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Abstract

This thesis consists of three articles investigating the asymptotic
behaviour of cosmological spacetimes with symmetries arising in Ma-
thematical General Relativity.

In Paper A and B, we consider spacetimes with Bianchi symmetry
and where the matter model is that of a perfect fluid. We investigate
the behaviour of such spacetimes close to the initial singularity (’Big
Bang’). In Paper A, we prove that the Strong Cosmic Censorship
conjecture holds in non-exceptional Bianchi class B spacetimes. Using
expansion-normalised variables, we further show detailed asymptotic
estimates. In Paper B, we prove similar estimates in the case of stiff
fluids.

In Paper C, we consider T2-symmetric spacetimes satisfying the
Einstein equations for a non-linear scalar field. To given initial data,
we show global existence and uniqueness of solutions to the corre-
sponding differential equations for all future times. In the special case
of a constant potential, a setting which is equivalent to a linear scalar
field on a background with a positive cosmological constant, we in-
vestigate in detail the asymptotic behaviour towards the future. We
prove that the Cosmic No-Hair conjecture holds for solutions satisfy-
ing an additional a priori estimate, an estimate which we show to hold
in T3-Gowdy symmetry.
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Abstract

Denna avhandling består av tre artiklar som undersöker det asymp-
totiska beteendet hos kosmologiska rumstider med symmetrier som
uppstår i Matematisk Allmän Relativitetsteori.

I Artikel A och B studerar vi rumstider med Bianchi symmetri
och där materiemodellen är en ideal fluid. Vi undersöker beteendet
av sådana rumstider nära ursprungssingulariteten (’Big Bang’). I Ar-
tikel A bevisar vi att den Starka Kosmiska Censur-förmodan håller för
icke-exceptionella Bianchi klass B-rumstider. Med hjälp av expansions-
normaliserade variabler visar vi detaljerade asymptotiska uppskatt-
ningar. I Artikel B visar vi liknande uppskattningar för stela fluider.

I Artikel C betraktar vi T2-symmetriska rumstider som uppfyller
Einsteins ekvationer för ett icke-linjärt skalärfält. För givna begynnel-
sedata visar vi global existens och entydighet av lösningar till motsva-
rande differentialekvationer för all framtid. I det speciella fallet med
en konstant potential, en situation som motsvarar ett linjärt skalärfält
på en bakgrund med en positiv kosmologisk konstant, undersöker vi
i detalj det asymptotiska beteendet mot framtiden. Vi visar att den
Kosmiska Inget-Hår-förmodan håller för lösningar som uppfyller en
ytterligare a priori uppskattning, en uppskattning som vi visar gäller
i T3-Gowdy-symmetri.
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1 The General Theory of Relativity

In his annus mirabilis 1905, Albert Einstein presented the foundations of the
Special Theory of Relativity which revolutionised our understanding of time
and space. Ten years later, he extended this work from matter-free models
to models containing matter by introducing the framework of the General
Theory of Relativity.

Since then, this theory has been a topic of interest for mathematicians
and physicists alike. The research carried out over the past century has
resulted in a deep understanding of numerous aspects of the theory as well
as extensions to higher dimensions and adaptations to combine it with other
physical frameworks.

Still, our current understanding is far from complete, there are a number
of open problems and unproven conjectures. The papers presented in this
thesis make contributions to two of these conjectures: the Strong Cosmic
Censorship conjecture and the Cosmic No-Hair conjecture.

In the following chapters, we give a short introduction into the General
Theory of Relativity as well as the aspects necessary to understand these
two conjectures and the settings in which we discuss and answer them.
Further, we briefly discuss the contributions and techniques of each of the
three papers.

1.1 Einstein’s field equations

In the General Theory of Relativity which Einstein presented in 1915, the
objects of interest are spacetimes. This term denotes manifolds of dimension
four, equipped with a Lorentzian metric, i. e. a semi-Riemannian metric of
signum 1. The signum of the metric provides a splitting of every vector
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2 CHAPTER 1. GENERAL THEORY OF RELATIVITY

space into vectors of positive squared length which are called spacelike, of
negative squared length which are called timelike, and of zero squared length
which are called lightlike and form a cone. Spacetimes are further equipped
with a nowhere vanishing timelike vector field, i. e. one which has negative
squared length at all points in the manifold. This vector field gives rise to
a time orientation and a global notion of future and past.

According to the Theory of Relativity, the only viable spacetimes are
those which satisfy Einstein’s field equations

Rαβ −
1
2Sgαβ = Tαβ (1.1.1)

for a given stress-energy tensor Tαβ. Here, gαβ is the metric of the spacetime,
and Rαβ and S are the corresponding Ricci and scalar curvature. We note
at this point that throughout this work Greek indices α, β, . . . range from 0
to 3, while lower case Latin ones i, j, . . . range from 1 to 3.

While the left-hand side of equation (1.1.1) is expressed in purely geo-
metric quantities, the tensor on the right-hand side describes the matter
configuration, and depends on the matter model chosen a priori. Differ-
ent stress-energy tensors allow for different geometric configurations in the
field equations. In the present work, we discuss three choices for the mat-
ter model: vacuum, perfect fluids, and non-linear scalar fields. In case of
vacuum, the stress-energy tensor on the right-hand side of Einstein’s field
equations is zero, i. e. Tαβ = 0. This is equivalent to a vanishing Ricci
curvature Rαβ = 0. The other two matter models are introduced further
down.

The easiest example of a four-dimensional spacetime solving Einstein’s
vacuum field equations is the Minkowski spacetime

(
R4 , −dt2 + dx2 + dy2 + dz2

)
, (1.1.2)

which is the mathematical model for the Special Theory of Relativity. One
possible choice for the timelike vector field giving rise to the time orientation
would be the vector field ∂t.

Having chosen which matter model, or equivalently which type of stress-
energy tensor, one is interested in, the aim is to find and discuss (all) possible
solutions to the field equations (1.1.1). Usually, this cannot be done in all
generality due to the high dimension and complexity of the problem. In-
stead, the question is broken down to an easier level, for example by assum-
ing that the metric, and hence the curvature quantities, exhibit some form
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of symmetry. In the present work, we are interested in Bianchi symmetry
and T2-symmetry, and explain both notions in the next chapters.

Most of the research carried out to investigate specific solutions or fam-
ilies of solutions to Einstein’s field equations can be sorted into one of two
classes: On the one hand there are spacetimes which asymptotically resemble
a known simple model, such as asymptotically flat or asymptotically hyper-
bolic spacetimes. These can be used to describe localised matter sources
such as stars or black holes. On the other hand, there are cosmological
spacetimes which aim at modelling the universe as a whole, disregarding
what happens on a small scale such as inside a galaxy. The latter class is
what we focus on in the present work.

1.2 The initial value formulation
In her ground-breaking work [FB52], Choquet-Bruhat showed that Ein-
stein’s field equations can be formulated as an initial value problem. The
proof was given in the vacuum setting, but similar results are expected to
hold and have been proven for many other matter models. In fact, one can
start out with a three-dimensional manifold Σ with a Riemannian metric h
and a covariant two-tensor k satisfying

S − kijkij + (trh k)2 = 2ρ, (1.2.1)

∇i trh k −∇jkij = Ji, (1.2.2)

as well as suitable initial conditions for the matter fields. These equations
are called the Hamiltonian constraint and the momentum constraint, respec-
tively. On the left-hand side of these equations, ∇ denotes the Levi-Civita
connection of h, and S the corresponding scalar curvature. Indices are low-
ered and raised by h. On the right-hand side, ρ denotes the mass density
and J the current density, which a posteriori correspond to the 00 and the 0i
components of the stress-energy tensor Tαβ. Note that here and in the fol-
lowing, we use the Einstein summation convention and sum over indices
which occur twice, both as a sub- and as a superindex, i. e.

kijk
ij ..=

3∑

i,j=1
kijk

ij . (1.2.3)

For such initial data (Σ, h, k) there is a spacetime (M, g) of dimension four
which contains Σ, and such that the initially given metric h and two-tensor k
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coincide with the metric and second fundamental form induced on Σ by the
four-dimensional metric g. Every such spacetime (M, g) is called a (local)
development of the data.

A natural question to ask is whether there is a unique global develop-
ment, and if so in which sense it is unique and global. Here, the notion of a
spacelike Cauchy hypersurface comes into play. This term denotes a hyper-
surface of the spacetime which is intersected by every inextendible causal
curve exactly once, where a causal vector is one which is timelike or lightlike.
A spacetime admitting a Cauchy hypersurface is called globally hyperbolic.
In [CBG69], Choquet-Bruhat and Geroch showed that to every given vac-
uum initial data, there is a maximal globally hyperbolic development which
is unique up to isometry, and such that the initial manifold becomes a space-
like Cauchy hypersurface of the development. As understood in physics, this
implies that the initial data uniquely determines the spacetime.

One major goal when investigating the properties of the maximal globally
hyperbolic development to given initial data is to understand its behaviour
at very early and very late times. For many cosmological spacetimes, it is
known that causal curves do not extend arbitrarily towards the past but
their initial time is finite. This fact is tied to the notion of a Big Bang, but
also directly relates to the Strong Cosmic Censorship conjecture, which is
the first of the two conjectures we investigate in this work. Regarding the
future development, recent supernovae observations, see [RFC+98], indicate
that the universe experiences accelerated expansion and therefore exists for
all future times. The second conjecture we touch upon in this work, the
Cosmic No-Hair conjecture, formulates how the spacetime is expected to
behave at very late times. We discuss both conjectures in the chapters
below and indicate our contributions.



2 The Strong Cosmic Censorship
conjecture

2.1 Statement of conjecture and previous results
To given initial data to Einstein’s field equations, there is a maximal de-
velopment among those developments which are globally hyperbolic. This
maximal globally hyperbolic development is unique up to isometry. This was
shown by Choquet-Bruhat and Geroch in [CBG69] for the vacuum case,
and similar results are expected to hold or have been proven for many other
matter models. The question arises as to what happens when one drops
the requirement of global hyperbolicity. Is there a larger, not globally hy-
perbolic development, and can one find uniqueness in a suitable way? If
two inequivalent developments existed, this would imply that determinism
breaks, as the data on the initial Cauchy hypersurface does no longer suffice
for determining which of the two developments the universe chooses.

Examples of extendible maximal globally hyperbolic developments do
exist, and a rather simple one is the so-called flat Kasner solution: Consider
the metric

−dτ2 + τ2dξ2 + dy2 + dz2 (2.1.1)
on (0,∞)× R3. One notices that the foliation by spacelike slices

−t2 + x2 = −k, t > 0, (2.1.2)

in the Minkowski spacetime (1.1.2) induces the same metric, where k > 0 is a
constant, (as a matter of fact k = τ2). Taking the union of all slices provides
a foliation of the subset {t2 > x2, t > 0} of the Minkowski spacetime, whose
boundary is tangent to a lightlike vector field. Consequently, choosing any

5



6 CHAPTER 2. STRONG COSMIC CENSORSHIP CONJECTURE

one of the slices as initial manifold, and as initial metric and two-tensor the
ones induced by the Minkowski spacetime metric (1.1.2), this subset of the
Minkowski spacetime is the maximal globally hyperbolic development: It is
precisely the subset such that every inextendible causal curve in it intersects
the initial manifold exactly once, meaning that it is a Cauchy hypersurface.
However, as part of the Minkowski spacetime, this spacetime is extendible.

Such examples of extendible maximal globally hyperbolic developments
are however expected to be the exception, and the Strong Cosmic Censorship
conjecture states that generically there is no development larger than the
maximal globally hyperbolic development.

Conjecture 2.1.1 (Strong Cosmic Censorship). For generic initial data
to Einstein’s field equations, the maximal globally hyperbolic development is
inextendible.

The cosmological spacetime models favoured by current research exhibit
a singularity at early times. In light of this, the conjecture is of additional
interest: It claims that the occurrence of such a singularity is not a conse-
quence of a particularly bad choice of initial data hypersurface, i. e. of our
point of view, but inherent to the four-dimensional spacetime.

One cannot expect Conjecture 2.1.1 to hold in the form given in the
statement. Instead, some form of boundary conditions such as spatial com-
pactness or asymptotic flatness, or homogeneity, have to be added. To this
date, a full answer in the general case has not been achieved, and it is there-
fore of interest to consider initial data with additional properties. The natu-
ral starting point for this discussion are the maximally symmetric de Sitter,
Anti-de Sitter, and Minkowski spacetimes, which in a first step generalise
to the spatially homogeneous and isotropic Friedman-Lemaître-Robertson-
Walker spacetimes. These can be further generalised to the spatially ho-
mogeneous Bianchi spacetimes which admit a three-dimensional symmetry
group. Some of the Bianchi spacetimes in turn appear as special cases of G2
cosmologies, where the symmetry group is only of dimension two. In Pa-
per A, we prove the Strong Cosmic censorship conjecture for a certain class
of Bianchi spacetimes.

The notions ’generic’ and ’inextendible’ in Conjecture 2.1.1 have to be
made precise in order to obtain a meaningful statement. Mostly, what one
means by genericity is defined once it has become clear which exceptional
initial data sets might result in extendible maximal globally hyperbolic de-
velopments. Then, it has to be argued that this set of exceptions is small
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in an appropriate way. Concerning the term ’inextendible’, there are first
results on inextendibility in the C0-sense (for Schwarzschild, [Sbi15], and
for certain spherically symmetric spacetimes, [Chr99] and [GL16]), but in
Paper A we consider inextendibility in the C2-sense, as we can then re-
place Conjecture 2.1.1 with the following, stronger conjecture (see [Rin09a,
Conj. 17.2]).

Conjecture 2.1.2 (Curvature blow up). For generic initial data to Ein-
stein’s equations, the Kretschmann scalar RαβγδRαβγδ is unbounded in the
incomplete directions of causal geodesics in the maximal globally hyperbolic
development.

Remark 2.1.3. Whenever the spacetime is not vacuum, i. e. the Ricci cur-
vature tensor Rαβ does not vanish, it may be enough to determine whether
the contraction of the Ricci tensor with itself RαβRαβ is unbounded in the
incomplete directions of causal geodesics in the maximal globally hyperbolic
development. Just like the Kretschmann scalar, this is a four-dimensional
quantity invariant under isometries, and its unboundedness contradicts the
existence of a C2-extension.

The Strong Cosmic Censorship conjecture has previously been investi-
gated, even in the more general setting of inhomogeneous spacetimes, and
affirmative results have been obtained in a number of different matter mod-
els: [CIM90, Rin06, Rin09c] discuss the vacuum Gowdy case, while [DR06,
DR16] consider Vlasov matter. In [Smu08, Smu11], the discussion of vacuum
and Vlasov matter, optionally with a cosmological constant, is extended, and
a good overview over the status quo is given.

In the setting of homogeneous spacetimes, an early result has been
achieved in [CR95], where the conjecture is investigated in Bianchi class IX
vacuum models. Bianchi models of class A as a whole have been the subject
of more detailed study, including an affirmative answer to the Strong Cosmic
Censorship conjecture, see [Rin09a] for a detailed exposition.

2.2 Bianchi perfect fluid spacetimes
In Paper A and B we consider spacetimes satisfying Einstein’s field equa-
tions (1.1.1) with the stress-energy tensor of a perfect fluid, meaning

Tαβ = µuαuβ + p(gαβ + uαuβ), (2.2.1)
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where u is a unit timelike vector field. As before, g denotes the metric of the
spacetime. We assume that the pressure p and the energy density µ satisfy
a linear equation of state

p = (γ − 1)µ (2.2.2)

for some constant γ ∈ [0, 2]. The case of vacuum is included as µ = 0.
Setting the constant to the extremal value γ = 2 gives a so-called stiff fluid,
which is the topic of Paper B.

In terms of symmetry, we assume that the spacetimes under considera-
tion arise from initial data where the metric and second fundamental form
are left-invariant, meaning that they remain unchanged under the action of
a three-dimensional Lie group G. The three-dimensional Lie group G then
acts on the resulting maximal globally hyperbolic development (M, g),

G×M →M, (2.2.3)

and leaves the four-dimensional metric g invariant. We further assume the
unit timelike vector field u appearing in (2.2.1) to be orthogonal to the orbits
of the group action, which defines non-tilted perfect fluids.

Three-dimensional Lie groups have been investigated and classified by
Bianchi in the 1900s, and the corresponding spacetimes have inherited the
name. For a historical account on the classification of the groups, we refer
the reader to [KBS+03]. Lie groups are called of class A or B depending on
whether they are unimodular or not. Each class is further separated into
several types:

• Unimodular, i. e. of Bianchi class A: types I, II, VI0, VII0, VIII, IX;

• Non-unimodular, i. e. of Bianchi class B: types IV, V, VIη, VIIη, with
a parameter η ∈ R \ {0}.

In order to connect the setting of Bianchi B perfect fluid spacetimes to the
initial data formulation of Einstein’s field equations, let us give a precise
definition of initial data suitable for the present setting: To arrive at the
same spacetime symmetry, one can choose the initial data manifold to be a
three-dimensional Lie group G, equipped with a metric and second funda-
mental form which are left-invariant, meaning that they are invariant under
the action of G on itself via multiplication from the left. Further, a given
constant represents the initial matter configuration.
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Definition 2.2.1. Bianchi perfect fluid initial data consists of a three-
dimensional Lie group G, a left-invariant Riemannian metric h on G, a
left-invariant symmetric covariant two-tensor k on G, and a constant µ0 ≥ 0,
satisfying the constraint equations

S − kijkij + (trh k)2 = 2µ0, (2.2.4)

∇i trh k −∇jkij = 0. (2.2.5)
The symmetry of the metric and second fundamental form is preserved

under Einstein’s equations, and the resulting maximal globally hyperbo-
lic development is isometric to the spatially homogeneous four-dimensional
spacetime (

I ×G , g = −dt2 + tg
)
, (2.2.6)

with I an open interval and {tg}t∈I a family of left-invariant Riemannian
metrics on G ∼= {t} ×G. This statement is proven in Paper A.

2.3 Expansion-normalised variables
When investigating properties of the maximal globally hyperbolic develop-
ment to Bianchi initial data (G, h, k, µ0), it is common to adopt a different
view-point. The information given by initial data can be translated via
algebraic manipulations into the form of expansion-normalised and dimen-
sionless variables. Via the same manipulations, Einstein’s field equations
translate into an ordinary differential equation in these variables, defined
on a compact subset of R5 and with a changed time coordinate. We state
the explicit form further down, in (2.3.1)–(2.3.7), but give more details on
the relation to the geometric perspective first. Every initial data set corre-
sponds to a point in the compact subset of R5, and once one has determined
the solution curve in expansion-normalised variables, the maximal globally
hyperbolic development (2.2.6) which solves Einstein’s field equations with
correct initial data can be determined. The advantage of switching to this
different point of view is that whole classes of initial data can be investigated
simultaneously. Further, the setting of an ordinary differential equation in
a compact set enables one to use a number of tools otherwise unavailable,
for example from the theory of dynamical systems.

For Bianchi class A initial data, such expansion-normalised variables
were introduced by Wainwright–Hsu in [WH89] and are known as Wain-
wright-Hsu variables. The counterpart in Bianchi class B spacetimes was
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introduced by Hewitt–Wainwright in [HW93]. The situation for the class B
models is however slightly more intricate than for the class A models, as the
algebraic manipulations are invalid for certain initial data sets of Bianchi
type VI−1/9. More precisely, one realises that the momentum constraint
gives an algebraic relation for the components of the initial symmetric two-
tensor k. For all initial data of class B apart from specific cases where the
Lie group is of type VI−1/9, this relation implies that certain off-diagonal
components of this tensor vanish. In the remaining special cases, initial
data sets admit an additional degree of freedom and their maximal glo-
bally hyperbolic development is a so-called ‘exceptional‘ Bianchi cosmo-
logical spacetime, denoted Bbii in [EM69]. This term should be understood
as ’having exceptional behaviour’, and for these models, a separate set of
expansion-normalised variables has been introduced in [HHW03]. The ad-
ditional degree of freedom results into differential equations of higher di-
mension, namely defined on a compact set of R6. Even though such a set
of variables exists for the ’exceptional’ models, their behaviour is expected
to differ significantly from the one of the remaining Bianchi perfect fluid
models.

Paper A and B discuss Bianchi class B models with the ’exceptional’
case being excluded. The evolution of the expansion-normalised variables
in this setting is defined in the following way: To start with, one fixes
two parameters, κ ∈ R and γ ∈ [0, 2]. The evolution equations for the
variables (Σ+, Σ̃,∆, Ã, N+) are





Σ′+ = (q − 2)Σ+ − 2Ñ ,
Σ̃′ = 2(q − 2)Σ̃− 4Σ+Ã− 4∆N+,

∆′ = 2(q + Σ+ − 1)∆ + 2
(
Σ̃− Ñ

)
N+,

Ã′ = 2(q + 2Σ+)Ã,
N ′+ = (q + 2Σ+)N+ + 6∆.

(2.3.1)

In these equations, ′ denotes differentiation d/dτ with respect to the newly
introduced time τ which is related to the original time t via dt/dτ = 3/θ,
where θ is the mean curvature of the timeslice ({t}×G, tg). The deceleration
parameter q appearing in the evolution equations satisfies

q = 3
2(2− γ)

(
Σ2

+ + Σ̃
)

+ 1
2(3γ − 2)

(
1− Ã− Ñ

)
, (2.3.2)
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and one has set
Ñ = 1

3
(
N2

+ − κÃ
)
. (2.3.3)

The evolution is constrained to the set of points in R5 satisfying

Σ̃Ñ −∆2 − Σ2
+Ã = 0, (2.3.4)

and

Σ̃ ≥ 0, Ã ≥ 0, Ñ ≥ 0, Σ2
+ + Σ̃ + Ã+ Ñ ≤ 1. (2.3.5)

One further introduces the density parameter

Ω = 1− Σ2
+ − Σ̃− Ã− Ñ , (2.3.6)

which satisfies Ω ≥ 0 and, as a consequence of equations (2.3.1), evolves
according to

Ω′ = (2q − (3γ − 2))Ω. (2.3.7)

The sign of the parameter κ is used to distinguish between the different
Bianchi types of class B:

• κ < 0: Bianchi type VIη with η = 1/κ,

• κ > 0: Bianchi type VIIη with η = 1/κ,

• κ = 0: Bianchi type IV or type V.

More precisely, the different Bianchi types of class B occupy different sub-
sets of the set defined by the constraint equations (2.3.4)–(2.3.5), and these
subsets are invariant under the evolution equations (2.3.1).

For every dimensionless time τ , the point (Σ+, Σ̃,∆, Ã, N+)(τ) in expan-
sion-normalised variables describes the properties of the timeslice {t(τ)}×G
in the spacetime (2.2.6). The variables ∆, Ã, N+ carry information on the
three-dimensional metric of this timeslice, while Σ+, Σ̃ describe the shear of
the vector field ∂t. A perfect fluid spacetime is described by a curve in R5

solving the constrained evolution equations (2.3.1)–(2.3.7).
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2.4 Summary of Paper A

In Paper A, we investigate and put forward results in two very different
settings: On the one hand, we discuss the asymptotic behaviour of solutions
to the dynamical system (2.3.1)–(2.3.7) at early times. On the other hand,
we consider the question of finding the maximal globally hyperbolic deve-
lopment to given initial data as in Definition 2.2.1 and give an affirmative
answer to the Strong Cosmic Censorship conjecture.

A major part of the paper consists of making precise how these two
questions are related. In fact, we prove that for Bianchi class B perfect
fluid solutions other than the ’exceptional’ type VI−1/9, these two questions
are equivalent. We show how initial data to Einstein’s field equations can
be translated into an initial point in R5 contained in the subsets defined
by the constraint equations (2.3.4)–(2.3.5) using the construction of these
variables proposed in [HW93]. We further show how the knowledge of the
solution curve to the evolution equations (2.3.1)–(2.3.7) through this initial
point can be used to construct the maximal globally hyperbolic develop-
ment corresponding to the initial data. The latter part in particular is
rather involved and has not been discussed in the literature previously. It
is via this equivalence of settings that we are able to translate results in the
dynamical setting into statements on the maximal globally hyperbolic de-
velopment, and ultimately tackle the Strong Cosmic Censorship conjecture.

To answer the Strong Cosmic Censorship conjecture, we determine whe-
ther geometric quantities (invariant under isometries of the maximal glo-
bally hyperbolic development to given initial data) remain bounded in the
incomplete directions of causal geodesics. For vacuum models we find that a
bounded Kretschmann scalar RαβγδRαβγδ corresponds to a spacetime with
local rotational symmetry or of plane wave equilibrium type. Whenever
matter is present, we do not have to compute the full Kretschmann scalar
but it is enough to determine whether the contraction of the Ricci curva-
ture RαβRαβ is unbounded. We show that in case γ 6= 0 this is true for
all causal geodesics, there are no exceptions. The arguments for the matter
case work similarly as in the Bianchi A case which was discussed in [Rin00].
The case γ = 0 corresponds to vacuum with a positive cosmological constant
and has been discussed extensively in the literature.

The full statement about curvature blow-up in the incomplete directions
of causal geodesics is collected in the following two theorems.
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Theorem 2.4.1 (Paper A, Theorem 1.10). Consider perfect fluid Bianchi B
initial data (G, h, k, µ0) for matter µ0 > 0, where G is not of Bianchi
type VI−1/9. Let (M, g, µ) be the maximal globally hyperbolic development of
the data, solving Einstein’s equations for a perfect fluid (2.2.1) with linear
equation of state (2.2.2), where γ > 0. Then the contraction of the Ricci
tensor with itself RαβRαβ is unbounded in the incomplete directions of causal
geodesics.

In fact, in this statement and the next we do not need to exclude all
Bianchi type VI−1/9 initial data but only such which is ’exceptional’, see
Remark 1.12 and Remark 11.14 in Paper A.

Theorem 2.4.2 (Paper A, Theorem 1.11). Consider perfect fluid Bianchi B
initial data (G, h, k, µ0) for vacuum µ0 = 0, where G is not of Bianchi
type VI−1/9, and which is neither locally rotationally symmetric of Bianchi
type VI−1 nor of plane wave equilibrium type. Let (M, g) be the maximal
globally hyperbolic development of the data, solving Einstein’s equations for
vacuum Tαβ = 0. Then the Kretschmann scalar RαβγδRαβγδ is unbounded
in the incomplete directions of causal geodesics.

Initial data such that both the Kretschmann scalar RαβγδRαβγδ and the
contraction of the Ricci tensor with itself RαβRαβ remain bounded in the
incomplete directions of causal geodesics in the maximal globally hyperbolic
development are locally rotationally symmetric or of plane wave equilib-
rium type. In particular, such initial data has additional symmetry and can
therefore be considered non-generic. As a consequence, Strong Cosmic Cen-
sorship holds in the class of ’non-exceptional’ perfect fluid Bianchi class B
initial data.

It is interesting to note here that we only in the vacuum case have to
exclude certain non-generic initial data sets. In the matter case, each initial
data set has a corresponding development which is inextendible. The pres-
ence of matter appears to simplify things, at least in terms of the Strong
Cosmic Censorship conjecture.

Most of the work in Paper A is carried out in the setting of expansion-
normalised variables and the evolution equations (2.3.1)–(2.3.7). When pro-
ving that this setting is equivalent to the question of finding the maximal glo-
bally hyperbolic development, we show that for Bianchi class B spacetimes as
in (2.2.6) other than Minkowski or de Sitter, the lower bound of the maximal
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interval of existence I = (t−, t+) is finite, i. e. t− > −∞. Further, the
incomplete direction of causal geodesics occurs towards the initial singularity
of the maximal globally hyperbolic development, which means that this
incomplete direction corresponds to the limit t → t− in the spacetime. In
terms of the dynamical system, this corresponds to the limit τ → −∞, and
we therefore need to investigate the asymptotic behaviour in this limit.

The system of differential equations with constraints (2.3.1)–(2.3.5) was
first introduced and studied in [HW93]. In this reference, Hewitt and Wain-
wright identify invariant subsets representing the different Bianchi types and
more specialised models with additional symmetry. Moreover, they discuss
several sets of equilibrium points of the evolution equations. Of importance
to our work in Paper A are the Kasner parabola with the two Taub points
and the plane wave equilibrium points, as these are the points towards which
solutions converge as τ → −∞.

Definition 2.4.3. The Kasner parabola is the set K defined by

Σ2
+ + Σ̃ = 1, ∆ = Ã = N+ = 0. (2.4.1)

The two points on K satisfying Σ+ = −1 and Σ+ = 1/2 are called the points
Taub 1 and Taub 2, respectively.

0 1−1

1

Σ+

Σ̃

T1
1/2

T2K

Figure 2.1: The Kasner parabolaK, projected to the Σ+Σ̃-plane. The special
points Taub 1 and 2 satisfy Σ+ = −1 and Σ+ = 1/2. The choice of colours
should be compared to that in Figure 2.4.
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Definition 2.4.4. The plane wave equilibrium points are the elements of
the set Lκ defined by

Σ+ > −1, Σ̃ = −Σ+(1 + Σ+), ∆ = 0, Ã = (1 + Σ+)2,

N2
+ = (1 + Σ+)(κ(1 + Σ+)− 3Σ+).

(2.4.2)

0 1−1

1

Σ+

Σ̃

Lk

K

Figure 2.2: The plane wave equilibrium points Lκ, projected to the Σ+Σ̃-
plane. For reference, the Kasner parabola K is plotted as a dashed line.

Both sets satisfy the constraint equations (2.3.4)–(2.3.5) and consist of
equilibrium points, i. e. the right-hand side of the evolution equations (2.3.1)
is zero in these points.

Information about the local stability of the dynamical system close to
the Kasner parabola and the plane wave equilibrium points can be drawn
from the linearised evolution equations in the extended five-dimensional
space, by which one means the linear approximation of the evolution equa-
tions (2.3.1)–(2.3.3) in a given point, without restricting to the constraint
equations (2.3.4)–(2.3.5). For points on the Kasner parabola K, the eigen-
values of this linear map are

0 2
(

1 + Σ+ ±
√

3
(
1− Σ2

+
))

4(1 + Σ+) 3(2− γ), (2.4.3)

and for plane wave equilibrium points Lk, the eigenvalues are

0 −4(1 + Σ+) −4Σ+ − (3γ − 2) −2(1 + Σ+)± 4iN+, (2.4.4)

with N+ as in equation (2.4.2).
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With this information, Hewitt–Wainwright are able to identify the points
on the Kasner parabola to the right of Taub 2 (with 1/2 < Σ+ ≤ 1) as lo-
cal sources, and the points to the left of Taub 2 (with −1 < Σ+ < 1/2)
as saddles, see [HW93]. For the two Taub points, the linearisation of the
evolution equations alone does not determine the local stability, as two, or
even three in case of the point Taub 1, of the eigenvalues vanish in these
two points. Similarly, Hewitt–Wainwright identify plane wave equilibrium
points Lk satisfying Σ+ > −(3γ − 2)/4 as local sources, and points satis-
fying Σ+ < −(3γ − 2)/4 as saddles. In the point Σ+ = −(3γ − 2)/4 two
eigenvalues vanish, and the local stability cannot be determined this way.

In Paper A, we prove that every solution to the dynamical system (2.3.1)–
(2.3.7) converges to a limit point as τ → −∞. This strenghtens a re-
sult by [HW93] on the α-limit sets of the dynamical system. We further
show that the limit point of any given solution is contained in the Kasner
parabola K or the plane wave equilibrium points Lκ, otherwise the solution
is the constant solution in the point {Σ+ = Σ̃ = ∆ = Ã = N+ = 0}.

Different subsets of this set of limit points have very different qualita-
tive properties: While solutions converging to the plane wave equilibrium
points Lκ and to the subarc of the Kasner parabola K with −1 ≤ Σ+ ≤ 1/2
are contained in a ‘small‘ set, namely a countable union of C1 submanifolds
of positive codimension, the remaining arc of the Kasner parabola contains
the limit points of all remaining solutions. Considering the set of all possible
limit points as a whole, this yields the following statement:

Theorem 2.4.5 (Paper A, Theorem 1.18). Assume either vacuum or infla-
tionary matter, i. e. either Ω = 0 or Ω > 0, γ ∈ [0, 2/3). Then the following
holds for solutions to the evolution equations (2.3.1)–(2.3.7):

• Consider the sets describing Bianchi type VIη or VIIη, i. e. the sets

B(V Iη) = {(2.3.4)− (2.3.5) hold, κ = 1/η < 0, Ã > 0}, (2.4.5)
B±(V IIη) = {(2.3.4)− (2.3.5) hold, κ = 1/η > 0, Ã > 0,

N+ > 0 or N+ < 0}. (2.4.6)

Then the subset of points such that the corresponding solution con-
verges to a point in K ∩ {Σ+ > 1/2}, as τ → −∞, is of full mea-
sure and a countable intersection of open and dense sets in B(VIη) or
B±(VIIη), respectively.



2.4. SUMMARY OF PAPER A 17

• Consider the set describing Bianchi type IV, i. e. the set

B±(IV ) = {(2.3.4)− (2.3.5) hold, κ = 0, Ã > 0, N+ > 0 or N+ < 0}.
(2.4.7)

Then the subset of points such that the corresponding solution con-
verges to a point in K ∩ {Σ+ > 1/2} or to the point K ∩ {Σ+ = 0},
as τ → −∞, is of full measure and a countable intersection of open
and dense sets in B±(IV).

• Consider the set describing Bianchi type V, i. e. the set

B(V ) = {(2.3.4)− (2.3.5) hold, κ = 0, Ã > 0, Σ+ = ∆ = N+ = 0}.
(2.4.8)

Then every non-constant solutions converges to the point K ∩ {Σ+ =
0}, as τ → −∞.

For Kasner points situated to the right of Taub 2, we further find that
they govern the behaviour of all solutions starting close to them. In fact, we
show that for every element of the subarc K∩{Σ+ > 1/2}, points contained
in a sufficiently small neighborhood also converge to this subarc as τ → −∞,
to a limit point close to the original one.

For the subarc of the Kasner parabola K to the left of the point Taub 2
and for the point Taub 2 itself, i. e. for points satisfying −1 ≤ Σ+ ≤ 1/2, we
additionally find the following restriction.

Proposition 2.4.6 (Paper A, Proposition 1.19). Let γ ∈ [0, 2) and consider
a solution to equations (2.3.1)–(2.3.7) converging to ( s, 1−s2, 0, 0, 0) as τ →
−∞. If s ∈ [−1, 1/2], then

Ã
(
3 s2 +κ

(
1− s2

))
= 0 (2.4.9)

along the whole orbit.

As a consequence of this result, for a given parameter κ, a solution
converging to a point on the Kasner parabola K situated to the left of Taub 2
or to the point Taub 2 itself has to be either a Bianchi class A (Ã ≡ 0)
solution, or it is a Bianchi class B (Ã > 0) solution but can only converge
to one of two specific points on K, namely one with Σ+ = ±

√
κ/(κ− 3).

For this to hold, the parameter κ has to be non-positive. In particular, no
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Bianchi type VIIη solution can converge to a Kasner point situated to the
left of Taub 2, as in this Bianchi type one has κ = 1/η > 0.

This statement is very different in spirit than the property of a subarc
being a local source or saddle and goes far beyond what can be obtained by
considering only the local stability. Instead, we discuss the asymptotic con-
vergence behaviour of the individual expansion-normalised variables one by
one, taking into account the full non-linear properties of the evolution equa-
tions (2.3.1)–(2.3.3) in combination with the exact form of the constraint
equation (2.3.4).

Using the same methods, we also obtain a detailed statement about the
Taub points, which due to the multiple zero eigenvalues of the linearised
evolution equations in these points cannot be treated by local stability at
all. We prove that only the constant orbit converges to the point Taub 1.
Solutions converging to the point Taub 2 have to be locally rotationally sym-
metric, and these locally rotationally symmetric solutions appear as possible
exceptions to an unbounded Kretschmann scalar.

For the plane wave equilibrium points with more than one vanishing
eigenvalue, we make use of techniques from the theory of dynamical systems
and show that solutions are contained in a countable union of submanifolds
of dimension at most two and of positive codimension.

In addition to the statements concerning the asymptotic behaviour in
the limit τ → −∞, we also obtain the following result on the late time
behaviour.

Proposition 2.4.7 (Paper A, Proposition 4.3). In case of inflationary mat-
ter, i. e. Ω > 0, γ ∈ [0, 2/3), all solutions converge to the point (0, 0, 0, 0, 0)
as τ → +∞. Transforming this statement back to the setting of geometric
initial data and its maximal globally hyperbolic development, this implies
isotropisation at late times.

The main objective of Paper A however is to prove the Strong Cosmic
Censorship conjecture in the chosen setting. This is done by investigating
the Kretschmann scalar RαβγδRαβγδ or the contraction of the Ricci tensor
with itself RαβRαβ in the incomplete direction of causal geodesics, see Con-
jecture 2.1.2. Making use of the transformation between geometric initial
data with corresponding maximal globally hyperbolic development (2.2.6)
on the one hand, and points in the state space of expansion-normalised vari-
ables with corresponding solutions to the evolution equations (2.3.1)–(2.3.7)
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on the other hand, we can express these two curvature expressions in terms
of the expansion-normalised variables. Both quantities then depend only
on the initial mean curvature and energy density, the parameters γ and κ,
the time τ and the point in expansion-normalised variables. The incom-
plete direction of causal geodesics corresponds to the limit τ → −∞. The
statements about curvature blow-up in expansion-normalised variables are
as follows.

Theorem 2.4.8 (Paper A, Theorem 1.21). Consider a solution to equa-
tions (2.3.1)–(2.3.7) with Ω > 0 and γ > 0. Then the contraction of the
Ricci tensor with itself RαβRαβ is unbounded as τ → −∞.

Remark 2.4.9. We remark at this point that the statement in the matter
case is obtained without knowledge on the detailed asymptotic behaviour of
the individual variables. In fact, only the evolution equation (2.3.7) for Ω
is considered to prove this statement, combined with details on how the
expansion-normalised variables are obtained from geometric initial data sets.
In contrast, the vacuum case treated in the next theorem is rather intricate,
and necessitates a detailed discussion of all variables.

It is interesting to see that in the vacuum case, there are certain excep-
tions to unboundedness of the curvature, while there are none in matter. In
a way, one could therefore consider the matter case as the easy case, while
it is the vacuum case where interesting—and ultimately more difficult—
behaviour becomes visible. In Bianchi class A models, a similar observation
has been made, see [Rin00] and [Rin09a].

Theorem 2.4.10 (Paper A, Theorem 1.23). Consider a solution to equa-
tions (2.3.1)–(2.3.7) with Ω = 0 which is neither the constant solution in the
point Taub 1, nor a locally rotationally symmetric Bianchi type I, II or VI−1
solution, nor a plane wave equilibrium solution. Then the Kretschmann
scalar RαβγδRαβγδ is unbounded as τ → −∞.

Remark 2.4.11. In the previous theorem, locally rotationally symmetric
solutions are defined by being contained in the set

3Σ2
+ = Σ̃, Σ+N+ = ∆, (κ+ 1)Ã = 0. (2.4.10)

Only solutions of Bianchi types I, II and VI−1 can fulfil these conditions.
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In vacuum Ω = 0, a bounded Kretschmann scalar is possible only for
solutions converging to one of the Taub points or to the plane wave equilib-
rium points Lk. Only in case of Taub 2 can such a solution be non-constant,
and it necessarily has to be locally rotationally symmetric.

In Paper A, we also treat the case Ω > 0 with γ = 0, which corresponds
to Einstein’s vacuum field equations with a positive cosmological constant.
The statement of Theorem 1.25 in Paper A is more involved than the one
for all other perfect fluids and vacuum, and we refrain from stating it here.

Compared to the statements in terms of initial data to Einstein’s equa-
tions, Theorem 2.4.1 and Theorem 2.4.2, there is a larger number of ex-
ceptions to unboundedness of either geometric scalar in Theorem 2.4.8 and
Theorem 2.4.10. The reason is that the expansion-normalised formulation
allows for every initial data to the evolution equations (2.3.1) which satis-
fies the constraint equations (2.3.4) and (2.3.5). This in particular includes
certain points in R5 which correspond to Bianchi class A initial data. In
Theorem 2.4.1 and Theorem 2.4.2, these are excluded by the assumption on
the initial data set.

2.5 Summary of Paper B

In a number of statements in Paper A, the case of a stiff fluid, i. e. Ω > 0
with γ = 2, has to be excluded. The proof of Strong Cosmic Censorship
does apply even in this extremal case, but most results on the asymptotic
behaviour of solutions to the dynamical system (2.3.1)–(2.3.7) do not. Pa-
per B fills this gap and treats in detail the asymptotic behaviour of stiff
fluid Bianchi solutions as τ → −∞. As a matter model, stiff fluids are of
particular interest as they are sometimes used to model the universe at very
early times.

In terms of expansion-normalised variables, the stiff fluid case merely
corresponds to setting the parameter γ to its extremal value. Even though
the evolution equations are very closely related, the asymptotic behaviour
in the case of stiff fluids differs significantly from that of non-stiff fluids. We
show that as τ → −∞, stiff fluid solutions converge to a limit point in the
Jacobs set J , to a positive limit value for Ω, thereby strengthening a result
on the α-limit by [HW93].
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Definition 2.5.1. The Jacobs set J is defined by

Σ2
+ + Σ̃ < 1, ∆ = Ã = N+ = 0. (2.5.1)

0 1−1

1

Σ+

Σ̃

J

Figure 2.3: The Jacobs set J , projected to the Σ+Σ̃-plane.

When considering the linearisation of the evolution equations (2.3.1)
with γ = 2 without constraining them to equations (2.3.4)–(2.3.5), one can
draw conclusions about the local stability. For points in the Jacobs set, the
eigenvalues of this linear map are

0 2
(
1 + Σ+ ±

√
3Σ̃
)

4(1 + Σ+) 0 (2.5.2)

and should be compared to those in (2.4.3). The double occurence of the
eigenvalue 0 reflects the fact that J is a set of equilibrium points of dimen-
sion two. Two of the non-zero eigenvalues are strictly positive in J , while
the remaining one, the eigenvalue 2(1 + Σ+ −

√
3Σ̃), can have either sign.

We divide the Jacobs set J into three subsets according to the sign of this
eigenvalue.

Definition 2.5.2. The subsets J−, J 0, and J+ of the Jacobs set J are
defined by

J− ..= J ∩ {(1 + Σ+)2 < 3Σ̃}, (2.5.3)
J 0 ..= J ∩ {(1 + Σ+)2 = 3Σ̃}, (2.5.4)
J+ ..= J ∩ {(1 + Σ+)2 > 3Σ̃}. (2.5.5)

The different parts of the Jacobs set J have very different qualitative
properties regarding which and how many solutions converge to a limit point
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0 1−1

1

Σ+

Σ̃

T1
1/2

T2

J 0

J−

J+

Figure 2.4: Inside the Jacobs set J , the arc J 0 joins the two Taub points T1
and T2. The subsets J− (green) and J+ (orange) are situated above and
below of J 0, respectively.

contained in them. We identify the subset J− as unstable in the sense
that only very specific solutions and limit points can occur: All solutions
which are not of Bianchi class A have limit points situated on a specific
arc in J−, and the solutions are contained in a C1 submanifold of positive
codimension. A similar statement holds for convergence towards the special
arc J 0: Solutions of Bianchi class B can only converge to one of at most two
points on the arc J 0. The exact location of the possible Bianchi class B limit
points depends on the choice of parameter κ. This restriction to specific limit
points is captured in the following proposition which applies to convergence
to J− and J 0.

Proposition 2.5.3 (Paper B, Proposition 1.4). Set γ = 2 and consider
a solution to equations (2.3.1)–(2.3.7) satisfying Ω > 0 and converging
to ( s, s̃, 0, 0, 0) ∈ J as τ → −∞. If (1 + s )2 ≤ 3s̃, then

Ã
(
3 s2 +κs̃

)
= 0 (2.5.6)

holds along the whole solution.

We find that convergence to a limit point on the Σ+-axis imposes a
restriction in a similar fashion: If the solution is of Bianchi class B, then the
only possible limit point on the axis is the origin.

Proposition 2.5.4 (Paper B, Proposition 1.5). Set γ = 2 and consider
a solution to equations (2.3.1)–(2.3.7) satisfying Ω > 0 and converging
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to ( s, 0, 0, 0, 0) ∈ J as τ → −∞. Then

Ã s = 0 (2.5.7)

holds along the whole solution.

Setting γ = 2 and considering all possible solutions to equations (2.3.1)–
(2.3.7) as a whole, we find that almost all converge to J+ and possibly some
additional special points. ’Almost all’ in this setting is well-defined both
in a measure-theoretic and a topological way. This is the statement of the
following theorem, which constitutes the main result of Paper B.

Theorem 2.5.5 (Paper B, Theorem 1.6). Set γ = 2. The following holds
for solutions to the evolution equations (2.3.1)–(2.3.7) with Ω > 0:

• Consider the set describing Bianchi type VIη, i. e. the set

B(V Iη) = {(2.3.4)− (2.3.5) hold, κ = 1/η < 0, Ã > 0}. (2.5.8)

Then the subset of points such that the corresponding solution con-
verges to a point in J+ or to a point in J 0 ∩ {3Σ2

+ + κΣ̃ = 0},
as τ → −∞, is of full measure and a countable intersection of open
and dense sets in B(VIη).

• Consider the set describing Bianchi type VIIη, i. e. the set

B±(V IIη) = {(2.3.4)− (2.3.5) hold, κ = 1/η > 0, Ã > 0,
N+ > 0 or N+ < 0}. (2.5.9)

Then every solution converges to a point in J+ as τ → −∞.

• Consider the set describing Bianchi type IV, i. e. the set

B±(IV ) = {(2.3.4)− (2.3.5) hold, κ = 0, Ã > 0, N+ > 0 or N+ < 0}.
(2.5.10)

Then every solution converges to a point in J+ or to a point in J ∩
{Σ+ = 0} as τ → −∞.

• Consider the set describing Bianchi type V, i. e. the set

B(V ) = {(2.3.4)− (2.3.5) hold, κ = 0, Ã > 0, Σ+ = ∆ = N+ = 0}.
(2.5.11)

Then every solution converges to a point in J ∩{Σ+ = 0} as τ → −∞.
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Remark 2.5.6. The variables used in the dynamical system are the same
ones as those used in Paper A. In particular, this excludes ’exceptional’
Bianchi type VI−1/9 spacetimes. As a consequence, our statement in Theo-
rem 2.5.5 does not include all Bianchi type VIη spacetimes, even though it
applies to the choice of parameter κ = −9 in the evolution equations (2.3.1)–
(2.3.7).



3 The Cosmic No-Hair conjecture

3.1 Statement of conjecture and previous results
Einstein’s field equations can be modified by introducing a cosmological
constant Λ, effectively turning equations (1.1.1) into

Rαβ −
1
2Sgαβ + Λgαβ = Tαβ. (3.1.1)

Originally introduced by Einstein as a means of correcting his equations and
later retracted, a cosmological constant is now a widely accepted option.
Recent observations hint towards a small yet positive value of the constant
in our universe, see [RFC+98].

The simplest spacetime solving equations (3.1.1) for a positive cosmo-
logical constant Λ in vacuum, i. e. with a stress-energy tensor Tαβ = 0, is the
de Sitter spacetime. There are several representation of this spacetime and
its parts, and for our discussion of its future part, we choose the following
one: (

R4 , gdS = −dt2 + e2HtḡEucl
)
, (3.1.2)

where H =
√

Λ/3 and ḡEucl is the Euclidean metric on the three-dimensional
space R3.

The de Sitter spacetime is among the first known solutions to Einstein’s
field equations and has received a lot of attention since its discovery. Apart
from being of interest in itself, it is conjectured to govern the late time
behaviour of general cosmological spacetimes solving Einstein’s field equa-
tions, at least when assuming a positive cosmological constant. This is the
statement of the Cosmic No-Hair conjecture: In the expanding direction,
i. e. towards the future, cosmological spacetimes are expected to isotropise,

25
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in the sense that the geometry perceived by observers becomes de Sitter
like. We give a formal statement of this further down in Conjecture 3.4.5,
adapted to the setting which we are interested in.

Only few results regarding the Cosmic No-Hair conjecture have been ob-
tained in settings directly related to the one discussed in Paper C: In [Wal83],
the late time behaviour and Cosmic No-Hair conjecture in spatially homoge-
neous spacetimes (Bianchi) is discussed for solutions to Einstein’s equations
with a positive cosmological constant and any matter type satisfying the
dominant energy condition. The paper [AR16] treats in detail solutions to
Einstein’s equations with a positive cosmological constant but a different
matter type than in our discussion, namely Vlasov matter. The Cosmic
No-Hair conjecture is shown to hold in T3-Gowdy symmetry and extends to
certain T2-symmetric solutions, namely those with λ-asymptotics.

3.2 Non-linear scalar fields

Recent supernova observations, see [RFC+98], strongly imply that the uni-
verse we live in exhibits accelerated expansion. When considering cosmolog-
ical solutions to Einstein’s field equations, it is therefore desirable to choose
a matter model which generates this property. The easiest way to achieve
this is by incorporating a positive cosmological constant in the Einstein field
equations, and a more sophisticated version to obtain the same behaviour
is to consider a non-linear scalar field. The latter is what we focus on in
Paper C.

In a non-linear scalar field matter model, a potential V : R→ R is given
satisfying suitable minimal assumptions. Those usually include smoothness
properties and one often assumes that the potential is non-negative or even
strictly positive. The stress-energy tensor is of the form

Tαβ = ∇αφ∇βφ−
[1

2∇γφ∇
γφ+ V (φ)

]
gαβ, (3.2.1)

where φ is called the non-linear scalar field. Further, the potential and the
scalar field satisfy the relation

∇α∇αφ− V ′(φ) = 0, (3.2.2)

which is referred to as equation of motion.
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The assumption of a constant positive potential V = V0 > 0 is equivalent
to a linear scalar field on a background with a positive cosmological con-
stant. This is the matter setting in which we prove that the Cosmic No-Hair
conjecture holds under certain additional assumptions on the symmetry.

There is extensive literature covering solutions to Einstein’s equations
with a positive cosmological constant. On the other hand, solutions to the
Einstein non-linear scalar field equations have been discussed, though often
under stronger symmetry assumptions than ours, such as homogeneity or
even isotropy, see for example [Ren04] and [Lee05].

Inhomogeneous spacetimes solving the Einstein non-linear scalar field
equations however have not received much attention so far. There are results
on future global non-linear stability, see [Rin08] and [Rin09b], as well as
statements giving detailed future asymptotics, see [HR07]. The potential
is assumed to be exponential or to have a positive minimum. For a more
comprehensive discussion of non-linear scalar fields, touching upon a number
of topics related to this matter model, we refer to [Rin13].

3.3 T2-symmetry
In Paper C, we study T2-symmetric spacetimes, and one way of doing so is
by imposing the following setup: One assumes that the topology is I × T3,
where T3 is the three-dimensional torus and I ⊂ (0,∞) an interval. The
metric of the spacetime is assumed to have the form

g = t−1/2eλ/2
(
−dt2 + α−1dθ2

)
+ teP [dx+Qdy + (G+QH)dθ]2

+ te−P (dy +Hdθ)2,
(3.3.1)

where (θ, x, y) are the standard coordinates of the torus and t the coordinate
on the interval. The functions α > 0, λ, P , Q, G and H are assumed
to depend only on t and θ. Due to these functions being invariant under
changes in the x, y coordinates, the two-dimensional torus T2 acts smoothly
on the spacetime via translation in x and y, leaving the metric invariant.
Furthermore, one notices that the area of the symmetry orbits {t}×{θ}×T2

is proportional to t. One therefore denotes the foliation corresponding to
the metric (3.3.1) by areal time foliation.

The spacetime is called T3-Gowdy symmetric if the twist quantities de-
fined by

J = εαβγδX
αY β∇γXδ, K = εαβγδX

αY β∇γY δ (3.3.2)
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vanish, where X = ∂x and Y = ∂y are the Killing fields of the metric (3.3.1)
and ε is its volume form. In terms of the variables appearing in the metric,
T3-Gowdy symmetry corresponds to G and H being time-independent.

Models with T2-symmetry have experienced a lot of attention, mainly
in the last two decades, as they are considered a stepping stone towards
more general geometric assumptions. One important objective has been to
prove existence and properties of an areal time foliation. This approach
was started with a discussion of the vacuum case, see [BCIM97], [IW03]
and [CI07].

In a matter model different from the one discussed in Paper C, namely
for solutions to the Einstein-Vlasov equations, similar results have been
achieved in [And99] and [ARW05]. The above papers culminated in [Smu11],
which collects and proves global existence theorems and areal foliations for
a number of geometric settings including T2-symmetry. The matter models
discussed are vacuum and Vlasov matter, optionally including a positive
cosmological constant. It is further shown in [Teg14] under additional matter
and symmetry assumptions that solutions are future global.

3.4 Summary of Paper C

The setting which we study in Paper C is that of a non-linear scalar field
with T2-symmetry. Due to the symmetry assumption, the metric is of the
form (3.3.1), and the choice of matter model implies that the functions
appearing in the metric are governed by a system of partial differential
equations which we explain in the following.

The twist quantities defined in (3.3.2) satisfy

J = −t5/2α1/2e−λ/2+P (Gt +QHt), K = QJ − t5/2α1/2e−λ/2−PHt,
(3.4.1)

and turn out to be constants. The case of T3-Gowdy symmetry is equivalent
to J = 0 = K.

The remaining quantities α > 0, λ, P , Q and φ evolve according to
the following equations, which are a direct consequence of the Einstein field
equations:

αt
α

= −e
λ/2−PJ2

t5/2
− eλ/2+P (K −QJ)2

t5/2
− 4t1/2eλ/2V (φ), (3.4.2)
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λt = t
[
P 2
t + αP 2

θ + e2P
(
Q2
t + αQ2

θ

)
+ 2

(
φ2
t + αφ2

θ

)]

− eλ/2−PJ2

t5/2
− eλ/2+P (K −QJ)2

t5/2
− 4t1/2eλ/2V (φ),

(3.4.3)

λθ = 2t
(
PtPθ + e2PQtQθ + 2φtφθ

)
, (3.4.4)

further, second order differential equations are imposed on P ,

∂t
(
tα−1/2Pt

)
= ∂θ

(
tα1/2Pθ

)
+ tα−1/2e2P

(
Q2
t − αQ2

θ

)

+ α−1/2eλ/2−PJ2

2t5/2
− α−1/2eλ/2+P (K −QJ)2

2t5/2
,

(3.4.5)

on Q,

∂t
(
tα−1/2e2PQt

)
− ∂θ

(
tα1/2e2PQθ

)
= t−5/2α−1/2eλ/2+PJ(K −QJ),

(3.4.6)
and on a term containing α and λ,

∂t

[
tα−1/2

(
λt − 2αt

α
− 3
t

)]

= ∂θ
(
tα1/2λθ

)
+ α−1/2λt + 4t1/2eλ/2α−1/2V

− tα−1/2
[
P 2
t + e2PQ2

t + 2φ2
t − α

(
P 2
θ + e2PQ2

θ + 2φ2
θ

)]

− 2α−1/2
(
eλ/2−PJ2

t5/2
+ eλ/2+P (K −QJ)2

t5/2

)
. (3.4.7)

The potential V is related to the scalar field φ via the equation of motion

V ′ = t1/2e−λ/2
[
−φtt + αφθθ −

1
t
φt + αt

2αφt + αθ
2 φθ

]
. (3.4.8)

A priori, it is not clear that the set of evolution equations (3.4.2)–(3.4.8)
has a unique solution nor whether solutions exist more than locally. In
order to prove global existence and uniqueness towards the future, which
is the time direction we are interested in, we first show that all variables
are uniformly bounded on compact time intervals I = [t0, t], by constants
depending only on the initial data at time t0 and via a smooth R → R
function on the length of the interval, and that this even holds for their
derivatives. In order to control the potential V , we impose mild conditions
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on its behaviour as a function of φ, namely that it is a non-negative C∞
function on R. With this, we are in a position to connect our set of evolution
equations to a general statement on existence and uniqueness of hyperbolic
partial differential equations from [Maj84].

Theorem 3.4.1 (Future global existence and uniqueness). Consider the
evolution equations (3.4.2)–(3.4.8) where the potential V : R→ R is a non-
negative C∞ function. To given smooth initial data at time t0, there exists a
unique smooth solution to these evolution equations, and it is global towards
the future, i. e. it is defined on [t0,∞)× T3.

Once future global existence is ensured, we are in a position to under-
stand in detail the asymptotic behaviour of the individual variables, and
thus of the metric in (3.3.1), towards the future.

The following subclass of metrics is of central importance in our discus-
sion:

Definition 3.4.2. Consider a metric of the form (3.3.1) which is defined
for all t > t0 for some t0 ≥ 0. The metric is said to have λ-asymptotics with
constant Vasympt > 0 if, for every ε > 0, there is a T > t0 such that

λ(t, θ) ≥ −3 ln t+ 2 ln
(

3
4Vasympt

)
− ε, (3.4.9)

for all (t, θ) ∈ [T,∞)× S1.

We can show that T3-Gowdy symmetric solutions have λ-asymptotics
with constant Vmax, provided we assume that the potential is bounded from
above towards the future, i. e.

V [φ(t, θ)] ≤ Vmax, (3.4.10)

for all (t, θ) ∈ [t0,∞)×S1. For non-Gowdy solutions, we impose this property
on λ for our discussion of the asymptotic behaviour. This approach should be
compared to that of [AR16], where the case of Vlasov matter with a positive
cosmological constant is discussed. In that paper, a related definition of λ-
asymptotics is given, which is shown to hold in case of T3-Gowdy symmetry
and imposed otherwise, see [AR16, Def. 1].

We notice that the potential V appears in most of the evolution equa-
tions and therefore influences all variables’ behaviour. It therefore appears
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impossible to achieve statements on the asymptotic convergence and decay
properties of the variables without imposing some a priori assumption on
the potential V . In Paper C, in order to obtain detailed asymptotics, we
assume that the potential V is constant, V = Vconst. The resulting field
equations are equivalent to those of a linear scalar field on a background
with a positive cosmological constant. In this setup and with the assump-
tion of λ-asymptotics with the same constant Vconst, we can determine the
behaviour of all variables up to arbitrary high order. This is the statement
of Proposition 3.4.3.

Although the restriction to a constant potential is a rather severe one,
we hope that our findings can, in a future paper, be extended to include a
larger class of potentials.

The steps of our discussion are similar to those taken in [AR16], where
the case of Vlasov matter with a positive cosmological constant is treated.
There are two main differences though: While many statements in [AR16]
make use of the non-negative pressure condition, we do not have access
to this property, as non-linear scalar fields in general do not satisfy this
condition. Further, Vlasov matter does not include a potential V and a
scalar field φ. All statements on these quantities are new for this reason.

Proposition 3.4.3 (Asymptotic properties of the variables in the metric).
Consider a solution to the Einstein non-linear scalar field equations with T2-
symmetry and a positive constant potential Vconst. Choose coordinates so
that the corresponding metric takes the form (3.3.1) on (t0,∞)×T3. Assume
that the metric has λ-asymptotics with constant Vconst and set t1 = t0 + 2.
Then there are smooth functions α∞ > 0, P∞, Q∞, φ∞, G∞ and H∞ on S1,
and, for every 0 ≤ N ∈ Z, a constant CN such that

‖Pt(t, ·)‖CN + ‖Qt(t, ·)‖CN + ‖φt(t, ·)‖CN ≤ CN t−2,

‖P (t, ·)− P∞‖CN + ‖Q(t, ·)−Q∞‖CN + ‖φ(t, ·)− φ∞‖CN ≤ CN t−1,
∥∥∥∥
αt
α

+ 3
t

∥∥∥∥
CN

+
∥∥∥∥λt + 3

t

∥∥∥∥
CN
≤ Ckt−2,

∥∥∥t3α(t, ·)− α∞
∥∥∥
CN

+
∥∥∥∥λ(t, ·) + 3 ln t− 2 ln 3

4Vconst

∥∥∥∥
CN
≤ CN t−1,

‖Gt(, ·)‖CN + ‖Ht(, ·)‖CN ≤ CN t−5/2,

‖G(t, ·)−G∞‖CN + ‖H(t, ·)−H∞‖CN ≤ CN t−3/2,

for all t ≥ t1.



32 CHAPTER 3. COSMIC NO-HAIR CONJECTURE

In terms of the geometry, denote by ḡ(t, ·) and k̄(t, ·) the metric and
second fundamental form induced on {t} × T3, by ḡij the components of the
metric ḡ with respect to the vector fields ∂1 = ∂θ, ∂2 = ∂x and ∂3 = ∂y, and
equivalently for k̄. Then

∥∥∥t−1ḡij(t, ·)− ḡ∞,ij
∥∥∥
CN

+
∥∥∥t−1k̄ij −Hḡ∞,ij

∥∥∥
CN
≤ CN t−1, (3.4.11)

for all t ≥ t1, where H = (Vconst/3)1/2 and

ḡ∞ = 3
4Vconstα∞

dθ2 + e2P∞ [dx+Q∞dy + (G∞ +Q∞H∞)dθ]2

+ e−2P∞(dy +H∞dθ)2.
(3.4.12)

The estimates we obtain in Proposition 3.4.3 can be used to prove fu-
ture causal geodesic completeness, which means that geodesic curves whose
tangent vector is causal and future pointing do not end in finite (parameter)
time but extend to arbitrarily late times.

Proposition 3.4.4 (Future causal geodesic completeness). Consider a so-
lution to the Einstein non-linear scalar field equations with T2-symmetry
and a positive constant potential Vconst. Choose coordinates so that the cor-
responding metric takes the form (3.3.1) on (t0,∞) × T3. Assume that the
metric has λ-asymptotics with constant Vconst. Then this spacetime is future
causally geodesically complete.

Finally, we discuss how the spacetimes corresponding to the solutions to
equations (3.4.2)–(3.4.8) appear to a late time observer. For a proof of the
Cosmic No-Hair conjecture, we need to show that to such an observer the
spacetime appears as the de Sitter spacetime (3.1.2). An observer in the
de Sitter spacetime moves along a future directed causal curve γ = (γ0, γ̄)
which we assume to be future inextendible and defined on (s−, s+). As
the curve parameter s tends to the upper limit s+, the spatial part γ̄(s)
converges to some x̄0 ∈ R3. The form of the de Sitter metric (3.1.2) reveals
that the curve γ is contained in the set

Cx̄0,H = {(t, x̄) : |x̄− x̄0| ≤ H−1e−Ht} (3.4.13)

at all times. In other words, the spacetime outside of this cone-like set is
unreachable to the late time observer, and therefore should be irrelevant for
the discussion of the Cosmic No-Hair conjecture.
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For a general spacetime solving Einstein’s equations with a positive cos-
mological constant (3.1.1), we can ask whether it is possible to construct
similar cone-like sets. If this is the case, and if additionally inside these
cone-like sets the geometry is sufficiently close to that inside the de Sitter
cone-like sets, then we call the spacetime future asymptotically de Sitter like.
For a precise definition of this notion, we refer to Definition 1.6 in Paper C.

This definition enables us to formally state the Cosmic No-Hair conjec-
ture. Our formulation should be compared to that of [AR16, Conj. 11].

Conjecture 3.4.5 (Cosmic No-Hair, scalar field with positive constant po-
tential). Let A denote the class of initial data such that the corrresponding
maximal globally hyperbolic developments are future causally geodesically
complete solutions to the Einstein non-linear scalar field equations with a
positive constant potential Vconst. Then every generic element of A has
a maximal globally hyperbolic development which is future asymptotically
de Sitter like.

Remark 3.4.6. We do not expect the statement to hold for each element
of A, but allow for a small subset to have different behaviour. The exact
definition of this subset of exceptions as well as the notion of ’smallness’
might depend on the specific class A.

In the case of Einstein’s vacuum equations with a positive cosmological
constant, which is the special case of a constant potential and a vanish-
ing scalar field, a famous counterexample to the conjectured behaviour are
the Nariai spacetimes. These are time-oriented, globally hyperbolic, and
causally geodesically complete, but without future asymptotically de Sitter
like behaviour. Details on this spacetime as well as a counterexample solving
the Einstein-Maxwell equations with a positive cosmological constant, are
given in [Rin08, p. 126f.].

For T3-Gowdy symmetric solutions, we prove that the Cosmic No-Hair
conjecture holds. Our statement even extends to T2-symmetric spacetimes
which have λ-asymptotics, see Definition 3.4.2, a property which is shown
to hold in T3-Gowdy symmetric spacetimes.

Theorem 3.4.7 (Cosmic No-Hair, scalar field with positive constant poten-
tial). Consider a solution to the Einstein non-linear scalar field equations
with T2-symmetry and a positive constant potential Vconst. Choose coordi-
nates so that the corresponding metric takes the form (3.3.1) on (t0,∞)×T3.
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Assume that the metric has λ-asymptotics with constant Vconst. Then the
solution is future asymptotically de Sitter like. In other words, the Cosmic
No-Hair conjecture holds in this class of initial data.
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