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Abstract
A unified approach for the numerical simulation of vowels is
presented, which accounts for the self-oscillations of the vo-
cal folds including contact, the generation of acoustic waves
and their propagation through the vocal tract, and the sound
emission outwards the mouth. A monolithic incompressible
fluid-structure interaction model is used to simulate the inter-
action between the glottal jet and the vocal folds, whereas the
contact model is addressed by means of a level set application
of the Eikonal equation. The coupling with acoustics is done
through an acoustic analogy stemming from a simplification of
the acoustic perturbation equations. This coupling is one-way
in the sense that there is no feedback from the acoustics to the
flow and mechanical fields.

All the involved equations are solved together at each time
step and in a single computational run, using the finite element
method (FEM). As an application, the production of vowel [i]
has been addressed. Despite the complexity of all physical phe-
nomena to be simulated simultaneously, which requires resort-
ing to massively parallel computing, the formant locations of
vowel [i] have been well recovered.
Index Terms: Numerical voice production, phonation, vocal
tract acoustics, fluid-structure interaction, finite element method

1. Introduction
The physics of voice production is rather intricate and involves
many different phenomena (see e.g., [1] for a review on the es-
sentials and [2] for a comprehensive introduction to the topic).
In a nutshell, the air emanating from the lungs impinges on
the vocal folds (VF) and separates them apart until their elas-
ticity takes over and the VF close again. The pressure at the
glottis decreases due to the jet flow in the vocal tract (VT) by
Bernoullis law and a self sustained oscillation is established.
The flow dynamics and VF vibrations result in acoustic sources
of monopolar, dipolar and quadrupolar character [3]. Acous-
tic waves are generated, propagate through the VT and become
finally radiated outwards. In the case of vowels, the VT reso-
nances (formants) get excited and this is what actually allows
one to distinguish one vowel sound from another.

The numerical simulation of all the above phenomena poses
a big challenge. Therefore, researchers have traditionally split

the problem by either just focusing on the process of phonation,
or solely addressing VT acoustics. Direct numerical simula-
tions (DNS) have been achieved for the former (see e.g., [4, 5] )
though at the price of artificially reducing the Reynolds number
of the problem. An immersed boundary method is adopted in
those works and contact is enforced by a kinematic constraint.
With regard to VT acoustics, several works have been per-
formed to date for static vowels sounds (see e.g., [6, 7, 8, 9, 10]),
and not long ago for dynamic vowel sounds as well [11].

Recently, unified simulations of phonation and VT acous-
tics have also been attempted [12, 13, 14]. However, due to the
high computational cost a two step hybrid approach is pursued
in those works: the VF movement being obtained from a first
FSI simulation, and then prescribed in the computation of the
acoustic field.

In this work we endeavor a unified simulation of phonation
and acoustics. At each time step of the computation an FSI
problem is solved for the self oscillations and contact of the VF,
following the strategy in [15]. Then a source term is computed
and used as an inhomogeneous volume source for the wave
equation in mixed form, in an arbitrary Lagrangian-Eulerian
(ALE) frame of reference [11]. The implemented acoustic anal-
ogy may be viewed as a simplification of the acoustic perturba-
tion equations for negligible convection velocity [16, 17, 18],
which filters pseudo-sound to some extent. All the involved
equations have been implemented in the open source finite ele-
ment framework Unicorn [15] from the FEniCS-HPC project.

As a model problem we have chosen the production of
vowel [i]. A correct reproduction of the formant locations is re-
ported despite the complexity of all simulated phenomena and
the simplifications introduced in our model. This is encourag-
ing as there is room for its improvement considering multi-layer
VFs, more detailed contact and acoustic analogy models, etc.

The outline of this report is as follows: in Section 2, we
present the 3D problem to be solved. In Section 3 we describe
the mathematical model, with subsections focused on the FSI
model, the contact model, the acoustic coupling, the numeri-
cal implementation and some simulation details. Results are
depicted in Section 4. They comprise the outputs from the FSI
simulation with contact, the acoustic source term and finally, the
generation of vowel [i]. Section 5 closes the paper with some
conclusions and a discussion of future work.
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Figure 1: Computational domain for the unified numerical pro-
duction of vowel [i].

2. Problem Statement
We consider the computational domain Ω shown in Figure 1,
which we have made publicly available at [19]. The domain
consists of a rectangular channel with dimensions 0.0194 ×
0.0384 × 0.015, which embeds the subglottal cavity and the
vocal folds. This is connected to a circular vocal tract [20] built
from the cross-sectional areas in [21]. The VT has length 0.155
and we have attached a half sphere of radius 0.072 to its end
to account for free-field sound radiation outside the mouth. SI
units are assumed throughout the paper.

A velocity is prescribed at the inlet of the subglottal cav-
ity which triggers the VF folds self oscillations after some time
steps. This results in the generation of acoustic waves that prop-
agate inside the VT, get partially reflected, generating station-
ary waves, and get partially transmitted outside the mouth. The
mathematical models used to account for all these phenomena
will be next presented.

3. Mathematical Modelling
As described in the introduction, the mathematical modelling of
the above physical phenomena essentially involves a full cou-
pling between the mechanical and flow fields, and a one way
coupling with the acoustic field by means of an acoustic anal-
ogy.

3.1. The self oscillations of the vocal folds

For robustness we have chosen a monolithic approach to FSI,
which we derive from the basic conservation laws. We seek
for a velocity u, a density ρ and a phase function θ to track the
fluid (glottal flow) and structure (VF) phases. We also introduce
the unified Cauchy stress σ for all phases. The incompressible
Unified Continuum fluid-structure model in ALE coordinates
reads [22],

ρ(∂tu+ ((u− β) · ∇)u) +∇ · σ = 0 in Q, (1)
∇ · u = 0 in Q, (2)

∂tθ + ((u− β) · ∇)θ + θc = 0 in Q, (3)

where the phase function θ defines the solid and fluid domains

Ωs(t) = {x : x ∈ Ω, θ(x, t) = 0},
Ωf (t) = {x : x ∈ Ω, θ(x, t) = 1}, (4)

and θc will be described in the next subsection.

Here Ω ⊂ R3 is the spatial domain and Q = Ω × I is a
space-time domain with I = [0, T ] a time interval. Subtract-
ing the pressure p from the Cauchy stress, and using the phase
function θ, we can define separate constitutive laws for the two
phases. Namely, a Newtonian fluid law for the stress σ̄f in the
fluid phase and a Neo-Hookean law in rate form, for the stress
σ̄s in the solid phase. We obtain,

ρ = θρf + (1− θ)ρs, (5)
σ = σ̄ − p1, (6)

σ̄ = θσ̄f + (1− θ)σ̄s, (7)

∂tσ̄s = 2µsε+∇uσ̄s + σ̄s∇u>, (8)
σ̄f = 2µfε, (9)

where µs is the shear modulus (solid) and µf the dynamic vis-
cosity (fluid). 1 is the identity tensor and ε = 1

2
(∇u+∇u>).

β(x, t) in (1)-(3) stands for the velocity of the ALE coordinate
system relative to the Eulerian coordinate system, which equals
u in the structure domain. β in the fluid domain is arbitrary and
used for improving the mesh quality while running the numeri-
cal simulation.

The equations (1)-(3) for the FSI problem are supplemented
with the following boundary and initial conditions for x =
(x, y, z) resulting in a Reynolds number Re ∼ 1200,

u(x, t) = (0, 0.5, 0) x ∈ {x : x ∈ ∂Ω, y = 0},
u(x, t) = 0 x ∈ {x : x ∈ ∂Ω, y > 0, y < 0.2},
p(x, t) = 0 x ∈ {x : x ∈ ∂Ω, y ≥ 0.2},
u(x, 0) = 0,

σ̄s(x, 0) = 0. (10)

3.2. The contact model

To resolve the contact phenomenon, the term θc is introduced
in (3) to switch the continuum between fluid and solid, accord-
ing to the results of the Eikonal equation.

Assuming an initial state without contact, we define

Ωf0(t) := {x : x ∈ Ω, θ(x, 0) = 1}. (11)

For each t ∈ [0, T ], let Dt
b : Ωf0(t) → R denote the distance

from the boundaries,

|∇Dt
b(x)| = 1, x ∈ Ωf0(t) (12)

Dt
b = 0, x ∈ ∂Ωf0, (13)

and let M t : Ωf0(t)→ R be the medial axis,

M t(x) :=

{
1 if |∇Dt

b(x)| < α,Dt
b(x) < β,

0 otherwise .
(14)

We next introduce Dt
m : Ωf0(t)→ R as the distance from

the medial axis,

|∇Dt
m(x)| = 1, x ∈ Ωf0(t), (15)

Dt
m = 0, x ∈ {x : x ∈ Ωf0(t), M t(x) = 1}, (16)

and finally attain an expression for the phase change θc :
(Ω, t) → R in (3), assuming a maximal oscillation frequency
of 1/δ (δ << 1),

θc(x, t) :=


−1/δ if x ∈ Ωf0(t), Dt

m < γ, θ(x, t− δ) = 1,

1/δ if x ∈ Ωf0(t), Dt
m ≥ γ, θ(x, t− δ) = 0,

0 otherwise,
(17)
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Figure 2: Computational mesh for the unified simulations of
vowel [i].

with contact parameters α, β, γ, δ. The following values have
been taken for the parameters in the model, ρf = 1, ρs = 800,
µf = 17 × 10−6, µs = 3 × 103, α = 0.05, β = 3h and γ =
50h, with the mesh size h = 5× 10−5. The contact parameter
δ is taken as the time step of the FSI solver (see subsection 3.5).

3.3. The acoustic model

The solution to (1)-(3) will provide the incompressible flow ve-
locity u and pressure p, which can be used to construct the
acoustic source terms for a wave operator, following an acoustic
analogy approach. In an ALE setting, the standard wave equa-
tion becomes inappropriate for that purpose [11] and one has
to resort to a mixed formulation [23] for the acoustic pressure,
pa, and acoustic particle velocity, ua, to account for the moving
boundaries (in our case the VF). Let Qa = Ωf × I stand for
the space-time acoustic domain with β denoting again the ALE
velocity. The equations to be solved are given by [11],

1

ρ0c20
∂tpa −

1

ρ0c20
β · ∇pa +∇ · ua + αapa = Qs in Qa,

(18a)

ρ0∂tua − ρ0 β · ∇ua +∇pa + α∗aua = fs in Qa.
(18b)

Qs(x, t) represents a volume source distribution and fs(x, t)
an external body force per unit volume. To perform the one-way
coupling between FSI and the acoustics equations, the terms
Qs = (ρ0c

2
0)−1∂tp and fs = 0 have been chosen. That corre-

sponds to the mixed form of the analogy in [24], which as said,
can be viewed as a simplification of the acoustic perturbation
equations in [17, 18].

Equation (18) is to be supplemented with the following
boundary and initial conditions

ua(x, t) · n = γapa x ∈ {x : x ∈ ∂Ωf ,

y > 0.012, y < 0.1854},
ua(x, t) · n = 0 x ∈ {x : x ∈ ∂Ωf , y = 0.1854,√

x2 + (z − 0.01045)2 ≤ 0.06},
ua(x, 0) = 0, (19)

where we have taken γa = 0.05/c0ρ0, c0 = 350, ρ0 = 1.225.
As regards the hemisphere of the radiation domain, an ab-

sorbing condition has to be imposed on it to avoid reflections
from impinging waves. A perfectly matched layer (PML) has

Figure 3: Snapshot of the hydrodynamic velocity(m/s), hydro-
dynamic pressure(Pa) and its derivative(Pa/s) for unified simu-
lations of vowel [i] at t = 0.055.

been used to do so. The terms containing αa and α∗a have been
included in (18) for that reason following the strategy in [7].
However, new formulations for αa and α∗a have been designed.
These are

αa(x) :=



αmax
(y − b0)2

(bf − b0)2
(−2y + 3bf − b0)

if y ≤ 0.012

αmax
(r(x)− r0)2

(rf − r0)2
(−2r(x) + 3rf − r0)

if y ≥ 0.1854, r(x) > r0

0

otherwise
(20)

with

α∗a := ρ20c
2
0αa, (21)

and

r(x) :=
√
x2 + (y − 0.1854)2 + (z − 0.01045)2. (22)

The values αmax = 0.4, b0 = 0, bf = 0.012, r0 = 0.06 and
rf = 0.072 have been chosen for the parameters in the model.

3.4. Numerical Implementation

The weak formulations of the PDE’s in subsections 3.1, 3.2 and
3.3 are discretized in space using CG1 and DG0 elements on
conforming tetrahedral meshes. For the time discretization an
implicit Crank-Nicholson scheme is used with a CFL number of
0.5. The boundary conditions for the FSI-contact equations are
applied strongly while they are imposed weakly for the wave
equation in mixed form.

It is known that numerical instabilities may arise in finding
numerical solutions to those PDE’s for finite dimensional dis-
cretizations. A typical example for hyperbolic systems is the os-
cillations caused by convection dominated flows [25]. Another
example for mixed problems is the violation of the Ladyshen-
skaya, Babuska, Brezzi (LBB) condition [26]. This prevents
from using equal interpolations for the problem unknowns and
demands resorting to stabilization strategies. For the FSI weak
equations we have employed several stabilization strategies of
the streamline diffusion type (see e.g., [27, 28, 25, 29, 30]
whereas an algebraic subgrid scale (ASGS) has been applied
to the weak formulation of the mixed wave equation [11].
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Figure 4: Snapshot of the acoustic pressure for the unified sim-
ulation of vowel [i] at t = 0.055.

3.5. Simulation Details

A computational mesh with 445K nodes and 2409K elements
(shown in Figure 2) was created in ANSA [31], a computer-
aided engineering tool for pre-processing. It should be noted
that the smallest elements (h ∼ 5e−5) are within the VF region,
where resolving the boundary layer was necessary to trigger the
VF self oscillations. The mesh for the acoustic simulation is a
subset of the FSI mesh excluding the solid cells, and it is created
in memory on the fly during the simulations. The latter are per-
formed until T ∼ 0.121. The time step for the acoustic solver
is 1.25× 10−5 while it is decided through a CFL condition for
the FSI solver, being of order O(10−6).

The computations were performed on Beskow, a Cray
XC40 system, where each node has two CPUs (Intel E5-
2698v3) with 16 cores. 320 cores were allocated for 264 hours
in total for the simulations.

4. Results
4.1. FSI simulations with contact

To compute the source terms for the acoustic wave equation
in mixed form, the FSI-contact solver has been used together
with two mesh smoothers, whose detailed description can be
found in [22]. These simulations took roughly 90% of the total
computational time for the given example.

An oscillation frequency of∼ 112 was obtained for the VF,
which is in the natural range of human individuals. Snapshots
of the flow velocity, flow pressure and its time derivative to be
used for the acoustic source term (ρ0c

2
0)−1∂tp are provided in

Figure 3. The deflecting flow jet and the flow pressure pattern
due to the VF can be observed. It can also be appreciated how
the acoustic source term concentrates close to the the VF contact
region.

4.2. Acoustic Simulations

In Figure 4 we present a snapshot of the computed of the acous-
tic pressure. It can be clearly observed how spherical front
waves emanate from the mouth. The acoustic pressure is essen-
tially valid outside the mainstream of the jet flow leaving the
mouth, though the implemented acoustic analogy is able to fil-
ter some pseudo-sound at very low convection velocities, which
is the case.

In Figure 5 we show the pressure spectrum at a point located
at (−0.0036, 0.2480, 0.0151) in the radiation domain, far apart
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Figure 5: Spectrum of the acoustic pressure at a point located
at position (−0.0036, 0.2480, 0.0151) outside the mouth. The
formants of vowel [i] can be clearly appreciated.

from the emanating jet flow. Moreover, an LPC (Linear Predic-
tive Coding) analysis was also performed to extract the spectral
envelope. As observed in the figure, the formants for vowel [i]
are well reproduced. In particular, the following values have
been obtained for them, f1 = 243, f2 = 2338 and f3 = 3175.
These values are in accordance with those reported in the liter-
ature.

5. Conclusions
In this work we have presented a unification strategy for the
numerical production of static vowel sounds. The strategy in-
volves performing a coupled fluid-structure-acoustic simulation
that includes from the self oscillations of the vocal folds, in-
cluding contact, to the radiated sound outside the mouth. The
methodology has been applied to generate vowel [i] and the first
three formant locations have been captured successfully.

Future areas of improvement encompass investigations on
more complex vocal fold and contact models, the use of realistic
geometries, the numerical production of dynamic vowel sounds
like diphthongs, and the implementation of a compressible con-
tinuum approach to attain a two-way coupling between the FSI
and the acoustics.
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