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Till mina föräldrar, Vive-Ann och Paavo

Studies on instability and optimal forcing
of incompressible flows
Mattias Brynjell-Rahkola
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Abstract
This thesis considers the hydrodynamic instability and optimal forcing of a
number of incompressible flow cases. In the first part, the instabilities of three
problems that are of great interest in energy and aerospace applications are
studied, namely a Blasius boundary layer subject to localized wall-suction, a
Falkner–Skan–Cooke boundary layer with a localized surface roughness, and
a pair of helical vortices. The two boundary layer flows are studied through
spectral element simulations and eigenvalue computations, which enable their
long-term behavior as well as the mechanisms causing transition to be determined. The emergence of transition in these cases is found to originate from a
linear flow instability, but whereas the onset of this instability in the Blasius flow
can be associated with a localized region in the vicinity of the suction orifice, the
instability in the Falkner–Skan–Cooke flow involves the entire flow field. Due to
this difference, the results of the eigenvalue analysis in the former case are found
to be robust with respect to numerical parameters and domain size, whereas the
results in the latter case exhibit an extreme sensitivity that prevents domain
independent critical parameters from being determined. The instability of the
two helices is primarily addressed through experiments and analytic theory. It
is shown that the well known pairing instability of neighboring vortex filaments
is responsible for transition, and careful measurements enable growth rates of
the instabilities to be obtained that are in close agreement with theoretical
predictions. Using the experimental baseflow data, a successful attempt is
subsequently also made to reproduce this experiment numerically.
In the second part of the thesis, a novel method for computing the optimal
forcing of a dynamical system is developed. The method is based on an application of the inverse power method preconditioned by the Laplace preconditioner
to the direct and adjoint resolvent operators. The method is analyzed for
the Ginzburg–Landau equation and afterwards the Navier–Stokes equations,
where it is implemented in the spectral element method and validated on the
two-dimensional lid-driven cavity flow and the flow around a cylinder.
Key words: hydrodynamic stability, optimal forcing, resolvent operator, Laplace
preconditioner, spectral element method, eigenvalue problems, inverse power
method, direct numerical simulations, Falkner–Skan–Cooke boundary layer,
localized roughness, crossflow vortices, Blasius boundary layer, localized suction,
helical vortices, lid-driven cavity, cylinder flow.
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Kungliga Tekniska Högskolan, Institutionen för Mekanik,
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Sammanfattning
Denna avhandling behandlar den hydrodynamiska instabiliteten och den optimala drivkraften hos ett antal inkompressibla strömningar. I den första delen
studeras instabiliteterna för tre problem som är av stort intresse inom energi- och
flygtillämpningar, nämligen ett Blasius gränsskikt som utsätts för lokal sugning
på väggen, ett Falkner–Skan–Cooke gränsskikt med en lokal ytojämnhet, och ett
par spiralvirvlar. De båda gränsskiktsströmningarna studeras genom spektralelementsimuleringar och egenvärdesberäkningar, vilket möjliggör bestämmandet
av deras långsiktiga beteende samt de mekanismer som leder fram till turbulent
omslag. Framträdandet av turbulent omslag kan i dessa fall härledas från en
linjär instabilitet hos strömningen, fast medan ursprunget till denna instabilitet
i Blasius-strömningen kan relateras till ett lokalt område nära sugningshålet, involverar instabiliteten i Falkner–Skan–Cooke-strömningen hela strömningsfältet.
På grund av denna skillnad är resultaten från egenvärdesanalysen i det tidigare
fallet robusta med avseende på numeriska parametrar och domänstorlek, medan resultaten i det senare fallet uppvisar en extrem känslighet som hindrar
domänoberoende kritiska parametrar från att bestämmas. Instabiliteten för dubbelvirveln behandlas primärt genom experiment och analytisk teori. Det visas
att den välbekanta parningsinstabiliteten för intilliggande virvelfibrer är ansvarig för omslag till turbulens, och noggranna mätningar möjliggör att bestämma
tillväxtgraden för dessa instabiliteter, vilka är i god överensstämmelse med de teoretiska resultaten. Genom att använda experimentell data för grundströmningen,
görs efteråt ett lyckat försök att numeriskt reproducera experimentet.
I den andra delen av avhandlingen utvecklas en ny metod för att beräkna
den optimala drivkraften för ett dynamiskt system. Metoden är baserad på
en tillämpning av den inversa potensmetoden förkonditionerad med Laplace
förkonditionerare på den direkta och den adjungerade resolventoperatorn. Metoden analyseras för Ginzburg–Landaus ekvation och sedemera Navier–Stokes
ekvationer, där den implementeras i spektralelementmetoden och valideras på
tvådimensionell topp-driven kavitetsströmning och på cylinderströmning.
Nyckelord: hydrodynamisk stabilitet, optimal drivkraft, resolventoperator,
Laplace förkonditionerare, spektralelementmetoden, egenvärdesproblem, inversa potensmetoden, direkta numeriska simuleringar, Falkner–Skan–Cooke
gränsskikt, lokal ytojämnhet, korsflödesvirvlar, Blasius gränsskikt, lokal sugning,
spiralvirvlar, topp-driven kavitet, cylinderströmning.
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Preface
This thesis deals with instability and optimal forcing of incompressible flows. A
brief introduction on the basic concepts, methods and results is presented in
the first part. The second part contains five articles. The papers are adjusted
to comply with the present thesis format for consistency, but their contents
have not been altered as compared with their original counterparts.
Paper 1. M. Brynjell-Rahkola, E. Barman, A. Hanifi and D. S. Henningson. On the stability of a Blasius boundary layer subject to localized
suction. Technical report.
Paper 2. M. Brynjell-Rahkola, N. Shahriari, P. Schlatter, A. Hanifi and D. S. Henningson, 2017. Stability and sensitivity of a crossflowdominated Falkner–Skan–Cooke boundary layer with discrete surface roughness.
J. Fluid Mech. 826, 830–850.
Paper 3. H. U. Quaranta, M. Brynjell-Rahkola, T. Leweke and
D. S. Henningson. Long-wave instabilities of two interlaced helical vortices.
Submitted to J. Fluid Mech.
Paper 4. M. Brynjell-Rahkola and D. S. Henningson. A note on
the numerical realization of helical vortices: application to vortex instability.
Technical report.
Paper 5. M. Brynjell-Rahkola, L. S. Tuckerman, P. Schlatter
and D. S. Henningson, 2017. Computing optimal forcing using Laplace
preconditioning. Commun. Comput. Phys. 22 (5), 1508–1532.
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Part I
Overview and summary

Chapter 1

Introduction

1.1. Motivation
In December 2015, parties of the United Nations Framework Convention on
Climate Change (UNFCCC) reached a historical agreement in Paris that aims
to limit the increase in average global temperature above pre-industrial levels to
2◦ C (UNFCCC 2016). The effect of imposing a maximum level for temperature
change is that the total amount of greenhouse gases that can be emitted is
restricted, and hence emission rates eventually must approach zero (Matthews
& Caldeira 2008). Formulating such goals is ambitious, and forecasts on the
prospects of complying with the climate goal suggest that a rapid reduction
in emission rates will be needed, possibly in combination with techniques for
capturing and storing of carbon (Fawcett et al. 2015; Rogelj et al. 2016). Two
areas where improved technical solutions are required in order to meet the above
requirement are the transport and energy sectors.
Within the aviation industry, reduced fuel consumption and emission rates
are closely related to reduced skin friction drag, which accounts for more than
half of the total drag on an aircraft today. By maintaining a laminar flow
over large portions of the wings, the horizontal stabilizer and the tail fin, the
drag can be decreased (Schrauf 2005). A successful implementation of flow
control techniques, however, calls for a profound understanding of the instability
mechanisms present in the flow, and in particular, how the instability and the
transition are affected by surface irregularities such as roughness elements and
suction holes, which will be present in any real-world application.
To ensure that future demands for energy can be satisfied in a sustainable
way, efforts must be made in the development of renewable energy sources. One
of the prime candidates in this field is wind power, which has enjoyed much
attention during recent decades. Between the years 2000 and 2012, the global
installed capacity of wind energy for instance grew at an average annual rate of
24%, such that it accounted for 2.6% of the global energy production in 2012
(IEA 2013). With the contemporary design philosophy, wind turbines are often
clustered in farms. The effect of positioning wind turbines in the wake of others
is not very well understood, but can reduce the energy extraction by up to 10%,
and at the same time increase the structural loading on the turbines (IEA 2013).
This loading becomes more severe if the wake of the upstream turbine consists
1
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Figure 1.1: Transition diagram adapted from Saric et al. (2002).
of laminar vortices instead of a turbulent flow (Sørensen 2011), which motivates
studying the instability mechanisms that are present in the rotor wake.

1.2. The route to turbulence
A schematic picture of the various (somewhat idealized) transition scenarios
from a laminar to a turbulent state that a fluid flow can experience is given in
figure 1.1, where the different paths to turbulence have been ordered from left
to right with increasing disturbance amplitude (Saric et al. 2002).
The first stage in this route consists of the receptivity phase, which characterizes the process by which disturbances in the environment such as free-stream
turbulence, acoustic noise, surface roughness, etc. enter into the flow and generate perturbation growth (Saric et al. 2002). This process is closely linked to the
topic of the sensitivity to forcing, which may be studied through the solutions
to the adjoint governing equations (Hill 1995), or by computing the optimal
forcing.
The next stage involves modal or non-modal amplification of disturbances.
Traditionally, the study of hydrodynamic stability has been concerned with
the left path involving modal growth, wherein the emphasis is placed on the
eigenvalues and eigenmodes of the flow. A review of the extensive list of
publications focusing on this aspect of transition is given by Theofilis (2011)
and Gómez et al. (2012). On a historical note, a decade has passed since the
first studies concerned with the modal stability of a three-dimensional flow
emerged in the literature, i.e. a prolate spheroid (Tezuka & Suzuki 2006), a threedimensional airfoil (Mack et al. 2008), a jet in crossflow (Bagheri et al. 2009)
and a three-dimensional lid-driven cavity (Giannetti et al. 2009). Nowadays,
such flows can be studied in a routine fashion, and the analysis of more complex
geometries that are of interest within industrial applications is pursued.
The right path, termed nonmodal growth, was in the early literature called
”bypass transition” since it referred to a transition scenario where the flow
seemed to bypass the amplification of primary modes (i.e. Tollmien–Schlichting
waves for boundary layers) (Morkovin 1969). With the understanding that
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this process can be attributed to transiently growing nonmodal mechanisms,
it has been suggested that this path should be redefined as such (Schmid &
Henningson 2001). Mathematically, nonmodal or transient growth arises from
the non-normality of the governing operator. The study of transient growth
is hence closely tied to the study of ε-pseudospectra (Trefethen et al. 1993;
Reddy et al. 1993). Physically, transient growth arises from the lift-up effect
(Landahl 1975), by which streamwise vortices transport low-speed fluid into
high-speed regions of a shear layer, and simultaneously transport high-speed
fluid into low-speed regions, resulting in the formation of streamwise streaks. To
connect these observations with the mathematical framework, such streamwise
vortices may be viewed as ε-pseudomodes (Trefethen et al. 1993; Reddy et al.
1998). Several studies, e.g. Butler & Farrell (1992) and Andersson et al. (1999),
have focused on determining the structures that cause the largest transient
amplification of perturbations, i.e. optimal disturbances and initial conditions.
Although disturbance growth via modal or nonmodal mechanisms can lead
directly to the breakdown stage, they are often modified by nonlinearities and
instead lead to a new stationary or quasi-stationary flow upon which other
secondary instabilities may grow (Schmid & Henningson 2001). An example
of this situation presented in this thesis is the formation of crossflow vortices
that develop as a result of an inflectional (primary) instability in the swept
wing/plate boundary layers (Gregory et al. 1955; Reed & Saric 1989), and are
subject to secondary instabilities (Högberg & Henningson 1998).
The studies presented in this thesis are mainly concerned with the early
parts of the transition process, namely the receptivity phase and the exponential
growth of primary and secondary modes. Non-modal growth as well as the later
stage involving breakdown to turbulence is observed but not analyzed in detail.

Chapter 2

Governing equations

This thesis concerns the incompressible Navier–Stokes equations with constant
material properties. In a d-dimensional flow, these equations consist of d
nonlinear time-dependent equations governing the momentum of the fluid, and
a continuity equation governing the conservation of mass. The emphasis in this
section is on their linearized forms, which are the single most important set of
equations in hydrodynamic stability.

2.1. Linearized Navier–Stokes equations
Assuming that the fluid occupies a region Ω in space, one may write the
non-dimensional form of the nonlinear Navier–Stokes equations as
1 2
∂u
+ (u · ∇)u = −∇p +
∇ u
∂t
Re
∇·u=0

in Ω

(2.1a)

in Ω,

(2.1b)

where u(x, t) ∈ Rd (d is the number of dimensions) and p(x, t) ∈ R denote
velocity and pressure, respectively. In these equations the velocity u has
been non-dimensionalized using a characteristic time scale Tc∗ (superscript
asterisk denotes dimensional quantities) and a length scale L∗c , which gives
a characteristic velocity Uc∗ = L∗c /Tc∗ . The pressure p is non-dimensionalized
by the density of the fluid and the characteristic velocity according to ρ∗ Uc∗2 .
From the non-dimensionalization, a dimensionless number may be defined as
Re = Uc∗ L∗c /ν ∗ where ν ∗ is the kinematic viscosity of the fluid. This is the
Reynolds number, which expresses the ratio between inertial and viscous forces.
In order for the problem of solving (2.1) to be well-posed, appropriate initial
and boundary conditions must be supplied (Temam 1995), which can be written
as, say
u(x, t) = Ub (x) for x ∈ ∂Ω,

u(x, 0) = u0 .

(2.2)

When analyzing the stability of a given flow, it is common to decompose the
flow field into a baseflow and a small perturbation, u = U + εu′ and p = P + εp′
(where ε ≪ 1). Inserting these decompositions into (2.1), (2.2) and equating
terms with the same order of ε, gives a set of equations for the baseflow on the
4
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zeroth order
1 2
∂U
+ (U · ∇)U = −∇P +
∇ U
∂t
Re
∇·U =0

in Ω

(2.3a)

in Ω

(2.3b)

U (x, 0) = U0 (x)

in Ω

(2.3c)

U (x, t) = Ub (x)

on ∂Ω,

(2.3d)

and a linear set of equations for the perturbation on the first order
1 2
∂u
+ (U · ∇)u + (∇U )u = −∇p +
∇ u
∂t
Re
∇·u=0

in Ω

(2.4a)

in Ω

(2.4b)

u(x, 0) = u0 (x)

in Ω

(2.4c)

u(x, t) = 0

on ∂Ω,

(2.4d)

where the perturbation vanishes on the boundary of the domain. (The superscript primes from the perturbation quantities have been dropped in order
to simplify notation.) Equations (2.4a) and (2.4b) constitute the linearized
Navier–Stokes equations, which differ from (2.3a) and (2.3b) by the advection
terms that represent transport of the perturbation by the baseflow and vice
versa. The nonlinear perturbation term (u · ∇)u is of higher-order in ε and can
be neglected. Such a procedure is justified since the nonlinearity is a conservative term that merely redistributes energy among different flow structures and
hence does not contribute to the production or dissipation of energy. This can
be confirmed by considering the energy equation leading to the Reynolds–Orr
equation and is an important remark since it enables the growth rate of a
perturbation (and hence the stability of a flow) to be determined from (2.4)
(Henningson 1996).
2.1.1. Solenoidal projection
In the incompressible setting there is no state equation governing the evolution of
the pressure since the density of the fluid is constant in time and space. Instead,
this variable acts as a Lagrange multiplier that must adapt itself in order
to ensure that the velocity field is solenoidal, i.e. satisfies the incompressible
continuity equation (Canuto et al. 2007).
According to the Helmholtz–Hodge decomposition theorem (Chorin &
Marsden 2000), a vector field w may be uniquely decomposed in the form
w = u + ∇p on the domain Ω, where u is divergence-free and parallel to the
boundary ∂Ω. Upon introducing an orthogonal projector P∇ onto a divergencefree space, one has P∇ (w) = P∇ (u) = u. Applying this to (2.4a) and (2.4b)
formally gives


1 2
∂u
= P∇ (−(U · ∇)u − (∇U )u) + P∇
∇ u = NU u + Lu, (2.5)
∂t
Re

6
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from which the pressure has been eliminated as a variable, and where the linear
operators
NU u , P∇ (−(U · ∇)u − (∇U )u)


1 2
Lu , P∇
∇ u
Re

(2.6a)
(2.6b)

have been introduced. Equations (2.5) and (2.6) show how (2.4a) and (2.4b) can
be written as the sum of a linear advection and a diffusion operator acting on
the divergence-free velocity u. This formulation is convenient when analyzing
the linear stability of a flow and will interchangeably be written simply as
∂u/∂t = AU u, where AU is referred to as the linearized Navier–Stokes operator.

2.2. Adjoint Navier–Stokes equations
Another concept that is useful in studies of stability is the adjoint Navier–Stokes
equations, which read
−

∂u†
1 2 †
− (U · ∇)u† + (∇U )T u† = −∇p† +
∇ u
∂t
Re
∇ · u† = 0
†

†

u (x, τ ) = u τ (x)
†

u (x, t) = 0

in Ω

(2.7a)

in Ω

(2.7b)

in Ω

(2.7c)

on ∂Ω,

(2.7d)

for the boundary conditions specified in (2.4d). See Appendix B for a derivation
of (2.7). With a similar argument as that presented in §2.1.1, (2.7) can be
written as



1 2 †
∂u†
= P∇ (U · ∇)u† − (∇U )T u† + P∇
∇ u ,
(2.8)
−
∂t
Re

from which the adjoint Navier–Stokes operator AU † can be deduced.
By comparing (2.8) to (2.5), it is immediately seen that the Navier–Stokes
operator is not self-adjoint. This is due to changes in the advection operator,
from which a few remarks can be made. First, (U · ∇)u changes sign, which
implies that the solution to (2.7) generally will be located upstream of the
solution to (2.4) and thus yield a large spatial separation between u and u†
(Chomaz 2005). Second, the baseflow gradient is transposed, which can have
a large impact in wall-bounded flows where ∂U/∂y (and ∂W/∂y) is large and
∂V /∂x (and ∂V /∂z) is small. In such case large coefficients will appear in the
equation for the wall-normal component of (2.7a) compared to the corresponding
direct equation (Marquet et al. 2009).
Considering the eigenfunctions of AU and AU † , these are seen to form
a biorthogonal set, whose corresponding eigenvalues are complex conjugates
(Schmid & Henningson 2001). The adjoint eigenfunctions identify regions in
space that are sensitive to forcing. In particular, the adjoint velocity indicates
regions receptive to momentum forcing, whereas the adjoint pressure marks
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regions sensitive to mass sources. With a suitable normalization, the value of an
adjoint eigenfunction at a certain point will directly give the amplitude of the
corresponding direct eigenfunction that results when a unit forcing is applied
at that point (Hill 1995). Given the above noted spatial separation between
direct and adjoint fields, this implies that fluid flows tend to be receptive to
forcing in the upstream part of the domain (where the adjoint mode has a high
amplitude) and have responses that are oriented in the downstream direction
(where the direct mode has a high amplitude). This will be seen in §4 when
optimal forcing is discussed.

Chapter 3

Modal decompositions

A classical approach to hydrodynamic stability involves determining the eigenvalues and eigenvectors of the flow, referred to as modal analysis. With the
recognition of the non-normal properties of the linearized Navier–Stokes operator, it has become widely accepted that eigenvalues merely determine the
long-time response of the flow, whereas other non-modal effects play a significant role during short times. With the increased availability of computational
power, eigenvalue computations of three-dimensional flows have become feasible,
leading to a renewed interest in the area of modal analysis. In this chapter,
algorithms for performing this type of analysis are discussed.

3.1. Eigenmode decomposition
Given a baseflow U corresponding to a fixed point of the flow, modal analysis
aims at investigating the eigenpairs (i.e. eigenvalues and eigenvectors) of the
linear Jacobian, AU , about this baseflow. A fixed point is stable if all eigenvalues
have negative real part, unstable if at least one eigenvalue has a positive real
part, and marginally (or neutrally) stable if the least stable eigenvalue is purely
imaginary.
3.1.1. Matrix exponential
In the case of flows that are slowly varying or periodic in space, a local stability
analysis may be appropriate (Huerre & Monkewitz 1990). However, in this
work we are mainly concerned with flows that vary rapidly in space in the part
of the domain where the instability mechanism resides. The ansatz for the
perturbation imposed on the baseflow therefore reads
u(x, t) = û(x)eλt + c.c.,

(3.1)

where λ is complex-valued, and the frequency and growth rate of the eigenfunction û is given by the imaginary and real part of λ, respectively. By substituting
(3.1), into a semi-discretized form of (2.5),
∂u
= Au,
(3.2)
M
∂t
one arrives at a generalized eigenvalue problem
Aû = λM û.
8

(3.3)
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The discrete operators M and A are assumed to incorporate boundary conditions so that solutions to (3.2) will correspond to those of (2.4). If M is
non-singular, the eigenvalue problem (3.3) can readily be formulated as an
equivalent standardized problem L = M −1 A. However, since these matrices
typically will be very large, explicitly forming M and A will be impractical
both in terms of storage and operation count. A common approach is therefore
to treat (3.3) with matrix-free methods.
For the linearized Navier–Stokes equations, a routine that carries out the
action of L generally will be unavailable. On the other hand, a routine that
given an initial vector u0 provides a solution u(x, t) = eLt u0 (x) to (3.2), will
be available through any direct numerical simulation (DNS) code (Moler &
Van Loan 1978, 2003). If L is diagonalizable such that L = Û ΛÛ −1 , where Û
contains the eigenvectors and Λ the eigenvalues of L, then


∞ j
∞ j j
∞ j j
−1 j
X
X
X
t (Û ΛÛ )
t Λ  −1
t L
Û = Û eΛt Û −1 .
=
= Û 
eLt =
j!
j!
j!
j=0
j=0
j=0
(3.4)
This simple calculation shows that L and eLt have the same eigenvectors,
whereas their eigenvalues are related via the exponential mapping
λr =

1
log(|σ|),
t

λi =

1
arg(σ),
t

(3.5)

where σ denotes an eigenvalue of eLt . We may formally write the discrete timestepping operator that realizes this matrix exponential as B(∆t) , eL∆t , such
n
that the solution to (3.2) at any time t = T reads u(x, T ) = B(∆t) u0 (x), for
T = n∆t and some initial vector u0 (x). Equation (3.4)–(3.5) thus implies that
the eigenvalue problem (3.3) can be solved by determining the eigenvalues and
n
eigenvectors of the timestepping operator B(∆t) . This technique was first used
to analyze the stability of fluid flows by Eriksson & Rizzi (1985), and has since
then become the leading method in the community for determining eigenpairs
of large flow cases described by the linearized Navier–Stokes equations (see §1
for references). Another technique that is based on Laplace preconditioning will
be discussed in §4.
3.1.2. The Arnoldi method
To determine a selection of eigenvalues and eigenvectors of a large matrix, Krylov
subspace methods are used. To set the notation and terminology, consider a
k-dimensional subspace generated by an operator L and an initial vector u0
Kk (L, u0 ) = span{u0 , Lu0 , . . . , Lk−1 u0 }.

(3.6)

This subspace is called a Krylov subspace, and in approximating the eigenvalues
and eigenvectors of L, we will seek a vector ũ ∈ Kk and λ̃ ∈ C that satisfies the
following Galerkin condition
(Lũ − λ̃ũ, v) = 0,

∀v ∈ Kk (L, u0 ).

(3.7)
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Equation (3.7) implies that the residual Lũ − λ̃ũ will be orthogonal to Kk , and
by defining an orthogonal projector Pk onto Kk , we have
Pk Lũ = λ̃ũ.

(3.8)

We refer to the vector ũ and the scalar λ̃ as a Ritz vector and a Ritz value.
Letting Vk denote an orthogonal basis of Kk , such that Pk = Vk VkT and
ũ = Vk ŷ for some ŷ ∈ Ck ,
Vk (VkT LVk )ŷ = λ̃Vk ŷ =⇒ Hk ŷ = λ̃ŷ,

(3.9)

VkT LVk

where we have defined Hk ,
(Saad 2011). This matrix can be interpreted as the orthogonal projection of L onto Kk represented in the basis Vk .
A method for computing Vk and Hk is given by the Arnoldi factorization in
Algorithm 1. With this method, Hk will be upper Hessenberg and related to
L, and Vk through the Arnoldi relation
LVk = Vk Hk + rk eTk ,

(3.10)

where rk denotes the residual of the factorization and ek the kth unit vector.
The form of the Arnoldi factorization given in Algorithm 1 is adapted
from Lehoucq et al. (1998) but has the orthogonalization step expressed as an
application of modified Gram–Schmidt. When solving a generalized eigenvalue
problem like (3.3), then L = M −1 A and in this case should the inner product
(·, ·) and the norm k · k be weighted by M (Sorensen 1992).
As the iteration proceeds, some Ritz pairs may become very good approximations to the eigenpairs of L. If it happens that the minimal polynomial of
the vector u0 is of degree k, qk (L)u0 = 0, so that Kk is an invariant subspace
under L, Algorithm 1 breaks down. In this case the k computed Ritz pairs will
be exact eigenpairs of L (Saad 2011). However, this usually require k to be
very large. To decrease storage requirement, Algorithm 1 needs to be restarted
regularly.
A common restarting technique implemented in the software package
ARPACK (Lehoucq et al. 1998) used throughout this thesis, is the implicitly restarted Arnoldi method (IRAM) by Sorensen (1992). This builds upon
the result that convergence of k eigenpairs will take place in k iterations if the
initial vector resides in a k-dimensional invariant subspace. In order to approach
this situation, a polynomial filter can be used to enhance the components of the
initial vector along the wanted Ritz vectors relative to the components along the
unwanted ones. Assume an l-step Arnoldi factorization with l = k + j, and suppose that the Ritz value have been sorted according to some selection criterion
such that {λ̃1 , . . . λ̃k } correspond to the wanted Ritz values and {λ̃k+1 , . . . λ̃k+j }
to the unwanted ones. Then, application of a polynomial
qj (φ) = (φ − λ̃k+1 )(φ − λ̃k+2 ) . . . (φ − λ̃k+j )

(3.11)

to Vl will serve to eliminate the Ritz vectors corresponding to these unwanted
Ritz values from the initial vector u0 , and yield an updated initial vector that
is a linear combination of the desired Ritz vectors. In IRAM, this filtering is

3.1. Eigenmode decomposition
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Algorithm 1: k-step Arnoldi factorization.
Input : Matrix L, initial vector u0 , k ∈ Z
Output : Hessenberg matrix Hk , orthonormal set Vk , residual rk
1
2
3
4
5
6
7
8
9
10
11

v1 ← u0 /ku0 k; w ← Lv1 ; α1 ← (v1 , w);
r1 ← w − α1 v1 ; V1 ← [v1 ]; H1 ← [α1 ];
for j = 1, . . . , k − 1 do
βj ← krj k; vj+1 ← rj /βj ;




Hj
;
Vj+1 ← Vj vj+1 ; H̃j ←
βj eTj
w ← Lvj+1 ;
for i = 1, . . . , j + 1 do
hi ← (vi , w); w ← w − hi vi ;
end

T

rj+1 ← w; h ← h1 . . . hj+1 ; Hj+1 ← H̃j
end


h ;

performed implicitly via shifted QR factorization of the Hessenberg matrix.
Upon application of the j shifts and truncating the relation, an updated kstep Arnoldi factorization is obtained that is equivalent to one that would
be generated if qj (L)u0 were chosen as initial vector (see Sorensen 1992 for
details). From this point the factorization may be extended by another j steps
of Algorithm 1 and the process be repeated.
Use of this restarting technique enables k to be kept small, which is important for storage issues and in order to maintain orthogonality between the
Krylov vectors. For instance, typical values k and l in the stability analysis
of a Blasius boundary layer subject to localized suction discussed in §5.1 are
k = 28 and l = 100. In the study investigating the roughness element in a
Falkner–Skan–Cooke boundary layer discussed in §5.2, typical values are k = 100
and l = 400. However, to reach convergence in the two cases, about ∼ 2000
and ∼ 3200 Krylov vectors were required in the respective cases, which clearly
illustrates the huge reduction in storage requirements due to implicit restarting.
For a discussion on the stopping criterion for the method, the reader is referred
to Lehoucq et al. (1998).
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3.2. Koopman analysis
An alternative to the Arnoldi method described in the previous section is to
merely stack the generated vectors into a Krylov matrix instead of at every step
orthogonalizing the new vector to the previous ones. We can express this as
Yk = N Xk ,

(3.12)

where Xk = [u0 , . . . , uk−1 ], Yk = [u1 , . . . , uk ] and N is a linear operator. This
gives an expression that is similar to (3.10),
N Xk = Xk Sk + rk eTk ,

(3.13)

but where Xk now is non-orthogonal and Sk is a companion matrix (Ruhe
1984). The interpretation of Sk and Xk is however analogous to that of Hk and
Vk . For sufficiently large k, the vectors Xk can be expected to become linearly
dependent, and span an invariant subspace of N . In that case eigenpairs of N
may be estimated from the eigenpairs of Sk , Sk t̂j = υ t̂j , with the Ritz vectors
now given by φj = Xk t̂j (j = 1, . . . k).
The drawback of this approach is that the vectors of Xk may be close
to collinear and hence constitute an ill-conditioned set, which only enables a
few Ritz pairs to be extracted. On the other hand, no explicit access to N is
required, which makes (3.12)–(3.13) suitable for analysis of systems where N
is unknown, and in particular applicable to nonlinear systems. This last point
may be theoretically justified by reviewing the concepts of Koopman analysis.
Consider to this end a state space M, a state vector un ∈ M and a nonlinear
finite dimensional operator f : M → M that evolves the state in (discrete) time
un+1 = f (un ).

(3.14)

Let g be a vector valued observable (function) with components gl : M → C
(or R), and define the Koopman operator U as
U g(un ) , g ◦ f (un ).

(3.15)

This operator is linear and maps functions of the state space into other functions
of the state space, which makes it infinitely dimensional. With the aid of the
Koopman operator, the temporal evolution of an observable of interest may be
obtained via either (i) evolution of the state un through (3.14) and sequentially
evaluating g(un+1 ), or via (ii) evolution of the observable directly by (3.15).
As a consequence of its linearity, the Koopman operator will admit an
eigenvalue decomposition as
U θj (u) = µj θj (u),

j = 1, 2, . . .

(3.16)

In case the components ofP
the observable g lies in the span ofPthese eigenfunctions
∞
∞
{θj }, one has that gl = j=1 clj θj , which gives g(u) = j=1 cj θj (u). From
(3.14)–(3.15) it then follows that
g(un+1 ) = U g(un ) = U

∞
X
j=1

cj θj (un ) =

∞
X
j=1

µj θj (un )cj ,

(3.17)
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Algorithm 2: Dynamic mode decomposition.
Input : Sets Xk , Yk
Output : Dynamic modes Φk , dynamic eigenvalues Υk
1
2
3
4

[Qk , Σk , Wk ] = svd(Xk ) ;
S̃k ← QTk Yk Wk Σ−1
k ;
[T̃k , Υk ] = eig(S̃k ) ;
Φk ← Qk T̃k ;

// Reduced SVD, Xk = Qk Σk WkT
// Diagonalize, S̃k = T̃k Υk T̃k−1

where {µj } is the Koopman eigenvalues, θj (un ) the Koopman eigenfunctions
and cj the Koopman modes (Rowley et al. 2009).
The connection between (3.17) and the Ritz pairs of N becomes clear if we
interpret the undefined operator N ∈ Rm×m in (3.12) as a best-fit linear operator that relates the two sets Xk and Yk (Tu et al. 2014). Let g be the identity
operator un = g(un ) such that un = g(un ) ∈ Xk , un+1 = g(un+1 ) ∈ Yk , and
assume that N has a full set of eigenvectors. Then
m
m
X
X
υj γ j φ j ,
(3.18)
γ j φj =
g(un+1 ) = N g(un ) = N
j=1

j=1

which by comparison with (3.17) shows that the Ritz vectors of N are approximations to the Koopman modes, that the Ritz values are approximations to the
Koopman eigenvalues, and that the Koopman eigenfunctions can be interpreted
as weights of the individual Koopman modes in the field g(un ). This connection
was first pointed out by Rowley et al. (2009) and later elaborated upon by Tu
et al. (2014).
A method for determining the Ritz pairs of the operator N , is the dynamic
mode decomposition (DMD) proposed by Schmid (2010). The steps of this
method is outlined in Algorithm 2. The matrix S̃k appearing in the algorithm
is related to Sk via a similarity transformation, S̃k = (ΣW T )Sk (ΣW T )−1 , and
therefore has the same eigenvalues Υk (Saad 2011). Their eigenvectors are
related as T̃k = Σk WkT T̂k (where Sk = T̂k Υk T̂k−1 ). This method has received
much attention during recent years and several improvements and extensions
have been proposed (e.g. Tu et al. 2014).

Chapter 4

Optimal forcing

The resolvent operator is a useful concept in fluid mechanics that relates an input
forcing to the response of the fluid system. As such, it finds application in several
areas such as flow control, hydrodynamic stability, and receptivity. In the study
of the amplifier behavior inherent to many stable flows, one frequently seeks
the forcing function and forcing frequency that yields the strongest response in
the system. This is known as the optimal forcing and is the topic of the present
chapter. In particular, a detailed account of a new method for computing
optimal forcing that has been introduced in this thesis work will be given.

4.1. Laplace preconditioner
In §3.1.1 a method for performing stability analyses based on matrix exponentiation was presented. Although such methods are robust and general, stable
time integration requires a very small timestep to be used, in which case the
matrix exponential will be close to the identity. As a consequence, stability
analysis based on these types of methods are bound to require a large number
of timesteps, which for large-scale simulation can be intractable. In this section
an alternative method for obtaining the action of the Navier–Stokes operator is
presented that relies on system solves instead of time integration.
As a starting point, we recall the formulation of the linearized Navier–Stokes
equations given in (2.5),
∂u
= AU u = (NU + L)u,
∂t

(4.1)

where NU is the advection operator and L is the Laplacian operator as defined
in (2.6). Since the discrete Laplacian has a wide range of eigenvalues, it is
ill-conditioned (Edwards et al. 1994). Therefore, the linearized Navier–Stokes
equations are commonly discretized in time by an implicit-explicit (IMEX)
integration scheme (Ascher et al. 1995). Note that although the development in
this section is made with the discretized form of the equations in mind, we will
treat the operators as being continuous and defer the introduction of a spatial
discretization until §4.3.
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The simplest possible IMEX scheme is the first order forward/backward
Euler time discretization, which applied to (4.1) gives
u(t + ∆t) − u(t)
= NU u(t) + Lu(t + ∆t).
(4.2)
∆t
Upon reshuffling the terms in (4.2), an expression for the evolution operator
B(∆t) is obtained,


u(t + ∆t) = (I − ∆tL)−1 (I + ∆tNU ) u(t) , B(∆t)u(t).
(4.3)
Given such an operator, we may consider the difference between two consecutive
flow fields that are separated by ∆t in time
u(t + ∆t) − u(t) = (B(∆t) − I)u(t)
= (I − ∆tL)−1 (I + ∆tNU − I + ∆tL)u(t)
= P(∆t)(NU + L)u(t).

(4.4)

This shows that the difference between the two fields is equivalent to the action
of the Navier–Stokes operator left-multiplied with an operator P(∆t) on the
initial field. The operator P(∆t) in (4.4) is defined as
P(∆t) , (I − ∆tL)−1 ∆t,

(4.5)

and will be referred to as the Laplace preconditioner (in the literature often called
the Stokes preconditioner ). The reason for this becomes clear by considering its
behavior for different ∆t, namely,
(
∆tI
for ∆t ≪ 1
P(∆t) ≈
(4.6)
−L−1
for ∆t ≫ 1.
Thus, application of P(∆t) for small ∆t will result in a mere scaling, whereas for
large ∆t, it will counteract the presence of L and serve as a preconditioner for
AU . In this formalism ∆t no longer serve the role of a timestep, but acts as an
algebraic parameter that controls the level of preconditioning provided by P(∆t).
Note that whereas a discretization of AU will be ill-conditioned and generally
unavailable for large flow cases, the discretized PAU will be well-conditioned
for large ∆t and accessible through (4.4) with no computational cost associated
with applying the preconditioner. Moreover, the action of the operator P(∆t)
alone may readily be obtained by acting on an input field with the Stokes
operator, (I − ∆tL)−1 , and subsequently multiplying the output with ∆t.

4.2. Application of Laplace preconditioner to optimal forcing
The method of Laplace preconditioning finds application within three major
computational tasks in hydrodynamic stability. It was first introduced as a
means of preconditioning the Newton solver used to calculate steady states,
and has later on also been used to determine eigenvalues and eigenvectors
(Tuckerman 1989; Mamun & Tuckerman 1995; Barkley & Tuckerman 1997;
Tuckerman & Barkley 2000; Tuckerman 2015). In Paper 5 this methodology
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is extended to also cover optimal forcing. Here this application area will be
discussed in greater detail.
Consider a linear system such as (4.1) that is driven by a harmonic forcing
∂u
= AU u + fˆeiωt .
(4.7)
∂t
The solution to this problem reads
u(x, t) = eAU t c(x) − (AU − iωI)−1 fˆeiωt ,
(4.8)
in which c(x) is a vector that depends on the initial conditions as
c(x) = u(x, 0) + (AU − iωI)−1 fˆ(x).

(4.9)

If the flow is asymptotically stable, the first term on the left-hand side of (4.8)
will decay leaving u(x, t) = −(AU − iωI)−1 fˆ(x)eiωt . Here one can identify the
resolvent operator R(iω) , (AU − iωI)−1 (Kato 1995) and write the long-time
response of the system as ŝ(x)eiωt , where
ŝ(x) , −R(iω)fˆ(x).
(4.10)
The amplification of the system (gain) due to a driving force thus becomes
s
hfˆ(x), R† (iω)R(iω)fˆ(x)i
kŝ(x)k
G(ω) , max
= max
,
(4.11)
ˆ
kfˆk6=0 kf (x)k
kfˆk6=0
hfˆ(x), fˆ(x)i
where R† (iω) is the adjoint resolvent operator and the angled brackets denote
the complex L2 -inner product
Z
φ · ψ dV,
hφ, ψi =
(4.12)
Ω

where the bar denotes complex conjugate. Since the right-hand side of (4.11) is
a Rayleigh quotient, it is seen that the maximum gain in the system corresponds
to the largest eigenvalue of R† (iω)R(iω). Next, it is shown how to determine
(4.11) using Laplace preconditioning.
The simplest way of approximating the largest eigenpair of an operator is
through power iteration. This is carried out as follows:
−1 (k)
fˆ(k+1) = (A − iωI)(A† + iωI)
fˆ
⇐⇒
(A − iωI)(A† + iωI)fˆ(k+1) = fˆ(k)

P(A − iωI)P

†−1

†

†

ˆ(k+1)

P (A + iωI)f

ˆ(k)

= Pf

⇐⇒

.

(4.13)

(Note that for the Navier–Stokes equations subject to homogeneous boundary
conditions, the Laplace preconditioner is self-adjoint.) Given a vector fˆk , the
next power iterate is formed through the following four steps, which implement
(4.13):
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1. fI ← P(∆t)fˆk
−1

2. fII ← [P(∆t)AU − iωP(∆t)] fI
3. fIII ← P † (∆t)fII
4. fˆk+1 ← [P † (∆t)AU † + iω ∗ P † (∆t)]−1 fIII .
Numerically, steps 1. and 3. are each accomplished through an application
of the Stokes operator, whereas steps 2. and 4. are solved with an iterative
method designed for non-symmetric matrices such as generalized minimal
residual (GMRES) (Saad & Schultz 1986) or bi-conjugate gradient stabilized
(Bi-CGSTAB/Bi-CGSTAB2) (van der Vorst 1992; Gutknecht 1993). Once
the optimal forcing function is computed, the corresponding response may be
calculated from (4.10), which implies solving
− (PAU − iωP)ŝ = P fˆ.

(4.14)

It is emphasized that the method presented is completely matrix-free and
hence does not require explicit formation or storage of any of the operators
involved. This makes it particularly suitable for large-scale problems. An
alternative method for computing optimal forcing that is also matrix-free, is
that due to Monokrousos et al. (2010), which involves time integration of the
direct and adjoint Navier–Stokes equations. For small problems where storage
of the matrices can be afforded, the optimal forcing may also be determined
through a singular value decomposition (SVD) of the governing matrix.

4.3. The spectral element method
In this section a numerical method that implements the above algorithm will
be presented. First some preliminary concepts of the discretization will be
introduced, after which the implementational aspects related to the method
will be outlined. The focus is placed on the case when ∆t ≫ 1, and the more
common situation when ∆t ≪ 1 will only be mentioned in passing.
4.3.1. Weak formulation
In this section some concepts of the spectral element method (SEM) (Patera
1984) will be introduced and reviewed. It will be discussed in the context of
the linearized Navier–Stokes equations given in §2.1 and for simplicity it will be
assumed that the solution satisfies homogeneous Dirichlet boundary conditions.
In that case the weak
 form of (2.4) (with an added volume force) becomes:
Find u(x, t), p(x, t) ∈ H01 (Ω)d × L20 (Ω) such that



1
∂
u, v +
∇u, ∇v − p, ∇ · v
∂t
Re


= − (U · ∇ + ∇U )u, v + f , v

− q, ∇ · u = 0

∀v ∈ H01 (Ω)d ,
∀q ∈

L20 (Ω),

in which f ∈ L2 (Ω)d and (·, ·) denotes the real L2 -inner product.

(4.15a)
(4.15b)
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The space L2 (Ω) in (4.15) is the space of all functions that are square
integrable on Ω, L20 (Ω) is the space of all functions in L2 (Ω) that have a zero
average, and H01 (Ω) is the space of all functions in L2 (Ω) that vanish on the
boundary ∂Ω and whose first derivatives are in L2 (Ω). H01 (Ω)d is the space of
d-dimensional functions such that
H01 (Ω)d , {v: vj ∈ H01 (Ω), for j = 1, . . . , d}.

(4.16)

(A similar notation is used also for other spaces to indicate that d dimensional
forms of the underlying space is considered).
To proceed with the discretization, the domain is divided into nonoverlape
ping elements, Ω = ∪E
e=1 Ω . Every such element is related through a bijective
e
e
mapping x (r̂) : Ω̂ → Ω to the reference element Ω̂, where the velocity and
pressure following the staggered PN -PN −2 discretization proposed by Maday &
Patera (1989), are represented by Lagrange interpolation polynomials on N + 1
Gauss–Lobatto–Legendre (GLL) and N − 1 Gauss–Legendre (GL) quadrature
nodes, respectively. The polynomial space of the basis functions on every
element is defined as
PN,E (Ω) , {v(xe (r̂))|Ω e ∈ PN (r̂1 ) ⊗ . . . ⊗ PN (r̂d ), e = 1, . . . , E}

(4.17)

(Fischer 1997). Due to the representation of the solution quantities on GLL and
GL quadrature nodes, integrals may be accurately evaluated on the reference
element by Gauss quadrature. With these considerations,
the finite dimensional

d
weak problem becomes: Find uN (x, t), pN (x, t) ∈ XN
× YN such that



1
∂
uN , v GLL +
∇uN , ∇v GLL − pN , ∇ · v GL
∂t
Re


= − (U · ∇ + ∇U )uN , v GLL + fN , v GLL

− q, ∇ · uN GL = 0

d
∀v ∈ XN
,

(4.18a)

∀q ∈ YN ,

(4.18b)

where fN ∈ L2 (Ω)d ∩ PdN,E (Ω) and the two solution spaces are defined as
d
XN
, H01 (Ω)d ∩ PdN,E (Ω) and YN , L20 (Ω) ∩ PN −2,E (Ω). The discrete inner
products appearing in (4.18) denote the GLL and GL quadrature rules (here
expressed for d = 2)
(φ, ψ)GLL =

N
N X
E X
X

φe (ξi , ξj )ψ e (ξi , ξj )|J e (ξi , ξj )|ρi ρj

(4.19a)

e=1 i=0 j=0

(φ, ψ)GL =

−1
−1 N
E N
X
X
X

φe (ηi , ηj )ψ e (ηi , ηj )|J e (ηi , ηj )|σi σj

(4.19b)

e=1 i=1 j=1

(Fischer 1997), where {ξi } and {ηi } are the different sets of quadrature nodes,
and {ρi } and {σi } their corresponding weights. The function J e is the Jacobian
associated with mapping the element e to the reference element.
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4.3.2. The Uzawa algorithm
In this section, the solution procedure of the finite dimensional weak problem
introduced above will be discussed. All operators that are considered will
be global and block-diagonal since they are composed of local matrices via
application of gather and scatter operators, and masking operators applied
to the boundary points. The local matrices are in turn derived using tensor
products. These low-level details are however omitted in the present discussion
and the reader is referred to e.g. Deville et al. (2002) for more details.
By discretizing (4.18), (4.19) and applying a first order temporal discretization according to (4.2), the discrete equations governing the nodal values of the
velocity and pressure reads
M

β0 unj − β1 ujn−1
1
+
Kunj − DjT pn = Cj (U )ujn−1 + M fjn ,
∆t
Re

j = 1, . . . , d
(4.20a)

−

d
X

Dj unj = 0.

(4.20b)

j=1

In (4.20), M denotes the diagonal spectral element mass matrix, K is the
discrete Laplacian, D = [D1 , . . . , Dd ] is the discrete divergence operator and
D T is the gradient operator. (Boldface letters are used to denote d-dimensional
forms of the operators.) The gradient and divergence operators are transposed
matrices of one another and handle interpolation between the GLL and GL
grids. The operator Cj (U ) is the discrete linearized advection operator, which
is evaluated in a convective formulation using over-integration (Malm et al.
2013).
Upon reshuffling the terms of (4.20a), the discrete Helmholtz operator can
be identified
β0
1
H,
M+
K.
(4.21)
∆t
Re
By further considering the difference in pressure between two consecutive
timesteps, ∆pn = pn − pn−1 , and gathering the known quantities into the righthand side
gjn = Cj (U )ujn−1 + M fjn + (β1 /∆t)M un−1
+ DjT pn−1 ,
j
a Stokes problem is obtained
Hun − D T ∆pn = g n
n

−Du = 0.

(4.22a)
(4.22b)

Following Perot (1993) and introducing an operator Q (to be specified later),
(4.22a) can be rewritten as
Hun − HQD T ∆pn = g n + en ,

(4.23)

20

4. Optimal forcing

where en = −(HQ − I)D T ∆pn . A block LU-decomposition of (4.22b) and
(4.23) then gives


  n  n
H
0
e
u∗
g
(4.24a)
+
=
0
0
∆pn
−D −DQD T


 n  
u∗
u
I −QD T
.
(4.24b)
=
∆pn
∆pn
0
I
Different choices of Q are discussed in the thesis by Couzy (1995). For
large Reynolds number and small timesteps, the Helmholtz operator H will be
close to the mass matrix M , which is diagonal and hence easily inverted. By
choosing Q = (∆t/β0 )M −1 and dropping the term en , equation (4.24) becomes
Hu∗ = g n

(4.25a)

n

E∆p = Du∗

(4.25b)

∆t −1 T n
un = u∗ +
M D ∆p ,
β0

(4.25c)

where the operator governing the pressure is defined as
d

E,−

∆t X
Dj M −1 DjT .
β0 j=1

(4.26)

The solution of the Navier–Stokes equations by (4.25)–(4.26) is called the
fractional step method (Deville et al. 2002). For infinitesimal timesteps, the
Helmholtz operator will be both symmetric positive definite (SPD) and diagonally dominant. This enables (4.25a) to be solved with preconditioned conjugate
gradient (PCG) using the inverse diagonal of H as a preconditioner. The main
challenge related to solving (4.25a)–(4.25c) lies in determining the pressure,
∆pn . The E-operator defined in (4.26) is referred to as the discrete consistent
Poisson-operator (Maday et al. 1993), and has properties that are similar to the
Laplacian. For the case of Dirichlet conditions on all boundaries, it will have a
one-dimensional null-space (Fischer 1997). Possible preconditioning strategies
of (4.25b) will be mentioned at the end of the section.
The obvious drawback of choosing Q = (∆t/β0 )M −1 is that it naturally
induces a splitting error,



∆t −1
1
1 ∆t
β0
M+
K
en = −
M − I D T ∆pn = −
KM −1 D T ∆pn .
∆t
Re
β0
Re β0
(4.27)
This error term is O(∆t2 ) (van Kan 1986), which for the application of time
integration is fair, but for the present purposes where ∆t ≫ 1 is unacceptable. The only choice of Q for which the splitting error vanishes identically is
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Q = H −1 . This gives the classical Uzawa algorithm (Deville et al. 2002):
Hu∗ = g n

(4.28a)

n

Sp = Du∗
n

u = u∗ + H

(4.28b)
−1

T n

D p ,

(4.28c)

where now
gjn = Cj (U )ujn−1 + M fjn + (β1 /∆t)M ujn−1 ,
and the operator S is defined as
S,

d
X

Dj H −1 DjT .

(4.29)

j=1

As the inverse Helmholtz operator appears in the definition of S, evaluation of
say q = Sp implies carrying out
Hv = D T p,

q = Dv,

which means that for every (outer) iteration needed to solve (4.28b), d Helmholtz
problems must be solved as well. For transitional flows in which optimal forcing
(and eigenvalue analysis) are of interest, the Reynolds number will typically be
moderate. In such cases, assuming ∆t ≫ Re, the Helmholtz operator will be
close to the Laplacian, H ≈ Re −1 K, and so S ≈ Re S̃, where
S̃ ,

d
X

Dj K −1 DjT

(4.30)

j=1

is the Uzawa operator governing the pressure in steady Stokes flow. In a
continuous setting, S̃ corresponds to a sequence of the gradient, the inverse
Laplacian and the divergence operator, and should be close to the identity,
∇ · ∆−1 ∇ ∼ I. However, the discrete operator defined by (4.30) is not close to
the identity, but to the mass matrix defined on the Gauss–Legendre grid, M̃
(Maday et al. 1993). As a result, M̃ −1 S̃ will be close to unity, and so (4.28b)
can be preconditioned with the operator Re −1 M̃ −1 .
In order to precondition the Helmholtz operator (now close to a Laplace
operator), preconditioners based on the spectral element multigrid (SEMG) are
considered. This kind of method has proven successful in preconditioning similar
operator, such as the Laplace operator and the consistent Poisson-operator
(Lottes & Fischer 2005; Fischer & Lottes 2005). The preconditioners used may
be non-symmetric, and hence (4.28a) must be solved with e.g. GMRES. In the
case of right-preconditioned GMRES iterations, Krylov vectors are formed by
acting with the operator H K̃ −1 , which implies that systems of the form K̃z = v
need to be solved in order to apply the preconditoner K̃ −1 (Saad 2003). SEMG
has previously been used to solve such systems (Rønquist & Patera 1987) and as
explained by Fischer & Lottes (2005), the algorithm can readily be transformed
into a preconditioner by considering a single sweep of the ”V” cycle. The idea
is to subsequently restrict the solution to increasingly coarser grids and on

22

4. Optimal forcing

every grid level apply a smoothing operator that reduces high-wavenumber
components. At the lowest level, a coarse grid problem is solved involving
the low-wavenumber components, after which the result is propagated back
through the hierarchy of grids. Here, a three-level ”V” cycle is considered,
where one smoothing step is applied on each grid level on the downward leg
and no smoothing is performed on the upward leg. The steps are as follows:
1.
2.
3.
4.
5.

(3)

z (3) ← σMW v; r(3) ← v − K̃ (3) z (3) ; e(2) ← R(3) r(3) ;
(2)
z (2) ← σMW e(2) ; r(2) ← e(2) − K̃ (2) z (2) ; e(1) ← R(2) r(2) ;
solve K̃ (1) z (1) = e(1) ;
z (2) ← z (2) + R(2)T z (1) ;
z (3) ← z (3) + R(3)T z (2) ;

(The grid level of the operation is indicated by the superscripts.) The application
(∗)
of the smoothing operator σMW in steps 1 and 2, can be viewed as one step in a
(∗)
Richardson iteration that is preconditioned by MW and with a zero initial guess.
The operations following the smoothing can hence be seen as evaluating the
residual and restricting it to a coarser grid. (R(∗) and R(∗)T denote the restriction
and the interpolation operator, respectively.) The relaxation parameter σ can
be chosen in order to tune the performance of the smoother (Lottes & Fischer
2005). The smoother MW , is an additive overlapping Schwarz smoother that
is applied on the local element level and is weighted by an inverse counting
matrix (see Lottes & Fischer 2005 and Fischer & Lottes 2005 for more details).
The steps outlined above are referred to as a hybrid Schwarz method. By
replacing the steps r(3) ← v − K̃ (3) z (3) and r(2) ← e(2) − K̃ (2) z (2) with r(3) ← v
and r(2) ← e(2) , respectively, an additive Schwarz method is obtained (Fischer
& Lottes 2005).

4.4. Validation
The method for computing optimal forcing (and eigenpairs) discussed up till
now has been implemented into the spectral element code Nek5000 (Fischer
et al. 2008) through minor changes/adaptations of the pre-existing solvers and
preconditioners in the code. In Paper 5 the implementation is used to study
the optimal forcing of a marginally stable lid-driven cavity at Re = 8015, and
here we apply it to the two-dimensional flow around a cylinder. This constitutes
a common test problem for numerical algorithms where the fluid physics is well
known.
An overview of the setup is shown in figure 4.1, where in the upper half
contours of the streamfunction for the baseflow are plotted, whereas in the
lower half the spectral element borders are plotted. Length and time are made
∗
dimensionless using D∗ and D∗ /U∞
(where the D∗ is the cylinder diameter
∗
and U∞ is the streamwise velocity in the far-field). The Reynolds number is
∗
D∗ /ν ∗ and is set to Re = 44, which corresponds to a slightly
defined as Re = U∞
subcritical configuration (Jackson 1987). The cylinder is centered at the origin
and the size of the domain is [−30, 50] × [−15, 15] in the x- and y-directions.
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Figure 4.1: Two-dimensional flow around a cylinder, Re = 44. Baseflow
streamfunction contours are plotted in the upper half (contours separated by
0.025 units) and the spectral element mesh is plotted in the lower half. The
streamfunction and the mesh are anti-symmetric and symmetric about the
centerline, respectively.
The polynomial order is N = 9. A sponge-force, f n = γ(x)un−1 , defined by
 



x − xstart
xend − x
γ(x) = γmax S
+S
,
(4.31a)
∆rise
∆fall


x≤0
0,
S(x) = [1 + exp(1/(x − 1) + 1/x)]−1 ,
(4.31b)
0<x<1


1,
x≥1

(Chevalier et al. 2007), is applied next to the inflow and outflow boundary
in order to dampen the flow and enforce homogeneous Dirichlet conditions.
The parameters are chosen as γmax = 1.0, ∆rise = ∆fall = 6.0, xstart = 38 and
xend = −18. With the notation introduced in §4.1, this sponge-force is grouped
together with the nonlinear operator NU and is thus absent during the Stokes
step, P(∆t).
4.4.1. Performance tests
First, the performance of the various preconditioners will be empirically investigated. To study the behavior of the SEMG preconditioners, the Helmholtz
equation
Hz = M r,
(4.32)
−9
is solved to a relative tolerance of 10 for a random right-hand side r and
different values of ∆t. In figure 4.2a the performance of the hybrid and the
additive Schwarz preconditioners are plotted. As seen, the iteration count
decreases with increasing ∆t as the Helmholtz operator approaches the Laplacian.
By comparing the two preconditioners, the hybrid preconditioner generally
requires somewhat fewer iterations than the additive preconditioner. At the
same time the application of the hybrid preconditioner is computationally more
expensive due to the appearance of K̃ (∗) on the downward leg of the “V” cycle.
This seems to balance the reduction in iteration count so that the solution
time (for this flow case) in the end is similar for the two. These trends are
consistent with the results of Fischer & Lottes (2005). Note that no tuning
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Figure 4.2: Performance of the different preconditioners for different ∆t. (a)
Iteration count for solution of (4.32) using the hybrid Schwarz preconditioner
(
) and the additive Schwarz preconditioner (
). (b) Solution time for
(4.32), normalized by the solution time required using the additive Schwarz
preconditioner for ∆t = 10−1 . The line styles are the same as in (a). (c)
Iteration count for solution of (4.33). (d) Iteration count for solution of (4.34)
(see the text for the difference between the markers).

of the preconditioners was attempted in this comparison and the relaxation
parameter was σ = 1.0. In all simulations presented below, the additive Schwarz
preconditioner is employed.
Next, a similar study is made for the pressure equation in which
Sz = Dr,

(4.33)

is solved for a random a random right-hand-side r to a relative tolerance of 10−9 .
Since the Helmholtz operator is nested inside S according to (4.29), a more
stringent tolerance of 10−10 is used for these inner solves to ensure convergence.
The iteration count vs. ∆t is shown in figure 4.2c, which shows the desired
decrease in iteration count with increased ∆t as S becomes closer to the Uzawa
operator.
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The final test considers the Laplace preconditioner. Here the problem
Az = r,

(4.34)

is solved, where A is the linearized Navier–Stokes operator discretized with
the SEM and r is a random righ-hand side. Following the arguments in §4.1,
solution of (4.34) in practice involves solving
P (∆t)Ax = P (∆t)r,

(4.35)

where P is the discrete Laplace preconditioner and the action of P (∆t)A is
obtained by solving (4.28a)–(4.28c) and subtracting the input according to (4.4).
Since the solution of (4.35) involves nested solves, the computational time will
become very long in the limit of small ∆t where the performance of the inner
solves are poor. In an attempt to decrease the required wall-clock time, the
tolerances are relaxed to a relative tolerance of 10−7 for the outermost solution
of (4.35), 10−8 for the solution of (4.28b) and finally 10−9 for (4.28a) and for
the nested solves in (4.29). Due to the non-symmetry of the Navier–Stokes
operator, GMRES is used. The result is shown in figure 4.2d. Unlike with the
previous preconditioners, the performance of the Laplace preconditioner does
not increase monotonically with increasing ∆t and appears to attain a minimum
for ∆t ≈ 10, below which the iteration count quickly diverges for smaller ∆t
and for larger values converges to a constant value. In order to decrease the
execution time, the two circles in figure 4.2d corresponding to ∆t = {0.1, 0.2}
were obtained by modifying the solution procedure such that (4.28a) and the
nested solves in (4.29) were preconditioned by the inverse diagonal of H and
solved with PCG, whereas (4.28b) was preconditioned by the additive Schwarz
preconditioner and solved with GMRES.
The degradation in performance of Laplace preconditioner for very large
values of ∆t is interesting. Very similar curves have been reported by Beaume
(2017) for three-dimensional double diffusive convection (also using a SEM).
Beaume in addition showed curves for a shear flow confined between two plates,
in which no convergence could be obtained for both very small and large values
of ∆t. Meanwhile, a nearly monotonic decrease in iteration count with ∆t is
reported in Paper 5 for the lid-driven cavity and Ginzburg–Landau equation.
Somewhat loosely speaking, these results verify the poor performance for small
∆t predicted by (4.6), and suggest that matters improve for intermediate ∆t,
whereas the behavior at very large ∆t appear to be case dependent.
4.4.2. Optimal forcing of the cylinder flow
Next, we turn to the problem of optimal forcing. For these calculations, the
adjoint Navier–Stokes operator is required. By (2.7a) and (2.8) this differs from
the direct counterpart only in the advection operator. To reflect this change,
Cj (U ) in (4.20a) is replaced by Cj+ (U ), which represents the discretized form
of the continuous adjoint advection operator. From the above investigation of
the different preconditioners, a timestep of ∆t = 103 is selected which is optimal
for the Helmholtz and pressure preconditioners and suboptimal for the Laplace
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Figure 4.3: Optimal forcing and spectrum of a marginally stable cylinder. (a)
Eigenvalues. (b) Gain curve.
preconditioner. The optimal forcing is computed using Algorithm 1 of Paper 5,
which implements (4.13) and uses (4.11) to evaluate the gain. The power iterations are terminated by the absolute convergence criterion |γ k+1 − γ k | < 10−4 ,
where γ k = (Gk )2 . In order to handle the complex arithmetic induced by the
resolvent operators, the system size is doubled as explained in Paper 5.
The results of the calculation is shown in figure 4.3b, together with the
corresponding eigenvalue spectrum in figure 4.3a. According to Jackson (1987)
the cylinder flow undergoes a Hopf bifurcation at Re = 45.403, which is characterized by a pair of complex conjugate eigenvalues that crosses the imaginary
axis. As seen in figure 4.3a, there is indeed a marginally stable eigenvalue at
λ = −0.0100 ± i0.7474. Hence, forcing in the vicinity of this frequency will
give a very strong response as shown in figure 4.3b where the strongest gain
G ≈ 4130 is obtained for ω = 0.75.
In figure 4.4a the optimal forcing function for ω = 0.75 is shown. As can be
seen, the forcing function is localized close to the cylinder, which coincide with
the region occupied by the adjoint velocity eigenvector (Hill 1992; Giannetti &
Luchini 2007). The forcing response, which is obtained by solving a discrete
form of (4.14), is plotted in figure 4.4b. As expected given the properties of the
adjoint velocity eigenfunctions reviewed in §2.2, the forcing response is located
far downstream in the wake where the direct eigenvector resides.

4.4. Validation

27

(a)

(b)

Figure 4.4: Optimal forcing of the two-dimensional flow around a cylinder
at Re = 44. (a) Streamfunction of the forcing function at ω = 0.75 (contours
separated by 0.016 units). (b) Streamfunction of the response corresponding to
the forcing in (a) (contours separated by 20 units).

Chapter 5

Flow cases

In this chapter a short overview of the three main flow cases studied in this thesis
are given along with a key result regarding their stability. The descriptions are
brief and more details are provided in the appended papers. The three test
cases used to validate the optimal forcing algorithm outlined in §4 are omitted.
Details of the cylinder flow are instead given in §4.4, and for information about
the lid-driven cavity and the Ginzburg–Landau equation, the reader is referred
to Paper 5.

5.1. Suction applied to a Blasius boundary layer
One of the oldest techniques to perform laminar flow control is through
wall-suction. The promise of this technique is realized from the steady twodimensional Prandtl’s boundary layer equations
∂u ∂v
+
=0
∂x ∂y
∂u
∂u
dp
1 ∂2u
u
,
+v
=−
+
∂x
∂y
dx Re ∂y 2

(5.1a)
(5.1b)

which are derived from (2.1) by estimating and balancing the order of magnitude
of the different terms (Schlichting 1979). With the application of wall-suction,
the appropriate boundary conditions become u = 0 and v = Vh (x) at y = 0, and
u → U∞ (x) as y → ∞, for which (5.1b) evaluated at the wall becomes
Vh (x)

∂u
∂y

+
y=0

1 ∂2u
dp
=
dx
Re ∂y 2

.

(5.2)

y=0

From (5.2) it is seen that imposing a negative velocity at the wall (i.e. suction)
serves to decrease the curvature of the velocity profile and provide a velocity distribution that adheres more to the wall and thus has better stability
characteristics than the unmodified profile (Schlichting 1979). Application of
wall-suction also has the favorable effect of thinning the boundary layer, which
reduces the Reynolds number (however at the expense of increasing the friction
drag). Another stabilization technique whose effects also can be understood
from (5.2), is natural flow control wherein the wing geometry is modified in order
to ensure a favorable pressure gradient. In practice, both of these techniques are
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Figure 5.1: Sketch of the Blasius boundary layer with a cylindrical suction pipe
including the defining parameters.
often used in combination, which is termed hybrid laminar flow control (HLFC)
(Joslin 1998).
5.1.1. The origin of oversuction
Due to practical difficulties associated with manufacturing and maintaining
continuously permeable surfaces, a common approach is to apply suction only
through slots or holes i.e. perforated surfaces (Schrauf 2005). Under certain
circumstances this technique is able to delay transition, but in others it is
observed to advance it (Gregory 1961). This is an issue that has been studied
for several decades and is referred to as oversuction. The origins of the problem
is investigated in Paper 1 using nonlinear DNS, a three-dimensional stability
analysis, a sensitivity analysis and a Koopman analysis.
The flow configuration is modeled using an infinite row of circular pipes, that
are mounted with a straight angle to a flat plate subject to a laminar Blasius
boundary layer (see figure 5.1). The study considers three different suction
∗
) based on the cases investigated
ratios R = {0.452, 0.678, 0.905} (R = |Vh∗ |/U∞
by Müller (2012). A DNS study shows that unsteadiness develop in the boundary
layer for the intermediate R-value, which is found to correspond to a linear
instability of the flow, where two pairs of eigenmodes with their support region in
the boundary layer and the pipe destabilize. A study of the adjoint eigenmodes
(Hill 1995) and the structural sensitivity (Giannetti & Luchini 2007) shows that
the receptivity and instability of the flow is localized around the pipe inflow
and is independent of the domain size. The same modes that are observed in
the linear stability analysis are also identified in the Koopman analysis of the
nonlinear flow as shown in figure 5.2. The Koopman analysis also reveals other
frequencies in the boundary layer. This can be understood by noticing that
the pipe supports several unstable modes that occupy the region near the pipe
inflow where the boundary layer is found to be most receptive to momentum
forcing. The flow in the pipe will therefore act as an oscillator that forces several
frequencies that are further amplified by the unstable boundary layer modes.
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Figure 5.2: Visualization of an unstable eigenmode (a) and a Koopman mode
(b) with nearly the same frequency. The streamwise velocity component is
shown with positive and negative quantities plotted in gray and black color,
respectively.

5.2. Roughness in a Falkner–Skan–Cooke boundary layer
The boundary layer over a swept plate can be characterized by the Falkner–
Skan–Cooke (FSC) similarity solutions (Falkner & Skan 1931; Cooke 1950).
The FSC boundary layer is characterized by a constant free-stream velocity in
spanwise direction and an accelerating (or decelerating) velocity in streamwise
direction, which causes the inviscid streamlines to be curved (see figure 5.3a).
In the inviscid region a balance between centrifugal and pressure forces exists,
but inside the boundary layer, where the streamwise velocity decreases, a force
imbalance arises that generates a secondary flow called crossflow (Saric et al.
2003). The crossflow (CF) component is perpendicular to the inviscid streamline
and found to be inflectionally unstable (Gregory et al. 1955) as shown in figure
5.3b. See also Appendix A, where the boundary conditions required to simulate
this flow are discussed.
5.2.1. The critical roughness height
By introducing a surface roughness into the flow, the inflectional instability
shown in figure 5.3b is excited, which leads to the formation of CF vortices. In
Paper 2, the stability of such a configuration is investigated. This problem is
studied through nonlinear DNS, a three-dimensional stability analysis, a structural sensitivity analysis, an energy analysis and an impulse response. Specifically, three cases corresponding to different roughness heights k = {0.9, 1.3, 1.7}
are considered. The intermediate roughness height is deemed to be marginally
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Figure 5.3: (a) Sketch of the FSC boundary layer with a roughness element. (b)
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The flow parameters are the same as those used by Högberg & Henningson
(1998) and in Paper 2.
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unstable and is more thoroughly investigated. Unlike the localized instability
observed when applying suction to the Blasius boundary layer, the instability in
this case is distributed and involves the complete flow field. The reason for this
is the CF vortices, which grow throughout the entire domain due to the constant
acceleration of the boundary layer and couples the near-wake roughness-region
with the far-wake. It turns out that for the roughness height investigated
(k = 1.3), inclusion of the far-wake into the computations is required in order to
have an unstable flow. By extending the domain in the downstream direction,
stronger and more unstable CF vortices are taken into consideration, which
increases the growth rate of the modes as shown in figure 5.4. The eigenmodes
span both the near- and the far-wake, and it turns out to be impossible to
determine a critical roughness height for this flow independently of the domain
size. This conjecture is for instance supported by a structural sensitivity analysis
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Figure 5.5: Sketch of the helix configuration with its defining parameters.
(Giannetti & Luchini 2007), which shows that the region of sensitivity is aligned
with the CF-vortex.

5.3. Helical vortices
The third flow case that is investigated consists of two interlaced infinitely long
helical vortices in a free flow that are phase shifted relative to each other by π
radians in the azimuthal direction. This flow models the wake behind a twobladed rotor and is the subject of study in Paper 3 and Paper 4. The helices
have a radius R and a pitch h′ = 2h. The vortex filaments are characterized by
a circulation Γ , a core radius a and an axial core velocity (see figure 5.5). Unlike
the previous cases described in this chapter, this is a flow whose eigenvalues and
eigenvectors are known and can be determined theoretically (Gupta & Loewy
1974). Whereas these theoretical results are well established in the field, there
is a lack of experimental evidence available that verifies them. This aim of the
study reported in Paper 3 is therefore to study the instability in the system by
experimental and theoretical means using controlled disturbance sources and
determine the growth rates of the resulting modes.
5.3.1. Vortex instabilities
The helical vortex is susceptible to long-wave and short-wave instabilities
(Leweke et al. 2014). The vortex system investigated has a pitch measuring
h/R = 0.41 and a core size of a/R = 0.031. By considering the theoretical
growth rates derived for infinitely long straight vortices (Robinson & Saffman
1982), and comparing these with the growth rates obtained from the Biot–Savart
law and the vorticity transport theorem (Gupta & Loewy 1974), it is shown
that the most dangerous instability for the present configuration is the mutual
inductance instability that arises due to pairing between neighboring vortex
loops of the helix. These instabilities are experimentally excited by disturbing
the helix shape with controlled perturbations. Using dye visualization and an
image tracking software, growth rates of the experimental disturbances are
determined and found to be in good agreement with the theoretical predictions.
In Paper 4 a method to numerically reproduce a helical vortex with know
parameters is presented. Using the parameter values that were determined
in the experiments, a helical Batchelor vortex (Batchelor 1964) is generated
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Figure 5.6: Instability on the double helical vortex. (a) Eigenvector of the uniform pairing instability with k = 0. (b) Example of an eigenvector corresponding
to the short-wave (elliptic) instability. Streamwise component is visualized with
white and black contours indicating positive and negative velocities, respectively.
The baseflow is shown in green using the λ2 -criterion (Jeong & Hussain 1995).
and its stability is investigated. In similarity with the vortex theory and the
experiments, the pairing mode with zero azimuthal wavenumber is found to be
most unstable, which corresponds to a relative displacement of the two helices
relative to each other (see figure 5.6a). The numerical realization also captures
the short-wave (elliptic) instability as shown in figure 5.6b. In contrast to the
long-wave instability, this instability does not directly result from an interaction
between neighboring vortices, but stems from an elliptic deformation of the
vortex core due to an external strain field (Kerswell 2002; Leweke et al. 2014).

Chapter 6

Discussion and outlook

6.1. Stability analysis
The modal stability of three flows that can be found in different engineering
applications has been investigated. The first two flows involve boundary layers,
whereas the third one consists of a pair of free vortices.
In the Blasius boundary layer subject to localized suction (Paper 1), the
eigenvalues appear to be rather insensitive to perturbations and minor changes
in the setup. For this case a critical upper limit on the suction ratio can be
defined for a given Reynolds number, hole diameter and spanwise hole spacing.
It is however noteworthy that the critical parameters for the boundary layer
does not coincide with the critical parameters for the entire flow, since the pipe
for the configurations investigated always destabilized for a lower suction ratio
than the boundary layer. As a result, HLFC systems implementing wall-suction
are likely to have a built-in oscillator in the flow that drives and amplifies
incoming disturbances in the vicinity of the hole, which subsequently may
lead to premature transition in the boundary layer, even though the critical
parameters for that part of the domain never are exceeded. Based on this, one
would only expect wall-suction to be an efficient means of delaying transition
under very clean operating conditions such as those of free-flight. To better
understand the limitations of the technique, one could include free-stream
turbulence into the simulations and investigate how it interacts with the suction
pipe and the streaky boundary layer.
The second investigated flow case is the localized roughness element in
a Falkner–Skan–Cooke boundary layer (Paper 2). This is to the authors
knowledge, among the largest and perhaps most complicated flow cases that
have been considered in the three-dimensional stability literature so far. The
aim of the study is similar to that of the previous one, but in this case it is not
possible make any strong conclusions regarding the stability and the critical
parameters. Regarding the domain dependency of the baseflow, it is likely that
imposing a variable pressure gradient might help to reduce this problem. Such a
configuration was for instance considered by Kurz & Kloker (2016), who instead
of a flat plate investigated an airfoil. In spite of this, they still did not obtain
completely domain independent results, which suggests that extremely long
domains might be required in any case. Having so long domains will bring
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about other practical issues such as maintaining the connection between the
near-wake and far-wake, which was noted to be lost during the impulse response
in Paper 2 for the longest domain. The question of how to properly handle
this flow case can therefore to certain extent still be considered as open.
In the case of the two helical vortices (Paper 3), the modal analysis is
found to properly characterize the instabilities in the flow. Comparison of
the theoretical growth rates with the ones measured in the experiments using
controlled perturbations, gives a rather comprehensive view over the instability
mechanisms that are most dangerous in a flow featuring helical vortices with
moderate pitch. A study involving optimal perturbations and optimal forcing
would be of interest in this case since natural disturbances will contain a range
of frequencies and wavenumbers that are likely to be imposed on the helices with
different phase. Another instability mechanism that would be interesting to
investigate further is the short-wave (elliptic) instability. A means of addressing
both of these topics is provided by the method for generating a set of helical
vortices outlined in Paper 4. For this purpose one could also consider applying
the optimal forcing method presented in Paper 5.

6.2. Optimal forcing
Alongside the stability problems discussed above, this thesis work also involved
developing a novel numerical method for computing optimal forcing. The
method has been successfully validated against existing methods and applied
to the one-dimensional Ginzburg–Landau equation, to the two-dimensional
lid-driven cavity at different Reynolds numbers, and to the two-dimensional
flow around a cylinder at a marginally stable Reynolds number.
The implementation in the spectral element method (SEM) establishes
a hierarchy of nested loops that need to be well preconditioned in order for
the method to be competitive. To this end suitable preconditioners have been
discussed and their convergence properties have been verified and analyzed.
For the future development of the method several possibilities exist. In the
present studies, only homogeneous Dirichlet conditions have been considered
and whenever this has not been naturally imposed by the flow geometry, suitable
sponge regions have been appended next to the boundaries. Future work might
therefore involve testing out and implementing new boundary conditions, which
could improve the accuracy of the results and also enable smaller domains to
be considered. Other topics that are related to reducing the cost of the method,
involve investigating if and to what extent solver tolerances can be varied during
the course of the computation. It would also be interesting to study the reason
for the non-monotonic preconditioning properties with respect to ∆t for the
Laplace preconditioner. Future work should naturally also involve applying the
method to more complicated flow cases, and in particular to a three-dimensional
flow problem.
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Appendix A

Boundary conditions for accelerating
boundary layers

In order to simulate an accelerating boundary layer, special attention must be
paid to the boundary conditions in order to enforce the correct acceleration
of the flow. In this section a brief overview of the equations governing an
accelerating boundary layer and then the implementation of the boundary
conditions is described.

A.1. The Falkner–Skan boundary layer
Accelerating boundary layers are described by the Falkner–Skan (FS) similarity
solution (Falkner & Skan 1931)
f ′′′ + f f ′′ + βH (1 − f ′2 ) = 0,

(A.1)

subject to the boundary conditions f = f ′ = 0 at η = 0 and f ′ → 1, as
η → ∞. Equation (A.1) is derived from the Prandtl’s boundary layer equation
and its solution is a function of the dimensionless wall-normal boundary layer
coordinate
r
∗
m + 1 U∞
∗
,
(A.2)
η=y
2 ν ∗ x∗
where m describes the acceleration of the free-stream (Schlichting 1979). In
(A.1) we also have the Hartree parameter defined as βH = 2m/(m + 1). The
acceleration of the free-stream is described by a power law such as
 ∗ m
x
∗
,
(A.3)
U∞
(x) = U0∗
x∗0
where U0∗ is the streamwise free-stream velocity at the origin and x∗0 is the
distance from the origin to the leading edge. Considering a streamfunction
r
2
∂ψ ∗
∂ψ ∗
∗
∗
∗ νf,
ψ =
,
v
=
−
(A.4)
x∗ U ∞
u∗ =
m+1
∂y ∗
∂x∗

(Schlichting 1979), expressions for the velocity in the boundary layer can be derived. Like in earlier chapters, superscript asterisk denote dimensional quantities.
In what follows, a non-dimensionalization based on U0∗ and the displacement
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thickness at the origin, δ0∗ , will be considered. From (A.2)–(A.4) the nondimensional velocities read
uFS = U∞ f ′ ,
s
2 U∞ 1
1
vFS =
[(1 − m)f ′ η − (1 + m)f ] ,
2 m + 1 x Re δ0∗

(A.5a)
(A.5b)

∗ ∗
where Re δ0∗ = U∞
δ0 /ν ∗ is the Reynolds number and U∞ (x) = (1 + x/x0 )m .

A.2. Boundary conditions
A common boundary condition that arises in the derivation of the weak form of
the Navier–Stokes equations is
1 ∂u
− pn = g,
(A.6)
Re ∂n
where ∂/∂n and n denotes the normal derivative and normal vector to the
boundary of interest, respectively, and g is a known function (Glowinski 2013).
Considering the Cartesian coordinate system where x is the streamwise and
z is the spanwise direction, (A.6) gives the following boundary conditions for
the outflow
1 ∂v
1 ∂w
1 ∂u
− p = gox ,
= goy ,
= goz , on ∂Ωo .
(A.7)
Re ∂x
Re ∂x
Re ∂z
where go = (gox , goy , goz )T denotes the left-hand side of (A.6) on the outflow
boundary. When simulating a Blasius boundary, we have gox = goy = goz = 0.
However, in the case of a FS boundary layer, this becomes goy = goz = 0 and
1 ∂uFS
− po ,
(A.8)
Re ∂x
in which po is a reference pressure. Since ∂uFS /∂x = ∂u/∂x = 0 along the wall,
(A.8) inserted into the first relation in (A.7) gives that p|y=0 = po |y=0 along the
lower outflow edge (or point). Choosing po |y=0 = 0 at this location, it follows
from Prandtl’s boundary layer equations (Schlichting 1979) that po = 0 on ∂Ωo .
Regarding the free-stream boundary, a mixed boundary condition is imposed
of the type
gox =

u = U∞ ,

1 ∂v
y
− p = g∞
,
Re ∂y

w = 0,

on ∂Ω∞ ,

(A.9)

x
y
z T
where g∞ = (g∞
, g∞
, g∞
) . Again, for the Blasius boundary layer, U∞ = 1 and
y
g∞ = 0, but here
1 ∂vFS
y
g∞
=
− p∞ (x),
(A.10)
Re ∂y
where p∞ is obtained from the Bernoulli equation in the free-stream

1
kuref k2 − kuFS (x)k2 ,
(A.11)
p∞ = pref +
2
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Figure A.1:
Verification of boundary condition implementation.
Profiles extracted from a nonlinear DNS at streamwise position
x = {0.0, 100.0, 200.0, 300.0} are plotted in order with symbols (, ◦, ✳,
△) together with the corresponding Falkner–Skan velocities given by (A.5a)
and (A.5b) (
).
where k·k is the Euclidean norm. Upon choosing as the reference point xref , some
point x ∈ ∂Ωo ∩ ∂Ω∞ , one obtains pref = po = 0 whereas uref are evaluated
from (A.5).
As seen in figure A.1, very good agreement is obtained between a DNS
simulation implementing (A.7)–(A.11) and the velocity profiles given by (A.5a)
and (A.5b). A slight discrepancy in the boundary conditions exists since
∂vFS /∂x 6= 0 at the outflow. However, as seen in figure A.1b the wall-normal
component is orders of magnitude smaller than the streamwise component and
its rate of change with x can be assumed negligible.
These boundary conditions are used to simulate the Falkner–Skan–Cooke
boundary layer in Paper 2. The extension of the discussed boundary conditions
to this three-dimensional boundary layer is straight forward and involves simply
specifying an inhomogeneous Dirichlet condition w = W∞ on the free-stream
boundary in (A.9), where W∞ is a constant.

Appendix B

Derivation of the adjoint Navier–Stokes
equations

In this section the adjoint Navier–Stokes equations (2.7) are derived. The
derivation outlined below largely follows that presented by Barkley et al. (2008)
and is given here for completeness of discussion.
Let u ∈ Rd be a d-dimensional velocity vector and p ∈ R be a pressure
scalar like in §2. Introduce the vectors q = (u, p)T and q † = (u† , p† )T that
satisfy the adjoint relation
JT q, q † K = Jq, T † q † K,

(B.1)

where
T =




T12
,
0

T11
T21

1 2
∂
− (U · ∇) − (∇U ) +
∇
∂t
Re
= −∇

(B.2a)

T11 = −

(B.2b)

T12

(B.2c)

T21 = ∇·

(B.2d)

is the linearized Navier–Stokes equations (2.4a)–(2.4b) formulated in the spatiotemporal domain Ω × [0, τ ], and
Jq, q † K =

Z

τ
0

Z

q · q † dVdt

(B.3)

Ω

is a real inner-product over space and time. With (B.2a), the left-hand side of
(B.1) reads
JT q, q † K =

Z

τ
0

Z

Ω




(T11 u) · u† + (T12 p)u† + (T21 u)p† dVdt.
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Upon integrating (B.4) by parts and using (B.2b)–(B.2d), one has that
Z τZ
(T11 u) · u† dVdt =
(B.5a)
0
Ω

Z τZ 
1
∂u†
u·
+ u · (U · ∇)u† − u · (∇U )T u† +
u · ∇2 u† dVdt
∂t
Re
Z0 Ω
Z τZ


τ
−
(u · u† ) 0 dV +
∇ · −U (u · u† ) + (∇u)T u† − (∇u† )T u dVdt
0
Z τZ
ZΩ τ Z
ZΩτ Z
†
†
p(∇ · u† )dVdt
−∇ · (pu )dVdt +
(T12 p)u dVdt =
0

Z

0

Ω

τ
0

Z

(T21 u)p† dVdt =
Ω

Z

τ
0

0

Ω

Z

∇ · (up† )dVdt −
Ω

Z

τ
0

Z

Ω

(B.5b)

u · ∇p† dVdt. (B.5c)
Ω

Gathering the contributions from the different integrals in (B.5a)–(B.5c) gives
the adjoint Navier–Stokes equations
 †
†
T11 T12
†
T =
,
(B.6a)
†
T21
0
†
T11
=

(B.6b)

†
T12

1 2
∂
+ (U · ∇) − (∇U )T +
∇
∂t
Re
= −∇

(B.6c)

†
T21

= ∇·

(B.6d)

with the initial and boundary conditions
Z
(u · u† )
Ω

τ

τ
0

dV,

(B.7a)




1
∇ · −pu† + up† − U (u · u† ) +
(∇u)T u† − (∇u† )T u dVdt.
Re
0
Ω
(B.7b)
If (B.7a) and (B.7b) vanish, the adjoint operator defined by (B.6a)–(B.6d)
satisfies (B.1) together with (B.2a)–(B.2d).
Equation (B.7a) will be zero given an appropriate choice of initial conditions
for the adjoint equations. To see this, consider the evolution operators B(τ )
and B † (τ ) that evolves the flow in time such that
Z

Z

u|t=t′ +τ = B(τ )u|t=t′ ,

u† |t=t′ −τ = B † (τ )u† |t=t′ .

†

(B.8)

2

Let moreover B (τ ) be the adjoint of B(τ ) under the real L -inner product
Z
(φ, ψ) =
ψ · φ dV,
(B.9)
Ω

which appears in (B.7a). By denoting u0 = u|t=0 and u† τ = u† |t=τ , one then
has that




uτ , u† τ = B(τ )u0 , u† τ = u0 , B † (τ )u† τ = u0 , u† 0 .
(B.10)
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If furthermore homogeneous Dirichlet boundary conditions are chosen for the
adjoint field, (2.7) follows.
However, considering only homogeneous Dirichlet boundary condition is
many times limiting. Suppose instead that the boundary is partitioned into two
parts, ∂Ω = ∂Ωv ∪ ∂Ωo . On ∂Ωv homogeneous Dirichlet boundary conditions
are specified for the direct problem, and on ∂Ωo a homogeneous version of the
boundary condition (A.6) (i.e. stress-free) is applied
1
(n · ∇)u − pn = 0,
(B.11)
Re
where n is the vector normal to the boundary. Rewriting (B.7b) as a surface
integral using Gauss-theorem, it follows that


1
on ∂Ωv , ∀t,
(B.12a)
(∇u)T u† − pu† = 0 =⇒ u† = 0
n·
Re
1
(n · ∇)u† − p† n = −(U · n) · u†
on ∂Ωo , ∀t.
(B.12b)
Re
Equation (B.12) shows that whereas a homogeneous Dirichlet boundary condition for the adjoint equations still is appropriate on ∂Ωv , an inhomogeneous
variant of (B.11) must be applied at ∂Ωo . It is seen that the adjoint outflow
boundary condition is forced by the baseflow component normal to the boundary.
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Polytechnique Fédérale de Lausanne.
43

44

Bibliography

Deville, O., Fischer, P. F. & Mund, E. H. 2002 High-Order Methods for Incompressible Fluid Flow . Cambridge University Press.
Edwards, W. S., Tuckerman, L. S., Friesner, R. A. & Sorensen, D. C. 1994
Krylov methods for the incompressible Navier-Stokes equations. J. Comput. Phys.
110 (1), 82–102.
Eriksson, L. E. & Rizzi, A. 1985 Computer-aided analysis of the convergence to
steady state of discrete approximations to the Euler equations. J. Comput. Phys.
57 (1), 90 – 128.
Falkner, V. M. & Skan, S. W. 1931 Some approximate solutions of the boundary
layer equations. Phil. Mag. 12 (80), 865–896.
Fawcett, A. A., Iyer, G. C., Clarke, L. E., Edmonds, J. A., Hultman, N. E.,
McJeon, H. C., Rogelj, J., Schuler, R., Alsalam, J., Asrar, G. R.,
Creason, J., Jeong, M., McFarland, J., Mundra, A. & Shi, W. 2015 Can
Paris pledges avert severe climate change? Science 350 (6265), 1168–1169.
Fischer, P. F. 1997 An overlapping Schwarz method for spectral element solution of
the incompressible Navier–Stokes equations. J. Comput. Phys. 133 (1), 84–101.
Fischer, P. F. & Lottes, J. W. 2005 Hybrid Schwarz-Multigrid Methods for
the Spectral Element Method: Extensions to Navier-Stokes, pp. 35–49. Berlin,
Heidelberg: Springer Berlin Heidelberg.
Fischer, P. F., Lottes, J. W. & Kerkemeier, S. G. 2008 Nek5000 web page.
http://nek5000.mcs.anl.gov.
Giannetti, F. & Luchini, P. 2007 Structural sensitivity of the first instability of
the cylinder wake. J. Fluid Mech. 581, 167–197.
Giannetti, F., Luchini, P. & Marino, L. 2009 Linear stability analysis of threedimensional lid-driven cavity flow. In Atti del XIX Congresso AIMETA di Meccanica Teorica e Applicata, pp. 14–17. Aras Edizioni Ancona, Italy.
Glowinski, R. 2013 Numerical Methods for Nonlinear Variational Problems. Springer
Berlin Heidelberg.
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Högberg, M. & Henningson, D. 1998 Secondary instability of cross-flow vortices in
Falkner–Skan–Cooke boundary layers. J. Fluid Mech. 368, 339–357.
Huerre, P. & Monkewitz, P. A. 1990 Local and global instabilities in spatially
developing flows. Annu. Rev. Fluid Mech. 22 (1), 473–537.
IEA 2013 Technology roadmap: Wind energy. Tech. Rep.. International Energy
Agency.
Jackson, C. P. 1987 A finite-element study of the onset of vortex shedding in flow
past variously shaped bodies. J. Fluid Mech. 182, 23–45.
Jeong, J. & Hussain, F. 1995 On the identification of a vortex. J. Fluid Mech. 285,
69–94.
Joslin, R. D. 1998 Aircraft laminar flow control. Annu. Rev. Fluid Mech. 30 (1),
1–29.
van Kan, J. 1986 A second-order accurate pressure-correction scheme for viscous
incompressible flow. SIAM J. Sci. Stat. Comp. 7 (3), 870–891.
Kato, T. 1995 Perturbation Theory for Linear Operators. Springer Berlin Heidelberg.
Kerswell, R. R. 2002 Elliptical instability. Annu. Rev. Fluid Mech. 34 (1), 83–113.
Kurz, H. B. E. & Kloker, M. J. 2016 Mechanisms of flow tripping by discrete
roughness elements in a swept-wing boundary layer. J. Fluid Mech. 796, 158–194.
Landahl, M. 1975 Wave breakdown and turbulence. SIAM J. Appl. Math. 28 (4),
735–756.
Lehoucq, R. B., Sorensen, D. C. & Yang, C. 1998 ARPACK User’s Guide:
Solution of Large Scale Eigenvalue Problems by Implicitly Restarted Arnoldi
Methods. Society for Industrial and Applied Mathematics.
Leweke, T., Quaranta, H. U., Bolnot, H., Blanco-Rodrı́guez, F. J. &
Le Dizès, S. 2014 Long- and short-wave instabilities in helical vortices.
J. Phys. Conf. Ser. 524, 012154.
Lottes, J. W. & Fischer, P. F. 2005 Hybrid multigrid/Schwarz algorithms for the
spectral element method. J. Sci. Comput. 24 (1), 45–78.
Mack, C. J., Schmid, P. J. & Sesterhenn, J. L. 2008 Global stability of swept
flow around a parabolic body: connecting attachment-line and crossflow modes.
J. Fluid Mech. 611, 205–214.
Maday, Y., Meiron, D., Patera, A. T. & Rønquist, E. M. 1993 Analysis of
iterative methods for the steady and unsteady Stokes problem: Application to
spectral element discretizations. SIAM J. Sci. Comput. 14 (2), 310–337.
Maday, Y. & Patera, A. T. 1989 Spectral element methods for the Navier–Stokes
equations. In State of the Art Surveys in Computational Mechanics (ed. A. K.
Noor), pp. 71–143. New York: ASME.
Malm, J., Schlatter, P., Fischer, P. F. & Henningson, D. S. 2013 Stabilization
of the spectral element method in convection dominated flows by recovery of
skew-symmetry. J. Sci. Comput. 57 (2), 254–277.
Mamun, C. K. & Tuckerman, L. S. 1995 Asymmetry and Hopf bifurcation in
spherical Couette flow. Phys. Fluids 7 (1), 80–91.
Marquet, O., Lombardi, M., Chomaz, J.-M., Sipp, D. & Jacquin, L. 2009
Direct and adjoint global modes of a recirculation bubble: lift-up and convective
non-normalities. J. Fluid Mech. 622, 1–21.
Matthews, H. D. & Caldeira, K. 2008 Stabilizing climate requires near-zero
emissions. Geophys. Res. Lett. 35 (4), l04705.

46

Bibliography

Moler, C. & Van Loan, C. 1978 Nineteen dubious ways to compute the exponential
of a matrix. SIAM Rev. 20 (4), 801–836.
Moler, C. & Van Loan, C. 2003 Nineteen dubious ways to compute the exponential
of a matrix, twenty-five years later. SIAM Rev. 45 (1), 3–49.
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