
 
 

 

 

Theoretical Investigations of 

High-Entropy Alloys 

 

 

 

SHUO HUANG 

 

 

 

 

 

 

Licentiate Thesis 

School of Industrial Engineering and Management, Department of 

Materials Science and Engineering, KTH, Sweden, 2017



 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Materialvetenskap 

KTH 

SE-100 44 Stockholm 

ISBN 978-91-7729-544-0                                                                      Sweden 

 

Akademisk avhandling som med tillstånd av Kungliga Tekniska Högskolan framlägges 

till offentlig granskning för avläggande av licentiatexamen onsdag den 15 November 

2017 kl 10:00 i konferensrummet, Materialvetenskap, Kungliga Tekniska Högskolan, 

Brinellvägen 23, Stockholm. 

 

© Shuo  Huang ,  2017  

 

Tryck:  Universitetsservice US AB 



iii 
 

 

 

Abstract 
 

 

High-entropy alloys (HEAs) are composed of multi-principal elements with 

equal or near-equal concentrations, which open up a vast compositional space 

for alloy design. Based on first-principle theory, we focus on the fundamental 

characteristics of the reported HEAs, as well as on the optimization and 

prediction of alternative HEAs with promising technological applications. 

The ab initio calculations presented in the thesis confirm and predict the 

relatively structural stability of different HEAs, and discuss the composition 

and temperature-induced phase transformations. The elastic behavior of 

several HEAs are evaluated through the single-crystal and polycrystalline 

elastic moduli by making use of a series of phenomenological models. The 

competition between dislocation full slip, twinning, and martensitic 

transformation during plastic deformation of HEAs with face-centered cubic 

phase are analyzed by studying the generalized stacking fault energy. The 

magnetic moments and magnetic exchange interactions for selected HEAs are 

calculated, and then applied in the Heisenberg Hamiltonian model in 

connection with Monte-Carlo simulations to get further insight into the 

magnetic characteristics including Curie point. The Debye-Grüneisen model is 

used to estimate the temperature variation of the thermal expansion coefficient. 

This work provides specific theoretical points of view to try to understand 

the intrinsic physical mechanisms behind the observed complex behavior in 

multi-component systems, and reveals some opportunities for designing and 

optimizing the properties of materials. 
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Chapter 1 

Introduction 
 

 

High-entropy alloys (HEAs), named by Yeh et al. in 2004 [1], were originally 

proposed to benefit the formation of solid solution phase though the entropy 

maximization. In general, phase formation is thermodynamically determined 

by Gibbs free energy (neglect the kinetic factors). In the case of forming alloys 

from mixing elemental components, the mixing Gibbs free energy ∆𝐺mix has 

a common form ∆𝐺mix = ∆𝐻mix − 𝑇∆𝑆mix, where 𝑇 is the temperature, ∆𝐻mix 

is the mixing enthalpy, and ∆𝑆mix is the mixing entropy. 

As an essential consideration in the design concept of HEAs, the ∆𝑆mix can 

be divided into four contributions: configurational, vibrational, magnetic, and 

electronic parts. Yeh et al. [1] reported that the configurational entropy ∆𝑆conf 

is dominant over the other three contributions for HEAs. Boltzmann’s equation 

[2] determine the ∆𝑆conf of a random n-component solid solution as ∆𝑆conf =

−𝑅 ∑ 𝑐𝑖ln (𝑐𝑖)𝑛
𝑖 , where 𝑅 is the gas constant, 𝑐𝑖 is the atomic percent of the ith 

component. As a result, for example, the value of ∆𝑆conf for equi-atomic alloys 

with 3, 5, 12 elements are 1.1 𝑅, 1.61 𝑅, and 2.49 𝑅, respectively. On the other 

hand, dividing the formation enthalpy by the melting point of a typical strong 

intermetallic compound NiAl obtains 1.38 𝑅 [1]. Namely, the mixing entropy 

of system with multi-principle elements is relatively large to compete with the 

mixing enthalpy, and there is a higher probability to the formation of random 

solid solutions, especially at high temperatures. 

Being different from the conventional alloys, Yeh [3] defined HEAs based 

on composition and configurational entropy: i, containing at least five principle 

elements with the concentration of each element being between 5 and 35 at. %; 

ii, having configurational entropy at a random state larger than 1.5 𝑅, despite 

showing single- or multi-phase at room temperature. It should be mentioned 

that the definitions of HEAs are guidelines, not laws, that the basic principle is 
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having high mixing entropy to enhance the formation of solid solution phases, 

and avoid complicated structures [4]. 

Because of the distinct design concept of HEAs, Yeh [5] summarized mainly 

four core effects for these alloys: i, high-entropy effect for thermodynamics; ii, 

severe lattice distortion effect for structure; iii, sluggish diffusion effect for 

kinetics; iv, cocktail effect for properties. Therefore, the physical metallurgy 

principles might be different for HEAs compared with conventional alloys.   

Particularly, many HEAs were reported to form simple solid solution phases 

with face-centered cubic (fcc) or body-centered cubic (bcc) lattices [4]. In an 

attempt to understand and control the phase selection, some parametric 

approaches have been proposed by using physiochemical parameters, such as 

mixing enthalpy, mixing entropy, melting point, atomic size mismatch, and 

valence electron concentration [6-9]. In the meantime, new developments from 

empirical rules to scientific theories are necessary to tackle challenges in HEAs. 

Though great efforts have been made for HEAs since 2004, there are still 

many open questions that concern people in condensed materials and physics 

[4]. For example, are HEAs thermodynamically stable or unstable in nature? 

How about the phase diagrams of HEAs? Is it possible to control the phase 

formation of HEAs? Is Vegard’s rule valid in HEAs? What features are crucial 

for producing HEAs with exceptional properties? How to accelerate the design 

of high-performance single- and multiphase HEAs? 

In this thesis, we present a theoretical study of fundamental characteristics 

for a variety of HEAs, including the phase stability, elastic/plastic deformation, 

magnetic behavior, and thermophysical properties. The current work reveals 

some opportunities for designing and optimizing the properties of materials, 

and provides theoretical points of view to understand the physical mechanisms 

behind the observed complex behavior in multi-component systems.
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Chapter 2 

Theory 
 

 

The physical and chemical properties of many materials at the atomic scale 

depend on the interactions of electrons and nuclei, which require a quantum 

mechanical treatment. Namely, in principle, one should find the solutions of 

Schrödinger wave equation for multi-particle systems. However, in practice, it 

is incredible complicate to solve this equation, even with a small number of 

particles. Thus, reasonable approximations and simplifications are necessary. 

This chapter presents some key approaches used in the present research work. 

 

2.1 Schrödinger Equation 
 

In quantum mechanics, the state of system is described by the multi-particle 

Schrödinger equation 

ℋΨ = 𝐸Ψ,                                                 (2.1) 

where 𝐸 is the ground state energy, Ψ = Ψ(𝐫1, … , 𝐫N, 𝐑1, … , 𝐑M) is the wave-

function for M electrons and N nuclei system with positions 𝐫𝑖 (i = 1, …, N) 

and 𝐑𝑗 (j = 1, …, M), respectively. The many-body Hamiltonian  

ℋ = −
ℏ2

2𝑚𝑒

∑ ∇𝐫𝑖

2
𝑖 −

ℏ2

2
∑

∇𝐑𝑗
2

𝑀𝑗
𝑗 − ∑ ∑

𝑒2𝑍𝑗

|𝐫𝑖−𝐑𝑗|𝑗𝑖 +
1

2
∑

𝑒2

|𝐫𝑖−𝐫𝑗|𝑖≠𝑗 +
1

2
∑

𝑒2𝑍𝑖𝑍𝑗

|𝐑𝑖−𝐑𝑗|𝑖≠𝑗 ,    (2.2) 

consisting of electrons with mass 𝑚𝑒 and charge 𝑒, and nuclei with mass 𝑀𝑗 

and charge −𝑍𝑖𝑒. Here ℏ = ℎ 2𝜋⁄  is the reduced Planck constant. The first two 

terms denote the kinetic energy operators for electrons and nuclei, respectively. 

The last three terms describe the corresponding Coulomb interactions of 

electron-nuclei, electron-electron, and nuclei-nuclei, respectively. The above 
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Hamiltonian expresses the full theory without any approximation. However, in 

real materials, solving Eq. 2.1 within Eq. 2.2 is a Herculean task. 

    Nuclei is much heavier than electron (𝑀𝑗 ≳ 1000𝑚𝑒), which implies that 

all electrons can respond to the nuclei moving instantaneously. Therefore, one 

may neglect the nuclei kinetic energy term in Eq. 2.2, i.e., Born-Oppenheimer 

approximation. In addition, the nuclei-nuclei interaction can be neglect as it is 

a constant (as static background). Then the Hamiltonian is simplified as 

ℋ = −
ℏ2

2𝑚𝑒

∑ ∇𝐫𝑖

2
𝑖 − ∑ ∑

𝑒2𝑍𝑗

|𝐫𝑖−𝐑𝑗|𝑗𝑖 +
1

2
∑

𝑒2

|𝐫𝑖−𝐫𝑗|𝑖≠𝑗 = 𝑇 + 𝑉 + 𝑈,            (2.3) 

where 𝑇 is the electron kinetic energy operator, 𝑉 is the external potential from 

the static nuclei background, and 𝑈  is internal potential from the electron-

electron interaction. Then the many-body electron-nucleus problem has been 

reduced to many-electron problem. In a solid, unfortunately, the complication 

of solving Eq. 2.1 within Eq. 2.3 still remains. 

 

2.2 Density Functional Theory 
 

Density functional theory (DFT) is an alternative approach to the theory of 

electronic structure, in which the electron density distribution plays a central 

role, rather than the many-electron wave function [10]. Within DFT, the many-

electron problem has been reduced to an effective single-electron problem. In 

the following, atomic units (ℏ = 𝑚𝑒 = 𝑒 = 1) are used. 

    In the frame work of DFT, there are two important theorems [11]: i, the 

external potential 𝑉(𝒓) is a unique functional of the electron density 𝑛(𝒓), 

apart from a trivial additive constant; ii, there exists a universal functional, 

𝐹[𝑛(𝒓)], independent of 𝑉(𝒓), such that the expression 

𝐸[𝑛(𝒓)] ≡ ∫ 𝑉(𝒓)𝑛(𝒓)𝑑𝒓 + 𝐹[𝑛(𝒓)],                             (2.4) 

has its minimum value for the correct 𝑛0(𝒓). Based on the variational principle, 

the minimum of 𝐸 equals the total energy of the electronic system. In addition, 

the 𝐹[𝑛] is usually represented as 

𝐹[𝑛] =
1

2
∬

𝑛(𝒓)𝑛(𝒓′)

|𝒓−𝒓′|
𝑑𝒓𝑑𝒓′ + 𝐺[𝑛],                               (2.5) 

where 𝐺[𝑛] ≡ 𝑇𝑠[𝑛] + 𝐸xc[𝑛] is a universal functional like 𝐹[𝑛]. Here, 𝑇𝑠[𝑛] 

is the kinetic energy of a system of non-interacting electrons, and 𝐸xc[𝑛] is the 

exchange-correlation energy of an interacting system. 

    Based on the Kohn-Sham (KS) scheme [12], the 𝑛(𝒓) is expressed as 
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𝑛(𝒓) = ∑ |𝜓𝑖(𝒓)|2𝑁
𝑖=1 ,                                         (2.6) 

where 𝜓𝑖(𝒓) is the KS orbitals. Therefore, one can obtain the 𝑛(𝒓) simply by 

solving the single-particle Schrödinger equation 

[−
1

2
∇𝑖

2 + 𝑉eff] 𝜓𝑖(𝒓) = ϵ𝑖𝜓𝑖(𝒓),                                (2.7) 

where ϵ𝑖 denotes the eigenvalues of the hypothetical KS particles, and 𝑉eff is 

the effective potential 

𝑉eff = 𝑉(𝒓) + ∫
𝑛(𝒓′)

|𝒓−𝒓′|
𝑑𝒓′ + 𝑉xc,                                (2.8) 

where 𝑉xc = 𝛿𝐸xc[𝑛] 𝛿𝑛⁄  is the corresponding exchange-correlation potential. 

As the exact form of 𝐸xc is not known, although the existence of exchange-

correlation is guaranteed by the basic theorem, one needs to resort to perform 

approximation for the quantity. Nowadays, the local density approximation 

(LDA) [13] and the generalized gradient approximation (GGA) [14] are the 

two popular approximations for the exchange-correlation term. 

 

2.3 Exact Muffin-Tin Orbital Method 
 

Developing accurate and efficient approaches for solving the Kohn-Sham 

equation challenges the computational materials science community. Several 

techniques were introduced: i, full-potential methods, in which the wave-

function is taken into account with high accuracy, while, at the price of very 

expensive computational effort; ii, pseudopotential methods, in which a full-

potential description is kept in the interstitial region, whereas the true 

Coulomb-like potential is replaced with a weak pseudopotential in the region 

near the nuclei; iii, muffin-tin potential methods, in which the Kohn-Sham 

potential is substituted by spherically symmetric potentials centered on atoms 

plus a constant potential in the interstitial region.  

The exact muffin-tin orbitals (EMTO) method, in which the single-electron 

equations are solved exactly for the optimized overlapping muffin-tin potential, 

is mainly applied in this thesis. The details about the EMTO method and its 

self-consistent implementation can be found in previous work [15]. Here, only 

a briefly introduction is presented. 

    According to the overlapping muffin-tin approximation, the effective single-

electron potential in Eq. 2.7 is approximated by the spherical potential wells 
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𝑉𝑅(𝑟𝑅) − 𝑉0 centered on lattice sites 𝑅 with the notation 𝒓𝑅 ≡ 𝑟𝑅�̂�𝑅 = 𝒓 − 𝑹, 

plus a constant potential 𝑉0, viz., 

𝑉eff ≈ 𝑉mt(𝒓) = 𝑉0 + ∑ [𝑉𝑅(𝑟𝑅) − 𝑉0]𝑅 ,                          (2.9) 

where 𝑉𝑅(𝑟𝑅) becomes equal to 𝑉0 outside the potential sphere of radius 𝑠𝑅. 

    The Eq. 2.7 within Eq. 2.9 are solved by expanding the KS orbital 𝜓𝑖(𝒓) in 

terms of exact muffin-tin orbitals �̅�𝑅𝐿
𝛼 (𝜖𝑖 , 𝒓𝑅), viz., 

𝜓𝑖(𝒓) = ∑ �̅�𝑅𝐿
𝛼 (𝜖𝑖 , 𝒓𝑅)𝑣𝑅𝐿,𝑖

𝛼
𝑅𝐿 ,                                (2.10) 

where the expansion coefficients 𝑣𝑅𝐿,𝑖
𝛼  are determined from the condition that 

the above expansion should be a solution for Eq. 2.7 in the entire space, and 

the multi-index 𝐿 = (𝑙, 𝑚) represents the set of the orbital (𝑙) and magnetic 

(𝑚) quantum numbers, respectively. The �̅�𝑅𝐿
𝛼 (𝜖𝑖 , 𝒓𝑅) contains different basis 

functions in different regions 

�̅�𝑅𝐿
𝛼 (𝜖𝑖 , 𝒓𝑅) = 𝜙𝑅𝐿

𝛼 (𝜖𝑖 , 𝑟𝑅) + 𝜓𝑅𝐿
𝛼 (𝜖𝑖 − 𝑣0, 𝒓𝑅) − 𝜑𝑅𝐿

𝛼 (𝜖𝑖, 𝑟𝑅)𝑌𝐿(𝑟𝑅),   (2.11) 

where 𝜙𝑅𝐿
𝛼 (𝜖𝑖 , 𝑟𝑅) is the partial wave inside the potential sphere (𝑟𝑅 ≤ 𝑠𝑅), 

𝜓𝑅𝐿
𝛼 (𝜖𝑖 − 𝑣0, 𝒓𝑅) is the screened spherical wave in the interstitial region, i.e., 

outside of the non-overlapping sphere 𝑎𝑅 (𝑎𝑅 ≤ 𝑠𝑅), and 𝜑𝑅𝐿
𝛼 (𝜖𝑖 , 𝑟𝑅)𝑌𝐿(𝑟𝑅) is 

the backward extrapolated free-electron wave function, matched continuously 

and differentiable to the partial waves at 𝑠𝑅 and continuously to the screened 

spherical waves at 𝑎𝑅. From the so-called kink-cancellation equation, which is 

related to the boundary condition in the region 𝑎𝑅 ≤ 𝑟𝑅 ≤ 𝑠𝑅, one can find the 

solution of the KS equation. 

 

2.4 Coherent Potential Approximation 
 

There are various techniques used to describe the energetics of fully or partially 

disordered systems, e.g., semi-empirical supercell methods [16, 17], virtual 

crystal approximation [18-21], cluster expansion formalism [22, 23], special 

quasi-random structures [24], and coherent potential approximation [25-27]. 

One of the most powerful technique in the case of multicomponent alloys is 

the coherent potential approximation (CPA), which is based on the assumption 

that the alloy may be replaced by an ordered effective medium, the parameters 

of which are determined self-consistently. Here, single-site approximation is 

applied to the impurity problem, i.e., one single impurity is placed in an 

effective medium and no information is provided about the individual potential 

and charge density beyond the sphere or polyhedra around this impurity. 



7 
 

Take a substitutional alloy AaBbCc… as an example, where a, b, c, … stand for 

the atomic fractions of the A, B, C, … atoms, respectively. This system is 

characterized by the Green function 𝑔 and the alloy potential 𝑃alloy. Two main 

approximations are involved within the CPA: i, assume that the local potentials 

around a certain type of atom from the alloy are the same, i.e., the effect of 

local environments is neglected; ii, the system is replaced by a monoatomic 

set-up described by the site independent coherent potential �̃�. Based on Green 

functions, one approximates the real Green function 𝑔 by a coherent Green 

function �̃� . For each alloy component i = A, B, C,… a single-site Green 

function 𝑔𝑖 is introduced. 

    The main steps to construct the CPA effective medium are shown below. 

First, the coherent Green function �̃� is derived from the coherent potential �̃� 

using an electronic structure method 

�̃� = [𝑆 − �̃�]−1,                                            (2.12) 

where 𝑆 denotes the structure constant matrix corresponding to the underlying 

lattice. Second, the Green functions of the alloy components, 𝑔𝑖, are calculated 

by substituting the coherent potential of the CPA medium �̃� by the real atomic 

potentials 𝑃𝑖  

𝑔𝑖 = �̃� + �̃�(𝑃𝑖 − �̃�)𝑔𝑖   , 𝑖 = A, B, C …,                         (2.13) 

where the condition is expressed via real-space Dyson equation. Finally, the 

average of the individual Green functions should reproduce the single-site part 

of the coherent Green function 

�̃� = 𝑎𝑔A + 𝑏𝑔B + 𝑐𝑔C + ⋯                                  (2.14) 

The three equations are solved iteratively, and the output �̃� and 𝑔𝑖 are used to 

obtain the electronic structure, charge density and total energy of random alloy.
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Chapter 3 

Structure 
 

 

Structural properties often hold the key to understand the materials properties 

from a microscopic point of view. For many reported HEAs, despite containing 

multiple components with different crystal structures in each ground state, 

there exists a preference for the formation of simple yet chemically disordered 

solid solution phase rather than complex intermetallic structures. For example, 

HEAs consisting of late 3d transition elements usually crystalize in fcc phase, 

and the refractory HEAs in bcc phase [4, 28]. Particularly, in the widely studied 

FeCrCoNiAlx system, the as-cast structure evolves from the initial single fcc 

phase to a mixture of fcc + bcc duplex phases, and then a single bcc phase with 

the increase of Al concentration [29, 30]. In this chapter, some HEAs with fcc, 

bcc, and fcc-bcc duplex phases are introduced. 

 

3.1 Fcc Phase 
 

Experimental observation reported that the equi-atomic FeCoNiCu [31], as 

well as the FeCoNiCuX (X = V, Cr, Mn) [1, 6, 32-35], possess a single fcc solid 

solution phase. To investigate the phase stability in theoretical, in Fig. 3.1 (a) 

we present the volume-dependent total energies for the FeCoNiCu in three 

close-packed structures [i.e., fcc, bcc, and hexagonal close-packed (hcp)] for 

ferromagnetic (FM) and paramagnetic (PM) states, respectively. For clarity, 

all energies are plotted with repect to the equilibrium total energy of FM fcc. 

It can be seen that within the considered volume range, the fcc structure is 

energetically favorable over the bcc hand hcp structures irrespective of the 

magnetic state for FeCoNiCu system. Extending this study to the FeCoNiCuX 

(X = V, Cr, Mn) alloys, as shown in Fig. 3.1 (b), the fcc structure is found to 
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be the most stable phase among the three close-packed lattices. The present 

theoretical predictions are in agreement with the experimental results. 

The calculated lattice parameters in fcc phase within FM state are 3.576 Å, 

3.605 Å, 3.572 Å, and 3.582 Å for FeCoNiCu, FeCoNiCuV, FeCoNiCuCr, and 

FeCoNiCuMn, respectively. The available experimental values for FeCoNiCu 

and FeCoNiCuCr are about 3.586 Å [31] and 3.577 Å [1], respectively. The 

two sets of data are in good agreement with each other, and the average relative 

deviation between theory and experiment being below 0.7 %. At the same time, 

alloying with Cr decreases the volume of FeCoNiCu host, which is in line with 

the experimental observation. In contrast, a volume increase is predicted when 

equimolar V and Mn are introduced. 
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Figure 3.1  (a) Total energies for the FeCoNiCu HEA as a function of volume. Results are shown 

for the fcc, bcc and hcp structures and for both FM and PM states. (b) Equilibrium total energies 

for the FeCoNiCuX (X = V, Cr,  Mn) HEAs. All energies are plotted with respect to the equilibrium 

total energy corresponding to the FM fcc alloys. 

 

3.2 Bcc Phase 
 

Recently, a non-refractory HEA, i.e., FeCrCoMnAl, was introduced, which has 

a single bcc solid solution phase [36]. In this section, we focus on the effect of 

Al addition on the structural stability of the FeCrCoMnAlx (0.6 ≤ x ≤ 1.5) 

HEAs. Figure 3.2 (left panel) shows the total energy as a function of Wigner-

Seitz radius for the FeCrCoMnAl within bcc, fcc, and hcp structures at both 

FM and PM states. Here, all energies are plotted with respect to the equilibrium 

total energy of FM bcc. 
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It is found that for all three structures and for the studied Wigner-Seitz radius, 

the FM state is always lower than that of the PM state. The equilibrium energy 

in FM bcc is much lower than the others. Extending the above study to other 

compositions, as shown in Fig. 3.2 (right panel), demonstrate that within the 

considered composition range, the present HEAs prefer the bcc structure rather 

than the other two close-packed lattices. 

The calculated lattice parameter for FM bcc FeCrCoMnAl is 2.87 Å, which 

compares well with the experimental value of 2.88 Å [36]. The addition of Al 

is predicted to increase the volume of the solid solution, which is consistent 

with the fact that the atomic radius of elemental Al is larger than those of the 

other alloy components. 
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Figure 3.2  Left panel: Total energy for the FeCrCoMnAlx (x = 1.0) HEAs as a function of 

Wigner-Seitz radius within bcc, fcc and hcp structures at FM and PM states, respectively. Right 

panel: Comparison of the equilibrium total energies for fcc and hcp lattices to that of the bcc 

structure in FM state at x = 0.6, 1.0 and 1.5, respectively. 

 

3.3 Fcc/Bcc Duplex Phases 
 

The effects of sp elements (Al, Ga, Ge, Sn) on the microstructure properties of 

FeCrCoNi were studied in our recent work [37]. Experimental observation 

indicates that these systems are decomposed into a mixture of fcc and bcc solid 

solution phases. Here we select FeCrCoNiGe and FeCrCoNiGa as examples to 

testify the consistency between theoretical and experimental results. 
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3.3.1 Composition Dependent 

 

In Fig. 3.3 we present the X-ray diffraction (XRD) pattern of the as-cast alloy. 

Two characteristic crystalline peaks, i.e., (1 1 1)fcc and (1 1 0)bcc, are identified, 

which indicates that the microstructure of this alloy is a mixture of fcc and bcc 

phases. The scanning electron microscope (SEM) image (inset of Fig. 3.3) 

clearly displays a fine-scale structure consisting of alternating bright and dark 

interconnected phases, which is consistent with the XRD results. 
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Figure 3.3  The XRD pattern of the as-cast FeCrCoNiGe alloy. The inset shows the SEM 

micrograph. The chemical composition were characterized by SEM with an energy dispersive 

spectrometer (EDS). The bright and dark fields are labeled by A, B, C, and D, which is 

Fe24.37Cr21.71Co22.97Ni16.62Ge14.33, Fe18.07Cr18.52Co18.68Ni22.27Ge22.45, Fe18.23Cr18.61Co18.79Ni22.04Ge22.33, 

and Fe18.22Cr18.48Co18.73Ni22.00Ge22.57, respectively. 

Notes: the present experimental data are from my co-authors as list in preface. 

 

Following the experimental information, we consider the FeCrCo(NiGe)x 

(0.167  x  3.5) system as a pseudobinary (FeCrCo)1-y(NiGe)y alloy with y = 

2x/(3+2x) and 0.1  y  0.7. Then the relative formation energy can be 

expressed as G(y) = G(y) – [1 – (10y – 1)/6] Gfcc(0.1) –  [(10y – 1)/6] 

Gfcc(0.7), where  stands for fcc or bcc, and G(y) is the Gibbs free energy per 

atom for (FeCrCo)1-y(NiGe)y in the  phase. Here we estimate the G(y) by the 

approximation relation G(y)  E(y) – T Sconf(y), where T is the temperature, 

and E(y) is the total energy per atom for (FeCrCo)1-y(NiGe)y in the  phase. 

The mixing configurational entropy Sconf is calculated using the mean-field 

expression Sconf = – kBi cilnci, where ci is the concentration of the ith alloying 
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element and kB is the Boltzmann constant. Accordingly, the electronic entropy, 

magnetic entropy and the explicit lattice vibrational free energy are neglected. 
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Figure 3.4  Comparison of the Gibbs formation energies for the fcc and bcc phases (FeCrCo)1-

y(NiGe)y (0.1  y  0.7) in FM and PM states as a function of NiGe content at room temperature. 

Note that y = 2x/(3+2x), where x is the atomic fraction of NiGe in FeCrCo(NiGe)x. 

 

Figure 3.4 shows the composition dependent G for FeCrCo(NiGe)x alloys in 

both FM and PM states at 300 K. As can be seen, the FeCrCo(NiGe)x favors 

the formation of fcc phase in the PM state for all x values considered here. 

While in the FM state, the fcc and bcc phases arrive at equilibrium around x = 

0.773 (y = 0.34) as the Gibbs energy difference vanishes. According to the rule 

of common tangent line, we find that at room temperature FeCrCo(NiGe)x is 

likely to form bcc phase for x  0.5 (y  0.25), fcc phase for x  1.1 (y  0.42), 

and two phases (duplex) between the above limits. 

 

3.3.2 Temperature Effect 

 

Generally, the relative phase stability at ambient pressure and as a function of 

temperature can be investigated from the free energies computed for various 

structures. Here we decompose the free energy as 𝐹 = 𝐸 + 𝐹conf + 𝐹mag +

𝐹vib + 𝐹el, where 𝐸 is the internal energy, and 𝐹conf, 𝐹mag, 𝐹vib and 𝐹el are 

the additional temperature-dependent contributions for the configurational, 

magnetic, vibrational and electronic free energies, respectively. 
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The configurational free energy for an ideal solid solution can be estimated by 

𝐹conf = −𝑇𝑆conf = 𝑘B𝑇 ∑ 𝑐𝑖 ln 𝑐𝑖𝑖 . For a disordered paramagnetic state, the 

magnetic free energy is expressed as 𝐹mag = −𝑇𝑆mag = −𝑘B𝑇 ∑ 𝑐𝑖 ln(1 +𝑖

𝜇𝑖), where 𝜇𝑖 is the local magnetic moment of the 𝑖th alloying element. The 

vibrational free energy is derived from the Debye-Grüneisen model 𝐹vib =

9𝑘B𝜃D 8⁄ + 3𝑘B𝑇 ln(1 − 𝑒−𝜃D 𝑇⁄ ) − 𝑘B𝑇𝐷(𝜃D 𝑇⁄ ) , where 𝜃D  is the Debye 

temperature, and 𝐷 is the Debye integral [38]. The electronic free energy is 

defined as 𝐹el = 𝐸el − 𝑇𝑆el, where 𝐸el and 𝑆el are the electronic energy and 

entropy, respectively, which are obtained directly from the EMTO calculations 

using the finite-temperature Fermi distribution [39]. 
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Figure 3.5  Temperature-dependent free energies of the FeCrCoNiGa HEA for the fcc and bcc 

structures with the FM and PM states, respectively. All energies are plotted with respect to the 

corresponding energy of FM bcc. 

 

Figure 3.5 shows calculated temperature-dependent free energies of 

FeCrCoNiGa for the fcc and bcc structures at both FM and PM states. For 

clarity, all free energies are plotted with reference to the bcc FM state. It is 

found that, irrespectively to the crystal structure, the FM state is energetically 

stable at low temperature, and the PM state becomes favorable at high 

temperature. The fcc and bcc phases in the FM state arrive at equilibrium 

around room temperature where the free energy difference vanishes. Namely, 

the present system is expected to form a thermodynamic stable fcc-bcc duplex 

phase near room temperature. By comparing all four free energies, we find that 

the FM bcc phase is the most favorable phase at low temperature (cryogenic 

conditions) and the PM fcc at high temperature.
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Chapter 4 

Deformation 
 

 

There exists a shape change in material when a sufficient load is applied, which 

is called deformation. This chapter briefly presents two types of deformation: 

i, elastic deformation, a temporary shape change that is self-reversing after the 

load is removed; ii, plastic deformation, a permanent shape change that without 

fracture under a sufficient load. 

 

4.1 Elasticity 
 

The elastic properties provide information of the behavior of materials under 

applied stress conditions. For a cubic system, the elastic properties can be fully 

characterized by three independent elastic constants: 𝐶11, 𝐶12 and 𝐶44. Here, 

the equilibrium volume and bulk modulus are extracted from the equation of 

state described by an exponential Morse-type function [38] fitted to the ab 

initio total energies for a series of different volumes. The single-crystal elastic 

constants are derived from the volume-conserving orthorhombic and 

monoclinic deformations [15], and the polycrystalline elastic modulus are 

obtained via the Voigt-Reuss-Hill averaging method [40]. 

The mechanical stability requirement leads to the following restrictions [41]: 

𝐶11 > 0 , 𝐶44 > 0 , 𝐶11 − 𝐶12 > 0  and 𝐶11 + 2𝐶12 > 0 . Usually, the bulk 

modulus B indicates the resistance to volume change by applied pressure, and 

the shear modulus G represents the resistance to reversible deformations upon 

shear stress. The Young’s modulus Y is defined as the ratio of the tensile stress 

to the corresponding tensile strain [42]. The B/G ratio has often been used to 

describe the ductile/brittle behavior of materials. According to the Pugh 

criterion [43], a high B/G ratio indicates a tendency for ductility, while a small 

one for brittleness with the critical value around 1.75. 
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4.1.1 FeCoNiCu-V/Cr/Mn 

 

The theoretical single-crystal and polycrystalline elastic modulus for the fcc 

FeCoNiCu and FeCoNiCuX (X = V, Cr, Mn) HEAs at both FM and PM states 

are listed in Table 4.1. As can be seen, the elastic constants for all alloys satisfy 

these mechanical stability conditions. The tetragonal elastic constant 𝐶′ 

decreases in both FM and PM states when adding equimolar V to FeCoNiCu, 

indicating V decreases the mechanical stability of the fcc phase. On the other 

hand, this trend is in line with the expectation based on the equilibrium total 

energies, namely that the energy for the FM bcc state is very close to that of 

the FM fcc state as shown in Fig. 3.1 (b). 

The three elastic constants for FM (PM) FeCoNiCu are 𝐶11= 211.9 (213.1) 

GPa, 𝐶12= 157.8 (147.7) GPa, 𝐶44= 126.9 (138.2) GPa, which yield 30.8 (9.5) 

GPa for the Cauchy pressure. While the FM (PM) FeCoNiCuMn has Cauchy 

pressure of -15.4 (-16.5) GPa. Considering the change of the Cauchy pressure 

upon equimolar doping, we may conclude that the addition of Mn makes the 

FeCoNiCu especially brittle. In contrast, adding equimolar V improves the 

ductility of the host alloy. On the other hand, the FeCoNiCuV possesses the 

lowest 𝐺 and 𝑌 at both FM and PM states, which indicates that V decreases 

the stiffness of the host alloy. 

 

Table 4.1. Theoretical single-crystal elastic constants (𝐶11, 𝐶12, 𝐶44, and 𝐶′ = (𝐶11 − 𝐶12) 2⁄ , in 

units of GPa), Cauchy pressure (𝑃C = 𝐶12 − 𝐶44, in units of GPa), polycrystalline elastic modulus 

(𝐵, 𝐺, and 𝑌, in units of GPa), Poisson’s ratio (𝜐), Pugh ratio (𝐵/𝐺), Zener anisotropy ratio (𝐴Z), 

the elastic anisotropy (𝐴VR) for the fcc FeCoNiCu and FeCoNiCuX (X = V, Cr, Mn) HEAs for the 

FM and PM states. 

 FM     PM    

 FeCo 

NiCu 

X = V X = Cr X = Mn  FeCo 

NiCu 

X = V X = Cr X = Mn 

𝑪𝟏𝟏  211.9 196.3 209.2 189.8  213.1 207.2 223.7 187.1 

𝑪𝟏𝟐  157.8 158.2 149.6 123.8  147.7 158.0 155.3 122.8 

𝑪𝟒𝟒  126.9 124.1 142.2 139.2  138.2 132.8 151.3 139.3 

𝑪′  27.0 19.1 29.8 33.0  32.7 24.6 34.2 32.2 

𝑷𝐂  30.8 34.1 7.4 -15.4  9.5 25.2 4.0 -16.5 

𝑩  175.8 170.9 169.5 145.8  169.5 174.4 178.1 144.2 

𝑮  69.1 60.4 77.0 78.8  78.2 68.8 84.1 78.1 

𝒀  183.3 162.1 200.6 200.2  203.3 182.5 218.1 198.4 

𝝂  0.326 0.342 0.303 0.271  0.300 0.326 0.296 0.271 

𝑩 𝑮⁄   2.54 2.83 2.2 1.85  2.17 2.53 2.12 1.85 

𝑨𝐙  4.7 6.5 4.8 4.2  4.2 5.4 4.4 4.3 

𝑨𝐕𝐑  0.26 0.36 0.26 0.23  0.23 0.30 0.24 0.24 
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4.1.2 FeCrCoMnAlx 

 

In Fig. 4.1 we present the calculated elastic constants for the FeCrCoMnAlx 

HEAs as a function of Al content. Results show that 𝐶11 decreases from 254 

GPa to 215 GPa when x changes from 0.6 to 1.5. At the same time, 𝐶12 

decreases and 𝐶44 increases weakly with Al addition. The elastic constants of 

the studied HEAs all satisfy the mechanical stability restrictions, indicates that 

all of the present alloys are mechanical stable. We should point out that the 

tetragonal elastic constant 𝐶′ = (𝐶11 − 𝐶12)/2  slightly decreases with Al 

addition, suggesting that Al tends to reduce the dynamical stability of the bcc 

phase for the present alloys. 
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Figure 4.1  Composition dependence of the single-crystal elastic constants 𝐶11, 𝐶12 and 𝐶44 for 

the ferromagnetic FeCrCoMnAlx HEAs. 

 

The effects of Al addition on the polycrystalline elastic modulus for the 

FeCrCoMnAlx HEAs are summarized in Table 4.2. The values of 𝐵 and 𝐺 at x 

= 0.6 are 167.4 GPa and 100.6 GPa, respectively, and decrease to 146.1 GPa 

and 93.5 GPa, respectively, when x reaches 1.5. Namely, Al addition has 

caused a larger influence on the bulk modulus than that of the shear modulus. 

The calculated value of 𝑌 is 243.2 GPa for the equi-atomic FeCrCoMnAl HEA, 

which is larger than the corresponding experimental values of 170  175 GPa 

[36]. The difference between theory and experiment may be attributed by the 

temperature effects, as the present calculations were performed at static 

conditions (0 K), while the experimental measurements were carried out at 

room temperature. 
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The 𝐵/𝐺 ratios of the FeCrCoMnAlx HEAs are all below 1.75, which indicates 

the brittle nature of the alloys considered here, and furthermore, the addition 

of Al makes the ferrite FeCrCoMnAlx HEAs more brittle. The calculated 𝐴𝑍 

for the FeCrCoMnAlx HEAs varies from 2.09 to 2.67 when x changes from 0.6 

to 1.5. These values suggest that these alloys have a relatively low anisotropy 

and possess a low probability to develop the cross-slip pinning progress. 

 

Table 4.2. Theoretical polycrystalline elastic moduli (𝐵, 𝐺 and 𝑌, in units of GPa), Poisson’s ratio 

(𝜐), Zener anisotropy ratio (𝐴𝑍), and Pugh ratio (𝐵/𝐺) for the ferromagnetic FeCrCoMnAlx HEAs 

as a function of Al content. 

𝒙 𝑩 𝑮 𝒀 𝝊 𝑨𝒁 𝑩/𝑮 

0.6 167.4 100.6 251.4 0.250 2.09 1.66 
0.8 162.6 99.3 247.5 0.246 2.22 1.64 

1.0 157.7 97.8 243.2 0.243 2.35 1.61 

1.2 153.0 96.2 238.5 0.240 2.48 1.59 
1.5 146.1 93.5 231.2 0.236 2.67 1.56 

 

 

4.1.3 FeCrCoNiGa 

 

The corresponding theoretical elastic moduli for the FeCrCoNiGa system are 

summarized in Table 4.3. The G and Y values for FeCrCoNiGa are predicted 

to be 59.9-67.4 GPa and 159.8-178.2 GPa, respectively, which are in line with 

the available experimental date. The present system is expected to be ductile 

because its B/G ratio in all considered phases are well above the critical value 

of 1.75. In addition, the PM fcc FeCrCoNiGa is predicted to possess similar 

ductile/brittle characteristics as pure Ni according to the Gilman’s line 

(𝐶44 𝐶12⁄  vs 𝐺 𝐵⁄ ) [44]. 

 

Table 4.3. Theoretical single-crystal elastic constants (𝐶11, 𝐶12, and 𝐶44, in units of GPa) and 

polycrystalline elastic modulus (𝐵, 𝐺, and 𝑌, in units of GPa), Poisson’s ratio (𝜐), Zener anisotropy 

ratio (𝐴Z), and Pugh ratio (𝐵/𝐺) for the FeCrCoNiGa HEA for the fcc and bcc structures and for 

the FM and PM states, respectively.  

str.  𝑪𝟏𝟏 𝑪𝟏𝟐 𝑪𝟒𝟒 𝑩 𝑮 𝒀 𝝊 𝑨𝐙 𝑩/𝑮 

fcc FM 184.7 146.9 123.3 159.5 59.9 159.8 0.333 6.5 2.66 

 PM 196.2 148.8 131.2 164.6 67.4 178.0 0.320 5.5 2.44 
bcc FM 215.1 162.7 122.3 180.2 66.7 178.2 0.335 4.7 2.70 

 PM 193.9 156.4 125.4 168.9 60.5 162.2 0.340 6.7 2.79 

exp.      65.0 168.0    

Notes: the present experimental data are from my co-authors as list in preface. 
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4.2 Plasticity 
 

The activation of plastic deformation mechanisms play an important role in 

determining the mechanical behavior of crystalline materials. However, the 

complexity of plastic deformation limited the exploration of the full capacity 

of materials. Thus a unified theory of plasticity is highly desired. 

    In an fcc alloy, based on phenomenological model, the competition between 

the three deformation mechanisms during plastic deformation, i.e., planar slip 

(dislocation glide), twinning, and phase transformation to hcp lattice, is related 

to the size of stacking fault energy (SFE) [45]. Namely, by lowering the SFE, 

deformation twinning becomes significant, which is commonly referred to as 

the twinning induced plasticity (TWIP) effect. On the other hand, very small 

or negative SFE has been considered as indicator of the transformation induced 

plasticity (TRIP) phenomena. 

 

4.2.1 FeCrCoNiMn 

 

Figure 4.2 (a) plots the temperature dependent SFE for the FeCrCoNiMn alloy. 

The calculated SFE at room temperature is ~21 mJ/m2, which agrees well with 

the x-ray diffraction measurement (18.3-27.3 mJ/m2) [46]. With increasing 

temperature, the slope of SFE with respect to temperature slightly decreases, 

showing a tendency to saturate at high temperatures. The general trend of SFE, 

as well as the surprisingly low SFE at low temperatures, demonstrate that this 

alloy is more likely to deform by twinning with decreasing temperature, which 

is consistent with the experiment observation [47]. 

To obtain an insight into the atomic-level mechanism behind the trend of 

SFE, in Fig. 4.2 (b) we present and discuss the the three main contributions: 

the chemical part chem, the magnetic part mag and the strain part strain of the 

total SFE. The chemical contribution is calculated as chem = (Eisf - E0)/A, where 

Eisf and E0 are the free energies in the faulted and perfect lattice, respectively, 

and A is the area of the stacking fault. The magnetic part is defined as mag = - 

T(Sisf - S0)/A, where Sisf and S0 denote the magnetic entropy in the faulted and 

perfect lattice, respectively. For parallel partial dislocations, the strain part of 

the SFE can be written as strain = 0.5sG2/(1-), where s is the inter-planar 

spacing between the close-packed planes parallel to the fault plane, G is the 

shear modulus,  is Poisson’s ratio, and  is the strain normal to the fault plane 

[48, 49]. Relaxing the interlayer distance near the ideal (infinitely large) 

stacking fault, we estimated  to be approximately 1.6% for the present system, 
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which compares reasonably well with the experimental result found for 

austenitic stainless steels (~2 %) [50]. In the present application, we assumed 

that  is independent of temperature. 
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Figure 4.2  Theoretical stacking fault energy of FeCrCoNiMn. Panel (a) show the total SFE SFE 

= (chem +mag +strain), and panel (b) the individual contribution: chemical part chem, magnetic part 

mag and strain part strain. The quoted semi-empirical data is Ref. a [46]. In panel (a) we highlight 

the observed deformation regimes (SLIP: dislocation glide; TWIP: twinning) as discussed in Ref. 

[47] and indicate a possible transition from TWIP+SLIP towards TRIP (phase transformation) 

regime with decreasing temperature. 

 

The results show a large positive temperature factor for the SFE, which 

explains the observed TWIP effect at sub-zero temperatures in FeCrCoNiMn. 

On the other hand, the very low SFE values at cryogenic conditions suggest 

the presence of the TRIP effect, which might also contribute to the outstanding 

combinations of strength and ductility observed in this alloy. 



20 
 

  

 

Chapter 5 

Magnetism 
 

 

Magnetism is one of the most fundamental features of matter in solid state 

physics. In general, the magnetization decreases until the long-range magnetic 

order disappears at the Curie temperature 𝑇C with increasing temperature. The 

stable bcc phase Fe, for example, is characterized by long-range ferromagnetic 

order below 𝑇C = 1044 K. This chapter shows some basic magnetic properties 

including magnetic moment and Curie temperature, which are accessible from 

ab initio calculation. 

 

5.1 Magnetic Moment 
 

The calculated magnetic moments for the FeCrCoNiAlx (0  x  2) HEAs at 

the corresponding equilibrium volumes are summarized in Table 5.1. Here, the 

fcc phase is considered for x  1 and the bcc one for x  0.5 according to 

microstructure observations [29, 30] and previous theoretical prediction [51]. 

 

Table 5.1. Theoretical total and partial magnetic moments (units of B per atom) for FeCrCoNiAlx 

HEAs in both fcc and bcc phases as a function of Al fraction x. 

 fcc    bcc    

 x = 0 x = 0.5 x = 1  x = 0.5 x = 1 x = 1.5 x = 2 

Fe 1.96 1.97 1.98  2.23 2.17 2.13 2.08 
Cr -0.72 -0.64 -0.60  -0.09 -0.07 -0.05 -0.03 

Co 1.12 1.04 0.97  1.44 1.34 1.26 1.19 

Ni 0.30 0.23 0.19  0.31 0.27 0.24 0.21 
Al - -0.05 -0.04  -0.03 -0.03 -0.03 -0.03 

Total 0.66 0.57 0.50  0.86 0.74 0.64 0.57 
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As indicated from Table 5.1, the Al concentration and the crystal structure play 

important role in the change of magnetic moments for the present alloys. For 

example, the magnetic moment per Co atom decreases from 1.12 B at x = 0 

to 0.97B at x = 1 in the fcc phase, whereas in the bcc phase it varies from 1.44 

B to 1.19B when x changes from 0.5 to 2. The total magnetic moment per 

atom for FeCrCoNiAl in the bcc phase is 0.74 B, which is 48 % larger than 

the one in the fcc phase. In both phases, Al addition is found to decrease the 

total magnetic moments, which is consistent with the fact that Al is a non-

magnetic metal. 

 

Table 5.2. Theoretical total and partial magnetic moments (units of 𝜇B per atom) for ferromagnetic 

fcc FeCoNiCu and FeCoNiCuX (X = V, Cr and Mn) HEAs. 

 Fe Co Ni Cu X Total 

FeCoNiCu 2.67 1.64 0.57 0.05 - 1.23 
X = V 2.31 1.22 0.26 0.01 -0.57 0.64 

X = Cr 2.33 1.26 0.27 0.01 -1.13 0.55 

X = Mn 2.44 1.28 0.19 -0.02 -2.75 0.23 

 

Table 5.2 shows the calculated magnetic moments for the FeCoNiCu and 

FeCoNiCuX (X = V, Cr and Mn) HEAs for the fcc structure. According to the 

findings, in the FM state, the total magnetic moment per atom for FeCoNiCu 

is 1.23 B, and decreases to 0.64 B, 0.55 B and 0.23 B when adding 

equimolar V, Cr and Mn, respectively. This trend is attributed to the magnetic 

moment of the additional alloying elements, which are antiparallel with that of 

the Fe-Co-Ni matrix. The changes in the magnetic moments correlate nicely 

with the trends obtained for the magnetic transition temperature, and the 

appearance of the V/Cr/Mn-matrix antiferromagnetic coupling explains the 

substantial drop in the Curie temperature as compared to the FeCoNiCu alloy. 

 

5.2 Magnetic Exchange Interaction 
 

The magnetic properties can be described using the effective Heisenberg-like 

Hamiltonian,𝐻 = − ∑ 𝐽𝑖𝑗𝐦𝑖 ∙ 𝐦𝑗𝑖,𝑗 , where Jij denotes the strength of magnetic 

exchange interaction between atomic sites i and j with magnetic moments mi 

and mj. Here, a reduced exchange interaction parameter  𝐽𝑖𝑗
′ = 𝑧𝑝𝐽𝑖𝑗𝒎𝑖𝒎𝑗 , 

where zp is the coordination number of the pth coordination shell, is employed 

to better understand the crystal structural effects. The obtained results for 

FeCrCoNiAl in zero magnetic field are shown in Fig. 5.1. 
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As can be seen in Fig. 5.1, the interactions show long-range oscillatory 

behavior, e.g., the Fe-Fe interaction is predominantly ferromagnetic but may 

have anti-ferromagnetic contributions depending on the distance between the 

Fe atoms. The ferromagnetic interactions in the fcc phase are mainly from the 

nearest-neighbor Fe-Fe, Fe-Co, and Co-Co pairs, and the anti-ferromagnetic 

interactions between Fe-Cr and Cr-Cr pairs. Note that Cr is anti-parallel with 

Fe/Co/Ni (as shown in Table 5.1), hence the positive interactions between Cr 

and Fe/Co/Ni indicate an anti-ferromagnetic coupling. In the case of the bcc 

phase, the dominating ferromagnetic interactions (Fe-Fe, Fe-Co and Co-Co 

pairs at the nearest-neighbor shell) are much stronger than those in the fcc 

phase. These interesting features demonstrate that the crystal structure has a 

strong impact on the ferromagnetic behavior of FeCrCoNiAl. 
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Figure 5.1  Exchange interactions for equiatomic FeCrCoNiAl as a function of the coordination 

shell for fcc and bcc phases, respectively. 

 

For FeCrCoNi and FeCrCoNiGe systems, the obtained results are shown in 

Figure 5.2. It is found that for both alloys the first several neighbors contribute 

a major part to the interactions, and starting from seventh neighbor the 

interactions can be neglected. Take FeCrCoNi (in fcc phase) as an example 

first, the dominating interactions are from Fe-Cr, Fe-Co, Co-Co and Cr-Cr 

pairs at the first neighbor shell. When equimolar Ge is introduced, the change 

of interaction is mainly contributed by the Fe-Fe, Fe-Cr, Fe-Co and Cr-Cr pairs. 

For FeCrCoNiGe in fcc phase, the interaction parameters of Fe-Fe and Fe-Co 

(Fe-Cr) pairs increase (decrease), indicating the stronger ferromagnetic 

behavior. The Cr-Cr interaction decreases, which suggests weakened coupling 

between Cr atoms. For FeCrCoNiGe in bcc phase, the interaction parameters 
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of Fe-Fe, Fe-Co and Cr-Cr (Fe-Cr) pairs increase (decrease) obviously, which 

means bcc FeCrCoNiGe has a stronger ferromagnetic order than FeCrCoNi. 
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Figure 5.2  Exchange interactions for equiatomic FeCrCoNi and FeCrCoNiGe as a function of 

the coordination shell for fcc and bcc phases, respectively. 

 

5.3 Curie Temperature 
 

The Heisenberg model is a statistical mechanical model, which is widely used 

to study the critical point and phase transition. Several approaches, such as 

mean-field approximation and Monte-Carlo simulation, can be used to study 

the Curie temperature for magnetic system within the Heisenberg Hamiltonian.  

First we perform MC simulations using the UppASD program [52] to 

estimate the Curie temperature within the computed magnetic exchange 

interactions. Take FeCrCoNiAl as an example. The MC simulation boxes 

contained up to 108000 atoms (subject to periodic boundary conditions) for 

the fcc crystal lattice and up to 128000 atoms for the bcc one. Random 

distributions of alloy components in the supercells were generated for the 

studied HEAs, and 20000 MC steps have been used for equilibration followed 

then by 20000 steps for obtaining thermodynamic averages. 

Figure 5.3 (a) shows the normalized magnetization (M/M0, with M and M0 

being the magnetization at T and 0 K, respectively) as a function of temperature 

for FeCrCoNiAl. The effect of the crystal structure can be clearly observed, 

namely, the magnetic transition temperature in the bcc phase is much higher 

than that in the fcc phase. 
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To estimate the critical temperature, in Fig. 5.3 (b) we present the temperature 

dependence of the magnetic susceptibility (𝜒 = [〈𝑀2〉 − 〈𝑀〉2]/𝑘𝐵𝑇) obtained 

from the MC calculations with varying system size. Notice that  diverges at 

the critical temperature in the thermodynamic limit in the absence of an 

external magnetic field. From the robust susceptibility peak, we find that the 

Curie temperature for the FeCrCoNiAl HEA is 205  5 K for the fcc phase and 

355  5 K for the bcc phase. 
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Figure 5.3  Temperature dependence of (a) normalized magnetization and (b) magnetic 

susceptibility for equiatomic FeCrCoNiAl alloy in the fcc and bcc phases, respectively. The 

magnetic susceptibilities are shown for different simulation boxes (number of atoms N is indicated 

in the legend). 
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By applying the above procedure, in Fig. 5.4 we present the concentration 

dependence of the theoretical Curie temperature for both phases, along with 

the available experimental values [53]. Clearly, the Curie temperature of the 

current HEAs is strongly dependent on the chemical composition and 

especially on the crystal structure. For the alloys with single fcc or bcc phase, 

as well as duplex fcc/bcc phase (assuming equal phase fractions), the 

calculated Curie temperature decreases with increasing Al content, following 

the trend of the experimental observations. 

0.0 0.5 1.0 1.5 2.0

0

100

200

300

400

500

bccfcc + bccfcc

 

 

C
u

ri
e 

te
m

p
er

at
u
re

 (
K

)

Al content (x)

 fcc

 bcc

 Ref. a

 

Figure 5.4  Theoretical Curie temperature of FeCrCoNiAlx HEAs calculated for the fcc and bcc 

phases as a function of Al content x. The estimated values from Ref. a [53] are presented for 

comparison. 

 

Notice that the equiatomic FeCrCoNi HEA forms a single phase fcc crystal 

structure, and has a Curie temperature far below the room temperature. 

Combining the previous results on phase stability with those reported here for 

the Curie temperature, we conclude that at room temperature the appearance 

of the bcc phase as Al is gradually added to FeCrCoNi causes the magnetic 

state to change from paramagnetic to ferromagnetic.
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Chapter 6 

Thermophysics 
 

 

Thermophysical properties can be simply viewed as material properties that 

vary with the state variables such as temperature and pressure, without altering 

the material’s chemical identity. This chapter briefly presents some relative 

parameters which today are directly accessible from ab initio calculations with 

the help of reasonable approximations. 

 

6.1 Debye Temperature 
 

The Debye temperature is an important parameter that correlates with many 

thermal characteristics of materials such as specific heat, thermal expansion, 

vibrational entropy, and melting point. Notice that the vibration excitations 

arise solely form acoustic vibrations at low temperatures. Hence, the Debye 

temperature calculated form elastic modulus is close to that determined from 

specific heat measurements at cryogenic conditions. One of the standard 

methods to calculate the Debye temperature 𝜃𝐷  is from the average sound 

velocity 𝑣𝑚 by the following relation 𝜃D = (ℏ 𝑘B⁄ )(6𝜋2 𝑉⁄ )1/3𝑣m with 𝑣m =

[(1 𝑣L
3⁄ + 2 𝑣T

3⁄ ) 3⁄ ]−1/3, where ℏ is the Planck constant, 𝑉 is the volume, 𝑣L 

and 𝑣T are the longitudinal and transverse sound velocities, respectively. The 

sound velocities are given by the bulk modulus 𝐵 , shear modulus 𝐺 , and 

density 𝜌, viz., 𝑣L = √(𝐵 + 4𝐺 3⁄ ) 𝜌⁄  and 𝑣T = √𝐺 𝜌⁄ . 

The calculated sound velocity and Debye temperature as well as density for 

the fcc FeCoNiCu and FeCoNiCuX (X = V, Cr and Mn) HEAs at both FM and 

PM states are listed in Table 6.1. The alloying effect on the Debye temperature 

is similar to that of shear modulus, as shown in Table 4.1, indicating that harder 

material exhibits a higher Debye temperature. 
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Table 6.1. Theoretical density (𝜌, in units of g/cm3), longitudinal, transverse and average sound 

velocities (𝑣L, 𝑣T, and 𝑣m, in units of m/s) and Debye temperature (𝜃D, in units of K) for the fcc 

FeCoNiCu and FeCoNiCuX (X = V, Cr and Mn) HEAs for the FM and PM states. 

 FM     PM    

 FeCo 

NiCu 

X = V X = Cr X = Mn  FeCo 

NiCu 

X = V X = Cr X = Mn 

𝝆  8.605 8.168 8.423 8.442  8.694 8.251 8.539 8.451 

𝒗𝐋  5580 5548 5684 5451  5611 5680 5830 5420 

𝒗𝐓  2834 2720 3023 3055  2999 2888 3139 3383 

𝒗𝐦  3176 3054 3378 3400  3350 3237 3504 3383 

𝜽𝐃  420 400 447 449  444 426 466 447 

 

 

Figure 6.1 shows the calculated sound velocities and Debye temperature for 

the FeCrCoMnAlx HEAs. It can be seen that the longitudinal sound velocities 

of these alloys are much larger than the transverse sound velocities. That is 

because the shear modulus is always below the bulk modulus, which is a result 

of the fact that 𝐶′ < 𝐶44 for all alloys considered here. The Debye temperature 

for the equi-atomic FeCrCoMnAl HEA is 542 K, and the Al addition results in 

a relatively small effect. 
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Figure 6.1  Composition dependence of Debye temperature for the ferromagnetic FeCrCoMnAlx 

high-entropy alloys. The longitudinal, transverse and average sound velocities (𝑣𝐿, 𝑣𝑇 and 𝑣𝑚) are 

also presented at x = 0.6, 1.0 and 1.5, respectively. 

 

Figure 6.2 shows the calculated sound velocity and Debye temperature as well 

as density for the fcc and bcc FeCrCoNiGa at both FM and PM states. Our 

present experimental results are also plotted for comparison. It is found that 
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the theoretical density at static conditions (0 K) is the smallest in the bcc FM 

state (~ 8.26 g/cm3) and the largest in the fcc PM state (~ 8.38 g/cm3). These 

values are only 0.7-2.2 % larger than the experimental value (~ 8.20 g/cm3) 

measured at room temperature. For sound velocity, the calculated longitudinal 

sound velocities and transverse sound velocities are about 5.37-5.71 km/s and 

2.69-2.84 km/s, respectively, which compare well with the corresponding 

experimental values of 5.22 km/s and 2.82 km/s. Using the computed densities 

and sound velocities, for the Debye temperature in the fcc FM (PM) state and 

bcc FM (PM) state we get 394 K (417 K) and 416 K (396 K), respectively. 

These values are very close to 410 K estimated from measurements. 
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Figure 6.2  Density (left panel), sound velocity (middle panel) and Debye temperature (right panel) 

of the FeCrCoNiGa high-entropy alloy for the fcc and bcc structures with the FM and PM states, 

respectively. The experimental results are shown by the shaded bars. The experimental error bars 

for the density and sound velocities are 0.2% and 2.5%, respectively. 

Notes: the present experimental data are from my co-authors as list in preface. 

 

6.2 Thermal Expansion 
 

To compare our results with experiments or to predict the thermal properties 

of the studied HEAs, we evaluate the thermal expansion coefficient (TEC) 

using the Debye-Grüneisen model [38] in combination with the theoretical 

Debye temperature. The TEC is related to anharmonic effects, which are 

responsible for the change of lattice’s volume with temperature. The computed 

total energy as a function of volume in the static approximation is carried out 

to determine the structural parameters at ground state, and then derive the 

macroscopic properties as a function of temperature. 
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The variations of TEC with temperature for the FeCoNiCu and FeCoNiCuX (X 

= V, Cr and Mn) HEAs are presented in Fig. 6.3. It is shown that for all alloys 

considered here, the TEC increases rapidly at low temperatures and gradually 

approaches a linear behavior at high temperatures. We find that the TEC of 

FeCoNiCu at 300 K is around 12.2 ~ 12.6 ×10-6 K-1, which is close to that of 

the other HEAs, e.g., ~ 14 ×10-6 K-1 for FeCoNiCr and ~ 15 ×10-6 K-1 for 

FeCoNiCrMn [54, 55]. In addition, the TEC for FeCoNiCu, FeCoNiCuV and 

FeCoNiCuMn are similar, while that of FeCoNiCuCr is slightly higher. It is 

interesting to notice that austenitic stainless steels have similar thermal 

expansion coefficients as FeCoNiCuCr. For instance, the average room-

temperature TEC for Fe0.70Cr0.15Ni0.15 was reported to be 17.3 ×10-6 K-1 [56]. 

The present Cr-free alloys have TEC close to ferritic steels instead. 
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Figure 6.3  Thermal expansion coefficient for the FeCoNiCu and FeCoNiCuX (X = V, Cr and Mn) 

HEAs for the fcc structure and for both FM and PM states. 

 

Figure 6.4 displays the theoretical lattice parameter 𝐿 and thermal expansion 

coefficient 𝛼 for FeCrCoNiGa in the temperature range of 0 ─ 900 K. The 

values of 𝐿 at 300 K are 3.637 (3.627) Å and 2.885 (2.884) Å for the FM (PM) 

fcc and bcc phases, respectively, and they increase by 1.11 (1.33) % and 0.68 

(1.08) % when the temperature reaches 900 K. It is evident that the temperature 

gives a larger influence in the fcc phase than in the bcc phase. In addition, the 

calculated 𝛼 for all considered phases increase rapidly at low temperatures and 

gradually turn towards a linear trend at high temperatures. For the highest 

temperature region considered here, the propensity of increment becomes 

moderate, especially for the FM bcc. We recall that according to experiments 

the present system possesses a duplex fcc/bcc structure [37]. Hence, the actual 

mean 𝛼  should be estimated by averaging over the individual phases. For 
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example, the fcc and bcc phases in the FM state are in equilibrium at room-

temperature. Assuming equal fractions for the two phases, we get the thermal 

expansion coefficient  𝛼300K ≈  13.3×10-6 K-1, which agrees well with the 

experimental data shown in Fig. 6.4.  
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Figure 6.4  Lattice parameter (left and middle panels) and thermal expansion coefficient (right 

panel) of the FeCrCoNiGa high-entropy alloy for the fcc and bcc structures with the FM and PM 

states, respectively. The experimental results are depicted by circles with error bars. 

Notes: the present experimental data are from my co-authors as list in preface. 

 

It is of particular interest to highlight that the experimental 𝛼 increases sharply 

around the Curie temperature. We notice that theory predicts 𝛼 values which 

increase in the order of FM bcc, PM bcc, FM fcc and PM fcc in the entire 

temperature range. As results, the fcc/bcc duplex structure of FeCrCoNiGa in 

the FM state results in a small 𝛼 derived as the mean value below the critical 

temperature. Furthermore, the experimental 𝛼 is close to the theoretical value 

obtained for the FM bcc phase at cryogenic conditions and to that for the PM 

fcc phase at high temperature. Hence, the sizable difference of the calculated 𝛼 

values between the FM and PM states can explain the observed anomalous 

thermal expansion behavior.
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Chapter 7 

Summary 
 

 

In this thesis, we investigate the phase stability, elastic/plastic deformation, 

magnetic behavior, and thermophysical properties of different kinds of HEAs 

using first-principle theory combined with phenomenological models. The 

present ab initio calculations confirm the stability of the fcc phase for 

FeCoNiCu-V/Cr/Mn, the bcc phase for FeCrCoMnAlx, and the fcc-bcc duplex 

phases for FeCrCoNi-Ge/Ga. The single-crystal and polycrystalline elastic 

modulus for a variety of HEAs are calculated, and based on the semi-empirical 

correlations, for example, V improves the ductility of FeCoNiCu but at the 

price stiffness. The obtained temperature dependent stacking fault energies for 

FeCrCoNiMn, which are accounting for the chemical, magnetic and strain 

contributions, provide theoretical insight into the twinning observed below 

room temperature and predict the occurrence of the hexagonal phase at 

cryogenic conditions. The analysis of magnetic properties for FeCrCoNiAlx 

indicates that the alloy’s Curie temperature is controlled by the stability of the 

Al-induced single-phase or fcc-bcc dual-phase. A combined experimental and 

theoretical results demonstrate that the FeCrCoNiGa exhibits an anomalous 

thermal expansion behavior. 

The present findings indicates that engineering the structure and/or magnetic 

transitions, provides rich opportunities for designing and optimizing HEAs 

with interesting physical properties. Also the revealed strong coupling between 

these two degrees of freedom brings the reported and predicted HEAs into the 

focus of technological including magnetocaloric applications.
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