the function). This
�exibility is one of the striking advantages of Gaussian processes. The other one is
that GP regression does not only yield an estimate for the function values, but also
a measure for the certainty of this estimate.

Our speci�c interest lies in applying GPs to a number of collected data points and
obtain upper and lower bounds for a disturbance that represents unmodeled dynam-
ics of our system. Model �tting is a typical application of GP regression. Applying
Gaussian processes enables us to choose upper and lower disturbance bounds that
hold with a very high probability.

GP can be understood as the generalization of Gaussian distributions to a continu-
ous input space and thus an in�nite number of random variables. While Gaussian
distributions are over �nite-dimensional vectors and de�ned by a covariance matrix
and a mean vector, GPs are distributions over functions and de�ned by a mean
function and a covariance function.

In [10], GPs are de�ned to be a �collection of random variables, any �nite number
of which have (consistent) joint Gaussian distributions". GPs can be applied for
regression in the following manner. A GP is denoted

f(x) ∼ GP (m(x), κ(x, x′)) (2.21)

with mean function m(x) and a positive de�nite covariance function κ(x). GPs can
be used as priors for Bayesian inference. We assume that we have a set of known
function values f , associated with training inputs X, and a set of unknown function
values f∗, associated with test inputs X∗. According to the de�nition above, the
known and the unknown function outputs are jointly Gaussian distributed. Formally,
this can be written as(

f(X)
f(X∗)

)
∼ N

((
µ
µ∗

)
,

(
K K∗

KT
∗ K∗∗

))
(2.22)

with K = κ(X,X), K∗ = κ(X,X∗) and K∗∗ = κ(X∗, X∗). For predicting values for
the test inputs f∗, the conditional distribution of f∗ given f can be calculated to be

p(f∗|X∗,X, f) = N (f∗|µ∗,Σ∗) (2.23)

µ∗ = µ(X∗) + KT
∗K−1(f − µ(X)) (2.24)

Σ∗ = K∗∗ −KT
∗K−1K∗. (2.25)

The result gives not only a prediction of the unknown function values (the test
means) but also a measure of how reliable this prediction is (the test variance).
An important consequence is that the function interpolates the data points exactly
in the case of noise-less function outputs. An example of a Gaussian prior and a
Gaussian posterior conditioned on noise-less data is shown in Figure 2.1. In the lower
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Figure 2.1: The upper �gure shows samples from a Gaussian prior with a squared expo-
nential kernel. The lower �gure shows samples from the Gaussian posterior conditioned
on four noise-less observations (yellow). Additionally, the mean function (black) and the
±2σ-con�dence region (grey) is shown.



�gure it is evident that the con�dence in the prediction decreases with increasing
distance to a datapoint.

If the function outputs are corrupted with Gaussian noise, the covariance function
of the training inputs is no longer K but

Ky = K + σ2
nIN (2.26)

where σ2
n is the covariance function of the independently added noise. In this case

the model does not exactly interpolate the observed data points.

Covariance and mean functions determine some function properties such as smooth-
ness. The mean function is often chosen to be zero as the GP model is �exible
enough to still model the function arbitrarily well. A widely employed covariance
function that results in a smooth function is the squared exponential kernel:

κ(x, x′) = σ2
f exp

(
− 1

2l2
(x− x′)2

)
. (2.27)

This kernel re�ects the intuition that �nearby inputs" should map to �nearby out-
puts".

An important question is how the kernel parameters l,σf and σn should be chosen.
The horizontal length scale l determines the horizontal scale of the function, i.e. how
�wiggly" the signal looks. The signal standard deviation σf is a vertical length scale
and de�nes how much the signal deviates from the mean. The standard deviation
of the noise σn describes how much noise is expected to be present in the data. If
σn = 0 the data points are noise-less and will be �tted exactly.

In this section the estimation of the hyperparameters θ = {l, σf , σn} by maximizing
the marginal likelihood will be explained. Generally, the goal is to �nd the set of
hyperparameters that explains the obtained data points in the best possible way or
more formally, maximises the probability p(y|x, θ). The corresponding log-likelihood
function is given by

L(y|X, θ) = log p(y|x, θ) = logN (0,Ky) (2.28)

= −1

2
log |Ky| −

1

2
yTK−1

y y − n

2
log(2π), (2.29)

where n is the dimension of the data set. The �rst term in the formula corresponds
to a complexity penalty term, whereas the second term is a data-�t measure. This
property is of great importance as it implies that a trade-o� between complexity
and data-�t is automatically introduced and does not need to be tuned manually
[10]. Maximising the likelihood function can be done based on the derivative

∂L

∂θi
=

1

2
trace

(
K−1
y

∂Ky

∂θi

)
+

1

2
yTK−1

y

∂Ky

∂θi
K−1
y y. (2.30)

Given this expression, the kernel parameters can be estimated by applying the gra-
dient descent algorithm. Since the objective is however not guaranteed to be convex,
local minima can pose problems.



2.3 Safe Set Computations based on Reachability

Analysis

This section aims at giving a brief explanation of a method known as Hamilton-
Jacobi-Isaacs (HJI) reachability analysis that is employed in this thesis to guarantee
safety within the learning framework. Both explanation and implementation are
based on Ian M. Mitchell's Level Set Toolbox [11] and his doctoral thesis [12].

Guaranteeing safety means to ensure that a disturbed system will never leave a safe
region S0 of the state-space. In our context, the disturbance is not an external
one but represents dynamics that are not captured by the model. Because the
calculations are the same, we still refer to it as disturbance though we actually
mean the state-dependent, unmodeled dynamics. We assume that the disturbance
d lies within a set D and a set U is given in which one can choose a control u. The
question is now in which set Sτ the initial conditions must lie such that there is a
control strategy that makes the system stay in S0 within the time horizon t ∈ [−τ, 0].

As we require safety for all possible trajectories, it is not su�cient to simulate a
few thousands or even millions trajectories, because there still is a risk to miss an
unsafe trajectory. Instead, one can compute the backwards reachable set of the
unsafe set T0 = Rn\S0 to capture all possible trajectories at once. To this end,
we assume a control that tries to steer the system away from the unsafe set and
a worst-case disturbance which corresponds to unmodeled dynamics that steer the
system towards the unsafe set. The backwards reachable set Tτ is the set from which
trajectories start that can reach the unsafe set within the time horizon τ and should
therefore be avoided for all t ∈ [−τ, 0]. Figure 2.2 illustrates this concept. Safety
could therefore be guaranteed for time horizon τ , if we had a way to calculate the
set Tτ and a control strategy to stay outside that set.

The present section aims at showing a way as to how one can obtain both, the
backwards reachable set and the safety-preserving control strategy, by solving the
time-dependent HJI partial di�erential equation (PDE). The unsafe set T0 can be
represented as the zero sublevel set of a bounded and Lipschitz continuous function
g : Rn → R, namely

T0 = {x ∈ Rn|g(x) ≤ 0} . (2.31)

We can then calculate the backwards reachable set as the viscosity solution
φ : Rn × [−T, 0]→ R of the time dependent HJI PDE

∂

∂t
φ(x, t) + min

[
0, H

(
x,

∂

∂x
φ(x, t)

)]
= 0, ∀t ∈ [−T, 0], ∀x ∈ Rn (2.32)

φ(x, 0) = g(x), ∀x ∈ Rn (2.33)

where H(x, p) is the Hamiltonian:

H(x, p) = max
u∈U

min
d∈D

pT f(x, u, d). (2.34)



Figure 2.2: The backwards reachable set Tτ is the set from which trajectories can reach the
unsafe set within time τ .

The function f(x, u, d) in this expression describes the system dynamics.

While the sublevel set of φ(x, 0) corresponds to the unsafe set T0 as stated above,
the sublevel set of φ(x, t) describes the backwards reachable set Tτ :

Tτ = {x ∈ Rn|φ(x, t) ≤ 0} , ∀τ ∈ [0, T ]. (2.35)

There are well-established numerical methods to accurately approximate φ(x, t) and
thereby Tτ even for non-linear dynamics. It can then be guaranteed that for states
outside the backwards reachable set, there exists a control u ∈ U for all d ∈ D to
keep the system outside the unsafe set for a time horizon τ . More speci�cally, it is
su�cient to apply the optimizer usafe of (2.34) given by

usafe = arg max
u∈U

min
d∈D

pT f(x, u, d) (2.36)

whenever the system hits the boundary of the safe set. Within the safe set Sτ ,
the control can be freely chosen by, e.g. a learning controller. Furthermore, the
backwards reachable set typically converges for a su�ciently large τ so that safety
can then be guaranteed by staying within the control-invariant set Sτ for all time.



Chapter 3

Related Work

The idea of improving the control of a system in an online manner is not a recent one.
This chapter will describe some early approaches of �learning control". There are
two main strategies that researchers have been following. Firstly, learning methods
can be employed to directly learn a control for a given system. Secondly, data can
be used to improve the model of the system online.

An early example of the �rst approach is Iterative Learning Control [13]. In Iter-
ative Learning Control, the controller incrementally improves its performance of a
repetitive task. The control action is modi�ed based on the control action of previ-
ous iterations and the deviation from a desired trajectory. However, this technique
is constrained to a prede�ned repetitive reference trajectory with �xed durations of
iterations and �xed initial conditions for each iteration.

A di�erent example for an early contribution to this matter is the article of Wang
et al. [14] on stable adaptive fuzzy control. The proposed method assumes that the
state-space is of a special form

x(n) = f(x, ẋ, ..., x(n−1)) + bu, y = x (3.1)

with an unknown continuous function f and an unknown constant b. A way is then
presented on how to update the parameters θ of a fuzzy controller

uc(x) = θT ε(x) (3.2)

with fuzzy basis functions ε(x). Assuming boundaries on b and f , a supervisory
controller that ensures stability is further introduced. The approach can only be
applied to the above explained restricted class of state-space models, but is not
limited to one trajectory. By incorporating the supervisory controller, it realizes
some early form of �safe learning for control".

The approach of learning the system model instead of a direct control has for in-
stance been pursued in the �eld of Indirect Adaptive Control [13]. The adaptation
of control parameters is here done by �rstly estimating parameters of the model and
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subsequently computing control parameters based on that model. However, the esti-
mation of parameters implicates that only a certain class of functions is considered.
If the target function is not well modelled within that class, the control performance
might still be poor. For this reason, Gaussian processes that are �exible enough
to model a variety of di�erent functions have been proven to be a valuable tool for
non-linear modelling [9].

An approach that combines the indirect learning of system dynamics with the direct
learning of control has been proposed in [1]. This thesis is largely based on the
method proposed in that article. The approach assumes an unknown, additive, and
state-dependent disturbance d(x). The state-space is assumed to be of the form:

ẋ = h(x) + g(x)u+ d(x), (3.3)

where h(x) and g(x) are the known parts of the system dynamics. Assuming upper
bounds on the disturbance, a safe set can be calculated using Hamilton-Jacobi-
Isaacs (HJI) reachability analysis. Starting from a given conservative upper bound,
the disturbance estimate is iteratively improved, leading to an enlarging safe set.
For states inside the safe set, a control is found with the learning algorithm Policy
Gradient via the Signed Derivative (PGSD). Otherwise, a safe control that attempts
to drive the system to the safest possible state is applied. In the objective function
of the PGSD, a term is included that penalises switching between the safe and the
learning control. This is done in order to reduce the number of times that the system
reaches the border of the safe set. An issue with this approach is that exploration
is not handled explicitly. This means that the algorithm does not encourage the
acquisition of new knowledge about the state-space. On the contrary, it discourages
the system from taking exploratory actions towards the borders of the safe set by
punishing switching between the safe and learning control. This con�icts with the
goal of enlarging the safe set as the disturbance estimate will remain uncertain in
regions where few samples have been gathered.

Because the approaches presented in [1] and [14] both realise some form of safe
learning, it might be interesting to compare the fundamentally di�erent techniques
they employ. Compared to [14], the method presented in [1] poses less restrictions
on the form of the state-space. However, the way safety is ensured in this approach
is a lot more complex than the computation of the supervisory control in [14]. The
estimation of the disturbance and subsequent computation of a safe set is theoreti-
cally complex and computationally expensive. Both approaches have some critical
assumptions: While the method in [14] relies on knowledge of the bounds of f and
b, that of [1] assumes the knowledge of upper and lower bounds of d. Both assump-
tions might be hard to satisfy in practice. Finally, we want to compare the algorithm
with regard to how far they can be adapted to speci�c performance metrics. In the
approach presented in [1], a control is learned via a learning algorithms which can be
adapted to given performance metrics. In [14], the update of the parameter vector
θ is �xed.



Chapter 4

Solution Architecture

The thesis focuses on implementing a safe learning controller for an inverted pendu-
lum. Initially, a Markov Decision Process model of the pendulum system is obtained
by essentially discretizing the state and action space, assigning rewards to the dis-
crete states, and calculating transition probabilities between the states. As in [1],
a system with an unknown additive state-dependent disturbance d(x) is assumed.
Additionally, conservative initial disturbance bounds, the upper bound d0 and the
lower bound d0, are assumed to be known initially. The bounds will be iteratively
updated with a GP model. Based on the initial disturbance estimate and a safe set,
the backwards reachable set, which should be avoided in order to never leave the
safe set, is calculated with HJI reachability analysis. This calculation gives rise to a
safe region within the state-space within which the learning controller can operate
freely. Additionally, the safe set calculations output a safe controller that should be
applied at the borders of this set. Based on that, the chosen reinforcement learning
algorithm can learn a policy by choosing actions and receiving subsequently infor-
mation about the reward and the state transition associated with that action. If the
chosen action would cause the system to leave the safe region, the safe controller
acts and brings the system back into the safe set. The chosen reinforcement learning
algorithm is a modi�ed version of Delayed Q-Learning introduced in Section 2.1.

While the learning controller acts, data samples are recorded and subsequently fed
into the GP model. The GP estimates a less conservative bound for the disturbance
so that subsequently a larger safe set can be calculated with HJI reachability analysis.
This procedure is sketched in Figure 4.1. The estimated safe set is fed into the safe
learning controller that learns a policy through interaction with the process. As the
learning controller acts in discrete state-space, the process has to be sampled and
discretised before the learning and the learning action a has to be translated to a
continuous input u after the learning. The state values x recorded during learning
are used to get a better estimate of the disturbance thus resulting in a less restrictive
safe control.

More precisely, the same control scheme is explained in Figure 4.2. In this �gure
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Figure 4.1: Rough Control Setup.

the colours blue and red are used to underline the two control loops that run in
parallel: The blue loop is the safety loop, which estimates the disturbance, calculates
a safe set (and a safe controller on that basis), and checks every action that the
learning controller wants to take. The red loop is the learning control loop where
the reinforcement learning controller chooses an action based on its policy, and
subsequently receives some feedback from the process. Based on the received reward,
the controller updates its policy. For each action chosen by the learning controller,
the safe controller performs a check if that action would violate the boundaries
of the safe set. If that is the case, the action is not executed but replaced by a
safety-preserving action. This very rough sketch will be further explained in Section
5.



Figure 4.2: Detailed Control Setup.





Chapter 5

Implementation

In this chapter, the implementation details of the approach outlined in Chapter
4 will be discussed. Starting from the modelling of the system as a MDP, the
implementation of the reinforcement learning algorithm, the disturbance estimation
with GP regression, and �nally the safe set calculation with HJI reachability analysis
will be described.

5.1 Markov Decision Process Model

Consider a damped inverted pendulum system with mass m, length l and friction
coe�cient b. The states of the system are the pendulum angle x1 and angular
velocity x2. The system is disturbed by an additive state-dependent disturbance
d(x). The dynamics are described by [15]:

ẋ1 = x2 (5.1)

ẋ2 =
1

ml2
u+

g

l
sin(x1)− b

m
x2 + d(x). (5.2)

All constants are assumed to be positive. Modelling the inverted pendulum system as
a MDP means to de�ne the quintuple (S,A, T, r, γ) as given in Section 2.1. De�ning
the �nite set of states S and the �nite set of actions A implies discretisation over
the intervals [xmin, xmax] and [umin, umax], where x1 is a circular state and should
be wrapped if the discretisation interval is larger than its period 2π. The number
of discretisation steps impacts the convergence speed of the reinforcement learning
algorithm and was chosen around n = 19 for each state dimension so that we end
up with 361 states in total. The transition probabilities T have been approximated
by simply sampling the discrete transitions under a chosen time step h. Given a
speci�c action and state, the subsequent state has been simulated 100 times. The
probability p(s′|s, a) of state s′ is then computed as the number of transitions to s′

from the chosen state and action divided by the number of total transitions. It is
hereby important that the time step h is large enough to actually allow transitions.
If h is too small, the system will always stay in state s regardless of the chosen
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action. For the present system, a time step around h = 0.2 s has proven to give
good results. The reward function for state s, r(s), is de�ned as

r(s) = e−
‖s‖2

σ2 , (5.3)

where σ is a constant de�ning how narrow the function is. De�ning the coordinate
system with x1 = 0 being on the top, this reward corresponds to the goal of keeping
the pendulum still and upright as the states with the smallest x are rewarded the
most. The discount factor γ is chosen to be 0.9. This choice weighs future rewards
slightly less than present rewards. A possible interpretation of the discount factor
is to assume that the agent only has a limited life span. If γ is the probability to
survive at time step t, the life span of the agent will be 1

1−γ . Knowing the life span of
the agent, one could then choose the discount factor accordingly. The learning agent
in the present system does indeed have a limited life span, because the pendulum is
being reset as soon as the state values are outside some margin around the border
of the MDP. This is done as part of the algorithm, because learning can only take
place inside the MDP. However, it is hard to determine what the expected life span
of the present agent is. Our choice of γ = 0.9 is rather justi�ed by the fact that the
convergence time rapidly increases as the discount factor approaches 1.

5.2 Reinforcement Learning

To our learning agent (the inverted pendulum controller), the reward and transition
probabilities are not known beforehand. The agent acts in an unknown environment
and aims at maximising an external reward. We therefore apply reinforcement
learning to learn the optimal policy.

The chosen algorithm, introduced in [16], resembles largely the Delayed Q-Learning
algorithm introduced in Section 2.1 with the update rule (2.16). The only di�erence
lies in the handling of the algorithm inputs ε and m. The batch size m determines
how often the update of a state-action pair's Q-value is attempted until a successful
update of any Q-value has to occur for the update to be attempted again. This
batch size has been replaced by the state-action-dependent batch size M(s, a) that
is increased each time when the update of the state-action pair (s, a) has been tried
M(s, a) times. More speci�cally, the update rule is

Mt+1(st, at) = min{d1.02Mt(st, at)e+ 1, 500} (5.4)

Mt+1(s, a) = Mt(s, a), ∀(s, a) 6= (st, at). (5.5)

The threshold ε for an update to be admitted has been made adaptive such that ε
after M(s, a) attempted updates increases to

εt+1 = min{1.1εt, εtarget}, (5.6)

where εtarget is an input parameter. The initialization of the Q-values is done op-
timistically according to (2.14). The learning rate is chosen to be α(s, a) = 1

v+1



Algorithm 1 Modification of Delayed Q-Learning[16]

Require: S,A, γ, and rmax, m0, εtarget.
for all (s, a) do
Q(s, a)← rmax/(1− γ) // optimistic initialization of Q-values
U(s, a)← 0 // per-batch cumulative Q-values for (s, a)
B(s, a)← 0 // beginning time-step of attempted update for (s, a)
C(s, a)← 0 // per-batch counter for (s, a)
M(s, a)← m0 // batch size for (s, a)
L(s, a)← TRUE // the learning flag

end for

tupdate ← 0 // time-step of the most recent Q-value change

ε← 10−4 // threshold for admitting Q-value updates

for t ≥ 1 do

Observe the current state st. Take action at ∈ argmaxa∈AQ(st, a), receive reward rt,
and go to a next state st+1.

if B(st, at) ≤ tupdate then
L(st, at)← TRUE

end if

if L(st, at)=TRUE then

if C(st, at) = 0 then

B(st, at)← t

end if

C(st, at)← C(st, at) + 1

U(st, at)← U(st, at) + rt + γmaxa∈AQ(st+1, a)

if C(st, at) = M(st, at) then

q ← U(st, at)/M(st, at)

if |Q(st, at)− q| ≥ ε then
Q(st, at)← q // update if Q-value changes significantly

tupdate ← t

else if B(st, at) > tupdate then

L(st, at)← FALSE

end if

U(st, at)← 0

C(st, at)← 0

M(st, at)← min{d1.02M(st, at)e+ 1, 500} //increase batch size

ε← min{1.1ε, εtarget} // increase the threshold

end if

end if

end for

where v is the number of times that the current state-action pair (st, at) has been
visited. This learning rate leads to a faster convergence than α(s, a) = 1

t+1 with
step count t and ful�lls still the convergence criterion posed in (2.12). Without any



safety-preserving controller, this algorithm converges to the optimal policy but does
not guarantee the satisfaction of constraints. Figure 5.1 shows the learned policy
after a test run with 100, 000 steps in comparison with the optimal policy that has
been found with policy iteration. The colours correspond to certain action values.
As the actual values are not of importance, no legend matching colours to values has
been provided. It can be seen that the estimated policy is relatively accurate, how-
ever the learning algorithm violates the boundaries of the MDP no less than 8986
times. As the algorithm learns the optimal policy, the number of constraint viola-
tions decreases. This can be seen in Figure 5.2, where a histogram of the constraint
violations is shown. However, safety can never be guaranteed in this framework.
To prevent occurrence of these violations, a safe controller will be introduced in the
next section.
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Figure 5.1: The learned policy versus the optimal policy.



Figure 5.2: Evolution of the constraint violations with increasing number of steps.

5.3 Safe Set Computations based on Reachability

Analysis

The general idea behind safe set computations has been described in Section 2.3. In
this section, the concrete implementation of such computations for the case of the
inverted pendulum system will be described. The Hamiltonian in this case becomes

H(x, p) = max
u∈U

min
d∈D

pT
(

x2
1
ml2

u+ g
l sin(x1)− b

mx2 + d

)
. (5.7)

Determining the optimizers to (5.7) can be done easily for non-linear systems whose
inputs enter linearly. That means that the dynamics can be written on the form

f(x, u, d) = f1(x) + F2(x)u+ F3(x)d. (5.8)



This is the case for the inverted pendulum system with

f1(x) =

(
x2

g
l sin(x1)− b

mx2

)
, (5.9)

F2(x) =

(
0
1
ml2

)
, (5.10)

F3(x) =

(
0
1

)
. (5.11)

According to [11], the input maximising (5.7) and the disturbance minimising the
equation are then given by

u∗(x, p) =

{
U, if

∑n
j=1 pjF2,j(x) ≤ 0;

U, otherwise,
(5.12)

d∗(x, p) =

{
D, if

∑n
j=1 pjF3,j(x) ≤ 0;

D, otherwise.
(5.13)

Hence, U and U describe the input constraints u ∈ U = [U,U ]. Moreover D and D
constitute the disturbance range d ∈ D = [D,D].

Hence, the Hamiltonian can be written as

H(x, p) = p1x2 + p2

(
g

l
sin(x1)− b

m
x2 +

1

ml2
u∗(x, p) + d∗(x, p)

)
. (5.14)

H(x, p) as given above must be coded into an existing function prototype within the
toolbox. To calculate the derivative p = ∂

∂xφ(x, t), the Level Set toolbox employs
the Lax-Friedrichs approximation

Ĥ(x, p+, p−)
∆
= H

(
x,
p− + p+

2

)
− 1

2
αT (x)(p+ − p−) (5.15)

where p+ and p− are respectively left and right side approximations of p, and where
H(x, p) is given in (5.14). The function α(x) must also be implemented within the
provided function prototype. α(x) is given to be

αi(x) = max
p∈I

∣∣∣∣∂H∂pi
∣∣∣∣ , (5.16)

with I being the hypercube containing all values that p takes over the computational
domain. The calculation can be done with the following over-approximation

αj(x) ≤ |fxj (x)|+ |F2,j |Umax + |F3,j |Dmax, (5.17)

which for the present system reduces to

α1 ≤ |x2|, (5.18)

α2 ≤
∣∣∣∣gl sin(x1)− b

m
x2

∣∣∣∣+
1

ml2
Umax +Dmax. (5.19)



Having speci�ed the functions for calculating H(x, p) and α(x), the Level Set tool-
box [11] can be adapted for the present problem. Speci�cally, a function has been
written that takes as inputs an estimate for the disturbance bounds D and D, input
constraints U and U , an initial safe set S0, a time horizon τ , and the state-space
of the MDP. For each state in the MDP, the function outputs, whether it is safe
under time horizon τ and a safe control u∗(s). During the learning process, one can
then apply the safe control as soon as the system hits the border of the safe set. To
illustrate this, Figure 5.3 shows the evolution of a safe set calculation over the time
horizon τ = 30 s. The �rst subplot shows the initial safe set S0 as de�ned by the
function input. Over time, the safe set is shrinking to the set Sτ shown in the last
subplot. Trajectories starting from within this set are guaranteed to remain in S0

for t = [0, τ ]. It can easily be seen that the set converges already within the �rst
seconds such that trajectories that are safe for t = [0, 10] are also safe for the whole
time horizon.
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Figure 5.3: Example for the evolution of a safe set during the time horizon.

To verify the calculations, simulations of system trajectories have been done for
both, initial conditions within the safe set Sτ and outside that set. The results are
depicted in Figure 5.4. Trajectories are marked with a red dot at the initial condition
and a blue dot at the �nal value. The safety-preserving controller manages to keep
all trajectories with initial conditions inside Sτ within the safe set for the whole
simulation time. The simulation time has been chosen to be smaller than the time
horizon τ = 30 s to keep the computation time short and the �gure clean. The result
holds however for longer simulation times. Furthermore, the �gure indicates that
the safe set is an under-approximation of the true safe set as the trajectories with
initial conditions close to Sτ can be stabilized too. This is expected as the calculated
reachable set is an over-approximation of the true reachable set.
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Figure 5.4: Simulations to verify the control invariance of the safe set.

It is worth mentioning that the safe set calculations assume continuous dynamics. It
is therefore important to keep the time step h small enough so that the discretisation
error does not become too large. This con�icts with the requirement of Section 5.1,
which necessitates the time step to be large in order to allow transitions between
states. With a very small time step learning can not take place as no state transitions
can be made. On the other hand, a large time step jeopardises safety as the system
possibly violates the border of the safe set between two samples and it is then not
guaranteed that the safe control can bring the system back into the borders again.
Ideally, one would �nd a systematic way to shrink the safe set dependent on the time
step in order to account for the error caused by discretisation. This falls beyond the
scope of this thesis.

The problem is tackled otherwise by introducing a �safety loop" that runs faster
than the actual learning loop. For instance, if the time step required from the MDP
is hlearn = 0.12 s, but the time step for the safety-preserving controller should be
maximal hsafe = 0.02 s, the safety loop will run six times faster than the learning
loop. In each safety iteration the evolution of the system is simulated. If the system
violates the boundaries of the safe set, the safe control is applied. Otherwise the
learning control (that is constant over the six safety iterations) is applied. This
is portrayed in Figure 5.5. During the fourth iteration, the safe controller detects
a violation of the safe set boundaries and applies the safe control that brings the
system back inside the boundaries. For the sake of illustration, the time steps are
chosen very large in comparison to the drawn safe set. Obviously, one would not



choose the time step hlearn so large that the whole safe set can be crossed within one
time step.

Figure 5.5: Illustration of the problem with a large time step hlearn. At t = hlearn the system
is without safety check (left) already far outside the safe set so that it cannot be guaranteed
to be brought back again. On the right hand side, the same example is shown with a faster
running safety loop. Each hsafe a safety check is performed so that the violation of the safe
set can be detected and acted against earlier.

5.4 Disturbance Estimation with Gaussian processes

In this section, the disturbance estimation with GP regression will be described. As
stated above, the safe set calculations with HJI reachability analysis rely on a given
bound for the disturbance. This bound is initially picked in a conservative manner
but should be updated as soon as data from the real system is available. Given
some measurements of the state x collected during the learning process, disturbance
samples can be obtained by calculating:

d̂(x) = ẋ2 −
(

1

ml2
u+

g

l
sin(x1)− b

m
x2

)
. (5.20)

As the continuous derivative ẋ2 is not available, an approximation with the forward
di�erence is calculated:

ẋ2 ≈
x2,k+1 − x2,k

h
, (5.21)

where x2,k+1 and x2,k are two consecutive samples and h is the sample time. For this
approximation to be accurate, it is important that the time step h is small enough.



Therefore, the samples are recorded within the faster running safety loop, so that h
from the above equation is given as h = hsafe. In order to obtain estimates for d for
all values of x and not only for the sampled values, a GP model is employed. GPs
have the advantage to provide not only an estimate, but also the standard deviation
that serves as a measure of uncertainty. Hence, we can pick the range of d(x) to be

d(x) = µ(x)− 3σ(x) (5.22)

d(x) = µ(x) + 3σ(x). (5.23)

Here, µ(x) is the mean of the estimate and σ(x) is its standard deviation. The cho-
sen probabilistic bounds for d and d give a con�dence interval of 99.7%. However,
one should be advised that that the numerical di�erentiation introduces an error
that is not accounted for in this con�dence interval. This did not pose any problem
in the algorithm, because hsafe has been picked su�ciently small to ensure safety.
Nevertheless, it might be interesting to account for the error due to numerical dif-
ferentiation and discrete state-space in a more systematic way when calculating the
safe set.

Another important question is how to choose sample points that can be fed to the
GP regression. As the regression is computationally expensive, it is not possible to
feed all recorded samples into the GP. One should rather choose around 1000 points
that accurately and e�ciently represent the whole state-space. The question then is
how to ensure that the sample points are evenly spread over the whole state-space, so
that a good estimate over the whole state-space can be obtained. To achieve this, it
is not enough to randomly pick samples because the samples will concentrate around
the equilibrium point as soon as a good control is learned. Instead, a set of randomly
chosen points that cover the whole state-space is used as a grid. The samples from
the system that lie closest to those points are chosen so that it can be ensured
that the points around the equilibrium are not over-represented. This procedure is
illustrated in Figure 5.6. One should notice that this is a rather complicated and
arti�cial way of achieving a good spread of the samples. Instead of cherry picking
the samples, one should rather encourage the system to actually explore the edges of
the safe set. This issue has been dealt with in Section 5.5. Furthermore, all chosen
samples still will lie within the safe set, as the system is required to never leave this
set. However, by getting a less conservative disturbance estimate at the borders
of the safe set, it is possible to subsequently enlarge the safe set and therefore the
region where samples can be collected.

We then have a set of evenly spread disturbance samples that can be used for GP
regression. The regression is done with the GPML toolbox [17] with a zero mean
function and a squared exponential kernel as given in (2.27).

Figure 5.7 aims at illustrating the results from a GP regression for a constant distur-
bance d = 2N after 48, 000 recorded samples of which 1000 are fed into the GP. The
�gure shows 1000 input samples (blue) that are widely spread within the safe set.
The upper and lower planes bound the ±3σ con�dence interval that is additionally



Figure 5.6: Choice of samples (red) by employing a grid (blue) and taking the nearest
neighbours to the grid points in order to ensure that the samples cover the whole state-
space.

shaded in grey. The plane �sandwiched" in the middle between the two outer planes
is the mean, i.e. the disturbance estimate that the GP outputs. In the sliced lower
plot, it can be seen that the estimate in the region around the origin is very accurate
and the uncertainty is low.

5.5 Exploration

While this thesis mainly follows the approach presented in [1], this section deals
with a topic that has not been treated in that approach: exploration. Exploration
addresses the need of visiting the whole state-space in order to �nd the optimal
strategy instead of only exploiting the one based on readily observed parts of the
state-space. In the inverted pendulum system, this corresponds, for instance, to
the need for visiting the borders of the safe set in order to get a better disturbance
estimate and potentially enlarge the safe set instead of only staying close to the
origin. Furthermore, the learning of a control policy for all states requires that all
states are visited a su�cient number of times. In Section 5.4, the need for exploration
has been dealt with in a rather unorthodox way. By setting up a grid and doing
a nearest neighbour search, it has been ensured that the samples cover the whole
state-space. However, this is not exploration, as one does not encourage the system
to visit the borders of the safe set, but rather hopes for that the system does so
automatically. For this reason, a more essential way of doing exploration will be



Figure 5.7: Disturbance estimation with GP regression for a disturbance. The lower and
upper planes bound the ±3σ con�dence interval (shaded in grey). The samples that serve
as input to the GP are shown as blue circles. The mean plane can be seen as a thin line in
the middle of the con�dence interval. The lower �gure depicts a slice through the middle
of the �gure to verify the low uncertainty in the middle of the surface.



presented in this section.

The approach chosen is called Incremental Q-learning and modi�es the way in which
actions are chosen during the learning process. The procedure does not a�ect the
update of the Q-value, so that we still can apply the update rule introduced in
Section 5.1. Incremental Q-learning aims at a de-randomisation of the ε-greedy
policy as explained in Section 2.1 [18]. Instead of choosing random actions with
probability ε, a greedy policy with respect to the Q-values plus a promotion term
A(s, a) is chosen. This term promotes state-action pairs that have not been visited
often and therefore it encourages exploration. For each state-action pair (s, a),
A(s, a) is initialized to zero and updated in the following way:

At+1(s, a) =


0, if st = s, at = a;

At(s, a) + Φt(#(s, a)), if st = s, at 6= a;

At(s, a), if st 6= s, at 6= a.

(5.24)

The term Φt(#(s, a)) is the promotion function that depends on the number of times
the system visited state s without executing action a since the last time it executed
a from s. The promotion function chosen in the following is Φt(i) = 1

i+1 .



Chapter 6

Experimental Results

In this chapter, we numerically examine the approach described in Chapter 4. After
describing the detailed experimental setup, we will discuss the results of safe set
calculations, policy and disturbance estimation for the algorithm with Incremental
Q-learning and without systematic exploration.

6.1 Experimental Setup

The inverted pendulum system has been modelled as a MDP with x1 ∈ [−π
2 rad,

π
2 rad]

and x2 ∈ [−5 rad
s , 5

rad
s ]. The state-space has been discretised with 19 steps in each

dimension and the action space has been discretised with 5 steps on the range
u ∈ [−25N, 25N]. All MDP parameters can also be found in Table 6.1a. The time
step for the learning loop is chosen as hlearn = 0.2 s. The design parameters for the
learning algorithm can be looked up in Table 6.1b. The true disturbance introduced
to the system is chosen to be d = 0.5 sin(5x1) and initially bounded conservatively
with d0 = 10N and d0 = −10N. The safe region S0 is a rectangle centered around
the origin with width 0.9π rad in x1-direction and width 10 rad

s in x2-direction. In
each iteration the safe set is calculated for τ = 40 s. The safe set parameters are
collected in Table 6.1c.

In what follows, the results from four learning iterations with each 10, 000 steps will
be presented. After each iteration, a new disturbance estimation and safe set calcu-
lation are carried out. As described in Section 5.5, it is crucial for the disturbance
and policy estimation that all states within the safe set are visited su�ciently often.
A method for systematic exploration, Incremental Q-learning, has been introduced.
In this chapter, the results from incorporating exploration will be compared to those
obtained from the approach without systematic exploration. The four iterations take
around 80 seconds to terminate. The exact times for each iteration can be found in
6.2. The remainder of the elapsed time is due to the calculation of the MDP and
result plotting.
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range
# discretisation
points

x1 [−π
2 rad,

π
2 rad] 19

x2 [−5 rad
s , 5

rad
s ] 19

u [−25N, 25N] 5

γ 0.9

(a) MDP parameters.

steps per iteration 10,000

hlearn 0.2 s

m0 5

εtarget 0.01

ε0 0.0001

(b) Learning parameters.

range

x1,safe [−0.45π rad, 0.45π rad]

x2,safe [−5 rad
s , 5

rad
s ]

d0 [−10N, 10N]

hsafe 0.005 s

τ 40 s

(c) Safe Set parameters.

Table 6.1: Summary of Parameters.

6.2 Policy Learning

To begin with, we look at the distribution of 1000 random samples drawn from the
recorded samples of all four iterations. Figure 6.1 shows the sampling results of the
algorithm with exploration compared to the one without exploration. It can clearly
be seen that the samples are a lot more wide-spread if exploration is done. Without
exploration, the learning algorithm always decides for the action which is the most



Iteration 1 Iteration 2 Iteration 3 Iteration 4

HJI analysis 9.02 5.71 5.64 5.45

RL 8.47 8.49 8.36 8.37

GP regression 4.20 3.68 3.57 3.52

Total 82.23

Table 6.2: Execution times for each iteration and in total. All times are given in seconds.

promising in order to keep the system close to the origin. This causes concentration
of samples around this point that might inhibit both the disturbance estimation and
the policy learning at the edges of the safe set.
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Figure 6.1: Realisation of samples with and without Incremental Q-learning. In the lower
�gure, the spread of the samples is clearly better, whereas in the upper �gure most samples
are concentrated around the origin.



It is therefore interesting to examine whether the Incremental Q-learning, as de-
scribed in Section 5.5, yields a better estimation of the policy. The results of this
comparison are depicted in Figure 6.2. The �gure shows the estimated policy at
each state, where the respective colors correspond to values of u. The quality of
the estimated policy can be decided upon by comparing to the optimal policy which
has been found with Policy Iteration (left �gure). Clearly, the results are better for
the approach which incorporates exploration (middle �gure). This can especially be
seen at the edges of the safe set, where the estimated policy without exploration is
very inaccurate (right �gure).
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Figure 6.2: Policy estimated with Incremental Q-learning, ε-greedy exploration and without
exploration. After the same number of learning iterations, the algorithm with Incremental
Q-learning achieves considerably better results above all at the edges of the safe set.

To quantify the �ndings from Figure 6.2, the absolute error between the estimated
and the optimal policy is illustrated in Figure 6.3. In addition to the algorithm
without exploration and with Incremental Q-learning, the error with ε-greedy ex-
ploration is shown. It becomes apparent that the Incremental Q-learning approach
takes slightly longer to converge but ends up with a remarkably better result. One
can further conclude that the deterministic approach to exploration, Incremental
Q-learning, pays o� in comparison to the randomised ε-greedy exploration.
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Figure 6.3: Policy error with Incremental Q-learning, ε-greedy eploration and without ex-
ploration. The approach with Incremental Q-learning converges slightly slower but the
�nal error without exploration is about four times higher than the error of the Incremental
Q-learning algorithm.

However, in the long run, pure exploration might not be the most desirable strategy.
After all states have been visited su�ciently often, one would wish to exploit the
most promising strategy. In the present system, this means that after su�cient
exploration one would wish to keep the pendulum stable around the origin. This
can for example be realised by switching o� the exploration after all states have
been visited 100 times. It is therefore interesting to investigate, if the exploration
algorithm can guarantee that all states are visited a su�cient number of times.
Figure 6.4 shows the number of visits of the 10 least visited states with and without
exploration.
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Figure 6.4: Number of visits of the 10 least visited states with and without exploration
respectively.

Without exploration, several states remain unvisited for all 40, 000 steps. None of the
10 least visited states is visited more than �ve times. With Incremental Q-learning,
the system samples all states within the �rst 20, 000 steps. Except from one, all
states count more than 40 visits within the observed 40, 000 steps. This indicates
that it might indeed be possible to switch o� the Incremental Q-learning after a
certain number of iterations. A suitable criterion could be identi�ed by examining
how often a state approximately needs to be visited to eliminate the policy error.
We stress that in the existing literature, the topic of policy convergence has not yet
been well covered as current results mostly focus on the convergence results of state
values.

6.3 Disturbance Estimation and Safe Set Computations

In this section, the in�uence of exploration on the disturbance estimation will be
examined. Figure 6.5 shows the result from the disturbance estimation with GP
regression after each iteration with the setup described above. As only states within
the safe set can be visited, no estimate of a policy outside that set can be done.
Therefore, only policy values within the safe set are compared. The left and right
half of the �gure show the result without exploration and Incremental Q-learning,
respectively. For both algorithms, it can be seen that the disturbance estimation
improves after each iteration. This is due to the fact that the system visits wider



regions of the state-space as the number of steps increases. Therefore, the samples
taken from the recorded data points are spread out wider as more steps are recorded.
Furthermore, it becomes evident that the disturbance estimation indeed is better
for the approach with exploration. In the case without exploration, the samples are
more concentrated in the front half of the coordinate system so that the disturbance
estimate is good in that region but almost constant in the rear half and outside the
safe set. In the case with exploration, the sinusoidal shape of the disturbance is
clearly visible from the third iteration onwards. The disturbance estimate is quite
accurate for all states within the safe set.



Figure 6.5: GP regression in four iterations with each 10,000 steps.

Figure 6.6 shows the safe set computations for all four iterations. During the �rst
iteration, the conservative initial range is used for the safe set calculations and gives
a relatively small initial safe set. By calculating a better disturbance estimate in the
GP regression, the safe set grows already largely in the second iteration.
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Figure 6.6: The evolution of the safe set in four iterations. The better disturbance estimate
causes a lare increase of the safe set in the second iteration.

Interestingly, the safe set resulting from the disturbance estimate is the same without
and with exploration. This could be attributed to the fact that the safe set is an over-
approximation of the true safe set that not necessarily increases as the disturbance
bounds decrease. This claim is supported by the fact that the safe set remains the
same even if a disturbance of d = 0N is assumed.

6.4 System Trajectories in State-Space and Time

Representation

Finally, simulation results from both approaches are portrayed in Figure 6.7. The
depicted trajectories show the last 500, 000 samples of the test run with four it-
erations that have been recorded with hsafe = 0.005 s. It becomes clear that the
algorithm with exploration causes the system to explore the whole state-space and
repeatedly hits the borders of the safe set. Since the safety check is not performed
continuously, the system leaves the safe set at some points, but can each time be
brought back into the set. In the right half of the �gure, it is apparent that the
approach without exploration manages to keep the system close to the origin.

In a conclusion, it can be said that the presented approach manages to safely learn a
control. Our results show that explicit exploration indeed leads to signi�cant better
learning results at the edges of the safe set. However, it is still an open question
when to shut o� the exploration.

To illustrate the whole learning process over time, simulation results with and with-
out exploration are shown in 6.8. With exploration, the controller keeps exploring



Figure 6.7: Simulation of the system with Incremental Q-learning versus simulation without
exploration. The �gure shows the last 500, 000 samples of the test run in state-space.
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Figure 6.8: Simulation of the system with Incremental Q-learning versus simulation without
exploration. The �gure shows the whole learning process over time (in seconds).

the borders of the safe set. Without exploration, the controller keeps the system
closer to the origin after a policy has been learned. During the last 1500 seconds,
the system never hits the borders of the safe set.

Further simulations have been conducted, following the idea that exploration should
be shut o� after a su�ciently good policy has been learned everywhere in the state-
space. To this end, exploration was shut o� after three iterations and the results of



the fourth iteration have been compared to the fourth iteration of a run completely
without exploration. To examine if the approach with exploration in the beginning
yields better results, di�cult initial conditions (i.e. close to the border of the safe
set) have been chosen. Two exemplary initial conditions are portrayed in 6.9. In
both images, it can be seen that the system is stabilised quicker (a larger part of
the trajectory lies close to the equlibrium point) if exploration has been done during
the �rst iterations. However, the decision when to switch o� exploration was purely
based on earlier experience with the present system and should be systematised.

Figure 6.9: Comparison of system trajectories during the fourth (exploitary) iteration of a
test run after three iterations with exploration (left) and three iterations without exploration
(right).





Chapter 7

Conclusions and Future Work

In this chapter, the results of the thesis are summarised and possibilities for future
improvements will be discussed.

7.1 Conclusions

This thesis aims at providing a way of safely learning the control for a system.
Applying reinforcement learning methods to control tasks is a promising approach
to overcome the strong dependence of traditional model-based control methods on
accurate models especially for non-linear systems. Model-free reinforcement learning
techniques such as Q-learning have been extensively studied and proven their value
in various applications. However, the problem of how to satisfy constraints during
the learning process has not yet been addressed. Therefore, Hamilton-Jacobi-Isaacs
(HJI) reachability analysis has been incorporated into the algorithm to ensure safety
during the learning process. By modelling the unknown parts of the state-space
model as an unknown additive disturbance with known conservative bounds, this
method provides a way to calculate a safe set. Within this set the system can move
freely as long as a safe control is applied at the edges. Combining reinforcement
learning and HJI analysis provides a way to safely learn a control for a system
with uncertain dynamics. Both are introduced in Chapter 2. To update the initial
conservative bound on the disturbance, we then iteratively estimate the disturbance
on the basis of collected data points. To this end, we apply Gaussian Processes
(GP) that we introduce in Section 2.2. GP not only provide an estimate for the
disturbance but also a measure for how certain this estimate is. By updating the
disturbance with a safety margin based on the certainty of the estimate, we can
precisely determine how good our safety guarantee is.

To make all methods run smoothly, we decided to run the algorithm on two di�erent
time-scales. The safety loop runs with a very small sample time to ensure that
every constraint violation will be detected immediately. The reinforcement learning
algorithm requires a longer time step to work properly. This idea is further described
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in Chapter 5.

Compared to the approach presented in [1], the method has been extended to in-
corporate exploration. In Chapter 6, we extensively compared the approaches with
exploration and without exploration. We �nd that both, policy learning and distur-
bance estimation, can be considerably improved by encouraging exploration. This
holds especially for the edges of the safe set that will barely be visited without
exploration.

Scalability The inverted pendulum system studied in this thesis has the advantage
of being easy to analyse and illustrate. However, in realistic situations most systems
admit more complicated models with possibly higher state dimensions. Therefore,
a relevant concern is the scalability of the presented approach when the underlying
system admits a state-space model with higher dimension. Arguably, the modularity
of the presented approach would not be a�ected by a larger system. Nonetheless,
it is crucial to check whether various subroutines employed, such as reinforcement
learning, GP regression, and HJI reachability analysis, would e�ciently work for
systems of dimension three or more.

Of particular interest is to model a truck using the recently proposed spatial models
as in, e.g. [19]. Casting such spatial models as an MDP with 19 discretisation steps
per dimension (as in the inverted pendulum example) would result in 6859 discrete
states. Compared to the inverted pendulum studied in the previous chapters, the
number of states has increased considerably (more precisely, by a factor of 6859

361 =
19). The discussion below aims at highlighting the in�uence of such an increase on
the performance of various subroutines.

Firstly, the convergence speed of the reinforcement algorithm (Algorithm 1 in Chap-
ter 5) would be decreased considerably when the number of states increases. It
might therefore be crucial to use other methods, such as Q-learning with function
approximation, to substantially improve the convergence speed when the number of
states is large. Secondly, for large systems the application of GP regression for the
disturbance estimation could prove di�cult due to increase in the computational
complexity. On the other hand, choosing a di�erent regression method is a non-
trivial task due to the fact that the approach relies on the uncertainty measure that
GPs provide and not only on the estimation of the mean. One possible remedy could
be to limit the degrees of freedom in the disturbance estimation by, e.g., assuming
that the system dynamics only are uncertain with respect to some states. Finally,
safe set computations could become very costly as the computational complexity
involved exponentially increases with the dimension.

7.2 Future Work

In what follows, some points that could be interesting to improve in the future will
be listed.



Integration of Learning and Safety Loop. Firstly, the collaboration of the dif-
ferent methods is not satisfactory in some regards. The safety loop of the algorithm
solely passes an estimate of the disturbance bounds to the learning loop and runs
apart from that completely separate. It would be preferable to have a joint design
of safety loop and learning loop, i.e. to pass some more information from the safety
loop to the learning loop to warm-start the Reinforcement Learning algorithm. For
instance, the policy could be initialized to the safe control from the safety algorithm
or conclusions about transition probabilities could be drawn from the recorded sam-
ples. Furthermore, the fact that the algorithm runs on two di�erent time scales
could render the algorithm suboptimal. Finding a way to run both loops on the
same time scale might increase the e�ciency of the algorithm substantially. Yet, at
this point, we do not know how this could be achieved.

Recursive Disturbance Estimation. Secondly, the disturbance estimation could
possibly be improved. The GP regression is implemented batchwise with batches
of 1000 samples each. This is due to the computational complexity of the method.
The disturbance estimation might be improved considerably by employing a recur-
sive method that takes all recorded samples into account. It is however not trivial
how to implement GP regression in a recursive manner because the method relies
on re-computing the covariances for each new input.

Formal Guarantees. Finally, the most signi�cant improvement could be made
by performing formal guarantees for the whole algorithm. This is however a very
di�cult matter, because we combine di�erent methods that operate in di�erent
frameworks. For instance, the safe set calculations assume a continuous system
evolution such that the safety-preserving control acts directly when the system hits
the border of the safe set. On the contrary, the reinforcement learning algorithm
operates in discrete time so that a safe set violation will only be detected at the
next sample instance. This problem could for instance be tackled by shrinking
the safe set with regard to the sampling time. The stochastic nature of Gaussian
process regression causes further problems, because we require certain bounds on
our disturbance in order to guarantee safety with HJI reachability analysis. The
estimated disturbance range that we input is however not guaranteed to always
hold, though we can make the probability of a disturbance outside that range very
small. Performing any formal guarantees for all of the employed methods is therefore
presumably very di�cult, but would make the algorithm a lot more powerful.

In summary, we remark that ideas from this thesis could serve as a good starting
point for future research. Even though some adjustments, i.e. a closer integration
of the di�erent methods, should be made, the approach of safe learning for con-
trol applications is really interesting and could overcome some of the limitations of
traditional control.
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