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Abstract

An important, but also difficult, research field in condensed matter physics is that of

strongly correlated systems. This thesis considers two topics in this field.

The first topic is disorder and frustration in spin models. The introduction of disorder

into quantum spin chains creates a complex problem. The ground state of the random-

bond spin-1 Heisenberg chain is studied by means of stochastic series expansion quantum

Monte Carlo simulation, applying the concept of directed loops. It is found that this

system undergoes a phase transition to the random-singlet phase if the bond disorder

is strong enough. Further a frustrated spin system is investigated. The frustration is

introduced by having spins positioned on a triangular lattice. Performing a quantum

Monte Carlo simulation for such a frustrated lattice leads to the occurrence of the infamous

sign problem. This problem is investigated and it is shown that it is possible to use a meron

cluster approach to reduce its effect for some specific models.

The second topic concerns atomic condensates in optical lattices. A system of trapped

bosonic atoms in such a lattice is described by a Bose-Hubbard model with an external

confining potential. Using quantum Monte Carlo simulations it is demonstrated that the

local density approximation that relates the observables of the unconfined and the confined

models yields quantitatively correct results in most of the interesting parameter range of

the model. Further, the same model with the addition that the atoms carry spin-1 is

analyzed using density matrix renormalization group calculations. The anticipated phase

diagram, with Mott insulating regions of dimerized spin-1 chains for odd particle density,

and on-site singlets for even density is confirmed. Also an ultracold gas of bosonic atoms

in an anisotropic two dimensional optical lattice is studied. It is found that if the system is

finite in one direction it exhibits a quantum phase transition. The Monte Carlo simulations

performed show that the transition is of Kosterlitz-Thouless type.
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Chapter 1

Introduction

Condensed matter physics deals with systems of many particles that interact with
each other in a way that often generates properties that are not present if you look
at the particles one by one. A good example of such a collective phenomena is
superconductivity. Another very interesting and intriguing example of a condensed
matter system is the magnetic materials. Depending on the lattice structure, the
temperature and the interactions there can be different types of magnetic order.
All real materials are disordered, for example in the form of lattice defects and
phonons. The disorder makes it even more difficult to predict the behavior of the
material. The first project presented in this thesis, paper 1, is a calculation of the
phase diagram of a disordered spin chain. The spins have length S = 1 and they
are modeled with the Heisenberg model. This model is the simplest rotationally
symmetric spin model that describes a quantum mechanical spin system.

Perhaps the most striking strongly correlated phenomenon is Bose-Einstein con-
densation. In this condensate a large part of the atoms in the system occupy the
lowest energy state, a phenomenon predicted by Einstein and experimentally ob-
served by Cornell et al. [1] and Ketterle et al. [2]. After these experiments a new
field in physics, the field of ultracold coherent atoms, has developed. One large
division of this new field applies an artificially generated lattice to the condensate.
The lattice is generated by a couple of lasers, which give rise to a standing wave
pattern. The periodic potential couples to the dipole moments of the atoms and
this artificial lattice is called an optical lattice. One of the main advantages with
optical lattices is that there is no disorder and that the lattice parameters may be
changed fast and accurately. Especially interesting, for certain laser parameters
the atoms in an optical lattice are strongly correlated. An optical lattice is a per-
fect playground for studying different theoretical models experimentally. Greiner
et al. [3] were the first to show experimentally that a condensate exposed to an
optical lattice undergoes a phase transition, from a superfluid to a Mott insulating
phase, as a function of the intensity of the lasers. Since the optical lattices are
finite, nothing a priori prevents the atoms from diffusing out of the optical lattice.
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1. Introduction

To confine the atoms in the lattice there is always a trapping potential present.
The three last projects in this thesis treat bosons in an optical lattice. In paper

3 the momentum distribution for the particles is calculated and compared to exper-
iments. It is also shown that the behavior of the confined atoms may be predicted
from the observables for the unconfined model. In paper 4 the phase diagram for
spinful atoms in an optical lattice is studied. In paper 5 the effects on the atoms
of an anisotropic optical lattice is studied. Since the lattice is very anisotropic the
tunneling parameters are different in different directions. It is easy experimentally
to generate an anisotropic lattice by a suitable tuning of the lasers. In the paper
we study the effect of dimensional crossover when the coupling parameters in one
dimension approach zero.

Materials with strongly correlated particles are very complex and it is often
beyond reach to calculate the properties of such materials exactly. One way to
approach this problem is to make a simple model of the material and then solve
the model. The solution is compared to experiment to verify if the model is good
enough. However, even to solve an idealized model can be a difficult task and can
often not be done analytically in practice. A numerical simulation may be the only
available approximation to the solution.

Numerical calculations are extremely important to describe the physics in ma-
terials around us. One very important method is Monte Carlo simulations which
is a name for a large group of numerical methods, all involving a stochastic part.
They are often fairly easy to implement and the errors in the calculations are easily
estimated.

Quantum Monte Carlo methods can be used to study different quantum me-
chanical models, for example they may be applied to spin models to calculate the
phase diagram of a magnetic material or bosonic systems. The results found in
papers 1,2,3,5 were obtained using quantum Monte Carlo.

Even though quantum Monte Carlo calculations can be used to obtain informa-
tion about a vast class of materials there are problems intrinsic to the method that
exclude certain systems. The most severe problem is the so called sign problem.
This problem appears when the parts in the sum that constitutes the partition func-
tion are not positive definite. For such materials quantum Monte Carlo simulations
become slow, inefficient, and impractical. The sign problem appears for almost all
fermionic systems. Hence, this problem precludes an efficient use of quantum Monte
Carlo methods to calculate properties for electrons and it is thus a very important
and difficult problem to solve. The second project, paper 2, presents an improved
algorithm for handling the sign problem which provides a way to reduce the sign
problem for some specific models.

There are other problems, besides the sign problem, to quantum Monte Carlo
simulations; for example only equilibrium properties are obtainable, i.e. it is not
possible to use a Monte Carlo simulation to find excited states or non-equilibrium
properties. For one dimensional systems this type of observables are sometimes
obtainable using another numerical method, the density matrix renormalization
group (DMRG). This is a numerical method which finds the best approximation of
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the wanted state, usually the ground state, by keeping the most important states
in the Hilbert space. The results in paper 4 were found using a DMRG algorithm.
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Chapter 2

Spin models

In this chapter spin models with localized spins on a lattice will be treated. We
have studied two different aspects of spin models in the papers in this thesis. In
paper 1 we have concluded that the spin-1 model under a strong disorder belongs
to the random-singlet phase. In paper 4 we have studied cold spinful atoms in an
optical lattice. Some parts of the phase diagram for this model are described by
the bilinear-biquadratic spin-1 Hamiltonian. In this chapter a background to these
two papers are given, together with the results that we found.

Materials are magnetic when the spins are ordered over long distances, and other
materials may be magnetized [4]. A general Hamiltonian with interaction between
all spins is given by

H =
∑

i,j

JijSi · Sj . (2.1)

The sum runs over all pairs of lattice points and Si is the spin operator of lattice
site i. The values of the coupling constants Jij are material specific and their signs
and values determine whether the ground state of the material is ferromagnetic,
antiferromagnetic, or paramagnetic.

Often it is enough to only consider a nonzero interaction strength between near-
est neighbors. This simplified model, the Heisenberg model, is the simplest rota-
tionally symmetric spin model. In its simplest form the spin at each site is 1/2. In
many materials described by the Heisenberg model the spin is larger than 1/2.

The spin-1/2 Heisenberg chain has been solved exactly in one dimension (Jij =
J) using the Bethe Ansatz [5] and the ground state energy of the antiferromagnetic
model is EAF = −NJ(−1/4 + ln 2) [6], where N , the number of lattice points,
equals the number of spins. In the ground state for the ferromagnetic model, i.e.
J negative, all the spins are parallel, no matter the dimension of the system. The
ground state energy is EF = −NS2zJ/2 where z is the number of neighbors. For
one and two dimensions this ordered state is only present for zero temperature,
in three dimensions the ferromagnetic-paramagnetic phase transition occurs at a
nonzero temperature.
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2. Spin models

Figure 2.1: The ground state for the spin-1 chain is approximated by writing the spin-1
particle on a lattice site as two spin-1/2 particles. The ground state is then a chain
with strongly bound singlets and unbound spin-1/2 particles at the edges of the chain,
this state is called the AKLT state [7]. In the figure the spin-1 lattice sites are shown
with circles and the spin-1/2 particles as dots, the links between the spin-1/2 particles
represent spin singlets.

The ground state for the spin-1 Heisenberg model in one dimension is called the
Haldane state. It has a topological order and an energy gap, called the Haldane
gap [8]. An approximation for this ground state is found using a renormalization
group argument [9]. This approximative ground state is found if the spin-1 particles
are written as two spin-1/2 particles which are combined into a triplet. A sketch of
this ground state is shown in Figure 2.1. The two spin-1/2 particles at a lattice site
form singlets with the two spin-1/2 particles at the nearest lattice sites. This state
is called the valence bond solid state. It has been studied by Affleck, Kennedy, Lieb
and Tasaki and is therefore also called the AKLT state [7]. Generally a pair of two
spin-1 particles can form a singlet, a triplet or a quintuplet. However, a nearest
neighbor pair of spin-1 particles in the AKLT state cannot form a quintuplet. This
can be understood from the picture where the two spin-1 particles are mapped to
four spin-1/2 particles. Two of these spins are coupled into a singlet and thus with
the two remaining spin-1/2 particles they add up to spin 1 or spin 0. The AKLT
is the true ground state of the following Hamiltonian [7]

HAKLT =
∑

i

P2(Si + Si+1) =
∑

i

(
1

2
Si · Si+1 +

1

6
(Si · Si+1)

2 +
1

3
). (2.2)

This Hamiltonian projects two nearest neighbors onto the quintuplet, i.e. S = 2.
The energy of this Hamiltonian is nonnegative, the ground state energy is zero.
It is found for the AKLT state, since the AKLT state lacks quintuplet parts. To
excite the AKLT state one of the strongly coupled singlets is broken and hence it
has an energy gap to the excited states. The AKLT state has a topological order,
measured by

Oz(i − j) = 〈Sz
i exp(iπSz

i+1 + Sz
i+2 + .. + Sz

j−1)S
z
j 〉. (2.3)

The exponent in the equation above is zero if all spins inbetween positions i and
j form singlets. For the AKLT phase described above, where each spin forms a
singlet with the nearest neighbor, Oz has a nonzero value if i − j is even. Also,
in the ground state of the spin-1 Heisenberg model, Oz has a nonzero value in the
thermodynamic limit.

6



Bilinear-biquadratic chain

Haldane

Dimerized

Ferro−

magnetic

Trim
er

iz
ed

?

Figure 2.2: The phase diagram for the bilinear-biquadratic spin chain as a function of
the value of θ. The phase indicated with a question mark is the debated phase. It is
not clear whether there is a new phase or not.

2.1 Bilinear-biquadratic chain

The spin-1 Heisenberg chain is a special case of a model called the bilinear-biquadratic
spin-1 Hamiltonian, given by

H =
∑

i

cos(θ)(Si · Si+1) + sin(θ)(Si · Si+1)
2. (2.4)

The Heisenberg model is obtained for θ = 0. The bilinear-biquadratic Hamil-
tonian can be solved exactly for some values of θ. The already described AKLT
state, given as a good approximation of the ground state for the Heisenberg chain,
is the true ground state for cos(θ)/ sin(θ) = 3, see Eq. (2.2).

For θ = ±π the system is ferromagnetic and for θ = −π/2 the system is dimer-
ized [10]. The phase transition between the dimerized and the Haldane phase is
known to be exactly at θ = −π/4. The phase diagram for different θ is shown in
Figure 2.2. Besides the already mentioned phases there is a phase for π/4 ≤ θ ≤ π/2
called the trimerized phase [11]. There is an ongoing debate on what happens in-
between the ferromagnetic and the dimerized phase. The debate started with an
article which suggested that there is a phase inbetween the dimerized and the fer-
romagnetic phases [12]. Now there is evidence both for the dimerization prevailing
until the ferromagnetic phase at −3π/4 and for an intermediate phase with a ne-
matic order, most evidence points towards an absence of an intermediate phase
[13, 14, 15, 16, 17, 18, 19, 20]. In Figure 2.2 this phase is indicated with a question
mark.
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2. Spin models

Figure 2.3: In the RG treatment of the random spin chain the two spins with the
strongest coupling are frozen to a singlet, in every step. The spins neighboring the two
frozen ones get an induced coupling. The procedure continues until all the spins are
coupled into singlets.

2.2 Disordered spin models

Real materials always have disorder present in the form of lattice imperfections and
phonons, which leads to disorder in the coupling constants Jij .

The antiferromagnetic spin-1/2 chain has a ground state that is unstable to
disorder. As soon as disorder is introduced there is a phase transition to the random-
singlet phase [21]. This state has been studied in detail in a renormalization group
(RG) calculation developed by Ma, Dasgupta, and Hu [22]. The RG method to
find the ground state in the presence of disorder goes as follows; the strongest
coupled pair of spins freeze to form a singlet and a coupling between the two spins
connected to the spins in the singlet is introduced. Then, again, the strongest
coupled pair of free spins are frozen to form a new singlet and new couplings are
formed. Continuing in this way, eventually all the spins have formed singlets. This
ground state will have singlets formed over all length scales and there is no energy
gap to the excited states. This is the ground state for the disordered spin-1/2
chain and is known as the random-singlet state. A schematic picture of the singlets
formed in the renormalization is shown in Figure 2.3.

To further describe the renormalization procedure, a simple example of the
method is given. Consider four spins, S1, S2, S3, and S4, coupled with antiferro-
magnetic coupling constants J1,2, J2,3, and J3,4 and the following Hamiltonian

H = J1,2S1 · S2 + J2,3S2 · S3 + J3,4S3 · S4. (2.5)

Assume the magnitude of the coupling constant J2,3 is much larger than the other
two. Then, the low energy states of this Hamiltonian contains a singlet between S2

and S3. To first order in perturbation theory S1 and S4 are free spins. To second
order a coupling between S1 and S4 is introduced. The new coupling is [9]

J1,4 =
2

3
S(S + 1)

J1,2J3,4

J2,3
(2.6)

8



Disordered spin models

exponentially

∆    E=0
C   decaysz

O   finitez

exponentially

∆   E>0
C   decaysz

O   finitez

algebraically

∆  E=0

algebraically

O   decays

C   decaysz

z

DisorderSecond order
phase transition

Haldane Random singletGriffiths

Figure 2.4: The phase diagram for the disordered spin-1 chain. The Haldane state is
stable against a small disorder, then the system enters the Griffiths phase and eventually
undergoes a phase transition into the random-singlet phase.

the magnitude of which is small compared to J2,3, since J2,3 is much larger than
J1,2 and J3,4.

At zero temperature, two spins a distance r apart are correlated if they re-
mained unpaired until the density of unpaired spins is ρ(T ) = r−1. Then the spins
are effectively neighbors and coupled with a probability proportional to one. The
probability that they remain unpaired is proportional to the density ρ of free spins.
Hence, the disorder averaged spin-spin correlation function is [21]

Cz(r) = 〈Sz(0)Sz(r)〉 ∝ r−2. (2.7)

The reasoning above describes the response of a spin-1/2 chain to a disorder.
The ground state is unstable and there is a phase transition into the random-singlet
phase no matter how weak the disorder is.

However, if one instead studies a chain of spin-1 particles the response is com-
pletely different. This is a consequence of the energy gap in the ground state [8].
Consider the chain of dimerized spin-1/2 particles shown in Figure 2.1. If the dis-
order is small and the dimerization large, then in the renormalization analysis the
system is stable to disorder. Upon renormalization the coupling constants will,
for such a weak disorder, flow to a system equivalent to the ground state without
disorder. Consequently the Haldane phase is stable against weak disorder.

When the randomness gets large enough it will eventually dominate. The spins
will form singlets over all length scales and there is a phase transition to the random-
singlet phase. In paper 1 [23] we present evidence of a random-singlet phase for the
disordered spin-1 Heisenberg chain. Inbetween these two phases, there is a disorder
strength for which the spin-1 chain may be described as a very weakly dimerized
spin-1/2 chain [9]. This is known as a Griffiths phase [24].

The phase diagram for the spin-1 Heisenberg model exposed to disorder is given
in Figure 2.4. In the figure the signatures of the different phases are also shown.

9



2. Spin models

In the random-singlet phase the number of singlets paired between two points is
random, and the topological order present in the Haldane phase vanishes.

10



Chapter 3

Ultracold atoms

A typical problem in condensed matter theory is that the material studied is too
complex to be described exactly by equations. There are always uncontrollable
disorder and excitations present. A very recent and interesting research field in
theoretical physics is that of systems with artificially generated perfect optical lat-
tices which are used to study ultracold atoms. In the experiments with cold atoms
several interesting models can be experimentally realized and all the parameters in
the Hamiltonian are controlled exactly and may be changed fast with an incredible
accuracy [3, 25]. For example, using these systems the quantum phase transition
between a Mott insulator and a superfluid has been studied in detail. Paper 3,
paper 4 and paper 5 are concerned with cold atoms in an optical lattice. In paper 3
we study the effects of a confinement and show that the local density approximation
works well. In paper 4 we study the phase diagram of the spinful Bose-Hubbard
model and in paper 5, finally, we study the effects of an anisotropy. In this chapter
the background to and the results of these projects will be presented.

3.1 Weakly interacting atoms

The idea that ultracold atoms may have extraordinary behavior is old. Einstein
proposed that atoms with integer spins will all be in the lowest possible energy state
for zero temperature and that there exists a phase transition to a macroscopically
occupied state, a Bose-Einstein condensate, at a nonzero temperature for a three
dimensional system.

It has fairly recently become experimentally possible to reach the very low tem-
peratures needed for such a condensation to occur. In seminal experiments Cornell
et al. and Ketterle et al. proved that there really is a large population of atoms
in the lowest momentum state. In 1995 rubidium [1], sodium [2] and lithium va-
pors [26] were cooled down and Bose-Einstein condensed.

The ultracold atoms are alkali atoms and interact via repulsive s-wave interac-

11



3. Ultracold atoms

tion. They are described by the Hamiltonian

H =

∫

d3xΨ†(x)

(

p2

2m
+ Vext

)

Ψ(x) +
1

2

4π~as

m

∫

d3xΨ†(x)Ψ†(x)Ψ(x)Ψ(x) (3.1)

where Ψ(x) is the bosonic field operator for the atoms. The first term represents
the kinetic term and the potential energy from an externally applied potential. The
second term originates from the interactions among the atoms. The interaction is
short ranged for the ultracold alkali atoms, Vat = 4π~as

m δ(r) = gδ(r), where m is
the atomic mass and the strength is proportional to the scattering length as.

The potential energy is small compared to the kinetic energy, Epot/Ekin ≈
0.02, and the system can be treated using Gross-Pitaevskii theory [27, 28]. To
obtain a strongly interacting system where the interactions among the atoms cannot
be treated in perturbation theory, the strength of the potential energy must be
increased compared to the kinetic energy. However, one still wants to preserve
the clean two body interactions between the atoms. The solution is to quench
the kinetic energy by applying a periodic potential confining the atoms to lattice
sites. Then the kinetic energy is given by tunneling [29, 30, 3]. The periodic lattice
potential is generated with lasers.

3.2 Interaction between light and the atoms

The interaction between light and atoms has two origins, one conservative and one
dissipative [31]. The dissipative contribution is caused by the absorption of a photon
followed by spontaneous emission. In the absorption the atom gains momentum in
the direction of the photon, the atom is excited and then emits a photon in an
arbitrary direction. The net effect of this interaction between the atom and the
laser light is that the atom will experience a force. This is the principle behind the
optical cooling process.

The other interaction effect between atoms and the light is used in optical lat-
tices. It stems from the interaction between the light and induced atomic dipole mo-
ment, it is called the ac-Stark shift. The physics behind the ac-Stark shift is easiest
to explain for a two level system consisting of a ground state |g〉 and an excited state
|e〉 with an energy gap ~ω0 between them. If these states have different parity, a
dipole moment can be induced by the applied field, i.e. 〈g|Hdip|e〉 = 〈g|d · E|e〉 6= 0.
The coupling between the field and the different levels causes a shift of the energy
levels. This shift can be determined by second order perturbation theory as

∆E =
∑

e 6=g

|〈e|Hdip|g〉|2
εe − εg

=
∑

e 6=g

|〈e|d · E|g〉|2
εe − εg

, (3.2)

where d = er is the induced dipole moment. The combined system of photons (with
frequency ω) and atoms has energy Eg = n~ω or Ee = (n−1)~ω +~ω0 = n~ω +∆,

12



Optical lattice

where ∆ is the detuning and n is the number of light quanta. The shifts in the
energy levels are

∆E± = ±|〈e, n − 1|d|g, n〉|2
∆

|E|2, (3.3)

where ± labels the two states |g, n〉 and |e, n − 1〉 respectively. The energy shift
is proportional to the intensity of the laser light and inversely proportional to the
detuning. A red detuned laser, ∆ < 0, will decrease the energy of the ground state
and thus the atoms are confined to the intensity maxima.

3.3 Optical lattice

To produce a cubic lattice potential, three pairwise counter propagating laser beams
are used to create a three dimensional intensity profile with a period of half the
wavelength of the laser. Besides inducing the periodic potential with its inten-
sity structure, the Gaussian intensity profile of the light also causes a confining
potential [29]

V (r) = Vlat(r) + Vtrap(r), (3.4)

where

Vlat(r) = Vx sin2(kx) + Vy sin2(ky) + Vz sin2(kz) (3.5)

and

Vtrap(r) =
m

2
(ω2

xx2 + ω2
yy2 + ω2

zz2). (3.6)

Here ωi are the frequencies of the harmonic trapping potential. Their strengths are
functions of the potentials Vi

ω2
x =

4

m

(

Vy

ω2
y

+
Vz

ω2
z

)

, (3.7)

ωy and ωz are obtained by cyclic permutation. The period of the lattice is half the
wavelength of the laser, i.e. a = λ/2 = πk. Besides the mentioned potential there
will be an interference term between the three beams if the light in the different
dimensions do not have orthogonal polarizations. To avoid this time dependent
potential, a frequency shift is used between the lasers so that the interference pattern
will oscillate on a timescale small enough not to be noticeable [3, 29].

3.4 Bose-Hubbard Hamiltonian

In a periodic potential the wavefunction may be found using Bloch’s theorem, which
says that the eigenstates can be written as a product of a plane wave and a lattice
periodic function, φn

q (x) = eiqxun
q (x) where the wavevector q = 2π

Laj and

13



3. Ultracold atoms

j = −L/2,−L/2 + 1, ..., L/2 − 1. The index n denotes the energy band and the
periodic function u solves the equation

(

1

2m
(p + ~q)2 + Vlat(x)

)

un
q (x) = En

q un
q (x). (3.8)

The solution will give rise to a band structure. Without a potential there will be a
parabolic energy band. If the potential is nonzero gaps open up and the stronger
the potential the more the band gaps open [32].

Instead of the delocalized Bloch functions, a basis of localized functions, Wannier
functions, may be used

wn(x − xj) =
1√
Z

∑

q

eiqxj φn
q (x), (3.9)

where Z is a normalization factor and the functions φn
q are Bloch functions. The

Wannier functions are localized at a lattice point and they get more confined when
the potential depth is increased. If the energy in the system is smaller than the
energy gap to the second band, a single band describes the system. In the optical
lattice the potential is so strong that only the first band needs to be considered and
the bosonic field operators may be expanded in the given basis

Ψ(x) =
∑

i

w0(x − xi)bi. (3.10)

Inserting this expansion into Eq. (3.1), while neglecting the band index on w0, the
following Hamiltonian is obtained

H = −
∑

ij

Jij(b
†
i bj + h.c.) +

1

2

∑

i,j,l,m

Uijlmb†i b
†
jblbm +

∑

i

εib
†
i bi. (3.11)

The coefficients are

Jij = −
∫

d3xw∗(x − xj)

(−~
2

2m
∇2 + Vext(x)

)

w(x − xi) (3.12)

where j 6= i

εi =

∫

d3xw∗(x − xi)

(−~
2

2m
∇2 + Vext(x)

)

w(x − xi) (3.13)

Uijlm = g

∫

d3xw∗(x − xi)w
∗(x − xj)w(x − xl)w(x − xm). (3.14)

Due to the confined profile of the Wannier functions the most important contribu-
tion to the kinetic energy is for |i − j| = 1. For the potential energy the dominant
contribution comes from the term where all the creation and annihilation operators
act on the same site. In the following section the coefficients will be studied further.
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Phase diagram for the Bose-Hubbard Hamiltonian

The potential Vtrap varies very slowly compared to the lattice potential and the
wavefunctions, and often Vtrap is the only external potential. Due to this and the
orthogonality and localization of the Wannier functions, the contribution to the
energy from the trapping potential is well approximated by an on site interaction,
i.e.

∫

d3xw∗(x − xi)Vtrap(x)w(x − xj) ≈ δi,jVtrap(xj). (3.15)

Finally, the interaction term when approximated by on site terms alone is

U = g

∫

d3x |w(x − xi)|4 . (3.16)

Keeping only the largest terms discussed above in the Hamiltonian in Eq. (3.11)
the Bose-Hubbard model is obtained [33, 30] by

H = −
∑

〈i,j〉

J(b†i bj + h.c.) +
1

2

∑

i

Uni(ni − 1) +
∑

i

(−µ + εi)ni (3.17)

where 〈i, j〉 is a pair of nearest neighbors, ni = b†i bi is the local density operator at
site i and the chemical potential µ is introduced to make the model more general.

3.5 Phase diagram for the Bose-Hubbard Hamiltonian

The zero temperature phase diagram for the Bose-Hubbard Hamiltonian has been
described by Fisher et al. [33]. It has two different phases. A sketch of the phase
diagram is shown in Figure 3.1.

In the limit with zero tunneling and no trapping potential, i.e. J = 0 and εi = 0,
the Bose-Hubbard Hamiltonian becomes

H =
1

2

∑

i

Uni(ni − 1) +
∑

i

(−µ)ni. (3.18)

For V (n − 1) < µ < V n and n ≥ 1 there are exactly n atoms on each lattice site
and

|ψMI〉 ∝
N
∏

i=1

(b†i )
n|0〉, (3.19)

which is called the Mott insulating phase (MI). Here N is the number of lattice
sites. Now assume that J is small but nonzero for a state with n atoms per site.
For small tunnelings the kinetic energy gained by adding or removing a particle,
allowing the particle or hole to move in the lattice, does not overcome the energy
cost of the additional atom-atom repulsion. By increasing the kinetic term it will
eventually be favorable to change the number of atoms in the system and hence
the energy cost to change the number of particles disappears. Therefore, there is
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N=3
MI

N=2
MI

N=1
MI

/Uµ

SF

J/U

Figure 3.1: A sketch of the phase diagram for the Bose-Hubbard model. It has com-
mensurate Mott insulating regions (MI), for small kinetic energies, and also a superfluid
phase (SF).

an insulating commensurate phase for J = 0 that prevails for J > 0 and which is
eventually lost, see the insulating lobes in the phase diagram in Figure 3.1.

In the other limit where the repulsion U is zero and still no trap is present, the
Hamiltonian becomes

H = −
∑

〈i,j〉

J(b†i bj + h.c.) +
∑

i

(−µ)ni (3.20)

At zero temperature all the particles are in the ground state occupying the lowest
momentum state

|ψSF 〉 ∝ (b†k1
)M |0〉 (3.21)

this state can be expressed in another formulation

|ψSF 〉 ∝
(

N
∑

i=1

b†i

)M

|0〉 (3.22)

where M is the number of atoms and N the number of lattice points. The state is
superfluid (SF). The system can be described by a macroscopic wavefunction with a
well defined phase, since the state is a product over identical single particle states.
The density fluctuations of the system are of the same order as the occupation,
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Effects of the confinement
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Figure 3.2: The local potential approximation is used to calculate local densities. In
the left panel the density on different lattice sites is shown as a function of the lattice
index i. In the right panel the density as a function of the local potential is shown and
compared to densities for the homogeneous system with an excellent agreement.

〈n2
i 〉 − 〈ni〉2 = 〈ni〉 + O(N

L ). The system with a small but nonzero repulsion U
follows the same superfluid behavior with a macroscopic occupation of the lowest
momentum state.

There are two different phase transitions in the model. The first one, going
from commensurate to incommensurate density, occurs by changing the chemical
potential. The other transition, which occurs at commensurate density, belongs to
the XY-model universality class. The critical point has been estimated in a mean
field calculation to be Uc/J = 5.8z for n = 1 and Uc/J = 2zn for n >> 1, where
z is the number of neighbors and n is the average number of atoms per lattice
site [33, 34]. In one dimension the transition is of Kosterlitz-Thouless type [35]. An
accurate estimate of the critical value for n = 1 has been calculated in a DMRG
simulation to be Uc/J ≈ 3.37 [36].

In the one dimensional system there is no long range order. In the superfluid
state for the one dimensional system there are algebraically decaying correlations,
whereas the higher dimensional systems have long range order.
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Figure 3.3: The particle-particle correlation function 〈b†i bj〉 for a few selected lattice
points i to all other points j in the lattice. The dashed line represents the density
profile, shown here to indicate the location of the Mott insulating regions. The insulating
regions are regions where the density does not follow the shape of the potential, instead
the density is commensurate for a number of lattice sites. This gives rise to a so called
Mott plateau in the density profile. The dotted line marks the correlation function from
a point on the phase separation boundary between the superfluid and Mott insulating
regions.

3.6 Effects of the confinement

As mentioned above there is always a trapping potential present that confines the
atoms in the lattice. This confinement gives rise to a site dependent Hamiltonian
as indicated in Eq. (3.17), where εi is a function of the lattice index i. The external
site dependent potential and the chemical potential may be combined into a site
dependent chemical potential µi and then the Bose-Hubbard Hamiltonian becomes

H = −
∑

〈i,j〉

J(b†i bj + h.c.) +
∑

i

(Uni(ni − 1) + µini). (3.23)

The local observables at lattice site i, for a confined system, may often be estimated
using the local potential µi. The observable is calculated for a homogeneous, i.e.
unconfined, system with the constant chemical potential µ = µi. The observables
calculated for the unconfined system µ = µi often correspond very well with the
observables in the trap at lattice sites with a local chemical potential µi [37, 38,
39]. This method of finding observables for the confined system is called the local
potential approximation, see paper 3 [37] and references therein for a more thorough
description of the approximation and how it may be used.

To illustrate the local approximation, the densities at different lattice sites are
calculated in a confined system and presented in Figure 3.2. The calculation is

18



Time-of-flight images

done for a one dimensional system confined in a harmonic trap. In the left panel of
the figure the density is shown as a function of the lattice site. In the right panel
of the figure the density is shown as a function of the local potential µi, where µi

is the sum of the chemical potential and the confining potential at lattice point i.
This density is compared to the density for a homogeneous system with the same
potential µ = µi. From the figure it is evident that the density on a lattice site may
be calculated from a homogeneous system if the local potential is known.

From the left part of the figure it is clear that the edges of the system cannot
be insulating since the density is incommensurate. It is also evident that there may
be regions in the lattice with commensurate density and an insulating behavior,
these regions are called Mott plateaus, hence there will be coexisting phases in
the system. The different phases give rise to a very characteristic behavior of the
〈b†i bi+j〉-correlation function. The correlation function is calculated starting from
different lattice sites i. There are lattice sites where the correlation function has a
long range algebraic decay corresponding to a superfluid region and other lattice
points with an exponential decay belonging to the insulating regions, see Figure 3.3.

3.7 Time-of-flight images

One problem with cold atom experiments is that it is difficult to do measurements
on the systems. It is still not possible to get good enough resolution to see the
individual atoms, hence it is not possible to resolve the density profile in the trap
directly. The most important and easiest measurement is to release the atoms from
the trap and study the absorption image of the atomic condensate after it has
expanded in the gravitational field. The cloud is exposed to a laser and the atoms
absorb light and hence the column integrated density of the cloud is measured.
Once the optical lattice is turned off the interaction is weak compared to the kinetic
energy and it is a good approximation to neglect the interaction among the atoms
after they are released. The density of the evolving cloud is

〈n(r)〉t = 〈φ|U†(t)Ψ†(r)Ψ(r)U(t)|φ〉, (3.24)

where |φ〉 is the state before the atoms are released and U is the time evolution
operator. After a long time the density distribution becomes proportional to the
momentum distribution before the release [40, 41]

n(r) =
(m

~t

)3

n(k) =
(m

~t

)3

|w(k =
mr

~t
)|2S(k =

mr

~t
), (3.25)

where the structure factor is the Fourier transform of the particle-particle correla-
tion function 〈b†jbj′〉

S(k) =
1

N

N
∑

j′,j=1

eik·(rj−rj′ )〈b†jbj′〉. (3.26)
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3. Ultracold atoms

Here N is the number of lattice points and w(k) is the Fourier transform of the
Wannier function. The Wannier function is localized and therefore its Fourier
transform is slowly varying and the interference pattern shows S with an envelope
given by the Wannier function. For a phase coherent state the interference pattern
will have sharp peaks at the reciprocal lattice points, whereas the interference from
an insulating system will have a broader feature at k = 0 [3, 29]. The trapping
potential makes parts of the system superfluid for all interaction strengths. Hence,
the interference pattern will always be diffuse. However, it is possible to study the
decay of the peaks to find the superfluid fraction of the system [25, 42, 41].

3.8 Effects of anisotropy

The lattice is generated with lasers and it is possible to obtain a wide range of
parameters in the Bose-Hubbard Hamiltonian. Using different laser intensities in
the x-, y-, and z-direction the potentials Vx, Vy, and Vz become different. The
strength of the tunneling between lattice sites depends on the potentials and the
Bose-Hubbard Hamiltonian is rewritten as

H = −
∑

j

(

Jx(b†jx,jy,jz
bjx+1,jy,jz

+ h.c.) + Jy(b†jx,jy,jz
bjx,jy+1,jz

+ h.c.)

+ Jz(b
†
jx,jy,jz

bjx,jy,jz+1 + h.c.)
)

+
1

2

∑

j

Unj(nj − 1) +
∑

j

(−µ + εj)nj . (3.27)

where j is a shorthand for the Cartesian coordinates (jx, jy, jz). According to
Eq. (3.12) the values of the three hopping strengths, Jx, Jy, Jz are given by the
experimental setup [29]. It is possible to change the dimension of the experiment by
making one of the coupling parameters (one of the Js) small enough to guarantee
that there is negligible hopping in that dimension during the experiment [25].

For cold atoms in an infinite three dimensional optical lattice, there will be
the same phase in all dimensions, either a three dimensional superfluid (3D SF) or
Mott insulating phase (3D MI). It is impossible to have an infinite system which
is superfluid in one dimension and insulating in the others. The argument for this
goes as follows; if a system is superfluid in the x-direction, for Jy and Jz zero, then
as soon as one of them becomes nonzero the energy is minimized if the system is
superfluid in both dimensions [43].

For a finite system the story is different; there are no finite superfluid systems.
For a finite chain there is always an energy gap to add new particles. If the coupling
strength is strong enough to make the infinite system superfluid the energy gap is
proportional to the inverse system size, Ec ∝ L−1 [44]. Start from a one dimen-
sional system, J⊥ = Jy = Jz = 0, that is superfluid in this sense. Then increase
the interaction strength J⊥. It takes a certain strength of J⊥ before the system
overcomes the charging energy and becomes a three dimensional superfluid [44, 45].
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Effects of anisotropy

Thus there is a phase with a nonzero Jy and Jz which is superfluid in the strongly
coupled x-direction and insulating in the y- and z-directions. This phase is called
the 2D MI and it may be modeled with a two dimensional Hamiltonian [44]. In
this new Hamiltonian each one dimensional superfluid string is integrated out and
is considered as a lattice point [46].

If Jz = 0, i.e. the system is two dimensional, the same argument holds and it
takes a certain critical strength of Jy before the system becomes a two dimensional
superfluid, see paper 5 [47] for a more thorough discussion. The phase diagram
for the two dimensional anisotropic Bose-Hubbard model is shown schematically in
Figure 3.4 and it is presented in more detail in paper 5. The points on the axes,
where one of the coupling constants is zero, correspond to the one dimensional Bose-
Hubbard model which is known to have a phase transition near Jc/U = 0.3 [36]. For
finite systems the transition occurs at a smaller value of J/U . The line connecting
the two one dimensional critical points is found by a simple mean field argument,
which gives (Jx + Jy)/U = Jc/U . The mean field argument is not correct since the
fluctuations are neglected and they are more pronounced in one dimension than in
two.

When Jy and Jz are zero, the superfluid strings are decoupled and they are
Luttinger liquids [48] with a correlation function that is algebraically decaying in
the x-direction

Γx(j) ≡ 〈b†jx,jy
bjx+j,jy

〉 ∝ j−1/2Kx , (3.28)

where Kx denotes the Luttinger liquid parameter.

2D MI

2D SF

1D
 M

I

1D MI

J

Jx/U

/Uy

0.3

0.3

Figure 3.4: The phase diagram for the two dimensional anisotropic Bose-Hubbard
model. The 1D MI regions are described by strongly coupled strings which are Mott
isolated from each other. These regions disappear when the system becomes infinite. In
the proposed experiment the 1D MI phase is approached along a line with constant tun-
neling strength in the strongly coupled direction Jx and a decreasing tunneling strength
in Jy. This approach is illustrated with a double arrowed line in the phase diagram.
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3. Ultracold atoms

Figure 3.5: Momentum distribution, or time-of-flight picture, shown in arbitrary units
along the weakly coupled lattice direction. The curves correspond to the following
tunneling strengths, Jy/U = 0.012 (dashed line), 0.0025 (full), and 1.5×10−3 (dotted).
The tunneling matrix element in the strongly coupled direction is Jx/U = 0.3 and the
number of particles per site is 1. The inset shows the full 2D profile of the velocity
distribution for the case Jy/U = 1.5 × 10−3.

In Figure 3.4 the finite size effect on the phase diagram is sketched. The 1D MI
phase described by strongly coupled superfluid strings, which are Mott isolated from
each other, stems from the finite size effects. The system is described as a Josephson
junction chain where each lattice point represents a superfluid string [44]. The
Josephson model has a phase transition of Kosterlitz-Thouless type. The critical
strength for the transition from 1D MI to 1D SF scales as

Jc ∝ L
−2+ 1

2Kx
x , (3.29)

see paper 5 and references [44, 45]. The critical strength becomes zero for Lx = ∞.
The Luttinger liquid parameter Kx is a function of the coupling parameter in the
superfluid x-direction. Right after the transition into the 1D SF phase there is a
dimensional crossover into the 2D SF phase as the coherence lenght becomes smaller
than the tube length Lx. The crossover between 1D SF and 2D SF presumably
happens over a very short interval, which is why in the following a 1D MI-2D SF
transition is spoken of. The phase boundary for 1D MI is sketched in the figure as
straight lines parallel to the axes. However, this does not correspond to the correct
position of the transition.
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Spinful bosons

In an experiment it will be possible to see the transition from a 2D SF to a
1D MI in the time-of-flight picture mentioned in the previous section. The structure
factor, S, will show whether the system is superfluid or insulating in a particular
direction. In Figure 3.5 the momentum distribution (or the time-of-flight picture,
see Eq. (3.25)) for an anisotropic two dimensional system is presented. Here Jx/U =
0.3 is constant and Jy is small. The value of Jx is large enough to have the strings
superfluid even though it is at the critical point for the infinite one dimensional
system, since the finite systems have their transition at a smaller value of J/U [36].
The coupling Jy is altered to generate the lines in the figure. By decreasing Jy in a
number of steps this corresponds to approaching the one dimensional system along
a vertical line in Figure 3.4. An example of such a line is indicated in the figure
with a double arrowed line. In Figure 3.5 it is shown that above the transition into
the 1D MI phase, i.e. in the 2D SF phase, the velocity distribution is sharp and
distinct in both directions. This can be understood from Eq. (3.26), the atoms in
the 2D SF phase are coherent and the 〈b†b〉-correlation function is long range. Below
the transition, in the 1D Mott insulating phase, the peaks in the y-direction, where
the atoms are confined, are broadened, but the peaks will still be very narrow in
the strongly coupled x-direction. To obtain this figure the Wannier functions have
been calculated for a specific combination of parameters in the Hamiltonian. For
these parameters a quantum Monte Carlo calculation has been performed to find
the Fourier transform of 〈b†b〉.

3.9 Spinful bosons

In the cold atom experiments discussed so far in this chapter the atoms have been
spin polarized. This is a very reasonable assumption since almost all experiments
done up to now use a magnetic trap to keep the atoms localized during the cooling
process before the optical lattice is applied. This confinement traps spin polarized
atoms since the Zeeman coupling between the potential and the atom is magnetic.
This is avoided in experiments using an optical confinement [49, 50]. In such a
confining potential atoms of all spin polarizations are trapped.

The alkali atoms have a hyperfine spin S = 1, in the ground state, which is the
combination of the nuclear spin-3/2, and the electronic spin-1/2 of the single elec-
tron in the s-shell. When two spin-1 alkali atoms interact the interaction strength
is

Vat(r) = δ(r)(g0P0 + g2P2), (3.30)

where P are projection operators and

gs = 4π~
2as/m (3.31)

compare with Eq. (3.1) [51]. The projection into total spin Stot = 1 is neglected
since it is not allowed for symmetry reasons. Rewriting the potential using spin
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Figure 3.6: Phase diagram for the one dimensional Bose-Hubbard model without spin
interaction (left panel) [36] and the phase diagram for the spinful Bose-Hubbard model
with interaction strength U2/U = 0.1 (right panel) [18]. In the figure the odd den-
sity insulating lobes are considered to be dimerized since most evidence point in this
direction.

operators gives

Vat(r) = δ(r)

(

g0 + 2g2

3
+

g2 − g0

3
S1 · S2

)

. (3.32)

Inserting this into the Bose-Hubbard model, the following spin dependent Hamil-
tonian is obtained [51, 52]

H = −
∑

i,j

J(b†i,σbj,σ +h.c.)+
1

2

∑

i

(Uni(ni − 1)+µni + εini)+
1

2

∑

i

U2(S
2
i − 2ni).

(3.33)

where b†i,σ and bi,σ are creation and annihilation operators for bosons with spin

projection σ = {−1, 0, 1} in the z-direction and ni =
∑

σ b†i,σbi,σ. Different alkali
atoms have different scattering lengths and also different signs of the spin coupling
constant U2 = 2(g2 − g0)/3. In 23Na the spin interaction is antiferromagnetic and
in 87Rb it is ferromagnetic.

The phase diagram of the cold atoms is altered due to the spin interaction. The
phase diagram of the spinful Hamiltonian depends on the dimensionality. In the
following, the phases for sodium in one dimension are discussed. In the insulating
regions with an even density, the spins form singlets. The spin interaction energy
is thereby minimized which stabilizes the even density Mott lobes, compared to the
spinless phase diagram.

In the odd density regions the spin-spin interaction is mediated via a second
order interaction and the Mott lobes with odd density are destabilized by the spin-
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spin interaction term in the Hamiltonian. To find the spin order in the odd density
Mott lobes, a mapping to the spin-1 bilinear-biquadratic model is possible for small
hopping, i.e. small J , see [51, 53, 18, 54], so that

H = J0 +
∑

i,j

(

cos(θ)Si · Sj + sin(θ)(Si · Sj)
2
)

(3.34)

where tan(θ) = 1
1−2U2/U for the first Mott lobe. For the higher odd density Mott

lobes, θ has other expressions and also higher order spin terms must be neglected to
be able to map the spinful Bose-Hubbard Hamiltonian into the bilinear-biquadratic
Hamiltonian [51]. For sodium U2/U ≈ 0.04 [51] and for the first Mott lobe then
θ ≈ −0.73π. The phase in this Mott lobe is therefore unclear since this θ belongs
to the region in phase space where the phase of the bilinear-biquadratic is debated,
see Sec. 2.1. Most evidence points towards a dimerized order, see paper 4 and
references therein. A sketch of the phase diagram for the one dimensional system
is given in Figure 3.6, where the phase diagrams with and without the spin-spin
interaction are shown [18, 36]. The phase diagram of the one-dimensional spinful
Bose-Hubbard model is studied in detail in paper 4 [20]

The cold atomic systems are very free of impurities and there are no spin chang-
ing operators in the Hamiltonian. Hence, it is impossible to magnetize a nonmag-
netic system by applying a magnetic field without destroying the entire system.
There are at least two experiments done on these spin dependent systems. They
use the lack of spin changing parts in the Hamiltonian to study the spin relaxation
and to study the position of the Mott insulating regions in the lattice [49, 50].
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Chapter 4

Quantum Monte Carlo

Monte Carlo simulation is a vast class of calculational methods based on stochastic
techniques. The algorithms are mainly used to calculate complicated sums and
integrals. For many integrals in high dimensions this is the fastest way to get an
answer. In this chapter Quantum Monte Carlo (QMC) simulation, a certain type of
Monte Carlo methods dealing with quantum mechanical problems, is presented. An
introduction to Monte Carlo methods in physics is given by Landau and Binder [55].

In statistical physics every thermodynamic observable can be derived from the
grand partition function [56]

Z = Tr (exp[β(µN − H)]) (4.1)

where H is the Hamiltonian operator, N is the number operator, µ is the chemical
potential, β = 1/kBT is the inverse temperature and Tr denotes the sum over all
diagonal elements expressed in a suitable set of basis functions. The expectation
value of any observable A is

〈A〉 =
1

Z
Tr (A exp[β(µN − H)]). (4.2)

If the Hamiltonian commutes with the number operator it is possible to diagonalize
both the number and the Hamiltonian operator at the same time. In this basis the
partition function is a sum over all basis states

Z =
∑

k

exp[β(µnk − εk)]. (4.3)

The number of states grows exponentially with the number of particles and the sum
is often impossible to compute. However, the sum may be approximated numerically
using Monte Carlo methods. If the observable is diagonal in the chosen basis all
basis states k contribute to the expectation value with a term proportional to Ak

and

〈A〉 =

∑

k Ak exp[β(µnk − εk)]
∑

k exp[β(µnk − εk)]
≡

∑

k AkWk
∑

k Wk
, (4.4)
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4. Quantum Monte Carlo

where Wk = exp[β(µnk − εk)] is the weight function. In the following only diagonal
operators are considered.

The Monte Carlo procedure is based on a random walk performed in the set of
basis states. The states are visited with a probability proportional to their weight
and the observables are given by the average value measured during the simulation

A =
1

M

M
∑

k=1

Ak → 〈A〉, (4.5)

where M is the number of configurations included in the sum. The error in the
estimated expectation value decreases as M → ∞ in Eq. (4.5). The procedure that
decides which states to visit in the random walk must satisfy detailed balance

P (i → j)Wi = P (j → i)Wj . (4.6)

Here P (i → j) is the probability to change from configuration i into configuration
j and Wi is the weight of configuration i. Besides fulfilling detailed balance the
procedure that decides which configurations to sum over must be ergodic. This
means that it must be possible to go from any configuration to any other in a finite
number of steps, i.e. there must not be any elements excluded from the summation
in Eq. (4.5) at the beginning.

4.1 Stochastic series expansion

The Quantum Monte Carlo method used in this thesis is the stochastic series expan-
sion (SSE) [57]. This method is described in the rest of this chapter. The algorithm
is presented using the one dimensional spin-1/2 ferromagnetic Heisenberg model

H = −
∑

i

JSi · Si+1, (4.7)

where S denotes a spin-1/2 operator and J is the positive exchange coupling param-
eter. It is fairly easy to generalize the algorithm described here to other problems.
The SSE algorithm is formulated from a Taylor expansion of the partition function,

Z = Tr (exp[−βH]) =
∑

α

∞
∑

n=0

(−β)n

n!
〈α|Hn|α〉. (4.8)

The number of particles is constant and the term µN from the exponent in the par-
tition function is removed. The trace is taken over all spin configurations |α〉. The
spin configurations are expressed in their z-eigenstates, {|α〉} = {|Sz

1 , Sz
2 , .., Sz

N 〉}.
The number of lattice sites, N , equals the number of spins.

To further simplify the partition function the Hamiltonian is divided into parts
denoted Hi. The parts are chosen so that when they act on a spin state, either a
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Stochastic series expansion

zero, or a spin state is generated, but not a linear combination of spin states

Hi|α〉 = hi|α′〉 or

Hi|α〉 = 0. (4.9)

The Hamiltonian in Eq. (4.7) generates a linear combination of spin states and can
be rewritten as a diagonal term and an off-diagonal term

H = −
N

∑

b=1

(HD,b + HOD,b). (4.10)

Here b denotes a bond corresponding to a pair of interacting spins Sb and Sb+1.
The minus sign is inserted to eliminate the minus sign in front of β in Eq. (4.8).
The operators for the ferromagnetic Heisenberg chain are

HD,b = C + JSz
b Sz

b+1

HOD,b =
J

2
(S+

b S−
b+1 + S−

b S+
b+1). (4.11)

A constant C that ensures that HD,b is positive semi-definite is inserted. The reason
for inserting this constant will be given below, for now just think of it as being a
trivial energy shift.

In the Taylor expansion in Eq. (4.8) the sum over n ranges from zero to infinity.
To do a Monte Carlo simulation there must be an upper bound on that number.
The weight of the configurations is peaked around an average value of n. This can
be understood from the fact that the internal energy is proportional to the average
value of n, see Eq. (4.32). It is possible to set a lower limit on the maximum value
of n needed without introducing any observable error.

To simplify the Monte Carlo update we introduce an additional unit operator
H0,0 = 1. Inserting this operator and the operators given by Eq. (4.10) into Eq. (4.8)
truncating the sum at n = L [58]

Z =
∑

α

∑

SL

βn(L − n)!

L!
〈α|

L
∏

m=1

Ham,bm
|α〉, (4.12)

where SL, the operator index list, contains a sequence of operator indices

SL = (a1, b1)1, (a2, b2)2, ..., (aL, bL)L, (4.13)

with am = D,OD and bm = 1, . . . , N or (am, bm) = (0, 0) and n is the number of
non-unit operators in SL. We insert L− n unit operators to keep the length of the

operator list constant at L during the simulation. There are

(

L
n

)

different ways

to insert the unit operators and the partition function is multiplied with the inverse
of this factor.
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Figure 4.1: A visualization of a configuration for a four-spin chain and L = 5. The
open (closed) circles represents spin up (down). There are two off-diagonal operators
at m = 1, and m = 5 and one diagonal operator at m = 3 in the operator list. At
positions m = 2 and m = 4 there are unit operators.

The operators in Eq. (4.11) fulfills Eq. (4.9) and inserting a unit operator ex-
pressed in spin states inbetween every term in the product of operators

Z =
∑

α

∑

SL

βn(L − n)!

L!
〈α(0)|Ha1,b1 |α(L − 1)〉〈α(L − 1)|Ha2,b2 |α(L − 2)〉 · · ·

· · ·〈α(1)|HaL,bL
|α(0)〉 (4.14)

where a definition of the propagated state is introduced

|α(p)〉 =

p
∏

m=1

Hambm
|α〉. (4.15)

An operator affects only two spins, Sb and Sb+1, and the partition function can be
written [58]

Z =
∑

α

∑

SL

βn(L − n)!

L!
〈Sb1(0)Sb1+1(0)|Ha1,b1 |Sb1(L − 1)Sb1+1(L − 1)〉

〈Sb2(L − 1)Sb2+1(L − 1)|Ha2,b2 |Sb2(L − 2)Sb2+1(L − 2)〉 · · ·
· · ·〈SbL

(1)SbL+1(1)|HaL,bL
|SbL

(0)SbL+1(0)〉

≡
∑

α

∑

SL

βn(L − n)!

L!

L
∏

m=0

Wm. (4.16)

One operator and its four spins, Sb and Sb+1 before and after the operator has
been applied, is called a vertex and the weight of this object is denoted by Wm.
The spins coupled to an operator are called the legs of the vertex. The Taylor
expansion of the partition function Z can be visualized, see Figure 4.1. A new
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The algorithm

dimension m representing the length of the operator list is introduced. In the
figure this dimension runs in the vertical direction. The operators are introduced
inbetween |α(m)〉 and |α(m + 1)〉. The operator affects two spins and is shown as
a horizontal line in the figure. The two spins before the operator are part of the
spin configuration at m and the two spins after the operator are part of the spin
configuration at m + 1. If the operator is an off-diagonal operator it changes the
spin configuration by altering the two spins, otherwise the spin configuration is the
same at m and m+1. One more thing to notice in the figure is that |α(0)〉 = |α(L)〉,
as is obvious from Eq. (4.8).

4.2 The algorithm

During a Monte Carlo calculation the space of spin states |α〉 and the operator
sequence SL is sampled. To sample the space of diagonal operators new diagonal
operators are inserted and removed from the operator string. From Eq. (4.16)
the change in the weight of the configuration when a diagonal operator is inserted
becomes

W → W
β〈α(p)|HD,b|α(p)〉

L − n
. (4.17)

The value of b can be chosen in M different ways where M is the number of bonds
(here M is equal to the number of lattice sites N). Therefore, the probability to
change one of the unitary operators into a diagonal operator is [57]

P ([0, 0] → [D, b]) =
Mβ〈α(p)|HD,b|α(p)〉

L − n
. (4.18)

The probability to turn one of the diagonal operator into a unit operator is

P ([D, b] → [0, 0]) =
L − n + 1

Mβ〈α(p)|HD,b|α(p)〉 . (4.19)

The addition of 1 in the numerator, compared to the inverse of Eq. (4.18), is
due to the fact that n is increased by one when the unit operator is turned into
a diagonal operator and hence by adding 1 to the numerator detailed balance is
fulfilled. In the diagonal update the operator list is updated. At positions with a
unit operator a diagonal operator is introduced with the probability given above.
All diagonal operators are turned into unit operators with the probability from
Eq. (4.19). All off-diagonal operators are left unaltered. In Figure 4.2 an example
of a diagonal update is shown.

The off-diagonal operators cannot be introduced in the same manner. If only
one off-diagonal operator is introduced on the spins at position i and i + 1, then
|α(0)〉 6= |α(L)〉. To introduce off-diagonal operators all spins along a loop must be
changed.

The off-diagonal update runs as follows. A non-unit operator is chosen ran-
domly and one of its four spins is changed. There is no operator in the Hamiltonian
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4. Quantum Monte Carlo

corresponding to this vertex and the operator has zero weight. To fix this, another
spin, the spin on another leg, the so called exit leg, is also changed. The configura-
tion now has two places where there are discontinuities. Following, in m-direction,
the spin on the exit leg we find it connected to an operator. This connected spin is
now changed and once again a non-allowed vertex is created and a new exit leg is
chosen. We continue in this way until the loop comes back to the position where it
started and there are no more non-allowed vertices or discontinuities in the system.
See Figure 4.3 for an example of an off-diagonal update.

The probability for how to choose the exit leg of a vertex must obey detailed bal-
ance. There are different ways to obtain this, the easiest and most straightforward
way is to use a so called heat bath method

P (exit leg = i) =
Wi

∑4
leg=1 Wleg

(4.20)

where Wi = 〈S1S2|H|S3S4〉 is the weight calculated with the spin on leg i and the
entrance leg changed.

In the algorithm, perform the following steps iteratively:

1. Perform a diagonal update. Run through the operator list, at positions with
diagonal operators, remove these with the probability given by Eq. (4.19), at
positions with off-diagonal operators do nothing, and at positions with unit
operators insert diagonal operators with the probability given by Eq. (4.18).

2. Run an off-diagonal update. Create loops and change all spins along them.
Make so many loops that on average half of the spins in the configuration are
changed, make the same number of loops in all off-diagonal updates.

3. Perform a measurement of the observables.

A cycle where these three tasks are performed is called a Monte Carlo step. At
the beginning of the calculation one should run enough Monte Carlo steps without

0,0

|

H
H

α >

H

H

H

H

H

H

H
OD,1

0,0

OD,1

0,0

D,1

D,2

OD,1

D,3

OD,1

H

Figure 4.2: A sketch of what happens in the diagonal update. One diagonal operator
is removed and two new operators are inserted. The new operators are inserted at a
random position b.
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H
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H D,1

D,3

0,0

D,2

D,1

a) b) c) d) e)

Figure 4.3: A sketch of an off-diagonal update. a) The loop starts with the insertion of
a discontinuity in the configuration, indicated with a wavy line. b) The loop continues,
choosing an exit leg and a second discontinuity is shown. c) Follow the spin on the
exit leg and a new operator is found. d) The loop continues until it is closed e) and
there are no discontinuities anymore in the configuration. All spins along the loop are
changed. After the loop the number of operators is the same but the proportion of
operators that are off-diagonal/diagonal may have changed.

measuring to ensure that the system is properly equilibrated. Make sure that the
operator list is long enough and adjust the number of loops in the off-diagonal
update. The length of the operator list can typically be chosen to be 1.2-1.5 times
the maximum number of operators obtained during the warm-up.

4.3 Directed loops

There are often better ways than the heat bath method to choose the exit leg in the
loop update, that still fulfills detailed balance [59, 60]. In the off-diagonal update
the loop may bounce, i.e. the exit leg is the same as the entrance leg. This update
does not change the configuration. Often it is optimal to minimize the bouncing
probability.

The probabilities for different exit legs (x = 1, 2, 3, 4) given an entrance leg e
and the vertex type s are wanted. There is a probability P (s, e → sx, x) assigned
to all the different paths, where sx is the vertex obtained after the update. To have
detailed balance the probabilities must obey

WsP (s, e → sx, x) = Wsx
P (sx, x → s, e) (4.21)

where Ws is the weight of the vertex s before the update and sx is the vertex
obtained after the spin on the entrance and exit leg is changed. The loop does
always exit at one leg and

4
∑

x=1

P (s, e → sx, x) = 1 (4.22)
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4. Quantum Monte Carlo

Figure 4.4: In the figure four of the eight sets of updates are shown. The operators are
represented by lines and spin up (down) by open (closed) circles. If one of the updates
is reversed, i.e. the spins along the loop is flipped and the direction of the loop reversed,
the obtained update belongs to the same set. For example the second update in the
first row is the reversed update for the first update in the second row, and the third
update in the first row and the first update in the third row are each others reversed
updates.

This gives a constraint on the product of the weight and the probability function

4
∑

x=1

WsP (s, e → sx, x) = Ws (4.23)

In the following the product WsP (s, e → sx, x) is denoted w(s, e, x). The equations
that governs this product is given by Eq. (4.21) and Eq. (4.23). The heat bath
method to choose the exit leg, presented above in Eq. (4.20), is a special case of
this generalized method with

w(s, e, x) = WsP (s, e → sx, x) =
WsWx
∑

i Wi
(4.24)

the weights Wx and Wi are the weights obtained after changing the spin on the
entrance and exit leg.

To show how the method works the probabilities for the ferromagnetic model
will now be shown in detail. There are only six allowed vertices for the Hamiltonian.
These vertices are turned into each other via updates. There are eight closed sets
of updates. All updates within one of these closed sets have their reversed update
in the same closed set. To reverse an update the spins along the loop are flipped
and the direction reversed. In Figure 4.4 four of the eight closed sets are shown.
To obtain the other four, just exchange spin up (open circle) and spin down (closed
circle).

When an entrance leg is chosen there are, for the ferromagnetic Heisenberg
model, three possible exit legs. The fourth leg is impossible to exit at since there
is no corresponding operator in the Hamiltonian. A row in one of the quadrants in
the figure shows all the possible updates for a chosen entrance leg.
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According to Eq. (4.23) the sum over w(s, e, x) for all exit legs x equals Ws, the
weight of the vertex. All the vertex weights are in this case therefore a sum over
three w(s, e, x). According to Eq. (4.21) updates which are each others reversed
updates have the same weight. Using this it is found that for the updates in
the leftmost corner of Figure 4.4 the vertex weights obey the following system of
equations

W1 = w1 + w2 + w3

W2 = w2 + w4 + w5 (4.25)

W3 = w3 + w5 + w6.

where the wi are a shorthand notation for the wanted weights w(s, e, x). The second
update in the first row in the figure is the reversed update of the first update in the
second row and hence they are given the same weight w2. These are the equations
for the first set, the equations for the other sets are analogous. By solving this
system of equations the probabilities for choosing a specific exit leg are found. The
vertex weights are

W1 = 〈↑↓ |HOD,b| ↓↑〉 = J/2 (4.26)

W2 = 〈↑↓ |HD,b| ↑↓〉 = −J/4 + C (4.27)

W3 = 〈↑↑ |HD,b| ↑↑〉 = J/4 + C.

Here C is the arbitrary constant inserted in Eq. (4.11). Its value may also be
adjusted to minimize the bounce. There is a large freedom in solving the system of
equations and it is often not clear which is the optimal solution before testing. It is
not even clear that it is optimal to have the bounce probability zero. In reference
[60] the directed loop algorithm is presented for several different Hamiltonians.

4.4 Expectation values

The expectation value of a diagonal observable is

〈A〉 =
1

Z
Tr (A exp[−βH]) =

∑

q=allstates WqAq
∑

q=allstates Wq
≈ 1

M

M
∑

k=1

Ak (4.28)

where the sum over k runs over M visited configurations. The approximation in
the last step becomes an equality if M → ∞, since detailed balance ensures that
the configurations occur with the correct probability. In each measurement, which
is done once in every Monte Carlo step, the observable is calculated and added to
the sum. In the error analysis the mean value of an observable after N of the M
Monte Carlo steps is used.

〈A〉N =
1

N

N
∑

k=1

Ak (4.29)
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A set of K = M/N such estimates are independent of each other and they are used
to calculate the mean value over the entire Monte Carlo simulation. The variance
of this estimator is

σ2
K =

1

K − 1

K
∑

i=1

(〈A〉iN − 〈A〉)2 (4.30)

where 〈A〉iN is one of the K mean values calculated with Eq. (4.29) and 〈A〉 is the
mean value from all the Monte Carlo steps.

The internal energy

E = 〈H〉 =
1

Z
Tr (H exp[−βH]) (4.31)

has a particularly simple expression in SSE. It is easiest to see this using the Taylor
expansion of Z without introducing the unit operators. Then the operator list has
n components and this number is altering during the simulation. Put Eq. (4.8)
together with Eq. (4.10) for the Hamiltonian and the expectation value becomes

E = 〈H〉 =
1

Z

∑

α

∑

SL

βn

n!
〈α|H

n
∏

i=1

Hai,bi
|α〉

=
1

Z

∑

α

∑

SL

βn

n!

β

n + 1

n + 1

β
〈α|

∑

b

(−HD,b − HOD,b)

n
∏

i=1

Hai,bi
|α〉

=
1

Z

∑

α

∑

SL

∑

b

βn+1

(n + 1)!
〈α| − n + 1

β
(HD,b + HOD,b)

n
∏

i=1

Hai,bi
|α〉

=
1

Z

∑

α

∑

S′

L

βn+1

(n + 1)!
〈α| − n + 1

β

n+1
∏

i=1

Hai,bi
|α〉

=

∑

q −
Wqnq

β
∑

q Wq
= −〈n〉

β
. (4.32)

In the next to last line the sums over SL and b are written as one sum over S′
L.

The new operator list S′
L contains indices of n + 1 operators since it has both the

inserted −H = HD,b + HOD,b, and the original n operators. In the last step it is
noted that the wanted expectation value is the average number of operators in the
operator list.

To calculate the expectation value of off-diagonal operators is more cumber-
some. The off-diagonal operators introduce discontinuities in the configuration
which are prohibited by Eq. (4.4). Some off-diagonal observables may nevertheless
be calculated if they are introduced into the configuration during the off-diagonal
update [61].

36



The sign problem

4.5 The sign problem

The updating method described in the previous section has restrictions, one is that
all weights must be non-negative. With a negative weight the probabilities in the
diagonal or off-diagonal update become negative.

The positiveness of the diagonal operators is ensured by the constant C, added
to the operator in Eq. (4.11). Nothing can be done about the sign of the off-diagonal
operators. For the antiferromagnetic Heisenberg model, J negative in Eq. (4.7), the
weight of the off-diagonal operator is negative. If the antiferromagnetic model is
studied on a bipartite lattice it is impossible to have an allowed configuration with
an odd number of off-diagonal operators, and therefore the configurations are all
positive. However, as soon as the system becomes frustrated the number of off-
diagonal operators may be odd and the sign becomes important. Other models
with a sign problem are the fermionic ones, where the Pauli principle gives rise to
the sign problem.

It is possible to do a calculation also for models with a sign problem, using
the absolute value of the weights, i.e. |Wq|, to calculate probabilities. For nega-
tive probabilities sampling according to the algorithm cannot be performed. The
following equation shows how to go from the usual expression for the expectation
value of an observable based on the weights Wq to an expectation value calculated
from the new weights |Wq|

〈A〉 =

∑

q WqAq
∑

q Wq
=

∑

q |Wq|Aqsq
∑

q |Wq|sq
=

∑

q |Wq|Aqsq
∑

q |Wq|
∑

q |Wq|sq
∑

q |Wq|

=
〈As〉|W |

〈s〉|W |
(4.33)

where sq is the sign of the configuration q. In the last step the expectation values
are, as before, found by a summation. Which elements to include in the sum is
decided based on detailed balance for the absolute values of their weights.

The sign causes a problem since the number of positive and negative configura-
tions are almost equal, hence in Eq. (4.33) the quotient of two very small numbers
is calculated and the statistical error in such a calculation is large.

There is a way to eliminated the sign problem, called the meron cluster solu-
tion [62, 63], if these five conditions are true:

1. The lattice can be divided into loops so that each spin belongs to one and
only one loop.

2. The weight must not change when the loops are flipped.

3. The loops must affect the sign independently.

4. The sector without sign-changing loops, also called the zero-meron sector,
must be positive definite.
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5. The expectation value of the operator is unchanged when a loop is flipped.

If these four restrictions are fulfilled then the negative contributions to the sum are
exactly canceled by corresponding positive parts and it is enough to only consider
the positive contributions not cancelled by negative one, i.e. configurations in the
zero-meron sector, and

〈A〉 = 〈AδnM ,0〉, (4.34)

where nM is the number of merons in the configuration and a meron is a loop that
changes the sign of the configuration. Even if restriction number four is not fulfilled,
and the zero-meron sector has negative parts, the sign problem may be reduced by
only considering the zero-meron sector, see paper 2 [64].
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Chapter 5

Density Matrix Renormalization

In the previous chapter Quantum Monte Carlo simulation was presented. It is
an algorithm that uses a statistical method to find which states in the partition
sum to include when approximating the sum by a sum with less elements. In this
chapter a second numerical method to calculate expectation values is presented, it is
called Density Matrix Renormalization Group (DMRG). In DMRG the eigenvalue
problem

HΨ = EΨ, (5.1)

is solved approximately by expressing Ψ as accurately as possible given the numer-
ical limitations. For a lattice Hamiltonian with d degrees of freedom per lattice
site, the dimension of the Hilbert space is dN for a chain with N lattice points and
the eigenvalue equation can usually only be solved exactly for small system sizes.
DMRG is an iterative method where degrees of freedom are integrated out to get
the best possible description of the ground state wave function with a certain size
of the Hilbert space.

5.1 Real space renormalization group

In this section an early version of how to decide which basis states in the Hilbert
space to keep in the decimation, is presented. The method is called the numerical
renormalization group (NRG) [65]. The calculation starts with a system of size
l, small enough to be described exactly, then a site is added to the system. This
increases the size of the Hilbert space by d, the number of basis state of the added
site. For a spin-1/2 model d = 2. The enlarged Hilbert space is projected onto
a space of the same size as the system had before the new site was added. The
projection keeps the lowest energy states. After the projection a new site is added
and the procedure is repeated, a sketch of the calculation is shown in Figure 5.1.

The real space renormalization method was developed and used successfully
for the Kondo chain [65]. In the Kondo model the correlation between atoms
decreases exponentially with distance. For systems with long range interaction
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Enlargement of system

Renormalization

Figure 5.1: In the real space renormalization procedure a lattice site is added to the
chain and the Hilbert space is enlarged. Then the Hilbert space is renormalized to the
initial size with a projection. The projection keeps the states with the lowest energy.
After that a new site can be added to the system until the chain represents a system
with the desired number of lattice sites.

the renormalization method will not work properly [66]. This can be understood
from the following argument: consider a particle in a box, the lowest eigenstate for
this system is a wave with nodes at the endpoints and no node inbetween. This
is the starting block in the algorithm. Generate a composite block where two of
these blocks are put together. The composite block will have a node in the middle,
instead of the wanted density maximum. The edge effects make it very difficult to
know which states to keep in the truncation and, in order to be able to describe the
actual ground states, many basis states must be kept in the renormalization. The
edge effect is more pronounced for long range interactions.

5.2 DMRG

There is a much more clever way than the NRG algorithm presented in the previous
section to find the optimal description of the reduced Hilbert space. The density
matrix renormalization group algorithm (DMRG) was introduced by White [67, 68].
This method uses an algorithm where two lattice points are added and these sites are
placed in the center of an already existing lattice, i.e. the system that is increasing
in size is embedded in an environment whose size is also increasing, see Figure 5.2.
The addition of new lattice points increases the size of the Hilbert space. This
enlarged Hilbert space is renormalized to have the same size as before the new sites
were added. By adding the sites in the center of the lattice the problem of edge
effects is reduced.

The DMRG-algorithm starts with a system S of m basis states described exactly
and an environment E described in the same way. The basis states of the system
are denoted |wS

ml
〉 and for the environment the basis states are denoted |wE

ml
〉. In

the DMRG-process two new sites are added to the lattice, one to the system and
one to the environment. The number of basis states of the system and environment
is increased from m to md. The system, the environment, and the two added sites
are combined into an object called the super block. The number of basis states in
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the super block is mddm. The goal of the truncation is to reduce the number of
basis states in the new system and environment back to their original size, m. The
projection shall be done in a way keeping the most important states to describe the
super block. The wanted state of the super block is called the target state. The
target state |ψ〉 is usually the ground state of the super block. Other states than
the ground state must be kept if for example temperature or time dependence is
wanted, see reference [69] and references therein. The target state can be written
in this general form

|ψ〉 =

m
∑

mS=1

d
∑

σl=1

m
∑

mE=1

d
∑

σE=1

ψmS ,σS ,mE ,σE
|wS

mS
σS〉|wE

mE
σE〉

=

md
∑

mS′=1

md
∑

mE′=1

ψmS′ ,mE′
|wS′

mS′
〉|wE′〉 (5.2)

where σ are the free sites added to the system and the environment. In the last step
the added site and the system (environment) are combined to produce the enlarged
system (environment), S′ (E′). In this notation ψ can be treated as a matrix.

After the truncation the target state |ψ〉 is approximated by the reduced state
|ψ̃〉. In the projection the goal is to make the difference S between the reduced
state and the target state as small as possible

S =
∣

∣

∣

∣

∣

∣
|ψ〉 − |ψ̃〉

∣

∣

∣

∣

∣

∣
= Tr (ψ − ψ̃)†(ψ − ψ̃). (5.3)

The projection is based on the eigenstates of the reduced density matrix. The
reduced density matrix is obtained by tracing out the environment

ρi,i′ =
∑

j

ψi,jψi′,j . (5.4)

With a singular value decomposition the target state can be written ψ = UDV †,
where UU† = 1 and V V † = 1 and D is a diagonal matrix. A singular value
decomposition is equivalent to a Schmidt decomposition. Using the same unitary
matrices the reduced density matrix is rewritten ρ = ψψ† = UD2U† and the error
in the projection becomes

S = Tr (D − D̃)†(D − D̃) (5.5)

where ψ̃ = UD̃V †. It is clear that the minimum value of S is obtained when D̃ is
composed by the largest eigenvalues of D. Hence the reduction of the Hilbert space
keeps the eigenstates of the reduced density matrix with the largest eigenvalues.
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EnvironmentSystem

Figure 5.2: A sketch of the infinite size update. Two lattice sites are added in middle of
the lattice and the number of lattice sites described by the system and the environment
is increased by one in each step. In every step a truncation is done to keep the number
of basis states in the system and environment constant.

Infinite size algorithm

In this section the algorithm described in the previous section and in Figure 5.2
will be presented schematically in the following steps

0. Describe the system and the environment exactly with Hilbert spaces of size
m.

1. Construct the super block. The super block is a direct product of the state of
the system, the two added sites and the environment. The dimension of the
Hilbert space of the super block is mddm where m is the size of the Hilbert
space of the system and the environment and d is the dimension of the Hilbert
space of the free sites.

2. Diagonalize the Hamiltonian for the super block. Find the target state |ψ〉,
usually the ground state of the Hamiltonian for the super block. To find the
eigenstate a numerical diagonalization routine is used, either Davidson [70] or
Lanczos [71].

3. Find the reduced density matrix from the target state using Eq. (5.4). The
reduced density matrix has size md × md

4. The density matrix is diagonalized, the states with the m largest eigenvalues
are kept.

5. Find the new operators in the reduced space by using

Ã = OAO† (5.6)

where O is a projection operator with the m chosen eigenvectors of the density
matrix as rows. The size of O is m×md. Go back to step 1 and repeat until
the system has the desired length. Store all the operators obtained for the
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Figure 5.3: A sketch of the finite size update where the number of lattice points is
constant and two lattice sites are treated exactly in every step. The position of these
sites are swept from one end of the lattice to the other.

given size of the system and the environment. These operators are needed in
the finite size algorithm.

The state obtained at the end of the infinite size algorithm represents the desired
number of lattice points but it is not the optimal state. The state can be improved
without increasing the number of basis states kept. The algorithm that keeps the
number of lattice points constant and improves the target state is called the finite
size algorithm. After the finite size algorithm has converged the observables are
calculated.

Finite size algorithm

The algorithm described in the previous section is used to add new lattice points
to the system. The state obtained in the end will not be the optimal description of
the target state for the given number of states in the basis. To realize why, think
about the particle in the box. The added sites, being at the center of the lattice,
are always at the density maximum and the final projected Hilbert space will not
be the optimal one. To solve this problem there is a second updating method called
the finite size algorithm. In this part of the algorithm the approximation of the
target state is improved for a fixed lattice size.

After the infinite size algorithm has been used to expand the number of lattice
points described by the target state to L, the system and the environment will have
equal size, L/2. In the finite size algorithm one of them will increase in size and the
other one decrease. In each step two sites are described exactly and a truncation is
performed as described above. The difference from the algorithm described above
is that the free sites are removed from the system or the environment and not
inserted, see Figure 5.3.

In the first step the system has length L/2 and two sites are described exactly
inbetween the system and the environment, this means that the environment will
represent L/2− 2 lattice sites. The operators needed here for the reduced environ-
ment has been stored during the infinite size algorithm. Steps number 1-5 from
above is performed. After this the size of the system has increased with one lattice
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point. The environment is not projected, instead the stored operators are used to
represent the environment with L/2 − 3 lattice points. The position of the two
free sites is moved to L/2 + 2 and L/2 + 3, see Figure 5.3 for a sketch of the al-
gorithm. The system grows until the environment consists of n lattice points and
is described exactly, i.e. dn = m. Then the environment starts to increase and
the system decreases in size. The sweeping continues until the target state has
converged.

5.3 Matrix-product states

The previous section gave a description in words and pictures of how the DMRG
algorithm works. In this section a more formal description of the algorithm will be
presented. The formulation chosen here is based on the matrix-product state [72, 73]
and it is a fairly new description that makes the algorithm transparent. One way
to describe the system and the environment is by using matrices. A general state
with N lattice sites can be described by the following expression

|ψ〉 =
∑

σ1,...,σN

ψσ1,σ2,σ3,..,σN
|σ1〉 ⊗ |σ2〉 ⊗ |σ3〉 ⊗ · · ·|σN 〉 =

∑

σ

ψσ|σ〉

= Tr Aσ1

1 Aσ2

2 Aσ3

3 · · · AσN

N |σ1σ2σ3 · · · σN 〉 (5.7)

where σ is introduced for the vector of spins σi and in the second line the matrices
Aσl

l are introduced to combine the state l to state l − 1

|ψl〉 =
∑

ψl−1,σl

Aσl

l,ψl−1,ψl
|ψl−1〉 ⊗ |σl〉. (5.8)

The dimension of the A-matrices is ml ×ml−1, where mi is the size of the basis at
lattice site i. Assuming |ψl−1〉 is orthogonal, for the state |ψl〉 to be orthogonal we

require
∑

σ Aσ
i Aσ†

i = 1. An example of a matrix-product state is the Neel-ordered

state where A↓
i = 1 if the lattice site i is odd and zero otherwise, A↑

i = 1 if i is even
and zero for the odd sites.

Another example of a state that can be described exactly with small matrices
in the matrix-product formulation is the AKLT state [7], this state was discussed
in Section 2. The AKLT state describes the only spin-1 state where no nearest
neighbor spins are combined into a total spin 2. The AKLT state is given by the
following A-matrices

A+1 =

(

0 −
√

2/3
0 0

)

A0 =

(

1/
√

3 0

0 −1/
√

3

)

A−1 =

(

0 0
√

2/3 0

)

(5.9)
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The AKLT state is obtained from Eq. (5.7) using these matrices.
The system and the environment are described by the A-matrices. Generally

it is true that if the lattice has periodic boundary conditions the dimension of the
A-matrices are m × m, where m as before is the number of basis states kept in
the truncation. If the system has open boundary conditions the first matrix has
dimension 1 × d and the last d × 1 and the dimension of the matrices inbetween
grows with d (d = 2 for a spin-1/2 model) per lattice site until it has reached the
dimension m of the reduced Hilbert space. A general matrix-product state with
open boundary conditions can be written

|ψ〉 =
∑

σ

(〈φL|
L

∏

i=1

Aσi

i )|φR〉)|σ〉 =
∑

σ

ψσ|σ〉 (5.10)

where |φL〉 and |φR〉 are the left and right boundary states respectively. An un-
normalized matrix-product state can be Schmidt decomposed into a system and an
environment

|ψ〉 =
∑

α

|wS
α〉|wE

α 〉 (5.11)

where the lattice is cut at an arbitrary point α using Eq. (5.10)

|wS
α〉 =

∑

σ

∑

α−1

Aσ
α−1,α|wS

α−1〉 ⊗ |σ〉. (5.12)

In the matrix-product formalism the operators are also given a very natural de-
scription

X = Tr Xσ′

1σ1Xσ′

2σ2 · · · Xσ′

N σN |σ′
1〉〈σ1| ⊗ |σ′

2〉〈σ2| ⊗ · · · ⊗ |σ′
N 〉〈σN | (5.13)

and it is easy to apply the operators to a matrix-product state.

|B〉 = X|ψ〉 = Tr B
σ′

1

1 B
σ′

2

2 B
σ′

3

3 · · · Bσ′

N

N |σ′
1σ

′
2σ

′
3 · · · σ′

N 〉 (5.14)

where
B

σ′

i

i =
∑

σi

Xσ′

iσi ⊗ Aσi

i . (5.15)

The goal of the DMRG-algorithm is to find the optimal choice of the matrices
Ai. In the infinite size part of the algorithm new matrices are inserted and stored.
In the finite size part of the program the matrices are updated and improved one
by one sweeping from left to right and then back again.

The procedure runs as told in the previous section. In the infinite size algorithm
two lattice points are added. In the matrix-product formulation this is equivalent to
inserting two new matrices. Use the operators to find the Hamiltonian for the super
block formed by the system and the environment. This Hamiltonian is diagonalized
and from the ground state the reduced density matrix is obtained. The eigenstates
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5. Density Matrix Renormalization

of the density matrix with the m largest eigenvalues are used to get the new A-
matrices.

In the finite size algorithm the A-matrices are updated. Two lattice sites are
described exactly which increases the Hilbert space. Then a Schmidt decomposition
is performed and the two A-matrices describe a new truncation of the Hilbert space.
In the finite size algorithm the A-matrices are found by local optimization and the
optimization is stopped when all observables have converged.

To illustrate the algorithm the procedure of moving to the left in the finite size
algorithm will now be shown. To start with, two lattice sites l and l+1 are described
exactly. The target state for the super block is given by

|ψ〉 =
∑

ml−1

∑

σl

∑

σl+1

∑

ml+2

ψml−1,σl,σl+1,ml+2
|ψS

ml−1
〉|σl〉|σl+1〉|ψE

ml+2
〉 (5.16)

where the constants are expressed in terms of A-matrices

ψml−1,σl,σl+1,ml+2
=

∑

j

Aσ1

l,ml−1,jA
σ2

l+1,j,ml+2
. (5.17)

The first lowercase index of the matrices tells which lattice site they act on, i.e.
their position in the trace in Eq. (5.7), the other two lowercase indices are matrix
indices. A Schmidt decomposition of ψ gives ψ = UDV † = AlDAl+1. Finding the
A-matrices from the Schmidt decomposition assures that the matrices fulfill the or-
thogonality constraint, Aσl

l Aσl†
l = 1. To move to the left in the finite size algorithm

is equivalent to finding the new ψ in each step and then Schmidt decompose it

ψm1,σ1,m2,σ2
= Um1,jDj,jV

†
j,m2

= Aσa

1,m1,jDj,jA
σ2

2,j,m2
= Aσ1

1,m1,jA
′σ2

2,j,m2
(5.18)

a sum over the index j is implicit in all equations. In the equation the Schmidt
decomposition is indicated with UDV † to make the procedure more obvious.

5.4 Symmetries

Abelian symmetries in the Hamiltonian will manifest themselves in block diagonal
matrices. It is an obvious improvement, both concerning speed and memory, to
only treat the possibly nonzero numbers. It is relatively easy to implement an algo-
rithm that takes the Abelian symmetries, for example particle number conservation
and magnetization into account. Also non-Abelian symmetries like the SU(2) spin
symmetry may be used to improve the performance, but to implement them are
much more difficult than the implementation of the algorithm that uses the Abelian
symmetry [74].

The matrix-product formulation is excellent since it gives a natural description
of the algorithm in time-evolving simulations or for nonzero temperature and can
also be used to find excited states. Schollwöck has written a recent review of DMRG
and its application [69].
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2005.

[20] S. Bergkvist, I. P. McCulloch, and A. Rosengren. Phys. Rev. A, 74, 053419,
2006.

[21] D. S. Fisher. Phys. Rev. B, 50, 3799, 1994.

[22] S. K. Ma, C. Dasgupta, and C. K. Hu. Phys. Rev. Lett., 43, 1434, 1979.

[23] S. Bergkvist, P. Henelius, and A. Rosengren. Phys. Rev. B, 66, 134407, 2002.

[24] R. B. Griffiths. Phys. Rev. Lett., 23, 17, 1969.
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Chapter 6

Scientific papers

This chapter gives a short introduction to the papers. It also contains comments
about my contribution to the papers.

6.1 Comments on the different papers

Paper 1

In this article we use Quantum Monte Carlo simulations to study the one dimen-
sional spin-1 Heisenberg chain. We study the effects of a bond disorder. Before
this article there had been suggestions that the Haldane phase is stable against all
disorders and also that there is a phase transition to the random-singlet phase. In
the article it is shown that for a uniform disorder the phase is the random-singlet
phase. To show this the directed loops algorithm is used. At the time of writing the
article this algorithm was very new and algorithm development is also discussed in
the article.

Paper 2

In this article the sign problem is studied. We use the meron-cluster approach
and show that it is possible to reduce the sign problem by cancelling negative
contributions with positive ones.

Paper 3

In the article we study the one dimensional Bose-Hubbard model. We show that the
density in a trapped system can be estimated very exactly from the homogeneous
case using the local density approximation.
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Paper 4

In this article the one dimensional spin-1 Bose-Hubbard model is studied using
DMRG. We study the spin order in the model and give evidence of a dimerization in
the first Mott lobe that is present throughout the entire range of physical parameters
in the model. We also calculate the binding energy and from this show that the
second Mott lobe is clearly composed of spin singlets. We show that previously
proposed phases with strange composition in the superfluid phase, like spin singlet
condensates, are not present for any physically relevant parameters.

Paper 5

In this article the effects of an anisotropy on the Bose-Hubbard model is studied for
a two dimensional system. We show that for a system finite in one dimension there
is a dimensional crossover from a two dimensional superfluid to a one dimensional
superfluid followed by a transition to a one dimensional insulator. It has previously
been proposed that it is possible to map the strongly anisotropic two dimensional
model to a one dimensional model. The one dimensional model obtained has a
quantum phase transition of Kosterlitz-Thouless kind and indeed we find evidence
for this transition.

6.2 My contribution to the papers

Paper 1, Paper 2 and Paper 3

I did all the calculations with a program I developed and I wrote the draft to the
articles.

Paper 4

I did all the calculations with a program written by Ian McCulloch and wrote the
draft to the article.

Paper 5

I did all the Monte Carlo calculations with a program I developed and wrote the
part of the article that deals with the Monte Carlo method and results.


