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Abstract

In this thesis we study graded Cohen-Macaulay modules and their possible Hilbert
functions and graded Betti numbers. In most cases the Cohen-Macaulay modules we
study are level modules.

In order to use dualization to study Hilbert functions of artinian level algebras we
extend the notion of level sequences and cancellable sequences, introduced by Geramita
and Lorenzini, to include Hilbert functions of certain level modules. As in the case of
level algebras, a level sequence is cancellable, but now by dualization its reverse is also
cancellable which gives a new condition on level sequences. We also give a characterization
of the cancellable sequences.

We prove that a sequence of positive integers (h0, h1, . . . , hc) is the Hilbert function
of an artinian level module of codimension two if and only if hi−1 − 2hi + hi+1 ≤ 0 for
all 0 ≤ i ≤ c, where we assume that h−1 = hc+1 = 0. This generalizes a result already
known for artinian level algebras.

Zanello gives a lower bound for Hilbert functions of generic level quotients of artinian
level algebras. We give a new and more straightforward proof of Zanello’s result.

Conjectures on the possible graded Betti numbers of Cohen-Macaulay modules up to
multiplication by a positive rational number are given. The idea is that the Betti diagrams
should be non-negative linear combinations of pure diagrams. The conjectures are verified
for modules of codimension two, for Gorenstein algebras of codimension three and for
complete intersections. The motivation for the conjectures comes from the Multiplicity
conjecture of Herzog, Huneke and Srinivasan.

The h-vectors and graded Betti numbers of level modules up to multiplication by a
rational number are studied. Assuming the conjecture, mentioned above, on the set of
possible graded Betti numbers of Cohen-Macaulay modules we get a description of the
possible h-vectors of level modules up to multiplication by a rational number. We de-
termine, again up to multiplication by a rational number, the cancellable h-vectors and
the h-vectors of level modules with the weak Lefschetz property. Furthermore, we prove
that level modules of codimension three satisfy the upper bound of the Multiplicity con-
jecture and that the lower bound holds if the module, in addition, has the weak Lefschetz
property.





Introduction and summary

The present thesis consists of five papers all concerning Cohen-Macaulay modules
and their possible Hilbert functions and graded Betti numbers. The papers are:

Paper I. Artinian level modules and cancellable sequences [29].

Paper II. Artinian level modules of embedding dimension two [30].

Paper III. On Zanello’s lower bound for generic quotients of level algebras.

Paper IV. Graded Betti numbers of Cohen-Macaulay modules and the Mul-
tiplicity conjecture.

Paper V. Graded Betti numbers and h-vectors of level modules.

In most cases the Cohen-Macaulay modules we study are level modules. We begin
by explaining the basic notions together with some background. After that we
explain the approach used in this thesis on these matters, and finally, we give an
outline of the results of the five papers together with discussions and conclusions.

Introduction

Throughout this thesis we consider graded modules over a standard graded poly-
nomial ring over a field k. By a graded algebra we mean a standard graded finitely
generated algebra over k and we note that such an algebra is isomorphic to a poly-
nomial ring modulo some homogeneous ideal.

Graded modules and their free resolutions have been an important topic in
commutative algebra ever since Hilbert proved that any graded module over the
polynomial ring has a finite free resolution. Denote by H(M, d), for each integer d,
the dimension, as a vector space, of the graded component of degree d of the graded
module M . The function d 7→ H(M, d) is called the Hilbert function of M , and
Hilbert used his result on free resolutions to prove that this function is of polynomial
type, that is, it is given by a polynomial for large integers d. In this thesis we are
concerned with the complete Hilbert function, not just this polynomial given by
Hilbert, and in particular we are interested in the problem of describing the set of
possible Hilbert functions for special classes of graded modules. This problem, for
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the class of all graded algebras, was solved by Macaulay [22] (see below), and his
result has served as inspiration for problems of this kind.

Another source of inspiration for this type of problems is Stanley’s work on
the combinatorics of simplicial complexes. The Stanley-Reisner ring of a simplicial
complex is a graded algebra and its Hilbert function contains information about the
simplicial complex. For example, the f -vector, which is the sequence (f0, f1, . . . , fd)
where fi is the number of i-dimensional faces of the simplicial complex, can be
obtained from the Hilbert function of the Stanley-Reisner ring, and vice versa. The
possible f -vectors was determined by Kruskal [20] and Katona [19] and their result
may in fact be seen as a generalization of the result of Macaulay mentioned above.
This result was then further generalized by Clements and Lindström [7].

From the Hilbert function of a graded module, M , we may form its Hilbert
series

HM (t) =
∑

d∈Z
H(M, d)td

which can be written as

HM (t) =
hM (t)

(1− t)d
,

where d is the dimension of M and hM (t) is a polynomial with integer coefficients.
When M is the Hilbert function of a Stanley-Reisner ring, Stanley called the coeffi-
cient vector of hM (t) the h-vector of the corresponding simplicial complex. We will
call this vector the h-vector of M when M is any graded module. If (h0, h1, . . . , hc)
is the h-vector of a Cohen-Macaulay algebra then the Hilbert series of its artinian
reduction is

∑c
d=0 hdt

d so by applying the result of Macaulay to Hilbert functions
of artinian algebras we get a characterization of the h-vectors of Cohen-Macaulay
algebras.

Using a structure theorem of Buchsbaum and Eisenbud [4], on minimal free
resolutions of Gorenstein algebras of codimension three, Stanley determined the h-
vectors of these algebras [32]. His result states that any sequence (h0, h1, . . . , hc) of
non-negative integers with h1 ≤ 3 and hc 6= 0 is the h-vector of a Gorenstein algebra
if and only if hi = hc−i for i = 0, 1, . . . , c, and (h0, h1 − h0, h2 − h1, . . . , h[d/2] −
h[d/2]−1) is the h-vector of a graded algebra. We mention also that, by the so-called
g-theorem, the above condition, with h1 ≤ 3 removed, characterizes the h-vectors
of simplicial polytopes [33, 2].

Stanley also introduced the notion of level algebras [31], a special case of Cohen-
Macaulay algebras and one of the main objects of study in this thesis. A level
algebra of type t is a graded algebra such that the socle of its artinian reduction is
of dimension t and concentrated in a single degree. Gorenstein algebras are level
algebras of type one and level algebras of higher types may be viewed as something
in between Cohen-Macaulay algebras and Gorenstein algebras.

Iarrobino [18] showed that the h-vectors of level algebras of codimension two are
precisely the sequences (h0, h1, . . . , hc) of non-negative integers such that h0 = 1
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and

hi−1 − 2hi + hi+1 ≤ 0,

for all i = 0, 1, . . . , c, where it is assumed that h−1 = hc+1 = 0. Apart from Iar-
robino’s result and Stanley’s result on Gorenstein algebras of codimension three
there are no more strong results characterizing h-vectors of level algebras. Goren-
stein h-vectors have received the most attention, but it still unclear how to char-
acterize them in higher codimension. It has been shown that the h-vectors of
Gorenstein algebras can be non-unimodal in codimension five and higher, but in
codimension four even this is not known.

In codimension three, Geramita et al. [10] determines all h-vectors of level
algebras having either socle degree less than six or socle degree six and type two.
Using several different techniques they manage to compile a complete list of the
413 possible h-vectors (not counting the Gorenstein ones since they are known by
Stanley’s result). Although this solution to the problem of describing h-vectors is
not what we are looking for, this list and the techniques used to obtain it have been
sources of inspiration for the work done in this thesis.

Besides the Hilbert function, an interesting set of invariants of graded modules
are the graded Betti numbers. These are, for a graded module M and integers i and
j, the numbers βi,j(M) = TorR

i (M,k)j , that is, the number of generators of degree
j of the free module at place i in a minimal free resolution of M . For algebras
of codimension two and Gorenstein algebras of codimension three the minimal free
resolutions are known by the Hilbert-Burch theorem and the theorem of Buchsbaum
and Eisenbud [4] and from these theorems the possible graded Betti numbers can
be determined [6, 8].

In recent years the Multiplicity conjecture of Herzog, Huneke and Srinivasan
[14, 17] has inspired a lot of interest, and results, concerning the possible graded
Betti numbers of graded modules. This conjecture bounds the multiplicity of a
graded module from below and above in terms of the lowest and highest degrees
where the graded Betti numbers are non-zero (see Paper IV). Knowing the graded
Betti numbers of a graded module it is straightforward to compute its multiplicity,
so this conjecture is really about the possible graded Betti numbers and having
suitable descriptions of them. The conjecture has been verified in a number of
cases including the ones mentioned above where the structure of the minimal free
resolution is known (see Herzog and Srinivasan [14], Migliore, Nagel and Römer [24,
23], Miró-Roig [26] and Kubitzke and Welker [21]).

We also want to mention that Hilbert functions often enters in the study of
algebraic geometry. The homogeneous coordinate rings of projective varieties are
graded algebras and their Hilbert functions contains geometric information of the
projective variety. Furthermore, it is often useful to consider parameter spaces
of classes of graded modules, and algebraic geometry enters in the study of these
spaces. Algebraic geometry, however, is not the main focus of this thesis.
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Research approach and methods

Boĳ [3] introduced the notion of level modules, generalizing level algebras, and
this class of modules is the starting point of the work done in this thesis. Level
modules are Cohen-Macaulay modules generated in a single degree whose dual is
also generated in a single degree. This makes these modules natural objects of study
when it comes to h-vectors, since having all generators in a single degree makes
the h-vectors easier to describe, and since there is a strong connection between
the h-vectors of a module and its dual, in fact the h-vectors are obtained from
each other by reversing the order of the entries. Most of the time we are guided
by questions concerning algebras and not modules, but it is our belief that by
considering modules something is to gain, and this thesis aims to show this. A
drawback of this approach is that the interpretation of graded algebras as coordinate
rings of projective varieties or, when possible, as Stanley-Reisner rings of simplicial
complexes is lost when considering graded modules. Nevertheless, most of the
constructions in commutative algebra used in the study of h-vectors and graded
Betti numbers of graded algebras apply to graded modules as well.

Macaulay showed that the Hilbert function of any ideal in the polynomial ring
k[x1, x2, . . . , xn], where k is any field, is the Hilbert function of a lexicographic
ideal, and that d 7→ hd is the Hilbert function of the polynomial ring modulo a
lexicographic ideal if and only if, for each integer d,

hd+1 ≤ h<d>
d

where h<d>
d is an integer obtained from the d-th Macaulay expansion of hd (see

Paper I). In this way Macaulay determined all possible Hilbert functions of graded
algebras.

Hulett [16] made the generalization of Macaulay’s theorem to modules, by ob-
serving that any Hilbert function of a graded module is the Hilbert function of a
direct sum of graded algebras. Hence the h-vectors of Cohen-Macaulay modules
are known by Hulett’s result, since they are given by the Hilbert functions of their
artinian reductions. Note that these results say nothing about which of these h-
vectors arise as h-vectors of Gorenstein algebras, level modules or of modules having
any other specific properties.

For the graded Betti numbers of modules there is no complete description sim-
ilar to the one of their Hilbert functions. The best we can do in the general case
is to give an upper bound for the graded Betti numbers. Given a Hilbert function,
the quotient of a free module with a lexicographic submodule have maximal graded
Betti numbers among all graded modules having this Hilbert function. This was
shown for graded algebras over a field of characteristic zero by Bigatti [1], general-
ized to modules by Hulett [15] and proved for any field by Pardue [27]. Given an
h-vector of a Cohen-Macaulay module, h, we denote these maximal Betti numbers
by βlex(h). Furthermore, Peeva [28] showed that the graded Betti numbers of any
module are obtained from these maximal ones by a sequence of consecutive can-
cellations (see Paper I). This restricts the possible graded Betti numbers given the
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Hilbert function, or the h-vector, but is far from a complete description. However,
the combined results of Bigatti, Hulett, Pardue and Peeva will be frequently used
throughout the thesis.

Another important tool is dualization, and the reason for that is, as already
mentioned, that the dual of a level module is again a level module. The canonical
module, or simply the dual, of a graded Cohen-Macaulay R-module, M , of codi-
mension p is defined to be the module M∨ = Extp

R(M, R). It is a Cohen-Macaulay
module and its graded Betti numbers and h-vectors are obtained from those of M
by reversing degrees, which is the reason for its importance in this thesis.

In Paper IV and V we introduce a new way of looking at graded Betti numbers
and h-vectors. The idea, that was brought to us when considering the Multiplicity
conjecture, is as follows. For any graded module, M , call the set of its graded
Betti numbers its Betti diagram and denoted it by β(M). By taking direct sums of
modules we see that the set of all Betti diagrams is closed under addition, and hence
that this set is an integral lattice. If we furthermore normalize such that the Betti
diagrams all have β0 = 1 we get a set closed under taking convex combinations.
By bounding, for example, the length of the h-vectors of the modules, or the shifts
of their minimal free resolutions, we get a bounded convex set sitting in a finite
dimensional vector space over the rational numbers. This set should be easier to
describe than the integral lattice of all Betti diagrams, and it is not far fetched to
hope for a nicer description. All of the above apply to the set of h-vectors of graded
modules as well, and for example, the set of all normalized h-vectors of length c+1
of Cohen-Macaulay modules of projective dimension p, is the set of sequences of
rational numbers (h0, h1, . . . , hc) satisfying

hi

ri
− hi+1

ri+1
≥ 0,

for all i = 0, 1, . . . , c−1, where ri =
(
p−1+i
p−1

)
is the value at i of the Hilbert function

of the polynomial ring in p variables (see Paper IV). An element in this set is hence
a rational multiple of the h-vector of a graded Cohen-Macaulay module, and we
may then try to describe the rational multiples of the h-vectors of any other kind
of graded modules.

Results and discussions

In Paper I we first observe that the dual of a level algebra is a level module, and
hence must satisfy any condition we might have on level modules. For example, level
modules and their duals are generated in a single degree and hence their h-vectors
must satisfy the condition of Hulett’s generalization of Macaulay’s theorem. We also
consider for modules the notion of cancellable sequences introduced by Geramita
and Lorenzini in [11] where they observe that if h is the h-vector of a level module
of codimension p and socle degree c, then

βlex
p−1,p+j(h)− βlex

p,p+j(h) ≥ 0
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for all integers j 6= c, and they call any h-vector satisfying this inequality can-
cellable.

For example, consider an h-vector on the form (1, 3, . . . , 5, 3, 2), and assume that
A is a level algebra with this h-vector. Let M be the graded module obtained from
A by truncation and keeping only its three homogeneous components of largest
degree. Then M is a level module and its h-vector is (5, 3, 2). The maximal Betti
numbers associated to this h-vector are

βlex(5, 3, 2) =




5 12 12 4
− 4 4 1
− 2 4 2




where we adopt the convention of writing the entry βi,j in column i and row j − i
and writing “-” instead of zero. Comparing the numbers in the two rightmost
columns we see that 4 ≥ 4 and 4 ≥ 1 so (5, 3, 2) is cancellable in codimension three.
The dual of M is a level module and its h-vector is the reverse of the h-vector of
M , that is, (2, 3, 5). The maximal Betti numbers associated to (2, 3, 5) are

βlex(2, 3, 5) =




2 3 3 1
− 1 − −
− 7 12 5




and since 0 6≥ 1 we see that (2, 3, 5) is not the h-vector of a level module and hence
that (1, 3, . . . , 5, 3, 2) is not the h-vector of a level algebra.

Using the Eliahou-Kervaire resolution [9], and the formula obtained from it for
the graded Betti numbers of a stable ideal, we calculate the difference βlex

p−1,p+j(h)−
βlex

p,p+j(h) for the h-vector of any Cohen-Macaulay module, and so obtain a condition
on the h-vectors of level modules. Even though it is explicit, the expression so
obtained is rather rather cumbersome, and we will see in Paper V that there is a
closely related set of h-vectors with a much nicer characterization.

In Paper II we determine the possible h-vectors of level modules of codimension
two. Iarrobino showed that a sequence of positive integers (h0, h1, . . . , hc) is the
h-vector of a level algebra of codimension two if and only if h0 = 1 and

hi−1 − 2hi + hi+1 ≤ 0,

for all i = 0, 1, . . . , c, where it is assume that h−1 = hc+1 = 0. We show that,
removing the condition h0 = 1, this precisely determines the h-vectors of level
modules of codimension two. For graded algebras, the above characterization can
be obtained from the Hilbert-Burch theorem (see [5]) but we know of no analogue
of this theorem for graded modules, so we have to resort to other methods.

Paper III is concerned with a result of Zanello [34] that gives a lower bound
on the Hilbert function of, general enough, quotients of level algebras. Let A be a
level algebra of type t and socle degree c. Furthermore, let A′ = A/I, where I is an
ideal of A, be level algebra of type s. We say that A′ is a generic quotient if it has
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maximal Hilbert function among all level quotients of A of type s. To guarantee
the existence of such a maximal Hilbert function we have to assume that the field
we are working over is infinite. Let u 7→ Hs

u be the Hilbert function of a generic
level quotient of type s of A. The result of Zanello is that

Hs
u ≥

1
t2 − 1

(
(ts− 1)Ht

u + (t− s)Ht
c−u

)
.

We give a shorter, and more straightforward, proof of Zanello’s result. In the process
we make the interesting observation that the sequence H1

u ≤ H2
u ≤ · · · ≤ Ht

u, is
convex, that is,

Hs
u ≥

1
2
(Hs−1

u + Hs+1
u ).

for s = 1, 2, . . . , t.
Paper IV is joint work with Mats Boĳ. We study the set of graded Betti numbers

of all Cohen-Macaulay modules, not just the level ones. We take our inspiration
from the Multiplicity conjecture of Herzog, Huneke and Srinivasan [14, 17] which
gives lower and upper bounds for the multiplicity of a graded algebra in terms of the
lowest and highest degrees where the Betti numbers are non-zero. The Multiplicity
conjecture, in turn, was inspired by the calculation of the multiplicity, e(A), of any
Cohen-Macaulay algebra with a pure resolution, that is, a resolution where each
component is generated in a single degree di, for i = 1, 2, . . . , p. The sequence of
integers di is called the type of the pure resolution. This calculation shows that the
multiplicity is given by the simple formula

e(A) =
d1d2 . . . dp

p!
.

The Multiplicity conjecture has a natural extension to modules generated in a single
degree and is easily seen to hold for any direct sum of modules with pure resolutions
all generated in the same degree. Consider the integral lattice of Betti diagrams of
Cohen-Macaulay modules and the convex set of normalized Betti diagrams men-
tioned in the previous section. We conjecture that the set of normalized Betti
diagrams is the convex hull of the normalized Betti diagrams of Cohen-Macaulay
modules with pure resolution. By a computation of Huneke and Miller [17], gen-
eralized to modules in [23], we know precisely the normalized Betti diagram of a
Cohen-Macaulay module with a pure resolution, given its type. We call such a dia-
gram a pure diagram. Our conjecture is equivalent to: (i) the Betti diagram of any
Cohen-Macaulay module is a non-negative linear combination of pure diagrams and
(ii) for any sequence of integers 0 < d1 < d2 < · · · < dp there is a Cohen-Macaulay
module with a pure resolution whose type is given by this sequence, as described
above. We note that (i) implies the Multiplicity conjecture and the (i) may be true
independently of (ii).

In addition we conjecture (iii) that the convex hull of the pure diagrams has a
very nice structure of a simplicial polytope. This conjecture, in turn, is independent
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of (i) and (ii) and has to do with a geometric realization of an abstract simplicial
complex.

We prove (i),(ii) and (iii) for modules of codimension two, generated in a single
degree, and we prove (i) for complete intersections of any codimension and for
Gorenstein algebras of codimension three. The Multiplicity conjecture was already
known in these cases so in that respect we prove nothing new. On the other hand
our conjecture is stronger than the Multiplicity conjecture and (i),(ii) and (iii)
together give a very good description of the set of normalized Betti diagrams of
Cohen-Macaulay modules.

In Paper V we take as our starting point the conjecture on the set of possi-
ble graded Betti numbers from Paper IV and the idea to look for descriptions of
normalized Betti diagrams and h-vectors. Assuming conjecture (i) above, we get
that h = (h0, h1, . . . , hc) is a rational multiple of an h-vector of a level module of
codimension p if and only if

∣∣∣∣∣∣

hi−1 hi hi+1

ri−1 ri ri+1

rc−i+1 rc−i rc−i−1

∣∣∣∣∣∣
≥ 0

for i = 0, 1, . . . , c, where ri =
(
p−1+i
p−1

)
is the value at i of the Hilbert function of

the polynomial ring in p variables. If we add h0 = 1 to the condition above we
get a characterization of the normalized h-vectors of level modules. Even though
this is far from a complete description of the h-vectors of level algebras, and much
of our original motivation for the study of level h-vectors is lost when we consider
h-vectors of modules up to multiplication by a rational number, we find this result
very inspiring.

Consider the set of normalized h-vectors of Cohen-Macaulay modules, that is,
the set of rational multiples of these h-vector whose first entry is h0 = 1. For each
normalized h-vector there is a corresponding maximal normalized Betti diagram,
and as we did in Paper I for the non-normalized Betti diagram, we may compute
the difference

βp−1,p+j(h)− βp,p+j(h) ≥ 0,

for an h-vector (h0, h1, . . . , hc). The condition obtained by requiring that the above
inequality is satisfied for all i 6= c then characterizes the h-vectors that are rational
multiples of cancellable h-vectors. By the observation, also from Paper I, that the
reverse of a level h-vector is the h-vector of a level module, it is interesting to
determine the cancellable sequences whose reverse is also cancellable. The result is
that (h0, h1, . . . , hc), where hc 6= 0, is a rational multiple of a cancellable h-vector
whose reverse is also cancellable if and only if

∣∣∣∣∣∣

hi−1 hi hi+1

ri−1 ri ri+1

p 1 0

∣∣∣∣∣∣
≥ 0,

∣∣∣∣∣∣

hi−1 hi hi+1

0 1 p
rc−i+1 rc−i rc−i−1

∣∣∣∣∣∣
≥ 0
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for all i = 1, 2, . . . , c, and

hi

ri
− hi+1

ri+1
≥ 0,

hi+1

rc−i−1
− hi

rc−i
≥ 0

for all i = 0, 1, . . . , c − 1, where ri =
(
p−1+i
p−1

)
. As a consequence all h-vectors of

level modules, generated in degree zero, satisfy these conditions.
We also study the h-vectors, and graded Betti numbers, of artinian level modules

with the weak Lefschetz property. The weak Lefschetz property has been studied
for artinian algebras since Stanley proved the necessity of the condition of the
g-theorem mentioned in the introduction. A Lefschetz element for an artinian
graded module, M , is a linear form such that the multiplication map Mi−1 → Mi

has maximal rank for each integer i, and a graded module has the weak Lefschetz
property if it has a Lefschetz element. The possible h-vectors of Gorenstein algebras
with the weak Lefschetz property are precisely those given by the g-theorem. This
follows from the g-theorem in characteristic zero and was shown by Harima [12] in
any characteristic. The possible h-vectors are also known for artinian algebras in
general [13], but when we restrict to level algebras this problem gets much harder.
We manage to solve the simpler problem of determining the normalized h-vectors
of level modules with the weak Lefschetz property. Observe that since this gives
a condition on the normalization of any h-vector of a level module with the weak
Lefschtez property we get a necessary condition on these h-vectors.

Let h = (h0, h1, . . . , hc) be a sequence of non-negative integers and let u be the
smallest integer such that hu ≥ hu+1. Then h is a rational multiple of an h-vector of
a level module, generated in degree zero, of codimension p with the weak Lefschetz
property if and only if

hi − hi1

si
− hi+1 − hi

si+1

for i = 0, 1, . . . , u− 1 and

hc−i − hc−i+1

si
− hc−i−1 − hc−i

si+1

for i = 0, 1, . . . , c − u − 1, where si =
(
p−2+i
p−2

)
. This can be rephrased as follows.

Define to sequences of integers by

f = (h0, h1 − h0, h2 − h1, . . . , hu − hu−1)

and
g = (hc, hc−1 − hc, hc−2 − hc−1, . . . , hu − hu+1).

Then both f and g should be rational multiples of h-vectors of graded Cohen-
Macaulay modules, of codimension p − 1, generated in degree zero. In this way
the similarity between this condition and the condition of the g-theorem is shown.
We also give a sharp upper bound on the normalized graded Betti numbers of level
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modules with the weak Lefschetz property and a given h-vector, and we show that
this upper bound is a linear combination of pure diagrams. In codimension three
this is enough to verify conjecture (i) on the set of possible graded Betti numbers
for level modules with the weak Lefschetz property, and hence the Multiplicity
conjecture for these modules. We show also that the upper bound of the Multiplicity
conjecture holds for any level module of codimension three.

Finally, we observe that conjecture (i) on the set of possible graded Betti num-
bers of Paper IV implies a strengthening of the multiplicity conjecture for level
algebras of codimension three proposed by Zanello. The conjecture of Zanello is
proved for Gorenstein algebras of codimension three by Migliore, Nagel and Zanello
[25] and we note that since conjecture (i) holds for Gorenstein algebras of codimen-
sion three we get an alternative proof of this.
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