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1 Linné FLOW Centre, KTH Mechanics, SE-100 44 Stockholm, Sweden

To be submitted (2017)

In this article, we present an Immersed Boundary Method (IBM) for the interface
resolved simulation of spherical droplet evaporation in a gas flow. The method
solves coupled momentum, energy and species transport in the gas phase, and
the exchange of these quantities with the liquid phase through vapour-liquid
equlibrium thermodynamics, global mass and energy balances for the liquid
phase, and lagrangian tracking. The global balance approach for the liquid
phase allows for proper phase coupling without direct solution of the liquid
phase fields, thus saving computational cost. We provide preliminary validation
results for the method, showing that all the relevant physical phenomena and
their interactions are correctly captured.
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1. Introduction

Evaporating sprays occur frequently in nature (e.g. falling rain, fog, breathing in
leaving organisms) and are a key feature of many engineering applications, such
as aerosols, wet scrubbers, water curtains, spray dryers and most importantly
combustion systems. Regarding the latter, the evaporation dynamics of the
spray droplets are of crucial importance in most burner designs. For example
spray evaporation affects significantly the performance of lean prevaporized
premixed (LPP) burners in gas turbines, in terms of efficiency and pollutant
emissions (Eskin et al. 2012).

From a physics perspective, a droplet evaporating in a gas environment is an
example of multiphase flow where the interaction of mass, momentum and heat
transport, and the exchange of these quantities between the two phase is crucial.
The ability to understand and accurately describe these complex interplaying
phenomena is of prime importance, and interface resolved numerical simulations
are ideally able to do so without introducing the additional modelling that is
necessary in methods that treat the spray as a collection of material points
(Abramzon & Sirignano 1989; Sazhin 2006).

71



72 G. Lupo et al.

Interface resolved numerical schemes for multiphase flow fall into two main
categories, depending on their treatment of the moving boundary: interface
tracking methods and interface capturing methods. In interface tracking meth-
ods, the interface is explicitly described by the computational mesh, either in
a eulerian−eulerian framework, where a moving mesh that conforms to the
interface is employed (Ryskin & Leal 1984; Renksizbulut & Yuen 1983), or in a
eulerian−lagrangian framework, where a separate lagrangian mesh is used to
track the interface on top of the underlying eulerian mesh (Unverdi & Tryggva-
son 1992; Juric & Tryggvason 1998). These methods provide great accuracy in
the description of the interface shape and curvature, but lack robustness in cases
of large interface deformation. With interface capturing methods the interface is
represented by an artificial scalar field which is transported in the same way as
the physical variables. Examples are the Volume of Fluid method (VOF) (Welch
& Wilson 2000; Schlottke & Weigand 2008) and the Level Set method (Nguyen
et al. 2001; Tanguy et al. 2007). While the interface capturing approach allows
for treatment of phenomena where the interface undergoes severe deformation
and even topological change (e.g. phase breakup and coalescence), details of the
interface shape such as curvature need to be artificially reconstructed, making
these methods less suitable for problems where such details are important, as
well as hampering mass conservation between the fluid phases.

The Lattice Boltzmann method (LBM) has been recently used to simulate
multiphase flows with phase change (Ledesma-Aguilar et al. 2014; Albernaz
et al. 2015). This method is established on a different mathematical description
of the multiphase flow, as it employs mesoscopic kinetic equations for fluid
pseudoparticles embedded in a regular lattice, instead of macroscopic transport
equations discretized on a compuational grid. This framework is particularly
convenient for the description of the phase boundary as a diffuse interface
(Anderson et al. 1998; Lamorgese & Mauri 2017).

All methods discussed above fully describe the flow in all fluid phases
and are able to track the interface deformation. If the fluid phases can be
described as a continuous phase and a dispersed phase, and the details of
interface deformation and flow inside the dispersed phase are not relevant (e.g.
spray droplets with small Weber number), the aforementioned methods may
end up being too computationally expensive. In the present work, we propose
an efficient Immersed Boundary Method (IBM) tailored for the simulation of
spherical droplet evaporation, that can be extended to tackle other multiphase
flows with phase change. The focus is on capturing the relevant features of
multiphase flow with phase change at an interface resolved level, but without
directly solving the fields inside the dispersed phase.

IBMs are a class of eulerian−lagrangian interface tracking methods (Peskin
2002). The present method, originally proposed by Uhlmann (2005) and im-
proved by Breugem (2012) to solve particle laden flows, has been extended by
Ardekani et al. (2017) to treat heat transfer, and in this paper we develop it
further to include species transfer together with phase change.
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2. Mathematical Formulation

We are concerned with the vaporization of liquid droplets in a gas flow. The
nondimensional parameters that characterize the system are summarized in
Table 1. In addition to these, one or more dimensional parameters are introduced
by the vapour-liquid equilibrium relation, which also requires the molecular
weights of the vapour and inert gas components (Mw,vapour and Mw,inert) and

the prescription of the total thermodynamic pressure P̂tot.

Table 1: Characteristic non-dimensional parameters.

Parameter Definition Description

Re
Û∗L̂∗

ν̂
Reynolds number

Pr
ν̂

α̂
Prandtl number

Sc
ν̂

D̂
Schmidt number

φρ
ρ̂l
ρ̂

Density ratio

φcp
ĉpl
ĉp

Specific heat ratio

φα
α̂l
α̂

Heat diffusivity ratio

φ∆cp

ĉp,vapour − ĉp,inert
ĉp

Differential heat capacity in the gas mixture

Ste
ĉplT̂

∗

λ̂l
Stefan number

2.1. Assumptions.

We clarify the assumptions at the core of the model, briefly discussing their
validity and thereby the range of applicability of the model itself.

(A1) All physical and transport properties are constant.
(A2) The flow is incompressible.
(A3) Gravity is neglected.
(A4) Droplets remain spherical.
(A5) The fluid motion inside the droplets is neglected.
(A6) Temperature is uniform on the droplet surface.
(A7) The gas phase is ideal.
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(A8) The inert gas is insoluble in the liquid phase.
(A9) Thermodynamic equilibrium prevails at the droplet surface.

(A10) The surface tension effect on vapour pressure (Kelvin effect) is neglected.
(A11) The viscous dissipation term is neglected.
(A12) Soret and Dufour effects are neglected.

In keeping with the general framework of the IBM developed by Breugem
(2012), assumptions A1 and A2 are inherited. The incompressibility assumption
effectively decouples the mechanical and thermodynamic pressure, leaving the
latter as a degree of freedom of the system. While compressibility effects on the
flow itself are generally negligible in the range of conditions where most spray
applications operate (i.e. low Mach number), one must keep in mind that mass
transport is driven by concentration gradients, equivalent to thermodynamic
pressure gradients in the gas, as opposed to momentum transport which in an
incompressible framework is associated with gradients of mechanical pressure.
It may be worthwhile then to further investigate the range of conditions within
which compressibility effects on the phase change can be safely ruled out.

Furthermore, the assumption of constant properties limits the model to
relatively small temperature excursions. The dependence of the properties on
composition should also not be understated, especially with regard to the liquid
phase, since it becomes notably significant in multicomponent evaporation, as
shown in Hubbard et al. (1975); Kneer et al. (1993); Lupo & Duwig (2017). We
leave the investigation of the two points entailed by assumptions A1 and A2 to
future study.

Effects of gravity are out of the scope of the present work A3; for applications
where they are relevant they can be easily introduced in our current framework
as body force on the dispersed phase (Fornari et al. 2016), and if needed as
buoyancy in the continuous phase via Boussinesq approximation. This leaves
out buoyancy in the dispersed phase, which might be present in case the latter
is constituted of liquid droplets. For the present study, the Rayleigh number1

has been estimated of the order of Ra ∼ 5×10−2, thus buoyancy driven internal
circulation is negligible. The effect can be important in multicomponent droplet
vaporization at very high temperatures (Law 1978).

Assumption A4 relies on the fact that droplets are small enough to resist
deformation and breakup by inertia and shear. The Weber number, being the
ratio of inertial and surface tension forces, is a measure of this tendency:

We =
2ρl|Ûl − Ûg|r̂s0

σl
. (1)

Deformation does not occur as long as We < 1, while the critical Weber
number for breakup is usually reported as We = 12 (Pilch & Erdman 1987).
After secondary breakup, typical Weber numbers for fuel spray combustion are

1The Rayleigh number Ra =
∆ρlgr̂

3
s0

αlµl
is the ratio of buoyancy and viscous forces multiplied

by the Prandtl number.



An Immersed Boundary Method for flows with evaporating droplets 75

in the range 0.1 < We < 16 (Sallevelt et al. 2014). While seemingly wide, the
simultaneous evaporation reduces the Weber number continuously, effectively
competing with deformation and breakup. It is then important to evaluate the
respective time scales. In typical combustion engine and gas turbine applications
the evaporation time scale is of the order of t̂ev ∼ 1× 10−3 s, while the breakup
time scale is in the range 1× 10−4 s < t̂b < 1× 10−3 s (Sallevelt et al. 2014)2.
This indicates that a wide range of scenarios is indeed characteristic for the spray
droplets during evaporation and combustion, and marks that the sphericity
assumption is only valid for the smaller droplets.

Assumptions A5 and A6 imply that heat transport inside the droplet is fast
compared to the rate at which the droplet receives heat from the surrounding

gas. This can be measured by the Biot number: Bi =
2hr̂s0
kl

. If the Biot

number is small, heat conduction in the liquid is fast enough to even up the
temperature, so that we can consider it uniform on the surface. The only effect
of liquid circulation in our setup would be a further enhancement of liquid heat
transport, which makes its inclusion in the model unnecessary if the droplet
surface temperature is uniform. The heat transfer coefficient h is defined as
the heat flux divided by its driving force (i.e. the temperature difference):

h =
ˆ̇q

4πr2
s0

(
T̂∞ − T̂s

) , so that the appropriate expression for the Biot number

is:

Bi =
ˆ̇q

2πr̂s0kl

(
T̂∞ − T̂s

) . (2)

This is estimated as 0.1 < Bi < 1.5 for droplets up to 1 mm of diameter
through the 1D evaporation model published in Lupo & Duwig (2017).

The ideal gas assumption A7 has no bearing on the fluid dynamics, as the
flow is incompressible, but prescribes unity fugacity coefficients in the vapour-
liquid equilibrium. This is acceptable at low gas pressures. For evaporation
of droplets in a high pressure environment the assumption might not be valid
(Ebrahimian & Habchi 2011).

At the relatively high temperatures we regard in our study, the solubility of
nitrogen or air in water or fuel liquids is very low, so A8 is a fair approximation.

The Kelvin effect A10 was found to be insignificant for the present study:
vapour pressure is only enhanced by 0.2% for a ds0 = 1µm droplet.

2The breakup time scale in absence of viscous damping is approximately

t̂b ∼ 10
r̂s0

|Ûl − Ûg |
√
φρ. Viscous effects dominate when the Ohnesorge number

Oh =
µl√

2ρlσlr̂s0
is large, but in fuel spray applications typically Oh < 0.1.
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Viscous heating is also insignificant in our framework (A11), as the gas
environment is already hot: the Brinkman number3 is of order Br ∼ 10−7.

Lastly, neglection of thermophoresis (A12) is acceptable as the Soret co-

efficient is of the order ST =
DSoret

D
∼ 10−5 ÷ 10−3K−1 (de Groot & Mazur

1984), and the highest temperature differences we consider are are of the order
∆T ∼ 102K. The reciprocal phenomenon, that is heat flux due to a composi-
tion gradient (Dufour effect), is expected to be comparable, considering that
DDufour = DSoret by Onsager reciprocal relations, and that Le ∼ 1 in most
applications.

2.2. Gas Phase.

The equations describing the gas phase, in their nondimensional form, are:

• Momentum tansport (Navier−Stokes equations):

∇ · u = 0;

∂u

∂t
= −u · ∇u−∇p+

1

Re
∇2u. (3)

• Heat transport (temperature equation):

∂T

∂t
= −u · ∇T +

1

RePr
∇2T +

φ∆cp

ReSc
∇T · ∇Y. (4)

• Species transport (mass fraction equation):

∂Y

∂t
= −u · ∇Y +

1

ReSc
∇2Y. (5)

The cross−transport term in Eq. 4 is the net enthalpy flux resulting from
the different heat capacities that the vapour and inert gas carry with themselves
as they diffuse into each other (see Appendix A for a derivation). It has be
shown to be of importance in the prediction of evaporation rates of spherical
droplets in a stagnant gas environment (Lupo & Duwig 2017).

2.3. Liquid Phase.

In our framework we are not interested in solving the flow inside the dispersed
phase, but only in the global mass, momentum and energy exchange between
the dispersed and continuous phase. Hence the liquid phase is modelled through
global mass end energy balances for each droplet. In the limit of small Biot
numbers, one possible simplification is an infinite conductivity assumption in
the liquid phase so that at each instant each droplet has uniform temperature.
The energy balance for the droplet would then be:

3The Brinkman number Br =
µ|Ûl − Ûg |2

k
(
T̂∞ − T̂s

) is the ratio of heat production by viscous

dissipation and heat transport by conduction.



An Immersed Boundary Method for flows with evaporating droplets 77

ρcp
dT̂l

dt̂
= −

3
(

ˆ̇q + ˆ̇mΛ
)

4πr̂3
s

; (6)

where (ˆ̇q + ˆ̇mΛ) is the sensible heat entering the droplet (i.e. total minus
latent). This simplification is often too crude, as we have already determined
that the Biot number for the droplet can be larger than unity. On the other
hand, solving the full heat transport in the liquid for all droplets might be costly.
If we assume that the surface regression caused by evaporation is slow enough,
we can find an analytic profile for the temperature in the droplet (see Eq. 52 in
the Appendix B) and integrate it to get an average droplet temperature:

T̂ l(t̂) = T̂s(t̂) +

∞∑
n=1

6

(nπ)2
(T̂0 − T̂s(t̂))e−αλ

2
n(t̂)t̂. (7)

Substituting this into Eq. 6, we get a new equation for the evolution of
the surface temperature, which can be used to predict more accurately the
thermodynamic equilibrium at the surface.

The global balances in their nondimensional form for each droplet are then:

• Mass balance (droplet radius equation):

drs
dt

= − ṁ

4πr2
sφρ

. (8)

• Energy balance (droplet temperature equation):

dTs
dt

=

6

RePr
φα(T0 − Ts)

(
1

r2
s

− 2

r3
s

drs
dt
t

) ∞∑
n=1

e
− 1

RePr

(
nπ

rs

)2

φαt
−

3

(
q̇

φcp
+

ṁ

Ste

)
4πr3

sφρ

1−
∞∑
n=1

6

(nπ)2
e
− 1

RePr

(
nπ

rs

)2

φαt

.

(9)

2.4. Phase Coupling, Boundary Conditions and Vapour-Liquid Equilibrium.

The coupling between the liquid and gas phase is realized through the boundary
conditions on the droplet surface on the gas side and the prescription of the
nondimensional heat and mass transfer rates q̇ and ṁ.

The gas-liquid interface of an evaporating droplet is a discontinuity across
which mass, momentum and energy are conserved. The quantities on the two
sides of the interface are related by the Rankine-Hugoniot conditions. Mass
conservation gives:

u = uc − (φρ − 1)
drs
dt

n; for |x− xp| = rs. (10)

This is effectively the boundary condition on velocity on the gas side, where
n is the outward pointing unit vector normal to the droplet surface. Since we are
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not actually solving the fluid motion inside the droplet, the liquid phase velocity
uc is the velocity of the droplet centroid, which is calculated by the lagrangian
tracking on each droplet. The Rankine-Hugoniot condition on momentum is
not necessary in our setup, since by assumption A3 the momentum exchange
between the gas and the liquid phase is limited to the droplet rigid motion. The
very same assumption, together with incompressibility A4, removes the need for
the Rankine-Hugoniot condition on energy as well, as the energy coupling of the
phases is fully determined via continuity of the temperature and thermodynamic
equilibrium.

The nondimensional heat and mass transfer rates are specified by integrating
the fluxes over the droplet surface S(t):

ṁ =

∫
S

(
− 1

ReSc
∇Y + uY

)
· n dS. (11)

q̇ =

∫
S

(
− 1

RePr
∇T
)
· n dS. (12)

where their sign is relative to n, allowing the set of governing equations to
be consistent for both evaporation and condensation.

The boundary condition for temperature is obtained by imposing continuity
across the liquid and gas phase:

T = Ts; for |x− xp| = rs. (13)

The boundary condition for the vapour mass fraction comes from the hy-
pothesis of thermodynamic equilibrium, which relates the gas molar composition
to the liquid surface temperature:

Ỹs =
P̂ satvapour(T̂s)

P̂tot
;

Y =
ỸsMw,vapour

(1− Ỹs)Mw,inert + ỸsMw,vapour

;

for |x− xp| = rs. (14)

The expression for the vapour pressure P̂ satvapour(T̂ ) can be chosen according
to the nature of the liquid that is vaporizing. Depending on this choice, one
or more additional parameters are introduced in the problem, hence we retain
dimensional quantities for the vapour-liquid equilibirum. The total thermody-
namic pressure P̂tot also needs to be specified. Many evaporation models assume
that the total pressure at the droplet surface is equal to the inert gas pressure
and constant (Sazhin 2006): P̂tot = P̂inert, i.e. the evaporation is isobaric.
This assumption becomes increasingly erroneous as the droplet temperature
tends to the boiling point at the pravailing pressure, i.e. P̂ satvapour(T̂s)→ P̂inert.
This shortcoming can be circumvented by assuming that the evaporation is
isochoric, which leads to P̂tot = P̂ satvapour(T̂s) + P̂inert, and is used in the present
work. However we must remark that the isochoric assumption conflicts with the
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incompressibility assumption for the fluid flow, and therefore is only acceptable
for moderate values of the vapour pressure.

2.5. Lagrangian Droplet Tracking.

Each droplet moves rigidly in the continuous phase according to the (nondimen-
sional) Newton-Euler Lagrangian equations:

4

3
πφρr

3
s

d

dt
(uc) =

∫
S

(
−pI +

1

Re

(
∇u +∇uT

))
· ndS (15)

8

15
πφρr

5
s

d

dt
(ωc) =

∫
S

(rsn)×
(
−pI +

1

Re

(
∇u +∇uT

))
· ndS (16)

where uc and ωc are the linear and angular spin velocity of the droplet
centroid.

3. Numerical Method.

We now describe our version of the Immersed Boundary Method (IBM). The
method was originally developed by Uhlmann (2005) and improved by Breugem
(2012). Its key concept is to solve the continuous phase on a fixed Cartesian fully
staggered uniform (∆x = ∆y = ∆z) grid (Eulerian Mesh), while a separate grid
is attached to and moves with the surface of the dispersed phase (Lagrangian
Mesh) (Fig. 1a).

The Eulerian Mesh does not conform to the continuous-dispersed interface
(the droplet surface in our case, see Fig. 1b), so the boundary conditions on the
interface cannot be imposed directly. Instead they are mimicked by equivalent
force fields added to the right-hand side of each transport equation (Navier-
Stokes, heat, species in our case) in the continuous phase after discretization
(this IBM approach is known as discrete forcing approach). These forces must
be active only in the immediate vicinity of the continuous-dispersed interface,
therefore they are calculated on the points of the Lagrangian Mesh and then
spread to the neighbouring cells of the Eulerian Mesh by means of the regularized
Dirac delta function δd proposed by (Roma et al. 1999). For the fluid velocity u,
remarking that we use a pressure-correction scheme to solve the Navier−Stokes
equation, the IBM scheme may be summarised as follows (we show here an
explicit Euler time discretization for simplicity):
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(a)

Lagrangian surface pointsLagrangian surface pointsLagrangian surface pointsLagrangian surface pointsLagrangian surface pointsLagrangian surface pointsLagrangian surface pointsLagrangian surface pointsLagrangian surface pointsLagrangian surface pointsLagrangian surface pointsLagrangian surface pointsLagrangian surface pointsLagrangian surface pointsLagrangian surface pointsLagrangian surface pointsLagrangian surface points

Lagrangian help pointsLagrangian help pointsLagrangian help pointsLagrangian help pointsLagrangian help pointsLagrangian help pointsLagrangian help pointsLagrangian help pointsLagrangian help pointsLagrangian help pointsLagrangian help pointsLagrangian help pointsLagrangian help pointsLagrangian help pointsLagrangian help pointsLagrangian help pointsLagrangian help points

Continuous PhaseContinuous PhaseContinuous PhaseContinuous PhaseContinuous PhaseContinuous PhaseContinuous PhaseContinuous PhaseContinuous PhaseContinuous PhaseContinuous PhaseContinuous PhaseContinuous PhaseContinuous PhaseContinuous PhaseContinuous PhaseContinuous Phase

DispersedDispersedDispersedDispersedDispersedDispersedDispersedDispersedDispersedDispersedDispersedDispersedDispersedDispersedDispersedDispersedDispersed
PhasePhasePhasePhasePhasePhasePhasePhasePhasePhasePhasePhasePhasePhasePhasePhasePhase

(b)

Figure 1: Illustration of the Eulerian Mesh and Lagrangian Mesh used to solve
the continuous phase and dispersed phase respectively. (a) Distribution of
lagrangian grid points over the interface. (b) The eulerian cells belonging to
the continuous phase and the dispersed phase are marked in white and blue
respectively. Lagrangian help points used to compute surface gradients are
marked in red.

u∗ = un + ∆t rhsn −∆t∇pn− 1
2 ; (17a)

U∗l =
∑
ijk

u∗ijkδd(xijk −Xn
l )∆x∆y∆z; (17b)

F
n+ 1

2

l =
u(Xn

l )−U∗l
∆t

; (17c)

f
n+ 1

2

ijk =
∑
l

F
n+ 1

2

l δd(xijk −Xn
l )∆V nl ; (17d)

u∗∗ = u∗ + ∆t fn+ 1
2 ; (17e)

∇2p̃ =
∇ · u∗∗

∆t
+ fndiv; (17f)

un+1 = u∗∗ −∆t∇p̃; (17g)

pn+ 1
2 = pn−

1
2 + p̃. (17h)
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Here rhs is the right hand side of the Navier−Stokes equation without the
pressure gradient, uppercase letters refer to quantities defined on the Lagrangian
Mesh, while lowercase letters are for quantities defined on the Eulerian Mesh.
u(Xl) is given by the boundary condition for u in correspondence to the point
x = Xl on the interface (Eq. 10), and p̃ is the pressure correction. We point out
that the volume of the lagrangian cell ∆Vl is not constant in our framework,
since the volume of the dispersed phase is changing in time due to the phase
change. For droplet evaporation/condensation:

∆V nl =
4
3π
[(
rns + ∆x

2

)
−
(
rns − ∆x

2

)]
Nl

; (18)

where Nl is the number of lagrangian points on the droplet surface.

The computation of the discrete forces on the boundary is performed
iteratively in order to better enforce the desired boundary condition, so that
steps 17b to 17e are repeated Ns = 3 times before moving to the next time step.
Further details on the method can be found in Breugem (2012).

The distinctive feature of the evaporation problem lies in the fact that the
continuous−dispersed interface must act as a velocity inlet for the continuous
phase (see Eq. 10). In the IBM framework however this inlet is not a physical
boundary; it is instead an array of points entirely contained in the domain
of the continuous phase, that enclose and block part of the volume from said
domain (Fig. 1b). Therefore the domain of the continuous phase is not simply
connected, and the only way to produce a velocity inlet from the interface is
to introduce a mass source that generates a positive velocity divergence in a
suitable portion of the volume enclosed by the interface. The value of the mass
source must of course be equal to the evaporation rate (Eq. 11) divided by
the chosen volume portion. Since the Navier-Stokes equation is solved with a
pressure-correction algorithm, which invloves a Poisson equation for the pressure
field, the introduction of the mass source is achieved by directly adding the
corresponding velocity divergence as a forcing term fdiv to the right hand side
of the Poisson equation, in the eulerian cells that lie inside the continuous-
dispersed interface (Eq. 17f). In order to obtain a smooth velocity field across
the interface, the source term is distributed inside the droplet volume as to
produce a divergence that goes smoothly to zero for r → rs , and normalized to
match the evaporation rate:

fijk,div =


3

drs
dt

φρ
rs

(
1 + cos

(
π
rijk
rs

))
(

1− 6

π2

)
∆t

; for rijk ≤ rs;

0; for rijk > rs;

(19)

where rijk = |xijk −Xc|.
Ardekani et al. (2017) extended the original IBM method of Breugem (2012)

to solve the temperature field. In the present work we further expand the
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method to account for heat exchange between the continuous and dispersed
phases. In order to calculate the heat transfer rate q̇, the normal component of
the temperature gradient at the interface is needed (see Eq. 12). We introduce
an additional layer of lagrangian help points located on a spherical shell of

radius

[
rs
rs0

(rs + ∆x)

]
. Each help point is used together with the corresponding

lagrangian point on the interface in a first order approximation of the normal
gradient:

[∇T · n] (Xl) ≈
Thl − Tl

∆x
. (20)

The value Thl on the lagrangian help point is calculated by interpolation
from the neughbouring eulerian cells using the aforementioned δd function (as
in Eq. 17b).

The mass exchange between the continuous and dispersed phase is treated
along the same lines: mass fraction Y replaces temperature in Eq. 20, and the
value of the surface normal gradient is used in Eq. 11 to compute the mass
flowrate ṁ. The temperature and mass fraction equation in the gas phase
(Eq. 4 and 5) together with their boundary conditions (Eq. 13 and 14) are
solved according to the IBM strategy already described, i.e. following steps
17a to 17e in Eq. 17, with T and Y respectively instead of u, and the right
hand side rhs of the corresponding transport equation in Eq. 17a.

The transport equations are discretized in space on the Eulerian Mesh with
a second order central differencing scheme for all terms. The time integration for
the transport equations, the droplet mass and energy balance equations and the
Newton−Euler lagrangian equations is performed by a three-step Runge-Kutta
method, except for the pressure gradient term in the Navier−Stokes equation,
for which a Crank−Nicolson scheme is used.

4. Validation.

We apply the method to three simple test cases in order to assess its validity.
The first two cases involve a static droplet and the computation of the Stefan
flow that arises from the evaporation. In the third case we allow the droplet to be
displaced by the Stefan velocity. The parameters used are summarized in Table 2.
In all three cases the computational domain is a cube with Lx = Ly = Lz = 8 rs0,
the Eulerian Mesh size is (128×128×128), the Lagrangian Mesh for the droplet
is characterized by 32 points per initial diameter.

4.1. Case 1. Evaporation of a static droplet with a constant radius regression
speed.

We fix the droplet at the centre of the domain and let it vaporize by fixing the

radius regression speed
drs
dt

= c; turning off the energy and species transport.

In this case c = 10−4. The velocity field in the gas phase should be purely
radial and decaying with the radius squared:
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Table 2: Parameters for test cases 1, 2 and 3.

Case Re Pr Sc φρ φcp φ∆cp φα Ste

1 1 − − 815.66 − − − −
2 1 0.7899 1.6326 692.2 1.758 0.98 2.82× 10−3 1.98
3 1 0.387 0.726 10 2 0 3.826× 10−3 1.04

Case T̂∞ [K] T̂l0 [K] Mw,inert [g/mol] Mw,vapour [g/mol] P̂inert [Pa]

1 − − 28 18 −
2 741 342.85 28 100 101325
3 1073 353 28 18 101325

ur(r, t) = c (1− φρ)
(
rs(t)

r

)2

. (21)

This is verified in Fig. 2. The discrepancy of the calculated profiles near
the outer boundary is explained by the fact that the boundary conditions are
uniform on the boundaries of the computational box, and thus not spherically
symmetric. However, as the evolution of the droplet depends on the heat and
mass flux at the interface, the outer boundary condition is unimportant as long
as it does not affect the ability to correctly predict the gradients at the interface.
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Figure 2: Non dimensional velocity profiles generated by a droplet evaporating
at constant radius regression speed.
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The exact expressions for the vapour flowrate and the droplet mass evolution
are:

ṁ = 4π(rs0 − ct)2c (1− φρ) . (22)

M(t) =
4

3
πρl(rs0 − ct)3. (23)

We compare the droplet mass evolution and the vapour flowrate through
an envelope surrounding the droplet in the numerical simulation to the exact
solutions. Figures 3 and 4 show that the error for the vapour flowrate and the
droplet mass is within 0.1%.
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Figure 3: Evolution of the vapour flowrate for a droplet evaporating at constant
radius regression speed (rs0 = 150µm).
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Figure 4: Mass evolution of a droplet evaporating at constant radius regression
speed (rs0 = 150µm).
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4.2. Case 2. Evaporation of a static droplet coupled with heat and mass
transport.

Using the same setup as the previous case, we allow the energy and mass
transport to determine the evaporation rate of the droplet. The parameters
chosen for the problem correspond to n-heptane evaporating in a nitrogen
environment, hence an Antoine correlation for n-heptane was used as vapour
pressure relation.

This problem has an asymptotic solution when the heat and species transport
in the gas attain steady state:

ur(r, t) = − ln(1 +BM )

(ReSc) rsφρ
(1− φρ)

(rs
r

)2

; (24)

Y (r, t) = 1− (1− Ys)(1 +BM )rs/r; (25)

T (r, t) = Ts + (T∞ − Ts)
F (s)

BT
; (26)

BM =
Ys − Y∞
1− Ys

; (27)

BT = F (1 +BM ); (28)

s = (1 +BM )1−rs/r; (29)

F (s) =
1

Le

∫ s

1

ξ(1/Le)−1 exp

(
φ∆cp

Le
(1− Ys)(ξ − 1)

)
dξ. (30)

Figures 5, 6, 7 show that our method is able to capture the coupling of
the three transport mechanisms and correctly predict the asymptotic velocity,
temperature and species mass fraction fields. The mass fraction profile (Fig. 7)
shows a slight deviation from the asymptotic profile, which can be explained by
the fact that the Lewis number is around Le ≈ 2. This means that the species
concentration field needs approximately twice the time to reach its asymptotic
value compared to the temperature field.
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Figure 5: Non dimensional asymptotic velocity profiles generated by a static
n-heptane droplet evaporating in nitrogen.
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Figure 6: Non dimensional asymptotic temperature profiles generated by a
static n-heptane droplet evaporating in nitrogen.
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Figure 7: Non dimensional asymptotic mass fraction profiles generated by a
static n-heptane droplet evaporating in nitrogen.

4.3. Case 3. Migration of a near-wall droplet by vaporization.

Lastly we consider the case of a droplet that evaporates in an initially quiescent
environment and is positioned near a wall. This configuration was inspired by
the similar case tested by Tanguy et al. (2007), who use a Level Set method in a
2D axisymmetric configuration to tackle the problem. The Clausius−Clapeyron
relation for water was used as vapour-liquid equilibrium. The vapour ejected by
the droplet towards the wall originates an asymmetric pressure gradient that
has the effect of a net thrust, pushing the droplet away from the wall (along the
y direction in our case) while it vaporizes. This is illustrated by the snapshots
of the velocity field at four subsequent times in Fig. 8.

A grid convergence study with the global mass conservation as the target
parameter was also performed. Five eulerian grids were analysed: Lx =
(64, 96, 128, 144, 256)∆x, the corresponding lagrangian grid sizes being (16, 24,
32, 36, 64) points per intial droplet diameter. We expect the convergence to be
first order as a result of the approximation of gradients at the surface (Eq. 20).
This is verified in Fig. 9b. Figure 9a shows that for a grid of medium refinement,
corresponding to 32 lagrangian points per initial droplet diameter, the error in
mass is around 3.8% after the droplet has lost half of its mass.
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5. Final Remarks.

We illustrated an Immersed Boundary Method for incompressible flows with a
dispersed phase undergoing phase change. We showed that the method is able to
capture the relevant interplay of mass, momentum and energy transport in the
continuous phase and their exchange with the dispersed phase, allowing correct
predictions of the global evolution of the system. The method is able to do so
without directly solving the fields inside the dispersed phase, thus reducing the
computational cost compared to other methods that rely on the full solution of
the multiphase system (e.g. Volume of Fluid, Level Set, Front Tracking). This
feature is particularly attractive for simulation of applications (e.g. vaporizing
sprays) with a dispersed phase whose characteristic size is relatively small, so
that on the one hand the details of the transport inside the dispersed phase are
negligible, and on the other hand it is still beneficial for the transport in the
continuous phase to be interface resolved.

Future effort will focus on more exhaustive validation of the method, with
particular emphasis on robustness, comparison with experimental data and
performance in the presence of turbulent flows.
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Appendix A. Derivation of the energy transport equation for
a multicomponent fluid.

The equations in the following appendices are dimensional, for convenience of
exposition, thus we do away with the “ˆ” symbol used until now to denote
dimensional quantities.

The energy equation in a multicomponent incompressible system, neglecting
viscous heating, can be written as (see Bird et al. (2007)):

ρ
Dh

Dt
= −∇ · q; (31)

where
D

Dt
is the material derivative, h =

H

M
is the enthalpy per unit mass

of the system, q is the diffusive heat flux.

We look first at the left hand side of Eq. 31. The specific enthalpy h, being
an intensive property, depends on the local temperature and composition of the
system; pressure dependence is ruled out by the incompressibility assumption.
Composition is uniquely determined by a set of (N − 1) independent mass
fractions, where N is the number of the system components. Thus we can write:

ρ
Dh

Dt
= ρ

(
∂h

∂T

)
Yi

DT

Dt
+ ρ

N−1∑
j=1

(
∂h

∂Yj

)
T,Yi6=j

DYj
Dt

. (32)
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Since H = hM = h
∑N
j=1Mj , the variation of the total enthalpy with the

mass of each component is:(
∂H

∂Mk

)
Mi6=k

= h+

N−1∑
j=1

(
∂h

∂Yj

)
T,Yi6=j

(δjk − Yj) ; for k 6= N ; (33a)

(
∂H

∂Mk

)
Mi6=k

= h+

N−1∑
j=1

(
∂h

∂Yj

)
T,Yi6=j

(−Yj) ; for k = N. (33b)

Subtracting Eq. 33b from Eq. 33a we get:(
∂h

∂Yk 6=N

)
T,Yi6=k

=

(
∂H

∂Mk 6=N

)
Mi6=k

−
(
∂H

∂MN

)
Mi6=N

. (34)

Now the partial molar enthalpy of species k is defined as h̃k =

(
∂H

∂nk

)
T,ni6=k

,

where nk is the number of moles of k in the system. Therefore H =
∑N
j=1 h̃jnj ,

and the partial mass enthaply:(
∂H

∂Mk

)
Mi6=k

=
h̃k
Mw,k

. (35)

The variation of the specific mass enthalpy with temperature is obviously
the specific mass heat capacity:(

∂h

∂T

)
Yi

= cp. (36)

Substituting Eq. 35 into Eq. 34 and using the latter, together with Eq. 36,
in Eq. 32, we obtain:

ρ
Dh

Dt
= ρcp

DT

Dt
+ ρ

N−1∑
j=1

(
h̃j
Mw,j

− h̃N
Mw,N

)
DYj
Dt

. (37)

We make use of the transport equation for the mass fraction of k:

ρ
DYk
Dt

= −∇ · jk; (38)

where jk is the diffusive flux of k, and of the fact that
∑N
j=1 Yj = 1 so that∑N−1

j=1 jj = −jN , to rewrite Eq. 37 as:

ρ
Dh

Dt
= ρcp

DT

Dt
−

N∑
j=1

(
h̃j
Mw,j

)
∇ · jj . (39)

Next we look at the right hand side of Eq. 31. In the absence of Dufour effect,
the diffusive heat flux is the sum of heat conduction and enthalpy transport
due to species diffusion:
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q = −k∇T +

N∑
j=1

(
h̃j
Mw,j

)
jj . (40)

Using Eq. 39 and Eq. 40 we can rewrite Eq. 31, after rearranging, as:

ρcp
DT

Dt
= k∇2T −

N∑
j=1

(
∇h̃j
Mw,j

)
· jj . (41)

By the assumption of ideal gas mixture, there is no excess heat of mixing,
and the total enthalpy of the system is the sum of the pure enthalpies of its
components:

H =

N∑
j=1

nj h̃j =

N∑
j=1

Hj,pure(T, nj) =

N∑
j=1

nj c̃p,j (T − Tref ) . (42)

Finally, we use Eq. 42 and Fick’s law for jk inside Eq. 41, to obtain

ρcp
DT

Dt
= k∇2T + ρ

N∑
j=1

cp,jDj,mix∇T · ∇Yj ; (43)

where Dk,mix is the binary diffusivity of component k into the mixture.

Appendix B. Heating/cooling of a sphere.

Consider the heating/cooling of a sphere through the surface boundary condition.

With the assumption of constant heat diffusivity α, the problem is described
by the spehrical heat equation with initial and boundary conditions:

1

α

∂T

∂t
=

1

r2

∂

∂r

(
r2 ∂T

∂r

)
;

∂T

∂r

∣∣∣∣
r=0

= 0;

T (r = rs, t) = Ts(t);

T (r, t = 0) = T0(r). (44)

In order to find an analytical solution, let us assume that the boundary
condition changes slowly, so that we can define θ(t) = T (t)− Ts(t), but drop

the unsteady term
dTs
dt

. We now have a homogeneous initial value problem:

1

α

∂θ

∂t
=

1

r2

∂

∂r

(
r2 ∂θ

∂r

)
;

∂θ

∂r

∣∣∣∣
r=0

= 0;

θ(r = rs, t) = 0;

θ(r, t = 0) = θ0(r); (45)
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which we can solve by separation of variables. Letting θ(r, t) = φ(r)ψ(t)
and substituting we get the two ODEs:

1

ψ

dψ

dt
= −αλ2; (46)

1

φ

1

r2

d

dr

(
r2 dφ

dr

)
= −λ2. (47)

The constant (−λ2) is negative because the temperature must asimptotically
relax to the boundary value Ts. The solution to Eq. 46 is:

ψ = Ce−αλ
2t. (48)

Eq. 47 can be rewritten as:

d2

dr2
(rφ) + λ2 (rφ) = 0; (49)

which is a linear second order ODE with constant coefficients and solution:

φ = C1
sin(λr)

r
+ C2

cos(λr)

r
. (50)

Since the solution must be finite at r = 0, then C2 = 0 (we can then verify

that the simmetry condition at the centre
dφ

dr

∣∣∣∣
r=0

= 0 is identically satisfied).

By applying the boundary condition at the surface we find that (remember-
ing that λ 6= 0):

λ = λn =
nπ

rs
; forn = 1, 2, . . . (51)

Therefore the general solution to the problem 45 is:

θ(r, t) =

∞∑
n=1

An
r

sin (λnr) e
−αλ2

nt. (52)

To find the coefficients An we apply the initial condition:

θ0(r) =

∞∑
n=1

An
r

sin (λnr) ; (53)

i.e. the initial condition is represented by a sine series whose coefficients
are:

An =
2

rs

∫ rs

0

rθ0(r) sin (λnr) dr. (54)

If the initial condition is uniform θ0(r) = θ0, then:

An = −2θ0rs
(−1)n

nπ
. (55)
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