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Abstract

Buildings subjected to impact and explosion are usually studied using large scale
and highly nonlinear finite element model which are time-consuming. The first
part of the thesis deals with the development of simple and accurate models for
evaluating the nonlinear inelastic behaviour of steel frame structures subjected to
impact. The research work in this part has produced four simplified models. The
first model concerns with a 4DOF model that reproduces the behaviour of the
impacted column. The restraining effect from the rest of the structure is modelled
by an elastic spring, a head mass and a static load that are applied at the top end
of the column. In the second model, the impacted column is then further simplified
using a SDOF model. The behaviour of the SDOF model is governed by a 1D yield
function identified from analytical force-displacement expressions of the column
loaded by an arbitrarily located force. The maximum displacement of the impacted
column can also be determined explicitly by adopting an energy-equivalent approach.
Afterwards, in an effort to model the whole structure, two finite element models
are developed. For these models, a co-rotational super-element that consists of a
beam element and two generalized elasto-plastic hinges is obtained by performing
a static condensation. An elastic flexible beam element is used in the first finite
element model, whereas a rigid beam element is considered in the second one.

In these models, inelasticity is concentrated at generalized elasto-plastic hinges which
are modelled by combined axial-rotational springs. The behaviour of the hinges is
uncoupled in the elastic range while an axial-bending interaction is considered in
the plastic range which is governed by super-elliptic yield criteria making it possible
to reproduce a wide range of behaviours that can be used for both cross-sections
and joints. In addition, unilateral contact between rigid point masses is considered
and the energy loss during impact is accounted by means of a restitution coefficient
following Newton’s impact law. The discontinuity of the velocity and the contact
force is handled by adopting a set of differential measures and convex analysis tools.
Energy-momentum scheme is used to solve the equations of motion produced by
these models.

The second part of the thesis concerns with the performance of the connectors
in composite steel-concrete slabs under explosion. The purpose is to determine
residual capacities of the shear connectors after being damaged by explosion using
large-scale pull-out and push-out experimental tests and finite element simulations.

Keywords: impact, explosion, steel frame structure, generalized elasto-plastic
hinge, inelastic behaviour, non-smooth mechanics, residual capacities, shear stud
connector
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Sammanfattning

Byggnader som utsätts för påkörning och explosion studeras vanligtvis med starka
olinjära finita elementmodeller som är tidskrävande. Den första delen av avhandling-
en handlar om att utveckla enkla modeller för att studera det olinjäraoch plastiska
beteendet av ramkonstruktioner i stål som utsätts för påkörning. Forskningsarbetet
i denna del har resulterat i fyra förenklade modeller. Den första modellen har fyra
frihetsgrader och återskapar beteendet av den påverkade pelaren. Styvhetsinverkan
från resten av konstruktionen är modellerad med en elastisk fjäder, en massa och
en statisk belastning som appliceras i pelarens övre ände.I den andra modellen
förenklas pelaren ytterligare genom att använda en modell med en frihetsgrad.
Modellens beteende styrs av ett endimensionellt plastiskt gränsvillkor identifieratut-
ifrån analytiska kraft-förskjutningsuttryck av den påverkade pelaren. Den maximala
förskjutningen av den påverkade pelaren kan också bestämmas direkt genom att
använda en energiekvivalent metod.Därefterutvecklas två finita element-modeller för
att kunna studera hela strukturen. Ett konventionelltrotationsbaseratsuperelement
som består av ett balkelement och två generaliserade elastoplastiska leder erhålls ge-
nom att utföra enstatisk kondensering. Ett elastiskoch flexibelt balkelement används
i den första modellen medan ett styvt balkelement används i den andra modellen.

I dessa modeller koncentreras oelasticitet i generaliserade elastoplastiska leder som
modelleras med kombinerade axiella fjädrar och rotationsfjädrar. Ledernas beteende
är icke kopplat i elasticitet. Vid plastiska deformationer betraktasinteraktionen
mellan axiella och böjande effekter genom att använda superelliptiska flytvillkor.
På detta sätt blir det möjligt att reproducera ett brett spektrum av beteenden
för bådetvärsnitt och infästning. Enenkelriktad kontaktmodell mellan två styva
punktmassor används. Energiförlustenintroduceras med hjälp av studstalet som
följer Newtons stötimpulslag.Diskontinuiteten hos hastigheten och kontaktkraften
hanteras genom att anta differentiella mått och konvexa analysverktyg.En energi-
moment algoritm används för att lösa rörelseekvationerna som dessa modeller ger.

Den andra delen av avhandlingen handlar om att studera beteendet hos skjuv-
kopplingar i samverkansbjälklag av stål och betong.Syftet är att bestämma rest-
kapaciteten hos kopplingar efter att de har blivit utsätta för en explosion. För att
uppnå detta används både experimentella drag/tryck försök och numeriska finita
element-analyser.

Nyckelord: påkörning, explosion,ramkonstruktion i stål, generaliserade elastoplas-
tiska leder, elastoplastiska beteende, restkapacitet, skjuvkopplingar.
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Résumé

Les bâtiments soumis à un impact ou à une explosion sont souvent analysés à l’aide
de modèles éléments finis de grande taille et fortement non-linéaire. Dans la première
partie de la thèse, nous développons des modèles simples et suffisamment précis
pour l’analyse du comportement inélastique non-linéaire des structures en acier
soumises à un impact. Dans cette partie, nous proposons quatre modèles simplifiés.
Le premier modèle concerne un modèle à 4DDL qui simule le comportement d’une
colonne impactée. L’effet de la structure environnante est modélisé par un ressort
élastique, une masse et une charge statique qui sont appliqués en tête de colonne.
Le deuxième modèle proposé possède un seul DDL. Le comportement non-linéaire
de ce modèle 1DDL est donc régi par un critère de plasticité unidimensionnel dont
les paramètres sont identifiés à partir d’expressions analytiques des relations force-
déplacement de la colonne soumise à un effort ponctuel. Le déplacement maximal
de la colonne impactée peut également être déterminé analytiquement à partir de
considérations énergétiques. Par la suite, dans le but de modéliser l’ensemble de
la structure, deux modèles d’éléments finis sont développés. Pour ces modèles, un
super-élément co-rotationnel qui se compose d’un élément de poutre et deux rotules
élasto-plastiques généralisées est construit à l’aide d’une procédure de condensation
statique. Dans un premier temps, nous supposons que la poutre est rigide et seules
les rotules se déforment. Ensuite, cette condition est relaxée et un élément poutre
élastique est considéré.

Dans ces modèles, les déformations inélastiques sont supposées être concentrées
dans les rotules élasto-plastiques généralisées qui sont modélisées en combinant un
ressort longitudinal et un ressort rotationnel découplés (comportement élastique non
couplé). Le comportement plastique de ces rotules prend en compte l’interaction
entre l’effort normal et le moment et est décrit à l’aide d’un critère de plasticité
de forme super-elliptique permettant de modéliser aussi bien le comportement
plastique des sections que celui des assemblages. En outre, le contact unilatéral
entre des masses ponctuelles rigides est considéré. La perte d’énergie pendant
l’impact est comptabilisée au moyen d’un coefficient de restitution suivant la loi
de Newton. La discontinuité de la vitesse et de la force de contact est traitée en
adoptant un ensemble de mesures différentielles et les outils de l’analyse convexe. Un
schéma de type Energy-Momentum est considéré pour la résolution des équations
de mouvement produites par ces modèles.

La deuxième partie de la thèse porte sur la performance des connecteurs dans les
dalles composites soumis à l’explosion. L’objectif est de déterminer les capacités
résiduelles des connecteurs après avoir été endommagés par explosion à l’aide d’essais
expérimentaux de type Push-out et Pull-out ainsi que des simulations par éléments
finis.

Mot-clé : impact, explosion, structure en acier, rotule élasto-plastique généralisée,
comportement inélastique, mécanique non lisse, capacités résiduelles, connecteur à
cisaillement.
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Chapter 1

Introduction

1.1 Background

The present-day use of buildings might expose steel frame structures to extreme
loading conditions such as impact and explosion.

In a vehicle impact phenomenon, columns functioning as vertical load carrying
elements of the building can be collided and may fail due to the high intensity
of the impulsive load exerted by the impact. The failure of such a load-bearing
member can lead to a collapse of an entire structure or a disproportionately large
part of it, called progressive collapse. However, steel frame structures possessing
high ductility may be able to undergo large displacement and experience a highly
nonlinear behavior to stabilize the structure against the impact loading. Such
high nonlinearity combined with non-smooth properties of the impact calls for a
sound treatment of the problem, which are usually handled using 3D finite element
simulations [1, 2] along with specific algorithm to handle impact. These simulations
are usually expensive, time-consuming and complicated for practical engineers. It is
therefore interesting to develop simple models that are convenient and suitable for
engineers.

On the other hand, the response of steel frame buildings subjected to blast loading
also involves complex interaction between building envelop, composite floor, frame
system, and connections. Load transfer within the composite floor system is made
through shear connectors. In the event of explosion, these connectors can be
damaged, but must reserve sufficient residual stiffness and strength in order to avoid
a sudden or delayed collapse. To the best knowledge of the author, these residual
capacities of the shear connectors after suffering the explosion have not been studied
yet.
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1.2 Aims and scope

In light of the above problems, this research has two objectives. The first objective,
which is the main one, is to develop simple models to evaluate the inelastic behavior
of steel frame structures subjected to impact. Developed progressively based on
different levels of simplicity, the simple models include: a 4-degree-of-freedom model
of the impacted steel column, a single-degree-of-freedom model with analytical
resistance functions, and two planar co-rotational beam elements with generalized
elasto-plastic hinges.

The inelasticity of the structural members is considered through the generalized
elasto-plastic hinges with superelliptic yield surfaces, which is proposed in this
thesis. These hinges are modelled by combined axial and rotational springs. The
elastic behavior of the hinges is uncoupled whereas the axial-bending interaction is
considered in the plastic range.

In addition, the impact load is applied through a unilateral contact between rigid
point masses. The energy loss during the impact is accounted by means of a
restitution coefficient following Newton’s impact law. The discontinuity of the
velocity and the contact force is handled by adopting a set of differential measures
and convex analysis tools.

These models are limited to the modeling of 2D frame structures with large displace-
ment, and material hardening is not considered. Local buckling, shear deformation
as well as strain rate effect are not included in the models.

The second objective is to provide guidelines regarding the estimation of the residual
capacities of shear stud connectors after being damaged by explosion. This objective
is achieved by an experimental study using large-scale pull-out test to pre-damage
the connectors and push-out tests to determine residual shear capacities of the
connectors.

1.3 Research contribution

The research work presented in this thesis has provided the following main research
contributions:

– Three simplified models for nonlinear dynamic analysis of steel frame structures
subjected to impact and one simplified model for nonlinear static analysis of
steel frame structures subjected to cyclic loading.

– Full derivations of the constitutive equations for the generalized elasto-plastic
hinges with superelliptic yield criteria.
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– The use of non-smooth framework with Newton’s impact law to account for
the impact loading on frame members.

– Experimental setups for large-scale push-out and pull-out tests of composite
beams.

– Design guideline for a preliminary estimation of residual capacities of shear
stud connector pre-damaged by explosion.

The above contributions are demonstrated by numerical examples and results
presented in the thesis and in the appended papers.

1.4 Outline of thesis

The structure of this thesis is organized into two parts: an extended summary of
the research work and appended papers. The first part provides readers with a
general introduction and summary of the research work. This part consists of six
chapters. The first chapter containing a background introduction, aims and research
contributions has been presented. The rest of this part is organized as follows.
Chapter 2 presents approaches to evaluate the inelasticity of structures. A short
discussion of these approaches is given. In Chapter 3, important aspects of impact
are reported including the mathematical formulation and time-integration methods
for solving non-smooth contact. A review on simplified models for dynamical analysis
of beam subjected to impact and explosion is given in Chapter 4. In Chapter 5, an
extended summary of the research work is provided. Finally, Chapter 6 provides
general conclusions and possible future research. The first part is followed by the
five appended papers.
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Chapter 2

Inelastic behavior of steel members

With exceptional loads, frame structures must be able to absorb external energy
by undergoing large plastic deformations as a stabilizing mechanism allowing force
redistribution that produces a stable configuration so that local and global collapse
of the structure can be avoided. The inelastic behavior of frame structures becomes
increasingly interesting, which have been studied in many publications [3, 4, 5, 6, 7, 8,
9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26]. Most of the studies
have agreed that the nonlinear inelastic analysis can be distinguishably placed into
two branches: the plastic zone approach (also called distributed plasticity) and
the plastic hinge approach (also called lumped plasticity). In distributed plasticity
method, structural members are discretized along the length and through the cross-
section to model gradual yielding, residual stresses, geometric imperfections and
material strain hardening [27]. The distributed plasticity approach can accurately
reproduce the inelastic behavior of structures, but usually requires a large number
of elements and stress-strain sampling points. Such requirement results in intensive
and expensive computation, particularly for medium-to-large structures. On the
other hand, the lumped plasticity method allows the possibility to use fewer elements
for modeling structural members and to skip the integration over the discretized
cross-sections for internal forces. However, the solution is less accurate since the
plasticity is lumped at the ends of the element by means of zero-length plastic
hinges.

This chapter provides a short presentation of previous approaches relating to the
modeling of the inelastic behavior of structural frame members. The chapter contains
two main sections. The first section briefly describes the distributed plasticity. The
second section deals with the lumped plasticity. Different enhancing approaches such
as zero-length plastic hinge, quasi plastic hinge, refined plastic hinge and generalized
elasto-plastic hinge, are presented.
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2.1 Distributed plasticity

In distributed plasticity method, structural members are meshed along the length
and across the cross-section into a set of finite elements where the spread of plasticity
is considered at the integration points of each element. The meshed elements can
be modelled using solid, shell, or beam elements depending on intended level of
accuracy. For frame structures, the studies using solid or shell elements such as
[3, 4, 5, 6, 7, 9, 8, 10, 11, 28] usually serve only as benchmark solutions for research
purposes in verifying the validity of simplified analyses because such studies normally
are expensive, time-consuming, and require intensive computational capacities. The
beam elements as found in [19, 21, 22, 23, 24, 25, 26], on the other hand, considers
that the cross section is divided into a finite number of discrete layers (fiber model).
The constitutive relation of the section is not specified explicitly, but is derived by
integration of the fibers, which follow the uniaxial stress-strain relationship of the
particular element. With this simplification, the computer effort can be enhanced
to a significant extent. Gradual spread of yielding can still be simulated with a
relatively good accuracy although local buckling is not accounted.

With beam elements, integration points are taken along the axis of the element
and across the cross-section; see Fig. 2.1. Due to the material nonlinearity, the
element internal force vector and tangent stiffness matrix are obtained through
numerical integrations by solving the constitutive equations at each integration
point. Various procedures such as Gauss integration and Lobatto rule can be used
to perform these numerical integrations. One advantage of the Lobatto rule is the
possibility of taking integration points on the surface while this possibility is not
available for Gauss integration. However, almost the same result is obtained for both
methods if a sufficient number of points is taken, as indicated by Battini [29]. One

(a) Bernoulli beam element (b) Timoshenko beam element

Figure 2.1: Gauss point integration

important issue is to determine the number of the integration points both across
the cross-section and along the element length. Few integration points could lead to
the loss of accuracy whereas more integration points results in more computational
time and memory. Generally, a relatively large number of Gauss points is needed in
order to accurately model the propagation of cross-section plastification and elastic
unloading. In the case of Bernoulli’s beam assumption for a two-node co-rotational
beam element (Fig. 2.1(a)), seven Gauss points across the cross-section and two
Gauss points along the beam axis are generally sufficient [29]. However, for a
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two-node co-rotational Timoshenko beam element (Fig. 2.1(b)), only one Gauss
point along beam axis is used in order to avoid shear locking.

Although this distributed plasticity approach is able to accurately capture the
inelastic behavior of steel frame members, it is still regarded as inconvenient for
practical use because it requires a large number of stress-strain sampling points in
order to accurately consider the plastic effect.

2.2 Lumped plasticity approach

The inelastic behavior of framed structures mostly concentrates at the critical
locations such as at the ends of the structural members and at the location where
the load is applied. As an alternative to the distributed plasticity, the lumped
plasticity approach considers that the plasticity is concentrated at the elements’ ends.
This method allows the possibility to use fewer elements in order to model frame
members and to skip the necessity to integrate the constitutive relationships over
the discretized cross-sections to obtain internal forces, which makes it more efficient
in engineering practices. With the advantages of its simplicity and its applicability,
the plastic hinge concept has been applied in various settings by adopting different
levels of enhancements. A brief review of these enhancements is provided in this
section.

Elasto-plastic hinge approach

The elasto-plastic hinge approach is an early formulation of the lumped plasticity
to model the inelastic behavior of the structural members. In this approach, the
yielding effect of the members is concentrated at specific cross-sections located at
member’s ends whose inelastic behavior is modeled by means of dimensionless plastic
hinges in a form of nonlinear springs. These springs can be rotational or consist of
springs in series or in parallel.

i 

j 

Figure 2.2: Giberson’s beam model: one component beam model
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One of the earliest formulations on lumped plasticity is developed by Giberson [30].
One of his beam models shown in Fig. 2.2 consists of an elastic beam element whose
ends are both attached to an equivalent zero-length elasto-plastic spring. In the
model, the stiffness of the beam is defined by

k = 4EI
l

(2.1)

while the end bending moments are expressed in elastic state as

∆Mi = k

(
∆ω

′

i + 1
2∆ω

′

j

)
= k

[
(∆ωi −∆αi) + 1

2 (∆ωj −∆αj)
]

(2.2)

∆Mj = k

(
1
2∆ω

′

i + ∆ω
′

j

)
= k

[
1
2 (∆ωi −∆αi) + (∆ωj −∆αj)

]
(2.3)

in which ωi, ωj are end rotations, and αi, αj are end plastic rotations. ∆αi = 0 if its
corresponding hinge i is in elastic state. In plastic state, these end plastic rotations
are determined by combining Eqs. (2.2), (2.3) and

∆Mi = fik∆αi (2.4)
∆Mj = fjk∆αj (2.5)

where fi, fj are independent variables, which are the ratios between the slopes of
bi-linear constitutive curves of the respective hinges. The end equivalent nonlinear 

 

 

Figure 2.3: Elasto-plastic hinge model

springs are viewed as the rotational springs, as shown in Fig. 2.3. The inelastic
behavior of these springs can be characterized by complex hysteretic properties
of moment-rotation relations. However, the axial-bending coupling is ignored. In
an attempt to include this coupling effect, Orbison et al [31] proposed an efficient
procedure for modelling inelastic behavior in three-dimensional beam-column finite
elements. The element model, also consisting of an elastic beam element with zero-
length plastic hinges at the ends, is assumed to remain elastic until the cross-section
plastic limit is reached at the ends of the element. The cross-section behavior is
assumed elastic-perfectly-plastic, and the plasticity with axial-bending couplings is
considered by writing a tangent stiffness matrix that is a sum of an elastic stiffness
matrix, a geometric stiffness matrix, and a plastic reduction matrix. The plastic
reduction matrix is determined in a way that the member forces at the element ends
(hinges) stay on a stress-resultant yield surface.
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Refined plastic hinge approach

The elasto-plastic hinge method may overestimate the inelastic stiffness and strength
of the structures since the spread of yielding is not accounted for. Furthermore,
other effects such as residual stress and local buckling are also not taken into account.
In order to consider these limitations, while retaining the numerical advantages
of the plastic hinge approach, refined plastic hinge methods are proposed. The
refined plastic hinge approach, proposed by Liew et al [32], is an extension of the
elasto-plastic hinge method by considering the distribution of plasticity in the beam
elements loaded by arbitrary end forces. The effects of member initial imperfections
(member out-of-straightness and residual stresses) and axial force are taken into
account by adopting an effective tangent-modulus approach. In this approach, the
tangent modulus is evaluated from column equations. Derived from the LRFD
column strength formula (including the effects of residual stresses as well as initial
out-of-straightness of the member), the ratio between the tangent stiffness Et and
the initial elastic stiffness E may be written [33] as

E

Et
= 1 for N ≤ 0.39Ny (2.6)

E

Et
= −2.7243 N

Ny
ln
(
N

Ny

)
for N > 0.39Ny (2.7)

Furthermore, the gradual yielding effect is included by stiffness degradation consid-
eration so that the member stiffness degrades gradually from elastic stiffness to that
associated with full cross-section plastic strength. The degraded stiffness is defined
in  ṀA

ṀB

Ṅ

 = EI

L

 0 0 0
0 0 0
0 0 A/I

 θ̇A
θ̇B
ė

+

 ṀpA

ṀpB

0

 (2.8)

where

[
ṀpA

ṀpB

]
= EtI

L

 φA

[
S1 −

S2
2
S1

(1− φB)
]

φAφBS2

φAφBS2 φB

[
S1 −

S2
2
S1

(1− φA)
]
[ θ̇A

θ̇B

]
(2.9)

A, I, L are cross-section area, second moment of area and element length. ṀA,
ṀB , θ̇A, θ̇B are incremental end moments and corresponding rotations at element
ends A and B, respectively. S1 and S2 are conventional stability functions. φA,
φB are scalar parameters that allow for gradual inelastic stiffness reduction. These
scalar parameters are equal to 1 in elastic state, and 0 in plastic state of the hinges.
These parameters are assumed to vary in function of a force-state parameter α that
measures the magnitude of axial force N and bending moment M at the element
end. This parameter is expressed by adopting the bilinear M-N interaction equations
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specified in AISC LRFD [34] as

α = N

Ny
+ 8

9
M

Mp
for

N

Ny
≥ 0.2 (2.10)

α = N

2Ny
+ M

Mp
for

N

Ny
< 0.2 (2.11)

The refined plastic hinge approach has been later adapted for different applications
and more enhancements. For example, the refined plastic hinge approach was
improved to include the strain reversal [35], the local buckling [36] and lateral
torsional buckling [37]. Lu et al [38] implemented the refine plastic hinge for the
analysis of composite steel-concrete framed structures. Landesmann [39] uses the
refined plastic hinge concept to develop model for fire analysis of steel-concrete
structures.

Quasi-plastic hinge approach
As an alternative to the refined plastic hinge approach, the quasi-plastic hinge
method is proposed by Attalla et al [40] for an intermediate analysis. In this
approach, the element formulation is developed to account for gradual plastification
through the cross-section under combined axial and bending moment based on fitting
the nonlinear equations to data obtained from fiber analysis. In this formulation,
the member is divided into three regions, as shown in Fig. 2.4. The incremental
flexibility relationships of the element is written as

 ∆u
∆θi
∆θj

 =



∂u

∂P

∂u

∂Mi

∂u

∂Mj

∂θi
∂P

∂θi
∂Mi

∂θi
∂Mj

∂θj
∂P

∂θj
∂Mi

∂θj
∂Mj


 ∆P

∆Mi

∆Mj

 (2.12)

where ∆u, ∆θi and ∆θj are axial displacement and rotation increments at the element
ends conjugated to the force increments ∆P , ∆Mi and ∆Mj . The expression of
u, θi and θj comprise the elastic part and the plastic counterpart. The relation
between the plastic deformations and their conjugated forces is determined from
calibration with the fiber analysis data. This quasi-plastic hinge concept is later
adopted by Biglari et al [41] to develop a new force-based hinge element using large
increment method. The proposed model is able to include inelastic behavior close
to structural hinges as well as strain hardening in the material.

There are also other alternative approaches that are developed to improve the
conventional plastic hinge approach. For instance, El-Tawil and Deierlein [42]
proposed a beam column element developed using stress-resultant plasticity concepts
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Figure 2.4: Quasi-plastic hinge model

to model the inelastic cross-section behavior. The cross-section model is incorporated
in a flexibility-based beam column element, and the stiffness and strength degradation
are accounted for by employing a function of dissipated hysteretic energy. Ziemian
and McGuire [43] suggest a modified tangent modulus approach as a contribution
to the plastic hinge analysis of frame members. This approach uses an empirical
constant that has been calibrated to a set of moment-curvature relationships to
find simple expression. In the simple moment-curvature expression, the degradation
of the elastic modulus of individual elements is considered based on the amount
of axial force and minor-axis bending moment. Ngo-Huu et al [44] introduced a
fiber plastic hinge method to evaluate the nonlinear behavior of space steel frame.
Instead of using a specific yield surface, this model partitions the cross-section into
fibers and the plastification of the hinge is accounted by integrating the stress-strain
relationship for each fiber over the cross-section. The stability functions are adopted
to capture the second order effects.

Generalized elasto-plastic hinge approach
Both the conventional elasto-plastic hinge and the refined elasto-plastic hinge
approaches do not follow standard plasticity framework in which normality rules
are respected. As can be observed in Eq. (2.8), the force rates corresponding to
axial force are elastic whereas the ones of the bending moments are corrected based
on M-N interaction equations. In an effort to obtain a consistent formulation, a
generalized elasto-plastic hinge using super-elliptic yield surfaces is proposed in this
thesis. The concept of generalized plastic hinge is first introduced by Powell and
Chen [45] accounting for the interaction between axial, torsional and bending effects
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based on plasticity concepts.  

 

 

Figure 2.5: generalized elasto-plastic hinge model

In the present thesis, the generalized elasto-plastic hinges are modeled by a combi-
nation of axial and rotational springs, as shown in Fig. 2.5. The elastic behavior
of the generalized elasto-plastic hinges is uncoupled whereas the axial-moment
interaction is considered in the plastic range. For that, the total generalized strain
rate decomposition into elastic and plastic parts is adopted

Ξ̇ = Ξ̇e + Ξ̇p (2.13)

where Ξ̇ =
[

˙̄u, ˙̄θ
]T

is the generalized deformation vector containing the elongation
and rotation of the hinge. For an associated flow rule, the direction of the generalized
plastic strain rate vector is given by the gradient to the yield function, with its
magnitude given by the plastic multiplier rate µ̇:

Ξ̇p = µ̇
∂Φ
∂Σ (2.14)

where Σ = [N,M ]T is the generalized stress vector containing the bending moment
and axial force in the hinge. The plastic multiplier µ̇ is determined by the classical
complementary conditions:

µ̇ ≥ 0, Φ(N,M) ≤ 0, µ̇Φ(N,M) = 0 (2.15)

where Φ(N,M) is the yield function. This yield function is defined by a family of
the generalized super-elliptic yield shapes

Φ(M,N) =
(∣∣∣∣ MMp

∣∣∣∣α +
∣∣∣∣ NNp

∣∣∣∣β
) 1
γ

− 1 (2.16)

where α, β and γ are the parameters that control the yield shape. For example,
the case of α = 1, β = 2 and γ = 1 corresponds to the yield shape of a rectangular
cross-section. Assuming linear elastic behavior, the generalized stresses are given as:

Σ = Ce (Ξ−Ξp) (2.17)

in which the elastic stiffness matrix is given by:
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Ce =
[
kū 0
0 kθ̄

]
kū and kθ̄ are initial axial and rotational stiffness of the hinge. For joint behavior,
another family of asymmetric and convex super-elliptic yield criterion is adopted

f(M,N) = ‖Σ‖q − 1 (2.18)

where

‖Σ‖q =
(∣∣∣∣N + |N |

2Np+
+ N − |N |

2Np−

∣∣∣∣q +
∣∣∣∣M + |M |

2Mp+
+ M − |M |

2Mp−

∣∣∣∣q)
1
q

(2.19)

where the subscripts (+) and (−) here denote positive and negative limits. The detail
of the discrete time integration of the equations for the generalized elasto-plastic
hinges is provided in [46] and [47].
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Chapter 3

Unilateral frictionless impact
problem

Impact is commonly perceived as an immediate contact between bodies causing a
sudden change in the momentum of each body. This abrupt change in momentum
creates a velocity discontinuity as well as discontinuous contact forces, posing non-
smooth problems. To describe the complexity of such non-smooth problems arising
in the impact phenomena requires complete rigorous mathematic descriptions.

In the domain of civil engineering, the examples of impacts can be a collision of
moving vehicles such as cars, plane, ship and trains onto buildings, bridges and
offshore structures. The absolute interest for civil engineers in the impact analysis is
to investigate the dynamical response and the residual properties of the structures
if any.  

 

 

m1

R2

m2

m1

u1

m2

u2

R1

Figure 3.1: Mechanical model of two mass-spring system for soft impact

In a soft impact analysis, the problem can be simplified to a mechanical model,
as shown in Fig. 3.1, so that the discontinuity of the velocities can be avoided.
This model is introduced by Eibl [48] and then appears in [49]. Such mechanical
model is mentioned in [50] for the classification of the soft and hard impact. The
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criterion to differentiate the soft impact and hard impacts lies on the fact that the
impactor (projectile) does not penetrate the surface of the target (the structure)
[50]. This simple model is then extended to the problem of hard impact specifically
for a relatively low impact velocities (0−8 m/s) [51]. For a hard impact with high
velocity, this model is longer applicable. For such problem, discontinuous velocities
have to be considered.

Concluded from his experiment on the law of conservation of momentum, Huygens
stated that the relative velocity between two colliding masses before impact is equal
to the opposite-sign (negative) relative velocity after impact [52]. Observing that
Huygens’s law is valid only for a purely elastic collision of two impacting masses,
Newton extended the law by introducing the restitution coefficient to the relative
velocity after impact in order to account for possible energy losses during the collision
[53]. Newton’s impact law is still widely adopted until recent time. As inferred
from the Newton’s impact law, the velocities of the bodies may make sudden jumps
at impact instants due to the impulsive force from the collisions. Exhibiting such
discontinuity in time, the smooth equation of motion of the bodies is no longer valid
to describe the dynamic behaviour of such system. For that, the impact equations
must be written. A differential measure for the time interval of interest is then
introduced to write a set of measure-differential equations to represent the moment
of impact and impact-free phases of motion. A rigorous framework of non-smooth
dynamics in which proper mathematic descriptions such as functions of bounded
variation, cone inclusion as well as convex analysis has been well established over the
past [53, 54, 55, 56]. This non-smooth framework is applied to the impact problem
of a rigid mass in collision with the frame building in this thesis. The following is a
brief review of the framework.

3.1 Mathematical formulation

Contact model
The contact model in this thesis is reviewed for a perfect unilateral contact of a rigid
mass colliding horizontally with another rigid mass in one dimensional direction,
which shrinks the system to a one-dimensional problem. The gap function, the
normal relative velocity and the contact force will be defined in this model.

Figure 3.2: Contact model of unilateral contact
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Figure 3.3: Contact force

The mechanical model describing a unilateral contact is illustrated in Figs. 3.2 and
3.3. The contact points are denoted by A and B as a surface point of each mass
relatively. For n being a normal unit direction vector at point A, the normal gap
gN between the two colliding points can be expressed by

gN = nTrAB = nT (xB − xA) (3.1)

where rAB is a displacement vector of point B relative to point A. Both masses are
supposed to be separated from one another for the value of gap gN > 0; for the case
gN = 0, both bodies touch each other at point A and B. The case, in which gN < 0,
is not allowed. The relative velocity in the normal direction is obtained from the
projection of the velocities ẋA and ẋB onto the unit normal direction vector n

γN = nT (ẋB − ẋA) (3.2)

The contact forces can be represented by a normal scalar value λN and the normal
unit vector n

FA→B = −λNn (3.3)
FB→A = λNn (3.4)

Equation of motion
The equation of motion of a mechanical system without any excitation by external
forces can be written, making use of Lagrange formulation as

d

dt

(
∂ {K (ẋ, t)}

∂ẋ

)
− ∂ {K (ẋ, t)}

∂x + ∂ {U (x, t)}
∂x = 0 (3.5)

If the kinetic energy K (ẋ, t) of the system is only in function of generalized velocity
v and time, its sub-derivative with respect to generalized displacement x is null.
Also, its derivative with respect to generalized velocity and the to time is defined by

d

dt

(
∂ {K (ẋ, t)}

∂ẋ

)
= Mẍ (3.6)
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with M being the positive definite and symmetric mass matrix. If the derivative
of potential energy of the system, internal force, is denoted by F, the equations of
motion (Eq. (3.5)) can be rewritten as

Mẍ− F = 0 (3.7)

If the above system comes into unilateral contact with another system, contact force
vector is added to the equations of motion (Eq. (3.7)), which is modified as

Mẍ− F−wNλN = 0 (3.8)

where wN = [−1 ; 1]T is the generalized force direction. The meaning of Eq. (3.8)
requires continuity of the velocity, i.e the existence of the derivative of the velocity
with respect to time. In a case of impact, the velocity at the impact instant may
jump at a certain value, making Eq. (3.8) inappropriate. In such case, the equation
of impact is written separately as following

M
(
ẋ+ − ẋ−

)
−wNΛN = 0 (3.9)

where ΛN denotes normal impulsive force scalar value.

Equality of measures
Provided that the velocities may experience discontinuity in time due to impulsive
contact forces, a differential measure for the time interval of interest is introduced
to deal with the velocity changes so that discontinuous velocities can be treated in
critical time instants. The detailing of the differential measures is given in [56, 57].
The superscript (+) and the superscript (-) are used to denote a right and left limit
respectively at any time instant of impact. At a time instant taking into account
the discontinuity points, the pre- and post- impact velocities are defined by the
right limit ẋ+(t) and the left limit ẋ−(t) of the generalized velocities ẋ(t)

ẋ+ = lim
τ→0+

ẋ (t+ τ) (3.10)

ẋ− = lim
τ→0−

ẋ (t+ τ) (3.11)

ẋ(t) is locally continuous if it holds that its left limit is equal to its right limit, i.e.
ẋ+(t) = ẋ−(t). The directional derivatives of the generalized velocities are also
defined with the right limit ẍ+(t) and left limit ẍ−(t)

ẍ+ = lim
τ→0+

ẋ (t+ τ)− ẋ (t)
τ

(3.12)

ẍ− = lim
τ→0−

ẋ (t+ τ)− ẋ (t)
τ

(3.13)

It is possible to say that ẋ(t) is locally differentiable at time t if it is locally
continuous and ẍ+(t) = ẍ−(t). For the fact that the focus at this time is to describe
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an evolution in time with the generalized velocities ẋ(t), it is useful to consider ẋ(t)
to result from the integration process

ẋ(t) = ẋ(t0) +
∫ t

t0

dẋ (3.14)

where dẋ is called the differential measure of ẋ(t). If ẋ(t) is absolutely continuous
and differentiable, the differential measure dẋ takes the form of a density function
which is associated to the derivative ẍ(t) with respect to the Lebesgue measure (dt),
i.e. dẋ = ẍ(t)dt. Afterwards, if ẋ(t) is absolutely continuous but not differentiable
on a set I of points ti ∈ I when the impacts take place, the differential measure of
the generalized velocities contains not only a density with respect to the Lebesgue
but also a density with respect to the atomic measure.

dẋ = ẍ(t)dt+
(
ẋ+ − ẋ−

)
dη (3.15)

with ∫
t

dη =
{

1 if ti ∈ I
0 otherwise

(3.16)

The discontinuity is engaged with the velocity as well as the contact force. The
differential measures also apply to the force

dPN = λNdt+ ΛNdη (3.17)

A way to describe non-smooth mechanical model is to use a set of measure-differential
equations which are valid for both impact and impact-free moments of motion.
Equalities of differential measures are used to combine the equation at the moment
of impact-free motion and the impact equation. The combined equation is obtained
by multiplying Eq. (3.8) with dt and Eq. (3.9) with dη

Mdẋ− Fdt−wNdPN = 0 (3.18)

Constraint laws
In order to be able to solve the above equations of motion, it is first necessary
to formulate constitutive laws for normal unilateral contact. A constitutive law
to describe such normal contact at position level is called Signorini’s law, which
set two conditions. The first condition imposes the relative normal gap gN to be
strictly positive, called impenetrability condition. The second condition, called
non-cohesion, requires that the normal contact force is also non-negative, meaning
that the colliding bodies can not attract each other if the influences of cohesion
and magnetic forces are excluded from the system. Therefore, the Signorini’s law,
illustrated in Fig. 3.4(a), allows an interpretation that the normal contact force
vanishes when the contact is open, i.e. gN > 0, and can only be positive when the
contact is closed, i.e. gN = 0. One can see from the definition of the Signorini’s law
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Figure 3.4: (a). Signorini’s law at position level (b). constraint law with Newton’s
impact law.

that there always exists a complementarity behavior, i.e. the orthogonal property
between the normal gaps and the normal contact force or the product of the two
terms is always zero. That being the case, the Signorini’s unilateral contact law can
be expressed as

gN ≥ 0 , λN ≥ 0 , gN λN = 0 (3.19)

Since impact involves with velocity, it is useful to describe the force law at velocity
level.

γN ≥ 0 , λN ≥ 0 , γNλN = 0 (3.20)

The above force law is described for non-impulsive contact force. In impact case,
Newton’s impact law is needed. For this case, a combined force law, described in
Fig. 3.4(b), is adopted

ξN ≥ 0 , −ΛN ≤ 0 , ξNΛN = 0 (3.21)

where ξN = γ+
N + εγ−N , and ΛN is a percussion force. ε denotes a restitution

coefficient, which lies between zero and one. The case of ε = 1 corresponds to a
purely elastic contact while ε = 0 represents a case of a completely inelastic contact.

3.2 Time integration methods

The attention in this section is focused on the approaches to deal with numerical
calculation in order to solve the equations of motion mentioned above. One among
a few can be an event-driven method in which the impact-free equation and impact
equation can be treated separately. This scheme was reported in publications such as
[58, 59, 60]. Such scheme resolves the exact constraint transition times between open,
close contact, and contact-impact motion, which indeed requires event detections.
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This type of scheme is only suitable for a contact problem with few events due to the
problem of accumulation of events called Zeno phenomena, and also the detection of
events can be time-consuming [61]. Another alternative is the time-stepping scheme
introduced by Moreau [62]. This scheme discretizes the combined equation of motion
(Eq. (3.18)) with an integration over a finite time interval. This treatment removes
the necessity for the detection of events, making the scheme more computationally
efficient and robust. Hence, this time-stepping scheme is the choice in this thesis.

Using the following approximations∫ tn+1

tn

dẋ = ẋn+1 − ẋn (3.22)∫ tn+1

tn

Fdt = Fn+ 1
2
∆t (3.23)∫ tn+1

tn

wNdPN = wNPN (3.24)

in a discrete form, Eq. (3.21) is integrated over a finite time interval [tn , tn+1],
which results in

M (ẋn+1 − ẋn)− Fn+ 1
2
∆t−wNPN = 0 (3.25)

where Fn+ 1
2

= F
(
xn+ 1

2

)
.

Moreau’s time stepping scheme

The classical time stepping scheme proposed by Moreau uses a special type of
midpoint time integrator to solve the differential equation. The Moreau’s scheme
is explicit in a way that, with known values of displacements xn and velocities ẋn
from previous step, the displacements at midpoint is calculated explicitly by

xn+ 1
2

= xn + 1
2 ẋn∆t (3.26)

From the obtained value of the midpoint displacements, the gap at midpoint is
computed. The contact is then investigated based on the midpoint gap. If the gap
is closed, the velocities are computed as

ẋn+1 = ẋn + M−1
[
F
(
xn+ 1

2

)
∆t+ wNPN

]
(3.27)

Note that xn+ 1
2
is known from Eq. (3.26). The percussion force PN can be

determined using an iterative algorithm

P k+1
N = Max

[
P kN − rξN , 0

]
(3.28)
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with ξN = γN,n+1 + εγN,n. k is an iterative step, and the penalty parameter r is
defined by

r = wT
NM−1wN (3.29)

The choice of r value is discussed in detail by Alart [63]. Finally, the displacement
at tn+1 is updated by

xn+1 = xn+ 1
2

+ ∆t
2 (ẋn+1 + ẋn) (3.30)

Moreau’s time stepping scheme requires small time increment for a system with
high frequency. This problem is mentioned by Möller [64].

Energy conserving midpoint scheme
It is concluded that standard schemes such Newmark scheme, Hilber-Hughes-Taylor
scheme, or generalized-α scheme cannot be directly applied to the simulation of
systems with unilateral contact and impact [65]. To deal with possible numerical
instabilities and energy blow-ups, Laursen and Chawla [66] propose an energy- and
momentum- conserving scheme for nonlinear elasto-plastic dynamic with unilateral
frictionless contact based on the energy conserving scheme developed by Simo et
al [67]. Their scheme uses mid-point rule with a unilateral constraint at velocity
level and an implicit treatment of contact forces. Zolghadr Jahromi and Izzuddin
in [68] present two energy conserving algorithms based on Lagrangian velocity
constraint and regularised penalty method for frictionless dynamic contact analysis
using standard Newmark scheme. For regularised penalty method, exact energy
conservation is proved for frictionless contact analysis using the trapezoidal rule.

To be consistent with the midpoint approximations (Eqs. (3.22)-(3.25)), the energy
conserving midpoint scheme is adopted in this thesis. Using this scheme, the problem
of high frequency is avoided. In this scheme, the midpoint relations used are

xn+ 1
2

= 1
2 (xn+1 + xn) (3.31)

ẋn+ 1
2

= 1
2 (ẋn+1 + ẋn) = 1

∆t (xn+1 − xn) (3.32)

ẍn+ 1
2

= 1
2 (ẍn+1 + ẍn) = 1

∆t (ẋn+1 − ẋn) (3.33)

The displacements, velocities and accelerations can be computed by solving Eq.
(3.7) or Eq. (3.25) with the help of Eqs. (3.31), (3.32), and (3.33). The percussion
force can be computed using the iterative equation (Eq. (3.28)).

Gear-Gupta-Leimkuhler scheme (GGL)
Although the energy conserving scheme is robust and conserves energy and mo-
mentum, it allows numerical penetration at the contact because the constraints
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at displacement level are not ensured. In the Gear-Gupta-Leimkuhler scheme,
constraints at both velocity and displacement level are imposed at the same time.
The first application of the GGL scheme is performed by Studer [69], but spurious
oscillation at contact is observed. Acary [70] solves this problem in his correct GGL
scheme. The following is a brief review of the scheme.

The constraint equations at position level are given as

xn+1 − xn −
∆t
2 (ẋn+1 + ẋn)−wNΨN = 0 (3.34)

where ΨN is a position multiplier that compensates the displacements to satisfy
the constraint at displacement level. This multiplier can be computed using the
iterative equation as

Ψk+1
N = Max

[
Ψk
N − rgN , 0

]
(3.35)

In the case of closed contact, the displacement and velocity are obtained by solving
Eqs. (3.25) and (3.34). However, this scheme by default does not possess the
property of energy and momentum conservation.
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Chapter 4

Single degree of freedom models
for impact and explosion analyses

The evaluation of the response of structural frame members subjected to dynamical
loading such as explosion and impact is not easy. One option is to use a finite
element model. But this usually requires a lot of computational time. For this
reason, it can be interesting to develop simple models to perform such analyses.

The most simple and convenient model is to obtain a single degree of freedom
system, as its advantages are reported [71]. A popular equivalent SDOF method is
proposed by Biggs [72]. In this approach, the equivalent SDOF system is selected
to represent the actual member so that the deflection of the concentrated mass Me

of the SDOF system is the same as that on the actual member at a significant point
(usually the maximum deflection). This relation is expressed as

y(x, t) = u(t)φ(x) (4.1)

where y(x, t) is the deflection of the actual member in function of member coor-
dinate and time, and u(t) is the displacement of the SDOF system. φ(x) is the
assumed shape function on which the SDOF system is based. This assumed shape
is determined from the deflection shape that results from a static application of
the dynamic loads. The equivalent system is characterized by parameters that are
evaluated based on the assumed shape function. As a result from the kinetic energy
equivalency between the continuous member and the SDOF system, the equivalent
mass Me is given by

Me =
∫
l

mφ2(x) dx (4.2)

where m is the unit mass of the member. For convenience, Biggs introduces a mass
coefficient defined by

KM = Me

Mt
(4.3)
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where Mt is a total mass of the member. The applied force has to be also idealized
for the SDOF system. For distributed loads, the equivalent applied force is obtained
as

Fe =
∫
l

p(x)φ(x) dx (4.4)

and, for concentrated loads, the equivalent force is defined by

Fe = Fiφi (4.5)

The strength and stiffness of the idealized system is described by resistance functions
that are considered as bilinear. The resistance of the member is the internal force
that restores the member to its unloaded static position. For that, the resistance is
defined in terms of the load distribution. The equivalent stiffness and the maximum
resistance are given in term of the force coefficient defined as the ratio of equivalent
to actual total force as

KL = ke
kT

= Rme
RmT

= Fe
FT

(4.6)

where kT , RmT and FT are total stiffness, total maximum resistance and total force
of the actual member.

The equivalent method by Biggs is popular for its simplicity while retaining accuracy
for small displacements. This approach is also extended for various load applications
[73, 74, 75, 76]. For example, Meder in [73] uses a SDOF elasto-plastic system to
perform the dynamic analysis of an aircraft impact on a building. Krauthammer et
al in [74] presented a modified SDOF approach for the analysis of shallow-buried
reinforcement concrete box-type structures under the effect of blast and shock
environments. Their method is based on the resistance functions that describe
the effects of flexure shear and soil-structure interaction. Weidlinger and Hinman
[75] proposed a simple mass-spring system for analyzing underground protective
structures subject to conventional weapon effects such as ground shocks caused by
explosion. The equivalent approach of Biggs is adopted, and a radiation damping
term is also added. Mavroeidis et al in [76] investigated the elastic and inelastic
response of structures to near-fault seismic excitations using an SDOF model.

However, by assuming idealized elastic-perfectly-plastic resistance functions, this
method considers only flexural behavior while the influence of the axial force on the
bending moment is ignored. Such consideration may become over-unrealistic for
the response of restrained beam-column members that undergo large displacement
under extreme loadings. In that case, proper resistance functions that account for
the catenary effect such as tri-linear function should be used. Crawford et al [77]
proposed an enhanced SDOF model for predicting slab response to blasts. The
model is also based on the Biggs’ equivalent SDOF model, but the rate effects
and softening are included by using the resistance functions that are correlated
with 3D finite element models. Lee et al [78] developed nonlinear analysis methods
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to evaluate progressive collapse of welded steel moment frames using a simplified
tri-linear model for the vertical resistance versus chord rotation relationship of
double-span beams. The tri-linear model is determined by performing nonlinear
parametric finite element simulations. Yu and Guo in [79] proposed a nonlinear
SDOF model for dynamic response of structures under progressive collapse using a
tri-linear resistance function that is fit with data obtained from experiments. This
resistance function is capable of describing various forms of structural resistance
such as catenary action and softening resistance.

Due to complexity to be characterized analytically, the resistance functions are
obtained either from experimental tests or from fully nonlinear 3D simulations, which
is not applicable for design applications. The model developed by Yin and Wang
[80] is one of the few that includes catenary effect in analytical development, but
their model has some drawbacks. First, the method assumes the beam’s deflection
profile that changes according to loading condition and end rotational restraint.
Second, the catenary effect is included in an approximate manner with the axial
force being computed without considering the bending moment while the latter is
calculated from the axial-bending interaction curve. Third, the method considers
only symmetrical restraining beam under distributed transverse load without initial
compression load.

 

 

 

Figure 4.1: Izzudin’s beam model: configuration

 

 

 

Figure 4.2: Izzudin’s beam model: rigid-plastic mechanism

Another explicit model is developed by Izzuddin [81]. He presents a consistent
and explicit model of axially restrained steel beams for SDOF blast assessment.
His model considers a simply supported steel beam with elastic axial restraint at
supports, as shown in Fig. 4.1. In the model, the plastic rotation is determined
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Figure 4.3: Izzudin’s beam model: elasto-plastic response

based on the assumption that the plastic response is governed by a rigid-plastic
mechanism with a plastic hinge at mid-span, as illustrated in Fig. 4.2. Furthermore,
a linear plastic interaction between axial force and bending moment at plastic hinge
is considered. The elasto-plastic response of the model, illustrated in Fig. 4.3, is
assumed to undergo four main steps: elastic, plastic bending, transient catenary, and
final catenary. With the ability to provide explicit analytical solution, Izzuddin’s
model has been adopted in later researches [82, 83, 84]. Indeed, his model is useful
and innovative, but it is currently available for only a simply supported symmetrical
beam without initial compressive forces. In addition, a plastic-rigid mechanism
assumption is considered in order to compute the plastic rotation at the plastic
hinge. This assumption overestimates the plastic rotation and plastic elongation,
resulting in lower axial forces.

28



Chapter 5

The research work

The research work in this thesis is divided into two major parts. However, most
effort is devoted to the first part that concerns with the development of simple
models for the dynamic analysis of steel frame structures subjected to impact loading.
The work of this part produces four simple models. These models are developed
progressively based on different levels of simplicity, and presented in papers I, II,
III and IV, respectively. The second part deals with shear stud connectors in
composite steel-concrete slabs. Full-scale experimental push-out and pull-out tests
are performed in order to determine residual capacities of shear stud connectors
after being subjected to explosion. Numerical simulations are also performed to
further investigate the experimental results. This is reported in paper V.

5.1 Simplified 4-degree-of-freedom model (Paper I)

In the vehicle impact phenomenon, one of the vertical load-carrying elements is
collided, affecting the surrounding members. This part of the structure corresponds
to the so-called directly affected part (Fig. 5.1(a)). If the impacted column has
insufficient capacities to accommodate abnormal loading and fails, a transfer of
the additional load to other nearby elements referred to as the indirectly affected
part. In order to avoid the progressive collapse, the building must be designed
to have sufficient robustness, that is the state in which the structure has either
adequate ductility or enough redundancy or both. The robustness of the structure
can be enhanced by using design approaches such as direct and indirect design
approaches. The direct design approach consists of the residual strength and the
alternative load path methods. One of the scenario in the alternative load path
method is to assume a sudden column loss and study the response of the structure.
However, before the column collapse, it experiences a large displacement leading to
the restraining pushdown of the attached structure. The column strength also plays
a role in absorbing the kinetic energy generated from the moving vehicle. Hence,
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Figure 5.1: (a). Frame building, (b). column model.
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Figure 5.2: (a): plastic hinge formation. (b): simplified model.

the residual strength method is needed to combine with the alternative load path.
This interaction requires a full nonlinear dynamic and inelastic analysis of the whole
structure including the modeling of the impact interactions between the vehicle and
the structure. In this thesis, a series of four simple models have been developed for
this purpose.

The development of simple tools starts with a simplified 4-DOF model. The number
of degrees of freedom is reduced to only four by considering two aspects. First, the
impacted column is extracted from the building, and appropriate boundary/loading
conditions to account for the effect of the rest of the structure are considered (Fig.
5.1). More explicitly, the impacted column is clamped at the bottom end, and
attached with an elastic spring and a head mass to the top end which is also loaded
by a compressive force, as illustrated in Fig. 5.1(b). The elastic spring, the head
mass and the compressive load are included in this model in order to account

30



for the effect of the rest of the structure. Second, the inelastic behavior of the
impacted column is modelled by assuming that all the deformation is lumped at
the generalized elasto-plastic hinges. These generalized hinges, representing plastic
hinges, are located at both ends of the column and at the point where the load
is applied, as described in Fig. 5.2.(a). Furthermore, the generalized hinges are
modelled by combined axial-rotational springs as shown in Fig. 5.2.(b).
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Figure 5.3: Contact model.

A few basic assumptions are considered in this
model and also in the other models presented
in this thesis. The strain hardening of the ma-
terial and the shear deformation are neglected.
Elongation and shortening take place along the
column. The unilateral contact model, through
which impact is applied, considers the collision
between a rigid mass and the column model.
The motions of the impacted masses are con-
strained by force laws and Newton’s impact law
by means of a restitution coefficient. The non-
smooth impact problem is handled in a rigorous
framework using convex analysis to deal with
unilateral constraints and differential measures
to account for discontinuity.

Presented in Fig. 5.3, the simplified model repre-
sents the affected column extracted from a steel
frame building by preserving the effect of its
boundary conditions, and consists of two rigid
bars and four generalized elasto-plastic hinges.
Each rigid bar has two generalized hinges at
its ends. Hence, the hinge at the applied load
location is modelled by two sets of springs and
a rigid surface between them. This rigid sur-
face is allowed to rotate so that the rotational
equilibrium is ensured.

The mass of the column is assumed to be concentrated at the impacted point. The
model has four degrees of freedom, which are collected in the displacement vector
U .

U = [ v1, u1, β1, u2 ]T (5.1)

Full derivation of the governing equations of the model is given in detail in Paper I.
In the paper, six numerical examples are also provided to validate the formulation
and to evaluate the effect of different parameters such restitution coefficient, support
conditions, initial compression force, restraint spring and head mass. Here, only one
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example is reported to show the validation of the model against a reference model
[85]. A fully clamped column is considered in this example. The impacted point
is assumed to occur at the middle of the column (La=Lb=2m) with restitution
coefficient ε = 0, and the initial velocity of the impacting mass is 25 m/s. The
cross-section is of type HEB 220 with an area of 91 cm2. The other material
properties are E = 210 GPa, fy = 355 MPa, I = 8091 cm4, Mp = 0.29 MNm and
Np = 3.23 MN.

Fig. 5.4 shows the evolution of the horizontal displacement of the column in both
the current model and the TL beam model [85]. Both models provide the same
evolution of the displacement, but the current model gives 4 percent larger maximum
displacement than the TL beam model.
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Figure 5.4: Example 1: evolution of horizontal displacement v1 of the column

5.2 Single-degree-of-freedom model (Paper II)

The 4DOF model is later further simplified to obtain a SDOF model. To get
fully analytical force-displacement expressions of column loaded by arbitrarily
loaded force, the kinematics of the 4DOF model is simplified and the phases of the
behaviour of the generalised elasto-plastic hinges are investigated. These analytical
force-displacement expressions are then used to determine the parameters of a one-
dimensional yield function that governs the inelastic response of the elaso-plastic
spring. However, the head mass is not included.

Depending on the sequence and the phases of the response of the hinges, the model
exhibits an elasto-plastic load-displacement response (Fig. 5.5) which goes through
three stages: (1) flexural mechanism stage, (2-4) transient stage, and (5) catenary
mechanism stage.
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The SDOF model, illustrated in Fig. 5.6, is characterized by an equivalent mass
MB and an axial elasto-plastic spring.

F(vB)
MB

vB, vB
.

MA

vA
.0

vA, vA
.

gN

Figure 5.6: Contact model of the SDOF system

Two simplifications based on cubic function and linear assumption are provided to
simplify the obtained explicit force-displacement expressions.

MBMAvA
.0

(a)

MBMA
vA
.0

(b)

Figure 5.7: (a). Elastic collision, (b). Inelastic collision.
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Furthermore, in an analysis of structures subjected to impact, an accurate estimation
of both maximum (total) and residual (plastic) displacement of the column using
analytical expressions is deemed important for engineering practices. We adopt
an energy equivalent method in order to determine the maximum displacement.
Two cases are evaluated based on the nature of the collision via the coefficient of
restitution ε: elastic collision ε = 1 (Fig. 5.7(a)) and inelastic collision ε = 0 (Fig.
5.7(b)).
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Figure 5.8: Example 1: the force-displacement curve (P = 0.5 MN)

In paper II, four numerical examples are provided to validate the current model
against reference solutions, which are a 4DOF model with linear and nonlinear yield
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surfaces [46] and a co-rotational element using distributed plasticity [86]. Here,
examples 1 and 3 are reported. Example 1 presents a numerical application of the
model in a static problem. The cross-section used is of type HEB 220 with an area
of 91 cm2. The other properties are E = 210 GPa, fy = 355 MPa, I = 8091 cm4,
Mp = 284720 Nm and Np = 3133230 N. Load is located at La = 0.8 m and
Lb = 3.2 m. Example 3 investigates the response of the model subjected to impact.
The same properties as in example 1 are used for this example. The initial velocities
of the impactor are 10, 15 and 20 m/s, and both masses are MA = 1500 kg and
MB = 95.25 kg. The collision is completely inelastic (ε = 0).

The force-displacement curve obtained from the current model fits well with the one
obtained from the 4-degree-of-freedom model using a linear yield surface but, as
expected, not as good with the ones obtained from co-rotational beam model and
the 4DOF model using a non-linear yield surface, as can be seen in Fig. 5.8(a). This
can be understandable because the yield surface of a doubly symmetric cross-section
should be non-linear. However, the curves obtained with the two simplifications
better fit with the ones from the co-rotational beam model and from the 4DOF that
uses a nonlinear yield surface, as shown in Fig. 5.8(b).

The dynamic response of the SDOF model has similar evolution with the one of
the 4DOF model using a nonlinear yield surface, as illustrated in Fig. 5.9(a). The
maximum displacements are compared in Fig. 5.9(b) between the energy equivalent
method, the SDOF model and the 4DOF model. The results show good agreement
between the approaches.

5.3 Planar co-rotational element model with generalized
elasto-plastic hinges (Paper III and IV)

The accuracy of the restraint effect in the 4DOF and SDOF models depends on
an estimation of the restraint spring stiffness and the initial compression force as
well as the head mass. In an effort to model the whole structure while retaining
simplicity and efficiency, two finite element models are developed. The co-rotational
framework is chosen for its main advantage being a separation between material and
geometrical non-linearity. This separation enables the use of a linear strain definition
in the local coordinate system so the process of integrating the constitutive law is
considerably eased. Geometry nonlinearity is only considered during rigid rotation
and translation of the undeformed beam. This leads to highly simple expressions
for the local internal force vector and the tangent stiffness matrix.

The first model is a two-node co-rotational flexible beam with generalized elasto-
plastic hinges. In this model, the plastic deformation of the structural member is
lumped at the generalized elasto-plastic hinges whereas the elastic deformation is
split between a flexible beam and the generalized hinges. This model is suitable
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for a dynamical analysis of frame structure with semi-rigid connection subjected
to accidental loading, particularly earthquake. The second model is a planar co-
rotational rigid beam with generalized elasto-plastic hinges. In this second model,
the total deformation (elastic and plastic) is lumped at the generalized elasto-plastic
hinges. The element between the hinges is considered rigid.

Two-node co-rotational flexible beam with generalized
elasto-plastic hinges
The development of this model is presented in detail in Paper III. The co-rotational
beam element, hereafter called superelement, consists of three subelements: an
elastic flexible beam element and two generalized elasto-plastic hinges, as shown
in Fig. 5.10. The generalized elasto-plastic hinges are modeled by a combination
of axial and rotational springs, whose elongation and shortening occur along the
beam axis. The notations and the detailing of the local degrees of freedom are also
illustrated in Fig. 5.11. While a standard local co-rotational beam element has only
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Figure 5.10: Local superelement

three local degrees of freedom, each hinge contains three local degrees of freedom,
and the flexible beam also has four local degrees of freedom. Since, by definition
of the co-rotational framework, the local displacement of node 1 is fixed and the
displacements of nodes 2 and 3 are coincide between the beam and the hinges, the
total number of the local degrees of freedom of the superelement is seven. The idea
is to apply a static condensation procedure to cancel the extra degrees of freedom
by writing four equilibrium equations (two at node 2 and another two at node 3).

A full detail of the condensation procedure and the derivation of condensed local
stiffness matrix are given in Paper III. A series of discrete constitutive superelliptic
equations of the generalized elasto-plastic hinges with isotopic and anisotropic yield
surfaces are also provided. This type of superelliptic yield criterion has a shape that
depends on a roundness factor. By varying this roundness factor, an infinite number
of yield surface shapes are obtained, making it possible to select the yield function
that best fit experimental data of any type of cross-section and semi-rigid connection.
Four numerical examples are given in the paper to show features of the model and
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Figure 5.11: Initial and final configuration of the superelement in the flexible beam

to study the effect of important aspects such as the roundness factor, the cyclic
behavior, the second order effect of structural members, and the M-N interaction.
The results from these examples show that the load carrying capacity of structures
increase with the increasing value of the roundness factor. The pinching and cyclic
softening are observed in the example of a fully clamped beam under cyclic loading
with constant and increasing amplitudes. In the analysis of portal frames, small
difference between the force-displacement curves with and without M-N interaction
is obtained for the reason that axial forces are small in those examples. However,
for the examples in which large axial forces develop in the members, the difference
is significant.

This model has also been extended to include the dynamic behaviour under impact
and seismic loadings [87], which is not presented in this thesis.

Planar co-rotational rigid beam with generalized elasto-plastic
hinges
This model is described in Paper IV. The superelement of this model consists of a
rigid element and two generalized elasto-plastic hinges. The condensation procedure
is much simpler than that in the previous model since the rigid element has only one
local degree of freedom. More precisely, the local rotations of the rigid bar at nodes
2 and 3 are zero (θ̄2 = θ̄3 = 0), and the local displacement of all the points along
the rigid bar is the same (ū2 = ū3). The local degrees of freedom and kinematic
descriptions of the superelement are illustrated in Figs. 5.10 and 5.12. Only one
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Figure 5.12: Initial and final configuration of the superelement in the rigid beam

axial equilibrium is needed to cancel the extra degree of freedom. The dynamical
equations are written based on the Hamilton’s principle∫ t2

t1

(∫
l0

ρA üGδu̇G dx+
∫
l0

ρA v̈Gδv̇G dx+
∫
l0

ρI θ̈Gδθ̇G dx
)

dt

+
∫ t2

t1

δq̄T f l dt−
∫ t2

t1

δqT P dt = 0 (5.2)

where q̄ =
[
ū θ̄1 θ̄4

]T and f l =
{
N4 M1 M4

}T are local displacement
and local internal force vectors, respectively. q and P are global displacement and
external force vectors, respectively. The displacement (uG, vG) and the rotation
(θG) of the cross-section centroid G are defined by

uG =
(

1− x

l0

)
u1 + x

l0
u4 (5.3)

vG =
(

1− x

l0

)
v1 + x

l0
v4 (5.4)

θG = α (5.5)

From Eqs. (5.2) and (5.3)-(5.5), the inertial term is nonlinear contributed from the
rigid rotation of the superelement. The effect of this nonlinearity is studied in the
numerical examples.
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Regarding the non-smooth dynamics of impact, it is assumed that the structure
is impacted at only one of its nodes in a direction of the impactor. As a result, a
unilateral contact between a rigid point mass mc and a nodal mass of the structure
is considered. The motions of these impacted masses are constrained by force laws
and impact law. These unilateral constraints are handled using convex analysis,
and the discontinuities are described by differential measures.

A full detail of the condensation procedure, the derivation of the condensed local
stiffness matrix, the integration of Hamilton’s principle using midpoint assumption,
and non-smooth dynamical equations of the system are provided in Paper IV. In
the paper, three numerical examples are given in order to assess and validate the
dynamical performance of the proposed planar co-rotational rigid beam element
in modeling the behavior of steel frame structures with and without semi-rigid
connections subjected to impact. The results are validated against a reference
solution from Abaqus simulations. In the simulations, 2D Timoshenko beam element
(B21) and a default Hilber-Hughes-Taylor time integrator are used. Furthermore, a
surface-to-surface contact interaction is adopted.

Three numerical examples are given in the paper. Here, only one example is
presented. The example considers a steel frame structure with four bays and two
storeys, as shown in Fig. 5.13.

3 m 3 m 3 m3 m

0.8 m

3.2 m

4 m

1

2

mc, vc,0

0.2 m

Figure 5.13: Geometry of a steel frame with four spans and two storeys

The structure is collided at the middle span by a rigid mass mc = 1500 kg with
an initial velocity ẋc,0 = 50 m/s and a restitution coefficient ε = 0. The material
properties are: elastic modulus E = 210 GPa and yield limit σy = 355 MPa. A
square cross-section of 0.2m× 0.2m is used for all the members.
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Fig. 5.14 shows the evolution of the displacement of point 1 in horizontal direction.
It can be observed that the proposed formulation gives results that agree well with
previous models. The difference in the maximum displacement is about 1 percent. It
is also noticeable that almost the same result is obtained with linear and nonlinear
inertial expressions.
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Figure 5.14: Evolution of displacement point 1

5.4 Experimental investigation on the shear stud
connection (Paper V)

The residual capacities of shear stud connectors of a composite slab-beam after being
subjected to explosion are studied by performing full-scale push-out and pull-out
tests in Paper V. Three specimens have been planned for the push-out tests (two for
residual capacities and one for initial capacities). The pre-damaging is initiated by
explosion. However, due to a complete destruction of the specimens by explosion,
the pre-damaging is reproduced on the third specimen (initially reserved for initial
capacities) by a pull-out test using a quasi-static loading as a supplementary test.
The pull-out test with quasi-static loading is adopted because it has been proven
in the simulation of explosion tests [88] that the response of the specimen under
explosion in the experiment was quasi-static.

The composite beam specimen is depicted in Fig. 5.15. This specimen is defined with
regard to the reference building specified in BASIS project although some necessary
adaptations are needed following the installation capacities of the laboratory for the
explosion test.

The experimental setup of the horizontal push-out test was arranged by positioning
the composite beam specimen on a rigid frame system, as shown in Fig. 5.16.
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Figure 5.15: Composite beam specimen

Figure 5.16: Push-out test setup

The rigid system was designed to have large rigidity so that its displacements and
deformation in all directions are not allowed or negligible. Local buckling of members
in the rigid system is avoided by the use of stiffeners. The push-out action was
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applied to a cross-section of the IPE-200 beam at one end by a force jack against
the reacting rigid frame. At the other side of the specimen, the concrete face of
the composite beam specimen was placed in contact with a rigid reacting beam
all along its edge’s width (details A and C in Fig. 5.16). The uplift displacement
of the composite specimen was prevented by an L-shape steel profile (detail A).
The composite beam specimen was placed horizontally on two supporting steel
columns, called potelet. Each interface between the IPE-200 beam and the potelet
was equipped with double greased PTFE plates to reduce friction between surfaces.
The potelets are fixed to the rigid floor system. The vertical displacement of the
IPE-200 beam was avoided by bolts in slotted holes. The longitudinal slips were
measured by LVDT sensors, placed at ten locations for initial push-out tests and
four locations for residual push-out test.

The experimental setup of the pull-out test is illustrated in Fig. 5.17. In this
setup, the IPE-200 steel beam of the composite beam specimen was connected
to a steel frame by 32 HM-10 bolts arranged into two lines. The frame consisted
of an HEB-300 profile at top, an HEB-400 profile at bottom and two HEA-200
profiles. Two hydraulic servo controlled actuators with a capacity of 500 kN applied
vertical loads on the HEB-300 profile of the frame symmetrically so that a uniform
distribution of tension forces and damaging in every stud can be achieved. The
composite beam specimen was placed at the Comflor side on two HEB-300 stringers
parallel to the IPE-200 steel beam. The interface between the Comflor steel sheeting
and the stringers was made by two greased PTFE plates to reduce friction between
the surfaces. The stringers were hinged to UPN-220 supporting columns with free
rotation. Potentiometer sensors were placed at three locations at mid-span to
measure the global displacements of the specimen. The vertical uplift of the stud
connectors were recorded by eight LVDT sensors.

The slips obtained from initial push-out tests at an applied load of 100 kN are
reported in Fig. 5.18. It appears that the slips are larger at the extremities than in
the middle, making uneven distribution of the slips. Similar results were obtained
in specimen 1 and 3 while the stud near the support seem to have been excessively
loaded in specimen 2, leading to a decrease in forces at the other studs. Such
local effects can be expected at very low level of applied shear load due to possible
parasitic phenomena.

For residual test, the mean slips in the initial push-out tests and the slips observed
in the residual push-out test for first and last loading/unloading cycles are compared
in Fig. 5.19. It can be approximately deduced from these results that the residual
stiffness of the composite beam equals to the initial stiffness divided by a factor
in a range between 10 and 20. In the collapse test for residual ultimate resistance,
the maximum load obtained was around 530 kN. Since the information about the
initial resistance is not known, it is calculated based on a formula provided in EN
1994.1.1/6.6.3.1, which gives a value of 850 kN. Hence, it can be deduced that the
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Figure 5.17: Pull-out test setup
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Figure 5.18: Initial stiffness push-oute test: Slips at the applied load of 100 kN

resistance of a composite beam is reduced by around 40% for a pre-damaging that
leads to the yielding of the reinforcement rebar and damage of concrete around the
studs.
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Figure 5.19: Push-out test: comparison of slips at 100 kN

To better understand the tests and to acquire the information that was missing
in the experimental tests, two finite element simulations are performed. The first
model is a simplified 2D model created in ABAQUS/CAE. The overall results of
initial push-out tests (both the distribution and the magnitude values of the slips)
are in good agreement between the numerical simulation and the experimental tests.
The second model is a 3D simulation created in ABAQUS/Explicit. The simulation
of the pull-out test confirms the damage of the concrete around the shear studs and
the yielding of the steel sheet and the reinforcement rebar. The load-slip curves
obtained from the residual push-out test simulation resemble the one obtained from
the experiment. A series of parametric studies are also performed by varying the
degree of pre-damaging, i.e. the pull-out displacement. Without pre-damaging, the
ultimate resistance obtained from the simulation is 855 kN, which agrees well with
the theoretically predicted initial resistance, i.e. 850 kN.

Full descriptions of the test setups, the specimens, test results such as force-slip
curves, and the numerical simulations are given in Paper V.
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Chapter 6

Conclusions and future research

In this chapter, conclusions of the research work are summarized and a few future
research directions are suggested.

6.1 Conclusions

The research in this thesis has two major objectives. The first objective is to develop
simple tools to model the inelastic behavior of steel frame structures subjected to
impact loading (Papers I, II, III and IV). The second objective is to evaluate the
residual capacities of shear stud connectors in composite steel-concrete slabs after
being pre-damaged by explosion. Both experimental investigations using full-scale
push-out and pull-out tests and numerical simulations are performed (Paper V).

In the efforts to achieve the first objective, four simple models have been developed.
The first model is the mechanical model with four degrees of freedom that reproduces
the inelastic dynamic behaviour of the impacted column while restraining effect
from the rest of the structure is still considered. The reduction to four degrees
of freedom is achieved by simplifying the modeling of the rest of the structure
with an elastic spring, a head mass and a static compression force. The second
model is the mechanical model with a single degree of freedom. This SDOF
model simplifies the kinematics of the 4DOF model to obtain the analytical force-
displacement expressions of the column loaded by an arbitrarily located force. The
force-displacement expressions are then used to determine the parameters for the
1D yield function that governs the inelastic behaviour of the SDOF model. Using
the force-displacement expressions, the maximum displacements as well as plastic
displacements of the impacted column can also be obtained explicitly by adopting
an energy-equivalent approach. The third and the fourth models are developed
in the finite element framework so that both the directly and indirectly affected
parts can be more sophisticatedly modeled. For these two model, a co-rotational
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super-element that consists of a beam element and two generalized elasto-plastic
hinges is obtained by performing a static condensation. It is assumed in the third
model that plasticity is concentrated at the generalized elasto-plastic hinges and that
the elasticity is split between the hinges and the elastic beam element. An inelastic
behaviour of the model under monotonic and cyclic static loading is investigated in
this thesis. This model is also extended to include the dynamic behaviour under
impact and seismic loadings, which is not presented in this thesis. On the other
hand, in the fourth model, both elastic and plastic deformations are concentrated
in the generalized elasto-plastic hinges whereas the beam element remains rigid.

In these models, the inelasticity is concentrated at the generalized elasto-plastic
hinges, which are modelled by combined axial-rotational springs. The elastic
behaviour of the hinges is uncoupled while an M-N interaction is considered in the
plastic range. The behaviour of the hinges is governed by super-elliptic yield criteria,
which can be calibrated to fit a wide range of behaviours that can be used for both
cross-sections and joints. In addition, the non-smooth mechanics of Newton type is
adopted to treat the contact problem of the collision. The unilateral contact model
without friction is defined and constrained by the set-valued force laws. A set of
differential measure equations are written to represent the moment of impact and
impact-free phases of motions. The integration of the differential measure equations
is done using Moreau’s scheme with a modification to employ energy-momentum
midpoint scheme.

The numerical examples have shown the consistent results of the proposed models
with the previous models in the literatures. These examples have also demonstrated
that the proposed models are able to assess the nonlinear behaviours of the impacted
structure and the non-smooth problem of the impact. In the first model, the
examples confirmed the effect of various factors on the response of the impacted
column such as the boundary conditions, the restitution coefficient, the restraint
spring, the initial compression force and the head mass. The examples in the second
model showed marginal differences between the SDOF model, the 4DOF model and
the co-rotational finite element model with distributed plasticity model. Moreover,
the effect of the roundness factors and the second order effect of the structures were
demonstrated in the numerical examples in the third example. The pinching effect
and cyclic softening were also seen. Lastly, the numerical examples in the fourth
model showed consistent results with the results obtained from simulations using
Abaqus/Explicite.

The second objective is pursued by performing a series of large-scale push-out and
pull-out tests are performed. The results of these experimental tests provided the
first practical approach for evaluating the residual capacities of shear stud connectors
after being subjected to explosion. Two numerical models are also implemented in
order to assess a better understanding of the experimental results.
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6.2 Future research

The models developed in this thesis are simple and retain necessary features in
modeling global behavior of steel framed structures subjected to impact. However,
there is still room for more advanced enhancements to the models in order to obtain
a better accuracy. The following directions are suggested for future research relating
to the enhancements.

Enhanced generalized elasto-plastic hinge
The models in this thesis have been developed to be as simple as possible. Hence,
there is no doubt that not all effects are included. The missing effects are local
buckling, strain rate of the material and strain hardening of the material. These
effects can become important and contribute substantially to the load-carrying
capacity of the structural elements in some problems such as high-velocity impact
on cold-formed steel cross-sections. One possible way to include these effects is to
enhance the model of generalized elasto-plastic hinges by modifying the constitutive
equations and axial and rotational limits. Another important effect needed to
consider is the gradual yielding of the cross-section.

The current generalized elasto-plastic hinges incorporate only the interaction between
normal force and bending moment. For the cases in which a member is impacted at
a point close enough to the support, shear deformation may become substantial. It
is also beneficial to obtain an enhanced generalized elasto-plastic hinge model that
employs an interaction between shear force, normal force and bending moment.

3D effects
The current models are limited to only 2D problem. Including the effect of out-of-
plane buckling of the structural members requires an extension to 3D beam element
models. In the 3D formulation, two important aspects have to be addressed. The
first aspect is a parametrization of finite 3D rotations. Special care is needed for
the treatment of these finite rotations due to their complex nature. This matter has
been previously tackled in a co-rotational framework by Battini [29] and Le [89].
The second aspect concerns with 3D interactions between axial, shear, and bending
moment in strong and weak directions. At a superelement level, a proper definition
of local coordinate system has to be adopted. A modification of yield criterion is
also needed so that axial, flexural and shear deformations are well coupled.
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