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Global stability and feedback control of boundary layer flows

Espen Åkervik
Linné Flow Centre, KTH Mechanics, SE-100 44 Stockholm, Sweden

Abstract

In this thesis the stability of generic boundary layer flows is studied from a
global viewpoint using optimization methods. Global eigenmodes of the in-
compressible linearized Navier–Stokes equations are computed using the Krylov
subspace Arnoldi method. These modes serve as a tool both to study asymp-
totic stability and as a reduced basis to study transient growth. Transient
growth is also studied using adjoint iterations. The knowledge obtained from
the stability analysis is used to device systematic feedback control in the Lin-
ear Quadratic Gaussian framework. The dynamics is assumed to be described
by the linearized Navier–Stokes equations. Actuators and sensors are designed
and a Kalman filtering technique is used to reconstruct the unknown flow state
from noisy measurements. This reconstructed flow state is used to determine
the control feedback which is applied to the Navier–Stokes equations through
properly designed actuators. Since the control and estimation gains are ob-
tained through an optimization process, and the Navier–Stokes equations typi-
cally forms a very high-dimensional system when discretized there is an interest
in reducing the complexity of the equations. A standard method to construct
a reduced order model is to perform a Galerkin projection of the full equations
onto the subspace spanned by a suitable set of vectors, such as global eigen-
modes and balanced truncation modes.

Descriptors: Global stability, control, estimation, absolute/convective in-
stabilities, model reduction.
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Preface

This thesis consists of two parts. In part 1 an introduction to the topic is
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Optimal growth, model reduction and control in a separated boundary-layer flow
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Matrix-free methods for the stability and control of boundary layers.
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AIAA Journal, submitted.
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Linear feedback control and estimation applied to instabilities in spatially de-
veloping boundary layers.
Mattias Chevalier, Jérôme Hœpffner, Espen Åkervik, Dan S. Hen-

ningson. J. Fluid Mech., 588 (2007), pages 163–187.

Paper 6

Global optimal disturbances in the Blasius flow using time-steppers.
Antonios Monokrousos, Espen Åkervik, Luca Brandt, Dan S. Hen-

ningson. Technical report.

Related paper, not included in thesis:
The use of global modes to understand transition and perform flow control.
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Part 1

Summary





CHAPTER 1

Introduction

You find yourself out walking, your head filled with thoughts about work,
family, how to get by in the modern society. Suddenly your left foot steps
into a pond. At first you swear, then your eyes catch the motion of the water
that already has reacted to your invasion by turning the energy into beautiful
waves, searching for equilibrium. You feel a wind gust, autumn is coming so
the big weather systems from the Atlantic are building up. It is outdoors, so
it is okay to light a cigarette (though perhaps not from a health perspective).
Upon exhalation the cigarette smoke enters free air peacefully, suddenly to
break down into chaotic patterns. You come home and think that a cup of tea
would do good. The teapot never pours a straight beam! Some of the tea ends
up on the table. You think for yourself that one of these days you should learn
how to control this device.

We are constantly surrounded by flowing fluids. In most cases we are
only able to observe their behaviour, while in other cases we interact with
them to obtain our objectives. Meteorologists track the motion of the big
weather systems and strive for perfection in predicting them. On the other hand
engineers have constantly modified the behaviour of the air, by tweaking the
design of wings, to produce aeroplanes that gradually become more and more
fuel efficient. In all aspects of our interaction with flowing fluids a common
feature always observed is the presence of turbulence. Turbulence is the regime
known to be the counterpart of the laminar regime; a laminar flow is ordered
and predictable, whereas a turbulent flow is swirly and chaotic in its motion.

Understanding how fluid flows develop from being laminar, to becoming
turbulent, has been the occupation of transition research for over a century.
And still it is not fully understood. As early as in 1883 Osborne Reynolds
performed what is considered to be the first transition experiment. He studied
the flow inside a glass tube where he by injecting ink at the center line could
monitor the flow structures. When varying different quantities such as the
velocity of the fluid U , the pipe radius r and the viscosity ν he could observe
totally different regimes. A non-dimensional number Re = Ur

ν , known as the
Reynolds number, was found to govern the transition from laminar to turbulent
flow. This number can physically be understood to describe the ratio of inertial
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4 1. INTRODUCTION

forces to viscous forces. If the Reynolds number is high, implying that inertia
is dominating, transition occurs more rapidly.

The importance of obtaining knowledge and finally of fully understanding
the transition process is substantial both from an industrial and an environmen-
tal point of view. Examples of the importance of this includes the resistance
(or drag) on aeroplanes, cars, trains and boats that are propagating through
a fluid. Around such objects a boundary layer forms, where following a frame
of reference fixed to the vehicle, the fluid accelerates from zero velocity at the
surface to the velocity of the object some distance outwards from the surface.
When the velocity and/or the boundary layer thickness increase, or in other
words the Reynolds number increases, the boundary layer turns turbulent. It
is well known that turbulent boundary layers exert more drag on the surface
than a laminar one. It is hence desirable to manipulate the flow in such a way
that the transition to turbulence is delayed, thereby reducing the drag. On the
other hand turbulence increases the mixing properties of the flow, and this has
implications when it comes to for instance combustion processes. These pro-
cesses rely on efficient mixing of the injected fluids (fuel and air) to maintain
a high reaction rate.

The transition process may be divided into three stages; receptivity where
disturbances enter the flow; disturbance growth where specific structures that
are unstable extract energy from the laminar unperturbed flow. If these struc-
tures become sufficiently energetic the third stage, known as the breakdown
stage, is entered. At this point many structures interact and redistribute en-
ergy to smaller and smaller scales until the flow is finally fully turbulent. A
visualisation of the disturbance growth and breakdown phase in the flat plate
boundary layer flow is shown in figure 1.1. The picture is based on a so called
large-eddy simulation in Schlatter et al. (2006).

This thesis deals with obtaining better knowledge on the second part of
this process, thereby placing it into the field of hydrodynamic stability. It also
deals with flow control, where the aim is to use the knowledge obtained from
the stability analysis in order to suppress disturbances from growing, hopefully
delaying transition to turbulence.

Hydrodynamic stability is in principle very simple. One takes a laminar
reference base flow. This might be the laminar flow around any object. Then
one perturbs the flow in any way one can think of and observes the resulting
evolution. In order to find some universal truth in the process however, one
has to make sure that one understands what is observed and how the flow has
been perturbed. Throughout the years experimental and theoretical studies
have been tightly connected. Often instability structures are first observed ex-
perimentally, where the evolution of the flow is observed in real time. However
in the experimental setting the main challenges are how to extract the relevant
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Flow direction

Instability growth

Breakdown

Turbulence

Figure 1.1. Transition along a flat plate boundary layer, vi-
sualised by the so called λ2 criterion for vortex identification.
The flow is forced at an upstream location by waves at a certain
frequency. As the Reynolds number increases downstream due
to the thickening of the boundary layer, the flow disturbances
extract energy from the basic flow due to linear mechanisms.
As their amplitude becomes sufficiently large a phase of non-
linear breakdown renders the flow fully turbulent. (Picture is
obtained through private communication with Philipp Schlat-
ter, based on a large-eddy simulation in Schlatter et al. (2006)).

information and how to to obtain a sufficiently clean environment. In theo-
retical studies one has attempted to single out the important mechanisms of
the observed instabilities by studying simplified configurations by mathemati-
cal models. These mathematical models have typically been idealised versions
of the so called Navier–Stokes equations. In recent years, due to increased
computational capacity, numerical solutions to these equations in their full
form have become feasible, thereby more closely relating theoretical studies to
experimental.

While the subject of hydrodynamic stability is to understand the distur-
bance growth mechanisms, i.e. providing a model of the flow, flow control aims
at using this knowledge to correctly interact with it. The objective of the in-
teraction might be to delay transition to turbulence along an aeroplane wing
or it might be to promote turbulence in combustion processes. Control of fluid
flows can essentially be performed in two ways; either passively or actively. The
optimised shape of an aeroplane wing, the rough surface of the golf ball or the
evolutionary design of the skin of fish are all examples of passive control. By
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controlling flows in this manner no energy is put into the system, there is only
a cooperation with the flow. Using active control on the other hand, energy is
put into the system through actuators, hopefully saving more energy than what
is spent. Active control can be split into two main categories, namely open-loop
and closed-loop control. The former assumes exact knowledge of the system so
that the interaction with it is prescribed a priory. However if disturbances that
are not accounted for in the model are present, the controller will in general
fail. The latter, which is commonly called feedback control, uses information
from the system in order to detect the real disturbances present, making it
more robust to deviations from the assumed model. Systematic strategies for
feedback control rely on solving optimization problems using the equations de-
scribing the flow evolution. Hence we are again faced with the problem of the
complexity of the equations, and recent advances are also due to the increase
in computer power.



CHAPTER 2

Governing equations

The aim of this chapter is to introduce the equations used to describe the
behaviour of the flow. First the Navier–Stokes equations for incompressible
flows are introduced. The linearization step in order to study the evolution
of small disturbances necessary to both stability analysis and control design is
given in Section 2.2. Finally a discussion on a more compact way of writing
the equations, namely in state space form, is given in Section 2.3.

2.1. The incompressible Navier–Stokes equations

The equations describing the conservation of mass and momentum for Newto-
nian fluids are well established and have been around for more than 150 years.
They were the end result of the work of many of the great mathematicians
such as Isaac Newton, Daniel Bernoulli, Leonard Euler and others. The fi-
nal building bricks were however laid independently by Henry Navier and Sir
Gabriel Stokes, hence yielding the name of the Navier–Stokes equations, which
for incompressible flows can be written as

∂tu + u · ∇u = −∇p+ Re−1∆u, (2.1)

∇ · u = 0. (2.2)

Here u = (u, v, w)T are the velocity components in the three spatial directions
x = (x, y, z)T and p is the pressure. The term ∂t denotes the partial time
derivative, ∇ = (∂x, ∂y, ∂z)

T the gradient operator and ∆ = ∇ · ∇ = ∂xx +
∂yy + ∂zz the Laplacian. These equations are on non-dimensional form, where
the velocities have been scaled with a characteristic scale U and the spatial
differentiation operators with a characteristic length scale L. Typical velocity
scales are for instance bulk velocity of a pipe flow or the freestream velocity of
a boundary layer. Relevant length scales may for instance be the pipe diameter
or the boundary layer thickness. As already mentioned the non-dimensional
Reynolds number Re = UL

ν is a measure of the ratio of inertial forces to viscous
forces, with ν being the kinematic viscosity. The above equations constitute a
set of nonlinear partial differential equations to be solved in a computational
spatial domain Ω from time t = 0 to t = T with a set of consistent boundary
(spatial edge of computational domain) and initial (starting time) conditions.

7



8 2. GOVERNING EQUATIONS

Typical boundary conditions are the requirement of zero velocity at walls (no-
slip condition), sufficiently fast decay of velocity components at infinity or
periodic behaviour. In the same manner appropriate initial conditions consist
of prescribed velocity components at time t = 0. The varying initial and
boundary conditions determine the specific behaviour of (2.1)-(2.2) for a given
set up. The left hand side of the momentum equation (2.1) describes the
inertia of the flow and is composed of a rate of change in time term ∂tu and
a convection term u · ∇u that describes how a particle momentum is changed
due to transport with the flow. The right hand side of (2.1) contains the forces
that balance the inertia and consist of the pressure forces ∇p and the viscous
forces Re−1∆u. Incompressibility is described by (2.2).

Over the years several aspects of understanding fluid flows have been ad-
dressed through solutions of the Navier–Stokes equations. However, given the
complexity of the equations such as their ability to describe both laminar and
turbulent flows, it is still an ongoing field of research to solve them numerically
for relevant applications.

2.2. The linearized Navier–Stokes equations

The Navier–Stokes equations are as stated previously non-linear and complex
in nature. Important aspects of understanding the transition process can how-
ever be captured by studying solutions to the linearized version of the equa-
tions. This can be seen by inspection of the Reynolds–Orr equations for the
instantaneous energy growth of the disturbances, where non-linear terms are
only redistributing energy among different length scales (Schmid & Henningson
2001). Assume that a base flow U = (U, V,W )T and P is available. This base
flow might in principle be time dependent, but here we focus on the steady
state (∂tU = 0) solution to (2.1) and (2.2). We perturb the base flow with
small disturbances

u = U + ǫu′, and p = P + ǫp′, ǫ << 1. (2.3)

By inserting this in the Navier–Stokes equations (2.1) and (2.2) and keeping
the terms that are O(ǫ) one arrives after dropping the primes at the linearized
Navier–Stokes equations

∂tu + U · ∇u + u · ∇U = −∇p+ Re−1∆u, (2.4)

∇ · u = 0. (2.5)

These equations are equipped with suitable boundary conditions and initial
condition u(x, t = 0) = u0(x). The term ǫ measures how small the perturba-
tions are and hence if the linearization is valid. If the magnitude of the terms
ǫu reach an amplitude of a few percent of the base flow magnitude, non-linear
terms become important and the linearization around this specific base flow is
no longer valid.
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2.3. State space formulation

When performing systematic analysis of the linearized Navier–Stokes equations
one is interested in the initial condition u(0) and what type of flow states u(t)
are reached at times t > 0. By flow state we mean the entire velocity field
throughout the computational domain Ω at time t. It is preferable to put the
equations in a more compact form. In order to do so we define the velocities as
our state variable, i.e. u = (u, v, w)T . Many of the standard tools from linear
systems theory can readily be applied to the so called state space equation

∂tu = Au, u(0) = u0. (2.6)

In particular the above system has a formal solution in terms of the evolution
operator

u(t) = T (t)u0 = exp(At)u0. (2.7)

In order to cast the linearized Navier–Stokes equations (2.4) and (2.5) in the
form of (2.6) the pressure p has to be removed from the equations. To achieve
this, an important observation can be made from equations (2.4) and (2.5); for
incompressible flows the pressure only acts as a Lagrange multiplier to maintain
divergence free velocity fields. We follow the notation of Kreiss et al. (1994)
and let the linearized Navier–Stokes equations be written as

∂tu = Au = −(U · ∇)u − (∇U)u +Re−1∆u + ∇p, (2.8)

where the pressure is a known function of the divergence free velocity field u

and the base flow U

∆p = ∇ · (−(U · ∇)u − (∇U)u). (2.9)

Inversion of the Laplacian requires boundary conditions, and formally we may
obtain these by projecting (2.8) on the outwards pointing normal of the domain
n to obtain

∂p

∂n
= n ·

(

−∂tu − (U · ∇)u − (∇U)u +Re−1∆u
)

. (2.10)

At solid walls it expected that all the velocity components are zero. This so
called no-slip condition reduces the above relation to

∂p

∂n
= n ·

(

Re−1∆u
)

. (2.11)

If we let the solution of (2.10) be denoted as p = Ku we end up with the state
space system with A given by

A = −(U · ∇) − (∇U) +Re−1∆ + ∇K. (2.12)

The operator A may also be defined using semi-group theory, where it is referred
to as an infinitesimal generator defined through the evolution operator T (t).
For an explanation of this way of defining A see e.g. Bagheri et al. (2008) or
Trefethen & Embree (2005).
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Note that it is possible to define the state variable to include both velocities
and pressure, but this leads to a generalized state space or descriptor system
form, where the left hand side is singular, rendering the system more difficult
to analyze. In Paper 1 and Paper 3 we have used the descriptor system form,
whereas in Paper 2, Paper 4 and Paper 6 the standard state space form (2.8)-
(2.10) is used. Throughout the rest of this introduction we will use the latter
form for simplicity. It is important to note though that regardless of the form
chosen the evolution operator T (t) defines the same solution u(t) at time t
given the same initial condition u0 at time t = 0.



CHAPTER 3

Numerical Simulations

In order to perform stability analysis and control design of the flows studied
in this thesis we need to access solutions of the Navier–Stokes equations. The
time evolution of the velocities for both the non-linear and linear Navier–Stokes
equations is obtained through numerical simulations. When numerically solving
partial differential equations a discretization of the variables is performed in
both time and space. The continuous spatial domain Ω is divided into discrete
grid points upon which the variables of interest, i.e. the velocities (u, v, w)T and
the pressure p, are required to approximately satisfy the governing equations.
Likewise the continuous time domain t ∈ [0, T ] is divided into discrete instances
of time.

3.1. Spectral methods

Methods for solving partial differential equations are mainly distinguished by
the way the continuous functions and their derivatives are discretized (or ap-
proximated). We focus here on the spatial approximation. On one hand there
are local methods, such as the finite difference, finite volume and finite el-
ement methods, where the main idea is to use near neighbour information
in order to approximate the functions and their derivatives. For instance in
the finite-difference method continuous functions are interpolated on the grid
by means of a sequence of overlapping local low order polynomials. Con-
sider a one-dimensional function f(x) depending only on x. The derivative
of the local interpolant is used to approximate the derivative of f(x). A stan-
dard quadratic interpolation gives a centered finite difference approximation
fx(xi) = (f(xi + h) − f(xi − h))/(2h) + O(h2), with h being the grid spac-
ing and O(h2) stating that the error goes as h2. There is in other words a
quadratic convergence upon grid refinement. In contrast global methods (or
spectral methods) approximate f(x) by global functions φ(x) living in the en-
tire domain. Typical functions are the sines and cosines leading to the Fourier
method or transformed cosines leading to the Chebyshev method. With these
global approximations the derivatives at each grid point depend on all the

other grid points, i.e. fx(xi) =
∑Nx

j=1
f(xj)∂xφj(xi) + O(h1/h), with exponen-

tial convergence upon grid refinement. The convergence properties of the global
methods are hence far superior to local methods, but are not easily applied to

11



12 3. NUMERICAL SIMULATIONS

complex geometries. However the essence is that with the superior convergence
property fewer grid points are needed to approximate the continuous problem
with a sufficient accuracy. The result is a lower computational cost. It should
be noted that is possible to gain the best of both worlds by combining spectral
and finite element methods to obtain the Spectral Element Method (c.f. Deville
et al. 2002). For an in depth explanation of the convergence properties of local
and global methods see for instance Boyd (2000) and for the application of
spectral methods in fluid dynamics see either Canuto et al. (1993) or Peyret
(2002).

3.2. DNS, RANS and LES

The term Direct Numerical Simulation (DNS) reflects the manner in which a
certain class of numerical methods solve the Navier–Stokes equations. In this
framework no approximations as to the behaviour of the turbulence are made.
Instead one solves the equations for a domain Ω large enough to capture the
large scales of the physical problem and sufficiently small grid point distance
to capture the smallest scale of the turbulence. The discretized solution has to
resolve scales that are only slightly larger than the Kolmogorov scale, i.e. the
length scale at which the majority of the energy is dissipated by viscosity (for
a review of the DNS method see e.g. Moin & Mahesh 1998). It is with the
computer power available today however only possible to perform full DNS
for idealised situations and small domains. Understanding the flow of general
configurations such as the flow around a car, train or aeroplane is still out of
reach for DNS. For these applications the method to obtain knowledge about
mean quantities of the flow is through solving the so called Reynolds Averaged
Navier–Stokes equations (RANS) (see e.g. Wilcox 1998). In the RANS ap-
proach, the mean flow field is solved for whereas the effect of the turbulence is
modelled by the mean flow gradients. In between these two outer boundaries,
a new approach has started to gain popularity. In the Large Eddy Simulation
(LES) approach the large fluctuating scales are solved for but the small scales
are modelled through a sub-grid stress model (SGS) (Sagaut 2002).

3.3. How to handle the pressure

For all of the above approaches an important subject is how the pressure p is
handled. By inspection of (2.1)-(2.2) or (2.4)-(2.5) it becomes apparent that
the pressure does not have a separate time evolution equation. As stated in Sec-
tion 2.3; an interpretation of this is that in the incompressible Navier–Stokes
equations (both linear and non-linear) the pressure acts only as a Lagrange
multiplier completely determined by the velocities, its role being to enforce
divergence-free velocity fields ∇ · u = 0. One standard way of handling this
is to perform a Fractional Step procedure (c.f. Kim & Moin 1985). In this
procedure intermediate velocities are updated with the pressure forces omit-
ted, in general not satisfying continuity. A projector, in the form of a Poisson
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type of equation, is introduced to update the corrected divergence free veloci-
ties. Another possibility is to take the divergence of the momentum equation
(2.1) to explicitly obtain the pressure Poisson equation. A complication with
both methods is related to the choice of boundary conditions for the pressure
(Rempfer 2006). A solution to this is provided by the Influence Matrix Tech-
nique of Kleiser & Schumann (1980). The pressure can however be removed
from the equations altogether by taking the curl of the momentum equations,
i.e. ∇× (2.1) and explicitly enforce divergence free solutions. This leads to the
vorticity formulation of the equations. However, also in this approach there
are some subtleties involved in defining proper boundary conditions.

Two DNS codes have been used in this thesis to solve both the non-
linear and linear Navier–Stokes equations. For the relatively simple flat plate
boundary-layer flows a highly accurate spectral DNS code was used. The draw-
back of this spectral code is that it only handles simple geometries. Hence to
do more complex geometries a combined finite difference–Chebyshev code was
applied.

3.4. A spectral DNS code

The Navier–Stokes equations are recast in wall-normal velocity-vorticity form,
thereby eliminating the pressure. In the streamwise x and spanwise z-direction
a Fourier transform is performed, whereas in the wall normal direction a
Chebyshev–tau technique is used. The method is hence spectral (or global)
in all three space directions. The time integration is carried out by a low stor-
age four step third order explicit Runge–Kutta scheme for the explicit terms
arising from the non-linear part of the equations, combined with a semi-implicit
Crank–Nicholson scheme for the terms stemming from the linear part of the
equations. By applying a pure spectral scheme the explicit nonlinear part
arising from the terms u · ∇u gives rise to convolution terms which are typ-
ically too heavy from a computational perspective. In order to remedy this
the non-linear terms are computed instead by multiplication in physical space.
The efficiency on the procedure then relies heavily on the performance of the
Fourier transform needed to go back and forth between physical and spectral
space. Fortunately Fast Fourier Transforms (FFT) are now standard library
operations that have become very efficient. Once the non-linear terms are ob-
tained the implicit linear terms in the equations are solved efficiently in spectral
space.

The Fourier transform is only valid for periodic domains. However in order
to apply the method to non-periodic domains a fringe region technique is ap-
plied. This amounts to applying a forcing term on the Navier–Stokes equations
in a region close to the outflow to map the equations back to its inflow form.
A full description of the code can be found in Chevalier et al. (2007).
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3.5. A mixed finite-difference Chebyshev DNS code

In order to handle more complex geometries we use a mixed finite difference–
Chebyshev collocation discretization. The Navier–Stokes equations are solved
in primitive variables u = (u, v)T and p on a two-dimensional domain Ω =
(0, Lx) × (η(x), Ly), with η(x) being a smooth function describing the lower
wall curvature. Instead of meshing the curved geometry a variable transforma-
tion of the wall normal variable ȳ = y − η(x) is performed , thereby redefining
the differentiation operators ∇ and ∆. The full details of this transformation
is given in Marquillie & Ehrenstein (2001). Once transformed the resulting
equations are solved on a rectangular domain with extra stiffness terms aris-
ing due to the variable transformation. For space discretization fourth–order
central finite differences are used for the second derivatives in the streamwise
x-direction, whereas the first derivatives in the same direction are handled
with eighth–order finite differences. In the wall normal direction a Chebyshev
collocation technique is applied. The time integration is carried out by an
implicit second–order backward Euler scheme for the Laplacian ∆u part of
the equations whereas the nonlinear convective terms u · ∇u and the stiffness
terms due to the wall curvature are handled by an explicit second–order Adams
Bashforth scheme. This is the well known BDF-2 scheme. In order to ensure
divergence–free velocity fields a Fractional Step technique is employed.

3.6. Discretized state space formulation

For practical numerical calculations the equations (2.4)-(2.5) are discretized
in space on nx × ny × nz grid points, and as a consequence we write the
collection of discretized velocities as the n-dimensional vector u with n being
n = 3nx × ny × nz. In this formulation it is assumed that the operator A is
explicitly built by differentiation matrices to form the matrix A so that

∂tu = Au, A ∈ R
n×n, (3.13)

with the initial condition u0. For details on how to obtain discrete differen-
tiation matrices from differentiation operators it is referred to Weideman &
Reddy (2000). Whenever a solution at time t is needed the discretized form of
(2.7) is used, which simply represents marching a DNS forward in time with a
sufficiently high accuracy in both time and space. This is written as

u(t) = exp(At)u0. (3.14)

In this thesis the continuous form of the equations will be used for most parts,
but it should be noted that when performing numerical simulations of the
system it is in a discrete setting.



CHAPTER 4

Computation of eigenvalues

In the remaining part of this thesis we will need the concept of eigenvalues,
which classically in hydrodynamic stability analysis are used as a tool to un-
derstand the asymptotic behaviour of the linearized Navier–Stokes equations
(3.13). Later we will also see that eigenvalues are of interest for solving op-
timization problems. The discretized linearized Navier–Stokes equations can
be cast to a standard eigenvalue problem by assuming exponential time de-
pendence of the solutions, i.e. u = û exp(λt). Inserting this in the linearized
Navier–Stokes equations we arrive at

Aû = λû, A ∈ R
n×n, λ ∈ C, û ∈ C

n (4.15)

where C denotes a complex number, C
n a n-dimensional complex vector and

R
n×n a real valued matrix of size n × n. We say that the pair (λj , ûj) is a

right eigenpair of A. Similarly we may formulate a left (or adjoint) eigenvalue
problem by ûH

l A = ûH
l λ, where the pair (λH

j , ûl) is a left eigenpair of A. The

superscript H denotes the complex conjugate transpose operation that reduces
to the ordinary transpose T for real vectors and matrices. An important obser-
vation can be done from the expression (4.15). Given an eigenpair (λj , ûj), the
action of A on ûj only scales the vector with a factor λj , hence the evolution
of ûj is independent of all other eigenpairs. Further, if the real part of λj is
positive, then the solution ûj grows exponentially, and the system is said to be
linearly unstable.

Although we here for simplicity focus on the solution of the standard eigen-
value problem (4.15) stemming from the state space form (2.8), a formulation
of the so called generalized eigenvalue problem stemming from the discretized
generalized state space form briefly discussed in Section 2.3 is readily obtained.
For details it is referred to Henningson & Åkervik (2008) where that eigenvalue
problem is solved using the shift and invert strategy.

The eigenvalues of A are the n roots of the characteristic polynomial
pA(λ) = det(A − λI). However it is known that no direct solution can be
found for a polynomial of degree more than four. This essentially means that
all eigenvalue solvers are iterative. The first eigenvalue solver around was the
so called power iteration scheme, where starting from a first guess v0 the action

15
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of the matrix A is applied repeatedly

v0,Av0,A2v0, . . . ,Amv0 (4.16)

until convergence towards the eigenvector û1 = Amv0 with the largest mag-
nitude eigenvalue λ1 is obtained. The convergence of this method is λ1/λ2,
where λ2 is the second largest in magnitude eigenvalue. Faster convergence
to any single eigenvalue close to the complex value µ can be achieved by the
inverse iteration scheme A−1û = 1/(λ1 − µ)û, but a main difficulty is how to
choose the shift µ. A drawback of both these methods is that they are able to
compute only one eigenpair at the time.

4.1. The QR method

The quest for a method that could compute all the eigenvalues of A and do it
fast lead to the implicitly shifted QR method (Francis 1961). A crucial step
in the design of the QR method was the understanding gained from the Schur
decomposition which states that for a unitary matrix (spans an orthonormal
basis) Q, there exist an upper triangular matrix U such that

AQ = QU, Q,U ∈ R
n×n (4.17)

where the diagonal of U contains the eigenvalues of A. The aim of the QR
method is to compute a unitary basis for A such that (4.17) is fulfilled. To this
end the first step is to bring A to upper Hessenberg form

AV = VH, V ,H ∈ R
n×n (4.18)

The matrix H is upper Hessenberg (almost upper triangular except for a subdi-
agonal) and V is unitary. This step is achieved either by Householder reduction
or by the numerically less stable modified Gram–Schmidt (MGS) procedure.
After the Hessenberg form is obtained an iteration scheme using a QR decom-
position on the shifted Hi at step i is carried out as follows:

Hi−1 − µi−1I = QR (4.19)

where Q is unitary and R is upper triangular. Then Hi and Vi are updated
according to

Hi = QHHi−1Q, and Vi = Vi−1Q. (4.20)

As the iteration scheme proceeds different elements on the subdiagonal of Hi

converge to zero at different rates and after a sufficient number of iterations
Hi is upper triangular, thereby defining a Schur decomposition of A. Hence all
the eigenvalues of A can be picked from the diagonal of Hi.

4.2. The Arnoldi method

Unfortunately the cost of the QR method is too high to be applied to many
problems such as those arising from the discretization of the Navier–Stokes
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equations in more than one spatial dimension. The power iteration and in-
verse iteration schemes are still possible to use, but they only produce single
eigenpairs. Nowadays the standard approach to deal with large problems is
through Krylov subspace projections together with the Arnoldi factorisation
(or Lanczos factorisation for Hermitian problems A = AH). A Krylov subspace
of size m is defined as follows

Km = {v0,Av0,A
2v0, . . . ,A

m−1v0}. (4.21)

Note the similarity to the power method. The main difference is that while
the the power method throws away all but the last term, the Krylov subspace
contains all the generated information from the power sequence. While the
aim of the QR method is to compute all eigenpairs of A the Arnoldi method
aims at computing only a fraction of the eigenpairs. To this end the idea of the
Arnoldi method is to build a reduced Hessenberg matrix of size m ×m, with
m << n. In other words the first step in the Arnoldi method is to build

AW = WH + fm+1e
T
m, W ∈ R

n×m,H ∈ R
m×m, (4.22)

where W = col{w1,w2, . . . ,wm} are the unitary Arnoldi vectors, fm+1 is an
error term orthogonal to W and em is the unit vector in the direction m. This
term measures to which extent the Krylov subspace fails to represent the action
of A. The need for a reduced size Hessenberg form rules out using Householder
reduction, so we are left with the modified Gram-Schmidt (MGS) procedure.
The MGS procedure can be stated as follows: Starting with a random initial
vector w0 a Krylov sequence is built. At the j-th step a new vector is added
by means of the matrix vector product

wj = Awj−1. (4.23)

The entries of the upper Hessenberg matrix H is created from the inner products
between the present vector wj and the previously added ones. The elements at
the j-th step are

Hi,j = wH
i wj−1, i = 1, . . . , j. (4.24)

A new Arnoldi vector is obtained by projecting wj on the space orthogonal to
all the previous vectors

wj = wj − (H1,jw0 + · · · + Hj,jwj−1). (4.25)

The norm of wj forms the sub-diagonal element of the Hessenberg Hj+1,j and
wj is normalized accordingly. The Arnoldi vectors are after m steps W =
col{w0,w1, . . . ,wm−1}.

The Arnoldi method then proceeds by iteratively performing QR decompo-
sition of the small H converging to a few of the eigenpairs of A. The eigenvalues
θj obtained are called Ritz approximate eigenvalues λj ≈ θj and the eigenvec-
tors yj obtained are called Ritz eigenvectors, related to the eigenvectors ûj of A
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a)

b)

A Q QH

A Q̂
Q̂H

Figure 4.1. Figure showing the difference in Schur factorisa-
tion of A. a) The QR method. b) The Arnoldi method leading
to an approximate Schur factorisation

by ûj = Wyj and satisfy the following error criteria due to the orthonormality
of the Arnoldi vectors

‖Aûj − θj ûj‖ = |βmeT
myj |, (4.26)

with βm = ‖fm‖. A schematical difference in the way the Schur factorisation
to obtain eigenvalues is performed in the QR method and the Arnoldi method
is shown in figure 4.2.

There are two main problems with the Arnoldi process: The first is that
one does not know beforehand how big m has to be in order to converge to the
desired number of eigenvalues, but in general m has to be much larger than
the number of desired eigenvalues. A way to keep the Krylov subspace fairly
small is to use either explicit or implicit restart of the Arnoldi method. This
essentially amounts to producing a Hessenberg of size m × m and compute
the eigenvalues. If there are p unwanted eigenvalues, then the part of the
Hessenberg containing the m − p wanted eigenvalues are kept, but the rest is
thrown away. Subsequently a new round of a p-step Arnoldi factorisation is
performed, and p new eigenvalues, hopefully belonging to the wanted set, are
computed. The second problem with the Arnoldi method is that as the Krylov
subspace becomes fairly large, the MGS produces Arnoldi vectors that are not
orthogonal to machine precision, leading to spurious eigenvalues. In this case
it is preferable to explicitly re-orthogonalize the basis. A common way to do
this is provided by the DKGS method (Daniel et al. 1976).

For a more thorough description of the Arnoldi method we refer to the user
guide of the ARPACK package (Lehoucq et al. 1997). Note that in principle it
is simple to implement your own Arnoldi solver, but this package provides an
easy to use interface to solving eigenvalue problems using the Arnoldi method,
with both implicit restarting and DKGS stabilization.

4.3. Time stepping, a way to avoid building the full matrix

In contrast to the QR method the Arnoldi method does not depend on the
explicit manipulation of the matrix A. This can be seen by inspection of the
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power sequence defining the Krylov subspace (4.21), where only the repeated
action of A on w0 is needed. This is extremely important for large problems. As
an example a matrix stemming from the discretization of the three-dimensional
Navier–Stokes with 100 grid points in all directions leads to a system matrix
A with a storage requirement of O(100TB), which is clearly infeasible to keep
in RAM on any computer architecture available today. However the storage
of each vector only needs O(50MB). Another observation to be made from
the Krylov subspace definition is that it defines an eigenvalue problem for
whatever matrix used to generate it. To this end note that snapshots at times
{T, 2T, . . . , (m− 1)T} from a DNS time integration (see equation (3.14)) yield
the Krylov subspace

Km = {w0, exp(AT )w0, exp(2AT )w0, . . . , exp((m− 1)AT )w0}, (4.27)

which defines an eigenvalue problem

σû = exp(AT )û. (4.28)

Due to the spectral transformation theorem one can conclude that the eigen-
vectors û are also eigenvectors of A and the eigenvalues λ of A can be found
from the relation

λ =
log(σ)

T
. (4.29)

A conclusion that can be drawn from this is that for very large problems it
is preferable to use a time stepper technique (Tuckerman & Barkley 2000) in
order to compute eigenpairs of the system.



CHAPTER 5

Hydrodynamic stability

In the introductory chapter it was mentioned that stability enters as one of the
three components in understanding why a flow undergoes transition from the
laminar to the turbulent regime. In this chapter the aim is to introduce the
steps necessary to take in order to establish whether a flow is stable or not.

5.1. Flow cases

This thesis deals with a certain class of flows, namely those arising from the
flow over a wall. Due to the presence of the wall a boundary layer forms,
starting at the leading edge, where the velocity is decelerated from uniform
free stream velocity U∞ to zero velocity at the surface. The boundary layers
are hence viscous in their nature. Another characteristics is that they are very
thin compared to their length, i.e. the streamwise length scale L is much larger
than the wall normal length scale δ∗, or in other words, the most drastic changes
occur when moving outwards from the wall. In this manner one can conclude
that the important length scale is δ∗ =

√

xν/U∞, known as the displacement

thickness, and hence the Reynolds number should be defined as Re = U∞δ∗

ν . To
quantify how thin a boundary layer is for real applications one might consider
the boundary layer forming on the wings of an aeroplane cruising at 800 km/h.
Given a kinematic viscosity of ν ≈ 1.3 10−5 m2/s one arrives at a displacement
thickness of δ∗ ≈ 0.4 mm one meter from the leading edge, if the flow stays
laminar. Ten meters downstream the thickness has developed to no more than
δ∗ ≈ 1.3 mm. The boundary layer is hence both thin and increases very slowly
downstream.

Two prototype boundary layer flows are studied here. The first one is the
classical flat plate boundary layer, also known as the Blasius boundary layer or
zero pressure gradient boundary layer, serving as a simple model of an unswept
aeroplane wing (see figure 5.1(a)). The computational inflow boundary is set
some distance downstream of the leading edge with corresponding Reynolds
number Reδ∗

0
= U∞δ

∗
0/ν, with δ∗0 being the local displacement thickness of

the boundary layer. The second case studied is the flow over a smooth cavity
mounted on a flat plate as seen in figure 5.1(b). The length to depth ratio
is L/D ≈ 25 and the two-dimensional Navier–Stokes equations is solved in a
physical domain 0 ≤ x ≤ 400, η(x) ≤ y ≤ 80, where x and y are the streamwise

20
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δ*

U∞

δ*

U∞

(a)

(b)

Figure 5.1. Sketches of boundary layer flows with inflow
from the left. (a) Flat plate boundary layer flow; the flow is
slowly evolving with the boundary layer thickness δ increasing
downstream. (b) The cavity flow; upstream and downstream
of the cavity there is a boundary layer flow, whereas in the
cavity there is a separated shear-layer flow.

and wall-normal coordinates. The lower wall is curved and described by the
function η(x). The smooth cavity is symmetric with respect to its center at
xc = 89, and its upstream part is given by

η(x) = −2.25 (tanh(a(x− b)) + 1) , 0 ≤ x ≤ xc, (5.30)

with a = 0.2 and b = 39 matching smoothly the flat plate upstream and
downstream. At inflow the Blasius profile is introduced. The mean flow profile
develops downstream as a flat plate boundary layer flow, however at x ≈ 30
there is a smooth expansion of the geometry generating a shear layer unstable
to Kelvin–Helmholtz instability. As the shear-layer develops downstream it
encounters a smooth contraction of the geometry at x ≈ 150 so that the flow
again forms a developing boundary layer flow.

Boundary layer flows display the particular feature that the instability char-
acteristics may change throughout the domain. There can be regions where the
flow is stable, convectively unstable or absolutely unstable (Huerre & Monke-
witz 1990; Chomaz 2005). In a convectively unstable region the disturbances
are swept downstream with the flow while growing in size and amplitude. In
this case the disturbances disappear in absence of external forcing so that the
flow might be seen as a noise amplifier. The flat plate boundary layer flow
is a typical example of a convectively unstable configuration. Whenever the
base flow satisfies certain conditions, for example if there is a sufficiently large
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reverse flow in a separation bubble, the flow may become absolutely unstable,
characterized by disturbances growing both upstream and downstream of the
origin of generation, so that the flow itself will sustain the instability growth.
The cavity flow is an example of such a configuration.

5.2. Strategy

The stability characteristics of a base flow U to small perturbations u is deter-
mined by monitoring (measuring) the perturbation evolution as described by
the linearized Navier–Stokes equations introduced in Section 2.2. For clarity
the equations are repeated here in state space form

∂tu = Au, (5.31)

given an initial condition u(0) = u0. The operator A is completely determined
by the base flow U and the boundary conditions. In order to measure the
departure from the base flow we introduce the norm based on the kinetic energy
of the flow

E(t) = ‖u(t)‖2 = (u(t),u(t)) =

∫

Ω

u · udΩ. (5.32)

If the perturbation kinetic energy goes to zero as t → ∞, implying that the
flow returns to its basic state, the flow is considered stable. Otherwise it
is unstable. Even if the kinetic energy vanishes asymptotically there might
however exist initial conditions of amplitude a0 = ‖u0‖ such that the flow
at a finite time triggers non-linear effects. Hydrodynamic stability deals with
the task of finding critical parameters such as critical Reynolds number, that
renders the flow to depart from the base flow either permanently or transiently.

The central element to inquiring asymptotic stability of A is to compute its
eigenvalues. This approach is often called modal instability analysis or normal
mode analysis. As described in Chapter 4 we may require that the system
(5.31) has a harmonic/exponential time dependence, i.e.

u = û exp(λt), λ ∈ C. (5.33)

By putting ansatz (5.33) into (5.31) an eigenvalue problem is obtained

λû = Aû, (5.34)

If λj is an eigenvalue of (5.31) with an associated eigenvector ûj , then the
action of A on ûj is a rescaling of ûj with the factor λj . This implies that
the evolution of different eigenpairs (λj , ûj) is independent of all the others
(λk 6=j , ûk 6=j). Further, if the complex eigenvalue λj = λr

j + iλi
j has a positive

real part λr
j > 0 the solution (5.33) will grow exponentially.

Note that in addition to considering the response to initial conditions it
is also of interest to examine the response to forcing, where the equations are
equipped with a harmonic forcing term {f exp(iωt)}real such that

∂tu = Au + {f exp(iωt)}real, u0 = 0. (5.35)
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In Paper 1 and Paper 6 we study the response of the flat plate boundary layer
flow to harmonic forcing. In this introductory part the subject of response to
forcing will be omitted, and it is referred to Schmid & Henningson (2001) or
Trefethen & Embree (2005) for details.

5.3. From eigenvalues to optimal growth

It is only recently due to increased computer power that the research commu-
nity has been able to perform systematic stability studies of the full equations
(2.4). A number of flows previously inaccessible to stability analysis are now
being investigated. These flows include cavities (Åkervik et al. 2007; Sipp &
Lebedev 2007), cylinders (Giannetti & Luchini 2007), jets (Nichols et al. 2007),
backward facing steps (Blackburn et al. 2008) and separation bubbles (Gallaire
& Ehrenstein 2008; Marquet et al. 2008).

A method to deal with the problem of the high dimensionality of the equa-
tions has been to assume that the streamwise x and spanwise z directions are
periodic, hence allowing for Fourier decomposition. In this locally parallel as-
sumption the base flow is assumed to vary slowly in x and z directions such
that the perturbation variables can be written as the real part of

u = û(y, t) exp(i(αx+ βz)), p = p̂(y, t) exp(i(αx+ βz)), (5.36)

for the streamwise wavenumber α and spanwise wavenumber β. Insertion into
(5.31) yields the famous Orr-Sommerfeld-Squire equations (Orr 1907; Sommer-
feld 1908; Squire 1933). From a practical point of view what is gained by the
Fourier transformation of system (5.31) is that instead of treating the problem
as one large problem, the equations for different wave numbers α and β are
decoupled. In practice this means that the stability characteristics of a given
parallel mean flow U = (U(y), 0, 0)T can be determined by looping over all the
relevant wave numbers. It is important to note that for some flows like for in-
stance pressure driven Poiseuille channel flow or the shear driven Couette flow
the Orr–Sommerfeld/Squire equations provide a fully valid set of equations.
For spatially inhomogeneous flows like the boundary layers studied in this the-
sis the Orr–Sommerfeld/Squire equations provide only an approximation that
can be justified based on dimensional arguments.

Preceding the Orr–Sommerfeld framework by almost thirty years, Rayleigh
formulated the necessary condition for inviscid modal instability. He found
that the base flow needed to have an inflectional profile in order for unstable
eigenvalues to appear. For the Orr–Sommerfeld equation a viscous instability
mechanism in the form of Tollmien–Schlichting (TS) waves was found as eigen-
solutions of the governing equations by Tollmien (1929); Schlichting (1933).
The existence of such solutions was experimentally shown to exist by Schubauer
& Skramstad (1947). In experiments however the TS waves were seen as waves
propagating downstream while spatially growing. This apparent discrepancy
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was addressed and removed by Gaster (1965) who showed that it was possible
to connect the two perspectives through the so called Gaster transformation.

Although successful to explain the exponentially growing features of many
flow systems, the combination of the Orr–Sommerfeld/Squire equations and
the eigenvalue decomposition had its drawbacks. An apparent flaw was that
linear stability theory predicted both pipe and Couette flow to be linearly
stable for all Reynolds numbers, whereas in experiments and DNS both of
these flows turned turbulent. Also in the boundary layer flow discrepancies
between linear stability theory and experiments where discovered. The de-
termination of the critical Reynolds number for the Tollmien–Schlichting in-
stability, i.e. the neutral curve, could not be accurately captured using the
Orr–Sommerfeld/Squire equations. An extension of the locally parallel theory
was provided by the Parabolized Stability Equations (Bertolotti et al. 1992),
where the slow streamwise variation of the base flow is incorporated in better
agreement with experiments and DNS.

In addition experiments revealed that it was possible to also for boundary
layer flows obtain transition well below the critical Reynolds number predicted
by linear stability theory, thereby sharing features with the pipe and Couette
flow. A first convincing mathematical description of the possibility for such
a situation to occur in the linear inviscid framework was given by Ellingsen
& Palm (1975) who introduced the concept of algebraic growth. A physical
explanation to this process was given by Landahl (1980), who explained the
algebraic growth to be governed by a so called “lift-up” mechanism, where
a wall normal displacement of a fluid particle in a shear layer will lead to a
perturbation in the streamwise velocity perturbation. A mathematical frame-
work able to predict the lift-up mechanism was presented in Butler & Farrell
(1992); Reddy & Henningson (1993); Trefethen et al. (1993), showing that
the Orr–Sommerfeld/Squire equations supported transient growth, related to
the non-normal nature of the underlying operators. This modern approach to
stability has converged to the formulation of the stability problem as an opti-
mization problem, which may be solved either by singular value decomposition
of the evolution operator exp(At), or by time-marching methods involving the
adjoint system (Schmid 2007).

5.4. Worst case disturbances

In the quest for stability of (5.31) we saw that the asymptotic limit as given by
eigenvalues λ with real part greater than zero did not provide the full answer
to understanding why flows are unstable. In this section a framework for com-
puting the worst possible disturbances is given. By worst possible disturbances
we mean the disturbances that gives the largest growth at any time t > 0. The
central element in determining these disturbances is to systematically utilise
the kinetic energy measure E, with the associated norm ‖u‖. Using the above
measure a natural definition of worst possible initial disturbance becomes: Find
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an initial condition u0 of energy one such that the energy ‖u‖2 = (u(t),u(t))
at time t is as large as possible. Mathematically this can be written

G(t) = max
u0 6=0

‖u(t)‖2

‖u0‖2
= max

u0 6=0

‖ exp(At)u0‖
2

‖u0‖2
= ‖ exp(At)‖2. (5.37)

In order to calculate the optimal growth we are faced with the problem of eval-
uating the matrix norm of exp(At). Computationally this amounts to perform-
ing a Singular Value Decomposition (SVD). There are however some problems
with this definition from a computational point of view. Firstly; the evaluation
of the exponential matrix for a large dense matrix is ill conditioned (Molder &
Van Loan 2003). Secondly; performing SVD of large matrices is computation-
ally very heavy. There are however ways to deal with this and below two such
approaches are given.

5.4.1. Projecting on the basis of eigenmodes

The eigenmodes of (5.31) constitutes a divergence free basis onto which the
system may be projected. By assuming that a small number of eigenmodes are
able to describe the relevant dynamics of the flow we write

u =

m
∑

l=1

κl(t)ûl. (5.38)

Inserting this assumption into (5.31) we see that the flow dynamics is described
by

dk

dt
= Λk, k(0) = k0, (5.39)

where k = [κ1, κ2, . . . , κN ] is the vector of expansion coefficients and Λ is a
diagonal matrix whose elements are given by Λll = λl. The flow perturbation
energy in this basis is ‖u‖2 = ‖F exp(Λt)k0‖

2, where F is the Cholesky factor
of the Hermitian energy measure matrix M with entries Mij =

∫

ûH
i ûjdΩ.

Hence, the maximum growth expressed in the basis of eigenmodes reads

G(t) = ‖F exp (Λt)F−1‖2. (5.40)

The largest growth at time t is given by the largest singular value of F exp (Λt)F−1

and the optimal initial condition is k0 = F−1z , where z is the right singular
vector.

With this formulation of the problem the evaluation of the matrix expo-
nential is simple because Λ is diagonal. Also the computation of the SVD of
this matrix is computationally cheap if the number of modes m is small. From
(5.40) it can also be seen that the asymptotic growth of unstable eigenmodes is
captured, implying that one can view the optimal growth framework as a more
complete way of studying stability.
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5.4.2. Using the adjoint evolution operator

It is possible to avoid building the matrices involved in (5.37) altogether. The
central element in doing so is to make use of the adjoint evolution operator
T †(t) = exp(A†t) which given two test vectors p and q satisfies

(p, T q) = (T †p,q). (5.41)

The choice of inner product inner product dictates the form of T †. In defining
the adjoint evolution operator the inner product in the time space domain
Σ = [0, T ] × Ω

(u,u)Σ =

∫ T

0

(u,u) dt =

∫ T

0

∫

Ω

uT udΩdt (5.42)

is used. By noting that the linearized Navier–Stokes equations can be written
as (∂t −A)u = 0 we will recognise that the adjoint should satisfy the following
property

(u†, (∂t −A)u)Σ = ((−∂t −A†)u†,u)Σ = 0 (5.43)

In order to move the action of the operators ∂t and A from u to u† we will need
to perform integration by parts on the leftmost part of the above expression.
To arrive at the adjoint operator A† there are two possible strategies; either to
discretize the system in space including the boundary conditions and use the
discretized inner product, or to use the continuous variables and operators in
(5.43) to arrive at the the adjoint system (Giles & Pierce 2000). Once obtained
in its continuous form the system is discretized for numerical implementation.
We here outline the latter strategy. We utilise the Navier–Stokes equations and
the time space inner product to perform integration by parts

0 = (u†, (∂t −A)u)Σ

=

∫ T

0

∫

Ω

(u†)T
(

∂tu − (U · ∇)u − (∇U)u +Re−1∆u + ∇p
)

dΩdt

=

∫ T

0

∫

Ω

uT
(

−∂tu
† + (U · ∇)u† − (∇U)T u† +Re−1∆u† + ∇σ

)

dΩdt

+

∫ T

0

B.C. dt+

∫

Ω

(u†(T ))T u(T ) dΩ −

∫

Ω

(u†(0))T u(0) dΩ

= ((−∂t −A†)u†,u)Σ +

∫ T

0

B.C. dt+ (u†(T ),u(T )) − (u†(0),u(0)).

(5.44)

The pressure for the adjoint equations σ can similarly to the regular equations
be obtained through a Poisson equation, i.e. σ = K†u†. The B.C term contains
the inner product between boundary terms in the direct and adjoint solution.
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The above expression defines the adjoint linearized Navier–Stokes equations

−∂tu
† = A†u† = (U · ∇)u† − (∇U)T u† +Re−1∆u† + ∇K†u†, u†(T ) = u

†
T

(5.45)
if the boundary conditions of the adjoint system is set so that the integral
containing B.C. vanishes and the initial and end time inner products equals,
i.e.

(u†(T ),u(T )) = (u†(T ), T (T )u(0)) = (T †(T )u†(T ),u(0)) = (u†(0),u(0)).
(5.46)

This leads to the conclusion that the adjoint evolution operator

u†(T − t) = exp(A†t)u†(T ), (5.47)

is the operator that solves the Navier–Stokes equations backwards in time to
fulfil the inner product relation (5.43).

Having defined the adjoint evolution operator we may use it on (5.37) to
obtain the largest growth as

G(t) = max
u0 6=0

(exp(At)u0, exp(At)u0)

(u0,u0)
= max

u0 6=0

(u0, exp(A†t) exp(At)u0)

(u0,u0)
. (5.48)

The above expression is a Rayleigh quotient and therefore by definition an
eigenvalue problem. We can now write the optimization problem as

σ(t)u0 = exp(A†t) exp(At)u0. (5.49)

The largest eigenvalue of this Hermitian matrix is the maximum possible growth
and the corresponding eigenvector is the structure in the flow that leads to the
largest growth. Note the similarity with the standard eigenvalue problem.
Whereas the eigenvalues of A or equivalently exp(AT ) give the asymptotic
growth of the system, the eigenvalues of the above system yield the potential
for growth. Of course, to build the matrix exp(A†t) exp(At) is in most cases
infeasible. Instead one can see this as the application of two DNS simulations;
one for the normal Navier–Stokes system and one for the adjoint Navier–Stokes
system, thereby making it suitable for solution by the Arnoldi method as de-
scribed in Section 4.3.

5.5. Global stability of the flat plate boundary layer flow

The stability of the flat plate boundary layer flow was possible to explain us-
ing the Orr–Sommerfeld/Squire equations, but it is of interest to interpret the
stability characteristics of this flow from a global perspective. In essence Paper
1 deals with the use of the two-dimensional temporal eigenmodes (we assume
two-dimensional disturbances and harmonic time dependence) to characterise
the growth due to two-dimensional structures. Figure 5.2(a) shows a subset
of the 1205 converged eigenvalues obtained by choosing a Krylov subspace of
dimension 2000. The branch of the spectrum associated with TS-instability is
seen here marked with circles. These modes can be selected by identifying the
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Figure 5.2. (a) Eigenvalues of the linearized two-dimensional
Navier–Stokes system as obtained by the Arnoldi method. The
eigenvalues enclosed by circles belong to the TS branch. (b)
Streamwise velocity component of the eigenfunction related to
an almost neutrally stable eigenvalue m1 at the frequency λi =
0.055. (c) Eigenfunction corresponding to a high frequency
highly damped eigenvalue m2.

slightly damped eigenvalues with the corresponding eigenfunctions obtaining
their maximum values inside the boundary layer while decaying exponentially
in the free stream. Figure 5.2(b)-(c) shows examples of eigenfunctions associ-
ated with eigenvalues m1 and m2 in figure 5.2(a). The streamwise wavelength
of the eigenfunctions increases as we go towards lower frequencies. The wall
normal structures of these are very similar to those obtained by local temporal
analysis. Apart from the TS branch, figure 5.2(a) also reveals that the global
spectrum give both the wall normal continuous spectrum (the slightly damped
eigenvalues) and the damped discrete Orr modes, which both can be linked
to the local temporal spectrum, however modified by non-parallel effects (see
Paper 1).

A first observation to be made is that all eigenvalues are stable, hence we
do not expect to see any single eigenmode dominating the flow. Tentatively
we examine the possibility of transient growth by projecting the system on m
two-dimensional eigenmodes as described in Section 5.4.1.

Figure 5.3(a) shows the envelope G as a function of time. The envelope
reveals at each instance of time the maximum possible amplification due to a
specific initial condition, i.e. there is a different initial condition leading to the
specific maximum growth at each instance of time. The solid thick line shows
the envelope using a sufficient amount of eigenmodes, leading to the combined
Orr mechanism and the TS wave growth. The thin solid line shows the envelope
obtained when using only the TS type of modes in the optimization, revealing
that there is a gain with a factor of 20 in energy growth by initializing the TS
wavepacket with the Orr mechanism.
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Figure 5.3. (a) Envelope of growth due to worst case ini-
tial conditions. Solid thick line shows the envelope using a
sufficient amount of eigenmodes, leading to the combined Orr
mechanism and the TS wave growth. The thin solid shows
the envelope obtained when using only the TS type of modes
in the optimization. (b) Time evolution for streamwise veloc-
ity with the combined Orr and TS mechanism. Note that the
maximum amplitude A is growing from frame to frame.

In figure 5.3(b) we see snapshots of the optimal disturbance at different
times of its evolution. At the initial time it is leaning backwards against the
shear. During the initial phase of development the disturbance is raised up,
exploiting the Orr mechanism, forming a wavepacket consisting of TS-waves.
The wavepacket then grows as it propagates downstream and finally decays
as it leaves the window of observation. In several recent investigations it has
been found that the concept of transient growth in the form of wavepacket
propagation can be important in non-parallel flows analysed from a global
perspective. Using the Ginzburg-Landau equation Cossu & Chomaz (1997)
showed that the transient growth associated with a sum of damped global
modes can describe a spatially growing disturbance associated with a local
convective instability. The recent review of Chomaz (2005) further elaborates
on these ideas. Schmid & Henningson (2002) applied this concept to a falling
liquid curtain and found that in contrast to the evolution of single modes,
the sum of modes, i.e. the cooperation of modes that produces the largest
growth, was in fact able to bring out a physical mechanism of growth and
regeneration of the wavepacket, namely the triggering of a new wavepacket by
the pressure feedback of the disturbance created by the previous packet as it
hits the downstream end of the domain.

It is interesting to note that, as in the falling liquid sheet problem of Schmid
& Henningson (2002), the optimal sum of the global eigenmodes brings out the
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physical mechanism that optimally triggers wave packets also for boundary
layers. From the global approach we see that both TS waves and streaks
scenario can be seen as transient growth, i.e. neither of the mechanisms can be
seen to stem from single eigenmodes. The TS waves can be interpreted in terms
of streamwise non-normality, where the perturbations are growing while being
convected with the flow. Likewise the Orr mechanism which is present also
in the Orr–Sommerfeld equation can be seen as a wall normal non-normality,
where it is the propagation of the mean flow by the disturbances that creates
the instability. The famous lift up mechanism may be seen as a component-wise
non-normality, where there is a transfer of momentum from the wall normal
and spanwise velocities to the streamwise velocities (Marquet et al. 2008). Note
that using a sum of eigenmodes yields a low dimensional description of the
system. The direct computation of the optimal growth using the direct and
adjoint evolution operator may in many cases be the best choice of method.
Blackburn et al. (2008) studied a backward-facing step flow using a direct
approach and found that also for that geometry wavepackets originating at the
upstream end of the domain propagates downstream as they grow spatially. In
Paper 6 we study both the optimal initial condition and the optimal forcing
in the Blasius boundary subject to three-dimensional disturbances using this
approach, comparing the growth due to wave-packet propagation and the lift-
up mechanism.

5.6. Global stability of the cavity flow

Due to its rapid change in geometry, the cavity flow is not possible to analyse
using the Orr–Sommerfeld/Squire equations. In the previous section we ob-
served that for the high Reynolds number flat-plate boundary layer flow the
optimal sum of eigenmodes yielded upstream tilted structures that efficiently
initialised Tollmien-Schlichting type of wave packets. With this knowledge in
hand we are ready to attack a strongly non-parallel problem, to see the inter-
action of convective and absolute instability.

In absolutely unstable flows any noise present in the high order numeri-
cal discretization will grow exponentially, making it impossible to numerically
compute a steady-state base flow for linearization by standard time-marching
methods. Therefore the Selective Frequency Damping technique proposed in
Paper 2 is used to recover the steady state at this Reynolds number. The
Navier–Stokes equations are forced by adding a term proportional to the dif-
ference between the flow state and a filtered solution. In order to examine the
stability of the flow we again compute the eigenvalues of the two-dimensional
linearized Navier–Stokes operator linearized about the unstable base flow.

As in Section 5.5 we use the Arnoldi procedure to obtain global eigen-
modes of the flow. For this highly non-parallel flow we find, as seen in figure
5.4(a), about 150 converged complex conjugate pairs of eigenmodes when using
a Krylov subspace of size m = 800. Two of the eigenvalues are found in the
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Figure 5.4. (a) Eigenvalues of the cavity flow at Re = 350.
There are two unstable modes labelled (the most unstable be-
ing labelled m1), the distance in frequency of which is related
to the length of the cavity. (b) Vertical velocity component of
mode m1. (c) Vertical velocity component of mode m2.

unstable half plane, i.e. they have positive real part. An unstable eigenvalue
indicates that the flow is globally unstable, supporting self-sustained oscilla-
tions. Figure 5.4(b) shows the vertical velocity of the eigenfunction associated
with the eigenvalue labelled m1. All the slightly damped modes are quite
similar, they display Kelvin–Helmholtz type structures, all growing exponen-
tially throughout the shear-layer. Note that the distance in frequency λi of
these modes are set by the length of the cavity and the propagation speed of
disturbances in the shear layer, similar to the waterfall problem of Schmid &
Henningson (2002). Slightly more damped modes labelled m2 in figure 5.4(a)
with corresponding eigenfunctions displayed in figure 5.4(c) are also present.
These eigenfunctions are reminiscent of the TS modes obtained in section 5.5.

The non-normality of the operator we investigate allow the possibility of
transient growth also in this globally unstable flow configuration. Using an
eigenfunction expansion in a number of selected modes we optimize the energy
output in the same way as for the waterfall and Blasius problems. Figure 5.5(a)
shows the optimal energy growth using different numbers of global modes in the
eigenfunction expansion. Using one mode we observe the exponential growth
of the most unstable mode. Transient energy growth, due to non-normality of
the eigenmodes, results in a much faster growth up to t = 200, followed by
a global cycle of approximately 300 time units. This cycle is associated with
the least stable eigenvalues in figure 5.4(a). Since the spacing in λi between
adjacent modes is ∆λi ≈ 0.02, and the corresponding eigenfunctions have a
very similar structure, they have the ability to cancel each other, giving rise to
a cycle with a period of 2π/∆λi (Schmid & Henningson 2002). In order to get
a more physical feeling with the oscillating cycle we consider spatio-temporal
diagrams of the pressure field obtained from the eigenfunction expansion at a
height of y = 10 above the plate, tracing the development of the wavepacket.
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Figure 5.5. Optimal growth for the cavity flow. (a) Envelope
as obtained from the global mode expansion. Different lines
correspond to increasing number of eigenmodes included in
the optimization, 1, 2, 4, 24, . . . , 124, 144 from bottom to top.
Using one eigenmode in the expansion results in the exponen-
tial growth of the least stable eigenmode. When including two
modes in the optimization there is a cancellation effect lead-
ing to an oscillating cycle. (b) Spatio-temporal diagram for
the pressure at y = 10, for the time evolution in the eigen-
mode system due to the worst case initial disturbance. The
horizontal lines show the location of the cavity lips. As the
wave packet reaches the downstream lip there is a significant
pressure reflection regenerating the wave packet.

The bottom horizontal line in figure 5.5(b) signifies the upstream lip and the
top horizontal line the downstream lip. We first see the wavepacket as it hits the
downstream end, then it appears again and again as the global cycle continues.
We also see vertical (instantaneous) pressure pulses when the waves hit the
trailing lip. If we trace back a wavepacket to the downstream lip of the cavity
we see that it is triggered by the pressure pulse of the previous wavepacket.
This instability mechanism may be seen as a destabilization of the global mode
by the pressure field, where the pressure constitutes an immediate feedback
mechanism and the strong streamwise non-normality causes a large growth of
the disturbances along the shear layer.



CHAPTER 6

Flow control

The interest in devising efficient controllers for real applications such as the flow
around vehicles is substantial both from an economic and environmental point
of view. A large portion of the drag on boats, aeroplanes and trains stems from
the turbulent boundary layer surrounding these, hence an important aspect of
flow control is to delay the transition to turbulence. Flow control in its widest
sense refers to any mechanism that modifies the behaviour of the flow. During
the last decade several strategies such as active, passive, open-loop, closed-
loop control have been implemented both numerically and experimentally with
various degrees of success. Passive control methods rely on modifying the mean
flow by means of disturbance generators, such as ribblets, roughness elements or
compliant walls, or by altering the shape of for instance an aeroplane wing. As
an example Fransson et al. (2006) showed experimentally that streaks induced
by roughness elements mounted on a flat plate could delay transition due to
Tollmien-Schlichting waves in the Blasius boundary layer flow.

This thesis deals with active feedback (closed loop) control, where the aim
is to control the flow at a disturbance level by minute perturbations of the flow.
Important reviews in the field of active feedback control include Gunzberger
(1996); Bewley (2001); Kim (2003); Kim & Bewley (2007). All results presented
are obtained in the numerical framework, but it should be kept in mind that the
goal is to approach the possibility of experimental implementation of feedback
controllers. The justification of applying linear feedback control to inherently
non-linear processes such as the evolution of fluid flows is threefold; first of all
the transition process consists of a linear stage, where small disturbances grow
until non-linear breakdown occurs (Schmid & Henningson 2001), secondly lin-
ear processes are important to sustain turbulence in wall-bounded turbulent
flows (Kim & Lim 2000), thirdly stochastic disturbance models can be intro-
duced in the linearized Navier–Stokes equations mimicking flow statistics of
full DNS (Jovanovic̀ & Bamieh 2001).

Over the years several important steps have been taken in the field of nu-
merical linear feedback control. Early studies focused on the parallel channel
flow (Joshi et al. 1997; Bewley & Liu 1998; Keun et al. 2001; Högberg et al. 2003;
Hœpffner et al. 2005; Chevalier et al. 2005), where the Orr–Sommerfeld/Squire
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equations were sufficient to describe the linear mechanisms of the flow. Lin-
ear feedback control in the Orr–Sommerfeld/Squire framework has also been
applied to spatially developing flows in Högberg & Henningson (2002); Cathal-
ifaud & Bewley (2004a,b). In Paper 5 we perform control in boundary layer
flows such as the Blasius and Falkner–Skan–Cooke flows following this strat-
egy. A substantial drawback with the assumption of locally parallel flow is that
distributed sensors and actuators along the wall are assumed, which is clearly
infeasible for experimental implementations, where only localized sensors and
actuators are possible.

In order to capture localized sensors and actuators controllers have to be
constructed using a global approach. This new approach is developed in Paper
3 and Paper 4. Since the linearized Navier–Stokes equations once discretized
constitute a very high dimensional system, the systematic manipulation of the
full equations becomes too demanding. Reduced representations of the equa-
tions by Galerkin projection onto global basis functions have received sub-
stantial attention during the last years. Specifically various models based on
proper orthogonal decomposition (POD) modes able to capture the non-linear
dynamics of the Navier–Stokes equations can be found in Gillies (1998); Noack
et al. (2003, 2004); Tadmor et al. (2004); Rowley et al. (2004). A problem with
using POD modes is that although they are optimal at capturing the energy
of the flow they do not in general capture the dynamically important low en-
ergy structures created by the actuator. Different strategies to overcome this
problem have been introduced in Gillies (1998) and in Tadmor et al. (2004).
For linear systems balanced truncation provides an attractive basis for model
reduction (Moore 1981), and examples of successful applications are channel
flow (Ilak & Rowley 2008), the flow around a pitching air foil (Ahuja & Rowley
2008) and the Blasius boundary layer flow (Bagheri et al. 2008).

Reduced order modelling provides the natural bridge to experimental im-
plementations of optimal controllers. Until recently the experimental commu-
nity has restricted their studies to the performance of the actuators their selves
and not the specific performance of different control laws. In experiments typi-
cal sensors are wall wires and hot films measuring wall shear stress (Alfredsson
et al. 1988), whereas actuators are provided by suction/blowing through holes
(Lundell 2007). An example of active feedback control for the Blasius boundary
layer is found in for instance Lundell (2007) who showed that arrays of wall
wires extracting wall shear stress connected to wall suction actuators could
by utilising simple control laws reduce the disturbance growth due to streaks.
Successful experimental implementations of optimal linear feedback control are
scarce, but an exception is Caraballo et al. (2008), who attenuate the peak
in the frequency response of the globally unstable square cavity flow. In that
work POD modes obtained from particle image velocimetry snapshots are used
to construct a reduced order model from which a Linear Quadratic Gaussian
controller is computed.
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6.1. Feedback control

In this thesis we deal with active control in the framework of closed loop feed-
back control. The essence of a closed loop controller is illustrated in figure 6.1.
The flow system may be seen as a plant onto which we have disturbances ψ.
The plant may be the flow in a wind tunnel or as described by the Navier–
Stokes equations. From the plant we have measurements r available. These
measurements are fed into a controller which in real time (on line) computes
control signals φ that are fed back into the plant. A second set of measurements
s monitor how well the controller has been performing. An alternative set up is
an open loop controller where the outputs r are discarded in the computation
of the control signals, thereby enabling off line computation of the control law.
The latter control strategy is only reasonable if exact knowledge of the plant
dynamics is available, whereas the former is able to account for uncertainties
in the plant. The outputs r and s are obtained through sensors, which for flow
systems typically are located at the wall. Similarly the inputs φ are driving
actuators that allows for manipulation of the flow behaviour. The mapping of
the disturbances ψ onto the state needs in general to be modelled. For flow
systems this essentially amounts to describing the shape and location of typical
instability structures.

plant

controller

r

s

φ

ψ
(disturbances)

(control signal) (sensor signal)

(monitor performance)

Figure 6.1. Schematic view of a control setting. The flow is
seen as a plant driven by disturbance signals ψ. From the plant
measurement signals r are into a controller which calculates a
control signal φ that is fed back into the plant. A second set
of measurements s monitors the performance of the controlled
system.

The most essential question for control is what to put in the “controller”
box, or in other words how to connect the sensors to the actuators in order to
obtain the desired goal. Simple controllers do exist, and the most popular in
industrial applications (control of robot arms, cd players, car steering systems
etc.) is the so called Proportional Integral Derivate (PID) controller. This
controller takes output signals r and calculates the control signal through the
relation

φ(t) = Pr(t) +D
dr

dt
+ I

∫ t

0

r(τ)dτ, (6.50)
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where P , D and I are tunable constants. The tuning of the constants can be
done by a lead-lag technique working in the frequency domain, with a frequency
domain model of the plant available. This can also be seen as a pole placement
(moving eigenvalues) technique. For a general fluid dynamical system, which
has quite intricate dynamics (such as non-normality of the underlying operator)
the task of tuning the constants may become difficult (Glad & Ljung 1994).
There are other more systematic (and complicated) ways of constructing con-
trollers, namely controllers that stem from optimization of quadratic criteria.
The famous Linear-Quadratic-Gaussian (LQG) controller is an example of this
class of controllers. The essence of the LQG controller is that a Kalman filter
(state space filter) is running on the side of the plant continuously estimating
the state based on measurements. Based on the estimated state an optimal
controller computes control signals. There are of course drawbacks to using
this technique, the most obvious being that large scale optimization problems
have to be solved if the full state space equations are used as a basis for control.
In addition the Kalman filter has to be run on-line in order to yield the control
signals, typically at the cost of a DNS time integration. There are however
methods to cope with the high dimensionality of the system.

6.2. Inputs and outputs

In order to perform systematic manipulation of the linearized Navier–Stokes
equations we equip them with inputs that allow us to manipulate the flow

∂tu = Au + B1φ+ B2ψ = Au + Bf (6.51)

and outputs
s = C1u

r = C2u,

}

⇒ r = Cu, (6.52)

that enable us to extract information. Here u is the state consisting of the
velocities and A is the discretized linearized Navier–Stokes operator. Without
loss of generality only single input and output signals are considered here. The
input operator B2 allows for the manipulation of the flow through the scalar
control signal φ. The scalar measurement r is obtained through the operator
C1. Disturbances to the state equation are modelled by the input B1 driven by
the scalar signal ψ. We are able to monitor the behaviour of the controlled sys-
tem via the scalar signal s generated from the state via the output operator C1.
It is convenient to group the inputs to obtain an input signal vector f = [ψ, φ]T

with the corresponding input operator B = [B1 B2] and likewise the outputs to
an output signal vector r = [s, r]T with the corresponding output operator
C = [C1, C2]

T . The state space formulation requires the inputs to be volume
forcing operators and the outputs to operate on the state u. If applying control
via boundary conditions for instance by means of blowing and suction it is con-
venient to perform a lifting procedure (Curtain & Zwart 1995). A derivation of
this procedure for the one dimensional Orr–Sommerfeld/Squire equations with
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distributed actuators is found in Högberg et al. (2003), and similarly for the
two-dimensional Navier–Stokes equations with localized actuators the reader
is referred to Paper 4 for an explanation. The basic idea of that procedure
is to divide the solution into a particular part satisfying the boundary condi-
tions and homogeneous part with homogeneous boundary conditions. Then the
control problem of the total solution is written in terms of the homogeneous
solution forced by a steady state solution of the particular system.

Figure 6.2 shows the inputs and outputs for the two flow cases studied in
this thesis. For the convectively unstable Blasius case we model the disturbance
input B1 to the system by an upstream located volume forcing as seen in figure
6.2(a). Remember from Section 5.5 that the dominating instabilities in the
flow were upstream located structures that are propagated downstream in the
form of wavepackets while being amplified. Downstream of the disturbance
the sensor C2 senses the incoming disturbances extracting the wall-shear stress
(∂yu) with the shape shown in figure 6.2(a). The actuator is a zero mass flux
wall blowing and suction device that is lifted to a state space forcing term
as described in Paper 4. In total the flow is now subject to input from both
disturbances and actuation, the effect of which is convected downstream. To
this end there is a sensor C1 located downstream monitoring the performance of
the controller by extracting the wall-shear stress. In Figure 6.2(b) the control
setup for the globally unstable cavity flow is shown. In Section 5.6 it was shown
that the destabilising mechanism was wave packet propagation across the cavity
shear layer that triggered a pressure wave when hitting the downstream end of
the cavity. This makes it natural to assume that the disturbance B1 should be
modelled by a volume forcing in the cavity shear layer and likewise that the best
location for sensor C2 is at the downstream cavity lip. Once the disturbances
hit the downstream lip the pressure wave immediately hits the upstream lip
of the cavity recreating vortical disturbances that again propagate across the
shear layer. It is hence at the upstream lip a suitable location for the actuator
B2 is found. In order to access the performance the full domain perturbation
kinetic energy is monitored. From the above it is evident that while finding
the best control law may be solved by optimization problems the placing of
actuators and sensors is an engineering judgement based on the knowledge of
the flow instability.

6.3. Model reduction

The linearized Navier–Stokes equations subject to control constitute a very
high dimensional system once discretized. Systematic control strategies involve
solving optimization problems that rely on direct manipulation of the system
matrices involved. In general this becomes computationally too demanding.
A way to avoid the problem of high dimensionality is by model reduction,
for which the aim is to construct a reduced order state space realization with
input-output characteristics that are similar to the original state space model.
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Figure 6.2. Set up of inputs and outputs for a) The flat plate
boundary layer flow. The input B1 models the upstream initial
receptivity phase. The wall blowing and suction actuator B2 is
located after the first sensor C1 which measures the wall-shear
stress. The second sensor C2 quantifies the effect of the control.
b) The shallow cavity flow. The actuator B2 is placed in the
vicinity of the upstream lip of the cavity and the sensor C2

measuring the skin friction is placed at the downstream lip of
the cavity The unknown stochastic disturbances B1 is assumed
to be located upstream in the shear layer. The output C1 is
not shown because it measure kinetic energy in the whole do-
main.

The standard procedure to obtain a reduced state space model is by Galerkin
projection on a set of suitable vectors. In this thesis we have used two different
sets of vectors, namely the eigenmodes of the linearized equations and the
balanced truncation modes (Moore 1981).

Given a set of input operators B1 and B2 a crucial element for control design
is to quantify their effect on the state. The systematic approach to quantifying
this effect is commonly given by the controllability Gramian, which measures
the energy of the states u that can be reached by the inputs

Jc =

∫ ∞

0

exp(Aτ)BB† exp(A†τ)dτ, (6.53)

for the input B = [B1 B2]. The controllability Gramian once diagonalized pro-
vides a way to rank different states according to how they can be influenced by
the inputs B. In the same manner, given output operators C1 and C2 the most
easily observed states are quantified by the observability Gramian

Jo =

∫ ∞

0

exp(A†τ)C†C exp(Aτ)dτ, (6.54)

for the outputs C = [C1 C2]
T . The observability Gramian provides upon diago-

nalization a way to rank the states according to how easily they are detected
by the outputs. Both measures (6.53) and (6.54) are obtained as solutions of
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Lyapunov equations, which in their direct form are computationally too heavy.
Most methods to deal with this issue are based on subspace projections (Saad
& Gv 1990), and the snapshot method (c.f. Sirovich 1987; Rowley 2005) falls
under this category. The key elements in the snapshot method are; to replace
the upper integration limit in (6.53) and (6.54) with a sufficiently large finite
time; to introduce a numerical quadrature to obtain discrete approximations
to the integrals; and finally to project the solutions on the snapshots. A set
of snapshots for the controllability Gramian is obtained by doing two forward
simulations (DNS) subject to initial conditions B1 and B2 to obtain the col-
lection of snapshots X of size n × 2m for the discretized state. In addition a
set of adjoint snapshots for the observability Gramian is obtained through two
adjoint simulations subject to end conditions C1 and C2 to end up with Y of
size n × 2m. The discretized gramians are formally given by Jc = XXT and
Jo = YY T . The balanced modes are the modes that mutually diagonalize Jc

and Jo, i.e. they are the eigenmodes of JcJo. To this end it can be seen that
the singular value decomposition of the small 2m × 2m sized matrix Y TX is
sufficient to obtain these modes. For a more in depth explanation to the snap-
shot method for computing balanced modes it is referred to Rowley (2005).
For stable systems the balanced truncation modes provides the preferable ba-
sis for model reduction due to their inherent quantification on how well the
input-output behaviour is captured.

Although in its original form balanced truncation applies to stable systems
only, it is possible to extend it to unstable systems by projecting out the unsta-
ble eigenmodes of the system and creating an augmented system of balanced
modes and eigenmodes (Ahuja & Rowley 2008). If the aim is to stabilise an
absolutely unstable flow it is possible to use only the eigenmodes as a total
basis for projection (Åkervik et al. 2007).

Whether we use the eigenmodes or the balanced modes we denote the
basis as V = [v1,v2, . . . ,vm] and the corresponding adjoint basis as V† =

[v†
1,v

†
2, . . . ,v

†
m], where m is the number of modes kept in the reduced order

representation of the system. Typicallym should be chosen as small as possible.
The direct and adjoint modes satisfy the bi-orthogonality condition

(v†
i ,vj) = δij . (6.55)

The flow state u is expanded in the basis as in Section 5.4

u =
m

∑

j=1

κj(t)vj = Vk(t), (6.56)

for the flow state k = [κ1, κ2, . . . , κm]T . The above relations enable us to
perform a Galerkin projection of the linearized Navier–Stokes equations via
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the inner products

Aij = (v†
i ,Avj)

B1,i = (v†
i ,B1) B2,i = (v†

i ,B2).
(6.57)

The reduced matrix A is of size m ×m and the input matrices Bi are of sizes
m × 1. If the eigenmodes are used as a basis for reduction, the matrix A is
diagonal with the eigenvalues on the diagonal, but for the balanced modes
the matrix is in general full. The reduced order representation of the output
operators is obtained via the expansion (6.56)

C1,i = C1vi, C2,i = C2vi. (6.58)

Finally we end up with the reduced system

k̇ = Ak + B1φ+ B2ψ,

s = C1k

r, = C2k,

(6.59)

to be used for systematic control design in the LQG framework.

6.4. LQG control of the Navier–Stokes equations

In the design of an LQG controller our concern is to find an optimal mapping
from the output r to the input φ so that a quadratic measure of the disturbances
are minimized. An example of such a measure is the total kinetic energy in the
domain, but it might also be based on a measurement at a specific location. A
direct formulation of the optimization problem results in a sequence of coupled
non-linear equations, and there are no robustness guaranties to the resulting
controller (see e.g. Lewis & Syrmos 1995). On the other hand by splitting
the problem in two, where an optimal controller is built using full knowledge
of the state (Linear Quadratic Regulator), but replacing that state with an
estimated state reconstructed from the measurement based on a Kalman filter,
results in a controller with certain desirable properties. For instance if the full
information controller and the Kalman filter are both stable, then the resulting
controller is also stable, as guaranteed by the separation principle (Zhou et al.
2002).

6.4.1. The Kalman Filter

Let the first step in the LQG design be to reconstruct the state from the
measurements r discarding the output s. The state equations can be written
as

{

k̇ = Ak + B1ψ + B2φ, k(0) = k0

r = C2k + g,
(6.60)

where we have added measurement noise g. To explicitly state that there
are uncertainties in the system, both ψ and g are considered to be stochastic
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uncorrelated white noise processes, only known through their covariances. The
detailed form of the initial condition k0 is assumed to be unknown, and only
covariance data is available. The stochastic nature of the uncorrelated inputs
ψ, g and k0 renders also the state k stochastic. The time evolution of the state
covariance P = E{k∗k} is governed by a Lyapunov equation (Kailath et al.
1999).

The process of estimating a linear system with noisy and a limited amount
of information is an optimal filtering problem (Kailath et al. 1999). Now let
the state equation itself serve as a time-domain filter







˙̂
k = Ak̂ + B2φ+ L(r − r̂), k(0) = 0

r̂ = C2k̂ ,
(6.61)

for the estimated state k̂. The above equation is the famous Kalman filter,
where neither state disturbances nor measurement noise is present. A forcing
term L(r − r̂) is introduced to force the estimated state towards the noisy
unknown state based on the measurement differences in the two systems. This
forcing vanishes when the difference in the measurements is zero. The error

k̃ = k − k̂ involved in this process has the evolution equation

˙̃
k = (A + LC2)k̃ − Lg, (6.62)

with corresponding covariance P̃. The task is now to find the optimal forcing
gain L that minimises the quadratic measure trace(P̃) in the infinite horizon.
The resulting optimization problem can be solved by a Lagrange multiplier
technique where the objective function is subject to the constraints of satisfying
the Lyapunov equation for the estimation error covariance P̃. It can be seen
that the solution is given by an algebraic Riccati equation for P̃, and the optimal
gain L can be extracted from

L = −P̃CH
2 G

−1. (6.63)

Here G is the variance of the measurement noise. The optimal gain L is now

designed such as to drive the estimated state k̂ towards the unknown state
k based on the measurement difference r − r̂. For a detailed derivation of
the estimation process the reader is referred to Kailath et al. (1999), and for
a discussion on how to model the stochastic disturbances for fluid flows it is
referred to Hœpffner et al. (2005); Chevalier et al. (2005).

6.4.2. The Linear Quadratic Regulator

When designing an optimal full information controller we take a deterministic
approach, where we assume that full state information is available and that the
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measurement s is used as an objective function

k̇ = Ak + B2φ,

s = C1k + ℓφ.
(6.64)

The measurement s is equipped with a term ℓφ that allows us to add the control
signal strength to the objective function

‖s‖2 =

∫ ∞

0

‖C1k‖
2 + ℓ2φHφdt. (6.65)

Minimisation of this expression can also be achieved through a Lagrange mul-
tiplier technique where the constraint is the state equation k̇ = (A − B2K )k.
The optimal control gain K is obtained as the solution of an algebraic Riccati
equation. As stated earlier the separation principle guarantees that the optimal
measurement feedback control is given by

φ(t) = Kk̂(t), (6.66)

where k̂ is indeed the state estimate provided by the Kalman filter. Note that in
general the cost functions for both control and estimation can be time varying
functions and in this case the gains K and L become time dependent and their
solution is governed by differential Riccati equations (see e.g. Lewis & Syrmos
1995).

6.4.3. Application to the Navier–Stokes

Applying the optimal controller to the Navier–Stokes equations amounts to
solving the system

∂tu = NS(u) + B2φ, r = C2u,

˙̂
k = (A + B2K + LC2)k̂ − Lr, φ = Kk̂.

(6.67)

The evolution of the flow state u is updated for example by means of a DNS
time-stepper technique. At every time step measurements r are extracted,

driving the small estimated state k̂ . The estimated state is updated on-line
by any suitable time-integration procedure, feeding back at every time step
control signals φ to the DNS. It is important to note that if we were using the
full equations for the control design, it would have been necessary to solve a
full DNS on-line in order to obtain the estimated state. Hence it can be seen
that model reduction is essential both to solve the optimization problems and
to construct realizable controllers for on-line use.

6.5. Control of the flat plate boundary layer flow

For the flat plate boundary layer flow discussed in Section 5.5 we use the 70
most dynamically important balanced truncation modes as a projection basis
for model reduction. The performance of the controller is tested using the prop-
agating wavepacket stemming from the optimal initial condition. This case is
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Figure 6.3. Control of the wavepacket due to the worst case
initial condition. (a) Solid black line shows uncontrolled en-
ergy evolution and dashed black line shows the controlled en-
ergy. (b) Output signal as measured by the sensor C2 driving
the controller. (c) Control signal fed into the wall actuator.
(d) Signals from the sensor C1 measuring the objective func-
tion. Solid black line shows uncontrolled case whereas dashed
black line shows the controlled case.

interesting because the controller is not designed specifically for this configu-
ration and it has only a limited window in time to counteract the disturbances
that are propagating through the domain in the form of a localized wavepacket.
In figure 6.3(a) the full domain kinetic energy as a function of time is shown
as a solid black line for the uncontrolled evolution and as a dashed line for
the controlled case. The effect of the controller is evident. The measurement
signal detected by the sensor C2 is shown in figure 6.3(b) revealing that the
sensor picks up the front of the wavepacket arriving at t ≈ 350. A time lag
of ≈ 300 consistent with the speed of the propagating wavepacket (c = 0.3) is
observed until the controller starts acting on the information (see figure 6.3(c)).
The downstream measurement, i.e. the objective function to be minimized, is
shown in figure 6.3(d) as a black solid line for the uncontrolled case and as a
dashed black line for the controlled case. It can be seen that also this measure
shows a satisfactory performance of the controller.

6.6. Control of the cavity flow

For the absolutely unstable cavity flow studied in Section 5.6 we use the eigen-
modes of the two-dimensional linearized Navier–Stokes equations as our pro-
jection basis for model reduction.

The control and estimation gains are computed using the LQG framework
presented in Section 6.4. In order to assess the performance of the computed
control and estimation gains the linear reduced order controller is coupled to
the full non-linear DNS and applied to the same configuration that led to
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the evolution shown in figure 5.5. A reduced model consisting of the four
least stable eigenmodes is considered, sufficient to at least move the unstable
eigenmodes to the stable half plane. Note that this small model cannot fully
capture the transient growth associated with the initial propagation of the wave
packet (see third line from bottom in figure 5.5(a)), however as already stated,
for control purposes it is the actuator to sensor dynamics that is crucial to
capture. The shear layer acts as a filter to retain only the leading eigenmodes
once the wavepacket has propagated across the cavity. Indeed figure 6.4(a)
shows that when control is applied to the full Navier–Stokes equations in terms
of DNS, the exponential energy growth is turned into exponential decay after
the first peak. It is not possible to control the initial energy growth as the
first wavepacket has to propagate down once before the controller knows that
it exists.

The sensor signals for the controlled and uncontrolled case are shown in
the inset of figure 6.4(a). The sensor signal from the controlled case decays
after the first reflections of the wavepacket at t ≈ 125. The spatio-temporal
diagram for the controlled flow in figure 6.4(b) is to be compared with figure
5.5(b). When the control is applied one still observes the vertical rays of the
global pressure oscillations but the wavepacket regeneration is reduced, leading
to a decrease in the levels of fluctuations at each cycle, i.e. flow stabilization.
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Figure 6.4. a) Energy obtained from DNS of the uncon-
trolled flow (thin solid line) and controlled flow using model
with four modes (thick solid). After the first reflection has
taken place the controller counteracts regeneration at the up-
stream cavity lip and thereby turns exponential growth into
exponential decay. Inset shows the sensor signal in the uncon-
trolled case as thin solid line and controlled using four modes
as thick solid line. b) DNS of controlled flow using an estima-
tor constructed from reduced model formed by the four least
stable eigenmodes. As can be observed by comparison with
the uncontrolled case displayed in figure 5.5 the regeneration
of the disturbances at the upstream cavity lip is diminished.



CHAPTER 7

Conclusions and outlook

Modern hydrodynamic stability theory has converged towards the formulation
of the stability problem as an optimization problem, thereby sharing the strat-
egy with systematic control theory. There is in other words little difference
from a toolbox point of view in determining the stability characteristics of a
flow and constructing a controller for it. This thesis has explored the use of
global eigenmodes of generic boundary layer flows in order to perform sta-
bility analysis and also as a basis for model reduction. It has been possible
to describe the main destabilising mechanisms by using a sum of eigenmodes.
However the complexity of the systems to be studied in the coming years makes
the route of going through the reduced basis of eigenmodes seem intractable.
First of all creating the full discretized matrix of the Navier–Stokes equations
is not an option for three-dimensional flows due to the vast memory require-
ments. Secondly, by using a time-stepper technique it is difficult to obtain
a large number of eigenmodes needed for solving the optimization problem.
Furthermore our computations have shown that the summing of eigenmodes
becomes ill-conditioned when the system is very non-normal. Thus it seems
more natural to use eigenmodes to describe global instability of the flow and as
an initial step towards understanding the optimal growth features of the flow.
To obtain fully reliable results on optimal growth one needs in general to solve
the optimization problem using direct and adjoint DNS.

Model reduction provides a natural bridge from systematic feedback con-
trol in the numerical framework to experimental implementations. There are
however still a few steps necessary to take in order to get there. The most
important seems to be the detailed modelling of real actuators in the numerics.
As it is at the present stage, the wall blowing and suction actuators are mod-
elled by wall functions prescribing an analytic injection profile through a slot.
In reality the actuators are small pipes with their own inherent flow dynamics.
By using balanced truncation as a model reduction basis it is possible to get a
small model that captures well the input output behaviour, but in order to do
so the actuator has to be well described. Efforts should be put into creating
reasonable actuators in the numerics that match the real ones. This consid-
eration also applies to the numerical modelling of sensors. In other words the
main steps towards realisability is to capture the input output behaviour in an
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experiment by DNS. Once that is achieved it is envisioned that Direct Numer-
ical Simulation will be used as a tool to construct controllers that optimally
couple sensors to actuators such that systematic flow control can be used in
real applications.

The teapot will perhaps in the end pour a straight beam.



CHAPTER 8

Summary of papers and division of work

Paper 1
Global two-dimensional stability measures of the flat plate boundary-layer flow
Espen Åkervik, Uwe Ehrenstein, François Gallaire and Dan S.

Henningson

Eur. J. Mech. B/Fluids, 27 (2008), pages 501–513

This paper deals with the use of global eigenmodes to compute optimal
growth and optimal forcing in the flat plate boundary layer flow. A conver-
gence in the number of eigenmodes needed in describing the optimal initial
condition is obtained. The Orr mechanism is revisited and it is shown that
this mechanism is not separated from the Tollmien–Schlichting mechanism, in
fact they cooperate. The optimal forcing structures are similar to the optimal
initial condition.

The writing of the paper was done by EÅ in collaboration with UE with
feedback from FG and DH. The computation of the eigenmodes were done by
EÅ and UE. The computation of the optimal initial condition was done by
EÅ and the optimal forcing by EÅ and UE. Direct numerical simulations were
performed by UE using a code developed by Matthieu Marquillie and UE.

Paper 2
Steady solutions of the Navier–Stokes equations by selective frequency damping.
Espen Åkervik, Luca Brandt, Dan Henningson, Jérôme Hœpffner,

Olaf Marxen, Philipp Schlatter.

Phys. Fluids 18, 068102 (2006).

A highly accurate numerical description of the base flow is necessary for sta-
bility analysis. Previously, for cases without symmetries, the Newton method
was used to solve for steady solutions of the Navier–Stokes equations. We pro-
pose a method based on selective frequency damping, easy to implement in
existing direct numerical simulation codes to stabilise steady state solutions,
and thus reach them by time marching. The method was used in Paper 3 for
the computation of the globally unstable base flow in the separated boundary
layer flow.

The writing of the paper was done by LB and PS, with feedback from all
authors. The computations of the cavity flow was done by EÅ, and by OM
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for the recirculation bubble. The analysis of the stabilization and choice of the
design parameters was done by JH.

Paper 3
Optimal growth, model reduction and control in a separated boundary-layer flow
using global eigenmodes.
Espen Åkervik, Jérôme Hœpffner, Uwe Ehrenstein, Dan Henning-

son.

J. Fluid Mech., 579 (2007), pages 305–314.

This paper deals with optimal growth and control of a globally unsta-
ble cavity flow. Optimal growth analysis yields an upstream located initial
wavepacket. This wavepacket propagates through the shear layer in the cavity
and pressure reflections regenerate the disturbances upstream. A reduced or-
der model for control based on as few as 4 eigenmodes is built, and the LQG
controller is run in parallel to the DNS at a low computational cost. The
satisfactory performance of the controller, combined with the low on-line com-
putational effort provides promising perspectives of using reduced order models
based on global eigenmodes for fluid flows.

The writing of the paper was done in collaboration by EÅ, JH and UE,
with feedback from DH. The controller optimisations were done by JH and EÅ
with a code developed by JH. The eigenmode computations were performed by
EÅ with a code developed by UE. Implementations and computations of the
steady base flow and the controller was done by EÅ with a direct numerical
simulation code developed by Matthieu Marquillie and UE.

Paper 4
Matrix-free methods for the stability and control of boundary layers.
Shervin Bagheri, Espen Åkervik, Luca Brandt, Dan S. Henningson.

AIAA Journal, submitted.

This paper deals with matrix-free methods for the stability analysis and
control design of the two-dimensional spatially developing Blasius boundary-
layer. Both stability analysis and control design relies on solving very large
eigenvalue problems. Iterative and adjoint-based techniques are employed to
compute both asymptotic and short time growth. For control design the input-
output behavior of the system is of interest and the snapshot-method is em-
ployed to compute a system consisting of a few balanced modes that correctly
capture this behavior. The inputs are external disturbances and wall actuation
and the outputs are sensors that extract wall shear stress.

The writing of the paper was done by SB, EÅ and LB with feedback from
DH. Stability calculations using both the matrix and time stepper techniques
were performed by EÅ. Implementation of the matrix solver was performed by
EÅ, whereas the matrix-free method was implemented in collaboration between
EÅ and Antonios Monokrousos. The input-output formulation was developed
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by SB, who also implemented corresponding controller codes. Extensions to
wall actuation/sensing were implemented by EÅ. Numerical computations for
control were performed by EÅ.

Paper 5
Linear feedback control and estimation applied to instabilities in spatially de-
veloping boundary layers.
Mattias Chevalier, Jérôme Hœpffner, Espen Åkervik, Dan Hen-

ningson.

J. Fluid Mech., 588 (2007), pages 163–187.

The method to build covariance of the stochastic sources of excitation
is applied to control and estimation in spatially developing boundary layer
flow. Several cases of fundamental interest are considered: unstable Tollmien–
Schlichting waves, unstable cross-flow vortices, transient growth and streaks.
This paper is the follow up of Högberg & Henningson (2002) that focused on
the control part.

The writing of the paper was done by MC, with feedback from JH, EÅ and
DH. The computation of the control and estimation gains were performed by
MC and EÅ with a computer program developed by JH and Marcus Högberg.
The direct numerical simulation was performed by MC and EÅ using a code
originally developed at the Department of Mechanics.

Paper 6
Global optimal disturbances in the Blasius flow using time-steppers.
Antonios Monokrousos, Espen Åkervik, Luca Brandt, Dan S. Hen-

ningson.

Technical report.

The stability of a high Reynolds number flat plate boundary-layer Blasius
flow to three-dimensional disturbances is studied using a time-stepper tech-
nique. Both the optimal initial condition leading to the largest growth at finite
times and optimal forcing leading to the largest regime response at given fre-
quencies are studied. A Lagrange multiplier technique is used to formulate the
optimization problems. Both the optimal initial condition and the optimal forc-
ing is for large spanwise wavenumbers governed by the lift-up mechanism. For
small spanwise wavenumbers it is the Orr mechanism combined with oblique
wave packet propagation that dominates.

The writing of the paper was done by EÅ, AM and LB with feedback
DH. The computation of the optimal initial conditions was performed by EÅ,
whereas the optimal forcing results were obtained by AM. The implementation
of the adjoint DNS and the optimal forcing power iteration scheme was per-
formed by AM, whereas the Arnoldi iteration scheme using ARPACK method
was implemented by EÅ.

Related paper, not included in thesis:
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The use of global modes to understand transition and perform flow control.
Dan Henningson and Espen Åkervik.

Phys. Fluids 20, 031302 (2008).

This paper is a review of the use of global eigenmodes as a tool for under-
standing stability, building on the papers Schmid & Henningson (2002), Paper
1 and Paper 3. As such we felt that including this paper would lead to repeti-
tion of material. For readers who are new to the field of stability using global
eigenmodes, this would however be most suitable paper to read first. Three
flow cases are studied, starting with the simple waterfall problem of Schmid &
Henningson (2002), through the more realistic Blasius flow (Paper 1) to finally
end up with the more complicated Cavity flow (Paper 3). The details, such as
the importance of summing eigenmodes, how to compute an Arnoldi factori-
sation and how to obtain a Riccati equation for control using a reduced order
model, are treated more thoroughly than in Paper 1 and Paper 3.

The writing of the paper was done in collaboration by DH and EÅ. Most of
the material from the waterfall problem were taken from Schmid & Henningson
(2002), whereas the remaining results were produced by EÅ.
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Noack, B., Tadmor, G. & Morzyński, M. 2004 Low-dimensional models for feed-
back flow control. Part I: Empirical galerkin models. In 2nd AIAA Flow Control

Conference. Portland, Oregon, U.S.A., June 28 – July 1, 2004, AIAA-Paper
2004-2408 (invited contribution).

Orr, W. M. F. 1907 The stability or instability of the steady motions of a perfect
liquid and of a viscous liquid. Part I: A perfect liquid. Part II: A viscous liquid.
Proc. R. Irish Acad. A 27, 9–138.

Peyret, R. 2002 Spectral Methods for Incompressible Viscous Flow . Springer, New
York.

Reddy, S. C. & Henningson, D. S. 1993 Energy growth in viscous channel flows.
J. Fluid Mech. 252, 209–238.

Rempfer, D. 2006 On boundary conditions for incompressible navier–stokes prob-
lems. App. Mech. Rev. 59, 107–125.

Rowley, C. R. 2005 Model reduction for fluids, using balanced proper orthogonal
decomposition. Int. J. Bifurcation and Chaos 15, 997–1013.

Rowley, C. W., Colonius, T. & Murray, R. M. 2004 Model reduction for com-
pressible flows using POD and Galerkin projection. Physica D. Nonlinear Phe-

nomena 2004, 115–129.

Saad, Y. & Gv, X. V. 1990 Numerical solution of large lyapunov equations. In
Signal Processing, Scattering and Operator Theory, and Numerical Methods.

Sagaut, P. 2002 Large Eddy Simulation for incompressible flows, 2nd edn. Springer,
Berlin, Germany.

Schlatter, P., Stolz, S. & Kleiser, L. 2006 LES of spatial transition in plane
channel flow. J. Turbulence 7 (33), 1–24.

Schlichting, H. 1933 Berechnung der Anfachung kleiner Störungen bei der Platten-
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