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Abstract

This thesis is titled ’Derivation and application of response functions for nonlinear ab-

sorption and dichroisms’ and was written by Tobias Fahleson at the Division of Theoretical

Chemistry & Biology at KTH Royal Institute of Technology in Sweden. It explores and

expands upon theoretical means of quantifying a number of nonlinear spectroscopies, in-

cluding two-photon absorption, resonant inelastic x-ray scattering, Jones birefringence, and

magnetic circular dichroism.

Details are provided for the derivation and program implementation of complex-valued

(damped) cubic response functions that have been implemented in the quantum chemistry

package DALTON [1], based on working equations formulated for an approximate-state

wave function. This is followed by an assessment of the implementation.

It is demonstrated how two-photon absorption (TPA) can be described either through

second-order transition moments or the damped cubic response function. A set of illustra-

tive TPA profiles are produced for smaller molecules. In addition, resonant inelastic x-ray

scattering (RIXS) is explored in a similar manner as two-photon absorption. It is shown

for small systems how RIXS spectra may be obtained using a reduced form of the cubic

response function.

Linear birefringences are investigated for noble gases, monosubstituted benzenes, furan

homologues, and liquid acetonitrile. Regarding the noble gases, the Jones effect is shown to

be proportional to a power series with respect to atomic radial sizes. For monosubstituted

benzenes, a linear relation between the Jones birefringence and the empirical para-Hammett

constant as well as the permanent electric dipole moment is presented. QM/MM protocols

are applied for a pure acetonitrile liquid, including polarizable embedding and polarizable-

density embedding models.

The final chapter investigates magnetically induced circular dichroism (MCD). A ques-

tion regarding relative stability of the first set of excited states for DNA-related molecular

systems is resolved through MCD by exploiting the signed nature of circular dichroisms.

Furthermore, to what extent solvent contributions affect MCD spectra and the effect on

uracil MCD spectrum due to thionation is studied.

Keywords: damped response theory, cubic response theory, two-photon absorption, res-

onant inelastic x-ray scattering, Jones birefringence, magnetic circular dichroism
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Preface

The work presented in this thesis has largely been carried out at the Department of

Physics, Chemistry and Biology, at Linköping University, Sweden, from the fall in 2013 to

the summer in 2016. After three years spent at Linköping University, the group departed

for the Division of Theoretical Chemistry & Biology, at KTH Royal Institute of Technology,

Sweden.
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Chapter 1

Introduction

The nature of light and how it interacts with matter can be very counterintuitive most of

the times. A consequence of the works by James Maxwell — famous for compiling what

we now refer to as ’Maxwell’s equations’ — was that we came to view light or radiation

as an oscillating wave of coupled electric and magnetic fields. Since the beginning of the

1900’s, we have obtained deeper understanding and grasp of its peculiar nature. Ideas pi-

oneered by Max Planck and Albert Einstein expanded on the wave picture and introduced

— what Isaac Newton once referred to as ’corpuscles’ — the photon, which is a quantized

package of energy that behaves as a wave as it propagates in space. Ironically, not many

years later, our view of matter exhibiting mass, such as electrons and protons, underwent a

similiar transition, although in the opposite direction, as the works by Louis de Broglie had

prompted us to assign a dual particle-wave nature of all matter.

Two of the most famous effects due to the duality nature are the observed wave interference

patters from double-slit experiments, and tunneling effects, see Fig. 1.1. Such quantum

phenomena are demonstrated by all particles, with or without mass.

For instance, photon tunneling has been observed as a photon wave package impinges

on a 1.1 µm thick barrier. The peak of the wave package can be seen to arrive earlier

than it would have had it been propagating in vacuum, consequently diplaying an apparent

superluminal velocity of roughly 1.7c0 [2].

Wave-like interference patterns for massless photons have been observed since the days of

Thomas Young — the discoverer of the double-slit phenomenon — in the early 1800’s. An

endevour in our time, however, has been to push the limit of how massive particles can be

for which we can observe an interference pattern. As the size and mass of particles increase,

complications arise that are linked to the problem of producing a steady beam of particles
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Figure 1.1: Massive or non-massive particles propagating through a double-slit grating,

subsequently resulting in a interference pattern that reflects the probability of detecting a

single particle at a certain point.
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Figure 1.2: Illustration of beam intensity-drop conversely corresponding to a molecular

absorption peak.

with coherent energy. In spite of this, to this day we have been able to demonstrate wave-

like interference patterns from multi-slit (grating) experiments for particles as large as C60

fullerene molecules [3, 4].

We can make use of light to probe the microscopic quantum world of the molecule, includ-

ing macro-molecules such as DNA and crystals. Studying the structure of matter through

means of observing how light interacts with it is known as spectroscopy. For instance, by

plotting the detected difference of light beam intensity-loss over a wavelength interval yields

an absorption spectrum of a particular system, see Fig. 1.2.

Nonlinear spectroscopy involves a simultaneous coherent interaction of matter with more

than one photon. A molecule that is taken from one excited state to another through
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Figure 1.3: Red ball traversing forest, potentially colliding with the cross section of the

trees.

sequential absorption is not necessarily subject to a nonlinear process, although there is

a total of two photons involved in the process. On the other hand, two photons that act

coherently on the quantum system, may invoke a two-photon absorption, leaving the system

in an excited state. In the theoretical model of light-matter interactions that we apply in

this thesis, response theory, the number of individual photons are merely implied through

the intensity of the beam. We talk of photons as molecules are excited, but in practice we

do not work with quantized light packages, but rather with classical fields. Hence, response

theory as we present it is a semi-classical theory.

Both one-photon and two-photon absorption (and beyond, although effectively negligle

due to the low probability), also known as linear and first-order nonlinear absorption, is

in principle in effect as a beam of light propagates through a medium. What dictates the

extent to which we observe one- and two-photon absorption is what we refer to as the

molecular linear and nonlinear cross sections. These cross section quantities are defined

by positing the intensity loss with regard to propagation depth z as a power series with

frequency-dependent extinction coefficients,

dI

dz
= −α(1)I − α(2)I2 − . . . , (1.1)

where I is the light intensity. We can, just as well, subsequently express this power loss in

terms of cross sections,
dI

dz
= −Nσ(1)I − N

h̵ω
σ(2)I2 − . . . , (1.2)

where N is the number density, ω is the light frequency, and h̵ is Plancks reduced constant.

The one-photon cross section is a microscopic orientational average of our estimation of

how large of a solid circular area a molecule represents for an incoming photon, see Fig. 1.4.
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Figure 1.4: Electromagnetic waves approaching a slab made up of tiny molecular fragments

that — depending on how strong the light-matter interaction is at that particular wavelength

— are seen as spherical cross sections by the colliding photons.

An analogous example is if you throw a ball straight into a forest, see Fig. 1.3. The area of the

trees that are potentially blocking the path of the ball can be thought of as the cross section

of the trees. The dimensions of the linear cross section is, fittingly, m2. Furthermore, the

two-photon cross section works in similar ways, acting as the nonlinear frequency-dependent

attenuating factor of the light beam. Its dimensions, however, m4s, are not as intuitive as

for the one-photon cross section and it is more difficult to find a corresponding illustrative

everyday example.

A prominent application of two-photon optical processes is the idea of three-dimensional

probing, as illustrated in Fig. 1.5. It relies on potentially multiple optical focal points

penetrating bulk matter that are aligned to probe a certain point of interest. The optical

frequency is tuned to be in resonance with nonlinear excitations of molecules embedded

in the bulk of the medium. An encapsulated site within the bulk will thus be activated.

Commonly it is of high priority that the activated site undergoes a transition that is by

its very nature not spontaneously irreversible. A well-known practical example of this —

fundamentally nonlinear application — is three-dimensional data memory [5, 6].

In this case, molecular monomers are linked in an ordered cubical matrix, and these

monomers work analogously to bits in traditional computer memory. The molecular bits

must be designed or chosen in such a way that a permanent transformation occurs during

optical exposure, leaving it in a state unresponsive to the present optical frequency. It is now

considered written as a consequency of exposure of the ’write frequency’. Furthermore, the

site may be excited by a second optical frequency, transforming it to the original molecular

monomer, and is now considered erased by the ’erasing frequency’. In conventional digital

notations, these states would correspond to 1 and 0, respectively. The written state must
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Figure 1.5: Single or multiple optical focal points probing a point of interest. The insufficient

light intensity at all points but the focal point ensures significant nonlinear absorption only

at the point of interest.

Figure 1.6: Spiraling force field propagating out of the plane.

be responsive to an additional optical frequency, which is framed as the ’read frequency’.

Conversely, the erased bits must be unresponsive to this read frequency. The cycle outlined

above, working in harmony with the three distinct frequencies, constitutes the principal idea

of three-dimensional memory.

Ultimately, linear and nonlinear optical phenomena constitute a rich set of tools, pre-

senting unique solutions that open up a number of applications. Due to various selection

rules, we can pin-point what type of feature we want to investigate in a molecular system.

In quantum chemistry, it often boils down to the exploration and cataloguing of electronic

states and their relative ordering on the energy scale; see Fig. 1.7. Three attributes of

electromagnetic waves, polarization, frequency, and intensity, play key parts in how matter

responds to radition. The latter, however, is mainly related to the optical event probability

ratio, and does not fit in with any selection rules per se.

The rate at which a molecular system absorbs single photons is generally not a function

of optical polarization. Molecular systems that are ’optically active’, however, tend to favor

one type of circular polarization over the other. Such molecules exhibit a symmetry property

known as chirality, meaning the molecular system does not display any planes of symmetry.

We can force this effect to appear even for highly symmetrical systems by perturbing the

symmetry of the electron cloud by an external magnetic field — a nonlinear optical process.



6 Chapter 1 Introduction

Two-photon excited state

One-photon excited state
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Figure 1.7: One- and two-photon absorption.

We commonly refer to such spectroscopies as (magnetic) circular dichroisms. As molecules

interact with circularly polarized light, the electron cloud will be subject to spiraling electric

forces, see Fig. 1.6. We can then imagine that a differential absorption can be observed, if

molecules on average are more susceptible to one particular circular polarization over the

other.

Regarding two-photon absorption, the detected magnitude of the absorption signal is

explicitly dependent on whether the electromagnetic wave is linearly or circularly polarized.

Furthermore, since photons carry angular momentum — spin — only certain transitions

are allowed due to conservation of angular momentum. These transitions are not allowed

through one-photon excitations, even if the required energy is met.



Chapter 2

Response functions

In this chapter, we will discuss the derivation of the cubic response function in an exact-state

formalism and an approximate-state formalism, where the latter is generally more suitable

for computational implementation. Exact-state formalism relies on the assumption that we

have access to the exact eigenfunctions of the unperturbed Hamiltonian,

Ĥ0∣n⟩ = En∣n⟩. (2.1)

The resulting sum-over-states response functions can be used for illustrative and qualitative

analysis. In approximate-state formalism, on the other hand, we do not have access to these

eigenstates. We can construct a very good representation of them in the complete-basis

limit using the full configuration interaction (FCI) description of the electron structure —

i.e. when we include all possible determinants for a given basis set. However, FCI can only be

applied in practice for very small systems, such as He or H2, due to the exponential increase

in the amount of necessary determinants as the number of electrons increase. As a substi-

tute, we opt for an approximative model of the electron structure. The papers included in

this thesis are based on single-determinant many-particle wave functions, obtained through

Hartree–Fock theory and Kohn–Sham density-functional theory. Furthermore, the compu-

tational implementation that has been carried out in the DALTON program (described in

detail in Paper II) [1], is based on single-determinant wave functions.

This chapter is based on the pioneering work of authors Olsen and Jørgensen [7]. In

addition, the complex form of this response theory formalism is attributed to later works

by Norman and co-workers [8, 9].
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2.1 Exact-state formalism

Perturbation and parametrization

This version of response theory that is the focus of this chapter is based on classical per-

turbing electromagnetic fields, interacting with quantum-mechanically modelled atoms and

molecules, and is consequently referred to as a semi-classical theory. The general electro-

magnetic perturbation operator,

V̂ (t) =∑
ω

V̂ ω
α F

ω
α e

−iωteεt, (2.2)

contains a classical electromagnetic field with relatively weak field strength F ω (such that

perturbation theory remains valid) that is oscillating with a frequency ω. Coupled to the

field is an operator that represent some internal molecular property, e.g. the electric or

magnetic dipole moments. On the right-hand side of Eq. (2.2), we find a time-dependent

exponential containing a positive infinitesimal ε. This exponential function serves to emu-

late an adiabatically turned on perturbation, and ensures convergence during later integra-

tion procedures. The perturbation operator is added to the unperturbed time-independent

Hamiltonian, forming the total time-dependent Hamiltonian,

Ĥ = Ĥ0 + V̂ (t). (2.3)

We here opt for an exponential parametrization of the wave function,

∣ψ(t)⟩ = e−iP̂ (t)∣0⟩, (2.4)

where the time-dependent Hermitian operator P̂ (t) is a sum over transition amplitudes

Pn(t) coupled to electron-transfer operators ∣n⟩⟨0∣,

P̂ (t) =∑
n>0

[Pn(t)∣n⟩⟨0∣ + P ∗
n (t)∣0⟩⟨n∣]. (2.5)

This particular choice of parametrization is likely less recognized than the common parametriza-

tion of linear combinations,

∣ψ(t)⟩ =∑
n

cn(t)∣n⟩. (2.6)

However, a great advantage of the exponential parametrization as defined by Eqs (2.4) and

(2.5) is the ability of leaving out the n = 0 term in the summation, i.e. the ground state term.

Consequently, we avoid so-called secular divergences in the sum-over-states expressions that

characterizes the response functions later on [7, 10].
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Ehrenfest’s theorem

Our starting line in the derivation of damped response functions is the Ehrenfest equation

that contains an additional term with a damping parameter γ,

∂

∂t
⟨ψ(t)∣Ω̂∣ψ(t)⟩ = 1

ih̵
⟨ψ(t)∣ [Ω̂, Ĥ] ∣ψ(t)⟩ + ⟨ψ(t)∣∂Ω̂

∂t
∣ψ(t)⟩ (2.7)

−γ [⟨ψ(t)∣Ω̂∣ψ(t)⟩ − ⟨ψeq∣Ω̂∣ψeq⟩] ,

where this the additional term represents the rate of relaxation to the equilibrium state of

the system, which is often set to be the ground state. In 1985, Olsen and Jørgensen demon-

strated how the Ehrenfest equation in conjunction with the exponential parametrization are

means of accessing response functions for exact-state theory, but also a way of obtaining

computationally tractable expressions suited for approximate-state theory [7]. Furthermore,

our confidence in the addition of the damping term is based on how the Ehrenfest equation

can be shown to mirror the well-known damped Liouville equation [9]. This can be read-

ily shown by, first of all, assuming time-independent state-transfer operators Ω̂ = ∣n⟩⟨m∣,
followed by the some algebra:

∂

∂t
⟨ψ(t)∣Ω̂∣ψ(t)⟩ = 1

ih̵
⟨ψ(t)∣[Ω̂, Ĥ]∣ψ(t)⟩ (2.8)

→ ∂

∂t
⟨ψ(t)∣n⟩⟨m∣ψ(t)⟩ = 1

ih̵
⟨ψ(t)∣[∣n⟩⟨m∣, Ĥ]∣ψ(t)⟩

→ ∂

∂t
⟨m∣ψ(t)⟩⟨ψ(t)∣n⟩ = 1

ih̵
(⟨m∣Ĥ ∣ψ(t)⟩⟨ψ(t)∣n⟩ − ⟨m∣ψ(t)⟩⟨ψ(t)∣Ĥ ∣n⟩)

→ ∂

∂t
⟨m∣ρ̂∣n⟩ = 1

ih̵
⟨m∣[Ĥ, ρ̂]∣n⟩

→ ∂

∂t
ρmn = 1

ih̵
[Ĥ, ρ̂]mn.

The result in Eq. (2.8) is the Liouville equation, which is a formulation of quantum mechanics

via the density operator. In this framework, it has since long been established that adding

a damping term [11],
∂

∂t
ρmn =

1

ih̵
[Ĥ, ρ̂]mn − γ [ρmn − ρeq

mn] , (2.9)

is perfectly reasonable, thus suggesting we may introduce an analogous damping term in

wave function theory, as per Eq. (2.7) above. It should be noted that in principle the

damping parameter γ is defined as a matrix comprising the difference in inverse life times

Γi for for states m and n,

γmn =
Γm + Γn

2
, (2.10)

where Γ0 = 0. However, in most applications, the inverse life times of all excited states are

generalized as a single value which simplifies the computational process.
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Obtaining state-transfer amplitudes

The point of perturbation theory is to solve the master equation — in our case the Ehrenfest

theorem — to the order of perturbation that is of interest, for which the higher-order

solutions depend on the lower-order solutions. Such an endeavor starts by having the objects

of interest, the state-transfer amplitudes, expanded in a series of increasing orders,

Pn(t) = P (1)
n (t) + P (2)

n (t) + P (3)
n (t) + ..., (2.11)

Through means of the Baker–Campbell–Hausdorff (BCH) expansion,

eiP̂ (t)Ω̂e−iP̂ (t) = Ω̂ + i [P̂ , Ω̂] − 1

2
[P̂ , [P̂ , Ω̂]] + i1

6
[P̂ , [P̂ , [P̂ , Ω̂]]] + . . . , (2.12)

we can concisely identify for each term in the Ehrenfest equation which contributions survive

for our particular order of interest. Some useful relations in this context includes

[Ω̂, Ĥ0] = h̵ωn0Ω̂ (2.13)

⟨0∣ [P̂ , Ω̂] ∣0⟩ = −Pn (2.14)

⟨0∣ [P̂ , [P̂ , Ω̂]] ∣0⟩ = 0 (2.15)

⟨0∣ [P̂ , [P̂ , [P̂ , Ω̂]]] ∣0⟩ = −4Pn ∑
m>0

∣Pm∣2, (2.16)

In principle, what remains at this point is quite a bit of algebra before we obtain the state-

transfer amplitudes. However, the lengthy intermediate derivations are left out, presenting

instead the final results that correspond to

P
(1)
n = −i1

h̵
∑
ω

⟨n∣V̂ ω
α ∣0⟩

(ωn0 − ω − iγ)
F ω
α e

−iωt, (2.17)

P
(2)
n = i 1

h̵2 ∑
ω1,ω2

∑
m>0

⟨n∣V̂ ω1
α ∣m⟩⟨m∣V̂ ω2

β ∣0⟩
(ωn0 − (ω1 + ω2) − iγ)(ωm0 − ω2 − iγ)

F ω1
α F ω2

β e−i(ω1+ω2)t, (2.18)
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and

P
(3)
n = −i 1

h̵3 ∑
ω1,ω2,ω3

e−iωσtF ω1
α F ω2

β F ω3
γ

⎧⎪⎪⎨⎪⎪⎩
(2.19)

∑
m,p>0

[
⟨n∣V̂ ω1

α ∣m⟩⟨m∣V̂ ω2

β ∣p⟩⟨p∣V̂ ω3
γ ∣0⟩

(ωn0 − ωσ − iγn0)(ωm0 − (ω2 + ω3) − iγm0)(ωp0 − ω3 − iγp0)
]

− ⟨n∣V̂ ω1
α ∣0⟩

(ωn0 − ωσ − iγn0)
∑
m>0

[
⟨0∣V̂ ω2

β ∣m⟩⟨m∣V̂ ω3
γ ∣0⟩

(ωm0 + ω2 + iγm0)(ωn0 − ω1 − iγn0)
]

− ⟨n∣V̂ ω1
α ∣0⟩

(ωn0 − ωσ − iγn0)
∑
m>0

[
⟨0∣V̂ ω2

β ∣m⟩⟨m∣V̂ ω3
γ ∣0⟩

(ωm0 + ω2 + iγm0)(ωm0 − ω3 − iγm0)
]

+2

3

⟨n∣V̂ ω1
α ∣0⟩

(ωn0 − ω1 − iγn0)
∑
m>0

[
⟨0∣V̂ ω2

β ∣m⟩⟨m∣V̂ ω3
γ ∣0⟩

(ωm0 + ω2 + iγm0)(ωm0 − ω3 − iγm0)
]
⎫⎪⎪⎬⎪⎪⎭
.

where expressions for state-transfer amplitudes P
(1)
n and P

(2)
n are found in Ref. 9.

The cubic response function

Applying the BCH relation between the bra and the ket vectors of the ground state for a

general observable Ω̂, and collecting all terms of appropriate order yields a series of distinct

contributions to the expectation value,

⟨0∣eiP̂ (t)Ω̂e−iP̂ (t)∣0⟩ = ⟨Ω̂⟩(0) + ⟨Ω̂⟩(1) + ⟨Ω̂⟩(2) + ⟨Ω̂⟩(3) + . . . , (2.20)

from which we can identify the third-order contribution as

⟨Ω̂⟩
(3)

= ⟨0∣(i [P̂ (3), Ω̂] − 1

2
([P̂ (2), [P̂ (1), Ω̂]] + [P̂ (1), [P̂ (2), Ω̂]]) + i

1

6
[P̂ (1), [P̂ (1), [P̂ (1), Ω̂]]] )∣0⟩

= i∑
n>0

⎧⎪⎪⎨⎪⎪⎩
(P ∗(3)

n − 2

3
P
∗(1)
n ∑

m>0

∣P (1)
m ∣

2
) ⟨n∣Ω̂∣0⟩ − (P (3)

n − 2

3
P

(1)
n ∑

m>0

∣P (1)
m ∣

2
) ⟨0∣Ω̂∣n⟩

⎫⎪⎪⎬⎪⎪⎭
+ ∑
n,m>0

(P ∗(1)
n P

(2)
m + P ∗(2)

n P
(1)
m ) ⟨n∣Ω̂∣m⟩

= i∑
n>0

{D∗(3)
n ⟨n∣Ω̂∣0⟩ −D(3)

n ⟨0∣Ω̂∣n⟩} + ∑
n,m>0

(P ∗(1)
n P

(2)
m + P ∗(2)

n P
(1)
m ) ⟨n∣Ω̂∣m⟩,

where we have introduced

D
(3)
n = P (3)

n − 2

3
P

(1)
n ∑

m>0

∣P (1)
m ∣

2
. (2.21)
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Subsequently, the cubic response function is identified from

⟨Ω̂⟩
(3)

= 1

6
∑

ω1,ω2,ω3

⟨⟨Ω̂α; V̂ ω1

β , V̂ ω2
γ V̂ ω3

δ ⟩⟩F ω1

β F ω2
γ F ω3

δ e−i(ω1+ω2+ω3)te3εt, (2.22)

which yields

⟨⟨Ω̂; V̂ ω1

β , V̂ ω2
γ , V̂ ω3

δ ⟩⟩ = − 1

h̵3∑ P̂1,2,3

⎧⎪⎪⎨⎪⎪⎩
(2.23)

∑
n,m,p>0

[
⟨0∣Ω̂∣n⟩⟨n∣V̂ ω1

β ∣m⟩⟨m∣V̂ ω2
γ ∣p⟩⟨p∣V̂ ω3

δ ∣0⟩
(ωn0 − ωσ − iγn0) (ωm0 − (ω2 + ω3) − iγm0) (ωp0 − ω3 − iγp0)

+
⟨0∣V̂ ω1

β ∣n⟩⟨n∣Ω̂∣m⟩⟨m∣V̂ ω2
γ ∣p⟩⟨p∣V̂ ω3

δ ∣0⟩
(ωn0 + ω1 + iγn0) (ωm0 − (ω2 + ω3) − iγm0) (ωp0 − ω3 − iγp0)

+
⟨0∣V̂ ω3

δ ∣n⟩⟨n∣V̂ ω2
γ ∣m⟩⟨m∣Ω̂∣p⟩⟨p∣V̂ ω1

β ∣0⟩
(ωn0 + ω3 + iγn0) (ωm0 + (ω2 + ω3) + iγm0) (ωp0 − ω1 − iγp0)

+
⟨0∣V̂ ω3

δ ∣n⟩⟨n∣V̂ ω2
γ ∣m⟩⟨m∣V̂ ω1

β ∣p⟩⟨p∣Ω̂∣0⟩
(ωn0 + ω3 + iγn0) (ωm0 + (ω2 + ω3) + iγm0) (ωp0 + ωσ + iγp0)

]

− ∑
n,m>0

[
⟨0∣Ω̂∣n⟩⟨n∣V̂ ω1

β ∣0⟩⟨0∣V̂ ω2
γ ∣m⟩⟨m∣V̂ ω3

δ ∣0⟩
(ωn0 − ωσ − iγn0) (ωm0 + ω2 + iγm0) (ωm0 − ω3 − iγm0)

+
⟨0∣V̂ ω1

β ∣n⟩⟨n∣Ω̂∣0⟩⟨0∣V̂ ω3

δ ∣m⟩⟨m∣V̂ ω2
γ ∣0⟩

(ωn0 + ωσ + iγn0) (ωm0 + ω3 + iγm0) (ωm0 − ω2 − iγm0)

+
⟨0∣V̂ ω2

γ ∣n⟩⟨n∣V̂ ω3

δ ∣0⟩⟨0∣Ω̂∣m⟩⟨m∣V̂ ω1

β ∣0⟩
(ωn0 + ω2 + iγn0) (ωm0 − ωσ − iγm0) (ωm0 − ω1 − iγm0)

+
⟨0∣V̂ ω3

δ ∣n⟩⟨n∣V̂ ω2
γ ∣0⟩⟨0∣V̂ ω1

β ∣m⟩⟨m∣Ω̂∣0⟩
(ωn0 − ω2 − iγn0) (ωm0 + ω1 + iγm0) (ωm0 + ωσ + iγm0)

]
⎫⎪⎪⎬⎪⎪⎭
.

Here we have added the permutation operator ∑ P̂1,2,3 that permutes the pairs {V̂ ω1
α , ω1},

{V̂ ω2

β , ω2}, and {V̂ ω3
γ , ω3}. Furthermore, the fluctuation operator Ω̂ = Ω̂ − ⟨0∣Ω̂∣0⟩ has been

introduced.

2.2 Approximate-state formalism

In this section, we explore approximate-state formalism of response theory, more specifically

for single-determinant wave functions. It is based on the book by Norman, Ruud, and Saue

[12].
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Perturbation and parametrization

In the previous section, we began by adopting an exponential parametrization of the wave

function,

∣ψ(t)⟩ = e−iκ̂(t)∣0⟩, (2.24)

where, in this case, the Hermitation operator κ̂(t) is defined for state-transfer operators

coupled to electron-creation and electron-annihilation operators, for which the sum runs

over the finite set of occupied and unoccupied states.

κ̂(t) =
unocc

∑
s

occ

∑
i

[κsi(t)â�sâi + κ∗si(t)â
�
i âs]. (2.25)

Furthermore, we make use of time-transformed operators

t̂�n = e−iκ̂(t)q̂�neiκ̂(t); q̂�n = â�sâi, (2.26)

that, in the limit of complete basis sets, fulfills certain dipole-equivalence conditions [7].

We have introduced an index n that runs over both positive and negative (excluding zero)

indices, which permits us to write

κ̂(t) = κn(t)q̂�n = κ∗n(t)q̂n; t̂−n = t̂�n; κ−n(t) = κ∗n(t). (2.27)

Ehrenfest’s theorem

The Ehrenfest theorem in conjunction with electronic state-transfer operators is used as a

tool to single-out state-transfer amplitudes κn(t),
∂

∂t
⟨ψ(t)∣t̂n∣ψ(t)⟩ − ⟨ψ(t)∣ ∂

∂t
t̂n∣ψ(t)⟩ (2.28)

= 1

ih̵
[⟨ψ(t)∣[t̂n, Ĥ0]∣ψ(t)⟩ + ⟨ψ(t)∣[t̂n, V̂ (t)]∣ψ(t)⟩] − γn⟨ψ(t)∣t̂n∣ψ(t)⟩.

Each term in Eq. (2.28) will be dealt with individually; the first time on the left-hand side

vanish,
∂

∂t
⟨ψ(t)∣t̂n∣ψ(t)⟩ =

∂

∂t
⟨0∣eiκ(t)te−iκ(t)tq̂neiκ(t)te−iκ(t)t∣0⟩ =

∂

∂t
⟨0∣q̂n∣0⟩, (2.29)

Moreover, the second term yields

−⟨ψ(t)∣ ∂
∂t
t̂n∣ψ(t)⟩ = −

∞

∑
k=0

ik+1

(k + 1)!
⟨0∣[q̂n, κ̂k ˙̂κ]∣0⟩ (2.30)

= −
∞

∑
k=0

ik+1

(k + 1)!
⟨0∣[q̂n,

k

∏
j=1

q̂�lj q̂
�
m]∣0⟩κ̇m

k

∏
j=1

κlj

= −
∞

∑
k=0

ik+1S
[k+2]
nml1...lk

κ̇m
k

∏
j=1

κlj ,
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where a generalized overlap matrix has been defined as

S
[k+2]
nml1...lk

= 1

(k + 1)!
⟨0∣[q̂n,

k

∏
j=1

q̂�lj q̂
�
m]∣0⟩, (2.31)

and so-called super operators q̂�lj are introduced as

q̂�lj Â = [q̂�lj , Â] . (2.32)

The first term on the right-hand side equals

1

ih̵
⟨ψ(t)∣[t̂n, Ĥ0]∣ψ(t)⟩ = 1

ih̵
⟨0∣[q̂n, eiκ̂(t)Ĥ0e

−iκ̂(t)]∣0⟩ (2.33)

= −1

h̵

∞

∑
k=1

ik+1

k!
⟨0∣[q̂n,

k

∏
j=1

q̂�ljĤ0]∣0⟩
k

∏
j=1

κlj

= 1

h̵

∞

∑
k=1

ik+1E
[k+1]
nl1...lk

k

∏
j=1

κlj ,

for which we identify a generalized Hessian matrix as

E
[k+1]
nl1...lk

= − 1

k!
⟨0∣[q̂n,

k

∏
j=1

q̂�ljĤ0]∣0⟩. (2.34)

Furthermore, the second term yields

1

ih̵
⟨ψ(t)∣[t̂n, V̂ (t)]∣ψ(t)⟩ = −1

h̵

∞

∑
k=0

ik+1

k!
∑
ω

⟨0∣[q̂n,
k

∏
j=1

q̂�lj V̂
ω]∣0⟩e−iωt

k

∏
j=1

κlj

= −1

h̵

∞

∑
k=0

ik+1∑
ω

V
ω,[k+1]
nl1...lk

e−iωt
k

∏
j=1

κlj , (2.35)

where a generalized perturbation matrix has been defined as

V
ω,[k+1]
nl1...lk

= 1

k!
⟨0∣[q̂n,

k

∏
j=1

q̂�lj V̂
ω]∣0⟩. (2.36)

The third term can be shown to develop into [8]

−γ⟨ψ(t)∣q̂n∣ψ(t)⟩ = −γ⟨ψ(t)∣eiκ̂(t)q̂ne−iκ̂(t)∣ψ(t)⟩ (2.37)

= −γ
∞

∑
k=0

ik

k!
⟨0∣κ̂kq̂n∣0⟩

= −γ
∞

∑
k=0

ik

k!
⟨0∣

k

∏
j=1

q̂�lj q̂n∣0⟩
k

∏
j=1

κlj = −γ
∞

∑
k=0

ikR
[k+1]
nl1...lk

k

∏
j=1

κlj ,
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for which a generalized relaxation matrix has been defined as

R
[k+1]
nl1...lk

= 1

k!
⟨0∣

k

∏
j=1

q̂�lj q̂n∣0⟩. (2.38)

Collecting Eqs. (2.30), (2.33), (2.35), and (2.37), Ehrenfest’s theorem is consequently rewrit-

ten as

−
∞

∑
k=0

ik+1S
[k+2]
nml1...lk

κ̇m
k

∏
j=1

κlj = 1

h̵

∞

∑
k=1

ik+1E
[k+1]
nl1...lk

k

∏
j=1

κlj −
1

h̵

∞

∑
k=0

ik+1∑
ω

V
ω,[k+1]
nl1...lk

e−iωt
k

∏
j=1

κlj

−γ
∞

∑
k=0

ikR
[k+1]
nl1...lk

k

∏
j=1

κlj . (2.39)

Obtaining state-transfer amplitudes

In order to obtain the response functions, the Ehrenfest’s theorem is to be solved for each

order of perturbation, and to do that we must expand the state-transfer amplitudes accord-

ingly,

κn(t) = ∑
ω1

κ
(1)
n (ω1)e−iω1t + ∑

ω1,ω2

κ
(2)
n (ω1, ω2)e−i(ω1+ω2)t (2.40)

+ ∑
ω1,ω2,ω3

κ
(3)
n (ω1, ω2, ω3)e−i(ω1+ω2+ω3)t + . . . ,

where we yet again find ourselves at the point where there is a substantial amount of

algebra before we reach the final expression for the state-transfer amplitudes. However, the

intermediate work is once more left out, as we state the final expressions:

κ
(1)
n (ω) = −i [E[2] − h̵ (ωS[2] − iγR[2])]−1

mn
V
ω,[1]
n , (2.41)

κ
(2)
n (ω1, ω2) = −i [E[2] − h̵ ((ω1 + ω2)S[2] − iγR[2])]−1

nm
(2.42)

×{[E[3] − h̵ (ω1S
[3] − iγR[3])]

mpl
κ
(1)
p (ω1)κ(1)

l (ω2) + iV ω1,[2]
mp κ

(1)
p (ω2)} ,
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and

κ
(3)
n (ω1, ω2, ω3) = −i[E[2] − h̵ ((ω1 + ω2 + ω3)S[2] − iγR[2])]−1

nm
(2.43)

×{[E[3] − h̵ (ω1S
[3] − iγR[3])]

mpl
κ
(1)
p (ω1)κ(2)

l (ω2, ω3)

+ [E[3] − h̵ ((ω1 + ω2)S[3] − iγR[3])]
mpl

κ
(2)
p (ω1, ω2)κ(1)

l (ω3)

+i [E[4] − h̵ (ω1S
[4] − iγR[4])]

mplk
κ
(1)
p (ω1)κ(1)

l (ω2)κ(1)
k (ω3)

+iV ω1,[2]
mp κ

(2)
p (ω2, ω3)

−V ω1,[3]
mpl κ

(1)
p (ω2)κ(1)

l (ω3)}.

First- and second-order state-transfer amplitudes can be found in Ref. 9.

The cubic response function

In the process of identifying specific response functions, we make use of the BCH expansion,

eiκ̂(t)Ω̂e−iκ̂(t) =
∞

∑
k=0

ik

k!

k

∏
j=1

q̂�lj Ω̂
k

∏
j=1

κlj , (2.44)

that, sandwiched between the ground state bra and ket vectors, allows us to distinguish each

term that contributes to the expectation value of the operator Ω̂, in line with Eq. (2.20).

Since we are interested in the cubic response function, we explore the third-order contribu-

tion in detail:

⟨Ω̂⟩
(3)

= ∑
ω1,ω2,ω3

⟨0∣
⎡⎢⎢⎢⎢⎣
iq̂�nΩ̂κ

(3)
n (ω1, ω2, ω3) (2.45)

−1

2
q̂�n q̂

�
mΩ̂ (κ(1)

n (ω1)κ(2)
m (ω2, ω3) + κ(2)

n (ω1, ω2)κ(1)
m (ω3))

+i1
6
q̂�n q̂

�
m q̂�l Ω̂κ

(1)
n (ω1)κ(1)

m (ω2)κ(1)
l (ω3)

⎤⎥⎥⎥⎥⎦
∣0⟩e−iωσt,
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from which the cubic response function is subsequently identified as

⟨⟨A;B,C,D⟩⟩ω1,ω2,ω3
(2.46)

= +NA
n (ω1 + ω2 + ω3)T [4]

nmlpN
B
m(ω1)NC

l (ω2)ND
p (ω3)

−NA
n (ω1 + ω2 + ω3)[T [3]

nml(ω1, ω2 + ω3)NB
m(ω1)NCD

l (ω2, ω3)

+T [3]
nml(ω2, ω1 + ω3)NC

m(ω2)NBD
l (ω1, ω3)

+T [3]
nml(ω3, ω1 + ω2)ND

m(ω3)NBC
l (ω1, ω2)]

+NA
n (ω1 + ω2 + ω3)[B[2]

nmN
CD
m (ω2, ω3) +C[2]

nmN
BD
m (ω1, ω3) +D[2]

nmN
BC
m (ω1, ω2)]

−NA
n (ω1 + ω2 + ω3)[B[3]

n(ml)
NC
m(ω2)ND

l (ω3) +C[3]

n(ml)
NB
m(ω1)ND

l (ω3)

+D[3]

n(ml)
NB
m(ω1)NC

l (ω2)]

+A[2]

(nm)
[NB

n (ω1)NCD
m (ω2, ω3) +NC

n (ω2)NBD
m (ω1, ω3) +ND

n (ω3)NBC
m (ω1, ω2)]

−A[3]

(nml)
NB
n (ω1)NC

m(ω2)ND
l (ω3),

where intrinsic symmetry is invoked in terms of permutations of indices within parentheses.

Auxiliary notations in Eq. (2.46) include

A
[k]
nml1...lk

= [Ω[k]]�
nmli...lk

(2.47)

= (−1)k
k!

⟨0∣
k

∏
j=1

q̂�lj Ω̂∣0⟩,

T
[3]
nml(ωa, ωb) = [E[3]

n(ml)
− h̵ (ωaS[3]

nml + ωbS
[3]
nlm − iγR[3]

n(ml)
) ], (2.48)

T
[4]
nmlp = [E[4]

n(mlp)
− h̵(ω1S

[4]

nm(lp)
+ ω2S

[4]

nl(mp)
+ ω3S

[4]

np(ml)
− iγR[4]

n(mlp)
)], (2.49)

NA
n (ωa) = [Ω[1]]�

m
[E[2] − h̵ (ωaS[2] − iγR[2])]−1

mn
, (2.50)

NX
n (ωa) = [E[2] − h̵ (ωaS[2] − iγR[2])]−1

nm
X

[1]
m , (2.51)

NXY
n (ωa, ωb) = [E[2] − h̵ ((ωa + ωb)S[2] − iγR[2])]−1

nm
XY

[1]
m (ωa, ωb), (2.52)

XY
[1]
n (ωa, ωb) = T [3]

nml(ωa, ωb)N
X
m (ωa)NY

l (ωb) − Y [2]
nmN

X
m (ωa) −X[2]

nmN
Y
m(ωb), (2.53)
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X = B,C,D = V̂ ω1 , V̂ ω2 , V̂ ω3 , (2.54)

XY = BC,BD,CD, (2.55)

and

⟨⟨A;B,C,D⟩⟩ω1,ω2,ω3
= ⟨⟨Ω̂; V̂ ω1 , V̂ ω2 , V̂ ω3⟩⟩. (2.56)

2.3 Implementation evaluation

While implementing high-order response functions in any computational scheme, special

care has to be taken to avoid programming errors (bugs). The length and complexity of

equations involved makes it particularly sensitive to, for instance, sign errors. Luckily, we

were able to utilize the previous implementation of the cubic response function [10, 13–15]

to work as a reference, at least for vanishing damping parameters, i.e. stricly real-valued

response functions. However, for nonzero damping parameters — complex-valued response

functions — a different tool of evaluation must be produced.

An interesting test case concerns how the approximate-state calculations compare to

Taylor-expanded formulas of the electric (hyper)polarizabilities for small frequencies and

small damping parameters. For tensor elements αzz(−ω;ω), βzzz(−ωσ;ω1, ω2), and

γzzzz(−ωσ;ω1, ω2, ω3), it has already been established that the complex-valued linear polar-

izability and first-order hyperpolarizability [9, 16] and the real-valued second-order hyper-

polarizability [17–24] can, to quadratic order, be expressed as polynomial functions of the

frequencies that are parametrized by a single frequency-independent parameter A,

αzz(−ω;ω)γ = αzz(0; 0)γ=0 +A (ω2
L + i4γω) , (2.57)

βzzz(−ωσ;ω1, ω2)γ = βzzz(0; 0,0)γ=0 +A(ω2
L + i4γωσ), (2.58)

γzzzz(−ωσ;ω1, ω2, ω3)γ=0 = γzzzz(0; 0,0,0)γ=0 +Aω2
L, (2.59)

where terms of γ2 have been discarded, and we emphasize where it is relavant that the

damping parameter is set to zero. In addition, we have introduced

ω2
L = ω2

σ + ω2
1 + ω2

2 + ω2
3 + . . . . (2.60)

These parameters, A, are unique for each (hyper)polarizability and molecular system. As

mentioned, the dispersion formulas for the complex-valued polarizability and first-order hy-

perpolarizability, and for the real-valued second-order hyperpolarizability, Eqs (2.57)–(2.59),

have been long known [9, 16]. Dispersion formula for the complex-valued second-order hy-

perpolarizability, however, is derived in Paper II for the first time. For comparative pur-

poses, we will repeat the expansions for the lower-order (hyper)polarizabilities in addition.
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Figure 2.1: Top: calculated (blue) linear polarizability αzz(−ω;ω), and a least-square fit (red)

to Eq. (2.72). Bottom: calculated (blue) first-order hyperpolarizability βzzz(−2ω;ω,ω), and

a least-square fit (red) to Eq. (2.73).
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These complex-valued polynomial dispersion formulas are readily obtained by making a few

definitions and assumptions,

ωn0 = ωn, (2.61)

Ωi = ωi + iγ, (2.62)

Ωij = ωi + ωj + iγ, (2.63)

Ωσ = (ω1 + ω2 + ω3 + . . . ) + iγ, (2.64)

ω2
L = ω2

σ + ω2
1 + ω2

2 + ω2
3 + . . . , (2.65)

T nzz = ⟨0∣µ̂z ∣n⟩⟨n∣µ̂z ∣0⟩, (2.66)

T nmzzz = ⟨0∣µ̂z ∣n⟩⟨n∣µ̂z ∣m⟩⟨m∣µ̂z ∣0⟩, (2.67)

T nmpzzzz = ⟨∣0µ̂z ∣n⟩⟨n∣µ̂z ∣m⟩⟨m∣µ̂z ∣p⟩⟨p∣µ̂z ∣0⟩, (2.68)

and subsequently Taylor-expanding around the static point,

∣Ωi∣ = ∣ωi + iγ∣ ≈ 0, (2.69)

∣Ωij ∣ = ∣ωij + iγ∣ ≈ 0, (2.70)

∣Ωσ ∣ = ∣ωσ + iγ∣ ≈ 0. (2.71)

Consequently, the Taylor expansion of the complex-valued (hyper)polarizabilities, and their

more compact final parametrized form become

αzz(−ω;ω)γ = −1

h̵
∑
n>0

⎧⎪⎪⎨⎪⎪⎩

T nzz
ωn −Ω

+ T nzz
ωn +Ω

⎫⎪⎪⎬⎪⎪⎭
(2.72)

= −1

h̵
∑
n>0

2T nzz
ωn

⎧⎪⎪⎨⎪⎪⎩
1 + 1

ω2
n

[Ω2]
⎫⎪⎪⎬⎪⎪⎭

= αzz(0; 0)γ=0 +A (ω2
L + i4γω) ,

βzzz(−ωσ;ω1, ω2)γ = 1

h̵2 ∑
n,m>0

T nmzzz
ωnωm

⎧⎪⎪⎨⎪⎪⎩
6 + 2( 1

ω2
n

+ 1

ω2
m

) [Ω2
σ +Ω2

1 +Ω2
2] (2.73)

+ 2

ωnωm
[ΩσΩ1 +ΩσΩ2 −Ω1Ω2)]

⎫⎪⎪⎬⎪⎪⎭
= βzzz(0; 0,0)γ=0 +A(ω2

L + i4γωσ),
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Figure 2.2: Calculated (blue) second-order hyperpolarizabilities γzzzz(−ω;ω,0,0) (top),

γzzzz(−ω;ω,−ω,ω) (middle), and γzzzz(−3ω;ω,ω,ω) (bottom), and least-square fit (red)

to Eq. (2.74).
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and

γzzzz(−ωσ;ω1, ω2, ω3)γ = γzzzz(0; 0,0,0)γ=0 + 1

h̵3 ∑
nmp>0

T nmpzzzz

ωnωmωp

⎧⎪⎪⎨⎪⎪⎩

12

ω2
n

[Ω2
σ +Ω2

1 +Ω2
2 +Ω2

3]

+ 8

ω2
m

[Ω2
12 +Ω2

13 +Ω2
23] +

4

ωnωm
[Ω12Ωσ +Ω13Ωσ +Ω23Ωσ +Ω1Ω12

+Ω1Ω13 +Ω2Ω12 +Ω2Ω23 +Ω3Ω13 +Ω3Ω23 −Ω1Ω23 −Ω2Ω13 −Ω3Ω12]

+ 4

ωnωp
[Ω1Ωσ +Ω2Ωσ +Ω3Ωσ −Ω1Ω2 −Ω1Ω3 −Ω2Ω3]

⎫⎪⎪⎬⎪⎪⎭

− 1

h̵3 ∑
nm>0

T nzzT
m
zz

ωnω2
m

⎧⎪⎪⎨⎪⎪⎩

4

ω2
n

[3Ω2
σ +Ω2

1 +Ω2
2 +Ω2

3 −Ω1Ω2 −Ω1Ω3 −Ω2Ω3

−Ω1Ωσ −Ω2Ωσ −Ω3Ωσ] +
4

ω2
m

[3Ω2
σ + 3Ω2

1 + 3Ω2
2 + 3Ω2

3 +Ω1Ωσ

+Ω2Ωσ +Ω3Ωσ −Ω1Ω2 −Ω1Ω3 −Ω2Ω3]
⎫⎪⎪⎬⎪⎪⎭

(2.74)

= γzzzz(0; 0,0,0)γ=0 +Aω2
L + iBγωσ.

One feature that stands out, which we see from looking at Eqs (2.72)–(2.74), is that the

linear and the first-order nonlinear polarizabilities are parametrized by a single parameter

A, while a second parameter B appears for the second-order nonlinear polarizability.

We test these expressions by scattering a set of 121 points obtained through 11 frequencies

(ω ∈ {0.0,1.0− 10.0}× 10−3) and 11 damping parameters (γ ∈ {0.0,1.0− 10.0}× 10−5) for the

para-nitroaniline molecule, Fig. 2.3, at the Hartree–Fock level employing Dunning’s aug-cc-

pVDZ basis set [25]. The resulting real and imaginary values of the response functions are

subsequently plotted on the horizontal axis and vertical axis, respectively, see Figs 2.1 and

2.2. On top of that, a least-square fit is performed for the parameters A — and B when

necessary — including also the static point (parameter values found in Table 2.1), for an

expression of the form

f(ω1, . . . , ωn) = c0 +Aω2
L + iBγωσ. (2.75)

Of course, being a critical point of this whole assessment, we only obtain one set of param-

eters for the second-order hyperpolarizablity optical process, γzzzz(−ω;ω,0,0), and then gen-

eralize these values to additional optical processes, γzzzz(−ω;ω,−ω,ω) and γzzzz(−3ω;ω,ω,ω).
For the linear and first-order nonlinear polarizability, we see that there is a perfect corre-

spondence between their analytical parametrized functions and the calculated values. We

see the same thing for the second-order hyperpolarizability, although the correspondence

become weaker the larger ω2
L is, which is expected since we expand around the static point.
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Table 2.1: Least-square fit of parameters to Eqs (2.72), (2.73), and (2.74), according

Eq. (2.75), given in atomic units.

αzz(0; 0)γ=0 c0 A

αzz(−ω;ω)γ 1.379 ×102 1.379 ×102 1.615 ×103

βzzz(0; 0,0)γ=0 c0 A

βzzz(−2ω;ω,ω)γ 1.108 ×103 1.108 ×103 1.654 ×105

γzzzz(0; 0,0,0)γ=0 c0 Aa Ba

γzzzz(−ω;ω,0,0)γ 7.390 ×104 7.390 ×104 4.536 ×106 4.536 ×106

aIn Paper II, we unfortunately report values of A and B that are 6 and 3 times, respectively, greater than

their correct values.

The values reported for the second-order hyperpolarizability parameters A and B in Table

2.1 are — to three digits of accuracy — coincidentaly the same. However, that is not the

case for other systems that were tested in this regard.

It is trivial to evaluate whether or not the second-order hyperpolarizability requires two

parameters in contrast to only one, or if there has been a mistake in the derivation of

Eq. (2.74). By assuming a ficticious two-level system with unity transition moments and

with transition frequency lying far away from the static point, values from the full expression

for the second-order hyperpolarizability are superposed to values from our proposed Taylor

expansion with two parameters, and also the same single-parameter expression we obtain for

the lower-order polarizabilities. Evidently, the single-parameter expression does not hold up,

as even though the purely real values are perfectly fitted, their is a remarkable discrepancy

with the imaginary parts. This is, however, not the case for our proposed double-parameter

expression, as it perfectly matches that of the original full expression, thereby concluding

that complex-valued second-order hyperpolarizabilities indeed require two parameters for

small-frequency dispersion relations, in contrast to only one as for the two orders prior to

it.
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NH2NO2

Figure 2.3: Schematic structure of para-nitroaniline (pNA).
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Figure 2.4: Superposed values from the original full expression, least-square fit for the pro-

posed double-parameter Taylor expansion of Eq. (2.74), and least-square fit for the simpler

single-parameter expression. Test was conducted for optical processes γzzzz(−ω;ω,−ω,ω)
(top) and γzzzz(−3ω;ω,ω,ω) (bottom) using a ficticious two-level system with unity transi-

tion moments and transition frequency far away from the static point.
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Second-order hyperpolarizability

3.1 A multitude of nonlinear spectroscopies

Experiments in the field of nonlinear spectroscopy can look different amongst one other.

For instance, a nonlinear scattering process such as third-harmonic generation (THG) may

require an altered experimental setup when compared to, say, a two-photon absorption

(TPA) experiment. Theoretical calculations of these effects, however, are generalized to the

second-order hyperpolarizability, also known as the gamma tensor, γαβδγ(−ωσ;ω1, ω2, ω3). It

is a very flexible computational asset as the only difference from one spectroscopy to another

is the particular choice of frequencies ω1, ω2, and ω3, aside from the phenomenological

damping parameter γ which is commonly chosen to be independent of the optical process.

A second-order nonlinear observable, however, may receive contributions from products

of lower-order molecular properties, such as the first-order hyperpolarizabiity, the linear

polarizability, or the permanent electric dipole moment. How these lower-order contributions

enter may differ from one optical process to another. Table 3.1 summarizes a collection of

some of the second-order nonlinear effects for monochromatic light that the gamma tensor

encapsulates. The first four effects listed in the table will be briefly dicussed in this section,

while the latter two are discussed more in-depth in the following chapters. For further

details on optical effects represented by the second-order hyperpolarizability tensor, see for

instance Refs 11 and 26.

DC-Kerr effect

The DC-Kerr effect refers to the phenomenon of induced optical rotation by external

static electric fields. To quadratic order in the external field-perturbation, a temperature-
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Table 3.1: The different optical effects represented by the second-order hyperpolarizability.

γRe
αβγδ(−ω;ω,0,0) DC-Kerr effect

γRe
αβγδ(−2ω;ω,ω,0) Electric field-induced second-harmonic generation (EFISHG)

γRe
αβγδ(−3ω;ω,ω,ω) Third-harmonic generation (THG)

γRe
αβγδ(−ω;ω,−ω,ω) Intensity-dependent refractive index (IDRI)

γIm
αβγδ(−ω;ω,−ω,ω) Two-photon absorption (TPA)

γIm
αβγδ(ω′;−ω′, ω,−ω) Resonance-inelastic x-ray scattering (RIXS)

independent term and two temperature-dependent terms constitutes the observable anisotropic

refractive index,

∆n = K0 +K1/T +K2/T 2. (3.1)

The temperature-independent term, represented by an orientational average of the second-

order hyperpolarizability γαβγδ(−ω;ω,0,0), is generally weak in comparison to the temperature-

dependent terms. These are made up by combinations of lower-order molecular properties,

including the permanent electric dipole, the linear polarizability and first-order hyperpolar-

izability. However, for nonpolar systems, the significance of the temperature-independent

term is boosted. The Kerr effect is explored in detail in Paper IV for a pure acetonitrile

liquid.

Electric field-induced second-harmonic generation

Second-harmonic generation is the combination of two photons into one photon via scat-

tering processes. It is not present in isotropic systems; however, an external static electric

field may break the symmetry and induce the optical effect in all media, for which the

electric field-induced second-harmonic generation (EFISHG) effect is observed. EFISHG

is represented by an effective second-order nonlinear hyperpolarizability that is obtained

through

γeff = ⟨γ(−2ω;ω,ω,0)⟩ + ⟨µ(0)β(−2ω;ω,ω)⟩
5kT

, (3.2)

where brackets indicate an orientational average. The temperature-dependent term is gen-

erally dominant, in particular for strong electric dipolar systems. On the other hand, in

the absence of permanent electric dipoles, the temperature-independent term is the sole

contributor.
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Third-harmonic generation

The combination of three photons via scattering is known as third-harmonic generation,

and is represented by an orientional average of the second-order hyperpolarizability tensor

γαβγδ(−3ω;ω,ω,ω). One should be aware of though, that as all perturbations are frequency

dependent, the tensor exhibits one-, two-, and three-photon residues. Consequently, all

manner of resonances may occur and influence each other in case they are insufficiently

separated on the frequency axis, as may be the case for low-lying valence-transitions.

Intensity-dependent refractive index

The refractive index can be formulated as an expansion series of the field intensity,

n = n0 + n2I + . . . , (3.3)

where n0 is the common linear approximation of the refractive index, and n2I is the first

intensity-dependent term which becomes relevant for strong fields. Note that ’linear’ in this

case does not refer to the exponent of the intensity, in which case n2 would be the linear

coefficient, rather it refers to the underlying molecular properties of the coefficients, for

which n0 adheres to the linear polarizability. With the field intensity defined as

I = 2n0ε0c0∣E(ω)∣2, (3.4)

the nonlinear coefficient becomes

n2 =
3N

4n2
0ε0c0

⟨γ(−ω;ω,−ω,ω)⟩, (3.5)

where N is the number density. Generally, the common linear approximation of the refrac-

tive index is very good for most intent and purposes. Although, as strong-field experimental

installations are becoming increasingly abundant, where very high accuracy is sought after,

the intensity dependence of the refractive index is becoming an important factor [27].
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Chapter 4

Two-photon absorption

4.1 General aspects

We make the distinction of linear and nonlinear induced polarization,

P = PL +PNL, (4.1)

which for many practical applications is a perfectly reasonable approximation; in sheer

strength, the nonlinear parts are orders of magnitudes weaker. However, through exper-

imental finess we may single-out the nonlinear contributions and study their nature. In

particular, with the advent of ultraintense synchrotron and XFEL x-ray sources, nonlinear-

ities are becoming increasingly important effects to factor in [27].

The total induced polarization is expressed a series of electric field-strengths coupled to

frequency-dependent coefficients that we in turn refer to as linear and nonlinear susceptibil-

ities [11],

Pi(ωσ) = χ
(1)
ij (−ωσ;ωs)Eωs

j + 1

2
χ

(2)
ijk(−ωσ;ωs, ωt)Eωs

j E
ωt
k (4.2)

+ 1

6
χ

(3)
ijkl(−ωσ;ωs, ωt, ωu)Eωs

j E
ωt
k E

ωu
l + . . . .

The susceptibilities are resulting macroscopic tensors that are formed from tensor averages

of the microscopic (hyper)polarizabilities, for which each element in the linear and nonlinear

susceptibilies correspond to a unique orientational averaging of the (hyper)polarizabilities

depending on the alignment of macroscopic fields. For instance, the linear and nonlinear

susceptibilities

χ
(1)
ZZ(−ω;ω) = N⟨α(−ω;ω)⟩ (4.3)

χ
(3)
ZZZZ(−ωσ;ω1, ω2, ω3) = N⟨γ(−ωσ;ω1, ω2, ω3)⟩, (4.4)
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Figure 4.1: Intensity loss as described exclusively by linear (blue) or first-order nonlinear

(black) effects for a 1 GW/m2 laser. Linear and nonlinear extinction coefficients, α(1) and

α(2), are based on γIm
zzzz ≈ 2 × 106 a.u. and αIm

zz ≈ 8 × 102 a.u. using a density corresponding

to the solid phase for an isolated para-nitroaniline molecule.

are obtained through the orientational averages of

⟨α(−ω;ω)⟩ = 1

3
αii(−ω;ω) (4.5)

⟨γ(−ωσ;ω1, ω2, ω3)⟩ = 1

15
[γiijj + γijji + γijij], (4.6)

and N is the number density.

As intense light impinges on matter and propages in the medium, we observe an intensity-

loss that is directly related to these linear and, for relatively intense light, nonlinear suscep-

tibilities. By assuming, per usual, a power series of the intensity with so-called extinction

coefficients,

dI

dz
= ⟨ d

dt
(absorbed energy

volume
)⟩ = ⟨j ⋅E⟩ = ⟨∂P(t)

∂t
⋅E⟩ (4.7)

= −α(1)I − α(2)I2 − . . . ,

we may, for dominant one- or two-photon absorption, identify how the intensity weakens in

a material as a function of first- and second-order extinction coefficients and the propagation
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depth z,

dI

dz
= −α(1)I → I(z) = I0e

−α(1)z, (4.8)

dI

dz
= −α(2)I2 → I(z) = I0

I0α(2)z + 1
. (4.9)

We note in passing the interesting difference that the linear intensity-loss exhibits an expo-

nential form while the nonlinear intensity-loss demonstrates an inversed linear form. The

first- and second-order extinction coefficients,

α(1)(ω) = ω

ε0c0

Im [χ(1)(−ω;ω)] , (4.10)

α(2)(ω) = ω

4ε2
0c

2
0

Im [χ(3)(−ω;ω,−ω,ω)] , (4.11)

are also often put in terms of the one-photon and two-photon absorption cross sections,

σ(1)(ω) = 1

N
α(1)(ω), (4.12)

σ(2)(ω) = h̵ω

N
α(2)(ω). (4.13)

In Fig. 4.1, we plot Eqs (4.8) and (4.9) for para-nitroaniline [see Fig. 2.3] using a density cor-

responding to its solid state [28] and a 1 GW/m2 laser, with optical properties obtained at

TD-DFT/CAMB3LYP level of theory for an isolated molecule. The extinction coeffients are

based on (hyper)polarizabilities estimated from Fig. 4.2, using γIm
zzzz(ω) ≈ 2×106 a.u. (upper)

and αIm
zz (ω) ≈ 8 × 102 a.u. (middle) at their respective resonance frequencies. Furthermore,

due to the strong charge-transfer effects along the substituent z-axis, we make the approxi-

mations

⟨α(−ω;ω)⟩ ≈ 1

3
αzz(−ω;ω), (4.14)

⟨γ(−ω;−ω,−ω,ω)⟩ ≈ 1

5
γzzzz(−ω;ω,−ω,ω), (4.15)

by assuming these elements dominate the tensor averages. It is clearly seen in the illustration

that reduction in light intensity approximated to solely depend on the first-order extinction

coefficient is quite rapid. In contrast, intensity decline approximated to be a function

exclusively depending on the second-order extinction coefficient is not nearly as rapid, as

it is observed to be several orders of magnitudes weaker. This simple illustration does not

account for absorption saturation of any kind.

Making this forced partitioning by assuming strictly one- or two-photon processes might

be misleading. Our initial postulate is that reduction in light intensity along the path of
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Figure 4.2: Linear polarizability and second-order hyperpolarizability plotted in energy re-

gions of two-photon (upper) and one-photon (middle) absorption for para-nitroaniline. Also,

ratio between the intensity-dependent polarizability and intensity-independent polarizability

for each energy region (bottom).
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propagation is at all points in space, and for all frequencies, depending on the simultaneous

contribution from single- and multi-photon processes. If we instead define an intensity-

dependent linear polarizability,

α̃(1)(ω, I) = α(1)(ω) + α(2)(ω)I, (4.16)

that may alternatively be thought of as being perturbed by two-photon effects, we can

obtain and estimate as to what extent two-photon processes affect the linear polarizability,

α̃(1)(ω, I)
α(1)(ω)

= 1 + ⟨γ(−ω;ω,−ω,ω)⟩
4ε0c0 × ⟨α(−ω;ω)⟩

I. (4.17)

We make the same approximation, according to Eq. (4.14) and (4.15),

α̃(1)(ω, I)
α(1)(ω)

= 1 + 3 × γIm
zzzz(−ω;ω,−ω,ω)

20ε0c0 × αIm
zz (−ω;ω)

I, (4.18)

and plot our intensity-dependent polarizability in Fig. 4.2. The relative amplitudes of the

linear polarizability and the second-order hyperpolarizability are more or less the same in

the two-photon region (upper) and the one-photon region (middle). Thus, it comes to no

surprise that in both of these optical regions, the perturbed linear polarizability is affected

to roughly the same extent (bottom).

We can observe typical one-photon and two-photon resonance peaks in the upper and mid-

dle panels. However, the linear polarizability appears to be perturbed at the one-photon

resonance by an intensity-dependent term that exhibits a bisecting spectral feature (see

Refs 29 and 30 for a disussion on different spectral features of the second-order hyperpo-

larizability). If this is indeed the case, and it represents what is transpiring in reality, it is

not entirely clear what this additional nonlinear term represents in terms of electron popu-

lation of the excited state. At the two-photon resonance, the picture is more clear to us, as

the polarizability is simply amplified by the strength of the two-photon absorption. Some

argue [30–32] that these nonlinear perturbations at one-photon resonances stem from the

effects of saturated absorption. Seeing how the term α(2)I effectively has the dimension of

’polarizability per intensity’, one may speculate that such an interpretation might not be

too far fetched, as the intensity can potentially increase indefinitely, but, in contrast, the

electron population in the target sample cannot. Hence, as the intensity grows, the virtual

additional excited-state electron population due to the linear polarizability is counteracted

by the nonlinear correction, and the situation is stable. However, such an interpretation

would first and foremost require the intensity-dependent term to be negative-definite in

the vicinity of the one-photon resonance, in contrast to the more bisecting feature we now

observe.
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4.2 Computational aspects

Two-photon absorption (TPA) was experimentally verified in 1961 [33] — not very surpris-

ing that it became possible at a period in time in which the laser became a widespread

tool, enabling spectroscopy research involving more intense light sources. Theoretically, the

quantifiable TPA cross section was formulated as a second-order process [34, 35] that was

initially penned down by Göppert-Mayer in 1931 [36],

σ(ω) =
Nπ3α2

f h̵
4

e4
ω2∑

f

δf∆f(ω), (4.19)

building on the concept of Kramers–Heisenberg second-order transitions moments [37],

S0→f
αβ (

ωf0

2
) = 1

h̵2 ∑
n>0

⎡⎢⎢⎢⎢⎣

⟨0∣µ̂α∣n⟩⟨n∣µ̂β ∣f⟩
ωn0 −

ωf0
2

+
⟨0∣µ̂β ∣n⟩⟨n∣µ̂α∣f⟩

ωn0 −
ωf0

2

⎤⎥⎥⎥⎥⎦
, (4.20)

that are orientationally averaged [38] from a microscopic standpoint to make sense for

macroscopic measurements,

δf = 1

30
∑
αβ

⎧⎪⎪⎨⎪⎪⎩
F × S0→f

αα (
ωf0

2
) [S0→f

ββ (
ωf0

2
)]

∗

(4.21)

+ G × S0→f
αβ (

ωf0

2
) [S0→f

αβ (
ωf0

2
)]

∗

+H × S0→f
αβ (

ωf0

2
) [S0→f

βα (
ωf0

2
)]

∗ ⎫⎪⎪⎬⎪⎪⎭
.

Integer factors F , G, and H, are added in order to account for optical polarization effects

[39, 40], where uniform values of 2 correspond to linear polarization. The TPA absorption

strength, essentially the square of the second-order transition moments, is broadened by a

Lorentzian function,

∆f(ω) =
γ

π((ωf0 − 2ω)2 + γ2)
, (4.22)

which effectively transforms an absorption stick-spectrum into a continuous band shape

that reflects actual measurements. This traditional way of obtaining TPA spectra has

been employed numerous times in various studies in search of large TPA cross sections,

benchmark studies, and structure-to-property investigations, often including conjugated or-

ganic systems that display charge-transfer properties [35, 41–57]. Interestingly, the DFT

exchange–correlation functional CAMB3LYP has been found through benchmarking to be

on par with highly correlated coupled-cluster methods [50].

The transition moments can be obtained from the single-residue limit of the first-order

hyperpolarizability [9],

lim
ω→ωf0

(ωf0 − ω)βαβγ(−ωσ;−
ωf0

2
, ω) = S0→f

αβ (
ωf0

2
)⟨f ∣µ̂γ ∣0⟩. (4.23)
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Figure 4.3: X-ray one-photon and two-photon absorption for Ne (top left), HF (top right),

H2O (bottom left), and SiH4 (bottom right), with properties calculated at the TD-DFT

level of theory using the CAMB3LYP(100%) exchange–correlation functional [58]. Image

taken from Paper I.
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On the other hand, the second-order hyperpolarizability can be shown to [59], in the limit

of two-photon resonance, converge with the amplitude of the transition moments squared,

Im [γαβγδ(−
ωf0

2
;
ωf0

2
,−
ωf0

2
,
ωf0

2
)] = h̵

γ
S0→f
αγ (

ωf0

2
) [S0→f

δβ (
ωf0

2
)]

∗

, (4.24)

from which we make an extrapolating approximation for all off-resonance frequencies,

Im[γ(−ω;ω,−ω,ω)] ≈ h̵∑
f

δf∆f(ω). (4.25)

Due to a slight re-ordering of tensor indices, the polarization-dependent coefficients are

interchanged,

γ = 1

30
∑
α,β

{H × γααββ + F × γαβαβ +G × γαββα}. (4.26)

Ultimately, we may replace the sum-over-states in the original expression and instead work

with the resonant-convergent second-order hyperpolarizability,

σ(ω) =
Nπ2α2

f h̵
3

e4
ω2Im[γ(−ω;ω,−ω,ω)]. (4.27)

We make use of the fact that we are exclusively interested in two-photon resonances, and thus

we are able to make a severe reduction of the second-order hyperpolarizability by looking

at Eq. (2.23). Conversely, this line of thought can be transferred to the computationally

implemented cubic response function for approximate-state wave functions, Eq. (2.46). One

would assume that the dominating terms in the vicinity of two-photon resonances are terms

containing sum-frequencies of ω1 and ω3,

⟨⟨A;B,C,D⟩⟩ω1,ω2,ω3
(4.28)

= −NA
n (ω1 + ω2 + ω3)T [3]

nml(ω2, ω1 + ω3)NC
m(ω2)NBD

l (ω1, ω3)
+NA

n (ω1 + ω2 + ω3)C[2]
nmN

BD
m (ω1, ω3)

+A[2]

(nm)
NC
n (ω2)NBD

m (ω1, ω3).

The full form of the cubic response function, as currently expressed in Eq. (2.46), is intrinsi-

cally symmetric due to permutations of perturbation operators and associated frequencies.

If we would choose to work with the, fully equivalent, TPA tensors γαβγδ(−ω;ω,ω,−ω)
or γαβγδ(−ω;−ω,ω,ω), the surviving TPA terms would instead be those containing sum-

frequencies of ω1 and ω2 or ω2 and ω3, respectively.

In Papers I and II, two-photon absorption is presented for a series of small systems at the

TD-DFT/CAMB3LYP level of theory, see Fig. 4.3. The content of Paper I describes the

basic principles of two-photon absorption from the second-order hyperpolarizability, while
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Figure 4.4: Two-photon absorption of the neon atom in the UV/vis. photon energy region

for TD-HF and TD-DFT/CAMB3LYP levels, employing both the full (γfull) and the reduced

(γred.) forms of the cubic response function, and the method based on second-order transition

moments (β). Image taken from Paper II.

Paper II delve deeper and outline details similar to those we have explored in this chapter.

The small systems, Ne, HF, H2O, and SiH4, exhibit transition selection rules consistent

with two-photon absorption. However, as can be seen in the water and hydrogenfluoride

panels, population of states with less strict one-photon and two-photon selection rules are

allowed. Furthermore, the water TPA cross section seemingly suffers from interference from

an unphysical artefact below the x-ray absorption edge. Consequently, due to the high

amplitude of this feature, the negative curve superposes on the Lorentzian absorption peaks

of our TPA spectrum.

On the equivalence of the two methods utilizing second-order transition amplitudes and

second-order hyperpolarizabilities [60], we see from the illustrated TPA profiles obtained for

the neon atom that there is perfect overlap in regions of lower density of states, see Fig. 4.4.

As we approach the Rydberg quasi-continuum, the density of states become impractically

large, and we are prompted to stop resolving TPA transitions at a certain point. The second-

order hyperpolarizability, on the other hand, traverse these regions effortlessly. A similar

assessment has been conducted for the chiral BINOL system, R-(+)-1,1’-bi(2-naphtol) [29].

The density of states for a system of that size is expected to be high even close to the band

gap. Evidently, as seen in Fig. 5 in Ref. 29, the equivalence between the two approaches
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is less clear. The intensity of the target absorption band is, for the hyperpolarizability-

based method, clearly affected by a neighbouring strong transition that is not resolved

either by the experimental measurements nor the discrete stick-spectra. The neon spectra

in Fig. 4.4 from Paper II exhibits similar effects for higher energies, although the overlap is

very satisfying closer to the absorption edge. As a final note, we see that the reduced cubic

response function indeed captures all the significant contributions to the TPA intensity.
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Resonant inelastic x-ray scattering

In the optical process of resonant inelastic x-ray scattering (RIXS) [61–67], see Fig. 5.1,

a system is initially core-excited by x-ray radiation of frequency ω, subsequently followed

by relaxation down into a valence-excited state, where the scattered photon with frequency

ω′ = ω − ωf0 has lost energy equal to the excitation energy ωf0 of the final state.

5.1 RIXS from quadratic response

Much like the two-photon absorption cross section, Eq. (4.19), the RIXS cross section has

traditionally been quantified by the square modulus of second-order transition moments —

in this context referred to as scattering amplitudes — and a broadening Lorentzian line-

shape function. With incoming photons of frequency ω and scattered photons of frequency

ω′, the cross section is written as [61, 62, 68]

σ(ω′, ω) = r2
0

ω′

ω
∑
f

δf∆f(ω′, ω), (5.1)

where r0 is the classical electron radius. In Eq. (5.1), we sum over the orientational averages

of squared scattering amplitudes for final states f ,

δf = (2 − 1

2
sin2 φ)F 0→f

αβ [F 0→f
αβ ]∗ + (3

4
sin2 φ − 1

2
)(F 0→f

αβ [F 0→f
βα ]∗ + F 0→f

αα [F 0→f
ββ ]∗) , (5.2)

where φ is the angle between the incoming polarization vector and the outgoing propagation

vector and ∆f(ω′, ω) is the line-shape function with damping parameter γ,

∆f(ω′, ω) =
γ

π((ωf0 − ω + ω′)2 + γ2)
. (5.3)
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Figure 5.1: The optical process of resonant inelastic x-ray scattering (RIXS). Incoming

frequency ω excites the system to a core-excited state, and an outgoing frequency ω′ is

scattered as the system subsequently relaxes into a valence-excited state.

The scattering amplitudes are given by the Kramers–Heisenberg expression,

F 0→f
αβ = 1

h̵2∑
k>0

⎡⎢⎢⎢⎢⎣

⟨0∣µ̂α∣k⟩⟨k∣µ̂β ∣f⟩
ωk0 − ω − iγ

+
⟨0∣µ̂β ∣k⟩⟨k∣µ̂α∣f⟩
ωk0 + ω′ − iγ

⎤⎥⎥⎥⎥⎦
. (5.4)

One would expect that these amplitudes can be obtained in a similar fashion as for TPA

[see Eq. (4.23)], in other words through the single-residue limit of the quadratic response

function [9, 35]. A crucial difference between the two cases though is that for RIXS, the

incoming frequency ω is generally in near-resonance with an intermediate state, while that

is not the case for TPA. In light of that, we understand that the scattering amplitudes must

be damped, i.e. complex-valued. By allowing for state-specific damping parameters, γf0,

that are set to zero as we approach the limiting residue, Eq. (5.4) is obtained through the

process

F 0→f
αβ = /γf0 = 0/ = lim

ωσ→ωf0
(ωf0 − ωσ)

⟨⟨µ̂γ; µ̂α, µ̂β⟩⟩ω,−ω′
⟨0∣µ̂γ ∣f⟩

(5.5)

= 1

h̵2∑
k>0

⎡⎢⎢⎢⎢⎣

⟨0∣µ̂α∣k⟩⟨k∣µ̂β ∣f⟩
ωk0 − ω − iγk0

+
⟨0∣µ̂β ∣k⟩⟨k∣µ̂α∣f⟩
ωk0 + ω′ − iγk0

⎤⎥⎥⎥⎥⎦
.
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In the limiting residue case for TPA, the perturbing frequencies are set to be associated with

the transition frequency of the final state, ωf0. However, in the case of Eq. (5.5), we realize

that the core-exciting frequency ω and the scattered frequency ω′ are effectively unbound,

meaning they assume arbitrary values within the confine that their sum equals that of ωf0.

Ultimately, resolving these scattering amplitudes entails that we know at what frequency

to fixate the core-exciting frequency ω, while the scattered frequency ω′ assumes the role of

the limiting variable that approaches ω−ωf0. While this is in principle mirrored by the TPA

computational process as we indeed fixate one of the perturbing frequencies, the difference

is in that case we are provided with the advantage of knowing precisely at what value to do

that, having resolved a finite set of ωf0.

5.2 RIXS from damped cubic response

If we neglect the second term in the scattering amplitudes [see Eq. (5.4)], as it will be con-

tributing significantly less, the modulus square of the scattering amplitudes — in particular

at near-resonance with core-excited intermediate states and valence-excited final states —

can be approximated as

∑
f

F 0→f
αβ [F 0→f

γδ ]∗ ∆f(ω′, ω) ≈
1

πh̵4
Im

⎧⎪⎪⎨⎪⎪⎩
∑

k,f,m>0

⟨0∣µ̂γ ∣k⟩⟨k∣µ̂δ ∣f⟩⟨f ∣µ̂β ∣m⟩⟨m∣µ̂α∣0⟩
(ωk0 − ω + iγ)(ωf0 − ω + ω′ − iγ)(ωm0 − ω − iγ)

⎫⎪⎪⎬⎪⎪⎭
.

(5.6)

The approximate equality adheres to the fact that the squared scattering amplitudes rep-

resent a frequency dispersion of the form

γ

(ωk0 − ω + iγ)((ωf0 − ω + ω′)2 + γ2)(ωm0 − ω − iγ)
. (5.7)

The r.h.s. of Eq. (5.6), however, exhibits a frequency dispersion of the form

ωf0 − ω + ω′ + iγ
(ωk0 − ω + iγ)((ωf0 − ω + ω′)2 + γ2)(ωm0 − ω − iγ)

, (5.8)

and we see that part of the resulting complex-valued number from Eq. (5.8) is missing

in Eq. (5.7). We can mirror the r.h.s. of Eq. (5.6) with a term from the second-order
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hyperpolarizability, which with perturbing frequencies ω1, ω2, and ω3, assumes the form of

γαβγδ(−ωσ;ω1, ω2, ω3) =
1

h̵3∑P1,2,3 { (5.9)

∑
k,f,m>0

⎡⎢⎢⎢⎢⎣

⟨0∣µ̂α∣k⟩⟨k∣µ̂β ∣f⟩⟨f ∣µ̂γ ∣m⟩⟨m∣µ̂δ ∣0⟩
(ωk0 − ωσ − iγ)(ωf0 − ω2 − ω3 − iγ)(ωm0 − ω3 − iγ)

+
⟨0∣µ̂β ∣k⟩⟨k∣µ̂α∣f⟩⟨f ∣µ̂γ ∣m⟩⟨m∣µ̂δ ∣0⟩

(ωk0 + ω1 + iγ)(ωf0 − ω2 − ω3 − iγ)(ωm0 − ω3 − iγ)

+
⟨0∣µ̂β ∣k⟩⟨k∣µ̂γ ∣f⟩⟨f ∣µ̂α∣m⟩⟨m∣µ̂δ ∣0⟩

(ωk0 + ω1 + iγ)(ωf0 + ω1 + ω2 + iγ)(ωm0 − ω3 − iγ)

+
⟨0∣µ̂β ∣k⟩⟨k∣µ̂γ ∣f⟩⟨f ∣µ̂δ ∣m⟩⟨m∣µ̂α∣0⟩

(ωk0 + ω1 + iγ)(ωf0 + ω1 + ω2 + iγ)(ωm0 + ωσ + iγ)

⎤⎥⎥⎥⎥⎦

− ∑
k,m>0

[
⟨0∣µ̂α∣k⟩⟨k∣µ̂β ∣0⟩⟨0∣µ̂γ ∣m⟩⟨m∣µ̂δ ∣0⟩

(ωk0 − ωσ − iγ)(ωk0 − ω1 − iγ)(ωm0 − ω3 − iγ)

+
⟨0∣µ̂α∣k⟩⟨k∣µ̂β ∣0⟩⟨0∣µ̂γ ∣m⟩⟨m∣µ̂δ ∣0⟩

(ωk0 − ω1 − iγ)(ωm0 + ω2 + iγ)(ωm0 − ω3 − iγ)

+
⟨0∣µ̂β ∣k⟩⟨k∣µ̂α∣0⟩⟨0∣µ̂δ ∣m⟩⟨m∣µ̂γ ∣0⟩

(ωk0 + ωσ + iγ)(ωk0 + ω1 + iγ)(ωm0 + ω3 + iγ)

+
⟨0∣µ̂β ∣k⟩⟨k∣µ̂α∣0⟩⟨0∣µ̂δ ∣m⟩⟨m∣µ̂γ ∣0⟩

(ωk0 + ω1 + iγ)(ωm0 − ω2 − iγ)(ωm0 + ω3 + iγ)
]} .

Two-photon resonances may only occur in the first sum in Eq. (5.9), immidiately ruling out

the entire second sum. For perturbing frequencies ω1 = −ω′, ω2 = ω, and ω3 = −ω, we then

find a particular permutation of the second term that matches Eq. (5.6),

1

h̵3 ∑
k,f,m>0

⟨0∣µ̂δ ∣k⟩⟨k∣µ̂α∣f⟩⟨f ∣µ̂β ∣m⟩⟨m∣µ̂γ ∣0⟩
(ωk0 − ω + iγ)(ωf0 − ω + ω′ − iγ)(ωm0 − ω − iγ)

, (5.10)

We must keep track on the interchanged indices for the squared scattering amplitudes,

Eq. (5.6), in comparison to the matching second-order hyperpolarizability term, Eq. (5.10).

With that in mind, we end up with the relation

∑
f

F 0→f
αβ [F 0→f

γδ ]∗ ∆f(ω′, ω) ≈
1

πh̵
γIm
δβαγ(ω′;−ω′, ω,−ω), (5.11)

that holds particularly well at near-resonance with core-excited intermediate states and

valence-excited final states. Transitioning from the formalism of scattering amplitudes to

the formalism of second-order hyperpolarizabilities, according to Eqs (5.1), (5.2), and (5.11),
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is now a trivial task that yields

πh̵∑
f

δf∆f(ω′, ω) ≈ (2 − 1

2
sin2 φ)γIm

ααββ + (3

4
sin2 φ − 1

2
)(γIm

αβαβ + γIm
αββα) (5.12)

≡ γ(ω′;−ω′, ω,−ω)RIXS.

The RIXS cross section by means of the second-order hyperpolarizability is then identified

as

σ(ω′, ω) = r2
0

πh̵

ω′

ω
γ(ω′;−ω′, ω,−ω)RIXS. (5.13)

In line with how we reduce the cubic response function [see Eq. (2.46)] for TPA, Eq. (4.28),

we make a similar reduction of the cubic response function for RIXS, in that we only account

for terms of ω − ω′ sum-frequencies,

⟨⟨A;B,C,D⟩⟩
−ω′,ω,−ω (5.14)

= −NA
n (−ω′)T [3]

nml(−ω,ω − ω
′)ND

m(−ω)NBC
l (−ω′, ω)

+NA
n (−ω′)D[2]

nmN
BC
m (−ω′, ω)

+A[2]

(nm)
ND
n (−ω)NBC

m (−ω′, ω).

Moreover, since we deduce from Eq. (5.10) that no terms containing (ωk0+ω′−iγ) resonances

are prevalent in the RIXS approximation of the second-order hyperpolarizability, we may

reduce Eq. (5.14) even further, resulting in

⟨⟨A;B,C,D⟩⟩
−ω′,ω,−ω = A

[2]

(nm)
ND
n (−ω)NBC

m (−ω′, ω). (5.15)

In the double-indexed response vectors, defined as

NXY
n (−ω′, ω) = [E[2] − h̵ ((ω − ω′)S[2] − iγR[2])]−1

nm
XY

[1]
m (−ω′, ω), (5.16)

where

XY
[1]
n (−ω′, ω) = T [3]

nml(−ω
′, ω)NX

m (−ω′)NY
l (ω) − Y [2]

nmN
X
m (−ω′) −X[2]

nmN
Y
m(ω), (5.17)

we find potential single-frequency resonances with the scattered frequency ω′. Since these

are not found in the selected hyperpolarizability term, Eq. (5.10), we see that the necessary

reduction becomes

ÑXY
n (−ω′, ω) = −[E[2] − h̵ ((ω − ω′)S[2] − iγR[2])]−1

nm
X

[2]
nmN

Y
m(ω). (5.18)

which results in

γαβγδ(ω′;−ω′, ω,−ω)RIXS = −Im{µ̂[2]

α,(nm)
N
µ̂β
n (−ω)Ñ µ̂γ µ̂δ

m (−ω′, ω)}. (5.19)

The missing contribution, corresponding to the real part of Eq. (5.8), is discarded in the

process of obtaining Eq. (5.19), in order to simulate the Kramers–Heisenberg formulation

of RIXS.
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Figure 5.2: Illustration of a conceptual RIXS contour map, with the emission energy stretch-

ing the horizontal axis and the core-exciting frequency extending the vertical axis.

5.3 RIXS spectra of gas-phase neon and water

In this section we will have a look at what type of information we can gather from electronic

RIXS based on the second-order hyperpolarizability, and how this spectroscopy can act as a

complement, or vice versa, to linear and two-photon absorption spectral analysis of the elec-

tronic structure. A RIXS spectrum is most commonly illustrated as a 2-dimensional contour

map with the core-exciting frequency ω stretching one axis while the emission frequency of

the scattered photon ω′ extends the other axis. Consequently, the RIXS resonances are

observed as distinct ”islands” on the map, see Fig. 5.2.

We demonstrate RIXS through the reduced second-order hyperpolarizability [see Eq. (5.19)]

for the neon atom and the water molecule. The level of theory employed correspond to TD-

DFT [70–73] with a modified CAMB3LYP [74] exchange–correlation functional that has

been shown to work well in the x-ray region [75]. Furthermore, additional Rydberg s-,

p-, and d- orbitals, have been added to Dunning’s correlation-consistent basis set taug-

cc-pCVTZ [25], according to the scheme of Kaufman and co-workers [76]. The damping

parameter γ has been set to 0.004556 a.u., corresponding to 1000 cm−1. In passing, we rec-

ognize that the approach of parametrizing a DFT functional so that one transition channel is

optimized might be problematic. Well-described core and valence excitations are necessary

since the two channels couple to one another.

Figures 5.3 and 5.5 present RIXS contour maps with supporting linear cross sections for
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Figure 5.3: Neon RIXS cross section map constructed from 7 core-exciting frequencies,

explicitly stated on the vertical axis. The normalized calculated (black) linear cross section

has been shifted such that the 3p peak align with the corresponding experimental (red) [69]

peak. The dashed diagonal orange line traces the dispersion for a selected final state as it

couples to the core-excited states (see Fig. 5.4).
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Figure 5.4: Normalized off-resonance (blue) and on-resonance (black) RIXS cross section

bands for the neon atom. In addition, normalized one-photon (green) and two-photon (red)

absorption cross sections in the energy region of the final states. The dashed vertical orange

line traces the dispersion for a selected final state as it couples to the core-excited states

(see Fig. 5.3 for corresponding contour map dispersion).
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the neon atom and the water molecule, respectively. These maps are constructed from 7

RIXS bands with core-exciting frequencies corresponding to those explicitly stated on the

vertical axis. The core-exciting frequencies were chosen such that the absorption peaks are

included, but also inbetween said peaks. Experimental linear cross sections are taken from

Refs 69 and 77.

In Fig. 5.3, regarding the neon atom, the strongest resonance occurs at the first core-

excited state as a 1s electron is lifted to the 3p orbital. We can trace this resonance upwards

to the right of the map along the dashed diagonal orange line, as the 4p and 5p intermediate

states also couple to this particular final valence-excited state, albeit of significantly lower

strength. A similar dispersion can be observed for the 4p intermediate state, although

difficult to distinguish due to the dominating 3p band.

In Fig. 5.4, normalized off-resonance (blue) and on-resonance (black) RIXS cross section

bands are aligned with the energy loss, ∆ω = ω − ω′. Furthermore, the corresponding

one-photon absorption (OPA, green) and two-photon absorption (TPA, red) spectra are

included. We clearly see how the core-excited intermediate states couple exclusively to TPA-

allowed final valence-excited states, according to the selection rule regarding preservation

of parity. The dashed vertical orange line traces the dispersion visible in the contour map,

Fig. 5.3, as this selected final state couples to the core-excited states. Interestingly, while

some transitions contribute significantly to the TPA profile, they are less relevant in the

RIXS profiles, in particular at resonance with intermediate core-excited states (black bands).

The RIXS map for the water molecule, Fig. 5.5, exhibits two distinct vertical bands in

the covered energy region. It generally corresponds well to the experimental map from

Weinhardt et al. [78]. The relative amplitudes of the two resonances in the horizontal

4a1 and 2b2 bands amounts to 1.701 and 1.305, respectively, which agrees well with the

experimental values of 1.7 ± 0.2 and 1.2 ± 0.2. A similar RIXS protocol executed within

the ADC framework by Rehn and co-workers resulted in relative amplitudes of 1.47–1.57

and 1.23–1.34, respectively, as the authors employed a hierarchy of ADC methods [68]. On

a final note, we see in Fig. 5.6 that the strict selection rules we observed for the neon atom

are diluted for the water molecule. Evidently, many transitions are one- and two-photon

allowed.
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Figure 5.5: Water RIXS cross section map constructed from 7 core-exciting frequencies,

explicitly stated on the vertical axis. The normalized calculated (black) linear cross section

has been shifted such that the 4a1 peak align with the corresponding experimental (red)

[77] peak.
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Figure 5.6: Normalized off-resonance (blue) and on-resonance (black) RIXS cross section

bands for the water molecule. In addition, normalized one-photon (green) and two-photon

(red) absorption cross sections in the energy region of the final states.
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Chapter 6

Jones birefringence

The birefringent optical process referred to as Jones birefringence has been computationally

and experimentally investigated primarily since the year 2000 when Roth and Rikken [58]

observed the effect for the first time in liquid media. Although indirectly postulated almost

80 years ago by R. C. Jones as a consequence of the author’s general theory on optical

polarization, research on the subject was practically absent until 1983 when Graham and

Raab [79] formulated the observable Jones anisotropic refraction. The authors reached an

expression for the anisotropic refractive index that has a bilinear dependence on external

electric and magnetic field-strengths that couples to mixed electromagnetic hyperpolariz-

abilities. This was subsequently put in terms of response functions in a modern notation by

Rizzo and Coriani in 2003 [80, 81] which facilitated quantitative theoretical investigations

using existing response routines.

A birefringence is an anistropic refraction in a material which is typically defined for a

particular state of light polarization. Jones birefringence belongs to the category of linear

birefringences, which also includes the more well-known optical processes Kerr [81–83] and

Cotton–Mouton effects [81, 84–87]. Linear birefringences are defined for monochromatic

linearly polarized light that propagates through an anisotropic refractive medium, ultimately

resulting in an induced phase shift due to an anisotropic refractive index. It is easy to

imagine that crystals or other highly ordered systems may naturally exhibit birefringence

effects even in the absense of external symmetry-breaking perturbations, such as static

electric or magnetic fields. Jones birefringence, however, is defined for an external static

magnetic field and an external static electric field that are aligned parallel to each other

and perpendicular to the light wave vector. In addition, the refractive anisotropy is defined

for refractive indices in directions tilted 45 degrees with respect to the fields. The Kerr and

Cotton–Mouton effects are defined in the same way as above, with the exception being that
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Figure 6.1: Conceptual illustration of the Jones birefringence optical process. An anisotropic

refractive index is induced by externally applied electric and magnetic fields that are aligned

perpendicular to the wave vector of the linearly polarized light.

Kerr is defined solely for an external electric field and conversely Cotton–Mouton is defined

solely for an external magnetic field. Furthermore, the Kerr and Cotton–Mouton refractive

anisotropies are defined for refractive index components aligned parallel and perpendicular

to the external fields. All three of these optical polarization effects occur in all types of

media, independent of molecular symmetry.

6.1 Relevant response properties

The anisotropy of the refractive index for the Jones birefringence is defined as the number

density times the difference between a mixed electric/magnetic differential polarizability for

the two polarizations +45○ and −45○, that is averaged over all configurations τ [79, 83, 85],

∆n = n+45○ − n−45○ (6.1)

= NΠ

where

Π = ∫
Π(E,B)e−U(E,B)/kTdτ

∫ e−U(E,B)/kTdτ
(6.2)
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The Boltzmann average is evaluated by expanding the kernel (implicit τ),

f(E,B) = Π(E,B)e−U(E,B)/kT (6.3)

around E = 0 and B = 0. For Jones birefringence, the zeroth-order and linear terms vanish,

causing the bilinear term to be the dominant one. Knowing the form of the differential

polarizability Π(E,B) and the field-induced energy U(E,B), an expression for the anistropy

emerges that is bilinear in the induction fields with a global factor,

∆n = kJλEB (6.4)

where kJ is the frequency-dependent Jones constant which encapsulates the relative response

signal independent of the field strengths. To lowest order in the electric and magnetic field-

perturbation, i.e. the bilinear contribution, the Jones constant takes the form of

kJ =
N

30ε0c0λ
× {J0 +

J1

T
} (6.5)

where it has been assumed that specimen under investigation exhibit no permanent mag-

netic dipoles, but includes the possibility of permanent electric dipoles. The temperature

independent term, J0, and the temperature dependent term, J1/T , are defined as

J0 = G(3)
para + G(3)

dia +A
′(3) (6.6)

J1 = 1

k
(G(2)

para + G(2)
dia +A

′(2)) (6.7)

for which

G(3)
para = 3G para

αβαβ + 3Gpara
αββα − 2Gpara

ααββ (6.8)

G(3)
dia = 3Gdia

αβαβ + 3Gdia
αββα − 2Gdia

ααββ (6.9)

A′(3) = −ω
2
εαβγ (a′αβδδγ + a′αβδγδ) (6.10)

G(2)
para = µ

(0)
α (3Gpara

αββ + 3Gpara
βαβ − 2Gpara

ββα) (6.11)

G(2)
dia = µ

(0)
α (3Gdia

αββ + 3Gdia
βαβ − 2Gdia

ββα) (6.12)

A′(2) = −ω
2
εαβγ (µ(0)

γ a′αβδδ + µ
(0)
δ a′αβδγ) (6.13)
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where εαβγ is the Levi-Civita alternating tensor. First-order properties and optical tensors

involved in Eqs (6.8)–(6.13) are [80]

µ
(0)
α = ⟨µ̂α⟩ (6.14)

Gdia
αβγ(−ω;ω) = Gdia

αβγ = −⟨⟨µ̂α; ξ̂dia
βγ ⟩⟩ω (6.15)

Gdia
αβγδ(−ω;ω,0) = Gdia

αβγδ = ⟨⟨µ̂α; ξ̂dia
βγ , µ̂δ⟩⟩ω,0 (6.16)

Gpara
αβγ (−ω;ω,0) = Gpara

αβγ = ⟨⟨µ̂α; m̂β, m̂γ⟩⟩ω,0 (6.17)

Gpara
αβγδ(−ω;ω,0,0) = Gpara

αβγδ = −⟨⟨µ̂α; m̂β, m̂γ, µ̂δ⟩⟩ω,0,0 (6.18)

a′αβγδ(−ω;ω,0) = a′αβγδ = i⟨⟨µ̂α; q̂βγ, m̂δ⟩⟩ω,0 (6.19)

a′αβγδε(−ω;ω,0,0) = a′αβγδε = −i⟨⟨µ̂α; q̂βγ, m̂δ, µ̂ε⟩⟩ω,0,0 (6.20)

and the operators involved in Eqs (6.14)–(6.20) are the electric dipole operator,

µ̂α = −e∑
i

r̂iα (6.21)

the traced electric quadrupole operator,

q̂αβ = −e∑
i

r̂iαr̂iβ (6.22)

the magnetic dipole operator,

m̂α = −
e

2me
∑
i

(r̂i × p̂i)α (6.23)

and the diamagnetic susceptibility operator,

ξ̂dia
αβ = e2

4me
∑
i

(r̂iαr̂iβ − r̂iδ r̂iδδαβ) . (6.24)

6.2 Experimental perspective

Attempting to measure the Jones birefringence is quite challenging, requiring a rigorous

setup that is a complex network of components. See for instance Fig. 6.2 that schematically

depicts the experimental setups used by Roth and Rikken (left) [58] from the year of 2000 and

by Robilliard and Bailly from the year of 2011 (right) [88]. Field strengths involved for the

observation of Jones birefringence are typically very strong. In the original discovery from

2000 [58], the field magnitudes applied by the authors were at maximum 17 T (roughly 3.8

×105 larger than the surface magnetic field of the earth) and 2.5×105 V/m. From Eq. (6.4),

we see that the birefringence constant kJ is a relative measure of the effect. It should
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Figure 6.2: Schematic layout of experimental optical setup for the observation of Jones

birefringence employed by Roth and Rikken (left) and Robilliard and Bailly (right), taken

from Refs 58 and 88, respectively.

by nature require no strong fields for observation due to it being independent of the field

strengths. Ultimately, however, the apparatus limit of resolution refers to the quantity of

refractive index anisotropy, from which we subsequently derive the relative Jones response

through the Jones constant. Thus, there is naturally a limit of resolution associated to the

field-independent birefringence constant. Roth and Rikken reported on equipment capable

of registering a Jones constant as small as kJ ≈ 2 × 10−12 [V−1T−1]. For comparison, in

Paper III, we report gas-phase values of kJ in the orders of 10−14-10−13 [V−1T−1] for a set of

monosubstituted benzenes and furan homologues, and Rizzo et al. [89] report values in the

orders of 10−13-10−11 [V−1T−1] for some pure substances that were also measured in Ref. 58.

In 2010, the very existence of the Jones birefringence was debated [90]. In Ref. 90,

Arteaga claimed that the original work by Jones has been misinterpreted, the pioneering

measurements on liquids by Roth and Rikken were misguided and wrongfully concluded,

and in essence that there exists no additional linear birefringence aside from the Kerr and

Cotton–Mouton effects. However, according to private communications, Rikken and co-

workers [58] observed a strict linear dependence on the individual field strengths, as opposed

to quadratic dependence for Kerr and Cotton–Mouton effects. In addition, they captured

the sign of the external fields in the bilinear dependence, something which is completely
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absent for the Kerr and Cotton–Mouton optical processes. Rikken further elaborates that

the systems they observed to exhibit strong Kerr and Cotton–Mouton optical response

displayed no Jones signal, thereby providing strong evidence for their original interpretation

of the measurements.

6.3 Theoretical incentive

Research in the field of exotic optical effects such as Jones birefringence can raise skepti-

cism from people outside the field of nonlinear spectroscopy. It is only suitable that our

motivations are clearly stated. Research on Jones birefringence, to the current author’s

best knowledge, offers no technological prospects analogous to what the nonlinear optical

effect of two-photon absorption provides. So far, the effect has proven to simply be far

too weak. Hence, knowledge of this optical process offers the ability to slightly manipulate

the refractive index in a medium under very impractical conditions. Our involvement with

this research is partly proof-of-concept , but also to provide a challenge for computational

response theory. The effect, however, does open up a path for determining the magnitude

of certain response contributions that are not accessible elsewhere.

Jones birefringence was theorized long ago and is weak in comparison to the other linear

birefringences, Kerr and Cotton–Mouton. Fundamental research into whether the predic-

tions of the Jones formalism are correct, is very important in the long run if we are to be

confident in our theory, much like the observation of gravitational waves is important for

Einstein’s general relativity. Furthermore, the limits of response theory is in its foundation

being put to test; it is not appparent that with such high field strengths that the property

expansions for small field strengths hold. In summary, the Jones birefringence is a challenge

to theory and experiment and is a good measure as to the status of what we can achieve

with our available computational tools.

6.4 Noble gases

To a first approximation, the response properties we study should be proportional to a power

series with respect to the size of the system [94]. It is further expected for noble gases that

the linear polarizability and diamagnetic magnetizability should quadratically depend on the

radius of the electron cloud [95]. In Paper III, we could demonstrate this behaviour through

exponents of 2.3 and 2.1 for the polarizability and diamagnetic magnetizability, respectively,

using experimental values of these properties [91]. We also show a similar dependency for
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Figure 6.3: Experimental polarizability (top) and experimental diamagnetic magnetizability

(middle) [91], and calculated Jones constant (bottom) [92], presented for the noble gases to

be proportional to a power series with respect to atomic radii taken from Ref. 93. Image

taken from Paper III.
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Figure 6.4: Illustration of noble gas atomic sizes, with radii taken from Ref. 93.

TD-DFT/CAMB3LYP [70–74, 96] calculated values of the Jones birefringence for noble

gases. In the case of the birefringence, the power series turned out to exhibit exponents of

3.7 with respect to the atomic radii — an exponent that hints towards an even polynom

with exponent 4.

6.5 Jones birefringence and the para-Hammett con-

stant

In the original postulate by L. P. Hammett [97, 98], the author relates the chemical properties

of equilibrium constants Ksub and reaction rates ksub for aromatic reactants — such as

monosubstituted benzenes — to their corresponding ’empty form’, i.e. when the substituent

is a hydrogen atom with associated quantities KH and kH. The two equations,

log(Ksub

KH

) = σρ (6.25)

log(ksub

kH

) = σρ (6.26)

relate the equilibrium constants and reaction rates to a substituent constant σ and reaction

constant ρ, where the substituent constant only depends on the type of substituent and

the reaction constant only depends on the type of reaction. This substituent constant

σ may adopt either a ’para’ or ’meta’ value, referring to the position of the substituent.

Consequently, it becomes an indirect measure of the electron withdrawing and electron

donating capability of the substituent. Thus, it follows that for monosubstituted benzenes,

with the dipole vector approximately aligned along the substituent axis, the para-Hammett

constant should scale linearly with the dipole moment of the system.

Indeed, in Fig. 6.5, taken from Paper III, we illustrate a clear linear dependency of this

empirical Hammett quantity and the molecular dipole moment. This is in turn tied to the
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Figure 6.5: Permanent molecular dipole moment and Jones constant exhibiting linear cor-

relation with the empirical Hammett quantity. Image taken from Paper III.
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Figure 6.6: Pure acetonitrile liquid shell structure, approximating solvent–solute interac-

tions. Center molecule is quantum mechanically described, blue shell contains atomic-site

charges and polarizabilities, and the grey shell exhibits solely atomic-site charges. Image

taken from Paper IV, currently under review at Phys. Chem. Chem. Phys.

Jones birefringence, such that for polar systems the dominating contribution to the Jones

constant is a contraction of optical tensors with the permanent electric dipole moment — in

other words, the Jones birefringence can be expected to depend linearly on the permanent

dipole moment, even more so for inherently strong dipole moments. In the bottom panel

of Fig. 6.5, the Jones constant associated with the monosubstituted benzenes are scattered

against their associated para-Hammett constants. We see that there is an uncanny similarity

between the middle and the bottom panels. In light of this, and in conjunction with the para-

Hammett linear relation with the permanent electric dipole moment, this empirical para-

Hammett quantity exhibits predictability of the Jones birefringence for monosubstituted

benzenes.

6.6 Birefringence from liquid molecular dynamics

6.6.1 Frontier analysis

A so-called frontier analysis is essentially the process of gradually increasing the radii of

the different shells in the solvent sphere until a convergence of properties of interest can be

observed. Generally, our observables of interest can have many different contributions that
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are of linear and nonlinear nature, and it is not necessarily so that all response properties

of linear and nonlinear order converge at the same rate. Therefore, we opt for a solvent

shell-structure that sees all current properties of interest converged. A proper statistical

sampling of a liquid dynamic may require a host of snapshots, thus it is often crucial to

minimize computational cost for each run, while at the same time setting up a physically

sound environment that is not including contributions of negligible effect.

In Fig. 6.6, a sphere of pure liquid acetonitrile contains a center that is quantum mechan-

ically treated, encapsulated by two outer shells of less sophisticated physical treatment.

The grey shell and blue shells exhibit atomic-site charges obtained through means of the

restrained electrostatic potential scheme [99], while the blue shell also contains atomic-site

polarizabilities. These polarizabilities are obtained through the local property scheme (the

LoProp approach) [100], effectively allowing a large portion of the solvent to polarize.

In Fig. 6.7, we can see the convergence process for several molecular properties that are

related to the Kerr effect (top), Cotton–Mouton effect (middle), and the Jones effect (bot-

tom). As explained earlier in this chapter, the Kerr and Cotton–Mouton effects are related

to the Jones effect. While the observable of the Jones optical process has a bilinear depen-

dence on external electric and magnetic fields, the Kerr and Cotton–Mouton effects have a

quadratic dependence on external electric and magnetic fields, respectively. Furthermore,

the optical axes, i.e. the spatial directions for which we obtain the differential polarizability,

are defined to be parallel and perpendicular to the externally applied fields (see Paper IV

for more details).

Fig. 6.7 illustrates converged values for the various contributions with respect to the radius

of the polarizable shell, that is the blue shell in Fig. 6.6. The negative shell radius at the

extreme left in each panel represents relative gas phase results, which are for the most part

enhanced as the solute is placed in a charged solvent with zero polarizable-shell radius. Even

at this level of approximation, we are only some 20-25% from the converged values at a shell

radius of 1.5 nm. As we progressively increase the radius, the convergence is quite fast,

in particular for the Kerr effect in the top panel. With the radius of the polarizable shell

determined to the extent that we are sure our molecular properties are reliably converged,

we can now proceed to obtain a statistical average of our properties of interest in the liquid

phase.

6.6.2 Statistical sampling

Over time, the molecules in the liquid are configured in inifinitely many different ways.

In order to fully capture the solvent-solute interactions, a sufficient amount of stills — or
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Figure 6.7: Convergence of birefringence molecular properties with respect to polarizable-

shell radius for the Kerr (top), Cotton–Mouton (middle), and Jones (bottom) effects. The

negative shell radius correspond to gas values. Image taken from Paper IV, currently under

review at Phys. Chem. Chem. Phys.
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Figure 6.8: Averaged contributions to the Kerr, Cotton–Mouton, and Jones optical effects

are seen to converge for an increasing amount of pure acetonitrile liquid snapshots. Image

taken from Paper IV, currently under review at Phys. Chem. Chem. Phys.

snapshots — of the liquid must be included in the set that is supposed to represent how the

liquid evolves in time. One can use a very small interval in time after which two consecutive

snapshots are saved. However, it is clear that in such a case, we would have to include a

very large amount of snapshots to correctly represent the random molecular orientations that

are present in experimental measurements. Instead, we opt to include liquid configurations

that are sufficiently separated in time, so that we are sure of the fact that the snapshots

are uncorrelated. In any case, a proper convergence of molecular properties of interest —

averaged over the set of snapshots — is to be strived for. In that regard, there is no magical

number of snapshots one should include, although we can imagine that larger and less rigid

molecules can be more problematic in terms of convergence, compared to smaller more rigid

molecules.

In Paper IV, we used the converged shell structure from Fig. 6.7 for the pure acetonitrile

liquid, illustrated in Fig. 6.6, and extracted 100 snapshots separated in time from a liquid

simulated under NVT molecular dynamics conditions. At the TD-DFT/CAMB3LYP level

[70–74, 96], the underlying molecular properties that contribute to the Jones, Kerr, and

Cotton–Mouton birefringence observables were calculated for each snapshot. Subsequently,

we estimated the liquid value of the optical effects as the average from the set of 100
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snapshots. In Fig. 6.8, we can see the progression of this statistical sampling. At first,

the average fluctuates greatly for a small amount of liquid snapshots. However, at around

60-70 averaged snapshots, we can observe an asymptotic flattening. The ideal case of course

is a perfect flat line towards the end. Ultimately, the resulting Jones birefringence for

liquid acetonitrile did not prove to be very strong. In fact, our estimate lies below the

resolution limit for the experimental apparatus that was used almost 20 years ago by Roth

and Rikken [58]. In the process, however, we could quantify the extent to which the Kerr

and Cotton–Mouton effects interfere with the Jones measurements, and these predictions

showed promising results, indicating that slightly more sensitive equipment should with ease

be able to distinguish the Jones birefringence in liquid acetonitrile.
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Magnetic circular dichroism

The phenomenon of magnetically induced circular dichroism (MCD) [101–105] is closely

related to the naturally occuring circular dichroism (CD), an optical effect observed for chiral

systems that absorb left and right circularly polarized light to different extent. Chirality

is the particular symmetry property of an object of not having a plane of symmetry. For

instance, helical structures such as DNA, or human hands, are common examples of chiral

objects — they cannot be superposable to their mirror image. In molecular spectroscopy,

the chiral set of objects are more commonly referred to as enantiomers.

As the electron cloud interacts with incoming circularly polarized light, it will be subject

to spiral electric forces and oscillate in helical patterns that are either clockwise or anti-

clockwise. Intuitively, we can imagine that either of the two possible helical motion patterns

will be favored by the structure of one particular enantiomer. Hence, absorption of one type

of circularly polarized light might for certain molecular transitions dominate the other to

an extent. To that end, in a liquid of tumbling chiral molecules that by average represent

all possible orientations, one would observe a differential absorption that maps the ratio of

the enantiomers.

Not all molecules exhibit chirality though, hence not all molecules exhibit CD. However,

an external magnetic field applied on a highly symmetrical system such as benzene, perturbs

the symmetry of the electronic cloud and thus induces CD; see Fig. 7.1. It is certainly not

trivial on a molecular level to predict exactly how the magnetic field affects the molecular

orbitals, but we can attempt to imagine it from a classical perspective, in that charges with

kinetic energy will have an induced circular motion along their path of propagation. Thus,

an approaching circularly polarized electric field may either be “in resonance” or not with

this circular motion.
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Δε left,right

Figure 7.1: Conceptual illustration of magnetic circular dichroism. Molecules exhibit differ-

ential absorption of left and right circularly polarized light as an external magnetic field is

applied.

7.1 Theoretical methodology

Traditionally, the optical MCD signal as observed on the frequency axis has been categorized

by three general spectral features, and these are known as the A-, B-, and C-terms [105]. The

C-terms concern spin-degeneracy splitting of the ground state due to the externally applied

magnetic field. Furthermore, the A-term is defined as the spectral feature stemming from

symmetrical structure-degeneracy of states, that is subsequently broken by the influence of

the magnetic field; it results in a bisecting feature on the MCD profile. In final, the B-term

is characterized by being symmetry independent and occuring for all systems, as it concerns

two close-lying states that are not near-degenerate, but rather interacts to different extent

with either circular light-polarization; it results in absorption-like spectral features that are

of positive or negative signs. A pseudo A-term can sometimes appear due to two close-lying

B-terms of opposite signs.

To quantitatively predict the MCD effect, one measures or calculates the so-called decadic

coefficient, ∆ε, or equivalently the molar ellipticity,

[Θ]M (ω) = 18000 × ln(10)
4π

∆ε(ω) ≈ 3298 ×∆ε(ω) (7.1)

It has been shown [102–104] that the decadic coefficient can be quantified according to

∆ε(ω) = − 8π2NABextω

3 × 1000 × ln 10(4πε0)h̵c0
∑
j

⎧⎪⎪⎨⎪⎪⎩

1

h̵

∂aj(ω)
∂ω

Aj + aj(ω) [Bj +
Cj
kT

]
⎫⎪⎪⎬⎪⎪⎭

(7.2)

that sums the A-, B-, and C-type contributions for excited states j, where aj(ω) is a
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Lorentzian line-shape function,

aj(ω) =
1

π

γ

(ωj − ω)2 + γ2
(7.3)

The C-term we discard entirely as we do not model it. Moreover, the partitioning of the

temperature-independent term into two terms, A and B, has been shown to be redundant

and can be generalized by means of complex-valued (damped) quadratic response functions

[9, 106, 107],

∆ε(ω) = − 8π2NABextω

3 × 1000 × ln 10(4πε0)h̵c0

× εαβγRe⟨⟨µ̂γ; µ̂α, m̂β⟩⟩ω,0 (7.4)

which we understand through the expansion of the linear polarizability in the magnetic field,

ααβ(−ω;ω) = α0
αβ(−ω;ω) + α(m)

αβγ(−ω;ω,0)Bγ + . . . (7.5)

where

α
(m)

αβγ(−ωσ;ω1, ω2) = ⟨⟨µ̂α; µ̂β, m̂γ⟩⟩ω1,ω2 (7.6)

is the magnetic dipole-perturbed polarizability.

The advent of damped quadratic response functions undermines the need for methods

based on the limiting residue and superposed Lorentzian line-shape functions. An assess-

ment has been conducted, regarding the traditionally standard way of quantifying MCD,

and the approach of damped quadratic response functions [108]. The evaluation concludes

that while A- and B-terms are automatically present in the latter method and individu-

ally accounted for in the former method, the explicit distinction between the two transition

types is lost for the damped quadratic response function. Moreover, we note that although

this is an absorptive phenomenon, it is the real component of the response function that is

of interest and not the imaginary component, which is due to the imaginary nature of the

magnetic dipole operator, m̂α ∝ il̂α. Papers V–VIII in this thesis that explores magnetic

circular dichroism have employed the methodology based on orientional averaging of the

damped magnetic dipole-perturbed polarizability, as expressed in Eq. (7.4).

7.2 Efficient large-scale calculations

Since 2008 we have seen major contributions to, and improvements of, the MCD module in

the DALTON program [1]. The first step was leaving the — at that time — standard way of

calculating MCD through sum-over-states expressions, as mentioned in the previous section.

The A- and B-terms spectral features were instead included under one umbrella by utilizing



68 Chapter 7 Magnetic circular dichroism

Figure 7.2: Computed magnetic circular dichroism spectrum of an isolated C60 fullerene

molecule [109] with experimental inset taken from Gasyna et al. [110] conducted in an

argon matrix. Image taken from Paper V.

the damped quadratic response function in the complex-polarization propagator method

that was implemented prior to this endeavor [9]. Solheim and co-workers showed that it is

perfectly fine to consider the MCD observable as a magnetic dipole-perturbed polarizability

instead of a summation over finite resolved transitions [106, 107], making the computational

process appear more as a ’black box’ than before. Improvements to this module came in

the form of optimization of the linear response solver [111, 112] from which we acquire the

linear response vectors that form the quadratic response functions, as detailed in Ref. 9. To

that end, it has been made possible to efficiently acquire resonant-convergent MCD spectra

for systems as large as fullerenes at the TD-DFT level of theory [70–73].

As a means of demonstration of the capability of the improved module, in Paper V we

resolved the MCD spectrum of an isolated C60 fullerene molecule (see Fig. 7.2) at the

Kohn–Sham TD-DFT level, employing the Coulomb-attenuated extension of the B3LYP

exchange–correlation functional [74, 96]. The simulated MCD spectrum is in good agree-

ment with the experimental measurements by Gasyna and co-workers [110], as we reproduce

the features of the three first electric dipole-allowed transitions that are resolved. Relative

oscillator strengths corresponds well with the measured absorption spectrum as we can ob-

serve, in the order of increasing energies, a medium-strong transition, followed by a weaker

transition, and ended by a strong transition. Much like in the measured spectrum, the

MCD signals associated with these three transitions are, in the same order, a strong bisig-
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Figure 7.3: Computed MCD and absorption spectra for 9H-adenine at the TD-DFT level

using B3LYP [96] and CAMB3LYP [74] functionals for various descriptions of the solution.

Image taken from Paper VI.

nate A-term signal, followed by two monosignate B-term signals of opposite signs. In the

experimental spectrum, however, the feature of the first B-term is somewhat suppressed by

the stronger second B-term of opposite sign. Consequently, there is some discrepancy with

the experiment concerning the amplitudes of the these B-terms, in that the clear positive-

to-negative computed profile is not reflected by the experiment. However, oscillations at

≈280 nm in the prelude to the second measured B-term at ≈260 nm is suggestive of the

positive B-term visible in our simulated spectrum.

7.3 Relative stabilities of states predicted through MCD

A topic that had been under debate for some time concerned the relative stability of the two

lowest ππ∗ states of 9H-adenine (the dominating gas-phase tautomer). Fig. 7.3 illustrates

theoretical and experimental spectra for this particular system, taken from Paper VI. These

ππ∗ states are commonly labeled La and Lb, and the problem at hand is that experimental

absorption bands have a tendency to be broad, hence it is sometimes difficult to discern

individual states. However, magnetic circular dichroism spectroscopy presents a unique

solution in that its signed nature unfolds broad absorption bands that facilitates assignment

of distinguished transitions [113]. Fig. 7.4 illustrates an absorption band made up from more

than one overlapping transitions. Through CD or MCD, these states may be differentiated;
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Figure 7.4: Unfolding broad absorption bands through means of CD or MCD.

the utility of computational MCD for chemical analysis is indeed quite clear for these types

of situations.

Studies at the ab initio levels EOMEE-CCSD, EOMEE-CCSD(T), CC2, and CASPT2,

had reported that state La should be located about 0.2 eV higher in energy relative state Lb
[114–118]. However, in Paper VI, we showed that TD-DFT values obtained for various sol-

vent models suggested the opposite ordering with similar energy difference of ≈0.2 eV. Three

additional similar purine derivatives, adenosine, guanine, and guanosine were added to the

investigation with the intent of demonstrating consistency of the computational method

with regard to the optical process at hand. For systems where experimental profiles were

available, the calculated MCD spectra showed good correspondence for all molecules, includ-

ing 9H-adenine. In light of these results, it is fair to suggest that our TD-DFT predictions

of the relative La and Lb stabilities, such that E(La) < E(Lb), is indeed correct.

7.4 Influence of the environment

Experimental measurements of chemical compounds are often performed in a solution, typi-

cally in water, but also alcohols, acetone, and acetonitrile are common solvents. An isolated

molecule solvated in water often exhibits a general relaxation of ground- and excited-state

energies, as potential hydrogen bonds are saturated. The redshift, however, is not necessarily

uniform across the board for excited states.
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Figure 7.5: A polarizable continuum surrounding the purine molecule, with spherical cavities

of original scale used in calculations. Note that in some cases, adjacent hydrogen are included

in a larger cavity.

The solvent can be accounted for in a number of ways. We choose to opt for two different

approaches, and a third in addition that is a combination of the former two. In the first

approach, a polarizable continuum is applied around the system, a concept that is illus-

trated in Fig. 7.5, commonly known as the polarizable-continuum model (PCM). Spheres

are centered at each atom, and in some cases, as is seen in the figure, these spheres also

include bound hydrogen atoms. This polarizable continuum is supposed to encompass the

polarization effects from solvent atoms far away from the solute; see Refs 119 and 120 for

details concerning quadratic response and PCM. In another approach, we insert explicit

quantum mechanically-described water molecules that binds weakly with the solute. The

hybrid combination of these two methods surround also the explicit solvent molecules with

a polarizable continuum. While this can be a powerful technique in terms of a cost/benefit

ratio, it is not uncommon to encounter convergence difficulties. This is in part due to the

complication that small problematic cavities may be introduced, in particular for non-rigid

sprawling systems and explicit solvent molecules.

In Papers VII and VIII, we assess MCD solvation effects on a set of DNA related systems,

including derivatives of purine and uracil. Calculations are performed at the TD-DFT [70–

73] level, employing both B3LYP [96] and the Coulomb-attenuated extension, CAMB3LYP
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Figure 7.6: Uracil, 2-thiouracil, 4-thiouracil, and 2,4-dithiouracil; water solvent molecules

are illustrated for the 2-thiouracil system. Image taken from Paper VIII.

[74], as exchange–correlation functionals. Among the two DFT functionals, CAMB3LYP

produces qualitatively better results with respect to experiment. This is especially evident

for uracil in Paper VII and its thionated derivatives in Paper VIII, as the B3LYP functional

is outperformed by the CAMB3LYP functional with regard to general shape of the MCD

profile.

Concerning our three models of the solvent surrounding the solute, the first thing that

should be noted is that, even in vacuum, the CAMB3LYP functional managed to reproduce

the general shapes of the MCD profiles. Furthermore, in absolute values, MCD intensities

tend to be better reproduced or equally well reproduced in vacuum for some compounds

studied in Paper VII (Paper VIII only presents normalized intensities due to difficulties in

determining actual experimental magnitudes). Indeed, the intensities are generally some-

what overestimated by the two PCM-based solvent descriptions, something which has also

previously been reported for linear response [121, 122]. However, absolute excitation ener-

gies are in most cases slightly better reproduced by the hybrid approach with PCM. The

overall cost/benefit ratio is rather high though as the hybrid solvent model is significantly

improving the general profile shape only in the rare cases when compared to the other

two solvent methods. On the other hand, the results from solely explicit water solvent

molecules are quite good for absolute intensities and qualitatively uphold an acceptable

standard throughout the series concerning general profile shapes.
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7.5 Effects on uracil MCD spectrum through thiona-

tion

The DNA nucleobase uracil, depicted leftmost in Fig. 7.6, contains two oxygen atoms at de-

fined sites 2 and 4. Derivatives of this molecule (also illustrated in said figure), 2-thiouracil,

4-thiouracil, and 2,4-dithiouracil, are formed by replacing the oxygens at sites 2 or 4, or at

both 2 and 4, with sulfur atoms. We refer to this chemical substitution as thionation, and

in Paper VIII we investigate its effect on the MCD spectra of uracil.

The redshift due to thionation on site 4 was demonstrated to be stronger than on site

2, amounting to 1.1 and 0.8 eV, respectively. Moreover, the redshift as a consequence of

double-thionation as in 2,4-dithiouracil, 1.5 eV, is close to the sum of the individual cases

of single-thionation, although evidently not perfectly addative.
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Random Phase Approximation. Chem. Phys. Lett., 242:7–16, 1995.

[14] P. Norman, D. Jonsson, O. Vahtras, and H. Ågren. Non-Linear Electric and Magnetic
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ABSTRACT: A complex polarization propagator approach has been developed to third order
and implemented in density functional theory (DFT), allowing for the direct calculation of
nonlinear molecular properties in the X-ray wavelength regime without explicitly addressing
the excited-state manifold. We demonstrate the utility of this propagator method for the
modeling of coherent near-edge X-ray two-photon absorption using, as an example, DFT as
the underlying electronic structure model. Results are compared with the corresponding near-
edge X-ray absorption fine structure spectra, illuminating the differences in the role of
symmetry, localization, and correlation between the two spectroscopies. The ramifications of
this new technique for nonlinear X-ray research are briefly discussed.

While nonlinearity in the interaction between matter and
electromagnetic fields has become a very important and

much attended research field in the optical region, with a broad
scope of technical applications, comparatively little is yet known
about the theoretical or practical aspects of nonlinearity in the
X-ray regime. With the enormous radiation intensity of modern
synchrotron sources and X-ray free electron lasers, this situation
will certainly change and open new fundamental and applied
research avenues in the realm of nonlinear X-ray spectroscopy
and optics.1−12

Among the variety of nonlinear effects, coherent two-photon
absorption (TPA) is one of the most cherished processes with
numerous technical applications that, in the infrared (IR)−
optical regime, are derived from the fact that the two-photon
cross section depends quadratically on the intensity of the
exciting light and that fundamental excitations can be reached
by applying two photons of half the wavelength, thereby
considerably increasing the confocality and the penetrability of
materials and tissue. In the area of optical materials,
applications include optical power limiting, upconverted lasing,
confocal spectroscopy, three-dimensional (3D) data storage,
3D imaging, singlet-oxygen therapy, and fluorescence mark-
ing.13,14 Comparatively little is known about the theoretical and
practical aspects of nonlinear effects in the X-ray region, but
with the installation of fourth-generation synchrotron sources,
one can foresee that the implementation of two- or
multiphoton X-ray absorption can offer confocal imaging in
unprecedented detail at the atomic or subatomic scale. New
effects and processes will likely be revealed, such as
manipulation at ultrasmall, even atomic-scale, confinements
(“X-ray scissors” or “X-ray tweezers”) as well as ultrasharp 3D
imaging using confocal X-ray two-photon absorption (XTPA).
The change of penetration depth and avoidance of self-
absorption may open unexplored possibilities for two-photon

induced X-ray fluorescence marking and imaging, and there are
many new aspects to be considered such as field splitting and
broadening of spectral lines.10−12

As for modeling of X-ray absorption and emission processes,
the strong valence relaxation and also the embedding of
semibound core excited states in the valence-ionized continuum
are complicating factors to address. Treatments of relaxation
effects have traditionally favored state-specific methods, where
the core-hole induced relaxation is accounted for by self-
consistent field procedures,15,16 but which leads to non-
orthogonal and interacting states. Propagator, or response,
technologies pose a viable and universal alternative to such
state-by-state evaluations of spectra, without explicitly address-
ing the excited states, requiring only a ground-state
optimization, and maintaining favorable features such as state
orthogonality, size consistency, sum rules, and operator gauge
invariance.17 Furthermore, being applicable and implemented
to all standard electronic structure methods (wave function and
density based), they currently form the standard in
spectroscopic calculations.18

One way to calculate propagators in the X-ray regime is to
impose restrictions on the excitation channels based on a core−
valence separation.19,20 As shown by the present authors,21,22 it
is also possible to reach full channel solutions (complete
random phase approximation) by extending the propagator
theory into the complex domain.23,24 By going from a real
resonance-divergent propagator theory to its complex counter-
part, absorption spectra are obtained directly from the
imaginary part of the polarization tensor, without having to
determine eigenvalues of the electronic Hessian. This technique
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has by now shown its versatility as a precise computational tool
for linear X-ray absorption spectroscopy.
In the present work, we generalize the complex polarization

propagator (CPP) approach to third order and demonstrate its
applicability to coherent near-edge XTPA by providing
benchmark results for the cross sections of a series of small
systems including neon, hydrogen fluoride, water, and silane.
We provide a brief presentation of the basics of the relevant
theory as expressed in the exact-state basis. All details regarding
the derivation and implementation of the nonlinear CPP in the
approximate time-dependent density functional theory (DFT)
framework is, however, left out and will appear in a subsequent
publication.
The induced macroscopic polarization can be written as

= +P P PL NL (1)

where a division is made between the linear and nonlinear parts
that also constitute a separation between single- and multi-
photon absorption processes. When the electric susceptibilities
are introduced, the components of the polarization vector
oscillating with frequency ω are expressed in terms of a Taylor
series in the electric field strengths
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The nonlinear polarization also contains other frequencies, but
none of these contribute to the absorption of radiation, which is
related to the induced current density according to
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where linear and nonlinear absorption coefficients have been
introduced. When the time-averaging integration ⟨...⟩T over one
period of oscillation is carried out, expressions for the
absorption cross sections for a randomly oriented molecular
sample with number density N are identified as

σ ω α ω ω
ε

χ ω ω

ω
ε

α ω ω

= = −

= ̅ −

N c N

c

( )
1

( ) Im[ ( ; )]

Im[ ( ; )]

(1) (1)

0 0

(1)

0 0 (4)

σ ω ω α ω ω
ε

χ ω ω ω ω

ω
ε

γ ω ω ω ω

= ℏ = ℏ − −

= ℏ
̅ − −

N c N

c

( ) ( )
4

Im[ ( ; , , )]

4
Im[ ( ; , , )]

(2) (2)
2

0
2

0
2

(3)

2

0
2

0
2

(5)

where, in the last step, we have introduced the isotropic tensor
averages of the molecular polarizability, α ̅ , and second-order
hyperpolarizability, γ ̅ .
Conventional time-dependent DFT is based on the

Schrödinger equation under the assumption of an infinite
lifetime of all excited states, leading to response functions that
are real-valued and divergent under conditions of resonance.
The introduction of spontaneous and collision-induced
relaxation in quantum mechanics is achieved in the Liouville
density matrix formulation, leading to response functions that

are complex-valued and provide a sound description also when
the external electromagnetic fields are in resonance with
transition frequencies in the system. A wave function based
complex polarization propagator based on the Ehrenfest
theorem has been presented by Norman and co-workers.18,24

The CPP approach is the wave function correspondence of
response theory in the density matrix formalism for pure states
with the advantage of serving as the foundation for the
development of approximate state methods in quantum
chemistry. Apart from the CPP approach, damped linear and
nonlinear response functions have also been developed in the
quasi-energy framework25,26 and a density matrix based time-
dependent DFT formalism.27 In these approaches, a pragmatic
damping of resonances is introduced by the introduction of
complex excitation energies that results in similar expressions
for response functions, although one can note that an
argumentative damping of higher-order Hessian matrices is
required,25 which leads to detailed matrix equations that differ
in their details in comparison to those arising from the CPP
approach. We report here the derivation and implementation of
second-order nonlinear response function in the CPP Kohn−
Sham DFT framework, allowing for the calculation of the
complex hyperpolarizability with a sum-over-states expression
that is equal to
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where μ̂α denotes the electric-dipole operator along molecular
axis α (with an overbar to denote a corresponding fluctuation
operator), and ℏωn0 and γn are the excitation energy and
inverse lifetime of excited state |n⟩, respectively.
The possibility of determining the ground-state hyper-

polarizability by eq 6, or rather its counterpart in the DFT
approximation, offers a direct way to calculate the TPA cross
section in eq 5 in the visible, ultraviolet, and X-ray regions of
the spectrum without optimizing anything more than the
ground-state electron density as well as solving sets of standard
linear response equations (see ref 28 for details regarding how
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this can be done efficiently). This approach stands in stark
contrast to the conventional technique used to determine TPA
spectra that involves the calculation of two-photon matrix
elements, involving an explicit reference to the final state as well
as its coupling to all intermediate excited states. With targeted
final states that are core excited and embedded in a continuum
of valence-ionized states, this approach is severely hampered; a
core−valence separation, which has proven accurate in the
linear regime,20 is difficult to adopt here because the coupling
to all intermediate states needs to be accounted for. We believe
that our proposed CPP approach will be a boon to theoretical
work in nonlinear X-ray spectroscopy, illustrated in the present
work by calculations of the X-ray two-photon absorption
spectra of a series of small molecules.
Structure optimizations of water (H2O), hydrogen fluoride

(HF), and silane (SiH4) were done with Dunning’s correlation-
consistent basis sets29 taug-cc-pVTZ, taug-cc-pVTZ, and cc-
pVTZ, respectively, at the DFT/B3LYP30 level of theory.
Property calculations were performed with use of a Coulomb-
attenuated B3LYP31 functional parametrized with 100%
asymptotic exact exchange (CAM-B3LYP100%) as described in
ref 22 to account for the hole−electron Coulomb interaction;
this level of theory has proven to provide near-edge X-ray
absorption fine structure (NEXAFS) spectra of coupled cluster

singles and doubles (CCSD) quality as long as overall spectral
shifts are applied to remedy effects of DFT self-interaction.32

Benchmark work is required to assess the quality of DFT
results in regard to nonlinear X-ray spectroscopies, but this is
beyond the scope of the present work, and future studies need
to be conducted. In the present work, all applied spectral shifts
are given in the figure legends. The taug-cc-pVTZ basis set was
used for the calculation of molecular spectra, and for neon
(Ne), this basis set was further augmented with core polarizing
orbitals, taug-cc-pCVTZ, as well as Rydberg s- and p-functions
as suggested by Kaufmann et al.33 All calculation were
performed with a local version of the Dalton program.34

The experimental NEXAFS spectrum of Ne35 shows three
distinct Rydberg transitions 1s → np (n = 3, 4, 5) that are,
energy- and intensity-wise, all well reproduced in the theoretical
spectrum (see Figure 1a). The quality of the CAM-B3LYP100%

spectrum reaches that of the CCSD spectrum presented
previously by us.36 A comparison with the corresponding
XTPA spectrum in Figure 1a shows the stark differences in
atomic selection rules between one- and two-photon absorption
spectroscopies. The relevant expression for the coherent two-
photon transition matrix element is

Figure 1. NEXAFS and XTPA spectra for (a) neon, (b) hydrogen fluoride, (c) water, and (d) silane in the gas phase.
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which shows that the lowest 1s → 3s peak at 865.3 eV in the
theoretical XTPA spectrum has two main contributing
excitation channels namely (i) core-excitation 1s→ 3p followed
by valence de-excitation 3p → 3s and (ii) valence excitation 2p
→ 3s followed by core-excitation 1s→ 2p. The next peak in this
Rydberg series, i.e., 1s → 4s, is found at 868.1 eV and is
significantly less intense. The near-edge XTPA spectrum of Ne
is dominated by the strong band at 869.5 eV associated with the
1s → 3d transition for which the two main contributing
excitation channels are (i) core-excitation 1s → 3p followed by
valence excitation 3p → 3d and (ii) valence excitation 2p → 3d
followed by core-excitation 1s → 2p.
The experimental NEXAFS spectrum of HF shows three

distinct peaks in terms of the 4σ* transition to the nonbonding
molecular orbital and the atomic Rydberg 3p and 4p
transitions.37 Our theoretical spectrum stands in good agree-
ment in terms of relative intensities but shows a too small
separation (by some 0.8 eV) between the first and second peak.
Unlike Ne, the first transition is not atomic-like, and it is
therefore both one- and two-photon allowed. In fact, it is seen
in Figure 1 to be the dominant spectral feature in both
NEXAFS and XTPA spectra. The np Rydberg transitions are
two-photon forbidden, and instead we note a spectrally rich
region between 345−347 eV associated with Rydberg
transitions with Δl = 0, 2.
The experimental NEXAFS spectrum of gaseous H2O

38

shows three distinct peaks, namely, 4a1, 2b2, and Rydberg state
2b1. A comprehensive theoretical X-ray absorption study of
water in gas, liquid, and solid phases has been presented by
Fransson et al.,39 revealing that the CAM-B3LYP100% spectrum
does not quite match the accuracy of the CCSD spectrum.
While intensities are well described, the transition energy of the
Rydberg transition is underestimated by some 0.5 eV at the
DFT level (see Figure 1c). The lowest 4a1 band associated with
a core electron excitation to the bond polarized σ*-orbital is
both one- and two-photon active; in fact, it is the dominating
feature in the XTPA spectrum. The 2b2 transition, on the other
hand, is two-photon inactive, and the first Rydberg transition
2b1 is weak in two-photon mode. It is clear that the XTPA
spectrum is affected by a “background” signal causing the
spectrum to slope. The reason for this is the appearance of an
unphysical one-photon resonance in relative proximity of the
two-photon region. Because we adopt a localized basis set, the
continuum will become discretized and can coincidentally
overlap with the XTPA spectrum. The identification of the
XTPA spectrum is unproblematic in this case by disregarding
the slope, but this issue can also be technically avoided by the
exclusion of electron excitation operators in the propagator that
are associated with high-energy valence excitations (≳ 100 eV).
The experimental near-gas-phase silicon K-edge spectrum for

SiH4 shows three peaks attributed as t2 and Rydberg 4p and
5p,40 which are all well captured in the theoretical spectrum in
Figure 1d. Silane spans the Td point group, and due to this high
degree of symmetry, the NEXAFS and XTPA are comple-
mentary and nonoverlapping, like in the atom. For XTPA, it is
the a1 transition that is seen in the spectrum at an energy of
about 1843 eV.
Comparing σ(2) results for the different systems, we note

that, out of the assigned peaks discussed above, the 3d

transition in Ne is the most intense (100%), followed by the
4a1 transition in H2O (19%), the 4σ* transition in HF (16%),
and the a1 transition in SiH4 (2.5%).
By the derivation and implementation of the second-order

nonlinear complex polarization propagator, we have demon-
strated that first-principles calculations of X-ray two-photon
absorption cross sections become a straightforward matter. Our
first results obtained for neon and a series of small and highly
symmetric molecules reveal the complementarity of one- and
two-photon X-ray absorption spectroscopies in their probing of
different electronically excited states. We expect that our work
provides a first breakthrough in theoretical nonlinear X-ray
sciences to be followed by that of many others with the aim of
reaching the same level of advanced theoretical support
platform as we see today in linear X-ray spectroscopies. Such
development will be crucial for optimizing the scientific output
of the fourth-generation synchrotron sources and X-ray free
electron lasers that have arrived or are being built.
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The second-order nonlinear (or cubic) response function is derived from the Ehrenfest theorem with
inclusion made of the finite lifetimes of the excited states, representing the extension of the deriva-
tion of the quadratic response function in the same framework [P. Norman et al., J. Chem. Phys.
123, 194103 (2005)]. The resulting damped response functions are physically sound and converging
also in near-resonance and resonance regions of the spectrum. Being an accurate approximation for
small complex frequencies (defined as the sum of an optical frequency and an imaginary damping
parameter), the polynomial expansion of the complex cubic response function in terms of the said
frequencies is presented and used to validate the program implementation. In terms of approximate
state theory, the computationally tractable expressions of the damped cubic response function are
derived and implemented at the levels of Hartree–Fock and Kohn–Sham density functional theory.
Numerical examples are provided in terms of studies of the intensity-dependent refractive index of
para-nitroaniline and the two-photon absorption cross section of neon. For the latter property, a numer-
ical comparison is made against calculations of the square of two-photon matrix elements that are
identified from a residue analysis of the resonance-divergent quadratic response function. Published
by AIP Publishing. https://doi.org/10.1063/1.4991616

I. INTRODUCTION

Applied technology based on nonlinear optical phenom-
ena has experienced several innovations in recent years.1,2

Restricting attention to those that are microscopically depen-
dent on the second-order nonlinear hyperpolarizability, we
note a few examples in terms of 3D-memory,3–6 optical power-
limiting,7–11 and optical image processing.12–15 In the process
of turning an innovative technology into mature products, there
is a long and arduous stage of material optimization during
which rational design strategies based on a microscopic under-
standing of material structure-to-property relations are invalu-
able. Theoretical simulations play a key role in this step of the
process, and it comes therefore as no surprise that large efforts
are spent on the development of accurate methods and method-
ologies to determine nonlinear optical response functions of
molecular materials.16–20

The derivation and program code developments of
response theory dates back a long time. Focusing on the
cubic response function, Sekino and Bartlett pioneered the
field with their coupled-perturbed Hartree–Fock (CPHF) for-
mulation of hyperpolarizabilities [equivalent to the time-
dependent Hartree–Fock (TD-HF) approach and the random
phase approximation (RPA)] in the 1980s,21–23 and a simi-
lar development was made by Karna and Dupuis.24,25 It can

a)Electronic mail: tobiasfa@kth.se
b)Electronic mail: panor@kth.se

be noted that these studies rest on the single-determinant
self-consistent field (SCF) approximation that forms a com-
mon denominator in between Hartree–Fock and Kohn–Sham
density functional theory (DFT) and working equations there-
fore take a very similar form in these two cases. Nonlinear
DFT response theory was first formulated and implemented
by van Gisbergen et al. by the end of the 1990s26,27 and
was later generalized to encompass more general exchange-
correlation functionals.28,29 Today, we see computationally
efficient and recursive formulations of response theory at the
DFT level that are open-ended with respect to the order of the
perturbation.30,31

The quasi-energy formulation of response theory is
rooted in the early studies of Hayes and Langhoff and co-
workers,32,33 and it has enabled the derivation of frequency
dependent response functions for non-variational wave func-
tions. Sasagane and co-workers34,35 demonstrated an imple-
mentation of nonlinear response functions at the level of
Møller–Plesset theory, and the quasi-energy formulation by
Christiansen et al.36 spurred a corresponding development
based on a hierarchy of coupled cluster reference states.37–39

For correlated multi-reference state methods (and thereby also
including the SCF approximation), the Ehrenfest formalism as
presented by Olsen and Jørgensen40 in 1985 laid the theoretical
foundation, and program implementations of cubic response
functions eventually followed as a result.41–44

Concerning the Ehrenfest formulation of response the-
ory, an observation was made in 2005 by Norman and co-
workers45 where they noticed that the governing equations of
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motion in this approach can be re-cast into a form identical to
what one finds in the Liouville density matrix formulation of
quantum mechanics (with a restriction made to treat ensem-
bles described by pure states). This led them to be able to
take into account relaxation phenomena and the finite life-
times of excited states into wave function dynamics, resulting
in the complex polarization propagator (CPP) approach (or,
alternatively, damped response theory) that provides a phys-
ically correct description of wave function responses also
in near-resonant and resonant regions of the spectrum. For
the linear and first-order nonlinear response functions, this
extension of the response theory has been introduced in sin-
gle as well as multi-reference state methods,45 but for the
second-order nonlinear response functions, implementations
are limited to the single-determinant Hartree–Fock and Kohn–
Sham approximations.46–48 Neither of these implementations
of the damped cubic response function is in fact based on
the Ehrenfest formulation, and damping is added to the the-
ory in a more ad hoc manner than by relaxation mechanisms
in the governing equations of motion. In a letter, we have
recently presented the application of the complex second-
order hyperpolarizability in the Ehrenfest formulation to the
calculation of two-photon absorption cross sections in the
near-edge X-ray regions of first-row elements.49 In this full
article, we provide the details of the underlying derivation and
implementation.

In Secs. II–IV, we will first derive the cubic response
function on the basis of exact states of the unperturbed Hamil-
tonian to arrive at a sum-over-states expression. We will then
present the analogous derivation of the cubic response func-
tion in the single-determinant approximation, and we point
out, in principle, the relatively few program code modifi-
cations that need to be done given that we already have
an operational code for complex quadratic and real cubic
response functions. We provide a polynomial expansion of
the complex cubic response function that will be accurate for
small complex frequencies (a complex frequency is defined
as the sum of an optical frequency and an imaginary damp-
ing term). While derived on the basis of exact states, the
resulting expression holds true also in the presented numer-
ical calculations using approximate states, and it can thus be
used for the purpose of program code verification. Numerical
example results are presented for two systems, namely, para-
nitroaniline (pNA) and neon. For the latter system, we will
present results for the two-photon absorption cross section as
obtained from the complex second-order hyperpolarizability
γ(�ω;ω,�ω,ω) as well as from the first-order residue of the
real first-order hyperpolarizability β(�ωσ;ω1,ω2). The latter
technique is based on a focused selection of resonant terms
in the γ(�ω;ω,�ω,ω) tensor that is dominant for small val-
ues of the damping terms. Here, we present a quantitative
numerical comparison of results obtained with the two dif-
ferent approaches and illustrate their pros and cons for applied
work.

II. RESPONSE THEORY

This section presents the cubic response function for
exact-state and for single-determinant, approximate-state

wave functions. We adopt conventions and notations that stay
close to previous studies on the topic,40,41,45,50 but, in order
to make the present work a bit more self-contained, we repeat
many of the definitions.

A. Exact-state formalism

The external (or internal) electromagnetic fields perturb-
ing the molecular system are treated in the semi-classical
approximation. The frequencies ω and corresponding field
strengths Fω couple to the quantum-mechanical molecular
system by means of the operator V̂ω according to

V̂ (t) =
∑
ω

V̂ω
α Fωα e−iωteε t , (1)

where the sum runs over all frequency components of the radia-
tion and ε is a positive infinitesimal for which exp(ε t) warrants
a vanishing perturbation at t = −∞. This perturbation operator
adds to the unperturbed time-independent Hamiltonian,

Ĥ = Ĥ0 + V̂ (t). (2)

In order to maintain Hermicity of the perturbation, the field
amplitudes must fulfill (Fωα )† = F−ωα . Prior to the applica-
tion of the field, the system is in the ground state |ψ(−∞)〉
= |0〉, and, at a general time t, it is parametrized by uni-
tary transformations within the set of eigenstates {|0〉 , . . . ,
|m〉},40

|ψ(t)〉 = e−iP̂(t) |0〉 , (3)

where the Hermitian operator P̂(t) is defined as

P̂(t) =
∑
n>0

[
Pn(t)|n〉〈0| + P∗n(t)|0〉〈n|

]
(4)

and for which the parameters Pn(t) are commonly referred to as
state-transfer amplitudes.33 The master equation from which
the time-dependent wave function parameters are solved is in
CPP theory, the Ehrenfest equation with an additional damping
term representing the rate of relaxation,

∂

∂t
〈ψ(t)|Ω̂|ψ(t)〉 =

1
i~
〈ψ(t)|

[
Ω̂, Ĥ

]
|ψ(t)〉 + 〈ψ(t)|

∂Ω̂

∂t
|ψ(t)〉

− γ
[
〈ψ(t)|Ω̂|ψ(t)〉 − 〈ψeq |Ω̂|ψeq〉

]
. (5)

This equation can be straightforwardly solved for the unknown
state-transfer amplitudes in the wave function by choosing Ω̂
from the set of corresponding state-transfer operators {|0〉〈n|}.
This choice leads the terms two and four in the right-hand
side of Eq. (5) to vanish. A series of useful relations in
this exercise contains the Baker–Campbell–Hausdorff (BCH)
expansion,

eiP̂(t)
Ω̂e−iP̂(t) = Ω̂ + i

[
P̂, Ω̂

]
−

1
2

[
P̂,

[
P̂, Ω̂

] ]

+ i
1
6

[
P̂,

[
P̂,

[
P̂, Ω̂

] ] ]
+ · · · (6)

and also
[
Ω̂, Ĥ0

]
= ~ωn0Ω̂, (7)
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〈0|
[
P̂, Ω̂

]
|0〉 = −Pn, (8)

〈0|
[
P̂,

[
P̂, Ω̂

] ]
|0〉 = 0, (9)

〈0|
[
P̂,

[
P̂,

[
P̂, Ω̂

] ] ]
|0〉 = −4Pn

∑
m>0

|Pm |
2. (10)

By introducing an expansion of state-transfer amplitudes in
order of the perturbation,

Pn(t) = P(1)
n (t) + P(2)

n (t) + P(3)
n (t) + · · · , (11)

we are able to determine the corresponding order-expansion
in the wave function

���ψ
(0)

〉
= |0〉, (12)

���ψ
(1)

〉
= −i

∑
n>0

P(1)
n |n〉, (13)

���ψ
(2)

〉
= −i

∑
n>0

P(2)
n |n〉 −

1
2

∑
n>0

|P(1)
n |

2
|0〉, (14)

���ψ
(3)

〉
= −i

∑
n>0

P(3)
n |n〉 −

1
2

∑
n>0

(
P(1)

n P∗(2)
n + P∗(1)

n P(2)
n

)
|0〉 +

i
6



∑
n>0

|P(1)
n |

2


∑
n>0

P(1)
n |n〉. (15)

The rather lengthy intermediate steps are left out in the order-by-order derivation of the needed explicit expressions of the
amplitudes, but the final result for the third-order amplitudes reads as

P(3)
n = −i

1

~3

∑
ω1,ω2,ω3

e−iωσ tFω1
α Fω2

β Fω3
γ




∑
m,p>0

[ 〈n|V̂ω1
α |m〉〈m|V̂

ω2
β |p〉〈p|V̂

ω3
γ |0〉

(ωn0 − ωσ − iγn0)(ωm0 − (ω2 + ω3) − iγm0)(ωp0 − ω3 − iγp0)

]

−
〈n|V̂ω1

α |0〉
(ωn0 − ωσ − iγn0)

∑
m>0

[ 〈0|V̂ω2
β |m〉〈m|V̂

ω3
γ |0〉

(ωm0 + ω2 + iγm0)(ωn0 − ω1 − iγn0)

]
−

〈n|V̂ω1
α |0〉

(ωn0 − ωσ − iγn0)

×
∑
m>0

[ 〈0|V̂ω2
β |m〉〈m|V̂

ω3
γ |0〉

(ωm0 +ω2 + iγm0)(ωm0 −ω3 − iγm0)

]
+

2
3

〈n|V̂ω1
α |0〉

(ωn0 −ω1 − iγn0)

×
∑
m>0

[ 〈0|V̂ω2
β |m〉〈m|V̂

ω3
γ |0〉

(ωm0 +ω2 + iγm0)(ωm0 −ω3 − iγm0)

] 


, (16)

and the corresponding expressions for the lower-order amplitudes are found in Ref. 45.
We are now ready to form the contributions to a general observable (expectation value) that are of third-order in the

perturbation,

〈Ω̂〉
(3)
= 〈ψ(3) |Ω̂|ψ(0)〉+ 〈ψ(2) |Ω̂|ψ(1)〉+ 〈ψ(1) |Ω̂|ψ(2)〉+ 〈ψ(0) |Ω̂|ψ(3)〉= 〈0|

(
i

[
P̂(3), Ω̂

]
−

1
2

( [
P̂(2),

[
P̂(1), Ω̂

] ]
+

[
P̂(1),

[
P̂(2), Ω̂

] ] )

+ i
1
6

[
P̂(1),

[
P̂(1),

[
P̂(1), Ω̂

]]] )
|0〉 = i

∑
n>0

{
*
,
P∗(3)

n −
2
3

P∗(1)
n

∑
m>0

|P(1)
m |

2+
-
〈n|Ω̂|0〉 − *

,
P(3)

n −
2
3

P(1)
n

∑
m>0

|P(1)
m |

2+
-
〈0|Ω̂|n〉

}

+
∑

n,m>0

(
P∗(1)

n P(2)
m + P∗(2)

n P(1)
m

)
〈n|Ω̂|m〉 = i

∑
n>0

{
D∗(3)

n 〈n|Ω̂|0〉 − D(3)
n 〈0|Ω̂|n〉

}

+
∑

n,m>0

(
P∗(1)

n P(2)
m + P∗(2)

n P(1)
m

)
〈n|Ω̂|m〉, (17)

where we have introduced

D(3)
n = P(3)

n −
2
3

P(1)
n

∑
m>0

|P(1)
m |

2
. (18)

The cubic response function is finally identified from

〈Ω̂〉
(3)
=

1
6

∑
ω1,ω2,ω3

〈〈Ω̂α; V̂ω1
β , V̂ω2

γ V̂ω3
δ 〉〉F

ω1
β Fω2

γ Fω3
δ e−i(ω1+ω2+ω3)te3ε t , (19)

which gives
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〈〈Ω̂; V̂ω1
β , V̂ω2

γ , V̂ω3
δ 〉〉

= −
1

~3

∑
P̂1,2,3




∑
n,m,p>0



〈0|Ω̂|n〉〈n|V̂ω1
β |m〉〈m|V̂

ω2
γ |p〉〈p|V̂

ω3
δ |0〉

(ωn0 −ωσ − iγn0) (ωm0 − (ω2 +ω3) − iγm0)
(
ωp0 −ω3 − iγp0

)
+

〈0|V̂ω1
β |n〉〈n|Ω̂|m〉〈m|V̂

ω2
γ |p〉〈p|V̂

ω3
δ |0〉

(ωn0 +ω1 + iγn0) (ωm0 − (ω2 +ω3) − iγm0)
(
ωp0 −ω3 − iγp0

)
+

〈0|V̂ω3
δ |n〉〈n|V̂

ω2
γ |m〉〈m|Ω̂|p〉〈p|V̂

ω1
β |0〉

(ωn0 +ω3 + iγn0) (ωm0 + (ω2 +ω3) + iγm0)
(
ωp0 −ω1 − iγp0

)
+

〈0|V̂ω3
δ |n〉〈n|V̂

ω2
γ |m〉〈m|V̂

ω1
β |p〉〈p|Ω̂|0〉

(ωn0 +ω3 + iγn0) (ωm0 + (ω2 +ω3) + iγm0)
(
ωp0 +ωσ + iγp0

) 

−
∑

n,m>0



〈0|Ω̂|n〉〈n|V̂ω1
β |0〉〈0|V̂

ω2
γ |m〉〈m|V̂

ω3
δ |0〉

(ωn0 −ωσ − iγn0)(ωm0 +ω2 + iγm0)(ωm0 −ω3 − iγm0)
+

〈0|V̂ω1
β |n〉〈n|Ω̂|0〉〈0|V̂

ω3
δ |m〉〈m|V̂

ω2
γ |0〉

(ωn0 + ωσ + iγn0)(ωm0 + ω3 + iγm0)(ωm0 − ω2 − iγm0)

+
〈0|V̂ω2

γ |n〉〈n|V̂
ω3
δ |0〉〈0|Ω̂|m〉〈m|V̂

ω1
β |0〉

(ωn0 +ω2 + iγn0) (ωm0 −ωσ − iγm0) (ωm0 −ω1 − iγm0)
+

〈0|V̂ω3
δ |n〉〈n|V̂

ω2
γ |0〉〈0|V̂

ω1
β |m〉〈m|Ω̂|0〉

(ωn0 −ω2 − iγn0) (ωm0 +ω1 + iγm0) (ωm0 +ωσ + iγm0)






.

(20)

We note that we have enforced intrinsic symmetry with use
of the permutation operator

∑
P̂1,2,3 that permutes the pairs

{V̂ω1
α ,ω1}, {V̂

ω2
β ,ω2}, and {V̂ω3

γ ,ω3}. In addition, the fluc-

tuation operator Ω̂ = Ω̂ − 〈0|Ω̂|0〉 has been introduced.
From the cubic response function, one can determine a mul-
titude of different molecular properties, e.g., the second-order
electric-dipole hyperpolarizability that is equal to

γαβγδ(−ωσ;ω1,ω2,ω3) = −〈〈µ̂α; µ̂β , µ̂γ, µ̂δ〉〉ω1,ω2,ω3 .

(21)

B. Approximate-state formalism

In this section, an approximate-state expression for the
cubic response function will be derived for single-determinant
electron methods such as Hartree–Fock and DFT, and it
will be represented in terms of an implied finite basis, such
that the wave function is converged in a subspace of the
complete Hilbert space within which the exact-state wave
function is constructed. The corresponding wave function
parametrization to that given in Eq. (3) is

|ψ(t)〉 = e−iκ̂(t) |0〉, (22)

where the Hermitian operator κ̂(t) is defined in terms of
a sum of electron excitation and de-excitation operators in
between secondary (orbital index s) and inactive (orbital index
i) electronic states,

κ̂(t) =
unocc∑

s

occ∑
i

[
κsi(t)â

†
s âi + κ∗si(t)â

†

i âs

]
. (23)

Analogous to Sec. II A, the state-transfer amplitudes κn(t) are
found by solving the Ehrenfest equation for electronic state

transfer operators t̂n,

∂

∂t
〈ψ(t)|t̂n |ψ(t)〉 − 〈ψ(t)|

∂

∂t
t̂n |ψ(t)〉

=
1
i~

[
〈ψ(t)|[t̂n, Ĥ0]|ψ(t)〉 + 〈ψ(t)|[t̂n, V̂ (t)]|ψ(t)〉

]

− γn〈ψ(t)|t̂n |ψ(t)〉. (24)

A difference in comparison with the exact state case treated
above is that we here, by choice, make use of time-transformed
operators51

t̂†n = e−iκ̂(t)q̂†neiκ̂(t); q̂†n = â†s âi (25)

in order to fulfill certain dipole-equivalence relations in the
limit of an exact basis set.40 It is a common practice to intro-
duce an index n that runs over positive and negative integer
values (excluding zero) such that with implied summation, we
can write

κ̂(t) = κn(t)q̂†n = κ
∗
n(t)q̂n; t̂−n = t̂†n ; κ−n(t) = κ∗n(t). (26)

In order to solve Eq. (24), each term must be individually
evaluated.40 To begin with, the first term in the left-hand side
vanishes since

∂

∂t
〈ψ(t)|t̂n |ψ(t)〉 =

∂

∂t
〈0|eiκ(t)te−iκ(t)t q̂neiκ(t)te−iκ(t)t |0〉

=
∂

∂t
〈0|q̂n |0〉. (27)

The second term yields
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−〈ψ(t)|
∂

∂t
t̂n |ψ(t)〉

= −

∞∑
k=0

ik+1

(k + 1)!
〈0|[q̂n, κ̂k ˙̂κ]|0〉

= −

∞∑
k=0

ik+1

(k + 1)!
〈0|[q̂n,

k∏
j=1

q̂†lj q̂
†
m]|0〉κ̇m

k∏
j=1

κlj

= −

∞∑
k=0

ik+1S[k+2]
nml1...lk

κ̇m

k∏
j=1

κlj , (28)

where a generalized overlap matrix has been defined as

S[k+2]
nml1...lk

=
1

(k + 1)!
〈0|[q̂n,

k∏
j=1

q̂†lj q̂
†
m]|0〉, (29)

and so-called super operators q̂†lj are introduced as

q̂†lj Â =
[
q̂†lj , Â

]
. (30)

The first term on the right-hand side equals

1
i~
〈ψ(t)|[t̂n, Ĥ0]|ψ(t)〉

=
1
i~
〈0|[q̂n, eiκ̂(t)Ĥ0e−iκ̂(t)]|0〉

= −
1
~

∞∑
k=1

ik+1

k!
〈0|[q̂n,

k∏
j=1

q̂†lj Ĥ0]|0〉
k∏

j=1

κlj

=
1
~

∞∑
k=1

ik+1E[k+1]
nl1...lk

k∏
j=1

κlj , (31)

where a generalized Hessian matrix has been defined as

E[k+1]
nl1...lk

= −
1
k!
〈0|[q̂n,

k∏
j=1

q̂†lj Ĥ0]|0〉. (32)

The second term yields

1
i~
〈ψ(t)|[t̂n, V̂ (t)]|ψ(t)〉

= −
1
~

∞∑
k=0

ik+1

k!

∑
ω

〈0|[q̂n,
k∏

j=1

q̂†lj V̂
ω]|0〉e−iωt

k∏
j=1

κlj

= −
1
~

∞∑
k=0

ik+1
∑
ω

Vω,[k+1]
nl1...lk

e−iωt
k∏

j=1

κlj , (33)

where a generalized perturbation matrix has been defined as

Vω,[k+1]
nl1...lk

=
1
k!
〈0|[q̂n,

k∏
j=1

q̂†lj V̂
ω]|0〉. (34)

The third term develops into50

−γ〈ψ(t)|q̂n |ψ(t)〉 = −γ〈ψ(t)|eiκ̂(t)q̂ne−iκ̂(t) |ψ(t)〉

= −γ

∞∑
k=0

ik

k!
〈0| κ̂k q̂n |0〉

= −γ

∞∑
k=0

ik

k!
〈0|

k∏
j=1

q̂†lj q̂n |0〉
k∏

j=1

κlj

= −γ

∞∑
k=0

ikR[k+1]
nl1...lk

k∏
j=1

κlj , (35)

where a generalized relaxation matrix has been defined as

R[k+1]
nl1...lk

=
1
k!
〈0|

k∏
j=1

q̂†lj q̂n |0〉. (36)

Assembling Eqs. (28), (31), (33), and (35), the resulting master
equation becomes

−

∞∑
k=0

ik+1S[k+2]
nml1...lk

κ̇m

k∏
j=1

κlj

=
1
~

∞∑
k=1

ik+1E[k+1]
nl1...lk

k∏
j=1

κlj −
1
~

∞∑
k=0

ik+1

×
∑
ω

Vω,[k+1]
nl1...lk

e−iωt
k∏

j=1

κlj − γ

∞∑
k=0

ikR[k+1]
nl1...lk

k∏
j=1

κlj ,

(37)

which is solved for each order in the perturbation by expanding
the amplitudes in the frequency domain

κn(t) =
∑
ω1

κ(1)
n (ω1)e−iω1t +

∑
ω1,ω2

κ(2)
n (ω1,ω2)e−i(ω1+ω2)t

+
∑

ω1,ω2,ω3

κ(3)
n (ω1,ω2,ω3)e−i(ω1+ω2+ω3)t + · · · . (38)

In line with Sec. II A on exact-state theory, we leave out the
intermediate steps in the derivation and present only the result
for the third-order electron-transfer amplitudes,

κ(3)
n (ω1,ω2,ω3) = −i

[
E[2]

nm − ~
(
(ω1 + ω2 + ω3)S[2]

nm − iγR[2]
nm

)]−1
{ [

E[3]
mpl − ~

(
ω1S[3]

mpl − iγR[3]
mpl

)]
κ(1)

p (ω1)κ(2)
l (ω2,ω3)

+
[
E[3]

mpl − ~
(
(ω1 + ω2)S[3]

mpl − iγR[3]
mpl

)]
κ(2)

p (ω1,ω2)κ(1)
l (ω3)

+ i
[
E[4]

mplk − ~
(
ω1S[4]

mplk − iγR[4]
mplk

)]
κ(1)

p (ω1)κ(1)
l (ω2)κ(1)

k (ω3)

+ iVω1,[2]
mp κ(2)

p (ω2,ω3) − Vω1,[3]
mpl κ(1)

p (ω2)κ(1)
l (ω3)

}
. (39)

The explicit expression for lower-order amplitudes is found in Ref. 45. With use of an equivalent form of Eq. (6),
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eiκ̂(t)
Ω̂e−iκ̂(t) =

∞∑
k=0

ik

k!

k∏
j=1

q̂†lj Ω̂
k∏

j=1

κlj , (40)

we obtain, with omission of field amplitudes, a third-order correction to a general observable that reads as

〈Ω̂〉
(3)
=

∑
ω1,ω2,ω3

〈0|

[
iq̂†nΩ̂κ

(3)
n (ω1,ω2,ω3) −

1
2

q̂†n q̂†mΩ̂
(
κ(1)

n (ω1)κ(2)
m (ω2,ω3) + κ(2)

n (ω1,ω2)κ(1)
m (ω3)

)
+ i

1
6

q̂†n q̂†m q̂†l Ω̂κ
(1)
n (ω1)κ(1)

m (ω2)κ(1)
l (ω3)

]
|0〉 e−iωσ t . (41)

By assembling all components, we are in a position to identify the explicit expression for the damped cubic response function as

〈〈A; B, C, D〉〉ω1,ω2,ω3
= + NA

n (ω1 + ω2 + ω3)T [4]
nmlpNB

m(ω1)NC
l (ω2)ND

p (ω3)

−NA
n (ω1 + ω2 + ω3)

[
T [3]

nml(ω1,ω2 + ω3)NB
m(ω1)NCD

l (ω2,ω3)

+ T [3]
nml(ω2,ω1 + ω3)NC

m (ω2)NBD
l (ω1,ω3) + T [3]

nml(ω3,ω1 + ω2)ND
m (ω3)NBC

l (ω1,ω2)
]

+ NA
n (ω1 + ω2 + ω3)

[
B[2]

nmNCD
m (ω2,ω3) + C[2]

nmNBD
m (ω1,ω3) + D[2]

nmNBC
m (ω1,ω2)

]

−NA
n (ω1 + ω2 + ω3)

[
B[3]

n(ml)N
C
m (ω2)ND

l (ω3) + C[3]
n(ml)N

B
m(ω1)ND

l (ω3) + D[3]
n(ml)N

B
m(ω1)NC

l (ω2)
]

+ A[2]
(nm)

[
NB

n (ω1)NCD
m (ω2,ω3) + NC

n (ω2)NBD
m (ω1,ω3) + ND

n (ω3)NBC
m (ω1,ω2)

]

− A[3]
(nml)N

B
n (ω1)NC

m (ω2)ND
l (ω3). (42)

This result is analogous to the expression presented by
Norman and co-workers41 but with relaxation included. Intrin-
sic symmetry is invoked in terms of permutations of indices
within parentheses. Moreover, notations in Eq. (42) include
matrices based on the general observable of interest Ω̂,

A[k]
nml1...lk

=
[
Ω

[k]
]†

nmli ...lk

=
(−1)k

k!
〈0|

k∏
j=1

q̂†lj Ω̂|0〉, (43)

and terms emerging as a consequence of the single-determinant
wave function,

T [3]
nml(ωa,ωb) =

[
E[3]

n(ml) − ~
(
ωaS[3]

nml + ωbS[3]
nlm − iγR[3]

n(ml)

) ]
,

(44)

T [4]
nmlp =

[
E[4]

n(mlp) − ~
(
ω1S[4]

nm(lp) + ω2S[4]
nl(mp)

+ω3S[4]
np(ml) − iγR[4]

n(mlp)

)]
. (45)

In addition, one distinguishes between single-indexed and
double-indexed response vectors that are defined as

NA
n (ωa) =

[
Ω

[1]
]†

m

[
E[2] − ~

(
ωaS[2] − iγR[2]

)]−1

mn
, (46)

NX
n (ωa) =

[
E[2] − ~

(
ωaS[2] − iγR[2]

)]−1

nm
X [1]

m , (47)

NXY
n (ωa,ωb) =

[
E[2] − ~

(
(ωa + ωb)S[2] − iγR[2]

)]−1

nm

×XY [1]
m (ωa,ωb), (48)

where

XY [1]
n (ωa,ωb) = T [3]

nml(ωa,ωb)NX
m (ωa)NY

l (ωb)

−Y [2]
nm NX

m (ωa) − X [2]
nmNY

m(ωb) (49)

and labels X and Y refer to operators associated with the
external perturbation according to

X = B, C, D = V̂ω1 , V̂ω2 , V̂ω3 , (50)

XY = BC, BD, CD, (51)

〈〈A; B, C, D〉〉ω1,ω2,ω3
= 〈〈Ω̂; V̂ω1 , V̂ω2 , V̂ω3〉〉. (52)

C. Relaxation matrix and response vector symmetries

By re-ordering the elements in response vectors, one can
transform a contraction over R[4] into one over S[4] according
to45

NA
n R[4]

nmlpNB
mNC

l ND
p = 〈0|

[
q̂†p

[
q̂†l

[
q̂†m, q̂n

] ] ]
|0〉NA

n NB
mNC

l ND
p

= 〈0|
[
q̂p

[
q̂†l

[
q̂†m, q̂†n

] ] ]
|0〉NA

n NB
mNC

l ND
p

= −ND
n S[4]

nmlpNA
mNB

l NC
p , (53)

where

NX =

(
Z
−Y ∗

)
⇒ NX =

(
−Y ∗

Z

)
(54)
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in which a swapping operation has been performed, trading the
places between the upper and lower halves of the response vec-
tor that are commonly denoted as Z and �Y ∗, respectively. The
structure of response vectors in the SCF approximation and the
details of the tensors have been outlined and discussed by Nor-
man et al.41,45 That being said, something which has previously
not been extensively discussed is the symmetry of the double-
indexed response vectors [see Eq. (48)] with optical frequency
arguments ωa and ωb. These response vectors are obtained
through the same algorithm as the single-indexed versions,
thus an existing linear response solver may be employed. Nat-
urally, these response vectors exhibit symmetry corresponding
to the symmetry-product of operators X and Y, in contrast
to a single-indexed response vector that has the symmetry of
its operator X. A simple permutation of the pairs (X,ωa) and
(Y,ωb) does not affect the resulting response vector,

NXY (ωa,ωb) = NYX (ωb,ωa), (55)

which reflects the intrinsic permutation symmetry. Regard-
ing the symmetry with respect to sign inversion of the optical
frequency that for single-indexed response vectors takes the
form

NX (ω) =

(
Z
−Y ∗

)
⇒ NX (−ω) =

(
Y
−Z∗

)
(56)

applies also to double-indexed vectors according to

NXY (ωa,ωb) =

(
Z
−Y ∗

)
⇒ NXY (−ωa,−ωb) =

(
Y
−Z∗

)
(57)

for cases (ωa,ωb)→ (−ωa,−ωb) and (ωa,−ωb)→ (−ωa,ωb).
Thus, it becomes a standard procedure to calculate response
vectors solely for positive frequencies and apply the above
rules to obtain the corresponding response vectors with
the opposite sign of the optical frequencies. Interchanging
operators X and Y while leaving frequencies in place do

not generally imply any symmetry, as response vectors NXY

(ωa,ωb) and NYX (ωa,ωb) are typically not related to one
another and both must be computed individually.

D. Polynomial expansion of complex cubic
response functions

The sum-over-states expressions for linear and non-
linear polarizabilities can be expanded as a function of
optical frequencies.52 In order to achieve this for the
complex response functions, it becomes convenient to
introduce45

|Ωi | = |ωi + iγ | ≈ 0, (58)

|Ωij | = |ωi + ωj + iγ | ≈ 0, (59)

|Ωσ | = |ωσ + iγ | ≈ 0, (60)

predicting quadratic complex polynomial behavior for small
frequencies,

αzz(−ω;ω)γ = αzz(0; 0)γ=0 + A
(
ω2 + i2γω

)
, (61)

βzzz(−ωσ;ω1,ω2)γ = βzzz(0; 0, 0)γ=0

+ A(ω2
L + i4γωσ), (62)

where ω2
L = ω2

σ + ω2
1 + ω2

2 and terms of γ2-order have
been discarded. Note that the damping parameter is explicitly
emphasized to be zero for the static terms in Eqs. (61) and (62).
The aforementioned equations apply particularly to tensor ele-
ments αzz and βzzz since it is possible to factorize a common
moment product A that is frequency independent but, of course,
different for individual molecular systems. While the corre-
sponding real-valued expansion of γzzzz(−ωσ;ω1,ω2,ω3)γzzzz

has been thoroughly investigated,53–57 we will here contribute
the corresponding expansion for the damped cubic response
function. We get

γzzzz(−ωσ;ω1,ω2,ω3)γ = γzzzz(0; 0, 0, 0)γ=0 +
1

~3

∑
nmp>0

Tnmp
zzzz

ωnωmωp

{
12

ω2
n

[
Ω

2
σ +Ω2

1 +Ω2
2 +Ω2

3
]

+
8

ω2
m

[
Ω

2
12 +Ω2

13 +Ω2
23

]
+

4
ωnωm

[
Ω12Ωσ +Ω13Ωσ +Ω23Ωσ +Ω1Ω12 +Ω1Ω13 +Ω2Ω12 +Ω2Ω23 +Ω3Ω13 +Ω3Ω23 −Ω1Ω23 − Ω2Ω13

−Ω3Ω12
]

+
4

ωnωp

[
Ω1Ωσ +Ω2Ωσ +Ω3Ωσ −Ω1Ω2 −Ω1Ω3 −Ω2Ω3

]}
−

1

~3

∑
nm>0

Tnm
zzzz

ωnω
2
m

{
4

ω2
n

[
3Ω2

σ +Ω2
1

+Ω2
2 +Ω2

3 −Ω1Ω2 − Ω1Ω3 −Ω2Ω3 −Ω1Ωσ −Ω2Ωσ −Ω3Ωσ
]

+
4

ω2
m

[
3Ω2

σ + 3Ω2
1 + 3Ω2

2 + 3Ω2
3 +Ω1Ωσ

+Ω2Ωσ +Ω3Ωσ −Ω1Ω2 −Ω1Ω3 −Ω2Ω3
]}

, (63)

where

Tnmp
zzzz = 〈0| µ̂z |n〉〈n| µ̂z |m〉〈m| µ̂z |p〉〈p| µ̂z |0〉, (64)

Tnm
zzzz = 〈0| µ̂z |n〉〈n| µ̂z |0〉〈0| µ̂z |m〉〈m| µ̂z |0〉. (65)

Simplifying Eq. (63) yields
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γzzzz(−ωσ;ω1,ω2,ω3)γ = γzzzz(0; 0, 0, 0)γ=0 +
1

~3

∑
nmp>0

Tnmp
zzzz

ωnωmωp

{
12

ω2
n

[
ω2

L + i4γωσ
]

+
8

ω2
m

[
ω2

L + i4γωσ
]

+
8

ωnωm

[
ω2

L + i4γωσ
]

+
2

ωnωp

[
ω2

L + i4γωσ
]}
−

1

~3

∑
nm>0

Tnm
zzzz

ωnω
2
m

{
6

ω2
n

[
ω2

L + i
4
3
γωσ

]
+

14

ω2
m

[
ω2

L + i4γωσ
]}
= γzzzz(0; 0, 0, 0)γ=0 + Aω2

L + iBγωσ , (66)

where γ2-terms have been discarded and ω2
L =ω

2
σ +ω2

1
+ ω2

2 + ω2
3. An immediate observation one can make is that

Eq. (66) does not follow the simple one-parameter trend as
for the linear polarizability and first-order hyperpolarizabil-
ity but exhibits an additional independent parameter for the
imaginary component. It is noted that the imaginary part
of the hyperpolarizability vanishes in the limit of static fre-
quencies, in line with the fact that energy is not transmitted
from the electromagnetic field to the molecular system in this
setup.

III. EXAMPLE CALCULATIONS
A. Computational details

An optimized structure of para-nitroaniline (pNA) with
enforced C2v symmetry has been adopted. The structure
was obtained using DFT in conjunction with the B3LYP58

exchange-correlation functional and Dunning’s cc-pVTZ basis
set.59 For pNA, the third-harmonic generation (THG) property
calculations were performed at the HF/aug-cc-pVDZ59 level
of theory with linear response vectors converged to below a
relative threshold of 10�4. The intensity-dependent refractive
index (IDRI) calculations were carried out at the DFT level
of theory in conjunction with the Coulomb-attenuated B3LYP
functional (CAM-B3LYP)60 and basis set taug-cc-pVTZ. The
convergence threshold for linear response vectors relative to
the corresponding property gradients was in this case set to
10�3.

Two-photon absorption (TPA) spectra of neon were
produced at the TD-HF and TD-DFT/CAM-B3LYP lev-
els using the taug-cc-pVTZ basis set with extra p and d
functions as suggested by Kaufmann et al.61 The linear
response vectors were converged to below a relative threshold
of 10�3.

All calculations were carried out with a locally modified
version of the DALTON program.62

B. Para-nitroaniline

As was demonstrated in Sec. II D, by means of a Tay-
lor expansion, the complex second-order hyperpolarizability
can be expressed as a polynomial for small frequencies, con-
taining two frequency-independent molecular parameters A
and B. Having implemented response functions that adhere
to that prediction is an excellent indicator of program code

correctness. Thus, from a combination of 11 optical frequen-
cies (ω ∈ {0.0, 1.0−10.0}×10−3 a.u.) and 11 damping param-
eters (γ ∈ {0.0, 1.0 − 10.0} × 10−5 a.u.), a set of points were
calculated for the THG tensor element γzzzz(�3ω;ω,ω,ω) of
pNA (see Fig. 1). On the basis of these, including the TD-HF
static value of γzzzz(0; 0, 0, 0)γ=0 = 7.390 × 104 a.u., the poly-
nomial expansion coefficients A and B and the corresponding
static value γzzzz(0; 0, 0, 0)γ=0 [see Eq. (66)] were determined
by a least-square procedure to be equal to A = 2.781×107 a.u.,
B = 1.414×107 a.u., and γzzzz(0; 0, 0, 0)γ=0 = 7.389×104 a.u.
Evidently, THG results based on the polynomial expansion are
in good agreement with the calculated ones. Also, the TD-HF
static value matches that of the least-square fit, suggesting that
the proposed polynomial expansion is a good model for small
frequencies and demonstrating that a minimum of two polyno-
mial parameters is required for an expansion of the complex-
valued second-order hyperpolarizabilities, in contrast to lower
order response functions where only one is needed.

Calculation of the second-order hyperpolarizability
γzzzz(�ω;ω,�ω,ω) employing a two-state model (TSM) in
conjunction with the sum-over-states expression of Eq. (20)
was performed on pNA, and the spectrum is shown alongside
the corresponding TD-DFT values (see Fig. 2). The real and
imaginary parts of this tensor element refer to spectroscopies
commonly known as intensity-dependent refractive index

FIG. 1. Scattered real and imaginary components of TD-HF calculated third-
harmonic generation element γzzzz(�3ω;ω,ω,ω) (blue) and corresponding
least-square fitted values (red) according to Eq. (66).
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FIG. 2. Real and imaginary parts of second-order hyperpolarizability element
γzzzz(�ω;ω,�ω,ω) calculated using a two-state model (TSM) and TD-DFT
over the first dipole-allowed transition marked by the dotted vertical line.

(IDRI) and two-photon absorption (TPA), respectively.
The TPA spectral region covers the first single-photon
dipole-allowed transition with transition moment 〈0| µ̂z |11A1〉

= 1.910 a.u., where 〈11A1 | µ̂z |1
1A1〉 = −2.145 a.u. and excita-

tion energy ∆E = 0.159 a.u. We note that there is a qualitative
agreement between TSM and response theory results for the
real part of the hyperpolarizability and even a close to quan-
titative agreement for the corresponding imaginary part. A
common explanation why a TSM performs well for pNA is
attributed to the fact that the first transition of charge-transfer
character in pNA is strongly dominating the UV/vis spec-
trum. The same evaluation of the TSM of pNA has previously
been conducted45 for the second-harmonic generation ten-
sor element βzzz(�2ω;ω,ω) where similar observations were
made.

C. Neon

The TPA cross section in regard with experimental data
is most commonly given in terms of the unit of Göppert-
Mayer (GM), where 1 GM = 10�50 cm4 s photon�1, and it
can be expressed as a sum over orientationally averaged TPA
strengths δf in accordance with47,48,63

σ(ω) =
Nπ3α2

f ~
4

e4
ω2

∑
f

δf∆f (ω), (67)

where the integer N depends on the experimental setup and
is equal to 4 for a single-beam setup and αf is the fine-
structure constant. Furthermore, the orientational average of
the transition strength to excited state f is given by

δf =
1

30

∑
αβ

{
F × S0→f

αα (
ωf 0

2
)

[
S0→f
ββ (

ωf 0

2
)
]∗

+ G × S0→f
αβ (

ωf 0

2
)

[
S0→f
αβ (

ωf 0

2
)
]∗

+ H × S0→f
αβ (

ωf 0

2
)

[
S0→f
βα (

ωf 0

2
)
]∗ }

(68)

for which integers F, G, and H are photon polarization-
dependent factors that assume values of 2 for linear polariza-
tion.64,65 Moreover,∆f (ω) is a Lorentzian broadening function
that essentially maps the cross section from a discrete set of
transition strengths to a continuous function,

∆f (ω) =
γ

π((ωf 0 − 2ω)2 + γ2)
, (69)

where γ is the damping parameter. These second-order transi-
tion moments,

S0→f
αβ (

ωf 0

2
) =

1

~2

∑
n



〈0| µ̂α |n〉〈n| µ̂β |f 〉

ωn0 −
ωf 0

2

+
〈0| µ̂β |n〉〈n| µ̂α |f 〉

ωn0 +
ωf 0

2


,

(70)

are typically obtained from the single-residue of the first-order
hyperpolarizability,

lim
ω→ωf 0

(ωf 0 − ω)βαβγ(−ωσ;−
ωf 0

2
,ω) = S0→f

αβ (
ωf 0

2
)〈f | µ̂γ |0〉.

(71)
It has been shown that the imaginary part of the second-
order hyperpolarizability tensor γαβγδ(�ω;ω,�ω,ω) directly
relates to the TPA cross section for all optical frequencies and
that, for ω = ωf 0/2, it relates to the square of second-order
transition moments according to66

Im
[
γαβγδ(−

ωf 0

2
;
ωf 0

2
,−
ωf 0

2
,
ωf 0

2
)
]

=
~

γ
S0→f
αγ (

ωf 0

2
)

[
S0→f
δβ (

ωf 0

2
)
]∗

. (72)

For off-resonance optical frequencies, we have

Im
[
γ(−ω;ω,−ω,ω)

]
≈ π~

∑
f

δf∆f (ω). (73)

Since the polarization parameters F, G, and H are not uni-
form for all optical polarizations, one has to account for the
interchanged indices in Eq. (72) in the process of replac-
ing second-order transition moments for the second-order
hyperpolarizability, resulting in

γ =
1

30

∑
α,β

{
H × γααββ + F × γαβαβ + G × γαββα

}
. (74)

In accordance with the cross section based on second-order
transition moments, Eq. (67), the cross section can also be
expressed in terms of the second-order hyperpolarizability as
follows:

σ(ω) =
Nπ2α2

f ~
3

e4
ω2Im

[
γ(−ω;ω,−ω,ω)

]
. (75)

Consequently, including sufficiently many second-order tran-
sition moments in the summation in Eq. (67) should
yield a TPA profile comparable with one obtained through
γαβγδ(�ω;ω,�ω,ω) as in Eq. (75). We note that the TPA cross
section as a function of the second-order hyperpolarizability
as presented by Hu et al.48 differs by a factor of π from the
expression provided here as well as the expression derived in
Ref. 66 from an energy-loss perspective.
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When focusing on a particular optical process, it is a com-
mon procedure to reduce the full expression for the cubic
response function and only include the dominant contributions.
Such practice has been put to use for TPA in other formula-
tions of computational cubic response, see, for instance, Refs.
47 and 48. In our case, the surviving terms in Eq. (42) for
two-photon resonances in the γαβγδ(�ω;ω,�ω,ω) tensor are

〈〈A; B, C, D〉〉ω1,ω2,ω3

= −NA
n (ω1 + ω2 + ω3)T [3]

nml(ω2,ω1 + ω3)NC
m (ω2)

×NBD
l (ω1,ω3) + NA

n (ω1 + ω2 + ω3)C[2]
nmNBD

m (ω1,ω3)

+ A[2]
(nm)N

C
n (ω2)NBD

m (ω1,ω3). (76)

In Fig. 3, the calculated TPA spectrum of neon in the UV-
vis region is shown. The two distinct approaches adhering
to Eqs. (67) and (75) are denoted as β and γ, respectively,
where the first 100 transitions have been resolved for Eq.
(67). There is a near-perfect agreement between the spec-
tra as long as one includes sufficiently many states. This is
exceedingly apparent in spectral regions with a high density
of states, such as in the vicinity of the ionization potential of
the neon atom where the two approaches begin to diverge. In
cases when the density of states is low, the method based on the
first-order hyperpolarizability is a good choice. However, for
systems or spectral regions with a large density of states, the
method based on the calculation of the complex second-order
hyperpolarizability becomes the more realistic alternative as it
may become computationally unfeasible to resolve sufficiently
many states. It has, for example, been recently demonstrated by
us that near-edge X-ray TPA spectra can be determined in this
manner.49

Furthermore, we illustrate at the Hartree–Fock level how
the TPA cross section based on the full expression for the
cubic response function, Eq. (42), overlaps perfectly with that
based on the reduced expression, Eq. (76). Employing the
reduced expression greatly reduces the computational costs.

FIG. 3. Two-photon absorption spectra for neon in the UV-vis region. Black
and purple curves represent TPA calculated through means of the full cubic
response function, Eq. (42), and the green scattered dots represent TPA
calculated by means of the reduced cubic response function, Eq. (76).

As detailed in Ref. 41, the third- and fourth-order Hessian
matrices contained in the T [3]

nml and T [4]
nmlp terms [see Eqs. (44)

and (45)] are constructed from three and seven transformed
Fock matrices, respectively, resulting in a reduction from
16 to 3 such Fock matrices as the T [4]

nmlp term and two T [3]
nml

permutations are discarded. These transformed Fock matrices
are computationally demanding, and there is thus a substantial
amount of computational savings to be made by employing
the reduced expression, Eq. (76), for TPA calculations.

IV. SUMMARY AND DISCUSSION

Based on an Ehrenfest formulation of wave func-
tion dynamics known as the complex polarization propa-
gator approach, the damped cubic response function has
been derived for exact states and derived and imple-
mented for approximate single-determinant Hartree–Fock and
Kohn–Sham reference states. A polynomial expansion of
the resonance-convergent second-order hyperpolarizability in
terms of complex frequencies is presented (a complex fre-
quency is here defined as the sum of an optical frequency and
an imaginary damping parameter). To quadratic order in the
optical frequencies and including bilinear terms in damping
parameters and optical frequencies, it is demonstrated that the
dispersion of the hyperpolarizability can be written in terms of
two parameters A and B that are independent of the optical pro-
cess but of course uniquely different for different systems of
interest. A numerical evidence is provided for the fact that, for
all practical purposes, it is equivalent as to whether two-photon
absorption cross sections are determined from the imaginary
part of the complex second-order hyperpolarizability or from
the residue of the real first-order hyperpolarizability. The com-
putational benefit of the former approach is its applicability
without program modification or algorithmic adaptation to an
arbitrary “frequency window” of the spectrum. This feature
was amply demonstrated in a recent work addressing X-ray
two-photon absorption at the K-edge of first-row elements.49

On the other hand, the computational efficiency is higher in the
second approach, at least in the present form of the program
implementation where multi-index transformed Fock matri-
ces (see Ref. 41 for details) are repeatedly formed in order
to build the third- and fourth-order Hessians. An alternative
and more efficient way entails a parallelized construction of
all the transformed Fock matrices involved in this step of the
calculation. On top of that, it is shown that in the context of
two-photon absorption, it is perfectly fine to discard a number
of terms in the cubic response function, thus greatly reducing
computational costs. With these two points taken into account,
the calculation of TPA spectra based on the cubic response
function will be made highly efficient.

ACKNOWLEDGMENTS

The authors acknowledge the financial support of the
Knut and Alice Wallenberg Foundation (Grant No. KAW-
2013.0020) and the Swedish Research Council (Grant No.
621-2014-4646). The help from Dr. Joanna Kauczor during the
implementation phase is gratefully acknowledged. The calcu-
lations were performed on resources provided by the Swedish



144109-11 T. Fahleson and P. Norman J. Chem. Phys. 147, 144109 (2017)

National Infrastructure for Computing (SNIC) at National
Supercomputer Centre (NSC), Sweden.

1J. C. Lindon, G. E. Tranter, and J. L. Holmes, Encyclopedia of Spectroscopy
and Spectrometry (Academic Press, San Diego, 2010).

2H. S. Nalwa, Handbook of Advanced Electronic and Photonic Materials
and Devices (Academic Press, 2001), Vol. 9.

3D. A. Parthenopoulos and P. M. Rentzepis, Science 245, 843 (1989).
4J. H. Strickler and W. W. Webb, Opt. Lett. 16, 1780 (1991).
5D. Day, M. Gu, and A. Smallridge, Opt. Lett. 24, 948 (1999).
6A. S. Dvornikov, E. P. Walker, and P. M. Rentzepis, J. Phys. Chem. A 113,
13633 (2009).

7L. W. Tutt and A. Kost, Nature 356, 225 (1992).
8T. J. McKay, J. A. Bolger, J. Staromlynska, and J. R. Davy, J. Chem. Phys.
108, 5537 (1998).

9P. Norman, P. Cronstrand, and J. Ericsson, Chem. Phys. 285, 207 (2002).
10P. Norman and H. Ågren, J. Comput. Theor. Nanosci. 1, 343 (2004).
11J. E. Rogers, J. E. Slagle, D. G. McLean, R. L. Sutherland, B. Sankaran,

R. Kannan, L.-S. Tan, and P. A. Fleitz, J. Phys. Chem. A 108, 5514
(2004).
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We report on the results of a systematic ab initio study of the Jones birefringence of noble gases, of fu-
ran homologues, and of monosubstituted benzenes, in the gas phase, with the aim of analyzing the be-
havior and the trends within a list of systems of varying size and complexity, and of identifying candi-
dates for a combined experimental/theoretical study of the effect. We resort here to analytic linear and
nonlinear response functions in the framework of time-dependent density functional theory. A corre-
lation is made between the observable (the Jones constant) and the atomic radius for noble gases, or
the permanent electric dipole and a structure/chemical reactivity descriptor as the para Hammett con-
stant for substituted benzenes. © 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4830412]

I. INTRODUCTION

The interaction of light in its various polarization states
with matter in the presence of external fields can give rise to
a large number of different phenomena, some of which not
yet fully explored. The response of matter to the combination
of static and dynamic electromagnetic fields depends on the
angular frequency and intensity of the radiation, the strength
of the applied external fields, the conditions of temperature
and pressure, as well as the structural properties of its con-
stituents. The field of research is vast, and of importance not
only for its implications in the understanding of the founda-
tions of the interaction of light and matter, but also for its
technological spillovers. The need for tracking down often
tiny signatures of novel or yet undetected phenomena trig-
gers new developments in the design of ever more powerful
detection techniques, ever more sophisticated optical arrange-
ments, ever stronger field sources, and new signal analysis and
characterization routines. From the theoretical point of view,
electromagnetic fields interacting with atoms and molecules
probe their electronic structure, provoking responses bearing
unique signatures of the nuclear arrangement and of the dis-
tribution of the electron density in the constituents of matter.
Their study puts to a test the techniques and algorithms de-
veloped by theoreticians in the last decades to compute fre-
quency dependent, often high-order, response properties, and,
with the growing interest in systems of large size, it has also
forced the development of approximations which could make

a)panor@ifm.liu.se
b)coriani@units.it
c)Author to whom correspondence should be addressed. Electronic mail:

rizzo@ipcf.cnr.it
d)geert.rikken@lncmi.cnrs.fr

calculations affordable when the number of nuclei and elec-
trons increases.

Birefringences (the anisotropies induced in the real part
of the complex refractive index with respect to two direc-
tions of polarization—either linear or circular in the case of
linear or circular birefringence—or propagation in space—
for axial birefringences) and dichroisms (the corresponding
anisotropies observed in the imaginary part of the refractive
index) are two general examples of optical phenomena we are
referring to in this discussion.1–3 In some well known cases,
there is no need for external fields for these phenomena to
occur, since they arise from the intrinsic properties of matter,
and in particular from its symmetry. Natural optical rotation
(OR)4, 5 or circular dichroism (CD),6, 7 discovered and ratio-
nalized theoretically well before the current times, are com-
mon examples of a circular birefringence and dichroism, re-
spectively. These phenomena, occurring in assemblies of chi-
ral molecules, can be rationalized theoretically by invoking,
in a perturbative framework for the interaction of light and
matter, the effect of linear mixed electric and magnetic fre-
quency dependent polarizabilities. The application of addi-
tional perturbations, as it happens when external and not nec-
essarily uniform electric and magnetic fields are introduced
in the experimental design, yields further complications to
the picture, implying the combination of first-order, linear and
nonlinear properties, bearing the signature of the various mul-
tipoles excited by the combined effect of light and fields.1, 3

Examples which have been studied in some depth in our
groups are Kerr,8, 9 Optical Kerr,10–12 Cotton–Mouton,13–20

Buckingham,21–27 magnetoelectric and Jones28–34 linear bire-
fringences; Faraday4, 35–37 and optical Faraday38 circular bire-
fringences; magnetochiral axial birefringence;39, 40 or mag-
netic circular41–49 and magnetochiral39, 50–53 dichroism.

0021-9606/2013/139(19)/194311/12/$30.00 © 2013 AIP Publishing LLC139, 194311-1
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In this paper, we concentrate on Jones and magneto-
electric linear birefringences,28–34 observable when linearly
polarized light impinges on a uniaxial crystal or on homo-
geneous fluid samples subjected to both external electric
and magnetic fields, aligned parallel (Jones) or perpendicu-
lar (magnetoelectric) to each other, and perpendicular to the
direction of propagation of light. These two birefringences,
differing in the experimental arrangement, yield equivalent
expressions for the observable,29, 31 and are therefore indis-
tinguishable from the theoretical and computational point of
view. From now on we will refer uniquely to Jones birefrin-
gence in our discussion. The characteristics of Jones bire-
fringence are a bilinearity in the electric and magnetic field
strengths and the fact that the optical axes defining the ob-
servable (the two directions with respect to which the linear
birefringence is determined) are at ±45◦ with respect to those
of the standard birefringence to which it superimposes, i.e.,
Kerr (electric)8, 9 and Cotton–Mouton (magnetic)13–20 double
refractions. Jones birefringence owes its denomination to R.
C. Jones,28 who first predicted its existence in his seminal
contribution dated 1948. A complete theoretical rationaliza-
tion is due to Graham and Raab,29 and it dates 1983. The same
authors have shown the equivalence in theory of Jones and
the magnetoelectric “variant” one year later.31 The latter had
been predicted by Pockels30 and Kielich32 and discussed by
Baranova and co-workers.33 Ross, Sherborne, and Stedman34

contributed a few years later to the further comprehension of
the symmetry rules governing the effect. Rizzo and Coriani54

in 2003 translated Graham and Raab expressions into a com-
putationally affordable protocol, enabling the estimate of the
observable in isotropic assemblies of noninteracting diamag-
netic molecules. They resorted to modern analytic linear and
nonlinear response theory, and since its first appearance their
approach has been applied to a selection of systems of in-
creasing complexity, and extended from the original indepen-
dent particle (Hartree–Fock) and highly correlated (Coupled
Cluster, CC) structural model to the Time-Dependent Density
Functional Theory (TDDFT)55, 56 realm. The latter permits the
study of relatively extended systems with an often well satis-
fying account of the effect of electron correlation,57, 58 see also
Ref. 2. In the meantime, aspects as the dependence on the ac-
curate (beyond CC singles and doubles, CCSD59) treatment
of electron correlation,60 the effect of molecular vibrations
(in diatomics),61 that of the environment,62 or the dependence
of the results of calculations performed in finite one-electron
basis sets on the choice of the magnetic gauge origin63 have
been also studied. The theory of magnetoelectric Jones bire-
fringence and dichroism was redrafted by Mironova and co-
workers64 a few years ago. Very recently, there has also been
some controversy on the existence of such an effect.65

Experimental verification of the predictions of Jones
dates the beginning of this century, and is due to one of the
present authors and his group.66–70 Rikken and Roth66 have
measured Jones birefringence in liquid samples, obtaining up-
per limits to the expected birefringence for some of the sys-
tems analyzed in the study. The results of their measurement
have been compared with computational estimates in Ref. 62.

In this paper, we report on the results of a systematic ab
initio investigation of the Jones birefringence of noble gases,

furan homologues, and monosubstituted benzenes in the gas
phase. The aim being to analyze the behavior and the trends
within a list of systems of varying size and complexity, we re-
sort here to TDDFT55, 56 linear71 and nonlinear71, 72 response
theory. TDDFT has recently proven in various instances to be
able to reproduce quite satisfactorily spectroscopic linear and
nonlinear properties of molecules of reasonable size and com-
plexity, see, for example, Ref. 73, and we have employed it
for calculations of Jones birefringence in the past.2, 57, 58, 62 A
correlation is made between the observable (the Jones con-
stant, see Sec. II), and the atomic radius (for noble gases)
or the permanent electric dipole moment or such a qualita-
tive/quantitative structure chemical reactivity descriptor as the
para Hammett constant,74, 75 for substituted benzenes.

In Sec. II, definitions and theoretical expressions for the
observable are given. Section III briefly recapitulates the com-
putational details. The results are presented and discussed in
Sec. IV and some brief conclusions are given at the end.

II. METHODOLOGY

The expression for the anisotropy of the refractive in-
dex in the case of Jones birefringence takes the following
form:29, 54, 62

�n = n−45◦ − n+45◦ = NExBx

30ε0c0

×
{
G(3)

para+G(3)
dia + A′(3)+ 1

kBT

[
G(2)

para+G(2)
dia +A′(2)]}

,

(1)

where

G(3)
para = 3G

para
αβαβ + 3G

para
αββα − 2G

para
ααββ, (2)

G(3)
dia = 3Gdia

αβαβ + 3Gdia
αββα − 2Gdia

ααββ, (3)

A′(3) = −ω

2
εαβγ

(
a′

αβδδγ + a′
αβδγ δ

)
, (4)

G(2)
para = μα

(
3G

para
αββ + 3G

para
βαβ − 2G

para
ββα

)
, (5)

G(2)
dia = μα

(
3Gdia

αββ + 3Gdia
βαβ − 2Gdia

ββα

)
, (6)

A′(2) = −ω

2
εαβγ

(
μγ a′

αβδδ + μδa
′
αβδγ

)
. (7)

N is the number density, ε0 is the permittivity of vacuum, c0

is the speed of light in vacuo, Ex and Bx are the x-components
of the external electric and magnetic fields. It is thus assumed
that the radiation propagates in the z-direction. Other defini-
tions include ω, the circular frequency of the incoming ra-
diation; kB, the Boltzmann constant; T, the temperature; μα ,
the permanent electric dipole in the α-direction; and εαβγ ,
the Levi-Civita alternating tensor. Implicit summation over re-
peated indices applies. Atomic units are used here and, unless
specified otherwise, also elsewhere in the present work.
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The individual elements included in the tensor contrac-
tions of Eqs. (2)–(7) are defined as

G
para
αβγ δ = G

para
αβγ δ(−ω; ω, 0, 0) = −〈〈μ̂α; m̂β, m̂γ , μ̂δ〉〉ω,0,0,

Gdia
αβγ δ = Gdia

αβγ δ(−ω; ω, 0) = 〈〈μ̂α; ξ̂ dia
βγ , μ̂δ〉〉ω,0,

a′
αβγ δε = a′

αβγ δε(−ω; ω, 0, 0) = −i〈〈μ̂α; q̂βγ , m̂δ, μ̂ε〉〉ω,0,0,

G
para
αβγ = G

para
αβγ (−ω; ω, 0) = 〈〈μ̂α; m̂β, m̂γ 〉〉ω,0,

Gdia
αβγ = Gdia

αβγ (−ω; ω) = −〈〈μ̂α; ξ̂ dia
βγ 〉〉ω,

a′
αβγ δ = a′

αβγ δ(−ω; ω, 0) = i〈〈μ̂α; q̂βγ , m̂δ〉〉ω,0,

showing how they are identified as response functions hold-
ing for real electronic wave functions. The operators in the
response functions above are

electric dipole: μ̂α = −
∑

i

riα,

magnetic dipole: m̂α = −1

2

∑
i

(ri × pi)α,

traced electric quadrupole: q̂αβ = −
∑

i

riαriβ,

diamagnetic susceptibility : ξ̂ dia
βγ = 1

4

∑
i

(riβriγ − riδriδδβγ ).

(8)

Here, i represents the ith electron and α, β, γ , and δ any
of the cartesian coordinates x, y, and z. riα and piα are the
components of the position and linear momentum operators,
respectively.

Equation (1) may be rewritten in a more compact form,

�n = n−45◦ − n+45◦ = NExBx

30ε0c0
×

{
J0 + JT

T

}
, (9)

where, rather trivially

J0 = G(3)
para + G(3)

dia + A′(3)
, (10)

JT = 1

kB

[
G(2)

para + G(2)
dia + A′(2)]

. (11)

For an ideal gas at pressure P, Eq. (9) becomes

�n = PExBx

30ε0c0kBT
×

{
J0 + JT

T

}
. (12)

The Jones constant kJ may be defined as

kJ = P

30ε0c0λkBT
×

{
J0 + JT

T

}

≈ 2.75028 × 10−14 × P [atm]

λ[nm] × T [K]
×

{
J0 + JT

T

}
[a.u.].

(13)

Above, kJ is obtained in SI units of V−1 T−1 with the choice of
units specified in square brackets in Eq. (13). With the newly
defined constant, Eq. (12) may be recast in a further reduced
form as

�n = n−45◦ − n+45◦ = kJλExBx. (14)

III. COMPUTATIONAL DETAILS

All calculations were carried out for molecular struc-
tures optimized at the level of Kohn–Sham density functional
theory (DFT) in conjunction with the hybrid B3LYP76–78

exchange-correlation functional and Dunning’s triple-ζ
(cc-pVTZ)79 basis set. For the property calculations, we
have made use of the Coulomb-attenuated method B3LYP
(CAM-B3LYP) exchange correlation functional80–82 to prop-
erly account for charge-transfer excitations—an issue that
becomes important for the mono-substituted benzenes. We
have adopted Dunning’s t-aug-cc-pVQZ and t-aug-pVTZ ba-
sis sets79, 83, 84 for property calculations on noble gas atoms
and polyatomic molecules, respectively. For xenon, the t-aug-
cc-pVQZ-pp basis set and effective small-core relativistic po-
tential were employed.85 Molecular structure optimizations
and property calculations have been carried out with use of
the Gaussian86 and DALTON87 programs, respectively.

IV. RESULTS AND DISCUSSION

Table I summarizes the quantities relevant for the analy-
sis of the Jones birefringence of the systems chosen for this
study, i.e., the noble gases He to Xe, and a set of molecules in-
cluding furan and its homologues thiophene and selenophene,
benzene and eleven mono-substituted benzenes. In the table,
the Jones constant—in particular the product of kJ and the
wavelength λ, cf. Eq. (13)—is given together with the J0 and
JT/T contributions, defined in Eqs. (9)–(11), with the isotropic
dynamic polarizability αav(− ω; ω) and the permanent elec-
tric dipole moment μ. The results were obtained at TDDFT
level by employing the standard form of the CAM-B3LYP
functional, assuming a wavelength of 632.8 nm, and, where
relevant, a pressure of 1 atm, and a temperature of 294.15 K.
Table II reports the contributions, Eqs. (2)–(7), to J0 and JT/T.
The geometry of the molecules studied in this work, with each
individual dipole vector aligned with the z-axis, is shown in
Figure 1. In Table I, the ratio kJλ/α, relative to Helium, and
employed here as the Figure of Merit (FOM) is reported. In
earlier work,66 the ratio

η = kJ√
kCMkK

(15)

has been used as an index of the measurability of Jones bire-
fringence. Above kCM and kK are the Cotton-Mouton and Kerr
constants, respectively, defined through the relationships

�nCM = kCMλB2, (16)

�nK = kKλE2. (17)

The quantity η therefore gives a measure of the size of the
Jones/magnetoelectric birefringence, when subject to both
electric (E) and magnetic (B) fields simultaneously, com-
pared to the supposedly stronger effects which are observed
in presence of either E (for Kerr) or B (for CME) alone. For
such a quantity, early, very approximate estimates by Gra-
ham and Raab29 and Ross and co-workers34 predict values of
the order of twice the fine structure constant (αfs ≈0.01459).
Our calculations on noble gases, cf. Refs. 2, 54, and 60,
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TABLE I. Isotropic dynamic polarizability αav( − ω; ω) [a.u.], dipole moment μ [a.u.], and Jones constant times the photon wavelength kJλ [10−20 m V−1 T−1]
for noble gases, furan homologues, and mono-substituted benzenes. The quantities J0 and JT/T constitute temperature independent and dependent parts of kJ,
respectively, and are both given in atomic units [a.u.]. Calculations refer to a wavelength of 632.8 nm, pressure of 1 atm, and temperature of 294.15 K, and are
carried out at the CAM-B3LYP level of theory.

αav μ J0 JT/T kJλ FOMa

He 1.5 0 − 79.9 0 − 0.00075 1
Ne 2.9 0 − 177.1 0 − 0.0017 1.2
Ar 11.7 0 − 1277.6 0 − 0.012 2.1
Kr 17.8 0 − 2558.8 0 − 0.024 2.8
Xe 28.6 0 − 5654.5 0 − 0.053 3.6

C4H4O 49.8 0.27 1773.6 11 389.7 0.12 5.1
C4H4S 65.9 0.22 1247.6 − 772.0 0.0044 0.1
C4H4Se 73.3 0.18 770.9 − 6997.3 − 0.058 1.6

C6H5NH2 83.7 − 0.6 13 730.9 43 203.0 0.53 13.1
C6H5OH 76.9 − 0.51 7451.8 − 5243.3 0.021 0.6
C6H5CH3 84.7 − 0.16 6855.8 1213.8 0.075 1.8
C6H6 71.0 0 4335.4 0 0.041 1.2
C6H5F 71.0 0.63 4050.0 − 3152.0 0.0084 0.2
C6H5Cl 86.4 0.72 7130.1 − 68 234.3 − 0.57 13.6
C6H5Br 94.8 0.74 7913.9 − 128 306.8 − 1.13 24.4
C6H5COH 89.1 1.37 8490.9 − 134 679.9 − 1.18 27.2
C6H5CN 89.1 1.87 7171.2 − 182 532.7 − 1.64 37.9
C6H5NO2 90.0 1.86 7811.5 9699.6 0.16 3.7
C6H5NO 87.7 1.48 56 733.9 2 274 271.2 21.79 511.4
C6H5CHC(CN)2 149.2 2.69 23 675.3 − 196 979.2 − 1.62 22.3

aThe figure of merit (FOM) is defined as |kJλ/α| and reported relative He.

yield η of the order of the fine structure constant (vide in-
fra for a note on these results). For molecules, in line with
experiment,66 the values of η are much smaller than αfs.
Here, we resort to the FOM, as defined above, and we look
for systems with high values of the FOM. In experiment, it
is usually the relative change in the measured quantity, in-
duced by the effect studied, that determines the detection
limit.

A. Noble gases

The Jones birefringence of the noble gases He to Kr was
studied by means of ab initio theory in Ref. 54, where a cou-
pled cluster model was employed for the calculation of the
property, and the dependence on the extension and quality of
the basis set was analyzed in detail. The results were further
analyzed in Refs. 2 and 60. Rather unfortunately, a couple

TABLE II. The contributions to Jones birefringence, in a.u. Powers of ten are given in parentheses.

A′(3) G(3)
para G(3)

dia A′(2) G(2)
para G(2)

dia

He − 1.0481(+00) 1.5571(+01) − 9.4410(+01)
Ne − 3.0928(+00) 2.9091(+01) − 2.0307(+02)
Ar − 4.8599(+01) 2.5386(+02) − 1.4828(+03)
Kr − 1.2868(+02) 5.1468(+02) − 2.9448(+03)
Xe − 3.9815(+02) 1.1709(+03) − 6.4272(+03)

C4H4O − 3.1546(+02) 1.1805(+04) − 9.7156(+03) 8.3160(−01) − 5.0059(+00) 1.4784(+01)
C4H4S − 6.0594(+02) 1.5464(+04) − 1.3611(+04) 3.9506(−01) − 1.5969(+01) 1.4855(+01)
C4H4Se − 8.1042(+02) 1.7798(+04) − 1.6216(+04) 8.2357(−01) − 4.2799(+01) 3.5458(+01)

C6H5NH2 − 4.2662(+02) 3.0927(+04) − 1.6770(+04) − 2.6532(+00) 6.0975(+01) − 1.8078(+01)
C6H5OH − 6.0618(+02) 2.2995(+04) − 1.4937(+04) 9.7278(−01) − 3.0533(+01) 2.4676(+01)
C6H5CH3 − 6.0823(+02) 2.3684(+04) − 1.6220(+04) − 6.5974(−01) 2.7434(+00) − 9.5295(−01)
C6H6 − 6.1055(+02) 1.8602(+04) − 1.3656(+04)
C6H5F − 4.9955(+02) 1.6616(+04) − 1.2067(+04) 4.3384(+00) − 1.0583(+02) 9.8551(+01)
C6H5Cl − 6.7098(+02) 2.3752(+04) − 1.5951(+04) 5.2600(+00) − 1.8169(+02) 1.1287(+02)
C6H5Br − 9.5886(+02) 2.8219(+04) − 1.9346(+04) 9.3722(+00) − 4.4480(+02) 3.1591(+02)
C6H5CHO − 5.9849(+02) 2.4585(+04) − 1.5496(+04) 1.5584(+01) − 4.5826(+02) 3.1722(+02)
C6H5CN − 6.2176(+02) 2.3115(+04) − 1.5322(+04) 9.6514(+00) − 1.1033(+02) − 6.9351(+01)
C6H5NO2 − 5.0366(+02) 2.3087(+04) − 1.4771(+04) 2.3168(+01) − 4.9776(+02) 4.8363(+02)
C6H5NO − 1.1154(+03) 7.3058(+04) − 1.5209(+04) 1.1333(+00) 1.6564(+03) 4.6099(+02)
C6H5CHC(CN)2 − 1.4111(+03) 4.7895(+04) − 2.2809(+04) 3.6289(+01) − 2.7884(+02) 5.9058(+01)
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FIG. 1. Geometry of molecules studied in this work, with each individual dipole vector aligned with the z-axis; its sign and value may be found in Table I.
The tilt of the dipole relative to the substituent has been exaggerated for clarity, and it should be noted that the 2D-nature of this figure does not convey that the
dipole of aniline is not confined to the plane of the figure.

of errors slipped through in Sec. II A 1 of Ref. 54, cf. also
Ref. 29, where Eq. (22) should read

ω = G2211 − G1111 + ω

2
a′

23111 . (18)

The last equality in the equation G1111 = G2211 + G1212

+ G1221 = 0 applies only to the paramagnetic contribu-
tion G

para
1111, whereas for the corresponding diamagnetic term

the relationship Gdia
1111 = 2Gdia

2211 + Gdia
1221 �= 0 holds (we have

applied straightforwardly the symmetry properties of the
diamagnetic susceptibility operator in Eq. (8) above). The
contribution of Gdia

1111 is therefore missing in the data and
discussion of Refs. 2, 54, and 60. Note that the following
relationships hold, linking the notations used here to those
adopted in Ref. 54:

G(3)
para = −30G

para
1122, (19)

G(3)
dia = 30Gdia

1111 − 30Gdia
1122, (20)

A′(3) = −15ωa′
23111. (21)

Indeed, it is remarkable that the contribution that was
missing in our previous work on atoms is the dominant one
in a revised version of Tables II and III of Ref. 54, see the
Appendix below. Including it increases the values of ω and,
correspondingly, also �n by a considerable factor whose size
decreases as the basis set increases. For the largest basis sets
in the tables of Ref. 54, this factor varies between 2.5 and 3.5.
Coming back to Table II in this paper, this is reflected in the
dominant contribution to the Jones constant of the G(3)

dia term,
which always opposes in sign that of G(3)

para and adds to the
definitely minor (albeit significant) contribution of A′(3).

To a first approximation, all the response terms involved
in this study should have a power law dependence on the
radius of the electronic wave function r.88 Figure 2 shows
the dependencies of the electric dipole polarizability α and
the diamagnetic susceptibility χm (both experimental results
taken from Ref. 89), on the atomic sizes ra (the atomic radii
are taken from Ref. 90). In these cases, one would expect to
observe a quadratic dependence on ra, and, indeed, an anal-

ysis of the data yields exponent of 2.3 and 2.1, for α and
χm, respectively, close to what is expected.91 Incidentally, fit-
ting calculated values for αav (obtained as byproducts of our
higher order property calculations and reported in Table I)
yields an exponent of 2.1. In Figure 2, we also report the prod-
uct kJλ as a function of ra for the five noble gases studied here,
and for the Jones constant we find an exponent of 3.7. This is
in rather close agreement with the evidence that the dominant
contribution to kJ comes from the G(3)

dia terms, which should
yield in first approximation to an exponent of 4, whereas all
other contributions to J0 would give higher exponents. As a
consequence of the trends discussed here for the Jones con-
stant and the electric dipole polarizability, the FOM increases
as one moves down the noble gases column of the periodic ta-
ble, with a nearly quadratic dependence on the atomic radius.

Note that relativistic effects that may become important
for heavy atoms like xenon, have been neglected in this study.
Plans have been made in our group to further analyse the
Jones birefringence of xenon, and in particular relativistic
contributions to this effect, in a forthcoming study.

B. Furan homologues and monosubstituted benzenes

The Jones constant changes sign while moving along
the series of furan and its homologues. If the temperature-
independent contribution decreases, while remaining positive,
the temperature-dependent term changes sign, its absolute
value becoming smaller than the corresponding J0 for thio-
phene. This behavior is the consequence of the strong changes
in the G(2)

para term, whose absolute value increases by a factor of
≈3 moving down the column from furan, through thiophene
to selenophene. The FOM of furan is larger than that of all
noble gases, and also of a few of the substituted benzenes, see
below. On the other hand, thiophene has the lowest FOM of
the whole series in Table I, as low as 0.1. The FOM of se-
lenophene places itself between Ne and Ar.

The Jones birefringence of benzene was among the prop-
erties studied, and in good detail, in Ref. 57. Here, the dia-
magnetic and paramagnetic G(3)

para and G(3)
dia are roughly of

the same size, and of opposite sign. They tend to cancel
each other and still, at λ = 632.8 nm, their sum yields a
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FIG. 2. Dependencies of the experimental values for the polarizability (top), the magnetic susceptibility (middle, absolute values) and the calculated values of
kJλ (bottom, again absolute values) on the atomic radius of the noble gases, ranging from He to Xe. Dashed lines are power law fits. For exponents, see text.

contribution which is almost one order of magnitude larger
than that of A′(3). Without temperature dependent contribu-
tions, the FOM of benzene equals that of Ne.

Among the substituted benzenes, the temperature de-
pendent contribution is smaller (in absolute value) than the
temperature independent one for toluene, fluorobenzene, and

phenol. In the case of C6H5CH3 in particular, the latter is
five times larger than the former. In nitrobenzene, the ratio
between T-dependent and T-independent contributions to kJ

is ≈1.2. In all other cases, the same ratio assumes values
ranging from 3.1 (aminobenzene) to 40.1 (nitrosobenzene).
Dominance of the temperature-dependent term implies larger
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Jones constants, and larger FOMs. The latter becomes quite
large (>20, for example) for some of the systems in the
list, including bromobenzene, benzaldehyde, and cyanoben-
zene, and surprisingly large for nitrosobenzene (FOM as large
as 511).

Going into more details, the sum of G(3)
para and G(3)

dia yields
a contribution that is between nine and 17 times larger than
that of A′(3), and always of opposite sign throughout the list
of substituted benzenes. Two exceptions are aminobenzene
and nitrosobenzene, where the ratio rises to 33 and 52, re-
spectively. Near cancellations of the G(2)

para and G(2)
dia contribu-

tions lead to their sum G(2) being roughly of the same order
of magnitude of A′(2) for toluene and fluorobenzene, whereas
the A′(2) term is larger than G(2) for nitrobenzene. In all other
cases, this last contribution prevails, being roughly one order
of magnitude larger than the A′(2) one, with the resounding ex-
ception of nitrosobenzene, where the ratio (G(2)

para + G(2)
dia)/A′(2)

is huge, ≈1900.
The series including benzene and 11 of its monosubsti-

tuted derivatives is nicely discussed by studying the correla-
tion existing between the Jones constant (actually kJλ) and the
permanent electric dipole or the para Hammett constant.74, 75

The latter is a qualitative/quantitative descriptor of the re-
lationship between structure and chemical reactivity, a sub-
stituent constant which expresses the electron donation and
withdrawing capacities of the respective substituent groups,
and which has already been seen to correlate nicely with other
nonlinear optical properties, e.g., the molecular electric dipole
hyperpolarizabilities of substituted benzenes and stilbenes.92

Para-Hammett constants for our comparison were taken from
Ref. 93. The results of this analysis for the substituted ben-
zenes listed in Table I are shown in Figure 3.

With the relevant exceptions of nitrosobenzene, which
clearly sticks out of the list with its huge value and is out
of the figure (the Hammett constant of nitrosobenzene being
0.9174), and of nitrobenzene, the Jones constants of all ben-
zenes follow quite nicely a linear relationship, similar to that
observed for first electric dipole hyperpolarizabilities.92 The
correlation between the birefringence and the Hammett con-
stant is clear, including the sign, and it reproduces rather well
that observed between birefringence and permanent electric
dipole moment. In the figure, we show also the correlation
existing between permanent electric dipole and para Ham-
mett constants. Below we will discuss the two relevant excep-
tions and suggest explications for their “irregular” behavior in
Figure 3. As pointed out already in Ref. 92, it is far from triv-
ial to find arguments for the existence of relationships, in par-
ticular linear correlations, between an empirical quantity as
a substituent constant and a complex nonlinear optical prop-
erty as the Jones observable. Hammett constants are deter-
mined by the influence of a given substituent on the reactivity
of a parent compound, and they depend on the ground state
electron density at the reaction center. Its relationship with a
nonlinear optical property involving the whole electron den-
sity, and heavily dependent on the characteristic of the excited
state manifold, are rather difficult to ascertain. It is a matter
of fact though that a linear relationship is evident in Figure 3.
It is also reasonable to state that a correlation para Hammett-
dipole can be rationalized, since the former describes the elec-

tron donating/withdrawing character of the substituent, which
also influences the permanent dipole moment of the molecule.
Note, from the top panel of Figure 3, how the largest Jones
birefringences are associated to large permanent dipole mo-
ments, as one would intuitively expect where the T-dependent
contributions to kJ prevail, due to the role of the electric dipole
components in Eqs. (5)–(7).

In order to attempt an explanation for some of the evi-
dences discussed up to this point, it is important to recall that
the optical responses involved in the definition of the observ-
able have a complex structure, involving, in their spectral rep-
resentation, sums over the complete manifold of excited states
and the presence of poles, with the insurgence, for particu-
lar choices of the excitation frequency, of the phenomenon
of resonance enhancement. In comparing frequency depen-
dent responses for a wide selection of systems, it becomes
relevant to first identify the positions of the poles in these
systems. In the present work, we are adopting standard per-
turbation theory leading to response functions that become
unphysically divergent as optical frequencies approach the
values of the transition frequencies, and, as a consequence,
the calculated responses can become arbitrarily large in reso-
nance regions. This situation represents an artefact in the for-
mulation of the theory and can be addressed by taking relax-
ation into account,94 which leads to the definition of finite and
resonance-convergent response functions.

The vertical electronic excitation energies of the low-
lying singlet states for all our studied molecules are summa-
rized in Fig. 4. These are all small aromatic systems with large
ππ* transition energies in the region of 4–6 eV. Nitrosoben-
zene sticks out, however, showing a nπ*-transition at about
1.5 eV. An excitation energy as low as 1.5 eV falls below the
photon energy associated with our targeted laser operating at
632.8 nm, and, although this state is not very strongly coupled
to the electronic ground state by means of the electric-dipole
operator, it severely affects the dispersions of the involved re-
sponse functions and strongly contribute to the Jones effect of
this molecule.

In studies of the frequency dependence, it becomes inap-
propriate to focus on the Jones constant due to the fact that, in
comparison to the observable, the wavelength has been fac-
tored out [see Eq. (14)]. Instead, it is the frequency depen-
dence of kJλ that is the relevant quantity to study, since it is
directly proportional to the birefringence �n. In Fig. 5, we
present the dispersion of this quantity for nitrosobenzene. In
the low frequency limit, the response is about −10 × 10−20

m (V T)−1 and, at laser detuning of about 0.5 eV, the value
has roughly doubled and, from there on, the dispersion be-
comes very strong. Going beyond the resonance energy, there
is a sign change in the response property that is associated
with sign changes in the denominators of individual response
functions for terms involving the first excited state. This ex-
plains the fact that, at 632.8 nm, the response property is about
+20 × 10−20 m (V T)−1.

Apart from C6H5NO and for a laser operating at
632.8 nm, the detuning amounts to some 2 eV, or more,
for all systems in the present study. This is a guaran-
tee for off-resonance conditions and resonance enhance-
ment is therefore expected to be weak. For this reason, it
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FIG. 3. Calculated Jones constant times the photon wavelength kJλ vs. the corresponding electric dipole permanent moment and the corresponding para-
Hammett constant for each substituent. Calculations refer to a wavelength of 632.8 nm, pressure of 1 atm, and temperature of 294.15 K, and are carried out at
the CAM-B3LYP level of theory. For comparison, the permanent dipole is also reported vs. the corresponding para-Hammett constant.

appears appropriate to compare molecular responses at this
common wavelength.

Going back to our correlation between the Jones con-
stant and the para-Hammett constant, we can therefore state
that the reason for nitrosobenzene to behave as it does re-
lates to the presence of the nπ*-resonance, but in the case

of nitrobenzene the explanation eludes us. For nitrobenzene,
we calculate a JT/T contribution that is relatively small and
of the opposite sign as compared to the other nonresonant
benzene-acceptor molecules. This explains “numerically” the
peculiar behavior of this molecule in Figure 3, see in partic-
ular the two low lying panels. Prompted by this evidence,

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

130.236.171.107 On: Wed, 08 Jan 2014 09:02:36



194311-9 Fahleson et al. J. Chem. Phys. 139, 194311 (2013)

FIG. 4. Vertical electronic excitation energies (eV) for furan homologues and monosubstituted benzenes. The dashed horizontal lines indicate the standard
experimental wavelengths of 632.8 nm and 1064.0 nm.

we have performed additional studies of other proper-
ties involving nonlinear frequency dependent responses, for
nitrobenzene and for cyanobenzene, selected among the
other monosubstituted benzenes studied here. Properties
as the first electric dipole hyperpolarizability β(−ω; ω, 0)
= −〈〈μ̂α; μ̂β, μ̂γ 〉〉ω,0, or the Verdet constant, measuring the
Faraday effect and proportional to the appropriate combina-

tion of electric dipole–electric dipole–magnetic dipole first
hypersusceptibility tensor components −〈〈μ̂α; μ̂β, m̂γ 〉〉ω,0,3

were computed using the same basis set and electronic struc-
ture model employed for Jones birefringence. The results well
reproduced the expected trends and relationship with experi-
mental data. Apparently the Jones constant is sensitive to a
particularity of the nitrobenzene molecule that we have not

FIG. 5. Dispersion of the Jones constant times the photon wavelength for C6H5NO. The dashed vertical line indicates the standard experimental wavelength of
632.8 nm (1.96 eV). Results refer to a pressure of 1 atm and a temperature of 294.15 K.
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been able to identify so far, and we cannot offer at this stage
physical arguments for the result we obtain in this specific
case.

V. CONCLUSIONS

An ab initio study of the Jones (and magnetoelectric)
birefringence of a series of systems (noble gases, furan and
two of its homologues, benzene and 11 monosubstituted
derivatives) was carried out employing TDDFT (with CAM-
B3LYP as the choice of the functional) and large basis sets
(Dunning’s triply augment correlation consistent of triple-ζ
quality for molecules, of quadruple-ζ quality for noble gases)
with the aim of finding out a system or a class of systems
that could be likely candidates for the combined computa-
tional/experimental study.

In the course of the analysis, we have come across some
interesting and relevant correlations between the observable,
the Jones constant, and the atomic radius (for noble gases) or
the dipole moment or a substituent empirical parameter as the
para Hammett constant, for benzene and its mono substituted
derivatives. As an index of the measurability of the birefrin-
gence, we have taken a figure of merit defined as the ratio of
the product of the Jones constant by the wavelength and the
mean static electric dipole polarizability.

The observable follows nicely an expected quadratic law
when it comes to the dependence on the atomic radius for
noble gases. This includes also Xe, where relativistic effects
on the properties have been neglected, prompting us to state
that the effect of relativity on the Jones constant of Xe might
be negligible.

The linear correlation between Jones constant and para
Hammett constant, paralleling that existing between Jones
constant and permanent dipole moment, has two notable ex-
ceptions: nitrosobenzene and nitrobenzene. Whereas for the
former we could identify the reason for the “out of tune” be-
havior (and for the huge resulting response) in the presence of

a nearly resonant excited electronic state, we cannot at present
offer a physical argument to explain the behavior of the latter.
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APPENDIX: REVISION OF DATA FOR NOBLE GASES

In Tables III and IV we reproduce, for all basis sets em-
ployed in Ref. 54 with the exception of the quadruply aug-
mented sets, the relevant tensor elements, and the birefrin-
gence computed at full configuration interaction (FCI) level
for helium, and CCSD level for neon, argon, and krypton. The
notation is that employed in Ref. 54, see also Eqs. (18)–(21)
above.

With reference to the discussion of the results obtained
for the noble gases in Ref. 54, we note that the Gdia

1111 con-
tribution, neglected in that paper, is always of opposite sign
with respect to and larger (a factor up to more 2.5 in absolute
value) than the Gdia

2211 tensor element, which was seen to be
dominant already in Ref. 54. Since the two diamagnetic com-
ponents contribute with opposite sign to ω (cf. Eq. (20)),
the newly introduced all diagonal component yields a sensi-
ble increase of ω, and a correspondingly enhancement of the
birefringence �n.

The “best estimates” of the birefringence of the rare gases
change accordingly: from −1.3× 10−17 to −4.5× 10−17 for
helium; from −3.5× 10−17 to −1.1× 10−16 for neon; from

TABLE III. He. FCI results for Jones birefringence. Revised version of data of Ref. 54. See text. In parentheses are results from Ref. 54. Wavelength
λ = 632.8 nm. Birefringences �n computed for a pressure of 1 bar, external electric and magnetic induction fields of 2.6 × 106 V m−1 and 3 T, respectively,
and a temperature of 273.15 K.

Basis Gdia
1111 G

para
2211 Gdia

2211 a′
23111 ω �n × 1017

cc-pVTZ − 0.09675 − 0.04527 0.03284 0.00252 0.08440 (−0.01235) − 0.196 (0.029)
cc-pVQZ − 0.27990 − 0.10056 0.09288 0.01143 0.27263 (−0.00727) − 0.634 (0.017)
cc-pV5Z − 0.46701 − 0.15175 0.16789 0.02742 0.48414 (0.01713) − 1.126 (−0.040)
cc-pV6Z − 0.69374 − 0.20784 0.26113 0.05434 0.74899 (0.05525) − 1.742 (−0.128)

aug-cc-pVTZ − 1.45872 − 0.36642 0.57747 0.19921 1.67694 (0.21822) − 3.899 (−0.507)
aug-cc-pVQZ − 1.54466 − 0.38672 0.71476 0.28923 1.88311 (0.33845) − 4.379 (−0.787)
aug-cc-pV5Z − 1.54804 − 0.39262 0.79741 0.35784 1.96570 (0.41767) − 4.571 (−0.971)
aug-cc-pV6Z − 1.49822 − 0.39322 0.85004 0.41112 1.96983 (0.47162) − 4.580 (−1.097)

d-aug-cc-pVTZ − 1.37139 − 0.39407 0.91118 0.53083 1.90760 (0.53622) − 4.436 (−1.247)
d-aug-cc-pVQZ − 1.38055 − 0.39524 0.92584 0.53388 1.93036 (0.54982) − 4.489 (−1.278)
d-aug-cc-pV5Z − 1.39391 − 0.39456 0.92935 0.53548 1.94797 (0.55407) − 4.530 (−1.288)
d-aug-cc-pV6Z − 1.40124 − 0.39400 0.92662 0.53492 1.95312 (0.55188) − 4.542 (−1.283)

t-aug-cc-pVTZ − 1.37416 − 0.39457 0.91193 0.53323 1.91072 (0.53655) − 4.443 (−1.248)
t-aug-cc-pVQZ − 1.37990 − 0.39528 0.92569 0.53433 1.92955 (0.54964) − 4.487 (−1.278)
t-aug-cc-pV5Z − 1.39133 − 0.39446 0.92914 0.53491 1.94526 (0.55394) − 4.523 (−1.288)
t-aug-cc-pV6Z − 1.39928 − 0.39392 0.92679 0.53456 1.95139 (0.55211) − 4.538 (−1.284)
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TABLE IV. CCSD results for Jones birefringence of Neon, Argon, and Krypton. Revised version of data of Ref. 54. See text. In parentheses are results from
Ref. 54. Wavelength λ = 632.8 nm. Birefringences �n computed for a pressure of 1 bar, external electric and magnetic induction fields of 2.6 × 106 V m−1

and 3 T, respectively, and a temperature of 273.15 K.

Basis Gdia
1111 G

para
2211 Gdia

2211 a′
23111 ω �n × 1017

Neon
aug-cc-pVTZ − 2.22662 − 0.55093 1.02835 0.83594 2.73414 (0.50752) − 6.358 (−1.180)
aug-cc-pVQZ − 2.69983 − 0.63667 1.37156 1.00038 3.47074 (0.77091) − 8.070 (−1.793)
aug-cc-pV5Z − 2.96323 − 0.68655 1.70140 1.19172 4.02098 (1.05775) − 9.350 (−2.460)

d-aug-cc-pVTZ − 3.50756 − 0.75070 1.85796 1.41982 4.66594 (1.15838) − 10.850 (−2.694)
d-aug-cc-pVQZ − 3.25614 − 0.73992 2.00568 1.50209 4.57597 (1.31983) − 10.640 (−3.069)
d-aug-cc-pV5Z − 3.06233 − 0.73404 2.15598 1.63683 4.54320 (1.48087) − 10.564 (−3.443)

t-aug-cc-pVTZ − 3.19133 − 0.75633 2.17231 1.67606 4.66765 (1.47632) − 10.854 (−3.433)
t-aug-cc-pVQZ − 3.04631 − 0.74037 2.17100 1.68486 4.53759 (1.49128) − 10.551 (−3.468)
t-aug-cc-pV5Z − 3.02514 − 0.73399 2.18048 1.69322 4.53258 (1.50744) − 10.540 (−3.505)

Argon
aug-cc-pVTZ − 21.72543 − 6.46468 12.32241 18.42279 28.24641 (6.52098) − 65.681 (−15.163)
aug-cc-pVQZ − 24.97387 − 7.08445 15.77958 23.09026 34.50028 (9.52641) − 80.223 (−22.152)
aug-cc-pV5Z − 22.52025 − 7.01763 16.99101 24.62570 33.38019 (10.85994) − 77.618 (−25.252)

d-aug-cc-pVTZ − 25.14808 − 7.45078 18.81484 29.54271 37.57572 (12.42764) − 87.374 (−28.898)
d-aug-cc-pVQZ − 23.66531 − 7.30320 19.13405 29.77622 36.56814 (12.90283) − 85.031 (−30.003)
d-aug-cc-pV5Z − 22.58023 − 7.25819 19.58557 31.11452 36.02777 (13.44754) − 83.775 (−31.269)

t-aug-cc-pVTZ − 23.28978 − 7.45600 20.30386 33.65619 37.34931 (14.05953) − 86.848 (−32.692)
t-aug-cc-pVQZ − 22.60071 − 7.30326 19.93156 32.26406 36.39056 (13.78985) − 84.618 (−32.065)
t-aug-cc-pV5Z − 22.35573 − 7.25834 19.73956 31.90732 35.98566 (13.62993) − 83.677 (−31.693)

Krypton
aug-cc-pVTZ − 49.24551 − 14.22440 28.15406 56.19013 65.19809 (15.95258) − 151.604 (−37.094)
aug-cc-pVQZ − 48.32808 − 14.54613 33.68654 64.39986 69.78697 (21.45889) − 162.274 (−49.898)
aug-cc-pV5Z − 44.89622 − 14.41114 36.13720 69.18110 69.11290 (24.21668) − 160.707 (−56.311)

d-aug-cc-pVTZ − 51.16270 − 15.60627 39.73010 82.25847 78.24796 (27.08526) − 181.948 (−62.981)
d-aug-cc-pVQZ − 46.69773 − 15.11992 40.90421 84.20056 75.51336 (28.81563) − 175.590 (−67.004)
d-aug-cc-pV5Z − 44.52121 − 14.83324 40.96292 84.65747 73.69867 (29.17747) − 171.370 (−67.846)

t-aug-cc-pVTZ − 46.80882 − 15.60989 43.02425 93.66344 77.59519 (30.78637) − 180.431 (−71.587)
t-aug-cc-pVQZ − 44.97673 − 15.11689 42.17999 90.08271 75.28293 (30.30620) − 175.054 (−70.470)
t-aug-cc-pV5Z − 43.96590 − 14.83800 41.44806 87.58322 73.72908 (29.76318) − 171.441 (−69.208)

−3.0× 10−16 to −8.4× 10−16 for argon; and from −6.5
× 10−16 to −1.7× 10−15 for krypton.
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QM/MM and QM/QM/MM protocols are applied to the ab initio study of the three linear bire-
fringences Kerr, Cotton–Mouton, and Jones, as shown by acetonitrile in the gas and pure
liquid phases. The relevant first-order properties as well as linear, quadratic, and cubic
frequency-dependent response functions were computed using time-dependent Kohn–Sham
density-functional theory with use of the standard CAM-B3LYP functional. In the liquid phase,
a series of room temperature (293.15 K) molecular dynamics snapshots were selected, for which
averaged values of the observables were obtained at an optical wavelength of 632.8 nm. The
birefringences were computed for electric and magnetic induction fields corresponding to the lab-
oratory setup previously employed by Roth and Rikken in Phys. Rev. Lett. 85, 4478, (2000).
Under these conditions, acetonitrile is shown to exhibit a weak Jones response — in fact roughly
6.5 times smaller than the limit of detection of the apparatus employed in the measurements
mentioned above. A comparison is made with the corresponding gas-phase results and an as-
sessment is made of the index of measureability, estimating the degree of overlap of the three
birefringences in actual measurements. For acetonitrile, it is shown that this index is a factor
of 3.6 and 6.7 larger than that of methylcyclopentadienyl-Mn-tricarbonyl and cyclohexadienyl-Fe-
tricarbonyl, respectively — two compounds reported in Phys. Rev. Lett. 85, 4478, (2000) to exhibit
a strong Jones signal.

1 Introduction
In particular during the last 15 years, a renewed interest has
emerged for the Jones1 and magnetoelectric2,3 birefringences.
This optical effect reveals itself as an anisotropy of the refrac-
tive index as linearly polarized light traverses a medium perpen-
dicular to externally applied electric and magnetic fields aligned
parallel to one another (in the Jones linear birefringence) or per-
pendicular to each other (in the magnetoelectric linear birefrin-
gence), with the anisotropy being defined as the difference be-
tween polarization components tilted ±45◦ relative the external
fields, and perpendicular to the direction of the incoming light
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in Jones birefringence1,4 and coinciding with those of the two
external fields in magnetoelectric birefringence.2,3 Although the
two birefringences require different experimental setups, they are
completely equivalent from the point of view of theory,4–6 and
from now on we will only concentrate on Jones linear birefrin-
gence. The very first observation of the effect was conducted on
liquids by Rikken et al.,7 and the endeavors at performing mea-
surements on gaseous samples have since intensified. Reports
have been made, presenting highly sophisticated and sensitive
experimental equipment capable of observing the aforementioned
effect in gases,8 and possibly also quantum vacuum-induced bire-
fringence.9

Two closely related birefringences — denoted as the Kerr10–12

and Cotton–Mouton13–17 effects — are observable in the pres-
ence of electric (Kerr) or magnetic (Cotton–Mouton) fields. Here,
the external fields are also aligned perpendicular to the direction
of the incoming light, and the anisotropy is defined as the differ-
ence between the polarization components parallel and perpen-
dicular to the external field, while maintaining perpendicularity
with the direction of propagation of the light beam, as for the
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magneto-electric effect. The Kerr and Cotton–Mouton birefrin-
gences are therefore unavoidably present in any attempt at mea-
suring the Jones effect. Since the magnitudes of the former ones
are rooted in electric and magnetic dipole moment couplings,
while the latter stems from higher-order moments, the Kerr and
Cotton–Mouton effects will naturally be stronger and may screen
the observation of the Jones effect. Thus, calculations will pro-
vide essential aid to identify ideal candidates, exhibiting possibly
weak Kerr and Cotton–Mouton responses, but strong Jones sig-
nals.

In ref. 18 a series of systems (noble gases, furan homologues
and monosubstituted benzenes) were theoretically analyzed in
the gas phase. Property correlations were found between the bire-
fringence and the atomic radius (for noble gases), or the dipole
moment and the empirical para-Hammett constant (for benzene
and eleven of its mono-substituted derivatives). The Jones con-
stant (a measure of Jones birefringence) displayed a nearly per-
fect quadratic dependence on the atomic radius of the noble
gases, and a linear dependence on both the dipole moment and
the para-Hammett constant — with notable exceptions of nitroso-
and nitrobenzene. Also based on the conclusions of ref. 18, it
was clear that, with the current experimental facilities, it would
prove a difficult task to perform a quantitative determination of
the Jones birefringence in the gas phase.

On the other hand, it can be argued that the enhancement of
the Jones effect in the condensed phase may help reach the con-
ditions for detectability. Therefore, we have decided to inves-
tigate a system that could easily be subject to a measurement
of linear birefringences in the liquid phase. A readily available
and commonly employed system is acetonitrile — a popular sol-
vent with a high dielectric constant (38.8) and a dipole mo-
ment of 3.92 D.19 Here we study its responses in both gas and
liquid phases, determining the magnitude of the Kerr, Cotton–
Mouton and Jones birefringences. To accurately describe the
property in the liquid phase, we resort to the polarizable em-
bedding (PE)20,21 and polarizable density embedding (PDE)22

response theory approaches, which are based on QM/MM and
QM/QM/MM methodologies, respectively. This is to our knowl-
edge the first application of such methodologies to mixed electric
and magnetic high-order, frequency-dependent properties. Our
aim is to reliably determine whether acetonitrile is a good candi-
date for an experimental attempt at observing the Jones birefrin-
gence in either of the two phases.

2 Theoretical methodology
In this section, the basic equations relating the observables to
molecular response-theory tensors are given while the reader can
consult the work of Rizzo and co-workers for a more comprehen-
sive treatment.15,17,23–25

2.1 The observables

The optical effects of interest in the present work are the Kerr,
Cotton–Mouton and Jones linear birefringences. In a linear bire-
fringence, the refractive index n of a medium builds an anisotropy
∆n as light propagates through it in the presence of external elec-

tric E and/or magnetic induction B field(s) (or field gradients)
aligned perpendicularly to the direction of the propagation of the
light.17 As a consequence, a phase difference φ emerges, depend-
ing on the path length l, the wavelength of the radiation λ (re-
lated to the circular frequency ω by the relationship λ = 2πc0/ω,
where c0 denotes the speed of light in vacuo), and the refractive-
index anisotropy. For small angles it can be written as

φ ≈ 2πl
λ

∆n (1)

where, for the three linear birefringences identified by the sub-
scripts K (Kerr), CM (Cotton–Mouton) and J (Jones), we have

∆nK = n‖−n⊥ = kKλE2
x (2)

∆nCM = n‖−n⊥ = kCMλB2
x (3)

∆nJ = n+45◦ −n−45◦ = kJλExBx (4)

for which the wavelength-dependent constants kK, kCM, and kJ

have been introduced. In eqns (2)–(4) above, Ex and Bx are the
electric and magnetic field-strengths along the x-axis — it is as-
sumed that the light propagates along the z-axis. Since the ob-
servation of the Jones birefringence is of main interest here, we
adopt the quantity

ηmea =
|∆nJ|√
|∆nK∆nCM|

=
|kJ|√
|kKkCM|

(5)

as an index of measureability, as introduced by Rikken and co-
workers in ref. 7. The larger the value of ηmea, the more intense
is Jones response relative to the Kerr and Cotton–Mouton bire-
fringences.

2.2 Definitions of response functions and operators

Tensors involved in the calculation of the Kerr effect are the
permanent electric dipole moment, static and dynamic electric-
dipole polarizability, and corresponding first- and second-order
hyperpolarizabilities:

µ
(0)
α = 〈µ̂α 〉 (6)

ααβ (0;0) = α
(0)
αβ

= −〈〈µ̂α ; µ̂β 〉〉0 (7)

ααβ (−ω;ω) = ααβ = −〈〈µ̂α ; µ̂β 〉〉ω (8)

βαβγ (−ω;ω,0) = βαβγ = 〈〈µ̂α ; µ̂β , µ̂γ 〉〉
ω,0 (9)

γαβγδ (−ω;ω,0,0) = γαβγδ = −〈〈µ̂α ; µ̂β , µ̂γ , µ̂δ 〉〉ω,0,0 (10)

To lowest order and in addition to the dynamic polarizabil-
ity given in eqn (8), tensors involved in the description of the
Cotton–Mouton effect16 are the magnetizability and hypermag-
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netizabilities:

ξ
(0)
αβ

= 〈〈m̂α ; m̂β 〉〉0−〈ξ̂αβ 〉 (11)

η
dia
αβγδ

(−ω;ω,0) = η
dia
αβγδ

= 〈〈µ̂α ; µ̂β , ξ̂γδ 〉〉ω,0 (12)

η
para
αβγδ

(−ω;ω,0,0) = η
para
αβγδ

= −〈〈µ̂α ; µ̂β , m̂γ , m̂δ 〉〉ω,0,0

(13)

Finally, in addition to the dipole moment in eqn (6), the
anisotropy yielded by the Jones birefringence involves

Gdia
αβγ

(−ω;ω) = Gdia
αβγ

= −〈〈µ̂α ; ξ̂
dia
βγ
〉〉ω (14)

Gdia
αβγδ

(−ω;ω,0) = Gdia
αβγδ

= 〈〈µ̂α ; ξ̂
dia
βγ

, µ̂δ 〉〉ω,0 (15)

Gpara
αβγ

(−ω;ω,0) = Gpara
αβγ

= 〈〈µ̂α ; m̂β , m̂γ 〉〉ω,0 (16)

Gpara
αβγδ

(−ω;ω,0,0) = Gpara
αβγδ

= −〈〈µ̂α ; m̂β , m̂γ , µ̂δ 〉〉ω,0,0

(17)

a′
αβγδ

(−ω;ω,0) = a′
αβγδ

= i〈〈µ̂α ; q̂βγ , m̂δ 〉〉ω,0 (18)

a′
αβγδε

(−ω;ω,0,0) = a′
αβγδε

= −i〈〈µ̂α ; q̂βγ , m̂δ , µ̂ε 〉〉ω,0,0

(19)

Above, single brackets
(
〈X̂〉
)

indicate first-order properties of the
ground state, whereas double brackets

(
〈〈X̂ ;Ŷ , ...〉〉

)
are used for

linear, quadratic, and cubic frequency-dependent response func-
tions.26 The operators involved in eqns (6)–(19) are the electric
dipole operator,

µ̂α =−e∑
i

r̂iα (20)

the traced electric quadrupole operator,

q̂αβ =−e∑
i

r̂iα r̂iβ (21)

the magnetic dipole operator,

m̂α =− e
2me

∑
i
(r̂i× p̂i)α

(22)

and the diamagnetic susceptibility operator,

ξ̂
dia
αβ

=
e2

4me
∑

i

(
r̂iα r̂iβ − r̂iδ r̂iδ δαβ

)
. (23)

2.3 Kerr effect

For a molecular system exhibiting a permanent electric dipole,
including the non-vanishing contributions up to quadratic order
in the electric field-strength Ex, the Kerr constant [see eqn (2)]
assumes the form

kK =
N

60ε0λ
×
{

K0 +
K1

T
+

K2

T 2

}
(24)

where ε0 is the electric constant and N is the number density
which for an ideal gas can be written as

Ngas =
P

kT
(25)

with P denoting the pressure and k Boltzmann’s constant. The
terms involved in eqn (24) are

K0 = γK (26)

K1 =
1
k

(
[β µ]+ [αα]

)
(27)

K2 =
1
k2 [αµµ] (28)

and the tensor contractions taking place in eqns (26)–(28) are

γK = 3γαβαβ − γααββ (29)

[β µ] = 6βαβα µ
(0)
β
−2βααβ µ

(0)
β

(30)

[αα] = 3ααβ α
(0)
αβ
−ααα α

(0)
ββ

(31)

[αµµ] = 3ααβ µ
(0)
α µ

(0)
β
−ααα µ

(0)
β

µ
(0)
β

(32)

See eqns (6)–(10) for tensor definitions regarding eqns (29)–
(32). The anisotropy of the refractive index is

∆nK =
NE2

x
60ε0

×
{

K0 +
K1

T
+

K2

T 2

}
(33)

From the definitions above, the following expressions can be used
to obtain the anisotropy ∆nK and the Kerr constant kK when the
units for Ex, N, T and λ are those given explicitly in square brack-
ets, whereas the terms Kn (n=0,1,2) are to be entered in atomic
units × Kn:

∆nK = 1.17372×10−55 × (Ex[
V
m
])2×N[m−3] (34)

×
{

K0 +
K1

T [K]
+

K2

(T [K])2

}

kK[
m
V2 ] = 1.17372×10−46 × N[m−3]

λ [nm]
(35)

×
{

K0 +
K1

T [K]
+

K2

(T [K])2

}
Note that for an ideal gas at 1 atm and 293.15 K, N = 2.50348×
1025 m−3. Our reference for the value of fundamental physical
constants is Ref. 27.

2.4 Cotton–Mouton effect

According to its usual definition, the Cotton–Mouton effect con-
tains two main terms. Discarded additional terms, either con-
tribute insignificantly (like those representing the anisotropy aris-
ing from the oscillating optical magnetic field) or depend on the
permanent magnetic dipole moment that vanish in closed-shell
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systems.16 Taking such approximations into account to quadratic
order in the magnetic field-strength Bx, the Cotton–Mouton con-
stant assumes the form

kCM =
N

60ε0λ
×
{

C0 +
C1

T

}
(36)

The two terms in eqn (36) are defined as

C0 = ηpara +ηdia (37)

C1 =
1
k
[αξ ] (38)

where

ηpara = 3η
para
αβαβ

−η
para
ααββ

(39)

ηdia = 3η
dia
αβαβ

−η
dia
ααββ

(40)

[αξ ] = 3ααβ ξ
(0)
αβ
−ααα ξ

(0)
ββ

(41)

See eqns (8) and (11)–(13) for tensor definitions regarding eqns
(39)–(41). The anisotropy of the refractive index is

∆nCM =
NB2

x
60ε0

×
{

C0 +
C1

T

}
(42)

Furthermore, the anisotropy ∆nCM and the Cotton–Mouton con-
stant kCM can be obtained by using the units for Bx, N, T and λ

explicitly given in square brackets, whereas the terms Cn (n=0,1)
should be entered in atomic units × Kn:

∆nCM = 5.61740×10−43 × (Bx[T])2×N[m−3] (43)

×
{

C0 +
C1

T [K]

}

kCM[m−1T−2] = 5.61740×10−34 × N[m−3]

λ [nm]
(44)

×
{

C0 +
C1

T [K]

}

2.5 Jones effect

For molecules lacking permanent magnetic dipole moment, but
exhibiting a permanent electric dipole moment, the Jones con-
stant [see eqn (4)] is defined for non-vanishing contributions to
lowest order in the field strengths Ex and Bx as

kJ =
N

30ε0c0λ
×
{

J0 +
J1

T

}
(45)

where

J0 = G
(3)
para +G

(3)
dia +A ′

(3) (46)

J1 =
1
k

(
G

(2)
para +G

(2)
dia +A ′

(2)
)

(47)

for which

G
(3)
para = 3G para

αβαβ
+3Gpara

αββα
−2Gpara

ααββ
(48)

G
(3)
dia = 3Gdia

αβαβ
+3Gdia

αββα
−2Gdia

ααββ
(49)

A ′
(3)

= −ω

2
εαβγ

(
a′

αβδδγ
+a′

αβδγδ

)
(50)

G
(2)
para = µ

(0)
α

(
3Gpara

αββ
+3Gpara

βαβ
−2Gpara

ββα

)
(51)

G
(2)
dia = µ

(0)
α

(
3Gdia

αββ
+3Gdia

βαβ
−2Gdia

ββα

)
(52)

A ′
(2)

= −ω

2
εαβγ

(
µ
(0)
γ a′

αβδδ
+µ

(0)
δ

a′
αβδγ

)
(53)

Above, εαβγ is the Levi-Civita alternating tensor. See eqns (6)
and (14)–(19) for tensor definitions regarding eqns (48)–(53).
The anisotropy of the refractive index is

∆nJ =
NBxEx

30ε0c0
×
{

J0 +
J1

T

}
(54)

which, along with the Jones constant kJ, are obtained through the
relationships

∆nJ = 3.74752×10−51 × Ex[
V
m
]×Bx[T]×N[m−3]

×
{

J0 +
J1

T [K]

}
(55)

kJ[V−1T−1] = 3.74752×10−42× N[m−3]

λ [nm]
×
{

J0 +
J1

T [K]

}
(56)

when the units for Bx, Ex, N, T and λ are those given explicitly
in square brackets, whereas the terms Jn (n=0,1) are entered in
atomic units × Kn.

2.6 Local-field factors

The general view of a non-magnetic material such as a pure
acetonitrile liquid is that induced magnetic moments by optical
or static fields are negligible and no magnetic local-field effects
need to be taken into account. However, the electric equivalent
is certainly not negligible and should be accounted for. More-
over, in this study, the level of approximation is such that electric
quadrupole-induced local-field effects are assumed to be negligi-
ble. The Onsager dielectric liquid model,28 having the external
fields as the reference fields, applies cavity-field factors, referred
to in this work as local-field factors (LFF), to all dipole operators
in any particular response function and first-order properties, re-
sulting in effective response functions of the sort

〈〈µ̂ωσ

α ; µ̂
ω1
β

, µ̂ω2
γ , µ̂ω3

δ
〉〉eff = (57)

f (ωσ ) f (ω1) f (ω2) f (ω3)×〈〈µ̂ωσ

α ; µ̂
ω1
β

, µ̂ω2
γ , µ̂ω3

δ
〉〉

for which the LFF are given by

f (ω) =
3

2εr(ω)+1
(58)
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where εr(ω) is the relative permittivity. To linear order, the dy-
namic relative electric permittivity relates to the corresponding
dynamic linear response function according to

εr(ω) = 1+
N
ε0
〈α(ω)〉 (59)

where 〈α(ω)〉 is the isotropically averaged frequency dependent
molecular polarizability [see eqn (8)]. Due to nuclear alignment
effects in the presence of a static electric field, the static electric
relative permittivity is generally much higher than the dynamic
one, in particular for highly dipolar samples. However, we cur-
rently do not model this process, and can only obtain theoreti-
cal values for the dynamic permittivity. Thus, we make use of
experimentally measured values for εr(0) [measured at 298.5 K
by Srinivasan and Kay29] and εr(ω) [measured at 293.15 K for
λ = 587.8 nm by P. Pacák30]. The latter one may be extrapolated
to our wavelength of choice, 632.8 nm, by the dispersion formula
obtained at 300 K by Moutzouris et al.31 Ultimately, considering
the fact that f (ω) = f (−ω), the effective anisotropies [see eqns
(2)–(4)] become

∆nK,eff = f (ω)2 f (0)2×∆nK (60)

∆nCM,eff = f (ω)2×∆nCM (61)

∆nJ,eff = f (ω) f (0)×∆nJ (62)

3 Computational details

3.1 Morphology

The molecular geometry of the isolated molecule (gas phase)
has been optimized at a level of Kohn–Sham density-functional
theory (DFT)32,33 in conjunction with the B3LYP exchange-
correlation functional34 and Dunning’s correlation-consistent ba-
sis set cc-pVTZ35 using the quantum chemistry package DAL-
TON.36

The force field (OPLS) and acetonitrile box of liquid were ob-
tained from www.virtualchemistry.org, referring to a benchmark
study37 for which the density had equilibrated at T = 293.15 K.
Using GROMACS,38–41 an NVT MD simulation ran for 100 ns
(1 fs time step) using periodic-boundary conditions and a Nosé–
Hoover thermostat,42,43 from which 100 frames were extracted
with intervals of 2 ps.

As mentioned, the molecular density in the gas phase is signif-
icantly lower compared to the liquid phase. For acetonitrile in
particular, the density for the box of liquid is Nliq = 1.11782×1028

m−3 (762.0 kg m−3), corresponding to a ratio of

Nliq

Ngas
= 446.51 (63)

While this value of the liquid density is the one being used when-
ever the liquid density is referred to in the calculations, it should
be noted that its value is 2.7% below the experimental value of
782.4 kg m−3.44

3.2 PE and PDE potentials
The choice of regions in the PE calculations is shown graphically
in Fig. 1, where a droplet of liquid acetonitrile consisting of 1006
molecules is depicted. A quantum mechanical treatment is cho-
sen for the red molecule placed in the center. The blue shell,
with a radius of 1.5 nm, includes about 190 molecules (the ex-
act number depends on the liquid configuration of each frame).
In this region, atom-centered point charges and isotropic polar-
izabilities describe each molecule. The gray–green outer region
enclosing the previous one extends to 2.68 nm, and only point
charges at each atom were included in it. The atom-centered
charges were obtained using the restrained electrostatic poten-
tial (RESP) scheme45 with an ESP taken from Gaussian 0946 at
the B3LYP/6-31+G*47 level of theory and fitted using the Amber-
Tools’ Antechamber module.48,49 Atom-centered isotropic polar-
izabilities were obtained from the MOLCAS package50 employing
the LoProp scheme51 — also at the B3LYP/6-31+G* level of the-
ory. The charges and polarizabilities were obtained for an isolated
optimized acetonitrile molecule (gas phase).

Fig. 1 Spherical cut-out of liquid acetonitrile consisting of 1006 molecules. The
red molecule placed in the center is treated quantum mechanically. The blue shell
has a radius of 1.5 nm and consists of roughly 190 molecules depending on the
liquid configuration of each frame, with point charges and isotropic polarizabilities
at each atom. It is enclosed by the gray–green shell with a radius of 2.68 nm
where only point charges at each atom are adopted.

The parameters were held constant for all molecules, motivated
by the fact that geometric distortions are very small. In Fig. 2, the
geometrical fluctuations at room temperature are illustrated for a
reference solute molecule and 100 statistically uncorrelated snap-
shots. The bond angle fluctuates by no more than 0.1 deg and the
bond lengths vary by less than 0.2 pm. Such fluctuations are min-
imal and do not significantly alter the charge distributions.

In the PDE calculations, the acetonitrile molecules in the in-
ner shell explicitly exhibited their exact electron densities. Fur-
thermore, due to technical reasons in the PDE calculations, all
molecules (except the central fully quantum-mechanically treated
molecule) were described by the atom-centered anisotropic po-
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Fig. 2 Fluctuations of the C–C–N bond angle (top panel), C–C bond length
(middle panel), and C–N bond length (bottom panel) for a selected solute molecule
over 100 snapshots.

larizabilities. The electron density of each molecule was ob-
tained from a B3LYP/6-31+G* calculation performed in Dal-
ton36, whereas the polarizabilities were produced using the Lo-
Prop scheme51 also based on a B3LYP/6-31+G* calculation.

3.3 Response properties

Response properties for the isolated molecule and the liquid were
calculated with the quantum-chemistry package DALTON36 us-
ing PElib52 and Gen1Int53 for the PE and PDE calculations. The
CAM (Coulomb attenuated method)54 extension to the B3LYP
functional34 was used in all cases. Basis sets employed for the
isolated molecule corresponded to augmented variants of Dun-
ning’s correlation-consistent basis sets,35 with increasing levels
of augmentation (from double to quadruple) for cardinal num-
bers ranging from D to Q. The study of basis set convergence in
the gas phase, see Table 1, led to the use of the double-augmented
triple-ζ basis set in the liquid-phase study.

In the gas phase, the linear magnetizability related to the
Cotton–Mouton effect included gauge-invariant atomic orbitals
(GIAO), commonly also referred to as London orbitals. In the
PE and PDE liquid environments, however, no such orbitals were
available. Furthermore, the calculation of cubic response func-
tions has not been implemented yet for the PDE model, thus any
contributions to the three studied birefringences based on cubic
response functions are absent for the PDE description of the liq-
uid.

4 Results and discussion

4.1 Frontier analysis

In Fig. 3 we illustrate a frontier analysis, i.e., response property
convergence with respect to the extension of the polarizable-shell
radius for a single snapshot in the PE model. This study is simi-
lar to what has been presented before in the literature for other
molecular properties.55–58 A zero shell radius refers to a non-
polarizable medium and the negative radius refers to gas phase
(isolated molecule) values. The various contributions to the Kerr
effect, cf. eqns (26)–(28) for definitions, to the Cotton–Mouton
effect, cf. eqns (37) and (38), and to the Jones effect, cf. eqns
(46) and (47), can be safely claimed to be converged at a radius
of approximately 1.5 nm. As mentioned above, this means that
about 190 molecules need to be included in the polarizable region
in order to obtain an appropriate description of the wide array of
linear and nonlinear, electric and magnetic, response properties
that are addressed in the present study.

In comparing gas- and liquid-phase data, it is seen that the use
of a nonpolarizable embedding model provides in most cases a
qualitatively correct picture of the solvation effects, in particular
for the contributions involving the electric quadrupole operator
in Jones birefringence (A ′(2), A ′(3) and G

(2)
dia ) and the [βα] and

[αµµ] contribution to Kerr.
We note that response properties obtained in the PDE envi-

ronment were obtained for a fully polarizable solvent. However,
the response properties produced in the PE environment are con-
verged with respect to the radius of the polarizable shell, and may
therefore legitimately be compared to the PDE results.
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Fig. 3 Convergence of contributions to Kerr effect (top panel), Cotton–Mouton
effect (mid panel), and Jones effect (bottom panel), with respect to the size of the
polarizable-shell radius in the PE model. The dashed vertical line at 1.5 nm
denotes the shell radius used for the calculation of MD room temperature
averaged properties [see Fig. 4]. The data at the extreme left in each panel refer to
gas phase results.

4.2 Statistical convergence

Alongside the QM/MM procedure to describe the medium, one
hundred statistically uncorrelated snapshots were extracted from
a room temperature molecular dynamics simulation to provide an
appropriate averaging with respect to molecular configurations in
the pure liquid. With structures adopted from these snapshots,
the frequency-dependent linear, quadratic and cubic response
functions given in eqns (6)–(19) were determined in the PE en-
vironment, while linear and quadratic response functions were
also computed in the PDE environment. Fig. 4 shows the conver-
gence behavior of the different contributions to the Kerr, Cotton–
Mouton, and Jones effects with respect to an increasing number
of snapshots/configurations in the PE model. Likewise, conver-
gence of response properties in the PDE environment, where only
the dominant contributions that depend on linear and quadratic
response functions have been obtained, is shown in Fig. 5.

It is evident that a sizable number of snapshots, at least 60 or
70, needs to be included in the averaging procedure in order to
reach the plateau where all contributions can be considered con-
verged. This observation applies also if one focuses on the domi-
nant contributions to the birefringences, namely K2/T 2, C1/T and
J1/T for Kerr, Cotton–Mouton, and Jones, respectively. Since, as
illustrated in Fig. 2, the intra-molecular motion is very small for
a molecule as rigid as acetonitrile, the large property variations
seen in Fig. 4 and Fig. 5 are predominantly due to direct solute–
solvent interactions. A continuum approach is for this reason a
less viable alternative.
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4.3 Local-field screening

Experimentally measured values of the relative permittivity are
εr(0) = 35.95 [measured at 298.5 K, see ref. 29] and εr(ω) = 1.794
[measured at 293.15 K and λ = 587.8 nm, see ref. 30], where the
dynamic permittivity has been extrapolated to λ = 632.8 nm [for-
mula obtained at 300 K, see ref. 31]. Using these permittivities,
the effective anisotropies, eqns (60)–(62), are scaled by factors
corresponding to

f (0) = 4.12×10−2 (64)

f (ω) = 65.39×10−2 (65)

that results in global scaling factors of

∆nK,eff = f (ω)2 f (0)2×∆nK (66)

= 7.24×10−4×∆nK

∆nCM,eff = f (ω)2×∆nCM (67)

= 4.28×10−1×∆nCM

∆nJ,eff = f (ω) f (0)×∆nJ (68)

= 2.69×10−2×∆nJ

Taking the average of the calculated dynamic electric permittivity
[see eqn (59)] over the 100 liquid snapshots yields a value of
1.661 in the PE environment, and 1.630 in the PDE environment.
Evidently, our prediction of the dynamic permittivity for the pure
acetonitrile liquid at 632.8 nm in the PE and PDE models are ≈7%
and ≈9%, respectively, off the experimental value of 1.794.

Regarding what scaling magnitudes can be expected, the Kerr
effect is reduced by a little more than three orders of magnitudes,
Cotton–Mouton is scaled by roughly half an order of magnitude,
and the Jones effect is dampened by slightly less than two orders
of magnitudes.

4.4 Molecular properties

In Table 1, we summarize results for the individual underlying
contributions to the Kerr, Cotton–Mouton, and Jones birefrin-
gences of acetonitrile in gas and liquid phase for which the cho-
sen optical wavelength is 632.8 nm and the temperature is set to
293.15 K. In the liquid phase, presented data refer to the con-
verged averaged values after 100 snapshots in the PE and PDE
models.

In the gas-phase calculations, we have employed correlation-
consistent basis sets ranging from double to quadruple augmen-
tation with cardinal numbers ranging from double to quadru-
ple. Double-ζ basis sets are not expected to be sufficiently ac-
curate for properties involving nonlinear, frequency-dependent
response functions and this is clearly revealed in the calcula-
tions of, in particular, the terms in the Cotton–Mouton and Jones
birefringences involving magnetic dipole and electric quadrupole
interactions. The lowest order basis set that provides reliable
results for all considered properties is the doubly-augmented

triple-ζ basis set and this is also the reason why we have cho-
sen this basis set in the liquid-phase calculations that are con-
siderably more expensive due to the need to perform an aver-
aging over MD snapshot configurations and, to a lesser extent,
due to the coupling between the QM and MM regions. Results
at the double augmented triple-ζ level are in close agreement
with those provided by the much larger quadruple augmented
quadruple-ζ basis set — for the dominating contributions, we
note: 3.94×108 vs. 3.94×108 for K2/T 2 (largely dominating
Kerr birefringence), −7.49×104 vs. −7.54×104 for C1/T (Cotton-
Mouton), −1.64×105 vs. −1.63×105 for J1/T (Jones).

Concerning the linear magnetizability which in part constitutes
the dominating contribution to the Cotton–Mouton effect [see
eqn (38)], we observe a very slow convergence for basis sets
without London-type orbitals (numbers not presented in Table
1) in both gas and liquid phases. However, the difference be-
tween gas-phase values without London orbitals and PE or PDE
liquid-phase values is in fact converged at the doubly-augmented
triple-ζ basis set. Thus, in an attempt to circumvent this con-
vergence problem, we estimate the PE and PDE liquid-phase re-
sults for the temperature-dependent Cotton–Mouton term, C1/T ,
as the gas-phase value with London orbitals, added to the ob-
served shift from gas-phase calculations without London orbitals
to liquid-phase calculations in the PE and PDE environments, re-
spectively.

We note that, in absolute terms, all contributions — except
the dominating Cotton–Mouton contribution — are initially en-
hanced in passing from gas phase to the liquid PE environment.
Comparing data for liquid and gas phases at the level of a doubly-
augmented triple-ζ basis set, we note that, for Kerr, K2/T 2 in-
creases by 54%, K1/T by 114%, and K0 by 23%; for Cotton–
Mouton, C1/T is reduced by 7% while C0 is amplified by 38%;
finally, for Jones, J1/T increases by 21% and J0 is amplified by
387%.

As was mentioned in the section for computational details, the
calculation of cubic response functions is not yet implemented
within our PDE environment module, and therefore the K0, C0

and J0 contributions are not presented at this level of approx-
imation. Nonetheless, the dominant lower-order, temperature-
dependent contributions were obtained. According to the PDE
results, our estimations in going from gas to liquid phase are sig-
nal amplifications of 45% and 52% for the molecular Kerr proper-
ties K2/T 2 and K1/T 1, respectively, 5% reduction for the Cotton–
Mouton property C1/T , and a 5% signal increase of the Jones
property J1/T .

Generally, the shift in going from gas phase to liquid phase is
overestimated to a certain extant by the PE model in relation to
the PDE model, but the overall picture is consistently preserved.

4.5 Anisotropies

The anisotropies and birefringence constants that are discussed
here and listed in Table 1 are done so with local-field factors,
as expressed in eqns (66)–(68). It is thus always the effective
constants and anisotropies that are being presented, with the ’eff’
subscript scrapped.
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Table 1 Kerr, Cotton–Mouton, and Jones quantities for a photon wavelength of 632.8 nm and a temperature of 293.15 K. For the calculation of the
birefringence constants and the anisotropies we assume an electric field-strength of 2.5×105 V/m and a magnetic field-strength of 17 T. Double to
quadruple augmentation and cardinal numbers D to Q are combined for the isolated molecule (gas phase), while double augmentation and triple-ζ
were used for the average over 100 frames taken in the liquid phase. Note that results reported for birefringence constants and corresponding
anisotropies for the case of the polarizable embedding (PE) and polarizable-density embedding (PDE) models include local-field factors. Quantities
kK, kCM, and kJ, are given in units of [mV−2], [m−1T−2], and [V−1T−1], respectively. Remaining quantities are given in atomic units with exception for
the dimensionless anisotropies (∆n) and index of measureability (ηmea).

Basis K0 K1/T K2/T 2 kK ∆nK C0 C1/T kCM ∆nCM J0 J1/T kJ ∆nJ ηmea

(×104) (×105) (×108) (×10−15) (×10−11) (×102) (×104) (×10−6) (×10−10) (×102) (×105) (×10−14) (×10−14) (×10−4)

Gas
dDZ 4.65 7.83 3.93 1.83 7.24 5.57 −7.52 −1.66 −3.03 −8.09 −1.65 −2.45 −6.60 4.45
tDZ 4.52 7.78 3.93 1.83 7.24 5.97 −8.44 −1.86 −3.40 −8.43 −1.65 −2.45 −6.60 4.20
qDZ 4.76 7.72 3.93 1.83 7.24 7.13 −8.52 −1.88 −3.43 −13.72 −1.64 −2.45 −6.59 4.18
dTZ 4.62 7.77 3.94 1.83 7.25 8.07 −7.49 −1.65 −3.01 −1.63 −1.64 −2.43 −6.53 4.42
tTZ 4.55 7.76 3.94 1.83 7.25 8.20 −7.48 −1.64 −3.01 −1.59 −1.64 −2.43 −6.53 4.42
qTZ 4.53 7.76 3.94 1.83 7.25 8.27 −7.37 −1.62 −2.96 −1.91 −1.64 −2.43 −6.53 4.46
dQZ 4.53 7.77 3.94 1.83 7.25 8.16 −7.49 −1.65 −3.01 −1.47 −1.63 −2.42 −6.52 4.41
tQZ 4.60 7.78 3.94 1.83 7.25 8.19 −7.49 −1.65 −3.01 −1.49 −1.63 −2.42 −6.52 4.41
qQZ 4.54 7.76 3.94 1.83 7.25 8.22 −7.54 −1.66 −3.03 −1.62 −1.63 −2.42 −6.52 4.40

Liquid (PE)
dTZ 5.68 16.63 6.05 0.91 3.60 11.11 -6.99 -0.65 -1.20 −7.93 −1.98 −35.33 −95.01 144.74

Liquid (PDE)
dTZ 11.79 5.70 0.86 3.39 −7.14 −0.68 −1.24 −1.73 −30.85 −82.97 127.93

The adopted photon wavelength is λ=632.8 nm, and other as-
sumptions include an electric field-strength of 2.5× 105 V/m, a
magnetic induction field-strength of 17 T and a temperature of
293.15 K. These values were chosen to correspond to a realistic
proposal for an experimental verification.7,18

We consider the PDE description of the liquid average over
100 snapshots to be our final estimates of the three linear bire-
fringences. Consequently, the Kerr constant and anisotropy is
found to be kK = 0.86× 10−15 and ∆nK = 3.39× 10−11, respec-
tively. Furthermore, the Cotton–Mouton observables are found to
be kCM = −0.68× 10−6 and ∆nCM = −1.24× 10−10. Finally, the
Jones constant and the anisotropy become kJ = −30.85× 10−14

and ∆nJ = −82.97× 10−14, respectively. In ref. 7 from the year
of 2000, Roth and Rikken claim to have an apparatus limited to
a resolution of kJ = 2.0× 10−12, where they also reported find-
ings of kJ = 47×10−12 and kJ = 22×10−12 for metallic complexes
methylcyclopentadienyl-Mn-tricarbonyl and cyclohexadienyl-Fe-
tricarbonyl (amongst other systems), that acted as the strongest
sources of Jones birefringence. In light of these numbers and
this technological restraint, the Jones constant predicted in this
study for pure liquid acetonitrile is roughly 6.5 times too small
for detection. It is possible, however, that the development of
optical lines and detection apparata which has occurred in the
last decade in the fast evolving field of laser spectroscopies might
warrant a success in a possible attempt at a quantitative measure-
ment of the Jones birefringence of acetonitrile.

4.6 Index of measureability

The last column of Table 1 presents the measureability index,
ηmea, that is defined in eqn (5). Comparing gas-phase results

with results from the liquid average in the PDE environment,
there is a great amplification in this measureability index. This
seems largely to be due to the huge screening effect of the fields
(local-field factors) suffered by the Kerr birefringence, in contrast
to the lesser screening effect suffered by the Jones birefringence,
since all individual contributions to the observables are of the
same order going from gas to liquid. The measureability index,
which is found to be 127.93× 10−4, is a factor of 3.6 greater
than the best value found by Roth and Rikken in their study
that sixteen years ago reported the first observation of magne-
toelectric Jones birefringence7 (ηmea=36×10−4 for a sample of
methylcyclopentadienyl-Mn-tricarbonyl).

5 Conclusions

Quantum mechanics/molecular mechanics (QM/MM) and
QM/QM/MM protocols have been applied to a first theoretical
study of the three linear birefringences Kerr, Cotton–Mouton, and
Jones, in the liquid phase. The relevant first-order properties,
linear, quadratic, and cubic frequency-dependent response
functions were calculated for acetonitrile in the form of a pure
liquid by using time-dependent density-functional theory and
the CAM-B3LYP functional. A series of molecular dynamics
snapshots were considered as to obtain averaged values of the
observables in a setup using an optical wavelength of 632.8 nm.
The birefringence is computed at room temperature (293.15 K)
for electric and magnetic induction fields corresponding to a
setup previously employed in the laboratories (see ref. 7).

Comparison is made with gas-phase predictions and large en-
hancements are initially reported across the board for the under-
lying molecular properties in the liquid phase governed by the
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PE model. However, the PE description of the liquid seems to be
overestimating the effects as the more sophisticated description
of the solvent density, the PDE model, generally predicts lower
gas-to-liquid enhancements in contrast to the PE model.

Concerning measureability of Jones birefringence in liquid ace-
tonitrile, it is found that this liquid exhibits a Jones response sig-
nal (kJ =−30.85×10−14) that is too weak for detection, according
to the technological boundaries set up by Roth and Rikken back
in 2000,7 and roughly 2 orders of magnitude lower than the best
values reported for some metallic complexes. On the other hand,
the index of measureability, estimating the degree of overlap of
the three birefringences in measurements, is reported to be more
than 3 times higher than the best value reported in ref. 7.

In conclusion, the Jones birefringence in liquid acetonitrile is
predicted here to be about an order of magnitude too small for
the detection apparatus employed in ref. 7, while at the same
time suffering from little interference from the other two linear
birefringences, Kerr and Cotton–Mouton, due to the very large
measureability index.
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The magnetic circular dichroism spectrum of the C60 fullerene has been determined with the use of Kohn–Sham density
functional theory in conjunction with the CAM-B3LYP exchange-correlation functional. The experimental spectrum of
Gasyna et al. [Chem. Phys. Lett. 183, 283 (1991)] covering the wavelength region above 200 nm is explained by the signal
responses from the three lowest singlet states of T1u symmetry.

Keywords: magnetic circular dichroism; MCD; C60; fullerene; density functional theory; DFT; response theory

Since their discovery in 1985, carbon fullerenes have
been the subject of intense fundamental and applied studies
[1]. With its high degree of spatial symmetry (it belongs
to the Ih point group in its electronic ground state), the
most stable fullerene is C60 and it has, more than any other,
come to represent the entire fullerene family. From an elec-
tronic structure point of view, the fullerenes can, to a first
approximation, be considered as two-dimensional but with
important corrections stemming from curvature effects. The
π -electron density is relatively loosely bound to the carbon
ions that form close to a spherical potential and, due to this
topology, it is to be expected that the magnetic optical ac-
tivity is large (by the formation of π -electron currents in
the spherical shell).

The lowest electronic states in C60 correspond to
electric-dipole forbidden transitions of gerade symmetry.
A comprehensive study of the vibrationally induced
emission and absorption spectra has been carried out
by Sassara et al. [2], showing the lowest singlet states
(found at around 1.9 eV) to be nearly degenerate and of
T1g, T2g and Gg symmetry. It was argued by Marconi
and Salvi [3] that it would be interesting to attribute the
symmetry of the near-degenerate S1 band by means of
magnetic circular dichroism (MCD) spectroscopy, and
they presented semi-empirical calculations of the vibronic
MCD spectrum in the region around 600 nm.

At higher energies, one finds the first electric-dipole
allowed states in C60 and these are of T1u symme-
try. The dipole oscillator strength distribution has been
determined by means of photoabsorption spectroscopy
in the energy range of 1.6–42 eV by Yagi et al. [4]
and by means of time-dependent density functional the-
ory (TDDFT) calculations by Kawashita et al. [5]. The

∗Corresponding author. Email: panor@ifm.liu.se

experimental study shows three main peaks at energies of
3.6, 4.6 and 5.6 eV with spectral shoulders noticed at 2.8
and 6.4 eV.

The MCD response signal associated with the electric-
dipole allowed states of ungerade symmetry will obviously
be much stronger than that due to the low-lying electric-
dipole forbidden states of gerade symmetry, and our work
will address only the former. Having imposed such a
restriction, it is a common procedure in theoretical work to
ignore vibrational motions altogether and describe solely
the electronic responses. The accuracy of this approach
has to be evaluated on a case-by-case basis and depends
strongly on the spectroscopy at hand, and there is no lack of
examples when both the electronic and the vibrational con-
tributions are of the same order of magnitude [6]. In MCD
spectroscopy, the response signal is conventionally divided
into the FaradayA andB terms [7] and, in the UV–vis region
of the spectrum, its contribution from the vibrational states
of the electronic ground state is likely to be very small. The
reason for this is seen in Equation (3.7) of Ref. [6] where
the contributions to term [μ3] vanish for a non-magnetic
ground state and the contributions to term [μα] either
vanish or are suppressed by the large optical frequency
in the denominator. This is our motivation for ignoring
the pure vibrational contributions in our calculations, and,
while the zero-point vibrational averaging contributions
are always present, they will not inflict qualitative changes
of the picture given by the electronic part.

The underlying birefringence in MCD is due to the
differential refractive index (absorptive part) for the left-
and right-hand circularly polarised light, with a direction of
propagation being collinear with an applied external (non-
oscillating) magnetic field. At the microscopic level, we can

C© 2013 Taylor & Francis
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understand this phenomenon as connected with a correction
to the molecular electric-dipole polarisability induced by
the external magnetic field:

ααβ(−ω; ω) = α0
αβ(−ω; ω) + α

(m)
αβγ (−ω; ω, 0)Bγ + · · · ,

(1)
where α0 is the polarisability of the isolated system (that
is, the system in the absence of the static external magnetic
field) and α(m) represents the linear coupling to the exter-
nal magnetic field Bγ along the molecular axis γ . With
Z being the direction of propagation of the light beam in
the laboratory, the ellipticity per unit path length as due
to a non-magnetic and randomly oriented sample will be
proportional to the tensor average:

〈α(−ω; ω)〉XY = 1

6
BZεαβγ α

(m)
αβγ , (2)

where εαβγ is the Levi–Civita tensor and the Einstein
summation convention is adopted. The individual ten-
sor elements in Equation (2) are determined by means
of resonant-convergent response theory [8] according to
[9,10]

α
(m)
αβγ (−ω; ω, 0) = 〈〈μ̂α; μ̂β, m̂γ 〉〉ω,0, (3)

where μ̂ and m̂ are the electric- and magnetic-dipole opera-
tors, respectively. This computational approach differs from
conventional ones in that it makes no distinction between
the Faraday A and B terms in the MCD calculations (see
Ref. [9,10] for a discussion). In the present work, we unify
this methodological approach with a technical development
of the linear response solver [11] which together enable
MCD calculations of large systems employing Kohn–Sham
density functional theory (DFT) in conjunction with basis
sets that are sufficiently good to rule out significant basis
set discrepancies.

All calculations in the present work are carried out with
the use of the complex polarisation propagator approach [8]
in conjunction with an electronic structure described at the
DFT level of theory with the use of the Coulomb attenu-
ated method B3LYP (CAM-B3LYP) exchange-correlation
functional [12,13]. The adopted basis set is the polarising
triple-ζ basis set of Sadlej with inclusion made of diffuse
functions for an optimised description of polarisabilities
[14]. This choice amounts to a total of 1440 contracted ba-
sis functions for C60. A local version of the Dalton program
[15] has been used for all property calculations, which are
carried out for a molecular configuration corresponding to
the B3LYP [12]/cc-pVDZ [16] optimised structure.

As of today, the reference MCD measurement on C60

in the UV–vis region of the spectrum is that performed by
Gasyna et al. [17]. In the 600 nm region, their spectrum de-
picts the expected weak vibrationally induced signal from
the symmetry forbidden states, whereas the electric-dipole

allowed transitions are observed at transition wavelengths
of 326 and 253 nm (corresponding to photon energies of
3.80 and 4.90 eV). The lowest of these states at 326 nm
gives rise to a strong bisignate signal that is typical for
the Faraday A term, with a Zeeman splitting of the
otherwise degenerate components of the magnetic excited
state. The other resolved state at 253 nm gives rise to a
signal that is weaker and much noisier.

Two years following the experiment, a semi-empirical
study was carried out by Pilch et al. [18] and in which three
states of T1u symmetry are identified at energies 4.08, 4.53
and 6.19 eV, corresponding to photon wavelengths of 304,
274 and 200 nm, respectively. The oscillator strength of the
second state at 4.53 eV is small and it is believed to be
found as a shoulder to the 253 nm state in the experimental
absorption spectrum [17] – and which in this case is incor-
rectly labelled as a triplet state in the original work [17]. In
the calculation, it is found that this weakly absorbing state
has a large magnetic moment and that it should therefore
contribute significantly to the MCD signal. A firm conclu-
sion was difficult to draw due to the limited accuracy of the
semi-empirical approach for the calculation of MCD.

A recent theoretical work regarding the MCD of C60 has
been presented by Lee et al. [19]. Their work is based on
a novel real-time, time-dependent DFT approach in which
the spectrum is retrieved by means of a Fourier transfor-
mation of the time-dependent response signal. The most
severe limitation in the accuracy of this work is most likely
imposed by their choice of functional. To base a description
of electron correlation on the local density approximation
(LDA) does not represent the state of the art and it is likely
to severely hamper the quality of results for a molecular
property as complicated as the MCD (which involves both
the electric- and magnetic-dipole perturbations and thus is a
nonlinear property from a computational perspective). The
two lowest T1u states are in this work found at 3.5 and 4.3
eV (350 and 290 nm), and the shoulder to the experimental
main peak at 4.90 eV (253 nm) is not found in the LDA
calculation.

Our contribution to this compilation of MCD data for
C60 is given in Figure 1. Like in the semi-empirical study
referenced above, we find three T1u states to contribute to
the experimental MCD spectrum. At our adopted level of
theory, the transition wavelengths of these three states are
292, 268 and 223 nm (corresponding to photon energies
of 4.25, 4.62 and 5.56 eV). Compared to experiment [17],
our first and third states are 0.45 and 0.66 eV too high in
energy, and our second state corresponds to the shoulder in
the experiment. The experiment was carried out for C60 in
an argon matrix so the environment effect should be quite
small and not fully explain the discrepancy between our
theoretical estimates for excitation energies and those mea-
sured in the experiment – not even a Franck–Condon profile
correction is likely to be sufficient. It is quite plausible that
the use of the B3LYP functional (instead of CAM-B3LYP)
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Figure 1. MCD spectrum (blue solid line) of the C60 fullerene
together with oscillator strengths for the lowest electric-dipole
allowed electronic transitions (green bars). The inset shows the
experimental MCD and absorption spectra taken from Gasyna
et al. [17].

would bring us closer to the experimental excitation ener-
gies, but we restrain from doing so since the CAM-B3LYP
functional has, more than any other, consistently proven
reliable for calculations of nonlinear optical properties and
is often shown to deliver results of coupled cluster singles
and doubles quality [20]. The intensities in the theoretical
absorption spectrum are shown as the solid bars in Figure 1,
representing the calculated oscillator strengths. The mag-
nitudes of the reported oscillator strengths correspond to
those of individual Cartesian components of the degener-
ate T1u states, so, to get the overall oscillator strength for a
given absorption band, numbers are to be multiplied by a
factor of 3.

The overall profile of our theoretical MCD spectrum
stands in nice agreement with the experiment spectrum
that is shown as an inset in Figure 1. The lowest sym-
metry allowed state has a medium-strong absorption but
a very strong MCD response, both in the experiment and
in the theoretical calculation. The second state, which we
interpret as the shoulder in the experimental absorption
spectrum at around 280 nm (designated as a triplet state in
the original work), has a weaker absorption strength and
MCD response. The MCD signal from this second band
is monosignate and positive, indicating a stronger B-term
contribution. The third state is strongly absorbing, both
as predicted by the theoretical calculations and as seen in
the experimental absorption spectrum. The corresponding
MCD signal is monosignate and negative. Our interpreta-
tion of the experimental MCD spectrum therefore reads as
follows: the first strong bisignate signal is due to a sin-
gle state, namely 11T1u, whereas the spectral features in
the region of 220–280 nm are due to two monosignate
signals of opposite signs associated with states 21T1u and
31T1u. The response from the third state dominates over

that from the second state, so the overall signal is nega-
tive but with oscillations due to the fact that the two bands
overlap.

In summary, the combination of the methodological
approach of Solheim et al. [9,10], addressing MCD cal-
culations by means of resonance convergent response the-
ory, with the technical development of Kauczor et al. [11],
formulating an efficient and stable linear response equation
solver algorithm, enables us to determine MCD spectra of
large systems at the Kohn–Sham level of theory with the
use of flexible basis sets. A large set of frequencies can
be addressed in parallel so that the overall computational
cost for resolving a spectral region of some 4 eV does
not largely exceed a conventional TDDFT calculation to
obtain the corresponding excitation energies. We illustrate
this with the calculation of the MCD spectrum of the C60

fullerene and provide an interpretation of the experimen-
tal spectrum based on our results obtained with the use of
the CAM-B3LYP functional and Sadlej’s polarisation basis
set.
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ABSTRACT: The relative position of La and Lb ππ* electronic states in purine
nucleobases is a much debated topic, since it can strongly affect our understanding of
their photoexcited dynamics. To assess this point, we calculated the absorption and
magnetic circular dichroism (MCD) spectra of adenine, guanine, and their nucleosides
in gas-phase and aqueous solution, exploiting recent developments in MCD
computational technology within time-dependent density functional theory. MCD
spectroscopy allows us to resolve the intense S0→ La transition from the weak S0→ Lb
transition. The spectra obtained in water solution, by using B3LYP and CAM-B3LYP
functionals and describing solvent effect by cluster models and by the polarizable
continuum model (PCM), are in very good agreement with the experimental
counterparts, thus providing direct and unambiguous evidence that the energy ordering
predicted by TD-DFT, La < Lb, is the correct one.

SECTION: Spectroscopy, Photochemistry, and Excited States

The static and dynamic behavior of DNA bases in their
electronic excited states is likely one of the most

thoroughly investigated and lively debated topics in photo-
physics and photochemistry. On the one hand, because the
absorption of ultraviolet light by DNA has several, potentially
pernicious, biochemical implications (photodamage), the
discovery that subpicosecond nonradiative decay channels are
available for all of the nucleobases has attracted significant
scientific attention.1−3 On the other hand, from the
methodological point of view, the availability of so many
accurate experimental and computational studies has made
nucleobases a classical test case for new computational
methods.3−6 All of these studies have shown that, for both
pyrimidine (thymine/uracil and cytosine) and purine (adenine
and guanine) bases, several close-lying excitations, with either
ππ* or nπ* character, contribute to the lowest-energy
absorption bands, peaked at ∼240−280 nm.1,3−6 While some
questions can be considered qualitatively assessed, even though
disagreement persists on the energy gap between the different
states, some are still very controversial. Among them, one of the
most debated issues concerns the relative stability of the two
lowest-energy ππ* states of 9H-adenine, usually labeled La and
Lb. La, carrying most of the oscillator strength, can be described
as a HOMO → LUMO excitation, while Lb results from the
combination of HOMO−2 → LUMO and HOMO →
LUMO+1 excitations. As shown in Table 1, wave-function-
based methods predict that Lb is more stable than La by ∼0.2
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Table 1. 9H-Adenine Vertical Excitation Energies (in eV) to
the La and Lb States Yielded by Different Ab Initio Methods
in the Gas Phasea

EOMEE-CCSDb EOMEE-CCSD(T)b CC2c

/aug-cc-pVTZ /aug-cc-pVTZ /aug-cc-pVTZ

La 5.47(0.27) 5.23 5.25
Lb 5.30(0.02) 5.04 5.25

CASPT2

/TZVPd /6-31G(d,p)e f

La 5.30(0.26) 5.35(0.17) 5.44(0.18)
Lb 5.20(0.14) 5.16(0.00) 5.09(0.09)

TD-DFT

B3LYP CAM-B3LYP PBE0 M05-2X

/aug-cc-pVDZ /aug-cc-pVDZ /aug-cc-pVDZ /aug-cc-pVDZ

La 4.98(0.20) 5.30(0.28) 5.11(0.22) 5.41(0.30)
Lb 5.25(0.04) 5.45(0.01) 5.36(0.03) 5.60(0.02)

aOscillator strengths (adimensional) are given in parentheses.
bReference 7. cReference 8. dReference 9. eCASPT2//CASSCF(16/
13)/6-31G(d,p); ref 10. fMS/SA-6CASPT2//CASSCF(12,10)/ANO-
l; ref 11.

Letter

pubs.acs.org/JPCL

© 2014 American Chemical Society 1806 dx.doi.org/10.1021/jz500633t | J. Phys. Chem. Lett. 2014, 5, 1806−1811
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eV,7−11 while time-dependent density functional (TD-DFT)
calculations, based on four commonly used functionals, give the
opposite prediction, that is, La is more stable than Lb by 0.1−
0.3 eV.3,12,13

Besides its obvious methodological interest, assessing the
relative energy of La and Lb has important implications for our
knowledge of the photoexcited dynamics and the interpretation
of time-resolved experiments on adenine derivatives.14,15 For
example, on the basis of the larger stability of Lb in the Franck−
Condon region predicted by CASPT2 (complete active space
second-order perturbation theory) calculations,10 the faster
decay time of deoxyadenosine in water (∼130 fs), revealed by
time-resolved spectra, has been ascribed to a La → Lb transfer,
while the slower one (∼450 fs) has been associated with the Lb
→ S0 decay.

16 Since monomer-like decay pathways have been
shown to be operative also within DNA single and double
strands,17−20 assessing the relative energy of La and Lb is
important also to understand the excited-state decay of both
adenine and oligonucleotides.
Due to the very weak intensity of the S0→ Lb transition, it is

difficult to locate its position by means of standard one-photon
absorption (OPA) spectroscopy. In this respect, we show here
that magnetic circular dichroism (MCD) spectra can, instead,
be extremely informative. In fact, while the absorption
spectrum is often characterized by broad, unresolved bands
deriving from the contribution of several electronic excitations,
the MCD spectrum can, also thanks to its signed nature, reveal
hidden states, enabling us to resolve transitions that are
indistinguishable in the unpolarized absorption spectrum.21

Exploiting some of the recent advances in the computational
technology for MCD calculations within TD-DFT,22−27 in
particular the protocol based on the complex polarization
propagator (CPP) approach,22,23,25,28 and the availability of
experimental MCD spectra for purine DNA bases,29,30 we have
calculated the MCD spectra of adenine and the adenosine
nucleoside, both in the gas phase and in water, with the aim of
obtaining direct evidence of the energy ordering of the La and
Lb states. Moreover, to further verify the robustness of our
predictions, we studied guanine (the other purine DNA base,
for which several accurate methods consistently predict that La
is significantly more stable than Lb) and the guanosine
nucleoside because experimental MCD spectra are available
for the latter but not for the former. For all of the compounds
examined, theoretical and experimental spectra are in very good
agreement, allowing us to firmly conclude that for adenine in
water, state La is more stable than Lb.
Solvent effects on the structure and spectra of 9H-adenine

have been taken into account using both an implicit model, in
terms of the polarizable continuum model (PCM),31 and a
supramolecular approach, in which five water molecules of the
first solvation shell were explicitly included in the calculations
(see Figure 1). On the basis of the results for adenine (see
below), only the supramolecular approach was employed for
9H-guanine, adenosine, and guanosine, adopting clusters
containing, respectively, one guanine molecule solvated with
seven explicit water molecules, one adenosine with four explicit
water molecules, and one guanosine with six water molecules.
The number of chosen water molecules saturates the hydrogen
bond ability of each nucleobase in its molecular plane, that is,
the one involving the strongest solute−solvent hydrogen
bonds.
Because bulk solvent effects described by PCM have a

negligible effect on the transition energies of the clusters (see

Table 2 for adenine + 5H2O and the Supporting Information
(SI) for the other compounds), the CPP calculations on
molecular clusters have only been performed in the gas phase,
for computational convenience. Ground-state geometries have
been optimized at the B3LYP32−34/cc-pVTZ35 level of theory
using the Gaussian09 program.36 For the OPA and MCD
spectra, both the CAM-B3LYP37,38 and B3LYP functionals have
been adopted along with the aug-cc-pVDZ39 basis set. The
excited-state energies and oscillator strengths of the clusters in
the gas phase and in water have been computed with the
Gaussian09 program, whereas the CPP spectra and the MCD
stick spectra calculations were performed with the DALTON
code.40,41 For CPP calculations, we adopted a lifetime
broadening of γ = 1000 cm−1.
The computed OPA and MCD spectra of adenine are shown

in Figure 2 together with the experimental ones recorded in
water.29,42 To ease the comparison with experiment, both the
OPA and MCD computed spectra have been shifted as to
superimpose the lowest-energy MCD band in the experiment.
The nonshifted spectra are reported in the SI. The shape of the
computed MCD spectra is in very good agreement with that
from experiment and very nicely reproduces the characteristic
pair of negative and positive bands in the region of 4.6−5.0 eV.

Figure 1. Schematic representation of the investigated molecules with
the water molecules of the first solvation shell included in some of the
calculations: (a) adenine + 5H2O; (b) adenosine + 5H2O; (c) guanine
+ 7H2O; (d) guanosine + 6H2O.

Table 2. 9H-Adenine Vertical Excitation Energies (in eV)
Computed in the Gas Phase and in Aqueous Solution on
Geometries Provided by B3LYP/cc-pVTZ Optimizationsa

gas phaseb gas phase + 5H2O PCMb 5H2O + PCM

B3LYP/aug-cc-pVDZ

La 4.98(0.20) 4.87(0.20) 4.94(0.27) 4.88(0.29)
Lb 5.25(0.04) 5.12 (0.08) 5.20(0.05) 5.12(0.08)

CAM-B3LYP/aug-cc-pVDZ
La 5.30(0.28) 5.20(0.31) 5.23(0.35) 5.17(0.39)
Lb 5.45(0.01) 5.33(0.04) 5.41(0.03) 5.34(0.04)

aOscillator strengths (adimensional) are given in parentheses.
bComputed at the Cs stationary point.
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Moreover, our calculations correctly predict the existence of an
additional strong negative peak being blue-shifted by ∼1 eV
(due to another ππ* transition). For the OPA spectra, the
theoretical and experimental results are also in agreement.
The quantitative agreement with experiments is also

satisfactory. The bands relative the lowest excitations are
blue-shifted by ∼0.3 eV at the B3LYP level and by ∼0.6 eV
according to CAM-B3LYP. These discrepancies are substan-
tially in line with what is expected for the selected functionals
on the grounds of benchmark calculations43 and might be
further reduced including vibrational effects.44 On the contrary,
increasing the basis set was found to have negligible effects; see
Table 1 of the SI. The energy difference between the two
lowest-energy bands of the experimental MCD (∼0.35 eV) is
satisfactorily reproduced by the B3LYP calculations (∼0.25−
0.27 eV), whereas it is underestimated at the CAM-B3LYP level
(∼0.13−0.18 eV). The calculated intensities are also in fair
agreement with experiment, especially for OPA. MCD
intensities are in fact moderately overestimated (see caption),
in particular at the CAM-B3LYP level of theory. This fact
suggests that in experiment, the two states are more mixed than
what is predicted by our calculations. A more quantitative
analysis of the spectra would probably require consideration of
vibronic effects, which could indeed be the cause of the La/Lb
mixing (affecting the energy gap between the MCD peaks) and
alter the absolute intensities of the two peaks.
Despite these small discrepancies, the nice agreement with

experiment allows us to assign the strong negative feature
peaked at ∼4.58 eV to the S0 → La transition and the positive
band arising at slightly larger energies (∼4.93 eV) to the S0 →
Lb transition, leading to the conclusion that in water, La is more
stable than Lb.

We now analyze in detail whether the presence of the solvent
alters the relative positions of the La and Lb bands or even
switches their energy ordering with respect to what happens in
the gas phase. Data reported in Table 2 indicate that in aqueous
solution, the relative energies of La and Lb change only slightly
with respect to the situation in the gas phase (within 0.03 eV
for B3LYP and within 0.08 eV for CAM-B3LYP). Inclusion of
bulk solvent effects leads, however, to a small red shift (0.05
eV) of the computed vertical transitions for both La and Lb, and
an additional weak red-shift is found for both transitions when
solute−solvent hydrogen bonds are taken into account. This
conclusion agrees with those reached in previous studies
adopting different computational approaches.45−47 Dynamical
quantum mechanics (QM)/molecular mechanics (MM)
simulations by Thiel and co-workers,45 including water
molecules at the MM level and treating adenine by multi-
reference configuration interaction (CI) exploiting the OM2
semiempirical method, suggest that the Lb/La energy gap
changes by less than 0.1 eV in water with respect to that in the
gas phase. Similar conclusions were reached by studying
adenine by a multireference perturbed CI approach coupled
with PCM.47 Monte Carlo MM/CASPT2 calculations provided
larger values (Lb and La red-shifted by 0.17 and 0.34 eV,
respectively) but without reversing the energy order found in
the gas phase.46 According to these considerations, the larger
stability of La in water appears to be as an intrinsic molecular
feature and does not depend on solvation effects. This
conclusion is also consistent with the results of a recent
study showing that the excited-state decay of adenine does not
significantly depend on the solvent.13

To corroborate our conclusions, we extended our analysis to
adenosine in water, obtaining also in this case MCD and OPA
spectra in very good agreement with those from the experiment
(see Figure 3). Also for adenosine, the MCD lowest-energy
band is negative and is due to the La state, while the second
positive band derives from the S0 → Lb transition. Both the
OPA and MCD experimental spectra of adenosine and adenine
are very similar, and this fact is nicely reproduced by our
calculations. As for adenine, the computed spectra are blue-
shifted with respect to experiment, by ∼0.25 and ∼0.6 eV at the
B3LYP and CAM-B3LYP levels of theory, respectively. The
presence of the sugar moiety induces a slight (∼0.05 eV) red
shift of the La and Lb bands that is correctly predicted in our
calculations. Furthermore, it reduces the relative intensity of the
negative band at ∼5.8 eV, and also, this feature is captured by
our simulations, especially considering the B3LYP results. As it
happens in adenine, the spacing of the bands assigned to La and
Lb is underestimated by CAM-B3LYP and nicely reproduced by
B3LYP.
Although the predicted La/Lb energy gap can be different for

guanine (see Table 3), several computational methods agree in
predicting that La is less intense and significantly red-shifted
with respect to Lb. The shape of the computed MCD spectrum,
reported in Figure 4, is indeed qualitatively similar to that of
adenine but with a larger energy gap (0.1−0.2 eV) between the
positive and negative lowest-energy features. For guanosine, the
MCD experimental spectrum is available, and it is similar to the
one of adenosine, with a negative feature and a positive one
separated by ∼0.5 eV. As shown in Figure 5, also for this
compound, the computed MCD spectra are very close to the
experimental ones, and the energy gap between La (responsible
for the negative feature at ∼4.5 eV) and Lb (positive peak at
∼5.0 eV) is approximately reproduced by both CAM-B3LYP

Figure 2. OPA and MCD spectra computed for adenine (blue, Cs
structure) and adenine + 5H2O (red) in the gas phase and for adenine
in aqueous solution (green, solvent described by PCM, Cs structure) at
the B3LYP/aug-cc-pVDZ and CAM-B3LYP/aug-cc-pVDZ levels of
theory with the CPP approach. The stick spectra of MCD (−ω × B)
and OPA (oscillator strengths) for the lowest excited states are
reported in arbitrary units. OPA and MCD spectra computed with
CAM-B3LYP have been red-shifted by 0.65 (blue), 0.55 (red), and 0.6
eV (green), and those computed with B3LYP have been red-shifted by
0.35 (blue), 0.25 (red), and 0.33 eV (green) in order to approximately
superimpose on experimental spectra measured in water at pH = 7
(taken from ref 42). CAM-B3LYP MCD intensities are divided by a
factor 2, and B3LYP ones are divided by a factor of either 1.5 (red and
green lines) or 1 (blue).
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(0.45 eV) and B3LYP (0.35 eV) calculations. On the other
hand, once shifted, the CAM-B3LYP results reproduce almost
quantitatively the negative/positive features at ∼6.0−7.0 eV,
whereas at the B3LYP level, the separation between the peaks is
underestimated.
On the balance, our computed spectra, both MCD and OPA,

are in very good agreement with the experimental ones.
Furthermore, MCD spectra allow differentiation of the
contributions of states La and Lb, indicating that the
measurement of MCD spectra coupled with TD-DFT

simulations represents a powerful and reliable tool for
determining the position of electronic transitions not
distinguishable in OPA experiments.
In conclusion, we have with certainty shown that in adenine

and adenosine in aqueous solution, La is brighter and more
stable than Lb in the Franck−Condon region. The possible
occurrence of crossings between these two states in other
regions of the coordinate space is outside of the focus of the
present contribution. However, we showed in previous papers
that, even at its equilibrium geometry, La is more stable than Lb
both in adenine in the gas phase12 and in adenosine and 9-
methyladenine in a water solution13 (TD-DFT calculations).
On the other hand, the search for the equilibrium geometry of

Figure 3. OPA and MCD spectra of (deoxy)adenosine + 4H2O
computed in the gas phase at the B3LYP/aug-cc-pVDZ and CAM-
B3LYP/aug-cc-pVDZ levels of theory with the CPP approach. The
OPA stick spectra (oscillator strengths) for the lowest excited states
are also reported in arbitrary units. Computed OPA and MCD spectra
are red-shifted by 0.6 (CAM-B3LYP) and 0.25 eV (B3LYP) in order
to approximately superimpose on experimental spectra of oxy-
adenosine measured in water at pH = 7 (taken from ref 42).

Table 3. 9H-Guanine Vertical Excitation Energy (in eV) to
La and Lb States Computed by Different Ab Initio Methods
in the Gas Phasea

EOMEE-CCSDb EOMEE-CCSD(T)b CC2c

/aug-cc-pVTZ /aug-cc-pVTZ /aug-cc-pVTZ

La 5.10(0.16) 4.86 4.98(0.13)
Lb 5.61(0.37) 5.37 5.47(0.18)

CASPT2

/TZ + difd /6-31G(d,p)e /ANOf

La 4.51(0.16) 4.93(0.16) 4.73(0.15)
Lb 5.25(0.08) 5.77 (0.14) 5.11(0.24)

TD-DFT

B3LYP CAM-B3LYP PBE0 M05-2X

/aug-cc-pVDZ /aug-cc-pVDZ /aug-cc-pVDZ /aug-cc-pVDZ

La 4.84 (0.12) 5.08 (0.15) 4.97(0.13) 5.19(0.16)
Lb 5.15 (0.26) 5.52 (0.34) 5.29(0.29) 5.67(0.37)

aOscillator strengths (adimensional) are given in parentheses.
bReference 7. cReference 8. dReference 51; (10s6p1d/5s1p)/
[5s3p1d/3s1p] basis set of triple-ζ plus polarization quality.
eCASPT2//CASSCF(14/12)/6-31G(d,p).52 fCASPT2//CASSCF-
(12/11) with ANO basis set.53

Figure 4. OPA and MCD spectra of guanine (blue, Cs structure) and
guanine + 7H2O computed in the gas phase at the B3LYP/aug-cc-
pVDZ and CAM-B3LYP/aug-cc-pVDZ levels of theory with the CPP
approach. The stick spectra of MCD (−ω × B) and OPA (oscillator
strengths) for the lowest excited states are reported in arbitrary units.

Figure 5. OPA and MCD spectra of (deoxy)guanosine + 6H2O
computed in the gas phase at the B3LYP/aug-cc-pVDZ and CAM-
B3LYP/aug-cc-pVDZ levels of theory with the CPP approach. The
OPA stick spectra (oscillator strengths) for the lowest excited states
are also reported in arbitrary units. Computed OPA and MCD spectra
are red-shifted by 0.45 (CAM-B3LYP) and 0.2 eV (B3LYP) in order
to approximatively superimpose on the experimental spectra of
oxyguanosine in water at pH = 7 (taken from ref 42) and on those
of guanosine 5′-diphosphate in water at pH = 7 (taken from ref 54).
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the Lb state is very problematic, and due to Lb/La couplings, in
most of the cases after a few steps, the optimization falls into
the more stable La state. Nonetheless, both in the gas phase and
in water, we were able to locate an Lb stationary point where Lb
remains less stable than La. On these grounds, experimental
time-resolved spectra in water and in hydrogen-bonding
environments can be safely interpreted by assuming that the
excited-state dynamics should involve essentially La. In the gas
phase and in low-polarity solvents, however, participation of a
nπ* transition is likely to occur.12 For what concerns DNA, La
is thus the excited state involved in the formation of the
photoexcited excitons and the excimers involving two stacked
adenine bases, either “neutral” or “charge transfer”, which have
been shown to rule the excited-state dynamics of adenine-rich
oligonucleotides on the >10 ps time scale.18,48−50

In the gas phase, the lack of experimental MCD spectra
prevents us from drawing unambiguous conclusions. Our
calculations show that the spectra and the energy ordering
between La and Lb are not significantly affected by the solvent,
and this finding is supported by several studies adopting
different solvation models. In any case, once accepted that in
water La is more stable than Lb by ∼0.2−0.3 eV, the opposite
energy ordering predicted by wave-function-based methods in
the gas phase (see Table 1) would imply that the solvent shifts
the relative energy of La and Lb by more than 0.4−0.5 eV,
which are extremely large values for two similar ππ* transitions.
Conversely, if the CCSD(T) estimates were correct, tailored
studies in solution, examining the predictions of different
solvation models and including vibronic effects, would be
necessary. This observation suggests that further analysis of
adenine in the gas phase and in solution could be useful and
confirms that nucleobases remain challenging systems even for
state-of-the-art computational methods.
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(8) Fleig, T.; Knecht, S.; Haẗtig, C. Quantum-Chemical Investigation
of the Structures and Electronic Spectra of the Nucleic Acid Bases at
the Coupled Cluster CC2 Level. J. Phys. Chem. A 2007, 111, 5482−
5491.
(9) Silva-Junior, M. R.; Schreiber, M.; Sauer, S. P. A.; Thiel, W.
Benchmarks for Electronically Excited States: Time-Dependent
Density Functional Theory and Density Functional Theory Based
Multireference Configuration Interaction. J. Chem. Phys. 2008, 129,
104103/1−104103/14.
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ABSTRACT: We present a computational study of the magnetic circular dichroism (MCD)
spectra in the 200−300 nm wavelength region of purine and its derivative hypoxanthine, as
well as of the pyrimidine bases of nucleic acids uracil, thymine, and cytosine, using the B3LYP
and CAM−B3LYP functionals. Solvent effects are investigated within the polarizable con-
tinuum model and by inclusion of explicit water molecules. In general, the computed spectra
are found to be in good agreement with the experimental ones, apart from some overall blue
shifts. Both the pseudo-A term shape of the MCD spectra of the purines and the B term shape
of the spectra of pyrimidine bases are reproduced. Our calculations also correctly reproduce
the reversed phase of the MCD bands in purine compared to that of its derivatives present in
nucleic acids. Solvent effects are sizable and system specific, but they do not in general alter the
qualitative shape of the spectra. The bands are dominated by the bright π → π* transitions,
and our calculations in solution nicely reproduce their energy differences, improving the esti-
mates obtained in the gas phase. Shoulders are predicted for purine and uracil due to n → π*
excitations, but they are too weak to be observed in the experiment.

■ INTRODUCTION

Magnetic circular dichroism (MCD) is a powerful spectroscopic
technique for probing the electronic states of a molecule1 where
the absorption spectrum is often characterized by broad, un-
resolved bands hiding several electronic excitations. The MCD
spectrum, also thanks to the fact that its signals are signed (i.e.,
can be both positive and negative), can reveal such hidden states.
MCD can thus be very useful in detecting transitions unresolved
in the unpolarized absorption spectrum, extending to achiral
systems the potentialities of electronic circular dichroism for
chiral molecules. MCD has also been used for analytic applica-
tions; for instance, to detect small quantities of specific com-
pounds in a sample or to discriminate between compounds that
have very similar absorption spectra.2,3

The last two decades have witnessed renewed interest inMCD
spectroscopy, in particular from the theoretical and computa-
tional side. Efficient computational protocols for the determi-
nation of MCD spectra and MCD parameters (the so-called A,
B, and C terms) have been proposed within response theory
starting from a study on ethylene and p-benzoquinone in 1999 at
the Hartree−Fock and multiconfigurational self-consistent field
(MCSCF) levels of approximation.4 After a few relatively scarce
studies at Hartree−Fock, MCSCF,4 and coupled cluster5,6 levels
of theory, a boost in the applications has come from the extension
of the computational methodology within the realm of time-
dependent density functional theory (TD-DFT), resulting in the

ability to address larger systems.7−19 Besides the residue-based
approach of refs 4, 6, 11, and 16, so-called complex polarization
propagator (also known as damped response theory) meth-
ods12,13,20 as well as real-time methods21 have emerged in the
past decade along with modern versions of sum-over-states
approaches;22,23 relativistic schemes have also been proposed.24

We refer to refs 10 and 17 for reviews up to 2011. The complex
polarization propagator (CPP) approach12,13,17,25,26 in particular
has been proposed as a cost-effective way to obtain the MCD
spectrum without the need to decompose the calculation into
individual A and B terms.12,13 Moreover, it is expected to be
numerically more stable than the residue-based approach when
used to address broader spectral regions and deal with a high
density of excited states.
Solvent effects can alter the relative position and intensity of

different electronic states and even change their nature. As many
measurements are carried out in solution, the inclusion of such
effects is extremely important for a direct comparison between
experiments and theoretical predictions. The first extension of
the computational methodology for MCD to include solvent
effect dates back to 2008 with the polarizable continuum model
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(PCM)27 generalization of the residue-based methodology
presented in ref 11. In addition, vibronic effects have also been
considered (ref 28 and more recently in ref 29).
The electronic structures of purine and pyrimidine derivatives

have been the subject of both experimental and theoretical
extensive investigations in the past. Among them, the nucleo-
bases occurring in nucleic acids, either DNA or RNA, are
constantly in focus, as one aims at clarifying the nucleic acid pho-
toreactivity.30−32 The excited-state dynamics of all the nucleo-
bases have been thoroughly studied by steady-state and time-
resolved spectroscopy techniques,30−32 revealing a complex
behavior with multiple states involved in the deactivation path,
both in the gas phase and in solution. Conversely, a huge number
of theoretical studies, too many for being exhaustively reviewed
here, have been applied to compute the potential energy surfaces
of their lowest-energy excited states to interpret and assign the
experimental spectra, leading often to contradictory results. This
is not surprising as, even in the simplest bases, several excited
states, both ππ* and nπ*, lie close in energy in the Franck−
Condon region, their energy being extremely sensitive to the
details of the adopted computational method and to the nature of
the embedding medium (gas-phase apolar solvent or hydrogen-
bonding solvent). In this scenario, nucleobases have become
one of the most important playgrounds for the testing and the
comparison of different computational methods, and their study
has acquired a significant methodological interest. Unfortunately,
standard optical techniques can hardly shed light on many of the
most debated issues, like the relative energy of two close-lying
transitions with very different oscillator strengths. In fact, the
absorption spectra of the nucleobases in solution are too broad
and unresolved, thus providing little information on the exact
relative position of this kind of states. In this respect, the applica-
tion of MCD spectroscopy can be very useful, as shown by a very
recent investigation of the UV−vis and MCD spectra of adenine,
guanine, and their nucleosides; the ability of MCD to resolve
multiple transitions in a single absorption band provides direct
evidence on the much debated ordering of the La and Lb states
of adenine.33 Here we extend our investigation to encompass
purine and its naturally occurring derivative hypoxanthine,
present in tRNA, as well as the pyrimidine bases of RNA (uracil)
and of DNA (thymine and cytosine). We will focus on the rela-
tive energy of the lowest-energy ππ* states, for which different
methods provide different estimates (see, for example, ref 34).
Moreover, we will show that nπ* states do not exhibit significant
MCD intensities such that they cannot be easily located from
experiments even if, in principle, the vibronic interaction
between nπ* and ππ* can affect the MCD spectrum.
The main scope of the present contribution is the detailed

analysis of the effect of the aqueous solvent on the MCD spectra
of these compounds and the evaluation of the relative perfor-
mance of implicit (PCM), explicit (cluster), and hybrid models
(PCM and cluster). Besides that, this study will allow us to
further benchmark the accuracy of the B3LYP and CAM−
B3LYP functionals in the determination of MCD spectra of
these compounds, encompassing a rather large energy range. We
conclude this section by emphasizing that, beyond their interest
for the photophysics of the isolated bases,35−38 our results could
also be useful for the study of the behavior of photoexcited
oligonucleotides, a topic very lively debated in recent literature.
The nature and the relative energy of the excited states of single
and double strand nucleic acids will indeed strongly depend on
the nature and interaction existing between the excited states of
their components.39−44

■ METHODOLOGY

Experimentally, MCD spectra are obtained by measuring the
differential absorption of right and left circularly polarized light in
the presence of an external magnetic field aligned to the direction
of propagation of the probing light. The spectra are convention-
ally rationalized in terms of three “strength” parameters, called A,
B, and C terms, which are associated with three specific spectral
features. Thus, for a sample of randomly oriented molecules
in the presence of an external magnetic field in the Z direction,
the anisotropy of the molar decadic coefficient in the MCD
experiment (in which the strength of the external magnetic field
is Bext) is given by45
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Above, ω is the frequency of the probing light, T is the tem-
perature, NA is the Avogadro number, (0→ j) indicates a transi-
tion from the ground state 0 to the excited state j, ωj = Ej − E0 is
the corresponding excitation energy, and the line shape function
aj(ω) is taken as a Lorentzian
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in which the full width at half-maximum (FWHM) is equal to 2γ.
The other quantities are well-known fundamental constants.
B terms are present for all systems irrespective of their spacial
symmetry and spin degeneracy, whereas the occurrence of A and
C terms depends on the existence of degenerate excited and
ground states, respectively.
Themicroscopic theory ofMCD, which forms the basis for the

computational methodologies in the literature, was first derived
by Buckingham and Stephens46 and later fully developed by
Stephens.47 As thoroughly reviewed in ref 18, the two domi-
nating approaches for calculating the strength parameters of
MCD spectra by ab initio methods are explicit excited-state
methods (including limited sum-over-states procedures) and
response-theory-based methods. Although the former has been
used with success in particular in the study of transition-metal
complexes, wherein often only a few transition-metal d orbitals
dominate the MCD signal,48,49 the latter are more common for
compounds involving lighter elements, as in the cases studied
here.
In the framework of response theory, MCD spectra can be

computed in two ways. In the first one, the sum-over-state
expressions of the A, B, and C terms derived by Buckingham and
Stephens46,47 are related to and computed from the poles and
residues of appropriate response functions. As we are here only
concerned with molecules without degenerate states, we limit
ourselves to considering the B term, which is obtainable from
the residue of the quadratic response function (imaginary part
thereof):4

ε ω ω μ μ→ = − ⟨⟨ ⟩⟩αβδ
ω ω δ β α ω

→
B j m(0 ) lim ( ) ; ,j 0,

j (3)

or, equivalently, as magnetic-field derivative of the left and right
dipole transitionmoments between two electronic states evaluated
at zero perturbation strength:5
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Above, α, β, and δ distinguish the three Cartesian components,
εαβδ is the Levi-Civita tensor, and μα and mα are the Cartesian
components of the electric andmagnetic dipole moment operator,
respectively. Einstein’s implicit summation over repeated indices is
assumed here and throughout. Once the strength parameters have
been computed, the spectrum can be simulated by attaching
suitable line shape functions to each individual term.
According to the second approach, alternative to the

computation of the individual strength parameters, the MCD
spectrum is obtained directly from the real (i.e., absorptive) part
of the complex (also known as “damped”) quadratic response
function
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where a phenomenological finite lifetime (1/2)γ−1 of all the
excited states is introduced in the response function to get a
correct physical behavior in the absorptive regions of the sample.
In other words, the damping terms make the quadratic response
function convergent even in the absorptive regions of the sample
(where the standard response function otherwise would diverge),
so that the damped response function also goes under the name
of “resonance-convergent” response function. Introducing the
damping term is equivalent to considering complex excitation
energies according to ωn → ωn − iγ. Thus, for species where only
B terms are allowed, the response function in eq 5 and the B term
are related by
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The computation of the MCD spectrum by the CPP approach
(see eq 5) requires the ability to solve complex linear response
equations, which, for Hartree−Fock and TD-DFT, take the form

ω γ− ℏ + + = +E S N N C C( ( i ) )( i ) iC C[2] [2]
R I R
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where E[2] is the (generalized) Hessian matrix, S[2] is the metric
matrix,NC is the solution vector, andC[1] is the property gradient
vector for a given operator (component) C. Subscripts R and I
indicate real and imaginary components of the given vectors,
respectively. The algorithm used in the present study for solving
the above equation exploits a symmetrized trial vector basis
and an efficient preconditioner explicitly considering coupling
between different components, and it is extensively described in
refs 26 and 50.
The final expression for the resonance-convergent quadratic

response function becomes25
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Figure 1. Schematic representation of the investigated molecules with the coordinating water molecules included in some of the calculations: (a) purine
+ 4H2O; (b) hypoxantine + 5H2O; (c) uracil + 4H2O; (d) thymine + 4H2O; (e) cytosine + 6H2O.
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with ω1 = ω, ω2 = 0, and ωσ = ω1 + ω2. The explicit expressions
for the elements of the matrices E[3], A[2], B[2], and C[2] may be
found, for example, in ref 25.
The generalization of the above CPP equations to the integral

equation formalism PCM framework (IEF−PCM) follows
straightforwardly from the generalization of the standard
response equations for the linear and quadratic response
functions and residues.11,51,52 Thus, for the description of the
environment, solvent effects are included by adding the relevant
solute−solvent one- and two-electron interaction terms into the
gas-phase Hamiltonian, which leads to the replacement of the
E[2] and E[3] terms with the so-called G[2] and G[3] terms, whose
explicit expressions are given in refs 51 and 52, respectively.
More details on the unification of the PCM and CPP formal-

isms can be found in another contribution of this Festschrift.53

■ COMPUTATIONAL DETAILS
For all the considered compounds and clusters, the ground-state
structures have been optimized at the B3LYP/cc-pVTZ level of
theory. To compute gas-phase spectra, we used gas-phase
optimized geometries. For the solvated species (herewith also
including clusters of each given species coordinated to a number
of explicit water molecules) we optimized the structures in a
solvated environment described by PCM. The number of water
molecules in each cluster was determined by following a
pragmatic approach where we saturated the H bond in the
molecular plane. Specifically, the following was done for all O and
N atoms in the molecules purine, hypoxanthine, and cytosine:

1. For each oxygen, we included two water molecules
donating a H each to one of the two oxygen’s lone pairs.

2. For each N atom with lone pairs (the N atom involved in
two σ bonds), we included one water molecule that
donates a H to the N lone pair.

3. For each N with three σ bonds, we included one water
molecule that accepts the donation of the H atom bound
to the N atom.

4. We checked the molecules’ steric encumbrances and
whether it was realistic that a given molecule played more
than one role or whether the various H2O molecules
formed H bonds among them. If that were the case, we
would orient them as to allow it.

For uracil and thymine, we adopted the cluster model of ref 54,
which, as discussed in ref 36, is consistent with the available
experimental and computational results, as starting geometry
and reoptimized it at the B3LYP/cc-pVTZ level of theory. A
schematic representation of the different species, including their
coordinating water molecules, is given in Figure 1.
The absorption and MCD spectra were computed with both

B3LYP and CAM−B3LYP functionals and the aug-cc-pVDZ
basis set. All geometry optimizations were performed with
Gaussian0955 adopting default settings for PCM. Absorption and
MCD spectra calculations were carried out with Dalton.56,57

They were done in the gas phase on the gas-phase optimized
species and on the PCM optimized clusters, and in the solvated
environment described by PCM in the case of the PCM
optimized isolated basis and of the PCM optimized clusters with
explicit water molecules.
In the PCM calculation with Dalton, the code’s recommended

spherical cavities of 1.2, 1.7, 1.6, and 1.5 Å and default cavity
scaling factor of 1.2 were used for H, C, N, and O, respectively. In
the case of C−H bonding, the hydrogen was encapsulated within
an enlarged sphere centered at the carbon atom, assuming values

of 1.9, 2.0, and 2.1 Å for one, two, and three hydrogen atoms,
respectively. A similar case holds for N−H bonds, where an
enlarged sphere exhibits a radius of 1.8 Å for one additional
hydrogen; in the case of two hydrogen atoms, an exception was
made and the three atoms were treated separately. The
coordinating water molecules were enclosed in spheres of 1.8 Å.
For the cluster of purine with four water molecules, due to
convergence problems using the above radii, a different set of
values was adopted, namely 1.925 Å for C, 2.125 Å for CH, 1.83 Å
for N, 1.93 Å for NH, and 1.95 Å for the coordinating water
molecules. These values were taken from the default PCM
settings of the Gaussian03 code. A nonequilibrium PCM solvent
model was adopted with an optical dielectric constant value of
1.7760 and a static dielectric constant of 78.39.
Following previous practice,19,33 a common lifetime parameter

γ of 1000 cm−1 (≈0.004 556 au) and a frequency step of 0.0025
au were used in the CPP calculations. The experimental spectra
were digitized from the original references using WebPlotDigi-
tizer,58 and all plots have been generated using Matplotlib.59

To conclude this section, a few words on units are appropriate.
Experimental MCD spectra are usually reported either as aniso-
tropy of the molar decadic coefficient Δε or as molar ellipticity
[Θ]M, either determined with given values of the external
magnetic field or normalized to 1 unit of magnetic field (Gauss or
Tesla). The standard unit of the molar ellipticity (for units of

Figure 2. Schematic drawing of the molecular orbitals involved in the
most relevant low-energy bright excited states of uracil (those of
thymine are very similar), cytosine (CYT), purine (PUR), and
hypoxanthine (HYP).

The Journal of Physical Chemistry A Article

DOI: 10.1021/jp512468k
J. Phys. Chem. A 2015, 119, 5476−5489

5479

http://dx.doi.org/10.1021/jp512468k


magnetic field) is deg dm3 mol−1 cm−1 T−1. To convert from
[Θ]M given in deg M−1 cm−1 T−1 toΔε in M−1 cm−1 T−1, we use
the relationship45

ω
π

ε ω ε ωΘ = Δ ≈ Δ[ ] ( )
18000 ln(10)

4
( ) 3298 ( )M (10)

■ DISCUSSION OF RESULTS
Before discussing in detail the MCD spectra of the compounds
we examined, it is worthwhile to briefly show some general
features of their lowest-energy excited states (see Figure 2 for a
schematic description of the frontier orbitals). The spectra of
the purines are dominated by two close lying ππ* transitions.
The lowest-energy one, usually labeled as La, can be described as
a HOMO→ LUMO excitation. Another close-lying transition is
found, usually labeled as Lb, with a predominant contribution of a
HOMO → LUMO+1 excitation (see Figure 2).
As for the cases of purines, the MCD spectra of pyrimidines are

ruled by the lowest-energy ππ* excited states, two for all the
compounds examined. The lowest-energy bright excited state can
always be described as a HOMO → LUMO excitation (the

frontier orbitals of uracil and cytosine are shown in Figure 2 and
the thymine orbitals are very similar to those of uracil). The
HOMO has a similar shape in all the compounds examined
(though with significant differences, discussed below), with a
strong bonding contribution with respect to the C5−C6 bonds
(see Figure 1 for the atomic labeling) and significant participation
from the p orbital of the oxygen bound to C2 and of the
heteroatom bound to C4 (labeled as R), either the oxygen of a
carbonyl group or a nitrogen of an amino group depending on the
compounds examined. The LUMO is instead a π* orbital, always
antibonding between C5−C6, and antibonding/nonbonding for
C2−O and C4−R bonds. For uracil and thymine a higher-lying
ππ* excited state plays a role in the MCD spectra and can be
described as a HOMO→ LUMO+ 1 excitation, antibonding with
respect to C2−O and C4−R bonds. This state is also present for
cytosine (Cyt), with an energy gap with respect to the lowest
energy similar to the ones of uracil and thymine. For cytosine,
however, another bright ππ* lies between those just described and it
can described as a HOMO−1→ LUMO transition (see Figure 2).

Purine and Hypoxanthine. As also commented upon by
Sutherland and Holmquist,60 purines are prototypical examples

Table 1. Purine Vertical Excitation Energies (eV), Oscillator Strengths f (Dimensionless), and Selected B Terms (au)

state sym energy f B sym energy f B

B3LYP/Gas Phase CAM−B3LYP/Gas Phase
1 A″ 4.219 0.002 −0.612 A″ 4.587 0.002 −0.8615
2 A′ 5.176 0.143 −20.80 A′ 5.335 0.157 −11.55
3 A″ 5.216 0.002 −0.971 A″ 5.540 0.002 −0.0655
4 A″ 5.307 <0.0001 0.0721 A′ 5.705 0.024 25.94
5 A′ 5.419 0.008 36.30 A″ 5.773 0.0001 −0.017
6 A″ 5.948 0.001 A″ 6.466 0.001
7 A′ 5.957 0.009 A″ 6.625 0.007
8 A″ 6.265 0.003 A′ 6.702 0.327
9 A′ 6.393 0.306 A′ 6.851 0.064
10 A′ 6.522 0.007 A′ 7.180 0.070

B3LYP/aq(PCM) CAM−B3LYP/aq(PCM)
1 A″ 4.392 0.002 A″ 4.759 0.003
2 A′ 5.099 0.173 A′ 5.263 0.203
3 A′ 5.358 0.015 A′ 5.636 0.015
4 A″ 5.364 0.001 A″ 5.689 0.002
5 A″ 5.455 0.0001 A″ 5.929 0.0002
6 A′ 6.288 0.411 A′ 6.595 0.486
7 A″ 6.353 0.002 A″ 6.719 0.001
8 A″ 6.418 0.005 A″ 6.790 0.010
9 A′ 6.475 0.043 A′ 7.055 0.150
10 A′ 6.815 0.172 A′ 7.211 0.304

B3LYP/aq(+4H2O+PCM) CAM−B3LYP/aq(+4H2O+PCM)
1 A 4.491 0.001 A 4.889 0.002
2 A 5.083 0.155 A 5.255 0.191
3 A 5.331 0.023 A 5.610 0.015
4 A 5.437 0.002 A 5.823 0.001
5 A 5.465 0.001 A 6.011 0.0003
6 A 5.480 0.0002 A 6.605 0.461
7 A 5.493 0.000 A 6.837 0.005
8 A 5.524 0.000 A 6.916 0.0002
9 A 6.297 0.383 A 7.038 0.003
10 A 6.325 0.005 A 7.110 0.004
11 A 6.336 0.004 A 7.124 0.0002
12 A 6.443 0.002 A 7.141 0.002
13 A 6.478 0.0001 A 7.168 0.084
14 A 6.526 0.002 A 7.184 0.374
15 A 6.550 0.033 A 7.244 0.107
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that showcase the ability of MCD spectroscopy to resolve multi-
ple transitions contained in a single absorption envelope, due to
the biphasic nature of their MCD peaks.
Purine. The absorption and MCD spectra of purine in

aqueous solution at pH 7 were measured between 200 and 300
nm by Djerassi and co-workers and reported in their review in
ref 3. In the given frequency range, the absorption spectrum is
characterized by one band with a maximum at 263 nm (classified
as B2u in the benzene nomenclature), with a shoulder at around
240 nm (B1u). A pair of E1u bands are expected below 200 nm.
The n → π* transitions are generally hidden under the more
intense π→ π* transitions, but fluorescence measurements place
one of these at around 280 nm. The intensity difference between
the two MCD peaks is considered an indication of the presence
of an n → π* transition.3 Our calculations of the excitation
energies and strengths (see Table 1) confirm the presence of
n→ π* transitions both below and above (in energy) the intense
π → π* absorption band.
The experimental MCD spectrum is compared in Figure 3

with our calculated spectra obtained with the two DFT func-
tionals in the gas phase, in (bulk) aqueous solution as described
by PCM, for the cluster of purine and four water molecules in
vacuo, and for the cluster of purine and four water molecules in
bulk aqueous solution.
In all cases, the pseudo-A term shape of the MCD spectral

profile is qualitatively reproduced, including the fact that the
first peak is less intense than the second one. Both B3LYP and
CAM−B3LYP peaks are, however, shifted toward higher
energies, with the largest shifts observed for CAM−B3LYP.
The separation between the two peaks (for the selective
broadening) is ≈0.27−0.29 eV for B3LYP and ≈0.37−0.39 eV
for CAM−B3LYP (see Table 2), this latter estimate being closer
to the experimental value of 0.45 eV.
Selected B term calculations in the gas phase (see Table 1)

confirm that the observed bands are predominantly due to the
strong π→ π* transitions. Both functionals show shoulders in the
MCD spectra due to the n → π* transition in the low-energy
region preceding the first intense peak, as anticipated by
fluorescence measurements, but their intensity is predicted
to be too small to be observed (in agreement with the experiment).

Figure 3.MCD spectra of purine in the gas phase and in water solution. Left panel, B3LYP; right panel, CAM−B3LYP. The black line in both panels is
the experimental spectrum in water by Djerassi and co-workers.3

Table 2. Energy of the Peak Maxima and Their Separations
(eV) in Purine and Hypoxanthinea

B3LYP CAM−B3LYP

environment
peak

maxima
peak

separation
peak

maxima
peak

separation

Purine
gas phase 5.162 0.268 5.324 0.386

5.430 5.710
aq(PCM) 5.083 0.281 5.250 0.390

5.364 5.640
aq(+4H2O) 5.126 0.288 5.300 0.387

5.415 5.686
aq(+4H2O+PCM) 5.068 0.268 5.242 0.372

5.336 5.614
experiment3 4.628 0.454

5.082
Hypoxanthine

gas phase 4.762 0.622 5.039 0.620
5.384 1.058 5.659 1.382
6.442 0.402 7.041 0.185
6.844 7.225

aq(PCM) 4.902 0.382 5.172 0.353
5.284 1.129 5.525 1.397
6.413 0.314 6.921 0.167
6.727 7.088

aq(+5H2O) 4.881 0.417 5.116 0.388
5.298 0.866 5.504 1.286
6.164 0.496 6.790 0.255
6.660 7.045

aq(+5H2O+PCM) 4.952 0.274 5.229 0.225
5.226 1.072 5.454 1.301
6.298 0.359 6.756 0.264
6.657 7.020

experiment61 4.679 0.433
5.112 0.893
6.005 0.527
6.533

aComputed values are obtained with a broadening parameter of
1000 cm−1 and in the aug-cc-pVDZ basis set.
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Inclusion of environmental effects improves the agreement
with the experiment, shifting the intense bands toward lower

energies; the red shift with respect to the gas phase is∼0.1 eV for
the cluster with the explicit water molecule embedded in PCM.

Figure 4.MCD spectra of hypoxanthine in the gas phase and in water solution. Left panel, B3LYP; right panel, CAM−B3LYP. The black line in both
panels is the experimental spectrum in water by Sutherland and Griffin.61

Table 3. Hypoxanthine Vertical Excitation Energies (eV), Oscillator Strengths f (Dimensionless), and Selected B Terms (au)

state sym energy f B sym energy f B

B3LYP/Gas Phase CAM−B3LYP/Gas Phase
1 A′ 4.762 0.132 31.06 A′ 5.041 0.139 36.77
2 A″ 5.221 0.0021 0.437 A″ 5.512 <0.0001 0.367
3 A″ 5.263 0.0002 0.840 A′ 5.656 0.210 −42.26
4 A″ 5.277 0.0000 −0.004 A″ 5.725 0.002 −2.631
5 A″ 5.353 0.001 −0.310 A″ 5.779 0.001 −0.307
6 A′ 5.385 0.150 −37.78 A″ 6.028 0.0005 0.0995
7 A″ 5.437 0.0002 0.780 A″ 6.274 0.001 −0.622
8 A″ 6.195 0.001 −4.175 A″ 6.346 0.008 0.012
9 A′ 6.201 0.002 7.336 A′ 6.683 0.016
10 A′ 6.230 0.018 A′ 6.964 0.110
11 A′ 6.430 0.051 A′ 7.025 0.013

B3LYP/aq(PCM) CAM−B3LYP/aq(PCM)
1 A′ 4.907 0.153 A′ 5.179 0.141
2 A′ 5.277 0.220 A′ 5.522 0.309
3 A″ 5.492 <0.0001 A″ 5.761 <0.0001
4 A″ 5.576 0.001 A″ 5.978 0.002
5 A″ 5.662 0.003 A″ 6.046 0.002
6 A″ 5.779 0.0003 A″ 6.43 9 0.001
7 A″ 5.930 0.0003 A″ 6.647 0.001
8 A′ 6.333 0.006 A′ 6.801 0.029
9 A′ 6.426 0.088 A′ 6.964 0.231
10 A′ 6.725 0.444 A′ 7.045 0.421

B3LYP/aq(+5H2O+PCM) CAM−B3LYP/aq(+5H2O+PCM)
1 A 4.960 0.141 A 5.244 0.110
2 A 5.213 0.231 A 5.442 0.336
3 A 5.561 <0.0001 A 5.911 0.0001
4 A 5.654 0.002 A 6.185 0.001
5 A 5.716 0.0005 A 6.202 0.001
6 A 5.933 0.0001 A 6.473 0.001
7 A 5.945 0.0002 A 6.763 0.231
8 A 6.014 0.001 A 6.800 0.003
9 A 6.083 0.032 A 6.840 0.006
10 A 6.140 0.0003 A 6.870 0.060
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On the contrary, as expected, the weak nπ* shoulders are
moved toward higher energies because the transition weakens
the interaction of the lone pairs with the solvent. The peak
intensities tend to increase, with the highest intensities

observed for the cluster of purine and four water molecules in
bulk water solution.

Hypoxanthine. The absorption and MCD spectra of hypo-
xanthine in aqueous solution (at pH 6) up to 180 nm were

Figure 5.MCD spectra of uracil in the gas phase and in water solution. Left panel, B3LYP; right panel, CAM−B3LYP. The black line in both panels is the
experimental spectrum in water by Voeltner et al.2

Table 4. Uracil Vertical Excitation Energies (eV), Oscillator Strengths f (Dimensionless), and Selected B Terms (au)

state sym energy f B sym energy f B

B3LYP/Gas Phase CAM−B3LYP/Gas Phase
1 A″ 4.668 <0.0001 −0.001 A″ 5.064 <0.0001 0.002
2 A′ 5.144 0.122 10.45 A′ 5.389 0.172 11.51
3 A″ 5.598 0.002 0.134 A′ 6.012 0.003 0.106
4 A″ 5.769 <0.0001 −0.251 A′ 6.314 <0.0001 −0.041
5 A′ 5.890 0.032 2.226 A′ 6.535 0.037 0.913
6 A″ 6.149 0.0004 0.078 A′ 6.778 0.161 −5.064
7 A′ 6.221 0.025 2.547 A″ 6.940 0.012 −0.621
8 A′ 6.425 0.121 −11.57 A″ 7.012 0.004 −0.849
9 A″ 6.503 0.007 A″ 7.103 0.002 −1.753
10 A″ A′ 7.161 0.017 0.196

B3LYP/aq(PCM) CAM−B3LYP/aq(PCM)
1 A″ 4.9818 <0.00001 A″ 5.761 <0.00001
2 A′ 5.085 0.175 A′ 5.290 0.230
3 A″ 5.989 0.003 A″ 5.978 0.010
4 A″ 5.998 0.004 A″ 6.046 <0.00001
5 A′ 6.087 0.087 A″ 6.439 0.0004
6 A′ 6.252 0.143 A′ 6.561 0.211
7 A″ 6.335 0.0005 A″ 6.647 0.004
8 A″ 6.590 <0.0001 A′ 6.710 0.092
9 A′ 6.791 0.016 A′ 7.374 0.021

B3LYP/aq(+4H2O+PCM) CAM−B3LYP/aq(+4H2O+PCM)
1 A 5.051 0.183 A 5.253 0.237
2 A 5.124 0.0002 A 5.514 0.0002
3 A 5.952 0.002 A 6.438 0.223
4 A 6.005 0.004 A 6.533 0.012
5 A 6.011 0.001 A 6.607 0.001
6 A 6.075 0.172 A 6.754 0.104
7 A 6.214 0.073 A 7.177 0.004
8 A 6.346 0.001 A 7.210 0.003
9 A 6.368 0.001 A 7.276 0.001
10 A 6.577 0.007 A 7.385 0.005
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reported (together with those of adenine and guanosine 5′-
diphosphate at pH 7) by Sutherland and Griffin.61 Absorption
derivative spectra were also included. The authors observe that
in the 300−180 nm region both hypoxanthine and adenine
manifest two absorption bands, referred to as the 260 nm and the
200 nm bands. As for purine, the corresponding MCD spectra
are biphasic (due to the B-type bands of opposite sign of two
unresolved electronic transitions in the absorption envelope
with nonparallel transition dipoles) but of opposite sign to that
of the purine precursor, i.e., negative on the long-wavelength
side and positive at short-wavelength side with zero crossing near
the λ of the maximum absorption. According to Sutherland and
Griffin, the MCD spectra of both hypoxanthine and adenine
demonstrate the presence of at least two unresolved com-
ponents also in the 200 nm region. From an analysis of the
derivative absorption spectra the authors also conclude that the
less intense component of the 200 nm band of adenine is on
the short-wavelength side and on the long-wavelength side for
hypoxanthine.
Voelter et al.2 tabulated values of the peak maxima at pH 7

measured between 300 and 200 nm. A maximum absorption
peak is given at 248 nm and ε = 9.8× 103 M−1 cm−1. The maxima
of the MCD spectrum are found at 263 nm and [Θ]M = −27.5 ×
103 deg mol−1 cm2 (related to a 49.5 kGmagnetic field), classified
as B2u according to the benzene-like nomenclature, and at
243 nm and [Θ]M = +24.2 × 103 deg mol−1 cm2, classified as B1u,
and a negative shoulder at lower wavelengths (in the 210 region,
most probably). Converting to molar ellipticity, Δε, per 1
Tesla of magnetic field, the maxima at 263 nm corresponds to
−1.68 M−1 cm−1 T−1 and the one at 243 nm corresponds to
+1.45 M−1 cm−1 T−1, in reasonable agreement with the
measurements of Sutherland and Griffin at pH 6.61

Our calculated MCD spectra are compared to the experi-
mental one in Figure 4. Also in this case the computed spectra
qualitatively reproduce the biphasic nature of the signals and are
blue-shifted compared to the experimental ones. Both pairs of
pseudo-A terms, one at low and one at high energy, are found.
Yet with the B3LYP functional the high-energy pseudo-A band
tends to be less intense than the low-energy one and, in the
vacuum case, extremely weak. For CAM−B3LYP, the low-energy
signal is broader and less intense than the high-energy one and,
hence, in this respect, qualitatively more in line with the experi-
mental spectrum. Our calculations of the excitation energies and
strengths are given in Table 3.
Of the two functionals, CAM−B3LYP is the one showing the

larger blue shifts and spectral intensities. For both functionals,
and opposite to what is observed for purine, the inclusion of
solvent effects tends to further blue shift the negative peak at
lower energy from experiment, whereas the opposite occurs for
the positive peak. These shifts lead to a net decrease of the
separation of the two peaks, that is, 0.62 eV in the gas phase
and 0.27 eV (B3LYP) or 0.23 eV (CAM−B3LYP) according
to 6H2O + PCM predictions, improving the agreement with
experiment (0.39 eV).
For the second pseudo-A term at ∼200 nm, solvent effects

always decrease the blue-shift of both peaks compared to the shift
in peaks in the gas-phase result. As far as the splitting of the
components of this second doublet is concerned, bulk solvent
(PCM) and explicit solute−solvent interactions give rise to
opposite effects that end up, for the 6H2O + PCM model,
in a small decrease of the separation predicted in vacuo for
B3LYP and in the opposite result according to CAM−B3LYP

predictions. In absolute terms the experimental splitting is
slightly better reproduced by B3LYP calculations.

Uracil, Thymine, and Cytosine. As discussed by Sutherland
and Griffin61 and by Sutherland and Holmquist,60 the experi-
mental MCD spectra of the biologically relevant pyrimidine
bases (uracil, thymine, and cytosine) are substantially different
from those of the purines, as they are more of B type instead of
pseudo-A type. Moreover, the intensity is 3−4 times lower than
that of the purines.

Uracil. The experimental absorption and MCD spectra of
uracil in water at pH 7 were reported by Voelter et al.2 The
absorption spectrum presented two broad bands, one centered at
258 nm and one at 203 nm of similar intensity. The MCD
spectrum was characterized by a very broad negative band
stretching between 220 and 290 nm and peaking at 255 nm
(with tabulated maximum peak intensities, for a field strength of
49 500G, of [Θ]M =−8.5× 103, henceΔε=−0.52M−1 cm−1 T−1),
with a narrower positive band peaking at 212 nm (with max
intensity of [Θ]M = +6.7 × 103, i.e., Δε = 0.41 M−1 cm−1 T−1).
The experimental MCD spectrum is compared with our com-

puted spectra in Figure 5. Table 4 reports the computed excita-
tion energies and oscillator strengths, and Table 5 shows the
energy separation between the peaks.

Table 5. Energy of the Peak Maxima and Their Separations
(eV) in Uracil, Thymine, and Cytosine

B3LYP CAM−B3LYP

environment
peak

maxima
peak

separation
peak

maxima
peak

separation

Uracil
vacuum 5.148 1.291 5.387 1.412

6.439 6.799
aq(PCM) 5.090 1.175 5.295 1.260

6.266 6.555
aq(+4H2O) 5.060 1.211 5.289 1.304

6.271 6.593
aq(+4H2O+PCM) 5.050 1.173 5.251 1.203

6.222 6.453
experiment2 4.871 0.955

5.827
Thymine

vacuum 4.959 1.345 5.209 1.406
6.303 6.615

aq(PCM) 4.907 1.294 5.122 1.305
6.201 6.427

aq(+4H2O) 4.888 1.248 5.106 1.334
6.137 6.440

aq(+4H2O+PCM) 4.881 1.074 5.090 1.215
5.954 6.305

experiment2 4.714 1.052
5.767

Cytosine
vacuum 4.633 0.806 4.939 0.952

5.439 5.891
aq(PCM) 4.882 0.601 5.114 0.797

5.483 5.911
aq(+6H2O) 4.808 0.682 5.101 0.726

5.490 5.827
aq(+6H2O+PCM) 4.965 0.524 5.186 0.726

5.490 5.912
experiment2 4.674 0.571

5.245
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In accordance with the experiment, the computed spectra
show a negative band at lower energy and a positive one at higher

energy. The bands are primarily due to the two intense ππ*
excitations. The separation between the two peak maxima is in

Figure 6. MCD spectra of thymine computed in the gas phase and in water solution. Left panel, B3LYP. Right panel, CAM−B3LYP. The black
diamonds are the experimental peak maxima in water reported by Voelter et al.2

Table 6. Thymine Vertical Excitation Energies (eV), Oscillator Strengths f (Dimensionless), and Selected B Terms (au)

state sym energy f B sym energy f B

B3LYP/Gas Phase CAM−B3LYP/Gas Phase
1 A″ 4.741 0.00001 −0.012 A″ 5.103 0.00001 0.035
2 A′ 4.954 0.129 10.50 A′ 5.206 0.176 11.28
3 A″ 5.360 0.0002 0.093 A″ 5.772 0.0005 0.089
4 A″ 5.830 0.0002 −0.416 A″ 6.401 0.00001 −0.109
5 A′ 5.978 0.060 5.199 A″ 6.539 0.0005 −0.357
6 A″ 6.037 0.0000 0.031 A′ 6.593 0.042 2.057
7 A″ 6.188 0.00004 −0.993 A′ 6.617 0.200 −9.335
8 A′ 6.198 0.090 1.136 A″ 6.696 0.0001 0.5220
9 A″ 6.213 0.0003 −2.981 A″ 7.105 0.001 −0.7051
10 A′ 6.310 0.061 −9.187 A′ 7.114 0.008 −0.6231
11 A′ 6.731 0.001 A′ 7.159 0.013

B3LYP/aq(PCM) CAM−B3LYP/aq(PCM)
1 A′ 4.908 0.177 A′ 5.124 0.228
2 A″ 5.007 0.00001 A″ 5.356 0.00002
3 A″ 5.724 0.0003 A″ 6.126 0.001
4 A′ 6.047 0.233 A′ 6.428 0.258
5 A″ 6.062 0.0002 A″ 6.589 <0.00001
6 A″ 6.167 0.003 A″ 6.699 0.002
7 A′ 6.198 0.053 A′ 6.739 0.116
8 A″ 6.289 <0.00001 A″ 6.858 0.0003
9 A′ 6.733 0.018 A′ 7.165 0.005
10 A′ 6.763 0.003 A′ 7.331 0.023

B3LYP/aq(+4H2O+PCM) CAM−B3LYP/aq(+4H2O+PCM)
1 A 4.876 0.184 A 5.085 0.233
2 A 5.145 0.0001 A 5.505 0.0001
3 A 5.727 0.0002 A 6.254 0.004
4 A 5.943 0.235 A 6.300 0.265
5 A 6.030 0.009 A 6.706 0.0004
6 A 6.076 0.003 A 6.779 0.135
7 A 6.078 0.001 A 6.831 0.004
8 A 6.198 0.0003 A 6.942 0.0001
9 A 6.242 0.061 A 7.234 0.007
10 A 6.406 0.0004 A 7.293 0.001
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all cases larger than the one obtained from the experimental
spectrum. As for the other molecules analyzed, all computed
spectra are blue-shifted, the CAM−B3LYP ones slightly more
than the B3LYP ones.
From the qualitative point of view, the spectrum of uracil is

more sensitive to the bulk solvent effect than to explicit solute−
solvent interactions. This is not surprising for a ππ* transition
with small contribution from the carbonyl groups. In any case, a
weak solvent red shift is predicted, in agreement with previous
computational results and experimental indications (see ref 62
for a more detailed discussion).
B3LYP also predicts the presence of one strong negative

feature (due to the HOMO→ LUMO excitation) and a positive
one (due to the HOMO → LUMO+1 excitation). However, a
small negative feature (two in the vacuum case) falls between
these two peaks in the B3LYP spectrum, which is absent in the
experimental one. B3LYP overestimates indeed the stability of
another ππ* transitions that can be described as a HOMO−3→
LUMO transition, providing that it falls ∼0.2 eV on the red with
respect to the HOMO→ LUMO+1 transition, whereas CAM−
B3LYP provides the opposite picture.
Thymine. The picture obtained for thymine is similar to that

of uracil (see Figure 6). Even though the full MCD experimental
spectrum in water has not been published, the experimental peak
maxima in the UV−vis andMCDwere reported by Voelter et al.2

The latter are indicated as black diamonds in Figure 6. Both
functionals provide MCD spectra in qualitative agreement with
experiments. B3LYP, indeed, when its spectra are compared
to those of uracil, provides spectra more consistent with the
experimental findings, especially when both bulk effects and
explicit solute−solvent interactions are considered. Our
results of the excitation energies and strengths are given in
Table 6.
Cytosine. Experimental absorption and MCD spectra of

cytosine in water have been reported both by Voelter et al.2 and
by Kaito et al.63 TheMCD spectra are shown in Figure 7 together
with our corresponding computed spectra. Table 7 reports our
computed excitation energies and oscillator strengths, and Table 5
the energy separation between the peaks. Voelter et al.2 also
tabulated one MCD maximum ([Θ]M) at pH 7 of −4.5 × 103 at

270 nm for a field strength of 49 500 G, which corresponds to
Δε270 = −0.275 M−1 cm−1 T−1.
Inclusion of solvent effect leads to a decrease of the separation

between the two negative bands of the MCD spectrum, that is,
0.81 eV in vacuo and 0.52 eV with the 6H2O + PCM model
according to B3LYP; these values are respectively 0.95 and
0.73 eV considering CAM−B3LYP results. Therefore, according
to both functionals, solvent effects improve the agreement with the
experimental value (0.65 eV). The MCD spectrum of cytosine,
especially the HOMO→ LUMO transition, is more sensitive to
explicit solute−solvent interaction than that of uracil and
thymine and, contrary to what is predicted for uracil and
thymine, even if the frontier orbitals are similar, our calculations
predict a hypsochromic solvent shift for the lowest-energy band;
i.e., the negative peak is blue-shifted when the compound moves
from the gas phase to water. This prediction agrees with what was
previously obtained using multiconfigurational self-consistent
field (MCSCF) approaches.62,64,65 It is difficult to check whether
this prediction is confirmed in experiment. In fact, solvent affects
the conformational equilibrium among the different cytosine
tautomers, which have different absorption spectra.66,67

Aside from the possible small contribution of other excitations,
this result could be due to the fact that for cytosine the LUMO
does not receive any contribution from the O7 p orbital and,
especially, that hydrogen bonds are expected to have an opposite
effect on the contributions of the p orbital of nitrogen of the
amino group in cytosine and of the p orbital of O4 in uracil and
thymine. For uracil/thymine O4 is an H-bond acceptor, whereas
for cytosine the amino group is an H-bond donor.

■ CONCLUDING REMARKS

We have presented a computational investigation at the time-
dependent density functional level of theory (B3LYP and
CAM−B3LYP functionals) of the MCD spectra of selected
purine and pyrimidine bases of nucleic acids in aqueous solution.
The importance of solvent interactions was assessed using
the polarizable continuum model, model clusters of one solute
molecule with water molecules, and clusters with water mole-
cules embedded in a polarizable continuum environment. All the
spectra computed at the CAM−B3LYP level match very well the

Figure 7. MCD spectra of cytosine computed in the gas phase and in water solution. Left panel, B3LYP. Right panel, CAM−B3LYP. The full-drawn
black line in both panels is the experimental spectrum in water by Voeltner et al.2 The dashed line is the MCD spectrum in water by Kaito et al.63
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experimental band shape, confirming the general reliability of this
functional. The computed peaks are systematically blue-shifted
with respect to the experimental ones. However, part of this
discrepancy would be likely recovered by inclusion of vibrational
effects, leading to an even better agreement with experiments.
Indeed, the vertical transition does not correspond to the spectral
maximum, and it has been shown68 that in many cases the
introduction of vibronic effects leads to a sizable red shift of the
maximum peak that can frequently be in the range 0.1−0.3 eV
(however, such a shift is of course dependent on the system,
the electronic state, the temperature, and the environment).
Interestingly, the energy gap between the different peaks is also
well reproduced, the difference with the experimental estimates
(obtained as the energy difference between the band maxima)
being 0.1−0.2 eV; only for hypoxanthine are slightly larger values
found. This result shows that the quality of CAM−B3LYP results
does not deteriorate for higher-energy transitions. B3LYP also
provides quite accurate indications, showing qualitative discrep-
ancy with respect to experiments only for uracil. The predicted
maxima are also closer to the experimental peak, and the energy
gap between the different peaks reproduced with an overall degree
of accuracy similar to that obtained at the CAM−B3LYP level.
The most significant discrepancy with the experimental spectra

concerns the overestimation of the computed intensities,
although the latter is overemphasized by our choice for the γ
parameter that, as can be appreciated in Figures 3−7, corresponds
to a line width narrower than that observed in the experiment.
It has been shown before that the LR-PCM/TD-DFT method

leads in some cases to an overestimation of the computed
intensities for absorption.69,70 It has also been observed earlier,
namely in the PCM study of ref 11, that the introduction of PCM
increased (in absolute value) the strength parameter (B term) of
MCD compared to that of the gas phase. Here, as in our previous
study on adenine,33 the MCD (and absorption) intensities
computed in solution are indeed systematically significantly larger
than those obtained in the gas phase, the effect of PCM being
usually larger than that of explicit solventmolecules. In any case, for
what concerns the inclusion of solvent effects, the mixed discrete/
continuumprocedure we adopted is confirmed to represent a good
compromise between accuracy and computational cost.71

The peaks computed in solution are much closer to their
experimental counterparts than those obtained in the gas phase.
Interestingly, inclusion of solvent effects positively affects the
accuracy of our prediction of the relative energy of the different
peaks, suggesting that the computational protocol here adopted
is able to reproduce solvent effects also on the energetic of ππ*
transitions, which are, in principle, less sensitive to the polarity of
the embedding medium.
The present results together with those recently communi-

cated in ref 33 on the two purine bases of DNA, adenine and
guanine, and their nucleosides show that the adopted computa-
tional protocol is able to reproduce the similarities and
differences of the MCD signals of these structurally related
compounds, indicating that it provides a reliable description of
the relative energies and of the properties of the electronic states
of DNA and RNA nucleobases.

Table 7. Cytosine Vertical Excitation Energies (eV), Oscillator Strengths f (Dimensionless), and Selected B Terms (au)

state sym energy f B sym energy f B

B3LYP/Gas Phase CAM−B3LYP/Gas Phase
1 A′ 4.650 0.043 7.840 A′ 4.948 0.067 8.495
2 A″ 4.783 0.001 −1.344 A″ 5.266 0.002 0.448
3 A″ 5.126 0.003 −0.9403 A″ 5.626 0.004 −0.065
4 A″ 5.151 0.003 2.119 A′ 5.885 0.125 8.164
5 A′ 5.433 0.080 3.391 A″ 5.897 0.0001 −2.767
6 A″ 5.509 0.0004 −0.5115 A″ 6.091 0.0001 0.201
7 A″ 5.687 0.0004 −0.286 A″ 6.135 0.002 0.426
8 A″ 5.694 0.004 0.4669 A″ 6.240 0.098 −1.675

B3LYP/aq(PCM) CAM−B3LYP/aq(PCM)
1 A 4.876 0.087 A 5.115 0.128
2 A 5.323 0.002 A 5.717 0.003
3 A 5.478 0.130 A 5.901 0.190
4 A 5.638 0.0002 A 6.080 0.006
5 A 5.663 0.004 A 6.357 0.0002
6 A 6.051 0.159 A 6.370 0.330
7 A 6.083 <0.0001 A 6.529 0.005
8 A 6.105 0.004 A 6.620 0.0003
9 A 6.205 0.002 A 6.814 0.418
10 A 6.373 0.007 A 6.829 0.0001

B3LYP/aq(6H2O+PCM) CAM−B3LYP/aq(6H2O+PCM)
1 A 4.962 0.125 A 5.187 0.178
2 A 5.473 0.083 A 5.900 0.115
3 A 5.549 0.033 A 5.991 0.057
4 A 5.555 0.003 A 6.185 0.006
5 A 5.840 0.002 A 6.245 0.252
6 A 5.878 0.135 A 6.593 0.005
7 A 5.907 0.003 A 6.629 0.005
8 A 5.945 0.003 A 6.744 0.472
9 A 6.048 0.003 A 6.834 0.010
10 A 6.083 0.004 A 6.864 0.031
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Optical absorption and magnetic circular
dichroism spectra of thiouracils: a quantum
mechanical study in solution†

L. Martinez-Fernandez, *a T. Fahleson,b P. Norman,b F. Santoro,c S. Coriani *d

and R. Improta a,e

The excited electronic states of 2-thiouracil, 4-thiouracil and 2,4-dithiouracil, the analogues of uracil

where the carbonyl oxygens are substituted by sulphur atoms, have been investigated by computing the

magnetic circular dichroism (MCD) and one-photon absorption (OPA) spectra at the time-dependent

density functional theory level. Special attention has been paid to solvent effects, included by a mixed dis-

crete/continuum model, and to determining how our results depend on the adopted DFT functional

(CAM-B3LYP and B3LYP). Whereas including solvent effects does not dramatically impact the MCD and

OPA spectra, though improving the agreement with the experimental spectra, the performances of

CAM-B3LYP and B3LYP are remarkably different. CAM-B3LYP captures well the effect of thionation on the

uracil excited states and provides spectra in good agreement with the experiments, whereas B3LYP shows

some deficiency in describing 2-TU and 2,4-DTU spectra, despite being more accurate than CAM-B3LYP

for 4-TU.

Introduction

Even though the use of light with therapeutic purposes is
ancient,1 modern photodynamic therapy (PDT) of cancer was
initiated in the 1960s2,3 and it wasn’t until 1975 4 that the first
human trial was performed.5–7 PDT is a two-step treatment
that combines light and a photosensitizer (PS) to cause cell
death. First, the patient is administered with the PS and after
some incubation period, the PS is activated by exposure to a
certain wavelength of light. Triplet excited states of the PSs
transfer energy to molecular oxygen, generating singlet oxygen
and other reactive oxygen species (ROS) that mediate cellular
toxicity. Despite being a significant medical advance in the
last century,5 several aspects of PDT can be hugely improved,
and one of the key points is the development of more effective
PSs. Porphyrins, the most used PSs at the moment, poorly
absorb light and suffer from important side effects.8,9

Thio-substituted DNA nucleobases, thiobases, recently
emerged as very promising candidates, and are actively tested
against different kinds of cancer.10–18 Their strong UVA absorp-
tion plus very efficient triplet state population are the basis for
their use as PSs.19–44 Besides these unique photosensitizing
properties, thiobases present further applications in the bio-
medical field. In particular, 4-thiouracil has been used as a
site-specific photocrosslinking agent45–49 to tag either RNA
molecules or proteins. In this important structural–biological
function, 4-thiouracil forms pyrimidine–pyrimidone products
between the CvS and C5vC6 bonds.50,51 On the other hand,
2-thiouracil is instead widely used as a therapeutic agent in
thyroid pathologies52 and its ability to complex with metal
ions53 has been exploited as an antidote for mercury
poisoning.54

Most of these biomedical applications of thiobases exploit
their unique photophysical properties. Oxygen-by-sulphur substi-
tutions red-shift the absorption maximum and enhance intersys-
tem crossing rates compared to canonical bases.23,24,32–34,37,38,55

Interestingly, these changes depend on the substitution position
(for instance, the effects are larger for 4-thiopyrimidines)
whereas double thionation (i.e. at positions 2 and 4) does not
have a dramatic effect.33,34 The therapeutic interest of thiobases
has also motivated many theoretical studies of their excited state
properties.19,20,25–28,31,40,42,44,56 These studies have explained that
it is the presence of the CvS moiety that leads to the red-shift of
the absorption spectrum and to the enhancement of the spin
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orbit couplings. These studies also showed that dark singlet
minima reached after internal conversion (IC) from the spectro-
scopic state are essential for their use as PSs, since they act as a
doorway state for triplet population.20,28,29,31 Despite their impor-
tance, the energy of the dark states at the Franck-Condon (FC)
region and how it is affected by the solvent are often overlooked,
in part due to their non-detectability in absorption spectroscopy.
However, the energy gap between the dark and bright singlet
excited states at the FC region can be essential since, as
explained above, the IC process is the first step towards triplet
population. Similarly, in what concerns canonical nucleobases,
despite many recent computational efforts, in several cases the
relative stability of the dark and bright excited states is still
elusive, leading to strong disagreement on the involvement of
the former in the photoactivated dynamics.57–60 Actually, in
some cases, as for adenine, the debate even involves the energy
ordering of bright excited states.61,62 Magnetic Circular
Dichroism (MCD), thanks to the different excitation mechanism
and its signed nature, can be helpful for shedding light on
these situations, as in our previous study on adenine.61

In the present contribution we report a detailed study of
the electronic excited states of thiouracils, paying attention to
how different thionation positions and solvation models affect
their optical and MCD spectra. We have computed the optical
and MCD spectra of 2-thiouracil (2-TU), 4-thiouracil (4-TU) and
2,4-dithiouracil (2,4-DTU) in vacuo and in water using the
polarizable continuum model (PCM). Furthermore, explicit
water molecules were also considered, since previous studies
indicated that their inclusion is fundamental to reproduce the
relative energy of bright and dark excited states in pyrimi-
dines.63 Our analysis is based on the results of TD-DFT calcu-
lations, obtained exploiting two commonly adopted density
functionals, namely CAM-B3LYP and B3LYP.

Computational details

Geometry optimization. The ground states of 2-TU, 4-TU and
2,4-DTU have been optimized at the B3LYP64/cc-pVTZ65 level of
theory. All geometry optimizations were performed with
Gaussian09.66

Solvent. Solvent effects have been modelled using three
different approaches: (1) implicitly, by using the Integral
Equation Formulation of the Polarizable Continuum Model
(IEF-PCM);67–75 (2) explicitly, by including 4·H2O molecules
(Fig. 1) in the calculations, and (3) resorting to a mixed
implicit/explicit scheme where both PCM and 4·H2O are con-
sidered. Non-equilibrium solvation was adopted in the IEF-PCM
calculations. The number of water molecules (four) defining the
first solvation shell was selected based on experimental evi-
dence76,77 and on the success of this model in previous compu-
tational studies of uracil photophysics.78–81 The role of solvent
dynamics was not considered throughout this study.

One-photon absorption and magnetic circular dichroism
spectra. The one-photon absorption (OPA) and MCD spectra
were computed using both B3LYP and CAM-B3LYP82 func-
tionals, adopting the aug-cc-pVDZ83 basis set. The spectra were
obtained directly using the complex-polarization-propagator

(CPP) approach,84–86 as implemented within the Dalton87

program package. By explicitly accounting for the finite life-
time of the excited states, CPP allows the solving of possible
issues related to the divergence of standard quadratic response
calculations in the case of quasi-degeneracies. In the theory,
the empirical parameter γ represents the inverse lifetime of
vibronic states, and it results in a Lorentzian spectral broaden-
ing. In implementations of the theory that only account for
electronic responses in the system (such as ours), one typically
adopts numerical values of γ that exceed inverse singlet state
lifetimes (a value of ∼0.1 eV is often used) since, in this way,
one can mimic the (vibrational and solvent) spectral broaden-
ing seen in the experiments. Here, as was done in preceding
studies, we chose the same phenomenological parameter for
all the states and assigned it a value of 1000 cm−1. This value
has earlier been proved to be a reasonable choice that yields
smooth spectra (and therefore robust results) and intensities
comparable to the experiments (too small γ would give rise to
unphysically narrow and intense peaks). On the other hand,
this choice avoids linewidths so large as to prevent the identifi-
cation of the different peaks corresponding to different states.
The same computational strategy and broadening parameters
have already been adopted in our previous studies of a
number of purine and pyrimidine nucleobases predicting OPA
and MCD spectra in general agreement with the experi-
ments.61,80 One can rest assured that the experimental width
of the spectra is primarily due to vibrational and solvent broad-
ening mechanisms, which could be theoretically accounted for
[see, e.g., ref. 88–91] in more refined ways than done here, but
this goes beyond the scope of the present work.

The computed OPA and MCD spectra were expressed as the
decadic molar extinction coefficient, ε, and as the extinction
coefficient anisotropy, Δε, respectively, in the standard units
[M−1 cm−1] and [M−1 cm−1 T−1]. Experimental OPA and MCD
spectra were taken from ref. 92, where OPA was expressed as
the molar extinction coefficient ε in standard units, whereas
MCD was given as molar ellipticity [ϑ]M, formally in units of
deg M−1 m−1 T−1. To convert the experimental MCD data in
ref. 92 into Δε in the standard units M−1 cm−1 T−1, they
should be divided by 3.298 × 105, yielding intensities about six
orders of magnitude smaller than the computed ones. As
thoroughly discussed in the ESI,† we have robust elements to

Fig. 1 Schematic drawing and atom labelling of uracil and its corres-
ponding thio-derivatives, 2-thiouracil (2-TU), 4-thiouracil (4-TU) and
2,4-dithiouracil (2,4-DTU). See 2-TU for an example of the adopted
computational model for the system 4·H2O.
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believe that the MCD experimental units in ref. 92 were mis-
printed and that the scaling factor missing is exactly 106.
Adopting a prudential approach, in this study we prefer,
however, to focus our comparison on the signs, relative inten-
sity and energy separations of the different peaks. We therefore
report the experimental spectra normalized so as to have the
most intense peak (absolute values) equal to 1. A comparison
of the MCD intensities is instead given in the ESI.†

All the calculations have been performed on the thio-keto
tautomers of thiouracils.

Results

2-Thiouracil (2-TU). Below 6 eV, 2-TU presents two bright
and three dark excited states (Table 1). At the CAM-B3LYP level
(in gas phase, GP) the bright πCCπ*CS and πCCπ*CC excited
states are separated by ∼0.4 eV and have similar oscillator
strengths. Both excitations involve π and π* orbitals that are
delocalized over the 2-TU aromatic ring, but exhibit important
contributions also from the CvS bond. In particular, the
LUMO is reminiscent of the corresponding orbital of uracil,
with strong antibonding character with respect to the C5 and
C6 double bond, but it also exhibits a strong anti-bonding con-
tribution between C2 and S bonds. The three dark states
correspond to different combinations of possible excitations

from both lone pairs (LP) (O and S) to the two lowest energy π*
orbitals. S1 corresponds to a dark excited state, with the main
contribution from the S lone pair.

Inclusion of solvent effects has a very small impact on the
nature and the relative energy of the bright excited states, but
significantly destabilizes the dark excited states (by 0.3–0.4 eV),
in analogy with what happens for natural pyrimidines.57,93,94

As a consequence, S1, which in the gas phase is ∼0.8 eV more
stable than the lowest energy bright state, gets much closer in
energy to the latter (∼0.4 eV). The computed absorption
spectrum is in good agreement with the experimental one
(Fig. 2d),33,92 which shows a very broad band with a maximum
at ∼265 nm (4.68 eV) and a feature at ∼290 nm (4.27 eV),
which we assign to πCCπ*CC and πCCπ*CS, except for a uniform
blue-shift of <0.4 eV. As discussed in several previous contri-
butions, this blue-shift may be partially due to the lack of
vibrational contribution in the computed spectra.63,95

The experimental MCD spectrum of 2-TU presents two
bands of similar intensity but opposite sign (Fig. 2a): Band I
reached a peak at 4.27 eV (290 nm) and Band II reached a peak
at 4.67 eV (265 nm). Their maxima are separated by ∼0.4 eV
(Fig. 2a). Our computed MCD spectra nicely match the shape
of the experimental spectra, but with the overall blue-shift
commented above in the absorption spectra. We can thus
assign the two experimental peaks to the πCCπ*CS and πCCπ*CC
states, respectively. As expected, the band positions of the
different computed MCD spectra are not dramatically affected
by the inclusion of solvent effects, which, however, improves
the agreement with the relative intensities of the experimental
peaks. Whereas in the gas phase, Band II is smaller than Band
I, in water the two peaks have similar intensity, as in the
experiments (Fig. 2a).

The B3LYP functional provides a different picture than the
one (described above) provided by CAM-B3LYP. The main
effect is the destabilization of the πCCπ*CC state, which does
not correspond to S3 but to S5, increasing the energy gap with
respect to S2. Furthermore, the relative intensity of the two
lowest bright states is reversed compared to CAM-B3LYP,
B3LYP predicting that πCCπ*CC is much more intense than S2,
especially when PCM is not included. The agreement with the
experimental absorption spectra worsens (Fig. 3d) since B3LYP
predicts two well-separated bands with different intensities,
instead of a single broad peak. On the other hand, the adop-
tion of a slightly larger value for the phenomenological broad-
ening would have led to a computed spectrum in qualitative
agreement with the experiments, potentially obscuring the
possible inaccuracies of B3LYP, which, are instead apparent
when computing the MCD spectrum.

The B3LYP computed MCD spectrum does not indeed agree
with the experimental one (Fig. 3a), except for the presence of a
negative feature on the red wing. When PCM is not included, an
n-Rydberg transition falls close in energy to the second bright-
excited state, leading to the appearance of a negative/positive
double feature. This feature is displaced at higher energy by
PCM. However, in this case, a vanishingly small negative feature
is associated with the very intense πCCπ*CC transition.

Table 1 2-TU vertical absorption energies (ΔE, in eV) and oscillator
strengths ( f ) for the different solvation models, calculated at the
TD-CAM-B3LYP/aug-cc-pVDZ and TD-B3LYP/aug-cc-pVDZ levels of
theory

2-TU

GP PCM 4·H2O
PCM +
4·H2O

ΔE f ΔE f ΔE f ΔE f

CAM-B3LYP
S1 LPSπ*CS 3.86 0.00 4.09 0.00 4.03 0.00 4.22 0.00
LPSπ*CC
S2 πCCπ*CS 4.62 0.20 4.64 0.37 4.54 0.13 4.64 0.27
S3 πCCπ*CC 5.08 0.17 5.08 0.11 4.99 0.19 5.06 0.14
S4 LPSπ*CC 4.92 0.00 5.20 0.00 5.07 0.00 5.33 0.00
LPSπ*CS
LPOπ*CS
LPOπ*CC
S5 LPSπ*CC 5.43 0.00 5.69 0.00 5.45 0.00 5.72 0.00
LPSπ*CS
LPOπ*CS
LPOπ*CC

B3LYP
S1 LPSπ*CS 3.57 0.00 3.78 0.00 3.65 0.00 3.88 0.00
LPSπ*CC
S2 πCCπ*CS 4.07 0.05 4.20 0.11 3.96 0.03 4.20 0.08
S3 LPSπ*CC 4.14 0.00 4.35 0.00 4.17 0.00 4.41 0.00
LPSπ*CS
S4 LPOπ*CS 4.77 0.00 5.05 0.00 4.64 0.00 5.15 0.00
LPOπ*CC
S5 πCCπ*CC 4.85 0.27 4.78 0.33 4.76 0.27 4.74 0.32
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4-Thiouracil (4-TU). The impact of thio-substitution at posi-
tion 4 on the frontier orbitals of uracil is very different from
that of 2-thionation, since sulphur participates in a ‘butadiene’
like conjugation with the C5vC6 double bond. As a con-
sequence, sulphur strongly contributes to both the π HOMO and
the π* LUMO, which are involved in the lowest energy bright
transition (πCCπ*CS). This transition (in GP) is significantly
more intense (one order of magnitude) and red-shifted (4.34
eV) with respect to, the πCSπ*CS (5.22 eV) and πCCπ*CC (5.59 eV)
transitions. Compared with the bright states appearing in
2-TU, a new bright state (πCSπ*CS) appears characterized by a
contribution of the CvS bond to both bonding and antibond-
ing orbitals.

Concerning the dark states, the energy gap between
S1 (LPSπ*CS) and S2 (πCCπ*CS) in GP is significantly larger than
that in 2-TU, whereas the separation between the second dark
state S5 (LPSπ*CC) and the closest bright state (S4) is maintained.
Another difference with 2-TU concerns LPO, which does not
participate in any of the low-lying excited states of 4-TU.

Water strongly destabilizes the S1 (LPSπ*CS) dark state while
increasing the stability (0.2 eV) and OPA intensity of

S2 (πCCπ*CS) (especially when PCM is considered). As a conse-
quence, as it happens for 2-TU, these two states are much
closer in water than in the gas phase. The solvent effect on S3
and S4 is instead much smaller.

The computed OPA CAM-B3LYP spectrum in water is in
good agreement with the experimental one (Fig. 2e),33,92 the
latter exhibiting a very intense peak at ∼330 nm (3.75 eV),
which we assign to the πCCπ*CS state, and a broad and weak
band at 230–270 nm (maximum at ∼240 nm, i.e. 5.16 eV),
which we assign to πCSπ*CS and πCCπ*CC, though our calcu-
lations underestimate the relative intensity of this peak. Also
in this case the computed vertical absorption energies (VAE)
are blue-shifted by 0.4–0.5 eV with respect to the experimental
maxima (Table 2).

The experimental MCD (extracted from ref. 92) spectrum of
4-TU is depicted in Fig. 2b. This spectrum is characterised by
two negative bands (Band I: 326 nm and Band II: 270 nm) well
separated in energy (0.8 eV), followed by a positive band (Band
III) at around 230 nm. The computed CAM-B3LYP MCD spec-
trum of 4-TU (Fig. 2b) is in fair agreement with the experi-
mental one. In solution, a strong negative peak is predicted at

Fig. 2 MCD and OPA spectra of 2-TU (a, d), 4-TU (b, e) and 2,4-DTU (c, f ), calculated at the TD-CAM-B3LYP/aug-cc-pVDZ level of theory. The sol-
vation model is indicated in the inset. Experimental spectra were extracted from ref. 92 and normalized so as to have the intensity of the most
intense peak (absolute values) equal to 1.
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4.3–4.4 eV (Band I, S2 πCCπ*CS), 0.5 eV blue-shifted with the
respect to the experimental band, in analogy with what
happens for the absorption spectrum. This feature is followed
by a shallow negative feature that we assign to πCSπ*CS and
πCCπ*CC. The features on the blue-wing are due to electronic
transitions involving Rydberg orbitals (S6 and S7), whose treat-
ment is not straightforward within a continuum model, and
are more sensible to both the solvation model and the size of
the basis set.

In the GP, B3LYP stabilizes the dark states compared to
CAM-B3LYP: LPSπ*CC and LPSRydb are more stable than the
bright πCSπ*CS and πCCπ*CC excited states. In solution the effect
is less significant, stabilizing mainly the LPSπ*CC. Related with
this, in some cases the LPOπ*CS excitation also appears inter-
calated among the specified states. In what concerns the
bright excited states, B3LYP increases the intensity of πCCπ*CC,
the same result as that found for 2-TU, improving in this case
the agreement with the experimental spectrum (Fig. 3e).
Analogously, the second negative feature in the MCD spectrum
is more intense (Fig. 3b) than that predicted by CAM-B3LYP,
improving the agreement also with the experiments.

2,4-Thiouracil (2,4-DTU). The presence of two sulphur atoms
in 2,4-DTU leads to highly mixed orbitals, making much more
difficult a clear assignment of the excited state character (see
Table 3). The number of excited states lying at energies below
6 eV increases up to eight (4 dark and 4 bright states) com-
pared to the mono-substituted uracil (Tables 1–3). The first
bright state πCC2π*CS4 (4.08 eV) and the third πCC2π*CS2 (4.80
eV) are similar in energy to the S1 of 4-TU (4.34 eV) and 2-TU
(4.62 eV), respectively. Although both excitations share the
same bonding orbital (πCC2), they differ in the antibonding
orbital, which is mainly localized on CvS4 and CvS2 for the
πCC2π*CS4 and πCC2π*CS2 states, respectively. The other two
bright states (4.44 and 4.92 eV) are similar, but the excitation
involves the other delocalized orbital (πCC1). The four tran-
sitions present large oscillator strengths, 0.12–0.30.

Four dark states are intercalated within these bright states,
involving excitations from the LPS1 and LPS2 to the π*CS4 and
π*CS2 orbitals.

The main solvent effects are similar to those observed for
the mono-substituted uracils, namely, the destabilization of
the dark states and the change in intensity of the bright states.

Fig. 3 MCD and OPA spectra of 2-TU (a, d), 4-TU (b, e) and 2,4-DTU (c, f ), calculated at the TD-B3LYP/aug-cc-pVDZ level of theory. The solvation
model is indicated in the inset. Experimental spectra were extracted from ref. 92 and normalized so as to have the intensity of the most intense peak
(absolute values) equal to 1.
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The experimental absorption spectrum (Fig. 2f)33,92 exhibits
an intense transition at 360 nm (3.44 eV), and two close-lying
more intense peaks at ∼290 nm (∼4.3 eV) and ∼260 nm (∼4.7 eV).
CAM-B3LYP calculations assign the lowest energy peak to
πCC2π*CS4 (4.04 eV), whereas three other transitions (πCC1π*CS4/
πCC2π*CS2 and πCC1π*CS2) are responsible for the peaks at 290
and 260 nm. Comparison with the experimental spectra
(Fig. 2f) shows that the intensity of the πCC2π*CS4 transition is
too large and the relative stability of the higher-lying bright
excited states is overestimated, leading to a too small energy
gap with respect to the πCC2π*CS4 peak.

In the experimental MCD spectrum, a strong negative
feature at ∼3.50 eV is followed by a positive one at ∼4.40 eV.
The CAM-B3LYP spectrum is in qualitative agreement with the
experimental one. When PCM is included (Fig. 2c) the com-
puted spectrum shows two main features: a negative band at
4.0 eV and a positive one at around 4.60–4.80 eV, both present-
ing similar intensity. We thus assign the first band to
πCC2π*CS4, whereas the other close-lying bright excited states
globally provide a positive contribution. It is likely (CPP calcu-
lations do not give access to the MCD B terms of the single
states) that one of the states would provide a negative signal,
as suggested by the shape obtained in the absence of PCM,
where the three peaks are more separated in energy and a
‘sharp’ negative peak is present.

B3LYP provides a picture qualitatively similar, overall, to
that of CAM-B3LYP. However, the four bright transitions
responsible for the two lowest energy absorption bands are
more separated; πCC1π*CS4, which at the CAM-B3LYP level is
close to πCC2π*CS2, gets closer to πCC2π*CS4 and shows up in the
absorption spectrum. As a consequence, individual contri-
butions of the different transitions to the MCD spectrum are
also visible, leading to a more congested spectrum (Fig. 3c).

Concluding remarks

In the present study, we report a thorough TD-DFT analysis of
the OPA and MCD spectra of three different thiouracils, focus-
ing, in particular, on the dependence of our predictions on the
environment (gas phase or water) and on the adopted density
functional (CAM-B3LYP or B3LYP). As a first point, we shall

Table 2 4-TU vertical absorption energies (ΔE, in eV) and oscillator
strengths ( f ) for the different solvation models, calculated at the
TD-CAM-B3LYP/aug-cc-pVDZ and TD-B3LYP/aug-cc-pVDZ levels of
theory

4-TU

GP PCM 4·H2O
PCM +
4·H2O

ΔE f ΔE f ΔE f ΔE f

CAM-B3LYP
S1 LPSπ*CS 3.03 0.00 3.37 0.00 3.28 0.00 3.54 0.00
LPSπ*CC
S2 πCCπ*CS 4.34 0.34 4.21 0.42 4.24 0.38 4.20 0.47
S3 πCSπ*CS 5.22 0.01 5.22 0.02 5.19 0.01 5.24 0.02
S4 πCCπ*CC 5.59 0.04 5.67 0.06 5.48 0.04 5.61 0.04
S5 LPSπ*CC 5.54 0.00 5.83 0.00 5.64 0.00 5.90 0.00
LPSπ*CS
S6 πCCRydb 5.57 0.00 5.90 0.01 5.81 0.00 5.96 0.02
S7 LPS Rydb 5.70 0.03 5.88 0.10 5.96 0.05 6.04 0.09

B3LYP
S1 LPSπ*CS 2.79 0.00 3.08 0.00 2.99 0.00 3.24 0.00
S2 πCCπ*CS 4.17 0.24 4.09 0.36 4.08 0.28 4.08 0.40
S3 LPSπ*CC 4.57 0.00 4.84 0.00 4.64 0.00 4.89 0.00
S4 πCSπ*CS 4.81 0.01 4.86 0.01 4.23 0.01 4.90 0.01
S5 πCCπ*CC 5.09 0.10 5.11 0.06 4.95 0.11 5.04 0.07
S6 LPOπ*CS 5.28 0.00 5.41 0.00 4.82 0.00 5.30 0.00
S7 LPS Rydb 4.85 0.01 5.41 0.05 5.20 0.02 5.43 0.04
S8 πCCRydb 5.05 0.00 5.53 0.01 5.29 0.00 5.46 0.00

Table 3 2,4-DTU vertical absorption energies (ΔE, in eV) and oscillator
strengths ( f ) for the different solvation models, calculated at the
TD-CAM-B3LYP/aug-cc-pVDZ and TD-B3LYP/aug-cc-pVDZ levels of
theory

2,4-DTU

GP PCM 4·H2O
PCM +
4·H2O

ΔE f ΔE f ΔE f ΔE f

CAM-B3LYP
S1 LPS2π*CS4 3.00 0.00 3.30 0.00 3.28 0.00 3.50 0.00
LPS1π*CS4
S2 πCC2π*CS4 4.08 0.12 4.03 0.27 4.02 0.16 4.04 0.29
S3 LPS2π*CS2 3.82 0.00 4.00 0.00 3.98 0.00 4.09 0.00
LPS1π*CS2
S4 πCC1π*CS4 4.44 0.21 4.52 0.28 4.44 0.16 4.56 0.21
S5 πCC2π*CS2 4.80 0.14 4.71 0.19 4.72 0.10 4.67 0.14
S6 LPS2π*CS4 4.60 0.00 4.75 0.00 4.63 0.00 4.78 0.00
LPS1π*CS4
S7 πCC1π*CS2 4.92 0.32 4.97 0.20 4.87 0.20 5.00 0.12
S8 LPS2π*CS2 4.83 0.00 5.04 0.00 4.96 0.00 5.15 0.00
LPS1π*CS2

B3LYP
S1 LPS1π*CS4 2.76 0.00 3.01 0.00 2.98 0.00 3.19 0.00
S2 πCC2π*CS4 3.55 0.01 3.61 0.04 3.52 0.02 3.62 0.06
πCC1π*CS4
S3 LPS2π*CS2 3.47 0.00 3.65 0.00 3.54 0.00 3.70 0.00
LPS1π*CS2
S5 LPS2π*CS4 3.60 0.00 3.74 0.00 3.71 0.00 3.80 0.00
S4 πCC1π*CS4 3.98 0.07 4.06 0.18 3.95 0.06 4.08 0.12
πCC2π*CS4
S6 LPS2π*CS2 3.87 0.00 4.05 0.00 3.98 0.00 4.15 0.00
LPS1π*CS2
S7 πCC2π*CS2 4.51 0.22 4.41 0.24 4.44a 0.32 4.39 0.32
πCC1π*CS2
πCC1π*CS2 4.75 0.34 4.68 0.33 4.65a 0.26 4.65 0.31
πCC2π*CS2

a Another dark state appears at 4.35 eV.
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analyse the performance of our method in reproducing the
effect of thionation on the uracil spectra. In all the examined
compounds, the lowest energy bright transition is reminiscent
of the HOMO → LUMO transition of uracil, but for thiouracil
CvS bonds provide a more substantial contribution than the
CvO bonds, due to the smaller electronegativity of sulphur.
As previously discussed for thiothymines,44 this effect gives an
account of the red-shift of the absorption spectrum of thioura-
cils with respect to uracil. CAM-B3LYP predicts that (i) 4-thio-
nation is more effective than 2-thionation and (ii) the effects
(at positions 2 and 4) are (approximately) additive. These
results, due to the larger conjugation of the C4vS bond with
C5vC6 double bonds, are fully consistent with the experi-
mental indications. From a quantitative point of view, taking
uracil as a reference, in the gas phase the lowest bright energy
transition is red-shifted in 2-TU by 0.8 eV, in 4-TU by 1.1 eV
and in 2,4-DTU by 1.5 eV. These shifts are close to those
derived from the analysis of the experimental absorption
maxima33 and to those obtained on thiothymine at the
CASPT2 44 level (see Table S1†). The most significant discre-
pancy concerns the red-shift of 2-TU, which is overestimated
by ∼0.3 eV; interestingly, CASPT2 44 calculations also overesti-
mate the red-shift due to 2-thionation of thymine. B3LYP pre-
dictions are different, since this functional strongly overesti-
mates the red-shift of 2-TU, especially in the gas phase. In GP
the lowest energy bright state is red-shifted with respect to that
of 4T-U, contrary to the experiments in water. Inclusion of the
solvent effect partially heals this error, at least correctly repro-
ducing the relative position of 2-TU and 4-TU lowest energy
peaks (see Table S1†).

However, also in water the effect of 2-thionation on the
lowest energy bright transition seems overestimated, since
B3LYP provides a red-shift of 0.86 eV, to be compared with an
experimental estimate of 0.5 eV. In both 2-TU and 4-TU the
HOMO derives from the interaction between the ππ* tran-
sitions involving C5vC6 and CvS moieties, while the LUMO
is more localized on the ring. In 2-TU the two double bonds
are not conjugated, the contribution of the C2vS bond to the
HOMO is larger and the HOMO → LUMO transition acquires a
partial formal (CvS) → ring charge transfer character.
Actually, a simple (Mulliken) test population analysis (Gas
Phase TD-B3LYP/6-31G(d) calculations) indicates that a formal
(C2vS) → ring charge transfer of ca. −0.3 a.u. is associated
with the lowest energy bright transition for 2-TU. Both effects
could contribute to explaining the poor performance of B3LYP,
but only a thorough study of analogous compounds can firmly
assess this issue.

Overall, the computed MCD spectra are in good agreement
with the experimental ones, confirming the general reliability
of our methodological approach. In what concerns
CAM-B3LYP, the most significant discrepancy with respect to
the experiments concerns the relative intensity of the second
negative band (Band II) in 4-TU, which is significantly underes-
timated by our calculations at the CAM-B3LYP level, due to the
underestimation of the oscillator strength of the transition(s)
responsible for this feature, apparent already in the absorption

spectrum. The B3LYP MCD spectrum is in better agreement
with experiments for this thiouracil, since this functional
better reproduces the relative intensity of the related tran-
sitions. These results confirm the importance of a correct esti-
mate of the oscillator strength of the different transitions, an
issue often overlooked with respect to the analysis of the verti-
cal excitation energies.

B3LYP, on the other hand, does not reproduce the positive
MCD peak of 2-TU, notwithstanding the presence of a strong
peak in the absorption spectrum.

Comparison with the MCD spectra of uracil shows that a
negative peak is always associated with the πCCπ*CS transition
(the HOMO–LUMO for uracil). In contrast, the πCCπ*CC tran-
sition is responsible for a positive feature (for uracil it corres-
ponds to the HOMO → LUMO+1 transition).

Inclusion of solvent effects does not have a dramatic impact
on the computed MCD, despite, in general, improving the
agreement with the position of the experimental peaks. In 2,4-
DTU, in particular, in the absence of the solvent the electronic
transition would be more separated, producing a spectrum
with too many peaks.

In what concerns the interplay with the dark excited states,
thionation leads to a significant increase of the energy gap
between the lowest energy bright and dark states. As a conse-
quence, in contrast with the other pyrimidines, the lowest
energy nπ* transition corresponds always to S1, also in water.
In this respect, 4-thionation leads to the most stable nπ* state
(see Table S2†), in line with the larger stability of the nπ* invol-
ving the C4vO group in natural pyrimidines. Inclusion of
solvent effects is confirmed to lead to a strong relative destabi-
lization of nπ* transitions, i.e. a decrease in the energy gap
with the bright state which could a priori accelerate IC and, as
a consequence, intersystem crossing leading to triplet
population.

The results herein presented confirm that MCD, due its
signed nature, is a valuable tool to investigate the relative
stability of closely lying excited states, and quadratic response
within TD-DFT offers a convenient strategy for their calcu-
lation. A non-phenomenological simulation of MCD shapes
requires the inclusion of vibrational contributions and in a few
cases this has been done in the literature.96 When the states
become too close, divergences may occur in the quadratic
response and stable results can be obtained by resorting to the
technique of the complex polarization propagator, as was done
here. However, besides these technical problems, in situations
of close degeneracy inter-state couplings may affect the shape
of electronic spectra and have hardly any predictable effects on
MCD signals due to the mixing, mediated by vibrations, of
contributions with different signs. These effects may be in
principle investigated by developing a non-adiabatic approach
to the computation of MCD spectra. This possibility will be
explored in future studies.

Furthermore, different tautomers are expected to present
different spectral features and comparison between experi-
mental and theoretical MCD could be useful to study their
equilibrium both in thiouracils and in other bases.
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