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Abstract
The direct point by point swept solution of the discretised Helmholtz equation over a broad frequency range can 
become computationally expensive for large systems when fine frequency increments are required. Ap-
proaches involving reduced-order models using Padé- or waveform-based methods such as the well condi-
tioned asymptotic waveform evaluation (WCAWE) can be used to significantly reduce this and can also be 
applied to systems with non-quadratic frequency dependency. In this paper WCAWE expansions are per-
formed on a finite element based dynamical model of a two microphone open flanged impedance tube test. The 
use of an approximate loss-factor-based PML type approach to model the radiating section of the system is 
considered which eliminates dependency on reciprocal frequency terms. This allows for an efficient high order 
expansion as the frequency derivative terms need to be retained only up to second order. It is then shown that 
the method efficiently gives robust predictions of the end impedance with simple non-specialized elements.

1 Introduction

As an alternative to modal superposition methods which are directly applicable only to systems exhibiting 
quadratic frequency dependency, fast frequency sweep (FFS) methods have been receiving considerable 
attention in the literature as potentially a more general method with similar efficiency gains over direct 
sweeping methods. The basic idea is to compute the solution at a few key frequencies (the expansion points) 
and then determine the behavior at intermediary points by extrapolating the response in the neighborhood using 
knowledge of the derivatives of the solution evaluated at the expansion points. A recent paper by Lenzi et al [1] 
provides an excellent review of the competing methods and includes an application of the techniques to an 
exterior radiation problem which is also the focus of this paper. In [1] it is also shown that the WCAWE method 
introduced by Slone [2] when applied to quadratic systems is effectively as efficient as traditional modal 
methods based on for example the SOAR algorithm by Bia and Su [3]. In addition, when using finite element 
discretisation approaches for exterior radiating systems, the perfectly matched layer approach
(PML) proposed by Berenger [4] has become a popular technique. The idea is to surround the computational 
domain by a non-physical PML medium in which the outgoing waves are absorbed. The PML approach was 
implemented in [1] using specialised elements and resulting in a rational frequency dependency. This was 
then effectively remodeled and successfully expanded using WCAWE.

In this paper, a PML-type approach is considered but is based on a loss factor dissipation model. The discreti-
sation uses standard quadratic tetrahedral isoparametric elements as presented for example by Zienkiewicz 
[5] and leads directly to a quadratic system, albeit with complex mass stiff and damping entities, but all of
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Figure 1: Schematic of the impedance tube model

which can be precalculated. The WCAWE is then successfully demonstrated on this system and aspects of
sweep efficiencies are then discussed.

2 Analysis

2.1 Overview of the test model

An “impedance tube” test problem was chosen of length 2 m and diameter 0.3 m with a flanged open end as
shown in figure 1.

Two notional microphones were positioned at 0.65m and 0.6m respectively from the flanged end which had
a finite diameter of 1m. The system was excited by a point source at the closed end in order to ensure that
higher modes were clearly excited above the cut-on frequency. For this geometry with a sonic speed of 340
m/s the cut-on frequency should be given by

fc = 663Hz (1)

with a first dropout frequency well above this at

fd = 3400Hz (2)

Forming a frequency response function from the frequency domain representation of the microphone pres-
sures

H =
p2

p1
(3)

we should be able to determine the impedance Zt at the throat under the plane wave regime from

Zt = j⇢0c
H cos kx1 � cos kx2

sin kx2 �H sin kx1
(4)
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where k = !/c is the wave number, x1 and x2 are the lengthwise coordinates measured from the centre of
the throat, ⇢0 is the air density, ! is the circular frequency and j =

p
�1. For a pipe with an infinite flange

this should approximate to that experienced by a baffled circular piston from Kinsler et al [6] as

Zt = ⇢0c(
1

2
� J1(2ka)

2ka
+ j

H1(2ka)

2ka
) (5)

where a is the piston/pipe radius, J1 is the Bessel function of the first kind of order one and H1 is the Struve
function of order 1. This relationship was useful to provide a check on the veracity of the model noting that
this is approximate as even below the cut-on frequency the emerging plane waves will attain some curvature.
The absorption of the outgoing waves was effected by a combination of a PML layer of thickness 0.75m
(Section 2.3) and a point reacting characteristic impedance on the “horizon” boundary.

2.2 Preliminary finite element modelling

The entire volume (including the PML layer) was evenly discretised with a 3D free mesh of 11871 isopara-
metric tetrahedral quadratic elements incorporating 18876 nodal degrees of freedom. Following established
finite element procedures [5], starting with the Helmholtz equation governing the fluid domain,

k2p +52p = 0, (6)

leads to a weak form integral representation

� k2
Z

⌦
�pdV �

Z

�
�

@p

@n
dS +

Z

⌦
5�.5pdV = 0, (7)

where � is a suitable trial function, ⌦ is the acoustic fluid domain and � is the boundary. This then generates
a matrix system of equations of the form

[�k2M + jkC + K]p = jkf , (8)

where the forcing vector is zero at all points except for a unit entry at the loading point to model a volume
source. The usual“mass” and “stiffness” matrices M and K, using a Galerkin approach, are formed by
contributions from elemental matrices Me and Ke given by

M e
ij =

Z

⌦e

NiNjdV, (9)

Ke
ij =

Z

⌦e

[
@Ni

@x

@Nj

@x
+

@Ni

@y

@Nj

@y
+

@Ni

@z

@Nj

@z
]dV, (10)

where Ni are the trial and test functions.

If a point reacting impedance Z = ⇢0c is assumed to operate on the free boundary then on the surface of
each boundary element we can assert that

@p

@n
= �j!⇢0un = �j!⇢0

p

⇢0c
= �jkp. (11)

Thus the approximate “⇢0c” boundary condition naturally yields a “damping” matrix formed from elemental
contributions Ce of the form

Ce
ij =

Z

�e

NiNjdS (12)
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Lastly the forcing term f in Eq. (8) can be modelled without loss of generality by including a unit entry at
the appropriate coordinate position in the otherwise zero vector f .

2.3 An approximate model of the PML layer

Perfectly matched layers, as reported by Johnson [7], introduce “artificial” dissipation in outer exterior layers
to transform outward propagating waves of the form e�jkr to decaying ones of the form

p(r) = Ae�jkre�
�
L f(r)r. (13)

f(r) is a normalized ramping function which increases to unity at the outer limit of the PML layer with
thickness L. A suitable form for the problem to hand which is generally accepted in the literature is quadratic
of the form

f(r) =< r � r0 >2 /L2, (14)

where r0 represents the start of the layer. � now represents the normalized severity of the dissipation function.

Then this desired wave function within the PML layer would be roughly approximated by a solution of a
modified Helmholtz equation

1

(1� j �
Lkf(r))2

@2p

@r2
+

@2p

@t2
+

@2p

@s2
+ k2p = 0, (15)

where r, s and t are the coordinates associated with the set of orthogonal vectors r,s and t.

This approximation ignores the derivatives of slowly varying f(r) in favour of the leading term, ie

@

@r
(1� j

�

Lk
f(r))r ⇡ (1� j

�

Lk
f(r)) (16)

Figure 2 shows the difference between the plane wave solution of the modified Eq. (15) and the desired
solution in Eq. (13) with data set at typical values � = 5, and kL = 10.

The approximation is evident however the solution is still highly dissipative and thus maintains its essential
character. Furthermore the error reduces as the frequeny increases.

From a finite element discretisation viewpoint Eq. (15) can subsequently be more efficiently rearranged as

52 p + (�2j
�

Lk
f(r)� �2

L2k2
f(r)2)(

@2p

@s2
+

@2p

@t2
) + (k � j

�

L
f(r))2p = 0. (17)

The dependency on 1/k and 1/k2 now emerges generating a matrix equation system no longer of quadratic
form. This dependency, when using WCAWE to perform extrapolations, will require some local modelling
of the rational frequency dependency [1], which is sought to be avoided in the present contribution. Ignoring
the boundary integral for the present, new elemental matrix entities Ee, F e, Ge and He of the form

Ee
ij =

Z

⌦e

[
@Ni

@s

@Nj

@s
+

@Ni

@t

@Nj

@t
]f(r)dV, (18)

F e
ij =

Z

⌦e

[
@Ni

@s

@Nj

@s
+

@Ni

@t

@Nj

@t
]f(r)2dV, (19)

Ge
ij =

Z

⌦e

NiNjf(r)dV, (20)
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Figure 2: PML waveform approximation error

He
ij =

Z

⌦e

NiNjf(r)2dV, (21)

will emerge, which require specific evaluation in the PML layer where f(r) is non-zero. Similarly, the
boundary integral emerging from Eq. (16) leads to an additional matrix Ie of the form

Ie
ij =

Z

�e

NiNjf(r)dS, (22)

subsequently generating an assembled dynamical system extended from Eq. (8), of the form

�k2M +

⇣�

L

⌘2
H + 2jk

�

L
G + jk

⇣
C� j

�

kL
I
⌘

+ K� 2j
�

kL
E�

⇣ �

kL

⌘2
F

�
p = jkf . (23)

The explicit dependency of Eq. (23) on the wavenumber reminds the explicit dependency on angular fre-
quency ! met by the authors on formulations including sound absorbing porous materials, for which a Padé
approach was proposed [8]. In the present case, however, a simplification is proposed in order to generate
an equivalent matrix equation system of quadratic form, which, among other, allows to reduce the storage
requirements of the pre-assembled matrices and simplify the procedure using the WCAWE.

2.4 A loss factor approach

The system may be significantly simplified if an equivalent loss factor ⌘ is introduced according to
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⌘ =
�

kL
. (24)

Thus, the nominal dissipation waveform would change according to

p(r) = Ae�jkre�
�
L f(r)r ! Ae�jk(1�j⌘f(r))r (25)

introducing a complex dissipative wave number k (1� j⌘f(r)) (in contrast with k
�
1� j �

kLf(r)
�

in the
previous section). The approximated governing system equation now reduces to

52 p + (�2j⌘f(r)� ⌘2f(r)2)(
@2p

@s2
+

@2p

@t2
) + k2(1� 2j⌘f(r)� ⌘2f(r)2)p = 0 (26)

The rational dependency on k has now been removed and a frequency independent dimensionless parameter
⌘ has been used to moderate the dissipation in the PML layer. In the discretisation step, the quadratic form
of Eq. (8) albeit with complex entities, has now been restored with the elemental “mass” and “stiffness”
matrices modified to

M e
ij !M e

ij + 2j⌘Ge
ij + ⌘2He

ij = M e
ij

(pml) (27)

Ke
ij ! Ke

ij � 2j⌘Ee
ij � ⌘2F e

ij = Ke
ij

(pml) (28)

Finally the boundary generated “damping” matrix can be modified to

Ce
ij !

@

@r
(1� j⌘f(r))r|r=r0+LCe

ij ⇡ (1� j⌘f(r)))Ce
ij = Ce

ij
(pml) (29)

where the integrals to form Ce are now performed on the horizon boundary.

In the above formulation it should be noted that all of the system matrix components can be preassembled
independently of both the wavenumber k and the severity of the dissipation loss factor ⌘. Once the system
matrices are assembled then the dynamical equation in the form of Eq. (8) may be stated as

h
�k2M(pml) + jkC(pml) + K(pml)

i
p(k) = jkf(k) (30)

Here we can absorb the leading jk into the forcing term f making it in the present case linear in k. D(k) =⇥
�k2M(pml) + jkC(pml) + K(pml)⇤ is obviously quadratic in k.

2.5 Single frequency simulation

The system was driven with a point source at the closed end of the duct at a frequency of 1028 Hz which is
well above the cut-on frequency and is shown in figure 3 along with the meshing pattern. The structure of
the wave field is complex and the absorbent layer is clearly working well. For this simulation, the following
were set, ⌘ = 0.5 and L = 0.75 m and were maintained for all further simulations over the entire frequency
range.
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Figure 3: Response above the cut-on frequency

3 Efficient frequency sweeps using WCAWE

An efficient frequency sweep method may be implemented using WCAWE as presented in [2] by expanding
the solutions about reference point k0 via a Taylor model to a high derivative order n and large frequency
range using a matrix of stable basis functions Vn. The WCAWE develops this basis by using a modified gram
Schmidt orthonormalization of the higher order derivative vectors in combination with a Taylor expansion
of the equation system Eq. (30). It should be noted that WCAWE may in principle be applied to systems
with general frequency dependency. The general principles are outlined in [1, 2] and are presented here for
completeness. Following this, method is applied to the present quadratic system.

Once the basis is established at frequency k0 the pressure can be established via the Galerkin formulation
given as

p(k) = Vn(VH
n D(k)Vn)�1VH

n f(k) (31)

This is an efficient calculation to perform as the matrix to be inverted is of the order n ⇥ n which can be
expected to be kept in core and, using the formulation under discussion here, may be efficiently pre-formed
independently of frequency from the large system matrices as

VH
n D(k)Vn = VH

n K(pml)Vn + jkVH
n C(pml)Vn � k2VH

n M(pml)Vn (32)

As the basis vectors have been orthonormalized the kernel to be inverted will stay well conditioned up to
high orders of n and widen the range of the sweep. In addition the response may only be required at a small
number of monitoring points removing all need for sparse matrix multiplication operations in the frequency
sweep.

In order to determine the basis vector system we introduce a change of notation,

wj+1 =
1

!j
p(j)(k0), (33)

Zj =
1

!j
D(j)(k0), (34)
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bj =
1

!j
f (j)(k0), (35)

where (n) denotes the nth derivative of the host matrix or vector. This allows us to write the underlying
Taylor expansion of Eq. (30) in a compact recursive form up to order n,

wn = Z�1
0 (bn �

nX

j=1

Zjwn�j) (36)

This direct calculation suffers from ill-conditioning appearing in the estimates of the higher derivative vectors
due to the repeated multiplication, in Eq. (36), of the emerging driving vector by Z�1

0 . The process is
stabilized by forming an orthonormal basis set Vn from Wn using a modified gram Schmitt process, as the
derivatives are calculated recursively . . . .

We start with

ṽ1 = Z�1
0 b0, (37)

normalizing

U1,1 = |ṽ1|,v1 = ṽ1/U1,1 (38)

then for all i from 2 up to n

ṽi = Z�1
0 (

i�1X

j=1

bie
T
i PU1(i, j)ei�j � Z1vi�1 �

i�1X

j=2

ZjVi�jPU2(i, j)ei�j). (39)

Here ei is the ith unit vector and the product matrix function PUw is given by

PUw(i, j) = ⇧j
k=wU�1

k:i�j+k�1,k:i�j+k�1. (40)

The normalization sub step recursion within the ith step follows,

Uj,i = vH
j ṽi, ṽi ! ṽi � Uj,ivj ; j = 1 : i� 1, (41)

with normalization

Ui,i = |ṽi|,vi = ṽi/Ui,i. (42)

The matrix upper triangular matrix U stores the inner products of the vectors as they are generated by the
joint recursive processes.

3.1 Reduction to a quadratic form

The above general orthonormalisation description can be reduced algebraically for the present case where
the dynamical matrix is quadratic under a mobility calculation, as only the following derivative orders are
non-zero: Z0,Z1,Z2,b0,b1.

We start as before,
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ṽ1 = Z�1
0 b0, (43)

with normalization

U1,1 = |ṽ1|,v1 = ṽ1/U1,1. (44)

Then for the second vector,

ṽ2 = Z�1
0 (b1/U1,1 � Z1v1), (45)

orthogonalising and normalizing,

U1,2 = vH
1 ṽ2, ṽ2 ! ṽ2 � U1,2v1, (46)

U2,2 = |ṽ2|,v2 = ṽ2/U2,2. (47)

Then for all i from 3 up to n,

ṽi = Z�1
0 (�Z1vi�1 � Z2Vi�2A:,i�2(i)), (48)

and the matrix function A(i) is given by

A(i) = U�1
2:i�1,2:i�1. (49)

The normalization sub step recursion within the ith step is then such that

Uj,i = vH
j ṽi, ṽi ! ṽi � Uj,ivj ; (j = 1 : i� 1), (50)

Ui,i = |ṽi|,vi = ṽi/Ui,i. (51)
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3.2 Sweep Convergence test

Figure 4: WCAWE convergence test

To develop a test for convergence a single WCAWE sweep around a test point of 544 Hz was performed with
the results from a 10th order model plotted against an 11th order model with ⌘ set at 0.5 and L = 1.5 m. This
is shown in figure 4 for the frequency response function measured between the two microphone positions.
The onset of deviation between the two successive order estimates provides a clear indicator of the extent
of the sweep range possible. This procedure does not require successive estimates of the global error which
could potentially be expensive. The sweep was then stopped when

|Hn �Hn�1|
|Hn|

> ✏, (52)

where Hn is the frequency response estimate between the two measurement points for an order n model
and Hn�1 is the estimate for one order less. These can be efficiently predicted using the sweep Eq. (31) by
removing the last row and column from the kernel to be inverted for the lower order estimate.

A broad sweep across a wide frequency range can be achieved by calculating successive k0 frequencies
which can be placed in the centre of as yet un-converged frequency bands. The results of this method are
shown with a frequency resolution of 0.5 Hz in figure 5 and are compared against a coarse direct sweep
calculation. These are shown to be accurate based on 4 full LU decompositions of the system matrix at
the dotted stations using an n = 60 order model. An error trigger in Eq. (52) of ✏ = 0.001 was used for
these tests. For the present system this was found to be an optimal trade-off of efficiencies. Though the
fundamental philosophy underpinning expansion strategies will be to minimize the number of solutions at
reference frequencies k0, competing calculations will eventually emerge through the establishment of the
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Figure 5: Multizone sweep

WCAWE model. In this case the recalculation of the multiple right hand sides in Eq. (39) became the choke
point. The projection calculation in Eq. (31) was light on resource even for the successive 60⇥60 matrix LU
decomposition. We note that although the LU decomposition of the Z0 matrix was performed in-core using
sparse matrix manipulation in Matlab, these performance observations are consistent with those in [1] where
the systems were intermediate in size and required parallel out-of-core solvers [9]. As the WCAWE performs
expansions based on the derivative function expressed over the entire domain, it is relatively insensitive to
the onset of the higher wave mode pattern which emerges above the cut-on frequency.

3.3 Model verification

The veracity of the model is checked in figure 6 by examining the impedance referred to the throat using post
estimate calculation associated with Eq. (4). This is plotted against the impedance from a piston embedded
on an infinite wall from Eq. (5) and is in good agreement noting that the wall is not infinite and the waves
develop some curvature at the throat even in the plane wave regime. Above the cut-on the calculation
associated with Eq. (4) breaks down as expected.

4 Conclusions

• A simplified model based on a loss factor approach to PML layer modelling has been demonstrated in
a 3D finite element acoustic model based on standard precalculable quadratic isoparametric elements.
The modelling proposed only requires some additional weighted integrals over the elemental volumes.

CHARACTERISATION, DESIGN AND OPTIMIZATION OF ACOUSTIC MATERIALS 531



Figure 6: Multi-zone sweep

The order of the elemental integration was not increased here in these cases as the scale of the elements
was assumed to be small with respect to the variation of the weighting functions.

• An expansion method based on WCAWE has been demonstrated to be stable for this system. It can
in particular deliver high derivative orders well in excess of the point of computational load balance
against the reference dynamical frequency decomposition cost. Although this model is in quadratic
form, other non quadratic frequency dependent zones could be introduced to model other physical
features aside from the radiation condition due to the generality of the WCAWE.

• The model considered here is small (ie solvable in-core) and its performance and optimization should
now be considered when the size is increased to medium –requiring parallel in out of core direct
solvers– and large –requiring fully iterative solution approaches–. Nevertheless it is clear that order
of magnitude efficiency savings are possible in the generation of high resolution, accurate frequency
response functions using the simplified absorptive layer modelling proposed here.

5 Acknowledgment

The authors gratefully acknowledge the support from the European Union Cost action DENORM C15125
Designs for Noise Reducing Materials and Structures (DENORMS) which facilitated discussion on this topic.
The Swedish Research Council (VR Grant 2015-04925) is also gratefully acknowledged for its financial
support.

532 PROCEEDINGS OF ISMA2016 INCLUDING USD2016



References

[1] M. S. Lenzi, S. Lefteriu, H. Beriot, W. Desmet, A fast frequency sweep approach using Padé approxima-
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