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Abstract. The junction tree representation provides an attrac-
tive structural property for organizing a decomposable graph. In
this study, we present a novel stochastic algorithm which we call
the Christmas tree algorithm for building of junction trees sequen-
tially by adding one node at a time to the underlying decompos-
able graph. The algorithm has two important theoretical proper-
ties. Firstly, every junction tree and hence every decomposable
graph have positive probability of being generated. Secondly, the
transition probability from one tree to another has a tractable ex-
pression. These two properties, along with the reversed version of
the proposed algorithm are key ingredients in the construction of
a sequential Monte Carlo sampling scheme for approximating dis-
tributions over decomposable graphs, see Olsson et al. [2016]. As
an illustrating example, we specify a distribution over the space of
junction trees and estimate of the number of decomposable graph
through the normalizing constant.

1. Introduction

Decomposable graphs and their junction tree representation as auxil-
iary data structure in graph algorithms have been used in various con-
texts. The application that motivated the development of this paper is
their use in probabilistic graphical models. In this context, the nodes rep-
resent random variables and the edge set encodes a dependence structure
of a multivariate probability distribution. The decomposability implies
that the associated distribution factorizes along the set of cliques and
separators of the graph, so that statistical operations can be performed
locally.

The development of algorithms for learning the underlying graph struc-
ture given a set of data has resulted in a number of methods for building or
manipulating decomposable graphs. Traditionally, the exploration of the
space of decomposable graphs is achieved by Markov chain Monte Carlo
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(McMC) strategies generating a trajectory of graphs and possibly corre-
sponding model parameters, which after a burn-in period is expected to
converge to the target distribution. These strategies are typically based
on variations of the Metropolis-Hastings algorithm, where in each step, a
new graph is proposed on the basis the previous one by means of edge per-
turbations. The proposed graphs are then accepted or rejected according
to a criterion which ensures detailed balance in each move.

The set of possible moves obtained by single edge perturbations defines
a decomposable neighborhood from which new graphs can be sampled,
see Frydenberg and Lauritzen [1989], Giudici and Green [1999], Thomas
and Green [2009a]. By exploiting the junction tree representation, this
neighborhood can be generated explicitly instead of testing decomposabil-
ity for blindly proposed graphs by using for example maximal cardinality
search (Tarjan and Yannakakis [1984]) as was previously done, see e.g
Dellaportas and Forster [1999], Madigan et al. [1995].

Green and Thomas [2013] take the junction tree representation for de-
composable model determination one step further and present an McMC
sampling scheme where the junction tree itself is used as a state variable.
The probability of one specific junction tree in this formulation is defined
as the underlying graph probability divided by the number of equivalent
junction tree representations, a number which can be calculated in O(p2)
by the algorithm provided in Thomas and Green [2009b], where p is the
number of nodes in the underlying graph. The key advantage of using
the junction tree as state variable is that a draw from the neighborhood
of legitimate junction trees can be calculated in constant time.

A common property of the above mentioned algorithms is that the
graph space is scanned by considering a fixed set of nodes and then al-
tering the edge set. A completely different approach to graph space ex-
ploration is to build each graph from scratch, starting with for example
one single node. One natural way to achieve this stems from the very
definition of decomposability. A graph is decomposable if and only if
it can be constructed by starting with two complete graphs, and then
iteratively pasting the obtained decomposable graph along complete sub-
graphs. Two other algorithms are presented in Markenzon et al. [2008],
where the graphs are generated sequentially by pasting new nodes one
at a time. Our suggested algorithm, which we call the Christmas tree
algorithm (CTA) has similarities to Markenzon et al. [2008] but oper-
ates on the junction trees space. The CTA sequentially constructs new
junction trees, by adding one node at time to the underlying decompos-
able graphs. We show a direct application of the suggested technique
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as proposal kernel in a sequential Monte Carlo (SMC) algorithm for ap-
proximating distributions over decomposable graphs, see the companion
paper Olsson et al. [2016].

A detailed description of such SMC algorithm together with a particle
Gibbs scheme is presented in Olsson et al. [2016]. Further examples of
model determinations in Gaussian graphical models and in graphical log-
linear models are also provided in that paper.

The rest of the paper is structured as follows. Section 2 gives a short
introduction to the graph theory and notation used in the paper. For a
more detailed presentation, the reader is referred to e.g Blair and Peyton
[1993] or Lauritzen [1996]. In Section 3, the CTA is presented together
with its induced transition kernel for junction tree expansion. We also
present a reversed version of the CTA. Section 4 presents a factorization
of expression for the number of junction trees of a decomposable graph,
provided in Thomas and Green [2009b]. We illustrate by an example
the computational gain implied by the new factorization for iteratively
generated graphs. In Section 5, we demonstrate the application of the
CTA for designing proposals in SMC. By specifying a distribution over
the space of junction trees, we obtain estimates of the number of decom-
posable graphs for a given number of nodes. We compare our obtained
estimates to the exact counts provided by Wormald [1985]. Appendix
A is devoted to the proofs lemmas and theorems stated in the paper,
whereas Appendix B provides an algorithm for randomly connecting a
forest into a tree, originally presented in Thomas and Green [2009b].

2. Preliminaries

Graph theory and notation. A pair (V,E) of nodes V and edges E
where E ⊂ V ×V is called an undirected graph. Two nodes in a graph are
adjacent if they are directly connected by an edge. The neighbors of a
node x is the set of nodes adjacent to x, denoted by neig(x). A sequence
of distinct nodes x1, . . . , xl is called an x1 − xl − path, denoted x1 ∼ xl
if each edge (xj−1, xj) for j = 2, . . . , l is found in the graph. Two nodes
x and y are said to be connected if it there exists a path from x to y. A
graph is said to be connected if there exists a path between any pair of
nodes in the graph. A graph is called a tree if the path x ∼ y is unique
for any pair of nodes x, y in the graph. A subtree is a connected subgraph
of a tree. A forest is a set of trees that are not connected to each other.
Now, consider a general graph (V,E) which we call G. Let a, b and s be
subsets of the node set in G. The set s separates a from b if every path
from x ∈ a to y ∈ b intersect s, we denote this by a ⊥G b | s. The graph
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G is complete if E = V ×V . A graph (V ′, E′) is a subgraph of G if V ′ ⊂ V
and E′ ⊂ E. Let V ′ ⊂ V , the induced subgraph, G[V ′] = (V ′, E′) is the
subgraph of G where E′ is the set of edges in E having both endpoints
in V ′. A subset W ⊂ V is a complete set if induces a complete subgraph.
A complete subgraph is called a clique if it is not an induced subgraph
of any other complete subgraph. A triple (a, b, s) of disjoint subsets of
V such that a ∪ b ∪ s = V , is a decomposition of G if for a 6= ∅, b 6= ∅
and s complete, we have that a ⊥G b | s. The focus of this paper lies in
decomposable graphs and junction trees defined next.
Definition 1 (Decomposable graph). A graph G is decomposable if it
is complete or if there exists a decomposition (a, b, s) such that G[a ∪ s]
and G[b ∪ s] are decomposable.

Definition 2 (Junction tree property). A tree T where each node is a
subset of a finite set, satisfies the junction tree property if for any path
c1 ∼ cl in T it holds that

c1 ∩ cl ⊂
l⋂

j=1
cj .

The next theorem binds the concept of decomposable graph to the
junction tree property.
Theorem 1 (Cowell et al. [2003, Theorem 4.6]). A graph G is decom-
posable if and only if there exists a tree consisting of cliques in G that
satisfies the junction tree property.

Note that a decomposable graph may have many junction trees whereas
for any specific junction tree, the underlying graph is uniquely deter-
mined. Each edge (a, b) in a junction tree is associated with the intersec-
tion a ∩ b which is referred to as a separator and denoted by sa,b. The
set of distinct separators in a junction tree with graph G is denoted by
S(G). Since all junction tree representations of a specific decomposable
graph has the same set of separators, we can also talk about the separa-
tors of a decomposable graph. The space of decomposable graphs with
the nodes {1, 2, . . . , p}, is denoted by Gp and the space of junction trees
with underlying graph in Gp is denoted by Tp. The graph corresponding
to a junction tree T is denoted by g(T ). We refer to the nodes in the
underlying decomposable graph as underlying nodes.

We let Ts define the subtree induced by the cliques containing the
separator s in a junction tree T and let Fs(T ) denote the forest obtained
by deleting the edges associated with s in T . The space of trees that can
be obtained by connecting Fs(T ) is denoted by fs(T ).
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For a sequence of sets a1, . . . , at, by writing t = 0 we mean that the
sequence is empty. Further, the intersection with the union of an empty
sequence of sets is defined to be the intersection with the whole set. For

example, if a1, . . . , at is a sequence of sets and b 6= ∅, then b∩
0⋃
i=1

ai := b.

The notation ℘(a) is used to indicate the power set of a. The notation
x ∼ Unif(a) means that x is a sample of a random variable that gets
an element in the set a with probability 1/|a|. Pr({a`}N`=1) denotes the
categorical distribution induced by a set {a`}N`=1 of positive (possibly
unnormalized) numbers; thus, writing X ∼ Pr({a`}N`=1) means that the

variable X takes the value ` ∈ {1, . . . , N} with probability a`/
N∑
`′=1

a`′ .

3. Junction tree expansion

Before presenting the main algorithm of this paper, we begin by this
section by an algorithm for random sampling of subtrees of an arbitrary
tree. This procedure will then be used as a subroutine in the main algo-
rithm which is described in Section 3.2.

3.1. Random sampling of subtrees. The algorithm presented in this
section produces a subtree of a given tree T . The two parameters α ∈
[0, 1] and β ∈ [0, 1] control the number of nodes in the subtree. At the
initial step of the algorithm, the empty subtree is drawn a with probabil-
ity 1−β. If the empty subtree was not drawn, the algorithm proceeds by
drawing a node x uniformly at random from the set of nodes in T . The
node x then serves as root in a procedure similar to a breadth first tree
traversal. For each non-visited neighbor y of x, instead of directly adding
y to the queue of nodes to be visited, it is added with probability α. Thus
the parameter α controls the number of nodes in the subgraph, given that
it is not empty. We refer the algorithm as the stochastic breadth first tree
traversal, it is stated in full detail in Algorithm 1. The induced proba-
bility for drawing the subtree T ′ = (V ′, E′) of a tree T = (V,E) is given
by

Sα,β(T, T ′) =
{

1− β if T ′ = (∅, ∅)
β|V ′|α|V ′|−1(1− α)w/|V |, otherwise,

(1)

where w = w(T, T ′) is the number of components in the forest T [V \V ′].
The factor |V ′| stems from the fact that any node in V ′ is a valid root
node in the breadth first traversal like procedure and the probability is
the same for each choice.



6 JIMMY OLSSON, TATJANA PAVLENKO, FELIX L. RIOS

Input: A tree T = (V,E)
Output: T ′ ∼ Sα,β(T, ·)

1 draw u ∼ Bernoulli(β) // u gets value 0 with probability
1− β

2 if u = 0 then
3 return (∅, ∅)
4 else
5 draw x ∼ Unif(V );
6 q := [] // an empty queue of nodes to visit
7 q.enqueue(x);
8 v := [] // an empty list of visited nodes
9 while q 6= ∅ do

10 x := q.dequeue();
11 v.append(x);
12 for y ∈ neig(x) \ v do
13 u ∼ Bernoulli(α) // u gets value 1 with

probability α

14 if u = 1 then
15 q.enqueue(y);

16 let T ′ = T [v];
17 return T ′;

Algorithm 1: Stochastic breadth first tree traversal.

3.2. The Christmas tree algorithm. In this section we establish the
basic transition component of the CTA. It can be expressed as a prob-
ability kernel Kα,β

m : Tm × Tm+1 → [0, 1] which expands a junction tree
T ∈ Tm, into a new junction tree T+ ∈ Tm+1 in the sense that the un-
derlying graph g(T+) has the extra node m+ 1 while g(T ) remains as an
induced subgraph. Algorithm 2 gives the steps to sample from Kα,β

m (T, ·).
In the first step, a subtree T ′ of T is drawn from Sα,β(T, ·). Depending

on whether T ′ is empty or not the algorithm behaviors substantially
differently. If T ′ is empty, T+ is created by connecting the clique {m+ 1}
to some arbitrary clique in T and then randomizing at the separator
∅ (Lines 3 - 6). Otherwise, if T ′ is non-empty, new cliques in T+ are
formed according to a criteria which ensures that each clique cj in T ′

will correspond to a new clique d+
j containing the internal node m + 1.

This will potentially make some of the former cliques vanish since they
might be contained in some of the new cliques (Lines 7 - 20). The edge
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Figure 1. A junction tree (left panel) and an expanded
version (right panel). The cliques c1, . . . , c8 of the sub-
tree chosen at the initial step of the algorithm are re-
placed by the new cliques d+

1 , . . . , d
+
8 and serve as deco-

ration of a Christmas tree.

structure corresponding to the new cliques will replicate the structure of
the edges within T ′ which are removed. Each of the remaining cliques
in T ′ are then connected to its corresponding new node (Lines 21 - 29).
Ultimately, the neighbors of cliques cm with separators that are subsets
of the corresponding new clique d+

j , can be moved to be neighbors of d+
j

instead (Lines 30 - 32).
The parameters α and β controlling the number of nodes in T ′ also

have interpretations in terms of T+ and g(T+). Since each node in the
subtree will give a new node in T+, the number of cliques containing
the internal node m + 1 is controlled by α. The parameter β is simply
interpreted as the probability of m+ 1 being connected to some node in
g(T ). We give two demonstrative examples.

Example 1. Figure 1 shows a junction tree (left panel) and a possible
expanded version (right panel) where the subtree chosen in the first step
contains the cliques c1, . . . , c8. This subtree is then replaced by the one
containing the new cliques d+

1 , . . . , d
+
8 having the same edge structure.

Those of the old cliques that were not swallowed by a new clique are
connected to the new cliques, giving the expanded tree the appearance of
a Christmas tree.
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1 2

3 4 5 6

7 8 9

{3, 4} {1, 4, 5} {2, 5, 6} {5, 6, 9}

{7} {4, 5, 8}

{4}

∅

{5} {5, 6}

{4, 5}

Figure 2. A decomposable graph and a corresponding
junction tree.

{3, 4} {1, 4, 5} {2, 5, 6} {5, 6, 9}

{4, 5, 8}{7} {10}

{4}

∅

{5} {5, 6}

∅{4, 5}

a: Connect the new clique
(red) to an arbitrary exist-
ing clique.

{3, 4} {1, 4, 5} {2, 5, 6} {5, 6, 9}

{4, 5, 8}{7} {10}

{4} {5} {5, 6}

{4, 5}

b: Create the forest F∅.

{3, 4} {1, 4, 5} {2, 5, 6} {5, 6, 9}

{4, 5, 8}{7} {10}

{4}

∅

{5} {5, 6}

∅

{4, 5}

c: Re-connect the forest
into a tree.

Figure 3. A possible outcome of Algorithm 2 where
the empty subtree was picked in the expansion of the
junction tree in Figure 2.

Example 2. Two different scenarios of how the junction tree with cor-
responding graph in Figure 2 could be expanded by the internal node
10, are illustrated. Figure 3 shows a possible scenario where the sub-
tree picked at line 1 is empty. Figure 4 demonstrates a possible scenario
where the subtree picked at line 1 contains the nodes c1 = {3, 4}, c2 =
{1, 4, 5}, c3 = {2, 5, 6} colored in blue. The new nodes, colored in red,
are d+

1 = {3, 4, 10}, d+
2 = {4, 5, 10}, d+

3 = {5, 6, 10} built from the sets
z1 = {4}, z2 = {4, 5}, z3 = {5} and q1 = {3}, q2 = ∅, q3 = {6}. The sets
of moved neighbors are n1 = ∅, n2 = ∅, n3 = {{4, 5, 6}}.

Now, the CTA is obtained as a recursive application of Algorithm 2.
By starting with the tree T1 = ({{1}}, ∅) and then successively applying
Algorithm 2 with the tree, Tj ∈ Tj produced in iteration j as input
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{3, 4} {1, 4, 5} {2, 5, 6} {5, 6, 9}

{4, 5, 8}{7}

{4}

∅

{5} {5, 6}

{4, 5}

a: Select a subtree (blue).

{3, 4, 10} {4, 5, 10} {5, 6, 10}

{1, 4, 5} {2, 5, 6} {5, 6, 9}

{4, 5, 8}{7}
∅

{5} {5, 6}

{4, 5}

b: Create new cliques (red).

{3, 4, 10} {4, 5, 10} {5, 6, 10}

{1, 4, 5} {2, 5, 6} {5, 6, 9}

{4, 5, 8}{7}

{4, 10}

∅

{5, 10}

{4, 5} {5, 6}

{5, 6}

{4, 5}

c: Replicate the edges
structure of the subtree for
the new cliques.

{3, 4, 10} {4, 5, 10} {5, 6, 10}

{1, 4, 5} {2, 5, 6} {5, 6, 9}

{4, 5, 8}{7}

{4, 10}

∅

{5, 10}

{4, 5} {5, 6}
{5, 6}

{4, 5}

d: Move some of the neigh-
bors of the old cliques to the
new cliques.

Figure 4. Visualisation of a possible outcome of Algo-
rithm 2 where a non-empty subtree was picked in the
expansion of the junction tree in Figure 2.

to get Tj+1 ∈ Tj+1, we obtain a sequence of junction trees satisfying
g(Tj) = g(Tj+1)[{1, . . . , j}], for j = 1, . . . , p − 1. Moreover, there is a
positive probability of any junction tree Tj ∈ Tj to be generated. We
formulate these properties in the next two theorems.

Theorem 2. Let T+ be a tree expanded from T ∈ Tm by Algorithm 2.
Then it holds that

I) T+ is a junction tree in Tm+1
II) g(T ) is an induced subgraph of g(T+).

Theorem 3. Every junction tree in the space Tm can be constructed by
Algorithm 2.

Example 3 illustrates a sample trajectory generated by the CTA.

Example 3. Figure 5 should be read in chunks of two rows and shows the
junction trees, the corresponding decomposable graphs and the subgraphs
generated by Algorithm 2 for m = 1, . . . , 5. The left column shows the
expansion of the junction trees and the right column shows the underlying
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decomposable graphs. The subtrees are colored in blue and the new cliques
are colored in red. The unaffected cliques are black. For example, the
subtree T ′1 for creating T2 on row 2 is found on row 1. The underlying
nodes in T ′1 for creating T2 is also found on row 1, and so on. The tuning
parameters are set to α = 0.3 and β = 0.9.

Theorem 2 and 3 are necessary properties of Algorithm 2 which allows
for applying it as a proposal kernel in the SMC algorithm presented in
Section 5. From a computational point of view, Theorem 4 presented
next is crucial, since it makes the expansion probability induced by the
algorithm tractable.

Theorem 4. Let T+ ∈ Tm+1 be expanded from T ∈ Tm by Algorithm 2.
The set of possible subtrees T ′ chosen at line 1 falls into the two following
categories:

I) If the subtree of T+ induced by the cliques containing the internal
node m + 1 has a single clique {m + 1} ∪ s which has exactly
two neighbors c1 and c2 such that sc1,c2 = s, then the possible
subtrees to be chosen at line 1 are {T ′1, T ′2} where T ′1 = ({c1}, ∅)
and T ′2 = ({c2}, ∅).

II) Else, T ′ is uniquely determined by T and T+.

We now, derive the transition probability kernel induced by Algorithm
2. We first introduce a set of random variables, all defined on the same
probability space (Ω,F ,P). Let T and T+ be random variables defined
on the spaces Tm and Tm+1 respectively for any fixed m. Further, let
Qj , Rj , Dj and Nj to be the random variables associated with the sets
qj , rj , dj and nj for j = 1, . . . , |V ′|. However, in the following for ease
of notation we let an event {ω ∈ Ω : X(ω) = x} in F for any random
variable X with possible outcome x defined on the current probability
space be abbreviated as just x, so that for example P(x) is notation for
P({ω ∈ Ω : X(ω) = x}).

The transition probability from T ∈ Tm to T+ ∈ Tm+1 is obtained by
marginalizing over the possible subtrees as

Kα,β
m (T, T+) =

∑
T ′ subtree of T

P(T+ | T ′, T )P(T ′ | T ),(2)

where we let P(T ′ | T ) = Sα,β(T, T ′). The conditional probability P(T+ |
T ′, T ) takes two different forms depending on whether T ′ is empty or not.
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Input: Junction tree T = (V,E) ∈ Tm
Output: T+ ∼ Kα,β

m (T, ·)
1 Draw T ′ = (V ′, E′) ∼ Sα,β(T, ·);
2 Let T+ be a copy of T ;
3 if T ′ = (∅, ∅) then
4 Add an edge from {m+ 1} to one of the cliques in T+;
5 Randomize T+ at the separator ∅;
6 return T+;
7 else
8 Enumerate the cliques in T ′ by c1, . . . , c|T ′|;
9 for j = 1, . . . , |T ′| do

10 Denote zj :=
⋃

c∈V ′\cj

scj ,c;

11 if there exists some c ∈ V ′ \ cj such that zj = scj ,c, then
12 Draw u1 ∼ Unif(cj \ zj);
13 Draw u2 ∼ Unif(℘(cj \ zj \ u1));
14 Let qj := u1 ∪ u2;
15 else
16 Draw qj ∼ Unif(℘(cj \ zj));
17 Denote dj := zj ∪ qj and d+

j := dj ∪ {m+ 1};
18 Add the clique d+

j to T+;
19 if dj = cj then
20 Remove cj and its incident edges from T+;

21 foreach edge (cj , ck) in T ′ do
22 Remove (cj , ck) from T+;
23 foreach edge (cj , ck) in T ′ do
24 Add (d+

j , d
+
k ) to T+;

25 for j = 1, . . . , |T ′| do
26 if dj = cj then
27 Let d+

j in T+ have all the neighbors that cj has in
T [V \ V ′];

28 if d+
j and cj are cliques in T+ then

29 Add the edge (cj , d+
j ) to T+;

30 for j = 1, . . . , |T ′| do
31 Draw nj ∼ Unif(℘({c ∈ neig(cj) : sc,cj ⊂ dj}));
32 Move the neighbors nj of cj to be neighbors of d+

j instead;
33 return T+

Algorithm 2: The CTA transition kernel.
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We obtain

P(T+ | T ′, T ) =


1/νg(T+)(∅), if T ′ = (∅, ∅)
|T ′|∏
j=1

P(qj | T ′, T )P(nj | T ′, T ), otherwise,

where P(qj | T ′, T ) are the clique subset probabilities given by

P(qj | T ′, T ) =
{

21−|rj∪qj ||qj |/|rj ∪ qj |, if ∃c ∈ V ′ \ cj s.t. zj = sc,cj

2−|rj∪qj |, otherwise

and P(nj | T ′, T ) are the new neighbor probabilities given by

P(nj | T ′, T ) =
{

1, if d+
j = cj ∪ {m+ 1}

2−|ndj
|, otherwise.

The key property of Kα,β
m (T, T+) is that due to Theorem 4, the sum

in (2) is taken over at most two subtrees, which makes its evaluation
computationally tractable.

3.3. The reversed Christmas tree algorithm. In this section we
present the reversed version of the Christmas tree kernel, Rm : Tm+1 ×
Tm → [0, 1]. The idea is to reduce a junction tree T+ ∈ Tm+1 by the
removing the internal node m + 1 in such a way that the resulting tree
T is a junction tree which could have been expanded by Algorithm 2 in
order to produce T+. The sampling procedure for Rm is presented in
Algorithm 3. Next follows a description of the steps.

Since Algorithm 3 is the reversed version of Algorithm 2, it takes two
different forms depending on whether {m+ 1} is present in T+ or not.
Specifically, if {m + 1} ∈ T+, then {m + 1} is removed from T+ and
the resulting forest is reconnected at random (lines 2 - 9). Otherwise,
if {m + 1} /∈ T+, let the cliques in the subtree T ′ induced by the node
m+ 1 be denoted by d+

1 , . . . , d
+
|T ′|. The aim is to determining the cliques

that can serve as a subtree in Algorithm 2 to produce T+. Since each
clique in the subtree will give rise to a new clique in Algorithm 2, this
reduces to determine the clique cj that can be used to produce d+

j for
each j = 1, . . . , |T ′| (reversing the lines 9 - 20 in Algorithm 2). The set
of cliques from which d+

j could have been expanded using Algorithm 2 is
denoted by nd+

j
. Now, if nd+

j
= ∅ we let cj = d+

j \ {m+ 1}. Otherwise, cj
is picked at random from the set nd+

j
. In either case, the edges incident

to d+
j are moved to cj (lines 7 - 13).
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Analogously to Theorem 2, the backward kernel preserves the junction
tree property. This is stated in Theorem 5.

Input: T+ ∈ Tm+1
Output: T ∼ Rm(T+, ·)

1 Let T be a copy of T+;
2 if {m+ 1} ∈ T+ then
3 Remove {m+ 1} from T // this will produce a forest
4 Connect T into a tree using Algorithm 1;
5 else
6 for j = 1, . . . , |T ′| do
7 Let nd+

j
= {c ∈ neig(d+

j ) : sc,d+
j

= d+
j \ {m+ 1}};

8 if nd+
j

= ∅ then
9 cj = d+

j \ {m+ 1};
10 else
11 Draw cj ∼ Unif(nd+

j
);

12 Let neig(cj) = neig(d+
j ) \ cj in T ;

13 Remove d+
j and its incident edges from T ;

14 return T ;
Algorithm 3: The reversed CTA kernel.

Theorem 5. Let T be a tree generated from T+ ∈ Tm+1 by Algorithm 3.
Then it holds that

I) T is a junction tree in Tm
II) g(T ) is an induced subgraph of g(T+).

The induced transition probability from T ∈ Tm from T+ ∈ Tm+1 is
given by

Rm(T+, T ) =


1/νg(T )(∅), if {m+ 1} ∈ T+

1/
|T ′|∏
j=1

max(1, |nd+
j
|), otherwise,(3)

where T ′ is the subtree of T+ containing m+ 1.
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4. Counting the number of junction trees for a
decomposable graph

In this section we derive the factorization provided in Thomas and
Green [2009b] to count the number of junction trees for a decomposable
graph. For sake of completeness, we restate three theorems from that
paper. The first counts the number of ways a forest can be reconnected
into a tree.

Theorem 6 (Thomas and Green [2009b]). The number of distinct ways
that a forest with m nodes comprising q subtrees of sizes r1, . . . , rq can be
connected into a single tree by adding q − 1 edges is

mq−2
q∏
i=1

ri.(4)

The order of a subtree Ts is denoted by ts. Then, by using Theorem 6
the following is obtained. Now, let ms be the number of edges associated
with the separator s and let f1, . . . , fms+1 be the orders of the components
in Fs(T ).

Theorem 7 (Thomas and Green [2009b]). The number of ways that the
components of Fs(T ) where s is a separator in a graph G with junction
tree T can be connected into a single tree by adding the appropriate num-
ber of edges is given by

νG(s) = tms−1
s

ms+1∏
j=1

fj .(5)

Theorem 8 (Thomas and Green [2009b]). The number of junction trees
of a decomposable graph G is given by

µ(G) =
∏

s∈S(G)

νG(s).(6)

Together with Theorem 6-8, Thomas and Green [2009b] also gives an
algorithm for reconnecting the tree Ts uniformly at random, a process we
refer to as randomizing the T at s. The algorithm is found in Appendix
B.

Here we exploit the fact that any decomposable graph G+ ∈ Gm+1 can
be regarded as an expansion of another decomposable graph G ∈ Gm, in
the sense that G+ has the extra node m + 1 and that G is an induced
subgraph of G+, see for example Lauritzen [1996]. The key insight is
that, when a node is added to G, not all separators will necessarily be
affected, meaning that some of the subtrees Ts may remain the same in
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the corresponding junction trees, so that for some separators is holds that
νG(s) = νG+(s). This leads to the factorization presented next.

Theorem 9. Let G+ ∈ Gm+1 be an expansion of a graph G ∈ Gm. Let
S? ⊂ S(G+) be the set of unique separators created by the expansion.
Then the following factorization holds.

µ(G+) =

∏
s∈U2

νG+(s)∏
s∈U1

νG(s) µ(G),(7)

where U1 = {s ∈ S(G) : ∃s′ ∈ S?, such that s ⊂ s′} is the set of sepa-
rators in G contained in some separator in S? and U2 = {s ∈ S(G+) :
∃s′ ∈ S?, such that s ⊂ s′} is the set of separators in G+ contained in
some separator in S?.

The potential computational gain obtained by using the factorization
in Theorem 9 for calculation the number of junction trees for an expanded
graph is illustrated with an example.

Example 4. Let G+ ∈ Gm+1 be an expansion of a graph G ∈ Gm in the
sense that m + 1 is connected to every node in one of the cliques in G.
Then, since the set of separators is the same in the two graphs, it holds
that µ(G+) = µ(G).
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5. Applications

In this section we apply the kernels {Kα,β
m }pm=1 and {Rm}pm=1 in the

generic SMC sampling scheme suggested in Olsson et al. [2016] for ap-
proximating distributions over decomposable graphs. Specifically, we are
interested in estimating the number of decomposable graphs |Gp|. For
this purpose we specify distributions over junction trees as

Pm(T ) = 1
|Gm|

× 1
µ(g(T )) ∝

1
µ(g(T )) ,(8)

where T ∈ Tm. Algorithm 4 provides the SMC weight updating scheme
for approximating (8). Specifically, an unbiased estimator of (8) is ob-
tained as

PNm(T ) = 1
ΩNm

N∑
i=1

ωim1(T im = T ),

where ΩNm :=
N∑
i=1

ωim. Further, we can estimate |Gp| directly by

1
Np

p∏
m=1

ΩNm.

Observe that by Theorem 9, the first factor at line 4 can in many cases, in
particular when the subtree is small, be calculated efficiently as illustrated
in Example 4.

Table 1 demonstrate our obtained estimates for p ≤ 15 with the CTA
parameter setting α = 0.5 and β = 0.8 where the number of particles
were set to N = 10000. The first column shows the true number and the
fraction of decomposable graphs respectively, which can be calculated ex-
plicitly for p ≤ 13 by Wormald [1985]. The second and the third column
shows the estimated means and standard errors respectively calculated
over T = 50 independent SMC runs. We note that the true values for
p ≤ 13 lies within one standard error of the estimated ones.

6. Summary

In the current study, we derived the CTA which iteratively constructs
a junction tree by adding one node at a time to the underlying graph.
The main difficulty arising when designing a similar expansion scheme
directly on decomposable graphs is to express the transition probabilities
in a tractable form. For the CTA however, transition probabilities are
tractable and together with Theorem 3, we provide a direct application
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Input: {(T im, ωim)}Ni=1
Output: {(T im+1, ω

i
m+1)}Ni=1

1 for i← 1, . . . , N do
2 draw Iim+1 ∼ Pr({ω`m}N`=1);
3 draw T im+1 ∼ Kα,β

m (T I
i
m+1
m , ·);

4 set ωim+1 ←
µ(g(T I

i
m+1
m ))

µ(g(T im+1)) ×
Rm(T im+1, T

Ii
m+1
m )

Kα,β
m (T I

i
m+1
m , T im+1)

;

5 return {(T im+1, ω
i
m+1)}Ni=1

Algorithm 4: SMC update.

in the realm of SMC sampling for decomposable graph distributions,
where the CTA is efficiently exploited as proposal kernel. The price paid
for using the junction tree representation, also discussed in Green and
Thomas [2013], is to compute the number of junction trees for each of the
sampled graphs. The imposed computational burden has been tackled by
the factorization property derived in Theorem 9 allowing for a dynamic
update.

Appendix A.

Lemma 1. A tree T where each node is a subset of a finite set, satisfies
the junction tree property if and only if for any path c1 ∼ cl = {c1, . . . , cl}
in T it holds that

c1 ∩ cl ⊂
l⋂

j=2
scj−1,cj .

Proof. This is seen by noting that
l⋂

j=1
cj =

l⋂
j=2

cj−1 ∩ cj =
l⋂

j=2
scj−1,cj ,

which implies that

c1 ∩ cl ⊂
l⋂

j=1
cj ⇐⇒ c1 ∩ cl ⊂

l⋂
j=2

scj−1,cj
.

�
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p # dec. est. # dec. std. err.
4 61 60.61709754 0.508867705932
5 822 810.82959092 11.4663085907
6 18154 17700.1171222 362.411575833
7 617675 597713.887207 16294.9462169
8 30889660 29774974.2866 997221.982009
9 2192816760 2108882353.85 88091412.6529
10 215488096587 205984332973.0 11472549915.7
11 2.87914140819e+13 2.76330829719e+13 2.03027781812e+12
12 5.16590849206e+15 4.99222585204e+15 4.44593010356e+14
13 1.19519821104e+18 1.2946275176e+17
14 3.78749677564e+20 5.39121585796e+19
15 1.59309022545e+23 2.69074540866e+22

p frac. dec. est. frac. dec. std. err.
4 0.953125 0.947142149063 0.00795105790518
5 0.802734375 0.791825772383 0.0111975669831
6 0.554016113281 0.540164707099 0.0110599235789
7 0.294530391693 0.285012191394 0.00777003584712
8 0.115072950721 0.110920422847 0.00371494137499
9 0.0319096836029 0.0306882772398 0.00128189876927
10 0.00612454006691 0.00585442685897 0.000326069480129
11 0.000799122270632 0.00076697212392 5.63515295017e-05
12 7.00111151244e-05 6.7657276429e-05 6.02535884624e-06
13 3.95457915332e-06 4.28356313215e-07
14 1.5297577651e-07 2.17749474404e-08
15 3.92727061671e-09 6.63319955874e-10

Table 1. SMC estimation of the number and the frac-
tion of graphs that are decomposable for p ≤ 15. The
number of particles were set to N = 10000 and the CTA
parameters where set to α = 0.5, β = 0.8. The estimated
means and standard errors were calculated from T = 50
independent SMC runs.

Proof of Theorem 2. Case (II) follows directly since the only new internal
node added to T in order to get T+ is m+1 and no edges has been removed
within the nodes 1, . . . ,m.
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{1}

T ′
1

1

G′
1

{1, 2}

T2

1 2

G2

{1, 2}

T ′
2

1 2

G′
2

{1, 2} {3}∅

T3

1 2 3

G3

{1, 2} {3}∅

T ′
3

1 2 3

G′
3

{1, 2} {2, 4} {3, 4}
{2} {4}

T4

1 2 4 3

G4

{1, 2} {2, 4} {3, 4}
{2} {4}

T ′
4

1 2 4 3

G′
4

{1, 2} {2, 4, 5} {3, 4}
{2} {4}

T5

1 2 4 3

5

G5

Figure 5. Example run of the CTA, with the parame-
ters α = 0.3, β = 0.9.

In order to prove (I) we distinguish between the cases, T ′ = (∅, ∅) and
T ′ 6= (∅, ∅).

For T ′ = (∅, ∅), since the clique {m+ 1} is disjoint from all the other
cliques it can be connected to an arbitrary clique in T with separator
∅ while preserving the clique intersection property. Thomas and Green
[2009a] shows that randomizing a tree at a given separator preserves the
clique intersection property.
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For T ′ 6= (∅, ∅), we first consider showing that T+ produced in lines 7 -
29 is a tree that satisfies the clique intersection property. T+ is a tree since
the subtrees produced up to line 22 are all reconnected through the same
tree T+[{d+

1 , . . . , d
+
|T ′|}] after line 29. To ensure the clique intersection

property, consider the path in T+

{a1, . . . , ar, c1, d
+
1 , . . . , d

+
l , cl, b1, . . . , bq},

where a1, . . . , ar and b1, . . . , bq are non-empty sequences of cliques in T .
Let a and b be the first and the last element in this path. The fact that
{d+

1 , . . . , d
+
l } is the d+

1−d+
l path in T+ implies that {c1, . . . , cl} is the c1−cl

path in T since by construction (line 22) (cj , ck) ∈ E′ ⇐⇒ (d+
j , d

+
k ) ∈

E+. We know that the paths {a1, . . . , ar, c1} and {cl, b1, . . . , bq} both
exist in T since T is connected. Thus

{a1, . . . , ar, c1, . . . , cl, b1, . . . , bq},
is the a− b path in T . The clique intersection property in T ensures that
a ∩ b ⊂ Ia∼b where

Ia∼b =
r⋂
j=1

aj

l⋂
j=1

cj

q⋂
j=1

bj .

Consider the intersection of the cliques in a ∼ b in T+, denoted by

I+
a∼b =

r⋂
j=1

aj ∩ c1

l⋂
j=1

d+
j ∩ cl

q⋂
j=1

bj .

Since for l = 1 we have d+
1 = c1 ∪ {m+ 1}, and by Lemma 1, for l > 1

l⋂
j=1

d+
j =

l⋂
j=2

sd+
j−1,d

+
j

=
l⋂

j=2
scj−1,cj ∪ {m+ 1} =

l⋂
j=1

cj ∪ {m+ 1},

we have that

I+
a∼b =

{
Ia∼b, if a ∼ b intersects V ′m+1

Ia∼b ∪ {m+ 1}, otherwise.

Thus in any case a ∩ b ⊂ Ia∼b ⊂ I+
a∼b. See Figure 6 for an illustration of

the path a ∼ b.
Now, consider T+ after line 30-32. Let Tscj ,c

be the subtree induced by
the cliques containing one of the separators scj ,c from line 31. Since dj ⊂
cj and dj ⊂ d+

j , dj and dj will be contained in the same tree in the forest
Fscj ,c obtained by cutting Tscj ,c at scj ,c. The tree containing c will be in
different trees and can be connected to either cj or d+

j while maintaining
the clique intersection property by Green and Thomas [2013]. �
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d+
1 d+

2 d+
3 d+

4

c1 c2 c3 c4

a b

Figure 6. The path {a, . . . , c1, d
+
1 , d

+
2 , d

+
3 , d

+
4 , c4, . . . , b}

illustrates one possible path used in the proof of Theorem
2.

Proof of Theorem 3. The space containing the trivial junction tree is
T1 = {({1}, ∅)}. We do induction on m + 1. For m + 1 = 2, the space
is T2 = {T1, T2} where T1 = ({{1, 2}}, ∅) is the unique tree constructed
from the subtree ({1}, ∅) and T2 = ({{1}, {2}}, {({1}, {2})}) is the unique
tree constructed from the subtree (∅, ∅).

For the induction step, assume that every junction tree in Ti for i <
m + 1 can be constructed by Algorithm 2. Let T ∈ Tm be a junction
tree generated by Algorithm 3 with T+ as input. We show how T can be
used as input for Algorithm 2 in order to construct T+. We distinguish
between the two cases, {m+ 1} ∈ T+ and {m+ 1} /∈ T+.

If {m+ 1} ∈ T+, T+ can be constructed from T by picking the empty
subtree at line 1 and obtaining the tree T+ at the randomization at line
5.

If {m+1} /∈ T+, let T ′+ = (V ′+, E′+) be the subtree of T+ spanned by the
cliques containing the internal node m + 1 where V ′+ = {d+

1 , . . . , d
+
|T ′|}.

Further, let T ′ = (V ′, E′) be the corresponding subtree of T , where
V ′ = {c1, . . . , c|T ′|}. Then T can be expanded to T+ by selecting the
subtree T ′ at line 1 and choosing the proper subsets qj for j = 1, . . . , |T ′|
at line 14. The neighbors of d+

j for the resulting tree can now be set to
be identical to that in T+ by letting nj = neig(d+

j ) \ cj \ V ′+ at line 31.
�

Proof of Theorem 4. Let T ′+ = (V ′+, E′+) where V ′+ = {d+
1 , . . . , d

+
|V ′+|
} be

the subtree of T+ induced by the cliques containing {m + 1}. Following
the notation in Algorithm 2, we let the subtree of T from which T+ was
built be denoted by T ′ = (V ′, E′) and let cm be the clique associated
with d+

m. We distinguish between two cases depending on |V ′+|.
For |V ′+| = 1,
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• if |nd+
1
| = 0, no edge was created for d+

1 , meaning that the subtree
consists of the clique d+

1 \ {m+ 1} due to line 18 - 20.
• if |nd+

1
| = 1, then the subtree consists of the unique element in

nd+
1

since an edge is created to the new node at line 28 - 29.
• If |nd+

1
| ≥ 2, denote the cliques in nd+

1
by c1, c2, . . . , c|n

d
+
1
|. Note

that, since nd+
1

consists of more than one element, c2, . . . , c|n
d

+
1
|

are former neighbors of c1 by line 30 - 32. Thus, every clique
in {c2, . . . cn

d
+
1
} are neighbors of c1 in T . This implies that for

|nd+
1
| = 2, the subtree could also consist of c2 since the c1 could

be moved at line 30 - 32. However, for |nd+
1
| ≥ 3, the node c1

must be the unique subtree since if there would be two potential
subtrees, say that with nodes c1 and c2, the would both have
have c3 as neighbor in T , which would form a cycle.

For |V ′+| > 1, assume that T ′ is the subtree selected in step 1. The
cliques in V ′ and V ′+ can be partitioned, respectively into cj = zj ∪qj ∪rj
and d+

j = zj ∪ qj ∪ {m+ 1}, where zj =
⋃

c∈V ′+\d
+
j

sd+
j
,c \ {m+ 1}. Suppose

that for each d+
j there exists some clique c′j = zj ∪ qj ∪ r′j ∈ neig(d+

j ) \ cj
such that T ′′ = (V ′′, E′′) = T [{c′1, . . . , c′|T ′|}] is a subtree with the same
structure as T ′ in the sense that

(c′j , c′k) ∈ E′′ ⇐⇒ (cj , ck) ∈ E′.

Then {(c1, c
′
1), (c2, c

′
2)} ∈ E since every neighbor of d+

j in T+ is a neighbor
of cj in T . This creates the cycle {c′1, c′2, c2, c1, c

′
1} in T , see Figure 7.

Thus T ′ is the unique subtree. �

d+
1 d+

2

c′
1 c1 c′

2 c2

a: T+

c′
1 c1 c′

2 c2

b: T

Figure 7. Illustration of the cycle created in the proof
of Theorem 4.
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Proof of Theorem 5. To show I) we distinguish between the cases {m +
1} ∈ T+ and {m + 1} /∈ T+ and show that the junction tree property
holds for the resulting tree T in either case.

If {m + 1} ∈ T+, then no other clique will contain {m + 1} which in
turn implies that each neighbor of will have ∅ as associated separator.
Removing one node from a tree will always result in a forest, possibly
containing only one tree (line 3). Since {m+ 1} is not contained in none
of these trees, they will all satisfy the junction tree property and the
connection into a tree by Algorithm 1 will give a random junction tree
for g(T+{1, . . . ,m}) (line 4).

If {m+1} /∈ T+, by a similar argument to that in the proof of Theorem
2, we show that T ∈ Tm. Consider the path (length at least 2) in T

{a1, . . . , ar, c1, . . . , cl, b1, . . . , bq},
where r ≥ 0, q ≥ 0, l ≥ 0, and let a and b be the first and the last elements
in this path. Let the intersection of the cliques in a ∼ b be denoted by

Ia∼b =
r⋂
i=1

ai

l⋂
j=1

cj

q⋂
i=1

bi.

We must prove that a ∩ b ⊂ Ia∼b. Observe that since cj gets every
neighbor of d+

j we have in particular that
(d+
j , d

+
k ) ∈ E+ ⇐⇒ (cj , ck) ∈ E,

thus the path {d+
1 , . . . , d

+
l } exists in T+. We know that in T+, the clique

ar was connected to either c1 (in which case (c1, d
+
1 ) ∈ E+) or to d+

1 and
b1 was connected to either cl (in which case (cl, d+

l ) ∈ E+) or to d+
l . The

subpaths {a1, . . . , ar} and {b1, . . . , bq} also exist in T since nothing has
been changed in that part compared to T+. Consider the case where ar
was connected to d+

1 and b1 was connected to d+
l , then the a− b path in

T+ has the form
{a1, . . . , ar, d

+
1 , . . . , d

+
l , b1, . . . , bq}.

Let

I+
a∼b =

r⋂
i=1

ai

l⋂
j=1

d+
j

q⋂
i=1

bi.

We know that a ∩ b ⊂ I+
a∼b and by Lemma 1 we have

l⋂
j=1

d+
j =

l⋂
j=1

cj ∪

{m + 1}. But {m + 1} /∈ a and {m + 1} /∈ b, thus a ∩ b ⊂ Ia∼b = I+
a∼b.

Note that adding c1 ∩ cl to I+
a∼b does not change anything, so the clique
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intersection property also holds in the case where ar was connected to c1
or b1 was connected to cl.

To show II) we simply observe that the only internal node removed
from T+ compare to T is m+ 1 so that g(T+)[{1, . . . ,m}] = g(T ).

�

Proof of Theorem 9. Consider the following disjoint partitions of the sep-
arators in G and the separators in G+

S(G) = U1 ∪ U c
1

where

U1 ={s ∈ S(G) : ∃s′ ∈ S?, such that s ⊂ s?}
U c

1 ={s ∈ S(G) : @s′ ∈ S?, such that s ⊂ s?}
and

S(G+) = U2 ∪ U c
2

where

U2 ={s ∈ S(G+) : ∃s′ ∈ S?, such that s ⊂ s?}
U c

2 ={s ∈ S(G+) : @s′ ∈ S?, such that s ⊂ s?}.
In order to show that the factorization holds we need to show that

1) S(G+) = U2 ∪ (S(G) \ U1) = U2 ∪ U c
1

2) Ts = T+s for s ∈ U c
1 ,

where T and T+ are junction trees associated with the graphs G and G+
respectively.

To show 1), let s ∈ U c
2 . It suffice to show that s ∈ G since then it

follows that s ∈ U c
1 . But since s is in S(G+) and was not created by the

expansion (s ∈ S?), it has to come from G. Thus U c
2 ⊂ U c

1 . For the other
inclusion, let s ∈ U c

1 . It suffice to show that s ∈ S(G+). But if s ∈ S(G)
and not subset of a separator in S(G+), it can not have been removed
by the expansion meaning that s ∈ U c

2 . Thus s ∈ U c
2 and U c

1 ⊂ U c
2 . It

follows that U c
1 = U c

2 .
To show 2), let s ∈ U c

1 and consider the tree Ts. Assume that T+s

is different from Ts. This could only occur in two ways. I) some new
separator s′ that contains s has been created. II) some separator con-
taining s has been removed. I) cannot happen since then s′ would be
a new separator in S? that would also contain s which was not true by
assumption. II) The only way a separator s1 of Ts can be removed is if a
new separator s1 ∪ {m+ 1} also is created. But then s1 ∪ {m+ 1} would
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be a new separator in S? containing s, leading to a contradiction. This
implies that νG(s) = νG+(s).

�

Appendix B.

Algorithm 1 (Thomas and Green [2009b]). Given any particular junc-
tion tree representation T , we can choose uniformly at random from the
set of equivalent junction trees by applying the following algorithm to the
forests Fs defined by the distinct separators in T .

(1) Label each vertex of the forest {i, j} where 1 ≤ i ≤ q and 1 ≤
j ≤ j, so that the first index indicates the subtree the vertex be-
longs to and the second reflects some ordering within the subtree.
The ordering of the subtrees and of vertices within subtrees are
arbitrary.

(2) Construct a list v containing q−2 vertices each chosen at random
with replacement from the set of all p vertices.

(3) Construct a set w containing q vertices, one chosen at random
from each subtree.

(4) Find in w the vertex x with the largest first index that does not
appear as a first index of any vertex in v. Because the length of
v is 2 less than the size of w, there must always be at least two
such vertices.

(5) Connect x to y, the vertex at the head of the list v.
(6) Remove x from the set w, and delete y from the head of the list

v.
(7) Repeat from step 4 until v is empty. At this point w contains two

vertices. Connect them.
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