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Abstract

Of fundamental importance in networked systems is real time resource
allocation policies. For example, in water distribution systems, water has to
be optimally allocated from the produces to the users. In wireless commu-
nication systems, radio resources have to be optimally managed at the base
stations and access points or user equipments and clients. In Smart Grids,
electrical flows have to be optimally allocated from the produces to the con-
sumers. In all these systems, the allocations are done by communicating
information over Internet of Things (IoT) networks, serving the Cyberphys-
ical systems, that have limitations such as bandwidth, delay, and losses.
Although resource allocation schemes are optimal in theory, in practice they
are challenged by the IoT network limitations that can easily cause inaccu-
rate and thus not optimal allocation results. Motivated by theses challenges,
we study how the negative effects of time delay can be reduced when solv-
ing distributed resource allocation problems by using estimation techniques.
In particular, we apply methods used for data fitting, to estimate the de-
layed current value, based on already arrived signals. These three methods
are, respectively, interpolation, least squares and artificial neural networks.
Starting from theoretical analysis of signal sequence regularity, interpolation
and least squares are proposed. On top of that, the articial neural network
further enables us to preform the prediction without preknowledge of the reg-
ularity. We show in numerical simulations that all three methods can largely
improve the convergence rate of standard resource allocation algorithms when
the communication is delayed. Specifically, the convergence rate is remark-
ably faster, compared with using the latest received data purely to substitute
the delayed one, even than the ideal case where there is no delay. These re-
sults imply that methods from numerical analysis and machine learning can
be useful tools for predicting delayed signals, when implementing resource
allocation algorithms in real-world infrastructures with imperfect communi-
cation networks. The thesis contains the following parts: motivation and
literature review, background theories, then we apply the three estimation
techniques for Lagrangian dual and primal variables prediction, in a specific
distributed resource allocation model, and numerical simulation.



Abstrakt

Av avgörande betydelse i nätverkssystem är egens ressursallokering poli-
tik för att användare ska dela gemensamma kommunikationsresurser, s̊asom
bandbredd och elkraft. S̊aledes resursallokering i realtid algoritmer kom-
mer att vara grundläggande för dessa system. Dock är tidsfördröjningen
oundviklig för verkliga kommunikationsnät. Även om resursallokering sys-
tem är optimala i teorin, eftersom de sanna nuvärdena som uppdateringen
beror p̊a är försenade, det kan lätt orsaka felaktiga och därmed inte optimalt
fördelningsresultat. Motiverad av dessa utmaningar studerar vi hur de nega-
tiva effekterna av tiden förseningar kan minskas när man löser problem med
distribuerade resursfördelningar genom att använda uppskattningstekniker.
I synnerhet tillämpar vi metoder som används för data för att uppskatta
det försenade nuvärdet, baserat p̊a redan anlänt signaler. Dessa tre metoder
är respektive interpolering, minsta kvadrater och konstella neurala nätverk.
Utg̊aende fr̊an teoretisk analys av signal sekvensregelbundenhet, interpola-
tion och minsta kvadrater föresl̊as. Ovanp̊a det, articial neurala nätverket
gör det möjligt för oss att preforma förutsägelsen utan förkunnelse om regel-
bundenhet. Vi visar i numeriska simuleringar att alla tre metoderna i stor
utsträckning kan förbättras konvergens hastigheten för standard resurs al-
lokerings algoritmer när kommunikationen är försenad. Specifikt är kon-
vergens frekvensen anmärkningsvärt snabbare, jämfört med att använda de
senaste mottagna uppgifterna bara för att ersätta den fördröjda, även om
det är idealiskt fall där det inte finns n̊agon fördröjning. Dessa resultat
innebär att metoder fr̊an numerisk analys och maskininlärning kan vara
användbara verktyg för att förutsäga fördröjda signaler när du implementerar
resursen allokeringsalgoritmer i verkliga infrastrukturer med ofullkomlig kom-
munikation nätverk. Avhandlingen inneh̊aller följande delar: motivation
och litteraturöversyn, bakgrundsteorier, d̊a tillämpar vi de tre uppskattning-
steknikerna för Lagrangian dubbla och primala variabler förutsägelse, i en
specidistribuerad resursfördelningsmodell och numerisk simulering.
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Chapter 1

Introduction

This chapter includes section 1.1 motivation, 1.2 literature review, as well
as 1.3 contribution and outline that summarizes the main work and the
structure of the thesis.

1.1 Motivation

Resource allocation and distributed optimization have enjoyed a broader ap-
plication field with the development of Internet of Things, smart grid, cyber-
physical systems and smart cities. A system like these (a city, house or
grid, etc) is operated by multiple autonomous sensors, appliances and actu-
ator devices. To operate these systems efficiently, the autonomous devices
need to solve many optimization problems and communicate their own data
with each other, to efficiently allocate scarce resources that shared among
devices, such as electric power, data, or water. Thus resource allocation and
distributed optimization are of importance.

However, time delay is a phenomenon that can be unavoidable in com-
munication networks and control systems. As a consequence, it is a potential
reason for communication congestion and package drop, and it can make a
control system unstable, or difficult to manipulate with algorithms in ideal
condition. Similarly, if resource allocation problems are based on real-time
communication, and adjust their variables accordingly, then delay will make
it hard for manipulators to form the optimal allocation policy. Since the
current values to depend upon are delayed, which can be of much difference
compared to the past ones.
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Motivated by these challenges, it is urgently required for algorithms deal-
ing with delay in real-time resource allocation problems. These algorithms
can be expected to reach a result as close to the ideally synchronous situation
as possible, and also make the allocation more and more accurate when delay
exists. In addition, these algorithms can achieve a faster convergence rate of
resource allocation as well. Thus the way we utilize the data and information
at hand is worth research, to gain some information or predictions for the
current value, if the inner regulations of the variable exist. So instead of us-
ing past values directly to make a decision at the current time, a prediction
of current value can be more convincing and has the potential to yield better
results.

1.2 Literature review

The thesis is based on the optimization flow control model [11], which was
proposed in 1999 by Steven H Low and David E. Lapsley, the paper proposed
the dual model of TCP/AQM, and combined the TCP source algorithm and
link algorithm together to achieve a model that boosts the congestion control
algorithms. The optimization flow control model borrows theories from opti-
mization, microeconomics and nonlinear dynamics, treating the Lagrangian
dual variables as prices, and using the feedback from links to adjust the
sources’ rate. The main method in the optimization flow control model is
gradient projection, where the prices update their values based on gradient
descent method [11].

Since optimization flow control is a standard real-time resource allocation
model, many improvements from different perspectives have been made these
years. There are people focus on the convergence rate of the problem. To
make the process as fast as possible, methods from nonlinear optimization
are taken and applied to the model. In [11] a Newton-like method was
transplanted into the iteration equation of the Lagrangian dual variable,
which was specifically called price in the model. In [5] conjugate gradient
method was applied also to the iteration equation of price. Besides, [5] also
proposed to apply a scale-varying approach called DFP. The main idea of
DFP is that if the step-size can be variable according to the current state
values, then it is possible to accelerate the convergence, where the state
values are far from the optimal, the step-size is large, while near optimum it
is small. These solutions resulted in remarkably earlier convergence. Another
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problem regarding real-time resource allocation is that there is no guideline
for choosing the initial value of the Lagrangian dual variable to start with.
In [12] Sindri Magnússon et al. investigated how to choose the algorithm
parameters to ensure that the problem remains feasible at every iteration.

So far there are improvements on algorithms for real-time resource allo-
cation, while there are also researches on delay in distributed optimization.
[1] showed that for smooth stochastic problems, the delays are asymptoti-
cally negligible and order-optimal convergence results can be achieved, with
dual averaging and mirror descent method. The global exponential stability
of FAST TCP with queueing delay was proved in [6]. Besides, subgradient
method was applied to dual decomposition to deal with delay in [19]. Delay
was modeled as a Markov chain in a consensus problem in [20].

There are algorithms to cope with delay in control algorithm field, where
delay is a crucial problem, as it can make the system unstable, and difficult
to control. Thus people from control field have investigated how to detect,
measure and model or even predict the delay. Such algorithms are proposed
in [22] and [23]. Moreover, a traditional controller, which is called Smith
controller, is specially designed for pure time delay, and there have been
improved Smith controllers that can cope with more complex time delay, such
as in [13] and [14]. Besides Smith controller, model predictive control (MPC)
is also applied for systems with time delay, such as in [7] and [17]. However,
same as Smith controller, they are only applicable for control systems. Some
of real-time resource allocation problems may be transformed into control
systems, but some cannot. The model used in the thesis is one of the latter, so
unfortunately neither Smith controller nor MPC is applicable for the specific
model.

Artificial neural network is a standard machine learning method widely
used for data fitting, classification and prediction. There have been predic-
tion applications like in [15] which was a prediction in biology, and in [9],
ANN was used for chaotic time series prediction. Specifically, in [18] ANN
was used to predict the time delay sequence. The time delay sequence was
random but it was stable within a certain range in most of the time, so the
prediction result was good. Hence in this paper, artificial neural network
is used to predict the delayed value. In this way, the convergence time is
smaller than taking the latest data case.

5



1.3 Contribution and outline of the thesis

The thesis proposes methods to reduce the negative effect of time delay in
distributed resource allocation. Three methods to estimate the delayed signal
are presented.

First of all, interpolation and least squares method are applied respec-
tively, thus the delayed value is predicted according to its latest values, and
the resource allocation can be more accurate. As a result, the convergence
rate is remarkably faster compared with using the latest received data purely
to substitute the delayed one, even than the ideal case where there is no delay.
On top of knowing some patterns or the curve shape of signal update, like
in interpolation and least squares, artificial neural network further enables
us to preform the prediction without preknowledge of the regulations. With
synchronous data as training set, we trained a network to predict the delayed
price according to its latest values. As a result, the convergence rate is also
faster than the latest data case, and also the overshooting is significantly
reduced. On the other hand, the deficiency of transmission rate prediction is
theoretically analyzed, and also simulated by artificial neural network. And
the reason why the convergence is slower is explained.

In conclusion, the three estimation techniques (interpolation, least squares
and artificial neural network) are applicable for real-time resource allocation
and distributed optimization problems, the prediction result is accurate, thus
can reduce the negative effect of time delay, specifically accelerate the con-
vergence process, or cut down the overshooting.

Chapter 1 of the thesis includes the motivation, what problems are solved,
where the problems are from, and what have been done in this field by others
in the literature review. Then the contribution and outline introduces the
main work and the structure of the thesis.

Chapter 2 is the theoretical basis of the work. First convex optimization
is introduced, which includes a type of optimization problem named resource
allocation, whose formulation and dual decomposition are then presented.
And three estimation techniques used in the thesis are reviewed successively
afterwards, they are interpolation, least squares method and artificial neural
network.

Chapter 3 is the core of the thesis. Based on a specific distributed resource
allocation model called optimization flow control, three estimation techniques
are applied to predict the delayed signal called price, and the prediction result
is compared with using the latest received data case. And the results show
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that the three estimation techniques are effective for reducing the negative
effect of delay.

Chapter 4 is the realization of algorithms in the third chapter. The sim-
ulations are performed in MatLab.

Finally, Chapter 5 is conclusion and future work, summarizing the thesis
and proposing several potential research directions.
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Chapter 2

Background

This chapter presents the theoretical foundation of the thesis. Section 2.1 in-
troduces convex optimization, which includes a type of optimization problem
named resource allocation , which is presented in section 2.2. And in section
2.3 three estimation techniques used in the thesis are reviewed successively.

2.1 Convex optimization

A convex optimization problem is on the following form:

minimize
x

f0(x)

subject to fi(x) ≤ bi, i = 1, . . . ,m.
(2.1)

where the functions f0, f1, ..., fm : Rn → R are convex, i.e., satisfy

fi(αx+ βy) ≤ αfi(x) + βfi(y) (2.2)

for all x,y∈ Rn and all α, β ∈ R with α + β = 1, α ≥ 0, β ≥ 0 [4].
Usually, there is no general solution method or analytical formula for

convex optimization problems, but there are different and effective methods
to solve them, the choice may depend on the specific form of each convex
optimization problem. However, if a problem can be formulated as a convex
optimization problem, then it can be solved efficiently.

Convex optimization, which is one of the subfields of optimization, studies
problems that minimize (or maximize) convex functions. The reason why
convex optimization is popular is that the property of convexity can make
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optimization problems easier to find the global optimum solution than general
cases, since if a local minimum has been found, it must be a global minimum
solution as well. Thus we only need to find the local optimal solution, rather
than a global one, then we get it for free.

Within this thesis we are restricted to convex optimization problems,
we do not mention deliberately each time though, where all the objective
function and the inequality constraints are convex functions, whose definition
is that if the curve of the function is plotted in a Euclidean space, any line
segment of arbitrary two points on the curve is above or on the curve. The
reason why convex problem is preferred is that once an optimal solution is
found in its neighborhood, then it is also global optimal, thus avoids us get
stuck in a local optimal result.

One type of convex optimization problem that is very important in reality
is resource allocation.

2.2 Resource allocation

Resource Allocation is a term widely used in many fields, such as Electronic
Engineering, Economics, Logistics and Management, which usually refers to
the process that allocating available limited resources (such as electricity,
funding, labor, goods and materials) to multiple users, based on a measure-
ment of utility acting as the objective function, which takes the overall cost
and income into account.

In particular, many elements are quantized into an abstract mathematical
equation, to answer the questions like: How much does it cost to allocate per
unit of resource, including materials, equipments, distance and labor? How
much is the profit to allocate per unit of resource to each user? As a result,
in general none of the users in the system has reached its own maximum
profit, but they reach an optimal result as a whole. And on the other hand,
the resource is not divided evenly among users, since fairness is in general
not the main criterion. Hence, the formulation of the objective function is
the key in resource allocation problems.

Besides the objective function, the constraints are of importance, since
they are the reason that sometimes we cannot reach the optimal value, but a
relatively better one than others among the feasible region. The constraints
are practical, for example, the users has upper and/or lower bound on the
demand, productivity, materials, work hours and other capacities.
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2.2.1 Distributed resource allocation

The master thesis project aims at studying distributed algorithms for solv-
ing resource allocation optimization problems. Such problems consist of N
users that share scarce resources such as transmission rate in communication
networks or power in power networks. The best allocation of the resources
is found by solving optimization problems of the form

minimize
x1,...xN

N∑
i=1

fi(xi)

subject to g(x1, ..., xN) ≤ 0,

xi ∈ Xi, i = 1, ..., N.

(2.3)

where user i = 1,. . . ,N maintains privately its objective function part fi and
the local constraint Xi. The constraint g(x1, ..., xN) ≤ 0, represents the
resource sharing among the users [16].

These problems are traditionally solved by using dual decomposition or
dual gradient methods. However, real-world networks have many types of
communication limitations such as delays and data-rate constraints.

Motivated by these challenges, the main goal of this project is to investi-
gate general properties of such dual decomposition methods when the com-
munication network is constrained. That includes (a) studying fundamental
limits of the performance of distributed algorithms for given constraints on
the communication network, (b) study trade-offs between algorithm perfor-
mance and the networks capabilities, and (c) design communication efficient
distributed algorithms. To tackle these challenges, we study novel ways to
model the communication delay in networks and study how it affects the
algorithm performance.

Resource allocation is a critical topic in Operations Research, where peo-
ple from mathematics, engineering, industries have developed various algo-
rithms to solve resource allocation problems.

There is a class of solutions based on the shortest path formulation, where
the typical approach is Dynamic Programming. More concretely, the problem
is solved user-by-user, from the former users any feasible paths can be formed,
and at the next user, current optimal path is compared with possible paths.
And the overall optimal solution will not appear until coming to the last
user. The property of Dynamic Programming is thus backward, but the
main advantage of it is that it reduces the amount of calculation remarkably,
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to a linear order as the number of users significantly increases, which is
however the fatal flaw of enumeration method. Another method is Expected
Backorder, which is a mature method when dealing with inventory allocation
problems, especially how many spare parts of each kind should be stored, how
often and how much the stock should be supplied.

Mathematically, there are linear and nonlinear optimization solutions.
For example linear programming includes simplex method, inner point, branch
methods and etc, and also integer programming and stochastic program-
ming. While nonlinear programming contains gradient method, newton and
newton-like methods, variable metric method and etc. As Machine Learning
becomes more and more popular, many approaches like neural network, deep
learning have been applied to optimization and resource allocation problems.
On top of the discrete-time version, optimal control theory is mainly about
continuous system, which is widely used in automotive control industries.

2.2.2 Dual decomposition

Based on Lagrangian Duality theory, problems can be viewed from primal
and dual prospectives, which in general provides a relative easier prospective
to solve the problem. The relationship between primal and dual solutions
is duality gap. If the solutions are identical, then it is called strong duality,
while usually there is a small difference instead.

In the formulation of resource allocation, the Lagrangian dual function is

L(x, λ) =
N∑
i=1

fi(xi)− λTg(x1, ..., xN) (2.4)

Where λ are the dual variables with the constraint λ ≥ 0. With the denota-
tion

D(λ) = min
x
L(x, λ) (2.5)

the dual problem becomes

maximize
x

D(λ)

subject to λ ≥ 0
(2.6)

Hence, resource allocation problems can take various formulations, come
from different backgrounds, have different resources to allocate within all
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varieties of constraints, but in essence they try to allocate the resources
efficiently, namely to achieve the maximum profit with minimum cost.

Optimization problems where the problem data is separately maintained
by autonomous users or devices appear in many modern engineering appli-
cations. Examples include machine learning and information processing in
sensor networks, coordination of devices in smart cities and the Internet of
Things, and energy management in power networks.

In solving these optimization problems, it is usually important to pre-
serve the individual user’s autonomy and privacy. In addition, the solution
approach must scale well with increasing number of users and be adapt to
provide solution in real time. Therefore, these problems need to be solved
in a distributed fashion, where each user iteratively performs local computa-
tion that is coordinated with other users via a light communication protocol.
Motivated by this challenge, much recent research has focused on design-
ing such distributed optimization algorithms. However, even though existing
algorithms perform well in theory, they use communication protocols that
violate the constraints of real-world communication networks. To bridge this
gap between theory and practice, it is important to address the following
questions: what are the fundamental limits of distributed algorithms for a
given communication networks? And what are the key trade-offs between
communication capability and algorithm performance?

gradient descent method

A common method is gradient descent, which lays the foundation of the
thesis. The basic idea is to find the minimum, the procedure initializes from
an arbitrary point, which can be determined by the user. At each iteration,
the value updates according to the gradient of the objective function, usually
the new value is the former one pluses or minuses the gradient, and is scaled
by step-size. For gradient descent, the former value minus the gradient.

The gradient is obtained by taking derivative of the objective function,
which indicates the direction along which the objective function increases the
fastest. And the minus sign means the opposite direction where the objective
function decreases the most. Thus the minimum value can be reached as fast
as possible.

Define a multi-variable function F(x), which is differentiable around the
neighborhood of a point a, then the direction that F(x) decreases the fastest
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is the negative gradient of F at a, −∇F (a), as the equation

an+1 = an − γ∇F (an) (2.7)

the term γ∇F (a) is subtracted from a to move against the gradient, i.e.
down toward the local minimum.

When the gradient is steep, the speed to converge is fast, while near the
minimum the step is small at each iteration. And if we add constraint on the
gradient and force it to be non-negative, then overshooting can be avoided.

2.2.3 Delay

In network systems, delay is a common phenomenon. Because of limited
bandwidth, package drop, external disturbances, delay is unavoidable. It
is an important factor when designing and assessing the performance of a
communication network or telecommunications. Delay of a network reflects
the time it takes for data to transfer from one node to another in a network.
It is usually measured in multiples or fractions of seconds. Delay can be
different from nodes to nodes and time-varying, depending on the relative
locations of two connected nodes. In theory, both the maximum and the
mean value of delay are of importance, and delay can be divided into several
parts, due to different stages they come from: processing delay, queuing
delay , transmission delay, propagation delay. Except queuing delay, the
other three are relatively steady or very small so can be negligible, while the
queuing delay is uncertain and can varies a lot. Thus a certain minimum level
of delay is set, which is the time that transmits from one node to the other.
On top of that, a more variable level of delay caused by network congestion
can be added. Network delays can vary from a few milliseconds to several
hundred milliseconds.

There are ways to model delay. In general it can be divided into three
different types: fixed, bounded and stochastic.

Fixed delay is a constant value among all links in communication net-
works, and also time-invariant. Thus for each iteration, the exact delay
value is known.

Bounded delay is denoted by its maximum value. The delay can take any
value in reality but it will never exceed the bound. Bounded delay is used in
optimization flow control theory.
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Stochastic delay is time-varying and different among different links. Com-
mon stochastic delay types can be white noise and Markov delay. In this case
the expected value is given, or can be measured from data.

2.3 Estimation techniques

In this section, three estimation techniques used in the thesis are reviewed
successively. Quadratic and linear interpolation, least squares method and
radial basis function neural network are introduced in 2.3.1, 2.3.2 and 2.3.3
respectively.

2.3.1 Interpolation

Interpolation is a method for given discrete data, to formulate function that
goes through all the discrete samples, then other points and their correspond-
ing value can be obtained. Interpolation can be divided into interpolation and
extrapolation, the former is to estimate unknown points within the sample
interval, while the latter is to predict the points outside. Usually, interpo-
lation is more accurate than extrapolation. Interpolation applies to linear,
quadratic and high order polynomial functions. Common interpolation meth-
ods include Lagrange and Newton method [10].

For Lagrange quadratic interpolation, the standard equation is

P =
(x− x1)(x− x2)

(x0 − x1)(x0 − x2)
y0 +

(x− x0)(x− x2)
(x1 − x0)(x1 − x2)

y1 +
(x− x0)(x− x1)

(x2 − x0)(x2 − x1)
y2

(2.8)
Where x0, x1, x2 and y0, y1, y2 are three pairs of points, which are known on
the curve. The solution exists and is unique when x0, x1, x2 are mutually
unequal.

The standard equation of Newton quadratic interpolation is

P = f(x0) + f [x0, x1](x− x0) + f [x0, x1, x2](x− x0)(x− x1) (2.9)

Where

f [x0, x1] =
f(x1)− f(x0)

x1 − x0

f [x0, x1, x2] =
f [x0, x2]− f [x0, x1]

x2 − x1
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The standard linear interpolation equation is

P = y0 +
(y1 − y0)
(x1 − x0)

(x− x0) (2.10)

In this thesis, interpolation is used when delay exists in the network
system, and current value need to be predicted.

2.3.2 Least squares method

Least squares method is a common approach of regression, solving data fitting
problems for over overdetermined systems where the number of independent
equations is larger than the unknowns, least squares method is widely used
in fields like machine learning, system identification. The name least squares
comes from the result that it always find the solution that minimizes the sum
of the square errors of all points, namely the distance of each given point to
the curve. The error is also called residual [21].

The most common application is data fitting, both linear and nonlinear
functions, while in the latter case, least squares method fits the function with
a polynomial whose coefficients are to be determined by given data.

Define the fitting polynomial

y = a0 + a1x+ a2x
2 + ...+ akx

k (2.11)

The distance of each point to the curve, i.e. the square error is

R2 =
N∑
i=1

[yi − (a0 + a1x+ a2x
2 + ...+ akx

k)]2 (2.12)

Where N is the number of data. each point is (xi, yi) with i=1,2,...,N.
Thus plugging in the data,

a0 + a1x1 + a2x
2
1 + ...+ akx

k
1 = y1

a0 + a1x2 + a2x
2
2 + ...+ akx

k
2 = y2

...

a0 + a1xn + a2x
2
n + ...+ akx

k
n = yn

(2.13)

Clearly, since the set of equations are over determined, it in general has
no solution. So we choose the most suitable coefficients to fit the equations
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as much as possible. Thus we minimize the sum of the squared residuals
shown above.

For computation convenience, the above equations are transformed, and
written in matrix form

Ax = b (2.14)

Or in least squares case, X,A and Y instead.

XA = Y (2.15)

And x, A, Y are shown below respectively:

X =


n

∑N
i=1 xi · · ·

∑N
i=1 x

k
i∑N

i=1 xi
∑N

i=1 x
2
i · · ·

∑N
i=1 x

k+1
i

...
...

. . .
...∑N

i=1 x
k
i

∑N
i=1 x

k+1
i · · ·

∑N
i=1 x

2k
i



A =


a0
a1
...
ak



Y =


∑N

i=1 yi∑N
i=1 xiyi

...∑N
i=1 x

k
i yi


Hence, A is solved by

A = (XTX)−1XTY (2.16)

2.3.3 Artificial neural network

Artificial Neural Network is a popular method in machine learning area,
which is widely used in every field, and it is also part of the foundation of
deep learning.

Artificial Neural Network is a supervised learning algorithm, and is a kind
of analog in computer science of the neural structure of human’s brain. As
our brain learns from experience, Artificial Neural Networks learns from data
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provided in the training stage. This type of brain modeling also provides a
less technical method to develop machine solutions.

This biologically inspired provided possibility for computers to recog-
nize patterns. Previously, although computers are very good at performing
complex mathematics, But they can hardly recognize really simple patterns,
needless to say apply those patterns to future use, like prediction.

While biological research is well developed, scientists have found the
mechanism that how brain learns and forms patterns. This process of stor-
ing information as patterns and utilizing these patterns has inspired people
in computer science, and they come up with the same structure of neurons.
There are a particular kind of cells, which are unlike other body cells, do
not regenerate, but they are the ones that provide us the ability to learn,
remember, and think, including how to use former experiences to deal with
new situation. They are all 100 billion of them, and each of them is able to
connect with 200,000 other neurons at the most. Thus, owing to the large
amount of them, and the complicated connections among them, our human
mind is rather powerful. These neurons are not identical to each other, they
have different classifications, based on different classification methods. Infor-
mation is conveyed through these neurons. Inspired by this, Artificial Neural
Network consists of many neurons and they are divided into multiple layers,
each layer has one or multiple neurons, they are connected via links. But due
to the property of computers, each neuron can only carry binary information.
Although artificial neural networks can only copy the most basic elements of
in reality complicated neural network, but it is also powerful, especially in
fitting nonlinear curves and prediction afterwards [8].

The working process of human brain is, a biological neuron receives inputs
from other neurons or sources, performs a generally nonlinear operation with
a combination of them, and then outputs the final result to the next neurons
or other cells.

To start with, assume we have a plenty of labeled training examples (x,y).
And hW,b(x) is a hypotheses the neuron network can end up with, which can
be nonlinear and complex enough, and W and b are parameters to fit to
training data.

In artificial neural networks, different inputs to the network are denoted
by xn, where n is the number of each input. Each input will be multiplied
by a connection weight, which are denoted by wn. Next, the products of
input times weight are summed, fed through an activation function to gen-
erate a computation result, and then output the result. The process, by
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different possibilities of architectures, provides the chance to build a large-
scale and complex model with physical implementation, in a small package.
Other structures of network with various summing functions and activation
functions are also allowed.

To show how artificial neural networks work, we start from the simplest
artificial neural network model which contains a single neuron, which is shown
in Figure 2.1 below.

Figure 2.1: single neuron

Where x1, x2, x3 are the inputs of the neuron, and +1 is the intercept,
and the outputs are hW,b(x) = f(W Tx) = f(

∑3
i=1Wixi + b), where f is the

activation function, which can be chosen in different forms, for example,
sigmoid function, radial basis function, step function, etc. The activation
function is used to add nonlinear feature to the network system, this is the
key that artificial neural network can performs nonlinear operations. The
sigmoid function is:

f(z) =
1

1 + exp(−z)
(2.17)

And the hyperbolic tangent function, or tanh function is:

f(z) = tanh(z) =
ez − e−z
ez + e−z

(2.18)

These are the most commonly used activation functions.
Hence by logistic regression, the single neuron reflects to the input-output

mapping. The plots of the sigmoid and tanh functions are shown in Figure
2.2 and 2.3 below:
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Figure 2.2: sigmoid function

Figure 2.3: tanh function

The tanh(z) function is a rescaled sigmoid function, so that the output
range is [−1, 1] rather than [0, 1].

Note that the derivative of the sigmoid function f(z) = 1
(1+exp(−z)) is given

by f ′(z) = f(z)(1 − f(z)). (If f is the tanh function, then its derivative is
given by f ′(z) = 1− (f(z))2)[2].

Next, if many single neurons are connected to each other, then a neural
network is formed, thus an output of a neuron is the input of another in the
next layer. An example of small neural network is shown below:
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Figure 2.4: An example of small neural network

The circle contains intercept +1 is bias unit. There are networks that
have only one layer or few units, but usually there are three normal type of
layers that are contained in a network- input, hidden, and output. And there
are three layers in this case, the leftmost where there are no inputs going into
them, is called the input layer, while the rightmost layer where there are no
layers following, is called the output layer, the number of neurons in this layer
is supposed to equal to the final output. All other layers in the middle is
called the hidden layers, since they are invisible. In this case there is only one
hidden layer, though. The input layer receives the data either from outer files
or applications like electronic sensors. The output layer sends information
outside, to a computer process, or to mechanical devices like control system.
Between the input and output layer, there can be many hidden layers.

Each hidden unit receives the information from all of the units in its
former layer, and after it performs its function, the unit then passes the
output to all the units in the following layer, providing a feedforward route
all the way to the final output.

On the input layer, there are three input units, which are the circles. And
in the hidden layer, there are three hidden units. Finally, there is only one
output unit in the output layer. Note that the bias units are not counted.

Let nl denote the number of layers, and nl = 3 in this case. And denote
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layer l as Ll, thus layer L1 is the input layer, and layer Lnl the output
one. About parameters (W, b) = (W (1), b(1),W (2), b(2)). Wij

(l) is denoted the
weight associated with the link between unit j in layer l, and unit i in layer
l + 1. On the other hand, b

(l)
i is the bias associated with unit i in layer l +

1. Denote sl the number of nodes in layer l .
Let a

(l)
i denote the output value of unit i in layer l. For the input layer,

we also use a
(1)
i = xi to denote the i-th input. Given a particular pair of

the parameters (W,b), the neural network holds a hypothesis hW,b(x) whose
outputs are real numbers. The computation denoted by these parameters is:

a
(2)
1 = f(W

(1)
11 x1 +W

(1)
12 x2 +W13

(1)x3 + b
(1)
1 )

a
(2)
2 = f(W

(1)
21 x1 +W

(1)
22 x2 +W23

(1)x3 + b
(1)
2 )

a
(2)
3 = f(W

(1)
31 x1 +W

(1)
32 x2 +W33

(1)x3 + b
(1)
3 )

hW,b(x) = a
(3)
1 = f(W

(2)
11 x1 +W

(2)
12 x2 +W13

(2)x3 + b
(2)
1 )

Let z
(l)
i denote the weighted summation of inputs to unit i in layer l,

including the bias term (e.g. z
(2)
i =

∑n
j=1W

1
ijxj + b1i ), so that a

(l)
i = f(z

(l)
i ).

The equations can be written more compactly if vector form is used. The
result is as following:

z(2) = W (1)x+ b(1)

a(2) = f(z(2))

z(3) = W (2)a(2) + b(2)

hW,b(x) = a(3) = f(z(3))

This is the forward propagation, since there is no directed loops or feed-
back in the connectivity graph. More generally, since a(1) = x are the values
from the input layer, then given layer l’s activations a(l), the layer l+1’s
activations a(l+1) can be computed as:

z(l+1) = W (l)a(l) + b(l) (2.19)

a(l+1) = f(z(l+1)) (2.20)

In matrices form and its corresponding vector operations, fast linear al-
gebra computation rules can be applied, which has the advantage that the
calculation in computers is really fast.
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We take the simplest case as an example, but in fact a neural network
can surely have multiple hidden layers, and more units in each layer. For a
typical nl-layered neural network, layer 1 is the input layer, layer nl is the
output one, all other nl − 2 layers are hidden layers. Like in the one neuron
case, each layer l is densely connected to input or layer l-1, and output or
layer l+1.

Thus by successively computing the activations layer by layer, the forward
propagation step, using the same the forward propagation equations as shown
above, then the overall outputs can be reached.

The following is an example to show that a neural network with multiple
hidden layers and output units. There are two hidden layers layers L2 and
L3 and two units in output layer L4. This network need training samples
(x(i), y(i)).

Figure 2.5: multiple hidden layers

Inputs enter the computation process from the leftmost. The first step is
that every input multiply by its corresponding weight wn. Then the weighted
inputs go through the summing function, which in the most occasions takes
simple summations of these weighted input values. Besides the summation,
there are other types of operations can be chosen from, such as taking the
average, the largest, the smallest, and taking AND and OR operations.
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Either way, the output of this step then goes through an activation func-
tion, which will turn this value into a real output after some algorithm. This
algorithm will turn the input into a zero or a one, a minus one or a one,
or some other number, depending on the chosen activation function. It also
can scale the output or control its value via a threshold. Usually, the output
of the activation function is right the output of computation process. Af-
terwards, the output of the processing element can be an input into other
elements, or to an outside connection, depending on the specific structure of
this neural network.

Neural networks can achieve different applications, according to user’s
purpose. For example, some applications require binary, answers, such as
recognition of speech, text and image. These are the applications that require
real-world inputs to be turned into discrete values that are limited to a known
set, like the ASCII characters or the most popular 50,000 words in a language.
Since the output options are limited, these occasions do not have to use neural
networks composed of neurons that sum up, but rather the binary properties
of OR and AND operations of inputs instead, which are like many others,
are possible to be built into the sum functions and activation functions.

Other applications require unlimited number of potential answers, rather
than finite known values, like curve fitting and prediction. In this case, the
networks may sum the input data, and feed them through a transfer function
like tanh, to produce the output. In this way, output values are continuous
and can satisfy more interfaces in reality. On the other hand, it is feasible to
simply sum the weighted inputs up and compare the result to a threshold.

Neural networks are in essence the clustering of artificial neurons, which
is achieved by forming layers and then connecting them. The way these
layers connect to each other is the art to make the network useful for solving
real world problems. Hence a neural network is more than simple clustering
of neurons. If neurons are connected in a random manner, the result will
not be satisfying. So a proper structure is needed, and creating layers is
one of the easiest solutions. In this way neurons are grouped systematically
and in order. It is the clustering of neurons, the grouping of neurons into
layers, the connections between layers, summation and activation functions
that comprise a successfully functioning neural network.

If is an artificial neural network uses radial basis functions as activation
functions, then it is called a radial basis function network, namely RBF neural
network. RBF network let inputs go through radial basis functions of inputs,
and then takes a linear combination of the results. Radial basis function
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networks can be used in function fitting and prediction and classification as
well.

A Radial Basis Function network has three layers-an input layer, a hidden
layer and an output layer. The hidden units contain Gaussian activation
functions. The outputs of Gaussian functions are inversely proportional to
the distance from the neuron [3].

Figure 2.6: RBF network

The input layer is the same as other artificial neural networks. In the
hidden layer, the optimal number of neurons is determined by the training
data, thus the number of neurons are variable.In RBF networks, each hidden
neuron has a radial basis function, the center is on a point whose dimension
is the number of predictor variables. The radius of the RBF function can
be various for different dimensions. Both the centers and the radius are de-
termined by the training stage. Each hidden unit computes the Euclidean
distance of the test data to the center of the RBF function, and then ap-
plies the RBF kernel function to the distance. After the hidden layer, all
the information come out the hidden layer will go through the summation
layer, where the data are multiplied with respective weights, together with a
weighted bias.
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In the training stage, four parameters are determined: how many neurons
will the hidden layer have, the center and radius in every dimension of each
RBF function, and the weights in the summation layer.

To train RBF networks, there are several methods, one of the choices is
K-means clustering, the centers found by K-means method is then used as
the centers of the RBF functions.
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Chapter 3

Dual Decomposition with
Delay: Estimation of the
Delayed Signals

In this chapter, we investigate how the communication delay in dual decom-
position methods can be addressed, by estimating the delayed signals. We
consider three methods to estimate the delayed signals, which are interpo-
lation, least squares estimation, and artificial neural network. To apply the
three estimation methods, we consider a particular resource allocation prob-
lem which is flow control in communication networks, such a problem is a
special case of 2.3. But we believe the methods we provide can be generalized
to dual decomposition methods for general resource allocation problems. We
leave such generalizations as a future work.

The chapter is structured as follows. First in Section 3.1 we present the
system model. Then in Section 3.2 we study how to estimate the delayed dual
variables in dual decomposition methods. Then in Section 3.3 we study the
limitation of estimation of the delayed primal variables in dual decomposition
methods.

3.1 System model: optimization flow control

With the development of communication network, the number of users keeps
increasing, and network congestion problem has become more and more seri-
ous, hence a plenty of related theories and algorithms have been developed.
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Under this circumstance, the optimization flow control model, proposed by
Steven H Low and David E.Lapsley in 1999, developed the dual model of
TCP/AQM, and combined the TCP source algorithm and link algorithm
together to achieve a model that boosts the congestion control algorithms
[11]. The optimization flow control model borrows theories from optimiza-
tion, microeconomics and nonlinear dynamics, treating the Lagrangian dual
variables as prices, and using the feedback from links to adjust the sources’
rate. The main method in the optimization flow control model is gradient
projection, where the prices update their values based on gradient descent
method.

Consider a network problem with L=1,2,...,L links, each has capacity cl,
and S=1,2,...,S sources, each has the upper and lower bound of rate require-
ment ms and Ms. Use L(s) to denote the links that source s uses, and S(l)
to denote the sources that link l connects. For example, L(1)={1,2,3} means
that the source 1 uses link 1,2 and 3. S(2)={3,4} means that the link 2 are
used by source 3 and 4. Let xs ∈ R+ denote the resource allocated to user s
∈ S, which should satisfy ms ≤ xs ≤Ms.

The goal of flow control is to maximize the total utility of the network,
under the constraints of capacity, i.e.in this form:

maximize
x1,...xN

∑
Us(xs)

subject to
∑
s∈S(l)

xs ≤ cl, l = 1, ..., L

xs ∈ [ms,Ms], s = 1, ..., S

Where Us: R+→R is the utility function of source s.For well-posedness, it is
reasonable to assume ∑

s∈S(l)

ms ≤ cl ≤
∑
s∈S(l)

Ms

to make the problem feasible and the constraint
∑

s∈S(l) xs ≤ cl is not redun-
dant.

To solve this problem in a distributed fashion we consider its dual prob-
lem. To generate the dual problem we first need to definite the Lagrangian
function:

L(x, p) =
∑
s

Us(xs)−
∑
l

pl(
N∑

s∈S(1)

xs−Cl) =
∑
s

(Us(xs)−xs
∑
l∈L(s)

pl)+
∑
l

plcl

(3.1)

27



Since the equation is separable in xs, then the dual function is:

D(p) =
∑
s

max
xs

Us(xs)− xs
∑
l∈L(s)

pl +
∑
l

plcl (3.2)

Thus the dual problem becomes:

minimize
p

D(p)

subject to p ≥ 0
(3.3)

Where the dual variable p is interpreted as price of link l. For a given p then
xs(p) is calculated from Equation 3.2 when D(p) is maximized. xs is:

xs(p) = [(U
′

s)
−1(p)]Ms

ms
(3.4)

Where [z]ba = min{max{z, a}, b}, and (U
′
s)
−1(p) is the inverse function of

U
′
s(p), which exists between [U

′
s(Ms), U

′
s(ms)]. U

′
s(p) is the derivative of Us(p).

By strong duality, if Us(xs) is µ-concave and problem 3.3 is well-posed,
then there exists a dual optimal price p∗ ≥ 0 such that x(p∗) is indeed primal
optimal. Hence, we can focus on the dual decomposition problem which can
be solved by gradient descent method.

Optimization flow control consists algorithms for synchronous and asyn-
chronous model, which will be introduced respectively below. For each case,
links and sources are updated separately, each link and each source has its
own iteration equation, thus the algorithm is called distributed.

For synchronous model, there is no delay among the links, so in each
iteration, the current values can be received. In this case, the price is updated
by:

pl(t+ 1) = [pl(t)− γ
∂D

∂pl
(p(t))]+ (3.5)

Where γ is the step-size, [z]+ = max{z, 0}.
From Equation 3.2 we have

∂D

∂pl
(p) = cl − xl(p) (3.6)

Where xl(p) =
∑

s∈S(l) xs(p). Hence

pl(t+ 1) = [pl(t)− γ(cl − xl(p))]+ (3.7)
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Summarizing the link’s algorithm:

• Link l ∈ L receives xl(t) at time t, and compute

pl(t+ 1) = [pl(t)− γ(cl − xl(p))]+

• Then link l ∈ L broadcast pl(t+ 1) to sources that belong to S(l).

On the other hand, the source’s algorithm is:

• Source s ∈ S receives the sum of prices ps(t) =
∑

l∈S(l) pl(t) at time t,
and compute

xs(t+ 1) = xs(p
s(t))

• Then broadcast xs(t+ 1) to links that belong to L(s).

For the asynchronous model, things are more complex, since the iteration
cannot base on the current values, which have not been received yet. So
the real current values are estimated or predicted by former values, i.e. by
taking average. Let t0 denote the bound value of delay. In this case, the
link’s algorithm is:

• Link l ∈ L receives xl(t) at time t, and compute

pl(t+ 1) = [pl(t)− γλl(t)]+ (3.8)

λl(t) = cl − x̂l(t) (3.9)

x̂l(t) =
∑
s∈S(l)

x̂ls(t) (3.10)

x̂ls(t) =
t∑

t′=t−t0

als(t
′, t)xs(t

′) (3.11)

t∑
t′=t−t0

als = 1 (3.12)

• Then link l ∈ L broadcast pl(t+ 1) to sources that belong to S(l).
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While the source’s algorithm is:

• Source s ∈ S receives the sum of prices ps(t) =
∑

l∈S(l) pl(t) at time t,
and compute

xs(t) = xs(p̂
s(t)) (3.13)

p̂s(t) =
∑
l∈L(s)

p̂ls(t) (3.14)

p̂ls(t) =
t∑

t′=t−t0

bls(t
′, t)pl(t

′) (3.15)

t∑
t′=t−t0

bls = 1 (3.16)

• Then broadcast xs(t+ 1) to links that belong to L(s).

The asynchronous algorithms is general, to estimate x̂ls(t) in 3.11 and
p̂ls(t) in 3.15, there is a particular policy named latest data only: only the
last received rate xs(τ) for τ ∈ {t − t0, ..., t} is used to estimate x̂ls(t), so
als(t

′, t) = 1 if t′ = τ , otherwise als(t
′, t) = 0.

Note it is proved in [11] that the difference between the various estimates
and their true values converges to zero.

After the model is setup, we can move to how to estimate the price pl
when it is delayed, shown in section 3.2.

3.2 Price estimation

In this section, three estimation techniques are applied to asynchronous op-
timization flow control model, to predict the delayed price pl, i.e. the La-
grangian dual variable, in the source’s algorithm. They are interpolation
(quadratic and linear interpolation in 3.2.1 and 3.2.2 respectively), 3.2.3 least
squares method and 3.2.4 radial basis function neural network.

Before that, let us clarify the mathematical formulation. The problem
can be expressed as follows.

Each source s ∈ S finds the best price estimation p̂ls(t) of pl(t), based on
the known former values pl(0), ..., pl(t− τ), where p(t− τ) is the last received
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price, with τ is the delay. Formally, we find a certain function E (to indicate
estimation)

p̂ls(t) = E(pl(0), ..., pl(t− τ)) (3.17)

The function E is now obtained by the three estimation methods.

3.2.1 Quadratic interpolation

Here we estimate pl(t) by quadratic interpolation. To start with, the model
is analyzed theoretically, to explain the reason why the update of pl should
have a quadratic trend, and thus quadratic interpolation is logical.

Taking the latest data only is straightforward to estimate the delayed
true xs(t) and pl(t). However in theory, the deviation would be substantial,
since in the iteration of pl(t + 1) = [pl(t) − γ(cl − xl(p))]+ (Equation 3.7),
pl(t) is non-increasing. It is reasonable to take this trend into account when
estimation.

On the other hand, xs(p) is monotonously increasing when pl(t) decreases.
Further, as the gradient γ(cl − xl(p)) decreases with larger and larger xl(p),
pl(t) decreases more slowly with time. Hence, rather than linear function, it
is more accurate theoretically to fit pl(t) with a quadratic one

pl(t) = at2 + bt+ c

xs(p) is then fitted by

xs(p) = mt2 + nt+ q

Former averages or latest data x̂ls(t) =
∑t

t′=t−τls als(t
′, t)xs(t

′) (Equation

3.11), p̂ls(t) =
∑t

t′=t−τls bls(t
′, t)pl(t

′) (Equation 3.15) can be replaced with
fitting methods, and interpolation can predict both linear and quadratic val-
ues.

For Lagrange quadratic interpolation, the standard equation is

P =
(x− x1)(x− x2)

(x0 − x1)(x0 − x2)
y0 +

(x− x0)(x− x2)
(x1 − x0)(x1 − x2)

y1 +
(x− x0)(x− x1)

(x2 − x0)(x2 − x1)
y2

(3.18)
Besides Lagrangian interpolation, the other interpolation formulation is

Newton interpolation. While in this case, it is worth to mention that two
interpolations end up with the same formulation.
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The standard equation of Newton quadratic interpolation is

P = f(x0) + f [x0, x1](x− x0) + f [x0, x1, x2](x− x0)(x− x1) (3.19)

Where:

f [x0, x1] =
f(x1)− f(x0)

x1 − x0
(3.20)

f [x0, x1, x2] =
f [x0, x2]− f [x0, x1]

x2 − x1
(3.21)

The solution exists and is unique when x0, x1, x2 are mutually unequal.
Inspired by this, set the time delay t0 = 2s, if plugging in x = t, x0 =
t− 2, x1 = t− 3, x2 = t− 4, y0 = pl(t− 2), y1 = pl(t− 3), y2 = pl(t− 4), then
pl(t) can be estimated as:

pl(t) = 6pl(t− 2)− 8pl(t− 3) + 3pl(t− 4) (3.22)

Therefore, the asynchronous optimization flow control algorithm with
quadratic interpolation prediction of price is shown below. Note the link’s
algorithm is the same as the original, i.e.3.11. While the source’s algorithm
is:

• Compute a new rate based on its estimate of link price:

xs(t) = xs(p̂
s(t))

p̂s(t) =
∑
l∈L(s)

p̂ls(t)

p̂ls(t) = 6pl(t− 2)− 8pl(t− 3) + 3pl(t− 4)

Where p̂ls(t) is calculated by quadratic interpolation.

• Then broadcast xs(t+ 1) to links that belong to L(s).

3.2.2 Linear interpolation

In theory, the gradient of price update is decreasing, thus a quadratic inter-
polation is more proper. However, the simulation result 4.2 turns out to be
fairly linear. The reason is perhaps due to the delayed transmission rate xs.
Hence, linear interpolation is then used for approximation and simplicity.
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The standard linear interpolation equation is

P = y0 +
(y1 − y0)
(x1 − x0)

(x− x0) (3.23)

With the same delay t0 = 2s, and similar parameters as above,i.e. x = t, x0 =
t− 2, x1 = t− 3, y0 = pl(t− 2), y1 = pl(t− 3), the estimation of pl(t) is:

pl(t) = 3pl(t− 2)− 2pl(t− 3) (3.24)

Therefore, the asynchronous optimization flow control algorithm with lin-
ear interpolation prediction of price is shown below. The source’s algorithm:

• Compute a new rate based on its estimate of link price:

xs(t) = xs(p̂
s(t))

p̂s(t) =
∑
l∈L(s)

p̂ls(t)

p̂ls(t) = 3pl(t− 2)− 2pl(t− 3)

Where p̂ls(t) is calculated by linear interpolation.

• Then broadcast xs(t+ 1) to links that belong to L(s).

3.2.3 Least squares method

With least squares method, the available data are fitted by a polynomial

y = a0 + a1x+ a2x
2 + ...+ akx

k (3.25)

As the former simulation suggests, the price update is enough to be fitted
by a linear function. Here it is defined as:

pl(t) = a0 + a1t (3.26)

With the order k=1. Given the former values pl(t−2), pl(t−3),, and pl(t−4),
our coefficients can be solved as the following:

A =

[
a0
a1

]
= (XTX)−1XTY (3.27)
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Where X, Y are shown below:

X =


n

∑N
i=1 xi · · ·

∑N
i=1 x

k
i∑N

i=1 xi
∑N

i=1 x
2
i · · ·

∑N
i=1 x

k+1
i

...
...

. . .
...∑N

i=1 x
k
i

∑N
i=1 x

k+1
i · · ·

∑N
i=1 x

2k
i

 =

[
3

∑4
i=2(t− i)∑4

i=2(t− i)
∑4

i=2(t− i)2

]

(3.28)

Y =


∑N

i=1 yi∑N
i=1 xiyi

...∑N
i=1 x

k
i yi

 =

[ ∑4
i=2 pl(t− i)∑4

i=2(t− i)pl(t− i)

]
(3.29)

After a0 and a1 are calculated, the current link price pl(t) is easily ob-
tained by

pl(t) = a0 + a1t. (3.30)

Therefore, the asynchronous optimization flow control algorithm with
least squares prediction of price is shown below. The source’s algorithm
is:

• Compute a new rate based on its estimate of link price:

xs(t) = xs(p̂
s(t))

p̂s(t) =
∑
l∈L(s)

p̂ls(t)

p̂ls(t) = a0(l) + a1(l)t

Where a0(l) and a1(l) are the coefficients for link l.

• Then broadcast xs(t+ 1) to links that belong to L(s).

In general, it is not always feasible to detect a regulation in the update
iterations, especially for complex systems with a large amount of users. Al-
though it can be theoretically analyzed whether the value will increase or
decrease, it is not obvious if the update will be of which kind of shape, such
as linear or polynomial. What is worse, even if in theory some regulations can
be found, but in reality it will be disturbed by delay, noise and other aspects,
thus the shape can change, just like the case in this simulation, quadratic in
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theory but linear in reality. Hence, we turn to a mechanism that does not
need any preknowledge of the system, but can find the regulation from data
themselves on the mechanism’s own operation, artificial neural network is
one of these mechanisms.

3.2.4 Artificial neural network

Artificial neural network need extra training data set to produce a network,
instead of using a variable’s former data for prediction directly. Therefore
the synchronous case data are generated and used as training data. More
specifically, a sequence of price of each link is obtained, by running the syn-
chronous model first. Given the same time delay t0 = 2s, at each time step
t, pl(t−2) and pl(t−3) are used as training samples, and pl(t) is the training
target. That is to say, we import pl(t − 2) and pl(t − 3) to the network,
and it will export an output, according to the patterns it has learned from
the input-output pairs. Then there is feedback that calculates the deviation
between the output and the real target, and the network improves its inner
structure accordingly, where the goal of error is determined manually. Hence
the network is generated and ready for the test data, which are pl(t− 2) and
pl(t− 3) in the asynchronous case.

Then at each time step t of the asynchronous case, we import pl(t − 2)
and pl(t − 3), and the network will export a predicted value of pl(t). Given
that the network is well trained by the synchronous data, the output can be
seen as reliable.

ANN prediction of pl is then fitted to the original asynchronous optimiza-
tion flow control algorithm, and is shown below. The source’s algorithm is
:

• Compute a new rate based on its estimate of link price:

xs(t) = xs(p̂
s(t))

p̂s(t) =
∑
l∈L(s)

p̂ls(t)

Where p̂ls(t) is the output of artificial neural network for link l.

• Then broadcast xs(t+ 1) to links that belong to L(s).
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The availability of training data, in this case the synchronous data, is
worth discussion. Since nowadays with the development of computer soft-
wares and the concept of big data, it is natural that when people need to
solve a distributed resource allocation problem in real world, they are likely to
make related simulations beforehand. Also, once a device or system has been
put into operation, data are generated and stored automatically. Therefore,
the source of data can be such simulations and history. Hence, the shortage
of data may not be a problem in most cases.

3.2.5 Comparison of three techniques

For interpolation, the amount of data needed for estimation is small. For
linear interpolation, only two former pairs which are mutually unequal are
exactly needed. For quadratic interpolation, the amount is three. For a
polynomial of order n, n+1 pairs of mutually unequal data are required.
In addition, the modeling process is simple, all we need to do is to plug
numbers into the function. But the problem is we need to design the order
of the function beforehand. This can be hard for complex model, even for
relatively simple model like in our case, it can result in inaccuracy, due to time
delay, noise and other disturbances. What is more, since interpolation uses
available data to compute the estimated one directly, it can have overfitting
problem.

For least squares method, the minimum amount of data needed for esti-
mation to start is also small, but the performance can be improved by more
data. however the difference is that least squares method is usually applied to
curve fitting, namely to find the inner regulation and trend behind available
data. The aim is not to fit every single points with no error, so the problem it
applies to is overdetermined. This can avoid overfitting for some inaccurate
points, which are caused by measurement or observation error. Similarly, the
modeling process is also simple, if the amount of data is not huge, otherwise
it may cause unnecessarily long computation time. Unfortunately, it also
requires a decision of the function order beforehand.

For artificial neural network, the amount of data needed for estimation
is large, otherwise it is hard to build an precise model. On top of that, the
modeling process is complex, and it takes extra time beforehand for modeling.
But it does not need the predetermination of the function form, hence it also
allows more complex function fitting. ANN can also detect data points that
are obvious away from the majority, thus avoids overfitting.
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The summary of comparison is shown in Table 3.1.

Aspect Interpolation Least square ANN
Needed data amount small small/large large
Modeling process simple relatively simple complex
Order designated yes yes no
Can avoid overfitting no yes yes

Table 3.1: Comparison of three estimation techniques

3.3 Rate estimation

It is explained why estimation of transmission rate xs is not a good choice in
this section.

The only place that the estimation of transmission rate xs is needed is in
the link’s algorithm:

pl(t+ 1) = [pl(t)− γλl(t)]+

λl(t) = cl − x̂l(t)

x̂l(t) =
∑
s∈S(l)

x̂ls(t)

x̂ls(t) =
t∑

t′=t−t0

als(t
′, t)xs(t

′)

t∑
t′=t−t0

als = 1

The update of price pl depends on the estimated gradient λl(t). If λl(t) is
large, the price decreases fast, while if λl(t) is small, the price decreases slow.
If pl decreases fast at each time step, then the convergence can be reached
early. Otherwise the convergence is postponed. Hence, if the delayed xs(t) is
predicted, it should be larger than, or at least equal to its latest value. Then
the estimated gradient will be smaller or equal to its value which computed
by the latest xs. As a consequence, although the estimation of xs is generally
more precise, it causes the convergence process more slowly. So in this sense,
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an underestimation of xs is preferred than a precise one. The simulation
result in 4.5 validates the explanation above.

In fact there are theoretically four possible estimation strategies. Predic-
tion of transmission rate xs based on its former values, prediction of trans-
mission rate xs based on price pl’s values, prediction of price pl based on its
former values and prediction of price pl based on xs’s values. However, as
explained above, prediction of xs has no positive effect on convergence rate,
so the first two choices are discarded.

Now it is explained why prediction of price pl based on xs’s values is not
preferred. As can be seen in the link’s algorithm:

pl(t+ 1) = [pl(t)− γλl(t)]+

λl(t) = cl − x̂l(t)

x̂l(t) =
∑
s∈S(l)

x̂ls(t)

pl is determined by the sum of rate xs that uses link l together. Thus
estimating pl based on available xs also requires that each source that uses
link l knows how much other rates are. This is impossible in reality.

Hence, the only estimation choice is prediction of price pl based on its
former values.
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Chapter 4

Simulation

In this chapter, the model used in the following simulations are introduced,
and then the specific dual problem and its algorithm are clarified based on the
chosen model. Then simulations of original synchronous and asynchronous
case are made and compared, to see the influence that delay has on the
system, these preparations are in 4.1. In sections 4.2-4.4, estimation tech-
niques are applied successively.Section 4.2 is quadratic and linear interpola-
tion. Least square and artificial neural network are in 4.3 and 4.4 respectively.

4.1 Preparations

The model used for simulation is the one in [11]. The logical topology is
shown below in Figure 4.1. Source S, transmits to Destination D. There
are three sources S1, S2, and S3, and two links Link 1 and Link 2. All the
switches are on.
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Figure 4.1: The logical topology of the model

Note from the figure, both source 1 and source 2 use link 1 and 2, they are
identical to each other. Thus in the following simulations, only x2 is plotted,
since x1 and x2 are identical.

Define the utility function for each source s used in the simulations, which
is strictly concave:

Us(t) = 100− N

2L
(xs(t)−M)2 (4.1)

Where N=3 is the number of sources (S1, S2 and S3), L=2 is the number
of links(Link 1 and Link 2). M=10 is the upper bound of needed rate for
all sources. Besides, let m=2 denote the lower bound of needed rate for all
sources, and the capacity for link l cl=23. M, m and cl are set identical for
all sources or links for simplicity, but they can surely vary among different
sources or links.

To make the convergence process obvious to see, a rather small step-size
γ=0.1 is chosen. While in fact, as a rule of thumb, γ is usually around 0.4
to 0.7.

Based on the specific model, the iteration of link price pl(t+ 1) = [pl(t)−
γ(cl − xl(p))]+ can be written more concretely:

p1(t+ 1) = [p1(t)− γ(cl − x1(t)− x2(t))]+ (4.2)
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p2(t+ 1) = [p2(t)− γ(cl − x1(t)− x2(t)− x3(t))]+ (4.3)

Since link 1 is shared by source S1 and S2, while link 2 by all the three
sources S1, S2 and S3.

Recall 3.3 the dual formulation of the problem,

maximize
p

D(p)

subject to p ≥ 0

Where

D(p) =
∑
s

min
xs

Us(xs)− xs
∑
l∈L(s)

pl +
∑
l

plcl

=
∑
s

max
xs

Us(xs)− x1(p1 + p2)− x2(p1 + p2)− x3p2 + p1c1 + p2c2

(4.4)
In the source’s algorithm, the update of xs xs(p) = [(U

′
s)
−1(p)]Ms

ms
can be

written more specifically with

U
′

1(p) = U1(x1)− x1(p1 + p2) (4.5)

U
′

2(p) = U2(x2)− x2(p1 + p2) (4.6)

U
′

3(p) = U3(x3)− x3p2 (4.7)

From the method in [12], we can determine the initial value of price pl to
start with, here p1(1) = p2(1) = 13 are computed. Choose the lower bound
of rate value as initialization, i.e. x1 = x2 = x3 = m = 2.

After the setup above, the simulations are ready to be performed. To start
with, comparison between synchronous and asynchronous cases is shown in
Figure 4.2, thus how and to what extent the delay influences the system can
be seen. In this case, taking the latest data only is used in asynchronous
model.
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Figure 4.2: Simulation for asynchronous and synchronous cases

As shown in Figure 4.2, the asynchronous case starts two seconds later
than synchronous, which is exactly the delay t0 = 2 seconds. The syn-
chronous case is not ideally linear, but the gradient has a decreasing trend
with time, which is partially corresponding to the theoretical analysis in 3.2.1.
While the asynchronous case, the gradient is strictly linear in the most of the
time. Thus the difference of gradient can be seen as a result of delay. What
is more, the synchronous case converges to steady state at t=10 s, while the
asynchronous is 1 second later. Thus it catches up a little during the process,
which is possibly due to the underestimation of rate xs, as analyzed in 3.3. In
addition, the overshooting of asynchronous is much more significant than the
other, with overshooting 8.0−7.667

7.667
= 4.3%, and 7.7−7.667

7.667
= 0.4% respectively.

The reason why the process does not start from the very beginning but a
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few seconds later, is that although all the pl are keeping decreasing with time,
the corresponding xs which maximize Us(p(t)), is still below the minimum
allowed value, i.e.ms. This is determined by the specific choice of utility
function.

After the influence of delay is discussed as above, now estimation tech-
niques can be applied. Let us start from the quadratic interpolation.

4.2 Interpolation

Quadratic interpolation result is shown below in Figure 4.3. The process
converges at t=9 s, 2 seconds faster than taking the latest data approach.
Note that the process is even one second faster than synchronous case which
converges at t=10 s, and it can be seen as the effectiveness of prediction, but
the overshooting is as large as the latest data. These two aspects can be seen
as the pros and cons.
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Figure 4.3: Quadratic Interpolation

Then if we examine the predicted price p1 and p2, in comparison with the
true price values, as in Figure 4.4 and 4.5, it can be seen that the update of
pl is almost linear, and the prediction result is fairly close.
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Figure 4.4: predicted p1 by quadratic Interpolation

The true p1 is indicated by ’+’, and the predicted p1 ’◦’. From time t=1-3
seconds, since the delay is t0 = 2 seconds, the available past value is only
p1(1), thus the prediction cannot start. At t=4/s, given p1(1) and p1(2), the
prediction starts, and evolves afterwards.
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Figure 4.5: predicted p2 by quadratic Interpolation

Hence it inspires us to predict pl by linear interpolation instead, since in
the update equations

pl(t) = 3pl(t− 2)− 2pl(t− 3)

pl(t) = 6pl(t− 2)− 8pl(t− 3) + 3pl(t− 4)

The number of former values needed for linear interpolation is only two,
while for quadratic interpolation it is three. With fewer data, the computa-
tion is simpler and faster.

Actually for linear function, the update equations are identical i.e. the
quadratic interpolation will give a linear result but only need three former
values instead. Therefore, linear interpolation technique is performed next.
Unsurprisingly, the result is exactly the same as above.
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As a comparison, the corresponding p̂1 and p̂2 in the latest data case are
also plotted and shown in Figure 4.6 and 4.7. The difference between the
latest received value and the real one is substantial.

Figure 4.6: p̂1(t) in the latest data case

The differences are substantial when pl keeps decreasing while the esti-
mated data is the last received one.
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Figure 4.7: p̂2(t) in the latest data case

4.3 Least squares

Least squares result is shown below in Figure 4.8, 4.9and 4.10. The process
converges at t=9 s, 2 seconds faster than taking the latest data approach.
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Figure 4.8: least square result
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Figure 4.9: predicted p1 by least square

Same as before, the true p1 is indicated by ’+’, and the predicted p1 ’◦’.
The prediction starts from t=4/s due to the delay.
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Figure 4.10: predicted p2 by least square

Actually, since the update of p is purely linear, as the sequence of p1(t)
and p2(t) are given in Table 4.1, the result of least squares and interpola-
tion coincide to a pure linear function, thus it is hard to tell the differences
between these two methods. But in general, least squares method is more
powerful for finding a trend among all the data rather than get overfitting
for local deviations from the trend.

p 1 2 3 4 5 6 7 8 ≥9
p1 13 11.1 9.2 7.3 5.4 3.5 1.6 0 0
p2 13 11.3 9.6 7.9 6.2 4.5 2.8 1.1 0

Table 4.1: Time sequence of p
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4.4 ANN price prediction

The modeling of artificial neural network need training set, for which we use
the data from synchronous case. More specifically, we obtain the sequences
of p1 and p2, which are shown in Table 4.2. At each time t, two samples
pl(t − 3) and pl(t − 2) are imported to the network, and the network will
compare its output with the training target pl(t), and adjust its number of
artificial neurons (in RBF network) or the connections between layers. These
adjustment part is the black box.

p 1 2 3 4 5 6 7 8 9 ≥10
p1 13 11.1 9.2 7.3 5.4 3.5 1.6 0.2 0 0
p2 13 11.3 9.6 7.9 6.4 5.0 2.8 3.7 3.0 2.7

Table 4.2: Time sequence of p in synchronous chase

After the network is well trained (which means the network fulfills the
goal of error set manually), then we can import pl(t−3) and pl(t−2) at each
time step t, and the output of the network will be its prediction of pl(t). The
result of ANN is in Figure 4.11.
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Figure 4.11: ANN price prediction result

The resource allocation process converges at t=10 s, one time step earlier
than the latest data case. Although it is slower than interpolation and least
squares method, which is excusable since the latter two techniques obtain the
linear form for free. The artificial neural network reduces the overshooting
significantly, from 8.0−7.667

7.667
= 4.3% in the latest case, to 7.8−7.667

7.667
= 1.7%.

The prediction result of p1 and p2 are also plotted, see Figure 4.12 and
4.13. For p1 the result is fairly good, while for p2 it has some obvious devia-
tions, but still much closer than the latest data.
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Figure 4.12: ANN prediction of p1

Same as before, the true p1 is indicated by ’+’, and the predicted p1 ’◦’.
The prediction starts from t=4/s due to the delay.
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Figure 4.13: ANN prediction of p2

At the end, to numerically calculate the error of prediction, R-squared
coefficient is used. R-squared is a statistical measure that can reflect how
close the data are to the fitted regression line, and thus the goodness of the
fit. R-squared is between 0 and 1, usually the larger R-squared value, the
better the fit is. R-squared is calculated from

R2 = 1− SSE
SST

(4.8)

Where
SSE =

∑
i

(yi − ŷi)2 (4.9)

SST =
∑
i

(yi − ȳ)2 (4.10)
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Where yi and ŷi are the true data values and estimated values, i.e. true pl(t)
and predicted pl(t) at time t. While ȳ is the average value of yi.

The R-squared of interpolation, least squares, ANN and the latest data
case for p1 and p2 are shown in Table 4.3 below. Clearly, the three estima-
tion techniques have satisfying prediction results, while the latest data case
deviates from the real values significantly.

method Interpolation Least squares ANN Latest data
p1 0.9398 0.9398 0.9397 0.6980
p2 0.9523 0.9523 0.9263 0.7356

Table 4.3: R-squared of three techniques and the latest data

4.5 ANN rate prediction

As a validation of the theoretical analysis for rate prediction in 3.3, where
the conclusion is slower convergence, the simulation result with ANN is also
presented. Particularly in this case, latest average of former two values are
used as comparison, which turns out very similar to the latest data case.

The convergence result together with comparison with taking average case
is shown below, see Figure 4.14.
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Figure 4.14: ANN rate prediction

As can been seen, the overshooting is almost eliminated since the estima-
tion is more accurate. However, note that ANN algorithm cannot accelerate
the convergence, but only make it a little slower. This is because the nature
of optimization flow control algorithm, or more specifically, the gradient de-
scent method. Since the gradient of p is larger when x is estimated by taking
average, thus p decreases faster with inaccurate estimation.
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Chapter 5

Conclusion and Future Work

The thesis proposed methods that reduced the negative effect of time delay
in distributed resource allocation. Three methods to estimate the delayed
signal were presented. First of all, interpolation and least squares method
were applied respectively, thus the delayed value was predicted according to
its latest values, and the resource allocation could be more accurate. As a
result, the convergence rate was remarkably faster, compared with using the
latest received data purely to substitute the delayed one, even than the ideal
case where there was no delay. On top of knowing some patterns or the curve
shape of signal update, like in interpolation and least squares, artificial neural
network further enabled us to preform the prediction without preknowledge
of the regulations. With synchronous data as training set, we trained a
network to predict the delayed price according to its latest values. As a
result, the convergence rate was also faster than the latest data case, and
also the overshooting was significantly reduced.

On the other hand, the deficiency of transmission rate prediction was
theoretically analyzed, and also simulated by artificial neural network. And
the reason why the convergence was slower was explained.

In conclusion, the three estimation techniques (interpolation, least squares
and artificial neural network) were applicable for real-time resource allocation
and distributed optimization problems, the prediction result was accurate,
thus could reduce the negative effect of time delay, specifically accelerate the
convergence process, or cut down the overshooting.

One of the possible future works is, to predict the delay by other machine
learning or numerical analysis methods, and if delay data is available, then
the delay sequence approximation and prediction can be based on real data.
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Methods from control theory and engineering like model predictive control
and Smith controller [14] may be usable when dealing with delay, and the
proof of astringency and stability of algorithms need to be added.

What is more, topic about package drop is closely related to delay, so it
may be a possible research direction to take package drop into account and
combine it with optimization flow control model. The logical topology of
the network can be more complex, and even dynamic, rather than a static
topology.

Further, some questions like below need to be answered.

• What are other possible optimization perspectives?

• Can the algorithms be combined with others’ work, like optimization
in convergence rate, DFP method, Newton-like method, conjugate gra-
dient method, and variable step-size methods?

• What about the utility functions, how to choose a proper one?

• So far the objective function is the overall utility of the whole network,
is it reasonable to not only consider the source’s utility, and how should
it be formulated?
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