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Abstract

We study certain aspects of the Möbius randomness principle and
more specifically the Möbius disjointness conjecture of P. Sarnak. In
paper A we establish this conjecture for all orientation preserving circle
homeomorphisms and continuous interval maps of zero entropy. In
paper B we show, that for all subshifts of finite type with positive
topological entropy the Möbius disjointness does not hold. In paper
C we study a class of three-interval exchange maps arising from a
paper of Bourgain and estimate its Hausdorff dimension. In paper
D we consider the Chowla and Sarnak conjectures and the Riemann
hypothesis for abstract sequences and study their relationship.
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Sammanfattning

I avhandlingen studeras aspekter på slumpmässighet för den tal-
teoretiska Möbiusfunktionen och mer specifikt Sarnaks sk ortogonali-
tetsprincip (eller hans princip om disjunkthet). I artikel A bevisar vi
denna för alla orienteringsbevarande cirkelhomeomorfier och kontinu-
erliga intervallavbildningar vars topologiska entropi är 0. I artikel B
bevisar vi att för alla s.k. subshift av ändlig typ med positiv entro-
pi är inte Sarnaks princip giltig. I artikel C studerar vi en klass av
s.k. 3-intervallutbytesavbildningar, dvs avbildningar som permuterar
tre intervall, vilka tidigare studerades av Bourgain, och uppskattar
deras fractala dimension (Hausdorff dimension) i parameterrummet. I
artikel D studerar vi förmodanden av Chowla och Sarnak och dessa
förmodandens relationer till Riemannhypotesen.
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1 Introduction

1.1 Overview of the conjecture

One of the basic problems in analytic number theory is to understand the
fluctuations of the Möbius function µ : N∗\{0} → {−1, 0, 1}, n = 1, 2, 3, . . . ,
which is defined as

µ(n) =


1 if n = 1,

(−1)k if n = p1p2 · · · pk for distinct primes pi,

0 otherwise.

The first several values are

1, −1, −1, 0, −1, 1, −1, . . .

The Möbius function is multiplicative, (i.e. µ(mn) = µ(m)µ(n), whenever
m and n are coprime). It is of great importance in Number Theory because
of its connection with the Riemann ζ-function via the formulas

∞∑
n=1

µ(n)
ns

= 1
ζ(s) , and

∞∑
n=1

|µ(n)|
ns

= ζ(s)
ζ(2s) , for Re (s) > 1.

We also recall the definition of the Liouville function

λ(n) = (−1)Ω(n),

where Ω(n) is the number of prime factors of n, counted with multiplic-
ity. One can notice the following connection with the Möbius function:

1



2 CHAPTER 1. INTRODUCTION

µ(n) = λ(n)µ2(n). The Möbius and Liouville functions share most of their
properties. It is known that

1
N

N∑
n=1

µ(n) = o(1), as N → ∞, (1.1.1)

1
N

N∑
n≡a (mod m)

µ(n) = o(1), as N → ∞, (1.1.2)

are equivalent respectively to the prime number theorem and the Dirichlet
theorem on existence of primes in arithmetic progressions, see e.g. [?], p.
91, while the much stronger (and still open) improvement

N∑
n=1

µ(n) = O(N
1
2 +ε), for any ε > 0, (1.1.3)

is equivalent to the Riemann hypothesis [?]. Notice that (1.1.3) is the typical
cancellation predicted by the central limit theorem for sums of N zero-mean,
independent, identically distributed random variables.

As mentioned by Tao in his blog [?]: “The general Möbius pseudoran-
domness heuristic suggests that the sign pattern of µ behaves so randomly
(or pseudorandomly) that one should expect a substantial amount of can-
cellation in sums that involve the sign fluctuation of the Möbius function in
a nontrivial fashion, comparable to the amount that an analogous random
sum would provide ... ”. As already mentioned, the Riemann hypothesis
(1.1.3) can be considered one such exemplification of this heuristic. Another
example of it is the following old conjecture of Chowla, [?]:

Conjecture 1. (Chowla) Let 0 ≤ a1 < a2 < · · · < ak be integers and
ε1, ε2, . . . , εk ∈ {1, 2} not all even, then

N∑
n=1

µε1(n + a1) · · · µεk(n + ak) = o(N),

as N → ∞.

This conjecture was initially formulated for the Liouville function.
In the present thesis we will discuss another approach of understanding

the randomness of the Möbius function initiated by P. Sarnak in [?]. A well-
known but vague principle concerning the randomness of µ is that summing
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it against any “reasonable” sequence {ζ(n)}∞
n=1 leads to significant cancel-

lations. This is also known as the Möbius Randomness Law, see [?]. More
specifically it states the following: The Möbius function changes the sign
randomly so that for any sequence of bounded complex numbers {ζ(n)}∞

n=1
of “low complexity”, one has

N∑
n=1

µ(n)ζ(n) = o(N). (1.1.4)

One can see that (1.1.1) and (1.1.2) are simple instances of this heuristics.
However in the above formulation it is not completely clear what is a se-
quence of “low complexity”. In [?] Sarnak discusses different ways of making
this statement rigorous.

One way to understand complexity is through the modern notion of
computational complexity. That is: {ζ(n)}∞

n=1 is of low complexity if it is in
the class P (polynomial) meaning that each value of ζ(n) can be computed
in polylog(n)1 steps. This brings up the issue of whether µ itself is in P ,
which is apparently not known [?]. As mentioned in [?], Sarnak believes
this statement to be true, i.e. µ ∈ P . In that case the Möbius function
could not satisfy the property (1.1.4). Given these remarks, our view is
that computational complexity is not the correct notion for examining the
randomness of µ.

A second approach is to realize {ζ(n)}∞
n=1 in a flow or sampling sequence

of a dynamical system. In this way the complexity of {ζ(n)}∞
n=1 will be

measured by that of the dynamics. This point of view has been developed
by Furstenberg [?]. Let (X, T ) be a dynamical system, where X is a compact
metric space and T is a self map. The sampling sequences associated with
the dynamical system (X, T ) is the sequence ζ(n) = f(T nx) for some x ∈ X
and f ∈ C(X). If ζ = (ζ(0), ζ(1), . . . ) takes values in a finite set Λ ⊂ R,
i.e. ζ(k) ∈ Λ for k ≥ 0, then ζ may be realized in the one-sided shift
F = (Ω, T ), where Ω = ΛN with its product topology and T : Ω → Ω is the
shift T (x(0), x(1), . . . ) = (x(1), x(2), . . . ). If we set π1(x) = x1, then ζ can
be realized as follows

ζ(n) = π1(T n(x)), for n ≥ 0.

1A polylogarithmic function in n is a polynomial in the logarithm of n, i.e. ak logk(n)+
· · · + a1 log(n) + a0.
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In fact ζ is already realized in a much simpler dynamical system, namely in
the closure of its phase space, i.e

Xζ = {T j(ζ)}∞
j=0 ⊂ Ω.

Now, that we have realized ζ in a dynamical system, we can talk about
its complexity. For this we will use the notion of topological entropy. Let
(X, T ) be a compact metric space and T : X → X a continuous map. For
n ∈ N, denote

dn(x, y) = max
0≤j≤n−1

d(T j(x), T j(y)).

A set S ⊂ X is called (n, ε)-separated for T , if dn(x, y) > ε for every pair of
distinct points x, y ∈ S, x 6= y. The number of different orbits of length n
(as measured by ε) is defined by

N(ε, n) = max{#S : S ⊂ X is a (n, ε) − separated set for T}.

Definition 1 (Bowen and Dinaburg, [?],[?]). The topological entropy h(X, T )
of the system (X, T ) is defined as

htop(X, T ) = lim
ε→0

(
lim sup

n→∞

1
n

log N(ε, n)
)

.

The proof of the existence of the limit is shown in [?],[?]. The topolog-
ical entropy is a measure of the exponential growth rate of the number of
distinct orbits in a dynamical system. We now consider a special case of
this definition.

As we saw above, any sequence

ζ = (ζ(0), ζ(1), . . . ),

where ζ(k) ∈ {a1, a2, . . . , an}, for k ≥ 0, is possible to realize in a dynam-
ical system. Definition 1 of topological entropy for the sequence ζ can be
expressed as follows. Let

Bk = {(ε1, · · · , εk) : appears as a subword of ζ infinitely often},

that is the set of all subwords of length k which appear in ζ infinitely of-
ten. Then the topological entropy of the sequence ζ, or equivalently the
dynamical system generated by ζ, is the following limit

h(ζ) = lim
k→∞

1
k

log |Bk|.
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Thus we have introduced a concept of entropy for any sequence of symbols
from a finite alphabet, and in particular for any sequence of 0’s and 1’s.

We are now ready to define the concept of “low complexity”:

Definition 2. A sequence ζ : N0 → C is said to be deterministic (or of low
complexity) if it is of the form

ζ(n) = f(T n(x)), n = 0, 1, . . . ,

where (X, T ) is a dynamical system of zero topological entropy, x ∈ X
and f ∈ C(X). The dynamical system is called deterministic if it has zero
topological entropy.

Definition 3. µ is disjoint (or orthogonal) from the dynamical system
(X, T ), if

N∑
n=1

µ(n)f(T n(x)) = o(N), as N → ∞,

for every x ∈ X and f ∈ C(X).

We have now arrived at the main question of this thesis.

Conjecture 2 (Möbius disjointness conjecture, Sarnak [?]). The Möbius
function µ is disjoint (or orthogonal) from any deterministic dynamical sys-
tem. In particular, µ is orthogonal to any deterministic sequence.

Conjecture 2 is also known as Sarnak’s conjecture, Möbius orthogonality
conjecture, Möbius randomness conjecture etc. In the sequel we will for
simplicity refer to it as Sarnak’s conjecture.

It is important that one demands orthogonality for all sequences realized
in (X, T ). If we relax the condition from all x ∈ X to almost all x ∈ X in
the measure theoretic context, i.e. almost surely with respect to some T -
invariant measure ν, then the conjecture is known to be true almost surely.
Proofs of this statement can be found in [?, ?]. This is the reason why one
formulates the conjecture for topological dynamical systems and requires its
topological entropy to be zero.

Having realized the low complexity sequences in terms of deterministic
dynamical system, it seems natural to realize µ dynamically. The sequence
µ defines a point in Ω(3) = {−1, 0, 1}N∗ . A natural question is to study the
dynamical properties of the symbolic system generated by this sequence.
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Definition 4. The Möbius flow M is the dynamical system generated by the
one-sided shift on Ω(3) = {−1, 0, 1}N∗ determined by µ that is M = (XM , T )
with XM the closure of the T -orbit of µ in Ω(3).

The properties of this system are very difficult to study, as they are
connected with the properties of the Möbius function and more specifically
the Chowla conjecture. However it is closely related to another dynamical
system which is rather well understood; namely its square-free factor:

Definition 5. The square-free flow S is the dynamical system generated
by the one-sided shift on Ω(2) = {0, 1}N∗ determined by the point µ2 =
(µ2(1), µ2(2), . . . ), that is S = (XS , T ), with XS the closure of the T -orbit
of µ2 in Ω(2).

In [?] Sarnak shows that µ2 is generic for an ergodic S-invariant measure
νµ2 on {0, 1}Z such that the corresponding measure-theoretical dynamical
system has zero Kolmogorov entropy. He also shows, that the topological
entropy of S is positive and equal to 6 log 2/π2 (this, in particular, shows that
µ is not deterministic) it has a non-trivial topological joining with a rotation
on a compact Abelian group K = (G, T ), where G =

∏
p(Z/p2Z) and Tx =

x+(1, 1, . . . ), where the product runs over prime numbers. In [?], F. Cellarosi
and Ya. Sinai showed, that it is in fact isomorphic to K = (G, T ), it is also
ergodic and has pure point spectrum. In [?], R. Peckner constructed a
measure of maximal entropy for S; he showed that this measure is unique,
and the corresponding dynamical system is isomorphic to the direct product
of

∏
p(Z/p2Z) and a Bernoulli shift with entropy 6 log 2/π2.

In [?] H. Abdalaoui, M. Lemańczyk and T. de la Rue study the dynamical
and spectral properties of the so called B-free flows. Let B = {bk : k ≥
1} ⊂ {2, 3, 4, . . . }, so that for any 1 ≤ k < k′, bk and bk′ are relatively prime
and ∑

k≥1

1
bk

< ∞.

Integers with no factors in B are called B-free. One introduces the sequence
η = (ηn)n∈N∗ , which is the characteristic function of the set of B-free inte-
gers, i.e.

ηn =
{

0 if there exists k ≥ 1 such that bk divides n,

1 otherwise, i.e. if n is B − free.
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One can see that for B = {p2 : p prime} one has η = µ2. In [?] most
of the results mentioned above are generalized for B-free flows. In [?], J.
Kułaga-Przymus, M. Lemańczyk, B. Weiss show that these systems have
one measure of maximal entropy and also study the invariant measures.

We now make a survey on the connection between the Sarnak and Chowla
conjectures. We note that both conjectures are still open. The Chowla
conjecture is open even for the simple partial case

N∑
n=1

µ(n)µ(n + 2) = o(N).

However, there has been recent progress towards the Chowla conjecture
due to K. Matomäki, M. Radziwill, T. Tao, [?], where they build on the
breakthrough paper by Matomäki and Radziwill, [?]. More specifically, they
have proved the following statement: Suppose H = H(X) ≤ X is a quantity
that goes to infinity as X → ∞ (but it can go to infinity arbitrarily slowly).
Then for any fixed k ≥ 1, one has∑

h1,...,hk≤H

|
∑

n≤X

λ(n + h1) · · · λ(n + hk)| = o(HkX).

In fact, it is possible to remove one of the averaging parameters and obtain∑
h2,...,hk≤H

|
∑

n≤X

λ(n)λ(n + h2) · · · λ(n + hk)| = o(Hk−1X).

In [?] the authors also study the sign patterns in the Liouville and Möbius
functions.

We now mention the following fundamental observation of Sarnak [?]

Chowla conjecture ⇒ Sarnak conjecture. (1.1.5)

Proofs of this implication can also be found in [?, ?]. We note that this
is a purely combinatorial fact in the sense that the proof does not use the
multiplicativity property of the Möbius function. However, as far as the
present author is aware, it is not known whether Sarnak’s conjecture im-
plies Chowla’s conjecture for multiplicative sequences. However for general
sequences, i.e. if instead of the Möbius function one considers {ηn(n)}∞

n=1
so that η(n) ∈ {−1, 0, 1}, it is not difficult to show that the opposite impli-
cation in (1.1.5) does not hold. See e.g [?] and also Paper D for examples.
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In this direction it is important to mention the result of Tao [?], where
he considers the weaker logarithmically averaged versions of Chowla and
Sarnak conjectures, namely∑

X/ω≤n≤X

λ(a1n + b1) · · · λ(akn + bk)
n

= oω→∞(log ω),

and ∑
X/ω≤n≤X

λ(n)ζ(n)
n

= oω→∞(log ω),

for any fixed natural numbers a1, a2, . . . , ak and non-negative integers b1, b2,
. . . , bk with aibj − ajbi 6= 0 for all 1 ≤ i < j ≤ k, any 2 ≤ ω ≤ X and
{ζ(n)}∞

n=1 deterministic, and shows that these two conjectures are equiva-
lent.

In this context it is also worth mentioning a result of Frantzikinakis
[?], which claims the following: if the Liouville function is ergodic, then it
satisfies the Chowla conjecture. However, as it is mentioned in [?], it is not
even known whether this system is of positive entropy, weakly mixing, or
even ergodic.

The study of (1.1.4), when {ζ(n)}∞
n=1 is multiplicative, has received a

considerable attention because of its close connection to the theory of L-
functions. In this case (1.1.4) reduces to the behavior of {ζ(n)}∞

n=1 at
the primes. For example, the general theorem of Wirsing [?] says that if
{ζ(n)}∞

n=1 is multiplicative and −1 ≤ ζ(n) ≤ 1, for n = 1, 2, . . . , then
{ζ(n)}∞

n=1 is orthogonal to µ if and only if the non-negative series over the
primes ∑

p

1 + ζ(p)
p

,

diverges. However, if we replace the multiplicative function {ζ(n)}∞
n=1 by

{ζ(n+a)}∞
n=1 for some a > 0 or more generally by ζ(n+a1)ζ(n+a2) · · · ζ(n+

ak) with 0 ≥ a1 < a2 · · · < ak, then saying anything about orthogonality to
µ will be much more difficult. This is exemplified by considering the local
correlations of µ with itself. This also indicates the fundamental difference
of the Chowla conjecture and the Sarnak conjecture and explains the luck
of results on the first conjecture. Therefore Sarnak’s conjecture is relatively
easier to study compared to the Chowla conjecture. And a counterexam-
ple to Sarnak’s conjecture will automatically yield a counterexample to the
Chowla conjecture.
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We now return to the study of Sarnak’s conjecture. The conjecture has
been verified for many dynamical systems. Next we will recall the most
fundamental results in the topic. If X is the circle T and T (x) = x + α,
α ∈ T, the conjecture follows from the following inequality of Davenport
([?])

max
θ∈T

∣∣∣∣∣∣
∑
k≤N

µ(k)eikθ

∣∣∣∣∣∣ ≤ OA(N(log N)−A), where A > 0. (1.1.6)

This result predates Sarnak’s conjecture and the methods used in the proof
are number-theoretical and are based on the theory of L-function and Vino-
gradov’s methods.

We now recall a result of Green and Tao on nilsequences [?]. For this we
will recall definitions from [?].

Definition 6. (Filtrations and Nilmanifolds) Let G be a connected, simply
connected Lie group with identity element idG. For the purposes of this
paper we define a filtration G• on G to be a sequence of closed connected
subgroups

G = G0 = G1 ⊇ G2 ⊇ · · · ⊇ Gd ⊇ Gd+1 = idG,

which has the property that [Gi, Gj ] ⊆ Gi+j for all integers i, j > 0. The
least integer d for which Gd+1 = idG is called the degree of the filtration
G• and here, as usual, the commutator group [H, K] is the group generated
by {[h, k] : h ∈ H, k ∈ K}, where [h, k] := hkh−1k−1 is the commutator of
h and k. If G possesses a filtration of finite degree, then we say that G is
nilpotent. Let Γ ⊂ G be a uniform subgroup (i.e. a discrete, cocompact
subgroup). Then the quotient G/Γ = {gΓ : g ∈ G} is called a nilmanifold.

Definition 7. (Polynomial sequences in nilpotent groups) Suppose that G is
a nilpotent group with a filtration G•. Let g : Z → G be a sequence. If h ∈ Z
we write ∂hg := g(n + h)g(n)−1. We say that g is a polynomial sequence
with coefficients in G•, and write g ∈ poly(Z, G•), if ∂hi

· · · ∂h1g takes values
in Gi for all positive integers i and for all choices of h1, ..., hi ∈ Z. In this
case we say that g has degree d. If g lies in poly(G•) for some filtration G•
then we simply say that g is a polynomial sequence.
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It is known that g : Z → G is a polynomial sequence if and only if g has
the form g(n) = a

p1(n)
1 · · · a

pk(n)
k , where a1, . . . , ak ∈ G and the pi : N → N

are polynomials.
We now are ready to formulate the result of Green and Tao.

Theorem 3 (B. Green, T. Tao, [?]). Let G/Γ be a nilmanifold of some
dimension m > 1, let G• be a filtration of G of some degree d ≥ 1, and
let g ∈ poly(Z, G•) be a polynomial sequence. Suppose that G/Γ has a Q-
rational Mal’cev basis2 X for some Q > 2, defining a metric dX on G/Γ.
Suppose that F : G/Γ → [−1, 1] is a Lipschitz function. Then we have the
bound

1
N

∣∣∣∣∣
N∑

n=1
µ(n)F (g(n)Γ)

∣∣∣∣∣ �m,d,A QOm,d,A(1)(1+ ‖ F ‖Lip) log−A N,

for any A > 0 and N > 2 (see [?] page 3 for the definition of the Lipschitz
norm).

The next result is due to J. Bourgain, P. Sarnak and T. Ziegler [?]. Let
G = SL2(R) and Γ ≤ G be a lattice, that is a discrete subgroup of G for
which Γ \ G has finite volume. Let

u =
[
1 1
0 1

]
,

be the standard unipotent element in G and consider the discrete horocycle
flow (X, T ), where X = Γ \ G and T is given by

T (Γx) = Γxu.

Then µ is disjoint from (X, T ). The proof is based on a finite version of Vino-
gradov’s bilinear sum inequality. Namely, they prove the following lemma:

Lemma 1 ([?],[?]). Let F : N → C with |F | ≤ 1 and let ν be a multiplicative
function with |ν| ≤ 1. Let τ > 0 be a small parameter and assume that for
all primes p1 6= p2, such that p1, p2 ≤ e1/τ , we have that for M large enough

|
∑

m≤M

F (p1m)F (p2m)| ≤ τM,

2The notion of a Q-rational Mal’cev basis is defined in [?], Definition 2.6, and the
construction of the metric dX is given in Lemma A.15 in [?].
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then for N large enough∑
n≤N

ν(n)F (n) ≤ 2
√

τ log 1/τN.

It is a simple exercise to deduce the inequality (1.1.6) from Lemma 1.
We mention that from this result, T. Ziegler deduced (unpublished note)
the result of Green and Tao mentioned above, [?].

We want to note that Lemma 1 is of great importance in the study of
Sarnak’s conjecture, and it is one of the main tools in the theory. It allows to
eliminate the Möbius function in the problem and reduce the conjecture to
the study of intrinsic properties of the underlying dynamical system, i.e. the
study of the relationship between different prime powers of the dynamical
system, and use methods from the joining theory, the spectral theory, etc.

In [?] Liu and Sarnak consider Sarnak’s conjecture for affine linear maps
of a compact abelian group X. Such a flow (X, T ) is given by

T (x) = Ax + b,

where A is an automorphism of X and b ∈ X. They also show the Möbius
disjointness for affine linear maps of the nilmanifold G/Γ of zero entropy. We
restrict to X = T2 the two dimensional torus R2/Z2 and consider nonlinear
smooth skew products T : T2 → T2 given by

T (x, y) = (ax + α, cx + dy + h(x)),

where a, c, d ∈ Z, ad = ±1, α ∈ R and h is a smooth periodic function of
period 1. First, one assumes that h is analytic, and if

h(x) =
∑
m∈Z

ĥ(m)e(mx),

then
|ĥ(m)| ≤ e−τ |m|,

for some τ > 0. Secondly, we assume that there is a τ1 < ∞, such that

|ĥ(m)| ≥ e−τ1|m|. (1.1.7)

Under such conditions the authors prove that the Möbius function is disjoint
from X = (T,T2). In [?] the authors study the map

Tc,f (x, y) := (x + α, cx + y + f(x)) ∈ T,
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where c ∈ Z and cx + f(x) is a lift of a continuous circle map. In other
words, they consider the continuous case of the classical Anzai skew product
extensions of a rotation on the circle [?]. They show that for any f ∈ C1+δ,
with δ > 0, the map Tc,f is disjoint from the Möbius function for a generic
set of αs.

We also mention that the lower bound condition (1.1.7) was subsequently
dropped by Z. Wang in [?].

In [?] Bourgain studies Sarnak’s conjecture for rank one systems and
three interval exchange maps. We now recall the definition of a rank one
system. Following [?], a standard model of a rank one system is defined
as follows. We are given sequences of positive integers wn, n ∈ Z+ and
{an,i}; n ∈ Z+, 1 ≤ i ≤ wn − 1 and define

h0 = 1, hn+1 = wnhn +
wn−1∑
j=1

an,j .

Assume
∞∑

n=1

1
wnhn

wn−1∑
j=1

an,j

 < ∞.

Define words Bn on the alphabet {0, 1} by

B0 = 0, Bn+1 = Bn1an,1Bn · · · Bn1an,wn−1Bn.

Consider the symbolic dynamical system (X, T ), where X ⊂ {0, 1}Z+ con-
sists of the sequence (Xn)n≥1 such that for every pair s < t, (xs, . . . , xt) is a
subsequence of some word Bn and T is the shift. Bourgain in [?] shows that
all rank one systems satisfying the property wn, an,j < C, for all n, j ≥ 1 are
disjoint from the Möbius function. In the paper he proves the disjointness
also for systems with unbounded parameters, namely for the Generalized
Chacon systems and Katok’s systems. We mention that in [?] the authors
extend this result to a large class of rank one systems using the spectral
theory of rank one systems. As indicated in [?], the positive answer to
Sarnak’s conjecture in the class of all rank-one transformations would au-
tomatically give a positive answer to Sarnak’s conjecture for almost every
interval exchange transformation.

In the second part of paper [?], Bourgain treats Sarnak’s conjecture for
three interval exchange maps. In order to present his result, we need to
recall certain definitions and results about three interval exchange maps.
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The three-interval exchange transformation T with probability vector
(α, β, 1 − (α + β)), 0 < α < 1, 0 < β < 1 − α, and permutation (3, 2, 1) is
defined by

Tα,β(x) =


x + 1 − α if x ∈ [0, α),
x + 1 − 2α − β if x ∈ [α, α + β),
x − α − β if x ∈ [α + β, 1).

T depends only on the two parameters 0 < α < 1 and 0 < β < 1 − α. We
note that T is continuous except at the points α and α + β. Denote

D0 = {(α, β), 0 < α < 1, 0 < β < 1 − α}.

We say that T satisfies the infinite distinct orbit condition (or i.d.o.c. for
short) of Keane [?], if the two negative trajectories {T −n(α)}n≥0 and {T −n(α+
β)}n≥0 of the discontinuities are infinite disjoint sets. Under this hypothesis,
T is both minimal and uniquely ergodic; the unique invariant probability
measure is the Lebesgue measure on [0, 1).

We will be interested in the symbolic description of trajectories for three
interval exchange maps obtained in [?]. We define the natural partition

P1 = [0, α),

P2 = [α, α + β),

P3 = [α + β, 1).

For every point x ∈ [0, 1), we define an infinite sequence (xn)n∈N by setting
xn = i if T nx ∈ Pi, i = 1, 2, 3. The sequence (xn)n∈N, also denoted by
x, is called the trajectory of x. If T satisfies the i.d.o.c. condition [?], the
minimality of the system implies that all trajectories contain the same finite
words as factors.

Associated to each point (α, β), (0 < α < 1 and 0 < β < 1 − α),
there is a sequence (nk, mk, εk+1)k≥1, where nk, mk are positive integers,
and εk+1 = ±1, ([?]-[?]). It is shown in [?, Theorem 2.2], that the three-
interval exchange map Tα,β may then be described symbolically using three
return words Ak, Bk, Ck satisfying the recursive relations

Ak = Ank−1
k−1 Ck−1Bmk−1

k−1 Ak−1, (1.1.8)

Bk = Ank−1
k−1 Ck−1Bmk

k−1, (1.1.9)
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Ck = Ank−1
k−1 Ck−1Bmk−1

k−1, (1.1.10)

if εk+1 = +1, and
Ak = Ank−1

k−1 Ck−1Bmk
k−1, (1.1.11)

Bk = Ank−1
k−1 Ck−1Bmk−1

k−1 Ak−1, (1.1.12)

Ck = Ank−1
k−1 Ck−1Bmk

k−1Ak−1, (1.1.13)

if εk+1 = −1, where the initial words A0, B0, C0 are simple combinations of
the symbols 1, 2 and 3.

We now recall Bourgain’s result [?]. Consider a symbolic system on the
alphabet V with finitely many symbols and with order-n words W ∈ Wn of
the form

W = W k1
1 W k2

2 . . . W kr
r , for some W1, W2, . . . , Wr ∈ W ′

n−1 =
⋃

m<n

Wm,

(1.1.14)
where it is assumed that r remains uniformly bounded, r < C. One also
assumes the following properties for the system {Wn}n≥1. For W ∈ Wn,
which is expressed in words W ′ ∈ Wn−s, 0 < s ≤ n, by iteration of (1.1.14),
there is a function γ : N → R, so that

|W |
max |W ′|

> γ(s), (1.1.15)

where
γ(s) > Cs

0 , (1.1.16)

for some s ≥ s0 and a sufficiently large constant C0.

Theorem 4 ([?, Theorem 2, page 126]). Let {Wn; n ≥ 1} be a symbolic
system with properties (1.1.14)–(1.1.16) and T be the shift on the system.
Then, if W ∈

⋃
Wn and |W | = N , one has

∫
T

|PW (θ)||
N∑

k=1
µ(k)e(kθ)|dθ = OA(N(log N)−A),

for any A > 0, where

PW (θ) =
N∑

k=1
f(T k(x))e(kθ).
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To see how the theorem implies Sarnak’s conjecture, we recall the fol-
lowing inequality, which immediately follows from Parseval’s identity:∣∣∣∣∣

N∑
k=1

µ(k)f(k)
∣∣∣∣∣ ≤

∫
T

|
N∑

k=1
f(k)e(kθ)||

N∑
k=1

µ(k)e(−kθ)|dθ. (1.1.17)

From this and Theorem 4 we have∣∣∣∣∣
N∑

k=1
µ(k)f(k)

∣∣∣∣∣ ≤
∫
T

|PW (θ)||
N∑

k=1
µ(k)e(−kθ)|dθ ≤ OA(N(log N)−A),

(1.1.18)
which implies Sarnak’s conjecture.

For three interval exchange maps we have

Wk = {Ak, Bk, Ck}, for k ≥ 1.

One can see from (1.1.8)–(1.1.13) that if mk and nk are uniformly large
then the conditions (1.1.15)–(1.1.16) are satisfied and as a corollary from
Theorem 4 one gets the following result:

Theorem 5 ([?, Theorem 3]). Assume Tα,β is a three-interval exchange
transformation satisfying the Keane condition and such that the associated
three-interval expansion sequence of integers

(nk, mk, εk+1)k≥1

fulfills the conditions

min(nk, mk) ≥ C0, for k ≥ kα,β, (1.1.19)

for C0 sufficiently large. Then Tα,β satisfies Sarnak’s disjointness conjecture.

In Paper C of the present thesis we extend the Diophantine condition
(1.1.19) and estimate the measure of the new parameter set. In particular
we show that this set has positive, but not full Hausdorff dimension. We
note that using the criterion of Bourgain in [?] and the generalization of the
self-dual induction defined in [?], for each primitive permutation, Ferenczi
and Mauduit [?] construct a class of k-interval exchange maps satisfying
Sarnak’s conjecture. In [?] they also write: “in a forthcoming paper, we
shall show that it (the parameter set in their result) corresponds to a set
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of measure zero but positive Hausdorff dimension”. However the paper was
never published.

In [?] Chaika and Eskin prove Sarnak’s conjecture for three interval ex-
change maps satisfying a certain mild Diophantine condition. This Diophan-
tine condition is fulfilled by a set of full Lebesgue measure. Their method
also uses the fact that every three interval exchange map can be induced
from a two interval exchange map. However their method is based on ge-
ometric techniques, while Bourgain’s approach is straightforward and uses
the Hardy-Littlewood circle method. We observe further, that even thought
Bourgain’s Diophantine condition holds for a set of zero Lebesgue measure,
the two Diophantine conditions are not the same and in some sense are even
complementary.

The above is not the full list of results on Sarnak’s conjecture. Many
other cases of the conjecture have been verified, including the substitution
sequences [?], generalized Rudin-Shapiro sequences [?], topological models
of ergodic systems with discrete spectrum [?], automatic sequences [?], etc.



2 Summary of Results

2.1 Paper A
As it was mentioned in the introduction, the following inequality was proved
by Davenport in [?]

max
θ∈T

∣∣∣∣∣∣
∑
k≤N

µ(k)eikθ

∣∣∣∣∣∣ ≤ CA
N

logA N
, (2.1.1)

for any A > 0. It follows from this inequality that for any real number
α > 0 (rational or irrational) the rigid rotation by α > 0, i.e T (x) = (x +
α) (mod 1) satisfies Sarnak’s conjecture. A natural generalization of this
problem would be to study the conjecture for other orientation preserving
circle homeomorphisms. In the second part of paper A we prove, that all
orientation preserving circle homeomorphisms satisfy Sarnak’s conjecture,
by reducing this question to the result of Davenport (??). In the first part
of paper A we also study Sarnak’s conjecture for continuous interval maps
with zero topological entropy. We prove the following two theorems:

Theorem 6 (D. Karagulyan, [?]). All orientation preserving circle homeo-
morphisms satisfy Sarnak’s conjecture.

Theorem 7 (D. Karagulyan, [?]). All continuous interval maps T : [0, 1] →
[0, 1] with zero topological entropy satisfy Sarnak’s conjecture.

The proof of the conjecture for continuous interval maps of zero entropy
is based on a structure theory of zero entropy one dimensional maps, see
e.g. [?], page 121. Let us note the paper [?], which is an extension of paper

17
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A. The authors study so called oscillating sequences. A sequence of complex
numbers c = {cn}∞

n=1 is called mean oscillating if

N∑
n=1

cne2πint = ot(N), ∀t ∈ [0, 1),

as N → ∞ and the growth condition

N∑
n=1

|cn|λ = O(N), (2.1.2)

for some λ > 1 (such a sequence c will be called an oscillating sequence).
Note that it follows from (??) that the Möbius function is an oscillating
sequence. They also define the MLS, MMLS and MMA properties for a
dynamical system. One of the main results of their paper is the following:

Theorem 8 ([?]). Any oscillating sequence c = (cn)n≥1 satisfying the growth
condition (??) is linearly disjoint from all MMA and MMLS dynamical sys-
tem X = (X, T ). More precisely, for any continuous function f ∈ C(X),
and every x ∈ X, we have that

lim
n→∞

1
N

N∑
n=1

cnf(T n(x)) = 0,

where the limit is uniform on each minimal subset.

The authors go ahead and show that all orientation preserving circle
homeomorphisms with irrational rotation number and a class of continuous
interval maps (also known as Feigenbaum maps) with zero topological en-
tropy satisfy the MMA and MMLS properties, thus fulfilling the conditions
of Theorem ??. The MMA and MMLS properties for all continuous interval
maps of zero entropy was subsequently shown in [?].

We want to mention that Sarnak’s conjecture for circle homeomorphisms
also follows from Theorem 4.1 in [?].

2.2 Paper B
The paper B was initiated by the following question of Professor Mariusz
Lemańczyk during a conference at Institute Mittag-Leffler:



2.2. PAPER B 19

Question 1. Does any system with positive topological entropy correlate
with the Möbius function?

In [?] Sarnak writes: “Bourgain (private communication) shows that
given a sequence {ε(n)}∞

n=1 satisfying certain conditions such as µ, one can
construct a positive entropy dynamical system orthogonal to it”. However
the proof was never published. A counterexample to Question ?? was con-
structed by T. Downarowicz, J. Serafin in [?]. In paper B we continue this
line of research and show that even though Question ?? has negative answer
in general, for sufficiently nice dynamical systems with positive entropy the
answer to it is positive. We point out that for any measure preserving dy-
namical system (X, B, ν, T ) the orthogonality to the Möbius function holds
almost surely with respect to ν (see [?, ?]). Hence the orthogonality to the
Möbius function may fail only on a pathological set.

In this direction, we also mention the results [?], [?]. The authors con-
struct examples of non-regular Toeplitz sequences which correlate with the
Möbius function.

More specifically, in paper B, we prove the following theorem.

Theorem 9 (D. Karagulyan, [?]). For any subshift (T, Σ+
A) of finite type

with positive topological entropy, there exist a sequence z ∈ Σ+
A and a con-

tinuous test function f , for which

lim
n→∞

1
n

n∑
k=1

µ(k)f(T k(z)) 6= 0.

Corollary 10. From Katok’s horseshoe theorem it follows, that any C1+ε,
ε > 0 surface diffeomorphism with positive topological entropy correlates with
the Möbius function.

Next we recall the definition of a subshift of finite type. Let V be a finite
set of n symbols and A be an n × n adjacency matrix with entries in {0, 1}.
Define

Σ+
A =

{
(x0, x1, . . .) : xj ∈ V, Axjxj+1 = 1, j ∈ N

}
.

The shift operator T maps a sequence in the one-sided shift to another by
shifting all symbols to the left, i.e.

(T (x))j = xj+1.
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The topological entropy of a subshift of finite type can be computed by
computing the number of different admissible words of length up to n, i.e.
if

Bn = {(v0, . . . , vn−1) : vj = xj for 0 ≤ j < n for some (x0, x1, . . . ) ∈ Σ+
A},

then the topological entropy of T equals

h(T ) = lim sup
n→∞

log #Bn

n
. (2.2.1)

It is also known that the topological entropy of a subshift of finite type
equals

h(T ) = log λ,

where λ is the largest eigenvalue of the transition matrix of (T, Σ+
A).

As for Corollary ??, note that Katok’s famous horseshoe theorem states
that for any C1+ε-smooth surface diffeomorphism with positive entropy
there is a compact invariant set Λ such that the restriction of the map on Λ is
topologically conjugate to a subshift of finite type with positive topological
entropy. So this shows that all sufficiently smooth surface diffeomorphisms
with positive entropy correlate with the Möbius function. Subshifts of finite
type also emerge in unimodal maps, Hénon maps, etc.

2.3 Paper C
Recall that the three-interval exchange transformation T with probability
vector (α, β, 1−(α+β)), 0 < α < 1, 0 < β < 1−α, and permutation (3, 2, 1)
is defined by

Tα,β(x) =


x + 1 − α if x ∈ [0, α),
x + 1 − 2α − β if x ∈ [α, α + β),
x − α − β if x ∈ [α + β, 1).

T depends only on the two parameters 0 < α < 1 and 0 < β < 1 − α. We
note that T is continuous except at the points α and α + β. All interval
exchange maps are known to be of zero entropy. Denote

D0 = {(α, β), 0 < α < 1, 0 < β < 1 − α}.
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We define the natural partition

P1 = [0, α),

P2 = [α, α + β),
P3 = [α + β, 1).

For every point x ∈ [0, 1), we define an infinite sequence (xn)n∈N by setting
xn = i if T nx ∈ Pi, i = 1, 2, 3. This sequence, also denoted by x, is called the
trajectory of x. If T satisfies the i.d.o.c. condition [?], the minimality of the
system implies that all trajectories contain the same finite words as factors.
In [?] , Theorem 2.2, the authors show that for each interval exchange map
Tα,β satisfying the i.d.o.c. condition, there is a sequence

(nk, mk, εk+1)k≥1

so that each trajectory under the map Tα,β is given by the following words

Ak = Ank−1
k−1 Ck−1Bmk−1

k−1 Ak−1, (2.3.1)

Bk = Ank−1
k−1 Ck−1Bmk

k−1, (2.3.2)

Ck = Ank−1
k−1 Ck−1Bmk−1

k−1, (2.3.3)
if εk+1 = +1, and

Ak = Ank−1
k−1 Ck−1Bmk

k−1, (2.3.4)

Bk = Ank−1
k−1 Ck−1Bmk−1

k−1 Ak−1, (2.3.5)

Ck = Ank−1
k−1 Ck−1Bmk

k−1Ak−1, (2.3.6)
if εk+1 = −1, where the initial words A0,B0,C0 are combinations of the
symbols 1, 2 or 3. In [?] Bourgain proves the following theorem.

Theorem 11 (J. Bourgain, [?, Theorem 3]). Assume Tα,β is a three-interval
exchange transformation satisfying the Keane condition and such that the
associated three-interval expansion sequence of integers

(nk, mk, εk+1)k≥1

fulfills the conditions

min(nk, mk) ≥ C0, for k ≥ kα,β, (2.3.7)

for C0 sufficiently large. Then Tα,β satisfies Sarnak’s disjointness conjecture.
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In Paper C we slightly improve the Diophantine condition (??) and give
an asymptotic formula for computing the Hausdorff dimension of the new
parameter set. More specifically we prove the following theorem:

Theorem 12 (D. Karagulyan, [?]). Under the conditions of Theorem 5, Sar-
nak’s disjointness conjecture holds for all interval exchange maps Tα,β, where
for (α, β) ∈ D0 its associated three-interval expansion sequence (nk, mk, εk+1)k≥1
fulfills the conditions

(nk + mk)(nk−1 + mk−1) · · · (nk−s+1 + mk−s+1) ≥ (2C0)s, (2.3.8)

for all k ≥ kα,β and some large s ≥ 1 and for the Hausdorff dimension of
the set

P0 = {(α, β) ∈ D0 : which satisfy (??), for all k ≥ kα,β and some s ≥ 1},
(2.3.9)

for C0 ≥ 20 we have the following estimates

3
2 + 1

2 log(2C0 + 2) ≤ dimH P0 ≤ 1 + t(
√

Λ), (2.3.10)

where
Λ = (2C0/3)1/2

and the function t = t(ζ) is defined in Paper C, Theorem 10 (see Figure 1)
[?]. In particular

3
2 < dimH P0 < 2. (2.3.11)

As a corollary from this theorem we have that the Lebesgue measure of
the parameter set in Theorem 5 is zero.

2.4 Paper D

In [?] the authors rephrase the conditions from the Chowla and Sarnak
conjectures in an abstract setting, that is, for sequences in {−1, 0, 1}N and
study their properties. More specifically they consider sequences satisfying
the following properties:
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Definition 8. We say that the sequence {zn}∞
n=1, zn ∈ {0, −1, 1}, satisfies

the Chowla property or (Chw) for short, if for any pair of positive integers
{a1 < a2 · · · < ak} and ε1, . . . , εk ∈ {1, 2} not all even, one has for any k ≥ 1

N∑
n=1

zε1
n+a1zε2

n+a2 · · · zεk
n+ak

= o(N), (2.4.1)

as N → ∞.

Similarly, motivated from Sarnak’s conjecture, we define:

Definition 9. We say that the sequence {zn}∞
n=1, zn ∈ {0, −1, 1}, satisfies

the Sarnak property or (S) for short, if

N∑
n=1

znζ(n) = o(N), (2.4.2)

as N → ∞, for any deterministic sequence {ζ(n)}∞
n=1.

The authors study the relationships between sequences satisfying this
properties and their dynamical and ergodic properties. They also give an-
other proof of the fact that the Chowla property implies the Sarnak property.
In this paper we add one more conjecture to this list, namely the Riemann
hypothesis. In view of the fact, that the property (1.1.3) of the Möbius
function is equivalent to the Riemann hypothesis, we give the following def-
inition:

Definition 10. We say that the sequence {zn}∞
n=1, zn ∈ {0, −1, 1}, satisfies

the Riemann property or the property (R) for short, if for any positive ε > 0,
it satisfies the property

N∑
n=1

zn = o(N1/2+ε), as N → ∞.

Recall the fundamental observation of Sarnak that claims

Chowla property ⇒ Sarnak property.

We note that all the three conjectures of Chowla, Sarnak and Riemann are
instances of the general Möbius pseudorandomness heuristic, which suggests
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that the sign pattern of µ behaves similar to that of a sequence of zero
mean, independent and identically distributed random variable. One of the
results in the paper is that the Chowla and Sarnak properties do not imply
the Riemann property (Theorem 1), despite of the existence of a strong
concentration inequality for sequences satisfying the Chowla property (see
Tao’s blog [?]).

One can see, that it is not necessary to require convergence to zero of all
averages in (??) in the Chowla property, in order to guarantee the Sarnak
property. Therefore it is a natural question whether there is a sequence
which fails the Chowla property for any k > 1 (observe, that the property
(??) in the case of k = 1 automatically follows from the property (S)), but
still satisfies the property (S). Note that an example of a sequence which
satisfies the Sarnak property, but fails to satisfy the Chowla property for all
k ≤ m for fixed m, was already constructed in [?]. We also give such an
example in paper D. Our example also satisfies the Riemann property.

We remark that both in [?] and paper D the multiplicativity property of
the sequences considered is dropped. It is not difficult to see, that the sole
condition of multiplicativity is not enough to guarantee any of the properties
mentioned above. The study of the properties (S), (R) and (Chw) for the
Möbius function are still open and generally considered to be very difficult.

In paper D we also study the so called multiplicative van der Corput
criterion, which follows from the Katai and Bourgain-Sarnak-Ziegler lemma
and compare it with the classical (or additive) van der Corput criterion.
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