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Abstract

Source coding, originally envisaged by Claude Shannon in 1948 in his landmark
paper ”A Mathematical Theory of Communication” remained impractical for
the most part of the 20th century. However several advances were made in
coding theory of which the latest-Polar Codes introduced by Erdal Arikan in
2008 is highly promising. Polar Codes have modest encoding and decoding com-
plexities, while providing a construction that directly leads to the fundamental
bounds obtained by Shannon. We are progressing further into the Information
Age, where high resolution videos are streamed over the Internet and various
devices gather massive amounts of data while connected to each other in com-
munication networks. Hence the practical implication of an efficient and secure
source coding scheme is significant. In this thesis, we implement a source cod-
ing problem called the Common helper in a Wyner-Ziv Network using polar
codes. Additionally the above construction leads to the lossy compression of a
Bernoulli Source and might provide an insight on how to develop efficient lossy
source compression over a more general network.



Sammanfattning

Källkodning, som ursprungligen planerades av Claude Shannon år 1948 i sitt
landmärkes paper ”A Mathematical Theory of Communication” var oprak-
tisk főr det mesta av 1900 talet. Men flera framsteg gjordes i kodningste-
ori där de senaste Polarkoderna infőrdes av Erdal Arikan 2008 är mycket lo-
vande. Polära koder har blygsamma kodnings- och avkodningskomplexiteter,
samtidigt som de ger en konstruktion som direkt leder till de grundläggande
gränserna som erh̊allits av Shannon. Vi g̊ar vidare in i informations̊aldern,
där videoklipp med hőg upplősning streamas őver Internet och olika enheter
samlar massiva datamängder medan de är anslutna till varandrar i kommu-
nikationsnät. Därfőr är den praktiska implikationen av ett effektivt och säkert
källkodningssystem väsentligt. I den här avhandlingen implementerar vi ett
källkodproblem som kallas den gemensamma hjälpen i ett Wyner-Ziv-nätverk
med polarkoder. Dessutom leder ovanst̊aende konstruktion till en főrlustfull
komprimering av en Bernoulli-källa och kan ge en inblick i hur man utvecklar
effektiv főrlustkällkomprimering őver ett mer generellt nätverk.
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Chapter 1

Introduction

1.1 Engineering Philosophy

This section aims to introduce the typical schemes and associated trade-offs
involved in secure communication, one of the main motivations behind this the-
sis. Depending on the application the approaches towards the problem can be
broadly classified in two ways. The first approach involves computational com-
plexity while the second uses principles of information theory.

Computational complexity based schemes requires obfuscating the data into
a message using traditional cryptographic schemes where decrypting the mes-
sage without knowledge of a private key would involve finding a solution to
a known hard mathematical problem. For example, the commonly used RSA
cryptosystem is based on the problem of integer factoring of composite number
which is a product of two large primes, to which the best known running algo-
rithm(elliptic curve factorization) for classical computers requires a sub expo-
nential number of operations in key length, while decryption under knowledge
of the private key involves polynomial number of operations. By choosing a
sufficient sized key we can ensure that the legitimate receiver would have an ac-
ceptable complexity while maintaining intractable computational complexity at
an eavesdropper. If implemented correctly these schemes are quite robust and
will leak practically no usable information with a few caveats. Apart from ensur-
ing the safety of generating and transmitting the private key and the additional
complexity requirements, a breakthrough against the underlying mathematical
problem could take place. A famous example of this is when Shor in 1994 in-
troduced a factoring algorithm [1] that works on quantum computers for the
integer factoring problem and uses only a polynomial number of operations.
When quantum computers become more practical, schemes based on RSA will
become obsolete.

Schemes based on information theory are fundamentally different in the way
they measure secrecy. Here secrecy is defined with respect to probabilistic un-
certainty of an eavesdropper about the information within a message. The
secrecy requirements can be couped with additional requirements to compress
the message such that it can be stored/transmitted using less number of bits.
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This thesis is based on an information theoretic approach, where polar codes
are used for implementing lossy compression schemes for practical applications.
Furthermore the schemes introduced achieves the mathematical lower bound
on their rate-distortion performance and can achieve any desired equivocation
requiring no assumptions on the computational complexity of the adversary, as
the block length tends to infinity. Apart from the asymptotic behavior the rate,
distortion and equivocation performance can be empirically estimated within a
sufficiently high degree of accuracy for any operating condition.

1.2 Practical Applications

In this thesis we deal with lossy source compression, i.e, when we are dealing
with information that can be quantized. In general, they are not suitable for
data that must be reconstructed perfectly, like compiler code. Some practical
applications of interest are within video streaming services and wireless sensor
networks.

In video streaming services, due to varying user bandwidth capabilities it
is natural to offer different levels of bit-rates for streaming. When the user
upgrades from a lower-bit rate stream to a higher bit-rate stream it would be
wasteful to retransmit the entire stream, as there is some mutual information
between the lower bit rate stream and the higher bit rate stream. This can
be handled optimally using a multi-resolution source coding scheme, which is
described in Section 6.1.

A nascent development with increased Internet bandwidth is cloud gam-
ing [2]. Instead of employing individual game console hardware/PC that per-
forms the CPU and GPU computations at individual users, the computations
are done by a super computer that serves many users which provides better
economics of scale. Once the various input combinations of the user are relayed
to the super computer it creates a raw output of the frame information of the
game. The raw information bitrate for high definition 24 bit color frames at 60
frames per second is around 2.98 Gbit/s, which is still high. The information
transmitted is reduced by converting the raw output frames into a lossy video se-
quence(1080p 60fps is around 22 Mbit/s) and provides acceptable degradation
compared to the native resolution of the original frame. Game streams form
longer chains of correlated information than typical video streams and hence
are ideal candidates for source coding.

A wireless sensor network consists of multiple sensors observing some in-
formation sources in a co-operative network. The communication networks of
wireless sensors are an integral part of their design as these sensors require an ef-
ficient profile and hence uses of the underlying communication/storage channel
must be reduced. Furthermore a natural consequence of minimizing rate is that
when the information conveyed by some sensor is leaked to an eavesdropper,
the eavesdropper is only given the minimal statistical information about what
it is designed to convey even when it has access to unlimited computational
resources.
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1.3 Ethical Aspects

The massive volume of data being monitored and transmitted by various de-
vices using source coding schemes described in this thesis has the potential to
reveal personal information. Within the European Union, these privacy issues
are now codified by EU parliament into the General Data Protection Regula-
tion(GDPR) [3] which was adopted on April 27, 2016. The regulation will be-
come enforceable from May 25, 2018 and does not require national governments
to pass any enabling legislation, and is thus directly binding and applicable. The
regulation is also applicable when the personal data of EU residents is stored
outside the European Union.

The regulation mandates that data collection schemes handling user informa-
tion will have to protect the data from unauthorized access. Here, information-
theoretic based secrecy schemes can be employed to ensure secrecy is achieved
with respect to malicious entities. To ensure that this is indeed the case, regular
and periodic data protection audits have to be implemented and the same is in
fact required under GDPR [3].

1.4 Outline of Chapters

The following gives a brief outline of the chapters of this thesis

• Chapter 2 introduces the notation used in thesis and the general aspects
of polar codes.

• Chapters 3 and 4 deal with the lossy source coding of the binary symmet-
ric source using polar codes and a list construction which improves the
performance of the same respectively.

• Chapter 5 deals with distributed source coding for a problem called the
common helper in Wyner-Ziv. The best case rate-distortion performance
of any such scheme is mathematically proven, and a polar code construc-
tion that achieves this performance is described.

• Chapter 6 strengthens these theoretical claims by evaluating the perfor-
mance obtained in actual experiments, and provides additional empirical
observations as well.

• In Chapter 7, the state of the art in application specific integrated circuits
(ASIC) for polar codes is investigated.

• Chapter 8 consolidates the results obtained and its implications, while also
providing avenues for future work.
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Chapter 2

Introduction to Polar Codes

Polar codes [4] were introduced by Arikan as a class of codes to be employed
for arbitrary binary input discrete memoryless channels for the channel coding
problem. The initial methods employed for channel coding had high decoding
complexity for large block lengths compared to polar codes which has modest
complexity. The purpose of this chapter is to introduce the basic concepts used
in this thesis, including the theory of polarization.

2.1 Background

A basic communication model is shown in Figure 2.1. Here the transmitter has
some information which it must convey to some receiver over a communication
channel.

Figure 2.1: The basic communication channel

Shannon in [5] introduced the noisy channel coding theorem where he showed
that reliable communication is possible with any error probability for arbitrarily
large block lengths for a noisy channel, as long as the rate of information transfer
R is less than a parameter of the channel called channel capacity denoted by
C. Let X and Y shown in Figure 2.1 be random variables used to represent
the input and output of a channel respectively. The channel capacity C is
the mutual information at the input distribution probability that achieves the
maximum mutual information.

R ≤ max
px

I(X;Y ) (2.1)

He also proved that the convergence of the rate R to capacity C is only possible
as the length of the communication block tends to infinity.
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The basic source coding model used to model compression of sources is
shown in Figure 2.2 for a block of size 2N . Here the task of encoder is to
reduce the number of bits used to represent a block of information such that
upon reconstruction the distortion is minimized. It was again Shannon [5] who
formally characterized the theory of rate-distortion theory where he showed how
to compute the minimum rate of storage that is needed for any lossy scheme with
respect to some measure of distortion. The theorem states that for any source
X shown in Figure 2.2 the minimum rate needed for any scheme satisfying a
distortion constraint for the compressed representation X̂ is given by

R ≥ min
p(x̂|x) :

∑
x,x̂

p(x)p(x̂|x)∆(x,x̂)<D
I(X; X̂)

(2.2)

The minimization is done over all conditional distributions p(x̂|x) such that
the joint distribution p(x, x̂) satisfies any arbitrary bounded positive distortion
measurement given by ∆(x, x̂) and constraint D.

Figure 2.2: Source Coding

These two theorems define the bounds that are involved in information trans-
fer and the goal of communication engineers have been to build schemes that
try to converge to these lower bounds, while still maintaining acceptable com-
putational complexity. It must be mentioned here that the bounds mentioned
above by Shannon are loose in the case of finite block lengths and the actual
best possible performance is a bit lower.

Polar Codes were the first class of codes which had a complexity O(N logN),
where N is the block length that provably achieves the symmetric channel ca-
pacity for binary input discrete, memoryless channels as the block length tends
to infinity. It was later shown in [6] that they can be suitably extended to the
problem of lossy source coding of a binary source where they similarly achieve
the rate-distortion bound for binary symmetric sources for large block lengths.

2.2 Notation

aji is the row vector
[
ai ai+1 . . . aj

]
. aj is used to represent aj1. ae and ao

indicate the vectors containing values of all even and odd indices of aj respec-
tively.

We deal with discrete random variables that are represented by capital letters
and their realization by small letters: x is a realization of the random variable X.
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The general binary input discrete memoryless channel(B-DMC) is given by
W : X → Y, where the input alphabet and the output alphabet of the channel
is given by X = {0, 1} and Y respectively. These channels are mathemati-
cally defined through their transition probability matrix W = [Pij ], where Pij

represents the probability of obtaining some realization yj ∈ Y given some re-
alization xi ∈ X . The probability function W (yj |xi) of this matrix returns Pij .
The symmetric channel capacity of the B-DMC will be

I(W) =
∑

x∈{0,1}

1

2

∑
y∈Y

W (y|x)
1
2W (y|0) + 1

2W (y|1) (2.3)

The Bhattacharya Parameters of the B-DMC channel can be defined as

Z(W) =
∑
y∈Y

√
W (y|0)W (y|1) (2.4)

The Binary Symmetric Channel(BSC) is one of the simplest types of the B-
DMC channel. It is defined by binary alphabets at the output and its channel
transition probability will satisfy W (0|1) = W (1|0). They will be denoted as
Bsc(p) where W (0|1) = W (1|0) = p.

X = Ber(p) is a Bernoulli discrete random variable, which is either 0 or 1
with probabilities 1−p or p respectively. The Binary Symmetric Source Ber( 1

2 )
is a memoryless source which generates symbols that are either 0 or 1 with equal
probability.

Markov chains are represented by −. A−B−C is a Markov chain where A
is conditionally independent to C given B.

The Kronecker product is an operation defined for a m×n matrix A = [Aij ]

and a r × s matrix B as A⊗B =

A11B . . . A1nB
...

. . .
...

Am1B . . . AmnB


The binary Hamming Distortion D(xn, x̂n) between two vectors xn and x̂n

with binary alphabets is given by d(xn, x̂n) = 1
n

∑n
i=1 |xi − x̂i|

a ∗ b = a(1− b) + b(1− a)

2.3 A Rudimentary Polar Code

The construction of Polar Codes can be conveniently introduced [7] by discussing
the simplest example shown in Figure 2.3, where we use two uses of the physical
channel W to transmit a block of size 2.

U1 = X1 ⊕X2

U2 = X2 where ⊕ is the XOR operator
(2.5)
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Figure 2.3: Polar code scheme for a block of size 2 [4]

Since the channel is memoryless, independence of (X1, Y1) and (X2, Y2)
holds. The entropies H(X1|Y1) and H(X2|Y2) are given by

H(X1|Y1) = H(X2|Y2) (2.6)

Since the mapping of U2
1 to X2

1 is one to one, the uncertainty of either when
observing Y 2

1 remains the same.

2H(X1|Y1) = 2H(X2|Y2) = H(U2
1 |Y 2

1 ) = H(U1|Y 2
1 ) +H(U2|Y 2

1 U1) (2.7)

Applying chain rule of entropy

H(U2
1 |Y 2

1 ) = H(U1|Y 2
1 ) +H(U2|Y 2

1 U1) (2.8)

Comparing the random variable U2|Y 2
1 U1 with respect to U2|Y2, there is

additional sources of information for the former case. Since U2 = X2 we have

H(U2|Y 2
1 U1) ≤ H(X2|Y2) (2.9)

From Equations (2.7) and (2.9) we conclude

H(U1|Y 2
1 ) ≥ H(X2|Y2) (2.10)

With two uses of the physical channel two virtual channels are produced, one
whose capacity is upgraded with respect to the original channel, while the other
is degraded. By fixing and sharing the value of random variable U1(corresponding
to the bad channel) at the receiver we are able to transmit information more
reliably but at a halved rate. The above construction can be used to construct
polar codes for higher block lengths wherein a phenomenon suitably called po-
larization occurs.

Arikan demonstrates how to convert repeated uses of the B-DMC into in-
dividual channels using a polar transform [4], wherein the individual channels
have either a capacity close to 1 or close to 0. The channels with a capacity
close to 1 are called good channels, while those with a capacity close to 0 are
called bad channels. As the block length tends to infinity for channels with
binary symmetric inputs, the fraction of the good channels approaches the sym-
metric capacity C(W) of the channel, and the fraction of bad channels tend to
(1 − C(W)) [4]. The bits in the bad channels termed the frozen bits are not
recoverable and hence assigned a pre-determined value known at the sender and
receiver, which enables us to recover the bits in the good channels named the
information bits with almost certain probability for large block-lengths.
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2.4 Polar Transform

Polar transformation was introduced in [4] as a linear transform xN = uNGN

defined over GF (2), where N is a power of 2. GN is an N × N matrix and is
invertible with G−1

N = GN . The generator matrix GN is recursively obtained as

GN = RN (F ⊗GN/2) (2.11)

Here RN is a permutation matrix that performs an operation called the reverse
shuffle.

bN = RN (aN )

=
[
a1 a3 . . . aN−1 a2 a4 . . . aN

]
=
[
ao ae

] (2.12)

F is denoted as the kernel of the transform and Arikan used

F =

[
1 0
1 1

]
with G1 = I1 (2.13)

for initialization. While a more general kernel can be used this specific kernel
leads to low complexity constructions for decoding and encoding as shown later.

For example G4 is obtained by doing the above recursion two times from G1.

G4 =


1 0 0 0
1 0 1 0
1 1 0 0
1 1 1 1

.

The transformed vector xN is then transmitted via the physical channel.
From [4], the virtual channel WN with probability transition matrix WN seen
by the input vector uN for a block of size N satisfies the recursive relation as
shown in Figure 2.4 where they can be constructed from two copies of theWN/2

channel and the reverse shuffle operation.

Figure 2.4: Recursive virtual channel relations [4]
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The virtual channel induced by polar transform of size 4 is shown in Figure
2.5, where W is the probability transition matrix of the physical channel W.

Figure 2.5: Polar co-ordinate channels for block length 4 [4]

2.5 Channel Splitting

To utilize polar codes as a channel code the virtual outer channel is split into
N binary input co-ordinate channels Wi : {0, 1} → Y × {0, 1}i−1 where the
transition probability of the channel is given as

W i(yN , ui−1|ui) = P (yN , ui−1|ui)
By computing over all possibilities

=
∑

uNi+1∈{0,1}N−i

P (yN |uN )P (uN )

P (ui)

=
1

2N−1

∑
uNi+1∈{0,1}N−i

P (yN |uN )

=
1

2N−1

∑
uNi+1∈{0,1}N−i

WN (yN |uN )

(2.14)

The intuition behind this splitting is related to the successive cancellation de-
coder used by polar codes. The decoder progresses sequentially decoding the
current bit ûi from the output vector yN and previous bit estimates ûi−1. Thus
the effective channel for the individual bit ui seen by the decoder is described
above.

From [4], the Bhattacharya parameter Z(W) and the channel capacity C(W)
of a B-DMC W is given by

log(
2

1 + Z(W)
) ≤ C(W) ≤

√
1− Z(W) (2.15)

9



(a) Block size N = 29

(b) Block size N = 217

Figure 2.6: Bhattacharya parameters for the same BSC(0.1) for two different
block lengths. The Bhattacharya parameters close to one represent the bad
channels while the parameters close to zero represents the good channels. The
fraction of the good channels increases with the block-length.

This implies the capacity is constrained to be near 0, when the Bhattacharya
parameter is near 1. Similarly capacity is near 1 when the Bhattacharya pa-
rameter is near 0. For large block lengths it is shown in [4] that the fraction
of the good co-ordinate channels (Z(Wi) ≈ 0) will be given by the capacity of
the physical channel C(W). By fixing the information in the bad co-ordinate
channels given by (Z(Wi) ≈ 1) we can recover the information in the good co-
ordinate channels with almost certainty, thus achieving capacity. An analytical
bound is given as

lim
N→∞

|{1 ≤ i ≤ N : Z(Wi) < N−
5
4 }|

N
= C(W) (2.16)

Polarization exhibited by Bhattacharya parameters for polar codes for a BSC
with transition probabilities defined by W (1|0) = W (0|1) = 0.1 is shown in
Figure 2.6. Note that the Bhattacharya parameters are sorted in descending
order in this figure.
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2.6 Encoding and Decoding Algorithms for Po-
lar Codes

2.6.1 Butterfly Encoder

The naive implementation of the polar transform by directly performing the
matrix multiplication xN = uNGN requires O(N2) operations. However the
transform can be represented by a butterfly(FFT) like structure which can be
employed to reduce the complexity to O(N logN) [4].

The circuit required for producing the transformation x8 = u8G8 is shown
in Figure 2.7.

Figure 2.7: Polar transform operation for a block size of 8. Dots represent
modulo two addition while the lines indicate data moves from left to right.
There is an initial bit reversal operation similar to FFT [4]

2.6.2 Successive Cancellation Decoder

The algorithms used for decoding polar codes use a decoding strategy called
successive cancellation, which, when employed for channel coding for achieving
rates R < C in a symmetric B-DMC with capacity C and a block of size N , has
a block error probability Pe(N) < O(N−

1
4 ) and is independent of the rate. The

decoding complexity is given by O(N logN). In fact the algorithms used for
improved performance like list decoding and belief propagation based decoding
employ variants of the same underlying principle of successive cancellation.

The algorithm proceeds in a sequential manner from bit index i = 1 to
i = N to decode the values in bits u|Inf | belonging to the information set Inf .
It initializes with the output vector yN and the values u|Fro| of the frozen bits
in set Fro. At end of each step i it obtains an estimate ûi of the originally
transmitted bit at index i from the output vector and previous estimates ûi−1.
The frozen indices are in set Fro. At step i [4]
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1. Check if i ∈ Fro. If present then this is a frozen bit and set ûi from the
vector u|Fro|

2. If the index i /∈ Fro then this is an information bit. The estimate ûi is
obtained by computing the ratio of the probability of obtaining the output
vector yN and the previous estimates ûi−1, given the bit ui to be 0 to the
probability of obtaining the same when the bit ui is 1, called the likelihood
ratio.

Li
N (yN , ûi−1) =

W i(yN , ûi−1|0)

W i(yN , ûi−1|1)
(2.17)

3. If the likelihood ratio Li
N (yN , ûi−1) ≥ 1 set ûi = 0. Else set ûi = 1.

4. Update i = i+ 1 and go to Step 1

The complexity of the algorithm is dominated by the second step where the
likelihood ratio is computed using a recursive relation [4] given by

L2i−1
N (yN , û2i−2) =

Li
N/2(y

N/2
1 , û2i−2

o ⊕ û2i−2
e )Li

N/2(yNN/2+1, û
2i−2
e ) + 1

Li
N/2(y

N/2
1 , û2i−2

e ⊕ û2i−2
o )Li

N/2(yNN/2+1, û
2i−2
e )

L2i
N (yN , û2i−1) =

(Li
N/2(y

N/2
1 , û2i−2

o ⊕ û2i−2
e ))

1−2û2i−1

Li
N/2(yNN/2+1, û

2i−2
e )

(2.18)

The equations will recurse down to L1
1(yk), where they can be computed directly

as W (yk|0)
W (yk|1) from the transition probabilities of the physical channel.

For the naive successive cancellation decoder where the likelihood ratios
computed are discarded after estimating each bit, the computational complexity
of the decoding algorithm is O(N2). However, the computations done for each
bit can be stored to facilitate lesser computations for the next bits as they will
share values. This reduces the complexity to O(N logN). The likelihood ratios
are prone to grow to be very large and very small and are prone to overflow and
underflow errors in typical processors. Hence the computations are numerically
done by taking the logarithmic likelihoods ratios(LLR).

2.7 Polar Code Construction

The Polar code construction is obtained by determining the bad channels and
the good channels for the required block length for operation in the B-DMC.
This is achieved by computing the values of the Bhattacharya parameter for the
co-ordinate channels Z(Wi). In the general B-DMC setting, there is no known
efficient algorithm for computing the exact value of Bhattacharya parameters.
For some channels there are algorithms to calculate upper and lower bounds for
the parameters. The complexity rises for tighter bounds [8].

Another, often times a more simpler approach is to run Monte Carlo simula-
tions for any arbitrary channel transition and input distribution probabilities to
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obtain U̇N and Ẏ N respectively. From [4], the Bhattacharya parameter estimate
is then the expectation given

Ż(Wi) = E

[(
W i(Ẏ N , U̇ i−1|U̇i ⊕ 1)

W i(Ẏ N , U̇ i−1|U̇i)

) 1
2
]

(2.19)

Observe when U̇i = 1 or U̇i = 0, the estimate is the expectation of square root
of the likelihood ratio, or the square root of multiplicative inverse of likelihood
ratio mentioned in Equation (2.17) respectively. Thus for the experiment, we
run the successive cancellation algorithm with the sampled values for every
index and obtain estimates of the Bhattacharya parameter from the likelihood
ratio. Since any bit U̇i is directly available, instead of updating the bit estimates
U̇ i at the end of each iteration from the likelihood ratio we update it directly
from the sampled value. The expectation(mean for uniform distributions) can
be calculated after a sufficiently high number of experiments as an estimate for
the Bhattacharya Parameters.
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Chapter 3

Polar Codes for Source
Coding

Korada in [6] showed how polar codes can be employed optimally for the prob-
lem for lossy source coding. To introduce the intuition behind this concept first
consider a test binary symmetric channel Bsc(D) for which we can build an
optimal channel code using polar codes for a very large block length N , and
let some codeword of this scheme be Ci. Note that for this length the channel
code is optimal and its rate is given by R = 1−hb(D). The cardinality of set of
possible codewords Ccw will be given by 2NR and will be uniformly distributed
in {0, 1}N .

The scheme is optimal for errors having a Bernoulli distribution Ber(D)N

acting on the transmitted codeword Ci, which implies that almost all trans-
missions having a Hamming distortion D for the noisy output is mapped back
correctly to the original Ci, as the block length is sufficiently large. Now for
the source coding problem, the rate-distortion function implies that for some
required Hamming distortion D, the optimal source code will have to have a
rate equal to R = 1 − hb(D) for binary symmetric sources. Assume the set of
codewords Ccw is the possible outputs of a source coding encoder which em-
ploys the successive cancellation algorithm on some arbitrary input vector XN

of the binary symmetric source {0, 1}N , for some frozen bits. Since we store
only the information bits, this can be represented by an information vector of
size NR, where R = 1 − hb(D) is the rate distortion bound. The optimality
of polar codes means that they will be mapped to some codeword in Ci ∈ Ccw
which will not be greater than the Hamming distortion D with high probability
as there exists many approximate solutions codewords satisfying the condition
Ci⊕Ber(D)N = XN . The complete proof is given with respect to the following
theorem on lossy polar source coding from [6] for binary symmetric sources.

Theorem. Let X be a BSS and fix the design distortion D, 0 < D < 1
2 . For any

rate R > 1−hb(D) and for some 0 < β < 1
2 there exists a sequence of polar codes

of length N with rates RN < R so that under SC encoding using randomized

rounding they achieve the expected DN satisfying DN ≤ D + O(2N
β

). The
encoding as well as decoding complexity of these codes is O(N logN).
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3.1 Proof of Optimality

3.1.1 Preliminaries

The proof of optimality is from [6], where the random variable XN representing
a block of information of length N from a binary symmetric source is to be
compressed and reconstructed within a required Hamming distortion D. Let
Fro ⊆ {1, 2...N} represent a subset of the possible N indices known at the re-
ceiver/decoder. The value of the bits whose indices belong to set Fro is fixed and

is represented as U
|Fro|
fro representing the frozen bits. The codewords used by this

scheme will be determined by the position and value of frozen bits, i.e. Fro and

the values u
|Fro|
fro . The other bit indices belongs to set Inf = {{1, 2...N}\Fro}

used to store information U
|Inf |
Inf namely the information bits. The rate of data

storage of this code is thus given by |Inf |N = N−|Fro|
N . The random variables

U
|Inf |
Inf and U

|Fro|
Fro when together arranged in order of their indices is represented

as UN .

The encoding at the sender is represented by the following function fenc :
{0, 1}N × {0, 1}|Fro| → {0, 1}|Inf |, which performs the compression operation

that for the given frozen bits u
|Fro|
fro and xN produces the vector u

|Inf |
inf . The

reconstruction performed at the receiver which is given the frozen bits u
|Fro|
fro

and information bits u
|Inf |
Inf to obtain x̂N is represented by the decoding function

fdec : {0, 1}|Fro| × {0, 1}|Inf | → {0, 1}N . Compared to the polar channel code,
the roles of the encoder and decoder are reversed here. The receiver/decoder
will perform the polar transform operation via the polar transform matrix GN

and hence performs the reconstruction x̂N = uNGN .

3.1.2 The Stochastic Encoder

The encoding algorithm fenc : {0, 1}N×{0, 1}|Fro| → {0, 1}|Inf | is implemented
using a successive cancellation algorithm with a slight modification. Instead of
setting bit ûi = 0 for the likelihood ratio Li

N (xN , ûi−1) ≥ 1 and vice versa for
Li
N (xN , ûi−1) < 1 the encoder performs the action probabilistically. At this

point it must be mentioned that in simulations, the performance of determinis-
tic encoding is the same as the stochastic encoding [6]. The stochastic encoder
is required for the purposes of analysis and in practice the encoder performs the
action exactly like before, i.e. deterministically.

The frozen bits are set directly from u
|Fro|
fro

uNi∈Fro = u
|Fro|
fro (3.1)

The information bits are governed probablistically by

uNi∈Inf =

0 with probability
LiN (xN ,ûi−1)

1+LiN (xN ,ûi−1)

1 with probability 1
1+LiN (xN ,ûi−1)

(3.2)
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Thus for each bit index we obtain a posterior probability function
PUi|XN ,Ui−1(ui|xN , ui−1). The probability of the complete vector chosen with
respect to a given input is given by

Penc(u
N |xN ) =

{
0 when uNi∈Fro 6= uFro

i∈Fro∏
i∈Inf PUi|XN ,Ui−1(ui|xN , ui−1) when uNi∈Fro = uFro

i∈Fro

(3.3)

3.1.3 Hamming distortion of the Stochastic Encoder

The Hamming distortion induced by the encoder is given the function

DN (Fro, u
|Fro|
fro ) defined as the expectation of the Hamming distortion over all

possible choices of xN with the inputs representing choices of the indices Fro

and frozen bits u
|Fro|
fro . In the proof given in [6], this distortion function is ana-

lyzed and provides an insight to the design of Fro and u
|Fro|
fro .

From the above definition we obtain

DN (Fro, u
|Fro|
fro ) =

∑
xN∈{0,1}N

1

2N

∑
uN∈{0,1}N

Penc(u
N |xN )d(xN , uNGN )

Using Equation (3.3) we obtain

=
∑

xN∈{0,1}N

1

2N

∑
u
|Inf|
inf ∈{0,1}|Inf|

∏
i∈Inf

PUi|XN ,Ui−1(ui|xN , ui−1)d(xN , uNGN )

(3.4)

Here we have averaged over all 2N choices for xN assuming equal probability.

Since values of u
|Fro|
Fro are fixed, we only average over possible choices for u

|Inf |
inf .

In [6], it is shown that for a given frozen set Fro all choices of u
|Fro|
Fro provide

the same average distortion i.e., value of frozen bits do not matter. For a given
Fro set, we can average the distortion obtained over all values of frozen bits
which will correspond to the individual distortion of any choice of the frozen
bits as well.

DN (Fro) =
∑

u
|Fro|
fro ∈{0,1}|Fro|

1

2|Fro|DN (Fro, u
|Fro|
fro ) = DN (Fro, u

|Fro|
fro ) (3.5)

However it is sufficient to analyze the the average of the distortion over all
choices of values of the frozen indices as it guarantees there exists at least one
choice which satisfies the average distortion. To do this, stochastic encoding
under two condition A and B is analyzed in [6].

For condition A, the probability distribution of XN is defined with the prob-
ability function AXN (xN ) = 1

2N
, which represents a binary symmetric source.

The probability distribution of obtaining UN is defined as

AUi|Ui−1,XN (ui|xN , ui−1) =

{
1
2 when i ∈ Fro
PUi|XN ,Ui−1(ui|xN , ui−1) when i ∈ Inf

(3.6)
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Note that calculating the expectation of the distortion i.e. EA(d(UNGN , X
N ))

under condition A, is equivalent to DN (Fro).

Similarly for condition B, the probability distribution of XN is defined with
the probability function BXN (xN ) = 1

2N
. The probability distribution of UN is

defined by

BUi|Ui−1,XN (ui|xN , ui−1) = PUi|XN ,Ui−1(ui|xN , ui−1) for all i ∈ {1, 2.., N}
(3.7)

The expectation of the distortion under condition B, EB(d(UNGN , X
N )) is

equivalent to the case where no indices are set to frozen bits for the stochastic
encoder i.e., DN (Fro) when Fro is empty.

For readability purposes, the probability functions will now be given without
their subscripts and they can be deduced from the inputs. A brief outline of the
steps of the proof [6] is shown below.

1. The upper bound
∑

uN∈{0,1}N

∣∣∣∣A(uN |xN )−B(uN |xN )

∣∣∣∣ involving the marginal

probability distributions A(uN |xN ) and B(uN |xN ) is obtained.

2. This relation is then used to obtain an upper bound of

∣∣∣∣EA(d(uNGN , x
N ))−

EB(d(uNGN , x
N )

∣∣∣∣.
3. By computing EB(d(UNGN , X

N )) we obtain an upper bound of
EA(d(UNGN , X

N )).

Now ∑
uN∈{0,1}N

∣∣∣∣A(uN |xN )−B(uN |xN )

∣∣∣∣
=

∑
uN∈{0,1}N

∣∣∣∣ N∏
i=1

B(ui|xN , ui−1)−
N∏
i=1

A(ui|xN , ui−1)

∣∣∣∣
=

∑
uN∈{0,1}N

∣∣∣∣ N∑
i=1

(A(ui|xN , ui−1)−B(ui|xN , ui−1))

i−1∏
j=1

B(uj |xN , uj−1)

N∏
j=i+1

A(uj |xN , uj−1)

∣∣∣∣

(3.8)

In the second step the expression is rewritten using telescopic expansion. For
example, abc−xyz = (abc− bcx) + (bcx− cxy) + (cxy−xyz) = (a−x)bc+ (b−
y)cx+ (c− z)xy. This is simply extended to N terms here. Note that

A(ui|xN , ui−1) = B(ui|xN , ui−1) = P (ui|xN , ui−1) when i ∈ Inf

A(ui|xN , ui−1) =
1

2
, B(ui|xN , ui−1) = P (ui|xN , ui−1) when i ∈ Fro

(3.9)
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The terms cancel out for i ∈ Inf in the above summation. Therefore from
Equations (3.9), we obtain a reduced summation as∑
uN∈{0,1}N

∣∣∣∣A(uN |xN )−B(uN |xN )

∣∣∣∣ =

∑
uN∈{0,1}N

∣∣∣∣ ∑
i∈Fro

(
1

2
− P (ui|xN , ui−1)

) i−1∏
j=1

P (uj |xN , uj−1)

N∏
j=i+1

A(uj |xN , uj−1)

∣∣∣∣
(3.10)

Dropping the term
∏N

j=i+1A(uj |xN , uj−1) which cannot be greater than one∑
uN∈{0,1}N

∣∣∣∣A(uN |xN )−B(uN |xN )

∣∣∣∣
≤
∑

i∈Fro

∑
ui∈{0,1}i

∣∣∣∣12 − P (ui|xN , ui−1)

∣∣∣∣ i−1∏
j=1

P (uj |xN , uj−1)

≤
∑

i∈Fro

∑
ui−1∈{0,1}i−1

∑
ui∈{0,1}

∣∣∣∣12 − P (ui|xN , ui−1)

∣∣∣∣ i−1∏
j=1

P (uj |xN , uj−1)

≤
∑

i∈Fro

∑
ui−1∈{0,1}i−1

(∣∣∣∣12 − P (0|xN , ui−1)

∣∣∣∣+

∣∣∣∣12 − P (1|xN , ui−1)

∣∣∣∣) i−1∏
j=1

P (uj |xN , uj−1)

Since P (1|xN , ui−1)|) = 1− P (0|xN , ui−1)|)

≤
∑

i∈Fro

∑
ui−1∈{0,1}i−1

2 ·
∣∣∣∣12 − P (0|xN , ui−1)

∣∣∣∣ i−1∏
j=1

P (uj |xN , uj−1)

Now summation over ui−1 is the expectation of

∣∣∣∣12 − P (0|XN , U i−1)

∣∣∣∣
under condition B for some XN

≤ 2
∑

i∈Fro

EB|XN

(∣∣∣∣12 − P (0|XN , U i−1)

∣∣∣∣)
(3.11)

Now the bound between the probabilities involved in these two distributions.
This is now used to calculate the bound between the average distortion achieved
by these distributions i.e., we calculate the difference of the expectation of the
distortion over all possible values of yN and uN under these conditions.∣∣∣∣EA(d(uNGN , x

N ))− EB(d(uNGN , x
N )

∣∣∣∣
=

∑
xN∈{0,1}N

∑
uN∈{0,1}N

∣∣∣∣A(uN , xN )−B(uN , xN )

∣∣∣∣d(uNGN , x
N )

(3.12)
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Now A(xN ) = B(xN ) = 1
2N

. Therefore

(3.12) =
∑

xN∈{0,1}N

1

2N

∑
uN∈{0,1}N

∣∣∣∣A(uN |xN )−B(uN |xN )

∣∣∣∣d(uNGN , x
N )

(3.13)

The maximum Hamming distortion d(uNGN , x
N ) possible is 1. We obtain

(3.12) ≤
∑

xN∈{0,1}N

1

2N

∑
uN∈{0,1}N

∣∣∣∣A(uN |xN )−B(uN |xN )

∣∣∣∣
Using (3.11)

(3.12) ≤ 2
∑

xN∈{0,1}N

1

2N

∑
i∈Fro

EB|XN

(∣∣∣∣12 − P (0|XN , U i−1)

∣∣∣∣)

≤ 2
∑

i∈Fro

EB

(∣∣∣∣12 − P (0|XN , U i−1)

∣∣∣∣)
(3.14)

Fro is chosen such that EB

(∣∣∣∣ 12 − P (0|XN , U i−1)

∣∣∣∣) ≤ δN for all i ∈ Fro. This

can be interpreted as choosing the bad channels where the likelihood ratios
values are close to 1

2 . Under this condition we obtain

EA(d(uNGN , x
N ))− EB(d(uNGN , x

N )) ≤ 2δn|Fro| (3.15)

Now to complete the proof, the expected distortion under condition B is
calculated.

EB(d(uNGN , x
N )) =

∑
xN∈{0,1}N

∑
uN∈{0,1}N

P (uN , xN )d(uNGN , x
N ) (3.16)

Let the input of the test channel be some yN , where yN = uNGN

EB(d(uNGN , x
N )) =

∑
yN∈{0,1}N

∑
xN∈{0,1}N

∑
uN∈{0,1}N

P (uN , xN , yN )d(yN , xN )

=
∑

yN∈{0,1}N

∑
xN∈{0,1}N

∑
uN∈{0,1}N

P (xN , yN )P (uN |xN , yN )d(yN , xN )

(3.17)

For given (xN , yN ), uN is uniquely determined as it is a one to one mapping
with respect to yN .

EB(d(uNGN , x
N )) =

∑
yN∈{0,1}N

∑
xN∈{0,1}N

P (xN , yN )d(yN , xN ) (3.18)

Thus we have obtained a distortion measure with respect to the inputs and out-
puts of the test channel Bsc(D) which can be computed using the independence
of the underlying binary symmetric channel.

EB(d(uNGN , x
N )) =

∑
y∈{0,1}

∑
x∈{0,1}

W (x, y)d(y, x)

= D

(3.19)
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The distortion under condition B is equivalent to the distortion under A, if
the frozen set is null. However if the indices i of the frozen set are chosen
such that they all satisfy EB(| 12 − P (0|XN , U i−1)|) ≤ δN , then the average
distortion for all choices of values for bits in the frozen set Dn(Fro) only in-
creases to (D + 2 · δN |Fro|) while the rate R is reduced to 1 − |Fro|/N . For
N →∞ we will find frozen indices such that the rate satisfies R = 1−h2(D) and
EB(P (0|XN , U i−1)) = 1

2 (since they are completely unreliable) for the frozen
indices. Thus the average Hamming distortion is D.

For sufficiently large finite blocks of length N we can find rates R = 1 −
h2(D)+ε for any arbitrary small ε > 0 . The average distortion Dn(Fro, u

|Fro|
Fro )

is derived in [6] for any 0 < β < 1
2 as

Dn(Fro, u
|Fro|
Fro ) = D +O(2−N

β

) (3.20)

3.2 Polar source code construction

The code construction for the required Hamming Distortion D is accomplished
by estimating the Bhattacharya parameters of a test channel which is defined
as Bsc(D). The parameters are estimated as described in Section 2.7, where a
Monte Carlo simulation is run using this test channel.

The Bhattacharya parameter estimates for the virtual channels using this
test channel are used to decide the frozen set and information set with respect
to a design threshold γ. The frozen set Fro and information set Inf are given
by indices i ∈ {1, 2...N}

Fro = {i ∈ {1, 2...N}} where Z(Wi
N ) ≥ γ

Inf = {i ∈ {1, 2...N}} where Z(Wi
N ) < γ

(3.21)

Ideally we require the value of gamma such that the rate achieving some
Hamming Distortion D is optimal. The rate-distortion performance for differ-
ent values of γ is empirically tested to find suitable candidates. Consider a case
where we are interested in finding an optimal polar code to be used for com-
pressing a BSS for a required Hamming distortion D = 0.1 for the block length
N = 211.

First, the Bhattacharya parameters for the test channel are estimated using
a Monte Carlo simulation as described in Section 2. We use different candidates
for γ to partition the bits into information bits and frozen bits as illustrated in
Figure 3.2. Intuitively we can expect that as γ decreases more bits get classi-
fied as frozen bits, implying we get a reduced rate at the cost of an increased
distortion. distortion.

Note that most of Bhattacharyya parameters of the virtual channels are
constrained to be in small neighbourhoods around 0 and 1. Hence when γ
is not close to 1 or 0 the rate distortion performance does not significantly
change when we change γ, as the partition of frozen bits and information bits
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Figure 3.1: Threshold γ decides frozen bits and information bits

Figure 3.2: The partition for frozen bits and information bit classification are
obtained for different values of γ. The γ satisfying distortion constrain D = 0.1
is around 0.6 while the value of γ satisfying the rate R = 1− hb(0.1) is around
0.4.
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Figure 3.3: Effect of γ on operating region

are essentially the same. However for regions around 1 and 0 the frozen bit
assignment diverges for small changes in γ. Therefore it can be said that the
rate distortion performance is sensitive to changes in γ when γ ≈ 1 or γ ≈ 0.

3.3 Rate Distortion Curve for Polar Codes

In the preceding sections analytical bounds were used to make claims for the
optimality of polar codes. These claims are strengthened by measuring the em-
pirical performance of polar codes across multiple rate regions for 3 different
block lengths N = 27, 210 and 213, as shown in Figure 3.4.
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Figure 3.4: Rate-Distortion performance of polar codes for different block
lengths
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Chapter 4

A List based algorithm for
improved Rate-Distortion
performance

4.1 List encoding algorithm

The performance obtained for compression of small to moderate block-lengths
less than 1024 bits for the simple successive cancellation algorithm as seen in
Chapter 3 is not satisfactory. This arises because the encoder can only store
and use one candidate word at the end of each step. Once a bit is estimated at
the end of the step, no further change can be made to it.

List successive cancellation for polar channel coding is a construction pro-
posed by Tal and Vardy [9] that improves upon the original algorithm where
L(a power of 2) unique candidates of the previous bit estimates are available at
each step, for which the likelihood of the current bit to be 0 and 1 is computed.
Thus at the end of each step the algorithm has 2L possibilities out of which
it chooses the L most likely candidates. When L = 2N , then the algorithm
computes the likelihood of all possible bit combinations thus converging to the
maximum likelihood decoder. The complexity of the list successive cancellation
algorithm is O(LN logN)

The list successive algorithm implemented for source coding of a binary sym-
metric source is shown below, where a small modification is made with respect
to the original design. The list algorithm terminates with L candidates from
which one must be chosen. For the channel coding problem, the list algorithm
either picks the most probable candidate, or by appending a small length CRC
code to the message picks the candidate with the correct CRC. However for the
source coding problem, the original source word which we are trying to compress
is available and hence we can directly compute the distortion for all candidates
with respect to this source word. Then we pick the one with the minimum
distortion.
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The list initializes as a single point representing the first bit estimate and
grows to the list size L by including every possibility. After that it prunes itself
by choosing L candidates from 2L choices. The variables associated with the
selected L candidates are assigned a binary state of active thread, while the
discarded ones are called inactive thread.

Figure 4.1: Figure showing operation of the list of size 4 from initialization. The
black lines show active threads while the shaded ones are inactive [9]

Algorithm 1 List based successive cancellation algorithm

L ← {1} . Initialize as a single thread
for i = 1,2...N do

if i ∈ Fro then
ûi[l] = ui for all l ∈ L . Set frozen bit for all active threads

else
if |L| < L then . Needed for initialization

for all l ∈ L do
DuplicatePath(l)

else . For non-frozen bits compute log-likelihood for all threads

Pl,u = W i(yn, ûi−1[l]|u) for all l ∈ L and for all u ∈ {0, 1}
τ ← Median of Pl,u

for each l ∈ L where Pl,0 < τ and Pl,1 < τ do
L = L\l . Kill all threads l where both bit choices are subpar

for all l ∈ L do
if Pl,u < τ and Pl,u⊕1 > τ then

ûi[l] = u . When only one choice subpar update thread l
else . When both choices are good duplicate thread l

DuplicatePath(l)

lmin ← l that minimizes (d(û[l]NGn, x
N )) . Pick best candidate

procedure DuplicatePath(l) . Sub-routine for thread duplication

l′ ← l . Copy active thread l into inactive thread l′

L = L ∪ l′ . Activate thread l′

ûi[l] = 0 . Update l with bit choice 0
ûi[l
′] = 1 . Update l′ with bit choice 1

Strictly speaking the algorithm presented here from [10] has a complexity
of O(LN2) due the copying that take place in the subroutine ’DuplicatePath’.
However Tal and Vardy’s original construction [9] [10] makes smart use of data
structures and pointers to ensure that only relevant sections of the thread are
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copied.

4.2 Performance of List for short block lengths

The rate-distortion performance obtained by a list of size L = 4 is shown in
Figure 4.2 for a block length of 29.

Figure 4.2: Figure showing improvement in rate-distortion performance for the
list algorithm. For N = 29, the performance improvement after L = 4 is
marginal.
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Chapter 5

Polar Codes for Distributed
Source Coding

Distributed source codes are a class of source codes which are used to reliably
and efficiently represent information in a setting where devices can co-operate
with each other, while achieving a desired level of secrecy with some eavesdrop-
per who can access some of the networks between the devices. Traditionally
these problems are named Slepian-Wolf and Berger-Tung network problems,
when the information needs to be reconstructed under lossless and lossy condi-
tions respectively.

5.1 Helper in a Wyner-Ziv Network

We deal with the more generally applicable lossy compression in this thesis
and concern ourself with a problem called the common helper problem in a
Wyner-Ziv network setting originally studied by Permuter, Steinberg and Weiss-
man in [11]. Here we have a common helper observing some source Y and
sends/stores its public rate limited information about a block of information
Y N from the source. An encoder observes a source X correlated to Y and uses
the available information from the helper to reduce the rate needed for send-
ing/storing information about XN on a private rate limited link observable only
by the decoder. The task of the decoder is to reconstruct XN as X̂N using the
information from the helper and the encoder along with additional side infor-
mation from a source S. It is easy to see that that increasing the rate at the
helper and the encoder will decrease distortion at the decoder, thus satisfying
a complementary relation with each other for achieving the required distortion.
However if we reduce the rate of the encoder it implies we must increase the
rate at the helper, which is also publicly available to an eavesdropper who can
then use this to obtain useful information about XN . Thus the rate at the
helper must be tuned simultaneously to meet the rate/distortion conditions at
the decoder as well as to achieve secrecy with respect to the eavesdropper [12].
In [11] they obtain a lower bound for achievable rate-distortion performance
of any such scheme without the eavesdropper for the Markov chain given by
Y −X − S. To this analysis we add an eavesdropper who can access the public
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Figure 5.1: Helper in a Wyner-Ziv Network

link of the helper. The secrecy achieved is measured using entropy remaining in
XN given the message M of the helper. The message sent through the public
link is called the common message and it is assumed the eavesdropper can de-
code it to obtain the relevant statistical information. Thus we can measure the
lower bound of the equivocation(entropy remaining in X) at the eavesdropper.
However this does not necessarily mean the equivocation achieved here is opti-
mal.

5.2 Achievable rate-distortion-equivocation re-
gion

The rate of the helper and the encoder is given by R1 and R2 respectively.
In [11], the converse arguments as well as achievablity using typical coding
arguments are given for the following rate pair (R1, R2).

R1 ≥ I(U ;Y |S) (5.1)

R2 ≥ I(X;V |U, S) (5.2)

U and V are auxiliary variables for some joint probability distribution function
of the form

p(x, y, s, u, v) = p(x, y)p(s|x)p(u|y)p(v|x, u) (5.3)
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The deterministic reconstruction function X̂(U, V, S) will have a distortion D
given by

D ≥ E(d(X̂(U, V, S), X)) (5.4)

The cardinality of the alphabets of U and V are restricted to be

|U| ≤ |Y|+ 2

|V| ≤ |X |(|Y|+ 2) + 1
(5.5)

The region R2(D) is convex.

The uncertainty at the eavesdropper about X is now defined as the entropy
(statistical information) remaining in X when the eavesdropper is given M . We
further assume that the information about X and Y is only available through
the public link and private links.

∆ = H(X|M) ≥ H(X|U) (5.6)

5.3 A setting for the common helper in Wyner-
Ziv

The operable rate-distortion region mentioned above provides the fundamental
bounds involved in the general common helper in Wyner Ziv problem. We make
the following assumptions to simplify the analysis1 with respect to our problem .

• X and Y are iid binary symmetric sources given by X = Y +Ber(p) where
Ber(p) is uncorrelated to Y .

• The information about X and Y is only available through the private
and public links. This means that the side information S is effectively
constant(null).

For R1(bits per symbol) we obtain the following bound with respect to the aux-
iliary random variable U

R1 ≥
I(Y N ;U)

N

R1 ≥
H(Y N )−H(Y N |U)

N
Since Y is a binary symmetric source

H(Y N |U)

N
≥ 1−R1

(5.7)

Similarly for the rates R2

1Acknowledgements to Minh Thanh Vu
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R2 ≥
I(XN ;V |U)

N

R2 ≥
H(XN |U)−H(XN |U, V )

N

(5.8)

From [13], Mrs. Gerber’s Lemma for two binary sources AN = BN +CN , where
C is derived from an iid Bernoulli Ber(r) source independent to both A as well
as an auxiliary variable U and where hb

−1 : [0, 1] → [0, 1
2 ] is the inverse of the

binary entropy function states that

h−1
b

(
H(AN |U)

N

)
≥ h−1

b

(
H(BN |U)

N

)
∗ r

hb
−1

(
H(XN |U)

N

)
≥ hb−1

(
H(Y N |U)

N

)
∗ p

Since the binary entropy function is non-decreasing

H(XN |U)

N
≥ hb

(
hb
−1

(
H(Y N |U)

N

)
∗ p
)

From Equation (5.7) we know
H(Y N |U)

N
≥ 1−R1

H(XN |U)

N
≥ hb(hb−1(1−R1) ∗ p)

(5.9)

From [13], Fano’s inequality states that for some A using alphabets A

H(A|B) ≤ hb(pe) + pe(log(|A|)− 1) (5.10)

Here pe is the probability defined by Equation (5.11) with respect to a re-
construction Â = f(B), where f is arbitrary.

pe = P (A 6= Â) (5.11)

Therefore for the ith entry in XN

H(Xi|U, V ) ≤ hb(P (Xi 6= X̂i)) + P (Xi 6= X̂i)(log(2)− 1)

H(XN |U, V ) ≤
N∑
i=1

hb(Di)

For a Hamming distortion D

D =
1

N

N∑
i=1

(Di)

H(XN |U, V ) is maximal when D1 = D2 = ... = DN = D

Thus we obtain

H(XN |U, V )

N
≤ hb(D)

(5.12)

30



Substituting Equation (5.9) and Equation (5.12) in Equation (5.8) we obtain

R2 ≥ hb(hb−1(1−R1) ∗ p)− hb(D) (5.13)

Since hb(D) is concave, R2(D) is a convex function. Therefore we have now
obtained a lower bound for the rate R2 in terms of the rates R1 and distortion
requirement D, eliminating the auxiliary variables.

In the later sections, we investigate practical applications of the helper in
Wyner-Ziv using polar codes. We fix two distortion constraints Dy ≤ D1 and
Dx ≤ D2 and D2 < D1 ∗ p for which we must try to minimize the total rate of
storage/transmission R1 +R2.

Now from the distortion constraint D1 and the rate-distortion of binary
symmetric sources we have

H(Y N )−H(Y N |U)

N
≥ 1− hb(D1)

Let z = h−1
b

(
H(Y N |U)

N

)
. Therefore

z ≤ D1

(5.14)

Now

hb
−1

(
H(XN |U)

N

)
≥ hb−1(

H(Y N |U)

N
) ∗ p

H(XN |U)

N
≥ hb(z ∗ p)

(5.15)

Now the rates

R1 +R2 ≥ 1− hb(z) + hb(z ∗ p)− hb(D1) (5.16)

Now the derivative of the binary entropy function hb(z) is given by

dhb(z)

dz
= log(

1− z
z

) (5.17)

Therefore

d(hb(z ∗ p)− hb(z))
dz

= (1− 2p) log(
1− z ∗ p
z ∗ p

)− log(
1− z
z

) ≤ 0 (5.18)

This means the minimal combined rates of R1 + R2 can be found at the
maximum possible value for z which is D1.

R1 +R2 ≥ 1− hb(D1) + hb(D1 ∗ p)− hb(D2) (5.19)

Furthermore, the (R1,R2) tuple which attains the minimum combined rate
of storage is given by

R1 = 1− hb(D1)

R2 = hb(D1 ∗ p)− hb(D2)
(5.20)
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Note that this implies, the solution is also optimal for the rate R1 required for
producing a distortion D1. Generalizing from Equation (5.18), the above rates
R1 and R2 are also optimal solutions for cost functions of the form

C(R1, R2) = R1 + λR2

Here λ ≤
log( 1−D1

D1
)

log( 1−p∗D1

p∗D1
)(1− 2p)

(5.21)

In the later section, polar code construction that converges to these rates R1

and R2 as the block lengths N →∞ will be shown.

The equivocation at the eavesdropper about X who possesses the public link
message M will be.

∆ = H(XN |M)

∆ ≥ H(XN |U)

∆ ≥ N(hb(h
−1
b (1−R1) ∗ p))

(5.22)

5.4 A Polar code implementation for the Com-
mon Helper in a Wyner-Ziv Network

The polar coding scheme shown here is inspired from [14], where Minh Thanh
Vu et al. provides an alternative proof of achievability for the rate-distortion-
equivocation region of the Wyner-Ziv network using polar codes. While tradi-
tional approaches towards achievability use typical coding schemes where the
complexity will require expontential number of operations in the block length,
the proof offered in [14] [15] is based on polar codes which promises efficient
implementations. The insight gained from the paper was instrumental in con-
structing and demonstrating the various practical source coding schemes based
on polar codes elucidated in this thesis. The scheme is described completely by
the roles at the helper, encoder and decoder.

5.4.1 Overview

The helper will encode on source Y , where the cardinality of the auxiliary
variable U at the helper is 2. Now for encoding the source X, U serves as
side information available at both encoder and decoder. The cardinality of the
auxiliary variable V at the encoder is also chosen to be 2. The joint probability
distribution function p(x, y, u, v) will be given by

p(x, y, u, v) = p(x, y)p(u, v|x, y)

p(x, y, u, v) = p(x, y)p(u|x, y)p(v|x, y, u)

Since U is induced by Y and V is induced by U,X

p(x, y, u, v) = p(x, y)p(u|y)p(v|x, u)

(5.23)

The probability distribution will satisfy the requirements mentioned in Equation
(5.3), when the side information is null(constant). The transition probabilities
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(a) U induced by Y (b) V induced by UX

Figure 5.2

arising from this description is given in Figure 5.2. Here the random variable
(U,X) represented by UX in Figure 5.2b will have four discrete realizations
with alphabets 00,01,10 and 11 derived from the different combinations of U
and X respectively.

It will be shown later in the source coding scheme based on polar codes that
the cardinality |U| = |V| = 2 will be sufficient to achieve the rate-distortion
bound mentioned in Equations (5.20), as the block lengths go to infinity. With
respect to Figure 5.2, we induce U from Y by employing the successive cancel-
lation algorithm for a test channel WU→Y , while for inducing V from UX we
employ the same for test channels WV→UX and WV→U . The test channels will
be described in detail along with the corresponding values of channel transition
probabilities that achieves the optimal rate-distortion performance for infinite
block lengths.

5.4.2 The Helper

The rate requirement at the helper specified in Equation (5.20) can be suitably
achieved with polar codes as shown in Chapter 3 for satisfying the design distor-
tion D1 with respect to Y . The test channel WU→Y will be given by Bsc(D1)
and transition probabilities between Y and the its reconstruction Ŷ = U ob-
tained by the helper is shown in Figure 5.3. From Equation (3.21), for binary
symmetric sources polar codes approach the rate-distortion bound when the
block length is infinite.

R1 = 1− h2(D1) (5.24)

This satisfies the first rate-distortion requirement at the helper mentioned in
Equation (5.20). Here

UN = ŪNGN (5.25)
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Figure 5.3: Test channel WU→Y

Note that we only send ū
|Inf |
Inf for some realization uN , since ū

|Fro|
Fro is fixed and

known.

5.4.3 The Encoder

The reconstruction UN is obtained after performing polar transform ŪNGN at
the encoder. The quantization noise of the reconstruction U with respect to Y
is Ber(D1).

U = Y ⊕Ber(D1)

X = Y ⊕Ber(p)
U = X ⊕Ber(p)⊕Ber(D1)

Since the quantization noise and process noise are uncorrelated

U = X ⊕Ber(D1 ∗ p)

(5.26)

Let V N be the codeword chosen at the encoder. Note that when

V = X ⊕Ber(D2) then the distortion requirement D2 is satisfied
(5.27)

Here we can assume D2 < Ber(D1 ∗ p) as any distortion requirement D2 ≥
Ber(D1 ∗ p) is trivially satisfied by just using the reconstruction U . Now the
auxiliary variable V needs to be induced from U and X as shown in Figure 5.2,
so that it satisfies the probability distribution described in Equation (5.27).

The auxiliary variable V is assumed to be the input to two independent test
binary symmetric channels Bsc(α) and Bsc(β) whose outputs are U and X as
shown in Figure 5.4. Here α and β are chosen to be

β = D2

α ∗ β = D1 ∗ p
(5.28)

We will now obtain the channel transition probability required for construct-
ing the test channel WV→UX : {0, 1} → {00, 01, 10, 11} shown in Figure 5.5a
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Figure 5.4: Markov Chain U − V −X

with binary inputs and quaternary outputs.

From Bayes Theorem

p(x = 0, u = 0|v = 0) = p(x = 0|u = 0, v = 0)p(u = 0|v = 0)

p(u = 0|v = 0) = 1− α
From the Markov Chain U − V −X
p(x = 0|u = 0, v = 0) = p(x = 0|v = 0) = 1− β
From Equations (5.29) we obtain

p(u = 0, x = 0|v = 0) = (1− α)(1− β)

Similarly

p(u = 0, x = 1|v = 0) = (1− α)β

p(u = 1, x = 0|v = 0) = α(1− β)

p(u = 1, x = 1|v = 0) = αβ

p(u = 0, x = 0|v = 1) = αβ

p(u = 0, x = 1|v = 1) = α(1− β)

p(u = 1, x = 0|v = 1) = (1− α)β

p(u = 1, x = 1|v = 1) = (1− α)(1− β)

(5.29)

The channel transition probabilities matrix WUX|V will be

WUX|V =

[
(1− α)(1− β) (1− α)β α(1− β) αβ

αβ α(1− β) (1− α)β (1− α)(1− β)

]
(5.30)

From Arikan’s theory of polarization [4], polar codes achieve the symmetric
channel capacity for binary input memoryless channels. Thus for an opti-
mal polar channel code, the decoder given UNXN can recover the informa-

tion bits present in V̄
|Inf |
Inf where V N = V̄ NGN with very high probability.

The channel decoder will find V̄
|Inf |
Inf such that V N satisfies the channel statis-

tics for any such UN , XN . Thus for a source encoder given UNXN satisfying
UN=XN + Ber(α ∗ β)(since all could be hypothetical channel transmissions),

it can store V̄
|Inf |
Inf , which satisfies the distortion requirement (as β= D2) for V

when the cardinality of the information bits |Inf | > C(WV→UX ).

Employing such an encoder alone would not be optimal as the rate of storage
will be given by C(WV→UX ) which is higher than required optimal rate. Note
that the V will also satisfy the following relation with U depicted by the test
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(a) Test channel WV→UX (b) Test channel WV→U

Figure 5.5

channel WV→U as shown in Figure 5.5b. Therefore a source encoder namely
the common encoder can be designed for this test channel which utilizes the

information in UN for determining some bits in V̄
|Inf |
Inf . In the final optimal

construction we use both the encoders named private encoder (test channel
WV→UX ) and common encoder (test channel WV→U ) such that the decisions

from both such encoders are used to construct V̄
|inf |
inf . First the construction is

described.

The bits of V̄ are classified with respect to two thresholds γ1 and γ2 into
three disjoint sets.

Class(V̄ i) =


Private when Z(Wi

V̄i→UNXN V̄i−1) ≤ γ1 and Z(Wi
V̄i→UN V̄i−1) > γ2

Common when Z(Wi
V̄i→UNXN V̄i−1) ≤ γ1 and Z(Wi

V̄i→UN V̄i−1) ≤ γ2

Fixed when Z(Wi
V̄i→UNXN V̄i−1) > γ1

(5.31)
Here γ1 is designed such that the good co-ordinate channels of the virtual outer
channel WVN→UNXN having Bhattacharya parameters Z(Wi

V̄i→UNXN V̄i−1) ≈ 0

are contained in the combined set {Private, Common} while the ’bad’ bits
Z(Wi

V̄i→UNXN V̄i−1) ≈ 1 are contained in Fixed. Further γ2 is designed such

that the Common set will satisfy Z(Wi
V̄i→UN V̄i−1) ≈ 0 while the Private set

will satisfy Z(Wi
V̄i→UN V̄i−1) ≈ 1 for the outer channel WVN→UN . The value of

bits in the Fixed set V̄
|Fixed|
Fixed is decided beforehand and along with the classi-

fication of bits is assumed to be know to all parties.

The algorithm proceeds in a sequential manner from bit index i = 1 to i = N
given vectors xN and uN and the information mentioned in the above paragraph
to construct v̄N . In the end, only the values of v̄N belonging to the private set
are stored/transmitted which implies the rate R = |Private|/N . At index i
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1. Check if i ∈ Fixed. If present then this is a frozen bit and set v̄i from

v̄
|Fixed|
Fixed .

2. Check if i ∈ Private. If present then compute the likelihood ratio.

Li
UNXN V̄ i−1(uN , xN , v̄i−1) =

W i
UNXN V̄ i−1(xN , uN , v̄i−1|0)

W i
UNXN V̄ i−1(xN , uN , v̄i−1|1)

(5.32)

If Li
UNXN V̄ i−1(xN , uN , v̄i−1) ≥ 1 then set v̄i = 0, else set v̄i = 1.

3. Else then i ∈ Common. Compute the likelihood ratio

Li
UN V̄ i−1(uN , v̄i−1) =

W i
UN V̄ i−1(uN , v̄i−1|0)

W i
UN V̄ i−1(uN , v̄i−1|1)

(5.33)

If Li
UN V̄ i−1(uN , v̄i−1) ≥ 1 then set v̄i = 0, else set v̄i = 1.

4. Update i = i+ 1 and go to Step 1

The likelihood ratios mentioned here are obtained from the recursive rela-
tions in Equations (2.18). This will recurse down to some WV→UX(ukxk|0)

WV→UX(ukxk|1) for the

private bits, and to WV→U (uk|0)
WV→U (uk|1) for the common bits and can be computed from

the transition probabilities of the test channel WV→UX and WV→U respectively.

Observe that if the private bits are made available to the decoder it can
derive the common bits chosen by the encoder since it has access to U . For
this the decoder only uses the common encoder and considers the fixed bits and
private bits to be effectively frozen. Therefore it obtains the exact V obtained
by the encoder. Now to show the optimality of the construction with respect
to the setting of common helper in Wyner-Ziv mentioned in Section 5.3, the
following must be shown.

• The rate of the encoder is given by |Private|, which is reduced by in-
creasing |Common|. It remains to be shown that this is indeed the rate
mentioned in Equations (5.20).

• The common encoder and the private encoder work in a sequential manner
to perform successive cancellation. Hence it must be shown the common
encoder will not affect the private encoder and vice versa.

First, we present some assumptions we can make when the block length goes
to infinity. From the thresholds mentioned in Equations (5.31), if a bit is
in the Common set it is simultaneously good for both co-ordinate channels
Wi
V̄i→UNXN V̄i−1 andWi

V̄i→UN V̄i−1 . Therefore these bits are estimated with high

probability for the test channels Wi
V̄i→UNXN V̄i−1 and Wi

V̄i→UN V̄i−1 . For these
bits the decision from the private encoder and the common encoders will be the
same. By allowing the common encoder to make the decision for these bits will
not penalize the encoding for the private encoder, as it would have made the
same decision with high probability.
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Furthermore we can say all the good co-ordinate channels in WVN→UN will
be present in the good co-ordinate channels WVN→UNXN . This is because if
the common decoder given UN , V̄ i−1 can recover a bit V̄i with high probability
then the private decoder given more information UN , XN , V̄ i−1 should recover
the bit with greater probability. This is demonstrated in Figure 5.6.

Figure 5.6: Bhattacharya parameters forWVN→UN ranked in order of the worst
to best bits ofWVN→UNXN for α = β = 0.1 for N = 218 is shown here. Observe
the correlation such that all good bits of WVN→UN are also the good bits of
WVN→UNXN .

.

Again from the threshold’s we can now say that the set Common will only
contain all the good bits of WVN→UN . The ’bad’ bits of WVN→UN will be
present in the sets Private and Fixed. The decisions made by the private en-
coder are always on the frozen bits ofWVN→UN , which can be arbitrarily set [6].
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The rate R2 is given by

R2 = |Private|/N
Since they are disjoint

R2 = (N − |Fixed| − |Common|)/N
|Fixed| = N(1− C(WV→UX ))

|Common| = NC(WV→U )

Therefore

R2 = C(WV→UX )− C(WV→U )

(5.34)

The binary symmteric capacity C(WV→U ) of WV→U is given by

C(WV→U ) = 1− hb(α) (5.35)

The symmetric capacity C(WV→UX ) of the test channel WV→UX is defined for
equal probability at the inputs as

C(WV→UX ) = H(UX)−H(UX|V ) (5.36)

The probability of obtaining various realizations of UX are given by

p(ux = 00) =
1

2
((1− α)(1− β) + αβ)

p(ux = 01) =
1

2
((1− α)(β) + (1− β)α)

p(ux = 10) =
1

2
((1− α)(β) + (1− β)α)

p(ux = 11) =
1

2
((1− α)(1− β) + αβ)

(5.37)

The entropy H(UX) is given by

H(UX) = Hb

[
p1

2
p2

2
p2

2
p1

2

]
Here p1 + p2 = 1 and p2 = (1− α)(β) + (1− β)α = α ∗ β

(5.38)

Simplifying

−H(UX) = 2(
p1

2
log(

p1

2
) +

p2

2
log(

p2

2
))

H(UX) = hb(p2) + 1

= hb(α ∗ β) + 1

(5.39)

Observe

H(UX|V ) = H(UX|V = 0) = H(UX|V = 1) (5.40)

The probability of obtaining various realizations of UX given v = 0

p(ux = 00|v = 0) = (1− α)(1− β)

p(ux = 01|v = 0) = (1− α)β

p(ux = 10|v = 0) = α(1− β)

p(ux = 11|v = 0) = αβ

(5.41)
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Substituting we obtain

−H(UX|V ) = (1− α− β + αβ)(log(1− α) + log(1− β))

+ (β − αβ)(log(β) + log(1− α))

+ αβ(log(β) + log(α))

+ (α− αβ)(log(α) + log(1− β))

H(UX|V ) = hb(α) + hb(β)

(5.42)

Thus

C(WV→UX ) = hb(α ∗ β) + 1− hb(α)− hb(β) (5.43)

The rate is then given by

R2 = C(WV→UX )− C(WV→U )

= hb(α ∗ β) + 1− hb(α)− hb(β)− (1− hb(α))

= hb(α ∗ β)− hb(β)

= hb(D1 ∗ p)− hb(D2)

(5.44)

This satisfies the second rate requirement mentioned in Equations (5.20) im-
plying the obtained design tends converges to the lower bound as block length
increases.

5.4.4 The Decoder

The decoder is given knowledge of the sets Private, Common and Fixed as well
as the bit sequences ūN , v̄|Private| and v̄|Fixed|. First it obtains uN = ūNGN by

doing the polar transform. Now its task is to obtain v̄
|Common|
Common so that it can

compute vN = v̄NGN .

The algorithm proceeds in a sequential manner from bit index i = 1 to
i = N . At index i

1. Check if i ∈ {Private, F ixed}. If present this is a frozen bit and set v̄i
accordingly

2. Else then i ∈ Common . Compute the likelihood ratio

Li
UN V̄ i−1(uN , v̄i−1) =

W i
UN V̄ i−1(uN , v̄i−1|0)

W i
UN V̄ i−1(uN , v̄i−1|1)

(5.45)

If Li
UN V̄ i−1(uN , v̄i−1) ≥ 1, then set v̄i = 0, else set v̄i = 1.

3. Update i = i+ 1 and go to Step 1

The performance of various toy practical schemes using this construction for
finite block lengths is evaluated in the following chapter. In [16], performance
metrics for polar codes in various source and channel coding settings are also
evaluated.
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Chapter 6

Experimental performance
of Polar Codes in toy
schemes

6.1 Multi-resolution source coding

Multi-resolution source coding schemes are typically viewed as a multi-level
structure with the information in the source split into various layers, thereby
providing multiple representations of information such that the rate required
for the each level is minimized for the distortion it provides.

The usual candidates for such schemes like video or image coding typically
utilize additional redundancy within the source to reduce the rate and often
include advanced models of human perception to measure distortion. However
designing such a source code would be beyond the scope of the thesis and hence
we limit our analysis to binary symmteric source X for two distortion levels
D1 and D2(D1 > D2), where the distortion is given by the Hamming distance
between the source and representation.

The construction for the first layer satisfying distortion d(UN , XN ) = D1

is mentioned in Chapter 3 and only the construction for the second layer is
described.

6.1.1 Achievable performance of a two level scheme

The achievable rate can be viewed from the perspective of the helper in a Wyner
Ziv network mentioned in the previous chapter. Here the helper and the encoder
encode on the same source, i.e. Y = X, and can be considered as a single entity.
The rate at the encoder for the first level is given by

R1 ≥ 1− hb(D1) (6.1)
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The rate at the second level is given by

R2 ≥ hb(D1 ∗ p)− hb(D2)

Here p = 0

R2 ≥ hb(D1)− hb(D2)

(6.2)

Notice that

R1 +R2 ≥ 1− hb(D2) (6.3)

Therefore the bound on the combined rate corresponds to the rate distortion of
X when encoded in a single layer with distortion D2, which means that there
is no mathematical penalty for splitting data into layers and we can choose any
valid distortion levels D1 and D2.

6.1.2 Polar code construction for a two level scheme

Test channel probabilities
The parameters α and β for the test channels WV→UX and WV→U are deter-
mined by.

α =
D1 −D2

1− 2D2

β = D2

(6.4)

Monte-Carlo Simulations

The Bhattacharya parameters of the polar channel code for test channel
WV→U are estimated with the following distributions using Monte-Carlo sim-
ulation as described in Section 2.7. The different subscripts of the Bernoulli
distributions here mean they have to be generated from independent distribu-
tions.

1. V̇ = Ber1(1/2)

2. U̇ = V̇ ⊕Ber2(α)

For the test channel WV→UX we use the following distributions

1. V̇ = Ber1(1/2)

2. U̇ = V̇ ⊕Ber2(α)

3. Ẋ = V̇ ⊕Ber3(β)

Division thresholds

The thresholds γ1 and γ2 mentioned in Equations (5.31) classify bits at layer
V into Common, Private and Fixed sets. Good values of γ1 and γ2 are selected
by evaluating the experimental rate-distortion performance at various candidate
values using a grid search.
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N Rate(R2pol) Distortion(D2pol) Rate Expansion(
R2pol

R2opt
)

0.41 0.149 1.46
212 0.50 0.104 1.21

0.67 0.052 1.13
0.36 0.150 1.28

215 0.47 0.104 1.14
0.65 0.051 1.09
0.33 0.150 1.18

218 0.45 0.103 1.09
0.63 0.052 1.06

Table 6.1: Rate-Distortion performance of polar codes for multi-resolution cod-
ing.

6.1.3 Polar code performance of a two level scheme

The performance obtained for the first layer is exactly the same as shown in
Section 3, and therefore only the results for the second layer is shown. Here we
investigate performance for three different block lengths given by N = 212, 215

and 218.

The distortion D1 is fixed as 0.3. The rate-distortion function R2opt(D2) is
given by

R2opt(D2) = hb(0.3)− hb(D2) where 0 ≤ D2 ≤ 0.3 (6.5)

We try three different values for design distortion D2 = 0.05, 0.1, 0.15 and the
achieved rate-distortion performance pair (R2pol, D2pol) is plotted with respect
to the rate-distortion curve in Figure 6.1. The same is tabulated in Table 6.1.

6.2 Common Helper in a Wyner Ziv Network

In this section we discuss the polar code construction of the more general com-
mon helper problem in a Wyner-Ziv network as discussed in Chapter 5, where
the encoder and helper are observing two related binary symmetric sources X
and Y = X ⊕Ber(p).

This construction can be used for applications like a distributed sensor net-
work scheme where the measurements of various sensors are correlated to each
other. Other applications are related to video compression where information
in one frame may be related to the information in the next frame.

6.2.1 Achievable performance of a common Helper in WZ

The achievable rate at the helper is given by

R1 ≥ 1− hb(D1) (6.6)
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Figure 6.1: Rate-Distortion performance of polar codes for multi-resolution cod-
ing

The rate at the encoder is given by

R2 ≥ hb(D1 ∗ p)− hb(D2) (6.7)

The combined rate is given by

R1 +R2 ≥ 1− hb(D1) + hb(D1 ∗ p)− hb(D2) (6.8)

From Equations (5.22) the equivocation at the eavesdropper is given by

∆ ≥ Nhb(h−1
b (1−R1) ∗ p) (6.9)

For large block lengths polar codes achieve rate-distortion bound

∆ ≥ Nhb(D1 ∗ p) (6.10)

The equivocation obtained is not necessarily optimal, but provides a mea-
surable lower bound. The minimum combined rate for obtaining a distortion D2

and the maximum equivocation is trivially obtained at D1 = 1
2 , which implies a

rate of zero at the helper. However the suitability of this approach arises from
the fact that the helper’s output is sometimes available in practical applications.
For example, the current video frame is available and the information present
in the frame can be reused to encode the next frame. Another case is when the
cost of maintaining a private link at the encoder could be higher than the cost
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of maintaining a public link.

In the following, the polar code construction is discussed for the common
helper in a Wyner-Ziv network. The construction for the first layer satisfying
distortion d(UN , Y N ) = D1 is mentioned in Chapter 3 and only the construction
for the second layer is described.

6.2.2 Polar code construction for the common helper in
WZ

The parameters α and β for the test channels WV→UX and WV→U are deter-
mined by

α =
(1− p)D1 + (1−D1)p−D2

1− 2D2

β = D2

(6.11)

After obtaining the required α and β the constructions steps are exactly the
same as the multi-resolution setup presented in Section 6.1.2 and hence omitted.

6.2.3 Polar code performance of the common helper in
WZ

The performance obtained for the encoder is shown here. Here we investigate
performance for three different block lengths given by N = 212, 215 and 218 with
the desired distortion D1 is fixed as 0.2 and Y = X ⊕Ber(0.1).

The rate-distortion function R2opt(D2) is given by

R2opt(D2) = hb(0.26)− hb(D2) where 0 ≤ D2 ≤ 0.26 (6.12)

We try three different values for design distortion D2 = 0.05, 0.1 and 0.15
and the achieved rate-distortion performance pair (R2pol, D2pol) is plotted with
respect to the rate-distortion curve in Figure 6.2. The same is tabulated in
Table 6.2.
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N Rate(R2pol) Distortion(D2pol) Rate Expansion(
R2pol

R2opt
)

0.38 0.153 1.65
212 0.46 0.103 1.28

0.63 0.052 1.17
0.35 0.148 1.52

215 0.42 0.104 1.15
0.60 0.051 1.11
0.30 0.149 1.30

218 0.40 0.102 1.11
0.58 0.051 1.07

Table 6.2: Rate-Distortion performance of polar codes for the common helper
in Wyner-Ziv.

Figure 6.2: Rate-Distortion performance of polar codes for the common helper
in Wyner-Ziv.

6.3 Lossy Source Coding of a Bernoulli Source

An insight from the common helper in a Wyner-Ziv setting is that we are ef-
fectively encoding an iid Bernoulli random sequence. In fact in this section we
show a practical Bernoulli lossy encoder with polar codes using this construc-
tion, which is optimal for large block lengths!
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6.3.1 Achievable performance of a lossy Bernoulli source
Encoder

From rate-distortion theory the requirement on a rate R for obtaining a recon-
struction M̂ for the required distortion D with respect to M , an iid Bernoulli
source Ber(r) and r ≥ D will be

R(D) ≥ min
p(m̂|m) :

∑
m,m̂

p(m)p(m̂|m)d(m,m̂)<D
I(M ; M̂)

R(D) ≥ H(M)−H(M |M̂)

R(D) ≥ hb(r)−H(M ⊕ M̂ |M̂)

R(D) ≥ hb(r)−H(Ber(D)|M̂)

Now

H(Ber(D)|M̂) ≤ H(Ber(D))

R(D) ≥ hb(r)−H(Ber(D))

R(D) ≥ hb(r)− hb(D)

(6.13)

If this bound is achievable, let the distribution be Ber(r′) for M̂ . Thus with
respect to Figure 6.3 we obtain the following equation.

r′(1−D) + (1− r′)D = r

r′ =
r −D
1− 2D

(6.14)

Figure 6.3: Transition probability relation for M̂ . Since the quantization noise
is independent to the reconstruction for optimal distributions, we can assume a
test Bsc(D) acting on M̂ .

6.3.2 Polar code construction for the lossy Bernoulli source
Encoder

We are interested in encoding an iid sequence from Bernoulli source M of length
N . First we embed this message using UN and XN used in the construction for
the helper problem in a Wyner-Ziv network in Section 5.4.

UN = Ber(
1

2
)N

XN = UN ⊕MN
(6.15)
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Here U is an iid binary symmetric source which is uncorrelated with M
known to the decoder as well as encoder. For example, the output of psuedo-
random generator can be used. In fact, the same source sequence can be used
for encoding any number of blocks. This is done because we require U and X
to be effectively binary symmetric and this operation does that.

There is no helper in this scenario and we only define the roles at the encoder
and the decoder. For this we require α and β to be.

β = D

α ∗ β = p

α =
p−D
1− 2D

(6.16)

The encoder now encodes the inputs UN , XN using the test channel param-
eters α and β. The rate is given by

R = hb(α ∗ β)− hb(β)

= hb(p)− hb(D)
(6.17)

The decoder after decoding obtains V N . The distorted message M̂N is recovered
as M̂N = V N ⊕ UN . Now

V ⊕ Ber(α) = U

M̂ ⊕ U ⊕ Ber(α) = U

M̂ = Ber(α)

(6.18)

This is expected as mentioned Equation (6.14). Now since

V ⊕ Ber(β) = X

M̂ ⊕ U ⊕ Ber(β) = U ⊕M
M̂ ⊕ Ber(β) = M

M̂ = M ⊕ Ber(D)

(6.19)

From Equations (6.19) and (6.17), we can conclude for large block lengths the
rate-distortion performance converges to lower bound mentioned in Equation
6.13.

6.3.3 Polar code performance of the lossy Bernoulli En-
coder

The rate-distortion performance for the encoder is evaluated for three different
block lengths given by N = 212, 215 and 218, where the Bernoulli distribution
message M = Ber(0.25). The rate-distortion function Ropt(D) is given by

Ropt(D) = hb(0.25)− hb(D) where 0 ≤ D ≤ 0.25 (6.20)
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N Rate(Rpol) Distortion(Dpol) Rate Expansion(
Rpol
Ropt

)

0.32 0.150 1.60
212 0.44 0.101 1.29

0.62 0.051 1.19
0.28 0.151 1.40

215 0.41 0.103 1.20
0.58 0.053 1.11
0.25 0.148 1.25

218 0.38 0.103 1.11
0.56 0.051 1.07

Table 6.3: Rate-Distortion performance of polar codes for lossy Bernoulli source
coding.

We try three different values for design distortion D = 0.05, 0.1 and 0.15
and the achieved rate-distortion performance pair (Rpol, Dpol) is plotted with
respect to the rate-distortion curve in Figure 6.4. The same is tabulated in
Table 6.3.

Figure 6.4: Rate-Distortion performance of polar codes for lossy Bernoulli source
coding
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6.4 Analysis of experimental rate-distortion per-
formance

The results indicate that the rate-distortion performance converges to the Shan-
non bound as block-length increases. For small block lengths, as the distortion
becomes higher it can be seen that the actual obtained rate-distortion perfor-
mance deteriorates. However we can employ time-sharing to operate for high
distortion requirements.

Note that with respect to the thresholds γ1 and γ2, slightly better perfor-
mance can be obtained than the results shown here by employing finer grid
spacings to select these parameters. It is observed that γ1 is in the order of
10−1, while γ2 is much smaller.
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Chapter 7

Practical Aspects

Polar Codes are a relatively new class of codes(introduced around 2008) and
have not been studied as extensively as other codes used in practice for source
coding(as well as channel coding) like Low-Density Parity-Check(LDPC) Codes,
which were introduced by Gallager in 1960.

Some of the impracticality faced by polar codes arises from the involved code
construction. For some applications where we can assume a constant require-
ment on the rate-distortion performance, this can be handled during the design
stage. When compared to the accompanying design hardware and software op-
timizations, the added effort is tractable.

To further discuss the practically of polar codes it would be prudent to
broadly identify the desired features of a source code. A good source code

• provides a rate-distortion performance that is close to the mathematical
bound with a low number of encoding and decoding operations, and

• is implementable on relatively cheap hardware whose design can be suit-
ably scaled for varying requirements like high throughput and low latency

7.1 Rate-Distortion performance

The rate-distortion performance of different candidates can be benchmarked by
considering the distortion it provides as a function of the block length, compu-
tational complexity and the rate it requires. The scaling of the computational
requirements of polar codes are modest and are given by polynomial complexity
O(N logN) in block length N under elementary successive cancellation. This
is remarkable as a source coding scheme that compresses information into code-
words of size 1 kilobyte would resemble a search problem with 28096 possible
candidates for each block! Consequently the trellis encoding originally used
for lossy source coding was impractical for large block lengths. While there
exists LDPC codes with low complexity algorithms(belief propagation inspired
decimation), which are demonstrated to offer reasonable performance for moder-
ate block lengths under certain conditions [17], they lack concrete mathematical
bounds shown for the successive cancellation algorithm for polar codes for many
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source types like the binary symmetric source.

For block lengths N > 220, polar codes offer superior rate-distortion per-
formance for a wide variety of operating conditions for channel coding, when
compared to LDPC codes [18]. Roughly speaking, we can expect similar equiv-
alences to exist for source coding which implies polar codes for source coding
becomes superior when compared to existing methods, as the block-length in-
creases. As mentioned in Section 2.2, increasing block lengths is the only way
to converge to the original rate-distortion bound of Shannon.

7.2 Hardware requirements

The different source coding schemes can now be compared with respect to the
hardware cost required for the performance it provides. Two important factors
used to measure performance are throughput and latency. For some applica-
tions like data archiving, latency need not to be considered, while for others it is
crucial. Consider the cloud gaming scheme mentioned in Section 1.2. Here the
corresponding output of game frame must be shown to the user within a cer-
tain time(around 100 ms) or the experience becomes quite noticeable sub-par [2].

While low complexity encoding and decoding schemes can lead to high
throughput and low latency with low hardware cost, it need not be the case
always. The throughput and the latency of the hardware using a naive succes-
sive cancellation algorithm handling a single block at a time is not satisfactory
due to the sequential nature of the algorithm, which occurs bit by bit. This can
be alleviated by using a semi-parallel SC algorithm [19], where the logic unit
handling computations are utilized more by handling multiple blocks at a time.
The first generation of ASIC hardware designed for polar codes for different
block lengths using the same is shown in the following table. The hardware cost
is given by the logic units(LUT), flip flops(FF) and memory while the through-
put is measured as the amount of data that can be processed by the ASIC in a
second.

N LUT FF Memory(bits) Clock(MHz) Throughput(Mbps)
215 3,263 1,304 411,648 167 62R
216 3,414 1,316 821,248 157 57R
218 3,548 1,349 3,278,848 140 51R
220 5,956 1,366 13,109,248 102 38R

Table 7.1: First generation polar code hardware performance [18]

As evident from this table, the increase in the number of LUT and FF for
increasing block length is comparatively small. The hardware cost is dominated
by memory required to store various computations while the logic required for
performing computations is relatively trivial. The throughput obtained was
significantly increased in the second generation hardware by using an unrolled
algorithm [21], where the SC decoder graph is viewed as a tree to further en-
able parallelism. This is complemented with some additional enhancements
like intelligently exchanging some frozen bits and information bits around the
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(a) ASIC of a first generation polar hardware [18]

(b) Internals of a list successive cancellation ASIC [20]
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threshold with each other, such that the obtained tree can be simplified further
with negligible degradation in rate-distortion. The performance figures [18] for
the second generation of polar codes hardware is shown in Table 7.2. The per-
formance obtained in fixed point calculations for a block length of 215 using a
modern processor, with a latency of 20 µs for a block is also included. This shows
that polar codes can satisfy stringent requirements on latency and throughput
required for various video streaming applications running on general purpose
processors as well.

Type N LUT FF Memory Clock(MHz) Throughput(Gbps)
ASIC 210 155,858 158,185 285,120 231 200R
CPU 215 - - - 3100 1.5R

Table 7.2: State of the art performance [18]
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Chapter 8

Conclusions and Future
Work

The implementation using polar codes for a particular setting of the common
helper in Wyner-Ziv network is successfully elucidated and demonstrated. Fur-
thermore this implementation directly leads to the lossy compression for binary
Bernoulli sources. Current constructions using polar codes or other practi-
cal codes are only for lossy compression of binary symmetric sources(a specific
type of binary Bernoulli source) or for lossless compression of binary Bernoulli
sources. In addition, a heuristic construction using a list successive cancellation
is also proposed, which demonstrably improves performance at short-to moder-
ate block lengths while compressing a single binary symmetric source.

The experiments for various toy schemes in Chapter 6 show that polar codes
are quite suitable for achieving a rate-distortion performance close to the lower
bound as the block length are sufficiently large. Investigations done in Chap-
ter 7 suggest that it is feasible to have polar code hardware that achieves high
throughput and low latency. Moore’s Law ensures that the hardware cost will
come down, making polar codes an attractive candidate for many practical
source coding applications.

As future work, the list construction can be extended for the common helper
in Wyner-Ziv setting for improved rate-distortion performance. Another avenue
for future work is to extend the common helper in Wyner-Ziv network shown
here to more general networks involving multiple users. Note that the vari-
ous residues between observations/messages used by the nodes can be suitably
modeled as Bernoulli sources for a wide variety of applications. Therefore by
analyzing the network topology, it might be possible to identify a construction
that minimizes the rate for the required distortion while maximizing the secrecy
achieved. Last but not least, any general breakthrough regarding the nature of
polarization, or methods to efficiently construct polar codes should directly im-
prove the practicality of the above implementation.
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