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Summary

Previous research indicates that the friction mechanisms of structural bearings may
significantly influence the dynamic properties of bridges and other structural sys-
tems. It has been hypothesized that for certain bridges, there exists a threshold
for the amplitude of vibration under which the available static friction force is not
overcome. Under such conditions, essentially no relative motion occurs between the
contact surfaces of the bearings. For amplitudes of vibration above this threshold,
motion begins to occur, having two effects on the properties of the structure; (1)
the stiffness of the structure is reduced by relieving the translational constraint at
the bearing and (2) the damping of the structure is increased as a consequence of
the work performed by the sliding friction forces.

In railway bridge engineering this finding has two important implications; (a) the
natural frequencies estimated from small amplitude vibration tests on existing struc-
tures may overestimate the natural frequencies of the structure, thus leading to a
non-conservative estimate of the critical train speeds and (b) the modal damping
ratios at states of train-bridge resonance may be considerably higher than that ob-
tained at small amplitudes of vibration.

This report describes a preliminary study of the influence of sliding bearings on the
dynamic properties of bridges. The study consists in three stages; laboratory testing
of a small pot bearing, development of a simple macro-element of pot bearings and
validation of the macro-element against measurements on existing bridges.

The main conclusions drawn from the testing of the bearings was that uni-directional
bearings may have significantly higher coefficients of friction than multi-directional
bearings and that the effects of the difference between static and kinetic friction
were found to be negligible. The difference in the coefficient of friction between uni-
and multi-directional bearings was found to be caused by the guiding device used
in the uni-directional bearing.

A theoretical bearing model based on a generalization of the classical Bouc-Wen
model was found to give a frictional behaviour which resembled the empirical test
data well.

This model was then implemented in simple finite element models of four existing
bridges where experimental data in the form of vertical bridge deck accelerations
from free vibrations after passing trains and/or frequency response functions were
available. The bearing model was found to give significant improvements compared
to previous attempts to model the influence of steel-PTFE friction mechanisms on
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the global dynamic properties of railway bridges.
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Sammanfattning

Tidigare forskning antyder att glidfriktion i brolager kan ha en betydande inverkan
på de dynamiska egenskaperna hos broar och andra strukturer. Följande hypotes har
föreslagits gälla för vissa typer av broar. Det finns ett gränsvärde hos svängnings-
amplituden hos dessa broar, under vilket den tillgängliga statiska friktionskraften ej
övervinns. Under sådana förhållanden uppstår i princip ingen relativ rörelse mellan
lagrens kontaktytor. För svängningsamplituder över detta gränsvärde uppstår en
relativ rörelse mellan lagrens kontaktytor, med följande två effekter som följd; (1)
broarnas styvhet minskar genom att tvången vid lagerpunkterna reduceras och (2)
dämpningen hos broarna ökar som en följd av det arbete som friktionskrafterna utför
när glidning förekommer.

När det gäller järnvägsbroar medför detta två viktiga följdeffekter: (a) egenfrekvenser
som uppskattas från tester som baseras på mycket små svängningsamplituder kan
leda till överskattningar av egenfrekvenserna vilka i sin tur kan ge upphov till icke-
konservativa skattningar av de kritiska tågfarterna och (b) den modala dämpkvoten
som uppskattas i motsvarande tester kan vara väsentligt lägre än den som erhålls i ett
tillstånd av resonans vid en kritisk tågfart. Vidare kan även friktionskrafterna vid
lagren ge upphov till viss omlagring av de inre krafterna som orsakas av passerande
tåg, vilket kan ge upphov till utmattning i konstruktionsdelar som på basis av en-
klare modeller anses vara i princip fria från spänningar.

Denna rapport beskriver en preliminär studie av hur glidlager inverkar på de dy-
namiska egenskaperna hos broar. Studien består at tre delar; ett enkelt laborato-
rieförsök på ett litet pottlager, utveckling av ett enkelt makroelement för pottlager
och validering av makroelementet mot mätningar från befintliga broar.

Från laboratorieförsöken kunde man konstatera ett ensidigt rörliga lager kan vä-
sentligt högre friktionskoefficient än allsidigt rörliga lager och att inverkan av den
statiska friktionen på det dynamiska beteendet borde vara försumbar i föreliggande
sammanhang. Skillnaden i friktionskoefficient mellan ensidigt och allsidigt rörligt
lager befanns bero av styrskenan i det ensidigt rörliga lagret. I faktiska broar bedöms
dock denna efefkt vara mindre eftersom strukturens stabilitet där erhålls genom
minst två stöd i vardera riktning i horisontalplanet.

En teoretisk modell baserad på en generalisering av den klassiska Bouc-Wen mod-
ellen visade sig ge en friktionsmodell för pottlager som tillräckligt väl återgav resul-
taten från laboratorieförsöken.

Denna modell användes sedan i enkla numeriska modeller av fyra befintliga järn-
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vägsbroar där mätresultat i form av vertikal acceleration hos farbaneplattan från
fria vibrationer efter tågpassager och/eller frekvenssvarsfunktioner fanns tillgäng-
liga. Den teoretiska lagermodellen befanns ge betydande förbättringar jämfört med
tidigare försök att modellera inverkan av stål-PTFE glidkontakter och dess inverkan
på de globala dynamiska egenskaperna hos järnvägsbroar.
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Chapter 1

Introduction

This project arose from studies in the field of railway bridge dynamics in general
and bridges for high-speed railways. Here, the term dynamic refers to the dynamic
train-bridge interaction. The repetitive loading induced by a passing train can give
rise to resonant effects that may amplify the dynamic response of both the train
and the structure considerably. At a certain critical train speed vcr, the main cyclic
load effect can often be related to the fundamental frequency of the structure fn
according to

vcr = fnL (1.1)

where L is a characteristic length in the load system, i.e. the wagon length (see e.g.
reference [9]). However, higher order modes may also contribute to the resonant
response although the fundamental mode is typically dominating. In assessing the
dynamic capacity of a given structure, the critical train speeds for the train types in
operation are fundamental. Naturally, many combinations of characteristic lengths
and natural frequencies may give rise to resonances at different critical speeds, but
the combination of the wagon length and the fundamental natural frequency typi-
cally cause the largest amplification of the response.

In a structural design perspective, these states of resonance are generally treated
as a serviceability limit state for the structure as it may cause disturbances for
passengers and/or cargo and lead to unnecessary maintenance operations both in
the track and train systems. In the worst case scenario, it has been argued that it
may lead to loss of wheel-rail contact which in turn, could lead to train derailment
which would be an ultimate limit state as seen from the perspective of the train,
especially in combination with other extreme events such as high wind or seismic
events. Another aspect of this problem that needs to be considered is the increased
risk of fatigue if the trains operate at a critical train speed.

During recent years, the phenomena related to train-bridge resonance has motivated
quite extensive research focusing on various aspects of the train-track-structure sys-
tem. Since the natural frequencies of the structural system has a central role in
the analysis of the train-bridge interaction, those aspects which may significantly
influence the natural frequencies of the structure need special attention:
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CHAPTER 1. INTRODUCTION

- Dynamic soil-structure interaction.

- The variability in the modulus of elasticity of concrete (curing and the ten-
dency of concrete manufacturers to deliver slightly better concrete than spec-
ified, cracks, reinforcement).

- Contributions to mass and stiffness from the track superstructure.

- Train-track-structure interaction in cases where the first vertical bending mode
of the bridge has a frequency close to the frequencies of the vertical modes of
the train cars.

- Friction mechanisms in bridge bearings and expansion joints.

The influence of friction mechanisms on the dynamic properties of bridges has not
been given much attention. In the field of seismic isolation however, extensive atten-
tion has been given to the mechanisms and properties of friction devices of various
kinds. These friction devices typically utilize steel-PTFE1 contact interfaces, e.g.
pendulum isolators, but rolling friction has also been used to create energy dissi-
pating mechanisms that allow relatively large displacements. In the current context
however, as mentioned above, we expect displacement amplitudes in the order of
10−3m which is considerably smaller than those expected during strong ground mo-
tion. Most modern bridge bearings also utilize steel-PTFE contact interfaces to
allow for relative displacements between structural parts, i.e the substructures and
the superstructure that they support. For this reason, much of our attention will be
given to steel-PTFE contact interfaces. The basic properties of steel-PTFE contact
interfaces will be described in section 2.1. Modern bridge bearings can be subdivided
into four different types:

- Elastomeric bearings

- Pot bearings

- Spherical bearings

- Disk bearings

All of these bearing mechanisms allow for rotation about the two horizontal axes
and can restrain none, one or two translations in the horizontal plane2.

In references [26, 24], a simple bearing model based on the Bouc-Wen model was
used to study the influence of the friction mechanism of steel roller bearings on a
single track, ballasted, simply supported steel-concrete composite bridge in one span
of 36m . Quite intuitively, the non-linear friction mechanism was found to produce
two different states; (1) the bearing friction is not overcome by the internal forces

1PolyTetraFlouroEthylene
2Assuming that the rotations are very small. In railway bridge applications, the rotations

are typically limited to 10−3 rad for practical reasons related to the deformation of the track
superstructure and passenger comfort.
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acting over the bearing and (2) the bearing friction is overcome by the internal
forces. The first state was characterized by a considerably higher fundamental fre-
quency than a simply supported model would predict and a corresponding modal
damping ratio which conforms well with the lower bound modal damping ratio spec-
ified by the Eurocode [22], i.e. 0.5%. The second state was characterized by the
fundamental frequency of the simply supported model and a corresponding modal
damping ratio that varied in a uni-modal fashion, increasing considerably from the
lower bound value to slowly decrease asymptotically towards the lower bound value.
These observations have three important implications:

1. In assessments of existing bridges, the natural frequencies may be overesti-
mated in cases where very small amplitudes of vibration are used, i.e. free
vibrations after passing trains at speeds far away from a critical speed and
techniques based on ambient vibrations.

2. The modal damping ratio may be considerably higher than those suggested
by the Eurocode in a state of train-bridge resonance.

3. If the bearing friction is not overcome, the distribution of internal forces in the
bridge structure may deviate from the assumption of simple supports leading
to stresses in the regions near the supports which are not accounted for in
ultimate and fatigue limit state design calculations.

The first implication may give rise to non-conservative assessments in terms of criti-
cal train speeds and must be further studied whereas the second is very likely to lead
to conservative results that could be used increase the dynamic capacity of certain
bridges. The third implication again indicates that increased knowledge in this field
could lead to considerable improvements of the durability of railway bridges.

The amplitude dependency of the fundamental frequency of railway bridges was first
reported by Rebelo et al. [19]. They used the short-time Fourier transform to study
the free vibrations after passing trains on short-span concrete railway bridges. That
analysis was extended to include an estimate of the instantaneous modal damp-
ing ratio and a more efficient method to compute these estimates was obtained by
applying the Wavelet transform instead of the short-time Fourier transform [25].
Further improvements in terms of computational time where obtained by applying
the Hilbert transform [10]. In reference [24] these techniques were applied to two
more Swedish bridges, a concrete beam bridge in three spans and a concrete plate
bridge in two spans. In both these cases, the same qualitative behaviour was ob-
served, characterized by the two hypothetical states described above. The fact that
we can see these effects in bridges of rather different kind is the min motivation of
this project.

It is our firm belief that a realistic model of the most commonly used bearing
mechanisms with frictional elements could lead to considerable savings for society
in several different ways:

- Avoiding overestimating the critical train speeds in existing bridges. This can
help us to identify bridges that need measures in order to fulfil the requirements
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CHAPTER 1. INTRODUCTION

in upgrading existing railway lines and to more precisely prioritize the bridges
in need of such measures.

- Increased damping at resonance. This can lead to improvements in the dy-
namic capacity of light and stiff bridges such as simply supported steel-concrete
composite bridges, which are often difficult to design for the dynamic train-
structure interaction.

- Improved designs that reduce wear in the bearings.

- Measurements of the friction force in moveable bearings could be used in bridge
monitoring systems to indicate wear in the bearings.

Naturally, many other structural systems in civil engineering use steel-PTFE contact
interfaces to relieve restraints, e.g. pipelines and pedestrian bridges. Therefore, an
increased understanding of how these mechanisms influence the dynamic properties
of structural systems could also be useful for engineers in other fields of research
and structural design.

The main issue at the current state of knowledge is that the empirical data available
has been limited to free vibration signals from train passages in non-resonant states.
Therefore the maximum amplitudes of vibration available in these data is limited
to accelerations in the order of 0.1–0.3m/s2. Therefore, in order to show that the
analysis outlined above is correct, more detailed knowledge is needed.

Naturally, full-scale testing of existing bridges with different types of bearings and
structural systems would be the most efficient way of establishing knowledge about
the dynamic properties of these structures at relevant amplitudes of vibration, i.e.
vertical bridge deck accelerations in the order of 3.5–5m/s2. However, such an
approach would be rather expensive. These costs are mainly related to the testing
procedure itself. To generate relevant amplitudes of vibration, hydraulic cylinders
that generate cyclic loads up to ∼ 1MN at frequencies up to ∼ 30Hz. Such an
exciter needs a pump system that weighs several tons and the lengths of the tubes
must be minimized to maximize the flow rates of the hydraulic medium. These
prerequisites makes it very expensive to implement such experimental procedures
on existing infrastructure. Hence, before such a project can be motivated, a better
understanding of the bearing mechanism itself should be obtained.

This report is organized in the following way; some basic facts about pot bearings
will be described in chapter 2 and the properties of steel-PTFE contact interfaces
are shortly described in section 2.1. Chapter 3 describes the test rig used to perform
the tests. In chapter 4 the theoretical modelling of pot bearings is described while its
application to the analysis of the dynamic properties of railway bridges is described
in chapter 5. The results of these efforts are presented in chapter 6 and a discussion
of the results is given in chapter 7, together with suggestions regarding the continued
work within this field of research.
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1.1. SCOPE AND AIM

1.1 Scope and aim

The aim of this project was to improve our understanding of the bearing mechanism
and how it influences the dynamic properties of bridges for high-speed railways.
More specifically, the aim was to:

- Measure the force-displacement and moment-rotation relationships of uni- and
multi-directional bearings with a rubber radius of 120mm.

- Study the influence of the rotation of pot bearings on their frictional charac-
teristics.

- Use the obtained data to develop a bearing model for use in finite element
analyses of bridges in general.

- Testing/validating the extended Bouc-Wen model using measurements (ac-
quired in previous project regarding railway bridge dynamics at KTH) from
existing railway bridges equipped with pot bearings.

In order to comply with the economical frameworks of the project, further limitations
needed to be imposed on the laboratory tests. It would be desirable to test full
scale bearings, but the required forces would be too large for the available facilities.
Therefore, it was decided to test a small pot bearing, assuming that scale effects
are insignificant in the serviceability limit state. As will described in chapter 2,
the expected scale effects are mainly related to the temperature distribution over
the steel-PTFE contact interface. In seismic applications, very large displacements
are expected and the sliding distance is orders of magnitude longer than in the
applications aimed at here. Therefore, this assumption seems sound and it is also
assumed that the force-displacement relationships obtained from the tests will be
directly applicable to bearings of larger size. In order to verify this assumption
qualitatively, relatively simple finite element simulations of the bearing test are
used. These are then extrapolated to the relevant bearing dimensions.
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Chapter 2

Pot bearings

Figures 2.1 and 2.2 show sketches of a multi- and a uni-directional bearing, respec-
tively. These types of pot bearings are used in combination with fixed bearings,
which do not provide a translational capacity.

All types of pot bearings provide a minimal resistance against rotation by means of a
rubber plate, confined between the piston and the pot. Rubber can be well idealized
by means of so called hyperelastic materials (see e.g. reference [11]). Such materials
are very close to incompressible. As a consequence of their incompressibility, the
behave much like a fluid. For this reason, the sealing ring pointed out in figure
2.1, which is typically made from brass, has the important function of keeping the
rubber within its confinement when the bearing is subjected to external loads.

The translational capacity of pot bearings is provided by a steel-PTFE contact
interface consisting of a sliding plate, on which a stainless steel plate is mounted
which slides on top of a PTFE plate which typically lies in a chase in the piston.

Sliding plate
Steel-PTFE contact interface

Pot

Rubber plate

Sealing ring

Piston

Figure 2.1: A section through a multi-directional bearing.

The technical requirements of bearings for use in Sweden and Europe are specified in
the standards SS-EN 1337-2:2005 [20] and SS-EN 1337-5:2005 [21]. These standards
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CHAPTER 2. POT BEARINGS

Figure 2.2: A section through a uni-directional bearing.

aim at static and quasi-static loading situations. No guidance is given regarding the
dynamic behaviour of such bearings in the serviceability limit state. Instead, the
focus is placed on the moment resistance of the bearings and the static and quasi-
static friction forces that the bearings will inevitably transfer between the super-
and substructures. As mentioned in the previous chapter, the influence of this type
of mechanisms on the dynamic properties of structures has mainly been studied
by specialists in the field of seismic isolation, where the amplitude of vibration is
significantly larger than in the serviceability limit state.

2.1 Steel-PTFE contact interfaces

Lubricated stainless steel-PTFE contact interfaces can provide very low coefficients
of friction but depend on a number of parameters:

- Contact temperature. The coefficient of friction decreases with increasing
temperature.

- Sliding speed. The coefficient of friction increases asymptotically with increas-
ing sliding speed.

- Contact pressure. The coefficient of friction decreases with increasing contact
pressure.

- Type and amount of lubricant.

This combination of materials exhibit a break-away friction of as much as 20-30%
of the sliding friction that appears to depend on all the above listed parameters but
also on the state of the contact interface (in terms of wear and contaminants).

In the context of civil engineering structures, the first publication describing the
friction of steel-PTFE contact interfaces appears to be by Tyler (1977) [23]. Tyler
performed displacement-controlled tests on a linear sliding device (see Figure 2.3) in
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2.1. STEEL-PTFE CONTACT INTERFACES

which a steel plate was clamped between two PTFE plates and identified most of the
characteristics of steel-PTFE friction described above. Temperature was measured
using a thermocouple that was placed under the stainless steel plate. The maximum
recorded temperature was approximately 100◦C although the initial temperature
was either 0◦C or 20◦C. Tyler concluded that increased contact temperature reduces
the coefficient of friction, but could not clearly identify a relation between these
variables.

Constantinou et al. [5] studied a base-isolation system for seismic isolation based
on a pot bearing and a neoprene spring. However, the tests were performed on a
simplified and scaled model of this device. The conclusions gave support to those
of Tyler and this early publication in the field of steel-PTFE based seismic isolators
mainly opened up the field of research to a wider audience.

Mokha et al. [16, 17] used a test set-up very similar to Tyler’s but studied a wider
range of contact pressures (up to 45MPa) and covering the variation in the coefficient
of friction with respect to sliding speed (2.5 – 500mm/s).Furthermore, different
types of PTFE was studied. The results of these tests could be summarized in
an approximate mathematical model, which is often referred to as the exponential
model:

µs = µmax − (µmax − µmin) e−α|v| (2.1)

where µmin is the coefficient of sliding friction at very low sliding speed, µmax is
the coefficient of sliding friction at very high sliding speed, α is the exponential
parameter and v is the sliding speed. The model parameters depend on temperature,
contact pressure, type of PTFE and type of lubricant but also on the state of the
contact interface, i.e. wear, wear debris, contaminants and the transfer of lumps,
slabs or thin films of PTFE on the steel surface. In these publications, the Bouc-Wen

Figure 2.3: Tyler’s arrangement for sliding tests on PTFE layer (from [23]).
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CHAPTER 2. POT BEARINGS

model (see section 4) was also adapted to incorporate the obtained friction model
described by equation (2.1).

In parallel with the work done by the research group around M. Constantinou,
Chang et al. [4] presented a theoretical model of steel-PTFE friction based on
viscoplasticity and experimental observations made by Hwang et al. [12]. In contrast
to the other tests reported in the literature, they used an axial-torsional testing
machine to perform tests on steel-PTFE contact interfaces and their results were
found to support the conclusions drawn from previous research.

Dolce et al. [8] also performed laboratory tests on non-lubricated and lubricated
steel-PTFE contact interfaces. They placed their test set-up in a climatic chamber
in order to vary the ambient temperature. These test results were used as a starting
point for our planning of the laboratory test described in section 3. As their results
also rendered the same conclusions as previous research efforts, it should be conclu-
sive that the statements listed in the introduction of this section about the friction
coefficient for steel-PTFE hold true.

The remaining questions regarding the friction coefficient for steel-PTFE appear to
be related to (1) the quantification of the break-away friction and (2) a comprehen-
sive description of the cyclic effects which have been observed in all tests published
in the literature. Clearly, these issues are closely connected to the wear of steel-
PTFE interfaces and the localized temperature distribution in the contact interface
[6]. They are certainly outside the scope of the current research, which aims at a
conceptual description of how the bearing friction may influence the dynamic prop-
erties of bridges in a serviceability limit state. More complex friction models for
steel-PTFE have been proposed, see e.g. Lomiento et al. [14], who introduced the
temperature dependency of the coefficient of friction indirectly via the heat-flux over
the bearing surfaces.
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Chapter 3

A preliminary test on small bearings

By simple reasoning, one finds that a reasonable range of displacements over a sliding
bearing in a bridge such as those studied here should be in the order of 1mm.
Previous studies, see references [16, 8] and the references therein, on steel-PTFE
sliding interfaces have been performed using displacements in the order of 10mm,
which are more relevant for applications in seismic isolation. In these applications,
the rounding of the corners of the hysteresis loops is often negligible. This is because
the sliding speed is so high that the sliding coefficient of friction is approximately
constant during large parts of a given loading cycle (see e.g. [14]). The standardised
friction tests [20] prescribe a translation ±5mm which is also somewhat larger than
one would expect during a train passage in short and medium span bridges. Also,
these tests are designed to verify that the static coefficient of friction fulfils certain
requirements so they do not provide values of the sliding coefficient of friction at
sliding speeds relevant to serviceability limit state loads.

The mechanism of pot bearings also differs from the linear testing described above in
that (1) the rubber plate may deform under horizontal load transfer over the bearing
and (2) the pressure distribution over the PTFE may vary when the bearing rotates.
A small component of the normal force will also act in the sliding plane, but since the
rotations are in the order of 10−3 radians this is likely to be quite small. Nevertheless,
these aspects may also influence the friction force.

In addition to the arguments above related to the testing of steel-PTFE sliding
mechanisms, the use of a Bouc-Wen model to describe the behaviour of rolling
and sliding bearings presented in references [24, 26] indicated that the initial force-
displacement relation of bearings is very important in this context:

1. Sliding or rolling only occurs for external loads which are sufficient to overcome
the break-away (or static) friction.

2. The friction damping contributes most in the range of bridge motions that
represent the transition between fixed and moving bearings. Once the bearings
are fully free to move, the damping contribution from rolling or sliding appears
to be significantly reduced or even negligible.
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CHAPTER 3. A PRELIMINARY TEST ON SMALL BEARINGS

Another aspect of the geometrical configuration of bridges that was found to sig-
nificantly affect the influence of the bearings on the dynamic properties of typical
railway bridges was the eccentricity between the bearing and the neutral axis of the
bridge superstructure. This is illustrated in figures 3.1 and 3.2.

Although it is quite obvious that a large eccentricity will lead to larger translation

Bearings

Edge beams

Main beam

Diaphragm height Diaphragm height

Figure 3.1: A sketch illustrating the eccentricity between the bearings and the neu-
tral axis of the superstructure.
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Case 3
Diaphragm height 1.2 m
Diaphragm height 1.2 m, no embankment
Diaphragm height 1.5 m
Diaphragm height 1.5 m, no embankment
Diaphragm height 1.8 m
Diaphragm height 1.8 m, no embankment

Case 2

Figure 3.2: Theoretical results (from reference [24]) for the case 2 bridge with rate-
independent Bouc-Wen models of the bearings where the eccentricity
between the bearings and the neutral axis of the superstructure was
varied.
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over the supports if the rotation angle is held constant, it is not directly clear whether
a small eccentricity can influence the friction force.

The purpose of the laboratory tests performed within this project was to measure
the force-displacement relationship of pot bearings for forces and displacements cor-
responding to the serviceability limit state of common bridge structures.

Initially, the project aimed at a study of the influence of:

- Contact pressure

- Slip rate

- Bearing rotation

- Bearing eccentricity

on the horizontal force-displacement relationship. However, the economical and
practical constraints for the project forced us to narrow down the scope, mainly due
to the fact that (1) the test-rig was found to be somewhat too flexible to cope with
smaller eccentricities (2) that the testing set-up proved to be insufficient for very
small amplitudes of motion and (3) the oil pump could not provide a sufficient oil
flow for the higher slip rates.

The flexibility of the test rig led to some strange results when the eccentricity was
chosen to be very small and was much less pronounced for the large eccentricity.

Figure 3.3: An example of test results where the effect of the oil flow deficiency can
be very clearly seen.
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CHAPTER 3. A PRELIMINARY TEST ON SMALL BEARINGS

Furthermore, the pump available in our laboratory could not produce a sufficient oil
flow for the desired test conditions. As the control system would try to produce the
specified displacement amplitude anyway, a slow progression towards the specified
value of 2mm can be seen in many of tests. This should of course not be confused
with the cyclic effect, which reduces the coefficient of friction, a phenomenon that
is believed to have its cause in the heating of the contact surface that arises during
an event in which the bearing is set in sliding motion [14]. This effect is illustrated
in figure 3.3. In this preliminary analysis, this flaw in the test set-up was judged
irrelevant and can only be remedied by a considerably more expensive pump system.

More complex aspects related to wear and deterioration of bearing components,
effects related to the break-away friction, variation in ambient temperature, the de-
velopment of surface films in the steel-PTFE interface and issues related to vertical
loading and unloading were judged irrelevant in the present context of a prelimi-
nary study, although some of these aspects should be further studied in order to
thoroughly understand the influence of bearing friction on the dynamic properties
of railway bridges (see chapter 7).

Two MTS hydraulic cylinders were available, a 50 kN cylinder and a 250 kN cylinder.
The 250 kN cylinder was used to apply the normal force on the bearing while the
50 kN cylinder was used to control the horizontal displacement of the bearing sliding
plate. The requirements listed above could therefore only be met by using a small
pot bearing with a circular contact area diameter of 120mm. In practice however, for
railway bridges, this diameter is typically greater than 500mm. Hence, an important
assumption within this project, is that no significant scale effects are expected in
the serviceability limit state.

The laboratory tests were initiated during the spring of 2016. Adjustments of the
test rig were performed in several iterations. The stability of the vertical cylinder
was improved and a number of small issues were dealt with. The final test runs were
carried out in March, 2017.

3.1 Test rig

The test rig is shown in Figure 3.4. The yellow vertical frame was taken from an old
triaxial testing machine for large soil samples and used to apply the normal force on
the bearing. A special device was designed in order to measure the horizontal force
and the moment over the bearing simultaneously (see Figure 3.5). The bearing
was mounted on a very stiff plate. This plate rested on three vertical load cells,
which were mounted on top of another very stiff plate. This plate was then placed
inside a very stiff box with three walls with needle bearings in between to relieve
the horizontal constraints in the direction of motion over the bearing. Thereby the
friction force could measured by a horizontal load cell mounted between the plate
on which the bearing was mounted and the box.

14



3.1. TEST RIG

Figure 3.4: The test rig.
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CHAPTER 3. A PRELIMINARY TEST ON SMALL BEARINGS

The test rig was initially designed to enable the variation of the eccentricity of the
bearing. The vertical load was transmitted to the bearing via a cylindrical bar
consisting of 4 segments so that the hinge could placed at different eccentricities
e = 250, 500, 750, 1000mm. However, the rest of the frame did not provide sufficient
stiffness for tests with smaller eccentricities than 1000mm.

3.2 Instrumentation and testing procedures

An MTS control system was used to run displacement controlled tests varying the
frequency of the horizontal force f ∈ (0.01, 1, 2, 5)Hz and the vertical load N ∈
(10, 50, 100, 200) kN .

The bearing was instrumented to measure the

- Friction force.

- Base moment.

- Horizontal displacement.

- Rotation.

The vertical force and the moment was measured using the three vertical load cells.
They were placed in a radial pattern R = 80mm around the center of the bearing
base plate. Thus, the force was obtained as the sum of the signals from the three
load cells

V = VLC501 + VLC502 + VLC503 (3.1)

Figure 3.5: The instrumentation of the bearing box.
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while the moment was computed as

M = 0.08VLC502 + 0.04(VLC501 + VLC503) (3.2)

The horizontal displacement was measured using an extra sensitive LVDT, hoping to
obtain good resolution also before the break-away. The rotation was measured using
two LVDT’s at a distance of ∆ = 230mm. Hence, due to the very stiff mounting
plates, the rotation can be estimated assuming rigid body motion:

θ =
wLVDT181 − wLVDT182

0.23
(3.3)

The horizontal cylinder serves both as an actuator and to stabilize the system.
Therefore, the testing procedure included the following steps:

1. Apply the vertical load.

2. Set the horizontal cylinder in the position where the force in the cylinder is
minimal.

3. Apply the cyclic motion.

3.3 Test specimens

The smallest bearing provided by KB Spennteknikk has a rubber diameter ofDrubber =
120mm. The PTFE contact area is APTFE-uni = 9859mm2 and APTFE-multi =
14314mm2 for the uni- and multi-directional bearings, respectively.

Figure 3.6 shows a photography of the multi-directional bearing, prior to its testing.
The PTFE-plate (the white disc) lies on the sliding plate which has been turned
over in order to illustrate these components. In figure 3.7 the piston has also been
removed in order to show the rubber plate (black) and the brass sealing ring. One
can also clearly see the lubricant of the rubber-steel contact.
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Figure 3.6: The multi-directional bearing prior to its testing.



Figure 3.7: The multi-directional bearing prior to its testing.





Chapter 4

Modelling of pot bearings

The final aim of this project was to enable studies of the influence of friction mecha-
nisms on the properties and behaviour of civil engineering structures. In the present
context, two questions immediately arise:

1. Can the friction damping from bearings be relied upon in states of resonance?

2. Can an improved understanding of the bearing mechanisms improve bearing
and/or bridge designs?

These are relatively general questions. In the remainder of this report, they will be
broken down into more specific questions, some of which this project also attempt
to provide answers for.

In order to answer these questions, a realistic model of the bearing mechanism is
needed. In references [24, 26], a simplified model based on the Bouc-Wen model of
hysteresis was used in an attempt to quantify the influence of rolling and sliding
bearings on the dynamic properties of a few simple railway bridges. These studies
motivated the current research, but were based on a highly simplified model of
the bearings, ignoring dependencies on contact temperature, slip-rate and contact
pressure.

As the bearing mechanism is inherently non-linear, the model should be able to
reasonably accurately capture the bearing mechanism without introducing a large
number of degrees of freedom. For this reason, it was decided to adopt a previously
suggested [16, 7] generalization the Bouc-Wen model. In this chapter, the implemen-
tation of this generalized Bouc-Wen bearing model is presented. In section 4.1, the
classical Bouc-Wen model is shortly described and the generalized model is derived
in section 4.2. The implementation of the model in Matlab and Abaqus is described
in section 4.3.
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CHAPTER 4. MODELLING OF POT BEARINGS

4.1 The Bouc-Wen model

The Bouc-Wen model is described in detail in several papers and text-books, see
e.g. reference [13]. The Bouc-Wen model is a single degree of freedom model which
produces a hysteretic behaviour by means of a non-linear ordinary differential equa-
tion (ODE). This model can be seen as a linear spring in parallel with a Bouc-Wen
element (see Figure 4.1). The restoring force of the Bouc-Wen model is given by

F (t) = ak0u(t) + (1− a)k0Dz(t) (4.1)

where u(t) is the displacement, a = kp/k0 is the ratio between the plastic stiffness
kp and the initial (elastic) stiffness k0, D is the plastic deformation limit and z(t) is
an internal variable which governs the hysteretic behaviour of the Bouc-Wen model.
This internal variable is related to the displacement of the Bouc-Wen model by the
non-linear ODE

ż =
u̇

D
[1− (β + γsgn(u̇z)) |z|n] (4.2)

where β, γ and n are model parameters, governing the shape of the hysteresis loops.
The sign function is defined as:

sgn(x) =


−1, x < 0

0, x = 0
1, x > 0

(4.3)

Figure 4.2 shows some examples of how the Bouc-Wen model parameters influence
the shape of the hysteresis loops.

Figure 4.1: The Bouc-Wen model.
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Figure 4.2: Examples of hysteresis loops produced by the Bouc-Wen model.

4.2 A generalization of the Bouc-Wen model

The classical Bouc-Wen model described in the previous chapter was used directly in
references [24, 26] to model the rolling and sliding friction of roller and pot bearings
respectively. As explained in previous chapters, the coefficient of friction of steel-
PTFE contact interfaces is highly dependent on the contact pressure p, the slip-rate
u̇ and the contact temperature T :

µ = fµ(p, u̇, T ) (4.4)

None of these effects are captured by the classical Bouc-Wen model. However, it can
easily be modified to include the properties of steel-PTFE friction, see e.g. references
[16, 6].

Consider the classical Bouc-Wen model as a model of friction. Then, the friction
force is given by the restoring force

F (t) = µN = µpAPTFE (4.5)

We now seek a physically sound way of relating the coefficient of friction to the
Bouc-Wen model parameters. From basic theories of friction, we know that

a� 1 (4.6)

and that
k0 � kp (4.7)

Furthermore, the plastic limit force Fp, or rather, the friction force Fµ is related to
the initial stiffness:

Fp = Fµ = Dk0 (4.8)
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Thus, if we want to use the Bouc-Wen model to include the slip-rate and contact
pressure dependency of the coefficient of friction, we need to relate the plastic de-
formation limit D to the coefficient of friction somehow. Actually, this appears like
a quite natural extension and gives us:

µpAPTFE = Dk0 (4.9)

or,

Dµ(p, u̇, T ) =
APTFE

k0
pµ(p, u̇, T ) (4.10)

If the coefficient of friction is known, this expression can be directly inserted into
the Bouc-Wen model. If the coefficient of friction is not known, experimental data
such as that provided by Dolce et al. [8] could be used to represent the coefficient of
friction, or, as in the present case, the measured force-displacement relations from
the bearing tests can provide a coefficient of friction.

4.3 Numerical implementation

The mode described above was first implemented in Matlab. Here, simple single
degree of freedom models including the bearing hysteresis were studied. The fourth
order Runge-Kutta method was used to solve the equations in motion. This type
of models have been described in reference [24] and will not be described in more
detail here.

In order to apply the model in more general structural models, the generalized
Bouc-Wen model was also implemented as a user defined subroutine in Abaqus.
Here, direct integration methods were used and the non-linearity was treated by
Newton’s method, as implemented in Abaqus.

The implementation could thus be verified by comparison between the Matlab and
Abaqus implementations. As shown in Figure 4.3, the excellent agreement between
these two very different approaches allowed the project to move on to case studies
in two- and three-dimensional models of existing railway bridges.
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Figure 4.3: Comparison between single-degree-of-freedom models of a lubricated
steel-PTFE friction test from Dolce et al. [8] and the Bouc-Wen models
implemented in Matlab and Abaqus.

The Runge-Kutta method used in Matlab needed very small time steps (∆t ∼ 10−5 s)
to obtain accurate solutions. It is quite natural for explicit integration schemes to
pose such high demands on the time step, but at the same time, no iterations
were needed. The implicit scheme used in Abaqus allows for considerably larger
time steps (∆t ∼ 10−3 s), similar to the accuracy demands with respect to linear
structural dynamics for structures with natural frequencies in the range 0–100Hz.

Assuming that the influence of the rotation of the bearing is negligible, the exponen-
tial model (equation 2.1) was used to model the coefficient of friction for steel-PTFE
was used also to model the friction of pot bearings. As described in chapter 3, the
influence of the rotation of the pot bearing on the friction force could not be stud-
ied, since the test rig was too flexible. Therefore, this model is equivalent to the
modelling of the kinetic coefficient of friction for the combination of lubrication and
PTFE used in the tested bearing.

The pressure dependency of the parameters µmin and µmax was modelled using
logarithmic functions and for the parameter α a second order polynomial was used.
Equations (4.11)–(4.13) were obtained from the multi-directional bearing tests:

µmin =


0.017, p < 0.1MPa
−0.003 ln p+ 0.052, 10MPa ≤ p < 30MPa
5.0 · 10−5, p ≥ 30Pa

(4.11)

µmax =


0.12, p < 0.1MPa
−0.020 ln p+ 0.35, 10MPa ≤ p < 30MPa
0.010, p ≥ 30Pa

(4.12)
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α = 2.0 · 10−13p2 − 3.5 · 10−6p+ 70 (4.13)

while equations (4.14)–(4.16) show the corresponding functions for the uni-directional
bearing tests:

µmin =


0.037, p < 0.1MPa
−0.006 ln p+ 0.11, 10MPa ≤ p < 30MPa
0.0021, p ≥ 30MPa

(4.14)

µmax =


0.19, p < 0.1MPa
−0.03 ln p+ 0.54, 10MPa ≤ p < 30MPa
0.02, p ≥ 30MPa

(4.15)

α = 1.0 · 10−13p2 − 2.8 · 10−6p+ 50 (4.16)

The expressions for µmin and µmax reflect the range of the tests, i.e. the limitation to
bearing pressures ranging between 1–20MPa for the uni-directional bearing and 0.7–
14MPa for the multi-directional bearing. Pressures below say 1MPa are irrelevant in
the applications considered here, since otherwise, the structures could be completely
displaced from their supporting structures under severe loads. Therefore, it seems
sound to fix the parameter values for low pressures. The model functions have been
used to extrapolate the models to 30MPa. At higher pressures than 30MPa, the
model functions may produce negative values in the kinetic coefficient of friction,
thus resulting in unstable solutions.

In addition to the modelling of the friction coefficient, the implementation of the
bearing model also required some special attention when calculating the equivalent
plastic displacement D = f(u̇, p). In equation (4.2), which governs the BW internal
variable z, the plastic displacement limit appears in the denominator. Initially,
before the dead-weight of the superstructure has been applied to the bearings, the
bearing pressure is zero. According to equation (4.10), this leads to the initial value
of D also being equal to zero. This causes numerical instabilities that were dealt
with by defining the equivalent plastic displacement limit as

D(u̇, p) =

{
APTFEp0µ(u̇,p0)

k0
, p < p0

APTFEpµ(u̇,p)
k0

, otherwise
(4.17)

where p0=1kPa. Clearly, the loads applied to a structure in which these bearing
models are used cannot be allowed to produce negative pressures over the bearings.

26



Chapter 5

Modelling of bridges

This chapter describes the modelling of four railway bridges on which measurement
campaigns have been performed by KTH. The finite element modelling approach
used is described in section 5.1 and the case studies are described in section 5.1.

The main purpose of these modelling efforts was to indirectly validate the bearing
model by using it in simplified models of real bridges, aiming at a reasonably accu-
rate idealization of the fundamental mode of vibration. The validation of the bearing
model relies on the comparison of the instantaneous frequency and modal damping
ratio between the theoretical models presented here and data available from mea-
surements on the bridges in question. However, the bridges from which validating
data was available are concrete bridges with comparatively small eccentricities be-
tween the neutral axis and the support points. Therefore, a purely theoretical case
study on a bridge with a large eccentricity (case 4) is also presented.

The experimental data available on most of these bridges consist in the free vibration
signals obtained after the passage of trains. This data is limited in the amplitude of
vibration and to the fundamental mode of vibration. For these reasons, the analysis
is limited to the fundamental mode of vibration in the theoretical models.

The bridges Ullbrobäcken (case 1) and Sagån (case 2) are located in the region
near Stockholm and have been in operation under much more heavy traffic, during
a longer period of time, than the bridges Aspan (case 3) and Banafjäl (case 4),
which are located along the Bothnia Line in the northern parts of Sweden. Table
5.1 summarizes the most basic facts about these bridges.

5.1 Finite element models

The models defined within this project consists of two-dimensional Euler-Bernoulli
beam models. The eccentricity between the neutral axis of the beams and their
support points was modelled using rigid links. The flexibility of the supports was
modelled using elastic springs representing the flexibility of both the foundations
and the supporting structures. In the present context, the horizontal support stiff-
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Table 5.1: The basic properties of the case study bridges.

Name Case id. Type Nr. of spans

Ullbrobäcken 1 Post-tensioned concrete
w. end-shields 2

Sagån 2 Post-tensioned concrete
w. end-shields 3

Aspan 3 Reinforced concrete
w. end-shields 1

Banafjäl 4 Steel-concrete
composite 1

ness must be given special attention. Otherwise, the relative displacement over the
bearings may be overestimated, hence leading to overestimated dissipation of energy
due to the work of the bearing friction forces. In terms of the natural frequency of
the fundamental mode of vibration, the vertical support stiffness can have a cer-
tain influence, but here the beam section properties have primarily been used to
match the natural frequency of the fundamental mode of vibration of the bridges.
In addition to the support springs, viscous dampers were added in parallel, with
relatively small values. The purpose of these dampers was mainly to stabilize the
solutions which may behave strangely if the damping matrix has very small entries.
The damping at small amplitudes of vibration was modelled by adjusting Rayleigh
damping to the damping ratios estimated from the tests. The additional stiffness
and damping of the interface between the end-shields and the embankments can
have a significant influence on the dynamic properties [1, 18]. In particular, by
generating wave motions in the embankments and the surrounding soil, this form of
soil-structure interaction appears to have a very beneficial influence on the dynamic
properties of certain bridges with end-shields. In the present context this effect has
been modelled using elastic springs and viscous dampers in the vertical direction
and for the rotation around the transversal axis of the bridges.

The track and its structural components were only included in terms of the mass of
the ballast which was weighted into the density of the bridge decks ρ according to

ρ =
Adeckρdeck + Aballastρballast

Adeck
(5.1)

Naturally, considering all these aspects lead to a rather complex model updating
task, especially when considering the non-linear effects involving the bearings. How-
ever, the structural model parameters should be reasonably well estimated in the
linearised state at very small amplitudes of vibration. Furthermore, sufficient ex-
perimental data to motivate such efforts were only available for the case 3 bridge
(for more information, the reader is referred to reference [1]).

The efforts to choose model parameters in order to match the fundamental frequency
of each bridge with those estimated from the measurements were primarily focused
on varying the elastic properties and density of the bridge cross sections.
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The case 1 and 2 bridges were analysed in reference [24], assuming a rate-independent
friction model, developed to study the influence of roller bearings in reference [26],
to represent their pot bearings. The measurements of free vibrations from these
bridges provide us with data for vertical bridge deck accelerations up to 0.2m/s2
and 0.3m/s2, respectively. As shown in figure 6.7, the analysis based on the rate-
independent bearing friction model did not provide a good qualitative match be-
tween the experimental data and the theoretical models. However, in the light of
the current work, this would have been expected, as the steel-PTFE friction coeffi-
cient is highly dependent on the slip-rate. These two bridges are used as case studies
for the validation of the model developed here.

The case 3 bridge differs form the case 1 and 2 bridges in the following ways:

- The case 3 bridge is not post-tensioned.

- The case 3 bridge is younger and the railway is less heavily trafficked.

The excitation used on the case 3 bridge included the use of a hydraulic exciter [3]
which provided us with frequency response functions in addition to the responses
measured during train passages. This gives considerably better possibilities to per-
form model updating as reported in reference [1].

Finally, the case 4 bridge was analysed without validation, apart from ensuring that
the theoretical fundamental frequency at small amplitudes of vibration matches that
obtained from the test. Simply supported light and stiff bridges have been regarded
as unsuitable for applications in high-speed railways. However, a prerequisite of
obtaining a structure with such properties is that it has a relatively high cross-
section. This, in turn leads to a large eccentricity between the neutral axis of the
beam and its supports and hence, should exhibit favourable dissipation of energy
caused by bearing friction. This was clearly shown in reference [26] for the case of
a simply supported steel-concrete composite bridge on roller bearings. This further
motivates the use of the case 4 bridge as a case study to perform an equivalent
analysis for this bridge type but with pot bearings instead of roller bearings.
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5.2 Ullbrobäcken (Case 1)

Ullbrobäcken (case 1, see figure 5.1) is a post-tensioned concrete plate bridge carrying
two railway tracks. It has two equal spans of 24m length with end-shields. The
bridge deck rests on pot bearings on all three supports, with fixed bearings at the
middle support. The foundations consist of pile groups with mean pile lengths
varying between 4.5–10.5m.

The cross section was modelled as a rectangular section with width 8m and height
1.5m (1.83m over the middle support).

The concrete modulus of elasticity and density was adjusted to 36GPa, and 3228 kg/m3

(3053 kg/m3 over the middle support), respectively and the Rayleigh damping coef-
ficients were set to α = 0.08 and β = 8 · 10−6.

The eccentricity between the neutral axis and the support points was 0.85m.

The embankment/end-shield stiffness parameters were set to kx = 1GN/m, kz =
1GN/m and kθ = 20GN/m. The supports were assumed to be rigid.

The design load for the bearings was 7MN, equivalent to a TOBE bearing of type
60. Multi-directional bearings of this type have a PTFE disk area of approximately
0.17m2. With two bearings at each support, the total PTFE area was assumed to be
APTFE = 0.34m2. The elastic stiffness of the bearing model was set to k0 =1GN/m.
The dead-weight at each of the movable supports was assumed to be 5MN.

Figure 5.1: The case 1 bridge.
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5.3 Sagån (Case 2)

Sagån (case 2, see figure 5.2) is a post-tensioned concrete beam bridge carrying one
railway track. It has three spans of length 18.5/26/18.5m length with end-shields.
The bridge deck rests on pot bearings on all four supports, with fixed bearings at
the second support. The foundations consist of pile groups with mean pile lengths
varying between 7.0–16.0m and a shallow foundation at support 2, where the fixed
bearings are placed.

The cross section was modelled as a rectangular section with width 3m and height
1.7m.

The concrete modulus of elasticity and density was adjusted to 35GPa, and 2950 kg/m3,
respectively and the Rayleigh damping coefficients were set to α = 0.035 and
β = 3.5 · 10−5.

The eccentricity between the neutral axis and the support points was 1.3m.

The embankment/end-shield stiffness parameters were set to kx = 1GN/m, kz =
1GN/m and kθ = 20GN/m. Supports 1, 3 and 4 were assumed to be flexible with
kx = 1.5GN/m, kz = 30GN/m and kθ = 100GN/m while support 2 was assumed
to be rigid.

From the design loads for the bearings TOBE bearings of type 40 (APTFE = 98980mm2)
was assumed at the end supports and TOBE bearings of type 60 at support 3. The

Figure 5.2: The case 2 bridge.
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elastic stiffness of the bearing model was set to k0 =0.6GN/m. The dead-weight
at end supports and intermediate support was assumed to be 2.5MN and 5.0MN,
respectively.

5.4 Aspan (Case 3)

Aspan (case 3, see figure 5.3) is a single-span reinforced concrete plate bridge with
end-shields and a span length of 24m. The bridge deck carries one track and rests on
pot bearings at both supports. The model parameters used were taken from reference
[1]. The TOBE type 60 bearings were assumed, and with two bearings the total
PTFE area was taken as 0.34m2 with an initial bearing stiffness of k0 =1.0GN/m.

The eccentricity between the neutral axis and the support points was 0.73m.

Figure 5.3: The case 3 bridge.
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5.5 Banafjäl (Case 4)

Banafjäl (case 4, see figure 5.4) is a steel-concrete composite bridge carrying one
track. It is simply supported with a span length of 42m and pot bearings at both
supports. The section was modelled using a general section with area 0.57m2, area
moment of inertia 0.61m4, equivalent density 24000 kg/m3, modulus of elasticity
210GPa and the Rayleigh parameters α = 0.22 and β = 2.2 · 10−4.

The eccentricity between the neutral axis and the support points was 2.0m.

Again, the TOBE type 60 bearings were assumed, and with two bearings the total
PTFE area was taken as 0.34m2 with an initial bearing stiffness of k0 =1.0GN/m.

With these model parameters, estimates of the natural frequency (3.8Hz) and modal
damping ratio (0.7%) for small amplitudes of vibration in the fundamental mode of
vibration were well matched.

The substructures were assumed to be rigid in the vertical direction, while their
longitudinal stiffness was varied between three discrete values, kx = 108, 109 or
1014N/m. These values correspond to having a substructure stiffness that is either
weaker than the initial bearing stiffness, equal to the initial bearing stiffness or
infinitely stiff.

Figure 5.4: The case 4 bridge.
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Chapter 6

Results

6.1 Bearing tests

The test rig was found to be somewhat too flexible for the most extreme testing
conditions initially aimed at. Therefore, the idea of changing the eccentricity was
abandoned and the testing was limited to an eccentricity of 1m. The flexibility of
the test rig still appears to have influenced the tests, particularly when combining
large contact pressure with high slip-rates.

The uni-directional bearing was tested first and the multi-directional bearing after-
wards. All the adjustments of the test rig were performed using the uni-directional
bearing and therefore, it was subjected to a significantly larger number of load cycles
than the multi-directional bearing. Consequently, much more wear was observed in
the test on the uni-directional bearing than in the test on the multi-directional bear-
ing. When the uni-directional bearing was dismounted, considerable wear could be
observed. PTFE wear debris is clearly visible in figure 6.2, which shows the uni-
directional bearing while still mounted in the test rig and figure 6.1 which shows the
dismounted uni-directional bearing.

Geometrical imperfections in the test rig contributed significantly to the wear in the
uni-directional bearing. The geometrical imperfection caused the sliding plate to
lean against the guide from one and the same direction all the time. This gave rise
to an uneven distribution of the contact pressure on the PTFE plate, concentrated
towards a region close to the guide (see figure 6.1). There, a grove was produced and
much of the wear debris is believed to originate from this grove. Furthermore, the
coefficient of friction in the uni-directional case was found to be approximately twice
as high as in the multi-directional case. This much higher coefficient of friction can
probably be explained by the additional friction caused by the sliding plate being
continuously in contact with the guide.
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Figure 6.1: The uni-directional bearing after its test procedure and all the adjust-
ments of the test rig.
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Figure 6.2: The uni-directional bearing, still mounted in the test rig, after its test
procedure and all the adjustments of the test rig.

6.1.1 Force-displacement relation

The force-displacement relationships obtained from the entire testing sequence are
shown in figure 6.4. The corresponding back-bone curves are shown in figure 6.5.
This data is presented in individual figures in appendix A.

The model parameter k0 is needed in the Bouc-Wen model and has been roughly
evaluated by means of figure 6.3. This parameter appears to be dependent on the
frequency of the motion, or equivalently, the slip-rate. However, k0 could equally
well depend on the acceleration of the sliding motion. From the available data, it
was found that at very slow motions, the initial stiffness is approximately kmin

0 =
4 kN/0.04mm = 108N/m and at the fastest motion, kmax

0 = 4 kN/0.004mm =
109N/m.

The test sequence consisted in 16 different tests (see section 3.2) where the displace-
ment amplitude over the bearing was set to 2mm. Clearly, the pump could not
produce a sufficient oil flow when combining high contact pressure with high slip-
rate, especially for the uni-directional bearing. For the highest slip-rates, a clear
stick-slip behaviour can also be seen. This indicates that the test rig was somewhat
too flexible for the test conditions where the largest friction forces are produced.

Nevertheless, a number of general observations can be made in these figures:

1. The friction force in the uni-directional bearing is considerably higher than
in the multi-directional bearing. This was most likely caused by geometrical
imperfections in the test rig that appear to have forced the sliding plate to
lean against the guide.
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Figure 6.3: This figure shows a selection of the back-bone curves determined from
the tests of the multi-directional bearing. The black lines indicate rough
estimates of the initial stiffness k0 for the slowest and fastest tests, i.e.
0.01Hz and 5.0Hz.

2. The qualitative behaviour is conforming with previous knowledge regarding
steel-PTFE friction, i.e. the coefficient of friction increases with the slip-rate
and decreases with contact pressure.

3. The breakaway friction is 10-20% greater than the sliding friction. For slip-
rates greater than 10mm/s, the difference between the break-away friction
and the sliding friction appears to drown in the variation of the sliding friction
coefficient.

4. Stick-slip appears when combining high contact pressure with high-slip-rates.

Furthermore, it can be seen that the shape of the hysteresis loops is rather sharp for
the lower slip-rates, while it becomes rounder in the case of higher slip-rates. This
can be explained by the slip-rate dependency of the sliding friction which follows
approximately an exponential function as described in section 2.1.

For the largest normal force and the highest slip-rates, the oil-flow deficiency be-
comes quite apparent as the number of cycles is large enough to capture how the
control system is trying to increase the applied displacement and is improving as
the number of cycles increase. As the number of cycles increase, the loops become
wider and wider. However, this is quite disturbing as one can also observe the ”cyclic
effect”, i.e. the reduction of the coefficient of friction with the number of load cycles.

38



6.1. BEARING TESTS

Figure 6.4: The force-displacement hysteresis loops from the entire testing sequence.
Uni-directional (blue curves), mulit-directional (red curves).
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Figure 6.5: The back-bone curves from the entire testing sequence. Uni-directional
(blue curves), mulit-directional (red curves).
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6.1.2 Moment-rotation relation

The moment-rotation relation over the bearing was measured by means of the three
vertical load cells and the two LVDT’s 181 and 182. The moment-rotation relation-
ships obtained from the entire testing sequence are shown in figure 6.6. This figure
also shows the theoretical moment resistance specified by KB Spennteknikk and the
EN 1337-5:2005 standard [21]. It can be observed that the measured moment resis-
tance is always less than the bound provided by this standard, when the measured
friction force is used. This data is presented in individual figures in appendix B.
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Figure 6.6: The moment-rotation hysteresis loops from the entire testing sequence.
Uni-directional (blue curves), multi-directional (red curves).
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6.2 The bearing model

The validity of the bearing model described in chapter 4 was verified by comparing
the amplitude dependency of the natural frequency and equivalent modal damping
ratio of the theoretical models of the case 1 and case 2 bridges with the corresponding
measured quantities obtained from free vibrations. These quantities were computed
by means of the Hilbert transform, as described in references [10, 24]. In reference
[24] the following functions, where the indices indicate the case number, were fitted
to the available free vibration data:

f1(a) = 5.04− 1.25a (6.1)

ξ1(a) = 0.006 + 0.06a (6.2)

f2(a) = 5.78− 0.1a (6.3)

ξ2(a) = 0.007 + 0.02a (6.4)

The theoretical results obtained for the case 1 and case 2 bridges, using the bearing
model are shown in figure 6.7. Qualitatively, the theoretical models agree well with
the experimental data in the available range of vertical bridge deck acceleration.
Quantitatively, there are some small deviations between the theoretical and exper-
imental results, but further refinements in terms of model calibration could not be
motivated due to the limitations in the experimental data for these bridges.

For the case 3 bridge, attempts were made to make a similar comparison, but it
appears as if the bearing friction has very little influence on its dynamic properties.
The amplitude dependency of the fundamental mode of vibration of this bridge was
reported in reference [1]. The corresponding frequency and damping ratios can be
described by the following functions:

f3(a) = 6.7− 2.0a (6.5)

ξ3(a) = 0.007 + 0.1a (6.6)

The rate of change in these functions is clearly higher than those for the case 1 and
case 2 bridges. However, the eccentricity of the case 3 bridge is comparable to that
of the case 1 bridge and the bearing dimension is quite similar in all three cases.
Therefore, it seems reasonable to assume that the non-linear effects observed in the
case 3 bridge originates from some other source of non-linearity.

In the following subsections, more detailed results are presented for the case 1 and
case 2 bridges. This include the bearing variables and parameters, i.e. displacement,
slip-rate, pressure, the Bouc-Wen internal variable, the equivalent plastic displace-
ment limit, the kinetic coefficient of friction and the friction force. In addition to
these quantities, the vertical displacement and acceleration at the middle of the first
span and the force-displacement hysteresis loops for each bearing are also presented.

Some general observations can be made in the model parameters of the Bouc-Wen
bearing model. The equivalent plastic displacement limit and the coefficient vary
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Figure 6.7: Comparison between the theoretical (thin lines) and experimental (thick
lines) amplitude dependent modal properties of the case 1 and case
2 bridges. The corresponding theoretical results based on the rate-
independent bearing model in reference [24] are shown with dashed lines.

quite much during cyclic motion. This is a consequence of the slip-rate dependency
of the coefficient of friction, which varies from very small values in the order of 0.001
up to 0.05. Near the points where the direction of the friction force is reversed,
the displacement also changes sign so there, the slip-rate is near zero Therefore, at
the load reversals, a glitch can be observed in the force-displacement loops over the
bearings. A similar behaviour was also observed in some of the bearing tests, but
them in a more smooth fashion. The glitch in the Bouc-Wen bearing model could
be caused by the fact that the break-away friction has been neglected. Since this
occurs in a region where the friction force is very small, it is not very likely to affect
the global structural response.
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6.2.1 Ullbrobäcken

Figure 6.8 shows the structural response in terms of vertical bridge deck displacement
and acceleration at the middle of the first span and the beam rotations over supports
1 and 3 while Figures 6.9 and 6.10 show the bearing model parameters for the
Ullbrobäcken (case 1) bridge.

Figure 6.8: The vertical bridge deck acceleration and displacement and the rotation
of the bridge deck over the bearings of the case 1 bridge for an impulsive
load of 4MN, applied at the middle of the first span.
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Figure 6.9: The bearing model parameters and variables for an impulsive load of
4MN, applied at the middle of the first span.
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Figure 6.10: The force-displacement hysteresis loops of the bearings of the case 1
bridge for an impulsive load of 4MN, applied at the middle of the first
span.
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6.2.2 Sagån

Gigure 6.11 shows the structural response in terms of vertical bridge deck displace-
ment and acceleration at the middle of the first span and the beam rotations over
supports 1, 3 and 4 while Figures 6.12 and 6.13 show the bearing model parameters
for the Sagån (case 2) bridge.

Figure 6.11: The vertical bridge deck acceleration and displacement and the rotation
of the bridge deck over the bearings of the case 2 bridge for an impulsive
load of 3MN, applied at the middle of the bridge.
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Figure 6.12: The bearing model parameters and variables for an impulsive load of
3MN, applied at the middle of the bridge.
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Figure 6.13: The force-displacement hysteresis loops of the bearings of the case 2
bridge for an impulsive load of 3MN, applied at the middle of the bridge.

6.2.3 Aspan

As explained earlier, for the case 3 bridge, the bearings could not explain the ob-
served non-linear behaviour. Figure 6.14 shows the vertical bridge deck acceleration
during the passage of an X62 train at 185 km/h, Three different model assumptions
are shown: simply supported, fixed bearing translations and the non-linear Bouc-
Wen bearing model. In terms of the frequency of the fundamental mode of vibration,
the two extreme cases of free or fixed translations should in some sense contain all
possible outcome from the non-linear bearing model. Clearly, regardless of whether
the bearings are fixed or free to move, the observed variation in the frequency of
the fundamental mode of vibration cannot be explained by the bearing mechanism.
In the time domain, fixed bearings changes the qualitative behaviour completely, so
this extreme case can be directly ruled out. In the frequency domain, it perhaps
even more clear that the possible variations in natural frequency can never be as
large as that observed. Further research is needed in order to rule out that the
model updating presented in reference [1], which was based on a linearised model,
did not result in a biased solution. However, this is outside the scope of this report.
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Figure 6.14: The vertical bridge deck acceleration of the case 3 bridge at mid-span
during the passage of an X62 train at 185 km/h. Three different mod-
els are compared to a measured signal (Test At1); free and fixed are
linear bearing models where the extreme cases of friction-less or fully
restrained horizontal motion are modelled and BW is the non-linear
bearing model.

6.2.4 Banafjäl

The results presented in this section are not part of the efforts to validate the bearing
model. Instead, the purpose is to illustrate the possible outcome of applying the
improved bearing model on a structure where the bearing mechanism are more likely
to have a large influence on the frequency and modal damping ratio. It should be
noted that the validation of the bearing model is still limited to the case 1 and case

51



CHAPTER 6. RESULTS

2 bridges and the available range of amplitude of vibration from free vibration tests
on these two bridges. Nevertheless, these preliminary results for the case 4 bridge
are rather encouraging, as an increase of the damping ratio of a factor 2 would most
likely suffice to prove that the bridge fulfils the Eurocode requirements in terms of
the HSLM ananlysis.

Figure 6.15 shows how the variation in the natural frequency modal damping ratio
of the fundamental mode of vibration depends on the longitudinal stiffness of the
supports. Figures 6.16 and 6.18 show the bearing model parameters for the Banafjäl
(case 4) bridge while figure 6.17 shows the structural response in terms of vertical
bridge deck displacement and acceleration at the middle of the first span and the
beam rotations over supports 2, i.e. the support with the moveable bearings. In
addition to these results, figure 6.19 presents the bending moment over the supports.
This figure clearly shows that the frictional restraint of the bearings may have a
considerable influence on bending moments at the beam ends.

Figure 6.15: The natural frequency and equivalent modal damping ratio assuming
different longitudinal support stiffness for the case 4 bridge under an
impulsive load of 1.5MN, applied at the middle of the first span.
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Figure 6.16: The bearing model parameters and variables for an impulsive load of
1.5MN, applied at the middle of the first span.
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Figure 6.17: The vertical bridge deck acceleration and displacement and the rotation
of the bridge deck over the bearings of the case 4 bridge for an impulsive
load of 1.5MN, applied at the middle of the first span.



Figure 6.18: The force-displacement hysteresis loops of the bearings of the case 4
bridge for an impulsive load of 1.5MN, applied at the middle of the
first span.



Figure 6.19: The bending moment over the supports of the case 4 bridge for an
impulsive load of 1.5MN, applied at the middle of the first span. Note
that the term fixed means a pot bearing with fixed translation, i.e. the
rotation of the beam is only restrained by the stiffness of the bearing.



Chapter 7

Discussion and future work

7.1 Laboratory tests

The testing of the bearings using a very simple test rig built from old parts available
at the laboratory turned out to be the most time consuming task in this project. A
number of small adjustments were made until it was judged unlikely that any im-
provements could be achieved. The test rig was too flexible for eccentricities smaller
than 1m and the oil flow deficiency in the pump system for the hydraulic cylinders
limited the range of the sliding speeds that could be studied. But nevertheless,
under test conditions for which the system was sufficient, the results appear to be
sound and correct when considering previous research on the friction in steel-PTFE
contacts.

Due to the small rotation angles, one could argue that the test performed here is
very similar to previously reported linear displacement tests, for the combination of
steel, PTFE and lubrication that TOBE use in their bearings. The main difference
between these two tests hoewever, lies in the deformation of the rubber within the
pot, which influences the initial stiffness of the force-displacement relationship (k0).
As further discussed in the following section, the linear mechanism does seem suf-
ficient to model the influence of pot bearings on the dynamic properties of many
bridges in the serviceability limit state. Under such conditions, the relative displace-
ment and the rotation of the bridge superstructure over the bearings are small with
respect to the assumptions related to the theories of elastic solids and the design
criteria of the bearings.

The influence of the guiding device in the tests of the unidirectional bearing raises
the question whether this effect can exist in real bridges. In particular, some re-
design of the guiding device could most likely reduce the friction in unidirectional
bearings and thereby increase their durability. However, it is quite possible that
the testing device used in our tests imposes a larger horizontal force component on
the guiding device than one would expect in a bridge structure where the structural
stability in the horizontal plane is provided by at least two restraints in each of two
directions.
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The main lessons learned from trying to perform these tests and from presenting
our efforts and results at international conferences (IJBRC [27] and EVACES [28])
have nevertheless proven to be highly useful and do indeed motivate further stud-
ies. Most research in this field is focused on seismic devices and special bearings,
dampers and joints for very large structures. The fact that our efforts have been rec-
ognized within the research community shows the relevance of this topic, although
the number of publications concerning the influence of friction mechanisms on the
dynamic properties of short to medium span bridges in the serviceability limit state
is still quite small. The perhaps most important outcome from these international
contacts is an awareness of testing facilities for the type of tests that are needed
here, which already exist within the research organisations and industries related to
bearings and other frictional devices designed for mitigation of seismic effects. Sev-
eral European organisations have testing machines that could be adjusted for the
types of tests discussed here and Caltrans (US) has a testing machine specifically
designed for bearings. Testing of pot bearings for our purposes should in the future
be performed by these organisations.

7.2 The bearing model

The agreement between the theoretical models including the bearing model and the
free vibration data from the case 1 and case 2 bridges is highly encouraging and
shows considerable improvements compared to the rate-independent model used
previously [24]. A number of implications follow from the fact the model appears to
capture the relevant phenomena:

1. The fine details of the steel-PTFE friction, i.e. the break-away friction and
possible effects of stick-slip appear to have little effect on the dynamic prop-
erties of the fundamental mode of vibration.

2. The rotation of the bearings appears to have little effect on the dynamic prop-
erties of the fundamental mode of vibration.

3. Scale effects related to the size of the bearings do not seem important for this
application.

That the break-away friction, or static coefficient of friction, appears to have little
influence can be understood by simple reasoning. From the laboratory tests and
previous tests performed on both bearings and on linear steel-PTFE contacts, the
break-away friction influences the hysteresis loops in two ways; (1) in the initial cycle
the force has to increase to a certain threshold before sliding begins and (2) at each
load reversal, a more or less clear bump appears with a lower threshold value than
for the initial cycle. The break-away friction of the initial cycle is highly dependent
on ambient temperature, the amount of wear debris and pollutants in the contact
interface and the dwell time. These aspects have not been considered here because
they are very unlikely to give rise to relevant effects in the application at hand.
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This is easily understood by considering the difficulties of creating truly clamped
conditions in common civil engineering structures and can be illustrated using the
case 4 bridge as an example. If the beam is assumed to be clamped by setting the
bearings at both ends fixed and arguing that the eccentricity is absolutely rigid, the
end moments M for a point load P at the middle of the beam can be computed
as M = PL/8 = 5.75P . With the eccentricity e = 2m, the horizontal force F on
the fixed bearing will be F = M/e. Assuming a typical axle load of P = 170 kN .
These expressions give the force F = M/e = 5.75 · 170/2 ≈ 500 kN. This force is
approximately 4 times higher than the friction force that develops at the moveable
bearings and therefore, the static coefficient of friction would have to be 4 times
higher than the kinetic coefficient of friction in order for the bearing to behave as if
it was fixed. Typically, the break-away friction is not higher than twice the sliding
friction. This, in combination with the fact that at the very minimum, two axles
(one boggie) must be present on the bridge, suggests that the break-away friction
will not be able to withstand the motion of the structure. The influence of the break-
away friction at the load reversals is typically smaller than during the initial cycle.
It could affect the total energy dissipated by the bearing. Neglecting the break-away
friction in this context seems like a sound approximation since its contribution to
the area of the hysteresis loop is quite small. However, it could also influence the
threshold under which the relative motion over the bearing ceases. All the tests and
analyses within the scope of this project have been performed at room temperature.
Previous studies (see e.g. reference [6]) clearly show that the coefficient of friction
and the break-away friction increases considerably at lower temperatures.

Definite conclusions cannot be drawn solely on basis of this preliminary study. The
following aspects of the validation of the bearing model needs to be addressed:

1. The models used to validate the bearing model should be refined so as to in-
clude at least one torsional mode and the second bending mode of vibration.
In order to do this, more extensive testing of the bridges is required, prefer-
ably using the methodology based on an hydraulic exciter [3, 1] (to obtain
frequency response functions for model updating at small amplitudes of vibra-
tion). However, to enable acceleration levels relevant to the design code limits,
this testing device needs to be upgraded with a more powerful pump and it
should also be mounted on the track instead of underneath the bridges.

2. An extension of the bearing model to planar motion is straight forward and
could easily be implemented, thus enabling three-dimensional models of the
bridges.

3. The case 3 bridge could not be shown to fall into the category of bridges where
the bearing friction has considerable influence on the dynamic properties. In
order to gain enough confidence in our understanding of the related phenom-
ena so as to motivate the use of bearing models of this kind in predictive
calculations, the reasons for this must be clarified.

Considering the fact that the addition of the rate-dependency of the steel-PTFE
friction in the Bouc-Wen model did considerably improve the qualitative response
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of the theoretical models, some further theoretical analyses were performed. The
case 4 bridge is a steel-concrete composite bridge situated along the Bothnia Line.
Several bridges of this type have been identified as non-conforming to the Eurocode
requirements when simple beam models are used to describe their dynamic response
under the HSLMA loads [2]. Since this type of bridges have comparatively large
eccentricities between the neutral axis and the support points, the bearing friction
could be expected to dissipate a significant amount of energy during states of reso-
nance. Measurements of vertical bridge deck acceleration during train passages on
this particular bridge have not provided us with any free vibration signals that could
be used in validating calculations for this bridge. However, this also implies that
much energy is being dissipated through some other mechanisms than the material
damping. Therefore, a purely theoretical analysis was performed for this bridge,
including the improved bearing model. The main structural component that could
influence the efficiency of the energy dissipation at the bearings is the longitudi-
nal stiffness of the abutments. If the abutments are more flexible than the initial
stiffness of the bearings, the relative motion over the bearings will be reduced, thus
reducing the work done by the bearing friction force. The tests show that the initial
bearing stiffness k0 lies in the range of 108–109N/m, which is in the same order of
magnitude as the longitudinal stiffness of end-shields and portal frame walls [18, 15].

The theoretical results obtained for the case 4 bridge are highly encouraging with
respect to the dissipated energy in states of resonance but at the same time reveal
some non-conservative effects that may arise from the assumption of frictionless
bearings and by neglecting the eccentricity between the support point end the neu-
tral axis of the beam in static design. If a truly simply supported beam is assumed,
the support moments are zero whereas the analysis proposed herein suggests that
the support moment produced by traffic loads can be significant, in particular with
respect to fatigue.

The equivalent modal damping ratio increases significantly with the amplitude of
vibration and it can be immediately concluded that if this occurs in reality, the case
4 bridge will certainly fulfil the design code requirements. This very high damping
ratio supports the difficulties of obtaining free vibration signals to analyse from the
measurements performed on the case 4 bridge. Clearly, to verify this in reality, one
cannot rely on passing trains as a source of excitation.

7.3 Future work

In what follows, the most important research topics within this field, inspired by
the research results of this project, are summarized. Some are related to bridge
dynamics and some to maintenance of bearings with steel-PTFE contact interfaces.

- The bearing tests should be verified by tests performed by a testing agency
who already has the necessary testing machines, i.e. rigs that are stiff enough
and hydraulic systems that can produce the needed oil flows. These tests
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should be performed on full-scale bearings of different sizes, relevant for bridge
applications.

- The possibility of defining a procedure to determine the necessary Bouc-Wen
model parameters from the standardised tests [20] on the coefficient of fric-
tion in pot bearings and the linear steel-PTFE tests (e.g. [16, 8]) should be
explored.

- The case 1, case 2 and case 4 bridges should be subjected to a testing proce-
dure based on excitation using hydraulic cylinders to determine their dynamic
properties both at small amplitudes of vibration and at as large amplitudes of
motion as possible.

- The case 4 bridge, and preferably other bridges in the northern parts of Swe-
den should be monitored and tested during a longer period of time in order
to capture the effects of the annual variation in temperature on the coeffi-
cient of friction of the bearings. It would be ideal to combine this monitoring
programme with a series of forced vibration tests at different ambient temper-
atures.

- The case 3 bridge should be given some further attention in order to evaluate
alternative mechanisms that could explain the observed non-linear behaviour.
The most likely candidate appears to be the interaction between the end-
shields and the embankments.

- It is possible that the heat generated during a state of resonance reduces the
coefficient of friction, and thereby, the amount of dissipated energy. Therefore,
the model should be augmented with a measure of heat (see e.g. reference [14])
in order to quantify this effect.

- The wear of lubricated steel-PTFE contact interfaces should be further stud-
ied, in particular in relation to the choice of bearing dimensions and deliber-
ately choosing a combination of structural system and bearings so as to utilize
the bearing friction for energy dissipation. The interaction between contact
temperature, contact pressure and the friction thus generated should be care-
fully studied in order to maximize the maintenance and replacement intervals
and/or to maximize the global modal damping.

- The observed wear on the unidirectional bearing suggests that the design of the
guiding device could be improved. Maintenance protocols should be studied
in order to determine if these bearings need replacement more often than the
multi-directional bearings. If so, that should certainly motivate changes in the
design requirements for the guiding devices of uni-directional pot bearings.
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Appendix A

Force-displacement hysteresis loops

In this appendix, the obtained force-displacement relationships for all test conditions
are presented in individual figures.

67



APPENDIX A. FORCE-DISPLACEMENT HYSTERESIS LOOPS

Figure A.1: The force displacement relations obtained with V = 10 kN and f =
0.01Hz.
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Figure A.2: The force-displacement relations obtained with V = 10 kN and f =
1.0Hz.
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Figure A.3: The force-displacement relations obtained with V = 10 kN and f =
2.0Hz.
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Figure A.4: The force-displacement relations obtained with V = 10 kN and f =
5.0Hz.
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Figure A.5: The force-displacement relations obtained with V = 50 kN and f =
0.01Hz.
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Figure A.6: The force-displacement relations obtained with V = 50 kN and f =
1.0Hz.
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Figure A.7: The force-displacement relations obtained with V = 50 kN and f =
2.0Hz.
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Figure A.8: The force-displacement relations obtained with V = 50 kN and f =
5.0Hz.
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Figure A.9: The force-displacement relations obtained with V = 100 kN and f =
0.01Hz.
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Figure A.10: The force-displacement relations obtained with V = 100 kN and f =
1.0Hz.
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Figure A.11: The force-displacement relations obtained with V = 100 kN and f =
2.0Hz.
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Figure A.12: The force-displacement relations obtained with V = 100 kN and f =
5.0Hz.
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Figure A.13: The force-displacement relations obtained with V = 200 kN and f =
0.01Hz.
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Figure A.14: The force-displacement relations obtained with V = 200 kN and f =
1.0Hz.
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Figure A.15: The force-displacement relations obtained with V = 200 kN and f =
2.0Hz.
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Figure A.16: The force-displacement relations obtained with V = 200 kN and f =
5.0Hz.
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Appendix B

Moment-rotation hysteresis loops

In this appendix, the obtained moment-rotation relationships for all test conditions
are presented in individual figures. The test results are presented together with the
theoretical estimate of the moment resistance of the bearing according to TOBE/SS-
EN 1337-5 [21].
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Figure B.1: The moment-rotation relations obtained with V = 10 kN and f =
0.01Hz.
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Figure B.2: The moment-rotation relations obtained with V = 10 kN and f = 1.0Hz.
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Figure B.3: The moment-rotation relations obtained with V = 10 kN and f = 2.0Hz.
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Figure B.4: The moment-rotation relations obtained with V = 10 kN and f = 5.0Hz.

89



APPENDIX B. MOMENT-ROTATION HYSTERESIS LOOPS

Figure B.5: The moment-rotation relations obtained with V = 50 kN and f =
0.01Hz.
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Figure B.6: The moment-rotation relations obtained with V = 50 kN and f = 1.0Hz.
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Figure B.7: The moment-rotation relations obtained with V = 50 kN and f = 2.0Hz.
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Figure B.8: The moment-rotation relations obtained with V = 50 kN and f = 5.0Hz.
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Figure B.9: The moment-rotation relations obtained with V = 100 kN and f =
0.01Hz.
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Figure B.10: The moment-rotation relations obtained with V = 100 kN and f =
1.0Hz.
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Figure B.11: The moment-rotation relations obtained with V = 100 kN and f =
2.0Hz.
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Figure B.12: The moment-rotation relations obtained with V = 100 kN and f =
5.0Hz.
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Figure B.13: The moment-rotation relations obtained with V = 200 kN and f =
0.01Hz.
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Figure B.14: The moment-rotation relations obtained with V = 200 kN and f =
1.0Hz.
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Figure B.15: The moment-rotation relations obtained with V = 200 kN and f =
2.0Hz.
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Figure B.16: The moment-rotation relations obtained with V = 200 kN and f =
5.0Hz.
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