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Abstract

System identification is about constructing and validating models from measured
data. When designing system identification experiments in control applications,
there are many aspects to consider. One important aspect is the choice of model
structure. Another crucial issue is the design of input signals. Once a model of the
system has been estimated, it is essential to validate the closed loop performance
if the feedback controller is based on this model. In this thesis we consider the
prediction-error identification method. We study model structure complexity issues,
input design and model validation for control.

To describe real-life systems with high accuracy, models of very high complexity
are typically needed. However, the variance of the model estimate usually increases
with the model order. In this thesis we investigate why system identification, despite
this rather pessimistic observation, is successfully applied in the industrial practise
as a reliable modelling tool. It is shown that by designing suitable input signals
for the identification experiment, we obtain accurate estimates of the frequency
function also for very complex systems. The input power spectrum can be used
to shape the model quality. A key tool in input design is to introduce a linear
parametrization of the spectrum. With this parametrization, several optimal input
design problems can be rewritten as convex optimization problems.

Another problem considered is to design controllers with guaranteed robust sta-
bility and prescribed robust performance using models identified from experimental
data. These models are uncertain due to process noise, measurement noise and un-
modelled dynamics. In this thesis we only consider errors due to measurement
noise. The model uncertainty is represented by ellipsoidal confidence regions in the
model parameter space. We develop tools to cope with these ellipsoids for scalar
and multivariable models. These tools are used for designing robust controllers, for
validating the closed loop performance and for improving the model with input de-
sign. Therefore this thesis is part of the research effort to connect prediction-error
identification methods and robust control theory.

The stability of the closed loop system can be validated using the small gain
theorem. A critical issue is thus to have an accurate estimate of the L2-gain of the
system. The key to solve this problem is to find the input signal that maximizes the
gain. One approach is to use a model of the system to design the input signal. An
alternative approach is to let the system itself determine a suitable input sequence
in repeated experiments. In such an approach no model of the system is required.
Procedures for gain estimation of linear and nonlinear systems are discussed and
compared.
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Chapter 1

Introduction

Mathematical models of real-life systems are fundamental in all scientific fields
and engineering applications. With accurate models, we can analyze systems and
predict their behavior. Models can often be constructed from physical laws and
principles. However, in a situation when there is little knowledge about the system
or when physical modelling is considered too time consuming, a model of the system
can be identified from experimental data. This is the approach considered in this
thesis.

1.1 System versus Model

A system is a set of entities which act on each other. Examples of systems are a car,
a blood cell and a distillation column. A system is typically affected by external
signals. For example, a car is affected by the pressure on the accelerator and the
outside wind. Input signals are external signals that we can manipulate and that
have some desired effect on the system (the step on the accelerator pedal). External
signals that we cannot manipulate and that have undesirable effects on the system
are denoted disturbances (the outside wind). Measurable signals that describe
properties of the system are denoted outputs (the velocity). The car system with
acceleration as input and velocity as output is one example of a dynamical system.
In such systems, the output depends not only on the current input, but also on
past inputs. In static systems, the input only affects the current output.

A mathematical model describes the behavior of the system in mathematical
language. When the system corresponds to a real-life object, the model is not a
perfect description of the system, i.e., there are model errors.

1
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G(q, θn)

H(q, θn)

u

v

e

y
Σ

Figure 1.1: The model.

1.2 System Identification: Modelling of Dynamical Systems
Based on Experimental Data

This thesis is about system identification, which deals with the construction and
validation of models of dynamical systems from experimental data. There are a
number of ways to validate, or evaluate, a model. In this thesis when we speak of
validation, we refer to a procedure where it is tested whether the model satisfies a
given criterion based on the intended model application, e.g., a control performance
criterion.

In this thesis we consider the prediction-error identification method (PEM)
(Ljung, 1999; Söderström and Stoica, 1989). We consider linear time-invariant
(LTI) discrete-time models with input signal u and output signal y. This model is
depicted in Figure 1.1. The transfer operators G(q, θn) and H(q, θn) are parame-
terized by the vector θn ∈ Rn, which we will estimate. Unmeasurable signals that
affect the system are modelled by the additive stochastic disturbance v at the out-
put. Furthermore, e is stationary zero mean white noise, and q denotes the time
shift operator qu(t) = u(t+ 1). The corresponding model equations are

y(t) = G(q, θn)u(t) + v(t),
v(t) = H(q, θn)e(t).

(1.1)

It is assumed that H(q, θn) is monic, and that H−1(q, θn)G(q, θn) and H−1(q, θn)
are stable. Note that even though this model is linear, the system itself can be
nonlinear. However, in this thesis we assume that the true system dynamics can
be described by the model (1.1). This means that it is assumed that the model
contains no bias errors (due to discrepancies between the model structure and the
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true system). Hence, models errors are due to the random disturbance v. In
Chapter 7 we will briefly consider also nonlinear models of nonlinear systems.

The goal is to find an estimate of the parameter vector θn. Assume that N
measurements of the input and output signal are collected in an experiment on the
system. The parameter estimate, denoted θ̂N,n, is chosen as the minimizer of the
squared prediction-error,

θ̂N,n := arg min
θn

1
2N

N∑
t=1

(y(t)− ŷ(t, θn))2, (1.2)

where the one-step ahead predictor is given by

ŷ(t, θn) := H−1(q, θn)G(q, θn)u(t) + [1 −H−1(q, θn)]y(t), (1.3)

and y and u are the data collected in the experiment.

1.3 The ‘Curse of Complexity’

The parameter estimate θ̂N,n obtained from the identification experiment is uncer-
tain due to the random noise e present in the output measurements. This means
that the estimate of the system’s frequency function, G(ejω , θ̂N,n), is also uncer-
tain. An approximate expression for the variance of G(ejω , θ̂N,n), presented in
Ljung (1985), is given by

Var
{
G(ejω , θ̂N,n)

}
≈ n
N

Φv(ω)
Φu(ω)

, (1.4)

where Φu and Φv denote the power spectra of u and v, respectively. From this
expression we conclude that the model quality depends on the input signal and
the noise. We also conclude that the more data is collected, i.e., the larger N is,
the more accurate the model. These are well-known observations, see, e.g., Levin
(1960), Mehra (1974a), and Goodwin and Payne (1977). Furthermore, expression
(1.4) reveals a ‘curse of complexity’ since the variance increases linearly with the
model order n. An example of this behavior is illustrated in the following example.

Example 1.1. Consider the system

y(t) = Go(q)u(t) + e(t), (1.5)

where

Go(q) = go1q−1 + go2q−2 + · · ·+ gonq−n, (1.6)

and u is zero mean white noise with variance λu. Furthermore, e is zero mean
white noise with variance λo. Suppose that we are interested in estimating the static
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gain Go(ej0) =
∑n
k=1 g

o
k using a model structure of the same type as (1.6). The

parameter to estimate is θn =
[
g1 g2 . . . gn

]T . The covariance matrix of θ̂N,n
is approximately λo/(Nλu)In, where In denotes the identity matrix of size n × n,
and the variance of the estimated static gain Ĝ(ej0) =

∑n
k=0 ĝk is approximately

given by

nλo
Nλu
. (1.7)

Despite this rather pessimistic observation, system identification is successfully
used to model complex systems in the industry. The design of the input signal
plays a key role in this context.

Example 1.2. (Example 1.1 continued.) Let us now use a constant input with
amplitude

√
λu. In this case the variance of a consistent estimator of the static

gain is approximately

λo
Nλu
, (1.8)

see Hjalmarsson (2005). From this expression we see that the variance does not
depend on the model order. For this input, however, the individual impulse response
coefficients, g1, g2, . . . , gn, are not even identifiable! Notice that this result is in
conflict with (1.4) which indicates a linear dependence on n for the variance also at
ω = 0. The reason is that (1.4) is not a valid approximation for this type of input
signal.

This example illustrates that with a suitable input signal, certain properties can
be extracted accurately also for very complex systems. The input signal can force
interesting properties to become visible in the output and it can ‘hide’ properties
of little or no interest. This is one of the topics of Mårtensson (2007). In this thesis
we extend some of the results of Mårtensson’s thesis. In particular, we examine
how the input spectrum Φu can be designed such that the variance of G(ejω , θ̂N,n)
becomes less sensitive to the model order n for the entire frequency range.

1.4 Input Design and Model Validation

The experimental data reveals information about the system. By designing the
input signal spectrum Φu in a suitable way we can extract the information which
is of interest for the intended model application. The main model application
considered in this thesis is control design.

A challenge in input design is the fact that models obtained from system iden-
tification experiments are uncertain due to the random noise e. In this thesis we
do not consider model errors due to process noise, or errors due to discrepancies
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between the system and the model structure. It is possible to characterize the
uncertainty of the parameter estimate θ̂N,n. The confidence region of θ̂N,n is an
ellipsoid in the parametric space centered at the parameters of the true system.
The size and shape of this ellipsoid depends on the power spectrum of the input,
which the following example illustrates.

Example 1.3. Consider the model

G(q) = bq−1

1 + aq−1u(t) + e(t), (1.9)

where e has variance 1. This means that the parameter vector is given by

θn =
[
a
b

]
, (1.10)

with n = 2. Assume that the true system is given by ao = 0.7, bo = 0.1. We
perform two system identification experiments, and we will study the impact of the
input spectrum. In the first experiment we use the white input spectrum

Φ(1)
u (ω) = 10, ∀ω, (1.11)

and in the second experiment we use the input spectrum

Φ(2)
u (ω) = 10e−2jω

0.7 − 1.19e−jω + 1.98e−2jω − 1.19e−3jω + 0.7e−4jω . (1.12)

In both of the experiments we collect 500 data samples of the input and output.
The estimates of ao and bo will lie with approximately 95% probability within the
ellipsoidal regions plotted in Figure 1.2. We clearly see that the size and shape of
the ellipsoid depends on the choice of input spectrum.

This example illustrates that for each system there is an ellipsoidal set of mod-
els, and that the size and shape of this set depends on the input spectrum. Also the
noise v, the number of measurements N and the feedback controller used during
the experiment affect the uncertainty (Levin, 1960; Mehra, 1974a; Goodwin and
Payne, 1977; Zarrop, 1979). Thus the engineer can shape the model quality by ma-
nipulating the input, the length of the experiment and the controller. Input design
in system identification attracted considerable amount of research interest already
in the 1970’s, see, e.g., Goodwin and Payne (1977), Zarrop (1979) and recently, see,
e.g., Hildebrand and Gevers (2003), Dinata and Cluett (2005), Hjalmarsson (2005),
Jansson and Hjalmarsson (2005), Bombois et al. (2006), Bruwer and MacGregor
(2006) and Pronzato (2008).

Once a model has been obtained, we can design an improved feedback controller
based on this model. It is important to validate the closed loop performance when
the model based controller is used to control the true system. In this thesis we
consider two types of validation techniques. The first approach is to verify that the
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Figure 1.2: Ellipsoidal parametric confidence regions for the estimates of ao and
bo. Solid line: experiment using the input spectrum Φ(1)

u . Dashed line: experiment
using Φ(2)

u . The ellipsoids are centered at the true system parameters ao and bo
(indicated by ‘×’). We see that the shape and size of the uncertainty region is
different depending on whether we use Φ(1)

u or Φ(2)
u to excite the system in the

experiment.

worst-case closed loop performance remains acceptable even though the model is
not a perfect description of the true system. In particular, we will verify whether the
closed loop performance is acceptable for all models in the ellipsoidal uncertainty
region, c.f. Figure 1.2. The second approach is to confirm that the model error does
not result in closed loop instability.

The area of research that deals with uncertain models is robust control. There
is an ongoing research effort to connect system identification and robust control
theory, see, e.g., Pronzato and Walter (1988), Bombois et al. (2002), Hildebrand
and Gevers (2003), Jansson and Hjalmarsson (2005), Bombois et al. (2006), Rojas,
Welsh, Goodwin and Feuer (2007) and Mårtensson (2007). This thesis is part of
that effort.

1.5 Outline and Contributions

In this section we give a brief overview of the chapters of the thesis together with the
main contributions and the related publications. Some of the results in Chapters 5-7
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have been previously published in

M. Barenthin, ‘On Input Design in System Identification for Control’,
Licentiate thesis, KTH, Stockholm, Sweden, TRITA-EE 2006:023, June
2006.

Chapter 2 - Background

Chapter 2 contains some basic ideas in system identification, as well as background
material on model complexity, input design and model validation. We discuss
different aspects of the procedure from the identification experiment to the model
application. Furthermore, we provide an overview of research related to the results
presented in this thesis.

Chapter 3 - Technical preliminaries
In Chapter 3 we provide more in-depth technical preliminaries in system identi-
fication. We also present some technical background material that will be used
throughout this thesis, for example a description of a framework for optimal input
design.

Chapter 4 - The cost of complexity
Chapter 4 is based on collaborative work with Cristian Rojas who, at the time
this work was performed, was a Ph.D. student at the University of Newcastle,
Australia. In this work we investigate the cost of complexity, which is defined as
the minimum amount of input power required to estimate the frequency function of
a given single input single output (SISO) LTI system of order n with a prescribed
degree of accuracy. In particular we require that the asymptotic (in the data length)
variance is less or equal to 1/γ over a prespecified frequency range |ω| ≤ ωB. The
results quantify how the cost of the system identification experiment depends on n
and on the model structure. Also, they show the relation between the cost and the
amount of information we would like to extract from the system (in terms of ωB
and γ). This work appears in:

C.R. Rojas, M. Barenthin, J.S. Welsh and H. Hjalmarsson, ‘The Cost
of Complexity in Identification of FIR Systems’, In Proceedings of the
17th IFAC World Congress, Seoul, South Korea, July 2008.

C.R. Rojas, M. Barenthin, J.S. Welsh and H. Hjalmarsson, ‘The Cost
of Complexity in the Identification of FIR Systems’, IEEE Transactions
on Automatic Control, submitted.

C.R. Rojas, M. Barenthin, J.S. Welsh and H. Hjalmarsson, ‘The Cost
of Complexity in System Identification’, in preparation.
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Chapter 5 - Joint validation, input and control design
Chapter 5 deals with model based robust control design via linear matrix inequali-
ties (LMIs). The procedure presented takes into account the ellipsoidal parametric
uncertainty regions associated with LTI models identified using PEM. We develop
a method for joint linear static state feedback control design, model validation and
input design for SISO systems. The research described in this chapter is published
in

M. Barenthin and H. Hjalmarsson, ‘Identification and Control: Joint
Input Design and H∞ State Feedback with Ellipsoidal Parametric Un-
certainty via LMIs’, Automatica, 44(2), pages 543-551, 2008.

Parts of the work also appeared in

M. Barenthin and H. Hjalmarsson, ‘Identification and Control: Joint
Input Design and H∞ State Feedback with Ellipsoidal Parametric Un-
certainty’, In Proceedings of the 44th IEEE Conference on Decision and
Control, Seville, Spain, December 2005.

Chapter 6 - Validation and input design for multivariable systems
Chapter 6 deals with the same topic as Chapter 5, i.e., procedures to connect ro-
bust control and PEM. We consider multivariable LTI systems and we derive robust
analysis tools tailored for the ellipsoidal parametric uncertainty regions associated
with models obtained using PEM. These tools, which take the form of LMI opti-
mization problems, are used for controller validation and input design. This chapter
contains the contribution

M. Barenthin. X. Bombois, H. Hjalmarsson and G. Scorletti, ‘Identifi-
cation for Control of Multivariable Systems: Controller Validation and
Experiment Design via LMIs’, Automatica, to appear.

A preliminary version of the work was published in

M. Barenthin, X. Bombois and H. Hjalmarsson, ‘Mixed H∞ and H2 In-
put Design for Multivariable Systems’, In Proceedings of the 14th IFAC
Symposium on System Identification, Newcastle, Australia, March 2006.

Chapter 7 - Gain estimation for stability validation
Chapter 7 considers stability validation through estimation of the L2-gain of the
system. The gain estimation problem corresponds to an input design problem.
Methods for gain estimation are discussed, both for LTI systems and nonlinear
systems. Partial results on convergence and statistical properties are provided.
This work has resulted in
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M. Barenthin, B. Wahlberg and H. Hjalmarsson, ‘L2-Gain Estimation
based on Multiple Experiments’, Automatica, submitted.

M. Barenthin, B. Wahlberg, H. Hjalmarsson and M. Barkhagen, ‘Data-
Driven Methods for L2-Gain Estimation’, In Proceedings of the 15th
IFAC Symposium on System Identification, Saint-Malo, France, July
2009, submitted.

Chapter 8 - Summary and suggestions for future work

In Chapter 8 we summarize the thesis. We also provide suggestions for future work,
both extensions to the work presented in this thesis and new topics.

1.6 Related Publications

Closely related publications which include material that is not explicitly covered in
this thesis are:

X. Bombois, M. Barenthin and P.M.J Van den Hof, ‘Finite-Time In-
put Design with Multisines’, In Proceedings of the 17th IFAC World
Congress, Seoul, South Korea, July 2008.

M. Barenthin, C. Rojas, H. Hjalmarsson, X. Bombois, M. Bengtsson and
M. Jansson, ‘Design of Optimal Training Signals for MIMO Channel
Estimation’, ACCESS Workshop, Stockholm, Sweden, March 2008.

G. Scorletti, X. Bombois, M. Barenthin and V. Fromion, ‘Improved Ef-
ficient Analysis for Systems with Uncertain Parameters’, In Proceedings
of the 46th IEEE Conference on Decision and Control, New Orleans,
USA, December 2007.

M. Barenthin, H. Jansson, H. Hjalmarsson, J. Mårtensson and B. Wahl-
berg, ‘A Control Perspective on Optimal Input Design in System Iden-
tification’, Forever Ljung in System Identification, pages 197-220, Stu-
dentlitteratur, Lund, Sweden, 2006.

M. Barenthin, M. Enqvist, B. Wahlberg and H. Hjalmarsson, ‘Gain
Estimation for Hammerstein Systems’, In Proceedings of the 14th IFAC
Symposium on System Identification, Newcastle, Australia, March 2006.

B. Wahlberg, H. Hjalmarsson and M. Barenthin, ‘On Optimal Input
Design in System Identification’, In Proceedings of the 14th IFAC Sym-
posium on System Identification, Newcastle, Australia, March 2006.
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M. Barenthin, H. Jansson and H. Hjalmarsson, ‘Applications of Mixed
H∞ and H2 Input Design in Identification’, In Proceedings of the 16th
IFAC World Congress, Prague, Czech Republic, July 2005.

M. Barenthin, H. Mosskull, H. Hjalmarsson and B. Wahlberg, ‘Valida-
tion of Stability for an Induction Machine Drive using Power Iterations’,
In Proceedings of the 16th IFAC World Congress, Prague, Czech Repub-
lic, July 2005.

1.7 Notation and Symbols

j imaginary number

XT transpose of X

X∗ complex conjugate transpose

X† Moore-Penrose pseudo-inverse

|X | := (X∗X)
1
2 absolute value

‖X‖ maximum singular value

Tr [X ] trace

det[X ] determinant

λmax[X ] largest eigenvalue

vec[X ] row vector which contains the
rows of the matrix X stacked ad-
jacent to each other

X > 0 matrix X is positive definite

X ≥ 0 matrix X is positive semidefinite

In identity matrix of size n× n
0n,m matrix of zeros of size n×m
0n column vector of zeros of length

n

ei i:th unit vector
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⎡
⎢⎢⎢⎢⎣
x1 x2 . . . xn

x2 x1
. . .

...
...

. . . . . . x2
xn . . . x2 x1

⎤
⎥⎥⎥⎥⎦ symmetric Toeplitz matrix

with respect to the vector[
x1 x2 . . . xn

]
diag(X1, X2, . . . , Xn) block diagonal matrix with

diagonal matrix entries
X1, X2, . . . , Xn

N set of natural numbers

Z set of integers

R field of real numbers

C field of complex numbers

T := {z ∈ C : |z| = 1} unit circle

D := {z ∈ C : |z| < 1} open unit disc

E := {z ∈ C : |z| > 1} exterior of the closed unit disc

Re z real part of z

Im z imaginary part of z

E{ · } statistical expectation

Ē{ · } asymptotic sample mean of sta-
tistical expectation, see (2.5)

Cov{x} := E
{

(x− E{x}) (x− E{x})T
}

covariance of the random vari-
able x

Var{x} variance, i.e., covariance of the
scalar random variable x

N normal distribution

χ2(n) χ2-distribution with n degrees of
freedom

{gk}∞k=1 impulse response, see (2.1)
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q time shift operator qu(t) = u(t+
1)

G(q) discrete-time transfer operator
from u to y, see (2.3)

Go(q) true system, see (2.3)

N number of input/ouput data

xN :=
[
x(1) x(2) . . . x(N)

]T finite data set containing N sam-
ples of data of the signal x

Φu(ω) power spectrum of the process
{u(t)}, see (2.6)

Φuy(ω) cross spectrum between the pro-
cesses {u(t)} and {y(t)}, see
(2.8)

Λo covariance matrix of the white
noise, see Section 3.2

λo variance of the white noise in
scalar systems

no number of parameters in the true
system

n number of parameters in the
model

θono or θo true parameter vector in Rno

θon :=
[
θono

0n−no

]
true parameter vector in Rn,
where n > no

θn or θ model parameter vector in Rn

H(q, θn) noise model, see (3.2)

θ̂N,n or θ̂N prediction-error estimate of θon
(or θo) based on N data points

P asymptotic covariance matrix,
see (3.15)-(3.17)
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P̂ estimate of P

U ellipsoidal confidence region for
θ̂N,n, see (2.34)

D confidence region for G(θ̂N,n),
see (2.35)

Uθ̂N,n ellipsoidal uncertainty region for
θon, see (2.36)

Dθ̂N,n uncertainty region for Go, see
(2.37)

Sp span

‖f‖2 :=
√

1/(2π)
∫ π
−π |f(ejω)|2dω L2-norm

‖G‖∞ := supω ‖G(ejω)‖ H∞-norm (G(q) stable)

‖G‖2 :=
√

1/(2π)
∫ π
−π Tr [|G(ejω)|2] dω H2-norm (G(q) stable)

‖x‖2 :=
√∑∞

t=0 x
2(t) norm for the signal x ∈ R

‖xN‖2 :=
√

(xN )T (xN ) norm of a finite data vector

β := sup
u�=0,‖u‖2<∞

‖y‖2
‖u‖2 the L2-gain of a system with in-

put u and output y

L2 space of complex-valued Lesbe-
gue measurable functions with
bounded L2-norm defined on T

H2 subspace of L2 for stable G(q)
with bounded H2-norm[

A B

C D

]
:= C(ejωI −A)−1B +D state space representation

F(M,Δ) :=M22+M21Δ(I−M11Δ)−1M12 linear fractional transformation,
see Section 2.10

δk Kronecker delta function

δ(·) Dirac delta function
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H(·) Heaviside step function

Fn(x) := 1
n

sin2(n2 x)
sin2( 1

2x) Fejér kernel

O(f(n)) Ordo f(n) (a function which goes
to zero at least at the same rate
as f(n) as n→∞)

⊗ Kronecker product


 Redheffer star product

1.8 List of Acronyms

ARX Autoregressive Exogeneous
BJ Box-Jenkins
FIR Finite Impulse Response
KYP Kalman-Yakubovich-Popov
LFT Linear Fractional Transformation
LMI Linear Matrix Inequality
LTI Linear Time-Invariant
MIMO Multiple Inputs Multiple Outputs
MISO Multiple Inputs Single Output
OE Output Error
PEM Prediction-Error identification Method
PGEM Parametric Gain Estimation Method
PIM Power Iterations Method
SISO Singe Input Single Output
SGM Stochastic Gradient Method



Chapter 2

Background

Model complexity issues, input design and model performance validation in system
identification have attracted a considerable amount of research interest. The ob-
jective of this chapter is to present some background for the results presented in
this thesis and to provide an overview of related research. Also, a first overview
of basic ideas of PEM is presented. Excellent references for system identification
are Goodwin and Payne (1977), Söderström and Stoica (1989), Ljung (1999), and
Pintelon and Schoukens (2001).

2.1 Outline

Basic concepts for LTI systems and signals are provided in Section 2.2. In Sec-
tion 2.3 we pose the modelling problem. In order to tackle this problem we in-
troduce some assumptions and limitations which we describe in Section 2.4. Some
important properties of model estimates are reviewed in Section 2.5. In Section 2.6
we discuss model complexity issues, which are closely connected to the design of
excitations signals, treated in Section 2.7. There are many aspects to consider in
connection to the modelling problem. Aspects related to model quality and ex-
perimental cost are discussed in Section 2.8. Computational aspects are treated in
Section 2.9. In Section 2.10 we examine procedures to connect PEM and robust
control theory.

2.2 Basic Concepts

Let us in this section briefly introduce some basic concepts for LTI systems and
signals. A causal discrete-time stable LTI system can be described by

y(t) =
∞∑
k=1
gku(t− k), (2.1)

15
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where u(t) and y(t) are the system’s input and output at time t, respectively. The
sequence {gk}∞k=1 is the impulse response of the system, and we will assume that∑∞
k=1 |gk| <∞. By introducing the time shift operator

q−1u(t) = u(t− 1), (2.2)

the system can be written

y(t) = Go(q)u(t), (2.3)

where Go(q) :=
∑∞
k=1 gkq

−k is the transfer operator. A finite impulse response
(FIR) system of order n is given by

Go(q) = g1q−1 + g2q−2 + . . .+ gnq−n. (2.4)

Remark 2.1. The variable q denotes the time shift operator in the time domain
or the complex variable of the z−transform, depending on the context. For further
details we refer to Francis (1987). It is assumed that the transfer function from u
to y is analytic on the unit circle T and outside the unit circle (denoted by E).

Let us introduce Ē defined by

Ē {f(t)} := lim
N→∞

1
N

N∑
t=1

E {f(t)} , (2.5)

where N is the number of data collected in the experiment. The power spectrum
of a quasi-stationary signal {s(t)} is defined by

Φs(ω) :=
∞∑

k=−∞
rk e

−jωk, (2.6)

where

rk := Ē
{
s(t)sT (t− k)} . (2.7)

Similarly, the spectrum of the input signal is denoted Φu(ω). For a stationary
process with zero mean, rk is the covariance function. The cross spectrum between
two quasi-stationary processes {s(t)} and {w(t)} is defined as

Φsw(ω) :=
∞∑

k=−∞
rswk e

−jωk, (2.8)

where

rswk := Ē
{
s(t)wT (t− k)} . (2.9)
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A sequence of independent identically distributed random variables is called white
noise. Thus, for white noise e with variance λo, it holds that rk = λoδk and that
Φe(ω) = λo, where δk denotes the Kronecker delta.

A finite data set containing N samples of the signal x is denoted by

xN :=
[
x(1) x(2) . . . x(N)

]T
. (2.10)

In reality there are often additional external signals beyond our control that
affect the system, for instance measurement noise in sensors. We denote their total
effect on the system by an additive stationary noise process {v(t)} with zero mean,
and we have

y(t) = Go(q)u(t) + v(t). (2.11)

2.3 The Modelling Problem

The problem considered in system identification is to construct, using experimental
data, a model which describes some properties of interest of the system Go. In
Figure 2.1 the procedure from experiment to model application is illustrated. In
the experiment, the data is collected from a system Go controlled by the feedback
controller Fy. The signal r denotes an external input excitation signal. The ex-
periment results in a finite data set containing N samples of data (uN , yN). Then,
this data is used to construct a model G parameterized by a vector θn ∈ Rn (i.e.,
a model of order n), the estimate of which is denoted θ̂N,n. In the experiment, the
problem is to choose a suitable model order n, the excitation r, the experiment
length N and the controller Fy . If the experiment is performed in open loop, i.e.,
Fy = 0, then u = r.

Once the model G has been constructed, we proceed to studying the model
accuracy Go − G. A very important concept is the intended model application.
In the model application, it is important to verify whether the model quality is
acceptable. In control applications, for example, θ̂N,n is used to construct a new
and better controller compared to the controller Fy used in the experiment phase.
One example of a quality measure in this context is the bandwidth of the closed
loop system. It is important to notice that, in identification for control, we usually
deal with different controllers for the experiment and the model application stages.
Keeping Figure 2.1 in mind, we will in this chapter discuss aspects of the modelling
problem and relate them to the results presented in Chapters 4-7.

2.4 Limitations

The results of this thesis are built on PEM, see Ljung (1999), and Söderström and
Stoica (1989). We mainly consider LTI systems and most of the results rely on the
asymptotic (in the data length N) theory, see, e.g., Ljung (1999). Furthermore, we
assume that the model is flexible enough to capture the dynamics of the true system.
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Go

r

u

v

y
−Fy Σ Σ

ApplicationQuality measure

Accuracy Go −G

Data uN , yN

Model G(θ̂N,n)

⇓

⇓

⇓
⇔

⇔

Figure 2.1: The procedure from experiment on the system to model application.

If no is the order of the true system, this means that there exists a true parameter
vector θono ∈ Rno such that G(θono ) = Go. The reason why these assumptions
are made is that many useful results can be derived from them. An input design
procedure that is not based on the assumption that the true system is in the model
set is given in paper Bombois and Gilson (2006), which considers models that are
linear in the unknown parameters. Extensions to more general model structures
are made in Suzuki and Sugie (2007). A discussion on the choice of the controller
Fy is beyond the scope of this thesis.

2.5 Properties of Model Estimates

A more in-depth treatment of PEM is provided in Chapter 3. However, for the dis-
cussion we need to introduce some of the key concepts already in this chapter. A
common approach to determine the parameter estimate θ̂N,n is to choose the min-
imizer of the squared prediction-error, given by (1.2). A very important property,
which holds under mild assumptions, is the following:

√
N(θ̂N,n − θon) ∼ N (0, P ) as N →∞, (2.12)
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where

θon :=
[
θono

0n−no

]
∈ Rn if n ≥ no. (2.13)

Here P is the asymptotic (in the data length) covariance matrix and N denotes the
normal distribution, see, e.g., Ljung (1999). When our interest is the covariance of
θ̂N,n, we have the approximate expression

Cov
{
θ̂N,n

}
≈ 1
N
P, (2.14)

see Ljung (1999).

2.6 Model Complexity

Expression (1.4) shows that the variance grows linearly with the model order n,
thus indicating a ‘curse of complexity’ present in system identification. Since real-
life systems can be of very high order, this is bad news. On the other hand, system
identification is widely used in industry and success stories abound. Chapter 4 of
this thesis is a piece of the puzzle of investigating this dichotomy.

We cannot expect to be able to accurately identify complex systems with very
flexible models. However, certain properties can be extracted accurately. Here, the
input excitation plays a key role. The input signal can force interesting properties to
become visible in the output and it can ‘hide’ properties of little or no interest. This
is in fact what optimal input design is all about. Recently it has been pointed out
that it is possible to identify certain system properties in such a way that the model
variance does not depend on the system order (Hjalmarsson, 2005; Hjalmarsson
et al., 2006; Mårtensson, 2007). Let us give a formal result presented in Mårtensson
(2007) (see also Hjalmarsson et al. (2006)). Assume that the model is flexible
enough to capture the true system dynamics. Denote the quantity of interest by J
and suppose that

Φ(ω) :=
∞∑

k=−∞

∂J

∂g|k|
e−jωk (2.15)

is a spectrum. Taking Φu(ω) ∼ Φ(ω) in open loop identification of FIR and OE
models results in an estimate of J obtained with minimal cost, in the sense that
minimal energy is used to achieve the resulting accuracy of J . The variance of the
estimate of J is independent of how many non-zero impulse response coefficients the
system has and that are estimated. Furthermore, the estimate of J is consistent for
any model order for this input signal. It can be shown that if the property of interest
is, e.g., the static gain of the system (J =

∑∞
k=1 gk) or a non-minimum phase zero

denoted zo (J = zo), then the optimal input is independent of the model order! This
result is encouraging in the light of the curse of complexity mentioned earlier. These
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two simple examples show that the experimental conditions can be used to combat
the curse of complexity. In Chapter 4 we extend those previous results to include
the entire frequency axis when the property of interest is the frequency function
(J = G(θ̂N,n)). Also, we quantify how the cost of the identification experiment
depends on the model order and any known dynamics. In Chapter 7 we study the
case where the quantity of interest is the L2-gain of the system. The L2-gain for a
system with input u and output y is denoted by β, where

β := sup
u�=0,‖u‖2<∞

‖y‖2
‖u‖2 . (2.16)

The norm ‖ · ‖2 for a signal x is defined as

‖x‖2 :=

√√√√ ∞∑
t=0
x2(t). (2.17)

We conclude that the curse of complexity is connected not only to the model
complexity, but also to the amount of system information that we would like to
‘hide’ through the experiment. This aspect has, however, not been given a lot of
attention in the literature. It is worth noting that G. Zames and collaborators
also studied the cost of identifying a linear system (Zames, 1979; Zames and Owen,
1993), but they pursued a different approach, using concepts such as ε-entropy and
ε-dimension, from Kolmogorov’s theory of complexity.

2.7 Excitation Signals

In the previous section it was concluded that we are able to tune the accuracy of
the estimate of certain system properties by manipulating the input signal. By
choosing a suitable input we can extract system information which is of interest for
the model application. If an LTI model is flexible enough to capture the dynamics
of the true system, then for closed loop identification of multiple inputs multiple
outputs (MIMO) systems it holds that the inverse of the asymptotic covariance
matrix introduced in (2.12) can be written as

P−1 = R1(Φr(ω), Fy(ejω), θon,Λo) +R2(Fy(ejω), θon,Λo), (2.18)

where Λo := E
{
e(t)eT (t)

}
is the covariance matrix of the stationary zero mean

white noise (we will let λo correspond to the SISO case), c.f. the model (1.1). The
matrices R1 and R2 will be formally defined in Lemma 3.1 of Chapter 3. For SISO
models, we have

R1 := 1
2πλo

∫ π
−π

Γr(ejω , Fy(ejω), θon)Γ∗r(ejω , Fy(ejω), θon)Φr(ω)dω, (2.19)
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where ∗ denotes the complex conjugate transpose, see Ljung (1999). The transfer
operator Γr will be formally defined in Lemma 3.1. We will come back to expression
(2.18) many times in this thesis. From (2.14), (2.18) and (2.19), some important
observations can already be made:

• P depends on the true system itself through θon. This property will turn out to
be an Achilles’ heel in input design.

• The covariance of the model estimate will asymptotically decay as 1/N , so the
estimate improves as the number of data increases.

• P−1 is an affine function of the excitation signal spectrum Φr.

• If Φr is large, then P−1 is also large. This implies that the more input power is
used, the better the estimate.

• P depends on the controller Fy used during the data collection phase. In order
not to disturb the normal operation of the control system, there might be
practical restrictions on the choice of Fy. For instance, it might not be possible
to choose a controller which is suitable from a system identification point of
view, or to collect data in open loop. The issue of how to choose Fy is beyond
the scope of this thesis. A procedure for closed loop experiment design where
also Fy is a design variable is presented in Hjalmarsson and Jansson (2008).

The formula (2.18) shows that we can shape the model accuracy through Φr.
The observation that the excitation signal affects the model accuracy was made
already in the 1960’s and 1970’s (Levin, 1960; Mehra, 1974a; Goodwin and Payne,
1977; Zarrop, 1979), and it has been widely applied in input design, see, e.g., Good-
win and Payne (1977), Cooley and Lee (2001), Hildebrand and Gevers (2003),
Dinata and Cluett (2005), Hjalmarsson (2005), Jansson and Hjalmarsson (2005),
Bombois et al. (2006), Bruwer and MacGregor (2006), Hjalmarsson and Jansson
(2008), Li and Georgakis (2008) and Pronzato (2008).

2.8 Model Application and Experimental Aspects

There are several aspects to consider in the context of input design, model validation
and model complexity issues. In this section we discuss model quality measures in
relation to some typical model applications. Also, we discuss how to measure the
cost of the experiment. We restrict our attention to features associated with the
results presented in Chapters 4-7.

The covariance matrix

A classical approach to quantify model quality is by studying the asymptotic co-
variance matrix P . Examples of scalar measures that have been used as criteria for
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parameter accuracy are

A-optimality: Tr [P ] ,
E-optimality: λmax[P ],
D-optimality: det[P ],

where λmax[X ] denotes the largest eigenvalue of a matrix X , see Levin (1960),
Mehra (1974a), Goodwin and Payne (1977) and Zarrop (1979). In the 1980’s the
focus moved towards quality measures for the intended model application, which
will be discussed below.

Model variance

What is meant by a good model? One answer is that the model is good if it
gives good results for its intended application. Previously in this chapter it was
concluded that the model quality can be shaped by the excitation signal. When
designing an experiment the intended model application therefore should decide
what the optimal excitation signal is. However, the intended model application is
not addressed if the quality of the parameter estimates is measured in terms of P
only. The model application considered in this thesis is control and the results are
in line with the so-called identification for control framework, see, e.g., Gevers and
Ljung (1986), Gevers (1996), Hjalmarsson et al. (1996), Hjalmarsson (2005), and
Hildebrand and Solari (2007). In control applications, the identified model is used
to design a controller, which controls the true system Go. It is common to have
frequency by frequency constraints on the model error. One example of a control
related quality measure is thus the model variance. The mapping θ̂N,n → G(θ̂N,n)
is, in general, nonlinear. One way of avoiding this problem in the frequency domain
has been to rely on assumptions of large data lengths. For large data lengths,
the well-known Gauss’ approximation formula, see Ljung (1999), leads to a linear
approximation of the mapping from the parameter covariance to the variance of
the model,

Var
{
G(ejω , θ̂N,n)

}
≈ 1
N

dG∗(ejω , θon)
dθn

P
dG(ejω , θon)
dθn

. (2.20)

If also the model order n is large the variance approximation (1.4) is obtained.
Variance expressions for closed loop identification can be found in, e.g., Forssell
(1999). For finite order models it was shown in Ninness and Hjalmarsson (2004)
that under certain assumptions, the asymptotic (in N) variance of Box-Jenkins
models is given by

Var
{
G(ejω , θ̂N,n)

}
≈ κn(ω, ω)

N

Φv(ω)
Φu(ω)

, (2.21)
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where the quantity κn is the so-called reproducing kernel of the space spanned
by the model gradient. In order to arrive at expression (2.21), Ninness and Hjal-
marsson exploited so-called orthonormal basis functions. Briefly, the idea is to
reparameterize the model structure such that

dG(q, θon)
dθn

= TGSΓn(q), (2.22)

where TGS ∈ Rn×n is a non-singular (constant) matrix. Furthermore, Γn is a
transfer column vector of length n which corresponds to an orthonormal basis, so
that on the unit circle T it holds that

1
2π

∫ π
−π

Γn(ejω)Γ∗n(ejω)dω = In. (2.23)

The orthonormalization (2.22) can be found using the Gram-Schmidt process, see,
e.g., Golub and van Loan (1983). In Chapter 3 a more detailed description of
orthonormal basis functions will be provided. Substituting (2.22) into (2.20) gives

Var
{
G(ejω , θ̂N,n)

}
≈ 1
N

Γ∗n(ejω)T ∗GSPTGSΓn(ejω). (2.24)

In Chapter 4 we will exploit the benefits of using the reparameterized variance ex-
pression (2.24) instead of the original expression (2.20). Literature on orthonormal
basis functions include, e.g., Malmquist (1926), Ninness and Gustafsson (1997),
Ninness et al. (1998), and Ninness and Hjalmarsson (2004). For literature on their
applicability in system identification, see, e.g., Wahlberg (1991), and Van den Hof
et al. (1995). In Heuberger et al. (2005) and Mårtensson (2007), these functions
have been used to quantify the variance of different model properties.

In control applications, it is often enough to obtain a reasonably good model
for frequencies up to a certain bandwidth ωB. This requirement can be formulated
as

Var
{
G(ejω , θ̂N,n)

}
≤ 1
γ
, |ω| ≤ ωB, (2.25)

where γ is a some scalar constant. This type of constraint is considered in Chapter 4.
Another example of a quality measure is the weighted variance expression∫ −π

−π
W (ω)Var

{
G(ejω , θ̂N )

}
dω, (2.26)

where the weight W can be chosen to reflect relevant quality measures for simula-
tion, prediction and control, see Ljung (1985). The performance objective (2.26)
is used in the input design algorithm for multivariable generalized FIR systems
described in Cooley and Lee (2001) and Lee (2003).
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Quality constraints based on robust control
Many useful control performance criteria take the form of a H∞-norm, for example∥∥∥∥Wl

[
(1 +GC)−1 G(1 +GC)−1

C(1 +GC)−1 GC(1 +GC)−1

]
Wr

∥∥∥∥
∞
< γ, (2.27)

where G is a nominal model of the system, C is a model based controller, and
Wl and Wr are frequency dependent weights, see, e.g., Zhou et al. (1996), and
Skogestad and Postlethwaite (2005). The H∞-norm of a frequency function G(ejω)
is defined as ‖G‖∞ := supω ‖G(ejω)‖, where ‖ · ‖ denotes the maximum singular
value. This type of constraint is used for experiment design in Bombois et al.
(2006). It will also be used in Chapters 5 and 6 of this thesis. In Section 2.9 we
will discuss how to take the model uncertainty into account in (2.27). One way of
taking the model error into account is to constrain the H∞-norm of the weighted
relative model error:

‖(Go −G)G−1T ‖∞ < γ, (2.28)

where T denotes the nominal complementary sensitivity function. This constraint
has been considered as a relevant measure of both robust stability and robust per-
formance (Morari and Zafiriou, 1989; Zhou et al., 1996; Hjalmarsson and Jansson,
2003; Jansson and Hjalmarsson, 2005). It was used for input design applications in
Barenthin, Jansson and Hjalmarsson (2005). The condition

‖(Go −G)G−1T ‖∞ < 1 (2.29)

is a classical robust stability condition. Another H∞-norm based model quality
measure that takes the model error into account and that has been used in input
design for control, see Hildebrand and Gevers (2003), is the so-called worst-case
ν-gap introduced in Gevers et al. (1999). It is an extension of the ν-gap which is a
distance measure between two transfer functions (Vinnicombe, 1993).

Other examples of control relevant properties are non-minimum phase zeros, un-
stable poles and time delays. Systems with such properties are inherently difficult
to control and the closed loop performance is limited. Input design for estima-
tion of zeros is treated in Mårtensson et al. (2005), and variance expressions for
unstable poles in closed loop identification are provided in Mårtensson and Hjal-
marsson (2005). A framework for variance analysis of estimates of scalar properties
of dynamical models is given in Mårtensson (2007).

Multivariable systems
The main difference between SISO and MIMO systems is that in the MIMO case,
the different channels interact and therefore the system is said to be input direc-
tion dependent. Plants with strong directionality dependence are said to be ill-
conditioned. SISO identification procedures applied to MIMO systems often lead
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to poor models for control design since direction properties of the system are not
captured by such procedures. This makes it difficult to identify a reasonable model
for control applications, especially for ill-conditioned systems (Jacobsen, 1994).

Most of the input design literature referred to in this chapter deals with SISO
systems. These methods make extensive use of the assumption that the true system
is SISO. As a consequence, it is not straightforward to apply them on MIMO
systems. In Bombois and Date (2003), a controller validation method for multiple
inputs single output systems (MISO) is presented. However, the extension of the
results to MIMO systems does not seem possible. MISO systems are also treated
in Gevers et al. (2006), where the effect on the model quality of adding inputs
is studied. In Sanfelice-Bazanella et al. (2007) it is shown that in closed loop
identification of MIMO systems, it is not always necessary to excite all inputs if
the controller is complex enough.

The paper Bruwer and MacGregor (2006) provides a linear matrix inequality
(LMI) based steady state input design method for MIMO systems. In Zhu (2001), a
simple open loop two-step test method for ill-conditioned plants is suggested. In the
first step, uncorrelated inputs are used. In the second step, correlated signals are
used to improve the directionality properties of the model. MIMO input design for
generalized FIR systems is also treated in Cooley and Lee (2001). However, unlike
the approach to input design proposed in Chapter 6 of this thesis, the approach
presented in Cooley and Lee (2001) considers model structures which are linear in
the parameter vector.

Least costly input design

In so-called least costly input design, the cost of the experiment is considered, see,
e.g., Bombois et al. (2004, 2006), Jansson and Hjalmarsson (2005). Typically, the
cost is represented by the experiment length N , or by a the input and output signal
power:

αu
1

2π

∫ π
−π

Φur (ω)dω + αy
1

2π

∫ π
−π

Φyr (ω)dω. (2.30)

In this expression αu and αy represent scalar weights. Furthermore, ur and yr
denote the components of the input and output signal originating from the external
excitation signal r, respectively. Given a certain worst-case model performance, the
cost is minimized. If we allow longer experiments and larger input excitation, the
model will become more accurate. Thus, there is a trade-off between the cost of the
experiment and the model quality. Experimental constraints on excitation signals
put a limit on the achievable model quality.

Plant friendly quality measures
Closely connected to least costly input design is so-called plant friendly identifica-
tion, which involves a compromise between practical and theoretical requirements
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(Rivera et al., 2003; Lee, 2003). This thesis considers mainly large data lengths,
i.e., N → ∞. From (1.4) we note that an accurate model is obtained if the input
signal is powerful and if the data set is large. However, in the industry, the cost of
the experiment remains low if the experiment time is kept short and if the excita-
tion of the system is small. From an industrial and economical perspective, the test
data must lead to a suitable model within an acceptable time period in order to
deviate as little as possible from normal operation (Rivera et al., 2002). Also, time
domain constraints on the signals, such as amplitude constraints in actuators, are
often present. However, in frequency domain approaches to input design it is not
straightforward to handle time domain constraints. We conclude that practical con-
straints are typically in conflict with theoretical requirements. This is relevant for
industrial processes, which often have slow dynamics and high level disturbances.

The methods presented in this thesis do not take into account time domain
properties of the excitation signal. However, given the spectrum of the excitation
signal, it is possible to generate a signal which approximates the spectral properties.
Such methods can found in, e.g., Goodwin and Payne (1977), and Rojas, Welsh
and Goodwin (2007). One example of a time domain approach for input design is
presented in Li and Georgakis (2008). This design is based on a model of the true
system, and the output signal is constrained to a certain admissible region.

As mentioned previously, one assumption made for the results of this thesis is
that N → ∞. One may ask the question if the results are useful, in a practical
sense, also for short data records. In Barenthin, Jansson and Hjalmarsson (2005) it
is shown by means of simulation examples that asymptotic results can be beneficial
in that situation. Given a certain model quality constraint, it is shown that with
input design, we can reduce the input power and shorten the experiment time
substantially compared to the use of an ad hoc input signal.

Stability validation

So far in this chapter we have considered LTI models which are flexible enough to
capture the dynamics of the true system. However, in Chapter 7 we will consider
a more general case. Once a model of a (perhaps nonlinear) system has been
identified, a typical model validation problem in control applications is to ensure
that the unmodelled dynamics will not cause closed loop instability. A very useful
tool for validating the stability of a feedback system is the small gain theorem (see,
e.g., Khalil (2002)), which is based on an upper bound of the L2-gain β (defined in
(2.16)) of the corresponding open loop system. It is thus of most importance to be
able to find an accurate and reliable estimate of the loop L2-gain of a system. The
problem corresponds to finding the input signal that maximizes ‖y‖/‖u‖. A lower
bound for β can be found using any pair of input/output signals. However, the
problem is how to design the input signal so that the gain estimate is close to β.
This means that the gain estimation problem in fact corresponds to input design.
The optimal input depends on the unknown system itself and to cope with this fact,
the input design can be based on a model of the system. Another possibility is to
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use methods where no model of the system is required, i.e., to estimate the gain
based on input/output data. Such a procedure is the so-called power iterations
method (PIM), suggested in Hjalmarsson (2005). Briefly, this method uses the
system itself in repeated experiments to generate inputs suitable for estimating β.

Gain estimation is discussed in Chapter 7. Robust stability is often analyzed us-
ing the L2-gain of the difference between the system and the model, see, e.g., Mosskull
et al. (2003), Barenthin, Mosskull, Hjalmarsson and Wahlberg (2005), Reinelt et al.
(2002), Schoukens et al. (2002), Poolla et al. (1994) and Kosut (1995). Hence, the
methods discussed in Chapter 7 should be applied to this model error.

2.9 Computational Aspects

The model quality and signal requirements discussed so far in this chapter typically
correspond to non-trivial constraints of large dimension. Also, the model obtained
from the identification experiment is uncertain due to the random noise present in
the output. In this section we give an overview of computational aspects which
arise in the analysis of model complexity, input design and model validation. Also,
we briefly discuss how these computational problems can be handled technically.

Sequential input design
In Section 2.7 it was concluded that the solutions to input design problems depend
on the system itself, which of course is unknown. Furthermore, optimal control per-
formance is obtained if we have knowledge of the true system itself. In Section 2.8
we introduced model quality measures that depend on the intended controller. How-
ever, it is not clear what is a suitable controller if there is little or no information
available about the system.

A common approach to handle the dependence on the unknown system is se-
quential procedures, illustrated in Figure 2.2. The input design is altered on-line as
more information becomes available. In the first step, an experiment is performed
on the system using any excitation signal and in the second step a model is con-
structed using the experimental data. In the third step, an input signal is designed
based on the model obtained in Step 2. This input is then used in a new experiment
and we are back to Step 1, and so on. Unlike most methods for design of control
relevant identification, the method presented in Chapter 5 removes the need to up-
date the model based controller since the input design problem is independent of
the controller.

Sequential approaches to input design have been shown useful, see, e.g., Hjal-
marsson et al. (1996), Lindqvist and Hjalmarsson (2001), Gerencsér and Hjalmars-
son (2005), Dinata and Cluett (2005), and Gerencsér and Hjalmarsson (2008). In
Barenthin, Jansson and Hjalmarsson (2005) it is shown by means of simulation ex-
amples that the model quality can be substantially improved by using input design
in a sequential procedure, compared to the use of white excitation signals. Simi-
lar procedures have been considered useful also in statistics (Walter and Pronzato,



28 Background

Input signal Data

Model
Step 3: input design

Step 1: experiment

Step 2: modelling

Figure 2.2: Sequential input design.

1997; Pronzato, 2008) and systems biology (Kell and Oliver, 2003; Cohn et al.,
1996). Sequential input design is used in adaptive dual control, where the self-
tuning controller has dual goals (Feldbaum, 1965). First, the controller must control
the process as well as possible. Second, the controller must provide input signals
that are sufficiently exciting in order to get information about the system. There is
usually a conflict between the two objectives. In the survey paper Pronzato (2008)
the strong relations between experimental design and control are treated. The pa-
per Rojas, Welsh, Goodwin and Feuer (2007) develops the idea of min–max robust
input design for dynamic system identification. It is assumed that the true system
parameters lie in a given compact set and the worst-case performance is optimized
over this set.

LMI formulations of input design problems

One of the main topics of this thesis is the fact that several model quality constraints
can be reformulated as LMIs in the inverse asymptotic covariance matrix P−1.
Methods to reformulate input design problems as tractable finite-dimensional LMI
optimization problems is the topic of an extensive literature, see, e.g., Hildebrand
and Gevers (2003), Lindqvist (2001), Jansson and Hjalmarsson (2005), Bombois
et al. (2006), Hjalmarsson and Jansson (2008) and references therein. The results
presented in this thesis are a part of that research effort. An important tool in this
context is the so-called Schur complement.

Lemma 2.1 (Schur complement). Consider the matrices X = XT , Y and Z = ZT .
The statements (i), (ii) and (iii) below are equivalent:

(i)
[
X Y
Y T Z

]
> 0

(ii) X > 0 and Z − Y TX−1Y > 0

(iii) Z > 0 and X − Y Z−1Y T > 0.

Furthermore, the statements (iv), (v) and (vi) below are equivalent:
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(iv)
[
X Y
Y T Z

]
≥ 0

(v) X ≥ 0, Z − Y TX†Y ≥ 0 and Y T (I −XX†) = 0

(vi) Z ≥ 0, X − Y Z†Y T ≥ 0 and Y (I − ZZ†) = 0,

where † denotes the Moore-Penrose pseudo-inverse.

Proof. See, e.g., Boyd et al. (1994).

The following example illustrates the use of Lemma 2.1 in the context of input
design.

Example 2.1. Assume that P > 0. Using the Schur complement and the variance
expression (2.20), the constraint (2.25) can be formulated as

NP−1 − γ dG(ejω , θon)
dθn

dG∗(ejω , θon)
dθn

≥ 0, |ω| ≤ ωB, (2.31)

which is an LMI in NP−1. Note that in an LMI optimization setting, we cannot
use both N and P−1 as decision variables simultaneously. If P−1 is optimized for,
then N has to be fixed, and vice versa. Furthermore, note that this problem is
infinite-dimensional due to the dependence on ω. In Section 3.8 we will discuss
techniques to reformulate the problem in a finite-dimensional setting.

Formulas (2.18) and (2.19) show that the inverse asymptotic covariance matrix
is an affine function of the input excitation spectrum Φr. This thesis considers
mainly input design in the frequency domain. One key tool in this context is a
linear parametrization of the power spectrum of r given by

Φr =
∞∑

k=−∞
c̃k B̃k, (2.32)

where {c̃k} are coefficients matrices in Rnu×nu and
{B̃k} are scalar basis functions.

By introducing this parametrization, the matrix P−1 becomes an affine function of
{c̃k}. This, in turn, means that the model quality constraint is an LMI in {c̃k}.
In an optimization context, we can use {c̃k} as decision variables. However, it is
not computationally practical to use an infinite number of parameters {c̃k} in an
optimization program. In order for Φr to defined a spectrum, it must hold that

Φr(ω) ≥ 0, ∀ω. (2.33)

Techniques how to handle the constraint (2.33) and more details on spectrum
parametrization techniques are treated in detail in Chapter 3. In that chapter
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it will also be evident that many signal constraints can be formulated as LMIs in
{c̃k}.

In this thesis we have chosen to consider the parametrization (2.32). However,
the main contributions do not concern spectrum parametrization techniques. There
are various options for the parametrization of Φr. One option is so-called multisine
parametrization, see, e.g., Pintelon and Schoukens (2002), where Φr is a sum of
delta spikes. The number of spikes equals the period time of the signal. In the
time domain this corresponds to a sum of sinusoids. One advantage of periodic
inputs is that averaging the signal over many periods results in higher signal to
noise ratio. Also, the use of random phase multisines decreases the sensitivity to
nonlinear distortions, see, e.g., Rolain et al. (2006).

Typically, if input design problems are formulated in the time domain, the
number of decision variables is the same as the number of data (Goodwin and
Payne, 1977). This of course implies that the input design problem is of high
order. Remedies to this problem are suggested in Bombois et al. (2008), where a
method for finite-time input design takes the form of an LMI optimization problem.
In Hjalmarsson and Mårtensson (2007), it is shown that even for some nonlinear
systems, the input design problem can be formulated in terms of LMIs. First, the
problem is formulated as a polynomial matrix inequality. Then, relaxation methods
(Lasserre, 2001; Hol and Scherer, 2004; Henrion and Lasserre, 2006) can be used to
reformulate the original problem as an LMI optimization problem.

Model uncertainty
Recall that models obtained from system identification experiments are uncertain.
A parameter estimate θ̂N,n subject to property (2.12) belongs to the following
ellipsoid in the parameter space:

U :=
{
θ : (θ − θon)TP−1(θ − θon) ≤

χ

N

}
, (2.34)

with probability Pr(χ2(n) ≤ χ), see Ljung (1999). The parameter χ2(n) denotes
the χ2-distribution with n degrees of freedom. A corresponding uncertainty region
for the model is thus

D := {G(q, θ) | θ ∈ U} . (2.35)

For a given model θ̂N,n, we can construct an uncertainty region Uθ̂N,n for θon given
by

Uθ̂N,n :=
{
θ : (θ − θ̂N,n)TNP̂−1(θ − θ̂N,n) ≤ χ

}
, (2.36)

where P̂ denotes the estimate of P based on θ̂N,n, see Ljung (1999). A correspond-
ing uncertainty region for Go can be constructed as

Dθ̂N,n :=
{
G(q, θ) | θ ∈ Uθ̂N,n

}
. (2.37)
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Note that U and D depend on the true, and unknown, system. One way of handling
this in practise is to replace θon with an initial estimate of the true system, and then
use sequential procedures discussed previously in this section. Another approach
is to construct let us say 10 uncertainty regions U1, U2, . . . U10, each based on one
initial parameter estimate, and then perform the input design with respect to all
these 10 uncertainty regions.

A larger uncertainty region D implies worse control performance. One impor-
tant objective of this thesis is to take the model uncertainty into account in the
input design. In particular, we will require control performance criteria of the type
(2.27) to hold for all models in D. This leads us to the next section where we
will discuss methods to connect robust control design and system identification for
control.

2.10 Connecting Robust Control and System Identification

Both robust control and system identification deal with uncertain models. Chap-
ters 5 and 6 of this thesis are part of the ongoing effort to connect PEM and robust
control theory. The overall objective of those chapters is to develop robust anal-
ysis tools for model based control design. The controllers should have guaranteed
stability and prescribed performance when they are based on uncertain models. In
this thesis we consider parametric uncertainty in terms of U and Uθ̂N,n, defined in
the previous section. Such uncertainty structure is nonstandard in the robustness
analysis literature. The tools that we develop are used for both input design and
model performance validation.

Let us first consider input design. The input signal should be used to allow for
sufficiently accurate models so that the model quality constraint can be met for all
models in the uncertainty set (2.34). Methods to robustify the input design problem
with respect to the ellipsoidal uncertainty have been presented in, e.g., Jansson
and Hjalmarsson (2005), and Bombois et al. (2006). These methods guarantee,
with a user chosen probability χ, that the model quality constraints hold for all
identified models in D, defined in (2.35). The constraints are formulated as LMI
constraints in P−1. Next, let us consider model performance validation. Also the
problem of validating the worst-case closed loop performance over all models in an
ellipsoidal uncertainty set can be formulated as an LMI optimization problem. The
paper Bombois et al. (2001) presents a method for the validation of a controller
C designed from the identified model G(θ̂N,n). In particular, it is shown how to
compute the worst-case performance achieved by the controller C over the plants
in Uθ̂N,n in an H∞ framework. If this worst-case performance remains acceptable,
the controller C can then be applied to the true system Go.

Let us give two examples of difficulties which typically occur when connecting
robust control and system identification. The first is to find a control relevant
criterion which can be handled technically in the input design procedure. As for
MIMO models, the literature referred to so far makes extensive use of the fact
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that the true system is SISO. As a consequence, it is not straightforward to use
these methods for MIMO models. The second difficulty is that control relevant
criteria typically depend on the controller, which ideally is designed with respect
to the true system (or an accurate model of the system). However, prior to the
identification experiment, there is no access to such a controller. Let us now discuss
these difficulties, which will be addressed in more detail in Chapters 5 and 6.

Technical treatment of robust control criteria
In Skelton et al. (1998), several control criteria are formulated as a set of LMIs. In
Chapter 5, one of these criteria is extended to the ellipsoidal parametric uncertainty
case. The result is a joint input design/performance validation and robust control
design method. The controller, which is static state feedback, is guaranteed to
stabilize the system and to satisfy the following closed loop performance criterion:

‖T (θn)‖∞ < γ, ∀θn ∈ U, (2.38)

where T denotes the closed loop transfer operator from an input load disturbance
to the output. This is a standard H∞ robust control criterion that reflects both
robust performance and stability. In relation to existing work, we notice that
in robust control, there are some important results addressing the synthesis of
controller design with parametric uncertainty. The paper Peaucelle and Arzelier
(1998) presents necessary and sufficient LMI conditions to synthesize controllers
for stabilizability of generalized uncertainty models. In Rantzer and Megretski
(1994a), a convex parametrization of all controllers that simultaneously stabilize
a system for all norm-bounded parameters is given. An algorithm to compute
the convex characterization presented in that paper is presented in Ghulchak and
Rantzer (2002). The paper Bombois et al. (2002) presents a procedure where the
first step is to determine the set of controllers for which the nominal performance
is somewhat better than the desired robust performance. It is then tested whether
all controllers in the set stabilize all systems in the model set. For the performance
criterion, a similar test is presented. The stability test is equivalent to computing
the structured singular value of a certain matrix. In Raynaud et al. (2000) the
design specification is that the closed loop poles should be inside a disc with a
given radius ρ < 1. The objective is to find the controller that maximizes the
volume of an ellipsoidal model set such that the closed loop poles satisfy the design
objective for all models in the set. In Kanev et al. (2003) an iterative procedure
for robust state feedback controllers is presented.

In Chapter 6 robustness analysis tools tailored for MIMO systems are developed.
We use the concept of linear fractional transformation (LFT). We will now describe
some basic properties of an LFT. LetM denote a known complex matrix partitioned
as

M =
[
M11 M12
M21 M22

]
∈ C(p1+p2)×(q1+q2). (2.39)
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Δ

M

w1 w2

z1 z2

Figure 2.3: The LFT F(M,Δ), whereM is a known transfer matrix and the model
uncertainty is described by Δ.

Furthermore, let Δ ∈ Cq1×p1 denote another complex matrix which describes the
uncertain part of the system. An (upper) LFT with respect to Δ is defined as the
map F(M, ·) : Cq1×p1 �→ Cp2×q2 with F(M,Δ) :=M22 +M21Δ(I −M11Δ)−1M12,
provided that the inverse (I −M11Δ)−1 exists, see Zhou et al. (1996). The LFT,
depicted in Figure 2.3, represents the following set of equations:[

w2
z2

]
=M

[
w1
z1

]
,

w1 = Δw2,

(2.40)

where w1 ∈ Rq1 , z1 ∈ Rq2 , w2 ∈ Rp1 and z2 ∈ Rp2 , so that F(M,Δ) corresponds to
the transfer function from z1 to z2.

First, we note that robust performance constraints on the system in Figure 2.3
can be formulated as a robust stability condition on the feedback connection system[

w2
z2

]
=M

[
w1
z1

]
,

[
w1
z1

]
= Δ̃

[
w2
z2

]
, (2.41)

where

Δ̃ :=
[
Δ 0
0 Δext

]
, (2.42)

and ‖Δext‖∞ reflects the robust performance constraint (Zhou et al., 1996; Skoges-
tad and Postlethwaite, 2005). Now, assume that the uncertainty Δ belongs to the
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set Δ. Then, the separations of graphs theorem (Safonov, 1980; Goh and Safonov,
1995; Scorletti, 1997) can be used to guarantee stability for the system (2.41) for all
Δ ∈ Δ. Roughly speaking, the graph of a system is the set of its inputs/outputs.
An extensive discussion on this topic can be found in Goh and Safonov (1995) and
Scorletti (1997). The separation of graphs theorem is as follows.

Theorem 2.1 (Separation of graphs). Assume that M is a stable matrix of transfer
functions. Consider Δ̃ defined by (2.42), where Δext is known and Δ belongs to the
set Δ, which contains the point 0. Assume that all transfer matrices in the set Δ
are proper and real rational stable. Then, the feedback connection (2.41) is stable
∀Δ ∈Δ if and only if there exists A(ω) = A∗(ω) such that[

I

Δ̃(ejω)

]∗
A(ω)

[
I

Δ̃(ejω)

]
≥ 0, ∀ω, ∀Δ ∈Δ, (2.43)

and [
M(ejω)
I

]∗
A(ω)

[
M(ejω)
I

]
< 0, ∀ω. (2.44)

Proof. See Safonov (1980), Goh and Safonov (1995) and Scorletti (1997).

In Chapter 6, we apply the separation of graphs theorem to models where the
uncertainty Δ is parameterized in terms of θn. Recall that the uncertainty of θn
is described by the ellipsoid U defined in (2.34). The closed loop model qual-
ity constraint (2.27) is replaced by conditions (2.43)-(2.44) of Theorem 2.1 with
‖Δext‖∞ < 1/γ. It is shown that by choosing a suitable parametrization of the
matrix A(ω) such that (2.43) holds, the matrix constraint (2.44) can be formu-
lated as a sufficient LMI condition involving P−1. A related method is the use of
so-called integral quadratic constraints (Megretski, 1993; Rantzer and Megretski,
1994b; Jönsson and Rantzer, 1994, 1995, 2000; Scherer and Kose, 2006).

The dependence on the controller

Prior to the identification experiment, there is no model and therefore there is no
suitable model based controller C to use in the constraint (2.27). A contribution of
Chapter 5 is to show that the LMI optimization problem, which we solve in order
to find the optimal input, is independent of the controller. In Chapter 6 we use a
sequential procedure, c.f. Section 2.9, in order to find a controller C.



Chapter 3

Technical Preliminaries

In this chapter we will study the concepts introduced in Chapter 2 in more technical
detail. We formally describe the model and system assumptions that will be used
throughout this thesis. Also, we formally describe the relevant properties of PEM.
A framework for optimal input design is presented. The rest of the thesis will build
on and extend this framework.

3.1 Outline

Basic system and model assumptions are given in Section 3.2. In Section 3.3 we
present some asymptotic (in the data length) properties of parameter estimates.
Section 3.4 considers orthonormal basis functions, which can be used to reformu-
late the asymptotic variance expression. In Sections 3.5-3.7 we review a framework
for optimal input design that will be used in this thesis. In Section 3.5 we sum-
marize the main ideas of this framework and we show how the inverse covariance
matrix is parameterized. Section 3.6 considers different parametrization techniques
for signal spectra. In Section 3.7 we show how signal constraints can be handled
in the framework for optimal input design. In Section 3.8 we study how infinite-
dimensional constraints can be reformulated as finite-dimensional constraints, for
example by using the generalized Kalman-Yakubovich-Popov (KYP) lemma. Re-
alization of signal spectra is discussed in Section 3.9. Optimization software issues
are treated in Section 3.10.

3.2 System and Model Assumptions

We consider the following MIMO LTI discrete-time system with output y ∈ Rny

and input u ∈ Rnu ,

S : y(t) = Go(q)u(t) + v(t),
v(t) = Ho(q)e(t),

(3.1)

35
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where Go is a stable transfer matrix. Furthermore, e ∈ Rny is zero mean sta-
tionary white noise, and Ho is a stable and inversely stable monic transfer ma-
trix. The power spectrum of the additive noise v is therefore given by Φv(ω) =
Ho(ejω)ΛoH∗o (ejω), where Λo is the covariance of e, i.e., Λo := E

{
e(t)eT (t)

}
(we

let λo denote the white noise variance in the SISO case). The true system will
be identified within the following multivariable LTI discrete-time model structure
chosen globally identifiable:

M : y(t) = G(q, θn)u(t) + v(t),
v(t) = H(q, θn)e(t),

(3.2)

where the vector θn ∈ Rn represents the parameters to be identified. For the SISO
case we write

G(q, θn) = B(q, θn)
A(q, θn)

, H(q, θn) = C(q, θn)
D(q, θn)

, (3.3)

where

A(q, θn) := 1 + a1q
−1 + . . .+ anaq−na , (3.4)

B(q, θn) := b1q−1 + b2q−2 + . . .+ bnbq−nb , (3.5)
C(q, θn) := 1 + c1q−1 + . . .+ cncq−nc , (3.6)
D(q, θn) := 1 + d1q−1 + . . .+ dndq−nd , (3.7)

and thus the parameter vector corresponds to

θn = [a1, . . . , ana , b1, . . . , bnb , c1, . . . , cnc , d1, . . . , dnd ]
T
. (3.8)

The model structure (3.3) is called Box-Jenkins (BJ). Another example of a model
structure is output error (OE), where H(q, θn) = 1. Autoregressive exogeneous
(ARX) models are given by

G(q, θn) =
B(q, θn)
A(q, θn)

, H(q, θn) =
1

A(q, θn)
. (3.9)

Let us now go back to some concepts introduced in Chapters 1-2 and treat them
in more detail. The parameter estimate is picked as

θ̂N,n := arg min
θn

1
2N

N∑
t=1

(y(t)− ŷ(t, θn))TΛ−1
o (y(t)− ŷ(t, θn)), (3.10)

where the predictor ŷ(t, θn) is given by the stable filter

ŷ(t, θn) := H−1(q, θn)G(q, θn)u(t) + [I −H−1(q, θn)]y(t). (3.11)
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Notice that (3.10) requires knowledge about the true noise covariance. One way of
handling this contradiction in a practical situation is to estimate Λo, see Ljung
(1999). Another possibility is to notice that the maximum likelihood estima-
tor of θn in the case of Gaussian noise, when Λo is unknown, is the minimizer
of log det

[
1
N

∑N
t=1(y(t)− ŷ(t, θn))(y(t) − ŷ(t, θn))T

]
, which a PEM estimator, see

pages 91-92 of Goodwin and Payne (1977). In the configuration of Figure 2.1, the
input and output signals used in a direct approach to closed loop identification (see,
e.g., Ljung (1999)) are given by

u(t) = Sid
u (q)r(t)︸ ︷︷ ︸
:=ur(t)

−Sid
u (q)Fy(q)Ho(q)e(t), (3.12)

y(t) = Sid
y (q)Go(q)r(t)︸ ︷︷ ︸

:=yr(t)

+Sid
y (q)Ho(q)e(t), (3.13)

where Sid
y := (I + GoFy)−1 and Sid

u := (I + FyGo)−1. Open loop identification
corresponds to Fy = 0. In that case, the excitation signal is directly applied via
the input u.

3.3 Asymptotic (in N) Properties of Parameter Estimates

Let us again look more closely at some properties of parameter estimates introduced
briefly in Chapter 2. Recall that the true system is parameterized by θono ∈ Rno ,
and that

θon :=
[
θono

0n−no

]
∈ Rn if n ≥ no. (3.14)

In the remainder of this thesis it is assumed that the model structure (3.2) has been
chosen in such a way that it is flexible enough to capture the true system (S ∈M).
This means that there exists a parameter vector θon for which Go(q) = G(q, θon) and
Ho(q) = H(q, θon). This, in turn, implies that the model error Go−G(θ̂N,n) consists
only of variance errors due to the white noise e in (3.1). Under this assumption
the estimate θ̂N,n converges, under mild assumptions, to the parameters of the true
system as N →∞. It holds that

√
N(θ̂N,n − θon)→ N (0, P ) as N →∞, (3.15)
P−1 = Ē

{
ψ(t, θon)Λ−1

o ψ
T (t, θon)

}
, (3.16)

ψ(t, θn) := d

dθn
ŷ(t, θn), (3.17)

see Ljung (1999). Furthermore, it holds that

N(θ̂N,n − θon)TP−1(θ̂N,n − θon)→ χ2(n) as N →∞. (3.18)
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Using tables for the χ2-distribution we can thus derive a confidence ellipsoid U
for θ̂N,n, c.f. (2.34). Also, for a given model estimate θ̂N,n we can construct an
uncertainty region Uθ̂N,n for the true system, c.f. (2.36).

3.4 Orthonormal Basis Functions

Recall the asymptotic variance expression (2.20),

lim
N→∞

N Var
{
G(ejω , θ̂N,n)

}
=
dG∗(ejω , θon)
dθn

P
dG(ejω , θon)
dθn

. (3.19)

The elements of dG(θon)/dθn constitute in general a non-orthonormal basis. For
a given dG(θon)/dθn it is straightforward to generate an orthonormal basis Γn,
c.f. (2.22), which spans the same space as dG(θon)/dθn. This change of basis corre-
sponds to working with models reparameterized as

G(q, θn) = θTnΓn(q). (3.20)

The transfer vector Γn is given by

ΓTn (q, θon) :=
[B0(q) B1(q) · · · Bn−1(q)

]
, (3.21)

where Bk(q), k = 0, . . . , n − 1, are rational basis functions. Furthermore, these
basis functions are orthonormal on the unit circle T, i.e.,

1
2π

∫ π
−π
Bk(ejω)B∗l (ejω)dω = δk−l. (3.22)

Orthonormal basis functions will be pivotal for the variance expressions treated
in Chapter 4. Let us now consider two examples of orthonormal bases. First, we
observe that for FIR models one can take Bk(q) = q−k. The second example is an
orthonormal basis for fixed denominator models defined by

G(q, θn) = D−1
n (q)

n∑
k=1
bkq
−k,

Dn(q) =
n−1∏
k=0

(1 − ξkq−1),

θn =
[
b1 b2 . . . bn

]T
,

(3.23)

where the poles ξk ∈ C, |ξk| < 1, k = 0, 1, . . . , n− 1, are prespecified. Consider the
space Xn defined by

Xn := Sp
{
q−1

Dn(q)
,
q−2

Dn(q)
, . . . ,

q−n

Dn(q)

}
. (3.24)
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Then it holds that

Xn = Sp {B0(q),B1(q), . . . ,Bn−1(q)} , (3.25)

where

B0(q) :=
√

1− |ξ0|2
q − ξ0 ,

Bk(q) :=
√

1− |ξk|2
q − ξk

k−1∏
l=0

1− ξ∗l q
q − ξl , k ≥ 1,

(3.26)

see Ninness and Gustafsson (1997). We will come back to the orthonormal basis
(3.26) in Chapter 4. See also Heuberger et al. (2005) for an overview of modelling
and identification using orthonormal basis functions. A Laguerre model (Wahlberg,
1991) is the special case when ξk = ξ, ∀k. One reason why Laguerre models are
useful in applications is that they are robust to the choice of sampling time of
continuous-time systems. Furthermore, they can be used to represent high order
FIR models, which leads to a reduction in the number of model parameters needed.
For the details we refer to Wahlberg (1991). Also note that FIR models correspond
to ξ = 0.

3.5 A Framework for Optimal Input Design

The remainder of this chapter presents some of the basic ideas of a framework
for optimal input design developed in Lindqvist (2001), Hildebrand and Gevers
(2003), Jansson (2004), Jansson and Hjalmarsson (2005), Bombois et al. (2006),
Hjalmarsson and Jansson (2008) and references therein. This thesis is a part of
that framework. We consider closed loop prediction-error identification of LTI
models. It is assumed that the model can capture the dynamics of the true system,
i.e., S ∈ M, and that N is very large. The starting point is an expression for the
inverse asymptotic covariance matrix, given in the following lemma.

Lemma 3.1. Consider the identification set-up described in Section 3.2. The in-
verse asymptotic covariance matrix P−1, defined in (3.15)-(3.17), can be written
as

P−1 = R1(Φr(ω), Fy(ejω), θon,Λo) +R2(Fy(ejω), θon,Λo), (3.27)
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where

R1 := 1
2π

∫ π
−π

Γr(ejω , Fy(ejω), θon)
(
Λ−1
o ⊗ Φr(ejω)

)
Γ∗r(ejω, Fy(ejω), θon)dω, (3.28)

R2 := 1
2π

∫ π
−π

Γe(ejω , Fy(ejω), θon)
(
Λ−1
o ⊗ Λo

)
Γ∗e(ejω , Fy(ejω), θon)dω, (3.29)

Γr :=

⎡
⎢⎢⎢⎣

vec[F 1
r ]

vec[F 2
r ]

...
vec[Fnr ]

⎤
⎥⎥⎥⎦ , Γe :=

⎡
⎢⎢⎢⎣

vec[F 1
e ]

vec[F 2
e ]

...
vec[Fne ]

⎤
⎥⎥⎥⎦ , (3.30)

F ir := H−1
o

dG(θn)
dθn,i

Sid
u , F ie := H−1

o

(
dH(θn)
dθn,i

− dG(θn)
dθn,i

Sid
u FyHo

)
,

i = 1, . . . , n, (3.31)

and θn,i defines the i:th component of the vector θn. Furthermore, vec[X ] denotes
a row vector which contains the rows of the matrix X stacked adjacent to each
other.

Proof. See Appendix 3.A.

A similar open loop expression for P−1 is found in Zhu (1989). A very important
tool of the framework for optimal input design is a linear parametrization of Φr.
By a suitable change of basis in the spectrum definition (2.6) we can write

Φr(ω) =
∞∑

k=−∞
c̃k B̃k(ejω), (3.32)

where the scalar basis functions
{B̃k}∞k=0 are proper stable rational and where

B̃−k(q) = B̃k(q−1). For the coefficient matrices c̃k ∈ Rnu×nu we have c̃−k = c̃Tk .
With the FIR parametrization B̃k(ejω) = e−jωk we recover (2.6). We will reserve
the notation rk for the coefficients c̃k when working with FIR parametrizations of
input signal spectra. One of the first papers where the FIR parametrization was
used for input design is Lindqvist and Hjalmarsson (2001).

The key concept of the framework is that input design problems can be formu-
lated as LMI optimization problems in the decision variables {c̃k}. This is achieved
through the following two observations:

(i) Several model quality constraints can be formulated as LMIs in P−1. One
instance of this was given in Example 2.1. In Chapters 5-6 we will provide
additional examples.
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(ii) Since P−1 is an affine function of Φr according to Lemma 3.1, we can write
P−1 as an affine expression in {c̃k} using the linear parametrization given by
(3.32). With this parametrization, also constraints on signal spectra can be
expressed as LMIs in {c̃k}.

In the remaining part of this chapter we will mainly treat the second observation.
For further details, we refer the reader to Jansson (2004).

3.6 Parametrization of Φr
With (3.32) in (3.27), the matrix P−1 becomes an affine function of {c̃k}∞k=−∞,
which will serve as decision variables in the input design problem. These coefficient
matrices must be such that

Φr(ω) ≥ 0, ∀ω, (3.33)

for (3.32) to define a spectrum. Another issue is that it is computationally imprac-
tical to use an infinite number of parameters in the optimization program. There
are two approaches to handle these issues, either a finite spectrum parametrization
or a partial correlation parametrization.

Finite spectrum parametrization
In a finite spectrum parametrization, the spectrum expansion is truncated and we
work with the positive real part,

Φr(ω) = Ψ(ejω) + Ψ∗(ejω),

Ψ(ejω) :=
m−1∑
k=0
ck B̃k(ejω).

(3.34)

Condition (3.33) is ensured via the following lemma.

Lemma 3.2. Let {A,B,C,D} be a controllable state-space realization of Ψ(ejω).
Then there exists a Q̃ = Q̃T such that

[
Q̃−AT Q̃A −AT Q̃B
−BT Q̃A −BT Q̃B

]
+

[
0 CT

C D +DT
]
≥ 0 (3.35)

if and only if Φr(ω) ≡∑m−1
k=0 ck

(B̃k(ejω) + B̃∗k(ejω)
) ≥ 0, ∀ω.

Proof. This is an application of the Positive Real Lemma (Yakubovich, 1962; Wu
et al., 1996).

The following example illustrates that the condition (3.35) can be formulated
as an LMI.
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Example 3.1. The positive real part of an FIR spectrum with m = 4 parameters
and 2 inputs/2 outputs is Ψ(ejω) = 1

2r0 +
∑3
k=1 rk e

−jωk, where rk ∈ R2×2. A
controllable state space realization for the positive real part is

A =
[
02×4 02×2
I4 04×2

]
, B =

[
I2 02×4

]T
, C =

[
r1 r2 r3

]
, D = 1

2
r0. (3.36)

Hence (3.35) is an LMI in Q̃, and r0, r1, r2 and r3.

Any spectrum can be approximated to any demanded accuracy provided that
the order m is sufficiently large. However, when m becomes too large, computa-
tional complexity becomes an issue. Notice that (3.34) corresponds to white noise
when m = 1.

Partial correlation parametrization
In the partial correlation approach, no truncation of the spectrum expansion is
introduced. However, only the m first autocorrelation coefficients are determined
in the design. The basis functions {B̃k} can be chosen in such a way that the
number of coefficients needed to parameterize P−1 is no longer infinite, but will
depend on the order of the system. Typically a parametrization with structure

B̃k(ejω) = L(ejω, θon)e−jωk, L(ejω, θon) > 0, ∀ω, (3.37)

is used. The following example shows an instance of such a parametrization.

Example 3.2. Consider the model

G(q, θn) = bq−1

1 + aq−1 (3.38)

to be identified in open loop. Assume that the true system is described by θono =[
ao bo

]T . If we let

L(ejω , θono) = |1 + aoe−jω|4, (3.39)

the matrix P−1 is an exact affine expression of only c̃0 and c̃1.

In partial correlation parametrizations, we design the finite sequence c̃0, c̃1, . . .,
c̃m−1 wherem depends on the model structure. However, we must ensure that there
exists an extension c̃m, c̃m+1, ... such that the non-negativity constraint (3.33) holds.
First, let us consider the FIR case where {c̃k} corresponds to the autocorrelation
coefficients {rk}. A necessary and sufficient condition for the existence of such an
extension is that the Toeplitz matrix in the vector

[
r0 r1 . . . rm−1

]
is positive

semidefinite, i.e., the condition
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⎡
⎢⎢⎢⎣
r0 r1 . . . rm−1
rT1 r0 . . . rm−2
...

...
. . .

...
rTm−1 r

T
m−2 . . . r0

⎤
⎥⎥⎥⎦ ≥ 0, (3.40)

see Grenander and Szegö (1958), Byrnes et al. (2001), and Lindquist and Picci
(1996). Notice that this condition is an LMI in r0, r1, ..., rm. This means that the
partial expansion

m−1∑
k=−(m−1)

rke
−jωk (3.41)

will not necessarily define a spectrum itself, but can be extended so that Φr is
positive. Now let us consider the more general case when the basis functions are
given by (3.37). Since L(ejω, θon) > 0, ∀ω, it must hold that

∑
k cke

−jωk is also
non-negative, and hence the positive semidefiniteness constraint on the Toeplitz
matrix (3.40) applies to the parametrization (3.37) as well.

3.7 Parametrization of Signal Constraints

Using the linear parametrization of the excitation signal spectrum, also signal con-
straints can be formulated as LMIs. First, consider constraints on the signal power.
The constraints

1
2π

∫ π
−π

Tr [Φr(ω)] dω ≤ αr, (3.42)

1
2π

∫ π
−π

Tr [Φy(ω)] dω ≤ αy (3.43)

can be rewritten as LMIs in {c̃k}. Let us illustrate this with a simple example.

Example 3.3. (Example 3.2 continued.) Using the partial correlation parametriza-
tion with L(ejω, θon) given by (3.39), we obtain

1
2π

∫ π
−π

Φu(ω)dω = (1 + α4
o + 4α2

o)c̃0 + 4αo(1 + α2
o)c̃1 + 2α2

oc̃2, (3.44)

which is a linear expression in the decision variables c̃0, c̃1 and c̃2.

Second, consider the frequency-by-frequency constraints

ρr(ω) ≤ Φr(ω) ≤ αr(ω), (3.45)
ρy(ω) ≤ Φy(ω) ≤ αy(ω), (3.46)
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where ρr, αr, ρy and αy are rational functions of ejω . For finite spectrum parametriza-
tions these constraints can also be written as LMIs in {ck} using Lemma 3.2, just
as for condition (3.33).

3.8 Reformulation of Quality Constraints as
Finite-Dimensional LMIs

In Example 2.1 we illustrated one situation when the quality constraint is infinite-
dimensional due to the dependence on the continuous variable ω. The condition
was given by

NP−1 − γ dG(ejω , θon)
dθn

dG∗(ejω , θon)
dθn

≥ 0, |ω| ≤ ωB. (3.47)

This constraint can be made finite-dimensional by using a finite frequency grid
instead of the whole frequency range, see, e.g., Jansson and Hjalmarsson (2005).
Another possibility is to use the generalized KYP lemma (Iwasaki and Hara, 2005).
In this section we will use this lemma to reformulate (3.47) as a finite-dimensional
LMI.

First, note that the LMI constraint (3.47) is fulfilled if[
In

dG(ejω ,θon)
dθn

] [−NP−1 0n,1
01,n γ

]
[In dG(ejω ,θon)

dθn
]∗ < 0, |ω| ≤ ωB. (3.48)

Then we reformulate the dependence on ejω into dependence on a new variable λ
by observing that the condition (3.48) is equivalent to[
In

dG(λ,θon)
dθn

] [−NP−1 0n,1
01,n γ

] [
In

dG(λ,θon)
dθn

]∗
< 0,

∀λ ∈
{
λ ∈ C :

[
λ
1

]∗ [1 0
0 −1

] [
λ
1

]
= 0,

[
λ
1

]∗ [0 1
1 −2 cosωB

] [
λ
1

]
≥ 0

}
. (3.49)

Let [
A B

C D

]
:= C(ejωI −A)−1B +D (3.50)

denote a state space realization of dG(ejω , θon)/dθn with A ∈ Rm×m, B ∈ Rm×1,
C ∈ Rn×m and D ∈ Rn×1 such that det[ejωI −A] �= 0, |ω| ≤ ωB.

Example 3.4. For the FIR model G(q, θn) =
[
1 q−1 . . . q−(n−1)] θn we have

dG(ejω , θon)
dθn

=

⎡
⎢⎢⎢⎣

1
e−jω

...
e−(n−1)jω

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎣

01,n−2 0
In−2 0n−2,1

1
0n−2,1

01,n−1
In−1

1
0n−1,1

⎤
⎥⎥⎦ . (3.51)
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We have [
In

dG(ejω ,θon)
dθn

]
=

[
A 0m×n B
C In D

]
. (3.52)

Then, by the generalized KYP lemma (Hara et al., 2006), condition (3.49) is equiv-
alent to the following finite-dimensional LMI condition:

There exist matrices QKYP = Q∗KYP and XKYP = X∗KYP > 0 such that

H diag
([ 1 0

0 −1
]⊗QKYP +

[ 0 1
1 −2 cosωB

]⊗XKYP,
[
−NP−1 0n,1

01,n γ

])
H∗ < 0, (3.53)

where

H :=

⎡
⎢⎣ A 0m×n B
Im 0n×m
C In D

⎤
⎥⎦ . (3.54)

3.9 Realization of Signal Spectra

There are many possible realizations corresponding to one signal spectrum, see,
e.g., Kay (1998). In this thesis the solution to the input design problem is a
signal spectrum, and therefore the realization of this spectrum is not within our
scope. However, let us briefly comment on the approach for realization used in the
examples of this thesis. The method used is to filter white noise through an LTI
filter. For a finite spectrum parametrization, an FIR filter can be used given that
a state-space realization of the positive real part of the spectrum is available. In
a partial correlation parametrization, an autoregressive filter can be constructed
using the Yule-Walker equations (Söderström and Stoica, 1989). For more details
on realization of input spectra, see Jansson and Hjalmarsson (2005) and references
therein.

3.10 Optimization Software

The optimization software used in this thesis is the LMI parser YALMIP (Löfberg,
2004) with solver SeDuMi.

3.A Proof of Lemma 3.1

Denote the columns of the matrix ψT (t, θn) by ψTi (t, θn) ∈ Rny , i = 1, . . . , n. With
(3.12)-(3.13) in (3.11) we obtain

ψTi (t, θon) = F ir(q, θon)r(t) + F ie(q, θon)e(t). (3.55)
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Now, the transpose of (3.55) can be written

ψi(t, θon) =vec[F ir(q, θon)](Iny ⊗ r(t)) + vec[F ie(q, θon)](Iny ⊗ e(t)), (3.56)

which is the i:th row of ψ(t, θon). This implies that

ψ(t, θon) =

⎡
⎢⎢⎢⎣
ψ1(t, θon)
ψ2(t, θon)

...
ψn(t, θon)

⎤
⎥⎥⎥⎦ = Γr(q, θon)

[
Iny ⊗ r(t)

]
+ Γe(q, θon)

[
Iny ⊗ e(t)

]
. (3.57)

Expression (3.27) is obtained by inserting (3.57) in (3.16), which concludes the
proof.



Chapter 4

The Cost of Complexity

To describe the dynamics of real-life systems with high accuracy, we need models of
high order. However, a high model order typically implies a large model variance.
In particular, expression (1.4) shows that the variance of the frequency function
estimate increases linearly with the model order n. This chapter is a piece of the
puzzle of understanding why system identification, despite this curse of complexity,
is successfully applied in the industry to construct reliable models.

4.1 Introduction

As discussed in Example 1.2 and in Section 2.6, the static gain of the system and
non-minimum phase zeros can be extracted accurately even for very complex models
if the input excitation is designed in a suitable way. Basically, the role of the input
signal is to force the property of interest to become visible in the output and to
‘hide’ properties that we do not wish to model. These results are encouraging in the
light of the curse of complexity mentioned earlier. In this chapter, we extend these
previous results to the case when the property of interest is the system’s frequency
function over the frequency range |ω| ≤ ωB. Using a model of order n, the model
quality constraint is formulated formally as

lim
N→∞

N Var {G(ejω, θ̂N,n)} ≤ 1
γ
, |ω| ≤ ωB. (4.1)

We investigate the cost of complexity, which is defined as the minimum amount
of input power required to achieve this constraint. The results quantify how the
cost of the system identification experiment depends on n, γ, ωB and on the model
structure. We consider the following SISO model structures: OE, fixed denominator
structures, Laguerre and FIR.

47
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4.2 Outline

System and model assumptions are presented in Section 4.3. For the results pre-
sented in this chapter we exploit a mathematical reformulation of the constraint
(4.1). This reformulation is provided in Section 4.4. The problem is formally posed
in Section 4.5. Computational issues that arise when solving this problem numer-
ically are discussed in Section 4.6. In Section 4.7 we present results that quantify
the cost of complexity for OE models. In Section 4.8 we proceed with results for
fixed denominator models. Section 4.9 establishes results for Laguerre models and
Section 4.10 considers FIR models. Section 4.11 concludes the chapter.

4.3 System and Model Assumptions

The true system is given by

y(t) = G(q, θono)u(t) + e(t), (4.2)

where u, y ∈ R, and e ∈ R is zero mean white noise with variance λo. The parameter
vector that describes the true system is given by θono ∈ Rno . The model to be fitted
to this system is

y(t) = G(q, θn)u(t) + e(t), (4.3)

where θn ∈ Rn denotes the parameter vector to be identified. It is assumed that
this model captures the dynamics of the true system (S ∈ M). Furthermore, it is
assumed that the identification is performed in open loop.

4.4 Mathematical Reformulation of the Variance
Constraint

In this section we reformulate the constraint (4.1) mathematically. Recall the
asymptotic (in N) variance expression (3.19),

lim
N→∞

N Var
{
G(ejω , θ̂N,n)

}
=
dG∗(ejω , θon)
dθn

P
dG(ejω , θon)
dθn

. (4.4)

For open loop identification of the model (4.3), Lemma 3.1 gives that

P =
[

1
2πλo

∫ π
−π

dG(ejω , θon)
dθn

dG∗(ejω , θon)
dθn

Φu(ω)dω
]−1

. (4.5)

Now, we will use the reparametrization (2.22),

dG(ejω , θon)
dθn

= TGSΓn(ejω , θon), (4.6)
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where TGS is a non-singular (constant) matrix, and Γn is an orthonormal basis
that spans dG(θon)/dθn. For simplicity of notation, we omit in what follows the θon
dependence on Γn. Substituting (4.5) and (4.6) in (4.4), we obtain

lim
N→∞

N Var {G(ejω , θ̂N,n)} = λoΓ∗n(ejω)M−1
n Γn(ejω), (4.7)

where

Mn := 1
2π

∫ π
−π

Γn(ejω)Γ∗n(ejω)Φu(ω)dω. (4.8)

Under the assumption that Mn > 0 in (4.7), by applying the Schur complement
(see Lemma 2.1), the constraint (4.1) can be written as the frequency-wise LMI

Mn − λoγΓn(ejω)Γ∗n(ejω) ≥ 0, |ω| ≤ ωB. (4.9)

In the derivation of the results of this chapter, we will use the function Kn(ω1, ω2)
defined by

Kn(ω1, ω2) := Γ∗n(ejω2 )Γn(ejω1 ). (4.10)

4.5 Problem Formulation

The problem considered in this chapter is to quantify the minimum input power,
denoted fopt, required to achieve the model quality constraint (4.1). The problem
is formally formulated as

fopt := min
Φu(ω)

1
2π

∫ π
−π Φu(ω)dω

subject to Φu(ω) ≥ 0, |ω| ≤ π
lim
N→∞

N Var {G(ejω , θ̂N,n)} ≤ 1
γ
, |ω| ≤ ωB.

(4.11)

The contribution of this chapter is an analytical quantification of the cost fopt with
respect to n, γ and ωB. Several properties of fopt are presented. For instance, we
examine the monotonicity of fopt with respect to ωB and n, and fopt for the case of
white input spectra. Also the cost is quantified for the cases ωB = 0 and ωB = π.
Lower and upper bounds for fopt are provided. For Laguerre models the cost is
compared to FIR models with respect to the pole location in the Laguerre model.
For FIR models we examine fopt when ωB is close to (but not necessarily equal to)
π. A useful tool when quantifying fopt is to study how the LMI (4.9) depends on
n, γ, λo and the model structure (in terms of Kn(ω1, ω2)).
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4.6 Computational Issues

One computational issue that arises is that the constraint (4.9) is infinite-dimensional
due to the dependence on the continuous variable ω. However, by using the gen-
eralized KYP lemma described in Section 3.8, the dependence on ω is eliminated.
Thus problem (4.11) can be solved numerically with the second constraint being
replaced by the finite-dimensional LMI constraint (3.53). The associated trade-offs
are that we add two new matrix variables and that the dimension of the result-
ing LMI optimization problem increases. The (infinite-dimensional) non-negativity
constraint on Φu in (4.11) is handled by the partial correlation approach described
in Section 3.6.

4.7 OE Models

The model structure considered in this section is the OE structure given by

G(q, θn) = B(q, θnb)
A(q, θna)

, (4.12)

with the parameter vector

θn :=
[
θna
θnb

]
. (4.13)

In this section some general properties of problem (4.11) and fopt are given. We
start by presenting two results which imply that the more information we require
for the model, the larger the cost. In particular, Theorem 4.1 shows that the cost is
a non-decreasing function of the model order n, and in Theorem 4.2 we show that
the cost is a non-decreasing function with respect to ωB.

Theorem 4.1 (Monotonicity of fopt with respect to n). Consider the OE model
(4.12). Let M1 and M2 be two model structures of order n1 and n2, respectively.
Assume that 0 < n1 < n2 and that M1 ⊂ M2. This implies that for each model
in M1, there is a model of higher order in M2 that describes this model. Also,
assume that the true system belongs to the set M1. Define fopt,i (i = 0, 1) as the
solution of (4.11) when the model is contained in M1 and M2 respectively. Then
fopt,1 ≤ fopt,2.

Proof. See Appendix 4.A.

Remark 4.1. It is interesting to note that Theorem 4.1, via the duality result of
Theorem 3 in Rojas, Agüero, Welsh and Goodwin (2008), can be seen as a version of
the Parsimony Principle (Söderström and Stoica, 1989), which states that a model
with less parameters gives better precision than one with more parameters for given
experimental conditions.
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Theorem 4.2 (Monotonicity of fopt with respect to ωB). Let fopt,1 and fopt,2 be
the optimal costs of the input design problem (4.11) for ωB = ωB1 and ωB = ωB2,
respectively, and a fixed model order n. The model structure is OE given by (4.12).
If 0 ≤ ωB1 < ωB2 ≤ π, then fopt,1 ≤ fopt,2.

Proof. Follows from the fact that the set of allowable input spectra Φu decreases
with increasing ωB.

The next theorem pertains to the cost of complexity for the special case when
we restrict to white input spectra. This property is in fact an upper bound for the
cost since the structure of the input spectrum is restricted.

Theorem 4.3 (White input spectrum). Consider the OE model structure (4.12).
For the case of white input spectra, we have

fopt = fopt,white noise := λoγ sup
|ω|≤ωB

Kn(ω, ω). (4.14)

Proof. See Appendix 4.A.

The next result reveals that if ωB = 0, the cost does not depend on n. This
is a generalization of the results presented in Hjalmarsson et al. (2006) to OE
models. An alternative geometric approach to this problem has been considered in
Example E.3 of the thesis Mårtensson (2007).

Theorem 4.4 (fopt for the case ωB = 0). Consider the OE model structure given
in (4.12). When ωB = 0, the optimal cost is fopt = λoγ.

Proof. See Appendix 4.A.

This result implies that if we are interested in estimating the static gain of a
system, the cost is independent of the model order if the input signal is chosen in an
optimal fashion. In other words, by choosing a suitable input we ‘hide’ irrelevant
properties of the system and the cost is held at a low level also for very complex
systems.

Remark 4.2. The solution of (4.11) for ωB = 0 gives a singular matrix Mn.
However, if we add a small perturbation, say εIn > 0, where ε > 0, to Mn we
obtain a non-singular Mn. Thus, fopt = λoγ is the infimum value of fopt, but is
not actually attainable, in the sense that the right hand side of (4.7) is not defined
for det[Mn] = 0, even though the variance of G(ejω , θ̂N,n) is meaningful in this
case. In fact, in engineering terms, it is possible to generate the solution of this
case by using a constant signal, which will give a consistent estimator of the steady
state gain of the system.



52 The Cost of Complexity

In the next theorem, fopt is calculated for the case ωB = π. In the proof we will
exploit some recent results on fundamental limitations on the variance of parametric
models presented in Rojas, Welsh and Agüero (2008).

Theorem 4.5 (fopt for the case ωB = π). Consider the OE model structure (4.12).
When ωB = π, we have fopt = nλoγ.

Proof. See Appendix 4.A

This theorem quantifies the cost of complexity when we are interested in ob-
taining an accurate model over the entire frequency range. It is concluded that the
cost is linear with respect to n and γ. Furthermore, the cost does not depend on
Γn. If we multiply the power of the input by 1/(nλoγ) and assume that ωB = π,
then problem (4.11) can equivalently be formulated as

min
1

2π

∫ π
−π Φu(ω)dω=1

max
−π≤ω≤π

lim
N→∞

N Var {G(ejω, θ̂N,n)} = nλo, (4.15)

see the duality result from Theorem 3 of Rojas, Agüero, Welsh and Goodwin (2008).
From this expression we conclude that, due to the scaling of the input power, the
asymptotic variance is increased by a factor nλoγ compared to the constraint in
(4.11). Clearly, the solutions to problem (4.11) and (4.15) are simply proportional
to each other by a factor nλoγ. This is similar to the so-called waterbed effect in
spectral estimation (Stoica et al., 2004). In words, this effect is that the optimal
maximum variance as given in (4.15) is independent of the frequency ω since the
entire frequency range |ω| ≤ π is considered and the basis Γn defining the model
structure does not have any influence on the maximum value of the variance curve.

4.8 Fixed Denominator Models

In this section we consider so called fixed denominator models given by (3.23). One
orthonormal basis corresponding to this model structure is given by (3.26). Before
exploiting this basis, let us make a heuristic observation regarding fopt:

Using Ljung’s asymptotic variance formula (1.4), the condition

lim
N→∞

N Var {G(ejω , θ̂N,n)} ≤ 1/γ (4.16)

can be approximately replaced by n λo
Φu(ω) ≤ 1/γ. This implies that

1
2π

π∫
−π

Φu(ω)dω ≥ 1
2π

ωB∫
−ωB

Φu(ω)dω ≥ nλoωBγ
π
. (4.17)

However, if we take

Φu(ω) =
{
nλoγ, if |ω| ≤ ωB
0, otherwise, (4.18)



4.9. Laguerre Models 53

the inequalities in (4.17) turn into equalities. Therefore it seems reasonable to
expect that fopt is asymptotically proportional to the model complexity n, to the
accuracy γ and the bandwidth ωB. This derivation of the asymptotic cost is not
entirely rigorous (since Φu also depends on n), which calls for some more detailed
calculations. In Theorem 4.6 we derive a more refined version of the lower bound
for fopt.

Theorem 4.6. Assume that an orthonormal basis for the model structure is given
by (3.26) and that ωB ∈ [0, π]. Then,

fopt ≥ λoγ ωB
π

(∑n−1
i=0

1−|ξi|
1+|ξi|

)2

(∑n−1
i=0

1+|ξi|
1−|ξi|

) . (4.19)

Furthermore, if there is a δ > 0 such that |ξk| ≤ δ for every k = 0, 1, . . . , n − 1,
then

fopt ≥ nλoγωB
π

(
1− δ
1 + δ

)3
. (4.20)

Proof. See Appendix 4.C.

In the following example the findings of Theorem 4.6 are illustrated.

Example 4.1. Consider a fixed denominator model where for simplicity we assume
that all poles are at the same location, i.e., ξk = ξ, ∀k = 0, 1, . . . , n − 1. Let
γ = λo = 1 and ωB = π/2. In Figure 4.1 the cost fopt is plotted versus model order
n, together with the lower bound presented in Theorem 4.6. It is clear that the cost
depends not only on the distance between the pole ξ and the unit circle, but also
on the sign of ξ. However, the bounds provided in Theorem 4.6 do not take into
account the sign of ξ.

4.9 Laguerre Models

In this section we consider the model structure given by

G(q, θn) =
∑n
k=1 bkq

−k+1

(1 − ξq−1)n−1 ,

θn =
[
b1 b2 . . . bn

]T
,

(4.21)

where ξ is a prespecified pole. This model is a slightly modified version of so called
Laguerre basis functions (Wahlberg, 1991), since it includes biproper models. In
what follows we will for simplicity refer to the model (4.21) as Laguerre. In this
section we will quantify and discuss the relation between the cost of complexity for
Laguerre models and FIR models, which is the special case of (4.21) where ξ = 0.
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Figure 4.1: Example 4.1. In this plot the thick lines show fopt versus model order
n, and the thin lines show the lower bound for fopt given in Theorem 4.6. Solid
line: ξ = −0.1. Dashed line: ξ = 0.1 (the lower bound for fopt coincides with the
case ξ = −0.1). Dash-dotted line: ξ = −0.7.

Comparison between the Laguerre and FIR case

For the model (4.21) we use the orthonormal basis

B0(q) = 1,

Bk(q) =
√

1− ξ2
q − ξ

[
1− ξq
q − ξ

]k−1
, k ≥ 1,

(4.22)

where ξ ∈ (−1, 1) is the pole of the Laguerre model. Recall that the FIR model is
a special case of the Laguerre model, corresponding to ξ = 0. Define also

ω̃B := 1
j

ln
(
ejωB − ξ
1− ξejωB

)
. (4.23)

The following theorem states the relationship between the Laguerre case and the
FIR case.
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Figure 4.2: This plot shows ω̃B versus ωB: ξ = 0.9 (solid line), ξ = 0.6 (dashed
line), ξ = 0.3 (dash-dotted line), ξ = 0 (−�−), ξ = −0.3 (−−×−−), ξ = −0.6 (−−�−−),
ξ = −0.9 (dotted line).

Theorem 4.7. The Laguerre and FIR models are related by

fopt,ωB
Lag = fopt,ω̃B

FIR , (4.24)

Φopt,ωB
u,Lag (ω) = 1− ξ2

|ejω − ξ|2 Φopt,ω̃B
u,FIR

(
1
j

ln
(
ejω − ξ
1− ξejω

))
, (4.25)

where Φopt
u denotes the optimal solution to problem (4.11) and fopt,ωB is the op-

timal cost associated with the bandwidth ωB. Furthermore, ‘Lag’ stands for the
expressions related to the Laguerre problem, ‘FIR’ is related to the associated FIR
input design problem.

Proof. See Section 4.D.

In Figure 4.2, ω̃B is plotted versus ωB for different ξ. We see that ω̃B depends
on the distance between ξ and the unit circle as well as on the sign of ξ. In the
following example some aspects of the results in Theorem 4.7 are illustrated.

Example 4.2. Let λo = γ = 1. In Figure 4.3 the optimal solution fopt is plotted
for a Laguerre model with ξ = 0.2 using ωB = 0.8π. From (4.23) it is concluded that
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Figure 4.3: Example 4.2. The cost fopt versus model order n. Laguerre model with
ωB = 0.8π and ξ = 0.2 (−�−). FIR model with ωB = 0.86π (−−×−−). Laguerre model
with ωB = 0.1π and ξ = 0.2 (dash-dotted line). FIR model with ωB = 0.1π (−−�−−).
Laguerre model with ωB = 0.1π and ξ = −0.2 (dashed line).

this frequency corresponds to the ‘warped’ frequency 70π/81 ≈ 0.86π. Therefore,
we have also plotted the cost associated with an FIR model (which corresponds to
ξ = 0) using ωB = 0.86π. It is seen that the cost is the same for these two cases.

Next we illustrate the dependence on the location of the pole ξ in the Laguerre
model. In Figure 4.3 we have plotted fopt using ωB = 0.1π for three cases: I) a
Laguerre model with ξ = 0.2 II) a Laguerre model with ξ = −0.2 and III) an FIR
model. We see that the location of the pole affects fopt for the Laguerre model.

Interpretations

Theorem 4.7 can be interpreted as follows: the Laguerre input design problem
is simply a ‘frequency-warped’ version of the FIR case due to the transformation
(4.23). This has several interesting consequences. If 0 < ξ < 1, then ω̃B > ωB (if
ωB < π), see also Figure 4.2. Thus, due to the monotonicity of fopt with respect
to ωB for the FIR case, for a given ωB, the optimal cost fopt will be greater if we
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consider a Laguerre model structure with 0 < ξ < 1 than if we use an FIR model.
Conversely, fopt will be smaller if we consider a Laguerre model structure with
−1 < ξ < 0 than if we use an FIR model. We conclude that the results presented
in this section, opposite to those presented in Section 4.8, take into account the
sign of ξ. From (4.23) we have that ωB = π gives ω̃B = π. This agrees with
Theorem 4.5, since the cost is in this case independent of the pole ξ.

4.10 FIR Models

This section pertains to FIR models which are the special case of (4.21) where
ξ = 0, i.e., models given by (4.3) with

G(q, θn) = θTnΛn(q), (4.26)

where

Λn(q) :=
[
1 q−1 · · · q−(n−1)]T . (4.27)

Note that for this model structure we have that

Kn(ω, ω) = n. (4.28)

We consider the following FIR parametrization of Φu:

Φu(ω) :=
∞∑

k=−∞
rke
−jωk. (4.29)

Using this parametrization, problem (4.11) can, for ωB ∈ (0, π], be reformulated
as:

min
r0,...,rn−1

r0

subject to Tn − λoγΛn(ejω)Λ∗n(ejω) ≥ 0, |ω| ≤ ωB,
(4.30)

where Tn denotes the Toeplitz matrix of the vector
[
r0 r1 · · · rn−1

]
. A nec-

essary and sufficient condition for the non-negativity of Φu(ω) for all frequencies
ω is given by Tn ≥ 0, c.f. condition (3.40). The constraint Tn > 0 has not been
included in (4.30), because it can be shown (see Lemma 4.3 in Appendix 4.F) that
Tn > 0 holds for any solution of (4.30) if ωB > 0. The case where ωB = 0 is treated
separately (see Remark 4.2) since in this case the optimal solution gives a singular
matrix Tn. The focus of this section is to analyze the frequency-wise LMI

Tn − λoγΛn(ejω)Λ∗n(ejω) ≥ 0, |ω| ≤ ωB, (4.31)

with respect to the variables n, ωB and γ.
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Remark 4.3. Notice that (4.30) only depends on the first n terms of the autoco-
variance sequence of the input signal. This means that the solution of this problem
is in general not unique, unless Tn is singular. This special case only arises when
ωB = 0, c.f. Remark 4.2, where it is concluded that the optimal input is a con-
stant.

We have

1
2π

∫ π
−π

Φu(ω)dω = 1
2π

∫ π
−π

∞∑
k=−∞

rke
−jωkdω = r0. (4.32)

Let us therefore denote the optimal cost of problem (4.30) by ropt
0 . This implies

that for FIR models it holds that

fopt = ropt
0 . (4.33)

In the remainder of this chapter we present results that quantify ropt
0 with respect

to n, ωB and γ.

Cost for ωB → π
We start by establishing ropt

0 for the case when ωB is close to (but not necessarily
equal to) π. Therefore, this result is a generalization of Theorem 4.5 for FIR models.
Before stating the theorem, we note that for white inputs, the cost for FIR models
is given by ropt

white noise defined by

ropt
white noise := nλoγ, (4.34)

see Theorem 4.3.

Theorem 4.8 (Behavior of ropt
0 as ωB → π). When ωB > (n − 1)π/n, we have

that ropt
0 = ropt

white noise.

Proof. See Appendix 4.E.

An important implication of this theorem is that, since ropt
0 equals ropt

white noise,
extracting more information from the system (that is, increasing ωB to π) does not
cost if ωB is sufficiently close to π.

Asymptotic behavior (in n)

Theorem 4.9 presents an asymptotic lower bound for ropt
0 and Theorem 4.10 an

upper bound.
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Theorem 4.9 (Lower bound for the asymptotic cost). Assume that ωB ∈ (0, π).
Then, for every ε > 0 there is an nas ∈ N, depending on λo, γ, ωB and ε, such
that, for all n ≥ nas,

ropt
0 ≥

[
n
ωB
π

+ 1− ε
]
λoγ. (4.35)

Proof. See Appendix 4.E.

Theorem 4.10 (Upper bound for the asymptotic cost). Assume that ωB ∈ (0, π].
Then, there is an nas ∈ N, depending on λo, γ and ωB, such that, for all n ≥ nas,

ropt
0 ≤

[
n
ωB
π

+ 1 + 25
π

ln
(

2nωB
π

)]
λoγ. (4.36)

Proof. See Appendix 4.E.

Remark 4.4. From the proof of Theorem 4.10, in particular from (4.138) and
(4.124), it follows that an input spectrum with power equal to the asymptotic upper
bound, which satisfies the model quality constraint of problem (4.11) for FIR models
of sufficiently high model order n, is

Φu(ω) = nλoγ
{
πδ(n[ω − ωB]− 1)− 25

n(ω − ωB)
H(−n[ω − ωB]− π/2)

+H(−n[ω − ωB])
}
, |ω| ≤ ωB, (4.37)

where δ(·) and H(·) denote the Dirac delta function and the Heaviside step function,
respectively. This input spectrum is shown in Figure 4.4.

Remark 4.5. As mentioned in Remark 4.3, the solution of the original input design
problem is not unique, and this lack of uniqueness does not disappear after the
normalization done in the proof of Theorem 4.10. To see this, notice that the left
side of (4.137) is the convolution of Φ̃0,opt

u and a kernel whose Fourier transform is

F

{
sin2(t/2)

(t/2)2

}
(ω) =

⎧⎨
⎩
ω + 1, ω ∈ [−1, 0]
1− ω, ω ∈ (0, 1]
0, otherwise.

(4.38)

Since this Fourier transform is zero for ω /∈ (−1, 1), there are several functions
Φ̃0,opt
u for which the left side of (4.137) is the same function of τ . However, the

first n autocovariance terms of the functions Φnu associated to these solutions will
be the same.



60 The Cost of Complexity

0 0.5 1 1.5 2 2.5 3
0  

frequency (rad/sec)

n λ
o
 γ

Figure 4.4: Sketch of the input spectrum described in (4.37), for ωB = 0.8π. The
arrow represents a Dirac delta of area λoγπ.

Note that the difference between the lower and upper bounds given by Theorems
4.9 and 4.10 is essentially a term which increases logarithmically with n.

In the next theorem we again restrict attention to a particular structure on Φu,
namely band-limited white noise. It is shown that ropt

0 , as in the two previous
theorems, is proportional to n, ωB and γ, however in this case the proportionality
constant is larger.

Theorem 4.11. Consider the case when Φu is restricted to be band-limited white
noise:

Φu(ω) =
{
α, |ω| ≤ ωB
0, ωB < |ω| ≤ π. (4.39)

Then, there is an nas ∈ N, depending on λo, γ and ωB, such that, for all n ≥ nas,
Φu satisfies the model quality constraint (4.31) if and only if

α ≥ nλoγmax
x≥0

8π sin2(x/2)
x[πx + 2− 2 cos(x)− 2 Si(x)x]

≈ 3.6072nλoγ, (4.40)
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where Si is the Sine Integral (Abramowitz and Stegun, 1964):

Si(x) :=
∫ x

0

sin(t)
t
dt, x ∈ C. (4.41)

Thus, the optimal power for this class of signals is

ropt
0 ≈ 3.6072nωBλoγ

π
. (4.42)

Proof. See Appendix 4.E.

To summarize, the results of Theorems 4.1 and 4.2 are consistent with the fact
that all bounds derived for ropt

0 are asymptotically affine in n, ωB and γ. The results
presented in Theorems 4.9 and 4.10 can be seen as refinements of Theorems 4.3,
4.4 and 4.11. From the proof of Theorem 4.10 it is clear that the optimal input
spectrum is not band-limited white noise, but a more intelligently designed input
spectrum. A less tight upper bound can be obtained if we restrict the input to be
band-limited white noise in the frequency range [−ωB, ωB], which is the optimal
input signal when n is very large, c.f. (4.18). However, according to Theorem 4.11,
the power of this kind of signal has to be more than 3 times that of the optimal
signal to satisfy the model quality constraints.

Laguerre models in retrospect

Basically all the results for FIR models can be translated to the Laguerre case. For
example, the asymptotic (in n) upper and lower bounds for fopt derived previously
in this section can be rewritten for the Laguerre model by using the transformation
from ωB to ω̃B given in (4.23). This gives the following bounds which hold when n
is sufficiently large:

[
n

πj
ln

(
ejωB − ξ
1− ξejωB

)
+ 1− ε

]
λoγ ≤ fopt

≤
[
n

πj
ln

(
ejωB − ξ
1− ξejωB

)
+ 1 + 25

π
ln

(
2n
πj

ln
(
ejωB − ξ
1− ξejωB

))]
λoγ (4.43)

where ε > 0.

Example 4.3. Consider a Laguerre model with ξ = −0.2 and let ωB = π/2, γ =
λo = 1. The solution to problem (4.11) is plotted in Figure 4.5 together with the
asymptotic (in n) bounds (4.43).
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Figure 4.5: Example 4.3. Solid line: the cost fopt versus model order n. Dashed
line: lower asymptotic bound for fopt with ε = 10−12, c.f. (4.43). Dash-dotted:
upper asymptotic bound for fopt, c.f. (4.43).

4.11 Conclusions

In this chapter we investigate the cost of complexity, denoted fopt, defined as
the smallest input power required to keep the asymptotic (in the data length N)
variance of the frequency function estimate below 1/γ. In particular, we study
the cost as a function of the model order n, the noise power λo, the bandwidth of
interest ωB and the model structure. The model structures considered are: OE,
fixed denominator, Laguerre and FIR. For simplicity we assume that there is no
undermodelling. Several properties of fopt are derived. For example, if ωB = π
we have shown that fopt = nγλo, which means that the cost is independent of
the model structure. If we disregard all frequencies except for the static properties
(which corresponds to the choice ωB = 0), we have fopt = λoγ which means that
the cost is independent of both n and the model structure. Also, upper and lower
bounds for fopt are derived.

The results of this chapter quantify the cost associated with different model
structures and overmodelling, as well as the cost of extracting more information
about the system. Regarding the capability of identifying complex systems, we



4.A. OE Models: Proofs 63

can still identify highly complex systems within a certain accuracy with a limited
input power budget. However, the bandwidth is more limited than for a less com-
plex system. It is also important to notice that the excitation has to be carefully
designed. In particular, broadband excitation may not be suitable when only a
limited frequency range is of interest.

The results above illustrate that the amount of information that we ask to be
extracted from the system determines how sensitive the cost of the identification
experiment is with respect to the system (and model) complexity and the model
structure. Note that the results are asymptotic in the data length N . Therefore,
an experimental rule of thumb, asymptotic in n and N , is given by:

the cost of the experiment is proportional to nωBλoγ
N

.

4.A OE Models: Proofs

Proof of Theorem 4.1

Define Ĝi as the maximum likelihood estimator of G (Goodwin and Payne, 1977),
constrained to the model structureMi. Notice that,

lim
N→∞

N Var {Ĝi(ejω)} = λoΓ∗n(ejω)PiΓn(ejω), i = 1, 2, (4.44)

where Pi is the covariance matrix of θ̂i, the maximum likelihood estimator of θ,
subject to the constraints inMi. Now, if we let Γn(ejω) =: [ ΓT1 (ejω) ΓT2 (ejω) ]T ,
where Γ1(ejω) ∈ Cn1×1 and Γ2(ejω) ∈ C(n2−n1)×1, we have that, by (4.44),

lim
N→∞

N Var {Ĝ1(ejω)} ≤ 1
γ

(4.45)

⇔ Γ∗n(ejω)P1Γn(ejω) ≤ 1
λoγ

(4.46)

⇔ Γ∗1(ejω)P̃1Γ1(ejω) ≤ 1
λoγ

(4.47)

⇔ 1
λoγ
− Γ∗1(ejω)P̃1Γ1(ejω) ≥ 0 (4.48)

⇔ P̃−1
1 − λoγΓ1(ejω)Γ∗1(ejω) ≥ 0, (4.49)

where P̃1 ∈ Rn1×n1 is the covariance matrix of the first n1 components of θ̂1.
Similarly,

lim
N→∞

N Var {Ĝ2(ejω)} ≤ 1
γ
⇔ P−1

2 − λoγΓn(ejω)Γ∗n(ejω) ≥ 0. (4.50)
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However,

P−1
2 =

(
E
{
∂l(θ)
∂θi

∂l(θ)
∂θj

})
i,j=1,...,n2
θ=θ̃

=

⎡
⎢⎢⎣

(
E
{
∂l(θ)
∂θi

∂l(θ)
∂θj

})
i,j=1,...,n1
θ=θ̃

?

? ?

⎤
⎥⎥⎦ =

⎡
⎢⎣ P̃−1

1 ?

? ?

⎤
⎥⎦ , (4.51)

where ? denotes an irrelevant entry and l(θ) is the log likelihood function of θ
(Goodwin and Payne, 1977). Thus, for every input spectrum Φu and |ω| ≤ ωB,

lim
N→∞

N Var {Ĝ2(ejω)} ≤ 1
γ

(4.52)

⇔ P−1
2 − λoγΓn(ejω)Γ∗n(ejω) ≥ 0 (4.53)

⇔
[
P̃−1

1 − λoγΓ1(ejω)Γ∗1(ejω) ?
? ?

]
≥ 0 (4.54)

⇒ P̃−1
1 − λoγΓ1(ejω)Γ∗1(ejω) ≥ 0 (4.55)

⇔ lim
N→∞

N Var {Ĝ1(ejω)} ≤ 1
γ
. (4.56)

This implies that fopt,1 ≤ fopt,2.

Proof of Theorem 4.3

Let Φu(ω) = α, where 0 ≤ α ∈ R. Then (4.9) can be rewritten as

α

2π

∫ π
−π

Γn(ejτ )Γ∗n(ejτ )dτ − λoγΓn(ejω)Γ∗n(ejω) ≥ 0, |ω| ≤ ωB. (4.57)

Then, by pre- and post multiplying by Γ∗n(ejβ) and Γn(ejβ) respectively it must
hold that

α

2π

∫ π
−π
|Γ∗n(ejβ)Γn(ejτ )|2dτ ≥ λoγ|Γ∗n(ejβ)Γn(ejω)|2, |ω| ≤ ωB, |β| ≤ π. (4.58)

Solving for α gives

α ≥ λoγ |Γ∗n(ejβ)Γn(ejω)|2
1

2π
∫ π
−π |Γ∗n(ejβ)Γn(ejτ )|2dτ = λoγ

|Kn(ω, β)|2
1

2π
∫ π
−π |Kn(τ, β)|2dτ

= λoγ
|Kn(ω, β)|2
Kn(β, β)

, |ω| ≤ ωB, |β| ≤ π, (4.59)
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where we have used that, by the definition ofKn (Ninness et al., 1998), the following
property holds:

1
2π

∫ π
−π
|Kn(τ, β)|2dβ = Kn(τ, τ). (4.60)

This means that the smallest α is given by

λoγ sup
|ω|≤ωB

sup
|β|≤π

|Kn(ω, β)|2
Kn(β, β)

= λoγ sup
|ω|≤ωB

Kn(ω, ω), (4.61)

where we have used the Cauchy-Schwarz inequality

|Kn(ω, β)|2 ≤ Kn(ω, ω)Kn(β, β). (4.62)

Above we showed that fopt ≥ fopt, white noise. Now, let us calculate the variance
of the frequency function estimate when the input spectrum is given by the white
spectrum Φwhite

u := λoγ sup|ω|≤ωB Kn(ω, ω). We have

lim
N→∞

N Var {G(ejω , θ̂N,n)}

= λoΓ∗n(ejω)
[

1
2π

∫ π
−π

Γn(ejτ )Γ∗n(ejτ )Φwhite
u dτ

]−1
Γn(ejω)

= 1
γ sup|ω|≤ωB Kn(ω, ω)

Kn(ω, ω) ≤ 1
γ
, |ω| ≤ ωB, (4.63)

where we have used the fact that

1
2π

∫ π
−π

Γn(ejτ )Γ∗n(ejτ )dτ = I. (4.64)

Thus the quality constraint is respected, i.e., fopt ≤ fopt, white noise. Therefore it
holds that fopt = fopt, white noise.

Proof of Theorem 4.4

Lemma 4.1 of Appendix 4.B states that a lower bound for fopt can be calculated
by solving problem (4.78). From Lemma 4.2 of Appendix 4.B we have that solving
the problem (4.78) is equivalent to solving the problem (4.84). Note that (4.84) is a
mass distribution problem. Hence, the optimal Φu(τ) of problem (4.84) is found by
concentrating all power of Φu(τ) where g0(τ), defined by (4.79), has its supremum.
By the Cauchy-Schwarz inequality we have that 0 ≤ g0(τ) ≤ 1/(λoγ) and that
supτ∈R

g0(τ) = g0(0) = 1/(λoγ). Therefore, the spectrum Φu(τ) = (2πλoγ)δ(τ) is
an optimal solution to problem (4.78), where δ(τ) denotes the Dirac delta function.
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Also note that this input spectrum satisfies the constraint Φu(τ) ≥ 0 ∀τ . Its power
is given by

1
2π

∫ π
−π

2πλoγδ(τ)dτ = λoγ. (4.65)

Lemma 4.1 of Appendix 4.B thus implies that fopt ≥ λoγ. The next step in this
proof is to show that Φu(τ) = (2πλoγ)δ(τ) is a feasible input spectrum. The
variance of the frequency function estimate when the input spectrum is given by
(2πλoγ)δ(τ) is

lim
N→∞

N Var {G(ejω , θ̂N,n)} = 1
γ

Γ∗n(1)
(∫ π
−π

Γn(ejτ )Γ∗n(ejτ )δ(τ)dτ
)†

Γn(1)

=
1
γ

Tr
[
Γn(1)Γ∗n(1) (Γn(1)Γ∗n(1))†

]
=

1
γ
, (4.66)

where we in the last equality have used the fact that the matrix Γn(1)Γ∗n(1) has
rank 1. The motivation for using the Moore-Penrose pseudo-inverse is that this
results in the correct variance for properties that are uniquely defined by the data,
also for the case when the parameter estimate is non-unique, see pages 64-65 of
Mårtensson (2007).

From (4.66) it is concluded that the spectrum (2πλoγ)δ(τ) is indeed a feasible
input spectrum. Thus fopt ≤ λoγ. In the beginning of this proof we also showed
that fopt ≥ λoγ and therefore we conclude that fopt = λoγ.

Proof of Theorem 4.5
The constraint is

λoγΓ∗n(ejω)

⎡
⎢⎢⎢⎣ 1

2π

∫ π
−π

Φu(τ)Γn(ejτ )Γ∗n(ejτ )dτ︸ ︷︷ ︸
:=Ψn

⎤
⎥⎥⎥⎦
−1

Γn(ejω) ≤ 1. (4.67)

Let us first multiply this constraint by Φu(ω)
2π and then integrate with respect to ω

from −π to π. This gives

λoγTr
[

1
2π

∫ π
−π

Φu(ω)Γ∗n(ejω)Ψ−1
n Γn(ejω)dω

]
≤ 1

2π

∫ π
−π

Φu(ω)dω, (4.68)

which is equivalent to

λoγTr

⎡
⎢⎢⎢⎣ 1

2π

∫ π
−π

Φu(ω)Γn(ejω)Γ∗n(ejω)dω︸ ︷︷ ︸
=Ψn

Ψ−1
n

⎤
⎥⎥⎥⎦ ≤ 1

2π

∫ π
−π

Φu(ω)dω︸ ︷︷ ︸
=fopt

. (4.69)
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Thus we have nλoγ ≤ fopt. Now we prove that nλoγ ≥ fopt. An upper bound for
fopt is given by the optimal cost of:

sup
Γn∈H2

min
Φu(ω)

1
2π

∫ π
−π Φu(ω)dω

subject to Φu(ω) ≥ 0, |ω| ≤ π
max
|ω|≤π

lim
N→∞

NF (ejω) ≤ 1
γ
,

(4.70)

where

F (ejω) := λoΓ∗n(ejω)
[
N

2π

∫ π
−π

Γn(ejτ )Γ∗n(ejτ )Φu(τ)dτ
]−1

Γn(ejω). (4.71)

Now, notice that F (ejω) satisfies the following equation:

lim
N→∞

N

2πλo

∫ π
−π

Φu(ω)F (ejω)dω = Tr
[
Ψ̃Ψ̃−1] = n, (4.72)

where Ψ̃ := 1
2πλo

∫ π
−π Φu(ω)Γn(ejω)Γ∗n(ejω)dω ∈ Rn×n. Equation (4.72) corre-

sponds to a fundamental limitation on the variance of parametric models, see The-
orem 1 of Rojas, Welsh and Agüero (2008). Based on (4.72), we can relax the
constraint in (4.70), thus obtaining the following problem:

sup
V (ejω)

min
Φu(ω)

1
2π

∫ π
−π Φu(ω)dω

subject to Φu(ω) ≥ 0, V (ejω) ≥ 0, |ω| ≤ π
max
|ω|≤π

V (ejω) ≤ 1
γ

1
2πλo

∫ π
−π Φu(ω)V (ejω)dω = n.

(4.73)

From the previous remarks, we have that the optimal cost of the optimization
problem (4.73) is an upper bound for the cost of (4.70). Therefore, it is enough to
prove that the optimal cost of (4.73) equals nγλo to establish the result. Let

Φ̃u :=
1

2π
Φu, Ṽ :=

1
nλo

Φ̃uV. (4.74)

Problem (4.73) is equivalent to

sup
Ṽ (ejω)

min
Φ̃u(ω)

∫ π
−π Φ̃u(ω)dω

subject to Φ̃u(ω) ≥ 0, Ṽ (ejω) ≥ 0, |ω| ≤ π
max
|ω|≤π

nγλo
Φ̃u(ω) Ṽ (ejω) ≤ 1∫ π

−π Ṽ (ejω)dω = 1.

(4.75)
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Consider any Ṽ (ejω) ≥ 0 such that
∫ π
−π Ṽ (ejω)dω = 1. Then, the optimal

solution of the problem

min
Φ̃u(ω)

∫ π
−π Φ̃u(ω)dω

subject to Φ̃u(ω) ≥ 0, |ω| ≤ π
max
|ω|≤π

nγλo
Φ̃u(ω) Ṽ (ejω) ≤ 1

(4.76)

is Φ̃opt
u = nγλoṼ . This follows from noting that the constraint in (4.76) can be

written as: Φ̃u(ejω) ≥ nγλoṼ (ejω), for all ω ∈ [−π, π]. Therefore, the optimal cost
of (4.76) is nγλo

∫ π
−π Ṽ (ejω)dω. Plugging this into (4.75) shows that the optimal

cost of (4.75) is equal to that of

sup
Ṽ (ejω)

nγλo
∫ π
−π Ṽ (ejω)dω

subject to Ṽ (ejω) ≥ 0, |ω| ≤ π∫ π
−π Ṽ (ejω)dω = 1,

(4.77)

which has the optimal cost nγλo. Thus we have proven that nλoγ ≥ fopt. This
means that fopt = nλoγ.

4.B OE Models: Technical Lemmas

Lemma 4.1. For the case when ωB = 0, a lower bound for fopt is obtained by
solving

min
Φu

1
2π

∫ π
−π Φu(ω)dω

subject to
Φu(ω) ≥ 0, |ω| ≤ π
1

2π
∫ π
−π g0(τ)Φu(τ)dτ ≥ 1,

(4.78)

where

g0(τ) :=
1
λoγ

|Γ∗n(1)Γn(ejτ )|2
|Γ∗n(1)Γn(1)|2 . (4.79)

Proof. First note that for the case ωB = 0, the second constraint in (4.11) can be
written as

lim
N→∞

N Var {G(1, θ̂N,n)}

= λoΓ∗n(1)
[

1
2π

∫ π
−π

Γn(ejτ )Γ∗n(ejτ )Φu(τ)dτ
]−1

Γn(1) ≤ 1
γ
, (4.80)
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which by the Schur complement is equal to

1
2πλoγ

∫ π
−π

Γn(ejτ )Γ∗n(ejτ )Φu(τ)dτ ≥ Γn(1)Γ∗n(1). (4.81)

By pre- and post-multiplying with Γ∗n(1) and Γn(1) respectively, it must hold that

1
2πλoγ

∫ π
−π

Γ∗n(1)Γn(ejτ )Γ∗n(ejτ )Γn(1)Φu(τ)dτ ≥ Γ∗n(1)Γn(1)Γ∗n(1)Γn(1), (4.82)

which can be rewritten as

1
2π

∫ π
−π
g0(τ)Φu(τ)dτ ≥ 1. (4.83)

Lemma 4.2. The minimization problem (4.78) is equivalent to the following opti-
mization problem.

max
Φu

∫ π
−π g0(τ)Φu(τ)dτ

subject to Φu(ω) ≥ 0, |ω| ≤ π
1

2π
∫ π
−π Φu(τ)dτ ≤ cconst,

(4.84)

where cconst is a constant, in the sense that the solutions of both of the problems
are proportional to each other.

Proof. The proof follows from Theorem 3 of Rojas, Agüero, Welsh and Goodwin
(2008).

4.C Fixed Denominator Models: Proof

Proof of Theorem 4.6
By pre- and post-multiplying (4.9) by Γ∗n(ejβ) and Γn(ejβ), respectively, where
β ∈ [−π, π], it must hold that

Γ∗n(ejβ)MnΓn(ejβ) ≥ λoγ|Γ∗n(ejβ)Γn(ejω)|2, |ω| ≤ ωB, |β| ≤ π. (4.85)

Now,

|Γ∗n(ejβ)Γn(ejω)|2 = |Kn(ω, β)|2 (4.86)

and

Γ∗n(ejβ)MnΓn(ejβ) = 1
2π

∫ π
−π

Φu(τ)|Kn(τ, β)|2dτ. (4.87)
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This implies that (4.85) is equivalent to

1
2π

∫ π
−π

Φu(τ)|Kn(τ, β)|2dτ ≥ λoγ|Kn(ω, β)|2, |ω| ≤ ωB, |β| ≤ π, (4.88)

or, equivalently, to

1
2π

∫ π
−π

Φu(τ)|Kn(τ, β)|2dτ ≥ λoγ sup
|ω|≤ωB

|Kn(ω, β)|2, |β| ≤ π. (4.89)

Now, if we integrate this expression with respect to β in [−π, π], and use Tonelli’s
Theorem, see page 118 of Bartle (1966), we obtain∫ π

−π
Φu(τ)

[
1

2π

∫ π
−π
|Kn(τ, β)|2dβ

]
dτ ≥ λoγ

∫ π
−π

sup
|ω|≤ωB

|Kn(ω, β)|2dβ. (4.90)

Now, by the definition of Kn we have

1
2π

∫ π
−π
|Kn(τ, β)|2dβ = Kn(τ, τ) (4.91)

and
n−1∑
i=0

1− |ξi|
1 + |ξi| ≤ Kn(ω, ω) ≤

n−1∑
i=0

1 + |ξi|
1− |ξi| , (4.92)

see Ninness et al. (1998). This implies that

sup
|ω|≤ωB

|Kn(ω, β)|2 = |Kn(β, β)|2 ≥
[
n−1∑
i=0

1− |ξi|
1 + |ξi|

]2

, |β| ≤ ωB (4.93)

and ∫ π
−π

Φu(τ)
[

1
2π

∫ π
−π
|Kn(τ, β)|2dβ

]
dτ ≤

[
n−1∑
i=0

1 + |ξi|
1− |ξi|

] ∫ π
−π

Φu(τ)dτ. (4.94)

Thus, by putting these expressions into (4.90) we obtain

1
2π

∫ π
−π

Φu(τ)dτ ≥ λoγ ωB
π

(∑n−1
i=0

1−|ξi|
1+|ξi|

)2

(∑n−1
i=0

1+|ξi|
1−|ξi|

) . (4.95)

In case |ξi| ≤ δ for every i = 0, 1, . . . , n− 1, we obtain

1
2π

∫ π
−π

Φu(τ)dτ ≥ nλoγωB
π

(
1− δ
1 + δ

)3
. (4.96)

This concludes the proof.
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4.D Laguerre Models: Proof

Proof of Theorem 4.7
In this proof {Bk}n−1

k=0 refers to the Laguerre basis (4.22). Notice that {Bk}n−1
k=0

spans the space of all models G ∈ H2 of the form (4.21), see, e.g., Section 4.4.2 of
Heuberger et al. (2005). This implies that {Bk}n−1

k=0 spans the same space as the
(non-orthogonal) basis {B̃k}n−1

k=0 given by:

B̃k(q) =
(

1− ξq
q − ξ

)k
, k = 0, . . . , n− 1, (4.97)

since {B̃k}n−1
k=0 consists of n linearly independent biproper rational functions with

at most n − 1 poles at q = ξ, so it also spans the model of all G ∈ H2 of the
form (4.21). On the other hand, the input design problem (4.11) can be written as:

min
Φu

1
2πj

∮
T

Φu(q)dqq
subject to Φu(q) ≥ 0, q ∈ T

λoΓ∗n(ejω)
[

1
2πj

∮
T

Γn(q)Γ∗n(q)Φu(q)dqq

]−1
Γn(ejω) ≤ 1

γ , |ω| ≤ ωB.
(4.98)

Notice that, with some abuse of notation, we have changed the argument in Φu and
Γn from ω to q, in order to rewrite the integrals of (4.11) as contour integrals.

Since Sp {Bk}n−1
k=0 = Sp

{B̃k}n−1
k=0 , there is a non-singular (constant) matrix

TGS ∈ Rn×n such that Γn(q) = TGSΓ̃n(q), where Γ̃n(q) := [B̃0(q) · · · B̃n−1(q)]T ,
c.f. Section 3.4. Thus,

λoΓ∗n(ejω)

⎡
⎣ 1

2πj

∮
T

Γn(q)Γ∗n(q)Φu(q)
dq

q

⎤
⎦−1

Γn(ejω)

= λoΓ̃∗n(ejω)

⎡
⎣ 1

2πj

∮
T

Γ̃n(q)Γ̃∗n(q)Φu(q)
dq

q

⎤
⎦−1

Γ̃n(ejω). (4.99)

This means that (4.98) can be written in terms of Γ̃n instead of Γn.
Consider now the bilinear transformation

λ−1 =
1− ξq
q − ξ , q =

λ+ ξ
1 + ξλ

. (4.100)

For this transformation we have that

dq

q
=

1− ξ2
(λ+ ξ)(λ−1 + ξ)

dλ

λ
, (4.101)
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where
1− ξ2

(λ+ ξ)(λ−1 + ξ)
= 1− ξ2
|λ+ ξ|2 > 0, λ ∈ T. (4.102)

Also, q ∈ D⇔ λ ∈ D, and q ∈ T⇔ λ ∈ T. Therefore, applying (4.100) and (4.101)
to (4.98) gives

min
Φu

1
2πj

∮
T

Φu
(
λ+ξ

1+ξλ

)
1−ξ2

(λ+ξ)(λ−1+ξ)
dλ
λ

subject to Φu
(
λ+ξ

1+ξλ

)
1−ξ2

(λ+ξ)(λ−1+ξ) ≥ 0, λ ∈ T

λoΛ∗n(ejω)
[

1
2πj

∮
T

Λn(λ)Λ∗n(λ)Φu
(
λ+ξ
1+ξλ

)
· 1−ξ2

(λ+ξ)(λ−1+ξ)
dλ
λ

]−1
Λn(ejω)

≤ 1
γ , |ω| ≤ ω̃B,

(4.103)

where Λn(λ) := [1 λ · · · λ−(n−1)]T = Γ̃n((λ + ξ)/(1 + ξλ)). From (4.103) we see
that if we define

Φ̃u(q) := 1− ξ2
(q + ξ)(q−1 + ξ)

Φu
(
q + ξ
1 + ξq

)
, q ∈ T, (4.104)

we have turned the original input design problem (4.98) into an FIR input design
one. Replacing Φu by Φu,FIR and Φ̃u by Φu,Lag in (4.104) concludes the proof.

4.E FIR Models: Proofs

Proof of Theorem 4.8

The idea is to use the Lagrangian dual of problem (4.30) (see Lemma 4.5 of Ap-
pendix 4.F), and to postulate a feasible solution of this dual problem, which turns
out to be optimal, thus giving the optimal cost ropt

0 .
Let ωB > (n − 1)π/n. Now, take δ̃ as an approximate delta function with

support on [−ε, ε], with ε ∈ (0, (ωB − (n − 1)π/n)/2), i.e., a nonnegative function
such that

∫∞
−∞ δ̃(x)dx = 11. Now, define:

Qo(ω) := 1
n2 Λn(ejω)Λ∗n(ejω)

n−1∑
i=0
δ̃

(
ω −

[
2πi
n
− (n− 1)π

n

])
, |ω| ≤ π. (4.105)

Notice that Λn(ejω1 ) and Λn(ejω2 ) are orthogonal if and only if ω1−ω2 is an integer
multiple of 2π/n, and ‖Λn‖2 =

√
n. This means that the matrix

1√
n

[
Λn

(
e
j
[
ω− (n−1)π

n

])
· · · Λn

(
e
j
[
ω+ (n−1)π

n

]) ]
(4.106)

1We can consider as δ̃, for instance an element of an approximate identity on R
1 (see Defini-

tion 6.31 of Rudin (1973)).
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is unitary for every ω ∈ [−π, π]. Thus,

n−1∑
i=0

Λn
(
e
j
[
ω+ 2πi

n − (n−1)π
n

])
Λ∗n

(
e
j
[
ω+ 2πi

n − (n−1)π
n

])

=
[

Λn
(
e
j
[
ω− (n−1)π

n

])
· · · Λn

(
e
j
[
ω+ (n−1)π

n

]) ]

·
[

Λn
(
e
j
[
ω− (n−1)π

n

])
· · · Λn

(
e
j
[
ω+ (n−1)π

n

]) ]∗
= nI, (4.107)

which implies that

∫ ωB
−ωB
Qo(ω)dω

= 1
n2

∫ ωB
−ωB

Λn(ejω)Λ∗n(ejω)
n−1∑
i=0
δ̃

(
ω −

[
2πi
n
− (n− 1)π

n

])
dω

= 1
n2

n−1∑
i=0

∫ ωB
−ωB

Λn(ejω)Λ∗n(ejω)δ̃
(
ω −

[
2πi
n
− (n− 1)π

n

])
dω

= 1
n2

n−1∑
i=0

∫ ε
−ε

Λn
(
e
j
[
ω+ 2πi

n − (n−1)π
n

])
Λ∗n

(
e
j
[
ω+ 2πi

n − (n−1)π
n

])
δ̃(ω)dω (4.108)

= 1
n2

∫ ε
−ε

n−1∑
i=0

Λn
(
e
j
[
ω+ 2πi

n − (n−1)π
n

])
Λ∗n

(
e
j
[
ω+ 2πi

n − (n−1)π
n

])
δ̃(ω)dω

= 1
n
I

∫ ε
−ε
δ̃(ω)dω = 1

n
I.

Notice that in this calculation we have used the fact that ωB > (n − 1)π/n, since
otherwise not all of the δ̃’s would be included in the integration range [−ωB, ωB].

By Lemma 4.5 of Appendix 4.F, expression (4.108) implies that for each k ∈ N,
Q = Qo is a feasible solution of the Lagrangian dual of problem (4.30), hence,

ropt
0 ≥ λoγ

∫ ωB
−ωB

Λ∗n(ejω)Qo(ω)Λn(ejω)dω

= λoγ
n2

∫ ωB
−ωB

Λ∗n(ejω)Λn(ejω)Λ∗n(ejω)Λn(ejω)
n−1∑
i=0
δ̃

(
ω −

[
2πi
n
− (n− 1)π

n

])
dω

= λoγ
∫ ωB
−ωB

n−1∑
i=0
δ̃

(
ω −

[
2πi
n
− (n− 1)π

n

])
dω = nλoγ, (4.109)

where in the last step we have used again the fact that ωB > (n − 1)π/n. On the
other hand, by Theorem 4.3, ropt

0 ≤ nλoγ.
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Proof of Theorem 4.9
By pre- and post-multiplying (4.31) by Λ∗n(ejβ) and Λn(ejβ), respectively, where
β ∈ [0, π], it must hold that

Λ∗n(ejβ)TnΛn(ejβ) ≥ λoγ|Λ∗n(ejβ)Λn(ejω)|2, |ω| ≤ ωB, β ∈ [0, π]. (4.110)

Lemma 4.8 (see Appendix 4.F) implies that (4.31) and (4.110) are equivalent. Now,

|Λ∗n(ejβ)Λn(ejω)|2 =
∣∣∣ n−1∑
k=0
ej(β−ω)k

∣∣∣2 =
sin2(n2 [β − ω])
sin2(1

2 [β − ω])
(4.111)

and

Λ∗n(ejβ)TnΛn(ejβ) =
n−1∑

m=−(n−1)

(n− |m|)rke−jβm. (4.112)

This implies that (4.110) is equivalent to

n−1∑
m=−(n−1)

(
1− |m|
n

)
rke
−jβm ≥ λoγ

n

sin2(n2 [β − ω])
sin2(1

2 [β − ω])
, |ω| ≤ ωB, β ∈ [0, π].

(4.113)

The right hand side of (4.113) is the Fejér kernel Fn (defined in Appendix 4.G) and,
by Lemma 4.11 (see Appendix 4.G), the left hand side of (4.113) is the convolution
of Fn and Φu. Thus, (4.113) is equivalent to

1
2π

[Φu ∗ Fn](β) ≥ λoγFn(ω − β), |ω| ≤ ωB, β ∈ [0, π]. (4.114)

This expression can be further simplified by taking the supremum over ω ∈ [−ωB, ωB],
and using Lemma 4.12 (see Appendix 4.G). This implies that (4.114) is equivalent
to

1
2π

[Φu ∗ Fn](β) ≥
{
nλoγ, β ∈ [0, ωB]
λoγ sup

β−ωB<x<β
Fn(x), β ∈ (ωB , π]. (4.115)

Notice that, by Tonelli’s Theorem (see page 118 of Bartle (1966)), the periodicity
of Φu, and Lemma 4.13 (see Appendix 4.G),

1
2π

∫ π
−π

[Φu ∗ Fn](β)dβ = 1
2π

∫ π
−π

∫ π
−π

Φu(β − ω)Fn(ω)dωdβ

= 1
2π

∫ π
−π
Fn(ω)dω

∫ π
−π

Φu(β)dβ =
∫ π
−π

Φu(β)dβ. (4.116)
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Thus, if we integrate both sides of (4.115) over [−π, π] using

F̃n(y) := sup
y<x<π−ωB

Fn(x) − Fn(y) ≥ 0, y ∈ (0, π − ωB], (4.117)

and divide by 2π, we obtain
1

2π

∫ π
−π

Φu(β)dβ

≥ nωBλoγ
π

+ λoγ
π

∫ π−ωB
0

Fn(β)dβ + λoγ
π

∫ π−ωB
0

F̃n(β)dβ. (4.118)

By Lemma 4.14 (see Appendix 4.G), there is an N ∈ N such that, for every
n ≥ N , ∫ π

π−ωB
Fn(β)dβ < πε. (4.119)

Therefore by Lemmas 4.10 and 4.13 (see Appendix 4.G) we have

λoγ

π

∫ π−ωB
0

Fn(β)dβ = λoγ
π

∫ π
0
Fn(β)dβ − λoγ

π

∫ π
π−ωB

Fn(β)dβ

> λoγ(1− ε), n ≥ N. (4.120)

Thus, by combining (4.118) and (4.120), we obtain the lower bound
1

2π

∫ π
−π

Φu(β)dβ ≥ nωBλoγ
π

+ λoγ(1− ε), n ≥ N. (4.121)

This means that, for n sufficiently large, the optimal cost satisfies the asymptotic
lower bound

ropt
0 ≥

[
n
ωB
π

+ 1− ε
]
λoγ. (4.122)

Proof of Theorem 4.10
We proceed as in the proof of Theorem 4.9, to arrive at (4.115). This expression
depends explicitly on n, so in order to simplify it, we can redefine Φu and β to
obtain an asymptotic expression which is independent of n. To this end, divide
(4.115) by nλoγ and define

τ := n(β − ωB).

To make explicit the dependence of Φu on n, we will use the superscript n. Then,
(4.115) is rewritten as

1
2π

∫ π
−π

1
λoγ

Φnu(τ/n+ ωB − ω)
n

1
n

sin2(n2ω)
sin2(ω/2)

dω

≥
⎧⎨
⎩

1, τ ∈ [−nωB, 0]
sup

τ
n<x<

τ
n+ωB

1
n2

sin2(n2 x)
sin2(x/2) , τ ∈ (0, n(π − ωB)]. (4.123)
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By applying the change of variables ω �→ nω, we define

Φ̃nu(x) := 1
λoγ

Φnu(x/n+ ωB)
n

, x ∈ [−nωB, n(π − ωB)]. (4.124)

To simplify the notation, we assume in the rest of the proof that Φ̃nu is defined in
the entire real line R. Furthermore, we assume, as will be explained later, that the
integral of Φ̃nu in [0,∞) is finite, and that limx→−∞ Φ̃nu(x) = c, for some c > 0.

From (4.124), we notice that

1
2π

∫ π
−π

Φnu(x)dx = λoγ
1
π

∫ n(π−ωB)

−nωB
Φ̃nu(x)dx. (4.125)

As the limits of the integral of Φ̃nu vary linearly with n, to obtain an asymptotic
expression for the optimal cost, we need an expression for Φ̃nu which is valid up to
order n−1. Now,

1
2π

∫ nπ
−nπ

Φ̃nu(τ − ω) 1
n2

sin2(ω/2)
sin2[ ω2n ]

dω

≥
{ 1, τ ∈ [−nωB, 0]

sup
τ<x<τ+nωB

1
n2

sin2(x/2)
sin2[ x2n ] , τ ∈ (0, n(π − ωB)]. (4.126)

For a fixed ω ∈ R,

1
n2

sin2(ω/2)
sin2[ ω2n ]

= sin2(ω/2)
(ω/2)2 + 1

3
sin2(ω/2)
n2 +O(n−4). (4.127)

Also,

1
2π

∫ nπ
−nπ

Φ̃nu(τ − ω) 1
n2

sin2(ω/2)
sin2[ ω2n ]

dω = 1
2π

∫ nπ
−nπ

Φ̃nu(τ − ω)sin2(ω/2)
(ω/2)2 dω

+ 1
2π

∫ nπ
0

Φ̃nu(τ − ω)
[

1
n2

sin2(ω/2)
sin2[ ω2n ]

− sin2(ω/2)
(ω/2)2

]
dω

+ 1
2π

∫ 0

−nπ
Φ̃nu(τ − ω)

[
1
n2

sin2(ω/2)
sin2[ ω2n ]

− sin2(ω/2)
(ω/2)2

]
dω. (4.128)

Define

b(ω) :=
[

1
n2

sin2(ω/2)
sin2[ ω2n ]

− sin2(ω/2)
(ω/2)2

]
. (4.129)
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From the assumption that the integral of Φ̃nu in [0,∞) is finite, the second term
is O(n−2). Also, since limx→−∞ Φ̃nu(x) = c > 0,

lim
n→∞n

1
2π

∫ 0

−nπ
Φ̃nu(τ − ω)b(ω)dω

= lim
n→∞

c

2π

∫ π
0

sin2(nω/2)
[

1
sin2(ω/2)

− 1
(ω/2)2

]
dω

=
c

2π

∫ π
0

1
2

[
1

sin2(ω/2)
− 1

(ω/2)2

]
dω

− lim
n→∞

c

2π

∫ π
0

cos(nω/2)
2

[
1

sin2(ω/2)
− 1

(ω/2)2

]
dω = c

π2 , (4.130)

where we in the last step have used the Riemann-Lebesgue lemma (see e.g., Vretblad
(2003)), which gives

lim
n→∞

∫ π
0

cos(nω/2)
2

[
1

sin2(ω/2)
− 1

(ω/2)2

]
dω = 0. (4.131)

Thus, the third term of (4.128) is π−2n−1 +O(n−2). Also,

1
2π

∫ nπ
−nπ

Φ̃nu(τ − ω)sin2(ω/2)
(ω/2)2 dω = 1

2π

∫ ∞
−∞

Φ̃nu(τ − ω)sin2(ω/2)
(ω/2)2 dω

− 1
2π

∫ ∞
nπ

Φ̃nu(τ − ω)
sin2(ω/2)

(ω/2)2 dω −
1

2π

∫ −nπ
−∞

Φ̃nu(τ − ω)
sin2(ω/2)

(ω/2)2 dω. (4.132)

Under the same assumptions as before (that is, that the integral of Φ̃nu in [0,∞) is
finite and limx→−∞ Φ̃nu(x) = c > 0), the second term is O(n−2), and the third one
satisfies

lim
n→∞n

1
2π

∫ −nπ
−∞

Φ̃nu(τ − ω)
sin2(ω/2)

(ω/2)2 dω

= lim
n→∞

nc

2π

∫ ∞
nπ

sin2(ω/2)
(ω/2)2 dω = c

π2 , (4.133)

where we in the last step have used the Riemann-Lebesgue lemma again. Thus,
combining all these expressions, we obtain

1
2π

∫ nπ
−nπ

Φ̃nu(τ − ω) 1
n2

sin2(ω/2)
sin2[ ω2n ]

dω

= 1
2π

∫ ∞
−∞

Φ̃nu(τ − ω)sin2(ω/2)
(ω/2)2 dω −

c

π2
1
n

+ c
π2

1
n

+O(n−2)

= 1
2π

∫ ∞
−∞

Φ̃nu(τ − ω)sin2(ω/2)
(ω/2)2 dω +O(n−2). (4.134)
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This means that (4.126) can be rewritten as

1
2π

∫ ∞
−∞

Φ̃nu(τ − ω)
sin2(ω/2)

(ω/2)2 dω +O(n−2)

≥
{ 1, τ ∈ [−nωB, 0]

sup
τ<x<τ+nωB

sin2(x/2)
(x/2)2 , τ ∈ (0, n(π − ωB)]. (4.135)

Notice that for n large the inequality is essentially independent of n, in the sense
that there is a perturbation O(n−2) which can only affect the optimal Φ̃nu with a
term of order n−2. The limits of τ in the right side also depend on n, but increasing
these limits can only make the inequality more restrictive. Thus, the optimal Φ̃n,opt

u

can be written as

Φ̃n,opt
u (x) = Φ̃0,opt

u (x) +O(n−2), x ∈ R, (4.136)

where Φ̃0,opt
u must be nonnegative and satisfy

1
2π

∫ ∞
−∞

Φ̃0,opt
u (τ − ω)

sin2(ω/2)
(ω/2)2 dω ≥

{ 1, τ ∈ (−∞, 0]
sup
τ<x<∞

sin2(x/2)
(x/2)2 , τ ∈ (0,∞).

(4.137)

Based on (4.137), we propose the following input spectrum:

Φ̃0
u(ω) := −25

ω
H(−ω − π/2) +H(−ω) + πδ(ω − 1), (4.138)

where H denotes the Heaviside step function. This spectrum satisfies (4.137) and
the assumptions on Φ̃n,opt

u (that is,
∫∞

0 Φ̃0
u(x)dx <∞ and limx→−∞ Φ̃0

u(x) = 1 > 0),
and has power

r0 = λoγ
1
π

∫ n(π−ωB)

−nωB
Φ̃nu(x)dx = λoγ

[
n
ωB
π

+ 25
π

ln
(

2nωB
π

)
+ 1

]
. (4.139)

This is the desired asymptotic upper bound for ropt
0 .

Proof of Theorem 4.11
In this case, we proceed as in the proof of Theorem 4.10, by performing the change
of variables (4.124). Expression (4.39) is then equivalent to

Φ̃u(ω) =
{
α̃, ω ≤ 0
0, ω > 0, (4.140)

where, for simplicity, we are focusing only on the positive frequencies of Φu, and

α̃ := α

nλoγ
. (4.141)
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Now, if we put (4.140) into (4.137), we obtain

α̃g(τ) ≥
{ 1, τ ∈ (−∞, 0]

sup
τ<x<∞

sin2(x/2)
(x/2)2 , τ ∈ (0,∞), (4.142)

where g : R→ R is defined as

g(τ) := πτ + 2− 2 cos(τ) − 2 Si(τ)τ
2πτ

. (4.143)

This function has a derivative,

g′(τ) = cos(τ) − 1
πτ2 ≤ 0, τ ∈ R, (4.144)

hence g is monotonically non-increasing in R. This means that (4.142) holds if and
only if

α̃g(τ) ≥ sin2(τ/2)
(τ/2)2 , τ ≥ 0. (4.145)

This comes from the fact that, by the monotonicity of g, α̃g(τ) ≥ 1 for τ ≤ 0
if and only if α̃g(0) ≥ 1 = limτ→0 sin2(τ/2)/[τ/2]2. Also, if (4.145) holds, then
α̃g(τ) ≥ supτ<x<∞ sin2(x/2)/[x/2]2; otherwise, if α̃g(τ) < sin2(x/2)/[x/2]2 for
some x > τ , then by (4.145) we would have that g(τ) < g(x), thus contradicting
the monotonicity of g. Now, (4.145) is also equivalent to

α̃ ≥ sin2(τ/2)
g(τ)(τ/2)2 =

8π sin2(τ/2)
τ [πτ + 2− 2 cos(τ) − 2 Si(τ)τ ]

, τ ≥ 0. (4.146)
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Lemma 4.3. Let ωB ∈ (0, π]. Then, if {rk}n−1
k=0 is a solution to the input design

problem (4.30), it satisfies Tn > 0.

Proof. Pick n different numbers {ωk}n−1
k=0 from [0, ωB]. Then, from (4.30), the

solution {rk}n−1
k=0 satisfies

Tn − λoγΛn(ejω1 )Λ∗n(ejω1 ) ≥ 0, i = 0, . . . , n− 1. (4.147)

By summing (4.147) over i = 0, . . . , n− 1, and dividing by n, we obtain

Tn − λoγ
n
UU∗ ≥ 0, (4.148)
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where

U := [ Λn(ejω0 ) · · · Λn(ejωn−1 ) ] =

⎡
⎢⎢⎢⎣

1 · · · 1
e−jω0 . . . e−jωn−1

...
...

e−j(n−1)ω0 . . . e−j(n−1)ωn−1

⎤
⎥⎥⎥⎦ .

(4.149)

Notice that U∗ is a Vandermonde matrix (Horn and Johnson, 1990), whose deter-
minant is

det[U∗] =
∏

0≤l<k≤n−1
(ejωk − ejωl) �= 0. (4.150)

Thus, UU∗ > 0, so by (4.148) we conclude that Tn > 0.

Lemma 4.4. Let Sn be the real linear space of Hermitian n×n continuous matrix
functions on [−ωB, ωB], with the inner product2

〈X,Y 〉 :=
∫ ωB
−ωB

Tr[X(ω)Y (ω)]dω, X, Y ∈ Sn. (4.151)

Also, let Sn+ ⊆ Sn be the closed convex cone of continuous matrix functions X ∈ Sn
such that X(ω) ≥ 0 for every ω ∈ [−ωB, ωB]. Then, 〈X,Y 〉 ≥ 0 for every Y ∈ Sn+ if
and only if X ∈ Sn+, i.e., Sn+ is self dual (see Section 8.2 of Luenberger (1969)).

Proof. Let X ∈ Sn+. Then, for every ω ∈ [−ωB, ωB], X(ω) = α0x0(ω)x∗0(ω) +
· · · + αn−1xn−1(ω)x∗n(ω) for some vectors xi(ω) ∈ Cn and real scalars αi ≥ 0,
i = 0, . . . , n− 1. Thus,

Tr[X(ω)Y (ω)] = Tr
[
(α0x0(ω)x∗0(ω) + · · ·+ αn−1xn−1(ω)x∗n−1(ω))Y (ω)

]
= α0x

∗
0(ω)Y (ω)x0(ω) + · · ·+ αn−1x

∗
n−1(ω)Y (ω)xn−1(ω)

≥ 0, (4.152)

since Y (ω) ≥ 0 for every ω ∈ [−ωB, ωB]. Thus, 〈X,Y 〉 ≥ 0 for every Y ∈ Sn+.
Now let X ∈ Sn \ Sn+. Then, for some ω′ ∈ [−π, π], X(ω′) is not positive

semidefinite, so there is a vector z ∈ Cn and a ε > 0 such that z∗X(ω)z < 0
for every ω ∈ [ω′ − ε, ω′ + ε]. Thus, if we take Y (ω) = zz∗f(ω − ω′), where
f : [−π, π]→ R+

0 is continuous and has nonempty support on [ω′ − ε, ω′ + ε], then

〈X,Y 〉 =
∫ ωB
−ωB

Tr[X(ω)zz∗f(ω − ω′)]dω =
∫ ε
−ε
z∗X(ω + ω′)zf(ω)dω < 0. (4.153)

2Notice that in fact 〈X, Y 〉 ∈ R for all X,Y ∈ Sn, since 〈X, Y 〉∗ =
∫ ωB
−ωB

Tr[X(ω)Y (ω)]∗dω =∫ ωB
−ωB

Tr[Y (ω)X(ω)]dω = 〈X, Y 〉.
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Lemma 4.5. The Lagrangian dual (see Section 8.6 of Luenberger (1969)) of prob-
lem (4.30) is

max
Q(ω)=Q∗(ω)≥0,|ω|≤ωB

λoγ
∫ ωB
−ωB Λ∗n(ejω)Q(ω)Λn(ejω)dω

subject to Tr
[∫ ωB
−ωB Q(ω)dω

]
= 1

Re
∑n−k
i=1

∫ ωB
−ωB Qi,i+k(ω)dω = 0, k = 1, . . . , n− 1.

(4.154)

Moreover, the optimal values of (4.30) and (4.154) coincide.

Proof. Let Sn be the real linear space of Hermitian n× n continuous matrix func-
tions on [−ωB, ωB], with the inner product3

〈X,Y 〉 :=
∫ ωB
−ωB

Tr[X(ω)Y (ω)]dω, X, Y ∈ Sn. (4.155)

Also, let Sn+ ⊆ Sn be the closed convex cone of continuous matrix functions X ∈ Sn
such that X(ω) ≥ 0 for every ω ∈ [−ωB, ωB]. Notice that Sn+ is self dual (see
Section 8.2 of Luenberger (1969)), according to Lemma 4.4. Thus, (4.30) can be
written as a general convex program of the form

min
x∈Ω

f(x)
subject to G(x) ≤Sn+ 0, x ∈ Ω,

(4.156)

where Ω := Rn, f : Ω→ R is given by f(x0, . . . , xn−1) := x0, G : Ω→ Sn is defined
as

[G(x)](ω) := λoγΛn(ejω)Λ∗n(ejω)− Tn, (4.157)

and Tn is the Toeplitz matrix with respect to {xi}n−1
i=0 , i.e., Tn is a linear function of

x. Moreover, there is an x′ ∈ Ω such that G(x′) <Sn+ 0 (e.g., take x′ = (α, 0, . . . , 0),
with α > 0 sufficiently large). Thus, Theorem 1 of Section 8.6 of Luenberger (1969)
can be applied to obtain the Lagrangian dual of (4.30), such that the optimal values
of (4.30) and its dual coincide.

The Lagrangian of (4.30) is

L(r0, . . . , rn−1, Q) := r0 −
∫ ωB
−ωB

Tr
[
Q(ω)(Tn − λoγΛn(ejω)Λ∗n(ejω))

]
dω

= r0 −
∫ ωB
−ωB

Tr[Q(ω)Tn]dω + λoγ
∫ ωB
−ωB

Tr[Q(ω)Λn(ejω)Λ∗n(ejω)]dω

=

(
1−

n∑
i=1

Qi,i

)
r0 −

n−1∑
k=1

n−k∑
i=1

2Re(Qi,i+k)rk + λoγ
∫ ωB
−ωB

Λ∗n(ejω)Q(ω)Λn(ejω)dω,

(4.158)

3See footnote 2.
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for Q(ω) = Q∗(ω) ≥ 0, |ω| ≤ ωB, where

Q :=
∫ ωB
−ωB
Q(ω)dω. (4.159)

Thus, the Lagrangian dual function of (4.30) is

g(Q) := inf
r0,...,rn−1

L(r0, . . . , rn−1, Q)

=

⎧⎨
⎩
λoγ

∫ ωB
−ωB Λ∗n(ejω)Q(ω)Λn(ejω)dω,

∑n
i=1 Qi,i = 1 and Re

∑n−k
i=1 Qi,i+k = 0,

k = 1, . . . , n− 1
−∞, otherwise.

(4.160)

This implies that the Lagrangian dual of (4.30) is (4.154).

Lemma 4.6. Let X be a real inner product space, not necessarily of finite di-
mension, and let K be a closed convex cone in X with nonempty interior. Then
K⊕⊕ = K, where Y ⊕ := {x ∈ X : 〈x, y〉 ≥ 0 for all y ∈ Y } is the dual cone of a
convex cone Y ⊆ X.

Proof. This is a particular case of the proof of Lemma 3 of Craven and Koliha
(1977), which generalizes part (iv) of Theorem 2.3.1 of Ben-Tal and Nemirovski
(2001). By definition, we have that

K⊕ = {y ∈ X : 〈x, y〉 ≥ 0 for all x ∈ K}, (4.161)
K⊕⊕ = {y ∈ X : 〈x, y〉 ≥ 0 for all x ∈ K⊕}. (4.162)

Now, by the definition of K⊕⊕, we have that K ⊆ K⊕⊕. Let us assume that there
is an element a ∈ K⊕⊕ but a /∈ K. Then, by the Separating Hyperplane Theorem
(see Theorem 3 in Section 5.12 of Luenberger (1969), there is an element ā ∈ X
such that

〈ā, a〉 < 〈ā, x〉, x ∈ K. (4.163)

In particular, we have that 〈ā, a〉 < 〈ā, 0〉 = 0, since 0 ∈ K. Also, 〈ā, x〉 ≥ 0 for
every x ∈ K, since otherwise, if 〈ā, x̄〉 < 0 for some x̄ ∈ K, there would be an
α > 0 such that 〈ā, αx̄〉 < 〈ā, a〉, which is impossible because αx̄ ∈ K, so this would
contradict (4.163).

Therefore, we have found and ā ∈ K⊕ such that 〈ā, a〉 < 0, so a /∈ K⊕⊕. This
contradiction proves the lemma.

Lemma 4.7. The Lagrangian dual of

min
r0,...,rn−1

r0

subject to Λ∗n(ejβ)[Tn − λoγΛn(ejω)Λ∗n(ejω)]Λn(ejβ) ≥ 0, |ω| ≤ ωB, |β| ≤ π,
(4.164)
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is
max

Q(ω)=Q∗(ω)≥0,|ω|≤ωB
Q(ω) is Toeplitz

λoγ
∫ ωB
−ωB Λ∗n(ejω)Q(ω)Λn(ejω)dω

subject to Tr
[∫ ωB
−ωB Q(ω)dω

]
= 1

Re
∑n−k
i=1

∫ ωB
−ωB Qi,i+k(ω)dω = 0, k = 1, . . . , n− 1.

(4.165)

Proof. This follows essentially the same steps as the proof of Lemma 4.5. Consider
T n as the real linear space of Hermitian Toeplitz n×n continuous matrix functions
on [−ωB, ωB], with the inner product4

〈X,Y 〉 :=
∫ ωB
−ωB

Tr[X(ω)Y (ω)]dω, X, Y ∈ T n. (4.166)

Also, let T n+ ⊆ T n be the closed convex cone of continuous matrix functions X ∈ T n
such that Λ∗n(ejβ)X(ω)Λn(ejβ) ≥ 0 for every ω ∈ [−ωB, ωB] and β ∈ [−π, π]. The
dual of T n+ is the convex cone T n++ of Hermitian positive semidefinite Toeplitz n×n
continuous matrix functions on [−ωB, ωB]. To see this, notice that

T n+ = {Y ∈ T n : Λ∗n(ejβ)Y (ω)Λn(ejβ) ≥ 0, |ω| ≤ ωB, |β| ≤ π}
= {Y ∈ T n : Tr[Λn(ejβ)Λ∗n(ejβ)Y (ω)] ≥ 0, |ω| ≤ ωB, |β| ≤ π}
= {Y ∈ T n : Tr[X(ω)Y (ω)] ≥ 0, |ω| ≤ ωB, X(ω) =

∫ π
−π

Λn(ejβ)Λ∗n(ejβ)dqω(β),

for some nondecreasing qω : [−π, π]→ R}
= {Y ∈ T n : 〈X,Y 〉 ≥ 0, X ∈ T n++}, (4.167)

since X(ω) is an Hermitian Toeplitz matrix if and only if it can be written as

X(ω) =
∫ π
−π

Λn(ejβ)Λ∗n(ejβ)dqω(β), (4.168)

where qω is monotonically nondecreasing if and only if X(ω) ≥ 0 (see Section 1.10
of Grenander and Szegö (1958)). Thus, T n+ is the dual cone of T n++, which is a
closed convex cone, so by Lemma 4.6, T n++ is the dual cone of T n+. The rest of the
argument then follows as in the proof of Lemma 4.5.

Lemma 4.8. The optimal value of (4.30) is equal to the optimal value of

min
r0,...,rn−1

r0

subject to Λ∗n(ejβ)[Tn − λoγΛn(ejω)Λ∗n(ejω)]Λn(ejβ) ≥ 0, |ω| ≤ ωB, |β| ≤ π.
(4.169)

4See footnote 2.
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Proof. Notice that

λoγ

∫ ωB
−ωB

Λ∗n(ejω)Q(ω)Λn(ejω)dω = λoγ
∫ ωB
−ωB

Tr[Λn(ejω)Λ∗n(ejω)Q(ω)]dω

= λoγ
∫ ωB
−ωB

[
n∑
i=1
Qi,i(ω) + 2Re

{
n−1∑
k=1
ejωk

n−k∑
i=1
Qi,k+i(ω)

}]
dω. (4.170)

This implies that in the Lagrangian dual of problem (4.30), according to Lemma
4.5, the actual decision variables are the sums of the elements in the diagonals of
Q(ω), so this matrix can be taken as being Toeplitz. The result then follows from
Lemmas 4.5 and 4.7.

4.G Properties of the Fejér Kernel

The Fejér kernel Fn is defined as

Fn(x) :=
1
n

sin2(n2x)
sin2(1

2x)
, x ∈ R. (4.171)

Some important properties of the Fejér kernel that are utilised in this section are
included below for completeness. The proofs can also be found in standard texts
on Fourier series, e.g., Körner (1988), Vretblad (2003) and Zygmund (1952).

Lemma 4.9.

Fn(x) = 1
n

n−1∑
k=0

k∑
l=−k
ejlx. (4.172)

Proof.

1
n

n−1∑
k=0

k∑
l=−k
ejlx = 1

n

n−1∑
k=0

e−jkx − ej(k+1)x

1− ejx = 1
n

n−1∑
k=0

ej(k+1/2)x − e−j(k+1/2)x

ejx/2 − e−jx/2

= 1
n

n−1∑
k=0

sin([k + 1/2]x)
sin(x/2)

= 1
n

1
sin(x/2)

Im

{
n−1∑
k=0
ej(k+1/2)x

}

= 1
n

1
sin(x/2)

Im
{
ejx/2

1− ejnx
1− ejx

}
= 1
n

1
sin(x/2)

Im
{

1− cos(nx)− j sin(nx)
−2j sin(x/2)

}

= 1
n

1
sin2(x/2)

1− cos(nx)
2

= 1
n

sin2(n2x)
sin2(x/2)

= Fn(x). (4.173)
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Lemma 4.10. Fn(x) ≥ 0 and Fn(−x) = Fn(x).

Proof. Follows directly from the definition.

Lemma 4.11. If g : Z→ R has Fourier transform G, then

n−1∑
m=−(n−1)

[
1− |m|
n

]
gme

−jωm =
1

2π [G ∗ Fn](ω), ω ∈ [−π, π]. (4.174)

Proof.

n−1∑
m=−(n−1)

[
1− |m|

n

]
gme

−jωm = 1
n

n−1∑
m=−(n−1)

(n− |m|)gme−jωm

=
1
n

n−1∑
k=0

n−1∑
l=0
gk−le−jω(k−l) =

1
n

n−1∑
k=0

k∑
p=−k

gpe
−jωp

=
1
n

n−1∑
k=0

k∑
p=−k

1
2π

∫ π
−π
G(β)ejβpdβe−jωp

= 1
2π

∫ π
−π
G(β) 1

n

n−1∑
k=0

k∑
p=−k

ej(β−ω)pdβ

= 1
2π

∫ π
−π
G(β)Fn(β − ω)dβ = 1

2π
[G ∗ Fn], (4.175)

where we have used Lemmas 4.9 and 4.10.

Lemma 4.12. Fn(x) ≤ Fn(0) = n for all x ∈ [−π, π].
Proof.

Fn(0) = lim
n→∞

1
n

sin2(n2x)
sin2(x2 )

= n. (4.176)

On the other hand, by Lemma 4.9, for all x ∈ [−π, π] we have that

Fn(x) = 1
n

n−1∑
k=0

k∑
l=−k
ejlx = 1

n

n−1∑
k=0

n−1∑
p=0
ej(k−p)x = 1

n

∣∣∣∣∣
n−1∑
p=0
ejpx

∣∣∣∣∣
2

≤ 1
n

(
n−1∑
p=0
|ejpx|

)2

= n. (4.177)
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Lemma 4.13.

1
2π

∫ π
−π
Fn(x)dx = 1. (4.178)

Proof. By Lemma 4.9,

1
2π

∫ π
−π
Fn(x)dx = 1

2π

∫ π
−π

[
1
n

n−1∑
k=0

k∑
l=−k
ejlx

]
dx = 1

n

n−1∑
k=0

k∑
l=−k

1
2π

∫ π
−π
ejlxdx

= 1
n

n−1∑
k=0

k∑
l=−k
δl = 1
n
n = 1. (4.179)

Lemma 4.14. For every δ > 0,

lim
n→∞

∫ π
δ

Fn(x)dx = 0. (4.180)

Proof. For δ ≤ x ≤ π, we have

Fn(x) = 1
n

sin2(n2x)
sin2(x2 )

≤ 1
n

1
sin2( δ2 )

. (4.181)

Thus

0 ≤
∫ π
δ

Fn(x)dx ≤ 1
n

π − δ
sin2( δ2 )

→ 0 (4.182)

as n→∞.



Chapter 5

Joint Validation, Input and
Control Design

This chapter contributes to taking one step further in closing the gap between ro-
bust control and PEM. The overall objective is to be able to design controllers with
guaranteed robust stability and prescribed robust performance using models identi-
fied from experimental data. As discussed previously in this thesis, such models are
uncertain. In this chapter we consider the case when the model uncertainty is due
to the random noise present in measurements. We present a method for joint model
validation, input design and state feedback control design for SISO LTI systems of
a certain structure. The condition, which takes the form of an LMI optimization
problem, is obtained by extending the sufficiency part of Theorem 7.3.1 in Skelton
et al. (1998) to the case of ellipsoidal parametric uncertainty given by the set U
defined in (2.34).

5.1 Introduction

In this section the control objective is to guarantee a certain upper bound on the
H∞-norm for the transfer function from an input load disturbance to the output
when the controller is designed based on an uncertain model of the system. The
focus is twofold:

(i) Verify if the model fulfils this control objective.

(ii) Determine which input excitation should be used in an open loop identification
experiment to obtain sufficiently accurate models so that the control objective
can be met.

The control considered is a static linear state feedback controller, denoted K. The
decision variable related to the control design is denoted X . From Lemma 3.1
we have that the input determines P−1, which is the decision variable related

87
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to the uncertainty. We must first address the question of how to synthesize K
when the model is subject to ellipsoidal parametric uncertainty. One of the main
contributions of this chapter is a sufficient LMI condition in the decision variables
P−1 and X . Since P−1 is a decision variable, this condition can, in a second step,
be used for input design. The LMI condition guarantees both robust stability and
performance and its solution is used for designing the controller K. In relation
to existing work we remark that the conditions in Peaucelle and Arzelier (1998)
cannot handle the situation when both P−1 and X are decision variables due to
the existence of cross-terms in the matrix inequalities. Furthermore, the paper
Peaucelle and Arzelier (2001) does not consider control design and the results hold
for the continuous-time case only. Our condition is obtained by extending the
sufficiency part of Theorem 7.3.1 in Skelton et al. (1998) to the case of ellipsoidal
parametric uncertainty.

The above control design procedure is then linked to system identification to
form the joint robust control/input design procedure. For the true system the per-
formance specifications will be satisfied with, e.g., 99% probability. It is shown that
for linearly parameterized input spectra this least costly input design problem is
equivalent to solving an LMI optimization problem. One contribution of this chap-
ter from an input design point of view is that the control criterion is a standardH∞
criterion from the robust control literature that reflects both robust performance
and stability. Another contribution is that the LMI optimization problem which we
solve in order to find the optimal input is independent of the controller K. There
is therefore no need to design a controller prior to designing the input.

Two different model classes are considered. The first corresponds to systems
which are linear in the uncertain parameters. Such models include systems with
uncertain zero locations but known pole locations, so-called fixed denominator
structures, or equivalently fixed basis function expansions (Ninness et al., 1999)
such as Laguerre and Kautz models. The second model class considered in this
chapter corresponds to systems where also the poles are uncertain. For the case
of known pole locations, we show that the LMI solution can be used to find a set
of robust controllers. Since the problem considered in this section appears to be
difficult in general, a simple structure of the problem is needed. For the parameter
estimates, our results rely on the assumptions given in Section 3.3. This implies
that we consider asymptotic (in the data length) properties of parameter estimates
and the case where there is no undermodelling (S ∈M). In this chapter we do not
explicitly study the model order, therefore the index ‘n’ on the parameter vector is
dropped for simplicity of notation.

5.2 Outline

In Section 5.3 we consider robust state feedback control. The model structures
and the control objective are presented. The main contributions of this chapter,
Theorems 5.2 and 5.3, are given. These theorems present a sufficient LMI condition
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in the decision variables P−1 and X for the two model structures considered. It
is shown how the results can be used for closed loop performance validation. In
Section 5.4, it is shown how the control design method described in Section 5.3 can
be used for input design. Section 5.5 concludes the chapter.

5.3 Robust State Feedback Control

Problem definition

In this chapter we consider two classes of LTI systems. The first is

x(t+ 1) = Ax(t) +Bu(t) +Dpw(t),
y(t) = C(θ)x(t) +Byu(t) + v(t),

(5.1)

and the second is
x(t+ 1) = A(θ)x(t) +Bu(t) +Dpw(t),
y(t) = Cx(t) +Byu(t) + v(t),

(5.2)

where x ∈ Rn is the state vector, y ∈ Rny is the output, v ∈ Rny is measurement
noise, u ∈ Rnu , is the input and w ∈ Rnw is an input load disturbance. Furthermore,
A ∈ Rn×n, B ∈ Rn×nu , By ∈ Rny×nu , C ∈ Rny×n and Dp ∈ Rn×nw . Both (5.1)
and (5.2) correspond to parameterized models used in PEM, a fact which we will
come back to in Section 5.4. For the plant (5.1) all matrices are known except
for C(θ). This corresponds to uncertain zeros, such as, e.g., Laguerre and Kautz
models (Wahlberg, 1991). Similarly, for the plant (5.2) all matrices are known
except for A(θ), which means that also the poles are uncertain. The uncertain
matrices are linearly parameterized by a vector θ ∈ Rn which, in turn, is known to
lie in the ellipsoidal set

Uθ :=
{
θ : (θ − θo)TR(θ − θo) ≤ 1

}
. (5.3)

The quantities θo and R = RT ∈ Rn×n which define the ellipsoid can for example
originate from system identification of θ, a fact which we will come back to in
Section 5.4.

In this chapter we consider the case where the systems (5.1) and (5.2) are
controlled by a static state feedback controller u = Kx. Denote the closed-loop
transfer operator from the input load disturbance w to the output y by T (q, θ),
where

T (q) := (C +ByK)(qI −A−BK)−1Dp. (5.4)

The ultimate objective is to characterize all feedback gains K for which

‖T (θ)‖∞ < γ, ∀θ ∈ Uθ. (5.5)

A partial answer will be provided in this chapter in that an LMI which provides a
sufficient condition for the existence of such gains will be derived. For the plant
(5.1), this condition will be used to determine controllers.
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State feedback H∞ control
The main result in this chapter is based on the following LMI characterization of
the state feedback H∞ problem when θ is known1.

Theorem 5.1 (Theorem 7.3.1 in Skelton et al. (1998)). Assume that

BTy [C By] = [0 I] (5.6)

and that the state variables x are measurable without noise. Then the following
statements (i), (ii) and (iii) are equivalent.

(i) There exists a (static) feedback controller u = Kx which stabilizes the system
and yields ‖T ‖∞ < γ, where γ > 0 is a scalar.

(ii) There exists a symmetric matrix X ∈ Rn×n such that X −DpDTp > 0 and[
X −AXAT −DpDTp + γ2BBT AXCT

CXAT γ2I − CXCT
]
> 0. (5.7)

(iii) Now define Y := γ2X−1. There exists a matrix QY > 0 such that the Riccati
equation

Y = ATY A−ATY E(ETY E + J)−1ETY A+ CTC +QY (5.8)

has a solution satisfying Y > 0 and

‖DTp Y Dp‖ < γ2, (5.9)

where E := [B Dp],

J :=
[
Inu 0
0 −γ2Inw

]
, (5.10)

and ‖ · ‖ denotes the maximum singular value. All such controllers are given
by

K = −(BT P̃B + I)−1BT P̃A+ (BT P̃B + I)−
1
2LQ

1
2
Y , (5.11)

where L is an arbitrary matrix such that

‖L‖ < 1 (5.12)

and P̃ := (Y −1 − 1
γ2DpD

T
p )−1 > 0.

Proof. See Skelton et al. (1998).
1The θ dependence is omitted below as θ in this case plays no role.
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Existence of stabilizing controller
Now the sufficiency part of Theorem 5.1 will be extended to systems with ellipsoidal
parametric uncertainty in θ given by (5.3). First, consider plant (5.1). We will
restrict our attention to the case when

C = C(θ) =
[
θT

0ny−1,n

]
∈ Rny×n. (5.13)

Theorem 5.2. Consider the system (5.1) where C is given by (5.13) and the other
system matrices are known. Further, assume that the conditions in Theorem 5.1
hold. Then (ii) below implies (i).

(i) There exists a (static) feedback controller u = Kx which stabilizes the system
and yields ‖T (θ)‖∞ < γ for all θ ∈ Uθ with Uθ defined by (5.3).

(ii) There exists a symmetric matrix X ∈ Rn×n and τ ∈ R, τ > 0 such that
X −DpDTp > 0 and⎡

⎣−X + τR XAT τRθo

AX M1 0
τ(θo)TR 0 γ2 − τ(1 − (θo)TRθo)

⎤
⎦ > 0, (5.14)

where M1 := X −AXAT −DpDTp + γ2BBT .

Proof. See Appendix 5.A.

Second, consider the plant (5.2) with

A = A(θ) =
[−θT
Ĩn

]
, Ĩn :=

[
In−1 0n−1

]
, (5.15)

C =
[
cT

0ny−1,n

]
∈ Rny×n, c ∈ Rn×1 is known. (5.16)

Note that (5.15) corresponds to an observable canonical state space representation.

Remark 5.1. The assumptions (5.13) and (5.16) are made in order for the model
to satisfy (5.6) and effectively mean that only one of the system outputs is included
in the objective. Any number of inputs can be included (through By).

Theorem 5.3. Consider the system (5.2) where the uncertain A(θ) is given by
(5.15). The known matrix C is given by (5.16). The other system matrices are
also known. Further, assume that the conditions in Theorem 5.1 hold. Then (ii)
below implies (i).

(i) There exists a (static) feedback controller u = Kx which stabilizes the system
and yields ‖T (θ)‖∞ < γ for all θ ∈ Uθ.
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(ii) There exists a symmetric matrix X ∈ Rn×n and τ ∈ R, τ > 0 such that
X −DpDTp > 0 and

[
M6 M

T
7

M7 M4

]
> 0, (5.17)

where

M2 := x11 − d11 + γ2b11, (5.18)

M3 := x̃− d+ γ2b, (5.19)

M̃3 :=

⎡
⎣M3

0

⎤
⎦ , (5.20)

M4 :=

⎡
⎢⎢⎢⎢⎢⎢⎣
X̃ − [

In−1 0n−1,1
]
X

[
In−1

01,n−1

]
−D + γ2B̃

[
In−1 0n−1,1

]
Xc

cTX

[
In−1

01,n−1

]
γ2 − cTXc

⎤
⎥⎥⎥⎥⎥⎥⎦ ,

(5.21)

M5 :=

⎡
⎣
[
In−1 0n−1,1

]
−cT

⎤
⎦X, (5.22)

M6 :=

⎡
⎣ −X + τR −τRθo
−(θo)T τR M2 − τ + (θo)T τRθo

⎤
⎦ , (5.23)

M7 :=
[
M5 M̃3

]
. (5.24)
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The following block matrix notation has been used:

X =
[
x11 x̃

T

x̃ X̃

]
, (5.25)

BBT =
[
b11 b

T

b B̃

]
, (5.26)

DpD
T
p =

[
d11 d

T

d D

]
, (5.27)

where x11, b11 and d11 denote the (1,1) matrix element. Furthermore, x̃, b, d ∈
R(n−1)×1 and X̃, B̃,D ∈ R(n−1)×(n−1).

Proof. See Appendix 5.B.

It is concluded that (ii) in Theorems 5.2 and 5.3 are linear in X, τ and γ2.
Thus, the minimum performance bound γ for which the sufficient conditions in
Theorems 5.2 and 5.3 provide a positive answer to the question of the existence of
a robust controller can be obtained from the following LMI optimization problem:

min
γ2,τ,X

γ2

subject to γ2 > 0
X −DpDTp > 0, X symmetric
τ > 0
the LMI (5.14) or (5.17).

(5.28)

Let us relate the above optimization problem to existing work. A similar opti-
mization problem is considered in Peaucelle and Arzelier (2001) for continuous-time
systems. Unlike that work, here the solution to the optimization problem can be
used for control synthesis for the discrete-time system (5.1). In Bombois et al.
(2002) it is studied whether a given model based controller achieves the control
performance γ for all models in the model uncertainty set. Unlike that paper,
here there is no need to design a controller prior to solving the above optimization
problem.

Control design

Theorems 5.2 and 5.3 provide a sufficient condition for the existence of a robust state
feedback controller for ellipsoidal uncertainty. Now it will elaborated on how to
compute such a state feedback for the system (5.1). The key is (iii) in Theorem 5.1.
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Starting with X and τ satisfying the conditions in (ii) in Theorem 5.2, take Y =
γ2X−1 and define

QY (θ) := Y −ATY A+ATY E(ETY E + J)−1ETY A− θθT . (5.29)

Then for a particular model corresponding to the parameter vector θ, all controllers
satisfying ‖T (θ)‖∞ < γ are given by (5.11):

K(θ) = −(BT P̃B + I)−1BT P̃A+ (BT P̃B + I)− 1
2L(θ)Q

1
2
Y (θ), (5.30)

where all quantities that are θ-dependent are indicated. We would like a formula for
the controller that is independent of θ. However, we also would like the controller
to be valid for all θ ∈ Uθ. One solution is the following: we see that the choice
L(θ) = 0 results in

K(θ) = K = −(BT P̃B + I)−1BT P̃A, (5.31)

which is a gain matrix independent of θ and hence valid for all θ ∈ Uθ. This is
thus one solution to the robust state feedback H∞ problem. However, any valid K
for which L̃ := L(θ)Q

1
2
Y (θ) is θ-independent also has the desired properties. Since

for each θ, QY (θ) is given by (5.29), L(θ) has to satisfy L(θ) = L̃Q−
1
2
Y (θ). But the

norm constraint (5.12) on L(θ) has to be satisfied. This leads to the following set
of controllers{
K = −(BT P̃B + I)−1BT P̃A+ (BT P̃B + I)−

1
2 L̃ : sup

θ∈Uθ
‖L̃Q− 1

2
Y (θ)‖ < 1

}
,

(5.32)

which all result in (5.5), i.e., they solve the robust state feedback H∞ problem with
ellipsoidal uncertainty.

5.4 Joint Input and Control Design

Problem definition
Consider the systems (5.1) and (5.2). Let u, v, w ∈ R. Assume that no information
about the parameters θ is available. So we would like to design a system identi-
fication experiment in open loop using input/output measurements to obtain an
estimate of θ using PEM and characterize the uncertainty region of the estimate.
Let η ∈ Rnη and ζ ∈ Rnζ denote vectors of unknown parameters independent of θ.
Furthermore, let e and ey denote independent white noise processes with variance
λo and λy respectively. It is assumed that the input load disturbance and the mea-
surement noise is modelled by w = H(η)e and v = Hy(ζ)ey respectively. Also, it
is assumed that there exist vectors ηo and ζo such that the actual input load dis-
turbance and measurement noise acting on the system are given by H(η) = H(ηo)
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and Hy(ζ) = Hy(ζo) respectively. Considering the first element of y, the system is
from an identification point of view given by the LTI input/output relation

y(t) = G(q, θ)u(t) +Gw(q, θ)H(q, η)e(t)︸ ︷︷ ︸
=w(t)

+Hy(q, ζ)ey(t)︸ ︷︷ ︸
=v(t)

. (5.33)

It is assumed that this model structure is identifiable. For the plant (5.1), the
transfer operators are parameterized as G(q, θ) = θT (qI − A)−1B and Gw(q, θ) =
θT (qI − A)−1Dp. For the plant (5.2) we have G(q, θ) = cT (qI − A(θ))−1B and
Gw(q, θ) = cT (qI−A(θ))−1Dp. The first G corresponds to uncertain zeros whereas
in the latter, θ affects both the zeros and the poles. It is assumed that there exists
a vector θo such that the true dynamics is given by G(q, θo).

Kalman filtering can be used to generate the one-step ahead predictors used in
PEM, see Ljung (1999). For simplicity of description, let us consider the special
case when ey = 0. Denote θ̃ := [θT ηT ]T and θ̃o := [(θo)T (ηo)T ]T . The estimate of
θ̃ based on N observations of input/output data is denoted ˆ̃θN . From Section 3.3
we conclude that when N → ∞, then

√
N(ˆ̃θN − θ̃o) → N (0, P ) and P−1 is given

by

P−1 = 1
2πλo

∫ π
−π
Fu(ejω , θo, ηo)Φu(ω)F ∗u (ejω, θo, ηo)dω

+ 1
2π

∫ π
−π
Fe(ejω , θo, ηo)F ∗e (ejω , θo, ηo)dω, (5.34)

where

Fu(θo, ηo) := G−1
w (θo)H−1(ηo)

[
dG(θo)/dθ

0nη×1

]
, (5.35)

Fe(θo, ηo) := G−1
w (θo)H−1(ηo)

d(Gw(θo)H(ηo))
dθ̃

. (5.36)

In this section we are interested in characterizing the uncertainty related to (5.4),
which involves only θ. Consider the block partitioning

P =
[
P11 P12
PT12 P22

]
, (5.37)

where P11 is n × n. Here the confidence region U for θ as defined in (2.34) corre-
sponds to {

θ : (θ − θo)T NP
−1
11
χ

(θ − θo) ≤ 1
}
. (5.38)

Denote by V the inverse of P , i.e.,

V := P−1, (5.39)
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with the block representation

V =
[
V11 V12
V T12 V22

]
. (5.40)

From (5.34) it is concluded that only the n×n matrix V11 is affected by Φu. Since
P−1

11 = V11 − V12V
−1

22 V
T

12, the matrix P−1
11 is affine in V11. Now, let the matrix R in

(5.3) be given by

R = NP−1
11 /χ. (5.41)

In Section 5.3 the matrix R was assumed to be known. However, in what follows a
new degree of freedom appears with V11 (or equivalently P−1

11 ) as a variable in the
input design problem. Assume that an identification experiment for (5.33) will be
designed before closing the loop with the feedback controller K. For all models in
the model set defined by (5.3), we would like to satisfy the closed-loop properties
given in (5.5) for a given γ > 0. The objective is to find the input signal with least
power that enables us to find a state feedback gain K such that (5.5) is fulfilled.
This least costly input design problem is formally stated as

min
Φu,α

α

subject to 1
2π

∫ π
−π Φu(ω)dω ≤ α

Φu(ω) ≥ 0, ∀ω
∃ state feedback K such that‖T (θ)‖∞ < γ, ∀θ ∈ U.

(5.42)

Before we proceed with solving the above problem, let us pause and discuss the
dependence on the true system. The LMIs in Theorems 5.2 and 5.3 are independent
of θ, but dependent on θo. Also, P−1 depends on the true system itself, through
θo and ηo. Therefore, K is implicitly dependent on the true system. Of course, in
reality the true system is unknown. The fact that input design problems depend on
the true system was discussed in Chapter 2. For the special case when H(q, η) = 1
and the system (5.1) is considered, the matrix P−1 is independent of both θo and
ηo.

Parametrization of problem

Problem (5.42) is in general a non-trivial optimization problem. However, it will
now be shown that it can be reformulated as an LMI optimization problem using
Theorems 5.2 and 5.3 together with a partial correlation parametrization of the
input spectrum, described in Section 3.6, given by

Φu(ω) = L(ejω)
∞∑

k=−∞
e−jωk c̃k, L(ejω) > 0. (5.43)

Now, let us link (5.43) to Theorems 5.2 and 5.3 using the following lemma.
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Lemma 5.1. The conditions in statement (ii) in Theorems 5.2 and 5.3 are linear
in X, τ and {τ̃k}, where

τ̃k := τ c̃k, ∀k. (5.44)

Proof. Introduce R̃ := τR. Inserting (5.43) in (5.34), we get that P−1, and with
that also R, is an affine function of {c̃k}. This implies that R̃ is jointly linear in
{τ̃k} and τ . Since (5.14) and (5.17) are linear in R̃, they are linear in {τ̃k} and τ
as well.

The change of variables introduced in Lemma 5.1 together with Theorems 5.2
and 5.3 implies that the last constraint in problem (5.42) corresponds to an LMI in
X, {τ̃k} and τ . Now consider the input power constraint, i.e., the first constraint
in problem (5.42). It can be formulated as finite-dimensional affine function of the
sequence {τ̃k}, which the following example illustrates.

Example 5.1. For an FIR parametrization (L(ejω) = 1), the input power con-
straint is given by c̃0 ≤ α. For the sequence {τ̃k}, defined by (5.44), this constraint
becomes

ατ − τ̃0 ≥ 0. (5.45)

Finally, having τ > 0, the non-negativity constraint on Φu in (5.42) is equivalent
to the positive semidefiniteness of a Toeplitz matrix,⎡

⎢⎣ τ̃0 . . . τ̃m−1
...

...
...

τ̃m−1 . . . τ̃0

⎤
⎥⎦ ≥ 0, (5.46)

which also is an LMI in {τ̃k} (c.f. condition (3.40)). Once {τ̃k} and τ are determined,
{c̃k} are calculated as c̃k = τ̃k/τ, ∀k. We conclude that problem (5.42) can be
reformulated as an LMI optimization problem.

Numerical example
Consider a system in the model class (5.1) with

A =
[
0 0
1 0

]
, B =

[
1
0

]
, Dp =

[
1
0

]
, By =

[
0
1

]
, θo =

[
2
1

]
, (5.47)

and C according to (5.13). This configuration satisfies (5.6). Consider an identifi-
cation set-up (5.33) where the input load disturbance is absent during the collection
of identification data (w = 0) and Hy(q, ζ) = 1, i.e.,

y(t) = (2q−1 + q−2)u(t) + ey(t), (5.48)
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Figure 5.1: Magnitude of the optimal input spectrum versus frequency.

where the variance of the white noise ey is λy = 1. Consider problem (5.42) with
γ = 2.16. Let N = 400 and U correspond to 95% probability. Parametrizing the
input spectrum according to (5.43) with L(ejω) = 1, the matrix P−1 is independent
of θo and depends only on the first two input spectrum coefficients c̃0 and c̃1.
Solving (5.42) for the first m = 2 autocorrelations is therefore equal to solving the
LMI optimization problem

min
α,τ̃0,τ̃1,τ,X

α

subject to X −DpDTp > 0, X symmetric
τ > 0
the LMIs (5.14), (5.45) and (5.46),

(5.49)

where the change of variables defined in Lemma 5.1 is used in (5.14). The small-
est feasible α, which is obtained by a line search, is the optimal solution to this
optimization problem. In Figure 5.1 the input spectrum is shown. We see that
more energy has to be injected at higher frequencies. In order to illustrate that
the designed input fulfills the constraint, 100 Monte-Carlo runs of the identification
experiment (5.48) are shown in Figure 5.2 together with the designed confidence
region U . We clearly see that the input performs well, since 95 of the 100 runs are
inside U .



5.5. Conclusions 99

1.94 1.96 1.98 2 2.02 2.04 2.06

0.92

0.94

0.96

0.98

1

1.02

1.04

1.06

1.08

θ
1

θ 2

Figure 5.2: Solid line: designed confidence region U in the parametric space of the
model (5.47). Dots: estimated model parameters from 100 Monte-Carlo runs.

5.5 Conclusions

This chapter presents a joint method for robust H∞ state feedback control, model
validation and input design. Two model structures are considered. An LMI condi-
tion for robust stability and performance that accomodates for ellipsoidal paramet-
ric uncertainty is presented. The least costly input signal is determined through
LMI optimization where both the inverse covariance matrix (P−1) and the variable
related to the control design (X) are decision variables. The condition, which is
sufficient (not necessary), is independent of the controller K. It is assumed that
the model is flexible enough to capture the dynamics of the true system, and that
the data length is large.

5.A Proof of Theorem 5.2

To begin with, suppose that we are able to prove that a fixed matrix X satisfies the
conditions in (ii) in Theorem 5.1 for all θ ∈ Uθ. This implies that for all θ ∈ Uθ,
Y = γ2X−1 is a valid positive definite solution to the Riccati equation (5.8) which
satisfies the constraint (5.9) in (iii) in Theorem 5.1. From (iii) in Theorem 5.1 it
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then follows that, for each θ ∈ Uθ, the set of controllers satisfying the performance
requirement is given by (5.11) with Y = γ2X−1. By taking L = 0 we get the state
feedback (5.31) which depends only on Y which is independent of θ, i.e., we have
found a θ-independent state feedback K which satisfies (i) in our theorem.

It will now be proven that the existence of a matrix X and scalar τ satisfying
the conditions in (ii) in the theorem is equivalent to the existence of a matrix which
satisfies the conditions in (ii) in Theorem 5.1 for all θ ∈ Uθ. The proof will also
show that X is such a matrix. First the inequality (5.7) is reformulated. From
(5.13), we have

γ2I − C(θ)XC(θ)T =
[
γ2 − θTXθ 0

0 γ2

]
(5.50)

and AXC(θ)T =
[
AXθ 0

]
, which give that (5.7) can be expressed as[
M1 AXθ
θTXAT γ2 − θTXθ

]
> 0. (5.51)

The Schur complement formula, see Lemma 2.1, gives that (5.51) is equivalent to
the following two conditions:

M1 > 0, (5.52)[
θ
1

]T [−X −XATM−1
1 AX 0

0 γ2

] [
θ
1

]
> 0. (5.53)

We thus have shown that (5.7) is equivalent to (5.52) and (5.53). Now we consider
the uncertainty region (5.3) and note that it can be written[

θ
1

]T [ −R Rθo

(θo)TR 1− (θo)TRθo
] [
θ
1

]
≥ 0. (5.54)

This means that we would like (5.53) to hold for all θ for which (5.54) holds.
Therefore, (5.53) and (5.54) will be combined using the S-procedure (see Boyd
et al. (1994)) which provides the following equivalence. Let T0, T1 ∈ Rn×n be
symmetric matrices. Then the following two conditions are equivalent:

S1 ζTT0ζ > 0 ∀ζ �= 0 such that ζTT1ζ ≥ 0.

S2 ∃τ ∈ R, τ ≥ 0 such that T0− τT1 > 0, provided that there is some ζ0 such that
ζT0 T1ζ0 > 0.

For (5.54) we have that θ = θo results in a strictly positive left-hand side. Hence
S1-S2 imply that conditions (5.53) and (5.54) are equivalent to the following two
conditions:

τ ≥ 0, (5.55)[−X −XATM−1
1 AX + τR −τRθo

−τ(θo)TR γ2 − τ(1 − (θo)TRθo)

]
> 0. (5.56)
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The Schur complement formula gives that (5.56) is equivalent to the following two
LMIs:

γ2 − τ(1 − (θo)TRθo) > 0, (5.57)

−X −XATM−1
1 AX + τR − τ2Rθo(θo)TR

γ2−τ(1−(θo)TRθo) > 0. (5.58)

Another use of the Schur complement gives that (5.58) and (5.52) are equivalent to[
−X + τR − τ2Rθo(θo)TR

γ2−τ(1−(θo)TRθo) XA
T

AX M1

]
> 0. (5.59)

Equation (5.59) is linear in X but not in τ . We would like it to be linear in τ as
well. Note that (5.59) can be rewritten as[−X + τR XAT

AX M1

]
−

[
τRθo

0

]
1

γ2−τ(1−(θo)TRθo)

[
τRθo

0

]T
> 0. (5.60)

The Schur complement formula then gives that (5.60) and (5.57) are equivalent to⎡
⎣−X + τR XAT τRθo

AX M1 0
τ(θo)TR 0 γ2 − τ(1 − (θo)TRθo)

⎤
⎦ > 0, (5.61)

which is linear in both X and τ . Note that for the condition (5.61) to hold we
cannot have τ = 0, since that would contradict the condition X > 0. Therefore
condition (5.55) changes to τ > 0. This together with (5.61) are the conditions in
(ii) and this therefore concludes the proof.

5.B Proof of Theorem 5.3

The approach is the same as in the proof of Theorem 5.2. Substituting for A and
C given by (5.15) and (5.16) gives that (5.7) becomes⎡

⎢⎢⎢⎢⎢⎢⎣
M2 − θTXθ MT3 + θTX

[
In−1

01,n−1

]
−θTXc

M3 +
[
In−1 0n−1,1

]
Xθ

−cTXθ M4

⎤
⎥⎥⎥⎥⎥⎥⎦ > 0. (5.62)

The Schur complement formula implies that (5.62) is equal to the following two
conditions,

M4 > 0, (5.63)⎡
⎣θ

1

⎤
⎦T

⎡
⎣ −X −MT5 M−1

4 M5 −MT5 M−1
4 M̃3

−M̃T3 M−1
4 M5 M2 − M̃T3 M−1

4 M̃3

⎤
⎦
⎡
⎣θ

1

⎤
⎦ > 0. (5.64)
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We would like (5.64) to hold ∀θ ∈ Uθ, defined by (5.54). Using the S-procedure
(see Conditions S1-S2 in Appendix 5.A), we combine (5.64) and (5.54) to obtain
the following two conditions:

τ ≥ 0, (5.65)

M6 −
⎡
⎣ MT5 M−1

4 M5 MT5 M
−1
4 M̃3

M̃T3 M
−1
4 M5 M̃T3 M

−1
4 M̃3.

⎤
⎦ > 0. (5.66)

By factorizing the second term in (5.66) we obtain

M6 −MT7 M−1
4 M7 > 0. (5.67)

Another use of the Schur complement formula gives that (5.63) and (5.67) are equal
to [

M6 M
T
7

M7 M4

]
> 0, (5.68)

which is the LMI (5.17). Note that for the condition (5.68) to hold we cannot have
τ = 0, since that would contradict the condition X > 0. Therefore condition (5.65)
changes to τ > 0.



Chapter 6

Validation and Input Design for
Multivariable Systems

This chapter continues with the same topic as the previous chapter, i.e., to design
robust controllers for models obtained with PEM. In this chapter we consider MIMO
systems. We develop robust analysis tools which are appropriate for the particular
uncertainty description delivered by PEM, i.e., the ellipsoidal confidence region U
defined in (2.34) or, equivalently, the set D defined by (2.35). These tools, which
are formulated as LMI optimization problems, are used for controller validation and
input design. The model performance specifications are formulated as H∞-norms
of different closed loop transfer functions. In the model validation, we calculate the
worst-case closed loop performance over all models in the set D. If this worst-case
performance is dissatisfying, then a new model is estimated using a least costly
input design procedure, where the inverse asymptotic covariance matrix P−1 is the
decision variable of interest.

6.1 Introduction

In this chapter we consider MIMO systems modelled by (3.2) and it is assumed that
this model is flexible enough to capture the dynamics of the true system (S ∈M).
We do not explicitly study the model order, therefore the index ‘n’ on the parameter
vector is dropped for simplicity of notation. Hence the model parameter is θ ∈ Rn.

Most of the methods discussed previously in this thesis cannot be extended to
MIMO systems. Therefore, there is a need for robust analysis tools and input design
methods for MIMO models identified using PEM. In Bombois and Date (2003), it
is shown that the results in Bombois et al. (2001) can be extended to MISO sys-
tems, modulo the choice of a particular model structure. However, the extension of
the result to MIMO systems does not seem possible. Consequently, in this section
robust analysis tools for MIMO systems are presented. For this purpose, the uncer-
tain system is expressed as the LFT depicted in Figure 2.3. If we can describe all

103
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the quadratic constraints satisfied by the graphs of all uncertainties Δ ∈Δ, then a
necessary and sufficient condition guaranteeing the robust performance of the un-
certain system is obtained from the separation of graphs theorem, c.f. Theorem 2.1.
Testing this necessary and sufficient condition is in general not tractable. However,
a condition which is tractable but only sufficient can be deduced if we restrict our
attention to an explicit parametrization of the quadratic constraints satisfied by
the graphs of all uncertainties Δ ∈ Δ. In Scorletti (1997), such a parametrization
(called a set of multipliers) is derived for some classical uncertainty sets encoun-
tered in the robustness analysis literature. However, the set Δ corresponding to
MIMO systems in the uncertainty region D is not at all classical. The set Δ has
indeed a very particular structure where the parameter vector θ of the systems in
D is repeated on the diagonal. To the best of our knowledge, such structure has
never been considered in the literature. Consequently, the main technical contri-
bution of this section is to determine a (very general) parametrization for the set
of multipliers A(ω) (to be applied in Theorem 2.1) corresponding to the set Δ.

Based on this set of multipliers, an optimization problem involving LMI con-
straints is developed. These constraints allow to compute an upper bound for the
worst-case performance achieved by a (model based) controller over the plants in D.
We can only obtain an upper bound for the worst-case performance since we apply
the separation of graphs theorem restricting attention to a set of multipliers which
is parameterized in an explicit way. However, this intrinsic conservatism is strongly
reduced by the choice of a very general set of multipliers. Another contribution
of this chapter is that we show how least costly input design can be performed
using the results on controller validation. Also the input design problem involves
an LMI optimization problem. For the parameter estimates, our results rely on the
assumptions given in Section 3.3.

6.2 Outline

The controller validation problem is presented in Section 6.3. In Section 6.4 the
controller validation problem is formulated as a tractable optimization problem.
First, we formulate the problem as a stability constraint of an LFT. Then, a set of
multipliers is given for the separation of graphs theorem in order to formulate the
stability constraint as an LMI constraint. In Theorem 6.2 of Section 6.4 this LMI
constraint is used to compute an upper bound of the worst-case control performance.
In Section 6.5 the controller validation procedure is extended to form an iterative
input design method in the least costly framework. A numerical illustration is
provided in Section 6.6. Section 6.7 concludes the chapter.

6.3 Controller Validation

The purpose of the identified model G(θ̂N ) is to design of a controller C(θ̂N ) for
the true system Go. We can construct an uncertainty description, denoted Dθ̂N ,
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for the model G(θ̂N ), see (2.37). Since C(θ̂N ) has been designed from the identified
model, it achieves of course satisfactory performance with this model. However, it is
not guaranteed that the designed controller also achieves satisfactory performance
with the true system. Since the true system is unknown, we cannot directly verify
whether the controller is satisfactory with Go. However we can verify whether the
designed controller achieves satisfactory performance with all systems in Dθ̂N . If
this is the case, the controller can be deemed validated since it is then guaranteed,
with a probability chosen by the user, to achieve good performance with the true
system. In this chapter, we will measure the performance of a loop [G C] via
the largest singular value of a weighted closed loop transfer matrix. A general
expression of this weighted closed loop transfer matrix which here will serve as
quality measure for our model is given by

J(G(θ), C) :=WlFJ (G(θ), C)Wr , (6.1)

where Wl and Wr are weight matrices of appropriate dimensions, and FJ is a
closed loop transfer matrix such as the sensitivity function (I + GC)−1 or the
complementary sensitivity function GC(I +GC)−1, c.f. constraint (2.27). In fact,
the only constraint on FJ in what follows is that it is a rational function of the
system G (or, in other words, an LFT in G)1.

Remark 6.1. The noise model H(θ) can also be included in the performance func-
tion (6.1). The same LFT technique can be used in this case.

Based on the reasoning above, a very important quantity in order to validate the
controller C(θ̂N ) designed with the identified model is the worst-case performance
achieved over the plants in Dθ̂N :

σWC(C(ejω , θ̂N ), Dθ̂N ) := sup
θ∈Uθ̂N

‖J(G(ejω , θ), C(ejω , θ̂N ))‖. (6.2)

The worst-case performance (6.2) is thus a frequency function. Since σWC is an
upper bound of the performance ‖J(Go(ejω), C(ejω , θ̂N ))‖ of the loop [Go C(θ̂N )],
the controller C(θ̂N ) can be deemed validated if the worst-case performance remains
below a given threshold representing the required performance. We will show in
what follows that an upper bound for the worst-case performance at each frequency
can be obtained using LMI optimization.

The problem of computing the worst-case performance achieved by a given con-
troller C(θ̂N ) over the plants in the confidence region Dθ̂N at each frequency ω can
be equivalently formulated as the problem of determining, at each frequency, the
scalar γ which solves the following optimization problem:

1Controller independent model quality measure such as G − G(θ̂N ) can therefore also be
considered.
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min
γ

γ

subject to ‖J(G(ejω , θ), C(ejω , θ̂N))‖ < γ, ∀θ ∈ Uθ̂N .
(6.3)

6.4 Tractable Formulation of the Worst-Case Performance
Problem

Computing the worst-case performance at one frequency ω is thus equivalent to
determining the smallest γ such that the constraint in (6.3) holds. The constraint
in (6.3) is not tractable. However, in this section we will show that (6.3) can be
reformulated as an LMI optimization problem. For this purpose, we will show that
J(G(θ), C) can be expressed as an LFT, c.f. Section 2.10. This will allow us to use
the separation of graphs theorem, see Theorem 2.1. Consider a transfer matrix J of
dimension ny,J × nu,J that can be expressed, for some given stable transfer matrix
M , as an LFT with respect to the uncertainty Δ:

J(q,Δ) = F(M(q),Δ). (6.4)

The uncertainty Δ belongs to a given set Δ. In this chapter, Δ represents para-
metric uncertainty in θ. In order to be able to use the result of Proposition 6.1 to
verify a constraint similar to that of problem (6.3) for this uncertain transfer matrix
J , it is required to associate a so-called set of multipliers to the parametric uncer-
tainty set Δ. The set A of multipliers used here is a set of affinely parameterized
Hermitian matrices A which satisfy the following condition:

A ∈ A ⇒
[
I
Δ

]∗ [
A11 A12
A∗12 A22

]
︸ ︷︷ ︸

=A

[
I
Δ

]
≥ 0, ∀Δ ∈Δ. (6.5)

The setA constitutes an affine parametrization of the quadratic constraints satisfied
by the graph of all uncertainties Δ.

Proposition 6.1. Consider a performance level γ and a transfer matrix J as
defined in (6.4) for a stable M and a parametric uncertainty Δ ∈Δ. Assume that
Δ contains 0. Suppose furthermore that we have associated a set of multipliers to
Δ. Then, at a given frequency ω, a sufficient condition for

‖J(ejω ,Δ)‖ < γ, ∀Δ ∈Δ, (6.6)

is the existence of a matrix A in the set A such that

[
M(ejω)
I

]∗ ⎡⎢⎢⎣
A11 0 A12 0
0 I 0 0
A∗12 0 A22 0
0 0 0 −γ2I

⎤
⎥⎥⎦
[
M(ejω)
I

]
< 0. (6.7)



6.4. Tractable Formulation of the Worst-Case Performance Problem 107

Proof. By the small gain theorem, expression (6.6) is equivalent to the fact that
det

[
I −M(ejω)diag(Δ,Δext)

] �= 0, ∀Δ ∈ Δ, and for all complex matrices Δext
of dimension nu,J × ny,J such that ‖Δext‖ < 1

γ , see, e.g., Zhou et al. (1996), and
Skogestad and Postlethwaite (2005) (c.f. Section 2.10). The sufficient condition
presented in the statement of the proposition is then a consequence of Theorem 2.1.

Remark 6.2. It is important to stress that, in order to verify (6.6) at different
frequencies ω, the condition (6.7) can be verified with different matrices A ∈ A.

The broader the parametrization of the matrices A in the set of multipliers,
the smaller the conservatism related to the non-necessary formulation of the con-
dition (6.7). Proposition 6.1 formulates the constraint (6.6) as a convex feasi-
bility problem. In order to use this proposition to formulate also the constraint
in (6.3) as a convex feasibility problem it is required to rewrite the functional
J(G(ejω , θ), C(ejω , θ̂N)) as an LFT in which θ represents the uncertainty. Then,
we will determine the set A of multipliers that corresponds to this particular un-
certainty.

LFT representation of J(G(θ), C(θ̂N ))

As mentioned above, the functional J must be formulated as an LFT. In this chapter
the uncertainty part Δ of the LFT will be parameterized in terms of the vector θ.
A first step towards this end is to note that G(q, θ) is a matrix of transfer operators
for which each entry is a rational function of θ. Consequently, each entry of G(q, θ)
is an LFT in θ. It is then a direct consequence of the properties of LFT functions
that G(θ) is an LFT in

m(θ) := Iñ ⊗ θ, (6.8)

where the value of ñ depends on the particular parametrization (see the following
example), but is always smaller than or equal to nuny (the number of entries of the
matrix G(q, θ)).

Example 6.1. A MIMO ARX model with 2 inputs/2 outputs is given by

G(q, θ) =
1

1 + ZT1 θ

[
ZT2 θ Z

T
3 θ

ZT4 θ Z
T
5 θ

]
, H(q, θ) =

1
1 + ZT1 θ

I2, (6.9)
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where Zi := q−1ei and ei denotes the i:th unit vector. The LFT description of
G(q, θ) is F(X,m(θ)) with

X =
[
X11 X12
X21 X22

]
, (6.10)

X11 =
[−ZT1 0

0 −ZT1

]
, (6.11)

X12 = I2, (6.12)

X21 =
[
ZT2 ZT3
ZT4 ZT5

]
, (6.13)

X22 = 02,2, (6.14)

m(θ) =
[
θ 0
0 θ

]
. (6.15)

Consequently, for this model structure ñ = 2.

Since G(θ) is an LFT in m(θ), it is also an LFT in m(δθ), where

δθ := θ − θ̂N , (6.16)

that is, G(θ) = F(MG,m(δθ)) for some known MG. Note that we consider δθ in-
stead of θ, in order to fulfill the requirement of Proposition 6.1 that the uncertainty
set contains 0. Indeed, δθ is constrained to lie in Ũ , where

Ũ := {δθ | (δθ)TNP̂−1δθ ≤ χ}. (6.17)

Now we have shown that G(θ) is an LFT in m(δθ). Recall that J(G(θ), C) has
been chosen as an LFT in G(θ) i.e., J(G(θ), C) = F(MJ , G(θ)) for some known
MJ . Combining these two facts, we conclude that the transfer matrix J(G(θ), C)
is also a LFT in m(δθ). Indeed,

J(G(q, θ), C(q, θ̂N )) = F(M(q),m(δθ)), (6.18)

where M = MG 
 MJ , where 
 is the Redheffer star product, see, e.g., Zhou et al.
(1996). Note that, as required by Proposition 6.1, M is stable since the loop
[C(θ̂N ) G(θ̂N )] is stable.
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Set A of multipliers

Given the LFT representation (6.18), we need to determine the set A of multipliers
corresponding to the uncertainty m(δθ) present in the LFT (6.18). This will allow
us to use Proposition 6.1 to obtain a sufficient condition for the constraint in (6.3)
to hold. The matrices A ∈ A must therefore satisfy (6.5) for the parametric uncer-
tainty m(δθ) with δθ ∈ Ũ , where Ũ is defined in (6.17). This set of multipliers is
given in the following proposition. Before giving this proposition, it is important to
recall that the more general the parametrization of the matrices A ∈ A is, the less
conservative the sufficient condition presented in Proposition 6.1 is for the verifica-
tion of (6.6). Consequently, in Proposition 6.2 we present the most general affine
parametrization we could find for the set of multipliers corresponding to the LFT
(6.18).

Proposition 6.2. Consider the uncertainty m(δθ) with δθ ∈ Ũ defined in (6.17).
Define the parameterized set A of matrices A as

A =
{
A | A =

[
A11 A12
A∗12 A22

]}
. (6.19)

In this set the matrices A11, A12 and A22 are affinely parameterized as follows:

A11 = A0, (6.20)

A12 =

⎡
⎢⎢⎢⎣
jpT11 jpT12 . . . jpT1ñ
jpT12 jpT22 . . . jpT2ñ

...
...

. . .
...

jpT1ñ . . . . . . jpTññ

⎤
⎥⎥⎥⎦ +

⎡
⎢⎢⎢⎣

0 p̃T12 . . . p̃T1ñ
−p̃T12 0 . . . p̃T2ñ

...
. . . . . .

...
−p̃T1ñ . . . . . . 0

⎤
⎥⎥⎥⎦ , (6.21)

A22 = −
(
A0 ⊗ 1

χ
NP̂−1 − jÃ+ B̃

)
. (6.22)

The elements of this parametrization (that is, A0, Ã, B̃, plm and p̃lm, l = 1, 2, . . . , ñ;
m = 1, 2, . . . , ñ) can take any values provided that

(i) A0 is a positive semidefinite complex Hermitian matrix of dimension ñ× ñ.

(ii) Ã ∈ Rnñ×nñ belongs to the set

Ã =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

⎡
⎢⎢⎢⎣
L11 L12 . . . L1ñ
L12 L22 . . . L2ñ

...
. . .

...
L1ñ L2ñ . . . Lññ

⎤
⎥⎥⎥⎦
∣∣∣∣∣ Lij = −LTij ∈ Rn×n

⎫⎪⎪⎪⎬
⎪⎪⎪⎭ . (6.23)
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(iii) B̃ ∈ Rnñ×nñ belongs to the set

B̃ =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎢⎣

0 K12 . . . K1ñ

−K12 0
...

...
. . . K(ñ−1)ñ

−K1ñ . . . −K(ñ−1)ñ 0

⎤
⎥⎥⎥⎥⎦
∣∣∣∣∣ Kij = −KTij ∈ Rn×n

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭
.

(6.24)

(iv) plm, p̃lm ∈ Rn, l = 1, 2, . . . , ñ and m = 1, 2, . . . , ñ.

Then for any A ∈ A we have[
I
m(δθ)

]∗
A

[
I
m(δθ)

]
≥ 0, ∀δθ ∈ Ũ . (6.25)

Proof. First, notice that, for all A12, Ã and B̃ as defined in the statement of the
proposition, we have

A12m(δθ) + (m(δθ))TA∗12 = 0, (6.26)
(m(δθ))T jÃm(δθ) = 0, (6.27)
(m(δθ))T B̃m(δθ) = 0. (6.28)

Therefore, for every matrix A ∈ A, we can write[
I
m(δθ)

]∗
A

[
I
m(δθ)

]
=

(
1− δθT

(
1
χ
NP̂−1

)
δθ

)
A0, (6.29)

and we observe that this matrix is indeed positive semidefinite when δθ ∈ Ũ since
A0 ≥ 0.

Remark 6.3. The determination of the set of multipliers corresponding to the
uncertainty involved in the LFT (6.18) is the main technical contribution of this
chapter. Indeed, to our knowledge, such uncertainty structure has never been con-
sidered in the robustness analysis literature. An interesting feature of this set of
multipliers is the skew-symmetric multipliers Ã and B̃ in the diagonal block A22.
Indeed, skew-symmetric terms (such as A12) are generally only present in the off-
diagonal blocks.

Remark 6.4. The matrices A ∈ A are explicit functions of the inverse P̂−1 of the
estimated covariance matrix. This is not an issue here since P̂ is known. However,
this observation will be important when we consider input design in Section 6.5.
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Sufficient convex formulation of constraint in (6.3)

Gathering the LFT representation (6.18), the set of multipliers defined in Proposi-
tion 6.2 and the result of Proposition 6.1, we can now formulate the constraint in
(6.3) as a convex feasibility problem involving LMI constraints.

Theorem 6.1. Consider the constraint in (6.3) at a particular frequency ω and
suppose that γ is given. Then, the constraint in (6.3) holds if there exists a matrix
A parameterized as in Proposition 6.2 such that the following LMI holds:

[
M(ejω)
I

]∗ ⎡⎢⎢⎣
A11 0 A12 0
0 I 0 0
A∗12 0 A22 0
0 0 0 −γ2I

⎤
⎥⎥⎦
[
M(ejω)
I

]
< 0, (6.30)

where M is defined in (6.18).

Proof. This theorem is a direct consequence of Proposition 6.1. Indeed, the func-
tional J is represented by the LFT (6.18) and the matrix A as defined in Propo-
sition 6.2 represents the set of multipliers for the uncertainty involved in (6.18).
Note that (6.30) is indeed an LMI since the matrix A is linearly parameterized in
the elements A0, Ã, B̃, plm and p̃lm, l = 1, 2, . . . , ñ; m = 1, 2, . . . , ñ.

Computing an upper bound for the worst-case performance

Observe that (6.30) is not only affine in the matrices A11, A12, A22, but also in the
variable γ2. Based on this observation, we are now ready to derive an algorithm to
compute a frequency wise upper bound for the worst-case performance achieved by
the designed controller C(θ̂N ) over the plants in Dθ̂N .

Theorem 6.2. Consider, at a particular frequency ω, the worst-case performance
σWC(C(ejω , θ̂N ), Dθ̂N ) achieved by a controller C(θ̂N ) over the plants in a uncer-
tainty region Dθ̂N . An upper bound for σWC(C(ejω , θ̂N ), Dθ̂N ) can be obtained by
solving the LMI optimization problem consisting of determining the smallest value
γ2

opt of γ2 for which there exists a matrix A in the set A defined in (6.19) such
that (6.30) holds. The upper bound on σWC(C(ejω , θ̂N ), Dθ̂N ) is then given by√
γ2

opt.

Proof. The worst-case performance at the frequency ω can be computed by find-
ing the optimal solution to problem (6.3). Consequently, this theorem is a direct
consequence of Theorem 6.1.

Since Theorem 6.2 only delivers an upper bound for σWC(C(ejω , θ̂N ), Dθ̂N ), it
may be important to check how conservative this upper bound is. Due to the
very general parametrization of the set of multipliers, this conservatism should be
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limited (see Scorletti et al. (2007)). However, in order to have a good idea of the
conservatism, we will, besides the upper bound, also compute a lower bound for
σWC(C(ejω , θ̂N ), Dθ̂N ). This can be done, e.g., by gridding the uncertainty region
Uθ̂N and take, at each ω, the maximal value of ‖J(G(ejω , θ), C(ejω , θ̂N ))‖ for the θ
in this grid.

6.5 Input Design

Let us sum up what we have done until now. We consider the situation where
a model G(θ̂N ) of the true system Go has been deduced by an identification ex-
periment (in open loop or closed loop). Based on this model, we have designed a
controller C(θ̂N ) for the true system. In order to verify whether this controller is
satisfactory for the true system, we need to verify whether it achieves satisfactory
performance with all plants in the constructed uncertainty region Dθ̂N . In order
to do that, we showed in Theorem 6.2 how to compute an upper bound for the
worst-case performance achieved by the controller over the plants in Dθ̂N . The
validation of the controller can therefore be achieved by checking that this bound
is below some threshold representing the required performance at each frequency.

Least costly formulation of the input design problem

It can happen that the uncertainty region Dθ̂N is too large, and therefore that
the worst-case performance cost is too large for the controller to be applied to the
true system. A new identification has therefore to be performed in order to obtain
a more accurate model. Assuming that the number N of data in the second ex-
periment is the same as in the initial experiment, the only method to reduce the
size of the uncertainty region is to modify the power spectrum Φr of the excita-
tion signal r. Indeed, the inverse asymptotic covariance matrix P−1 is an affine
function in Φr, c.f. Lemma 3.1. Thus Φr can be determined optimally using the
framework for optimal input design presented in Chapter 3. Our objective is to
determine the matrices ck, k = 0, . . . ,m − 1, in a finite spectrum parametrization
such that the corresponding spectrum Φr is the least disturbing spectrum, i.e., the
one with smallest Tr

[∫ π
−π Φur (ω) + Φyr(ω)dω

]
. We will use the following model

quality constraint:

‖J(G(ejω , θ), C(ejω , θ̂N ))‖ < γmax(ω), ∀ω, ∀θ ∈ U. (6.31)

In (6.31), γmax(ω) is a given threshold representing the minimal admissible perfor-
mance. Furthermore, θ̂N and C(θ̂N ) are the ones corresponding to the experiment
we want to design and are thus unknown at the very moment we design the experi-
ment. They are therefore replaced by initial estimates, c.f. Section 2.9. Reasonable
initial estimates are those obtained in the initial experiment. The parameter vector



6.5. Input Design 113

θ̂N identified in the first experiment is generally also used to approximate θo in the
expression for P−1.

The constraint (6.31) is an infinite-dimensional constraint since it must hold
at each frequency. This constraint can nevertheless be made finite-dimensional
by using the techniques discussed in Section 3.8. In this chapter we consider a
finite frequency grid Ω instead of the whole frequency range. The corresponding
optimization problem is thus made up of one constraint per frequency in the finite
grid Ω. Given the result of Theorem 6.1, this problem can be reformulated as:
determine the matrices ck, k = 0, . . . ,m − 1, corresponding to the least costly
spectrum for which we can still find A(ω) ∈ A, ∀ω ∈ Ω, such that the following
constraint holds:

[
M(ejω)
I

]∗ ⎡⎢⎢⎢⎣
A11(ω) 0

0 I

A12(ω) 0
0 0

A∗12(ω) 0
0 0

A22(ω) 0
0 −γ2

max(ω)I

⎤
⎥⎥⎥⎦
[
M(ejω)
I

]
< 0. (6.32)

Here, we use the notation A11(ω), and so on, to stress that A(ω) can be different
at each frequency (see Remark 6.2). Note also that, in the parametrization of the
set of multipliers A, the matrix P̂ is replaced by P . For the case the goal of the
input design is to reduce the duration of the experiment, we can by a line search
find the smallest N for which (6.32) holds ∀ω ∈ Ω, for a given Φr.

D-K iterations

The constraint (6.32) at each ω ∈ Ω is dependent on the decision variables ck, k =
0, . . . ,m−1, via the parametrization of A(ω) introduced in Proposition 6.2. Indeed,
A22(ω), as parameterized in (6.22), is a function of P−1 and thus of the matrices
ck, k = 0, . . . ,m−1,. Even though P−1 is affine in the matrices ck, k = 0, . . . ,m−1,
which define Φr, the constraint (6.32) is not an LMI due to the product of P−1

and the multiplier A0(ω) which is also a decision variable. The only solution is
then to modify the set A of multipliers by fixing A0(ω) to a constant matrix, for
instance the identity matrix. For a fixed A0(ω), (6.32) is an LMI in the matrices
ck, k = 0, . . . ,m−1, and these matrices can therefore be easily determined. Fixing
A0(ω) nevertheless increases the conservatism since the set of multipliers is then less
general and it is furthermore very unlikely that the chosen A0(ω) is the optimal for
the considered optimization problem. In order to improve the choice of A0(ω), we
propose the following iterative procedure inspired by the so-called D-K iterations
(Zhou et al., 1996). In a first step, we determine the matrices ck, k = 0, . . . ,m− 1,
with a fixed A0(ω) as already described. This delivers the matrices ck,int. In a
second step, we then parameterize the matrices ck, k = 0, . . . ,m − 1, as ck =
λck,int with λ a to-be-optimized scalar and we then (by a line search) determine
the smallest λ for which we can find, at each frequency ω ∈ Ω, a matrix A(ω) ∈ A
for which (6.32) holds, but this time with a free A0(ω). Note that (6.32) is indeed
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an LMI in A0 for a fixed λ, i.e., for fixed ck, k = 0, . . . ,m−1. Denote the value for
A0(ω) found with this optimal λ by A0,int(ω), ∀ω ∈ Ω. Next we repeat the first step
with A0(ω) now fixed to A0,int(ω), and so on. Note that multiplying the matrices
ck,int by a scalar λ corresponds to multiplying the corresponding spectrum by λ,
i.e., λΦr,int. The convergence of this proposed algorithm is local, but not necessarily
global.

6.6 Numerical Illustration

Consider the model in Example 6.1 with θ ∈ R5. Assume that the true system is
given by θ replaced by

θo = [−0.7558, 0.4577,−0.2180, 0.2180,−0.4577]T, (6.33)

and that the noise covariance is Λo = 0.2I2. First a closed loop identification
experiment with N = 1000 data is performed. The controller in the loop is Fy =
Cstart, where

Cstart(q) :=

⎡
⎣ ZT ηs,1
ZT ηs,3

ZT ηs,2
ZT ηs,3

−ZT ηs,2
ZT ηs,3

−ZT ηs,1
ZT ηs,3

⎤
⎦ . (6.34)

Here Z =
[
1 q−1 q−2 . . . q−6]T and ηs,1, ηs,2, ηs,3 are given in Appendix 6.A.

Furthermore, since the controller Cstart is of sufficient order, it is so that the closed
loop identification can be performed consistently using the excitation of the noise e
exclusively (that is, with r = 0) according to the result in Sanfelice-Bazanella et al.
(2007). Therefore, we decide to collect N = 1000 data in this particular situation.
The following parameter estimate is obtained:

θ̂
(1)
N = [−0.7344, 0.4039,−0.1706, 0.2378,−0.4740]T . (6.35)

Now the proposed controller validation procedure will be applied. The closed loop
expression (6.1) is given by

J(G(θ), C1) =WS(I +G(θ)C1)−1, (6.36)

whereWS is a scalar weight transfer operator whose inverse is plotted in Figure 6.2
and C1 = C1(θ̂(1)

N ) is a model based controller constructed using a 4-block H∞
design method where one of the objectives is to satisfy that the H∞-norm of the
right hand side of (6.36) is less than one. We have used

C1(q) = 1
ZT η1,5

[
ZT η1,1 Z

T η1,2
ZT η1,3 Z

T η1,4

]
, (6.37)

where η1,1, η1,2, . . . , η1,5 are given in Appendix 6.A. The scalar χ associated with the
confidence region U is chosen such that it corresponds to a probability of 95%. The
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largest acceptable worst-case performance is specified as γmax(ω) = 1.05, ∀ω, and
we will now use Theorem 6.2 to validate whether this requirement is fulfilled with
the controller C1 or not. The computed upper bound of the worst-case performance
is plotted in Figure 6.1 for a frequency grid of 100 points. It is clearly larger than
our specified γmax(ω). The controller C1 is therefore invalidated.

In order to get an idea of the conservatism of this upper bound, a lower bound
is calculated using gridding and plotted in Figure 6.1. It is clear that the lower
bound is close to the upper bound. Thus in this case the conservatism is small.

Since the controller C1 is deemed invalidated we now design the spectrum of
the excitation signal, Φr. The new designed identification experiment will deliver
a model G(θ̂(2)

N ) and a model based controller C2 = C2(θ̂(2)
N ) which guarantees the

worst-case performance γmax(ω). We still consider closed loop identification with
Fy = Cstart in the loop. This controller Cstart is also used as initial estimate of
C2(θ̂(2)

N ) in (6.31). The design is based on knowledge about θo. Furthermore, we
have chosen m = 10 in the spectrum parametrization (3.34). The choice of A0(ω)
is improved through 2 D-K like iterations, which decreases the cost function by
32%. The spectrum Φr designed after these 2 iterations is shown in Figure 6.2.
A new parameter estimate identified with 1000 data generated with the designed
excitation signal2 r is given by

θ̂
(2)
N = [−0.7570, 0.4527,−0.2087, 0.2133,−0.4711]T , (6.38)

and a controller C2 = C2(θ̂(2)
N ) is designed (with the same H∞ method as in the

first experiment) as

C2(q) := 1
ZTη2,5

[
ZT η2,1 Z

T η2,2
ZT η2,3 Z

T η2,4

]
, (6.39)

where η2,1, η2,2, . . . , η2,5 are given in Appendix 6.A. In Figure 6.1 the resulting
upper bound for the worst-case performance achieved by C2 over the plants in the
uncertainty region identified along with θ̂(2)

N is plotted. For each ω, it is clearly
equal to or below γmax(ω) and therefore C2 is validated. Also here, a lower bound
for the worst-case performance is calculated using gridding, and this lower bound
almost coincides with the upper bound.

6.7 Conclusions

This chapter presents a new controller validation method for multivariable models
obtained with PEM. The confidence regions of such models are nonstandard in
robust control theory. The main contribution is a parametrization of a certain
set of multipliers which allows a robust control theory framework to be used for
the considered confidence regions. Therefore, the work presented in this chapter

2One particular realization of a signal corresponding to the designed Φr , c.f. Section 3.9.
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Figure 6.1: Thick solid line: γmax versus frequency. Thin solid line: upper bound
for the worst-case performance γ using the controller C1. Dotted line: lower bound
for γ using the controller C1. Dashed line (partly coinciding with the thick solid
line): upper bound for the worst-case performance using C2.

is part of the ongoing effort to connect PEM and robust control. Only variance
errors are considered (that is, not bias errors) and it is assumed that the data
length is large. It is shown that the problem of computing an upper bound for the
worst-case performance (measured in terms of the H∞-norm of a weighted closed
loop transfer matrix) achieved over all plants in the identified confidence region can
be formulated as an LMI optimization problem. The method proposed can also
be extended to input design. More specifically, the method enables us to design
the spectrum or the duration of an external excitation signal such that a specified
worst-case performance is guaranteed. The design is suboptimal, but it can be
improved by iterative procedures.
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Figure 6.2: Solid lines: singular values of Φr versus frequency. Dashed line: 1/WS.

6.A Controller Parameters

ηs,1 = [1.263, 2.585,−0.6939,−4.057,−1.304, 1.472, 0.7345]T,
ηs,2 = [−0.6145,−1.213, 0.3533, 1.908, 0.611,−0.6947,−0.3502]T,
ηs,3 = [1, 1.222,−1.559,−2.467, 0.1467, 1.244, 0.4147]T,
η1,1 = [1.406, 2.89,−0.7027,−4.442,−1.49, 1.554, 0.7872]T,
η1,2 = [−0.5181,−1.025, 0.2733, 1.578, 0.528,−0.5534,−0.2837]T,
η1,3 = [−0.5181,−1.025, 0.2733, 1.578, 0.528,−0.5534,−0.2837]T,
η1,4 = [−1.195,−2.468, 0.592, 3.793, 1.273,−1.326,−0.6708]T,
η1,5 = [1, 1.215,−1.562,−2.455, 0.1525, 1.238, 0.4115]T,
η2,1 = [1.238, 2.553,−0.6392,−3.97,−1.314, 1.418, 0.7155]T,
η2,2 = [−0.6064,−1.206, 0.3302, 1.879, 0.6189,−0.6729,−0.3431]T,
η2,3 = [0.5927, 1.178,−0.3232,−1.835,−0.6044, 0.6572, 0.3352]T,
η2,4 = [−1.241,−2.558, 0.6407, 3.979, 1.316,−1.421,−0.7171]T,
η2,5 = [1, 1.227,−1.557,−2.478, 0.1419, 1.249, 0.4174]T.
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Chapter 7

Gain Estimation for Stability
Validation

A critical issue when studying closed loop stability is to obtain an accurate estimate
of the loop gain of the unmodelled dynamics, see, e.g., Khalil (2002). The objective
of this chapter is to discuss methods for estimating the L2-gain of SISO systems.
We will consider both linear and nonlinear systems. Recall from Section 2.6 that
the L2-gain for a system with input u and output y is denoted by

β := sup
u�=0,‖u‖2<∞

‖y‖2
‖u‖2 , (7.1)

where we have used the notation

‖x‖2 :=

√√√√ ∞∑
t=0
x2(t). (7.2)

In what follows, when we speak of the gain we refer to the L2-gain. For LTI systems,
β is also called the induced L2-norm or the H∞-norm in the literature. The gain
estimation problem corresponds to the input design problem of finding the input
signal so that ‖y‖2/‖u‖2 is close to β. The optimal input depends on the unknown
system itself. One approach to cope with this fact is to design the input signal
based on a model of the system. Another approach is to estimate the gain based on
input/output data. The advantage with the latter approach is that no model of the
unknown system is needed. In this chapter we discuss both of these approaches.
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7.1 Introduction

Consider the SISO nonlinear discrete-time dynamical system

x(t+ 1) = hx (x(t), u(t)) ,
x(0) = x0,

y(t) = hy(x(t), u(t)),
t = 0, 1, 2, . . . ,

(7.3)

where x is the state vector. The problem of calculating the gain of the system (7.3)
can be formally posed as the optimization problem

sup
u�=0,‖u‖2<∞

‖y‖2
‖u‖2

subject to x(t+ 1) = hx (x(t), u(t))
x(0) = x0
y(t) = hy(x(t), u(t)), t = 0, 1, 2, . . . ,

(7.4)

which is in general rather hard to solve. In order to find approximate solutions
to this problem certain relaxations can be introduced. Furthermore, suboptimal
solutions can be found by restricting the optimization to a certain class or structure
of input signals, i.e., a subset of the set {u : ‖u‖2 <∞}. One such class is that of
sinusoids of finite length. The objective function in problem (7.4) can be relaxed
to give the problem

min
u

−‖y‖2 + ρ‖u‖2
subject to

x(t + 1) = hx (x(t), u(t))
x(0) = x0
y(t) = hy(x(t), u(t)), t = 0, 1, 2, . . . ,

(7.5)

where the parameter ρ is tuned to satisfy an input constraint given by

‖u‖2 ≤ α, (7.6)

for some given α. The non-standard minus sign in front of ‖y‖2 in the objective
criterion is due to the fact that we want to maximize ‖y‖2. This is an optimal
control problem which can be solved using standard methods, see, e.g., Bryson and
Ho (1975). For LTI systems, solving problem (7.4) is equivalent to solving (7.5)
(Mehra, 1974b). However, there seems to be no results that quantify the duality
gap resulting from this relaxation for linear time-variant and nonlinear systems.

For an LTI system G, the solution to problem (7.5) is a static state feedback
control u = Kx, and the poles of the closed loop system are close to the unit circle
corresponding to the maximizing frequency arg supω ‖G‖∞. In the limit α→∞ the
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solution is a sinusoid, which means that the only design parameter is the frequency
of this sinusoidal signal. It is of course very well known that for LTI systems the
limiting input u in (7.1) is a sinusoid corresponding to arg supω ‖G‖∞, and the
problem therefore simplifies to find this frequency, see, e.g., Kailath (1980). There
are also efficient numerical methods to directly compute β from a state space model
of a LTI systems, see, e.g., Bruisma and Steinbuch (1990). A method for computing
the gain of finite time horizon LTI systems with boundary conditions is described
in Fujioka (2007).

For linear time-varying periodic continuous-time systems so-called fast sampling
techniques (Keller and Anderson, 1992; Yamamoto et al., 1999; Obinata and An-
derson, 2001; Cantoni and Sandberg, 2008) can be used to find lower bounds for
the gain. Briefly, the system is represented by an equivalent discrete-time system
and the input corresponding to the gain is calculated by a singular value decom-
position. A numerical gradient based approach for numerical gain estimation for
linear time-varying systems is presented in Imae and Wanyoike (1994). For static
nonlinear systems the gain can be calculated by confining the system to a cone
shaped region according to the following procedure:

Consider the static nonlinear system f(u) and assume that f(0) = 0. The gain
of this system is given by the optimal βf of the following optimization problem:

min
βf

βf

subject to f(u)
u ≤ βf , u �= 0.

(7.7)

For dynamical nonlinear systems, however, it is not at all clear what input corre-
sponds to the gain β. A numerical gradient based method for gain estimation of
nonlinear systems is presented in Imae (1996). The research on methods to calcu-
late the L2-gain for a given system model is vast, and our list of references is by no
means complete.

In many practical situations the true system is unknown, but experimental
input/output data can be used in order to obtain information about the system
dynamics. A trivial lower bound for β can be found by calculating ‖y‖2/‖u‖2 using
any pair of input/output signals. The paper van Heusden et al. (2007) presents a
method to estimate the H∞-norm of LTI systems with noisy output measurements
from a given set of input/output data. However, it is not obvious what input
should be used in order to obtain a lower bound which is close to β. Thus the gain
estimation problem corresponds to an input design problem: how should the input
signal be chosen so that the lower bound is close to β? It is harder to find upper
bounds of β from experiments, which of course is an even more relevant problem.

The objective of this chapter is to present and discuss some data-driven methods
for finding accurate estimates of β. One way of handling the fact that the system is
unknown is by first identifying a model of the system, using for example PEM. Then,
the gain of the model can be used as an approximation of the gain of the true system.
In fact, assuming the correct model structure, maximum likelihood estimation of
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the system parameters followed by computation of the gain of the corresponding
estimated model gives asymptotically (in the sample size) optimal accuracy of the
L2-gain for the given data set, see, e.g., Hjalmarsson (2005). Furthermore, when
the input signal can be chosen, optimal input design methods can be used to design
an input signal which provides optimal accuracy for given (input) signal constraints.
Conceptually, for a given model estimate θ̂N,n, the following problem can be posed

min
u

Var
{
β̂
}

subject to

β̂ = sup
u�=0,‖u‖2≤α

‖y(θ̂N,n)‖2
‖u‖2 .

(7.8)

For LTI systems, the solution to this problem is a sinusoidal signal with frequency
corresponding to the peak gain frequency of the frequency function. However, to
our knowledge, no results have been reported for this type of problem for nonlinear
systems.

Another approach to handle the unknown system is to let the system itself
generate inputs suitable for gain estimation by measuring the output in repeated
experiments. Hence, no model of the system is required. One way to decrease
the problem complexity and to simplify the search for suitable inputs is to restrict
the input signal to have a certain structure. The method of describing functions
(see, e.g., Khalil (2002)) motivates the search for input signals within the class of
sinusoids with amplitude C, frequency ω and phase φ. Hence the input structure
is given by

u(t) =C sin(ωt+ φ), 0 ≤ t ≤ tf ,
u(t) =0, t > tf .

(7.9)

For example, the gain estimate of linear time-periodic systems is improved if also
the phase of the input is taken into consideration (Wereley and Hall, 1990). The
time horizon tf is introduced only to assure that ‖u‖2 <∞. One way of determining
the optimal ω, C and φ is to calculate the gradient of the gain estimate. Another
approach is to grid the frequency axis and the allowed amplitude and phase range
and then to search for the optimal input in this range.

We will also study an approach where the optimization is with respect to the
whole input sequence. A basic version of the so-called power iterations method
(PIM) for gain estimation was first suggested in Hjalmarsson (2005). In Mas-
soumina and Kosut (1994) it is shown that for LTI noise free systems, the gain
estimate based on finite data lengths can be made arbitrarily close to the true
gain by using long enough experiments. This idea was further developed for sys-
tem identification purposes in Hjalmarsson and Lindqvist (2001). In Hjalmarsson
(2005) it was also illustrated by means of a simulation example that this method can
be useful also for certain nonlinear systems. In Barenthin, Mosskull, Hjalmarsson
and Wahlberg (2005) the method was applied to an industrial induction machine
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drive for rail vehicle propulsion, which has nonlinear dynamics. The results were
more accurate estimates of the gain compared to ad hoc input signals. This chap-
ter presents only partial results about convergence and statistical properties of the
methods.

7.2 Outline

Section 7.3 considers gain estimation based on iterative experiments. Some sta-
tistical properties are analyzed, and we discuss a stochastic gradient method and
PIM. In Section 7.4 we discuss a parametric method for gain estimation. Illustra-
tive numerical simulation examples involving both linear and nonlinear systems are
provided in Section 7.5. Section 7.6 concludes the chapter.

7.3 Gain Estimation Based on Iterative Experiments

In this section we will derive a data-driven method for gain estimation based on
iterative experiments. Consider the stable LTI system (2.1). Assume that u(t) =
0, t ≤ 0. The input to output relation is then given by

yN = GuN , (7.10)

where G is the lower triangular Toeplitz matrix

G :=

⎡
⎢⎢⎢⎢⎢⎣

0 0 0 . . . 0
g1 0 0 . . . 0
g2 g1 0 . . . 0
...

. . . . . . . . .
...

gN−1 . . . g2 g1 0

⎤
⎥⎥⎥⎥⎥⎦ . (7.11)

Define the cost function

V (uN) := (yN )T (yN )
(uN )T (uN )

= (uN )TGTG(uN )
(uN)T (uN )

, (7.12)

which should be maximized with respect to uN to find the gain. From eigenvalue
analysis it is straightforward to verify that

V (uN ) ≤ λmax[GTG], (7.13)

with equality when uN is the corresponding eigenvector, see, e.g., Horn and Johnson
(1990). Notice that the L2-gain equals

β = lim
N→∞

√
λmax[GTG]. (7.14)
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The Toeplitz structure now implies that λmax[GTG] tends to maxω |
∑∞
k=1 gke

−jωk|2
as N → ∞ and we have the previously mentioned result for LTI systems (Mas-
soumina and Kosut, 1994).

For a given model we can, of course, construct the matrix GTG and numer-
ically solve the corresponding eigenvalue problem. However, in order to use an
iterative algorithm for eigenvalue calculation it is enough to be able to find the
vector GTGuN = GT yN . Let the reversed time output sequence

ỹN :=
[
y(N) y(N − 1) . . . y(1)

]T (7.15)

be used as input signal to the system, and denote the corresponding output signal
by

zN :=
[
z(1) z(2) . . . z(N)

]T (7.16)

and its time reversed version by

z̃N :=
[
z(N) z(N − 1) . . . z(1)

]T
. (7.17)

Then, due to the Toeplitz structure,

z̃N = GT yN = GTGuN . (7.18)

Hence, GTGuN can be determined from two experiments without explicitly re-
lying on a model of G. Also notice that if ūN an eigenvector corresponding to
λmax[GTG], we have z̃N = λmax[GTG]ūN .

Remark 7.1. The operator GT is the so-called adjoint operator, see, e.g., Kailath
(1980), and Balonin and Mironovskiy (1997).

Assume now that the measured output is corrupted with additive noise e. For
simplicity assume e to be zero mean white noise with variance λo. The noise
corrupted version of the signal (7.18) then equals

z̃N = GTGuN + GT eN1 + ẽN2 , (7.19)

where eN1 is the noise vector from the first experiment and ẽN2 comes from the
second one (with ẽN2 denoting the reversed time version of eN2 , in line with the
previously introduced notation).

The maximum eigenvalue estimation problem to be studied consists of two parts.
First we need to find the optimal input sequence that corresponds to an eigenvector
associated with λmax[GTG]. The second issue is how to compensate for noisy
measurements. We will, however, do the analysis in the reverse order.
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Statistical Analysis
Assume that we know the corresponding dominating eigenvector ūN and that we
then apply this as input sequence. This gives

z̃N = λmaxūN + GT eN1 + ẽN2 , (7.20)

where we have introduced the short hand notation λmax := λmax[GTG]. The non-
weighed least-squares estimate of λmax for this model is

λ̂max =
(ūN )T (z̃N )
(ūN )T (ūN) . (7.21)

Remark 7.2. The standard least-squares estimate is a weighted least-squares crite-
rion, where the weight matrix is given by

(
GTG + IN

)−1. However, since it is here
assumed that G is unknown, such an estimate does not fit into our analysis.

Hence

λ̂max = λmax + (ūN)T (GT eN1 + ẽN2 )
(ūN )T (ūN )

. (7.22)

The error term

(ūN )T (GT eN1 + ẽN2 )
(ūN )T (ūN )

(7.23)

has zero mean value and variance

E

{(
(ūN )T (GT eN + ẽN )

(ūN)T (ūN )

)2}
= λo(λ

max + 1)
‖ūN‖22

, (7.24)

where we have used the notation

‖ūN‖2 :=
√

(ūN )T (ūN ). (7.25)

Here we have exploited that e is white noise and that ūN is an eigenvector of GTG.
This variance expression very nicely captures how the error depends on ‖ūN‖2,
λmax and λo. Note that ‖ūN‖22 is of order N . Hence, λ̂max is a consistent estimate
of the gain. The more direct estimate

λ̂max,d = (yN )T (yN )
(ūN )T (ūN )

(7.26)

has the dominating noise error term

(eN1 )T (eN1 )
(ūN )T (ūN)

. (7.27)
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The expected value of this term is given by Nλo/‖ūN‖22, which typically does not
tend to zero as N → ∞. Hence, one should be careful when using this estimate
when the output measurements contain noise.

Next, we will analyze a method for the estimation of the eigenvector ūN asso-
ciated with the largest eigenvalue of GTG.

A stochastic gradient method (SGM)
Calculating the maximum of V (uN ) defined by (7.12) with respect to uN using
gradient based numerical optimization methods directly leads to algorithms of the
type

uNk+1 =uNk + γk
2
dV (uN)
duN

|uN=uN
k

=uNk + γk

⎛
⎜⎝

(
dyNk
duN
k

)T
(yNk )

(uNk )T (uNk )
− (yNk )T (yNk )(uNk )(

(uNk )T (uNk )
)2

⎞
⎟⎠ , (7.28)

where γk > 0 is a scalar corresponding to the step length of the algorithm. As
explained in Markusson (2002), this approach is closely related to iterative learning
control, see, e.g., Moore (1999) and Norrlöf (2000). Define

λ̂max,d
k := (yNk )T (yNk )

(uNk )T (uNk )
. (7.29)

Consider the finite-time LTI system for which yN = GuN and hence

dyN

duN
= G. (7.30)

This means that for LTI systems we have that the term
(
dyNk /du

N
k

)T
yNk in (7.28)

equals GT yNk . This term can thus be determined experimentally by performing a
second experiment on the system with the input ỹNk . This leads to the update

uNk+1 = uNk + γk
(uNk )T (uNk )

(
z̃k − λ̂max, d

k uNk

)
. (7.31)

Remark 7.3. For nonlinear systems, the term
(
dyNk /du

N
k

)T
yNk does not equal

GT yNk .

Recall from the previous section that λ̂max, d is sensitive to measurement noise.
Therefore λ̂max,d should be replaced by λ̂max defined by (7.21). To get some insights
in the convergence properties of this algorithm, consider noise free measurements
and let the following properties be fixed, i.e., independent of k:

γ̄ =
γk

(uNk )T (uNk )
, (7.32)

λ̂max, d = λ̂max,d
k . (7.33)
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Then

uNk+1 = uNk + γ̄(z̃k − λ̂max,duNk )

= (IN + γ̄(GTG− λ̂max,dIN ))uNk . (7.34)

The eigenvalues of IN + γ̄(GTG− λ̂max,dIN ) equal

1 + γ̄(λi − λ̂max,d), i = 1 . . .N, (7.35)

where λ1 ≥ λ2 . . . ≥ λN ≥ 0 denote the eigenvalues of GTG and λ1 := λmax. From
the proof of the power method given in Golub and van Loan (1983), we have

uNk+1 = CuūN + O

(
maxi�=1 |1 + γ̄(λi − λ̂max,d)|k
|1 + γ̄(λmax − λ̂max,d)|k

)
, (7.36)

where Cu is a constant. Hence we need

max
i�=1
|1 + γ̄(λi − λ̂max,d)| < |1 + γ̄(λmax − λ̂max,d)| (7.37)

for the error to converge to zero. The rate of convergence depends on γ̄. The choice
γ̄ = 1/λ̂max,d will correspond to the power method. For this case we have

maxi�=1 |1 + γ̄(λi − λ̂max,d)|
|1 + γ̄(λmax − λ̂max,d)| =

|λ2|
|λmax| , (7.38)

and hence the ratio between the second largest and the largest eigenvalue deter-
mines the rate of convergence. This choice of step length is, however, not optimal
from a stochastic perspective. For standard stochastic gradient algorithms, the
normalized step length γk/

(
(uNk )T (uNk )

)
should tend to zero as k →∞ for conver-

gence. Another extra difficulty in our case is the normalization of uNk+1 described
below.

Since it can happen that λmax − λ̂max,d ≥ 0 (we are using a lower bound of
the largest eigenvalue), the recursion (7.34) is typically unstable. We are, however,
only interested in the eigenvector direction. The practical way to solve this stability
problem is to use normalization

vNk+1 =uNk + γk
(uNk )T (uNk )

(
z̃k − λ̂max,d

k uNk

)
, (7.39)

uNk+1 =α
vNk+1
‖vNk+1‖2

, (7.40)

and use the normalized input sequence uNk+1 as input in the next experiment.
To conclude, the stochastic gradient method (SGM) to be evaluated is:
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(1) Let k = 1 and select a non-zero input sequence

uN1 =
[
u1(1) u1(2) . . . u1(N)

]T
, (7.41)

such that ‖uN1 ‖2 = α.

(2) Perform an experiment where the input sequence uNk is applied to the system
and the output sequence

yNk =
[
yk(1) yk(2) . . . yk(N)

]T (7.42)

is measured.

(3) Perform a second experiment where the input sequence

ỹNk =
[
yk(N) yk(N − 1) . . . yk(1)

]T (7.43)

is applied to the system and the output sequence

zNk =
[
zk(1) zk(2) . . . zk(N)

]T (7.44)

is measured. Calculate

z̃Nk =
[
zk(N) zk(N − 1) . . . zk(1)

]T
. (7.45)

(4) Calculate λ̂max
k = (uNk )T (z̃Nk )

α2 to obtain the gain estimate β̂k =
√
λ̂max
k .

(5) Update the input signal as

vNk+1 = uNk +
γk
α2

(
z̃Nk − λ̂max

k u
N
k

)
, (7.46)

and then normalize as follows:

uNk+1 = α
vNk+1
‖vNk+1‖2

. (7.47)

(6) Let k = k + 1 and go to Step 2.

Note that in order for the method to converge, uN1 must have a component in the
direction of the eigenvector associated with the largest eigenvector. The design
parameters are uN1 , the step size γk and the normalization constant α. In case of
high signal to noise ratio and nonlinear systems, λmax,d

k defined by (7.29) can be
used instead of λmax

k in Steps 4 and 5. For nonlinear systems one may also have
to test several values of α, since ‖y‖2/‖u‖2 may depend on the allowed size of the
input signal.

We have presented only partial results about convergence and statistical prop-
erties of SGM. One way to further robustify the method against the presence of
measurement noise is to apply a periodic input and compute an average gain esti-
mate over the periods.
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Gf

u yw

Figure 7.1: Hammerstein system.

SGM for Hammerstein systems
A Hammerstein system with input u and output y is given by

y(t) = G(q)w(t),
w(t) = f(u(t)),

(7.48)

where f(u) denotes a static nonlinearity. The system is depicted in Figure 7.1. Let
us now study the expression (7.28) for a Hammerstein system. We have that(

dyNk /du
N
k

)T
yNk = fkz̃Nk , (7.49)

where

fk := diag (f ′(uk(1)), f ′(uk(2)), . . . , f ′(uk(N))) , (7.50)

and z̃Nk = GT yNk as previously. Note that calculating this derivative requires f to
be known and invertible. However, it can happen that f−1(a) = f−1(b), a �= b.
This can be easily solved by noting that scaling the signal does not affect the gain
of the LTI part of the Hammerstein system. The scaling procedure is as follows:

Assume that

f(a) = f(b) ⇒ a = b, ∀a, b ∈ [−xf , xf ] . (7.51)

and define

cf := supt ỹ(t)
xf

. (7.52)

Then the experiment on the LTI part is performed with the scaled input(
f−1

(
ỹk(1)
cf

)
, f−1

(
ỹk(2)
cf

)
, . . . , f−1

(
ỹk(N)
cf

))
, (7.53)

and the output is then multiplied by cf .
Since the Hammerstein system is nonlinear there is no guarantee that the gain

estimate will increase monotonically with the iterations. Therefore, we add a con-
dition such that signal updates are avoided if the gain decreases compared to the
previous input signal. To summarize, Steps 3-5 in SGM are modified as follows:
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(3) Perform a second experiment where the input sequence(
f−1

(
ỹk(1)
cf

)
, f−1

(
ỹk(2)
cf

)
, . . . , f−1

(
ỹk(N)
cf

))
(7.54)

is applied to the system and the output sequence

zNk =
[
zk(1) zk(2) . . . zk(N)

]T (7.55)

is measured. Let

z̃Nk = cf
[
zk(N) zk(N − 1) . . . zk(1)

]T
. (7.56)

(4) Calculate λ̂max,d
k = (yNk )T yNk /α2 to obtain the gain estimate β̂k =

√
λ̂max,d
k .

(5) Update the signal: if β̂k < β̂k−1 then

vNk+1 =1
2
(
uNk + uNk−1

)
, (7.57)

uNk+1 =α
vNk+1
‖vNk+1‖2

, (7.58)

else

vNk+1 =uNk + γk
α2

(
fkz̃Nk − λ̂max,d

k uNk

)
, (7.59)

uNk+1 =α
vNk+1
‖vNk+1‖2

. (7.60)

This method can be used only for the case when f is known and invertible.

The Power Iterations Method (PIM)
A simple way to calculate the largest eigenvalue of a matrix is the classical power
method, which appears in many standard books on matrix analysis, see, e.g., Golub
and van Loan (1983). To be more specific, consider the symmetric semi-definite
matrix

A := GTG. (7.61)

The normalized eigenvectors of this matrix are denoted by x1, x2, . . . , xN , where
‖xi‖2 = 1, ∀i. Given uN1 , ‖uN1 ‖2 = 1, the power method is as follows:

vNk+1 = AuNk , (7.62)

λ̂max
k = ‖vNk+1‖2, (7.63)

uNk+1 =
vNk+1
‖vNk+1‖2

, (7.64)
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for k = 1, 2, . . .. Assume that we can write uN1 = a1x1 + a2x2 + . . . + aNxN . For
convergence it must hold that a1 �= 0, i.e., uN1 must have a component in the
direction of x1. The convergence rate of the power method is O

(
(λ2/λ1)k

)
, see

Golub and van Loan (1983).
PIM for L2-gain estimation is just an implementation of the power method using

the two-experiments approach described previously. PIM corresponds to

γk = α2/λ̂max
k . (7.65)

Thus PIM is a special case of SGM. This gives the updates

vNk+1 =z̃Nk , (7.66)

uNk+1 =α
vNk+1
‖vNk+1‖2

. (7.67)

The results and analysis for the power method now directly apply to PIM. Hence,
without measurement errors the iterations produce monotonically increasing gain
estimates and the convergence point can be made arbitrarily close to the system
gain by using long enough experiments (large N). A simplified version of this
algorithm was presented in Hjalmarsson (2005), where it is illustrated, by means of
a simulation example, that PIM may also be useful for certain nonlinear systems. In
Section 7.5 the usefulness of PIM is illustrated in yet another nonlinear simulation
example.

The properties of PIM have been established theoretically for LTI systems only.
For nonlinear systems there is at present no theoretical support for PIM. This
method produces, of course, lower bounds for the gain but nothing is known about
the accuracy. An interesting observation is that if the iterations do not converge
to a sinusoid, the system must be nonlinear. In particular, nonlinear systems have
the property that the gain may be dependent on the amplitude of the input signal.
Therefore, different types of initial inputs and different norms α may give rise
to more or less accurate gain estimates and it is often a good idea to try several
different initial inputs. An extension to PIM is to allow α to vary from one iteration
to the other. Another possibility is to run several parallel PIMs with different α,
and check for the one that gives the largest gain estimate.

7.4 Parametric Gain Estimation Method (PGEM)

As will be discussed in this section, it is often useful to parameterize the input
sequence

uN = uN (η), η ∈ Rd. (7.68)

One common example is when the input is an sinusoid with unknown amplitude,
frequency and phase, u(t) = C sin(ωt + φ), η = (C, ω, φ)T . Let us now consider a
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situation when input structures for nonlinear systems can be used, namely in de-
scribing function analysis. The describing function method addresses Hammerstein
systems, c.f. Figure 7.1. Denote the describing function of the static nonlinearity
f by

Yf (C) := Af (C)eiφ1(C)

C
, (7.69)

see Glad and Ljung (2000). The describing function method, which is based on
Fourier series expansions, is approximate. The input signal proposed is

u(t) = C sin(ωt). (7.70)

If G is low pass it will damp overtones and the resulting output is given by
y(t) ≈ Af (C)|G(ejω)| sin(ωt + φ1(C) + φ2(ω)). In words, the approximation is
that the sinusoidal input results in a sinusoidal output with same frequency, but
with different amplitude and phase. Hence, |Yf (C)| = Af (C)/C, which is fre-
quency independent, is an approximation of the ratio between the amplitudes after
and before the static nonlinearity. Let us now discuss a suitable input signal in
order to find a lower bound for the gain. Since the input has the structure (7.70),
the design variables are the amplitude C and the frequency ω. The frequency ω of
u is determined by G and corresponds to arg supω

∣∣G(ejω)
∣∣. The amplitude C is

determined from f and corresponds to arg supC |Y (C)|.
The class of inputs in the gain estimation problem (7.4) is now restricted to

sinusoids, and the procedure therefore gives a lower bound of the gain (Vidyasagar,
2002). Also, an upper bound for the gain of the Hammerstein system can be
obtained. If the gain of f is β1 and the gain of G is β2, the upper bound is given by
β1β2. ForG, the true gain is attained for a sinusoidal input while for f , the true gain
corresponds to a signal with a fixed amplitude, e.g., a random binary signal. There
is no signal which has both of these characteristics. In engineering terms a signal
which is close to such a signal is a square wave with amplitude supC |Y (C)| and
period time 2π/(arg supω |G(ejω)|). Hence, there is no guarantee that the upper
bound β1β2 will be close to the true gain of the Hammerstein system.

Motivated by the describing function analysis, let us use the parameterized input
sequence (7.68) in the concept of iterative learning control/gradient algorithm. Note
that the previously discussed method can now be applied directly to the V (uN ) =
V (uN(η)) using

V (uN (η))
dη

=
(
duN (η)
dη

)T
dV (uN )
duN

. (7.71)

We have already derived expressions for dV (uN)/duN and duN(η)/dη can be ob-
tained from the structure of the input signal. The corresponding parametric gain
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estimation method (PGEM) will be of the form

η̂k+1 = η̂k + γk
V (uN (η))
dη

, (7.72)

uNk+1 = uN (η̂k+1), (7.73)

which should be used in Step 5 in the algorithm outlined in the previous section.
One may also need to normalize the input if this is not imposed by the structure.

7.5 Numerical Examples

In this section the approaches presented previously in this chapter are illustrated
with numerical examples.

LTI system
In this example we consider the LTI system

G(q) = 0.445q−1 + 0.4299q−2

1− 1.03q−1 + 0.9048q−2 . (7.74)

This system has L2-gain equal to 9.60 which corresponds to the frequency 1 rad/s.

PIM: Recall that PIM is a special case of SGM where the step length is chosen
according to (7.65). As initial input, a white noise sequence of length N = 200
is applied. The output is measured without noise. The choice of input norm α
does not affect the solution. Then, 30 iterations are performed. The gain estimate
versus iteration number is shown in Figure 7.2 for 100 different realizations of the
initial input signal. We see that the gain estimate increases monotonically to a
lower bound for the true gain of the system. The convergence properties depend on
the initial input signal. The gap to the true gain can be made arbitrarily small by
increasing the experiment time suitably. The output in the last iteration is shown
in Figure 7.3. Clearly, this is a signal with frequency around 1 rad/s.

SGM: Now, let the output measurements be corrupted with white noise with
variance λo = 20. Furthermore, we have α = 10. SGM is implemented to estimate
the gain of the system. The step length is chosen as γk = 1/

√
k and 40 iterations

are performed. In order to study the average performance, 1000 realizations of the
initial input signal are made. The result is illustrated in Table 7.1. The result
from the last experiment is plotted in Figure 7.4. Also, SGM is compared to the
approach where λ̂max,d is computed as in (7.26). The result is shown in Table 7.1.
Note that the gain of the true system, i.e., 9.60 cannot be obtained with a finite
data set. It is clear from Table 7.1 that formula (7.26) is not suitable in the case
of noisy data, since it results in an overestimation of the gain. SGM gives a more
accurate estimate of the gain.
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Figure 7.2: LTI system example: PIM subject to noise free measurements. This
plot shows the gain versus iteration number for 100 realizations of the initial input
signal (solid lines). Dashed line: the true gain of the system.

SGM (no noise) SGM using (7.26)
mean 9.32 9.31 13.64

std dev 10−13 0.23 0.38

Table 7.1: The mean and standard deviation of the gain estimate after 40 iterations
resulting from 1000 different realizations of the initial input signal.

PGEM: Now let us use the parametric stochastic gradient method described
in Section 7.4 for the system (7.74). The input structure is given by

u(t) = sin(ωt). (7.75)

and we use N = 1000 data. The output signal is corrupted with white noise with
variance 1. The gradient search is performed with respect to ω and the step length
is chosen as γk = 0.001/

√
k. The initial input has frequency ω = 1.30. We will now

calculate the frequency after 50 iterations. In order to study the average behavior,
1000 experiments are performed. The average frequency after 50 iterations is 1.08
with standard deviation 0.18.
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Figure 7.3: LTI system example: PIM subject to noise free measurements. This
plot shows the output after 30 iterations versus time.

Hammerstein system
Consider the Hammerstein system (7.48) where the transfer operator G is given
(7.74) and the static nonlinear system f is given by

f(u) =

⎧⎨
⎩

2u− 0.1u5 + 2u3, |u| ≤ 4.4271
12.3317, u > 4.4271
−12.3317, u < −4.4271.

(7.76)

This nonlinearity is depicted in Figure 7.5. An upper bound for the gain of the
Hammerstein system can be constructed as following. For the system (7.48) we
have β1 = 12.00 (see Figure 7.5) and β2 = 9.60 and thus the upper bound is
β1β2 = 115.20. We have assumed that the output is measured without noise.

PGEM: The describing function of (7.76) is for |C| < 4.4271

Yϕ(C) = 2 + 3C2

2
− C

4

16
, (7.77)

which is maximized for C = 3.46. For the LTI part of the Hammerstein system
we have supω |G(ejω)| = |G(ej)|. Applying the input signal u(t) = 3.46 sin(t) with
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Figure 7.4: LTI system example. This plot shows the gain estimate using SGM
versus the number of iterations from one experiment. Noisy measurements: dashed
line. The approach where (7.26) is used to estimate the gain: −−∗−−. Noise free
measurements: solid line.

N = 1000 samples to the Hammerstein system gives the gain estimate β̂ = 99.66.
This input has norm α = 77.40.

PIM: Now PIM is applied to the system. The initial input is uniformly dis-
tributed white noise with length N = 1000. We have tried different norms and
realizations for this input signal. The result is that the gain estimates depend
heavily on the realization and the norm of the initial input signal. The best gain
estimate obtained is 37.01, which is far from the upper bound 115.20. Also, the
gain estimates are not monotonically increasing as a function of the number of
iterations. It is concluded that PIM is not suitable for this Hammerstein system.

SGM for Hammerstein systems: Let us instead use SGM tailored for Ham-
merstein systems. Recall that the static nonlinearity f is assumed to be known.
The step length is chosen as γk = 0.1/

√
k. The resulting gain estimate is plotted in

Figure 7.6 for 3 different initial input signals. From this figure it is concluded that
the gain estimate depends on the initial input signal. Also, we see that the most
accurate gain estimate is given by 104.95. In fact, this estimate is obtained if the
initial input is u(t) = 3.46 sin(t), which can be derived using the describing function
method. The maximizing input is given by a signal very close to this initial input.
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Figure 7.5: Hammerstein system example. Solid line: the nonlinear function (7.76).
Dashed line: upper/lower bound for the gain.

Nonlinear system with linear feedback

Consider the continuous-time system with input u and output y given by

y = Δν(u) ⇔
{ ż = y, z(0) = 0
y = f(u− z), (7.78)

where the static nonlinearity f(u) is defined by

f(u) =
{
u− sign(u), |u| > 1
0, |u| ≤ 1. (7.79)

We have used a sampling time of 0.01 s. The L2-gain from input to output is less
or equal to 1 (Jönsson and Megretski, 2000).

PIM: Now PIM is applied to the system. The initial input is one realization
of normally distributed white noise with length N = 500. In Figure 7.7 the gain
estimate is plotted for different α. Since the system is nonlinear, the gain estimate
depends on α. For large α it is concluded that the gain estimate behaves almost
as for the LTI case. This is due to the fact that for |u(t)| � 1, the system is
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Figure 7.6: Hammerstein system example. Gain estimate versus the number of
iterations using SGM. Solid line: α = 77.40 (one realization of white noise initial
input). Dashed line: α = 50.00 (one realization of white noise initial input). Dash-
dotted line: initial input u(t) = 3.46 sin(t).

approximately given by the LTI relation y = G̃u, where

G̃(q) := 1− q−1

1− 0.99q−1 . (7.80)

Note that supω |G̃(ejω)| = 1.

PGEM: Inspired by this finding, let us now use the sinusoidal input signal
structure (7.70). The maximizing sinusoidal input for G̃ has an amplitude � 1
and infinite frequency. For instance, the input signal u(t) = 1000 sin(100πt) with
N = 500 gives the gain estimate 0.97.

Summary of examples

For LTI systems with noisy output measurements, SGM provides a more accurate
gain estimate compared to the use of formula (7.26). The gain estimate of nonlinear
systems is sensitive to the initial input signal. For nonlinear systems, there is at
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Figure 7.7: Example: nonlinear system with linear feedback. This plot shows the
gain estimate versus the number of iterations. Solid line: α = 8. Dashed line:
α = 50. Dash-dotted line: α = 100.

present no theoretical support for PIM, which is a special case of SGM. For the
Hammerstein example, PIM results in poor gain estimates whereas more accurate
estimates were obtained with a version of SGM tailored for this special system
structure. However for the second nonlinear illustration example, PIM was useful.
This is because for large input amplitudes the system behaves approximately like
an LTI system.

7.6 Conclusions

In this chapter different approaches to L2-gain estimation are discussed. Since the
true system is in practise unknown, the gain estimation procedure is data based
in the sense that input/output measurements are used to either identify a model
of the system or to draw conclusions about suitable inputs for gain estimation. If
a model of the system is available then state of the art methods can be used to
estimate the gain of the model. If no model of the system is available, we present
methods where the system itself can generate suitable inputs for gain estimation.
One such method is to restrict the input structure to be sinusoids and then to
search for a suitable frequency, amplitude and phase in a grid or by a gradient
search. We have also presented a method where there is no prespecified structure
on the input sequence. The derivation was based on linear system properties, and
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there is no theoretical proof for convergence for nonlinear systems. The simulation
examples indicate, however, that the approach could be used on nonlinear systems.
Furthermore, we presented an approach to reduce the estimation error resulting
from noise present in the output measurements.



Chapter 8

Summary and Suggestions for
Future Work

Chapter 4 - The cost of complexity
In this chapter we investigated the minimum amount of input power required to
estimate a given LTI system with a prescribed degree of accuracy γ, as a function
of the model complexity. This quantity we defined to be the ’cost of complexity’.
The degree of accuracy was measured by the maximum asymptotic (in N) variance
of the transfer function estimator over a given frequency range [−ωB, ωB]. The
contribution of this chapter was to quantify the cost. It was shown that the cost
is proportional to nωBγλo. This expression can be used as a simple rule of thumb
for assessing trade-offs that have to be made in a system identification project. For
example, for a given experiment duration, excitation signal budget and desired ac-
curacy, one can assess how the achievable frequency range depends on the required
model order. This type of consideration is useful when formally planning experi-
ments. We established several properties of the cost of complexity for OE models,
fixed denominator models, Laguerre models and FIR models. For example, we
computed lower and upper bounds for the cost, and the cost for the cases ωB = 0
and ωB = π.

Suggestions for future extensions of the results are:

• Extension to more general model structures.

• Extension to biased models (S /∈ M).

• Extension to finite data lengths.

• Estimation of other system properties than the frequency function.

141
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• Extension to the case where the frequency band of interest is given by
ω1 ≤ |ω| ≤ ω2, for some user chosen ω1 and ω2. This is indeed a more
general case compared to the current frequency band |ω| ≤ ωB.

Chapter 5 - Joint validation, input and control design
This chapter presented a joint robust state feedback control/model validation/input
design procedure which guaranteed stability and prescribed closed loop performance
using models identified from experimental data. Extending a result from Skelton
et al. (1998) to hold for the ellipsoidal parametric uncertainty case, given H∞ spec-
ifications on the closed loop transfer function were translated into a sufficient LMI
condition. This LMI formulation was used for closed loop performance validation,
and also to formulate requirements on the input signal spectrum used to identify
the process. One of the main contributions was that this LMI condition was inde-
pendent of the to-be-designed controller.

Suggestions for future extensions of the results include:

• Extension to more general model structures.

• Extension to the case S /∈M.

• Extension to finite data lengths.

• To allow more general controller structures.

• To take other control objectives into consideration.

Chapter 6 - Validation and input design for multivariable systems
This chapter presented a controller validation method for multivariable LTI models.
We derived a controller validation criterion that computed an upper bound for the
worst-case performance, measured in terms of the H∞-norm of a weighted closed
loop transfer matrix, achieved by a given controller over all models in the ellipsoidal
uncertainty set. This upper bound was computed via an LMI-based optimization
problem deduced via the separation of graphs framework. The main technical
contribution was to derive, within that framework, a very general parametrization
for the set of multipliers corresponding to the nonstandard uncertainty regions
resulting from identification of MIMO models. The proposed approach also allowed
for input design.

We suggest the following future extensions:
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• To eliminate the dependence of the performance specification on the to-
be-designed controller (by optimizing the performance specification with
respect to the controller).

• To find a less conservative formulation of the set of multipliers used in
the separation of graphs theorem.

• Extension to the case S /∈M.

• Extension to finite data lengths.

Chapter 7 - Gain estimation for stability validation
In this chapter we presented and discussed some data-driven methods for estimation
of the L2-gain for dynamical systems. Partial results on convergence and statistical
properties were provided. The methods were based on multiple experiments on the
system. The considered approach was to directly estimate the maximizing input
signal by using iterative experiments on the true system. We studied such a method
based on a stochastic gradient method. It was shown that this method was very
closely related to the so-called power iterations method based on the power method
in numerical analysis. Furthermore, we showed that this method was useful for LTI
systems with noisy measurements. By means of simulation examples, we illustrated
that the method also had some potential for nonlinear systems. The next idea was
to impose structure on the input signal. Using arguments from describing function
analysis, we discussed the use of sinusoidal input signals.

Suggestions for future work are:

• To gain more insight in relaxation techniques for the gain estimation
problem and the properties of the relaxation.

• To investigate if there are specific classes of nonlinear systems for which
the gain estimation problem can be solved accurately.

• A more detailed investigation of the statistical properties of the power
iterations method.

• Explore procedures for modelling other system properties than the gain.

Other topics

Here we list a few suggestions for future research.
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• Identification of cascade system: recent research (Wahlberg et al.,
2008c,a,b, 2009) has revealed some intriguing variance results for the
estimated transfer functions of the subsystems in cascade systems. Such
structures are common in engineering applications. An important issue
in this context is the location of sensors for the measurement of signals.

• Estimation of MIMO communication channels: in the identification of
communication channels, there is a need to design so-called training
signals, see, e.g., Katselis et al. (2007). In particular, one challenge is to
design robust filters for signal reconstruction. We believe that the input
design methods described in this thesis could be useful in the design of
training signals.

• Input design in practise: it would be interesting to apply robust input de-
sign methods, for example some of the methods presented in this thesis,
to real-life systems. An important task is to communicate and transfer
ideas about input design to industries where system identification is used
for modelling. An appealing challenge in that context is to demonstrate
practical benefits of optimal input design and to collect methods in a
user friendly software toolbox.
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