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Technical report

The development of adaptive mesh refinement capabilities in the field of com-
putational fluid dynamics is an essential tool for enabling the simulation of
larger and more complex physical problems. In this report, we describe recent
developments that have been made to enable adaptive mesh refinement in
Nek5000 and we validate the method on simple, two–dimensional, steady test
cases.

We start by describing the modifications brought to Nek5000 that enable
the presence of hanging nodes in the mesh. Thanks to this new feature, we can
use the h-refinement technique for mesh adaptation, where selected elements
are split via quadtree (2D) or octree (3D) structures. Then, two methods are
considered to estimate and control the error. The first method is local and based
on the spectral properties of the solution on each element. The second method
is goal-oriented and takes into account both the local properties of the solution
and the global dependence of the error in the solution via the resolution of an
adjoint problem. Finally, the use of automatic mesh refinement is demonstrated
in Nek5000 on two test cases: the lid-driven cavity at Re = 7, 500 and the flow
past a cylinder at Re = 40. Both error estimation methods are compared and
are shown to efficiently reduce the number of degrees of freedom required to
reach a given tolerance on the solution compared to conforming refinement.
Moreover, the gains in terms of mesh generation, accuracy and computational
cost are discussed by analysing the convergence of some functional of interest
and the evolution of the mesh as refinement proceeds.

1. Introduction

Predicting the behaviour of a flow is of great interest to many scientific and
engineering applications. It can help understand new physical phenomena,
design airplanes, cars or chemical reactors, study the impact of a dam failure,
etc. These predictions require the resolution of the Navier–Stokes equations, a
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set of partial differential equations representing the conservation laws for mass,
momentum and energy, satisfied by any flow of fluids. Nowadays, computers
are used to numerically solve this set of equations, on a discrete number of
points, and virtually simulate the flow of fluids. The branch of fluid mechanics
that deals with the numerical resolution of the Navier–Stokes equations is
called computational fluid dynamics (CFD). Despite the tremendous increase in
computational power and in algorithm efficiency during the past decades, the
size and complexity of problems that can be solved numerically is still limited,
mostly because of the breakdown to turbulence and the need to resolve or model
all of the turbulent scales up to dissipation at the end of the energy cascade.

This limit can be pushed further by optimizing the use of the computational
resources for each particular application, i.e. by automatically adapting the
number of discrete grid points of a simulation in its most sensitive regions.
These regions typically correspond to turbulent patches, high velocity gradients,
boundary layers, etc. The corresponding method, called adaptive mesh refine-
ment (AMR), is especially useful when the sensitive regions of a simulation are
a priori unknown or when the domain complexity makes the generation of a
good mesh difficult. In the present report, we perform AMR for CFD in the
framework of the spectral element method (SEM). The code used is Nek5000, a
highly scalable solver for the Navier–Stokes equations based on the SEM.

The two main necessary ingredients needed to perform AMR are

• automatic tools for mesh adaptation, including efficient load-balance and
dynamic grid management,

• adequate error estimators for error control.

In this study, we present tools, newly developed in Nek5000, that enable
nonconforming mesh refinement. We also present with some details selected
existing spectral error indicators, which are based on the properties of the SEM.
Then, we develop dual error estimators that are based on the computation of an
adjoint problem. Finally, we combine mesh refinement tools and error estimators
to perform AMR simulations in Nek5000. Both methods for estimating the error
are intrinsically different and are optimal in two different ways. While spectral
error indicators only measure the local error within the domain (typically
based on local velocities, gradients, vorticity, etc.), the adjoint error estimators
estimate the error on a given functional (typically drag, lift, heat transfer, etc.)
based on the global sensitivity of the target to the solution. Therefore, the
former method is used for reducing the total error on the numerical solution and
the latter is used to optimally predict some quantity of interest. Consequently,
different refinement patterns are expected for both methods. These differences
are discussed in terms of accuracy and computational cost. The test cases chosen
are the steady 2D lid-driven cavity and the steady flow past a 2D cylinder. It
is shown that the numerical stability and high-order accuracy are retained.

This report is organised as follows. In section 2, we briefly present the
modifications that have been brought to Nek5000 in order to enable the use
of h-refinement techniques. In section 3, selected spectral error indicators
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are introduced, which are used for comparison with the new estimators. In
section 4, we develop adjoint error estimators in the case of steady flow, within
the framework of the spectral element method. In section 5, we very briefly
summarise our refinement algorithm. In section 6, we combine both methods for
error estimation with the new mesh refinement capabilities and perform AMR
on two steady, two-dimensional test cases: the lid-driven cavity at Re = 7, 500
and the flow past a cylinder at Re = 40.

2. Mesh adaptation in Nek5000

The main concepts behind the SEM are introduced and the adaptations that
were required in Nek5000 to enable h–refinement are shortly presented.

2.1. The spectral element method and Nek5000

The SEM is a method developed by Patera (1984) and it can be seen as a
high-order finite element method (FEM): the computational domain is divided
in a finite number of disjunct elements and the basis functions on each element
are polynomials up to order N (typically N ≈ 7− 15). The main advantage of
the SEM is the exponential decay of the error as the polynomial order increases.
The method can be used to solve the Navier–Stokes equations, presented here
in non-dimensional form in the case of an incompressible flow and Newtonian
fluid

∂u

∂t
+ (u · ∇)u = −∇p+

1

Re
∇2u+ f in Ω, (1)

∇ · u = 0 in Ω, (2)

with associated boundary and initial conditions, where u(x, t) is the velocity,
p(x, t) the pressure, f(x, t) a forcing term and Re the Reynolds number. Follow-
ing the same approach as in the finite element method, the system of equations
is expressed in weak form, the domain is split in E spectral elements and the
solution is expanded in terms of basis and test functions of polynomial order N ,
assumed to be constant, on each of these elements. The SEM is characterised
by the fact that the computation of the resulting inner products is not done
analytically but via Gauss quadrature on a defined set of discrete points. The
SEM solution, resulting from the tesselation of the local spectral expansion
on each element, is denoted ûN = (uN , pN ), where N is the local polynomial
order.

The code used in this report is Nek5000 (Fischer et al. 2008), an open-source,
highly scalable and portable code based on the SEM, which offers minimal
dissipation and dispersion, high accuracy and nearly exponential convergence.
It was originally developed from the mid 1980’s by Paul Fischer, Lee-Wing
Ho, and Einar Rønquist (M.I.T) and is aimed at solving direct numerical
simulations of turbulent incompressible or low Mach-number flows with heat
transfer and species transport. Nek5000 uses a matrix-free approach and the
solution is represented by tensor product of polynomials, allowing for efficient
cache efficiency and memory usage, thus reducing computational cost. The mesh
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can be unstructured but it has to be conforming (no hanging nodes) and the
elements can be deformed but need to be hexaedral in 3D (quadrilateral in 2D).
In the case of Nek5000, the basis functions used for the solution’s expansion are
the Legendre interpolant polynomials and the Gauss quadrature is performed
on the Gauss–Lobatto–Legendre points. Furthermore, the solution is assumed
to be in H1, such that continuity has to be enforced across elements. This
is done via an operation called gather–scatter, which collects the data among
matching gridpoints at elements interfaces and assign a common, averaged value
to each of them.

2.2. Mesh refinement methods

Within the framework of the SEM, mesh refinement can be performed by mesh
stretching (r-refinement), local increase of the polynomial order (p-refinement)
or local modification of the number of nodes (h-refinement). The standard
version of Nek5000 does not allow for automatic mesh refinement since the
polynomial order is fixed and constant for all elements, the mesh has to be
conforming and no tool exists for r-refinement. Therefore, new capabilities
must be introduced into the code in order to enable AMR. Given its flexibility
and relative ease of implementation, the h-refinement method has been chosen,
which requires the relaxation of the constraint for conforming meshes in Nek5000.
Before we go further, let us define the concepts of structured, conforming and
nonconforming meshes following the definitions of Kruse (1997):

• structured: the nodes connectivity follows a fixed pattern,
• conforming: the connection between two elements is either an entire

edge or a node (there cannot be hanging nodes),
• nonconforming: elements can share a fraction of an edge (hanging nodes

are allowed).

To give a more complete definition, let us mention that Kruse introduces
the notions of geometrically and functionally (non)conforming meshes. In this
report, we only consider the geometric nonconformity, while the functional
conformity is assumed.

In the rest of this section, we present the recent work that has been achieved
in order to enable h-refinement in Nek5000.

2.3. Nonconforming elements

The first issue encountered with nonconforming meshes is the loss of the one-to-
one correspondence between the grid points along the common face (in 2D) or
face and edge (in 3D) between two contiguous elements. This is illustrated in
Figure 1, where it is observed that hanging nodes occur. As a consequence, the
enforcement of the continuity constraint at the elements boundaries needs to
be modified. In our implementation, we require the basis functions to be H1

0

and the presence of a larger number of degrees of freedom on one side of the
boundary does not allow for a strict enforcement of the continuity constraint.
An alternative would be the use of mortar elements, which treat non-matching
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Figure 1: Non-conforming interface between two elements for N = 2. The filled
circles denote the true degrees of freedom; the open circles denote the local
nodes.

meshes at an interface via the use of Lagrange multipliers. However, this option
is not investigated here.

In the conforming case, continuity is simply enforced by computing the
mean of corresponding nodes at an interface. At a nonconforming interface, an
additional step is required: the nodes are separated into true degrees of freedom
and local nodes, then an interpolation operation is performed. The true degrees
of freedom are the nodes belonging to the low resolution, or parent, element,
while the local nodes belong to the high resolution, or children, elements. The
distinction appears in Figure 1, where the nodes are represented respectively by
filled and open circles. Local nodes on the face of a child element are only used
as a tool to perform the computations. Continuity is enforced by extrapolating
the solution from the parent element onto the children elements.

A source of concern is the effect of the presence of nonconforming elements
on the performance of the pressure solver, which we investigate. Considering
the flow in a 2D lid-driven cavity at Re = 7, 500 on both a conforming and a
nonconforming meshes, we compare the number of pressure iterations at each
time step. The two meshes are shown in Figure 2. The conforming mesh has 63
elements, some of which are elongated. The nonconforming mesh has 46 square
elements and the maximum refinement level is 2. The grids are built such that
the size of the elements in the top corners is exactly the same. The flow in the
cavity is initially still and we let it develop for 20, 000 iterations with a timestep
∆t = 7 × 10−4. The resulting number of iterations for the pressure solver at
each time step is presented in Figure 3.

It is observed that both meshes lead to a similar number of iterations.
Actually, around the end of the simulation, the number of iterations is reduced
by about 20% for the nonconforming mesh, probably due to a lack of elongated
elements in that configuration. Overall, it is concluded that, for two-dimensional
cases, the presence of hanging nodes and nonconforming elements does not
affect the efficiency of the iterative solver for the pressure equation.
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(a) Conforming. (b) Nonconforming.

Figure 2: Conforming and nonconforming cavity used for comparing the perfor-
mance of the pressure solver. The velocity magnitude is shown in the background.

More information on the construction and application of the interpolation
operators and on the performance of the pressure solver in 3D is presented by
Kruse (1997) or by Peplinksi in the deliverables of the ExaFLOW project (see
Moxey et al. 2017).

2.4. Grid management and repartitioning

As the mesh is refined using the h-refinement method, it is necessary to track
the changing hierarchy and connectivity of the mesh. This is achieved by using
the p4est library, developed by Burstedde et al. (2011), which manages the
grid via a recursive tree structure. Moreover, an efficient and balanced grid
partitioning has to be maintained among the processes as refinement proceeds
to ensure good scaling. The library ParMETIS, developed by Karypis & Kumar
(2009), has been chosen for its parallel mesh partitioning capabilities. These
libraries enable adaptive mesh refinement and coarsening. However, we note
that the mesh cannot be coarsened further than its original configuration. The
implementation of those tools in Nek5000 is described in the deliverables of the
ExaFLOW project (see Johnson et al. 2017).

2.5. Efficient preconditioner

The two steps for preconditioning the costly pressure equation, namely an
overlapping additive Schwarz method and a coarse grid solver, have been
extended to nonconforming meshes. This required the modification of the
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Figure 3: Performance of the pressure solver between conforming and noncon-
forming meshes for the 2D lid-driven cavity at Re = 7, 500.

restriction and prolongation operators for the Schwarz part and the modification
of the base functions for the coarse grid part. These modifications are described
in the deliverables of the ExaFLOW project (see Moxey et al. 2017).

3. Spectral error indicators

A posteriori error indicators can be computed based on the solution variation
on a given grid. We follow a method developed by Mavriplis (1990), where the
error estimate is the sum of the truncation error and the quadrature error. A
practical way to compute those contributions is briefly presented in the case of a
two-dimensional problem. The theory for spectral transforms and the notations
are taken from Deville et al. (2002), Appendix B.3.

3.1. Truncated spectral expansion

Let us consider a velocity component u(x, y) of a 2D velocity field, as well as a
family of orthogonal polynomials {pl}∞l=0 and associated weight function w(x)
as a basis for L2

w(Ω). In the case of Nek5000, Legendre polynomials, denoted
Ll are considered and the weight function is constant and equal to w = 1 over
the domain. If u(x, y) ∈ L2

w(Ω), then it can be decomposed into the spectral
expansion

u(x, y) =

∞∑
l=0

∞∑
m=0

ûlm Ll(x)Lm(y), (3)



92 N. Offermans, A. Peplinski, O. Marin & P. Schlatter

where ûlm are the so-called spectral coefficients. They can be obtained from
the orthogonality of the Legendre polynomials as

ûlm =
1

γlγm

∫ 1

−1

∫ 1

−1

u(x, y)Ll(x)Lm(y) dx dy, (4)

with γl = ||Ll||2L2
w(Ω). The truncated expansion of polynomial order Nx along x

and Ny along y is denoted PNu and is expressed as

PN u(x, y) =

Nx∑
l=0

Ny∑
m=0

ûlm Ll(x)Lm(y). (5)

3.2. Discrete spectral transform

Let us now express Equation (5) in its discrete form. We consider the spectral
element solution uN = INu, where IN is an operator for the Lagrange interpo-
lation of u(x, y) on the nodes ξxi and ξyj associated to the Gaussian quadrature.
The discrete spectral transform of uN is given by

uN = IN u(x, y) =

Nx∑
l=0

Ny∑
m=0

ũlm Ll(x)Lm(y), (6)

where ũlm are now the discrete spectral coefficients, which are not equal to ûlm,
the exact coefficients from Equation (5). The nodal values of u and the discrete
coefficients ũlm are related through

u(ξxi , ξ
y
j ) =

Nx∑
l=0

Ny∑
m=0

ũlm Ll(ξ
x
i )Lm(ξyj ), (7)

and

ũlm =
1

γ
(Nx)
l γ

(Ny)
m

Nx∑
i=0

Ny∑
j=0

ρxi ρ
y
j u(ξxi , ξ

y
j )Ll(ξ

x
i )Lm(ξyj ), (8)

where the coefficients ρxi and ρyj are the quadrature weights obtained from the

approximate quadrature scheme 1

∫ 1

−1

∫ 1

−1

u(x, y) dxdy ≈
Nx∑
i=0

Ny∑
j=0

ρxi ρ
y
j u(ξxi , ξ

y
j ). (9)

Equation (7) and Equation (8) are the discrete equivalents of Equation (3) and
Equation (4) respectively.

1As a reminder, Equation (9) is exact for polynomials up to order 2N − 1 if Gauss-Lobatto-

Legendre (GLL) points are used.
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3.3. Error estimate

We intend to compute an estimate of the total error of the spectral solution uN .
The error can be decomposed into two parts as follows

||u−INu||L2
w

= ||u−PNu+PNu−INu||L2
w
≤ ||u−PNu||L2

w
+ ||PNu−INu||L2

w
.

(10)
For a complete and detailed derivation of the error, see Mavriplis (1990). The
practical computation of these two contibutions is now presented.

3.3.1. Error due to truncation

First, the sum from Equation (3), the spectral expansion, is truncated and goes
to N instead of ∞ as can be seen in Equation (5). This first part of the error is
written

||u− PNu||L2
w

=

(∫ 1

−1

∫ 1

−1

[ ∞∑
l=0

∞∑
m=0

û2
lm L

2
l (x)L2

m(y)−

Nx∑
l=0

Ny∑
m=0

û2
lm L

2
l (x)L2

m(y)

]
dxdy

) 1
2

=

(∫ 1

−1

∫ 1

−1

[
Nx∑
l=0

∞∑
m=Ny+1

û2
lm L

2
l (x)L2

m(y)

+

∞∑
l=Nx+1

Ny∑
m=0

û2
lm L

2
l (x)L2

m(y)

+

∞∑
l=Nx+1

∞∑
m=Ny+1

û2
lm L

2
l (x)L2

m(y)

︸ ︷︷ ︸
<<

]
dx dy

) 1
2

≈

Nx∑
l=0

∞∑
m=Ny+1

+

∞∑
l=Nx+1

Ny∑
m=0

 û2
lm

2l+1
2

2m+1
2

 1
2

(11)

because γn =
∫ 1

−1
L2
n(x)dx = 2

2n+1 in the case of Legendre polynomials. Since
the true coefficients ûlm are unknown for any l or m, we use the approximate
coefficients ũlm, known for l ≤ Nx and m ≤ Ny, instead. Then, we extrapolate
values for l ≥ Nx + 1 and m ≥ Ny + 1, assuming an exponential decay for
the spectral coefficients. If we denote by ūl(m) the extrapolated exponential
approximation of ũlm in the case 0 ≤ l ≤ Nx and m ≥ Ny + 1 (first term in
Equation (11)), we can write

ūl(m) = cl exp(−σlm), 0 ≤ l ≤ Nx, m ≥ Ny + 1. (12)

The case 0 ≤ m ≤ Nx and l ≥ Ny + 1 corresponding to second term of
Equation (11) is equivalent. In a log-linear plot, this function corresponds to
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a straight line and, using a linear regression to fit log(ūl(m)) to the known
coefficients ũlm for one given l and for several values of m in 0, ..., Ny, we solve
for cl and σl. In practice, we do not consider all coefficients for the interpolation
but we take m = Ny−3, ..., Ny, i.e. 4 points because the first spectral coefficients
typically do not exhibit spectral decay. Moreover, we always used Nx = Ny
since Nek5000 does not allow variable polynomial order. Therefore, εtrunc,
an approximation of the truncation error can be found by introducing the
expression from Equation (12) into Equation (11). As a result we obtain the
following estimate

||u− PNu||L2
w
≈ εtrunc ,

(
Nx∑
l=0

2

2l + 1

∫ ∞
Ny+1

ūl(m)2

2m+1
2

dm

+

Ny∑
m=0

2

2m+ 1

∫ ∞
Nx+1

ūm(l)2

2l+1
2

dl

 1
2

. (13)

3.3.2. Error due to quadrature and discretisation

The discrete coefficients ũlm from Equation (6) are not equal to the true
coefficients ûlm from Equation (5) due to quadrature and due to the fact that
the best polynomial approximation can only be obtained up to a constant. This
second part of the error is approximated by εquad, which is defined as

||INu− PNu|| =

Nx∑
l=0

Ny∑
m=0

(ũlm − ûlm)
2

2l+1
2

2m+1
2

 1
2

≤ εquad ,

Nx∑
l=0

ũ2
lNy

2l+1
2

2Ny+1
2

+

Ny∑
m=0

ũ2
Nxm

2Nx+1
2

2m+1
2

 1
2

. (14)

3.3.3. Error estimate for the Navier–Stokes equations

The estimators for the truncation and quadrature errors have been expressed
for a general solution so far. Considering ûN = (uN , pN ), a SEM solution to
the Navier–Stokes equations of polynomial order N , we can apply the same
estimators on each spectral element of the mesh for each component of the
velocity. If we denote by εetrunc and εequad the error estimates on element e (for

all the velocity components and the pressure), then the local error estimate on
e is Ee1(ûN ) = εetrunc + εequad. This local information is used as an indication
for mesh refinement and error control. Assuming that the mesh is made of
E spectral elements, the total error on the solution can then be expressed as

E1(ûN ) =
∑E
e=1E

e
1(ûN ), which is simply the sum of the local contributions.

We note that this method does not formally give an upper bound on the
actual error because of the way the spectral decay is extrapolated. Instead, it
gives an indication on where the error is higher or lower. Therefore, we will talk
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about error indicators rather than estimators. The spectral error indicators
have been implemented in Nek5000 and will be used as a reference against the
adjoint error estimators.

4. Adjoint error estimators

Given a mesh and an approximate solution to the Navier–Stokes equations using
the spectral element method, we want to estimate the error committed on a
functional of interest. The method combines local information on the solution
with a global adjoint solution to the problem and gives an indication on where to
optimally refine the mesh to reduce the error on the functional. In that regard,
adjoint error estimators are goal-oriented since they aim at better computing
a specific target value, in contrast to traditional a priori error estimators. In
this section, we present the method for computing the adjoint error estimators
for the spectral element method, following the work by Bangerth & Rannacher
(2002). So far, only the steady formulation has been considered.

4.1. Weak form of the steady Navier–Stokes equations

We start from the strong form of the steady Navier–Stokes equations

(u · ∇)u+∇p− 1

Re
∆u = f , (15)

∇ · u = 0, (16)

u|ΓD = gD, (17)

n (∇u− p) |Γo = go, (18)

where the velocity field u(x) = (u, v, w) and the pressure p(x) are defined on
some domain x ∈ Ω. The boundary of the domain ∂Ω is split into ΓD and Γo
corresponding to Dirichlet and outflow boundary conditions. Then, the weak
form can be expressed as

Find û = (u, p),u ∈ X, p ∈ Z s.t.

A(û)(ψ̂) = 0 ∀ψ̂ = (ψ, χ), ψ ∈ X0, χ ∈ Z (19)

where

A(û)(ψ̂) =

{
((u · ∇)u,ψ)− (∇ ·ψ, p) + 1

Re (∇u,∇ψ)− (f ,ψ)
(∇ · u, χ)

}
= 0. (20)

The spaces X and Z are appropriate spaces satisfying the boundary conditions
(see Deville et al. 2002, for more details). The notation (a, b) denotes the inner
product

∫
Ω
a · bdx between two vector fields a and b.
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4.2. Adjoint problem

4.2.1. Expression of the functional

As mentioned before, adjoint error estimators are based on the computation of
a functional of interest. In our case, we consider a linear functional of the form

J(û) =

∫
Ω

û · jΩ dV +

∫
ΓD

(
1

Re
∇nu− pn

)
· jΓD ds+

∫
Γo

u · jΓo ds, (21)

where jΩ = (jΩ,u, jΩ,p), jΓD and jΓo are some coefficients. In the case of the
drag on a body in a flow, jΩ = 0, jΓo = 0 and jΓD is a unit vector oriented
parallel to the bulk flow, defined on the body of interest, zero otherwise.

4.2.2. Lagrange optimisation

To estimate the error, we define the following Lagrangian as a function of the
adjoint solution û† = (u†, p†)

L(û, û†) = J(û)−A(û)(û†) (22)

and we look for stationary points, i.e. we solve (see Bangerth & Rannacher
2002)

L′(û, û†)(φ̂, ψ̂) =

{
J ′(û)(φ̂)−A′(û)(φ̂, û†)

−A(û)(ψ̂)

}
= 0 ∀{φ̂, ψ̂}. (23)

The various terms appearing are

• J ′(û)(φ̂), the derivative of J(û) with respect to û (i.e. the linearisation
of the functional around a solution û),

• A′(û)(φ̂, û†), the derivative of A(û)(û†) with respect to û (i.e. the
linearised adjoint Navier–Stokes equations in weak form around a solution
û),

• A(û)(ψ̂), the original problem in weak form.

4.2.3. Adjoint equations

Using integration by parts (see Appendix A for a more detailed derivation), one
can derive the following adjoint problem around a solution û associated to the
functional J(û) as

−(u · ∇)u† + uTu† −∇p† − 1

Re
∆u† = jΩ,u, (24)

−∇ · u† = jΩ,p, (25)

u†|ΓD = jΓD , (26)(
1

Re
∇nu

† + p†n+ (u · n)u†
)
|Γo = jΓo . (27)

An analysis of the consistency of the adjoint solution and the extension to
non-linear functionals are discussed by Hartmann (2007).
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4.3. Error on the functional

If the Galerkin approximations ûh and û†h are used instead of the exact solu-
tions, Rannacher and Bangerth prove that the error on the functional can be
approximated by

J(û)− J(ûh) ≈ E2(ûh) , A(ûh)(û† − û†h), (28)

where E2(ûh) denotes the adjoint error estimator on the Galerkin solution ûh.
This expression is valid in the general case of the Galerkin approximation and
should be specified in more details for the case of a SEM solution.

4.3.1. Contributions to the error

We continue the development of the error estimators for the specific case of
the SEM, where the approximate solutions of polynomial order N are denoted

ûN = (uN , pN ) and û†N =
(
u†N , p

†
N

)
. Assuming that the domain Ω is split in

E subdomains Ωe, the error E2(ûN ) can be computed by a sum over all the
elements as

E2(ûN ) = A(ûN )(û† − û†N ) (29)

=

E∑
e=1

(
(uN · ∇)uN ,u

† − u†N
)

Ωe
−
(
∇ · (u† − u†N ), pN

)
Ωe

+
1

Re

(
∇uN ,∇(u† − u†N )

)
Ωe

−
(
f ,u† − u†N

)
Ωe

+
(
∇ · uN , p† − p†N

)
Ωe
. (30)

Then, we integrate by parts to obtain the following expression

E2(ûN ) =
∑E
e=1

(uN · ∇)uN −
1

Re
∆uN +∇pN − fN︸ ︷︷ ︸

R1(û)

,u† − u†N


Ωe

+

 1

Re
∇nuN − pNn︸ ︷︷ ︸

R2(û)

,u† − u†N


Γe

+

∇ · uN︸ ︷︷ ︸
R3(û)

, p† − p†N


Ωe

. (31)

The quantities R1(û) and R3(û) are the strong cell residuals of the momentum
and continuity equations, respectively, while R2(û) represents the normal
stresses along the boundary of each element. The second term can be rewritten
by noting that the normal vectors n along the shared edge between two adjacent
cells have opposite signs and by attributing half of the jump to each element.
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Therefore, the face residuals r(û)|Γ along the edge Γ can be seen as 1
2 [R2], half

the jump of R2 across the edge, such that the residuals are rewritten as

r(û)|Γ =


1
2 [− 1

Re∇nuN + pNn] if Γ ⊂ Γe\∂Ω,
0 if Γ ⊂ ∂ΓD,
1
Re∇nuN − pNn if Γ ⊂ ∂Γo.

(32)

Consequently, the error on the functional is bounded by

E2(ûN ) ≤
∑E
e=1 ‖R1(û)‖L2(Ωk)︸ ︷︷ ︸

ρ1,e

∥∥∥u† − u†N∥∥∥
L2(Ωe)︸ ︷︷ ︸

ω1,e

+ ‖r(û)‖L2(Γe)︸ ︷︷ ︸
ρ2,e

∥∥∥u† − u†N∥∥∥
L2(Γe)︸ ︷︷ ︸

ω2,e

+ ‖R3(û)‖L2(Ωe)︸ ︷︷ ︸
ρ3,e

∥∥∥p† − p†N∥∥∥
L2(Ωe)︸ ︷︷ ︸

ω3,e

(33)

≤
∑E
e=1 ρ1,eω1,e + ρ2,eω2,e + ρ3,eω3,e. (34)

We have two categories of terms in Equation (34). The residuals ρi,e, which
are a measure of the strong residuals of the solution and ωi,e, or adjoint weights,
a measure of the interpolation error on the adjoint solution in the L2-norm. To
start with the computation of the ρi,e terms, we note that they are already
available from the solver. Presuming continuous and smooth data and also that
the solution is spectrally accurate, we ignore the boundary terms and associated
jumps (i.e. the terms ρ2,e). The remainders R1(û) and R3(û) can be computed
in a straightforward fashion by reusing the operators available in the solver.

Let us mention that for high Reynolds numbers, the jump in the viscous
stresses becomes negligible. However, since we are working with the PNPN−2

version of Nek5000, the pressure is not continuous at the interface and the term
cannot be completely dropped out a priori. However, the pressure discontinuity
is also comparably small and therefore we expect this term to not constitute the
main source of error, as will be shown by the a posteriori analysis further down.

The interpolation errors ω1,e and ω3,e can be estimated by the a priori
estimate of the interpolation error (Deville et al. 2002)

‖u− uN‖L2(Ω) ≤ CN
1/2N−m ‖u‖Hm(Ω) , (35)

where C is a constant independent of N and m is the order of the H-norm. In
practice, we compute∥∥∥u† − u†N∥∥∥

L2(Ωe)
. CeN1/2N−m

∥∥∥u†N∥∥∥
Hm(Ωe)

, (36)

where we have assumed that the interpolation constant Ce is different for each
element. We have implemented the H-norm for orders m = 0 and m = 1 but
only the case m = 1 has been used for the results that follow.
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The choice of Ce, the interpolation constant on element e, is capital to
obtain a good estimate of the interpolation error and a tight bound on the
adjoint error estimator. The actual value of the constant is unknown but it
should be dependent on properties of the element it is evaluated on. Therefore,
we assume that the constant is

Ce = (vole)
1
d , (37)

where vole is the volume of element e (area in 2D) and d is the dimension of the
problem. Many references we referred to (Bangerth & Rannacher 2002; Verfürth
2013; Hoffman et al. 2015) did not systematically describe how the interpolation
constant should be chosen in practice during the computations. Bangerth &
Rannacher (2002) mention that the interpolation constant is typically of size
0.2 in the case of the FEM. A more detailed discussion on the choice of the
interpolation constant is presented by Johnson & Hansbo (1992), where they
give some indications on how to estimate the constant depending on the norm
considered and the type of element in the case of the finite element method. We
intend to further explore choices based on some norm of the Jacobian, aspect
ratio, etc.

5. Refinement strategy

Once error estimators are known, the selection of the elements to be refined or
coarsened can be done in several ways. Bangerth & Rannacher (2002) propose
several methods for refinement such as the error balancing, fixed-error-reduction
or fixed-rate strategies. Given the exponential decay of our estimators, we found
that an easy and efficient strategy is by refining all elements, whose local error
is above a given fraction of the maximum local error. Since we consider steady
simulations only, we do not perform any coarsening operation. Therefore, the
refinement criterion is simply

refine each element e such that Eei (uN ) ≥ X max
e

(Eei (uN )), (38)

where Eei (uN ) is the local error on element e and 0 ≤ X ≤ 1 is a given
ratio. The subscript i can be 1 (spectral error indicators) or 2 (adjoint error
estimators). However, the maximum number of refinement levels (the initial
element is considered to be at level 0) is fixed for each simulation such that
further refinement is stopped when the limit is reached. The same strategy is
applied to both error estimators.

As a summary, the adaptation procedure can be described as follows

1. Compute the direct steady solution and the adjoint solution (if necessary),
2. Compute the local error estimators,
3. If local error Eei (uN ) is greater than a given fraction X of the maximum

local error maxe(E
e
i (uN )) and the maximum refinement level has not

been reached, mark the element,
4. Refine all marked elements and interpolate solutions to the new mesh,
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5. If some stopping criterion is satisfied, stop the simulation; otherwise go
to 1.

6. Applications

Based on the error estimators and refinement strategies described in the previous
sections, we apply AMR to two test cases and analyse the results.

6.1. Test cases

The cases considered to validate the development and implementation of the
adjoint error estimators are the 2D lid-driven cavity and the 2D flow past a
cylinder. For both cases, the Reynolds numbers are chosen sufficiently low such
that the flows are steady. These simple configurations are only a first step
towards more complex problems. Yet, they are small enough to be run on a
local desktop and provide results in a reasonable amount of time. They are also
relatively simple to analyse and allow for easy testing and debugging.

6.1.1. Lid-driven cavity

The Reynolds number for the lid-driven cavity is Re = 7, 500, below the critical
value of about Re = 8, 000 (see Bruneau & Saad 2003; Boppana & Gajjar 2010;
Brynjell-Rahkola et al. 2017). The cavity is a standard [0, 1] × [0, 1] square
with no-slip boundary conditions on the left, bottom and right walls and a
Dirichlet boundary on the lid. An illustration of the cavity is given in Figure 4.
The velocity on the lid is smoothed at the corners to avoid a sharp velocity
jump between the lid and the walls, such that the velocity remains continuous.
The smoothing function is expressed as a function of a smoothing parameter δ
as

s(x) =



0 if x = 0,
1

1+exp

(
1

x
δ
−1

+ 1
x
δ

) if 0 < x < δ,

1 if δ ≤ x ≤ 1− δ,
1

1+exp

(
1

(1−x)
δ
−1

+ 1
(1−x)
δ

) if 1− δ < x < 1,

0 if x = 1.

(39)

The velocity on the lid is then ulid = (su0, 0). In our simulations, we chose
δ = 0.05 and u0 = 1. This is especially important when the mesh is refined
as smoothing ensures that the velocity gradients at the corners converge to a
bounded value. The velocity magnitude of the resulting solution is illustrated
in Figure 5.

The reference data used later for comparison is obtained on a mesh made
of 160× 160 elements (not shown) and using the same polynomial order as for
the AMR run.
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Lid

Wall Wall

Wallx
y

Figure 4: Initial mesh for the lid-driven cavity. The red curve on top of the
lid shows the smoothing function for the velocity and the arrow indicates its
direction.

6.1.2. Flow past a cylinder

The flow past a cylinder is considered at a Reynolds number Re = 40, where
the flow is laminar and consists of a pair of steady vortices behind the cylinder.
This regime is slightly before the transition to laminar vortex streets, which

occurs at around Re = 49 (see Williamson 1996). The dimensions of the domain,
as a function of D, the diameter of the cylinder, and the original mesh (level 0)
are illustrated in Figure 6. The left boundary is an inlet condition with constant
velocity u = (u0, 0), the right boundary is an outlet condition, the top and
bottom boundaries are periodic and no-slip is imposed on the cylinder’s surface.
Since we work in non-dimensional units, we set D = 1 and u0 = 1, while the
viscosity is 1/Re. We note that the use of periodic conditions restricts the mesh
refinement process to be identical on both boundaries. For this specific case, we
solve the issue by preventing the first row of elements along a periodic boundary
condition from being refined. An illustration of the velocity magnitude in the
domain is shown in Figure 7. All data obtained during the AMR process will
be compared to the results obtained on a conforming reference mesh made of
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Figure 5: Velocity magnitude on the reference mesh for the flow in the lid-driven
cavity at Re = 7, 500.

Periodic

Inlet
Outlet

PeriodicWall
x

y

15D 35D

15D

15D

Figure 6: Initial mesh for the 2D cylinder.

5322 elements and illustrated in Figure 8. The reference case uses the same
polynomial order.
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(a) Velocity magnitude in the whole domain.

(b) Zoom on the cylinder and streamlines illustrating the two steady recirculation bubbles.

Figure 7: Flow around a 2D cylinder at Re = 40 on the reference mesh.

6.2. Functional and adjoint problem

In the case of the adjoint error estimators, it is necessary to define an appropriate
adjoint problem and associated boundary conditions, which are consistent with
the functional of interest.

First of all, it is worth mentioning that the inhomogeneous adjoint boundary
condition from Equation (27) is not relevant for the adjoint. In accordance
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(a) Zoom on the cylinder.

(b) Full mesh.

Figure 8: Reference mesh of the flow past a cylinder used for comparison with
AMR results. The dimensions of this mesh are the same as the dimensions of
the nonconforming one.

with what is done by Peplinski et al. (2014), we instead use Dirichlet boundary
conditions everywhere on ∂Ω, the boundaries of the domain.

For both test cases, the chosen functional is the drag, on the lid and on
the cylinder, respectively. Considering the notation from Equation (21) and
following the axes orientation from Figure 4 and Figure 6, we take jΩ = 0,
jΓo = 0 and jΓD = (−1, 0) on the surface of interest (lid or cylinder) and
jΓD = 0 everywhere else.
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Lid

Wall Wall

Wallx
y

(a) Initial mesh and boundary conditions. (b) Magnitude of the adjoint velocity field

on the final mesh obtained by using AMR
and adjoint error estimators.

Figure 9: Adjoint lid-driven cavity.

Figure 10: Adjoint boundary condition on the cylinder. On the left side (red),
fluid enters the domain; on the right side (blue), fluid leaves the domain.

In the adjoint problem, the lid is moving in the opposite direction compared
to the direct problem. The configuration of the adjoint problem and a plot of
the corresponding velocity field are shown in Figure 9. The flow is now rotating
“backward” and is used to compute the adjoint weights for the error estimators.
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Figure 11: Magnitude of the adjoint velocity field on the final mesh obtained
by using AMR and adjoint error estimators.

In the case of the cylinder, the periodic boundary conditions remain periodic,
the inlet remains a Dirichlet but with zero velocity and, as mentioned before,
the outflow also becomes a Dirichlet condition with zero velocity. On the surface
of the cylinder, the velocity is set to u = jΓD = (−1, 0), which is shown in
Figure 10. The adjoint flow induced by such boundary conditions can be seen
in Figure 11, where the flow is going “backward” in comparison to the direct
case. Conservation of mass is satisfied because the mass entering the domain is
equal to the mass leaving it.

6.3. Numerical details

A summary of the main numerical parameters, relevant for the simulations,
is given in Table 1. Since only steady cases are considered, both the direct
and adjoint solutions are marched forward in time until convergence has been
reached up to some tolerance. The tolerances for the adjoint problem are chosen
larger than for the direct case since the relevant aspect is to obtain a refinement
direction as given by the adjoint and accuracy is not paramount. The maximum
refinement level is different for each case. An element from the initial mesh is
considered to be at level 0, and the level is increased by one each time that
the element is refined. The polynomial order is chosen equal for both cases.
The refinement ratio, X, determines which elements are to be refined. For the
present simulations, no particular stopping criterion is specified; we just fix a
maximum number of refinement rounds and see how refinement evolves.

An important discussion concerns the overhead induced by the resolution
of the adjoint problem. For both test cases, the computational time for the
adjoint problem is more or less equal to the direct problem, roughly doubling the
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Table 1: Numerical parameters for the test cases.

Lid-driven cavity External cylinder

Pol. order 7 7∥∥du
dt

∥∥ 10−7 10−7∥∥∥du†

dt

∥∥∥ 5 · 10−6 5 · 10−6

Max. ref. level 5 4

Ref. ratio 0.02 0.1

total computational time, which accounts for a significant overhead. However,
the main objective of the current study is not to assess the global efficiency
of the AMR method but to validate the refinement process, investigate the
differences between spectral and adjoint error estimators and check that relevant
information can be extracted with less degrees of freedom. Explorative work in
the direction of taking larger timesteps to speed up the adjoint computation is
ongoing.

Nevertheless, let us emphasise that using AMR when time–marching towards
a steady–state solution allows for a faster convergence since a solution can be
rapidly obtained on a coarse grid then is interpolated on the refined one and
so on. The resulting process is significantly faster than starting on the refined
mesh directly because of the limitations on the timestep.

For large, complex and unsteady cases, AMR should be performed in
the beginning of the simulation until a final mesh is obtained. Then, the
computation continues on a fixed mesh with the hope that the initial overhead
is compensated thanks to the optimal design of the mesh. However, we keep
this discussion for unsteady AMR and focus on the refinement patterns only.

6.4. Results

6.4.1. Mesh evolution

Since only steady cases are considered, the refinement process converges towards
a fixed mesh. In the current section, we show the evolution of the mesh, of
the solution and of the error estimators as the mesh is being refined. We refer
to the original mesh as the mesh at step 0, as no refinement round has been
applied at that stage. We call the mesh after one round of refinement as the
mesh at step 1 and so on.

The velocity fields and the corresponding adjoint error estimators are shown
for the lid-driven cavity in Figure 12 and Figure 13. The same plots in the case
of the spectral error indicators are illustrated in Figure 14 and Figure 15. For
both error estimation methods, refinement is concentrated on the lid, especially
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in the corners, at the location where the velocity gradient on the lid is the
highest. In the case of the adjoint estimators, refinement is slightly more focused
on the region “upstream” of the lid, i.e. on the left of the cavity. Conversely, the
spectral error indicators cause the mesh to be refined more “downstream” and
in regions of high velocities and gradients. Starting from step 5 (third row, right
picture), the maximal refinement level of 5 is reached by some elements, which
are then prevented from being refined further. Therefore, additional refinement
steps (not shown) do not modify the mesh so much any more and convergence
of the drag stalls, as will be shown shortly.

In Figure 16 and Figure 17, the velocity fields and corresponding adjoint
error estimators for the eight first grids of the flow past a cylinder are shown.
The refinement starts around the cylinder and propagates around it. The most
refined regions are always close to the cylinder and it is observed that the
region with the most refined elements propagates upstream more than it does
downstream. Starting from step 4 (third row, left picture), some elements reach
the maximum number of refinement levels of 4 and they cannot be refined further.
At step 6 (fourth row, left picture), for example, most of the elements on the
left side of the cylinder’s surface have reached the maximal refinemement level.
These observations can be compared to the evolution of the mesh refinement
with spectral error indicators, illustrated in Figure 18 and Figure 19. Once
again, refinement is focused around the cylinder. However, it does not propagate
so much upstream, but follows the wake of the cylinder, where velocity gradients
are high. For both error estimators, most of the elements marked for refinement
after step 7 cannot be refined further and it translates into no significant decrease
in the error.

Overall, the use of adaptive mesh refinement enables the automatic genera-
tion of an optimised mesh. In both cases, the starting mesh is fairly coarse and
easy to build, which is a very desirable advantage from the user’s point of view.
Then, the mesh is automatically refined to an optimal state in some sense.

6.4.2. Drag convergence

The efficiency of the mesh refinement is assessed by studying the convergence
of the drag on the surface of interest as the refinement goes on. The error on
the drag is computed as J(ê) = J(ûref − ûN ), where ûref is the solution on
the reference mesh and e = ûref − ûN is the error on the reference solution.
With this comparison, we identify the number of degrees of freedom required to
reach a similar accuracy as for the conforming reference mesh and we compare
the behaviour between the two error estimation strategies.

The error on the drag on the lid is shown as the number of elements increases
in Figure 20 for both error estimation methods and for a conforming mesh
refinement strategy. Both error estimators seem to perform almost equally
well and outperform the conforming mesh refinement technique. The error on
the drag is computed with an error of less than 10−6, using a fraction of the
number of elements of the reference mesh (about 700–800 elements against



Adjoint error estimators and adaptive mesh refinement in Nek5000 109

Figure 12: Velocity magnitude as the mesh is refined for the lid-driven cavity
with the adjoint error estimators (from left to right, from top to bottom).
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Figure 13: Adjoint error estimators as the mesh is refined for the lid-driven
cavity (from left to right, from top to bottom).
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Figure 14: Velocity magnitude as the mesh is refined for the lid-driven cavity
with the spectral error indicators (from left to right, from top to bottom).
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Figure 15: Spectral error indicators as the mesh is refined for the lid-driven
cavity (from left to right, from top to bottom).
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Figure 16: Velocity magnitude as the mesh is refined for the external cylinder
with the adjoint error estimators (from left to right, from top to bottom).
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Figure 17: Adjoint error estimators as the mesh is refined for the external
cylinder (from left to right, from top to bottom).
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Figure 18: Velocity magnitude as the mesh is refined for the external cylinder
with the spectral error indicators (from left to right, from top to bottom).
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Figure 19: Spectral error indicators as the mesh is refined for the external
cylinder (from left to right, from top to bottom).
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25, 600). Even though the reference mesh is highly over-resolved, it shows that
a high accuracy on the functional can be reached with a reasonable resolution
constraint. After two conforming refinement round, the number of elements in
the mesh is 400 but the error on the drag is two orders of magnitude higher
compared to AMR results.
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Number of elements

E
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Figure 20: Error on the drag on the lid when using the adjoint error estimators
( ), the spectral error indicators ( ) and a conforming refinement stratey
( ) .

The relation between the actual error on the functional and the value of
the adjoint error estimator is presented in Figure 21b. The decay of the error
estimators follows the decay of the actual error. However, the bound is not
as tight as would be desirable since there is almost two orders of magnitude
between both values. The origin for this discrepancy is probably the choice of
the interpolation constant, which is not appropriate. We also plot the decay of
the total error and of the spectral error indicator in Figure 21a. While both
quantities represent different errors, it is shown that they are correlated and
that, for this case, a reduction in the total error will also reduce the error on
the drag.

The convergence of the drag on the cylinder as a function of the number of
elements in the simulation is plotted in Figure 22. The pressure and viscous
contributions to the drag as well as the total drag are presented separately. After
four rounds of refinement, some of the elements have reached the maximum
level of refinement and are prevented from being refined further. Therefore,
the error convergence slows down then stalls as few additional elements are
refined. Yet, a strong convergence is observed with a relatively low numbers
of elements compared to the reference case (about 1500–2000 against 5300).
Overall, the adjoint error estimators lead to a better prediction of the drag and,
given similar refinement parameters, the minimum reachable error is one order
of magnitude lower than with spectral error indicators.
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(a) Spectral error indicator.
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(b) Adjoint error estimator.

Figure 21: Comparison between the actual error on the drag J(ê) ( ) and the
spectral error indicator E1(ûN ) ( ) or the adjoint error estimator E2(ûN )
( ) for the lid-driven cavity.

In the case of the adjoint error estimators, it is also relevant to compare
the error predicted by the estimators with the actual error on the drag. We
see in Figure 23b that, contrarily to the lid-driven cavity, both curves match
fairly well and the estimator is a good upper bound to the actual error. The
adjoint error estimator is overestimating the actual error by a factor of 2–3
approximately. This supports our choice of the interpolation constant from
Equation (36) for this particular case. Furthermore, the fact that the surface
term is neglected so far does not seem to affect the computation of the adjoint
error estimator.

The error on the drag is also compared to the spectral error indicators
in Figure 23a. While these errors represent different things, there exists a
correlation between both quantities. However, the spectral error indicators are,
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(a) Pressure part.
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(b) Viscous part.
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Figure 22: Error on the drag on the cylinder when using the adjoint error
estimators ( ) and when using the spectral error indicators ( ).

as expected, not an optimal tools for optimizing the computation of the drag
and better results are obtained with the adjoint error estimators.
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(a) Spectral error indicator.
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Figure 23: Comparison between the actual error on the drag J(ê) ( ) and the
spectral error indicator E1(ûN ) ( ) or the adjoint error estimator E2(ûN )
( ) for the flow past an external cylinder.

6.4.3. Linear stability spectrum

One concern when using nonconforming mesh is the possible introduction of
a noise or a disturbance, which would affect the physical behaviour of the
flow. Such disturbances could be caused by the presence of hanging nodes,
the interpolation operations or the abrupt jump in resolution when going from
a coarse to a fine region. Furthermore, we would like to check if refinement,
which is performed based on the baseflow, also improves the computation of
the stability of the linear problem. Therefore, we compare the linear stability
of the reference and refined cases following the same procedure as the one
presented by Peplinski et al. (2014). Assuming a linear growth of the form
u(x, t) = û(x) exp(−iωt), we plot the frequency ωr = R(ω) and the growth
rate ωi = I(ω) of the 80 first eigenmodes in Figure 24 for the case of the flow
past a cylinder. The results are presented for meshes obtained after one and
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four refinement rounds, respectively. The former meshes have 728 when adjoint
error estimators are used and 764 elements if spectral error indicators are used.
The latter meshes have 1043 and 1178 elements, respectively.
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(a) After one refinement round.
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(b) After four refinement round.

Figure 24: Frequency ωr and growth rate ωi for the 80 first eigenmodes. Only the
modes with ωr ≥ 0 are presented but each mode has a symmetric counterpart.

After one round of refinement, the first few strongest modes match well but
there is rapidly a discrepancy with the eigenmodes from the reference solution.
After four rounds of refinement, the strongest modes match perfectly, the branch
is well represented and only the weakest modes, which are highly sensitive to
any small perturbation, differ. A more quantitative analysis is obtained by
looking at how many modes are correctly predicted up to some tolerance on
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Adj. err. est. Spe. err. ind.

Tolerance 1 ref. 4 ref. 1 ref. 4 ref.

10−4 0 1 0 1

10−3 1 36 1 38

10−2 25 70 20 68

Table 2: Number of eigenvalues matching the values from the reference case up
to some tolerance for the meshes obtained after 1 and 4 rounds of refinement.

the error with respect the reference eigenvalues. A summary of the number
of eigenvalues matching for a few different tolerances is given in Table 2. It
appears that even though the refinement process is based on the direct solution,
it greatly improves the computation of the stability for the linear problem.
Furthermore, the presence of nonconforming elements in the mesh does not
significantly alter stability or affect the physics of the case.

6.4.4. Efficiency of the pressure solver

The use of AMR becomes fully profitable for unsteady simulations because
the overhead induced by the method is compensated in the long term as the
simulation advances in time. As has already been shown before, the presence
of nonconforming elements does not impact the number of pressure iterations.
Additionally, we would like to investigate further the efficiency of the pressure
solver (typically the most expensive part of the solver) as the mesh is being
refined, in the case of the lid-driven cavity.

At each refinement step, we extract the wall clock time spent in the pressure
solver, we divide it by the number of pressure iterations and by the number of
elements in the mesh and we average that value over the first 1000 timesteps.
The final value gives an indication of the wall clock time required for each
iteration of the pressure solver per element. Yet, we cannot directly compare
these data since we have obtained them on different computers. Therefore, we
normalise each result by the time on the original mesh, which is the same for
all simulations (the 5× 5 conforming cavity). The resulting normalised timings
as a function of the number of elements are shown in Figure 25. The plot shows
that, for each simulation, the wall clock time first decreases as the number
of elements increases. We conclude that the use of AMR does not affect the
efficiency of the solver compared to the use of a conforming mesh. Therefore,
the efficiency of the AMR method when we go to unsteady simulations will
depend only on the overhead induced by the method itself and not on a decrease
in efficiency of the solver.
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Figure 25: Normalised wall clock time per element and per iteration of the
iterative solver for the pressure solver of the lid-driven cavity at Re = 7, 500.
The normalisation is done with respect to the wall clock time on the original,
conforming mesh (the 5× 5 cavity).

7. Conclusions and outlook

Adjoint error estimators have been developed and implemented for the spectral
element method in the case of steady flows. The estimators have been tested
in two dimensions on a lid-driven cavity at Re = 7, 500 and on the flow past a
cylinder at Re = 40. They were used for the optimisation of the computation
of the drag on the lid and on the surface of the cylinder, respectively. They
have also been compared to selected spectral error indicators, which are based
on the local properties of the spectral element solution. Both methods have
been shown to act as efficient tools for error control. It was observed that
the spectral error indicators propagate the resolution of the mesh in regions
with high velocities and gradients; around and downstream of the surface of
interest. On the other hand, the adjoint error estimators tend to propagate the
refinement upstream of the object of interest.

In the case of the lid-driven cavity, both methods for estimating the error
lead to a similar convergence of the error on the drag. In the case of the flow
past a cylinder, the error on the drag for the final mesh using the adjoint
error estimators is reduced by almost one order of magnitude compared to the
spectral error indicators. In addition, the use of AMR reduces the error on the
functional of interest by several orders of magnitude compared to a conforming
refinement strategy, given an equal number of mesh elements.

The adjoint error estimators have been shown to be a good bound on the
actual error on the functional for the flow past a cylinder, as they overestimated
the actual error by a factor of about 2 to 3. In the case of the lid-driven cavity,
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however, the bound was less tight since the adjoint error estimators were almost
two orders of magnitude higher than the actual error. This is probably due to
a non-optimal value of the interpolation constant in the computation of the
adjoint weights.

Finally, we have shown that the efficiency of the solver is not impacted in
two dimensions when AMR is employed for these test cases. This is a critical
observation when assessing the efficiency of the method.

In the future, the choice of the interpolation constants will be investigated
in terms of some quality measure of each element, such as the Jacobian, aspect
ratio, etc. This will help estimate a tighter bound on the error.

Furthermore, the contribution of the jump in the stresses at the interface
between two elements will be implemented and its significance will be studied.

An unsteady version of the adjoint error estimators will be developed. The
development of time dependent estimators will ideally make use of an efficient
checkpointing strategy (see Schanen et al. 2016, for example), which would
ensure an efficient adjoint computation. The efficiency of the AMR simulations
for both error estimation methods will be carried out, taking into account
the overhead induced to produce the mesh and the gain in time during the
simulation on the final mesh. At first, we do not plan to perform AMR over the
whole course of the simulation, since our main objective is to obtain an optimal
final mesh that can be used for a production run.

The use of the spectral error indicators to estimate the adjoint weights
instead of the formula for a priori error estimators will be carried out. This
constitutes an alternative method for computing the interpolation error on the
adjoint solution, which does not require an interpolation constant, and comes
for free since all tools are already implemented.

Another critical issue is the quantification of the noise created at the
junction between a fine and a coarse regions. The extension of the filtering tool
to nonconforming mesh is under investigation in order to mitigate this effect.

Future work will also focus on quantifying the gains for large–scale, relevant
test cases such as the flow around a NACA airfoil at high Reynolds numbers.
The objective of the ExaFLOW project is to reduce the cost of a simulation by
50% overall. We will investigate the reduction in computational resources that
can be reached with AMR, for both types of error estimators.
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Appendix A. Adjoint derivation

In this appendix, we briefly present the derivation of the steady adjoint problem
required for computing the adjoint error estimators.

A.1. Linearised Navier–Stokes equations

The starting point is the set of the steady Navier–Stokes equations linearised
around a baseflow Û = (U , P ). The perturbed solution is denoted û = (u, p)
and satisfies the following system of equations

Aû =

{
(u · ∇)U + (U · ∇)u+∇p− 1

Re∆u− f
∇ · u

}
= 0, (40)

u|ΓD = 0, (41)

−1

Re
∇u · n+ pn|Γo = 0, (42)

where f is a forcing term and A is the operator for the linearised Navier–Stokes
equations.

A.2. Linearised adjoint Navier–Stokes equations

The adjoint solution û† = (u†, p†) satisfies the relation (Aû, û†) = (û, A†û†).
The adjoint operators are then obtained by integration by parts, which we
perform separately for each term, with the help of the Gauss theorem, as follows

∫
Ω

u(∇U) · u†dV =

∫
Ω

u · (∇U)Tu†dV, (43)∫
Ω

((U · ∇)u) · u†dV = −
∫

Ω

u ·
(
(U · ∇)u†

)
dV +

∫
Γ

u ·
(
(U · n)u†

)
dS,

(44)∫
Ω

−1

Re
∆u · u†dV =

∫
Ω

−1

Re
u ·∆u†dV +

∫
Γ

u ·
(

1

Re
∇u† · n

)
dS

−
∫

Γ

(
1

Re
∇u · n

)
· u†dS, (45)∫

Ω

∇p · u†dV = −
∫

Ω

p
(
∇ · u†

)
dV +

∫
Γ

(pn) · u†dS, (46)∫
Ω

(∇ · u)p†dV = −
∫

Ω

u · ∇p†dV +

∫
Γ

u · (p†n) dS, (47)

where n is the vector normal to the boundary.
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Gathering all the terms together, we get the following expression for the
linearised adjoint problem

A†û† =

{
−(U · ∇)u† + (∇U)Tu† −∇p† − 1

Re∆u†

−∇ · u†

}
= 0, (48)

u†|ΓD = 0, (49)

1

Re
∇u† · n+ p†n+ (U · n)u†|Γo = 0. (50)
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